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Abstract. Research on graph searching has recently gained interest in
computer science, mathematics, and physics. This paper studies fast
searching of a fugitive in a graph, a model that was introduced by Dyer,
Yang and Yagar in 2008. We provide lower bounds and upper bounds on
the fast search number (i.e., the minimum number of searchers required
for capturing the fugitive) of complete k-partite graphs. We also investi-
gate some special classes of complete k-partite graphs, such as complete
bipartite graphs and complete split graphs. We solve the open problem
of determining the fast search number of complete bipartite graphs, and
present upper and lower bounds on the fast search number of complete
split graphs.

1 Introduction

Graph searching, also called Cops and Robbers games or pursuit-evasion prob-
lems, has many models, such as edge searching, node searching, mixed searching,
fast searching, etc. [1,3,4,7-10]. Let G denote an undirected graph. In the fast
search model, a fugitive hides either on vertices or on edges of G. The fugitive
can move at a great speed at any time from one vertex to another along a path
that contains no searchers. We call an edge contaminated if it may contain the
fugitive, and we call an edge cleared if we are certain that it does not contain
the fugitive. In order to capture the fugitive, one launches a set of searchers on
some vertices of the graph; these searchers then clear the graph edge by edge
while at the same time guarding the already cleared parts of the graph. This idea
is modelled by rules that describe the searchers’ allowed moves, as explained in
Sect. 2. A fast search strategy of a graph is a sequence of actions of searchers that
clear all contaminated edges of the graph. The fast search number of G, denoted
by fs(G), is the smallest number of searchers needed to capture the fugitive in G.

Stanley and Yang [11] presented a linear time algorithm for computing the
fast search number of Harlin graphs and their extensions, as well as a quadratic
time algorithm for computing the fast search number of cubic graphs. Yang [13]
proved that the problem of finding the fast search number of a graph is NP-
complete; and it remains NP-complete for Eulerian graphs. He also proved that
the problem of determining whether the fast search number of G equals to a
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half of the number of odd vertices in G is NP-complete for planar graphs with
maximum degree 4. Dereniowski et al. [5] gave characterizations of graphs for
which 2 or 3 searchers are sufficient in the fast search model. Xue and Yang [12]
investigated Cartesian products of graphs, and proved an explicit formula for
computing the fast search number of the Cartesian product of an Eulerian graph
and a path. They also presented upper and lower bounds on the fast search
number of hypercubes.

The fast search problem has a close relationship with the edge search
problem [6]. Alspach et al. [2] presented a formula for the edge search num-
ber of complete k-partite graphs. Dyer et al. [6] proved the fast search number
of complete bipartite graphs K, , when m is even. They also presented lower
and upper bounds respectively on the fast search number of K,,, when m is
odd. However, the gap between the lower and upper bounds can be arbitrarily
large, and this open problem remains unsolved for eight years.

In this paper, we provide lower and upper bounds on the fast search number
of complete k-partite graphs. Further, we investigate some special classes of k-
partite graphs, such as complete bipartite graphs and complete split graphs.
We solve the open problem of determining the fast search number of complete
bipartite graphs. We also present lower and upper bounds on the fast search
number of complete split graphs.

2 Preliminaries

Throughout this paper, we only consider finite undirected graphs that have no
loops or multiple edges. Let G = (V, E) denote a graph with vertex set V' and
edge set E. We also use V(@) and E(G) to denote the vertex set and edge set
of G respectively. Let uv be an edge with two endpoints u and v. For a vertex
v € V, the degree of v is the number of edges incident on v, denoted by deg (v).
We say a vertex is odd if its degree is odd, and we say a vertex is even if its degree
is even. An odd graph is a graph in which all vertices are odd. An even graph is
a graph in which all vertices are even. Define Voqq(G) = {v € V : v is odd}.

For a subset V' C V', we use G[V’] to denote the subgraph induced by V’,
which consists of all vertices of V'’ and all the edges of G between vertices in
V’. We use G — V' to denote the induced subgraph G[V \ V']. For a subset
E' C E, we use G — E’ to denote the subgraph (V, E\ E’). Let G; = (V1, E})
and Go = (Va, E3) be two subgraphs of G. The union of two graphs G and G»
is the graph G UGy = (V1 UV, By U Es). We use G + Va to denote the induced
subgraph G[V; U V3.

A walk is a list vy, €1, v1, - . ., ex, v of vertices and edges such that each edge
e;, 1 <1 <k, has endpoints v;_1 and v;. A path is a walk that does not contain
the same vertex twice, except that its first vertex might be the same as its last
vertex. We use vgvy...vx to denote a path with ends vy and vi. A trail is a
walk in which no edge occurs multiple times. For a connected subgraph G’ with
at least one edge, an Eulerian trail of G’ is a trail that traverses every edge
of G’ exactly once. A circuit is a trail whose first vertex is the same as its last.



Fast Searching on Complete k-partite Graphs 161

An FEulerian circuit is an Eulerian trail that begins and ends on the same vertex.
A graph is called Eulerian if it contains an Eulerian circuit that traverses all its
edges. Note that we only consider finite graphs with no loops or multiple edges
in this paper. So, throughout this paper, we assume that an Eulerian circuit or
Eulerian subgraph contains at least three edges.

In the fast search model, initially every vertex in V' and every edge in F is
considered contaminated. We call a vertex v € V cleared if all edges incident
on v are cleared, and we call v partially cleared if v has both contaminated
and cleared incident edges. A fast search strategy proceeds as follows. First, it
places some number of searchers on some vertices in V. Then, it performs sliding
actions along contaminated edges until either every edge in FE is cleared or no
more sliding actions are possible. A searcher on vertex u can slide along the
edge e = wv if e is contaminated and (1) u contains one additional searcher or
(2) e is the only contaminated edge incident on u. After sliding along e, the
searcher then resides on v and e is cleared. Intuitively, the sliding rules ensure
that the searchers guard the already cleared parts of the graph, so that the
fugitive cannot hide there. The following lemmas give two known lower bounds
on the fast search number.

Lemma 1 [6]. For any connected graph G, fs(G) > 3|Voaa(G)|.

Lemma 2 [11]. For any connected graph G with no leaves, fs(G) >
31Voua(G)| +2.

Let Ky,,...ne = (V1,..., Vi, E) denote a complete k-partite graph, where
WVi,..., Vi are disjoint independent sets, |V;| = n; and n; < n;ypq forall 1 <i <
k — 1. Each vertex in V; is adjacent to all the vertices in V (K, . n.) \ Vi. We
use Ky, = (V1, V2, E) to denote a complete bipartite graph, where |V1| = m,
[Vo| =n and 1 < m < n. We use Sy, , = (V1, V2, E) to denote a complete split
graph, where V; and V5 are disjoint sets, V; induces a clique with m vertices and
Vs is an independent set with n vertices. In S, ,,, each vertex in V; is adjacent
to all the other vertices in V; U V5.

Note that for any connected graph G, the fast search number of G is always
at least the edge search number of G. From Theorem 2 in [2], we have the next
lemma.

Lemma 3. For any connected graph G that contains a clique K,, of order m,
where m > 4, we have fs(G) > m.

3 Complete k-partite Graphs

In the following, we give lower bounds and upper bounds on the fast search
number of complete k-partite graphs. Throughout this section, in order to better
describe our proof ideas, we assume that placing actions of searchers can be
inserted after sliding actions of searchers in a fast search strategy. If we want
all placing actions to happen before all sliding actions in a fast search strategy,
then we can simply move all placing actions before all sliding actions in that fast
search strategy.
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Lemma 4. For a complete k-partz’te gmph Ko,....n,, where k > 2 and ny
- < ng, we have fs(Kp, . ny) > E 1 n;.

Lemma 5. For a complete k-partite graph K., .. n,, where k > 3 and n; <
g, if 0 > 3 and g > 3, then 5(Kn, . ny) = 24 S0 .

Proof. For any graph G, fs(G) is greater than or equal to the edge search number
of G. Thus, it follows from Theorem 6 in [2] that fs(K,,,. . n,) > 2+ ZZ 1 i

Theorem 1. For a complete k-partite graph K,,, . pn,, wherek >3, nqg <--- <
ng andzl 1N =, zle 1y > ng =3, then fs(Ky, . n,) =n— 1.

Proof. From Lemmab, we have fs(Kp,, . n,) > n—np+2 = n — 1. We will
show that n — 1 searchers can clear the graph. Let Vi = {v1,v9,v3} and X =
Kn,,...n, — Vi. Place n — 3 searchers on v; and slide them to each vertex of X.
Since k > 3, X is connected. We have three cases for the graph X.

Case 1. X is Eulerian. The following fast search strategy can clear all edges
of the graph K, . n, — {v1} using n — 1 searchers.

.....

1. Place a searcher on a vertex u of X.
2. Slide one of the two searchers on u along the Eulerian circuit of X to clear
all its edges.
Slide the two searchers on u to vy and v3 respectively.
4. Place a searcher on vy. Let Y be the graph formed by all the remaining
contaminated edges of K, . n,.
(a) If degy (v2) is even (Y is Eulerian in this case), then slide one of the two
searchers on vy along the Eulerian circuit of Y to clear all its edges.
(b) If degy (v2) is odd (Y has an Eulerian trail in this case), then slide one
of the two searchers on vy to vs along the Eulerian trail of Y to clear all
its edges.

@

Case 2. X is odd. So X + {v2} is Eulerian. We first place two searchers
on ve. Then slide one of the two searchers on vs along the Eulerian circuit of
X + {va} to clear all its edges. Finally, slide all searchers on X to vz to clear all
the remaining contaminated edges of Ky, . n,-

Case 3. X has both even and odd vertices. Suppose that X has 2h odd
vertices. Let a; and by be two odd vertices of X such that there is a path P;
between them which does not contain any vertex in Vogq(X) as an internal
vertex. Let Hy = X — E(Py). For i =2,... h, let a; and b; be two odd vertices
of H;_1 such that there is a path P; between them which does not contain any
vertex in Voqa(H;—1) as an internal vertex. Let H; = H;_1 — E(P;). It is easy to
see that Hj, contains no odd vertices. In particular, we select P; in the following
manner:

(1) If X contains at least two even vertices, say u and v/, then fori = 1,..., h,
let P, = a;u'b;.

(2) If X contains only one even vertex, say u, then we first show that V7 =
{u}. Note that all vertices in V;, 1 < j < k — 1, have the same degree in X.
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Therefore, we know |V3| = 1 and u is the only vertex in V;. Further, if there
is a vertex set V;, 2 < j < k — 1, which contains three vertices, then each of
the three vertices is even in X. This is a contradiction. Hence, |V;| = 2 for all
2 < j <k —1. We have two subcases for k.

(2.1) If k > 3, then we can find a matching for all odd vertices of X . Note that
there are 2k — 4 odd vertices on X. Let V2 = {a1,bx—2} and V; = {a;_1,b;_2},
3<j<k—1 Forl<i<k-—2, itiseasy to see that a; is adjacent to b;. Hence,
we can let P; = a;b;. Clearly, u is not included in P;.

(2.2) If k = 3, then we have |V;| =1, |V2| = 2 and |V3| = 3. Further, a; and
by are the only two odd vertices of X. Let V(X) = {u,a1,b1} and P; = ajub;.

If X contains at least two even vertices or X contains only one even vertex
and k > 3, then similar to Case 1, we clear all edges of the graph K,,, . ,, —{v1}
using the following fast search strategy. Let U be a connected component in Hy,
that contains u.

1. Place a searcher on the vertex wu.

2. Slide one of the two searchers on u along the Eulerian circuit of U to clear all
its edges. Note that all edges of X incident on u are cleared after this step.

3. Slide the two searchers on u to vo and wvs respectively.

4. Place a searcher on vy. Let H be the graph formed by all the remaining
contaminated edges of K,,, ., except edges in UleE(Pi).

(a) If degy (v2) is even (so H is Eulerian), then slide one of the two searchers
on v along the Eulerian circuit of H to clear all its edges.

(b) If degy(v2) is odd (so H has an Eulerian trail), then slide one of the two
searchers on vy from vy to vs along the Eulerian trail of H to clear all its
edges.

5. Let Gp be the graph formed by the paths Pi,..., P, (E(Gp) is the set of
all the remaining contaminated edges of Ky, . n,). Note that aj and b, are
two vertices of degree one on G p. Slide the searcher on aj along Pj, to by.
Then ap—1 and b,_1 are two vertices of degree one on Gp — E(FP}). Slide
the searcher on aj_1 along P,_1 to by_1. Continuing like this we see that all
edges of Gp can be cleared.

If X contains only one even vertex and k = 3, then similar to Case 1, we
clear all edges of the graph Kj 2 3 — {v1} using the following fast search strategy.
Place a searcher on a; and vy respectively. Slide one of the two searchers on a
along P; to by. Slide the two searchers on b; to vo and v respectively. Note that
the graph formed by all the remaining contaminated edges of K; 5 3 is Eulerian.
Slide one of the searchers on vy along the path vouvsajvs to clear all its edges.
Then, K 23 is cleared.

Theorem 2. For a complete k-partite graph Ky, ... n,, if there isann;, 1 < j

k, such that Zle n; —n; >4 and Zf:l n; — n; is even, then fs(Kn,,  n,
k

Yo ni —nj+ 3.

Proof. If n; < 3, from Theorem 5.1 in [13], we see that the claim holds. If k = 2
and Ele n; —n; > 6, from Lemma 5 in [6], we know that the claim holds.
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If k=2 and Zle n; —n; = 4, similar to Lemma 5 in [6], we can show that the
claim also holds. So we assume that n; > 4 and k£ > 3 in the rest of the proof.
Let Vj = {v1,va,...,05,} and X = K, . n, — Vj. Let Zle n; —n; = m and
V(X) = {u1,uz,...,un}. If n; is odd, then place m searchers on v, and slide
them to each vertex of X. If n; is even, then place m searchers on each vertex of
X. Without loss of generality, we assume that n; is even. Place three additional
searchers on ui, us and wug respectively.

Since k > 3, we know that X is a complete (k — 1)-partite graph. So X is
connected. If X is Eulerian, then slide a searcher from wu; along the Eulerian
circuit of X to clear all its edges. Without loss of generality, we assume that
X is not Eulerian. Suppose that X has 2h odd vertices. Let Hy = X. Similar
to Case 3 in the proof of Theorem 1, let a; and b; be two odd vertices of H;_1
such that there is a path P; between them which does not contain any vertex in
Voad(H;—1) as an internal vertex. Let H; = H;_1 — E(FP;), 1 < i < h. We now
describe a fast search strategy that can clear all edges of Ky, .. n, using m + 3
searchers.

k

1. In the following procedure, at any moment when a vertex u; (1 < i < m)
contains two searchers, if H, has a connected component that contains u; and
no edges of the component are cleared, then slide a searcher from u; along
the Eulerian circuit of the component to clear all its edges.

2. Slide a searcher from u; to vy along ujv1, slide a searcher from us to v1 along
uov1 and slide a searcher from ugz to vo along usvs.

3. Note that the subgraph induced by all the edges across {us,...,um,} and
{v1, v2} has an Eulerian trail (since m is even). Slide a searcher from v; to vy
along the Eulerian trail to clear all its edges.

4. Slide a searcher from v; to ug along vyus, slide a searcher from vy to u; along
vouy and slide a searcher from vy to us along vous. After this step, vy and vg
are cleared.

5. Similar to Steps 2, 3 and 4, we can clear v3 and vy, and then clear vs and vg
(if they exist), and so on, until v,,—; and v, are cleared.

6. Let Gp be the graph formed by the paths Py, ..., P, (E(Gp) is the set of all
the remaining contaminated edges of K,,, . n,). Similar to Step 5 in Case 3
of the proof of Theorem 1, we can clear all edges of G p.

Theorem 3. For a complete k-partite graph Ky, . n,, if there is an n;, 1
j <k, such that Zle n;—n; >3 and Zle n; —n; s odd, then fs(K,, . n,)
Zf:l ni — L%J :
Proof. If n; < 3, similar to Theorem 5.1 in [13], we can prove the claim. If
k = 2, from Lemma 7 in [6], we see that the claim holds. So we assume that
n; > 4 and k > 3 in the remainder of the proof. Let V; = {v1,v2,...,vy,,} and
X =Kp,, ., —Vj Let Zle n; —n; =m and V(X) = {u1,ug, ..., un}. Note
that X is connected since k > 3. Suppose that X has 2h odd vertices. Similar to
Case 3 in the proof of Theorem 1, we can define a;, b;, P; and H; for 1 <i < h.
Case 1. n; = 40 + 1. Place m searchers on v;, place one searcher on each of
u1, v and vs. Place one searcher on each of vg;42 and vg;43 fori=1,...,0—1

INIA
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(i.e., we place two searchers for every four vertices in V; \ {v1}). In total we use
m+ 1+ %1 searchers.

1. In the following process, at any moment when a vertex u; (1 < ¢ < m)
contains two searchers, if Hj has a connected component that contains u;
and no edges of the component are cleared, then slide a searcher from wu;
along the Eulerian circuit of the component to clear all its edges.

2. Slide m searchers from wv; to each vertex of X. Slide one of the two
searchers on wu; along the Eulerian circuit induced by all the edges across
{ui,ug, ..., um—1} and {ve,v3} to clear all its edges.

3. Slide a searcher from vy to vy along vou.,,vs and slide a searcher from wvs to
us along vsu,,vs to clear vy and v3. Slide a searcher on u; along the Eulerian

circuit induced by all the edges across {u1, ua, ..., um—1} and {vg, v5} to clear
all its edges.

4. Repeat the above step for all of vy; 2 and vg; 43 where ¢ =1,...,¢ — 1. First
clear the Eulerian circuit induced by all the edges across {u1,ug, ..., Um—1}

and {vgiy2,v4i43} with a searcher on u;. Slide the searcher on wv4;1o along
Vgi+2UmUsitra and the searcher on wvy;43 along v4;4+3um,vai45. Then clear the
Eulerian circuit induced by all the edges across {uj,us,..., Um—1} and
{v4i44,v4515} with a searcher on u.

5. Let Gp be the graph formed by the paths Py, ..., P,. Similar to Step 5 in
Case 3 of the proof of Theorem 1, we can clear all edges of Gp.

’I’L]'72

Case 2. nj = 40+2. Place the searchers as in Case 1. So m+1+ 5= = m—i—%
searchers are placed on the graph. Clear all vertices in V; \ {vy, } with the same
strategy used in Steps 1-4 in Case 1. Note that the only contaminated edges are
the ones incident on v, and the edges of Gp. We can arrange the vertices of X
before placing actions such that u; = aj,, which is a vertex of degree one on Gp.
Since m is odd, there is at least one vertex u such that degy (u) is even. For each
vertex u € V(X) whose degy(u) is even, if u ¢ V(Gp), then slide a searcher
on u to vy, along uvy,;. Slide a searcher from uq to vy, along ujvy,;; slide the
other searcher on u; (i.e., ap) along Py, to by, during which, when a vertex u; of
Py, has only one contaminated edge (i.e., u;v,;), incident on it, slide a searcher
on u,; along UiVp,; $O Vp,. Then ap_1 and bp_1 are two vertices of degree one
on Gp — E(Py). Slide a searcher from v, to aj—1 along v, a1, and slide this
searcher along Pj_1 to by_1, during which, when a vertex u; of P,_; has only
one contaminated edge incident on it, slide a searcher on w; along u;v,; to vy;.
Continuing like this we can clear all edges of G'p and all edges incident on vy, .

Case 3. n; = 4¢ + 3. Place the searchers as in Case 1. Place another searcher
on u,,. Hence we use m + 1 + nJT% +1=m+ "JTH searchers. Use the same
strategy as in Steps 1-4 in Case 1 to clear every vertex in V; \ {vpn, 1, Un, }. Now
there is one searcher on every vertex of X except u; and u,, on which there
are two searchers. We can arrange the vertices of X before placing actions such
that u,, = ap. Slide one of the two searchers on u,, along P} to by to clear all
its edges. Then, b, contains two searchers. Slide a searcher on b, along brvn; 1
and by vy, respectively. Slide a searcher on u; to clear the Eulerian circuit induced
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by all the edges across V(X) \ {b1} and {v,,_1,vn, }. Finally, similar to Step 5
in Case 1, we can clear all edges of Gp — E(Py).

Case 4. n; = 4l Place a searcher on every vertex in {uq,uo,...,
Upm—1,V1,Va, ...,V } and place a second searcher on u;. Hence we use m + %J
searchers. We can arrange the vertices of X before placing actions such that
degy (uy,) is even and uy = ap,. Let P; = a;umb;, 1 < i < h.

1. Slide the searcher from u; along the Eulerian circuit induced by all the edges

across {ui,us,...,Um—1} and {v1,va,...,vee}. Then slide each searcher on
v; € {v1,v9,...,v9} along v;u,, to clear {vy,ve, ..., var}.

2. Slide a searcher on u,, to each vertex in {vopi1,v2042,...,Vs0—2}. Slide a
searcher on u; to clear the Eulerian circuit induced by all the edges across
{uy,ug, ..., um-1} and {vori1, Varya, ..., vae—2}. Slide a searcher on uy to by
along Pj,.

3. In the following process, at any moment when a vertex u; (1 < ¢ < m)
contains two searchers, if Hj has a connected component that contains u;
and no edges of the component are cleared, then slide a searcher from wu;
along the Eulerian circuit of the component to clear all its edges.

4. Slide a searcher on by, along bpv4r—1 and bpvye respectively and by, is cleared.
Then, slide a searcher on u,, to clear the Eulerian circuit induced by all the
edges across V(X) \ {bn} and {var—1,v40}.

5. Finally, similar to Step 5 in Case 1, we can clear all edges of Gp — E(Py,).

Corollary 1. For a complete k-partite graph Ky, ... n,, define aj, 1 < j <k,
as

k
k k
Zni —nj+3, if Zi_l n; —n; 15 even andzi_l n; —nj > 4,
i=1
k ’I’Lj . k . k
aj = Zni—{—J, zf24 n; —n; is odd and Z n; —n; > 3,
—1 2 i=1 i=1
im

k
E n;, else.
i=1

Then fS(Knlw.,n;J S minlgjgk Q.

4 Complete Bipartite Graphs

In Sects. 4 and 5, we focus on some special classes of complete k-partite graphs.
When k = 2, K, . n, is a complete bipartite graph. Dyer et al. [6] proved
several results on the fast search number of K, ,. The fast search problem on
K, » has been solved when m is even. However, the fast search problem remains
open when m is odd, and they only gave lower and upper bounds on fs(X, ,,)
in [6]:
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— When m is odd, n is even and 3 < m < n, we have max{m + 2,5} <
fs(Km,n) < min{n + 3, m + %}
— When m and n are odd and 3 < m < n, we have max{m + 2, m;‘"} <

In the following, we will prove that for a complete bipartite graph K,, ,
with 3 < m < n, if m is odd, then fs(K,, ) equals to the upper bounds given
above. Let Sk, , denote an optimal fast search strategy for K, ,, which uses
the minimum number of sliding actions to clear the first cleared vertex of K, ,,
among all optimal fast search strategies for K, ,. We use w; to denote the first
cleared vertex of K, ,,. Let t1 denote the moment at which w, is cleared (see
Fig.1(1)). Note that vertices of K, ,, are partitioned into two vertex sets V4 and
Va. We use wy to denote the first cleared vertex in another vertex set of K, ,
which does not contain wy. That is, if w; € Vi, then wy € Va; if wy € V5, then
wy € V. Let to denote the moment after which the next sliding action clears
wy (see Fig. 1(2)). Without loss of generality, we first assume that w; € V2. In a
similar way, we can prove the lower bound on fs(X,, ) when w; € V;.

O  Contaminated vertex
@ Fartially cleared vertex

B Cleared vertex

Contaminated edge

= = = Cleared edge

(1) ()

Fig. 1. (1) After searcher X slides from v1 to w1, v1 becomes the first cleared vertex
of K3,3. Let this moment be denoted by t1, and we have w1 = v1. (2) Searcher A will
slide from us to vs in the next step. After that, us becomes the first cleared vertex in
Vi. Let t2 denote this moment, and we have wa = us.

Throughout this section, we assume m is odd. We use A; to denote the set of
all vertices in V5 \ {w; } which contain a searcher at ¢; and have cleared incident
edges at t2. We use A, to denote the set of all vertices in Vo \ {w; } which contain
a searcher and have cleared incident edges at t5. Let a1 = |A;| and ag = |As], it
is easy to see that a; + ag > |A; U As|. Figures2 and 3 illustrate A; and As.

Note that at the moment ¢, all vertices in Ay \ {A; N A2} are contaminated
and contain no searchers, and hence contain no searchers at the beginning of
Sk, cither. Since m is odd, we know all vertices in Az are odd. Therefore,
each vertex in As \ {4; N A2} must contain a searcher at the end of Si

m,n "’

Lemma 6. For a complete bipartite graph K, , with m,n > 3, let Sk be an

m,n

optimal fast search strategy for clearing K, . Suppose that w1 € Vo in Sk
then we have a1 + ag > |A1 U Ag| > n — 2.

m,n’
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O  Contaminated vertex
@  Partially cleared vertex

B Clearedvertex

Contaminated edge

= = = Cleared edge

Fig. 2. At the moment ¢, each vertex in A; contains a searcher. Further, each vertex
in A; has cleared incident edges at t2 (see Fig.3). In this case, A1 = {v2,v3}.

Q Contaminated vertex
@  Partially cleared vertex

B Cleared vertex

—— Contaminated edge

= = Cleared edge

Fig. 3. At the moment t2, each vertex in Ay contains a searcher, and all vertices in A;
and Az have cleared incident edges. In this case, A2 = {v4}.

Lemma 7. For a complete bipartite graph K, », with m,n > 3, let Sk, , be an
optimal fast search strategy for clearing Ky, . Suppose that wy € Vo in Sk, . If
(1) each vertex in V1UA; contains exactly one searcher at ty, and (2) wy contains
no searchers at t1, then each vertex in Ay has at least two contaminated incident
edges at t1.

4.1 Both m and n Are Odd

Lemma 8. For a complete bipartite graph K, , with 3 < m < n, suppose that
both m and n are odd. If wy € Va, then fs(Kp, ) = m+ %5,

Proof. If 3 =m < n, then it follows from Lemma2 that fs(Kp, ) > 5% 42 =

"T“ +3 = m+"T+1. So we only need to consider 5 < m < n in the following. Since

wy € Vo and wy is cleared at t1, we know each vertex in V3 must be guarded by

a searcher at the moment ¢1. If max{ay, a2} > "T'H, then fs(Kp, ) > m + "T'H
-1

Suppose that max{a;,as} < "7=. Note that a; +az > n — 2 and both m and n

are odd. We know min{a,as} > ”7_3 Further, a; and as cannot both equal to
"?*3; otherwise, a1 + as = n — 3 < n — 2. Hence, there are two cases.

Case 1. a1 = an If wy contains a searcher at ¢, then fs(K,, ) > |Vi| +
|[Ai]+1=m+a1+1=m+ "T'H If wy contains no searchers at ¢1, then for the
sake of contradiction, we assume that m + "T_l searchers can clear K, ,. Since
[VIUA | = m+ "7_17 we know each vertex in V3 UA; contains exactly one searcher

at t1, and no searchers are located on other vertices. Consider the moment
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t1. From Lemma 7, we know each vertex in A; has at least two contaminated
incident edges at ¢1. Further, since |[Vo\{4; U{w:}}| = n— 252 —1 > 2, there are
at least two vertices in V5 which have no cleared incident edges. Therefore, each
vertex in V; has at least two contaminated incident edges. Observe that every
vertex in V3 UA; contains exactly one searcher and has at least two contaminated
incident edges. Therefore, all searchers get stuck at ¢1, which contradicts that
m—+ an searchers can clear K, ,. Hence, fs(K,, ) > m + "7“

Case 2. a1 = "T_?’ Since max{ay,az} < %5L and a; + az > n — 2, we know

as = ”T_l Further, since a1 + a, = n — 2, V\2Ie know A; N Ay = 0, and hence
each vertex in A should always contain a searcher after t5. For the sake of
contradiction, assume that m + ”Tfl searchers can clear K, ,,. Recall that at the
moment ¢y, each vertex in As U V; is occupied by a searcher and |A; U Vi| =
m+ %’1, we know each vertex in As UV} is occupied by exactly one searcher at
to. Let x129 denote the last cleared edge before to, which is cleared by sliding
a searcher from x; to x. Note that each vertex in V; is occupied by a searcher
between t; and t5. We know x5 must be in A,, and zo contains no searchers
before xy1xo is cleared. Thus, zi29 is the only cleared edge incident on x, at
to. Recall that a1 + as = n — 2, it is easy to see that there is still a vertex
in Vs, say x3, which has no cleared incident edges at t5. Hence, wexzs must be
cleared by the next sliding action after t5. When ws is cleared, we know both
of zo and x3 have exactly one cleared incident edge, and the two edges must be
woXo and woxsz. Therefore, when ws is cleared, each vertex in V; except ws has
at least two contaminated incident edges. Note that each vertex in Ay should
be guarded by a searcher after to. Hence, every searcher gets stuck after wo
is cleared. This contradicts that m + ”T_l searchers can clear K, ,. Therefore,
f8(Kpn) > m+ 2L

Corollary 2. For a complete bipartite graph K, , with 3 < m < n, suppose
that both m and n are odd. If wy € Vi, then fs(K,,n) > m + ”TH when m = 3,
and fs(Kp, n) > n+ mTH when m > 5.

From Lemma 8 and Corollary 2, we are ready to present the lower bound on
fs(Ky, ) when both m and n are odd. Note that since m < n, min{m+ "7“, n-—+
m;—l} = m+ n-2i-1 .

Theorem 4. Given a complete bipartite graph Ky, , with 3 <m < n, if both m
and n are odd, then fs(Kp, ) > m + “EL.

4.2 m is Odd and n is Even

Lemma 9. For a complete bipartite graph K, ,, with 3 < m < n, suppose that
m is odd and n is even. If wy € Vo, then fs(Kp ) > m + 5.

Proof. If max{ai,as} > %, then it is easy to see that fs(K,, ,,) > m+ 5. Suppose

that max{ay,az} < %. Since a; + a2 > n — 2 and n is even, we know a; =
as = "T_Q and A; N Ay = 0. Consider the moment t;. We know each vertex

in V7 U Ay contains a searcher. For the sake of contradiction, we assume that
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m+ "772 searchers can clear K, ,. Then each vertex in V; U A; contains exactly
one searcher at t;. From Lemma?7, we know each vertex in A; has at least
two contaminated incident edges. Further, since A3 N Ay = @ and |V5 \ {4; U
{wi}} =n— 252 —1 > 2, we know there are at least two vertices in V5 which
have no cleared incident edges at t;. Thus, each vertex in V; has at least two
contaminated incident edges at t1, and hence, all searchers get stuck at ¢;. This
contradicts that m+”T’2 searchers can clear Ky, ,. Therefore, fs(Ky, ,,) > m+5.

In the following, we consider the case when w; € V.

Lemma 10. For a complete bipartite graph K, , with 3 < m < n, suppose that
m is odd and n is even. If wy € Vi, then fs(K,,,) > n+ 1 when m = 3, and
ts(Kom n) > n+ 3 when m > 5.

Proof. If wy € Vi, then wy € V5. At the moment ¢7, since w; is the first cleared
vertex, each vertex in V5 is occupied by a searcher. Let ws denote the second
cleared vertex of Ky, ,,. If wz € V3, then we know each vertex of K, ,, except w;
and ws must be occupied by a searcher before ws is cleared. Hence, fs(K,, ) >
m +n — 2. If wy € V7, then we have two cases:

Case 1. m = 3. Assume that n searchers can clear K, ,,. Consider the moment
t1. Note that |Vo| = n and each vertex in Vs is occupied by a searcher at ;.
Hence, each vertex in V5 contains exactly one searcher at ¢; and no searchers
are located on other vertices. Since there are still two vertices in V; which have
no cleared incident edges, then each vertex in V5 has two contaminated incident
edges. Thus, it is impossible to move any of the searchers located on V5 after
t1. This contradicts our assumption that n searchers can clear K,, . Therefore,
ts(Kom.n) > n+ 1 when m = 3.

Case 2. m > 5. For the sake of contradiction, we assume that n + 2 searchers
are sufficient to clear K, ,,. We have three subcases:

Case 2.1. w3 contains no searchers after it is cleared. Then the last two
cleared edges incident on ws are both cleared by sliding a searcher from ws
to Vo. After ws is cleared, all searchers will get stuck within five steps. This
contradicts the assumption that n + 2 searchers are sufficient to clear K, .
Therefore, fs(Kp, ) > n+ 3.

Case 2.2. w3 contains exactly one searcher after it is cleared. Note that ws
has degree at least 6, we know the last cleared edge incident on ws has to be
cleared by sliding a searcher from ws to V5. Consider the moment when ws is
cleared. Note that each vertex in V5 is occupied by a searcher between ¢; and
to, and there are at least m — 2 > 3 vertices in V; which contain no searchers
and have no cleared incident edges. Since we assume that n + 2 searchers are
sufficient to clear K, ,,, hence, there is only one vertex in V5 which contains two
searchers. It is easy to see that all searchers get stuck within one step after ws
is cleared, which is a contradiction. Therefore, fs(K,, ,) > n+ 3.

Case 2.3. ws contains exactly two searchers after it is cleared. Consider the
moment at which ws is cleared. Note that there are still at least m — 2 > 3
vertices in V; which contain no searchers and have no cleared incident edges.
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Further, each vertex in V5 is occupied by exactly one searcher. Hence, it is easy
to see that all searchers get stuck after ws is cleared. Therefore, fs(K,, ,,) > n+3.

From the above cases, if wy € Vi, then fs(K,, ) > min{m +n—2,n+1} =
n+1 when m = 3, and fs(K,, ) > min{m+n —2,n+ 3} =n+3 when m > 5.

From Lemmas9 and 10, we know: (1) when m = 3, fs(K,, ) > min{m +
5,n+1} =m+ % ; (2) when m > 5, fs(K,, n) > min{m + 4,7 + 3}. Hence,
we are now ready to give the lower bound on fs(K,, ) when m is odd, n is even
and 3 <m <n.

Theorem 5. For a complete bipartite graph K, , with 3 <m <n, if m is odd
and n is even, then fs(K, ) > min{n +3,m + 5 }.

From Theorems4 and 5 above, in combination with Lemma 4 and Theorem
4 in [6], we have a complete solution to fs(K,, . ).

Theorem 6. For a complete bipartite graph K, , with 3 <m < n,

FiE m=1,
2, m=n=2,
3, m=2andn >3,
n+1
fs(Kmn) =4 m+ 5 3 <m < n, bothm and n are odd,

min{n + 3, m + g}, 3<m<n, mis odd and n is even,

6, m=4 and n > 4,

m + 3, 6 <m <n andm is even.

5 Complete Split Graphs

In this section, we consider complete split graphs S,,, , with m,n > 1, which also
form a special class of k-partite graphs K,,,, . n, When 1 =n; = - =ng_; <
ng. We start with some initial cases.

Lemma 11. For a complete split graph Sy, n, if n =1, then

1, m=1,
fS(Smyl) = 2, m = 2,
m+1, m>3.

In the following, we consider the fast search number of S,,, ,, when n > 2. Let
Ss,, . denote an optimal fast search strategy for clearing Sy, . Let w] denote
the first cleared vertex in Sg and let ¢} denote the moment at which wj is
cleared.

m,n
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51 mis Odd and n > 2

When m =1 and n > 2, S, is a star with n leaves. It is easy to see that
S1,n can be cleared with [%] searchers. Further, it follows from Lemma 1 that
fs(S1,n) = £|Voda(S1,n)| = [%]. Hence, we have the next lemma.

Lemma 12. For a complete split graph with m =1, if n > 2, then £s(S1,,) =
[51.

Lemma 13. For a complete split graph Sy, with m > 3 and n > 2, if m is
odd, then fs(Spmn) =m + [5].

Proof. If wy € V1, then each vertex of Sy, , except w] should be guarded by a
searcher at the moment t;. Hence, fs(Syn.n) > m — 1+ n. If w] € Vs, then we
have two cases:

Case 1. n is even. If n = 2, then it follows from Lemma3 that £s(S,,.,) >
m+1=m+ 5. If n> 4, then similar to the proof of Lemma9, we can show
that fs(Sp,n) > m + 3.

Case 2. n is odd. If n = 3, then it follows from Lemmab that fs(Sy, ) >
24+m=m-+ ”T'H If n = 5, then similar to the proof of Lemma8 when n > 5,
we can show that fs(Sp, ) > m + 2.

From the above cases, when m > 3 and n > 2, £8(S,, ,,) > min{m—1+n, m+
[5]} =m+[5]. In combination with Theorem 3, we have fs(S, ) =m +[F],
when m > 3 and n > 2.

From Lemmas 12 and 13, we are ready to give the fast search number of S, ,,
when m is odd and n > 2.

Theorem 7. For a complete split graph Sy, n, if m is odd, then

[gw m=1n2>2,
£8(Smn) = n
m-l—{g-‘, m>3,n>2

5.2 m is Even and n > 2

Now we consider the complete split graph S,, , where m is even and n > 2. We
first give the following upper bound on (S, ).

Lemma 14. For a complete split graph Sy, , with m = 2 and n > 2, we have
fS(SQ’n) S 3.

Proof. Let Vi = {uy,u2} and Vo = {v1,v2,...,v,}. Place a searcher on u; and
us respectively. Place a second searcher, say A, on u;. Hence we use 3 searchers.
Let A clear vy by sliding along the path wjvius. Next let A clear ve by sliding
along the path usvou;. Repeat this process to clear all the other vertices of .Sy, .

Lemma 15. For a complete split graph Sy, ,, with m =4 and n > 3, we have
fS(S4,n) S 6.
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Lemma 16. For a complete split graph Sy, ,, with m > 4 and n = 2, we have
fS(SnL,Q) S m + 1.

Theorem 8. For a complete graph Sy, n,

3, m=2,n2>2,
6 m=4 3
men — ) ) —_
Ema) =4 i1 msa =2
m+2, m>6,n=

Proof.

(1) m=2andn > 2. If wy € V4, then £5(S2,) > |V1UV|—1=24+n—-12>3.If
w] € Va, then let wjz; denote the last sliding action at ;. Suppose that two
searchers are sufficient to clear S, ,,. When w] is cleared, each vertex in V3
should be occupied by a searcher. Therefore, at the moment #/, each vertex in
V1 is occupied by exactly one searcher and no searchers are located on other
vertices. Hence, x; has no cleared incident edges before wjz; is cleared.
Further, the only edge between two vertices in V; is contaminated when
wjxy is cleared. Since there is at least one vertex in V5 which has no cleared
incident edges, we know each vertex in V; has at least two contaminated
incident edges. Therefore, no searchers can move after w] is cleared. This is
a contradiction. Thus, when m = 2 and n > 2, £s(S2,,) > 3.

(2) m =4andn > 3. It follows from Lemmas 5 and 15 that £s(Sy,,) = m+2 = 6.

(3) m > 4 and n = 2. Clearly, S, 2 contains a clique K,,41. From Lemmas 3
and 16, we have fs(Sy,2) =m + 1.

(4) m > 6 and n = 3. It follows from Theorem 1 that fs(S,,3) =m+n—1=
m+ 2.

From Lemma5 and Theorem 2, we give a lower bound and an upper bound
on fs(Sy,,n) when m > 6 and n > 4.

Theorem 9. For a complete split graph Sy, ,, with m > 6 and n > 4, if m is
even, then m + 2 < £s(Sy,.,) < m+ 3.

6 Conclusion and Open Problems

We established both lower bounds and upper bounds on the fast search number
of complete k-partite graphs. For k = 2, in combination with existing upper
bounds, we completely resolved the open question of determining the fast search
number of complete bipartite graphs. In addition, we presented some new and
nontrivial bounds on the fast search number of complete split graphs.
State-of-the-art knowledge and intuition about the fast search model is not
developed as well as for most other search models. Our lower bounds required
new proof approaches compared to the existing results in the literature; thus our
results shed light on the general problem of finding optimal fast search strategies.
The following problems are left open which we consider worth to investigate:
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(1) For complete split graphs Sy, , with m > 6 and n > 4, resolve the gap of 1
between the upper bound and lower bound on the fast search number when
m is even.

(2) Determine the fast search number of K, ., for general values of ng, ...,
ng. We conjecture that in Corollary 1, if Zle n; —n; is odd and Zle n; —

n; > 3, then fs(Ky, .. n,) = minj<;<y a;, where a; = Zle n; — L%]J
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