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Abstract. We consider an evasion game on a connected simple graph.
We first show that the pursuit number of a graph G, the smallest k such
that k pursuers win the game, is bounded above by the pathwidth of
G. We next show that the pursuit number of G is two if and only if
the pathwidth of G is one. We also show that for any integer w > 2,
there exists a tree T such that the pursuit number of T is three and the
pathwidth of T" is w.

1 Introduction

In an evasion game on a connected simple graph, we have k pursuers and an
evader. The evader moves invisibly along the edges of the graph. The pursuers
must guess the position of the evader. At each round, k pursuers guess at most
k vertices. The pursuers win if the current vertex of the evader is contained in
the guessed vertices. Otherwise, the evader either stays at its vertex or moves to
one of its neighbors. The pursuit number of a graph G, denoted by p(G), is the
minimum number k£ such that we have a winning strategy on G for k pursuers.
In the active version, the evader is required to move at each round. We denote
by p*(G) the pursuit number of a graph G for the active evasion game. We have
p(G) > p*(G) by definition.

We denote the vertex set and the edge set of a graph G by V(G) and E(G),
respectively. Let X = (X1, X3,...,X,) be a sequence of subsets of V(G). The
width of X is maxi<;<, | X;| — 1. X is called a path-decomposition of G if the
following conditions are satisfied:

(i) U1§igr X; =V(G);
(ii) for any edge (u,v) € E(G), there exists an ¢ such that u,v € X;;
(iii) for all I, m, and n with 1 <I<m<n<r, X;NX, C X,,.

The pathwidth of G, denoted by pw(G), is the minimum width over all path-
decompositions of G [5].

A connected graph of pathwidth one is called a caterpillar, which is a nontriv-
ial tree that contains no 2-claw as a subtree, where a k-claw is a tree obtained
from a complete bipartite graph K 3 by replacing each edge with a path of
length k. A 2-directional orthogonal ray tree (2DORT) is a tree that contains no
3-claw as a subtree [7]. It is easy to see that the pathwidth of a 2DORT is at
most 2. A caterpillar is a 2DORT by definition.
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It has been known that p*(G) = 1 if and only if G is a 2DORT [2,4]. It was
recently shown that p*(G) < pw(G)+1 for any graph G, and that for any integer
k > 2, there exists a graph G such that pw(G) = k and p*(G) = k+ 1 [1]. It
follows that p*(T") = O(logn) for any n-vertex tree T', since pw(T') = O(logn)
for any n-vertex tree T [6]. Very recently, it was shown in [3] that there exists
an n-vertex tree T such that p*(T) = 2(logn).

We show the following four theorems.

Theorem 1. For any graph G, p(G) < pw(G) + 1. In particular, p(T) =
O(logn) for any n-vertex tree T.

It should be noted that for any integer k > 0, there exists a graph G such
that pw(G) = k and p(G) = k + 1, since p(G) > p*(G) for any graph G. Notice
also that there exists an n-vertex tree T such that p(T) = 2(logn), immediate
from a result of [3] mentioned above.

Theorem 2. p(G) =2 if and only if pw(G) = 1.

It should be noted that p(G) = 1 if and only if pw(G) = 0 (G has just one
vertex), as mentioned in [4].

Theorem 3. If pw(G) = 2 then p(G) = 3.

However, the converse of Theorem 3 does not hold as shown in the following.

Theorem 4. For any integer k > 2, there exists a tree T such that p(T) = 3
and pw(T) = k.

2 Preliminaries

For a graph G, a k pursuers’ strategy is a sequence P = (P, Pa,...,P.) of
guessed vertices, where P, C V(G) and |P;| < k for any ¢ € [r], where [n] =

{1,2,...,n} for a positive integer n; the pursuers guess the vertices in P; at the
i-th round of the game.
An evader’s strategy is a sequence M = (mg, my,...,m,) of vertices of G

such that m; = m;_1 or m; is adjacent to m;_; for any ¢ > 1; vertex my is an
initial position of the evader, and the evader stays at vertex m; in the i-th round
of the game.

A pursuers’ strategy P = (P, Pa,...,P,) is a winning strategy if for any
evader’s strategy M = (mg, mq, ..., m,), there exists an ¢ > 1 such that m; € P,.
The pursuit number p(G) of G is the minimum k such that there exists a winning
strategy for k pursuers on G.

For a pursuer’s strategy P = (P1, Py,...,P.), a vertex v € V(G) is said
to be contaminated at the i-th round if there exists an evader’s strategy M =
(mg,m1,...,m,) such that v = m; and m; € P; for any j € [i]. Otherwise, v is
said to be clear at the i-th round.
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For a vertex u € V(G), let N(u) = {v | v € V(G), (u,v) € E(G)} U {u},
and for a vertex set U C V(G), define that N(U) =,y IV (u). For a pursuers’
strategy P = (P1, P, ..., P.), let D(P) = (Dy, D1,...,D,) be the sequence of
contaminated sets of vertices for P; D, is the set of contaminated vertices at the
i-th round, where Dy = V(G). It should be noted that

D; = N(D;_1) — P; (1)

for any ¢ € [r], and P is a winning strategy if and only if D; = () for some ¢ € [r].

3 Proof of Theorem 1

We can show that a path-decomposition X = (X7, Xs, ..., X,) of G with width
k is a winning strategy for k + 1 pursuers on G by the same arguments as the
proof of p*(G) < pw(G) + 1 in [1].

It is shown in [6] that pw(T) < logs(2n + 1) for any n-vertex tree T. Thus,
we have p(T) = O(logn) for any n-vertex tree T.

4 Proof of Theorems?2 and 3

Lemma 1. If G contains a cycle then p(G) > 3.

Proof. Tt suffices to show that p(C') > 3 for any cycle C. Let P = (P1, Py, ..., P,)
be a strategy for two pursuers on C, where |P;| < 2 for any i € [r]. We define
an evader’s strategy M = (mg, m,...,m,) as follows. Let mg be any vertex
in V(C). We recursively define m; as a vertex in N(m;_1) — P; for any i € [r].
Notice that N(m;—1) — P; # 0, since |[N(m;_1)| = 3 and |P;| < 2. Thus, P is not
a winning strategy, since m; ¢ P; for any ¢ € [r], and we conclude that p(C) > 3.

Lemma 2. If G is a 2-claw then p(G) > 3.

Proof. Let Ts be a 2-claw shown in Fig. 1. Define that
F; ={aj,b1,b2,b3,c}, for any j € [3], and
F; i ={aj,a;,b;,bj,c}, for any j # j' € [3].

Let P = (P, Ps,...,P,) be a strategy for two pursuers on T», where |P;| < 2
for any 4 € [r], and D(P) = (Do, D1, ..., D;) be the sequence of contaminated
sets of vertices for P, where Dy = V(Ts) = {a1, as, as, b1, ba, b3, c}

al as as

b1 bs

b

Fig. 1. 2-claw T5.
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Claim 1. For any i € [r], F; C N(D;) for some j € [3] or F; j C N(D;) for
some distinct j,j’ € [3].

Proof of Claim 1. The proof is by induction on i. We first show that N(D;)
satisfies the claim. Since Dy = V(Tz), Dy = N(Dy) — P, = V(T3) — P, by (1).
Let P, = {u,v}. If (u,v) &€ E(T3) then N(u)N Dy # 0 and N(v)ND; # 0. Thus,
Py C N(Dy), and we have N(D;) = V(T3), which satisfies the claim. If (u,v) €
E(T») then P is {a;,b;} or {b;, c} for some j € [3]. If P; = {a;,b;} then c € Dy,
and so N(Dy) = V(T3) — {a;}, which contains F}: ;» for j' # j” € [3] —{j}, and
we are done. If P, = {b;,c} then P, C N(D1), and we have N(D;) = V(T3),
which satisfies the claim.

Suppose that Claim 1 holds for i —1 € [r—1], that is, F; € N(D;_1) for some
Jj € [3] or Fj;y € N(D;_1) for some distinct j,j" € [3]. We show that Claim 1
also holds for 7. We distinguish two cases.

Case 1 Fj g N(Di_l) for somej S [3] If ‘FJ ﬁPZ| S 1, then Fj Q ]V(F’_7 — Pl),
since any vertex of Fj is adjacent with another vertex of F;. Therefore, F; C
N(F; — P;)) € N(N(D;—1) — P;) = N(D;) by (1), and we are done. Thus, we
assume in the following that |F; N P;| = 2. Without loss of generality, we assume
that Fy = {a1,b1,bs,b3,c} C N(D;_1). We further distinguish three cases.

Case 1-1 a; € P;: In this case, P; is {a1,c}, {a1,b1}, {a1,b2}, or {a1,b3}. If
P, = {ay,c} then {b1,b2,b3} C D; by (1). Thus, N(D;) = V(Tz), which satisfies
the claim. If R = {al, bl} then {bg, bg, C} Q D7 Thus, F273 = {CLQ, bQ,CLg, bg,c} g
N(D;), and we are done. If P, = {ay,b2} then {b1,b3,¢} C D;. Thus, F} 3 =
{a1,b1,ba,a3,b3,c} C N(D;), and we are done. If P, = {a1,b3} then {by,bo,c} C
D;. Thus, Fy 3 = {a1, b1, az,b2,b3,¢c} C N(D;), and we are done.

Case 1-2 a1 € P; and b; € P;: In this case, P; is {b1, b2}, {b1,b3}, or {b1,c}.
If Pi = {bl,bg} then {al,bg,(}} - Di and {al,bl,bg,a3,b3,c} - N(Dl) by (1)
Thus, we have F; 3 C N(D;), and we are done. If P; = {b1, b3} then {a1,b2,c} C
D; and {aq,b1,a2,bs,b3,c} C N(D;). Thus, we have F1 2 C N(D;), and we are
done. If P; = {b1,c} then {a1,bs,b3} C D, and N(D;) = V(I2), which satisfies
the claim.

Case 1-3 a1,b; € P;: In this case, P; is {ba, b3}, {ba, c}, or {bs,c}. If P; = {ba, b3}
then {a1,b1,c¢} C D; by (1) and {a1, b1, b2,b3,¢} C N(D;). Thus, F; C N(D;),
and we are done. If Pz = {bg,c} then {al, bl,bg} Q Di and {CLl, b17 b27a37 bg,C} Q
N(D;). Thus, F; C N(D;), and we are done. If P; = {bs, ¢} then {a1,b1,b2} C D;
and {a1, by, as,bs,bs,c} C N(D;). Thus, F; C N(D;), and we are done.

Case 2 F j; C N(D;_;) for some distinct j,j5' € [3]: If |F; ;y N P;| < 1, then
F; i C N(F;;; — P;), since any vertex of F; j is adjacent with another vertex of
Fj,j/' Therefore, FjJ‘/ - N(Fﬁjl - Pz) - N(N(Dz_l) — PL) = N(DZ) by (1)7 and
we are done. Thus, we assume in the following that |F; ;N P;| = 2. Without loss
of generality, we assume that Fy o = {a1,a2,b1,b2,¢} C N(D;_1). We further
distinguish four cases.

Case 2-1 P, = {aj,az}: In this case, {b1,bs,c} C D; by (1) and
{a1,b1,a2,b2,b3,¢} C N(D;). Thus, Fy 2 C N(D;), and we are done.
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Case 2-2 a; € P, and ay ¢ P;: In this case, P; is {a1,b1}, {a1,b2}, or
{al,c}. If Pl = {al,bl} then {a27b2,c} Q Dl and {b17a27b27b37c} Q N(DZ)
Thus, F» C N(D;), and we are done. If P, = {a1,ba} then {b1,a2,¢} C D;
and {a1,b1,a2,b2,b3,¢} C N(D;). Thus, F1» C N(D;), and we are done.
If P, = {a1,c} then {by,as,b2} C D; and {a1,b1,az2,ba,¢} C N(D;). Thus,
Fi12 C N(D;), and we are done.

Case 2-3 a1 ¢ P; and ay € P;: The proof is similar to the proof of Case 2-2,
and omitted.

Case 2-4 ay,a9 & Py, i.e., P, C {b1,bs,c}: In this case, P; is {b1,ba}, {b1,c} or
{ba,c}. If P; = {b1,b2}, then {a1,az2,c} C D; by (1) and {a1,b1,ag,be, b3, c} C
N(D;). Thus, Fy 2 € N(D;), and we are done. If P; = {by, ¢} then {a1, as,b2} C
Di and {al,bl,ag,bg,c} Q N(D7) Thus, FLQ Q N(Dv), and we are done. If
-Pi = {bQ,C} then {al,bl,ag} Q Dl and {al,bl,ag,bg,c} Q N(DZ) Thus, F172 Q
N(D;), and we are done.

This completes the proof of Claim 1. O

Claim 2. P is not a winning strategy.

Proof of Claim 2. From Claim 1, N(D;) > 5 for any i € [r]. Therefore, |D;| =
IN(D;_1) — P;| > 5— 2, which means that D; # @ for any i € [r]. Thus, we have
the claim. O

From Claim 2, we conclude that p(T5) > 3, and we have Lemma 2. O

If p(G) < 2 then G is a tree by Lemmal, and G contains no 2-claw by
Lemma?2, that is, G is a caterpillar. Thus, if p(G) < 2 then pw(G) < 1. On
the other hand, if pw(G) < 1 then p(G) < 2 by Theorem 1. Thus, we have the
following.

Lemma 3. p(G) <2 if and only if pw(G) < 1.

Since p(G) = 1 if and only if pw(G) = 0, it follows from Lemma3 that
p(G) = 2 if and only if pw(G) = 1, and we obtain Theorem 2.

If pw(G) = 2 then p(G) > 3 by Lemma 3, and p(G) < 3 by Theorem 1. Thus,
p(G) =3 if pw(G) = 2, and we obtain Theorem 3.

5 Proof of Theorem 4

We need some preliminaries. For a graph G and U C V(G), we denote by G — U
the graph obtained from G by deleting all vertices of U and all edges incident
to a vertex of U. The following is shown in [8].

Theorem 5. Let G be a connected graph and k > 1 be an integer. If G has a
vertex v such that G—{v} has at least three connected components with pathwidth
k —1 or more, then pw(G) > k.

Lemma 4. The pathwidth of a tree T is at most k > 1 if and only if there exists
a path Q in T such that the pathwidth of every connected component of T —V (Q)
is at most k — 1.
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Proof. We first show the necessity. Let T" be a tree of pathwidth at most k, and

X = (X, Xo,...,X,) be a path-decomposition of T with width at most k. Let

u € X7 and v € X, be any vertices, and @) be the path connecting v and v in T'.
We show that

VQnNXi#0 (2)

for any ¢ € [r]. Assume to the contrary that there exists X; (1 < j < T) With
X; NV(Q) = 0. Define that Uy = (U;<,;_, X;) N V(Q) and Uz = (U,

V(Q). From (iii), we have U1 NU2 C X; ﬂV(Q) = (), that is, UlﬂUg @] Slnce Q
is a path connecting v and v, Q contains an edge (z,y) with z € U; and y € Us.
However, we have no X; such that z,y € X;, contradicting to (ii).

If we define X; = X; — V(Q) for any ¢ € [r], &' = (X{,X5,...,X]) is a
path-decomposition of T'— V(Q). Since the width of X’ is at most &k — 1 by
(2), we conclude that every connected component of 7' — V(Q) has pathwidth
at most k — 1. This completes the proof of the necessity.

We next show the sufficiency. Let @ be a path in T such that every connected
component of T'—V(Q) has pathwidth at most k—1. Let V(Q) = {v1,v2,...,v,}
and E(Q) = {(vi,vit1) | © € [p—1]}. Let Cy,Cy,...Cy be the connected com-
ponents of T — V(Q) such that if C; contains a vertex adjacent to v, then
Ci41 contains a vertex adjacent to v; for some j' > j. For any ¢ € [g], let
Xt = (X{,X4,...,X!) be a path-decomposition of C; of width at most k — 1,
that is, |X}| < k for any j € [r;]. Let J(i) be an integer such that C; contains a
vertex adjacent to vy;) € V(Q). Since T' is a tree, J(7) is uniquely determined.

A path-decomposition of T of width at most k is constructed as follows.
For any i € [g] and j € [ri], let Y} = X} U {v;0)} and V' = (Y{,Y5,...,Y}).
If J(1) > 2, Z° is defined as an empty sequence. Otherwise, we define Z° =
(23,23,...,254y_,), where Z] = {vj,vj1} for any j € [J(1) — 1]. For any
i € [¢g—1] and ! E [ (i + 1) — J(i)], define that Z; = {vsG)+i—1, V)41 } and
Zt= (71,75, ... 2 1)—a(i ), where Z" is an empty sequence if J(i+1) = J(i).
If J(g) = p then Z 7 is defined as an empty sequence. Otherwise, define that 7 =
{V5(@)+j—1,Vi(q)+;} for any j € [p—J(¢)] and Z9 = (Zf,ZQq,...,Z I )) Deﬁne
that X/ = (ZO, YL 2V Y2, V9, Z9). We denote X’ by (X{,Xz, ey X))

We show that X’ is a path-decomposition for T" of width at most k. We first
show that X" satisfies (i). Any vertex of @Q is contained in some Z} by definition.
Since X" is a path-decomposition of C;, we have V(C;) = U, X CUjepr ¥y
Thus, we conclude that V(T) = Uie[r,] X/. Thus, X’ satisfies (i).

We next show that X’ satisfies (ii). We distinguish 3 cases. 1) (u,v) € E(C})
for some i € [g]: Since X* is a path-decomposition of C;, u,v € X} for some
j € [ri]. Thus, we conclude that u,v € X; C Y} = X| for some . 2) (u,v) €
E(Q): Since u,v € Z;» for some 1, j, we conclude that u,v € X] for some . 3)
(u,v) € E(T) such that u € V(C;) for some i € [q] and v = v,y € V(Q): We
have u,v € Y} = X] for some [ by definition. Thus, X’ satisfies (ii).

We now show that X’ satisfies (iii). Let I, m, and n be arbitrary integers
withl1 <l<m<n<y¢.Ifl=n, X, =X =X, and we are done. Assume

ns
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that { <n —1. Let y(i) be an integer such that X/ ), = Vi Ify(i)+1<1<
n S y(i) + r; for some 4 E'[p], X/ ﬂX;L = Yl’;y(i) N Y;;y(i)‘: (Xlify(i) U{vsi )N
(X:ky(i) U {UJ(i)}) = (Xlzfy(i) N X:’zfy(i)> U {”J(i)} < X’ﬁnfy(i) U {U.I(i)} = X7,
since X = (X{,X4,...,X}) is a path-decomposition of C;. Thus, we have
X/ N X C X, Otherwise, X/ N X/ contains only vertices of Q. Since any
vertex in () appears only in consecutive subsets in X”, we have X; N X/ C X ..
Therefore, X’ satisfies (iii).

Thus, X’ is a path-decomposition of T Since |X/| < k+ 1 for any i € [r/] by
definition, the width of X’ is at most k, and we conclude that pw(T") < k. This
completes the proof of the sufficiency. O

Now, we are ready to prove Theorem 4. We prove the theorem by induction
on k. The following lemma is the basis of the induction. For a graph G and
z,y € V(G), a winning strategy P = (P, Ps,...,P.) on G is called an (x,y)-
winning strategy if the following conditions are satisfied:

— z € P; if and only if i = 1, and
— y € P;if and only if i = r.

Lemma 5. For the 2-claw Ty shown in Fig. 1, p(T2) = 3 and pw(T2) = 2.
Moreover, there exists an (x,y)-winning strategy for three pursuers on Ty for
some z,y € V(T3).

Proof. By Lemma3, p(T2) > 3. We show that P = ({a1,b1,c}, {ae, be,c}, {as,
bs,c}) is an (a1, a3)-winning strategy for three pursuers on T5. Let D(P) = (Do,
D1, Dy, D3) be the sequence of contaminated sets of vertices for P, where Dy =
V(Tg) By (1), D1 = N(Do) —P1 = {ag,bg,a3,b3}, D2 = N(Dl) —P2 = {ag,bg},
and D3 = N(Dg) — P3 = ). Thus, P is an (a1, as)-winning strategy for three
pursuers on Ty, and we conclude that p(T3) = 3.

From Theorem 5 and Lemma4, we have pw(T5) = 2, since the pathwidth of
every connected components of T — {c} is 1. This completes the proof of the
lemma. a

We need some more preliminaries to show the induction step. Let G be
a graph, P = (P, Pa,...,P,) be a pursuers’ strategy on G, and D(P) =
(Do, D1,...,D,) be a sequence of contaminated sets of vertices for P. From
(1), we have the following.

Lemma 6. For any i € [’I" — 1], ZfN(Dz) —D,; C Pi+17 then Di+1 =D,;— Pi-i—l-
For any U C V(G), define that N*(U) = N(U), and Nt (U) = N(NY(U))
for any ¢ > 1. From (1) we have the following.

Diy, © N*(Dy) = Py, (3)

for any i € [r — 1] and k € [r —4]. For any two vertices u,v € V(G), we denote
by dist(u, v) the distance between vertices v and v in G. From (3), we have the
following.
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Lemma 7. Ifdistg(u,v) > k+1 for anyu € U andv € D;, then UN D,y = 0.

For a sequence X = (X1, Xo,..., X,.), r is called the length of X and denoted
by |X|. For sequences X" = (X{,X4,..., X} ) fori € [n], (X', X%,... X" isa
sequence obtained by concatenating X*, X2,... &A™, thatis, (X1, X2%,... &") =
(XH X3, XL X2 X2 ... X2 X7, X3, ..., X ). Notice that

Ty roy

(X X2 X" = zn:w\ = Zn:ri.
i=1 i=1

Now, we are ready to show the induction step.

Lemma 8. Let Ty—1 (k> 3) be a tree with p(Tx—1) = 3 and pw(Tp—1) = k— 1.
Assume that there exists an (z,y)-winning strategy for three pursuers on Tj_1
for some x,y € V(Tix—1). Then, we can construct from three copies of Tr—1 a
tree Ty, with p(Ty) = 3 and pw(Ty) = k. Moreover, there exists an (x,y)-winning
strategy for three pursuers on Ty, for some x,y € V(Tk).

Proof. Let Tp—1 be a tree with p(Tx—1) = 3 and pw(Tx—1) = k — 1, and
P = (P, P,,...,P.) be an (z,y)-winning strategy for three pursuers on Ty_.
Let T} _, be a copy of Ty_; for i € [3], and v' € V(Tj_,) be the ver-
tex corresponding to a vertex v € V(Ty_1). Let P* = (P}, Pi,..., P!) be an
(2%, y")-winning strategy corresponding to P for i € [3]. Let @ be a path with
V(Q) ={ai|i€[r]} and E(Q) = {(¢i,qi+1) [ 7 € [r — 1]}

Define that T} is a tree obtained from T} ;, T¢_;, T_,, and Q by adding
three edges (q1,%"), (¢r, y®), and (g, 2%) (See Fig. 2).

Since the pathwidth of any connected component of T — {g,} is at least
pw(Tk—1), we have pw(Ty) > pw(Tx-1) + 1 = k by Theorem 5. On the other
hand, since T}, TZ ,, and T} _, are the connected components of T — V(Q),
we have pw(Ty) < pw(Tk—1) + 1 = k by Lemma4. Thus, we have pw(T}) = k.

We have p(Ty) > 3, since p(Tx—1) = 3. We will show an (z!,y*)-winning
strategy for three pursuers on T}, which means that p(T}) = 3. Let h = [r/2],

Fig. 2. Tree Tk.
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and R = (R1, Ra,...,Rp) and S = (51,5, ...,S5,+1) be sequences of subsets of
V(Ty) defined as follows.

{y1, 01,92} ifj=1,

R; =< {@j-2,q02j-1,q2;} if2<j<h—-1, (4)
{QT727QT717(1T} lfj = h7
{y17y27q1} lf] = 17

Sj=q v g-1,q} if2<j<r, (5)
{thqﬁx?’} lf] =r+1.

Define that P’ = (P!, R, P?,S,P?). Notice that |P’'| = |P|+ |R| + [P?| +|S| +
|P3| = 4r + h + 1. We now show the following.

Claim 3. P’ is an (z!,y®)-winning strategy for three pursuers on Tj,.

Proof of Claim 3. Let ' = |P'| = 4r + h+ 1 and D(P’) = (Dy, D1,...,D,)
be the sequence of contaminated sets of vertices for P’. Since P! is an (2!, y')-
winning strategy on T}, and T}, —{y'} is a connected component of T}, —{y'},
we have

D, =V (Ty) — V(T}_,). (6)
Similarly, by noting |PY| + |R| + |P?| = 2r + h, we also have
Doy NV(TE_y) =0, (7)

since P? is an (22, y?)-winning strategy on T7_, and T, — {y?} is a connected
component of Ty, — {y?}.

(D). Dyyi = V(Ty) = V(TE_)) — {q; | j € [24]} for any i with 0 <i < h — 1.

Proof of (I). We show (I) by induction on ¢. From (6), (I) holds for i = 0,
since {¢; | j € [2t]} = 0 if i = 0. Let ¢ > 1 and assume that (I) holds for
i — 1, that is, Dyyi—1 = V(T%) = V(T _,) — {q1, g2 - - -, q2i—2}. It follows that
N(Dyyi—1) — Dyyi—1 = {gai_2}, where we assume that qg; o = y! if i = 1.
Therefore, N(D,4;—1) — Dyyi—1 € R; by (4). Thus from Lemma6, D,;; =
Dyiioy— R =V(T},) = V(T ) — {g; | 7 € [2i]}, and (I) holds for 1. O

From (I), we have D, 1 = V(T}) =V (T} ) —{qi | i € [2h—2]}. Therefore,
N(Dyin—1) = Dryn—1 = {q2n—2} € Ry, and we have

Dyyn =V(Ty) = V(Ti—y) = V(Q) (®)

by Lemma6. From Lemma7 and (8), D2r+hﬁV(T,€1_1) =, i.e., Dopip C
V(Ty) — V(T{_,). Thus from (7), we have

Darin ©V(Ti) = (V(Tiy) UV(TEL)). (9)
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Let P’ = (P, P;,...,P.), and M = (mg,m1,...,m, ) be an evader’s strategy
such that m; = 23 for i <7+ h, and m; = qoryny1_i forr+h+1<i <2r+h.
Then, m; ¢ P/ for any i € [2r + h]. Therefore, g1 € Da,yp,. Similarly, we can
prove that ¢; € Daoqyp for any i € [2r 4+ h], and thus, V(Q) C Da,1p. Since
V(T?_,) C Dayyp, we have

V(Ti) = (V(T—1) UV(TR ) = V(Q) U V(T )
C Dorih- (10)
Thus, from (9) and (10), we have

Dain = V(T3) — (V(T) UV(TE,), (1)

(D). Dapynyi = V(L) = V(Ti_y) = V(T7_y) = {g; | j € [i]} for any i € [r].

Proof of (II). From (11), N(Da,yp) N (V(TE ) UV(T? ) = {y*,y*}. Thus
from Lemma6 and (5), we have

Dapinr =V (Ti) = V(Ti_y) = V(Tiy) — {ar}- (12)
We now show that
Darpnss = V(TY) = V(TE,) = V(T — {g; | € [} (13)

by induction on . Clearly, (13) holds for ¢ = 1 by (12). Assume that (13) holds
for i — 1 with i > 2, that is, Daysnii1 = V(Tk) — V(TL_,) — V(T2_,) — {q; |
j € [i—1]}, and we will show that (13) also holds for i. By induction hypothesis,
N(D2r+h+i—1) — D2r+h+i—1 Q {qi_l,yz}. Thus from Lemma6 and (5), (13)
holds for i. This completes the proof of (II). O

From (5) and (II), we have

Dspynir = V(Tk) = V(Th_y) = V(T ) = V(Q) — {=°}
SV - (), (14)

Therefore, we have Dy,py1 = 0, since P? is an (23, y?)-winning strategy on
T3 | and TP | — {x3} is a connected component of T}, — {«®}. Since z' € P/ if
and only if i = 1, and y* € P! if and only if i = 7/, we conclude that P’ is an
(2, y?)-winning strategy on T}, and we have Claim 3. O

This completes the proof of the lemma. O

From Lemmas5 and 8, we have Theorem 4.

6 Active Pursuit Number of T,

We show the following for tree T}, defined in the previous section.

Theorem 6. For any k > 3, p*(T}) = 2.
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Proof. For a bipartite graph G with a bipartition (Bg, B1) and P C V(G),
define that Bg(P) = max{|P N By|,|P N By|}. For a pursuers strategy P =
(P1,Ps,...,P) on G, Bg(P) =max{Ba(F;) | i € [r]}.

Lemma 9. For a bipartite graph G, if there exists a winning strategy P =
(P, Ps,...,P.) for the general evasion game on G with Bg(P) < I, then
p*(G) < L.

Proof of Lemma 9. Let P = (P, Py, ..., P.) be a winning strategy for the gen-
eral evasion game on G satisfying Bg(P) < [. Without loss of generality, we
assume that r is odd, since otherwise, P’ = (Py, Ps, ..., P, 0) is also a winning
strategy of odd length on G satisfying Bg(P') < 1.

Let (Bo, B1) be a bipartition of G. Define that W; = P; N B; mod 2, i.-e.,

W, — P, N By if i is even, and
Tl PN By ifiis odd,

for any ¢ € [r]. Define also that W; = W,_, for r + 1 < i < 2r, and
W* = (W, Wa,...,Wa,). We will show that pursuers’ strategy W* is a win-
ning strategy on G for the active evasion game.

Let M* = (mg,mq,...,ma,) be any evader’s strategy on G for the active
evasion game. From the definition of the active evasion game, the evader must
move at each round and we have

m; € By < m;_1 € By for any i € [2r]. (15)

Since r is odd, we also have

mo € By & m, € Bj. (16)
Define that
ME = (mo,my,...,m,) and
MR = (mramr+1 ce ,m27«).

It should be noted that M and MZ% both can be considered as evader’s strate-

gies of r rounds for the general evasion game on G. Since P is a winning

strategy on G for the general evasion game, there exist integers o and g with
1<a<r<@<2rsuch that

me € P,, and (17)

mg € PIB,T. (18)

We now show that there exists an integer ¢ € [2r] such that m; € W;. We

distinguish two cases.

Case 1 mg € By: From (15) and mg € By, we have

m; € Bi mod 2 (19)
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for any ¢ € [r]. Thus from (17) and (19), we have mq € Py N By mod 2, 1-€.,
meq € W,

Case 2 mg € B;: From (15) and (16),
Mr4i € B; mod 2 (20)

for any ¢ € [r]. Let 8/ = B — r. From (18) and (20), we have mg € Pg N
Bﬁ/ mod 2 — WB’~

Thus, W* is a winning strategy for the active evasion game on G. Since
Ba(P) <1, we have |W;| < for any ¢ € [2r]. Thus, p*(G) <[, and we have the
lemma. O

If P= (P, Ps,...,P.) is the (z,y)-winning strategy for three pursuers on
T}, defined in the previous section then Bg(P) < 2, since |P;| = 3 and every P,
contains a pair of adjacent vertices for any i € [r]. Thus, we have p*(T}) < 2 for
any k > 2 by Lemma9. Since T}, contains a 3-claw if k > 3, we have p*(T}) > 2 if
k > 3, and we conclude that p*(Ty) = 2 for any k > 3. (Notice that p*(T) = 1,
since Ty is a 2DORT.) This completes the proof of the theorem. O

7 Concluding Remarks

Since it is well-known that the longest path in a tree can be found in linear
time, caterpillars and 2DORTSs can be recognized in linear time [7]. Therefore,
we can decide in linear time whether p*(G) = 1 and p(G) = 2. The complexity
of computing p(G) and p*(G) is open.
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