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Abstract. In this article a novel robust controller for the control of
switched nonlinear systems with asynchronous switching is proposed
considering state delays. The proposed approach improves the actual
methodologies found in literature in which the disturbance rejection
properties of these two methodologies consider a disturbance equal to
zero but the proposed robust controller considers any kind of distur-
bances that makes this strategy to surpass other similar methodologies.
The main objective is that the robust controller stabilizes the studied
system in matched and unmatched modes considering the dwell time in
order to obtain an exponentially stable closed loop system. Another char-
acteristic of the proposed control strategy is that a conmutative control
law in both matched and unmatched cases is designed with a linear part,
where the gain matrices for the linear part are obtained by linear matrix
inequalities LMI’s along with a nonlinear controller part.

abstract environment.
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1 Introduction

Asynchronous switched control of linear and nonlinear systems have been stud-
ied in recent years in which there are several interesting results, considering that
an asynchronous switching occurs when the modes of the controller and the sys-
tem are differents. Some of these studies found in literature are related to linear
systems such as [3] where the control of the studied system with average dwell
time is proposed for the synchronous and asynchronous cases. Another interest-
ing study can be found in [5] where a H∞ controller [15] of switched delayed
system with average dwell time is evinced. In [1] there is another example for the
stabilization of time delayed linear systems [9] under asynchronous switching, a
robust H∞ controller is implemented following a similar procedure as the previ-
ous study. In [2] an asynchronous finite time H∞ controller with mode dependent
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dynamic state feedback is shown so the controller is designed implementing its
disturbance rejection properties. Lyapunov-Krasovskii functionals for the design
of asynchronous switched controller for nonlinear systems can be found in [4]
in order to test and ensure the closed loop exponential stability, implementing
an average dwell time. In [6] the average dwell time is implemented again for
the exponential stability proof and in the case of the nonlinear controller, this
includes delays in the states. In [7] a L∞ robust asynchronous controller like the
proposed system in this article is shown, where as similar to the previous study
the switched system consists of a linear and nonlinear part and the delays are
considered only in the linear part. In the case of intelligent controllers to solve
this kind of problems there are several studies such as [8] where an asynchronous
fuzzy controller for switched nonlinear systems via switching Lyapunov functions
implementing a Takagi-Sugeno model is used to estimate each subsystem, so the
average dwell time is used obtaining the gain matrices solving the LMI’s. There
are other approaches such as sliding mode control [10,12,14] and intelligent con-
trol techniques [13] that can be implemented for the stabilization of this kind of
systems in future studies. In this article a novel asynchronous robust controller
for switched nonlinear time delayed systems is proposed. The objective of this
study is to design a conmutative controller in the presence of disturbances, con-
trary to other control approaches for nonlinear systems in which the disturbance
is considered as zero w = 0 [7]. Another contribution of this article is that the
time delays are considered not only in the linear states these are also consid-
ered in the nonlinear states something that is not found in the literature as far
as the author knowledge so with these results the outcomes obtained in other
studies are significantly improved. The design procedure consists in selecting
appropriated Lyapunov-Krasovskii functionals in order to consider the delayed
states in the linear and nonlinear parts, dividing the problem in two parts the
matched case and unmatched case so the Lyapunov functions derivatives are
obtained to corroborate the closed loop exponential stability. The robust con-
mutative control laws are obtained for both switching cases, the matched and
unmatched cases, so the controller consists of two parts one linear state feedback
part, obtaining the gain matrices solving the required LMI’s [16] and a nonlinear
feedback control law obtained for each switching case. The article is divided in
three sections; Sect. 2 shows the problem formulation, in the following section,
the robust controller design is shown, in Sect. 4 a simulation is evinced, and in
the last section the conclusions of this study are presented.

2 Problem Formulation

Consider [7]

ẋ(t) = Aσ(t)x(t) +Adσ(t)x(t − d(t)) + fσ(t)(x(t), x(t − d(t))) +Bσ(t)u(t)

+ Gσ(t)w(t). (1)

Where
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x(t) ∈ R
n, u(t) ∈ R

m, w(t) ∈ R
p, x(t0 + θ) = ϕ(θ) and θ ∈ [−τ, 0] and

0 ≤ d(t) ≤ τ , ḋ(t) ≤ η < 1 and maxw(w(t)) = γ
In order to design the proposed controller is important to define the following

switching instances of the system as found in [3,7]

σ : (t0, σ(t0)), (t1, σ(t1))...(tk, σ(tk)) (2)

and the controller switching instance are defined as [3,7]

σ : (t0, σ(t0)), (t1 + Δ1, σ(t1))...(tk + Δk, σ(tk)) (3)

where 0 < Δk < infk≥1(tk+1 − tk). Apart from these equations it is important
to define the average dwell time and chattering bound [4,6,7].

Definition 1. For any 0 < t ≤ T define Nσ(t)(T, t) be the number of switching
numbers over (t, T ). So Nσ(t)(T, t) ≤ N0 + T−t

τa
is met for τa > 0 and N0 ≥ 0

then τa is the average dwell time and N0 is the chattering bound.

With these definitions the proposed approach could be designed following
the required design procedure.

3 Robust Asynchronous Controller Design for Nonlinear
Switched Systems with Time Varying Delays

The results of this article are explained in this section, so to derive the proposed
approach the problem must be divided in the matched and unmatched cases.
The following theorem depicts the asynchronous robust controller design for the
studied system. It is important to remark that the asynchronous robust control
law is divided into a linear part (state feedback) and a nonlinear part, obtaining
the gains solving the required LMI’s.

Theorem 1. An asynchronous robust controller is obtained if the following
LMI’s are solved for (Kiσ(t),Kjσ(t)).

[
2PiAσ(t) + αPi + 2PiBσ(t)Kσ(t) + Qi 2PiAdσ(t)

0 −Qie
−ατ

]
< 0

[
2PjAσ(t) − βPj + 2PjBσ(t)Kjσ(t) + Qj 2PjAdσ(t)

0 −eβτQj

]
< 0. (4)

with τa

τa > τ∗
a =

(α + β)Tmax + ln(μ)
α

. (5)

Proof. Consider the case when t ∈ [tk−1 + Δk−1, tk] by selecting the following
Lyapunov functional [7] where Pi > 0 and Qi > 0 are diagonal matrices:

Vi1 = xT (t)Pix(t) +
∫ t

t−d(t)

e−α(t−s)xT (s)Qix(s)ds. (6)
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Taking the time derivative of (6) and substituting system (1)

V̇i1 ≤ 2xT (t)PiAσ(t)x(t) + 2xT (t)PiAdσ(t)x(t − d(t)) + 2xT (t)Pifσ(t)(x(t), x(t − d(t)))

+ 2xT (t)PiBσ(t)u(t) + 2xT (t)PiGσ(t)w(t) + xT (t)Qix(t)

− xT (t − τ)Qix(t − τ)(1 − η)e−ατ − α

∫ t

t−d(t)
e−α(t−s)xT (s)Qix(s)ds. (7)

Making x = [xT (t), xT (t − d(t))] and defining a control law with a nonlinear
part unlσ(t)

U(t) = Kiσ(t)x(t) + unlσ(t). (8)

Then

V̇i1 ≤ xT Φx + 2xT (t)Pifσ(t)(x(t), x(t − d(t)))

+ 2xT (t)PiBσ(t)unlσ(t)(t) + 2xT (t)PiGσ(t)w(t)
− αVi1. (9)

where

Φ =
[
2PiAσ(t) + αPi + 2PiBσ(t)Kσ(t) + Qi 2PiAdσ(t)

0 −Qie
−ατ

]
< 0. (10)

The following property is important to obtain the asynchronous robust con-
trol law

Property 1. The nonlinear part of system (1) has the following property

fσ(t)(x(t), x(t − d(t))) − fσ(t)(x(t), x(t − τ)) ∼= 0. (11)

To obtain the robust control law is necessary to implement [11]

infu∈u(y,t)supx∈Q(y,t)supw∈W [LfVi1(x, u, w, t) + αv(x, t)] < 0. (12)

Defining αv(x, t) = xT (t)x(t), substituting (9) in (12) and implementing
Property 1 yields

= 2xT (t)Pifσ(t)(x(t), x(t − d(t)))

+ 2xT (t)PiBσ(t)unlσ(t)(t) + 2xT (t)PiGσ(t)w(t)

− αVi1 + xT (t)x(t). (13)

Implementing Property 1 the following nonlinear control law is obtained

unlσ(t) = −B−1
σ(t)fσ(t)(x(t), x(t − τ)) − B−1

σ(t)Gσ(t)γv − 1
2
B−1

σ(t)P
−1
i x(t) (14)

where γv ∈ R
p is a constant vector that is used to satisfy the following condition

in order to meets the robust stability requirements

supγsupw[2xT (t)PiGσ(t)w(t) − 2xT (t)PiGσ(t)γv] ∼= 0. (15)
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so substituting the nonlinear robust control law (14) in (13) the Lyapunov func-
tion derivative obtained is:

V̇iσ(t) =
{

0 ‖x‖ = 0
−αViσ(t) ‖x‖ > 0 (16)

with the following conmutative controller

U(t) ={
Kiσ(t)x(t) ‖x‖ = 0

−B−1
σ(t)fσ(t)(x(t), x(t − τ)) − B−1

σ(t)Gσ(t)γv − 1
2B−1

σ(t)P
−1
i x(t) ‖x‖ > 0 (17)

When t ∈ [tk, tk +Δk] the following Lyapunov-Krasovskii functional is imple-
mented [7] Pj > 0 and Qj > 0 are diagonal matrices

Vj1 = xT (t)Pjx(t) +
∫ t

t−d(t)

eβ(t−s)xT (s)Qjx(s)ds. (18)

Taking the time derivative of (18) and substituting (1)

V̇j1 ≤ 2x
T
(t)PjAσ(t)x(t) + 2x

T
(t)PjAdσ(t)x(t − d(t)) + 2x

T
(t)Pjfσ(t)(x(t), x(t − d(t)))

+ 2x
T
(t)PjBσ(t)u(t) + 2x

T
(t)PjGσ(t)w(t) + x

T
(t)Qjx(t)

− x
T
(t − τ)Qjx(t − τ)(1 − η)e

βτ
+ β

∫ t

t−d(t)
e

β(t−s)
x

T
(s)Qjx(s)ds. (19)

Making x = [xT (t), xT (t − d(t))] and defining a control law with a nonlinear
part unlσ(t)

U(t) = Kjσ(t)x(t) + unlσ(t) (20)

Then

V̇j1 ≤ xT Φx + 2xT (t)Pjfσ(t)(x(t), x(t − d(t)))

+ 2xT (t)PjBσ(t)unlσ(t)(t) + 2xT (t)PjGσ(t)w(t)
+ βVj1. (21)

where

Φ =
[
2PjAσ(t) − βPj + 2PjBσt

Kjσ(t) + Qj 2PjAdσ(t)

0 −eβτQj

]
< 0 (22)

with (12) the asynchronous robust control law is obtained, with αv(x, t) =
xT (t)x(t), yielding

= 2xT (t)Pjfσ(t)(x(t), x(t − d(t)))

+ 2xT (t)PjBσ(t)unlσ(t)(t) + 2xT (t)PjGσ(t)w(t)

+ βVj1 + xT (t)x(t). (23)
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Implementing Property 1 the following nonlinear control law is obtained

unlσ(t) = −B−1
σ(t)fσ(t)(x(t), x(t − τ)) − B−1

σ(t)Gσ(t)γv − 1
2
B−1

σ(t)P
−1
j x(t) (24)

where γv ∈ R
p is a constant vector that is used to satisfy the following condition

in order to meets the robust stability requirements

supγsupw[2xT (t)PjGσ(t)w(t) − 2xT (t)PjGσ(t)γv] ∼= 0 (25)

so substituting the nonlinear robust control law (24) in (23) the Lyapunov func-
tion derivative obtained is:

V̇jσ(t) =
{

0 ‖x‖ = 0
βVjσ(t) ‖x‖ > 0 (26)

with the following conmutative controller

U(t) ={
Kjσ(t)x(t) ‖x‖ = 0

−B−1
σ(t)fσ(t)(x(t), x(t − τ)) − B−1

σ(t)Gσ(t)γv − 1
2B−1

σ(t)P
−1
j x(t) ‖x‖ > 0 (27)

Now to test the exponential stability the following steps must be implemented
[6]: considering that

[τl, τl+1] = T ↑ (τl, τl+1)
⋃

T ↓ (τl, τl+1) (28)

where T ↑ (τl, τl+1) and T ↓ (τl, τl+1) represents the increasing and decreasing
intervals of the Lyapunov functionals. Considering (16) and (26) over all the
interval [τl, τl+1] and using the following property

Property 2. The Lyapunov functional for different switching instants has the
following property

Vk(xτl
) < μVl(xτl

) (29)

where σ(τl) = l and σ(τ−
l ) = m

Therefore

Vσ(t)(xt) ≤ e−αT↓(τl,τl+1)+βT↑(τl,τl+1)Vσ(τl)(τl) (30)

≤ e−α[T↑(t−τl)+T↓(t−τl)].eαT↑(t−τl).eβT↑(t−τl)Vσ(τl)(τl) (31)

≤ e−α(t−τl)e(α+β)T↑(t−τl)Vσ(τl)(τl) (32)

Considering Definition 1 and Property 2

≤ e−α(t−τ0)eNσ(α+β)TmaxμNσVσ(t0)(t0) (33)

where Tmax = maxlT ↑ (τl+1 − τl) for any switching instant τ1, τ2, ..., τl. Rear-
ranging (33) yields

≤ e(Nσ(α+β)Tmax+Nσlnμ)e−(t−t0)[α−(α+β)Tmax
τa

− lnμ
τa

]Vσ(t0)(t0) (34)
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≤ e(Nσ(α+β)Tmax+Nσlnμ)e−(t−t0)λVσ(t0)(t0) (35)

where
λ = α − (α + β)

Tmax

τa
− lnμ

τa
> 0 (36)

So the system is exponentially stable with the following condition

τa > τ∗
a =

(α + β)Tmax + lnμ

α
(37)

This completes the proof.

4 Simulation Example

The following problem is solved to test the theoretical results obtained in this
article. The following matrices and nonlinear functions for system (1) are used
for these purposes:

A2 =

[−0.32 0.0
0.0 −0.43

]
, Ad1 =

[−0.4 0.0
0.0 −0.5

]
, Ad2 =

[−0.43 0.0
0.0 −0.52

]

B1 =

[
0.8 0.0
0.0 0.9

]
, B2 =

[
0.89 0.0
0.0 0.91

]
, G1 =

[−0.3 0.0
0.0 −0.2

]
, G2 =

[−0.31 0.0
0.0 −0.21

]

f1 =

[
x1(t)e

−2x2(t) + x1(t − d(t))2

x2(t) + exp−3x2(t−d(t))

]
, f2 =

[
1.4x1e

−2.7x2(t) + x1(t − d(t))2

0.6x2 + 0.9e−3x2(t−d(t))

]
(38)

And the matrices Pi = Pj = Qi = Qj = I where I is the identity matrix
for i = 1, 2 and a step disturbance w(t) = [step(0.00001), step(0.00001)] The
stabilized variables are shown in Fig. 2 with the switching modes shown in Fig. 1
showing that the system is clearly stabilized.

K1matched = K1unmatched =
[
1.6 0.0
0.0 1.8;

]
(39)

Fig. 1. Switching modes
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Fig. 2. variable x2

K2matched = K2unmatched =
[
1.78 0.0
0.0 1.82;

]
(40)

5 Conclusion

In this article an asynchronous robust controller for switched nonlinear system
with state delays is shown. The results yielded in this study improves the out-
comes obtained in studies found in literature. A conmmutative controller for the
matched and unmatched cases are implemented to stabilize the system and these
theoretical results are corroborated in the numerical simulation section.
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