Chapter VI
Fourier Series, Fourier Transform,
and Characteristic Functions

Fourier series and Fourier transform provide one of the most important tools for analy-
sis and partial differential equations, with widespread applications to physics in par-
ticular and science in general. This is (up to a scalar multiple) a norm-preserving (i.e.,
isometry), linear transformation on the Hilbert space of square-integrable complex-
valued functions. It turns the integral operation of convolution of functions into the
elementary algebraic operation of the product of the transformed functions, and that
of differentiation of a function into multiplication by its Fourier frequency.

Although beyond our scope, this powerful and elegant theory extends beyond
functions on finite-dimensional Euclidean space to infinite-dimensional spaces and
locally compact abelian groups.! From this point of view, Fourier series is the Fourier
transform on the circle group.

This chapter develops the basic properties of Fourier series and the Fourier trans-
form with applications to the central limit theorem and to transience and recurrence
of random walks.

Consider a real- or complex-valued periodic function on the real line. By changing
the scale if necessary, one may take the period to be 27. Is it possible torepresent f asa
superposition of the periodic functions (“waves”) cos nx, sin nx of frequency n (n =
0,1,2,...)7 In view of Weierstrass approximation theorem, every continuous
periodic function f of period 27 is the limit (in the sense of uniform convergence of
functions) of a sequence of trigonometric polynomials, i.e., functions of the form

T T
E e =co+ E (a, cosnx + b, sinnx);

n=—-T n=1

the Bernstein polynomials in e’* illustrate one such approximation.

Extensions of the theory can be found in the following standard references, among others: Rudin
(1967), Grenander (1963), Parthasarathy (1967).
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As will be seen, Theorem 6.1 below gives an especially useful version of the
approximation from the perspective of Fourier series. In a Fourier series, the
coefficients of the polynomials are especially defined according to an L?[—, 7]-
orthogonality of the complex exponentials e/ = cos(nx) + i sin(nx) as explained
below. For this special choice of coefficients the theory of Fourier series yields,
among other things, that with the weaker notion of L?-convergence the approxi-
mation holds for a wider class of functions, namely for all square-integrable func-
tions f on [—m, 7]; here square integrability means that f is measurable and that
f:r | f(x)|>dx < oo;denoted f € L?[—m, ]. It should be noted that in general, we
consider integrals of complex-valued functions in this section, and the L? = L?(dx)
spaces are those of complex-valued functions (see Exercise 36 of Chapter I).

The successive coefficients ¢, for this approximation are the so-called Fourier
coefficients:

I .
en = 2—/ f()e ™ dx  (n=0,%£1,£2,...). 6.1)
T™J 7

The main point of Theorem 6.1 in this context is to provide a tool for uniformly
approximating continuous functions by trigonometric polynomials whose coeffi-
cients more closely approximate Fourier coefficients than alternatives such as Bern-
stein polynomials.

Asremarked above, the functions ¢ (n = 0, 1, 42, . ..) form an orthonormal
set: | .

2 ),

0, forn # m,

1 forn =m, (6.2)

etnxeftmx dx — [

so that the Fourier series of f is written formally, without regard to convergence
for the time being, as

Z cne™. (6.3)

n=—oo

As such, this is a representation of f as a superposition of orthogonal components. To
make matters precise we first prove the following useful class of Fejér polynomials;
see Exercise 1 for an alternative approach.

Theorem 6.1 Let f be a continuous periodic function of period 27. Then, given
0 > 0, there exists a trigonometric polynomial, specifically a Fejér average
>N v dne™, where

n=—

|n| 1 /7T _
dy=(1— ——)— "dx,n =0, +£l,+2,...,
( N+1)27r ﬁf(x)e X, n
such that
N
sup |f(x) — Z d,e"| < 6.
xeR! n=—N
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Proof For each positive integer N, introduce the Fejér kernel

- .
kn(x) = > Z (1 — N"jr' 1) e, (6.4)
n=—N

This may also be expressed as

2

N
2n(N + Dky(x) = Z Pl U—hx _ Zeijx
=0

0<j,k<N

2(1 — cosx) sin %x

.1 2
2(1 — (cos(N + Dx} _ (sm{2(N + 1)x}) 65)
Atx =2nm (n =0, x1,£2,...), the right side is taken to be (N + 1)%. The first
equality in (6.5) follows from the fact that there are N + 1 — |n| pairs (j, k) in the sum
such that j — k = n. It follows from (6.5) that ky is a positive continuous periodic
function with period 27. Also, ky is a pdf on [—, 7], since nonnegativity follows
from (6.5) and normalization from (6.4) on integration. For every £ > 0 it follows
from (6.5) that ky (x) goes to zero uniformly on [—7, —e] U [e, 7], so that

/ ky(x)dx — 0 as N — oo. (6.6)
[—m,—e]U[e, 7]
In other words, ky (x)dx converges weakly to dp(dx), the point mass at0,as N — oo.

Consider now the approximation fy of f defined by

N

fx) = / FOkyxr = ydy = 3 (1—

n=—N

||
N+1

) cpe™, (6.7)

where ¢, is the nth Fourier coefficient of f. By changing variables and using the
periodicity of f and ky, one may express fy as

Fo() = / £ = Yk ()dy.

Therefore, writing M = sup{|f(x)| : x € R¥}, and 6. = sup{|f(y) — f(O)] :
|y — y'| < €}, one has

™

Lf ()= fn ()] 5/ If(x=y) = f()lkny(y)dy <2M A ]kN(y)dY+5a~
- —m,—¢e]U[e,
(6.8)
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It now follows from (6.6) that f — f converges to zero uniformly as N — oo. Now
write d, = (1 — |n|/(N + 1))c,. |

Remark 6.1 The representation of the approximating trigonometric polynomial for
f as a convolution f % ky, where ky is a nonegative kernel such that ky = Jd
is a noteworthy consequence of the proof of Theorem 6.1. The advantages of such
polynomials over an approximation by Bernstein polynomials will become evident
in the context of unique determination of an integrable periodic function, or even a
finite measure on the circle, from its Fourier coefficients; see Proposition 6.3 and
Theorem 6.4 below.

The first task is to establish the convergence of the Fourier series (6.3) to f in L?.
Here the norm || - || is || - || as defined by (6.10) below. If f(x) = ZN N aye isa

n=

trigonometric polynomial then the proof is immediate. The general case follows by
a uniform approximation of 27-periodic continuous function by such trigonometric
polynomials, and finally the density of such continuous functions in L*[—, 7].

Theorem 6.2

a. Forevery f in L>[—, 7], the Fourier series of f converges to f in L?-norm,
and the identity || f|| = (3>, |ca]?)'/? holds for its Fourier coefficients ¢,. Here
Il - || is defined in (6.10).

b. If (i) f is differentiable, (ii) f(—m) = f(m), and (iii) f’ is square-integrable,
then the Fourier series of f also converges uniformly to f on [—m, 7].

Proof (a) Note that for every square-integrable f and all positive integers N,

l/ﬁ ) i e dx = =0 (m=0%l1 +N)
] X 7Nc,,e e X=Cp—Cn= m =0, N .

(6.9)
Therefore, if one defines the norm (or “length”) of a function ¢ in L?[—, 7] by

/7 172
llgll = (2—/ Ig(X)Ide> = |lgll2, (6.10)
71- —T

then, writing z for the complex conjugate of z,

N
0<f =D cue™|?
—N

| N N
= %/_ﬁ (f(x) - Z}v:cnei"x)(f(x) - ZEnei”X)dx

—-N
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- N
_ % /_ - gcne""ﬂf(x)dx

N N

2 = 2 2

= 1F12 =D enbn = IFIP =D leal.
—N —N

This shows that || f — ZIXN cne™ ||? decreases as N increases and that

N o)

. in- 2 2 2
lim || f — E e 1T =111" = E lenl”.
N—oo

_N —00
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6.11)

(6.12)

To prove that the right side of (6.12) vanishes, first assume that f is continuous
and f(—m) = f(m). Given € > 0, there exists, by Theorem 6.1, a trigonometric

polynomial Zﬁ,(z)vo d, e such that

No
F) =D dpe™

max <e.
X =
This implies
1 (7 o ’
%/_ﬂ f(x)— Z}\]:dnei"x dx < &>,
—INO

Butby (6.9), f(x)— Zlff}\,o c, exp{inx} is orthogonal to " (m = 0, %1,

so that
1" Moo P
%/—ﬂ' f(x) —Zdne”” dx
—Ny
1 T No ' No ' 2
zﬁ/,,r f(x)—che —i—Z(cn—dn)e dx
—No —Ny
1" Al ’
= glﬂ f(x)—zl\]:cnei”x dx
—4v0

2
dx.

1|
+5- / ) ZN‘,(cn—d,,)e
—vo

Hence, by (6.13), (6.14), and (6.11),

(6.13)

o ENY),

(6.14)
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2 2
No N
1 " inx 2 : in- 2
E[ﬂ f(x)—che dx <¢€”, A}l_{noo f—che <e“. (6.15)
—No -N
Since € > 0 is arbitrary, it follows that
N
Jim H f) =D ce™ | =0, (6.16)
-N
and by (6.12),
o0
IFIP = leal”. (6.17)
-0

This completes the proof of convergence for continuous periodic f. Now it may be
shown that given a square-integrable f and ¢ > 0, there exists a continuous periodic
g such that || f — g|| < £/2 (Exercise 1). Also, letting > a,e™, > c,e™™ be the
Fourier series of g, f, respectively, there exists N; such that

Ny
in- i
g— Zane < 5
-N
Hence (see (6.14))
i I N
Hf—zcne”" < r-Sae| < —a+ |o- Saen
—N; —N; —N;
e €
-+ - =c. 6.18
<3 + ;=€ (6.18)

Since & > 0 is arbitrary and || f(-) — 3" cae™ ||> decreases to || f]|> — 2 |cal?
as N 1 oo (see (6.12)), one has

N [ee)
: in|| _ n. 2 2
Jim f—%cne =0; |fI —§|cn|. (6.19)

To prove part (b), let f be as specified. Let > ¢, be the Fourier series of f, and
> c'Vei™* that of f. Then

(D 1 i ’ —inx 1 —inx " in i —inx
¢, = — f(x)e dx = —f(x)e + — fx)e dx
2w ), 2w e 2w )

=0—inc, = —inc,. (6.20)

Since f’ is square-integrable,
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o0 o0
> el =" 1P < o0 6.21)
—00 —0oQ

Therefore, by the Cauchy—Schwarz inequality,

172 172

o0
1 1 5
§|cn|=|co|+zm|ncn|s|co|+ 25 >llnc? ] <o

n#0 n#0 n#0
(6.22)

But this means that > ¢,e™™ is uniformly absolutely convergent, since

max E cpe'™ < E lca| = 0 asN — oo.
X
[n|>N [n|>N

Since the continuous functions ZIX v Cne'™ converge uniformly (as N — 00) to
Z‘ZOOO cne™, the latter must be a continuous function, say h. Uniform convergence
to h also implies convergence in norm to /. Since > ¢,e™™ also converges in
norm to f, f(x) = h(x) for all x. If the two continuous functions f and & are not
identically equal, then

/7r | f(x) — h(x)|*dx > 0.

Definition 6.1 For a finite measure (or a finite-signed measure) p on the circle
[—m, m) (identifying —7 and 7), the nth Fourier coefficient of 1 is defined by

1

2 [—7,7)

e ™ udx)  (n=0,=£1,...). (6.23)

Cn
If 1 has a density f, then (6.23) is the same as the nth Fourier coefficient of f
given by (6.1).

Proposition 6.3 A finite measure p on the circle is determined by its Fourier coef-
ficients.

Proof Approximate the measure p(dx) by gy (x) dx, where

N

gn(x) = / kv (x = y)pdy) = ) (1 _ ) cpe™ (6.24)
(=) — N +1 ’

with ¢, defined by (6.23). For every continuous periodic function # (i.e., for every
continuous function on the circle),
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/ h(x)gn(x) dx = / (/ h(x)ky(x —y) dx) p(dy).  (6.25)
[—m,m) [—7,7) [—m,m)

As N — oo, the probability measure ky(x — y) dx = ky(y — x) dx on the circle
converges weakly to d,(dx). Hence, the inner integral on the right side of (6.25)
converges to h(y). Since the inner integral is bounded by sup{|a(y)| : ¥y € R},
Lebesgue’s dominated convergence theorem implies that

lim B g () dx = / B (dy). 6.26)

N—o0 [—m,m) [—m,7)

This means that p is determined by {gy : N > 1}. The latter in turn are determined
by {cu}nez- u

We are now ready to answer an important question: When is a given sequence
{c, : n = 0,4£1,...} the sequence of Fourier coefficients of a finite measure on
the circle? A sequence of complex numbers {c, : n = 0, &1, £2, ...} is said to be
positive-definite if for any finite sequence of complex numbers {z; : 1 < j < N},
one has

> cjwzjz = 0. (6.27)

1<j.k=N

Theorem 6.4 (Herglotz Theorem) {c, : n = 0, &1, ...} is the sequence of Fourier
coefficients of a probability measure on the circle if and only if it is positive-definite,

and ¢y = %

Proof Necessity If 1 is a probability measure on the circle, and {z; : 1 < j < N} a
given finite sequence of complex numbers, then

= 1 = i(j—k)x
Z Cj—kZjlk = 5 z ZZk e (dx)

1<j k<N 1<j k<N [=m.m)

N N
1 . )
- Z_el]X Zkefzkx u(dx)
N 2
2 e

u(dx) > 0. (6.28)
1

1

27 [—m,7)

Also,

1 1
= 5- o pldx) = >
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Sufficiency. Take z; = ¢'V=D* j =1,2,..., N + 1,1in (6.27) to get

1 -
gy (x) i= —— cjxe'iThT >0 (6.29)
N+1 0<j.k<N

Again, since there are N + 1 — |n| pairs (j, k) suchthat j —k =n (=N <n < N)
it follows that (6.29) becomes

N

|n| ;
0< = 1-— M. 6.30
< gn(x) ZN( T R (6.30)
In particular, using (6.2),
/ gy (X)dx = 2mcy = 1. (6.31)
[—m,m)

Hence gy is a pdf on [—m, 7]. By Proposition 7.6, there exists a subsequence {gy}
such that gy (x) dx converges weakly to a probability measure p(dx) on [—m, 7] as
N’ — o0. Also, again using (6.2) yields

i In| )
e dx =2m(1- 0 =0,£1,...,£N). (6.32
/[m)e gy (x)dx w( vii)e @ ). (6.32)

For each fixed n, restrict to the subsequence N = N’ in (6.32) and let N' — oo.
Then, since for each n, cos(nx), sin(nx) are bounded continuous functions,

2mwe, = Nl/i_l)noo 2 (1 - N!’:|— 1) Cp = /[WT) e udx)  (n=0,=£1,...).
(6.33)

In other words, ¢, is the nth Fourier coefficient of p. |

Corollary 6.5 Asequence{c, : n =0, %1, ...} of complex numbers is the sequence
of Fourier coefficients of a finite measure on the circle [—m, 7) if and only if {c, :
n =0, %1, ...} is positive-definite.

Proof Since the measure ;1 = 0 has Fourier coefficients ¢, = 0 for all n, and the
latter is trivially a positive-definite sequence, it is enough to prove the correspon-
dence between nonzero positive-definite sequences and nonzero finite measures. It
follows from Theorem 6.4, by normalization, that this correspondence is 1-1 between
positive-definite sequences {c, : n = 0, &1, ...} with ¢) = ¢ > 0 and measures on
the circle having total mass 27. |

It is instructive to consider the Fourier transform f of an integrable function f
on R, defined by
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f© = / éVf(y)dy, €eR. (6.34)

[e¢]

as a limiting version of a Fourier series. In particular, if f is differentiable and
vanishes outside a finite interval, and if f’ is square-integrable, then one may use the
Fourier series of f (scaled to be defined on (—, 7]) to obtain (see Exercise 6) the
Fourier inversion formula,

1 [® . .
f@) = 2—/ F(yne " dy. (6.35)
T J—00

Moreover, any f that vanishes outside a finite interval and is square-integrable is
automatically integrable, and for such an f one has the Plancherel identity (see
Exercise 6)

||f||§:=/ |f<£>|2d£=27r/ SOy =271 (636)

The extension of this theory relating to Fourier series and Fourier transforms in
higher dimensions is straightforward along the following lines. The Fourier series of
a square-integrable function f on [—7, 7) X [—m,7) X - -+ X [—7, 7) = [—, )k
is defined by > ¢, exp{iv - x}, where the summation is over all integral vectors
(or multi-indices) v = (v, v@, ..., v®), each v¥ being an integer. Also, v -
x = 3% v®x® is the usual Euclidean inner product on R¥ between two vectors
v=00, . v®)andx = D, x?@, ..., x®). The Fourier coefficients are given

by
1 i " —iv-x
Cy = (ZT)"/_W/_W f(x)e dx. (6.37)

The extensions of Theorems (and Proposition) 6.1-6.4 are fairly obvious. Similarly,
the Fourier transform of an integrable function (with respect to Lebesgue measure
on R¥) f is defined by

f©= / / €V f(y)dy  (EeRY), (6.38)
the Fourier inversion formula becomes
1 o0 o0 R .
- —iz:§
1@ =5 /_ ) /_ f©etag, (6.39)

which holds when f(x) and f (&) are integrable. The Plancherel identity (6.36)

becomes
/ / |f(5>|2d5=(27r>k/ / fDPdy,  (6.40)
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which holds whenever f is integrable and square-integrable, i.e., Theorem 6.7 below.

Definition 6.2 The Fourier transAform2 of an integrable (real- or complex-valued)
function f on RF is the function f on R* defined by

f© = /R k Y f(y)dy,  €eR (6.41)

As a special case, take k = 1, f = 1( 4;. Then,

. itd _ ke
= ¥, (6.42)
i§

so that f (&) — 0 as |¢] — oo. Such “decay”in the Fourier transform is to be
generally expected for integrable functions as follows.

Proposition 6.6 (Riemann—Lebesgue Lemma) The Fourier transform f (&) of an
integrable function f on R* tends to zero in the limit as |£] — oo.

Proof The convergence to zero as ¢ — oo illustrated by (6.42) is clearly valid for
arbitrary step functions, i.e., finite linear combinations of indicator functions of finite
rectangles. Now let f be an arbitrary integrable function. Given € > 0 there exists a
step function f. such that (see Remark following Proposition 2.5)

Ife = flh = /}Rk Ife) = fDldy <e. (6.43)

Now it follows from (6.41) that | - (§)— f ()| < || f-— f I, forall . Since f(§) — 0
as |{| — oo, one has limsup¢_, o | f(§)| < €. Since ¢ > 0 is arbitrary,

f(g)—>0 as|é| — oo.

Let us now check that (6.35), (6.36), in fact, hold under the following more general
conditions

Theorem 6.7 a. If f and f are both integrable, then the Fourier inversion formula
(6.35) holds.
b. If f is integrable as well as square-integrable, then the Plancherel identity (6.36)
holds.

There are several different ways in which Fourier transforms can be parameterized and/or nor-
malized by extra constant factors and/or a different sign in the exponent. The definition given here
follows the standard conventions of probability theory.


http://dx.doi.org/10.1007/978-3-319-47974-3_2

114 VI Fourier Series, Fourier Transform, and Characteristic Functions

Proof (a) Let f, f be integrable. Assume for simplicity that f is continuous. Note
that this assumption is innocuous since the inversion formula yields a continuous
(version of) f (see Exercise 7(i) for the steps of the proof without this a priori
continuity assumption for f). Let .. denote the pdf of the Gaussian distribution
with mean zero and variance €2 > 0. Then writing Z to denote a standard normal
random variable,

o pa(x) = /R FG = Vpedy =Ef(x —22) > f(),  (6.44)

as € — 0. On the other hand (see Exercise 3),

l . 2¢2
Fopo() = / Fx = Ve (dy = / Fx—y) {2— / elfyeff/zd&}dy
R R T JR

L [ een [ / O f(x — y)dy] e i qe
27T R R
- zi 9 fE)dg > - / e f(©)dg (6.45)
™ JR 2w R

as € — 0. The inversion formula (6.35) follows from (6.44), (6.45). For part (b) see
Exercise 7(ii). [ |

Remark 6.2 Since L' (R, dx) N L2(R, dx) is dense in L2(R, dx) in the L%-metric,
the Plancheral identity (6.36) may be extended to all of L*(R, dx), extending in this
process the definition of the Fourier transform f of f € L*(R, dx). However, we
do not make use of this extension in this text.

Suppose k = 1 to start. If f is continuously differentiable and f, f’ are both
integrable, then integration by parts yields (Exercise 2(b))

1 =—icf©. (6.46)

The boundary terms in deriving (6.46) vanish, if f’ is integrable (as well as f) then
f(x) = 0as x — £oo. More generally, if f is r-times continuously differentiable
and £, 0 < j < r, are all integrable, then one may repeat the relation (6.46) to get
by induction (Exercise 2(b))

FOE) = (—ie) F(©). (6.47)

In particular, (6.47) implies thatif f, f’, f” are integrable then fis integrable. Similar
formulae are readily obtained for dimensions £ > 1 using integration by parts. From
this and the Riemann—Lebesgue lemma one may therefore observe a clear sense in
which the smoothness of the function f is related to the rate of decay of the Fourier
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transform at co. The statements of smoothness in higher dimensions use the multi-

index notation for derivatives: For a k-tuple of positive integersa = (o, ..., Qx)
I oY — 9% 0%

lal =205 a), 0% = o ok

Theorem 6.8

a. Suppose f in L' (R¥). For |a| < m, f € C",and 8° f = (ix)* f).
b. If(l) x(jf ecCm, (11) aixf c L1 for o <m, and (111) 8“f (S CO for |04| <m-—1,
then 0° f(§) = (i§)" £ (§).

Proof To establish part (i) requires differentiation under the integral and induction
on |a. The differentiation is justified by the dominated convergence theorem. Inte-
gration by parts yields part (ii) in the case || = 1, as indicated above. The result
then follows by induction on |«|. [ |

Definition 6.3 The Fourier transform /i of a finite measure ;. on R, with Borel
o-field B*, is defined by

A = / S d (). 6.48)
Rk

If p is a finite-signed measure, i.e., i = [ — [ Where p, [ are finite measures,
then also one defines /i by (6.48) directly, or by setting /i = [i; — [i». In particular,
if pu(dx) = f(x)dx, where f is real-valued and integrable, then i = f dfpisa
probability measure, then /i is also called the characteristic function of 1, or of any
random vector X = (X1, ..., Xx) on (£2, F, P) whose distributionis t = Po X!,
In this case, by the change of variable formula, one has the equivalent definition

() = Ee'*X ¢ e RF, (6.49)

Inthe case that O € L!(R*) the Fourier inversion formula yields a density function
for Q(dx), i.e., integrability of Q implies absolute continuity of Q with respect to
Lebesgue measure.

We next consider the convolution of two integrable functions f, g:

Frow= [ fe=namdy @« erh. (6.50)
Since by the Tonelli part of the Fubini—Tonelli theorem,
/ |f *g(x)|dx =/ / |f(x = »llg)ldydx
Rk Rk Rk
= [ ireonax [ igmiay, 6.51)

f = g is integrable. Its Fourier transform is
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(fxg) (&) = / et ( / f(x—y)g(y)dy) dx
Rk Rk

B / / STV f(x — y)g(y) dy dx
Rk JR
- /Rk /Rk ¢ f()g(y) dydz = f(©§E).  (652)

a result of importance in both probability and analysis. By iteration, one defines the
n-fold convolution f\ x --- x f, of n integrable functions fi, ..., f, and it follows
from (6.52) that (f; % --- % f,)" = fAlfAz e f,l. Note also that if f, g are real-
valued integrable functions and one defines the measures u, v by u(dx) = f(x) dx,
v(dx) = g(x)dx, and p * v by (f * g)(x) dx, then

(1% 1)(B) =/B(f*g)(X)dX=/Rk (/B f(x—y)dx) 9(y) dy

=/ w(B = y)g(y) dy/ u(B — y)dv(y), (6.53)
Rk Rk

for every interval (or, more generally, for every Borel set) B. Here B — y is the
translate of B by —y, obtained by subtracting from each point in B the number
y. Also (u*v)" = (f *x¢g)" = f§ = ji0. In general (i.e., whether or not finite-
signed measures p and/or v have densities), the last expression in (6.53) defines
the convolution p * v of finite-signed measures p and v. The Fourier transform of
this finite-signed measure is still given by (1 * )" = [10. Recall that if X, X, are
independent k-dimensional random vectors on some probability space (§2, A, P)
and have distributions Q;, Q», respectively, then the distribution of X; + X, is
Q1 * Q,. The characteristic function (i.e., Fourier transform) may also be computed
from

(Q1 % 02)"(€) = Be/SX1HX) — FlSXESX = 0(6) 05(6). (6.54)

This argument extends to finite-signed measures, and is an alternative way of thinking
about (or deriving) the result (u * v)~ = .

Ti heoreAm 6.9 ( Uniqueness) Let Q1, Q> be probabilities on the Borel o-field of R¥.
Then Q(€) = Q, (&) for all ¢ € R¥ if and only if Q; = Q».

Proof For each ¢ € R¥, one has by definition of the characteristic function that

e 0, () = Jre €497 Q1 (dy). Thus, integrating with respect to Q», one obtains
the duality relation

/Rk et 01§ 02(d8) = /Rk 0x(y — x)Q:1(dy). (6.55)
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Let @1/, (x) = J%e # x € R, denote the Gaussian pdf with variance 1/0?
centered at 0, and take Q5 (dx) = P@y,,2(dx) := H’;zl ©1/02(x)dxy - - - dx; in (6.55).

R R .8
Then 0>(§) = @1/2(§) = e_z-kf:‘ 22 = (v 2mwo2)k Hl;zl ©52(&;) so that the right-
hand side may be expressed as (+/ 2mwo?)* times the pdf of @,2 % Q. In particular,
one has

1 —iéx A Sk ﬁ k
g Rje ¢ 01 e -1 3 dgj:/w]l:[l%z(yj_xj)Ql(dy)'

The right-hand side may be viewed as the pdf of the distribution of the sum of
independent random vectors X,2 4+ Y with respective distributions @, and Q;.
Also, by the Chebyshev inequality, X,» — 0 in probability as > — 0. Thus the
distribution of X2 + Y converges weakly to Q. Equivalently, the pdf of X,> + Y is
given by the expression on the left side, involving Q; only through Q]. In this way
0, uniquely determines Q. |

Remark 6.3 Equation (6.55) may be viewed as a form of Parseval’s relation.

The following version of Parseval relation is easily established by an application
of the Fubini—Tonelli theorem and definition of characteristic function.

Proposition 6.10 ( Parseval Relanon ) Let Q; and Q, be probabilities on R* with
characteristic functions Q; and Q,, respectively. Then

/Rk 01(6)02(d€) = /R 0:(6) Q1 (d€).

At this point we have established that the map Q € P(R¥) — Q € 73(]1%") is
one to one, and transforms convolution as pointwise multiplication. Some additional
basic properties of this map are presented in the exercises. We next consider impor-
tant special cases of an inversion formula for absolutely continuous finite (signed)
measures (dx) = f(x)dx on R¥. This is followed by a result on the continuity of
the map O — Q for respectively the weak topology on P(RF) and the topology
of pointwise convergence on P(Rk). Finally the identification of the range of the
Fourier transform of finite positive measures is provided. Such results are of notable
theoretical and practical value.

Next we will see that the correspondence Q Q, on the set of probability
measures with the weak topology onto the set of characteristic functions with the
topology of pointwise convergence is continuous, thus providing a basic tool for
obtaining weak convergence of probabilities on the finite-dimensional space R¥.

Theorem 6.11 (Cramér—Lévy Continuity Theorem) Let P,(n > 1) be probability
measures on (R¥, 55).

a. If P, converges weakly to P, then P, (&) converges to 13(5) for every £ € R¥.
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b. If for some continuous function ¢ one has P, (&) — (&) for every &, then ¢ is
the characteristic function of a probability P, and P, converges weakly to P.

Proof (a) Since 13n ©, 13(5) are the integrals of the bounded continuous function
exp{i&-x} withrespectto P, and P, it follows from the definition of weak convergence
that P, (€) — P(€). (b) We will show that {P, : n > 1} is tight. First, let k = 1. For
6 > 0 one has

1[0 . 1 9 .
— — — _ ikx
25/_60 Bo(€)de = 25/}}{[/_60 e )df]Pn(dx)
_i 3 sin(x) 5
—25/R<26 ¢l £ |”5) Pa(dx)
1 sin(dx)
_%/R<25—25 e )Pn(dx)
B sin(dx)
_/R(l— 5 )P,,(dx)
U p (e 6xl =21 = Lp 22
E n({x-lxl_ })—5 n({ |x| 5])

v

Hence, by assumption,

(3

as n — 00. Since ¢ is continuous and ¢(0) = 1, given any € > 0 one may choose
6 > 0 such that (1 — @(§)) < ¢/4 for |£| < §. Then the limit in (6.56) is no more
than €/2, proving tightness. For k > 1, consider the distribution P; , under P, of the
one-dimensional projections x = (xi,...,x;) = x; foreach j = 1,..., k. Then
P;,(&) = P,(0,...,0,£;,0,...,0) = ¢;(§) = ¢0,...,0,&,0,...,0) for
all ¢; € R!. The previous argument shows that {P;,, : n > 1} is a tight family for
each j = 1,..., k. Hence there is a & > 0 such that P,({x € R¥ : |x;| <2/8, j =

L kY) > 1 - ijl P ({x; @ |xj| = 2/8}) = 1 — ke/2 for all sufficiently
large n, establishing the desired tightness. By Prohorov’s Theorem (Theorem 7.11),
there exists a subsequence of {P | B say { Py, }or_,, that converges weakly to some
probability P. By part (a), P,,m & — P(f) so that P({) = p(¢) for all £ € R,
Since the limit characteristic function (&) is the same regardless of the subsequence
{P, it follows that P, converges weakly to P as n — oo. |

IA

2 [0 . 2 [0
%/_5(1 — B(©)de — 5/_5(1 — p(6))dE,

mJIm=1>

The law of rare events, or Poisson approximation to the binomial distribution,
provides a simple illustration of the Cramér—Lévy continuity Theorem 6.11.

Proposition 6.12 (Law of Rare Events) Foreachn > 1, suppose that X, 1, ..., X, »
is a sequence of n i.i.d. 0 or 1-valued random variables with p, = P(X,; = 1),
gn = P(X,x = 0),wherelim, oo np, = A > 0,g, = 1—p,.ThenY, = > /_, X
converges in distribution to Y, where Y is distributed by the Poisson law
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m

A -A
P(Y =m) = —'é' s
m!

m=20,1,2,....

Proof Using the basic fact that lim,,_, o (1 + “n—")” = ¢l™ @ whenever {a,}o2, isa
sequence of complex numbers such that lim, a, exists, one has by independence,
and in the limit as n — oo,

npy (et — 1

Ee't’r = (qn + pneif)n = (l + )) — exp()\(e’f —-1)), ¢€eR.

n

One may simply check that this is the characteristic function of the asserted limiting
Poisson distribution. u

The development of tools for Fourier analysis of probabilities is concluded with
an application of the Herglotz theorem (Theorem 6.4) to identify the range of the
Fourier transform of finite positive measures.

Definition 6.4 A complex-valued function ¢ on R is said to be positive-definite

if for every positive integer n and finite sequences {&),&,...,&,) C RY and
{z1, 22, ..., 2zn} C C (the set of complex numbers), one has
> LEpE — &) = 0. (6.56)
1<j.k<n

Theorem 6.13 (Bochner’s theorem) A function ¢ on R* is the Fourier transform of
a finite measure on R¥ if and only if it is positive-definite and continuous.

Proof We give the proof in the case k = 1 and leave k > 1 to the reader. The proof of
necessity is entirely analogous to (6.28). It is sufficient to consider the case ©(0) = 1.
For each positive integer N, ¢; y 1= @(—j27N)), j = 0,41, £2, ..., is positive-
definite in the sense of (6.27). Hence, by the Herglotz theorem, there exists a proba-
bility vy on [—m, 7) such that c; y = 2m) 7! [ e~ *~yx(dx) for each j. By the

[—m,m)
change of variable x — 2Vx, one has ¢(j27"V) = 27)~! Jioavranm i7" 1y (dx)
for some probability 1y (dx) on [—2N7, 2V 7). The characteristic function iy (€) 1=
Jg1 € 11y (dx) agrees with ¢ at all dyadic rational points j27V, j € Z, dense in R.
To conclude the proof we note that one may use the continuity of (&) to see that
the family of functions iy (€) is equicontinuous by the lemma below. With this it
will follow by the Arzela—Ascoli theorem (Appendix B) that there is a subsequence
that converges pointwise to a continuous function g on R. Since g and ¢ agree on a
dense subset of R, it follows that g = ¢. |

Lemma 1 (An Equicontinuity Lemma)

a. Let oy, N > 1, be a sequence of characteristic functions of probabilities py. If
the sequence is equicontinuous at £ = 0 then it is equicontinuous at all £ € R.
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b. In the notation of the above proof of Bochner’s theorem, let p be the probability
on [—2N 7, 2V 7] with characteristic function ¢y = fiy, Where oy (&) = ©(§)
for ¢ = j27N,j € Z. Then, (i) for h € [—-1,1],0 < 1 — Repy(h2™") <
1 — Rep(27V). (ii) oy is equicontinuous at 0, and hence at all points of R

(by ().

Proof For the first assertion (a) simply use the Cauchy—Schwarz inequality to check
that | (§) — on (€ +m)I* < 2|pn(0) —Re oy ().

For (i) of the second assertion (b), write the formula and note that 1 — cos(hx) <
1 —cos(x) for —m < x < m, 0 < h < 1. For (ii), given ¢ > 0 find § > 0, (0 <
0 < 1) such that |1 — p(0)] < ¢ for all |#] < 6. Now express each such 6 as
0 = (hy + ky)27N, where ky = [2V0] is the integer part of 2V0, and hy =
2N9—[2V0] € [—1, 1]. Using the inequality |a+b|*> < 2|a|*>+2|b|? together with the
inequality in the proof of (a), one has that |[1— oy (0)]? = |1 —@n ((hy+ky)27V) 2 <
2|1 — pkn2™M)> + 4|1 —Re p27V)| < 26? + 4e. |

We will illustrate the use of characteristic functions in two probability applications.
For the first, let us recall the general random walk on R¥ from Chapter II. A basic
consideration in the probabilistic analysis of the long-run behavior of a stochastic
evolution involves frequencies of visits to specific states.

Let us consider the random walk S, := Z; +---+ Z,,, n > 1, starting at Sy = 0.
The state O is said to be neighborhood recurrent if for every ¢ > 0, P(S, €

B.i.0.) = 1, where B. = {x € R* : |x| < ¢}. It will be convenient for the
calculations to use the rectangular norm |x| := max{|x;| : j = 1,...,k}, for
x = (xy, ..., x¢). All finite-dimensional norms being equivalent, there is no loss of

generality in this choice.

Observe that if 0 is not neighborhood recurrent, then for some ¢ > 0, P(S, €
B. i.0.) < 1, and therefore by the Hewitt—Savage 0-1 law, P(S, € B.i.0.) = 0.
Much more may be obtained with regard to recurrence dichotomies, expected return
times, nonrecurrence, etc., which is postponed to a fuller treatment of stochastic
processes. However, the following lemma is required for the result given here. As a
warm-up, note that by the Borel-Cantelli lemma I, if fo:, P(S, € B.) < oo for
some € > 0 then 0 cannot be neighborhood recurrent. In fact one has the following
basic result.

Lemma 2 (Chung—Fuchs) 0 is neighborhood recurrent if and only if for all € > 0,
> o2 P(S, € B.) = oo

Proof As noted above, if for some ¢ > 0, Z:ozl P(S, € B.) < oo, then with
probability one, S, will visit B, at most finitely often by the Borel-Cantelli lemma
L. So it suffices to show that if >_°~ | P(S, € B.) = oo for every € > 0 then S, will

n=1
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visit any given neighborhood of zero infinitely often with probability one. The proof
is based on establishing the following two calculations:

(A) ZP(S,, € B.) =00= P(S, € Byio.)=1,

n=1

o0 .l o0
B) D P(S,€B)=> Gt Z%P(S" € Byo). m > 2.

n=I

In particular, > > P(S, € B.) = oo for some ¢ > 0, then from (B), >~ P(S, €
B.)) = oo for all ¢ < e. In view of (A) this would make 0 neighborhood recurrent.
To prove (A), let N. := card{n > 0 : §,, € B.} count the number of visits to B.. Also
let 7. := sup{n : S, € B.} denote the (possibly infinite) time of the last visit to B..
To prove (A) we will show that if ZZLOZO P(S,, € B:) = 00, then P(T. = o0) = 1.
Let r be an arbitrary positive integer. One has

P(ISul <&, 18] =€, Vn=m+r)
=Pm<T.<m+4r)
=PT.=m)+PT-=m+1)+---+P(T.=m+r—1).

Hence,

o o0 o0
D PUSul<e ISl zeVnzm+r)= > P(T.=m)+--+ > P(T.=m+r—1)<r.

m=1 m=1 m=1

Thus,

\
v
Nk

P(SmeBa,|Sn|ZEVan+V)
0

3
Il

Mz

P(Sy € B, |8y — Syl >2eVn>m+r)

3
Il
=}

I
Mz

P(Sn € BO)P(ISy| =2eVn>r). (6.57)

3
Il
=

Assuming ano:OP(Sm € B.) = oo, one must therefore have P(T5. < r) <
P(|Sy| = 2¢eVn > r) = 0. Thus P(T,. < oo) = 0. For the proof of (B), let
m > 2 and for x = (xy, ..., x;) € R%, define 7, = inf{n > 0: S, € R.(x)}, where
R.(x) :=1[0, &) +x := {y e RF:0 < yi —x; <¢€,i =1,...,k}is the translate of
[0, £)* by x, i.e., “square with lower left corner at x of side lengths £.” For arbitrary
fixed x € {—me, —(m — De, ..., (m — De}¥,
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D Py € R(0) =D D P(Sy € Ro(x), 7 = m)

n=0 m=0n=m

[o.¢] oo
<D D P(Si—Sal <& 7 =m)

m=0n=m

=D P(re=m) > P(S; € B.)
m=0 j=0

< i P(S; € B.).

J=0

Thus, it now follow that
o0 o0
> P(S,€Bu) <Y > P(S, € R.(x))
n=0 n=0 xe{—me,—(m—1)e,...,(m—1)e}k

> > P(Sy € Re(x))

xe{—me,—(m—1)e,...,(m—1)e}k n=0

< 2m)* Z P(S, € B.).
n=0

Remark 6.4 On a countable state space such as Z¢, the topology is discrete and {}
is an open neighborhood of j for every state j. Hence neighborhood recurrence is
equivalent to point recurrence. Using the so-called strong Markov property discussed
in Chapter XI, one may show that if a state i of a Markov chain on a countable state
space is point recurrent, then the probability of reaching a state j, starting from i, is
one, provided that the n-step transition probability from i to j, pl.(;l), is nonzero for
some n; see Example 1 below, and Exercise 5 of Chapter XI.

Example 1 (Polya’s Theorem) The simple symmetric random walk {S, : n =
0,1,2,...YonZk starting at S9 = 0 is defined by the random walk with the discrete
displacement distribution Q({e;}) = Q({—e;}) = ﬁ Jj =1,2,...,k, where e;
is the jth standard basis vector, i.e., jth column of the k x k identity matrix. For
k = 1 the recurrence follows easily from Lemma 2 by the combinatorial identity
P(S, = 0) = (2’1")2‘2” and Stirling’s formula. For k = 2, one may rotate the
coordinate axis by 7/4 to map the simple symmetric two-dimensional random walk
onto arandom walk on the rotated lattice having independent one-dimensional simple
symmetric random walk coordinates. It then follows for the two-dimensional walk
that P(S,, = 0) = ((2:)2‘2”)2, from which the point recurrence also follows in two
dimensions. Combinatorial arguments for the transience in three or more dimensions
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are also possible, but quite a bit more involved. An alternative approach by Fourier
analysis is given below.

We turn now to conditions on the distribution of the displacements for neighbor-
hood recurrence in terms of Fourier transforms. If, for example, EZ; exists and is
nonzero, then it follows from the strong law of large numbers that a.s. |S,| — oo.
The following is a complete characterization of neighborhood recurrence in terms of
the distribution of the displacements. A simpler warm-up version for random walks
on the integer lattice is given in Exercise 25. In the following theorem Re(z) refers
to the real part of a complex number z.

Theorem 6.14 (Chung—Fuchs Recurrence Criterion) Let Z|, Z,, ... be an i.i.d.
sequence of random vectors in R¥ with common distribution Q. Let {S, = Z; +
oo+ Z, :n > 1}, Sy = 0, be a random walk on R* starting at 0. Then O is a
neighborhood-recurrent state if and only if for every € > 0,

1
Re| ——— ) d€ = .
Oil:E]/B: e(l —rQ(£)) $=o0

Proof First observe that the “triangular probability density function” f(¢) = (1 —
|EDT, € € R, has the characteristic function f(x) = 2%, x € R, and therefore,

% f(x) has characteristic function f (&) (Exercise 23). One may also check that
f(x) = 1/2 for |x| < 1 (Exercise 23). Also f(x) := Hl;zl S, x=(x, . ., Xk,
has characteristic function f(§) = H];:] f(&;), and f has characteristic function
(2m)*f. In view of Parseval’s relation (Proposition 6.10), one may write

/ r(%) @ an = ¥ / 00 0" (©)de,
RK A R¥

for any A > 0, n > 1. Using the Fubini—Tonelli theorem one therefore has for
0 <r < 1that

X & £\
1) > r"0™(d :)\k/—Ad.
/Rk (/\)n:Or Q™ (dx) e 1_r 0@ 3

Also, since the integral on the left is real, the right side must also be a real integral.
For what follows note that when an indicated integral is real, one may replace the
integrand by its respective real part. Suppose that for some € > 0,

1
Re(——— )d .
oi'fgl/g e(l—rQ(g)) §=o0

1
€

Then, it follows that
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Sopes ey =3 0"k =2 [ 153 0"y
n=1 n=1

n=0

{ES)
2]( k / —,\d
=F ()S<lrlgl R 1 —1rQ(6) ¢

< 2kek sup / Re (;A) d¢ < oo.
O<r<1JB 1— rQ(f)

1
B

Thus, in view of of Borel-Cantelli I, O cannot be neighborhood recurrent.
For the converse, suppose that 0 is not neighborhood recurrent. Then, by Lemma
2, one must have for any € > 0 that 250:1 0*(B;) < oo.

Let € > 0. Then, again using the Parseval relation with (Zﬂ)kf' as the Fourier
transform of f,

e (=am) = o = (aw)
sup Re| ————— ) d¢ <2° sup Re| —=— ) dx
O<r<l1JB. 1-— I"Q(f) O<r<1JB. 1-— I"Q(X)

< 2k@m)keh sup / f(ex) D r" 0™ (dx)
Rk

O<r<l1 =0

< 2k@2m)kek / f(ex) > 0" (dx)
B n=0

< (4em)* D" 0™ (B.1) < 0.

n=1

Corollary 6.15 1If f 5 Re (1—5@)) d¢ = oo for € > 0, then the random walk with

displacement distribution Q is neighborhood recurrent.’ [Hint: Pass to the limit as
r— 1in0 <Re (#Q(E))’ using the Chung—Fuchs criterion]

Example 2 (Gaussian Random Walk) Suppose that Q is the k-dimensional standard

normal distribution. Then Q(¢) = e‘g,f e R,

We now turn to a hallmark application of Theorem 6.11 in probability to prove
the celebrated Theorem 6.16 below. First, we need an estimate on the error in the
Taylor polynomial approximation to the exponential function. The following lemma
exploits the special structure of the exponential to obtain two bounds: a “good small x
bound” and a “good large x bound”, each of which is valid for all x.

3That the converse is also true was independently established in Stone, C. J. (1969): On the potential
operator for one-dimensional recurrent random walks, Trans. AMS, 136 427-445, and Ornstein, D.
(1969): Random walks, Trans. AMS, 138, 1-60.
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Lemma 3 (Taylor Expansion of Characteristic Functions) Suppose that X is a ran-
dom variable defined on a probability space (§2, F, P) such that E|X|" < oco. Then

k
Eei¢X — Z (’5) ST gk

k=0

m!

(m+1D!

m-‘rlxm-H myx|m
<Em {Iﬁl |X| 2|€|| | ] £cR.

Proof Let f,,(x) = e* Zm—o j, (x) =i [ fu—1(y)dy. Iteration
yields a succession of m —1 1terated 1ntegrals with integrand of modulus | fo (v, —1)| =
le?¥n-1 — 1] < 2. The iteration of the integrals is therefore at most 2 'ﬂ! . To obtain
the other bound note the following integration by parts identity:

/ Cxyymeray = X / - yyrend
X — e = —_— X — e .
; y e i y y

This defines a recursive formula that by induction leads to the expansion

mn J m+l )
- Z (”“) L (6.58)
0
For x > 0, bound the modulus of the integrand by |x — y|™ < y™ to get the bound on
m+1
the modulus of the integral term by % Similarly for x < 0. Since both bounds

hold for all x, the smaller of the two also holds for all x. Now replace x by |£X| and
take expected values to complete the proof. |

Theorem 6.16 (The Classical Central Limit Theorem) Let X,,,n > 1, be i.i.d. k-
dimensional random vectors with (common) mean p and a finite covariance matrix
D. Then the distribution of (X; + - - - + X,, — nu)/+/n converges weakly to @ p, the
normal distribution on R¥ with mean zero and covariance matrix D.

Proof 1tis enough to prove the result for 1 = 0 and D = I, the k x k identity matrix
1, since the general result then follows by an affine linear (and hence continuous)
transformation. First, considerthecase k = 1,{X, : n > 1}1.i.d.EX, =0, EX,% =1.
Let ¢ denote the (common) characteristic function of X,,. Then the characteristic
function, say ¢, of (X| + --- + X,,)/+/n is given at a fixed £ by

2 n

() = ¢"(§//n) = ( —§—+0(;)) ) (6.59)

where no(%) =o0(1) > 0 asn — oo. The limit of (6.59) is e’%—, the characteristic

function of the standard normal distribution, which proves the theorem for the case
k = 1, using Theorem 6.11(b).

Fork > 1,1etX,, n > 1,bei.i.d. with mean zero and covariance matrix /. Then for

each fixed ¢ € R",f #0,Y, = £-X,,n > 1,defines ani.i.d. sequence of real-valued

random variables with mean zero and variance af = £ - €. Hence by the preceding,
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Z, = (Y1 +---+Y,)//n converges in distribution to the one-dimensional normal
distribution with mean zero and variance ¢ - £, so that the characteristic function of
Z, converges to the function 1 — exp{—(¢ - £)n*/2}, n € R. In particular, at p = 1,
the characteristic function of Z,, is

Eei&Kit4Xn)/vn _y ,=8E/2 (6.60)

Since (6.60) holds for every ¢ € R, the proof is complete by the Cramér—Lévy
continuity theorem. |

Let us now establish the Berry—Esseen bound on the rate of convergence first
noted in ChapterIV.*

Theorem 6.17 (Berry—Esseen Convergence Rate) Let X, X»,... be an ii.d.
sequence of random variables having finite third moments p = E|X,|? < oo, with
mean g and variance o2, Then, for S, = X; +--- + X,,,n > 1, one has

S, —np 3E|X,|?

§2£|P(W <x)—PWX)| = 03—\/5'

The proof rests on the following lemma> exploiting the fact that for any 7 > 0,
the clearly integrable function wy (§) := 1 — '% |€] < T, and zeroon |£| > T, is by
Bochner’s theorem the characteristic function of a probability distribution. In fact,

one can exhibit this distribution as vy (x) := %%, x €R.

Lemma 4 Let F be a distribution function on R, and G any function on R such that
lim,_, o G(x) = 0, lim,_, o, G(x) = 1, and having bounded derivative |G’ (x)| <
m < o0. Then, for T > 0,

1 —cos(Tx) 1 12m
—— 5 —dx[ = ssup |[F(x) —G)| — —.
Tx? 2 xeR

1
sup| [ (F(y—x)—G(y—x))—
T T

yeR JR

Proof Let A(x) = F(x) — G(x),x € R. Since G is continuous and F has left
and right limits at any point x € R, so does A(x). Also A(x) — 0 asx — =o0.
So there is an xy such that either |A(x6r )| or [A(x, )| takes the maximum value
1 = sup,.gr |A(x)|. Say |A(xo)| = 7. We take A(xg) = n, by changing F — G to
G — F in the desired inequality, if necessary. Since F is nondecreasing |G’ (x)]| is
bounded by m, A(xg+s) > n—ms,s > 0.Takingh = n/2m,y = xo+h,x = h—s,
for |x| < h one has
Ay —x) > g + mx.

4 A comprehensive account of errors of normal approximation for the clt in general multidimensions
may be found in Bhattacharya, R. and R. Ranga Rao (2010).

5The proof given here follows that given in Feller, W. (1971), vol 2. Feller refers to this particular
estimate, attributed to A.C. Berry, as the smoothing inequality.
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For |x| > h, A(y —x) > —n. This, and the properties that vy is symmetric about
x =0, and fl vr(x)dx < —, provides the asserted bounds as follows:

x|>h Th’
11—cos(Tx)
sup| [ (F(y —x) = G(y — x)) = —— x|
yeR JR m Tx
> /A(y — x)vr (x)dx
4
> —(1 — — 6.61
- ( 7TTh) 7TTh ( )
This is the asserted lower bound. |

Proof of Berry—Esseen theorem Let Q(dx) denote the distribution of X;. Apply
Lemma 4 to F(x) = F,(x) = P(% <x),x € R,and G(x) = ®(x),x € R,
with, using Liapounov inequality,

4 g3 4

T = <2
3,V 3V

The integral on the left side of Lemma 4 is the distribution function of the signed
measure (F,, — @) x vy whose density is given by Fourier inversion as

—iéx -5 e " £ -5
—/ @ )—ez)vT@df /]R attt (7)—e2)w<f)d£

Thus the integral on the right equals the integral on the left in the lemma. Since
|®'(x)] = m < 2/5, the smoothing lemma now yields

T
0§ _e dg 9.6
AEw - o= [ 1P - N (6.62)
Recall (6.58) from which it follows that |e'* — Z;';(l) (’;‘—,)jl < F’ x > 0,n =
1,2, .... Thus,
155 ixy . 155, 1 3
lp(x) — 1 +§0’ =1 [V =1—ixy+ VX )0(dy)| = gplxl . (6.63)
R

. 2
Since e~ x—1+x<%,x>0 one has
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3 ¢ 3 ¢
— ) — n | < — ) -1 =
Iw(aﬁ) e m| < Iw(aﬁ) + 2nl
¢ 2
1 - 2 2n
+ | o e |
1 ;e
< 4 = 6.64
= -l + g, (6.64)

Also from (6.63), [¢(x)] < 1 — 102x? + £|x|*, for 1o2x? < 1. So for [¢| < T one
has

1 P 5 5 ¢2
-5 < 1 2 _ 3 < 1 T 2 < —mf .
P S 1= 5,84 P <1 - e

Since o3 < p, assume n > 10; otherwise the theorem is clearly true for \/n < 3. In
this case, |ap(%) 1 < e~ €. These estimates can be used to bound the integrand

on the right side of (6.62) based on the simple inequality |a" —b"| < nla— bl !, for

2

la]l < ¢, |b] <c, witha = cp(%), b= e’%, c=e7.In particular, for \/n > 3,
one obtains using this inequality that

13 _e 12, 1, 5 _1p

=) — 2 | < —(—= J— = 45 .
") —e ] = T(9€ + 18I«EI )e
Inserting this (integrable) bound on the integrand in (6.62) and integrating by parts,
yields

8 98
F(x) —®(x)| < = —.
| Fy(x) )] = 9ﬁ+ 99

The assertion follows since /7 < g making the right side smaller than 4. |

Remark 6.5 After a rather long succession of careful estimates, the constant ¢ = 3
in Feller’s bound cp/o3\/n has been reduced® to ¢ = 0.5600 as best to date.

Definition 6.5 A nondegenerate distribution Q on R, i.e., Q # (g, is said to be
stable if for every integer n there is a centering constant ¢, and a scaling index o > 0
such that n~# (X1 +---+ X, —c,) has distribution Q whenever X;, j > 1, arei.i.d.
with distribution Q.

It is straightforward to check that the normal distribution and Cauchy distribution
are both stable with respective indices o = 2 and o = 1. Notice also that it follows
directly from the definition that every stable distribution Q is infinitely divisible in
the sense that for any integer n > 1, there is a probability distribution Q,, such that
Q may be exposed as an n-fold convolution Q = Q}".

6See Shevtsova, I. G. (2010): An Improvement of Convergence Rate Estimates in the Lyapunov
Theorem, Doklady Math. 82(3), 862-864.
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The following example” illustrates a general framework in which symmetric stable
laws arise naturally.

Example 3 (One-dimensional Holtzmark problem) Consider 2n points (eg., masses
or charges) X1, ..., X, independently and uniformly distributed within an interval
[—n, n] so that the density of points is one. Suppose that there is a fixed point (mass,
charge) at the origin that exerts an inverse rth power force on the randomly distributed
points, where » > 1/2. That is, the force exerted by the point at the origin on a mass at
location x is —sgn(x)|x|™". Let F, = — Z?i, Xgl')‘((?ﬁf ) denote the total force exerted
by the origin on the 2n points. The characteristic function of the limit distribution
Q, of F,, as n — 0o may be calculated as follows: For £ > 0, using an indicated
change of variable,

2n
Eeiétn — (IE COS(M))

[ X1
€l o 2n
= (1 ~ (1- cos(y))y’f'dy)
nr 5(%)r
— e

)

where @ = 1/r. This calculation uses the fact that |1 — cos(y)| < 2 to obtain

integrability on [1, 00). Also % — lasy | Oon (0, 1).Soonehas0 < a < oo

for 0 < % < 2. Similar calculation holds for £ < 0 to obtain e’“‘ﬂ%. In particular
Q, is a so-called symmetric stable distribution with index o = } € (0,2) in the
following sense: If Fl(oo), Fz(oo), ... arei.i.d. with distribution Q,, then m”(Fl(oo) +
R Fn(f’o)) has distribution Q,. This example includes all such one-dimensional
symmetric stable distributions with the notable exception of o = 2, corresponding to
the normal distribution. The case av = 2 represents a different phenomena covered by
the central limit theorem in Chapter IV and to be expanded upon in the next chapter.

Exercise Set VI

1. Prove that given f € L*[—m, 7] and € > 0, there exists a continuous function
g on [—7, 7] such that g(—7) = g(7) and || f — g|| < €, where ||| is the L2-
norm defined by (6.10). [Hint: By Proposition 2.6 in Appendix A, there exists
a continuous function 4 on [—7, 7] such that | f — &| < % If h(—m) # h(m),
modify it on [ — 4, 7] by a linear interpolation with a value h(w — ) atm — 0
and a value h(—m) at m, where § > 0 is suitably small.]

2. (a) Prove that if E|X|” < oo for some positive integer r, then the charac-

teristic function (&) of X has a continuous rth order derivative ¢ (§) =

7For a more elaborate treatment of the physics of the Holtsmark distribution in higher dimensions
see S. Chandreskhar (1943): Stochastic problems in physics and astronomy, Reviews of Modern
Physics, 15(3), reprinted in Wax (1954). The treatment provided here was inspired by Lamperti
(1996).
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i" [z x"€'** Px(dx), where Py is the distribution of X. In particular, ¢ (0) =
i"EX". (b) Prove (6.47) assuming that f and £, 1 < j < r, are integrable.
[Hint: Prove (6.46) and use induction.] (¢) If » > 2 in (b), prove that f is
integrable.

3. This exercise concerns the normal (or Gaussian) distribution.

x—p)?
(i) Prove that for every o # 0, ©,2 ,(x) = (27702)’%6_(20/2) ,—00 < X <

00, is a probability density function (pdf). The probability on (R, B(R))
with this pdf is called the normal (or Gaussian) distribution with mean
ju variance o, denoted by ®,2 . [Hint: Let ¢ = [ e~*/*dx. Then
c? = [p e_(x;ﬂ'z)/zdxdy = Ozﬁ roi_’z/zdﬁdr =2m.]

(i) Show that [* xp.2 ,(x)dx = p, [* (x — w)?@. ,(x)dx = o, [Hint:
[0 = e p()dx = 0, [% x?e " Pdx = 2 [[Fx(—de %) =
2 ;7 e 2dx = /27

(iii)) Write ¢ = 19, the standard normal density. Show that its odd-order
moments vanish and the even-order moments are given by p, = ffooo x2n
px)dx =(2n—1)-2n—3)---3-1forn = 1,2, ....[Hint: Use integration
by parts to prove the recursive relation po, = 2n — Doy, n =1,2...,
with g = 1.]

. 2 iEu—o2€2 ~ _g2 LA [e’e]

(iv) Show @2 (&) = "7 /2 3(&) = e /2 [Hint: $(&) = [ (cos(£x))
p(x)dx. Expand cos(£x) in a power series and integrate term by term using
(>iii).]

(v) (Fourier Inversion for ¢,2 = @q20). Show 2 (x) = 2m)~! [T e @
(©)dE. [Hint: $p2(6) =/ Z o1 (€). Now use (iv).]

(vi) LetZ = (Z,, ..., Z;) be arandom vector where Z, Z,, ..., Z; are i.i.d.
random variables with standard normal density ¢. Then Z is said to have
the k-dimensional standard normal distribution. Its pdf (with respect to
Lebesgue measure on R¥) is ¢;(x) = @o(x1) - - - p(x;) = (27r)’§e’¥, for
X = (x,...,x;). If ¥isak xk positive-definite symmetric matrix and p €
RF, then the normal (or Gaussian) distribution @ » - withmean ™ and disper-

sion (or covariance) matrix X haspdf o> ,(x) = (27r)’§ (det X -3 exp{— % (x—
@) - X1 (x — )}, where - denotes the inner (dot) product on R¥. (a) Show
that 95 ,,(§) = exp{i{ - u — %f - X¢), € € R, (Note that the characteristic
function of any absolutely continuous distribution is the Fourier transform
of its pdf). (b) If A is a k x k matrix such that AA” = X, show that for stan-
dard normal Z, AZ + p has the distribution @5 ,,. (c) Prove the inversion
formula ¢z ,(x) = Qm) ™ [0 $x (e 7 dE, x € R

(vii) If (Xy, ..., Xi) has a k-dimensional Gaussian distribution, show {X, ...,
X} is a collection of independent random variables if and only if they are
uncorrelated.

4. Suppose that {P,};2, is a sequence of Gaussian probability distributions on
(RF, By with respective mean vectors m™ = (mﬁ”), A m,({")) and variance—
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covariance matrices '™ = ((fyi’;‘)))lgi,_jgk- (i) Show that if m™ — m and
'™ — ' (componentwise) as n — oo, then P, = P, where P is Gaussian
with mean vector m and variance—covariance matrix I". [Hint: Apply the conti-
nuity theorem for characteristic functions. Note that in the case of nonsingular I”
one may apply Scheffé’s theorem, or apply Fatou’s lemma to P,(G), G open.]
(i) Show that if P, = P, then P must be Gaussian. [Hint: Consider the case
k=1,m, = 0,02 = [, x*P,(dx). Use the continuity theorem and observe

that if 02 (n > 1) is unbounded, then P, (£) = e~ %€ does not converge to a
continuous limit at £ = 0.]

5. (Change of Location/Scale/Orientation) Let X be a k-dimensional random vector
and compute the characteristic function of Y = AX + b, where A isa k x k
matrix and b € RF.

6. (Fourier Transform, Fourier Series, Inversion, and Plancherel) Suppose f is
differentiable and vanishes outside a finite interval, and f” is square-integrable.
Derive the inversion formula (6.35) by justifying the following steps. Define
gn(x) := f(Nx), vanishing outside (—m, 7). Let 3" ¢, ye™, 3 ¢\ e be
the Fourier series of gy and its derivative g, respectively. '

(i) Show that ¢, y = 5o f (—2).

. ™ 1/2

(ii) Show that 207 ean| < 5= | [T, gn(x) dx|+A (% J7 gy () dx) /
< oo,where A = (2377 n=)"/2. [Hint: Splitoff |co, x| and apply Cauchy—
Schwarz inequality to 3", ﬁ(lncn,ND. Also note that Ic‘,gl}\,|2 = |ncanl*]

(iii) Show that for all sufficiently large N, the following convergence is uniform:
f(z) = gN (%) = Zzozfoo Cn,Nemz/N = Z:ozfoo ﬁf (_%) em/N, A

(iv) Show that (6.35) follows by letting N — oo in the previous step if f €
L'(R, dx).

(v) Show that for any f that vanishes outside a finite interval and is square-

integrable, hence integrable, one has, for all sufficiently large N, % S e ’

A 2 .
F (&) = 2r 7 Ifdy. [Hint: Check that 5= [T |gy(x)]*dx =
svm [ [f P dy, and 5= [T gy () Pdx = 307 leanl* = 5=

N2
) I ‘ f (%) -1 Show that the Plancherel identity (6.36) follows in the
limit as N — oo.

7. (General Inversion Formula and Plancherel Identity)
(i) Prove (6.35) assuming only that f, f are integrable. [Hint: Step 1. Contin-
uous functions with compact support are dense in L' = L' (R, dx). Step 2.
Show that translation y — g(- + y)(= g(x + y), x € R), is continuous
on R into L', for any ¢ € L'. For this, given § > 0, find continuous #
with compact support such that ||g — A||; < d/3. Then find € > 0 such that
IR C+3)—~h(+3)lh < §/3ifly—y'| < & Thenuse [g(-+y)—g(-+¥) <
lgC+y)=hC+Ii+1hC+y)=hC+Y) I +IRC+Y)—gC+y)Ih <6,
noting that the Lebesgue integral (measure) is translation invariant. Step 3.
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12.

13.

14.

15.

16.
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Use Step 2 to prove that Ef (x +¢Z) — f(x) in L' as ¢ — 0, where
Z is standard normal. Step 4. Use (6.45), which does not require f to be
continuous, and Step 3, to show that the limit in (6.45) is equal a.e. to f.]
(ii) (Plancherel Identity). Let f € L' N L?. Prove (6.36). [Hint: Let f(x) =
f(=x), g = f*f.Theng e L', |gt)| < IIfl5 g(0) = [f]3. Also
g(x) = (fy, f), where f,(y) = f(x + y). Since x — f, is continuous on
R into L? (using arguments similar to those in Step 2 of part (i) above), and
(, ) is continuous on L? x L? into R, ¢ is continuous on R. Apply the inversion

formula (in part (i) to get [| £[1 = g(0) = = [ §(E)dE = = [1£(€)?dE.]

. (Smoothing Property of Convolution) (a) Suppose i, v are probabilities on R¥,

with v absolutely continuous with pdf f; v(dx) = f(x)dx. Show that p * v is
absolutely continuous and calculate its pdf. (b) If f, g € L! (R¥, dx) and if gis
bounded and continuous, show that f g is continuous. (¢) If f, g € L' (R¥, dx),
and if g and its first r derivatives g(j ), j=1,...,r are bounded and continuous,

show that f x g is r times continuously differentiable. [Hint: Use induction.]
Suppose f, f are integrable on (R, dx). Show f(x) = 27 f(—x).

. Let Q(dx) = %1[,1,1](x)dx be the uniform distribution on [—1, 1].

(i) Find the characteristic functions of Q and 0*? = Q x Q.

(i) Show that the probability with pdf ¢ sin® x /x?, for appropriate normalizing
constant ¢, has a characteristic function with compact support and compute
this characteristic function. [Hint: Use Fourier inversion for f = Qz.]

Derive the multidimensional extension of the Fourier inversion formula.

Show that if Q is a stable distribution symmetric about 0 with exponent «, then

cp =0and 0 < a < 2. [Hint: Q({) must be real by symmetry, and positivity

follows from the case n = 2 in the definition.]

Show that

(i) The Cauchy distribution with pdf (7(1 + x?))~!, x € R, has characteristic
function e 1€/,

(i) The characteristic function of the double-sided exponential distribution
%e"x‘dx is (1 + ¢2)7'. [Hint: Use integration by parts twice to show
7, e Ge M dx = [ e cos(Ex)dx = (1 + €37 ]

—00 e

(i) Give an example of a pair of dependent random variables X, Y such that the
distribution of their sum is the convolution of their distributions. [Hint: Consider
the Cauchy distribution with X = Y.] (ii) Give an example of a non-Gaussian
bivariate distribution such that the marginals are Gaussian. [Hint: Extend the
proof of Theorem 6.7.]

Show that if ¢ is the characeristic function of a probability then ¢ must be
uniformly continuous on R.

(Symmetric Distributions) (i) Show that the characteristic function of X is real-
valued if and only if X and —X have the same distribution. (ii) A symmetrization
of (the distribution of) a random variable X may be defined by (the distribution
of) X — X', where X' is an independent copy of X, i.e., independent of X and
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17.

18.

19.
20.

21.

22.

23.

having the same distribution as X. Express symmetrization of a random variable
in terms of its characteristic function.

(Multidimensional Gaussian characterization) Suppose that X = (X1, ..., Xx)
is a k-dimensional random vector having a positive pdf f(xy, ..., xx) on RF(k >
2). Assume that (a) f is differentiable, (b) X, ..., X are independent, and (c)
have an isotropic density, i.e., f(x1, ..., xx) is a function of Ilx]1? = X244
x,f, (x1,...,x¢) € RF. Show that X, ..., X are i.i.d. normal with mean zero
and common variance. [Hint: Let f; denote the marginal pdf of X; and argue

/

that i must be a constant.]
2x; fj

(i) Show that the functions {e¢ : { € R¥} defined by ec(x) :=exp(i§-x),x € R¥
constitute a measure-determining class for probabilities on (R¥, B¥).[Hint:
Given two probabilities P, Q for which the integrals of the indicated func-
tions agree, construct a sequence by P, = PVn = 1,2, ... whose charac-
teristic functions will obviously converge to that of Q.]

(i) Show that the closed half-spaces of R¥ defined by F, := {x € Rf : x ;i =<
aj,1 < j <k}, a=(ai,...,a)constitute a measure-determining collec-
tion of Borel subsets of R¥. [Hint: Use a trick similar to that above.]

Compute the distribution with characteristic function p(¢) = cos?(€), & € R,

(Fourier Inversion for Lattice Random Variables)

(i) Let pj, j € Z, be a probability mass function (pmf) of a probability distribu-

tion Q on the integer lattice Z. Show that the Fourier transform Q is periodic with

period 27, and derive the inversion formula p; = (27)~! f(—w,w] e IEQ(€)dE.

(i1) Let Q be a lattice distribution of span h > 0, i.e., for some agy, Q({ap + jh :

j=0,%x1,£2,...}) = 1. Show that Q is periodic with period 27/ h and write

down an inversion formula. (iii) Extend (i), (ii) to the multidimensional lattice

distributions with Z* in place of Z.

(Parseval’s Relation) Let f, g, € L?*([—=, 7)), with Fourier coefficients {c,},

{d,}, respectively. Prove that >, cpdy = % f(ﬂm] fx)gx)dx = (f,g).

(i) Let f,g € L>(R¥, dx) with Fourier transforms f , §. Prove that (f, §) =

27 (f, g). [Hint: Use (a) the Plancherel identity and (b) the polar identity

49 =1 +gll>=1If—gl*]

(i) Let ¢ be continuous and positive-definite on R in the sense of Bochner, and

(0) = 1. Show that the sequence {c; = ¢(j) : j € Z}is positive-definite in the

sense of Herglotz (6.27). (ii) Show that there exist distinct probability measures

on R whose characteristic functions agree at all integer points.

Show that the “triangular function” f & = (1 — €))7 is the characteristic

function of f(x) =2 I_CX";(") , x € R. [Hint: Consider the characteristic function

of the convolution of two uniform distributions on [—1/2, 1/2] and Fourier
inversion.] Also show that I —cos(x) > x2/4 for |x| < mw/3.[Hint: Usecos(y) >

1/2 and sin(y) > y for0 < y < /3 in the formula 1 — cos(x) = fg sin(y)dy.]
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(Chung—Fuchs) For the one-dimensional random walk show that if % — 0
in probability as n — o0, i.e., WLLN holds, then 0 is neighborhood recurrent.
[Hint: Using the lemma for the proof of Chung—Fuchs, for any positive integer m

and 8, e > 0,320 P(S, € B.) = = 3 P(Sy € Byo) > 5= 3™ P(S, €
Bs:), using monotonicity of r — P(S, € B,). Let m — oo to obtain for the
indicated Cesaro average, using lim, o, P(S, € Bs.) = 1 from the WLLN
hypothesis, that >_»° ) P(S, € B.) > 5. Let § — 0 and apply the Lemma 2.]

This exercise provides a version of the Chung—Fuchs Fourier analysis criteria

for the case of random walks on the integer lattice. Show that

i) P(S, = 0) = ﬁ Jicrmy 9(E)AE, where p(§) = Ee'“X1. [Hinr: Use
Fourier inversion formula.]
(i) 320" P(Sy = 0) = Gir fi_p o Re(io5)dE. _ .
(iii) The lattice random walk {S,, : n = 0, 1, 2, ...} is recurrent if and only if
lim,.4; f[—w,w)k Re(%)dﬁ = 00. [Hint: Justify passage to the limitr 1 1
and use Borel-Cantelli lemma.]

(1) Use the Chung—Fuchs criteria, in particular Corollary 6.15 and its converse, to
determine whether the random walk with symmetric Cauchy displacement distri-
bution is recurrent or transient. (ii) Extend this to symmetric stable displacement
distributions with exponent 0 < o < 2.8

Show that 0 is neighborhood recurrent for the random walk if and only if
Z;o:() P(S, € B)) = oc.

Prove that the set of trigonometric polynomials is dense in L?([—, ), i), where
1 1s a finite measure on [—7, 7).

Establish the formula [, g(x)p * v(dx) = [; [ 9(x + y)p(dx)v(dy) for any
bounded measurable function g.

8Surprisingly, recurrence and heavy tails may coexist, see Shepp, L (1964): Recurrent random walks
with arbitrarily large steps, Bull. Amer. Math. Soc., v. 70, 540-542; Grey, D.R. (1989): Persistent
random walks may have arbitrarily large tails, Adv. Appld. Probab. 21, 229-230.
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