
Chapter 6
Power Law Distributions for Share Price
and Financial Indicators: Analysis
at the Regional Level

Michiko Miyano and Taisei Kaizoji

Abstract We investigate whether the distribution of share price follows a power
law distribution at the regional level, using data from companies publicly listed
worldwide. Based on ISO country codes, 7,796 companies are divided into four
regions: America, Asia, Europe, and the rest of the world.We find that, at the regional
level, the distributions of share price follow a power law distribution and that the
power law exponents estimated by region are quite diverse. The power law exponent
for Europe is close to that of the world and indicates a Zipf distribution. We also find
that the theoretical share price and fundamentals estimated using a panel regression
model hold to a power law at the regional level. A panel regression in which share
price is the dependent variable and dividends per share, cash flow per share, and book
value per share are explanatory variables identifies the two-way fixed effects model
as the best model for all regions. The results of this research are consistent with our
previous findings that a power law for share price holds at the world level based on
panel data for the period 2004–2013 as well as cross-sectional data for these 10years.

6.1 Introduction

Since Vilfredo Pareto (1848–1923) found more than 100 years ago that income
distributions follow a power law, numerous studies have attempted to find and explain
this phenomenon using a variety of real world data. Power laws, including Zipf’s
law, appear widely in physics, biology, economics, finance, and the social sciences.
Newman (2005) introduced examples of distributions that appear to follow power
laws in a variety of systems, includingWord frequency, Citations of scientific papers,
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Web hits, Copies of books sold, Telephone calls,Magnitude of earthquakes,Diameter
of moon craters, Intensity of solar flares, Intensity of wars, Wealth of the richest
people, Frequency of family names, and Populations of cities. All have been proposed
to follow power laws by researchers. Examples of Zipf’s law, whose power exponent
is equal to one, are also found in a variety of systems. Gabaix (1999) showed that the
distribution of city sizes follows Zipf’s law. Axtell (2001) showed that distributions
of company sizes follow Zipf’s law. Econophysics focuses on the study of power
laws in economies and financial markets. (For a recent review of the development of
Econophysics, see Chakraborti et al. (2011a, b)).

Using cross-sectional data for the period 2004–2013 from companies publicly
listed worldwide, Kaizoji and Miyano (2016a) showed that share price and financial
indicators per share follow a power law distribution. For each of the 10 years exam-
ined, a power law distribution for share price was verified. Using panel data for the
same period, Kaizoji andMiyano (2016b) developed an econometric model for share
price and showed that a two-way fixed effects model identified from a panel regres-
sion with share price as the dependent variable and dividends per share, cash flow per
share, and book value per share as explanatory variables effectively explains share
price. Based on the same data, Kaizoji and Miyano (2016c) also found that share
price and certain financial indicators per share follow Zipf’s law and verified that
company fundamentals estimated using a two-way fixed effects model also follow
Zipf’s law.

The aim of this current study is to (1) verify that the distributions of share price
and fundamentals follow power laws at the regional level, and (2) investigate the
regional characteristics of share price behavior following previous studies (Kaizoji
and Miyano 2016a, b, c).

For this study, a number of companies listed worldwide were divided into four
regions: America, Asia, Europe, and rest of the world.1

Using this scheme, we found that the distributions of share price and financial
indicators per share follow a power law distribution at the regional level. Further,
we found that the distribution of fundamentals estimated using the two-way fixed
effects model that was selected as the best model for all regions follows a power
law distribution at the regional level and that the estimated power law exponents for
share price are quite diverse by region, in the range 0.98–3.42.

This paper is organized as follows: Section 6.2 gives an overview of the share
price data at the regional level; Section 6.3 describes the econometric model and
presents the estimated results; Section 6.4 examines the estimated distributions of
the fundamentals; Section 6.5 examines the financial indicators per share data used
in the study; Section 6.6 concludes.

1America includes North America, South America, and Central America. Asia includes eastern
Asia, southern Asia, central Asia, and the Middle East. The rest of the world includes Oceania and
Africa.
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6.2 Data

The data source used here is the OSIRIS database provided by Bureau Van Dijk con-
taining financial information on globally listed companies. In this study, we employ
annual data for the period 2004–2013. Stock and financial data for a total of 7,796
companies forwhich datawere available over this 10-year periodwere extracted from
the database. Using this data, we performed a statistical investigation of share price
and dividends per share, cash flow per share, and book value per share, all of which
were obtained by dividing available values by the number of shares outstanding.

For analysis at the regional level, we divided the 7,796 companies selected into
the four regions described above, using the ISO country code appropriate to the
individual companies. The number of companies in each region was as follows:
America, 1,886 companies; Asia, 4,065 companies; Europe, 1,436 companies; the
rest of the world, 409 companies.2

6.2.1 Power Law Distributions of Share Price in Regional
Data

Using the same company data in a previous study, Kaizoji andMiyano (2016c) found
that in the upper tail, which includes approximately 2% of the total observations,
the distributions of share price and financial indicators per share follow a power
law distribution at the worldwide level. In this section, we investigate whether the
distributions of share price follow a power law distribution at the regional level.

Defining a power law distribution is straightforward. Let x represent the quantity
in whose distribution we are interested. (In our research, x represents share price or
various financial indicators per share.)

Observed variable, X follows a power law distribution if its distribution is
described by3:

Pr(X > x) = 1 − F(x) = (
x

k
)−α, x ≥ k > 0 (6.1)

where F(x) denotes the cumulative distribution function, k denotes a scaling para-
meter corresponding to the minimum value of the distribution, and α denotes the
shape parameter. We call α power law exponent.

By taking the logarithm of both sides of Eq. (6.1), the following equation is
obtained:

ln(Pr(X > x)) = αlnk − αlnx (6.2)

2Total observations available in each region were as follows: America, 8935; Asia, 27,407; Europe,
8,791; rest of the world, 2028.
3The probability density function for thePareto distribution is defined as f (x) = αkα

xα+1 , x ≥ k > 0.
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Fig. 6.1 The
complementary cumulative
distribution of share price
(log-log plot)

If the distribution is plotted using logarithmic horizontal and vertical axes and
appears approximately linear in the upper tail, we can surmise that the distribution
follows a power law distribution.

As a first step, we plotted complementary cumulative distributions for the data.
Figure6.1 shows the complementary cumulative distributions of share price by
region, with logarithmic horizontal and vertical axes.4

From Fig. 6.1, the regional complementary cumulative distributions of share price
seem to be roughly linear in their upper tails, although the slopes differ, suggesting
that the distributions of share price follow a power law distribution at the regional
level. In addition, the distribution of share price for Europe appears to be close to
that of the world in the upper tail. This suggests that a power law distribution for the
world mostly originates from the European data.

In the second step, we estimate the power law exponent using theMLE (maximum
likelihood estimator) method. The MLE is given by

α̂ = n[
n∑

i=1

ln(
xi
xmin

)]−1 (6.3)

where α̂ denotes the estimates of α, xi , i = 1, · · · , n are observed values of x , and
xi > xmim .5 The results are presented in Table6.1.

To testwhether the distributions of share price observed at the regional level follow
a power law distribution, we use a Cramér-von Mises test, one of the goodness-of-fit
tests based on a measurement of distance between the distribution of empirical data
and the hypothesized model. The distance is usually measured either by a supremum
or a quadratic norm. The Kolmogorov-Smirnov statistic is a well-known supremum
norm. The Cramér-von Mises family, using a quadratic norm, is given by

4The graph fo the rest of the world is excluded. This is done throughout since the numbers of
companies in this is only 5.2% of the total.
5Details of the derivations are presented (Kaizoji and Miyano 2016c).
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Table 6.1 Estimates of power law exponents and p-values calculated in the test for a power law
distribution

Region Power law
exponents

xmin Cramér-von Mises
test p-value

Tail % Total
observations

World 1.003 133.4 0.132 2.0 47,161

America 3.427 75.1 0.676 3.0 8,935

Asia 2.096 23.1 0.099 6.5 27,407

Europe 0.975 115.5 0.169 11.0 8,791

Rest of the world 1.220 97.9 0.162 2.4 2,028

Q = n
∫ ∞

−∞
[Fn(x) − F(x)]2ψ(x)dF(x) (6.4)

where Fn(x) denotes the empirical distribution function and F(x) denotes the theo-
retical distribution function. When ψ(x) = 1, Q is the Cramér-von Mises statistic,
denoted W 2. When ψ(x) = [F(x)(1 − F(x))]−1, Q is the Anderson and Darling
statistic, denoted A2.

Although a variety of goodness-of-fit statistics have been proposed, we use theW 2

statistic of Cramér-von Mises in our research.6 The test statistic of the Cramér-von
Mises test is given by Eq. (6.4), with ψ(x) = 1.7

The null hypothesis is that the distribution of observed data follows a power law
distribution. Table6.1 presents the estimates of the power law exponents and p-values
for the tests.

As is evident here, the null hypothesis cannot be rejected at the 5% significant
level for all regions. As can be seen, the power law exponents are quite diverse by
region. The power law exponent for Europe is close to that of the world, while the
power law exponents for America and Asia are 3.4 and 2.1, respectively.

6.2.2 Changes in Averages and Variances of Share Price

Figures6.2 and 6.3 show the changes in the averages and variances of share price,
respectively. As indicated, Europe shows a notably high average, while Asia shows
the lowest. All regions appear to show the same pattern of averages, experiencing
an apparent fall in 2008 and slowly recovering after 2009. Regarding the changes
in variance, in contrast with the average, America shows the largest variance and
Europe shows the smallest variance before 2009. Variances tend to decline slightly
after 2007, except for Europe, where they tend to rise slightly.

6According to D’Agostino and Stephans (1986), the Anderson and Darling test is in common use.
However, the test is found to be highly conservative by Clauset et al. (2009)
7The two classes of measurement and computational details for this test are found in Čížek and
Weron (2005, Chap.13)
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Fig. 6.2 Changes in average
of share price
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Fig. 6.3 Changes in
variance of share price

Variance of Share Price

year

ln
 (

sh
ar

e 
pr

ic
e)

2004 2006 2008 2010 2012

2.
0

2.
5

3.
0

3.
5

4.
0

4.
5

5.
0

World
America
Asia
Europe

6.3 Econometric Model for Fundamentals

In our previous research, the model we chose to use was shown to have quite a
high explanatory power with respect to share price. Therefore, we used a similar
econometric model for our regional data in this current study.

6.3.1 Econometric Model

Assuming the relationship between share price and the set of financial indicators,
that includes dividends per share, cash flow per share, and book value per share, to
be logarithmic linear, the econometric model for our study can be written as

lnYit = lna + b1lnX1,i t + b2lnX2,i t + b3lnX3,i t + uit i = 1, · · · , N ; t = 1, · · · , T
(6.5)
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where i denotes cross-section (i.e., individual company), t denotes time point
(year), and

Yit : share price for company i , at year t
a: constant term
X1,i t : dividends per share for company i , at year t
X2,i t : cash flow per share for company i , at year t
X3,i t : book value per share for company i , at year t
uit : error term

We estimate the model in Eq. (6.5) using the Panel Least Squares method. In the
panel regression model, the error term uit can be assumed to be the two-way error
component model. Details of the two-way error component model are described in
Kaizoji andMiyano (2016b). The estimation models examined include the pool OLS
model, the individual fixed effects model, the time fixed effects model, the two-way
fixed effects model, the individual random effects model, and the time random effects
model.8

We perform the estimation by region. That is, we estimate 4×6 models using
the same method as the world model. The model selection tests are as follows: the
likelihood ratio test and F-Test for the selection of the pool OLS model versus the
fixed effects model; and the Hausman test for the selection of the random effects
model versus the fixed effects model. The selection test for the pool OLS model
vs the random effects model is based on the simple test proposed by Woodlridge
(2010).9

For all regions, the two-way fixed effects model is identified as the best model
among the six alternatives. In a two-way fixed effects model, the error term consists
of the following three terms:

uit = μi + γt + εi t (6.6)

μi : unobservable individual fixed effects
γt : unobservable time fixed effects
εi t : pure disturbance

μi is the individual fixed effect and represents the company’s effect on share price
(among other factors). γt is the time fixed effect and is related to the point in time
(year) affecting stock markets, among other factors (for example, factors caused by
financial and economic shocks such as Global financial crisis in 2008).

Table6.2 shows the regional results for the panel regression model described in
Eq. (6.5). The signs of the three coefficients are all positive, consistent with corporate
value theory. The p-values of the coefficients are quite small, indicating statistical
significance for all regions. In addition, the R2 values are in the range 0.95–0.98,
indicating that the estimated models explain the variation in share prices quite well.

8The two-way random effects model cannot be used since we use unbalanced panel observations.
9Woodlridge (2010, p.299) proposes a method that uses residuals from pool OLS and checks the
existence of serial correlations.
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Table 6.2 Regional results of panel regression (two-way fixed effects model). Total observations
presented in the table are unbalanced panel observations

Region lna b1 b2 b3 R2 Total
observations

World Coefficient 1.485 0.137 0.208 0.378 0.969 47,161

Std. error 0.014 0.003 0.004 0.007

p-value 0.000 0.000 0.000 0.000

America Coefficient 1.750 0.119 0.215 0.324 0.977 8,935

Std. error 0.024 0.007 0.009 0.013

p-value 0.000 0.000 0.000 0.000

Asia Coefficient 1.154 0.112 0.218 0.440 0.956 27,404

Std. error 0.020 0.005 0.005 0.011

p-value 0.000 0.000 0.000 0.000

Europe Coefficient 2.160 0.191 0.154 0.318 0.967 8,791

Std. error 0.035 0.007 0.008 0.014

p-value 0.000 0.000 0.000 0.000

Rest of the world Coefficient 1.546 0.189 0.207 0.416 0.953 2,028

Std. error 0.038 0.014 0.019 0.027

p-value 0.000 0.000 0.000 0.000

The econometric model for share price, using dividends per share, cash flow per
share, and book value per share as explanatory variables, fits the actual data quite
well at the regional level as well as at the world level.

Among the three financial indicators, the coefficient of book value per share (b3)
is largest in all regions, while the coefficient of dividends per share (b1) is smallest,
except for Europe. The constant term for Europe is quite large compared to the other
regions.

6.3.2 Theoretical Value and Fundamentals

By multiplying both sides of Eq. (6.5) by the exponent function, Ŷ is obtained as
written:

Ŷ = â(Xb̂1
1 Xb̂2

2 Xb̂3
3 )(eμ̂i )(eγ̂t ) (6.7)

where Ŷ is the estimated value for share price, which we call the theoretical value.
We can remove the time fixed effects term, γt , from the error term described

in (6.6). After subtracting the time effects term from Eq. (6.6), Ỹ is obtained by
multiplying both sides of Eq. (6.5) by the exponent function:

Ỹ = â(Xb̂1
1 Xb̂2

2 Xb̂3
3 )(eμ̂i ) (6.8)
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Table 6.3 The results of two-sample Kolmogorov-Smirnov test and correlation of theoretical value
and fundamentals with share price

Region K-statistic p-value Correlation coefficient

World Theoretical value 0.006 0.287 0.984

Fundamentals 0.007 0.253 0.982

America Theoretical value 0.016 0.228 0.988

Fundamentals 0.018 0.121 0.986

Asia Theoretical value 0.009 0.215 0.987

Fundamentals 0.013 0.023 0.974

Europe Theoretical value 0.010 0.757 0.983

Fundamentals 0.014 0.384 0.977

Rest of the world Theoretical value 0.016 0.950 0.976

Fundamentals 0.016 0.950 0.971

As in our previous studies (Kaizoji and Miyano 2016b, c), we identify Ỹ as the
company fundamentals since the time effect common to all companies has been
removed, leaving only the company fundamentals.

We investigated the distribution of fundamentals in the upper distribution tail by
region. As described in Sect. 6.2, the distribution of share price follows a power law
distribution at the regional level. Before investigating the distribution of fundamen-
tals, we examined whether the distribution of fundamentals coincided with that of
share price. Using a two-sample Kolmogorov-Smirnov test, we tested goodness-of-
fit between company fundamentals and share price. Table6.3 shows the results of the
test as well as the relevant correlation coefficients. Given the test results shown in
Table6.3, the null hypothesis that the two distributions coincide cannot be rejected
at the 5% significant level, except in the case of Asia. With respect to the theoretical
value, the null hypothesis cannot be rejected the 5% significant level for all regions.
Correlation coefficients with share price are in the range 0.97–0.99.

6.4 Power Law Distribution for Fundamentals

The complementary cumulative distributions of theoretical value and company fun-
damentals are shown in Figs. 6.4 and 6.5. As described in the previous section, the
theoretical value is directly estimated using a two-way fixed effects model, while the
fundamentals are computed by removing the time fixed effects term from the the-
oretical value. The two figures are plotted with logarithmic horizontal and vertical
axes. Both figures show that the upper tails of the distributions appear roughly linear,
although there are small differences among the regions. The distributions in Figs. 6.4
and 6.5 are quite similar to those shown in Fig. 6.1 for share price, suggesting that
the regional distributions of theoretical value and company fundamentals also follow
a power law distribution.
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Fig. 6.4 The
complementary cumulative
distribution of theoretical
value (log-log plot)
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Fig. 6.5 The
complementary cumulative
distribution of fundamentals
(log-log plot)
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As described in Sect. 6.2.1, we performed an estimation of the power law expo-
nents using the MLE method, then tested the null hypothesis of a power law distri-
bution using the Cramér-von Mises test. Table6.4 shows the estimated power law
exponents and test results for the power law distribution hypothesis. For easy com-
parison with share price, we show the power law exponents and p-values for share
price that were shown earlier in Table6.1.

The power law exponents for theoretical value are similar to those of the company
fundamentals and are close to share price, except in the case ofAmerica. ForAmerica,
the power law exponents are extremely large for theoretical value and fundamentals,
and differ from that of share price. The Cramér-von Mises test fails to reject the null
hypothesis of a power law distribution for all regions. From these results, it can be
said that the distributions of theoretical value and fundamentals follow a power law
distribution at the regional level.
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Table 6.4 Estimates of power law exponents and p-values calculated in the test for a power law
distribution

Region Power law
exponents

xmin Cramér-von
Mises test
p-value

Tail % Total
observations

World Share price 1.003 133.4 0.132 2.0 47,161

Theoretical value 1.012 128.5 0.106 2.0

Fundamentals 1.006 119.7 0.128 2.1

America Share price 3.427 75.1 0.676 3.0 8,935

Theoretical value 3.814 72.7 0.119 3.0

Fundamentals 3.993 72.8 0.115 3.1

Asia Share price 2.096 23.1 0.099 6.5 27,407

Theoretical value 2.172 27.4 0.106 4.0

Fundamentals 2.183 25.5 0.089 4.5

Europe Share price 0.975 115.5 0.169 11.0 8,791

Theoretical value 0.975 123.7 0.170 10.0

Fundamentals 0.963 108.5 0.156 11.0

Rest of the
world

Share price 1.220 97.9 0.162 2.4 2,028

Theoretical value 1.238 84.5 0.080 3.0

Fundamentals 1.251 86.4 0.123 3.0

As can be seen here, the power law exponents of theoretical value and company
fundamentals for Europe are close to 1, as are those for the world.

6.5 Power Law Distribution for Financial Indicators per
Share

In the previous section, we showed that the distribution of fundamentals follows a
power law distribution at the regional level. Kaizoji and Miyano (2016c) suggested
that the reason why the distribution of company fundamentals follows a power law
distribution is due to the fact that the distributions of financial indicators per share,
representing corporate value, follows a power law distribution. In this study, we
examined whether the distributions of financial indicators per share follow a power
law distribution at the regional level.

Figures6.6, 6.7 and 6.8 show the complementary cumulative distributions of div-
idends per share, cash flow per share, and book value per share using logarithmic
horizontal and vertical axes. In these figures, it appears that the regional complemen-
tary cumulative distributions of financial indicators per share are roughly linear in
their upper tails.
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Fig. 6.6 The
complementary cumulative
distribution of dividends per
share (log-log plot)
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Fig. 6.7 The
complementary cumulative
distribution of cash flow per
share (log-log plot)

We show the estimated power law exponents and test results of the power law
hypothesis in Table6.5. Tests for the distributions of dividends per share and cash
flow per share fails to reject the null hypothesis at 5% significant level for America,
Europe, and the rest of the world. However, the null hypothesis is rejected for Asia.
For book value per share, the null hypothesis cannot be rejected at the 5% significant
level for all regions.

Figures6.9, 6.10 and 6.11 show the changes in average of dividends per share,
cash flow per share, and book value per share. The changes in average for dividends
per share and cash flow per share fell slightly in 2009 except Asia. However, changes
in average book value per share do not appear clearly in 2008–2009. As shown in
Fig. 6.2, share prices in all regions seem to have been immediately affected by the
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Fig. 6.8 The
complementary cumulative
distribution of book value
per share (log-log plot)

Table 6.5 Estimates of power law exponents and p-values calculated in the test for a power law
distribution

Region Financial
indicator
per share

Power law
exponents

xmin Cramér-von
Mises test
p-value

Tail % Total obser-
vations

World Dividends 1.015 3.6 0.130 2.6 47,161

Cash flow 1.051 21.9 0.151 2.0

Book value 0.955 98.9 0.221 2.0

America Dividends 2.029 1.6 0.361 10.0 8,935

Cash flow 2.515 5.6 0.798 10.0

Book value 2.918 58.1 0.363 1.1

Asia Dividends 1.757 0.5 0.003 4.0 27,407

Cash flow 2.138 3.6 0.001 4.0

Book value 2.261 22.7 0.082 4.0

Europe Dividends 0.956 2.8 0.123 14.2 8,791

Cash flow 1.017 18.7 0.071 11.2

Book value 0.929 86.6 0.084 11.3

Rest of the
world

Dividends 1.074 4.0 0.063 2.5 2,028

Cash flow 1.106 13.4 0.299 2.5

Book value 1.282 35.3 0.188 3.0

global crisis in 2008, while the impact on the financial indicators per share seems to
appear one year later.

Figures6.12, 6.13 and 6.14 show the changes in the variance of dividends per
share, cash flow per share, and book value per share. In contrast with the average, the
variances of share price and the financial indicators per share are largest for America
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Fig. 6.9 Changes in average
of dividends per share
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Fig. 6.10 Changes in
average of cash flow per
share
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Fig. 6.11 Changes in
average of book value per
share
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and relatively small for Europe. In addition, the variances of book value per share for
America show a sharp decline from 2006 to 2008 and a relatively small difference
from the other regions after 2008.
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Fig. 6.12 Changes in
variance of dividends per
share
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Fig. 6.13 Changes in
variance of cash flow per
share
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Fig. 6.14 Changes in
variance of book value per
share
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6.6 Concluding Remarks

In this study, we investigated whether the distribution of share price follows a power
law distribution at the regional level. We found that the distribution of share price
follows a power law distribution for all regions and that the regional power law
exponents are quite diverse over the range 0.98–3.42.

Using a panel regression model for share price in which share price is the depen-
dent variable and dividends per share, cash flow per share, and book value per share
are the explanatory variables, we estimated the theoretical value. A two-way fixed
effects model was identified as the best model for all regions. Since the two-way fixed
effects model includes an individual fixed effects term and a time fixed effects term
in its error term, we were able to produce a measure of company fundamentals by
removing the time fixed effect from the theoretical value. The fact that the two-way
fixed effects model was selected for all regions allowed us to consistently compute
the fundamentals at the regional level in the same way.

The model was found to have quite a high power to explain share price at the
regional level, showing large R2 values in the range of 0.95 to 0.98. As a result,
we were able to show that the distributions of theoretical value coincide with the
distributions of share price for all regions.

Investigating the distribution of company fundamentals at the regional level, we
found that the distribution follows a power lawdistribution for all regions. In addition,
the distribution of fundamentals was found to coincide with the distribution of share
price for most regions.

Furthermore, the distributions of the financial indicators per share that were used
as explanatory variables in the econometric model were shown to follow a power
law distribution. From these results, it can be said that fundamentals consisting of
the financial indicators per share and representing corporate value are the essential
determinants of share price.

We found that the power law exponents were quite diverse by region. However,
the power law exponents for Europe were close to those for the world. We surmised
that the power law distribution for the world was heavily influenced by the European
data. The power law exponents were not extensively examined at the regional level
in this study but will be the theme for future studies.
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