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Preface

We are pleased to present the fourth volume of survey articles in various fields of
differential-algebraic equations (DAEs).

In the present volume we again extend the list of survey articles in the sense that
they are of theoretical interest and equally relevant to applications.

The chapter “On the History of Differential-Algebraic Equations: A Retrospec-
tive with Personal Side Trips” gives an overview of the timeline and achievements
on theory and practice of differential-algebraic equations in the past few decades. In
“DAE Aspects of Multibody System Dynamics”, the contributions of DAE theory
and numerical analysis for modelling and simulation of systems in mechanical
multibody dynamics are highlighted. In “Model Reduction for DAEs: A Survey”,
the state of the art in approximation of large-scale DAEs by low-dimensional ones
is presented. The chapter “Observability of Linear Differential-Algebraic Systems:
A Survey” treats observability for linear time-invariant DAEs. The fifth chapter is a
survey of numerical methods for DAEs.

We hope that this issue will contribute to complete the picture of the latest
developments in DAEs. The collection of survey articles may also indicate that
differential-algebraic equations are now an established field in applied mathematics.

Ilmenau, Germany Achim Ilchmann
Hamburg, Germany Timo Reis
August 2016
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On the History of Differential-Algebraic
Equations

A Retrospective with Personal Side Trips
Bernd Simeon

Abstract The present article takes an off-the-wall approach to the history of
Differential-Algebraic Equations and uses personal side trips and memories of
conferences, workshops, and summer schools to highlight some of the milestones in
the field. Emphasis is in particular placed on the application fields that set the ball
rolling and on the development of numerical methods.

Keywords Differential-algebraic equations ¢ Historical remarks ¢ Index
notions * BDF methods ¢ Runge—Kutta methods ¢ Partial differential-algebraic
equations * Constrained mechanical system e Electric circuit analysis

Mathematics Subject Classification (2010): 34A09, 65L80, 65M20, 01-02, 34-03

1 Introduction

To write about the history of a subject is a challenge that grows with the number of
pages as the original goal of completeness becomes more and more impossible. With
this in mind, the present article takes a very narrow approach and uses personal side
trips and memories of conferences, workshops, and summer schools as the stage for
highlighting some of the most important protagonists and their contributions to the
field of Differential-Algebraic Equations (DAEs).

Completeness is thus out of the question, and instead it is my intention to provide
a storyline that intersperses facts and results with background information. The latter
is particularly important in teaching. In my experience students love personal stories
about those who first found the theorem they are confronted with. For this reason,
I hope that this work will not only be of interest for colleagues and researchers in
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general, but also for the next generations of motivated PhD students who choose the
rich topic of differential-algebraic equations as their subject.

The paper is organized as follows. Under the heading The Early Days 1 recall
my first encounter with DAEs way back in 1987 and then go further back in time,
with particular focus on the application fields in mechanics and electric circuits
that finally would trigger an avalanche of research in applied mathematics and
in the engineering sciences. The second section is called The Boom Days and
covers essentially the period from 1989 to 1996 when DAEs had become a hot
topic and attracted more and more researchers. Finally, the last section has the title
Consolidation and highlights the developments of the following 10 years until 2006
when an Oberwolfach Workshop celebrated 25 Years of DAEs.

As pointed out above, this essay does not aim at completeness, and it has a bias
towards numerical analysis. Those readers who would like to know more about
the topic of DAEs and the rich oeuvre that has accumulated over the years are
referred to the monographs of Brenan, Campbell and Petzold [17], Griepentrog and
Mirz [37], Hairer and Wanner [41], Kunkel and Mehrmann [56], Lamour, Mirz and
Tischendorf [58], and to the survey of Rabier and Rheinboldt [74].

2 The Early Days

Who were the pioneers that first studied the subject of differential-algebraic
equations? And what was the motivation to look into such systems? This section
starts at the end of the Early Days when I personally happened to learn about DAEs
and then goes further back in time, arriving finally at the works of Kirchhoff [52]
and Lagrange [57] who introduced differential equations with constraints in order
to model electric circuits and mechanical systems.

2.1 First Encounter

It was the winter of 1986/87 when I first encountered the topic of DAEs. At that
time, I was a math student at TU Miinchen, and I took part in a seminar on
Numerical Methods for Electric Circuit Analysis organized by Claus Fiihrer, Albert
Gilg, and Peter Lory, under the guidance of Roland Bulirsch. Several of the student
presentations in the seminar dealt with the transient analysis of electric circuits
and the quest for the development of appropriate time integration methods. Since
my own presentation, however, was concerned with sparsity considerations and the
efficient solution of linear systems of equations, DAEs did not really attract my
attention.

More than one year passed before this attitude would eventually changed.
Meanwhile, Claus Fiihrer had completed his PhD at TU Miinchen and was back
at the German Aerospace Center (DLR) in Oberpfaffenhofen, and he offered me
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SUBROUTINE DDASSL (RES,NEQ,T,Y,YPRIME,TOUT,INFO,RTOL,ATOL,
+ IDID,RWORK,LRW,IWORK,LIW,RPAR,IPAR, JAC)
Cx**BEGIN PROLOGUE DDASSL
Cx*xPURPOSE This code solves a system of differential/algebraic
C equations of the form G(T,Y,YPRIME) = O.

Fig. 1 Calling sequence of the DASSL code [17, 72] that has had an enormous impact on the
subject of DAEs and that is still in wide use today. The original code is written in FORTRAN77 in
double precision. A recent implementation in C is part of the SUNDIALS suite of codes [50]

an interesting topic for my Diploma Thesis, with Peter Rentrop as supervisor at
TU Miinchen. The topic was concerned with the computation of quasi-stationary
solutions of DAEs arising in mechanical multibody systems, with special focus on
wheel-rail dynamics. In order to be able to draw on the expertise of the engineers
and practitioners at DLR, I got a contract to work there as a student assistant and
wrote most of the thesis at the lab in Oberpfaffenhofen.

In June 1988, a couple of weeks after I had started at DLR, Claus Fiihrer asked me
to help him with the preparation of a 3-day workshop on Numerical Time Integration
Methods for ODEs and DAEs that was hosted by the Carl-Cranz-Gesellschafte.V., a
society that provides continuing education and training in the engineering sciences.
The main speaker of the workshop was Linda Petzold, and thus I had the great
opportunity to attend her lessons and also to run simulations with the DASSL code
[72], see Fig. 1.

In her talks, Linda Petzold typically began with fully implicit systems

F(i,x,1) =0 2.1)

with state variables x(r) € R™ and a nonlinear, vector-valued function F of
corresponding dimension. Clearly, if the n, x n, Jacobian dF/dx is invertible, then
by the implicit function theorem, it is theoretically possible to transform (2.1), at
least locally, to an explicit system of ordinary differential equations. If dF/dx is
singular, however, (2.1) constitutes the most general form of a differential-algebraic
equation.

At that time, DAEs were becoming a hot topic, in particular in numerical
analysis, and Linda Petzold was one of the leading pioneers who set the pace and
laid the foundation for what was to come in the years thereafter. In particular, the
development of the DASSL code that she had started in the early 1980s [17, 72] set
a corner-stone that still exists today.

Conceptually, it is intriguingly simple to replace the differential operator d/d¢
in (2.1) by the Backward Differentiation Formula (BDF)

k

OXpti i= Zaixn+i = Tk (tari) + O(T*H) (2.2)
i=0
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where x,; stands for the discrete approximation of x(#,+;) with stepsize 7 and
where the «;, i = O0,...,k, denote the method coefficients that constitute the
difference operator o. Using the finite difference approximation gx, 4/t of the time
derivative, the numerical solution of the DAE (2.1) then boils down to solving the
nonlinear system

Xy,
F(Q +k

Xtk tn+/<) =0 (2.3)

for x4« in each time step, and this is exactly the underlying idea of DASSL.

I still recall the atmosphere of departure at that workshop in Oberpfaffenhofen,
and over the following years, at various other meetings, I had the chance to become
part of a scientific community in this field that was growing steadily. Below, I will
come back to this point by interspersing further personal side trips.

2.2 Who Coined the Term DAEs?

Linda Petzolds’s academic teacher was Bill Gear, who is widely recognized as the
first mathematician of modern time who turned his attention to the field of DAEs.
The first occurrence of the term Differential-Algebraic Equation can be found in
the title of Gear’s paper Simultaneous numerical solution of differential-algebraic
equations [33] from 1971, and in the same year his famous book Numerical
Initial Value Problems in Ordinary Differential Equations [32] appeared where he
considers examples from electric circuit analysis in the form

Ei=¢(x.1) 2.4)

with singular capacitance matrix E € R™*"x and right-hand side function ¢.

Moreover, it was also Gear who made the BDF methods popular for solving stiff
ODE systems and who wrote one of the first sophisticated codes with variable order
and variable stepsize, the DIFSUB routine, for this purpose. The extension of this
BDF method to linear-implicit systems (2.4) by means of the difference operator o
from (2.2) is straightforward and provided the first available DAE solver.

Two application fields, namely electric circuit analysis and constrained mechan-
ical systems, are among the major driving forces for the development of DAEs.
Below, this statement will be made more explicit by looking at the corresponding
modeling concepts. Bill Gear had the farsightedness to perceive very early the
importance of these modeling approaches for today’s simulation software. During
an Oberwolfach workshop in 1981, he suggested to study the mathematical
pendulum in Cartesian coordinates

G = —2q14, (2.5a)
G2 = —y = 2q2A, (2.5b)
0=¢+4—1 (2.5¢)
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Fig. 2 The“inevitable” pendulum

that describes the motion of a mass point with coordinates (gi, ¢») in the plane
subject to a constraint. The constraint models the massless rod of length 1 that
connects the mass point to a pivot placed in the origin of the coordinate system,
Fig.2. The motion of the mass point is then determined by the gravity (parameter
y) and by the constraint forces that are expressed in terms of the unknown Lagrange
multiplier A.

The DAE (2.5) is an example of Lagrange equations of the first kind that we
will discuss below. By introducing velocity variables, it can be easily converted to a
system of first order that fits into the class of linear-implicit DAEs (2.4).

In retrospective, the applied mathematics community in 1981 was not ready to
understand the importance of this new paradigm for modeling technical systems,
and the engineering disciplines still preferred to manually transform the models to
ordinary differential equations. It would take several more years until the growing
use of sophisticated modeling software necessitated a different viewpoint, see the
sections below on electric circuit analysis and constrained mechanical systems.

The notion of an index of the DAE (2.1) goes also back to Gear [34, 35]. He
introduced what we call today the differentiation index. This non-negative integer k
is defined by

k =0: [If 0F /0x is non-singular, the index is 0.
k> 0: Otherwise, consider the system of equations

F,x, 1) =0,

d d
F@.x,t)= _ F@x,nx®+...=0, (2.6)
dr 0x

s 9 ‘
F@.x,0)= _ F@x,)x"TD 4. .. =0
ds ox
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as a system in the separate dependent variables x,x®, ..., x¢*D with x and t as
independent variables. Then the index k is the smallest s for which it is possible,
using algebraic manipulations only, to extract an ordinary differential equation
X = ¥ (x, 1) (the underlying ODE) from (2.6).

Meanwhile other notions of an index have emerged, but despite its ambiguity
with respect to the algebraic manipulations, the differentiation index is still the most
popular and widespread tool to classify DAE:s.

In the next section, other index concepts and their relation to the differential index
will be addressed, and also more protagonists will enter the stage. This first section
on the early days of DAEs closes now with a look at the application fields that set
the ball rolling.

2.3 Kirchhoff, Weierstrass, and Kronecker

In 1847, Kirchhoff first published his circuit laws that describe the conservation
properties of electric circuits [52]. These laws consist of the current law and the volt-
age law, which both follow from Maxwell’s equations of electro-dynamics. When
these laws are applied to circuits with time-dependent behavior, the corresponding
equations are typically given as a linear-implicit system (2.4). Often, the structure
even turns out to be a linear constant coefficient DAE

Ex + Hx = c(f) 2.7

with matrices E, H € R™*" and a time-dependent source term ¢(¢) € R™.

An example of such an electric circuit is the differentiator [40] shown in
Fig. 3. It consists of a resistance R, an inductance L, an ideal operational amplifier
A = oo, and a given voltage source V(f). The n, = 6 unknowns read here
x = (V1,V,, V3,111, Iy) with voltages V; and currents I, I}, Iy. From Kirchhoff’s
laws and the properties of the amplifier and the inductance one obtains the relations

I+ Vi=V)/R=0,
-Vi=V2)/R+1. =0,
—IL+IV = O,

Fig. 3 Differentiator circuit
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V1 = V(l‘),
V, =0,
Vo—Vs=L-I.

This linear system has the form (2.7) with singular inductance matrix

00...00

E=|: " ¢ (2.8)
00...00
000 LO

If the matrix E was regular, it could be brought to the right-hand side by formal
inversion, ending up in a system of ODEs. Here however, it is singular and thus we
face a DAE problem.

Weierstrass and Kronecker were in Berlin at the same time as Kirchhoff, and it is
quite possible to suppose that they knew his work.! Weierstrass and later Kronecker
were thus inspired to study such singular systems and provided an elegant theory
that is still fundamental today in order to understand the specific properties of DAEs.

We assume that the matrix pencil uE + H € R"™>"[y] is regular. That is, there
exists 4 € C such that the matrix uE + H is regular. Otherwise, the pencil is
singular, and (2.7) has either no or infinitely many solutions. This latter case was
first studied by Kronecker [54], see also [21, 30].

If uE + H is regular, there exist nonsingular matrices U and V such that

10 co
UEV = (ON)’ UHV = (01) (2.9)

where N is a nilpotent matrix, I the identity matrix, and C a matrix that can be
assumed to be in Jordan canonical form. Note that the dimensions of these square
blocks in (2.9) are uniquely determined. The transformation (2.9) is called the
Weierstrass canonical form [86]. It is a generalization of the Jordan canonical form
and contains the essential structure of the linear system (2.7).

In the Weierstrass canonical form (2.9), the singularity of the DAE is represented
by the nilpotent matrix N. Its degree of nilpotency, i.e., the smallest positive integer
k such that N* = 0, plays a key role when studying closed-form solutions of the
linear system (2.7) and is identical to the differentiation index of (2.7).

I'The relation of the work of Weierstrass and Kronecker to Kirchhoff’s circuit laws was pointed out
to me by Volker Mehrmann when we met in September 2014 during a Summer School on DAEs
in Elgersburg, Germany.
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To construct a solution of (2.7), we introduce new variables and right-hand side

vectors
Volx = (y) . Uc =: (8) . (2.10)
z 0

Premultiplying (2.7) by U then leads to the decoupled system
y+Cy=39, (2.11a)

Ni+z=20. (2.11b)

While the solution of the ODE (2.11a) follows by integrating and results in an
expression based on the matrix exponential exp(—C(t — #y)), the Eq.(2.11b) for
z can be solved recursively by differentiating. More precisely, it holds that

Ni+z=0 = N%=-Nz+NO=z—0+N0.

Repeating the differentiation and multiplication by N, we can eventually exploit the
nilpotency and get

k=1
0=N7® = (=Dfz+ Y (DN,
(=0
This implies the explicit representation
k=1
z=) (-)'N'9®. (2.12)

£=0

The above solution procedure illustrates several crucial points about DAEs
and how they differ from ODEs. Remarkably, the linear constant coefficient case
also displays these points, and thus the work of Weierstrass and Kronecker still
represents the foundation of DAE theory today.

We highlight two crucial points:

1. The solution of (2.7) rests on k — 1 differentiation steps. This requires that the
derivatives of certain components of @ exist up to £ = k — 1. Furthermore,
some components of z may be continuous but not differentiable depending on
the smoothness of 6.

2. The components of z are directly given in terms of the right-hand side data
0 and its derivatives. Accordingly, the initial value z(fy) = zo is fully
determined by (2.12) and, in contrast to y,, cannot be chosen arbitrarily.
Initial values (y,,z0) Where 2y satisfies (2.12) are called consistent. The same
terminology applies to the initial value x(, which is consistent if, after the
transformation (2.10), zy satisfies (2.12).
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Today, more than 150 years after the discoveries of Kirchhoff, electric circuit
analysis remains one of the driving forces in the development of DAEs. The
interplay of modeling and mathematical analysis is particularly important in this
field, and the interested reader is referred to Giinther and Feldmann [39] and Mirz
and Tischendorf [66] as basic works. The first simulation code that generated a
model in differential-algebraic form was the SPICE package [70].

2.4 Euler and Lagrange

Even older than the DAEs arising from Kirchhoff’s laws are the Euler—Lagrange
equations. They were first published in Lagrange’s famous work Mécanique
analytique [57] in 1788.

Consider a mechanical system that consists of rigid bodies interacting via
springs, dampers, joints, and actuators, Fig. 4. The bodies possess a certain geometry
and mass while the interconnection elements are massless. Let g(f) € R" denote
a vector that comprises the coordinates for position and orientation of all bodies in
the system. Revolute, translational, universal, and spherical joints are examples of
bondings in such a multibody system. They may constrain the motion ¢ and hence
determine its kinematics.

If constraints are present, we express the resulting conditions on ¢ in terms of n;,
constraint equations

0=2g(q). (2.13)

sliding (translational) joint

damper \
%?evolutejoint
——/

N

springs actuator

rigid body

_\\ \\ ground

Fig. 4 Sketch of a multibody system with rigid bodies and typical interconnections
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Obviously, a meaningful model requires n, < n,. The Eqgs. (2.13) that restrict the
motion q are called holonomic constraints, and the rectangular matrix

G(g) = af’;(q) € R
q

is called the constraint Jacobian.

Using both the redundant position variables g and additional Lagrange multipli-
ers A to describe the dynamics leads to the equations of constrained mechanical
motion, also called the Lagrange equations of the first kind or the Euler—Lagrange
equations

M(q)§ =f(q.4.0) —G(g)"A, (2.14a)
0=2g(), (2.14b)

where M (q) € R"*"s stands for the mass matrix and f(q, ¢,t) € R" for the vector
of applied and internal forces.

The standard example for such a constrained mechanical system are the Egs. (2.5)
of the mathematical pendulum. For a long time, it was common sense that the Euler—
Lagrange equations should be transformed to the state space form, also called the
Lagrange equations of the second kind. In case of the pendulum, this means that
the Cartesian coordinates can be expressed as g; = sinwo, g2 = —coso with the
angle o as minimal coordinate, Fig.2. By inserting these relations into (2.5), the
constraints and the Lagrange multiplier cancel, and one arrives at the second order
ODE

& =—ysino (2.15)

as state space form.

It seems obvious that a state space form such as (2.15) constitutes a more
appropriate and easier model than the differential-algebraic system (2.14), or (2.5),
respectively, in redundant coordinates. In practice, however, the state space form
suffers from serious drawbacks.

The analytical complexity of the constraint equations (2.13) makes it in various
applications impossible to obtain a set of minimal coordinates that is valid for all
configurations of the multibody system. Moreover, although we know from the
theorem on implicit functions that such a set exists in a neighborhood of the current
configuration, it might lose its validity when the configuration changes. This holds
in particular for multibody systems with so-called closed kinematic loops.

Even more, the modeling of subsystems like electrical and hydraulic feedback
controls, which are essential for the performance of modern mechanical systems, is
limited. The differential-algebraic model, on the other hand, bypasses topological
analysis and offers the choice of using a set of coordinates ¢ that possess physical
significance.
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This reasoning in favor of the differential-algebraic model (2.14) became more
and more widespread in the 1980s, driven by the development of sophisticated
software packages, so-called multibody formalisms. One of the first packages that
fully exploited this new way of modelling is due to Haug [48].

A look at the leading software tools in the field today shows a clear picture. Some
of the codes generate a differential-algebraic model whenever a constraint is present,
while others try to generate a state space form as long as it is convenient. But the
majority of commercial products rely on the differential-algebraic approach as the
most general way to handle complex technical applications [31, 80].

The main difference between DAEs arising from electric circuit analysis and
DAEs that model constrained mechanical systems is the richer structure of the
latter. For example, for conservative multibody systems, i.e., systems where the
applied forces can be written as the gradient of a potential U, the Euler-Lagrange
equations (2.14) result from Hamilton’s principle of least action

n
/ (T -U —g(q)T/\) dr — stationary ! (2.16)

4]

where the kinetic energy possesses a representation as quadratic form

1
T(q.9) = 2¢'ITM(¢I)¢'I :

In the least action principle (2.16), we observe the fundamental Lagrange multiplier
technique for coupling constraints and dynamics [19]. Extensions of the multiplier
technique exist in various more general settings such as dissipative systems or even
inequality constraints.

The pendulum equations (2.5) are an example of a constrained mechanical
system. Though they simply describe the motion of a single mass point, several
key properties of the Euler—Lagrange equations can also be studied: the differential
equations are of second order, the constraint equations are mostly nonlinear, and one
observes a clear semi-explicit structure with differential variables ¢ and algebraic
variables A.

The Euler-Lagrange equations are of index 3 and form the prototype for a
system of higher index. Index-reduction techniques are thus required and in fact,
in 1972 this issue was addressed by Baumgarte [12]. He observed that in (2.14), the
Lagrange multipliers can be eliminated by differentiating the constraints twice. The
first differentiation leads to the constraints at velocity level

d .
0= ,8@=06@q (2.17)
A second differentiation step yields the constraints at acceleration level

@ 9G
0= 8@ = 6Tt kD). kad= "3 @D, Q1)
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where the two-form k comprises additional derivative terms. The combination of
the dynamic equation

M(9)§=f(g.4.0—G(@) 2

with (2.18) results in a linear system for § and A with the saddle point matrix

For a well-defined multibody system, this matrix is invertible in a neighborhood of
the solution, and in this way, the Lagrange multiplier can be computed as a function
of ¢ and q.

However, the well-known drift-off phenomenon requires additional stabilization
measures, and Baumgarte came up with the idea to combine original and differenti-
ated constraints as

0=G(q)§+k(q.9) +20G(q)q + B’g(q) (2.20)

with scalar parameters o and . The free parameters « and 8 should be chosen in
such a way that

0 =1 + 20w + B*w (2.21)

becomes an asymptotically stable equation, with w(t) := g(q(?)).

From today’s perspective, the crucial point in Baumgarte’s approach is the choice
of the parameters. Nevertheless, it was the very beginning of a long series of works
that tried to reformulate the Euler-Lagrange equations in such a way that the index
is lowered while still maintaining the information of all constraint equations. For a
detailed analysis of this stabilization and related techniques we refer to Ascher et
al. [8, 10].

Another—very early—stabilization of the Euler-Lagrange equations is due to
Gear, Gupta and Leimkuhler [36]. This formulation still represents the state-of-
the-art in multibody dynamics. It uses a formulation of the equations of motion
as system of first order with velocity variables v = ¢ and simultaneously enforces
the constraints at velocity level (2.17) and the position constraints (2.13), where
the latter are interpreted as invariants and appended by means of extra Lagrange
multipliers.

In this way, one obtains an enlarged system

§=v-G@)n,
M(q)v =f(q.v.1) — G(g)"A . (2.22)
0=G(@q)v,

0=2g(q
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with additional multipliers u (f) € R™. A straightforward calculation shows

d
0= 2@ =G@q=GC@gv- G(q)G" (gr = —G(9)G" (9

and one concludes that & = 0 since G(g) is of full rank and hence G(q)G’ (q)
is invertible. With the additional multipliers g vanishing, (2.22) and the original
equations of motion (2.14) coincide along any solution. Yet, the index of the GGL
formulation (2.22) is 2 instead of 3. Some authors refer to (2.22) as a stabilized
index-2 system.

In the fall of 1988—when I was finishing my master thesis at DLR Oberpfaffen-
hofen, Claus Fiihrer and Ben Leimkuhler then showed that the GGL formulation
in combination with a BDF discretization is basically equivalent to solving the
equations of constrained mechanical motion as an overdetermined system by means
of a certain generalized inverse [29]. The result became one of the most highly
cited papers of those years, which demonstrates that the DAEs and their numerical
analysis had attracted wide attention by then.

The above paragraphs on stabilized formulations of the Euler-Lagrange equa-
tions demonstrate that the development of theory and numerical methods for
DAEs was strongly intertwined with the mathematical models. This holds for all
application fields where DAEs arise. We leave this point as a loose end and turn
now to what one could call the Golden Age of DAEs.

3 The Boom Days

Between 1989 and 1996, both theory and numerical analysis of DAEs were
booming, and many groups in mathematics and engineering started to explore this
new research topic. Driven by the development of powerful simulation packages in
the engineering sciences, the demand for efficient and robust integration methods
was growing steadily while at the same time it had become apparent that higher
index problems require stabilization measures or appropriate reformulations.

This trend was reflected by a series of workshops and conferences dedicated to
DAE:s, and three such occasions will serve here as the stage for showcasing a—
rather personal—selection of hot topics.

3.1 The Paderborn Workshops

After finishing my diploma degree, I worked for a couple of months for the
DLR (German Aerospace Center) until the end of 1989. Sponsored by the Volks-
wagen Foundation, an interdisciplinary project on Identifizierungs-, Analyse- und
Entwurfsmethoden fiir mechanische Mehrkorpersysteme in Deskriptorform (Iden-



14 B. Simeon

tification, Analysis and Design for Mechanical Multibody Systems in Descriptor
Form) gave me the opportunity to do a PhD at TU Miinchen, with Peter Rentrop as
supervisor. Our partners were the DLR lab in Oberpfaffenhofen with Claus Fiihrer
and Willi Kortiim and the University of Wuppertal with Peter C. Miiller, who acted
as coordinator of the joint project.

A part of the project plan was the organization of two workshops that should
bring together the leading experts in control theory, engineering, and mathematics
and thus foster the further development of DAEs. The first workshop took place
in March 1992 in the Liborianum Monastery in Paderborn, and this marked the
outset of a bi-annual series of workshops that would last until 2005. A recent revival
meeting was organized by Sebastian Schops and colleagues in March 2013.

Those who have attended one or more of the Paderborn Workshops recall
the vivid atmosphere that was full of stimulating discussions. Confusion and
misunderstandings in the communication between mathematicians and engineers
happened quite often in these early days, and the distinction between a capacitor and
a capacitance or the explanation of an error message ‘corrector could not converge’
could result in a controversial and simultaneously entertaining discussion, see the
snapshot of a slide in Fig. 5 that was presented at the first Paderborn Workshop in
1992. Looking back, these workshops gave me a great chance to get in touch with
various leading researchers in the field.

., Kurbelbeschleunigung

w 3
[+ 3
&
Corrector oould
Sl not converge
b} ;

T

B0 o002 004 o008 008 006 02 o 0® 0W 0
Zeit

Fig. 5 Snapshot of a slide presented at the Paderborn Workshop in March 1992. Courtesy of
Giinter Leister, Daimler AG Sindelfingen
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3.1.1 The Geneva School

At the first Paderborn meeting in 1992, Ernst Hairer gave a talk on half-explicit
Runge—Kutta methods for semi-explicit DAEs of index 2 [15, 16]. Jointly with
Christian Lubich and Michel Roche, he had written the groundbreaking monograph
on The Numerical Solution of Differential-Algebraic Equations by Runge-Kutta
Methods [44] 3 years before. In this rich work, several new method classes, a new
paradigm for the construction of convergence proofs, a new index concept, and
the new RADAUS code are presented. From then on, the Geneva School played
a very strong role in the further development of DAEs and corresponding numerical
methods.

The perturbation index as defined in [44] sheds a different light on DAEs and
adopts the idea of a well-posed mathematical model. While the differential index
is based on successively differentiating the original DAE (2.1) until the obtained
system can be solved for x, the perturbation index measures the sensitivity of the
solutions to perturbations in the equation.

The system F(x,x, ) = 0 has perturbation index k > 1 along a solution x(7) on
[to, t1] if k is the smallest integer such that, for all functions ¥ having a defect

F@G,%,0) =8(1),

there exists on [fo, #;] an estimate
%) —x()] < C<||f€(to) —x(to)|| + max [[§(&)[ + ... + max ||3(k_1)(§)||)
10=<E<t to=<E<t

whenever the expression on the right-hand side is sufficiently small. Note that the
constant ¢ depends only on F and on the length of the interval, but not on the
perturbation 8. The perturbation index is k = 0 if

3
I8 =) = ¢(J(0) —x(t0) | + max | / s,

which is satisfied for ordinary differential equations.

If the perturbation index exceeds k = 1, derivatives of the perturbation show
up in the estimate and indicate a certain degree of ill-posedness. For example, if §
contains a small high-frequency term € sin wt with ¢ < 1 and w > 1, the resulting
derivatives will induce a severe amplification in the bound for x(r) — x(¢).

Unfortunately, the differential and the perturbation index are not equivalent
in general and may even differ substantially [23]. The story of this discovery is
connected with another personal side trip in the following chapter.

The definition of the perturbation index is solely a prelude in [44]. As the title
says, most of the monograph deals with Runge—Kutta methods, in particular implicit
ones. These are extended to linear-implicit systems Ex = ¢ (x, r) by assuming for a
moment that the matrix E is invertible and discretizing x = E~'¢ (x, r). Multiplying



16 B. Simeon

the resulting scheme by E, one gets the method definition

EX;=Exo+1 Yy apXto+cr). i=1...s (3.1a)
j=1
x1=\|1-— Z b,')/ij X0+ 7 Z b,')/inj. (3.1b)
ij=1 ij=1
Here, the method coefficients are denoted by (a;)! =1 and by, ..., b; while (yy) =

(a;)" is the inverse of the coefficient matrix, with s being the number of stages.
Obviously, (3.1) makes sense also in the case where E is singular.

Using stiffly accurate methods for differential-algebraic equations is advanta-
geous, which becomes evident if we consider the discretization of the semi-explicit
system

y=a(y,z), (3.2a)
0=>b(y,2) (3.2b)

with differential variables y and algebraic variables z. The method (3.1) then reads

Vst e a0, 2), =1 630

Jj=1

0=0b(Y.Z), (3.3b)

for the internal stages and

Y=Yy +rt Z bja(Y;. Z)), (3.4a)
j=1
z=\|1- Z by |20+t Z biviZ; (3.4b)
=1 =

as update for the numerical solution after one step. For stiffly accurate methods, we
have Zf.j:l biy; = landy, = Y,,z1 = Z,. The update (3.4) is hence superfluous
and furthermore, the constraint 0 = b(y,,z;) is satisfied by construction.

It is not the purpose of this article to dive further into the world of Runge—Kutta
methods, but like in numerical ODEs, the rivalry between multistep methods and
Runge—Kutta methods also characterizes the situation for DAEs. While Linda Pet-
zold’s DASSL code is the most prominent multistep implementation, the RADAUS
and RADAU codes [41, 42] represent the one-step counterparts and have also
become widespread in various applications.
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The competition for the best code was a major driving force in the numerical
analysis of DAEs, and from time to time those in favor of multistep methods
looked also at one-step methods, e.g., in [9], and vice versa. Nevertheless, I would
like to quote from a statement of Linda Petzold that nicely reflects the different
communities: ‘The BDF's are so beautiful, why would anybody consider a different
method?’

Simultaneously to the joint work with Ernst Hairer and Michel Roche, Christian
Lubich investigated a different class of discretization schemes, the half-explicit
methods [61]. These methods are tailored for semi-explicit DAEs and discretize the
differential equations explicitly while the constraint equations are enforced in an
implicit fashion. As an example, consider the Euler—Lagrange equations (2.14) with
velocity constraint (2.17). The half-explicit Euler method as a generic algorithm for
the method class reads

qn+l = qn + Tv,,
M(qn) Upt1 = M(qn) v, + ff(qn, Vs by) — fG(qn)TAn s (3.5
0=G(q,41) Vi1

Only a linear system of the form

( M(qn) G(qn)T) (vn-l-l ) — (M(qn)vn + tf(qnv Up, tn))
G(q,4) 0 TA, 0

arises here in each step. The scheme (3.5) forms the basis for a class of extrapolation
methods [61, 63], and also for half-explicit Runge—Kutta methods as introduced in
[44] and then further enhanced by Brasey and Hairer [16] and Arnold and Murua
[6].

These methods have in common that only information about the velocity
constraints is required. As a remedy for the drift-off, which grows only linearly but
might still be noticeable, the following projection, which is also due to Lubich [61],
can be applied: Let ¢, ; and v, denote the numerical solution of the system,
obtained by integration from consistent values g, and v,. Then, the projection
consists of the following steps:

_ ~ ~ _ ~ T
solve { 0= ngn+l)(qn+l qn+l) + G(qn—H) n, fO}" ‘?n+17 e (368.)
0= g(qn-H)
_ ~ =~ _ ~ T
solve % 0= M(fln“)fv”“ Vat1) + G0, for v,41,7. (3.6b)
0 =G(g,41) Vnt1

A simplified Newton method can be used to solve the nonlinear system (3.6a)
while (3.6b) represents a linear system for v,4; and y with similar structure.

The projection can also be employed for stabilizing the equations of motion
with acceleration constraint (2.18) where the position and velocity constraints
are invariants and not preserved by the time integration, see Eich [27] and von
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Schwerin [81]. Such projection methods are particularly attractive in combination
with explicit ODE integrators.

3.1.2 DAEs and Control Theory

Control theory had and still has a considerable impact on DAEs. This holds both
for interesting applications and for theoretical work. At the Paderborn Workshops,
this was reflected by the participation of groups from Engineering Control and from
Mathematical Control.

Peter C. Miiller, organizer of the Paderborn Workshops and with degrees in
mathematics and engineering perfectly suited for bringing together the different
communities, was one of the first in control theory who realized that many such
problems lead to DAEs in a natural way. But the traditional approach had always
been to manually transform these models into ODEs, which at the time had become
more and more tedious or even impossible. Classical concepts such as controllability
and observability for DAEs were addressed by Miiller and his co-workers in the
early 1990s and regularly presented at the Paderborn Workshops [68, 69].

From the very beginning, Volker Mehrmann came quite often to Paderborn. With
his background in numerical linear algebra and mathematical control theory, he
brought in a completely new perspective. As he told me recently, Volker Mehrmann
first got in touch with DAEs when working for the IBM Scientific Center in
Heidelberg from 1988 to 1989, jointly with Peter Kunkel. They were confronted
with a differential-algebraic Riccati equation

—EQ"XWOE®) = EQ'X0OA®G) +A0OXTE®) + 0>F) (3.7)
—E0OTX()W(O)XO)E()

with matrices X (), A(?), Q(¢), W(¢) € R™* " and singular matrix E(f) of the same
dimension. Such equations arise for example from optimal regulator problems or
from optimal filters with DAE models involved, and a straightforward strategy is to
rewrite the symmetric unknown matrix X into a long vector of size n,(n, + 1)/2 and
then to convert (3.7) to a DAE.

In the particular application Kunkel and Mehrmann were considering, however,
this turned out to be more challenging than expected [55]. Even more the numerical
solution of the final DAE by DASSL produced trajectories that did not match with
the results of the code LIMEX, an extrapolation method that had just before been
released by Deuflhard, Hairer and Zugck [25]. This surprising behavior woke the
interest of Kunkel and Mehrmann for the problem class. Later on, it turned out that
both codes had computed correct solutions but the equation itself admitted multiple
solutions.
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3.1.3 The Berlin School

Two and a half years after the Fall of the Berlin Wall, the first Paderborn Workshop
provided an opportunity to get in touch with Roswitha Mirz and her co-workers
from the Humboldt Universitdt zu Berlin. A long time before, Mirz had already
started to work on DAEs, with the book by her and Griepentrog [37] being the very
first monograph on the topic, and over the years her projector-based analysis became
the distinguishing mark of what I call here the Berlin School.

This approach is characterized by striving for a rigorous mathematical treatment
of DAEs. Following [58], the projector construction can be easily illustrated by
means of the constant coefficient DAE (2.7) that read

Ex + Hx = c.

While the Weierstrass canonical form (2.9) leads to a transformed system in new
variables and is hard to compute in practice, the projector-based analysis maintains
the original state variables x and proceeds as follows.

In the first step, one sets Gy := E, B := H and determines the subspace N :=
ker Gy. For singular Gy, this kernel will be non-trivial, and a projector onto N is
denoted by Q. The complementary projector is

P() = I - QO .
For the projectors Py and Q,,, important properties hold such as PoQ, = QyPo = 0
and Gy = Go(Py + Q) = GoPy. The original DAE system Gox + Box = c is then

equivalent to

GoPyx + By(Py + Qo)x =c (3.8a)
< Gl(P()X.? + Qox) +Bix=c (38b)

where
G, := Gy + B0, B, := ByPy .
This step is repeated in terms of
Gy = G, + B0, By := B/P;,

and it can be shown that the corresponding sequence of matrices G; in front of the
derivative x has the property

In other words, the regularity of the leading matrix grows, and in the end G; will
become a regular matrix for some i. This is guaranteed for regular matrix pencils
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(E, H) where the process stops when the nilpotency index of the Weierstrass form
k equals the step number i. For singular pencils, the projector-based approach also
provides a means to detect and analyze the singularity.

The real power of this procedure unfolds in particular for time-variant systems

E(®)x(r) + H(H)x(t) = c(7) . (3.9)

Again, the construction of the matrix chain is the main ingredient and motivates the
concept of the tractability index, see [58] for a recent comprehensive exposition.

Similar to the competition for the best numerical method where mostly either
the BDF or the Runge—Kutta schemes have been favored by the different research
groups, the projector-based analysis has contended with several other approaches
over the years. Among these are the derivative array technique and the interpretation
of DAE:s as differential equations on manifolds that will be discussed below.

3.2 The Oberwolfach Workshop in 1993

The Oberwolfach Workshop Differential-Algebraic Equations: Theory and Appli-
cations in Technical Simulation organized by Hans-Georg Bock, Peter Rentrop, and
Werner C. Rheinboldt in June 1993 shone a flashlight on the dynamic development
in the field in those years. I recall the atmosphere as very stimulating and full of
momentum, and for a PhD student it was both encouraging—the research field was
hot and one was part of a rapidly growing community—and discouraging—so many
brilliant minds were already working in the field.

A particular challenge emerged during the first day as several speakers presented
new time integration methods and proved their efficiency by showing results where
the DASSL code was beaten when solving Andrews’ squeezer, also known as
the seven-body mechanism [4]. In this way, a benchmark was set, and during the
following days a kind of horse race took place where the speakers tried to further
push their integration schemes.

3.2.1 Differential Equations on Manifolds

In 1984, Werner Rheinboldt investigated DAEs from the viewpoint of differential
geometry [78]. While the approaches discussed so far are mainly inspired by
differential calculus and algebraic considerations, a fundamentally different aspect
is brought into play by his idea of differential equations on manifolds.

Referring to [1, 5] for the theoretical underpinnings, we briefly illustrate this
approach by considering the semi-explicit system

y=a(y.2), (3.10a)
0=1>5(y) (3.10b)
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under the assumption

ob 0

(»)- “ (y,2) € R™=*" is invertible (3.11)
dy 0z

in a neighborhood of the solution. Clearly, (3.10) is of index 2 where the constraint
0 = b(y), assuming sufficient differentiability, defines the manifold

M:={yeR": :b(y) =0}. (3.12)

The full rank condition (3.11) for the matrix product db/dy - da/dz implies that the
Jacobian B(y) = 0b(y)/dy € R™>" also possesses full rank n,. Hence, for fixed
y € M, the tangent space

TM = {veR":B(y)v =0} (3.13)

is the kernel of B and has the same dimension n, — n; as the manifold M. Figure 6
depicts M, 7, M, and a solution of the DAE (3.10), which, starting from a consistent
initial value, is required to proceed on the manifold.

The differential equation on the manifold M that is equivalent to the DAE (3.10)
is obtained as follows: The hidden constraint

0 = B(y)a(y.z)

can be solved for z(y) according to the rank condition (3.11) and the implicit
function theorem. Moreover, for y € M it holds that a(y,z(y)) € 7,M, which
defines a vector field on the manifold M. Overall,

y=a(y.z(y) foryeM (3.14)
then represents a differential equation on the manifold [78].

In theory, and also computationally [79], it is possible to transform the differen-
tial equation (3.14) from the manifold to an ordinary differential equation in a linear

./%

Fig. 6 Manifold M, tangent space 7,M, and local parametrization
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space of dimension n, —n.. For this purpose, one introduces a local parametrization
v:E—-U (3.15)

where E is an open subset of R» ™" and i{ C M, see Fig. 6. Such a parametrization
is not unique and holds only locally in general. It is, however, possible to extend it
to a family of parametrizations such that the whole manifold is covered. Fory € U
and local coordinates & € E we thus get the relations

: 0
y=vE&)., y=V(EE VYE) = a'é’ (&) € RY¥m—n2)

Premultiplying (3.14) by the transpose of the Jacobian W (&) of the parametrization
and substituting y by ¥ (&), we arrive at

V()W (E)E =TV (E) a¥(§).2(¥(§). (3.16)

Since the Jacobian W has full rank for a valid parametrization, the matrix vy
is invertible, and (3.16) constitutes the desired ordinary differential equation in the
local coordinates £. In analogy to a mechanical system in minimal coordinates, we
call (3.16) a local state space form.

The process of transforming a differential equation on a manifold to a local
state space form constitutes a push forward operator, while the reverse mapping
is called a pull back operator [1]. It is important to realize that the previously
defined concept of an index does not appear in the theory of differential equations
on manifolds. Finding hidden constraints by differentiation, however, is also crucial
for the classification of DAEs from a geometric point of view.

The geometrical viewpoint was considered very early by Sebastian Reich [75],
but its full potential became clear only a couple of years later when the topic of
geometric numerical integration emerged, cf. [46].

3.2.2 Singularly Perturbed Problems and Regularization

In the early days of DAEs, regularization was a quite popular means to convert the
algebraic part into a differential equation. Motivated by physical examples such as
stiff springs or parasitic effects in electric circuits, a number of authors have looked
into this topic. Furthermore, it is also interesting to start with a singularly perturbed
ODE, discretize it, and then to analyze the behavior of the exact and numerical
solutions in the limit case.

To study an example for a semi-explicit system, we consider Van der Pol’s
equation

€+ (@ —1Dg+q9=0 (3.17)
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with parameter € > 0. This is an oscillator equation with a nonlinear damping term
that acts as a controller. For large amplitudes g> > 1, the damping term introduces
dissipation into the system while for small values g*> < 1, the sign changes and the
damping term is replaced by an excitation, leading thus to a self-exciting oscillator.
Introducing Liénhard’s coordinates [45]

2i=q, y:=€e+(2/3-2),
we transform (3.17) into the first order system

y=-z, (3.18a)

. 2
€e2=y— 3 +z. (3.18b)

The case € < 1 is of special interest. In the limit € = 0, the Eq. (3.18b) turns into a
constraint and we arrive at the semi-explicit system

y=-z, (3.19a)

3

0=y—z3 +z. (3.19b)

In other words, Van der Pol’s equation (3.18) in Liénhard’s coordinates is an
example of a singularly perturbed system which tends to the semi-explicit (3.19)
when € — 0.

Such a close relation between a singularly perturbed system and a differential-
algebraic equation is quite common and can be found in various application fields.
Often, the parameter € stands for an almost negligible physical quantity or the
presence of strongly different time scales. Analyzing the reduced system, in this
case (3.19), usually proves successful to gain a better understanding of the original
perturbed equation [71]. In the context of regularization methods, this relation is also
exploited, but in the reverse direction [47]. One starts with a DAE such as (3.19) and
replaces it by a singularly perturbed ODE, in this case (3.18).

In numerical analysis, the derivation and study of integration schemes via a
singularly perturbed ODE has been termed the indirect approach [44] and has led to
much additional insight [43, 60, 62], both for the differential-algebraic equation as
the limit case and for the stiff ODE case. A particularly interesting method class for
the indirect approach are Rosenbrock methods as investigated by Rentrop, Roche
and Steinebach [77].

3.2.3 General Fully Implicit DAEs

At the Oberwolfach Workshop of 1993, I met another of the pioneers in the field
of DAEs, Steve Campbell. In the late 1970s, he had worked on singular systems of
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differential equations and applications in control theory, which led to the book [20].
In the first phase of my PhD, this book became a valuable source and inspiration for
me when working on the Drazin inverse in multibody dynamics [85].

Before further discussing the solution of general fully implicit DAEs (2.1), which
was the topic of Steve Campbell’s talk in Oberwolfach, it makes sense to recall
the solution theory in the linear constant coefficient case. While the Weierstrass
transformation (2.9) provides the complete structural information of a linear DAE
system in new coordinates and decouples the solution, the Drazin inverse represents
an elegant means to express the solution in the original coordinates.

To this end, we define

= (uE+H)'E, H:=uE+H 'H

where u € C is chosen such that the inverse of wE — H exists, which is possible for
a regular matrix pencil. Let E be decomposed in Jordan canonical form, i.e.

- [ROT7,_,
E—T[ON}T (3.20)

where R is associated with the non-zero eigenvalues and N is associated with
the zero eigenvalues and therefore is nilpotent, as in the Weierstrass canonical

form (2.9). The Drazin inverse ED is defined by [26]
. -1
B = T(R O)T—l (3.21)

or, equivalently, by the axioms

o1 kB’ =1"E,
o2 E'EE" =E",
(D3) 2 E o Ek , where kis the nilpotency index of N.

. ~D . . . . . ~—1
The inverse E always exists, is uniquely determined, and is equal to E  for

regular E. The product EDE is a projector which can be used to guarantee consistent
initial values. Overall, if the matrix pencil uE + H € R™*™[y] is regular, the
homogeneous linear constant coefficient DAE Ex + Hx = 0 possesses the solution
(20]

x(t) = exp(EDﬁ t)EDExO . (3.22)

N . . . DA .
The initial vector xy is consistent if and only if E Exy = x,. For the inhomogeneous
case see also [20].
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In contrast to the solution theory in the linear constant coefficient case, the
treatment of fully implicit DAEs without a given internal structure is still challeng-
ing, even from today’s perspective. For this purpose, Campbell [22] introduced the
derivative array as a key concept that carries all the information of the DAE system.
The derivative array is constructed from the definition of the differential index, i.e.,
one considers the equations

F(x,x,t) =0,
d g 0 ps @
Fx,x,n)= _ Fx,x,nx“+...=0, (3.23)
dr ox
¢ F(i,x,1) = 9 F,x, x4 =0
dek™ o

for a DAE of index k. Upon discretization, (2.6) becomes an overdetermined system
that can be tackled by least squares techniques. The challenge in this procedure,
however, lies in the normally unknown index k and its determination.

Algorithms based on the derivative array are a powerful means for general
unstructured DAE systems, and this holds even for the linear constant coefficient
case since the computation of the Weierstrass form or the Drazin inverse is very
sensitive to small perturbations and thus problematic in finite precision arithmetic.
For the derivative array, in contrast, so-called staircase algorithms have been
developed that rely on orthogonal matrix multiplications and are much more stable
[13].

The Oberwolfach Workshop of 1993 presented various other new developments
that would be worthwhile for an exposition. An example is the dummy derivatives
technique by Mattson and Soderlind [67] that provides a method to lower the index
of an unstructured DAE and that is in use in today’s general modeling languages.

3.2.4 The Flying Wheelset

Besides Andrew’s squeezer, other benchmark examples in multibody dynamics have
been established over the years. A single wheelset running on a straight track is
such an example, and for a while it became well known due to the paper [27] by
Edda Eich, who had discovered a strong drift-off for the formulation of index 1 and
presented this result at the Oberwolfach Workshop of 1993. There is a lesson to be
learnt from this example, and I like to tell the following story when teaching to PhD
and master students.

In 1994, one year after the flying wheelset had taken off, Sebastian Reich
contacted me to send him the source code so that he could run some numerical
tests with it. At that time, he was working on a class of stabilization methods that are
related to Baumgarte’s approach, jointly with Uri Ascher, H. Chin and Linda Petzold
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[10]. The wheelset seemed a perfect example for these methods, but Sebastian
Reich discovered some strange results that contradicted the theory and made him
suspicious. So I received an e-mail where he described the results and questioned
our Fortran code. This request made Claus Fiihrer and me cross-check the code that
we had written 5 years earlier when working on the survey paper [84]. And it turned
out that the constraints on the acceleration level had a flaw that had been introduced
when merging two blocks of output from a computer algebra program. A simple —
sign was false, and after having corrected it, the drift-off was drastically reduced—
the wheelset had landed.

In conclusion, the cross-checking of numerical results and the exchange of codes
and benchmark problems are absolutely essential for our field in order to reproduce
results and eliminate human errors (Fig. 7).

3

contact points

-0.005

Yaw angle theta [rad]
[=}

-0.01

-0.015

-0.02 I I I I I
-0.015 -0.01 -0.005 0 0.005 0.01 0.015

Lateral displacement x [m]

Fig. 7 Wheelset on track (fop) and phase diagram (bottom) of the hunting motion [84]
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3.3 The Oberwolfach Workshop in 1996

In some sense, the Oberwolfach Workshop in 1996, organized by Roswitha Mérz
and Linda Petzold, marks the end of the “Boom Days”. At that time, several groups
were heading into new fields such as geometric integration and partial diffferential-
algebraic equations. In various respects, a solid body of knowledge had emerged
by then, which is reflected by the books of Brenan, Campbell and Petzold [17] and
Hairer and Wanner [41] that both appeared in 1996. Though primarily targeting
numerical methods, both works have meanwhile become standard references on
DAE:s in general.

3.3.1 A Famous Inequality and Why One Should Never Trust Authorities

At the Oberwolfach Workshop in 1996, Steve Campbell gave a talk on the relation
between the differential and the perturbation index and showed that these notions
are not equivalent in general and may even differ substantially [23].

This surprising revelation brings me to another side trip that I love to tell master
and PhD students. In 1990, Bill Gear had written a paper [35] in which he addressed
the new perturbation index and proved the inequality

DI<PI<DI+ 1. (3.24)

Here, DI stands for the differential index and PI for the perturbation index. I had the
pleasure of attending a summer school on DAEs in Paris in 1992 where Gear talked
about DAEs in general and the index notions in particular. The school had been
organized by Linda Petzold, and besides her and Gear, Claus Fiihrer and Christian
Lubich were also among the speakers.

After Gear’s talk, it seemed that everybody in the audience was convinced
that (3.24) was right and another milestone in the development of DAEs had been
reached. Back home in Munich, I had a master student working on the paper [35] in
order to prepare a seminar talk. The student was bright and repeatedly came to my
office with questions about the proof of (3.24). In the end, we both were not able to
completely follow the lines of reasoning, but I wiped away any doubts by declaring
that the great Bill Gear would definitely be right. But he was not.

The counterexample found by Steve Campbell is simple. It reads

Oy3 0\ (n yi
00 y3 )'72 + y2 =0. (325)
000/ \ys3 y3

The last equation is y3 = 0, which immediately implies y; = 0 and y, = 0.

Differentiating these equations once yields the underlying ordinary differential
equation, and accordingly the differential index equals 1. If the right-hand side, on
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the other hand, is perturbed by § = (1,85, 83)7, we can compute the perturbed
solution in a way similar to the derivation of (2.12), obtaining eventually an
expression for y; that involves the second derivative 5§2). The perturbation index
is hence 3.

The example (3.25) extends easily to arbitrary dimension n,. While the perturba-
tion index equals n, and grows with the dimension, the differential index stays at 1.
In case of semi-explicit systems, however, such an inconsistency does not arise, and
both indices can be shown to be equivalent.

The bottom line of this story is clear. As we all are human, our results might
be wrong and call for validation by colleagues and students. If I had really put the
result (3.24) into question, I would have had the chance to work on a counterexample
on my own, at a time when I was still a PhD student. But I missed the chance since
I had too much trust in authorities.

4 Consolidation

By the mid-1990s, the boom days had slowly turned into a constant and stable
flow of ongoing work. Furthermore, DAEs could be found all around the world in
different languages and scientific contexts. To illustrate this, Fig. 8 displays the first
page of a Japanese text on DAEs by Naoyuki Ohsako and Masaharu Nakashima.

ERZE KL ( Naoyuki  Ohsako )

BEKE P&ED (Masoharu Nokashima)

F AR FER
Axty +Bxty =9 @

A €LR") singular, B € LR
ROVCTORMBRARICT, 2 THRRGLG L E
A A
BH AelR) RHTALindex ¢EXTEET S

ind (A):=min [keNviot| ker(A%) = ker (A )

BIA=1LT5

Fig. 8 Title page of a Japanese text on linear constant coefficient DAEs by N. Ohsako and
M. Nakashima, Dept. of Mathematics, Kagoshima University, Japan
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4.1 The NUMDIFF Conference in 1997

The series of NUMDIFF seminars goes back to the 1980s when Karl Strehmel
initiated a conference format that brought eastern and western mathematicians
together in the venerable city of Halle in East Germany. Concentrating on time-
dependent problems and specific integration methods, NUMDIFF filled a gap and
soon became a well-established conference that still takes place today.

In the early 1990s, the DAEs were also a prominent topic at the NUMDIFF
seminars, but it was only in 1997, when the conference moved to Alexisbad in the
Harz Mountains, that NUMDIFF really focused on DAEs and offered the stage for
a new and long-lasting development. This conference marks the outset of the topic
of Partial Differential Algebraic Equations (PDAE:s).

The Halle group was one of the driving forces in this emerging field. An example
of a linear PDAE in the unknown u(x, r) € R™ is given by

Eu, + Hu,, + Cu =c 4.1

where at least one of the square matrices E,H € R™ " is singular, see Lucht
et al. [64]. Obviously, (4.1) is a generalization of the linear constant coefficient
DAE (2.7) with given right-hand side ¢ = ¢(x, f), and one is tempted to directly
transfer the already available concepts and techniques to this problem field.
However, as the theory of partial differential equations is much more heterogeneous
than the one for ordinary differential equations, a general methodology for PDAEs
is more than a hard task, and it is more rewarding to study special classes.

One specific aspect concerns the influence of the discretization of the spatial
variable x and its derivative u,,, which leads to a finite-dimensional DAE in time
t. This discretization clearly has an influence on the structure and may even affect
the index of the resulting system. At the time when the PDAEs began to attract
attention, there was much expectation that such fundamental questions could be
answered in some generality. Over the years, however, it turned out that it is
more advantageous to look into particular application fields. Moreover, the well-
established PDE and numerical PDE communities were quite reluctant to accept the
viewpoint of differential-algebraic equations and considered it to be a game that is
not worth the candle.

4.2 Examples of PDAEs

We need some convincing examples to demonstrate the benefits of a differential-
algebraic viewpoint in the PDE context. Two such examples are sketched next.
A classical example of a PDAE is given by the Navier—Stokes equations

1
u+ w-Vyu+ Vp=vAu+1I, (4.22)
P

0=V-u (4.2b)
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for the velocity field u(x, t) and the pressure p(x, f) in a d-dimensional domain €2,
with mass density p, viscosity v, and source term I(x, ). The second Eq. (4.2b)
models the incompressibility of the fluid and defines a constraint for the velocity
field. For simplification, the convection term (z- V)u in (4.2a) can be omitted, which
makes the overall problem linear and more amenable for the analysis. In an abstract
notation, the resulting Stokes problem then reads

w+ Au+ Bp =1, (4.3a)
Bu =0, (4.3b)

with differential operators A and B expressing the Laplacian and the divergence,
respectively. The notation B’ stands for the conjugate operator of /3, which here is
the gradient.

The discretization, e.g., by a Galerkin-projection

u(x,1) =N@q@®),  pl.n=QWAQ)

with ansatz functions N and Q in some finite element spaces, transforms the infinite-
dimensional PDAE (4.3) to the DAE

Mg+Aq+B'A =1, (4.42)
Bq = 0. (4.4b)

While the mass matrix M and stiffness matrix A are symmetric positive definite and
symmetric positive semi-definite, respectively, and easy to handle, the constraint
matrix B is generated by mixing the discretizations for the velocity field and the
pressure. It is well known in mixed finite elements [18] that a bad choice for the
discretization will either result in a rank-deficient matrix B or in a situation where
the smallest singular value of B is approaching zero for a decreasing mesh size. This
means that the DAE (4.4) may become singular or almost singular due to the spatial
discretization. The famous LBB-condition by Ladyshenskaja, Babtiska, and Brezzi
[18] gives a means to classify the discretization pairs for u and p. If the matrix B
has full rank, the index of the DAE (4.4) is k = 2.

To summarize, PDEs with constraints such as the Navier—Stokes equations often
feature a rich structure that should be exploited, and building on the available PDE
methodology reveals interesting cross-connections with the differential-algebraic
viewpoint. In this context, the abstract formulation (4.3) as a transient saddle point
problem defines a rather broad problem class where many application fields can be
subsumed [82].

By combining the state-of-the-art in DAEs with advanced PDE methodology and
numerics, powerful algorithms can then be developed that break new ground. Time-
space adaptivity for PDAEs is one such topic where many different aspects are put
together in order to set up numerical schemes with sophisticated error control. The
work by Lang [59] defines a cornerstone in this field.



On the History of Differential-Algebraic Equations 31

A time-space adaptive solver for the Navier—Stokes equations (4.2) can be
constructed in the following way. Discretization in time by the implicit midpoint
rule with stepsize t yields

Uit —U; 1
+ (ui+; -V)ui+é + prH_l = vAuiH +li+;’ (4.5a)

Veup =0 (4.5b)

where w10 = (Wi +uiv1)/2, liv12 = I(x, t; + 7/2). Note that (4.5b) is evaluated
at time #,41, which is a typical technique in DAE time integration and enforces the
constraint at the next time step. The discrete pressure p;4 is interpreted in the same
way.

In this form, the system (4.5) represents a sequence of stationary nonlinear PDE
problems, which is the backbone of the reverse method of lines. This method has
mainly been investigated in the context of parabolic partial differential equations
[14, 28] but also plays a role in various other applications [11].

The key idea for adaptivity in time and space is now that, like in ODE and DAE
time integration, the basic time stepping scheme (4.5) is combined with a second
method to obtain an error estimator in time. The error estimation in space, on the
other hand, is performed while solving (4.5) by an adaptive finite element method.

As a computational example, taken from [73], Fig. 9 shows a snapshot of the flow
over an obstacle in a pipe at Reynolds number RE = 1000. Here, P, finite elements
for both velocity field and pressure are employed, stabilized by Streamline Galerkin
Least Squares [51]. For the time integration, the implicit midpoint scheme (4.5)
is combined with a simple implicit Euler step. At the bottom the current mesh is
displayed and on top the vorticity of the corresponding velocity field is shown. The
adaptive algorithm captures the solution details by placing additional grid points
in areas where the vorticity is high. On the other hand, unnecessary grid points in
other areas are automatically removed. In this example, the adaption criterion kept
the number of unknowns at around 21,000 per time step.

As a final remark, it should be stressed that the simulation for the results in Fig. 9
requires profound numerical skills from different fields and is not straightforward

SN

v, MAT
AN

Fig. 9 Time-space adaptive solution of flow over obstacle, RE = 1000
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to set up. For more details on time-space adaptivity and the reverse method of lines,
the reader is referred to the above references.

4.3 Pantograph and Catenary

While the Navier—Stokes equations are a PDAE system that features an explicit
constraint defined over the whole domain, many PDAEs actually arise from cou-
pling subsystems with a different level of mathematical modeling. In computational
mechanics, flexible multibody systems are a typical member of this problem class.
While the rigid body dynamics results in ODEs and DAEs, the inclusion of elastic
or flexible bodies leads to the PDEs of elasto-dynamics where the interaction with
the rigid bodies leads to additional coupling equations and constraints.

The system of pantograph and catenary [7, 83] is a nice example for a flexible
multibody system and, moreover, illustrates the differential-algebraic methodology
for setting up the equations of motion. The following unknowns are used in this
simplified model, Fig. 10:

ri(t) : vertical motion of body 1 (pantograph head),
r2(t) : vertical motion of body 2 (pantograph base),
ws(x, 1) : vertical displacement of carrier wire,
wy(x, 1) : vertical displacement of contact wire.

In the first step, we neglect the constraints and consider the equations of uncon-
strained motion that read

ml'il = —dl(i‘l —}"2)—6‘1(7'1 —r2), (46a)
mafy = —daiy + di (i1 — i) — cary + c1(r1 —r2) + Fo, (4.6b)
Fig. 10 Pantograph and A L

catenary, simplified
benchmark problem of [7]

carrier wire 3
dropper

Xp (1) X
contact wire 4

body 1

sz N body2
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p3R3s = —Baws + Tsws — p3Asy, (4.6¢)

PaByiy = —Paws + Taw) — E4Taw)” — psBgy . (4.6d)

Here, the first two equations describe the pantograph motion with damper and
spring constants dy, d», ¢, ¢, and a constant force Fy which includes the influence
of gravity. The carrier is expressed by the equation of a vibrating string with
tensile force T3 and viscous damping factor B3. Finally, the beam equation for the
contact wire includes both a pre-stress term due to the tensile force T4 as well as
a bending stiffness term with factor E4I4. The notation of the other parameters
is straightforward with A standing for the cross-section area and y for the gravity
constant.

The next step integrates the coupling conditions where we assume bilateral
contact to simplify the discussion. Contact wire and carrier are interconnected by
two massless droppers with relative distances /; and /; and positions x,; and x, >.
The third constraint results from the coupling of contact wire and body 1 in the
moving contact point x,(f). In strong or pointwise form, we require thus

W3(x[7,1v t) - W4(xp,lv t) + ll =0 s (478.)
w3 (Xp2,1) —wa(xp2,8) + 1 =0, (4.7b)
wy(x, (), 1) —r1(t) = 0. (4.7¢)

To include these constraints by appropriate Lagrange multipliers in the equations of
motion (4.6) is a bit tricky since the constraints are formulated in isolated points of
a one-dimensional continuum and result in Dirac §-distributions in the PDEs (4.6¢)
and (4.6d). If one passes to a weak formulation where the §-distribution is multiplied
by a test function, however, a well-defined model with a total of 3 discrete Lagrange
multipliers is obtained that are associated with the 3 constraints (4.7).

Overall, the resulting model can then be written in a similar fashion as the
transient saddle point problem (4.3) where the main difference lies in the second
time derivative. More precisely, by introducing suitable operators, the pantograph
and catenary model can be written as [82]

i+ Au+BA =1, (4.8a)
Bu = m, (4.8b)

where u comprises all unknown discrete and continuous displacements and A stands
for the Lagrange multipliers. For a related approach in elasto-dynamics see [3].

In electrical circuit simulation, the inclusion of heating effects or semi-
conductors also results in PDAE models where ODEs, DAEs, and PDEs are coupled
via network approaches, see, e.g., [2, 38].
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4.4 The Oberwolfach Workshop in 2006

In the spring of 2006, Oberwolfach offered again to be the showcase for the
latest developments in DAEs—25 years after the workshop where Bill Gear had
first investigated the mathematical pendulum (2.5) in Cartesian coordinates. The
organizers were Stephen Campbell, Roswitha Mirz, Linda Petzold, and Peter
Rentrop. Among the participants from all over the world was Bill Gear himself,
and during the week it became evident that DAEs were now well established in
many fields.

In the same year, the book by Kunkel and Mehrmann [56] appeared, which
shed new light on topics such as boundary value problems in differential-algebraic
equations and the numerical treatment of fully implicit systems (2.1).

Most talks at the meeting addressed the field of PDAEs, but among the other
prominent topics were optimization and optimal control problems with constraints
described by DAE:s , see, e.g., [24, 53], and model order reduction for descriptor
systems [76]. It moreover turned out that even those topics which had seemed
to be mature and fully understood were still producing surprises. An example of
such a surprise is the properly stated leading term in linear time-variant DAEs [65]
where (3.9) is replaced by

d
E(t) 4 (D()x(1) + H(D)x (1) = ¢(1) . (4.9)
together with the transversality condition
ker E(¢) @ im D(r) = R™.

In this way, the matrix D precisely determines the relevant derivatives and adds
additional structure to the system, which is beneficial in the analysis.

An emerging topic at the time was stochastic differential-algebraic equations or
SDAE:s for short. Since many models in science and engineering contain uncertain
quantities, it is natural to extend the methodology for DAEs by corresponding
random terms. This could either be a parameter or coefficient that is only known
approximately or even an extra diffusion term in the differential equation that is
expressed in terms of a Wiener process. For the constant coefficient system (2.7),
such a diffusion term leads to the linear SDAE

Edx(¢) + Hx(t) = c(¢) + CAW(¢) (4.10)

with a Wiener process W in R™ and a square matrix C. For work in this field and
applications in electrical circuit analysis we refer to [49, 87].

Looking back, the Oberwolfach Workshop of 2006 showed several lines for
future research on DAEs but also left the impression that a process of diversification
had started that is still going on today. Figure 11 shows the participants of this
memorable conference.
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Fig. 11 Participants of the Oberwolfach Workshop 2006, Bildarchiv des Mathematischen
Forschungsinstituts Oberwolfach

At this point, the retrospective stops, with various loose ends and with lots of
interesting topics left out as completeness has been beyond question from the very
beginning of this undertaking. The story of differential-algebraic equations keeps
going on, and many new results and entertaining stories are still to be found and
told.
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DAE Aspects of Multibody System Dynamics

Martin Arnold

Abstract The dynamical simulation of mechanical multibody systems has stimu-
lated the development of theory and numerical methods for higher index differential-
algebraic equations (DAEs) for more than three decades. The equations of motion
are linearly implicit second order differential equations. For constrained systems,
they form an index-3 DAE with a specific structure that is exploited in theoretical
investigations as well as in the numerical solution. In the present survey paper, we
give an introduction to this field of research with focus on classical and more recent
solution techniques for the time integration of constrained mechanical systems in
multibody system dynamics. Part of the material is devoted to topics of current
research like multibody system models with nonlinear configuration spaces or
systems with redundant constraints.

Keywords Constrained mechanical systems ¢ DAE time integration * Multibody
formalisms ¢ Rank-deficient mass matrix ¢ Redundant constraints ¢ Stabilized
index-2 formulation
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1 Introduction

Multibody system dynamics is a branch of technical mechanics that considers
the dynamical interaction of rigid and flexible bodies in complex engineering
systems [75]. Multibody system models are frequently used in such diverse fields
of application like robotics, vehicle system dynamics, biomechanics, aerospace
engineering and wind turbine design. They are composed of a finite number of rigid
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or flexible bodies and their connecting elements that are assumed to be massless
[75, 76].

In engineering, the modelling of mechanical multibody systems follows a generic
network approach [52] with basic elements like rigid bodies, flexible bodies, force
elements and joints being available in model libraries. The interaction of these
basic elements is described by equations of motion resulting from the principles
of classical mechanics [74]. The separate modelling of system components in
this network approach is attractive from the viewpoint of model setup but results
systematically in a redundant system description [52]. Constraints have to be added
to guarantee a consistent state of the overall multibody system model.

Formally, these constrained systems could always be transformed to an ana-
lytically equivalent ordinary differential equation (ODE) introducing appropriate
generalized coordinates [1]. The progress in analysis and numerical solution of
differential-algebraic equations (DAEs) allows, however, to solve the constrained
systems directly in terms of the original redundant coordinates which proves to
be much more efficient than (semi-)analytical solution techniques being based
on a minimum set of independent coordinates. A short historical review of these
developments has recently been published in [83, Sect.2.4].

Constrained multibody system models are challenging from the viewpoint of
DAE theory since their index is three and index reduction techniques are mandatory
for a numerically stable time integration by error controlled variable step size
solvers. These index reduction techniques rely on time derivatives of the constrained
equations that have a direct physical interpretation as hidden constraints at the level
of velocity or acceleration coordinates [40]. Classical approaches like Baumgarte
stabilization [21] or the stabilized index-2 formulation of the equations of motion
in the sense of Gear, Gupta and Leimkuhler [44] have been developed a long time
before the “boom days” of DAE theory [83] that started in the late 1980s.

There is a rich literature on numerical methods in multibody dynamics [37, 88],
in particular on time integration methods for constrained systems. The comprehen-
sive survey in [50, Chap. VII] is an excellent reference in this field.

Multibody system dynamics is, however, much more than just the simulation
of constrained N-body systems, see Fig.l. In engineering, the methods and
software tools of multibody system dynamics are used as integration platform for
multidisciplinary simulation in nonlinear system dynamics [11]. The analysis of
flexible bodies provides a close link to structural mechanics. Specific aspects of
such flexible multibody systems have been discussed recently from a mathematical
viewpoint [82] and from the viewpoint of engineering [20]. The monograph of
Géradin and Cardona [45] was an early attempt to bridge the gap between both
disciplines.

The present paper considers some DAE aspects of multibody numerics being
relevant to applications in engineering. It starts in Sect.2 with an introduction
to constrained systems studying systematically conditions for the existence and
uniqueness of solutions for a large problem class of practical interest including
systems with rank-deficient mass matrix and redundant constraints.
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In Sect. 3, we consider systems with nonlinear configuration spaces representing
the orientation of (rigid or flexible) bodies in space. The resulting model equations
are substantially more complex than the ones that are typically discussed in the
mathematical literature on multibody numerics. This section ends with a compact
introduction to multibody formalisms that exploit the model topology for an efficient
evaluation of the equations of motion in large scale engineering applications.

Section 4 provides a consistent introduction to DAE time integration methods
in multibody dynamics that covers ODE based solution techniques like Runge—
Kutta or linear multi-step methods [50] as well as Newmark type integrators
from structural dynamics [45]. There is a special focus on the stabilized index-2
formulation of the equations of motion that may be considered as a quasi-standard
in industrial multibody system simulation [14].

2 Constrained Mechanical Systems

In Lagrangian mechanics, the motion of a conservative mechanical system is
characterized by a variational principle that takes into account the potential energy
U(q) and the kinetic energy

149 = )i ™M@

The potential energy results in potential forces —VU(q). It is formulated in terms
of position coordinates q(tf) € R"™ that describe the configuration of the system
and define velocity coordinates q(t) := (dq/df)(¢). Mass and inertia terms are
summarized in the symmetric, positive semi-definite mass matrix M(q) € R"4>"a.

In the present section, we consider constrained systems and derive in Sect. 2.1
their equations of motion. These are classical results that may be found in any
textbook on mechanics, e.g., [1]. Sufficient conditions for the unique solvability of
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initial value problems are discussed in Sect. 2.2, see also [50, Sect. VII.1]. A more
refined analysis is necessary for systems with rank-deficient mass matrix or rank-
deficient constraint matrix that have recently found new interest in the literature [42]
and will be studied in Sect. 2.3.

2.1 Equations of Motion

The motion of a mechanical system may be subject to constraints in form of
equations (bilateral constraints) or inequalities (unilateral constraints). In the
present section, we consider holonomic constraints

g(tv q(t)) =0, (t € [IOstend]) (2.1

that have to be satisfied in the whole time interval of interest. For more general types
of constraints, we refer to Sect. 3.2 below.

To derive the equations of motion from a variational principle, we summarize
kinetic and potential energy in the Lagrangian

L(g.q) :=T(q.9) —U(q) .

In the constrained case, we introduce Lagrange multipliers A(t) € R"™ to couple
ny < ng holonomic constraints (2.1) to L(q, ¢) and consider the augmented action
integral

[ (a0 - (e.a00) 20) ar.

According to Hamilton’s principle of least action, the extremals of this functional
coincide with the motion of the mechanical system. The Euler equations for this
variational problem are given by

d oL . oL =, g T, _
0l @D) =y @+ () @) A=0. (k=1..n) @2

with g(¢,q(¢)) = 0, see (2.1). In vector form, they may be summarized to

M(q)i =f(q.9) — G (t.q)A, (2.3a)
0=2g(q) (2.3b)
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Fig. 2 Configuration and phase plot of the mathematical pendulum, Cartesian coordinates

with the constraint matrix G(t, q) := (dg/09q)(t, q) € R"*" and the force vector

. . d )
1@.@) = VU@ + Ve Ta.d) = (. (Y T@.0)) 4. 24
For systems with constant mass matrix M, we just have f(q,§4) = —V, U(q) since
V,T(q.9) =0.

Example 2.1 The mathematical pendulum is a rather simple model problem that
has been used already in the 1980s to study constrained mechanical systems from
the viewpoint of DAE theory [40, 47]. It consists of a point mass m > 0 that moves
under the influence of gravity and is forced by a massless rod of length / > 0 to keep
a fixed distance to the origin, see Fig. 2.

The pendulum has one degree of freedom that is given by the angle o between
rod and y-axis with «* = 0 denoting the equilibrium position, see Fig. 2. Taking into
account that x = Isinc, y = —Icoso implies ¥ = —lacosa and y = —la sina,
we may express the kinetic energy T = m(i*> + y?)/2 and the potential energy
U = mggyy in terms of o and c:

2
m
T(a, &) = 5 &%, U(x) = —mggaylcosa
with ggay denoting the gravitational acceleration constant. The equations of
motion (2.3) are given by the second order ordinary differential equation (ODE)

mil?

§ = —mggwlsing = &=-— gglrav sin (2.5)
since the position coordinates ¢ = « € R are not subject to constraints. All solutions
of (2.5) are periodic. As a typical example, we show in Fig. 2 the phase plot (x, x)

for initial values oy = 5°, &9 = Orad/s that are marked in the diagram by the dot
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at xo = Isin(57/180), xo = 0 m/s. The physical model parameters are m = 1.0kg,
[ =1.0m and ggray = 9.81 m/s?.

An analytically equivalent description of the mathematical pendulum is given by
the Cartesian coordinates ¢ = (x,y)' € R? that are redundant and have to satisfy
x?> +y> = I? (Pythagorean theorem). Scaling this holonomic constraint by a factor
of 1/2, we get the equations of motion

mx = —xA, (2.6a)

my = —Mgaray — YA , (2.6b)
1

0= (+y =1, (2.6¢)

see (2.3). The mass matrix M = ml, is a constant multiple of the identity matrix
I, € R¥2, Force vector and constraint matrix are given by f(g,§) = (0, —mgaay )"
and G(q) = (x, y) € R*2,

Example 2.1 illustrates that one and the same mechanical system may be
represented by different sets of coordinates resulting in unconstrained systems
like (2.5) or constrained systems like (2.6). Obviously, the mathematical structure
of the constrained equations (2.6) is more complex. On the other hand, the Cartesian
coordinate approach is more flexible in the modelling of more complex systems as
can be seen already from the model of a chain of N > 2 mathematical pendulums:

Example 2.2 Consider a chain of N > 2 point masses m being connected by
massless rods of length / and attach the first point mass by another massless rod
of length / to the origin (xp,yo) = (0,0). This chain of mathematical pendulums
moves under the influence of gravity.

In the special case N = 2 we obtain the double pendulum that is depicted by the
left plot of Fig. 3. Phase plots (x;,x;) and (xz, X) illustrate the complex dynamical
behaviour that is known to be chaotic. We started with zero initial velocities g, = 0
and an initial position g, = (x1(fo), y1(f0), x2(to), y2(to)) T that is defined by initial
values for the angles «; between rod “i” and the y-axis, (i = 1,2), see Fig. 3. The
physical parameter values are the same as in Example 2.1 and the initial values are
set to ey (fp) = 5°, aa(tp) = 0°.

To set up the equations of motion in the general case, we consider N > 2 point
masses with Cartesian coordinates ¢; = (xi,yi)T, (i = 1,...,N), and obtain a
constrained system in n, = 2N position coordinates g = (q;r, e ,q]—v'—)T that are
subject to n; = N constraints (x; — x;—1)> + (y; — yie1)?> = %, (i = 1,...,N).
Following step-by-step the analysis in Example 2.1, we get the kinetic energy
T(q.q) = > ;m@* + 3?)/2, the potential energy U(g) = Y., Mgy yi and the
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Fig. 3 Configuration and phase plots of a double pendulum, Cartesian coordinates

equations of motion

mx; = — (i = xi—)Ai + X1 —x)Aipr, (i=1,...,N—1),
(2.72)
miy = — (v —xv—1)Aw . (2.7b)
my; = —mMgeray — (Vi —Yic)Ai + Qit1 —y)Aiy1, (i=1,....N—-1),
2.7¢)
myN = —Mggrav — ()’N - yN—l)AN, (2.7d)
1
0= ((i—=xi-)’ + i =y-1)’ =), (i=1,....N) (2.7e)

with Lagrange multipliers A = (A1,...,Ay)" € R". Comparing (2.7) with the
equations of motion in compact form (2.3), we see that the constraints (2.7¢) define

a vector valued function g = (g1,....,gy) ' in (2.3b) that yields a sparse constraint
matrix G(q) = (Gij(q))iJ € RV*2N with non-zero elements
Gii-1(q) = xi — Xi1, Gi2i(q) = yi —Yi-1 . (i=1,....N),

Gigi+1(q) = —(xit1 — %), Gigita(q) = —(i+1 —y), (i=1,....N=1).



48 M. Arnold

The mass matrix M(g) and the force vector f(q, ¢) in the dynamical equations (2.3a)
are given by M = blockdiag (M, ..., My),f = (f]. ... . fy)' with M; =
mly and f;(q,q) = (0, —mgeay) ", (i=1,...,N).

Cartesian coordinates are favourable to derive the equations of motion (2.7)
since kinetic energy and potential energy are given in terms of (x;, y;, x;, y;), (i =
1,...,N). Mass matrix and constraint matrix are sparse. Furthermore, the mass
matrix M is constant and block-diagonal. The sparsity pattern of the constraint
matrix G(g) corresponds to the coordinates of direct neighbours in the chain.

Example 2.2 illustrates that redundant position coordinates ¢ may help to
speed up the modelling process of complex systems. In principle such redundant
coordinates ¢ and the corresponding constraints g(¢,4) = 0 in (2.3) could be
avoided choosing appropriate generalized coordinates. For larger systems, the use of
such generalized coordinates is, however, often technically much more complicated
than for simple model problems like the mathematical pendulum with equations
of motion (2.5). As a typical example, we consider the double pendulum with the
configuration being depicted in Fig. 3.

I
l

Example 2.3 Leta; (i = 1,2) denote the angle between rod
use position coordinates ¢ = (a1, @) " € R2. We get

and the y-axis and

Xi = Xj—1 +lSil’lO{i, Yi = Yi—1 —lCOSO{i, (l= 1,2)

with (xp, yo) = (0, 0) and may express the kinetic and potential energy in terms of ¢,
g using x; = ld; cosay, Xp = ) ld;cosa;, yy = —loy sinoyy, o = — ), ld;sina; :

2 2
T(q.q) = Z 5 (i +3H) = ) (a% + 2cos(ay — ay)adn + a%) ,

i=1
2

Ug) = Z MZoravYi = —MZerav (2 cOS 0] + cOS2) .
i=1

Evaluating the force vector according to (2.4), we have to take into account the
state dependent mass matrix M(q) that results in V,T(q, ¢) # 0. Then, the equations
of motion are obtained in form of a linearly implicit second order system of ordinary
differential equations with state dependent mass matrix M(q):

( 2 cos(aty — al)) (621 _ (255" sinay + sin(ay — 01)é3
cos(ap — ) 1 (')22) B ( - ggl“‘v sinay — sin(on — a)d} ) ’

For the double pendulum, these algebraic manipulations may still be performed
by hand but for larger systems the use of computer algebra programs becomes
mandatory. As an alternative, we will consider in Sect. 3.3 below a mixed coordinate
formulation that allows to evaluate the accelerations ¢(¢) numerically by a block
Gauss elimination for a large sparse system of linear equations.
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2.2 Existence and Uniqueness

Holonomic constraints (2.1) restrict the configuration space at the level of position
coordinates. They imply hidden constraints at the level of velocity coordinates ¢
that are obtained by differentiation of (2.1) w.r.t. ¢:

d 0 0
0= 8.a) = (q@) + ) (.q0)q0) = g,.q) + C.0)i.  28)
q9

The second time derivative of the holonomic constraints (2.1) defines hidden
constraints at the level of acceleration coordinates § :

d2
0= d tzg(t, q(1) = 8,(t.q) +28,t.9)q + G(t,9)q + 8,,(1.9)(q.9) (2.9)

with g,,(7,q) = G(t,q). The curvature term g, (7, q)(q,g) represents the second
partial derivatives of the vector valued function g(z,q) w.r.t. its vector valued
argument ¢ in the sense that

3
8w, 2) = o (G(t.9w)z, (w.zeR™). (2.10)

Here we assume tacitly that the constraint function g is as often continuously
differentiable as it is necessary to define the constraint matrix G(z, ¢) and to derive
the hidden constraints (2.8) and (2.9). Appropriate smoothness assumptions will be
specified in Theorem 2.2 below.

The hidden constraints (2.8) are part of the derivative array of DAE (2.3), see
[26]. But they are not just the result of an abstract mathematical transformation but
have a reasonable physical interpretation as well [40]. To discuss this aspect in more
detail, we focus on scleronomic constraints

g(q) =0 (2.11)

that do not depend explicitly on time ¢ and restrict the configuration of the
constrained system to the manifold

M:={q:g(@=0}. (2.12)

For scleronomic constraints, the hidden constraints (2.8) and (2.9) are simplified
because the partial derivatives w.r.t. # vanish identically:

0=G(g)q. (2.13)
0=G@q+24@D@q.9- (2.14)
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Tq(t)m
q(1)

q() M=1{q:g(q =0}

Fig. 4 Constraint manifold 9t := {q : g(g) = 0} with tangent space 7,90

Since ker G(g) spans the tangent space 7,90t of the manifold at point ¢ € )1, the
hidden constraints (2.13) indicate that the velocity vector ¢(¢) is in the tangent space
TayMN, see Fig. 4. Therefore, the solution g(¢) remains in manifold 9t for all ¢ €
[to, tena], see [71, 72].

Example 2.4 The mathematical pendulum is a model in the (x, y)-plane with a point
mass moving in the one-dimensional manifold 9t = {gq = (x,y)T : x> +y?> = I},
see Example 2.1. Manifold 91 is a circle and its tangent space 7,901 C R? consists
of all vectors being orthogonal to q.

The trajectory ¢ () will follow the circle iff g(z) € T,»N, i.e.,iff 0 = (q(0) T4
= x(1)x(¢) + y(9)y(r) . This is exactly the hidden constraint (2.13) at the level of
velocity coordinates that results from formal differentiation of constraint (2.6¢).
A second differentiation step yields the hidden constraint (2.14) at the level of
acceleration coordinates:

0= | (k+9) = xi+35 + 4 +37.

This equation may be solved w.r.t. the Lagrange multiplier A since X = —xA/m,
Y = —8grav — YA/ m, see (2.6a,b):

—8gravy +).C2 + )')2 —m —8gravy +).C2 + )')2

A=A, &, y,3) =
(. X,y.y) :=m E. P

2.15)

The dynamical equations (2.6a,b) with A being substituted by A(x, x, y, ¥) according
to (2.15) define a system of second order ODEs for variables x and y that is
analytically equivalent to the constrained system.

Initial values (xg, Xo, Yo, Vo, A0) for the constrained system (2.6) have to be
consistent with the constraint (2.6¢) at position level and with its counterparts (2.13)
and (2.14) at the level of velocity and acceleration coordinates:

X +yi =1, xoko +yoyo =0, Ao = A(xo,%0,Y0,0) -
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Example 2.4 shows that holonomic constraints (2.1) and the corresponding
hidden constraints (2.8), (2.9) define conditions on initial values ¢, = ¢q(%),
qo = q(t0), Ao = A(tp). We will discuss these conditions for constrained systems

M(1,9)§ = f(t.4.9) — G (1,q) A, (2.16a)
0=g(tq) (2.16b)

with G(t,q) = (dg/9q)(t,q). This problem class is slightly more general than (2.3)
and covers time dependent force terms f as well as condensed mass matrices M(?, q)
that result from the application of multibody formalisms to systems with rheonomic
joint equations, see Sect. 3.3.

Remark 2.1 In some textbooks, the argument ¢ in the equations of motion (2.3)
and (2.16) is omitted to keep the notation compact. In the ODE case, this is justified
by the observation that any second order system ¥ = f(z,x,%) in R¥ is equivalent
to an autonomous system X = f(¥,%) in RAT! with ¥ := (¢, x") T, f := (0, f )7,
Xy = (1o, x(—)r)T, Xo = (1, J'c(-)r)T, see, e.g., [48, Sect.I1.2] for the corresponding
transformation in the case of first order ODEs.

Applying this transformation formally to constrained systems (2.16) with rheo-
nomic constraints 0 = g(t,q), we obtain g = (z, ¢') ", scleronomic constraints
0 = g(g) := g(t.q) and a constraint Jacobian (dg/dq)(q) that is composed
of the constraint matrix G(t,q) = (dg/0q)(t,q) and the partial derivatives
(0g/01)(t,q) that do not appear in (2.16). Therefore, the structure of the equations
of motion (2.16) gets lost by the transformation to an autonomous system in
coordinates § = (¢, ¢")" if dg/dt # 0. That’s why we will consider the equations
of motion in their original non-autonomous form (2.16).

The dynamical equations (2.16a) and the hidden constraints (2.9) may be
summarized to a system of ng + n,, linear equations in § and A:

(M(t,q) GT(t,q)) (21') _ ( f(t.q9.9) )
G(t.q) 0 A —84.9)(q. ) —28,(t.9)q — 8,4(1.9) 2
(2.17)

For any given arguments #, ¢, ¢ the Lagrange multipliers A = A (¢, ¢, ) are uniquely
defined by this block structured system if the 2 x 2 block matrix at the left-hand side
of (2.17) is non-singular. The non-zero blocks M = M(t, g) and G = G(¢, q) of this
2 x 2 matrix are known from the definition of the kinetic energy 7'(¢) and from the
hidden constraints (2.8) at the level of velocity coordinates. For physical reasons,
we assume as before that M is symmetric, positive semi-definite to get a positive
semi-definite quadratic form 7(¢) = 0.5 qTMq.

Lemma 2.1 Consider a symmetric, positive semi-definite matrix M € R¥* and a
matrix G € R™* with rank G = m < k. If M is positive definite at the null space
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of G, then matrix

-
(12}4 C:) ) (2.18)

is non-singular.

Proof The terms & ' ME and ||G& ||3 are non-negative for all vectors § € R* since
matrix M is positive semi-definite and |G|, > 0. Furthermore, |G&|, = 0
implies G& = 0 and & € ker G, ie., & = 0 or ETME > 0 because M is positive
definite at ker G. Taking into account that

§TME + |GEI3 =T (M +GTG)E

we see that the symmetric matrix M + G T G € R¥* s positive definite. Therefore,
its inverse is well defined and matrix G(M + GTG)~!GT € R™" is symmetric,
positive definite for any matrix G of full rank m < k. The assertion of the lemma
follows from a block factorization of the 2 x 2 block matrix in three non-singular
factors:

MGT) (I-GT M+G'G 0 I M+G'G)!GT
G 0 /) \0 I G —I 0 GM+G'G)'GT /-
[}

Theorem 2.2 Consider vectors q,,q, € R™ that satisfy at t = ty the (hidden)
constraints at the levels of position and velocity coordinates:

0 = g(t0.q0) = G(to,q0)q0 + &:(t0.q0) - (2.19)

We assume that functions M(t,q), f(t,q,q) and g(t,q) are well defined and con-
tinuous in a neighbourhood of (to, 4o, qo) with g(t,q) being two times continuously
differentiable. Furthermore, functions M, f and the second (partial) derivatives of g
are assumed to satisfy Lipschitz conditions w.r.t. arguments q and q.

If the constraint matrix G(ty, q,) has full rank n; and the mass matrix M(ty, q,)
is symmetric, positive semi-definite and positive definite at ker G(ty, q,), then there
is a uniquely defined vector Ay € R"™ such that the initial value problem

q(t) = qo. q(10) =qo. A(t0) = 4o (2.20)

for the constrained system (2.16) is locally uniquely solvable.

Proof The assumptions on M(fy, q,) and G(#, q,) imply that the 2 x 2 block matrix
at the left-hand side of (2.17) is non-singular for arguments t = #, ¢ = q,, see
Lemma 2.1. Therefore, this block matrix is non-singular for any arguments (¢, g) in
a neighbourhood of (%, g,) since functions M and G are continuous w.r.t. t and ¢q,
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see [46, Lemma 2.3.3]. In this neighbourhood, the system of linear equations (2.17)
is uniquely solvable w.r.t. ¢ and A and defines continuous functions @ and A such
that

é :a(tsqvq)v A‘ = A‘(t’q7q)

The initial value problem ¢q(t0) = q,, g(f0) = ¢, for the second order ODE
G(t) = a(t,q(1), q(1)) is locally uniquely solvable since the right-hand side a satisfies
a Lipschitz condition w.r.t. ¢ and q. The solution g(¢) of this ODE initial value
problem satisfies the dynamical equations (2.16a) with A := A(t,q(¢),¢(f)) since
these equations are represented by the first block row in (2.17). The initial value for
the Lagrange multipliers is uniquely defined by Ao := A (%0, gy, §)-

To verify the constraint equations (2.16b), we consider the constraint residual
y(t) :== g(t,q(?)) and its time derivatives

y(0) =g,(t.q(1) + G(r.¢(0))q(®) ,
V(1) = 8,(t.9(1) + 28,4(1.9(0)q(0) + G(2.9(1))d(1) + g,,(t.9(1)) (@(1). 4 (1)) .

see (2.1), (2.8), (2.9). The second block row of (2.17) shows that the residual y (¢)
in the hidden constraints (2.9) at the level of acceleration coordinates vanishes
identically. Hence, y (f) solves the second order ODE () = 0 with initial values
y(t0) = g(to,q0) = 0 and y(t0) = G(t0,90)4o + &,(t0,9,) = 0, see (2.19). Since
this solution is unique, we get y(f) = 0 and therefore also g(,¢(¢)) = 0. Le., the
constraint equations (2.16b) are satisfied in the whole time interval of interest and
functions (), A (t, q(¢), q(¢)) solve the initial value problem q(#) = q,, ¢(f0) = §o,
A(to) = Ao = A (%, qp, q,) for the constrained system (2.16). |

Definition 2.1 Initial values ¢q,, g, € R™, Ao € R™ are consistent with the
equations of motion (2.16) if g, and ¢, satisfy the (hidden) constraints at the levels
of position and velocity coordinates, see (2.19), and there is a vector ¢, such that
4 = Gy, A = Ao solve the system of linear equations (2.17) with 7 := ty, ¢ := q,,
q := qo.

Remark 2.2

(a) For any consistent initial values ¢, q,, Ao, the initial value problem q(#)) =
q0, 4(t0) = qy, A(to) = Ao for DAE (2.16) is locally uniquely solvable if
rank G(t, qo) = na, M(%, q,) is symmetric positive semi-definite and positive
definite at ker G(#y, g,) and functions M, f and g satisfy appropriate smoothness
assumptions, see Theorem 2.2.

(b) Following a coordinate partitioning approach [89], consistent initial values
qo> 49> Ao may be obtained from any pair of vectors q,, g, € R"™ provided
that ||g(%,q,)|| < & with a sufficiently small constant § > 0: The full rank
assumption on the constraint matrix G allows to select in a first step n, linearly
independent column vectors of G(#, g,). There is a matrix P ¢ Rruxm being
composed of n, unit vectors such that G(z, g,) P c RmX g non-singular.
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In the second step, vector g, € R"™ is decomposed into ng — ny independent
coordinates l_’qu € R"™ and n, dependent coordinates g, := IA’TqO € R™ with
a matrix P € R%*("~) that is defined such that P := (P P) € R"* forms a
permutation matrix, i.e., I,,q =PPT =PPT + PPT. Finally, we fix I_’qu = I_’Téo
and get consistent position coordinates g, = PP g, := I_’I_’qu + f’t}o solving

0 =g(t.PPT g, + Pg,) (2.21)

w.r.t. §, € R™. According to the Implicit function theorem, Eq. (2.21) are locally
uniquely solvable if ||g(#o, go)|| < § < 1 since

og dg _  0qq _ S
5 - 5 ~ == G N P
% (t0.40) 5 (%0, q0) %0 (q0) (10, q0)

is non-singular by construction.
In the same way, consistent initial values g, = PP g, 4+ Pq, with g, € R"* are
obtained from the system of n, linear equations

0 = G(to. 40)do + £(%0.90) = G(t0,40)PP" 4y + G(t0,40)P 4, + &,(t0. 40)

provided that G(to,qO)IA’ is non-singular as well. At the end, the 2 x 2 block
system (2.17) yields consistent initial values A for the Lagrange multipliers.

Remark 2.3

(a) For the index analysis, the equations of motion (2.16) are transformed to an
equivalent first order DAE introducing velocity coordinates v () := ¢(z) and
substituting § — v, § — v. With the assumptions of Theorem 2.2, functions
v(f) = ¢(¢) and A(¢) are obtained from the system of linear equations (2.17)
that contains the second time derivative of the holonomic constraints (2.16b).

The 2 x 2 block matrix in (2.17) is non-singular and does not depend on
v, v and A. Therefore, the time derivative of (2.17) may be solved w.r.t. ¥ and
i providing an explicit expression for J that utilizes the rhird time derivative
of (2.16b). Consequently, the differentiation index of the equivalent first order
system is (at most) three [47, 60].

(b) For positive definite mass matrices M(?, g), the dynamical equations (2.16a)
may formally be solved w.r.t. § = v resulting in the first order DAE

g=v, (2.22a)
b= [M'fl(t.q.v) — IM'G'](1.q) A . (2.22b)
0=2g(q) (2.22¢)

that is of Hessenberg form [26]. For full rank matrices G and symmetric,
positive definite matrices M, matrix GM™'GT is non-singular and (2.22b)
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implies
A =fo(t.q.9) = [(GMT'GT)'](1.q) - G(t.q) (2.23)

with an appropriate function f, . The time derivative of (2.23) shows that i (1) is
composed of functions depending on 7, ¢, v and ¥ = [M~'f] — M~!GT]A
and of the vector G(t, ¢)v that is pre-multiplied by the non-singular matrix
—(GM™'GT)~.

Since G(z,q)V cannot be obtained from DAE (2.22) and its first two time
derivatives, the differentiation index of DAE (2.22) is larger than two. Taking
into account the upper bound from part (a) of this remark, we see that the
equations of motion (2.16) form an index-3 DAE if M(z, ¢) is symmetric and
positive definite. Note that differentiation index and perturbation index of (2.16)
coincide since the equivalent first order system is of Hessenberg form [30, 47].

The analytical transformation of the equations of motion (2.16) to the Hessenberg
form index-3 DAE (2.22) is a common approach in DAE theory. This transformation
is essentially based on the assumption that the mass matrix M is symmetric, positive
definite [26, 50, 58]. However, the existence and uniqueness result in Theorem 2.2
is not restricted to this problem class but applies as well to a class of model
equations (2.16) with rank-deficient mass matrix M. In this more general setting,
the structure of (2.16) is more complex and its index may be less than three [16]:

Example 2.5 A (pathological) example of problems with rank-deficient mass
matrix M are constrained systems (2.16) with M(z,q) = 0,,x,,. This matrix is
positive semi-definite and it is positive definite at ker G(¢,¢q) if n, = nj and
G(t, q) is non-singular. For such systems, there is no need to consider the 2 x 2
block system (2.17) since the Lagrange multipliers A (r) = [G™ f] (t, q(), q(t)) are
directly defined by the dynamical equations (2.16a).

The differentiation index of the corresponding first order system in variables g,
v := g and A is two [16]. If G is non-singular, M = 0 and f is independent of ¢,
then (2.16) defines even an index-1 DAE (in variables g and A):

0=f(.9) -G (t.Ar, 0=g(tq).

2.3 Positive Semi-Definite Mass Matrices, Rank-Deficient
Constraint Matrices

In engineering applications, there are certain types of position coordinates ¢ that
result systematically in constrained systems (2.16) with rank-deficient mass matrix,
see [42, 64, 86] and the references therein. From the viewpoint of physics, the kinetic
energy T = 0.5 i]TMq should define a positive semi-definite quadratic form and
any non-zero velocity increment being compatible with the hidden constraints (2.8)
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should result in a positive contribution to 7, see [42]. Both properties of T are
achieved by the assumptions of Lemma 2.1 that considers symmetric, positive semi-
definite mass matrices M being positive definite at ker G.

These assumptions imply that the augmented matrix M 4+ G T G with rank G =
ny is symmetric, positive definite [45, Sect. 10.2] and the 2 x 2 block matrix
in (2.18) is non-singular, see Lemma 2.1. For a more detailed analysis, we decouple
in the present section the nullspace of M from its orthogonal complement and
consider furthermore systems with rank-deficient constraint matrix G resulting from
redundant constraints (2.16b) that are typical of some algorithms for computer-aided
setup of complex, three dimensional multibody system models [39, 42].

Lotstedt [59] pointed out that equations of motion (2.16) with consistent, but
redundant constraints (2.16b) do not define unique Lagrange multipliers A ().
Nevertheless, the constraint forces —G ' A and the position coordinates g(f) are well
defined. Modelling aspects and analytical aspects of equations of motion (2.16) with
rank-deficient mass matrix or rank-deficient constraint matrix have recently been
studied in great detail by Garcia de Jalén and Gutiérrez-Lépez [42]. They also refer
to the work of Fraczek and Wojtyra [39] who have shown that the uniqueness of g ()
cannot longer be guaranteed if the dynamical equations (2.16a) depend nonlinearly
on A (and the constraints (2.16b) are redundant), see also the more general and
more abstract analysis of overdetermined and underdetermined DAEs by Kunkel
and Mehrmann [58].

The internal structure of equations of motion (2.16) with rank-deficient mass
matrix M or rank-deficient constraint matrix G may be studied conveniently by a
decomposition of the 2 x 2 block matrix in (2.18) that takes into account nontrivial
nullspaces ker M and ker G:

Lemma 2.3 Consider matrices M € R¥* and G € R™%* with rankM = r < k
and rankG = s < m < k. If M is symmetric, positive semi-definite and positive
definite at ker G, then there are non-singular matrices U € R¥* qnd Q € R™™
such that

cece o
5
o
=
!

cocoo oo
coo o
/N
c
g
()
- S
v

(2.24)

with a non-singular matrix M € R™" and a matrix G € R~ D% that has full
rank s — (k—r).

Proof If r = rank M < k, then the nullspace of M is non-trivial and there is an
orthonOImal basis {uy, ... ,u;—, } of ker M. Summarizing these basis vectors in a
matrix U := (uy, ... ,u—,) € R we may define a matrix U € R¥" such
that U := (I_J U) e R** is orthogonal. Since MU = 0y and UTMU is
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symmetric, we get

0T™MO = (EI)(O MU ) = (3 &) (2.25)

with the matrix M := U'MU € R™ that is non-singular because of rank M =
rank U'MU = rank M = r,
The column vectors of GU € R"**=" are linearly independent since otherwise

there would be a vector § € R with & # 0 and 0 = (GU)¢ = G(UI;) ie.,
£ := U¢ € ker G \ {0}. Since M is positive definite at ker G, we would get
0< STME = I;TI_JTI\_/I[_JC which contradicts span U = ker M.

Because of rank GU = k — r < m, there is a QR factorization

=

with an orthogonal matrix (:) € R™™ and a non-singular matrix R € R*
see, e.g., [46]. We get

= A =~ = = jal = -1 =
TGl = R G\ _ 0 R ( 0 G) I, R'G
0 G Li—4¢—r O L, 0 0 I,

(2.26)

dll

—r)X(k—r)

with matrices G € R"—¢=)%r and G € R&D*", The right-hand side of (2.26) is a
product of three block matrices. Since the first and the last factor are non-singular,
we get

rank G + rank I;_, = rank éTGﬁ =rank G = s,

ie., rankG = s—(k—r) < m— (k—r). If matrix G has full rank m,
then G has full rank as well and we define G QG with the identity matrix
Q = L,—-r), see [16]. Otherwise, matrix G is rank deficient and s — k—r)
linearly independent row vectors may be selected by some pivoting strategy that
results in a decomposition

V)

0

A

G:Q(
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with non-singular Q € R k=mx(m=G=r) and a matrix G € RE~¢=)%r of full
rank s — (k — r). Inserting this expression in (2.26), we get

0
G=Q 0
Ik—r

UT

(==l

and non-singular transformation matrices

= 0 R x - Li—, 0 kxk
eR™" U:=U = = e R,
e=a(§ 4) (e 1)

To complete the proof, we observe that (2.25) implies

0 0\t 0 0\, T
M = U(OM)U U(OM)U

since the second factor in the definition of U is block lower triangular and satisfies

L, 0 (0 0) L., RIG _(0 0)
R1G)T 1, 0 M 0o 1, ) \om) =

Remark 2.4 Consider equations of motion (2.16) with linear holonomic constraints
0 = Gg—z(?) and constant matrices M, G that satisfy the assumptions of Lemma 2.3
with k = ng, m = n,. The matrix factorization (2.24) suggests to multiply the
dynamical equations (2.16a) and the constraint equations (2.16b) by U™! and Q™!,
respectively, to decompose the 2 x 2 block system (2.17) into

i ZJ:c, (2.27a)
290 )-
~ 7 ] = =), (2.27b)
( G 0 A gqq(q lI) Zgrqq gtt Z
0 = _gqq(q7 iI) - thqq _gtt = 2 ’ (227C)
q=-2,449-28,9-8 =1 (2.27d)
with
z g z - ):L
U‘1f=<[), Qlg=|z| Q'z=]z]|. UW:(‘Z), QTa=|4i],
f = = q =
4 4 A
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functions A g, 7¢ Rm Sand r = rank M, s = rank G.

If the mass matrix M is symmetric, positive definite and G has full rank, then we
haveq = q, A = A and the 2 x 2 block system (2.17) coincides with (2.27b). If M
is rank deficient, then k — » components of the Lagrange multipliers A are explicitly
defined by the k—r algebraic equations (2.27a) that do not depend on any derivatives
of the constraint function g, see Example 2.5. Furthermore, there are k — r second
order ODEs (2.27d) for k — r components of g. The solution components g € R”
and A € R~ are defined by the 2 x 2 block system (2.27b) with the symmetric,
positive definite reduced mass matrix M and a reduced constraint matrix G that has
full rank s — (k — r).

A rank-deficient constraint matrix G indicates holonomic constraints (2.16b) that
are either redundant or inconsistent. In (2.27), this fact is reflected by m—s equations
é(t) = 0, see (2.27c¢). If the compatibility conditions (2.27¢) are violated, then there
is no solution of the equations of motion since the holonomic constraints 0 = Gg —
z(t) are not consistent.

For redundant constraints, the position coordinates g are uniquely defined by the
solution (g, q) of (2.27b,d) and the compatibility conditions (2.27¢) are satisfied
in the whole time interval of interest. Equation (2.27a,b) define s = rank G
components of the Lagrange multipliers A € R” with m = n, . The remaining m — s
components are summarized in the vector A € R™ that does not at all appear in
the decoupled equations of motion (2.27).

In the nonlinear case, the characterization of (consistent) redundant con-
straints (2.16b) is technically more challenging than in the linear setting of
Remark 2.4. To avoid state dependent transformation matrices U(t,q), Q(z, q),
we follow a local approach that is tailored to the existence and uniqueness result in
Theorem 2.4 below:

Definition 2.2 Consider equations of motion (2.16) with n; holonomic constraints
g(t,q) = 0 and a constraint matrix G(¢,q) := (dg/dq)(t,q) € R"**" that has
constant rank in a neighbourhood % (¢*, ¢*) of a given point (¢*,q*) € [to, fena] X
R":

rank G(1,q) =s <ny <ng, ((t.q) € %(*.q%)).

The constraints g(f,q) = 0 are said to be redundant (in % (t*, q*)) if Qg(t q) =0
implies g(z, ) = 0 for any constant matrix Q € R*™ with rank (QG(t* *)) =s.

Theorem 2.4 Consider equations of motion (2.16) with functions M, f, g satisfying
all assumptions of Theorem 2.2 except the full rank assumption on G(ty, qo).

(a) If the holonomic constraints (2.16b) are redundant in a neighbourhood % of
(to, qo), then there is a vector Ay € R™ such that the initial value problem (2.20)
for the constrained system (2.16) is locally solvable. The solution q(t) is locally
uniquely defined and independent of the choice of Ay.
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(b) With these assumptions, the differentiation index and the perturbation index
of (2.16) are bounded by three. For symmetric, positive definite mass matrices
M(%, q,), the variables q and q are solutions of an equivalent index-3 DAE in
Hessenberg form.

Proof Applying Lemma 2.3 with (constant) matrices M := M(%,q,), G =
G(%,q,), we get the matrix decomposition (2.24) and (constant) non-singular
transformation matrices U and Q.

The idea of the proof is to delete in (2.16) all terms corresponding to the fourth
block row and to the fourth block column of the 5 x 5 block matrix in (2.24) and
to show that the solution of this reduced system solves the original equations of
motion (2.16) as well. We define

~ L¢er 0 0 — sxm 3 0
o= (" g ) )eter ™ g = Qs
k—r

with k = ng, m = ny, r = rank M(t, q,), s = rank G(t, g,) and get

_ 9% By .
Gt =y to.a) = Qg = (OB JuT 2oy

with a matrix G(fo, q,) € ROTE=XE=1) of fy]l rank s — (k — r), see Lemma 2.3.
Equation (2.28) shows that the left-multiplication by Q selects s = rank G

linearly independent row vectors of G(f,q,), i.e., all m = n, row vectors of

G(to, q,) may be represented by a linear combination of the row vectors of matrix

G(to, q,) € R and there is a matrix Q(1, q,) € R"™* such that

G(t0.40) = Qlto.40) Gt0.40) - (2.29)

The continuity of the matrix valued functions G(z, g) and G(t.q) implies that
there is a (sufficiently small) neighbourhood % of (#, q,) such that rank G(z, q) =
rank G(¢,q) = s and

G(1.q) = Q(t.9)G(r.q) (2.30)

with (:)(t, q) € R™ for all (t,q) € %. This matrix (:)(t, q) has to have full rank s
since the left-multiplication of (2.30) by Q results in a matrix of rank s.

The matrix factorization (2.30) allows to express the constraint forces
—GT(t,q) A in terms of -GT(, q) X with A = QT(t q) A € R’. On the other
hand, we have —G T (,q) A = -G, q)l for all A € R” satisfying

A=[QQ QO egi+4 2.31)
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with some A € ker Q" (t.q). The nullspace of QT(t, q) has dimension m — s.
It is non-trivial if the constraint matrix G(z,¢) is rank deficient. In that case,
the variables A are left undefined by the constrained system (2.16), see also
the corresponding discussion for systems with constant matrices M and G in
Remark 2.4. _

Because of (2.29), we have ker G(ty,q,) C ker G(t,q,) and the mass matrix
M(ty, q,) is positive definite at the nullspace of G(f, q,). Furthermore, function
g(t,q) satisfies the smoothness assumptions of Theorem 2.2 since the matrix
decomposition (2.24) was evaluated for matrices M, G with fixed arguments t = #,
q = q,. Therefore, we may apply Theorem 2.2 to the reduced system

M(t,q)§ =f(t.9.9) — G (1, )X, (2.32a)
0=2g(q) (2.32b)

and get a locally uniquely defined solution g(¢) with initial values q(t)) = ¢,
q(to) = q,. In %, the s linearly independent constraints (2.32b) of the reduced
system imply the m > s redundant constraints (2.16b) of the original equations of
motion, see Definition 2.2. Furthermore, the reduced system (2.32) defines unique
Lagrange multipliers A(f) € R® and the set of all solutions A(f) € R™ according
to (2.31).

To prove part (b) of the Theorem, we apply the index analysis of Remark 2.3 to
the reduced system (2.32). |

3 From Constrained Mechanical Systems to Multibody
System Dynamics

Mechanical multibody systems are composed of a finite number of rigid or flexible
bodies being connected by joints that restrict the relative motion of bodies w.r.t.
each other and by force elements like springs, dampers or actuators that cause forces
and momenta acting on the interconnected bodies but do not restrict the degrees of
freedom of their relative motion. The mass of a multibody system is concentrated
in the bodies and the connecting elements are idealized to be massless. After space
discretization of the flexible components, the mechanical state of the system may be
characterized by elements of a finite dimensional configuration space that describe
the position and orientation of all bodies and the elastic deformation of the flexible
parts.

The equations of motion follow systematically from principles of classical
mechanics that result in linearly implicit systems of second order differential
equations. Efficient time integration methods in multibody numerics are essentially
based on the specific mathematical structure of these model equations. Discussing
this structure, we started in Sect. 2 at a rather basic level with constrained systems
of point masses. The modelling of rigid body systems is substantially more complex
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since the orientation of the bodies in 2-D or 3-D has to be taken into account which
may result in nonlinear configuration spaces, see Sect. 3.1. There is a rich literature
on the general structure of model equations in multibody system dynamics that
is shortly summarized in Sect. 3.2. Finally, we consider in Sect.3.3 some specific
algorithms of multibody dynamics that exploit the topology of a multibody system
model to speed up the evaluation of the model equations.

3.1 Configuration of Rigid Body Systems

The configuration of rigid bodies is characterized by their position and orientation
in space. For simplicity, we restrict ourselves in the present section to the discussion
of systems in R3 (spatial systems). Planar systems may be considered as a special
case of this general setting with position coordinates being restricted to a two-
dimensional subspace.

In R?, the position of body (8)® is described by coordinates x' € R? and its
orientation may be represented conveniently by a rotation matrix

R? €SOB)={ReR” :R"TR=1, det R = +1}.

The special orthogonal group SO(3) is a subgroup of the general linear group
GLB3) = {A : A € R¥» : detA # 0} and forms a three-dimensional
differentiable manifold in R°. Lie group theory provides the analytical framework
for differential equations on such manifolds with group structure. The interested
reader is referred to [49, Chap.IV] for a compact introduction and to [53] for a
comprehensive survey of analytical and numerical aspects of differential equations
on finite dimensional Lie groups.

Remark 3.1

(a) The Lie group structure of configuration spaces may be exploited explicitly
in the time integration of the equations of motion, see, e.g., [22, 27, 32, 85].
Position vector x € R? and rotation matrix R € SO(3) are either combined in
the direct product G = SO(3) x R? with group operation

(Ra,xq) o (R, xp) = (RaRyp, x4 + x3)
or in the semi-direct product G = SE(3) := SO(3) x R? with group operation
(Ra.x4) © (R, xp) = (RaRp, Roxp, + x4) ,
see [29] and the more detailed discussions in [17] and [65]. With these notations,

the configuration space of a rigid N-body system is given by the direct products
(SO(3) x R*)N or (SE(3))", respectively.
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(b) The inherent nonlinear structure of the configuration space results in nontrivial
kinematic relations that express the time derivatives of the position coordinates
g = (x,R) € G in terms of velocity coordinates v. The Lie group structure of G
implies ¢(t) € T,,)G with T,G denoting the tangent space. Taking into account
the linear structure of T, G, the velocity coordinates v are defined by elements
of a linear space R*. For a single rigid body, we get

x(t) =u(t) = R(HU(®) (3.1a)
with u(f) and U(r) denoting the translation velocity w.r.t. an inertial and a body-
attached frame, respectively. The corresponding angular velocities @ (inertial
frame) and £ (body-attached frame) are related by

&) =ROLORT ()

with () : B3 — 50(3) = {A € R>3 : A + AT = 0} denoting the tilde
operator that maps 2 € R? to the skew-symmetric matrix

N 0 25 2
2 = 93 0 —.Ql
-2, £ 0

and represents the vector product p x g in R? in the sense that pg = p x g for
any vectors p, g € R3. The kinematic relations for R are given by

R(1) = ®@()R() = R() 2 (7). (3.1b)

Equation (3.1) allow to represent the time derivative of ¢ = (x,R) € G by
a velocity vector v € R® being composed of translation velocity and angular
velocity (either in the inertial or in the body-attached frame).

The structural difference between the kinematic relations (3.1) and the more
classical setting ¢(f) = v(¢) in linear spaces, see (2.22a), is given by the Lie group
ODE (3.1b) on SO(3). In the following, we will discuss analytical and numerical
aspects of these equations and will assume that the angular velocities are defined in
the body-attached frame. As a typical model problem, we consider a slowly rotating
heavy top with its tip being fixed to the origin:

Example 3.1 1In the gravity field, the kinetic and potential energy of a spinning top
of mass m are given by [29]
1 1 0
T = 2m.itT)Zf+ 252Tm, U=-—x"my with y=| 0

—8grav
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Slowly rotating heavy top

Q [rad/s]

0 0.5 1 1.5 2
t [s]

Fig. 5 Configuration and angular velocity of a slowly rotating heavy top [27], see also [45]

and the gravitational acceleration constant ge.,. Here, the tensor of inertia J is
defined w.r.t. the center of mass in the body-attached frame. If this center of mass
has position X € R? for the reference configuration R = I3, then its current position
in the inertial frame is given by x(7) = R(#)X since the tip of the top is fixed at the
origin, see Fig.5. This constralnt implies x(¢) = R(t)X R(1)2 (X, see (3.1b),
and we get ¥ = —RX 2, ' =—2X"RT = 2 TXR" and

1 ~ ~
T:ngg—mxmg, U=-X"Rmy.

In Sect.2.1, we discussed the derivation of the equations of motion in linear
configuration spaces using Hamilton’s principle of least action. For nonlinear
configuration spaces, the nonlinear kinematic relations (3.1b) have to be taken into
account [29]. For the heavy top problem we obtain equations of motion

R=R$2, (3.2a)
I + 2 x)J2 =XxR"my (3.2b)

with J := J — mXX denoting the moment of inertia w.r.t. the origin [27]. The right
plot of Fig.5 shows the angular velocity §2 () for model parameters m = 15.0kg,
J = diag(15.234375, 0.46875, 15.234375) kgm?, gerey = 9.81m/s? and initial
values

0 0 1 0 iad
RO=[ 0o 1 0 |. 20 = 1.5 .
-1 00 —0.0461538

The direct time discretization of Lie group ODEs by Lie group integrators is
a challenging topic of active research. In practical applications it is, however, more
common to use parametrizations of the rotation matrix by elements of a linear space.
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Remark 3.2

(a)

(b)

There is no global parametrization of SO(3) by elements of R but small
deviations from a nominal state may be described very efficiently by three Euler
angles [76]. Euler angles define a decomposition of the rotation matrix into a
sequence of three elementary rotations about axes of coordinates. A common
sequence of such elementary rotations is given by

costyy —siny 0O cosf 0 sinf cos¢p —sing O
R(ggr) = | siny cosy 0 0 1 0 sing cos¢p O
0 0 1 —sinf 0 cosf 0 0 1

with angles ¢ (precession), 6 (nutation) and ¥ (spin) that are summarized in a
parameter vector gg = (¢, 6, %) " € R,

For 6 = 6* = 0, this parametrization gets singular since only the sum ¢ + ¥
is well defined in this case and there is a continuum of parameter vectors gg
yielding one and the same rotation matrix R(gg). In engineering applications,
such singular configurations are avoided switching to an alternative sequence of
elementary rotations whenever |6| gets too small [76].

Beyond the singularities, we may insert the parametrization R(gg (7)) into the
kinematic relations (3.1b) to get a linear relation between ¢y and the angular
velocity £2:

3

Z qR(r) i) = | Rlan®) = R(ge)$ 0.

This equation be summarized in matrix—vector form

Hy(qr(1))gr(1) = £(1) (3.3)

using the matrix valued function Hy(gg) = (h;(qg) )i; € R¥ that is defined
by its elements

(‘IR) (‘IR)) ,+1,1,-+2)

1
hiqw) = (R (qR) <qR>) b, — (R
with indices [} = I, = 1,1, = Is = 2, I3 = 3. Straightforward computations
yield [76]

—cos¢sinf  sing 0
Ho(qr) = Ho(9. 0, v¥) = singsinf  cosg 0 | e R¥™.
cos 6 0 1
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Fig. 6 Parametrization of the heavy top model by Euler angles: precession ¢ (dashed line),
nutation 6 (dotted line), spin ¥ (solid line)

()

(d)

(e)

The linear relation Hy(qg)gg = $2, see (3.3), may be used to eliminate for all
bodies ()@ the angular velocity 2@ and its time derivative in the equations
of motion resulting in a second order system (2.3) with configuration variables
g € R® being composed of the position coordinates x” and the vectors of
Euler angles qﬁ) for all N bodies in the rigid body system.

Alternatively, the kinematic relations (3.1b) may be substituted by

g (1) = Hy' (qr (1) 2 (1) (3.4)

resulting in a system of first order differential equations in terms of position
coordinates ¢ € R™ and velocity coordinates v € R™.

For the heavy top model of Example 3.1, these coordinates are given by ¢ =

gz, v = 2 with n; = n, = 3 and position coordinates ¢ = qg = (¢, 0, )T
that are shown in the left plot of Fig. 6. The nutation 6() has its minimum value
O0(r*) = 0.059rad = 3.4° att+ = r* ~ 1.1s without reaching the singular
configuration at 8* = 0. The rapid changes of ¢ and ¥ in a neighbourhood
of t = * may, however, result in (very) small time step sizes in an error
controlled variable step size solver. The right plots of Figs.5 and 6 illustrate
that max;, ||qg(¢)|| is larger by a factor of 10 than the corresponding maximum
value max; || £2 (7)|| of the angular velocity 2.
For a rigid body system with N bodies, the kinematic equations (3.1a) and (3.4)
may be summarized to § = H(g)v with position coordinates ¢ being defined
by x@, qi{) ,(i = 1,...,N), and velocity coordinates v that summarize the
corresponding velocity terms U® and £ (or their counterparts u®, @ in the
inertial frame). The equations of motion get the form (2.22) with (2.22a) being
substituted by

g=H(gv. (3.5
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The parametrization by Euler angles is quite popular in multibody dynamics but
fails systematically for systems with large rotations. In that case, parametrizations
without singularities prove to be favourable. According to [85], ... it is now well
established that the optimal singularity free parametrization is defined in terms of
the (four) unit quaternion parameters.”

Remark 3.3

(a) Unit quaternions may be interpreted as normalized elements of R*:

Q={p=(po.p1.p2.p3)| €R*: |pl>=1}.

Identifiying the scalar part py of quaternion p with the quaternion ( po, 0,0,0) "
and its vector partp = (py,p2.p3) " with the quaternion (0, py, p2.p3) ", we get
p = po + p and its conjugate p* := py — p.

(b) The multiplication of two quaternions p = po +p and q = g + ¢q is defined by

q*xP=gqopo—¢q-P+qop +poq+4qgXxXp

and allows a very compact and computationally efficient representation of
rotations in terms of unit quaternions [76]. Identifying a given vector w € R3
with the quaternion 0 4+ w, we get wP := R(p)w by

0 0} 0,
o | = =P * * P
w w w
and the parametrization

pi+pi—pi—p3  2pip2—2pops 2pip3 + 2pop>
R(p) = 2p1p2 4+ 2pops PE—pl+p5—pi 2paps —2pop:

2p1p3 — 2pop2 2pops + 2pop1 - Py —pi—pi+p3

of rotation matrices R(p) in terms of unit quaternions p = ( po, p1.p2,p3) | € Q.
(c) As in Remark 3.2(b), we may express the angular velocity 2 in terms of the
time derivative of the parameter vector, see (3.3):

2 =Hy(p)p with Hy(p) = Ho(po,p) = (—2p. 2pol — 2 ) € R¥*.
(3.6)

In that way, the equations of motion are obtained as second order system (2.3)
with configuration variables ¢ € R’Y being composed of the position coor-
dinates x and the vectors of unit quaternions p) for all N bodies in the
rigid body system, see also Remark 3.2(c). The normalization of the unit
quaternions may be guaranteed by N constraints (2.3b) with g;(¢) := [|p?|3—1,
(i=1,...,N).
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The normalization condition for a unit quaternion p implies a hidden constraint

0= i (™) P — 1) = 2(p(1)) TH() = 2po(po(t) + 2(p(1) TP (1)

that may be combined with (3.6) to

2po 2" 5= 0
—2p 2pol—2p )

These four linear equations in terms of P = (po, p1,p2.p3) | yield kinematic
relations

) 1 T
p(t) = H(p(t))2(r) with H(p) := 5 ( polp+ﬁ ) e R¥3, 3.7

position coordinates p € R* and velocity coordinates £2 € R?, see [76].

Figure 7 shows simulation results for the heavy top model of Example 3.1.
The components of p vary smoothly and without singularities in time. The
comparison of the right plots in Figs.5 and 7 shows that the maximum
amplitude of P is of the same size as the one of £. In time integration,
the normalization condition ||p|; = 1 may be enforced conveniently re-
normalizing the numerical solution p, &~ p(t,) after each successful time step.
For a rigid body system with N bodies, the kinematic equations (3.1a) and (3.7)
are again summarized in compact form: § = H(gq)v. Note that the different
dimensions of p and £ result in a rectangular matrix H(q) € RV since
the position coordinates g are defined by x®, p®, (i = 1,...,N), and the
velocity coordinates v are composed of the velocity terms U? and 2 (or
their counterparts 1, @@ in the inertial frame). As in Remark 3.2(e), we get
equations of motion of the form (2.22) with (2.22a) being substituted by § =
H(q)v, see (3.5).

Heavy top: Unit quaternions Heavy top: Unit quaternions
1.5 2
1
1
0.5 -
0 20
©
-0.5
-1
-1
-1.5 -2
0 0.5 1 1.5 2 0 0.5 1 1.5 2

t [s] t [s]

Fig. 7 Parametrization of the heavy top model by unit quaternions. Left plot: p(t), right plot p(t)
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The mathematical structure of the configuration space for flexible bodies is very
similar to the one for rigid body systems if the flexible body is discretized in space
by finite elements (or finite differences). Following the finite element approach to
flexible multibody dynamics [45], the configuration variables describe the nodal
translations and rotations.

An alternative approach is based on (modal) model reduction and considers
small elastic deformations w.r.t. a floating frame of reference that describes large
translations and rotations of the flexible body in space [77, 78]. Here, the configu-
ration variables of each flexible body are composed of coordinates describing the
position and orientation of its (floating) frame of reference and modal coordinates
describing the (small) deformations w.r.t. this reference frame. As before, the basic
mathematical structure of configuration space and equations of motion is the one
that is known from rigid body systems.

For a more detailed discussion of flexible multibody systems, we refer to the rich
literature in this field including monographs like [20, 45, 77, 79, 82].

3.2 Model Equations in Multibody System Dynamics

The state variables of a mechanical multibody system model describe the position
and orientation of all bodies, the elastic deformation of the flexible components
and the internal state of all force elements. Parametrizing the rotation matrices by
elements of a linear space we get position coordinates ¢ € R™ with time derivatives
that depend linearly on velocity coordinates v € R™, see Sect.3.1. Position and
velocity coordinates have either one and the same dimension n, = n, or the
dimension of g exceeds the one of v and the position coordinates are subject to
ng — ny > 0 invariants

0=y (3.8)

representing, e.g., the normalization of unit quaternions.

The internal state of force elements is characterized by continuous state variables
¢(1) € R"™ and by time-discrete state variables r; € R" that remain constant in each
sampling interval [T}, Tj11) € [fo, fena]- The state variables represent, e.g., hydraulic
and electronic system components or control structures [14, 37]. They are subject to
changes according to first order ODEs

c=d(tq,s,v,c,rj,w,A, 1)
and (time-)discrete state equations

riy1 = a(r;,ri—1,..., Tjt1,4,8,v,¢,w,4, 7). (3.9)
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The right-hand sides d and a depend on ¢, ¢, v, ¢, ; and on Lagrange multipliers A
and 75 that correspond to holonomic and to nonholonomic constraints, respectively.

They may depend furthermore on additional algebraic variables s and w that are
introduced for a more convenient model setup in industrial applications [14, 73, 84].
Contact point coordinates s € R™ are used in the modelling of contact conditions to
determine the position of contact points on the surfaces of contacting bodies. They
are implicitly defined by a system of n; nonlinear equations

0=nh(tq,s) (3.10a)

with non-singular Jacobian dk/0ds. In the same way, coordinates w € R™ are
implicitly defined by a system of n,, nonlinear equations

0=>b(tq,s v,c,r;,w, A, 1) (3.10b)

with non-singular Jacobian 0b/dw. Variables of this type are used, e.g., in the
modelling of joint friction that results in force vectors f depending nonlinearly on
the constraint forces [73].

If there are bodies in the multibody system model that are permanently in contact,
then their relative motion is restricted by contact conditions that contribute to the
holonomic constraints

0=gl(tq,s), (3.11)

see [14, 84]. The structure of these constraint equations is slightly more complex
than in the classical setting of Sect.2.1, see (2.1). Formally, the contact point
coordinates s in (3.11) could be eliminated applying the implicit function theorem
to (3.10a) resulting in

0=2(tq) :=g(t.q.5(t.q)
with s = s(t, g) being implicitly defined by

0=n~h(rq.5(t.q).

Implicit differentiation yields

oh oh ds
0 = 9 bl , bl bl
3q(t q.5) + 2% (t.q.5) aq(t q)
and

oh oh . oh )
0= _ (t,g.8)+ . (t.q.9)q@) + . (t,q,5)s(¢).
ot dq ds
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Therefore, the constraint matrix is given by

= og D,
Glt.g.5) =Gl = 3 [(1.9) = (14.5(.)

dg 0g oh,_ 0h

oq s (as) aq](t,q,s)

_ Og g os .
= 0 B4+ a9y ) =]

and the hidden constraints at the level of velocity coordinates get the form

0= jtg(t,q(t),s(t)) = gé;(t,q,s) + gf;(r,q,s)q(z) + gf(t,q,s)s-(,)

_[9¢ dg ok —10h dg 0g 0Oh._,0h )
=[5 —a (o) 8t](t’q’s)+[3q 55 Lag) 8q](t,qr,S)q(t),

=g"(t,q9,5) + G(t.q.5)4(t) = 8" (t,q.5) + G(1,9,5)H(q) v ,

with g() summarizing the partial derivatives of g and h w.r.t. ¢, see (2.8) and (3.5).
In the dynamical equations, the holonomic constraints (3.11) result in constraint
forces — H'(q) G'(r,q,s) A with Lagrange multipliers A € R". Additional
constraint forces —K (¢, ¢, s) n with Lagrange multipliers y € R™ correspond to
nonholonomic constraints that are assumed to be in Pfaffian form 0 = K(z,¢,s) v +
ko(z,q,5), see [20].

With all these notations, the multibody system model equations may be summa-
rized in a hybrid system of discrete state equations (3.9) and differential-algebraic
equations

q =H(q)v, (3.12a)
M(t, )9 = f(t.q.5,v.¢.r;,w. A, ) —H (@G (1,¢.5)A =K (1.4.9)7,

(3.12b)
¢=d(t,q,5,v,c,rj,w,A,7), (3.12¢)
0=>5b(t,q,5,v,c,rj,w,A,9), (3.12d)
0 =h(tq,s), (3.12e)
0=g(tq,s), (3.12f)
0=K(,4q,5)v +ko(t,q,s) (3.12g)

that describe the evolution of all time-continuous state variables for ¢ € [T}, Tjy1).
Existence and uniqueness of solutions for DAE (3.12) may be studied along the
lines of the analysis in Sect. 2.2 provided that the terms

af B Bf(Bb)—l ob and af 3 af(Bb)—l ab
dA  ow\ow A an  ow \ow on
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are sufficiently small [62]. Essential assumptions for the existence of a locally
uniquely defined solution are known from Theorem 2.2: The symmetric, positive
semi-definite mass matrix M(z, ¢) is assumed to have full rank at the nullspace of
the extended constraint matrix

(G(t, q.5)H(g) )
K(z,q,s)

and this matrix has to have full rank. With these assumptions, the index of
DAE (3.12) is bounded by three, see Remark 2.3(a).

Note that the full rank assumption on G(¢,¢q,s) H(q) would be violated if the
invariants (3.8) would be considered in the holonomic constraints (3.12f) since 0 =
y(q(?)) and the kinematic equations ¢ = H(q)v, see (3.12a), imply

d 0 0
On, = 4,7 (@®) = ) (@0)d0) = ) @Hig)

for any velocity coordinates v € R™, i.e., (dy/9q)(q) H(g) = 0¢y,—n,)xn, -

As an alternative, n; — n, linearly independent invariants (3.8) with a Jacobian
(dy/0q)(g) of full rank could be enforced in time integration substituting the
kinematic equations (3.12a) by

) ay T

=H — , 3.13
q (@ (aq (q)) I (3.13a)
0=y (3.13b)

with artificial multipliers ¢ € R™™, see [43]. These new variables vanish
identically for the analytical solution since (dy /dq)(q) H(g) = 0 implies

d ay ) ay dy T
0=, 7la0) = @0)i0 = @ (H@v - () @) »)
Wy (W \T
== @ (5 @) n.

and (dy /dq)(0y/dq) " is non-singular by assumption. For the numerical solution,
the correction term —(dy/dq) " p in (3.13a) remains typically in the size of the
discretization error [43].

3.3 Multibody Formalisms and Topological Solvers

In Sect.2.1, we considered conservative systems being characterized by potential
forces —VU(g) and used Hamilton’s principle of least action to derive the equations
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of motion (2.3). Formally, this approach may be generalized to non-conservative
systems including, e.g., dissipative terms and actuator forces. In engineering
applications it is, however, more common to use equilibrium conditions for forces
and momenta for deriving the equations of motion of complex multibody systems
[74, 76].

These Newton—Euler equations are formulated most conveniently in an inertial
frame using absolute coordinates. To simplify the notation, we restrict ourselves in
the present section to linear configuration spaces and consider (absolute) position
coordinates p;(?) € R%, (i =1,...,N), for the N bodies of the multibody system.
Position and orientation of a rigid body (e)” are described by p; € R® for 3-D
models (d; = 6, see Sect.3.1) and by p; € R3 in the 2-D case. For point masses,
the (absolute) position may be characterized by Cartesian coordinates p; € R% with
d; =3in 3-D and d; = 2 in 2-D, see, e.g., Example 2.1.

In this body-oriented modelling framework, the interaction of bodies may be
described by force elements and by joints [52, 74]. Force elements represent, e.g.,
spring-damper elements and actuators and contribute in the mathematical model to
the force vector f.

Joints restrict the relative motion of (two) bodies w.r.t. each other and result in
(holonomic) constraints (2.1). Therefore, the basic internal structure of the DAE
model equations (2.3) is characterized by the topology of the multibody system in
terms of bodies and joints. The topology of a system with N bodies is represented
by a labelled graph with N + 1 vertices for the (rigid or flexible) bodies (),
(i=1,...,N), and an extra (virtual) body (e)® that is inertially fixed and stands
for the inertial system. Two vertices of the graph are connected by an edge if and
only if the corresponding bodies in the multibody system model are connected by a
joint restricting their relative motion, see Fig. 8.

In dynamical simulation, the topology of the multibody system model is
exploited to evaluate the equations of motion efficiently. An early reference in
this field is the work of Featherstone who developed an algorithm to evaluate
the equations of motion for a tree structured system of N bodies with &(N)
complexity [38], see also [24]. Such multibody formalisms may be interpreted
as a block Gauss elimination for an augmented set of equations of motion, see,
e.g., [61, 90] and the references therein. From the viewpoint of numerical linear
algebra, these algorithms define fopological solvers [88] for large systems of linear
equations (2.17) with sparse matrices M and G.

As a typical example, we consider in the present section a multibody formalism
for tree structured systems that is based on a mixed coordinate formulation. The
equations of motion are reduced to a second order ODE in joint coordinates g
with a right-hand side that may be evaluated with &'(N) complexity. These results
have recently been published in a slightly more general setting in [7, 8]. They are
essentially based on the work of Lubich et al. [61] and Eich-Soellner and Fiihrer
[37].

The graph of a tree structured multibody system is acyclic, i.e., it is free of loops.
Furthermore, it is connected and may be ordered such that there is a root vertex and
all vertices except this root vertex have a uniquely defined predecessor. It is assumed
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Fig. 8 Topology and labelled graph of a multibody system model with N = 5 bodies, see [8]

that the root vertex corresponds to the (inertially fixed) root body (#)®) and that the
other vertices are labelled such that the labels are monotonically increasing along
each branch of the kinematic tree.

With these assumptions, all bodies (¢)?, (i = 1,..., N ), have a uniquely defined
predecessor ()™ and the labels satisfy 7; < i. Each body (e)® may have (direct)
successors ()7 being characterized by mj = i or, equivalently, by j € I; := {k :
m, = i} with an index set /; that represents the set of all successors of a given
body ()@ in the multibody system model. Bodies without successors (I, = @)
correspond to leafs of the kinematic tree and are therefore called “leaf bodies”. The
tree structured system in Fig. 8 has the two leaf bodies (¢)* and (e)® and we have
11 = {2},12 = {3, 5},13 = {4}since7r1 = 0,7[2 = 1,7t3 = 5 :2and7r4 = 3.

Position and orientation of body () are characterized by the (absolute) position
coordinates p;(f) € R%. The relative position and orientation of body ()@ w.r.t. its
predecessor (e)™ is characterized by joint coordinates g;() € R representing the
n; degrees of freedom of the joint connecting (¢)® with (e)¢™:

0= k,-(p,-,pm,qi,t). (3.14)

Here and in the following we assume that (3.14) is locally uniquely solvable w.r.t.
p; and that the Jacobian K; = 0k;/dp; is non-singular along the solution. In its most
simple form, Eq. (3.14) defines p; explicitly by p;(t) = ri(p,, (1), q;(?), ) resulting in
K =1,.

The kinematic relations (3.14) at the level of position coordinates imply relations
at the level of velocity and acceleration coordinates that may formally be obtained
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by (total) differentiation of (3.14) w.r.t. time ¢, see (2.8) and (2.9):

d . . .
0= kipi(0.p,(0.4:0).0) = Kipy + Hipy, + Jid; + k" (po.p.q.0). (3.15)

0 = K, + Hip,, + Jidi; + k" po.po.p.5.4.4.1) (3.16)
with
ok; e, ok; e, ok; s
K, = e R%4  H; .= e Ré>di - J; .= € R (3.17)
ap; p ., 0q;

It is assumed that the joint coordinates g;(¢) are defined such that all Jacobians

J; have full column rank: rankJ; = n; < d;. Functions kf.l) := 0k;/0t and
ka) summarize partial time derivatives and all lower order terms in the first and
second time derivative of (3.14), respectively. They may depend on the (absolute)
coordinates p, of the root body, on the absolute coordinates p := (p;,...,py)
of the remaining N bodies in the system, on the corresponding joint coordinates
q:=1(q,,....qy) andonp,, p and q.

In recursive multibody formalisms, the position and velocity of the root body
@o(?),po(2)) as well as all joint coordinates q,(¢), ¢;(¢), (i =1,...,N), at a current
time ¢ are assumed to be given. Starting from the root body, the absolute position
and velocity coordinates p, (), p;() of all N bodies (), (i = 1,...,N), may then
be computed recursively using (3.14) and (3.15), respectively (forward recursion).

The equilibrium conditions for forces and momenta are formulated for each
individual body () using its absolute coordinates p; :

M, + K p,+ Y Hlp,=f. (i=1.....N). (3.18)

JEI;

They contain the reaction forces of the joints connecting body (e)?” with its
predecessor (K;F;Li) and with its successors in the kinematic tree (H]T[,Lj, j el

All remaining forces and momenta acting on body (e)® are summarized in the force
vector f; = f;(p.p.q,q.1) € R%. The body mass matrix M; € R%*% contains mass
and inertia tensor of body () and is assumed to be symmetric, positive definite.
For a discussion of rank-deficient body mass matrices M; we refer to [7].

The specific structure of the joint reaction forces with Lagrange multipliers
w;(t) € RY that satisfy

J =0, (Gi=1,..N), (3.19)

results from the joint equations (3.14) and from d’Alembert’s principle since the
virtual work of constraint forces vanishes for all (virtual) displacements being
compatible with (3.14). In (3.19), matrix J; denotes the Jacobian of the constraint
function k; w.r.t. joint coordinates q; € R", see (3.17).
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Block structured system Re-ordering of rows and columns

10

20

30

40

40 60 0 20 40 60
nz =576 nz =576

Fig. 9 Sparsity pattern of matrix (2.18) for a mixed coordinate formulation of the tree structured
system of Fig. 8. Left plot: Original structure (2.18). Right plot: Structure after re-ordering of rows
and columns according to the system’s topology, see Example 3.2

Equations (3.16), (3.19) and the equilibrium conditions (3.18) are linear in p, §
and . They may be summarized in a large sparse system of the form (2.17) with
(4. A) being substituted by ((5',4")T, p). The block diagonal mass matrix M
is of size (n, + ng) x (n, + ng). It has rank n, since the non-zero blocks on the
main diagonal are given by the symmetric, positive definite body mass matrices M;,
(i = 1,...,N). The non-zero blocks of the constraint matrix G result from the
Jacobians K;, H;, J;, (i=1,...,N), see (3.17).

Example 3.2 The left plot of Fig. 9 shows the sparsity pattern of matrix (2.18) for a
3-D version of the tree structured system in Fig. 8 with N = 5 rigid bodies (d; = 6)
and joint coordinates ¢; of dimensionny = 4, ny = 2, n3 = 5,n4 = 1, ns = 2.
The body mass matrices are given by M; = blockdiag (m;I3, ©;) with m; € R
and @; € R¥3 denoting mass and inertia tensor of body (¢)®, (i = 1,...,N).
With kinematic relations p;(#) = ri(p,,(?),q;(t), 1), we get Jacobians K; = I¢, (i =
I,...,N).

To reduce the bandwidth of this sparse symmetric matrix, rows and columns
are re-ordered according to the system’s topology. This may be achieved by the
vector of unknowns x = (x5, xJ_,, ..., x| )T withx; € R">" summarizing the
unknowns p;, §; and p; that correspond to body (). Then we obtain an N x N
block structured system with non-singular diagonal blocks A; € RU2Fm)x(12+m)
(i=N,N—1,...,1)

pi M, 0 K/
xi=|q | A= 0 0o JT
Wi Ki Ji 0
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For chain structured systems, this re-ordered matrix is block-tridiagonal. In a
tree structured system, each ramification yields an extra non-zero block below this
block-tridiagonal band (accompanied by its transposed in the upper triangle).

This sparsity structure is illustrated by the right plot of Fig. 9 that shows a 5 x 5
block structure with diagonal blocks of dimension 14 x 14, 13 x 13, 17x 17, 14x 14
and 16 x 16. The non-zero off-diagonal blocks in block row 4, block column 1 and
in block row 1, block column 4 correspond to the ramification of the kinematic tree
at body (e)@ that has rwo successors (¢)) and (8)©). (Note that block column i is
multiplied by vector xy-41—; sincex = (x5, xy_, ..., x[)T).

The mixed coordinate formulation results in sparse systems (2.17) for the
accelerations p, ¢ and the Lagrange multipliers p. Example 3.2 shows how to re-
arrange rows and columns of matrix (2.18) to get a sparse N x N block structure
reflecting the system’s topology. Lubich et al. [61] combine this approach with a
block Gauss elimination to compute p, ¢ and w with & (N) complexity.

In engineering, such structure exploiting algorithms have been formulated such
that all intermediate results have a straightforward physical interpretation (&' (N)-
formalisms): We start with the observation that the equilibrium conditions (3.18)
get a simpler form for leaf bodies (¢)® since I; = {j : mj = i} = § in that case.
We obtain

MKip; + p; = f; (320)

with f ;= Ki_Tf i Ki_T = (K;'—)_1 and the symmetric, positive definite mass

matrix M; := Ki_TMiKi_l. Equations (3.16), (3.19) and (3.20) define a system of
2d; + n; linear equations that may be solved w.r.t. p;, §; and u;:

Lemma 3.1 Consider the system of linear equations

MKp; + p; = f:, (3.21a)
I n, =0, (3.21b)
K, + Wi, + Jid; + k" =0 (3:21¢)

with matrices M;, K;, H; € R4 J. € RP" gnd vectors )28 ;L,-,f,-,ﬁm,k;m e R,

q; € R". IfM; is symmetric, positive definite, K; is non-singular and J; has full rank
n < d, then (3.21) may be solved w.rt. p;, I,, §; resulting in

G = —(TMJI) Y f - 0TV T T M B, + ) (3.22a)

b= K \\p, +k), (3.22b)

7 (1)

wi=f; + MHp, + Mk, (3.22¢)
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with
H; := (I, — J;(J] MJ) ™' 3 M) H; (3.23a)

k= (L= ATV T - 30T Ma) T (3:23b)

Proof If 1\7[_,- € R% is symmetric, positive definite and J; € R%*" has full rank, then
matrix J iTM,-J i € R™" is symmetric, positive definite as well and left-multiplication
of 3.21¢c) by (JTM:J,) " JM; yields

4 =~ MJ) T ITMKp, — OTMI) T IV Hp, + 7). (3.24)
Taking into account that left-multiplication of (3.21a) by J IT results in
I fi=ITMKp, + 3 p; = JTMKip;,

see (3.21b), we may substitute the first term in the right-hand side of (3.24)
by —(J;rl\_/IiJ,-)_IJ;rf,- and get the explicit expression (3.22a) for g;. This explicit
expression is used to obtain assertion (3.22b) multiplying (3.21c) from the left by
matrix K;'. Finally, assertion (3.22c¢) is seen to be a straightforward consequence
of (3.21a) and (3.22b). |

For leaf bodies (o), the equilibrium conditions (3.18) were transformed
straightforwardly to the simpler form (3.20). Lemma 3.1 allows to get by induction
these condensed equilibrium conditions with suitable M, f . for all bodies (8)® of
the tree structured system: Let us assume that the equilibrium conditions of all direct
successors (¢)) of body () are given in form (3.20), i.e.,

MjK]ﬁj + ”ﬂj :.f ’ (.] € Il) .
Applying Lemma 3.1 to body (#)?) we obtain

= - = .. - —(II)
w; =f; +MHp; + Mk;
since w; = i if (0)? is a direct successor of (e)@, see (3.22c). Inserting

this expression in (3.18), we get after left-multiplication by Ki_T the condensed
equilibrium conditions (3.20) with

V[ — K- T -1 T M. K-
M; :=K; "MK;' + ) K; TH/M;HK;"'
JEli
=K, "MK + ) K TH (M, - MJ,(JT M) I M) K
JEI;

(3.25a)
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F kT STHT(F 1 ™
fi =K fi+ZKi H; (f; + Mjk; ™)

JEli

=K 'f; = Y K TH] (L, — MM TN (F; + M) . (3.25b)

=4

The condensed mass matrix M; in (3.25a) is symmetric, positive definite since it is
composed of the symmetric, positive definite matrix Kl._TMiKl._l and a finite sum
of symmetric, positive semi-definite matrices [7, Lemma 1]. Starting from the leaf
bodies and following all branches of the kinematic tree to the root, the compact
form (3.20) of the equilibrium conditions may be obtained recursively for all N
bodies (8) of the multibody system (backward recursion).

From the viewpoint of numerical linear algebra we may interpret the transfor-
mation of the equilibrium conditions (3.18) to their condensed form (3.20) as a
block Gauss elimination that transforms sparse block structured matrices like the
one in the right plot of Fig.9 to upper block triangular form. From the viewpoint
of physics, we observe that the condensed mass matrix M, in (3.20) summarizes in
compact form the mass and inertia terms of body () and all its successors in the
kinematic tree. The condensed force vector j_” ; represents the corresponding forces
and momenta.

Since the backward recursion results in condensed equilibrium conditions (3.20)
for all N bodies of the multibody system, we may use Lemma 3.1 to verify that p; =

a;, (i=1,...,N), with vector valued functions a; that are recursively defined by
ay :=p, =0, (3.26a)
4= K '(Bay +k"). (i=1,....N), (3.26b)

see (3.22b). This second forward recursion exploits the assumption that the root
body (#)© is inertially fixed such that the sequence (a;); may be initialized

by (3.26a).
The recursive multibody formalism is completed using the explicit expres-
sion (3.22a) for the accelerations ¢;, (i = 1,...,N), from Lemma 3.1:
4 =~ M) I~ OTMI) ™ T Mi(Hiaz, + k). (327)

The recursive multibody formalism is summarized in Table 1. It is an explicit
O'(N)-formalism since the right-hand side of an explicit second order ODE

4(1) = ¢(t.q9(1).4(1)) (3.28)

for the joint coordinates () is evaluated with a complexity that grows linearly with
the number N of bodies in the tree structured multibody system.
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Table 1 Explicit 0(N)-formalism

Data 1,q(1), (1), po (1), po(?)
Result 4 =14q(t.q,q.py.Py)
Step 1 First forward recursion

Start at the root body (®)® and follow the branches of the kinematic tree to evaluate
recursively the absolute position and velocity coordinates p; = p;(t, q;,p,,) and
P, =p(t.4;.4;:P5,;-Pr), (i=1,...,N), according to (3.14) and (3.15)
Step 2 Backward recursion
Start at the leaf bodies and proceed along the branches of the kinematic tree to
evaluate recursively the condensed mass matrices M; and the condensed force
vectors f;, (i = N,N —1,..., 1), according to (3.25)
Step 3 Second forward recursion
Set ap := 0 and follow the branches of the kinematic tree to evaluate recursively
the acceleration terms a; = a;(t,q,4.p,.py), (i = 1,...,N), according to (3.26b)
Step 4 Function evaluation
G =—0 MY I — 3T M) T M, + k™), (i=1,...,N)

Alternatively, the equations of motion may be evaluated in residual form
r(t.q(1).4(1).4(1) = 0
with
r(t.q.4.9) :=M(t.q9)§ —f(t.q9.9) - (3.29)

Residual formalisms [36] evaluate the residual r(z, q, ¢, g) for given arguments
t, ¢, ¢ and for a given estimate of § more efficiently than the explicit formalism of
Table 1. In time integration, they have to be combined with implicit integrators like
DASSL[26] that are tailored to implicit differential equations in residual form. Since
the linearly implicit structure of the residual in (3.29) may result in frequent re-
evaluations of the iteration matrix in the implicit integrator, the overall performance
of explicit formalisms in time integration is, however, often superior [12, 73].

Explicit formalisms and residual formalisms are tailored to tree structured
systems. Multibody system models with closed kinematical loops are beyond
this problem class since the loops result in cycles in the corresponding graph.
Formally, such a more complex model may be transformed to tree structure cutting
virtually the loop-closing joints to get a simplified model with tree structure [19].
For this simplified model, the right-hand side ¢ in (3.28) and the residual r
in (3.29) are evaluated with &'(N) complexity by multibody formalisms for tree
structured systems. Finally, the virtually cut joints are considered in the equations
of motion (2.16) by holonomic constraints (2.16b).
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4 Time Integration Methods for Constrained Mechanical
Systems

The time integration of constrained mechanical systems was a topic of very active
research in the 1980s and 1990s. The interested reader may find a comprehensive
introduction to this subject in [50, Chap. VII].

Early approaches in this field were based on the direct application of ODE time
discretization methods to the constrained equations of motion (2.16), see [31, 67].
We will discuss time integration methods of this type and their limitations and
shortcomings in Sect.4.1. The robustness and numerical stability of numerical
methods for higher index DAEs may be improved substantially by an analytical
index reduction before time discretization. In Sect. 4.2, we will consider index
reduction and projection techniques for constrained mechanical systems.

To omit technical and implementation details we focus in the present section on
equations of motion of the form

M(9)i = f(q.9) — G (q) A, (4.1a)
0=2g(q) (4.1b)

with a constraint matrix G(g) = (3/0q)g(q) of full rank and a symmetric, positive
semi-definite mass matrix M(g) that is positive definite on the nullspace of G(q).
With these assumptions, the index of (4.1) is less than or equal to three. For positive
definite mass matrices M(g), the system is analytically equivalent to an index-3
DAE in Hessenberg form, see Sect. 2.2.

4.1 Direct Time Discretization of the Constrained Equations
of Motion

For time discretization, the equations of motion (4.1) may either be considered as a
second order DAE in terms of ¢ and A or as a first order DAE in terms of ¢, v and A
with v(7) := q(¢) denoting the velocity coordinates, see Sect.2.2.

4.1.1 Time Integration of Second Order Systems by Newmark Type
Methods

The numerical solution of unconstrained systems

M(g)§ = f(q.9) (4.2)
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by Newmark type methods is quite popular in structural dynamics and flexible
multibody dynamics [45]. In its most general form this class of integrators is
given by the generalized-a method that was originally introduced for linear systems
Mg + Dg + Kq = r(r) with M, D, K denoting the (constant) mass, damping and
stiffness matrix [33].

For nonlinear systems (4.2) with state dependent mass matrix M(q), we fol-
low the approach of Briils [9] who proposed to update the numerical solution

(@G- G,) ~ (q(12).4(1).§4(1,)) in time step 1, — fy41 = 1, + h by

Qi1 =4, + hg, + 1*(0.5— B)a, + h*Bayy1 . (4.3a)
dpp1 =4, + (1 —y)a, + hya,1 (4.3b)

with acceleration like vectors a,, that are defined by a weighted linear combination
(1 - am)an+1 + ama, = (1 - af)ijn+1 + Offiin (4.3¢)

such that the equilibrium conditions

MG+ 1)bn+1 =S @nt1@ut1) 4.4)

att = 1,4 are satisfied.

The method is characterized by the algorithmic parameters oy, o, B and y. It has
local truncation errors of size &'(h?) in the update formulae (4.3a,b) for position and
velocity coordinates if y = 0.5 — (a;, — o). In structural dynamics, the remaining
free parameters ay, o, and B are adjusted such that the numerical solution for the
scalar linear test equation § + w?q = 0 is stable for all time step sizes 4 > 0 and
a user prescribed damping ratio poo € [0, 1] is achieved in the limit case hw — oo,
see [33].

An alternative definition of algorithmic parameters goes back to the work of
Hilber et al. [51] who considered method (4.3), (4.4) for systems (4.2) with constant
mass matrix M. In these HHT—a methods, the parameters oy, o, are given by
o = —a € [0,1/3] and o, = 0 and the update of vectors a,, is simplified to

Man+l = (1 + a)f(qn—l—l?qn—l—l) - af(qn’ qn) s (4’5)

see (4.3c) and (4.4). With parameters y = 0.5 —a, B = (1 — «)?/4, the local
truncation errors in (4.3a,b) are of size ¢'(h*) and the method is unconditionally
stable for the linear test equation [45].

For the direct application of generalized-o methods to constrained systems (4.1),
the time-discrete equilibrium conditions (4.4) are substituted by

M(qn+l)§n+1 :f(qn-l-l’ qn+l) - GT(qn+l)A‘n+l s (468.)
0=2(g), (4.6b)
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see [9] and the earlier work of Cardona and Géradin [31] and Negrut et al. [66] who
applied HHT-o methods to constrained systems (4.1) with constant mass matrix M.
In each time step, the numerical solution is defined implicitly by linear update
formulae (4.3) and nonlinear equilibrium conditions (4.6). Taking into account the
linear equations (4.3), we may express ¢, , §,+1> 4,+; and @, in terms of the
scaled increment

Agq, = q, + h(0.5 — B)a, + hBa,+, (4.7a)

in the position update (4.3a) and get

9u+1 = 9,+1(4q,) = q, + hAq,, (4.7b)
1 .

ap+1 = an-l—l(Aqn) = ﬂh (Aqn -4, — (05 - IB)han) ’ (47C)

ot = us1(Ag,) = © Ag, + (1= D)g, +h(1— " ay, (4.7d)
B B 28

. . (A ) l_am (Aqn_QVl 05 )+an_afén (47 )

= = —0.oa, ’ . /e
4+1 = 124G, Bl —ay) h _—

In that way, the nonlinear system (4.3), (4.6) is condensed to ng + n, nonlinear
equations

0 =ry""(Aq,. hAnt1), (4.8a)
0=2g,""(Aq,) (4.8b)

in terms of Aq, and kA, 4. The nonlinear functions

ri 1 (Ag, hAny1) == M(q,1,(Aq,)) i, (Aq,)
— hf (@,41(Aq,). 4,41(Aq,) + G (q,4,(Aq,) hA,t1

1
g '(Aq,) = 1 8@41(44,).

are defined by the constrained equilibrium conditions (4.6). They are scaled such
that the Jacobian

rn+1 arz;l+l
8Aq a(han) _ " Mg, +O0(h) GT(g,)+ OO
| ntl ,3(1 )
g, % G(g,) + O(h) 0

aAqn I(hAnt1) 49)
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and its inverse remain bounded for 7 — 0 for algorithmic parameters oy, o,
according to [33] or [51]. Scaling techniques are mandatory for the direct time
discretization of higher index DAEs [70], see also [47]. For the application to
constrained mechanical systems, they have been studied again more recently in [23].

Note that the Jacobian in (4.9) has the characteristic 2 x 2 block structure that
was considered in Lemma 2.1 above. For sufficiently small time step sizes & > 0, it
is non-singular since the constraint matrix G(q,) was assumed to have full rank and
the positive semi-definite mass matrix M(q,,) is positive definite on the null space
of G(g,).

Generalized-« and HHT-o methods for constrained systems have been used
successfully in large scale practical applications [45, 66]. They may, however, suffer
from a strange solution behaviour in transient phases after initialization and step size
changes:

Example 4.1 (See [15, Example 1]) We consider two different initial configurations
of the mathematical pendulum with equations of motion (2.6) and physical param-
eters m = 1.0, = 1.0, ggray = 9.81 (physical units are omitted). The consistent
initial values xg, yo, X0, Yo, Ao are defined such that the total mechanical energy
T+ U =m@E* +3%)/2 + mgeavy at t = ty is given by Ty + Uy = m/2 — mggrayl.
In that way, all solution trajectories with initial values xo > 0, xo > 0 coincide up to
a phase shift to the one with initial values xo = 0.0, yo = —1.0, xo = 1.0, yo = 0.0,
Ao = 10.81.

Figure 10 shows the global errors in the Lagrange multiplier A for the
generalized-o method (4.3), (4.6) with a damping ratio po, = 0.9 and algorithmic
parameters oy, o, B and y according to [33]. The left plot shows A(f,) — A, for

simulations that start at the equilibrium position (xo,yo) = (0,—/). Comparing
the simulation results for time step size h = h := 0.02 (marked by “x”) and the
" 10—3 x,=0.0 x,=0.2
4 0.3
< <% 02
2 A
= g o
S o S o
s 5
g ., i) g 1
© —x—h=002|] 2 _
o o h=001 o -02
-4 -0.3
0 0.5 1 0 0.5 1
t t

Fig. 10 Global error A(z,) — A, of the generalized-o method (4.3), (4.6) for the equations of
motion (2.6) of the mathematical pendulum with initial values xo = 0 (left plot) and xy = 0.2
(right plot)
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ones for time step size & = h/2 = 0.01 (marked by “o0”), we observe second
order convergence since the maximum amplitudes are reduced from 4.0 x 1073 to
1.0 x 1073, i.e., by a factor of 2> = 4.

For simulations starting at x, = 0.2, the global errors are two orders of magnitude
larger than before. The right plot of Fig. 10 shows a first order error term with
maximum values that are reduced from 0.24 to 0.12 if the time step size is reduced
by a factor of 2. This large oscillating error term is damped out after about 100
time steps. The detailed error analysis in [15, Remark 3a] shows that [A(z,) — A,| is
bounded by Cyn?pl%, 0| h + C>h? with suitable constants Cy, C, > 0.

The test results in Fig. 10 are not sensitive to the initialization of (4.3) by starting
values (¢, §o. §o. @0) With g = q(t), 4o = q(t0), §o = §(10) and @y = §(to)+
O(h). In the numerical tests, we used starting values ap = ¢(to + (@ — ay)h)+
O (h?) that are optimal in the sense that the local truncation error in (4.3c) is of size
O(h?) if (§,,4,, @n+.) is substituted by (§(t, +th), §(t, + (t+ o —ar)h)), (1 = 0, 1),
see, e.g., [55].

Example 4.1 illustrates that the direct application of generalized-o methods
to constrained systems (4.1) may result in order reduction with a large transient
oscillating error term that depends in a nontrivial way on the initial values q(%),
q(tp). Modified starting values ¢, = q(ty) + Ao with a correction term A, of
size 0'(h?) have been proposed to eliminate this first order error term and to regain
second order convergence [15].

Newmark type integrators like the HHT-o method and the generalized-o method
are tailored to second order systems (4.1) and (4.2). They may, however, be extended
to models with additional first order differential equations [28, 54]. In multibody
dynamics, such coupled systems of first and second order differential equations are
typical of systems with hydraulic components, see Sect. 3.2.

4.1.2 ODE and DAE Time Integration Methods for First Order Systems

As an alternative to time integration methods for the second order differential
equations from structural dynamics we introduce velocity coordinates v := ¢ and
consider ODE and DAE time integration methods for first order systems that are
applied to the linearly implicit DAE

g—v q
0=TF(t,x,%):= | M(g)p —f(q.v) + G (g) A with x:=| v
g(q) A

(4.10)
that is equivalent to the constrained system (4.1), see Remark 2.3. Implicit Runge—
Kutta methods and implicit multi-step methods have originally been developed for
the time integration of first order ODEs

x = o(t,x) (4.11)
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but may (formally) be applied to DAE (4.10) as well:
Remark 4.1
(a) An implicit Runge—Kutta method uses s stage vectors
X, =%, +h Zajxj (i=1,....5) (4.12a)

(b)

Jj=1

to update the numerical solution x,, &~ x(t,) in time step t,, — t,41 = t, + h
according to

Xop1 =Xp+h Y bXy (4.12b)

i=1

with stage vectors X, ~ x(t, + c;h) that are connected to X,,; & x(, + c;h) by

Xni:‘p(tn+cihsxni)v (l: 1,--.,S) (412C)
in the ODE case and by
0="F(, + cih, X, Xn), (i=1,....5) (4.124d)

in the application to DAE (4.10). The method is characterized by nodes c;,
weights b; and Runge—Kutta parameters a;;, (i,j = 1,...,s). The application
of implicit Runge—Kutta methods to higher index DAEs was studied, e.g., in
[69] and [47].

For linear k-step methods with parameters o, B;, (j = 0,1,...,k), we have

k k

1 .

5 > a1 = Y Bitnti— - (4.13a)
j=0 j=0

In time step t, — t,41 = 1, + h, the vectors x,,11—; = x(t, —(—1)h), Xpr1-j ~
x(t,— (G—Dh), (G = 1,...,k) are assumed to be known and the numerical
solution x,, 4+ & x(t,+1) is defined such that

Xppt = @t 1, Xn41) (4.13b)
for ODEs and

0= F(tn+17xn+l7xn+l) (4.13¢)
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in the application to DAEs (4.10). Considering k-step methods (4.13) with
parameters B = 1, 8; = 0, (j = 1,...,k), we may eliminate X, ; and get
the k-step BDF methods

k
1
0 = F(tur1, i1, ; A1) - (4.14)

BDF are the most frequently used DAE time integration methods in technical
simulation since they may be combined with very efficient step size and order
control strategies [26].

For constrained mechanical systems (4.10), fixed step size BDF (4.14) define
the update of position coordinates g, explicitly in terms of v,,4;:

k

h Q;
Qo1 = oyt (Vng1) = Vg1 — Z dnti1—)-
o paril)

Similar to generalized-a methods, we may use this expression to eliminate g,
in the BDF definition (4.14) and get a condensed system of n, + n, nonlinear
equations

0=r;" (a1, hAuy1) (4.152)
0=g" (vat1) (4.15b)

with

k
P Wagt, B := M(g,11 (Va11)) Zajvn+l—j
=0

— 1 (@1 (Vnt1)s Vst 1) + G T (Gppy (Vng 1)) HA 1
1
g (way) = hg(qn+l(vn+1))v
see (4.8). The Jacobian

n+1 n+1
or), or),

gy dhAnsr) | _ (aoM(qn+1<0>) +0()  GT(g,1(0) + Oh) )
dgyt ogpt! G(q,11(0)) + O(h) 0

0V, 0(hA,41)

has the characteristic 2 x 2 block structure (2.18). The Jacobian and its inverse
are bounded for 7 — 0.
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The direct application of implicit Runge—Kutta methods and BDF to the con-
strained system (4.10) may again result in order reduction [26, 47]. For variable
time step sizes, the numerical solution may even fail to converge [68]:

Example 4.2 (See [6, Sect.5]) The backward Euler method is both a one-stage
implicit Runge—Kutta method (4.12) with parameters aj; = b; = ¢; = 1 and
the one-step BDF (4.14). For equations of motion (4.10) with mass matrix M = 1,
force vector f = 0 and time dependent constraints 0 = g(z, q(¢)) := Cq(t) —z(¢), it
is defined by

9n+1 —4qn = Vpp
h, n+l
Vpt1 — Un T
=-C'A +1
h, "

0=Cq,4 —z(tnt+1)

with &, denoting the (variable) time step size of time step t, — t,+1 = #, + hy.
Straightforward computations show that

By + B e h:_
Ay = =" THCCT) ) + Oh) + O

if z is three times continuously differentiable. For h,—; — 0, h, — 0 and a fixed
step size ratio 0, := h,/h,—; # 1, the numerical solution A4, does not converge to
the analytical solution A (#,+1) = —(CCT)~'%(t,+1) that is obtained differentiating
the constraints 0 = Cq(f) — z(¢) twice and inserting § = —C " A(¢) afterwards.

The direct application of implicit ODE time integration methods to DAEs (4.1)
and (4.10) is intuitive and may be extended straightforwardly to more complex
model equations including, e.g., nonholonomic constraints or additional algebraic
equations 0 = h(g, s) with non-singular Jacobian 0k /s, see (3.12). Special care is
needed in the practical implementation of these methods to address ill-conditioning
of iteration matrices [23, 47, 70] and reliable estimation of local errors in step size
control algorithms [26, 50].

In Examples 4.1 and 4.2, we have verified by two trivial test problems that the
direct time discretization of the constrained equations of motion by ODE methods
results systematically in poor simulation results for the Lagrange multipliers A. For
more realistic multibody system models from practical applications, these numerical
problems may affect the result accuracy of position and velocity coordinates as well.

In [5], we discussed this numerical effect for test scenarios from railway
dynamics. The dynamical behaviour of rail vehicles is strongly influenced by the
contact and friction forces between wheel and rail. In a rigid body contact model,
the permanent contact between wheel and rail is described by holonomic constraints
[84]. In the constrained system (4.10), the friction forces are part of the force
vector f. They depend nonlinearly on the wheel-rail contact forces —G ' (q) A,
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Rigid wheelset with conic wheels
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Fig. 11 Lateral displacement y(¢) of a rigid wheelset performing a hunting motion [6, Fig. 8]
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Fig. 12 Global error of the implicit Runge—Kutta solver RADAUS being applied directly to
DAE (4.10): hunting motion of a rigid wheelset [6, Fig. 9]

see [57, 84]. As a practical consequence, we get equations of motion (4.10) with
f=r(g.v.2).

We present numerical test results for a rigid wheelset following a straight track,
see Fig. 11. These test results were published before in [6, Sect. 5]:

Example 4.3 We consider the multibody system model of a rigid wheelset with
conic wheels moving with constant speed along a straight track. It is a well-known
phenomenon from railway dynamics that the central position of the wheelset on the
track gets unstable if the speed exceeds the so-called critical speed. Starting with
a small initial lateral displacement y(#) the wheelset oscillates in lateral direction
(hunting motion), see Fig. 11.

The rigid wheelset has six degrees of freedom and is described by position
coordinates g(f) € R®. The permanent contact between the two wheels and the rails
is modelled by two holonomic constraints resulting in contact forces —G ' (g) A with
A1) € R%

Figure 12 shows numerical test results for the implicit Runge—Kutta solver
RADAUS that adjusts its (variable) time step size &, automatically to meet user-
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defined error bounds [50]. Practical experience in ODE applications shows that
RADAUS keeps the global error of the numerical solution usually well below these
user-defined error tolerances TOL. But in the application to DAE (4.10), the relative
errors remain even for very small error bounds in the size of 0.1...1.0%. As a
typical example, the left plot of Fig. 12 shows the error in the lateral displacement y
for various values of TOL.

To analyse these unsatisfactory results, we modify one of the internal solver
parameters. BDF (4.14) and implicit Runge—Kutta methods (4.12) define x,+
solving a system of nonlinear equations. In the practical implementation this system
is solved iteratively by Newton’s method that is stopped if the residual is less than
k-TOL. In this stopping criterion the user-defined error tolerance for time integration
(TOL) is scaled by a constant ¥ < 1 that is a free control parameter of the solver.
Default values are k = 0.33 in the BDF solver DASSL, see [26], and k = 0.03 in
the implicit Runge—Kutta solver RADAUS, see [50].

The right plot of Fig. 12 shows that the error in time integration is reduced
drastically and remains now roughly in the size of the error bounds TOL if « is
set to the very small value x = 107>. The comparison of left and right plot in
Fig. 12 illustrates that the direct application of RADAUS to DAE (4.10) makes
the solver very sensitive to (small) iteration errors in Newton’s method. This
practical observation coincides with the results of a detailed perturbation analysis
for analytical and numerical solution [2].

4.2 Index Reduction and Projection

In the direct application of ODE time integration methods to DAE (4.10) the
robustness of the solvers may be improved substantially by small values of « that
result in (very) small iteration errors in Newton’s method, see the right plot of
Fig. 12. On the other hand, values of k that are less than 1073 increase the number of
Newton steps per time step substantially and may slow down the solver dramatically.

Instead of applying ODE time integration methods directly to (4.10) it proved
to be much more advantageous to transform the equations of motion analytically
before time integration. This index reduction is the key to the robust and efficient
dynamical simulation of constrained systems. It results in several analytically
equivalent DAE formulations of the constrained system that is originally given in
its index-3 formulation [50]

g=mv, (4.162)
M(q)d = f(g.v) — G (g)A, (4.16b)
0=2g(q) (4.16¢)
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with position coordinates ¢, velocity coordinates v and Lagrange multipliers A,
see (4.10) and Remark 2.3. Note that the index of (4.16) is three if the mass matrix
M(g) is positive definite but may be less than three for rank-deficient mass matrices,
see Example 2.5.

4.2.1 Index-2 Formulation

Substituting the constraints (4.16c) by the corresponding hidden constraints

d 0
0= 2@®) = ) @1)il) = G@®)® (4.17)
q

at the level of velocity coordinates, see (2.8), we get the index-2 formulation [50]

g=mv, (4.18a)
M(g)i = f(g.v) —GT(g)A. (4.18b)
0= G(qv (4.18¢)

that is analytically equivalent to the original equations of motion (4.16) if the initial
values g, are consistent with the holonomic constraints (4.16c¢) since g(g,) = 0
implies

d
g(a(1) = glq(i)) + / L 8@ dr=0 4.19)
N——— 1 t
=g(q9)=0

=0, see (4.17) and (4.18c)

for all ¥ > #;. Following step by step the index analysis in Remark 2.3, we see that
DAEs (4.18) with positive definite mass matrices M(gq) have differentiation index
and perturbation index two.

Example 4.4 The perturbation analysis for index-2 systems (4.18) shows that the
numerical solution is much less sensitive w.r.t. small constraint residuals than in the
index-3 case [2]. This is nicely illustrated by numerical test results for the wheelset
benchmark of Example 4.3. Applying the implicit Runge—Kutta solver RADAUS
to the index-2 formulation (4.18) of the equations of motion, we get much smaller
errors than before, see Fig. 13. For default solver settings (left plot, « = 0.03),
the error remains roughly in the size of the user prescribed error tolerances TOL
with some error saturation at the level of 107° for tolerances TOL < 107°. Further
improvements are achieved by enforcing very small constraint residuals (right plot,
k = 107°) but these highly accurate simulation results require again much more
computing time than the simulation with standard solver settings.
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Fig. 13 Global error of the implicit Runge—Kutta solver RADAUS being applied to the index-2
formulation (4.18) of the equations of motion: hunting motion of a rigid wheelset [5, Fig.2.1]

The time discretization of index-2 DAEs by implicit Runge—Kutta methods and
BDF is discussed in the monographs [26, 47, 50]. For generalized-o and HHT-«
methods, the combination of index reduction and time discretization is studied, e.g.,
in [55, 56, 63], see also the recent analysis for configuration spaces with Lie group
structure in [15]. The practical implementation of these implicit time integration
methods for the index-2 formulation (4.18) follows the implementation scheme that
was discussed in Sect.4.1. In the systems of nonlinear equations (4.8) and (4.15),

equations (0 = gZ“ have to be substituted by

0= gz—‘rl (Aqn) = G(qn+l (Aqn))Qn-l—l (Aqn)

for the generalized-o method and by

0=2¢"(vitr1) = G(qpy1 (V1) Vit1

in the BDF case.

Remark 4.2 For non-stiff constrained systems, the use of half-explicit Runge—Kutta
methods for the index-2 formulation (4.18) of the equations of motion proves
to be favourable since these methods avoid the solution of systems of nonlinear
equations. The s stage half-explicit method has nodes c¢;, weights b; and Runge—
Kutta parameters a;, (i = 1,...,s,j = 1,...,i — 1). It updates the numerical
solution (g, v,, A,) in time step #, — t,+1 = t, + h using stage vectors

Qi ~ q(ty + cih), Vi =~ v(ty + cih), Vi & 0(ty + cih), Api ~ Aty + cih) .
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(i=1,...,s), that are initialized by

Qu=¢,, Vi =vu, Val =0,, Ay =24, (4.20a)
with 9, satisfying the dynamical equations at t = #,:
M(g,)0n = £ (g, v) = G (g,) An (4.20b)
The local error analysis shows that the method should start with an explicit stage
Qw2 = g, + hanVa = q, + haz v, (4.20c)

to avoid order reduction [4, 10]. In the remaining s — 1 stages, we may suppose that
the stage vectors Q,; and (V,;, V), (j = 1,...,i — 1), are known such that the
stage vectors

i—1 i

Vi=v,+h Z aiVaj, Quit1 =g, +h Z i1, Vaj (4.20d)

J=1 Jj=1

may be computed explicitly. (For i = s we use for simplicity a1 := b;.)

According to [25], a half-explicit Runge—Kutta stage for index-2 systems (4.18)
is defined by the dynamical equations (4.18b) at t+ = 1, + c;h and by the
constraints (4.18c) that are evaluated at r = ¢, + ¢,/ using the stage vector Q,, i+
from (4.20d):

M(Q,) Vi = f(Qui Vi) — GT(Qui) Api ,

0=GQuni+1)Vui+1 with Vi1 =v, + hZQiﬂJ%-

J=1

These equations are linear in the unknown stage vectors V,;, 4,; and may be
summarized to a system of ng + n;, linear equations:

- . S (Qui, Vi)
( M(Qm) G (Qm)) (Vm') — 1 i—1 .
GQui+1) 0 Ay " iG(Qn,H-l)(vn + 1Y air1,V)

Jj=1
(4.20e)
Because of Q. = ¢, + O(h), Qui+1 = g, + O'(h), these equations are uniquely
solvable w.r.t. V,; and A,; if the assumptions of Lemma 2.1 are satisfied with
matrices M = M(q,), G = G(q,) and the time step size & > 0 is sufficiently
small.
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With (4.20d) and (4.20e) we compute stage by stage vectors Q,, ;+1, Vi, Vm- and
A, fori =2,...,s. Finally, the numerical solution at t = 7,4 is given by

9n+1 =94, + hzbivni s Vp4+1 = Uy + hzbivni s A’n-l-l - ZdiAm'
i=1 i=1 i=1
(4.20f)

with new algorithmic parameters d;, (i = 1,...,s), being defined by order
conditions and by a contractivity condition that has to be satisfied to guarantee zero-
stability and convergence [4, 10], see also [50, Sect. VIL.6].

The fifth order explicit Runge—Kutta method of Dormand and Prince [34] has
s = 6 stages and may be extended to a half-explicit Runge—Kutta method (4.20) of
order p = 5 with 5 = 7 stages that was implemented in the solver HEDOP5 for non-
stiff constrained systems [4]. Numerical tests for a wheel suspension benchmark
problem [81] illustrate that half-explicit solvers like HEDOPS are superior to the
implicit BDF solver DASSL if the equations of motion (4.18) are non-stiff [4, 10].
On the other hand, implicit solvers are more flexible and may, e.g., be applied as well
to systems with force vectors f = f(q, v, A) that contain friction forces depending
nonlinearly on the Lagrange multipliers A.

4.2.2 Index-1 Formulation

The index-2 formulation (4.18) was obtained substituting the holonomic con-
straints (4.16¢) by their first time derivative. For index reduction, the second time
derivative

d2
0= ,.8@®) =GP+ g@()(v(1), v(1)) (4.21)

may be used as well. These hidden constraints at the level of acceleration coor-
dinates have been used in Sect.2.2 to prove the unique solvability of initial value
problems for consistent initial values. They define the constraints in the index-1
formulation of the equations of motion:

g=v, (4.22a)
M(q)d = f(q.v) — G (g) A, (4.22b)
0=G(g@v+g,@w0v). (4.22¢)

Using similar arguments as in (4.19), we may verify that this index-1 formulation is
equivalent to the original equations of motion (4.16) for any consistent initial values
qo, vo satisfying g(qo) = G(go)vo = 0.

The index-1 formulation is attractive from the numerical point of view since v ()
and A (f) may be eliminated from (4.22) solving a system of n,+n, linear equations,



DAE Aspects of Multibody System Dynamics 95

see (2.17). Therefore, position and velocity coordinates may be obtained from the
first order ODE

qg=v, (4.23a)
v =al(q,v) (4.23b)

with the right-hand side a(q, v) being defined by

T
(M(q) G (q)) (a) =( fig.v) ) 4230

Gi@ 0 A —844(@) (v, V)
Initial value problems for (4.23) can be solved straightforwardly by any ODE time

integration method including higher order explicit Runge—Kutta methods and pre-
dictor-corrector methods of Adams type.

Remark 4.3 Half-explicit Runge—Kutta methods for the index-1 formulation (4.22)
of the equations of motion compute a numerical solution (g,,, v,) that is updated in
time step f, — t,4+1 = t, + h by s half-explicit stages. A half-explicit stage for the
index-1 formulation (4.22) combines the explicit update

i—1 i—1
Q.i=gq,+h Z aijVui, Vy=v,+h Z a,-,-V,U (4.24a)
=1 =1

with a system of n,; + n, linear equations in terms of Vni and A,;:

M(Qni) GT (Qni) ) (Vm ) _ ( f(Qm.’ Vm') )
( G(Qm) 0 Am’ _gqq (Qni) (Vm', Vni) . (424b)

With (4.24a) and (4.24b) we compute stage by stage vectors Q,;, Vi, Vm- and A,;
fori = 1,...,s. Finally, the numerical solution at t = t,+; is given by

Qi1 =@+ 1Y bVui, Vi = v+ hy bV (4.24¢)

i=1 i=1

This solution strategy was implemented, e.g., in the half-explicit Runge—Kutta
solver MDOPS [80] that is based on the fifth order explicit Runge—Kutta method
of Dormand and Prince [34]. For non-stiff problems, MDOPS5 is as efficient as the
half-explicit solver HEDOPS, see Remark 4.2. Numerical tests have shown that
MDOPS is slightly more efficient than HEDOPS if the curvature term g,, (v, v)
may be evaluated with moderate numerical effort. On the other hand, the index-2
solver HEDOPS is superior for problems with time consuming function evaluations
844(v, v) like the wheel suspension benchmark [81], see [4, 5].
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4.2.3 Drift-Off Effect

Index reduction by differentiation does not only improve the robustness of implicit
solvers substantially but offers additionally the chance to use explicit and half-
explicit methods as well. The main drawback of index reduced formulations
like (4.18) and (4.22) are large constraint residuals g(g,,) in long-term simulations.
This drift-off effect is illustrated by the numerical test results in Fig. 14 that show
linearly growing constraint residuals of size 107° for the index-2 formulation (4.18)
and quadratically growing constraint residuals of size 5.0 x 10™* for the index-1
formulation (4.22).

Because of (4.19), the analytical solution of the index-2 formulation satisfies
the original constraints g(g) = 0 exactly for all r > #y. In the numerical solution
the integrand (dg/d t)(q(z)) in (4.19) is still bounded by a small constant € > 0
but because of discretization and round-off errors it does not vanish identically.
Therefore, the error in (4.16¢) may increase linearly in time :

In

le@)l < lg(ao)l + / cdi=c-(t—10). 4.25)

fo

The numerical solution g, drifts off the manifold 9t = {5 : g(y) = 0} that is

defined by the constraints (4.16c) on position level. The error bound € summarizes

discretization and round-off errors and the iteration errors of Newton’s method.
For the index-1 formulation (4.22) a quadratic error growth

lg(g) < e (t, —1)?

7 4

x 10" Index-2 formulation x 10" Index—1 formulation
15
E E
__ 10 —
g s GoDAssL | &
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Fig. 14 Drift-off effect in the dynamical simulation of the rigid wheelset of Fig. 11 resulting in
an increasing distance g,(g) between the right wheel and the rail, i.e., in an increasing error in the
constraints 0 = g = (g, g;) " that are defined by the contact conditions for left and right wheel
[6, Fig. 10]
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has to be expected since the constraints (4.16c) on position level are substituted
by their second derivatives (4.22c). Practical experience shows that € depends on
the solver and on the user-defined error tolerances TOL. In general, however, there
is always a linear drift in the time integration of the index-2 formulation and a
quadratic drift for the index-1 formulation.

4.2.4 Projection Techniques and Baumgarte Stabilization

An early attempt to avoid both the numerical problems for the index-3 formula-
tion (4.16) and the drift-off effect in the index-2 and index-1 formulation goes
back to the work of Baumgarte [21] who substituted the constraints (4.16c) by a
linear combination of all three constraints (4.16¢), (4.18c) and (4.22¢). Because of
the problems to select suitable coefficients for this linear combination (Baumgarte
coefficients) the practical use of Baumgarte’s approach is restricted to small scale
models, see also the detailed analysis in [18].

A Baumgarte like method that substitutes the original constraints (4.16c) by a
linear combination of (4.16¢) and (4.18c) proved to be more favourable:

g=v, (4.26a)
M(q)p =f(g.v) — G (@) A, (4.26b)
0=aog(q) + G(q)v. (4.26¢)

This index-2 Baumgarte approach is used successfully for fixed step size compu-
tations in real-time applications. Here, the Baumgarte parameter should be set to
ay = C/h with a suitable constant C > 0, see [13, 87].

In off-line simulation, it is state-of-the-art to avoid the drift-off effect by projec-
tion techniques [35, 62]. During the time integration of index reduced formulations
like (4.18) and (4.22), the residual ||g(q,,)| in the constraints g(g) = 0 is monitored.
If the residual exceeds at t = 1, some user-defined small error bound g, > 0, then
q,, is projected onto the manifold 9 = {5 : g(y) = 0} resulting in projected
position coordinates ¢,, see Fig.15. In a second stage, the velocity coordinates
v, are projected to the tangent space T,90t at ¢ = §,. Finally, the position and
velocity coordinates (g,,, v,) are substituted by their projections (g,,, ,) and the
time integration is continued with the next time step.

For nonlinear constraints g(g) = 0, the projected position coordinates ¢, have to
be computed iteratively. Following the approach of [62], we study the constrained
minimization problem

1
min{ ) 11 =4, I, : 8 =0} 4.27)

with the semi-norm ||9|lm,) := (n"M(q,)n)"/? that considers the mass distribu-
tion in the multibody system model. The constraints g(5) = 0 are coupled to the
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dy 1 Dnt1
q, ~
{n :g(n) =0}

90

Fig. 15 Time integration with projection steps [6, Fig. 11]

objective function by Lagrange multipliers u resulting in

1
L) =, (1-q,) Mg,)(n—q,) +n e
The necessary conditions

0=V, 2@.pn) =Mg,)n-q,)+G (Mn,
0=V,20. pn) =gl

for a local minimum of (4.27) motivate a projection step ¢, — ¢, with g, being
defined by the nonlinear system

0= M(qn)(an - qn) + GT(qn)”’ s
0=2g(,)
that may be solved iteratively by a simplified Newton method without re-evaluating

the constraint matrix G. The iteration matrix has the characteristic 2 x 2 block
structure (2.18), see [62]:

(M(qn) GT<qn)) (aff*” —az"’) __(M@@ -4, “.28)
Glg,) 0 plED £@,”) ' '

The method is initialized by ‘,1\1(10) := ¢, and needs typically only a few simplified
Newton steps (4.28) to get an iterate g, = z']‘ilk) satisfying [|g(g,) || < &g, see [62].

The projection of v, to the tangent space 7,9t at ¢ = g, does not require the
iterative solution of nonlinear equations because the hidden constraints G(¢,)v = 0
are linear in the velocity coordinates v. The constrained minimization problem

1 N
min{ g — Valvg, @ G@)n =0} (4.29)
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may be solved directly and defines the projected velocity coordinates 9, by
~ T A A _
(M(gn) G (q,») ( - ) =( 0 ) w30
G@,) 0 I —G(g,)v,

4.2.5 Stabilized Index-2 Formulation

In complex applications, the use of classical projection methods like (4.28)
and (4.30) is restricted to Runge—Kutta, generalized-o and other one-step methods
since the efficient implementation of projection steps in advanced BDF solvers with
order and step size control is non-trivial.

Instead of implementing explicit projection steps in the solver, the index reduced
formulations of the equations of motion are reformulated in a way that contains
implicitly the projection onto the constraint manifold 9t = {q : g(q) = 0}
and its tangent space T,9. For the index-2 formulation (4.18), this approach
goes back to the work of Gear et al. [44] who proposed to consider the (hidden)
constraints (4.16¢) and (4.18c) on position and velocity level simultaneously:

g=v-G'(gp. (4.31a)
M(q)p =f(g.v) — G (@) A, (4.31b)
0=g(q)), (4.31¢)
0=G(q)v. 4.31d)

The increasing number of equations in this stabilized index-2 formulation [26] of the
equations of motion is compensated by a correction term —G ' () . with auxiliary
variables u(f) € R™. The correction term vanishes identically for the analytical
solution since (4.31a,d) and the time derivative of (4.31c) imply

9
0= ;tg(q(t)) = 3§ @i=G@v—-G (@pr)=-[GG |(gn

and the matrix product [GG "](g) is non-singular for any full rank matrix G(q).
Therefore, w(t) = 0. For the numerical solution, the correction term remains in the
size of the user-defined error tolerances TOL.

Equation (4.31) form an index-2 DAE that may be solved robustly and efficiently
by BDF [44] and implicit Runge—Kutta methods [50]. However, the error estimates
in classical ODE solvers tend to overestimate the local errors in the algebraic
components A, u of DAE (4.31), see [68]. Therefore the components A and p
should not be considered in the automatic step size control of BDF solvers [70].
For implicit Runge—Kutta solvers the error estimates for A and p are scaled by the
small factor &, see [50].
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In implicit methods, the correction term —G T (g) p may be evaluated efficiently
taking into account the block structure of the iteration matrix in the corrector
iteration [6, Sect.5]. This implementation scheme goes back to the work of
Fiihrer [40] who considered furthermore a stabilized index-1 formulation in BDF
time integration [41].

The stabilized index-2 formulation may be defined as well for the more complex
model equations (3.12) with additional algebraic equations 0 = h(q,s) but
the structure of the correction term needs to be adapted carefully [3, 6]. This
generalization of the classical approach of Gear, Gupta and Leimkuhler is closely
related to the first index reduction step in the index reduction algorithm according
to Kunkel and Mehrmann [58].

Stabilized index reduced formulations have also been investigated in the context
of generalized-o and HHT-o methods [15, 55, 56, 63, 91]. Here, we consider the
generalized-o method (4.3) for the stabilized index-2 formulation (4.31) of the
equations of motion [15]. The constrained equilibrium conditions

M(q,+1)Gn+1 =F @nt1-Gnt1) — GT(qn+l)A‘n+l ) (4.32a)
0=2g(q,+1), (4.32b)
0 = G(q,41)Vn+1 (4.32¢)

define a numerical solution (g, ,v,+1) that satisfies both the holonomic con-
straints at the level of position coordinates and the hidden constraints at the level
of velocity coordinates. A correction term —G ' (gq,) g, is added to the update
formula (4.3a) of the position coordinates, i.e., we get ¢,., = ¢, + hAq, with
the scaled increment

Aq, = q,—G'(q,) 1, +h0.5— B)a, + hPa,+ (4.33a)

see (4.7a). Using again the functions g, (Agq,), ... that were introduced in (4.7b—
€), We may express ¢, |, @41, g, and g, in terms of Aq, and .

Gp1 = 4n11(4q,) (4.33b)
api1 = ,11(Aq, +GT(g,) 1), (4.33c)
Qo1 = Gur1(Ag, + G (g, 1) . (4.33d)
Gup1 = o1 (Ag, + G (q,) 1) (4.33e)

In each time step, the numerical solution is obtained solving the system of n, + 2n,
nonlinear equations

0=rt"(Ag,. hAns1. 1,).
0 =g, (4q,).
0=2¢;""(Aq,.1,)
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with

r’;l+l (Aqnﬂ hA.,H_] ) ”’n) = M(qn+l (Aqn)) hén+l (Aqn + GT (qn) ”’n)
- hf(qn+l (Aqn)s Qn-i-l (Aqn + GT (qn) ”’n))
+GT (q,11(Aq,)) hAny i,

1
gZ+I(Aqn) = hg(qn-‘rl(Aqn)) )
£ (Aq,) == G(q,1,(Aq,))d,+1(Aq, + G (q,) 1,).

These equations are scaled again such that the Jacobian

-« —«
" M o)y GT o(h " MGT o(h
B —ay) (g,) +0(h) (g,) + 0(h) (1 _af)[ 1(g,) + O(h)
G(g,) + o(h) 0 0
;G(qn) + 0(h) 0 ;[GGT](q,,) + O(h)

and its inverse remain bounded for 7 — 0.

The generalized-a method (4.32), (4.33) converges with order p = 2 for all
solution components if the starting values g,, g, and g, are second order accurate
and @y = §(to + (wm — ap)h) + O(h?), see [15]. In Fig. 16 this second order
convergence result is illustrated for the application to the equations of motion of the
mathematical pendulum, see Example 4.1. For the stabilized index-2 formulation,
the global error A(f,) — A, remains in the size of 2.0 x 1073 for both initial

-3 x =0.2
x 10 0
2
< <
| |
o= o=
< <
S S
o) )
© ©
o) o)
o o
© © o h=0.01
-2
0 0.5 1

t

Fig. 16 Global error A(z,) — A, of the generalized-o method (4.32), (4.33) for the stabilized index-
2 formulation of the equations of motion for the mathematical pendulum with initial values xy = 0
(left plot) and xy = 0.2 (right plot)
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configurations. A step size reduction by a factor of two results approximately in
a reduction of global errors by the factor of 2> = 4.

The stabilized index-2 formulation of the equations of motion may be extended
straightforwardly to model equations with more complex structure including, e.g.,
nonholonomic constraints or additional differential or algebraic equations. In that
sense it is considered to be the most flexible general purpose approach to time inte-
gration in multibody dynamics that combines robustness with numerical efficiency.
In a practical implementation, the stabilized index-2 formulation is discretized by
BDE, by implicit Runge—Kutta methods or by Newmark type methods resulting in
nonlinear corrector equations that have to be solved in each time step.

S Summary

Analysis and numerical solution of constrained mechanical systems have been
an important subject of DAE theory for more than 25 years. The well-structured
higher index model equations have inspired the development of very efficient
index reduction and time integration methods. These DAE solution techniques
offer much flexibility to multibody system dynamics w.r.t. model setup and choice
of coordinates. Model equations with redundant coordinates resulting from a
generic network approach for model setup or from kinematically closed loops
in the multibody system model may be solved efficiently by a combination of
index reduction techniques with time integration methods from nonlinear system
dynamics (BDF, Runge—Kutta methods) or structural dynamics (generalized-o and
HHT-o methods).

Half-explicit methods prove to be efficient in the non-stiff case but are typically
restricted to the simulation of N-body systems. The model equations in multibody
system dynamics may have a substantially more complex structure including
nonlinear configuration spaces, additional differential and algebraic equations, rank-
deficient mass matrices and redundant constraints. Often, they may be solved
more efficiently by implicit methods. The combination of BDF, implicit Runge—
Kutta methods or generalized-o« methods with the stabilized index-2 formulation
of the equations of motion is the method of choice in industrial multibody system
simulation.
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Model Order Reduction
for Differential-Algebraic Equations: A Survey

Peter Benner and Tatjana Stykel

Abstract In this paper, we discuss the model order reduction problem for descriptor
systems, that is, systems with dynamics described by differential-algebraic equa-
tions. We focus on linear descriptor systems as a broad variety of methods for
these exist, while model order reduction for nonlinear descriptor systems has not
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1 Introduction

Consider a linear time-invariant descriptor system

Ex(t) = Ax(t) + Bu(r), (1.1a)
y(t) = Cx(t) + Du(r), (1.1b)

where E, A € R™, B € R” C € R?", D € R?™ x(t) € R" is the
generalized state space vector, u(f) € R™ is the input, and y(f) € R? is the
output. Here, (1.1a) represents a system of linear differential-algebraic equations
(DAESs), while (1.1b) is an output equation, modeling observations or measurements
of the system. Sometimes, the elements of y(¢) are also referred as the quantities-
of-interest if the system is used in a (design) optimization context, and the output
quantities in y(f) are the subject of optimization.

Modeling by DAEs has become a ubiquitous tool in many engineering disci-
plines, in particular in structural dynamics and multi-body systems as well as in
micro- and nanoelectronics, computational electromagnetics, and fluid mechanics,
see, e.g., [28, 86, 93, 118], the DAE examples in [27, Part II], and the benchmarks
provided at the Model Order Reduction Wiki [97]. In mechanics, algebraic con-
straints arise from holonomic or nonholonomic constraints, in circuit simulation
and other network problems, among others, from Kirchhoff’s laws, and in elec-
tromagnetics or fluid mechanics by the discretization of conservation laws like
the preservation of mass in the incompressible Navier—Stokes equations. In these
applications, the shear number of equations like in the modeling of semiconductor
devices or the fine-grain spatial discretization of partial differential equations like
the already mentioned Navier—Stokes or Maxwell’s equations in electromagnetics,
leads to descriptor systems with 7 in the thousands to millions or even larger than
this. A single forward simulation of such a system is certainly feasible on modern
computer architectures, but simulating a couple of hundreds of times in the context
of design optimization, varying input signals, and control design, is often out of
scope. In these situations, replacing the descriptor system (1.1) by a system with the
same structure, but of much smaller size r < n by approximating the input—output
relation to a desired accuracy, is beneficial.

A model order reduction problem consists in approximating (1.1) by a reduced-
order model

Ex(t) = AX(t) + Bu(r),

(1) = Cx() + Du(p), (1.2)

where E,A € R, B € R C € R?", D € R”™ and r < n. Assume that the
matrix pencil AE — A is regular, i.e., det(AE — A) # 0 for some A € C. Applying
the Laplace transform to system (1.1), it can be written in the frequency domain as

$(s) = H(s)ii(s) + C(sE — A)"'Ex(0),
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where (s) and y(s) are the Laplace transforms of the input and output, respectively,
and H(s) = C(sE — A)™'B + D is a transfer function of (1.1). Then the model
reduction problem can be formulated in the frequency domain as follows: given the
transfer function H(s), find H (s) = C(sE — A)~'B + D of lower dimension that
approximates H(s). The approximation quality can, for instance, be measured by
the absolute error H — H or by the relative error H— l(H H), provided H™! exists.

The structure of this survey is as follows: in the following section, we provide
the relevant systems and control theoretic basics for linear descriptor systems.
In Sect.3, we review the most common methods for model order reduction of
linear descriptor systems: balanced truncation and related methods in Sect. 3.1, and
moment matching as well as other rational interpolation methods in Sect. 3.2. The
computational bottleneck of many model reduction methods, in particular those
related to balanced truncation, is the numerical solution of matrix equations (e.g.,
algebraic Lyapunov and Riccati equations). Therefore, we review the usually used
methods and their adaptation to the DAE case in Sect. 4. Usually, descriptor systems
have a certain block structure, often related to the differential and algebraic parts of
the system. Exploiting these structures is mandatory for efficient methods for model
order reduction and the associated matrix equations. This is discussed in Sect. S5,
using some relevant example classes. In Sect. 6, we provide a brief outlook on topics
not covered in depth in this survey and/or of current research interest.

Throughout the paper, R and C"" denote the spaces of n x m real and
complex matrices, respectively. Furthermore, C_ = {s € C : Re(s) < 0} and
C4+ = {5 € C :Re(s) > 0} denote the open left and right half-planes, respectively,
and i = +/—1. The matrices A” and A* denote, respectively, the transpose and the
conjugate transpose of A € C™, and A7 = (A~")”. We use rank(A), im(A) and
ker(A) for the rank, the image and the kernel of A, respectively. A matrix A € C"
is said to be positive semidefinite, if v*Av > 0 for all v € C". Note that positive
semidefiniteness of A does not require A to be Hermitian. For A, B € C"", we write
A > Bif A — B is positive semidefinite.

2 DAE Control Systems

In this section, we provide necessary notation and fundamental matrix and control
theoretic concepts for DAE systems.

Any regular matrix pencil AE — A can be transformed into the Weierstrass cano-
nical form

0 A o
E= TZ[O e }T,, A-T;[O InJT,, 2.1)

where 7; and 7, are the left and right nonsingular transformation matrices, Eso 1S
nilpotent with index of nilpotency v, and ny + ne = n, €.g., [59]. The number v is
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called the index of AE — A and also of the DAE system (1.1). The eigenvalues of A,
are the finite eigenvalues of AE — A, and AE — I has only eigenvalues at infinity.
Thus, if E is singular, then AE — A has n; finite and no infinite eigenvalues which
together form a set of generalized eigenvalues.

The pencil AE — A is called stable if all its finite eigenvalues belong to the open
left half-plane C_. In this case, the solution of system (1.1) with u(#) = 0 tends to
zero as t — 00, and, hence, the DAE system (1.1) is asymptotically stable .

We introduce now the spectral projectors onto the left and right deflating
subspaces of the pencil AE — A corresponding to the finite eigenvalues along the
left and right deflating subspaces corresponding to the eigenvalue at infinity as

P =T, [Igf 8} 7', P =T [Igf g} T,. (2.2)

Furthermore, the matrices

0 0

:|T,_1, Q,:I—P,:T;l[g IO:|T, (2.3)

define the complementary projectors. All these projectors play an important role in
model reduction of DAE systems.
Using the Weierstrass canonical form (2.1) and introducing

_ xl(t) _ _ By —1 _
T, x(t) = [xz(t)}, T7'B = [BJ, CT ' =[C1, G, (2.4)

we can decouple the DAE system (1.1) into a slow subsystem

x1(t) = Apxi (1) + Biu(?),

2.5
yi(t) = Cixi (1), (2:5)

and a fast subsystem

Ecoia (1) = x2(1) + Bau(?), 2.6)
(1) = Coxa (1) + Dul(t). .
The output of (1.1) is then determined as y(¢) = y;(¢) + y2(?).

Next, we introduce some algebraic properties of matrix triplets related to
the DAE system (1.1). The equivalent definitions in terms of controllability and
observability concepts relating to the dynamic behavior of the DAE system can be
found in [36, 41] and the survey [37] contained in this volume. We restrict here to
the definition of the algebraic properties as these are used in the rest of this paper.
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Definition 2.1 Let the matrices Z; and Z, be of full rank such that im(Z;) = im(ET)
and im(Z,) = im(E). Then the matrix triplet (E, A, B) € R™" x R™" x R™™ ig
called

1) controllable in the behavioral sense (R-controllable), if rank[ AE — A, B] = n
forall A € C;

2) stabilizable in the behavioral sense (R-stabilizable), if rank[ AE — A, B] = n for
allA e C\ C_;

3) impulse controllable (I-controllable), if rank[E, AZ,, B] = n;

4) controllable at infinity (Inf-controllable), if rank[ E, B] = n;

5) strongly controllable (S-controllable), if it is R-controllable and I-controllable;

6) strongly stabilizable (S-stabilizable), if it is R-stabilizable and I-controllable;

7) completely controllable (C-controllable), if it is R-controllable and Inf-control-
lable.

The matrix triplet (E, A, C) € R™" x R™" x R?*" is called

8) observable in the behavioral sense (R-observable),if rank[ AET —AT, CT]1 =n
forall A € C;
9) detectable in the behavioral sense (R-detectable), if rank[ AET — AT, CT] =n
forallA € C\ C_;
10) impulse observable (I-observable), if rank[ ET, ATZ;, CT] = n;
11) observable at infinity (Inf-observable), if rank[ ET, CT| = n;
12) strongly observable (S-observable), if it is R-observable and I-observable;
13) strongly detectable (S-detectable), if it is R-detectable and I-observable;
14) completely observable (C-observable), if it is R-observable and Inf-observable.

In the following, we will not distinguish the algebraic and system-theoretic pro-
perties of the matrix triplets (E,A,B), (E,A,C) and the corresponding DAE
system (1.1) and speak equivalently, e.g., of R-controllability of (E, A, B) and the
DAE system (1.1).

In the frequency domain, the input—output behavior of the DAE system (1.1) is
described by a transfer function H(s) = C(sE — A)"'B + D which is a rational
matrix-valued function. On the other side, for any rational matrix-valued function
H(s), one can always find the matrices E, A, B, C and D such that

H(s) = C(sE—A)"'B+ D,

e.g., [41]. Such a quintuple H = (E,A, B, C, D) is called a realization of H(s). If
(E,A, B, C,D) is a realization of H(s), then for any nonsingular matrices W and T,
(WET, WAT, WB, CT, D) is also a realization of H(s). This implies that H(s) has
many different realizations. Moreover, there exist realizations of arbitrarily high
order which is defined by the dimension of the matrices E and A. A realization
H = (E,A,B,C,D) is called minimal if E and A have the smallest possible
dimension. One can show that H = (E,A,B,C,D) is minimal if and only if
system (1.1) is C-controllable, C-observable and A ker(E) € im(E), see [147]. The
latter condition means that the nilpotent matrix Eo, in the Weierstrass canonical
form (2.1) does not have any 1 x 1 Jordan blocks.
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The transfer function H(s) is called proper if Hy, = lim H(s) exists, and
§—>00

improper, otherwise. If Ho, = 0, then H(s) is called strictly proper. Using (2.1)
and (2.4), the transfer function H(s) can additively be decomposed as

H(s) = Hg,(s) + P(s),
where
Hy,(s) = Ci(sI — Ap)"'By

is the strictly proper part of H(s), and

v—1
P(s) = Co(sEco — ) 'By+ D =Y _M;s
j=0
with
M; = —GEL B, + 80;D (2.7)

is the polynomial part of H(s). Here, §y; denotes the Kronecker delta. Note that

H,,(s) and P(s) are the transfer functions of the slow and fast subsystems (2.5)

and (2.6), respectively. If the realization H = (E, A, B, C, D) is not minimal, then

the degree of the polynomial P(s), denoted by deg(P), may be smaller than v — 1.
The transfer function H(s) can also be written as

_N(s)

H(s) = d(s)’

where N(s) is a ¢ xm matrix polynomial and d(s) is a scalar polynomial which is the
least common denominator of the gm entries of H(s). The roots of the denominator
d(s) are called the finite poles of H(s), and the roots of the numerator N(s) are
called the finite zeros of H(s). The transfer function H (s) has a pole (zero) at infinity
if s = 0 is a pole (zero) of H(1/s). If deg(N) > deg(d) or, equivalently, if H(s)
is improper, then H(s) has a pole at infinity. If deg(N) < deg(d) or, equivalently,
if H(s) is strictly proper, then H(s) has a zero at infinity. The poles of H(s) are
generalized eigenvalues of the pencil AE — A. The set of poles of H(s) coincides
with the set of generalized eigenvalues of AE — A if and only if H = (E, A, B, C, D)
is minimal. For the square transfer function H(s), the zeros of H(s) are generalized
eigenvalues of the system pencil

1 E 0| |A B
00 C D]’
see [121]. If this pencil is regular, then H (s) is invertible and its inverse is given by

_ sE—A —B1'To
H™'(s) = [0, —1][ c _D} [1}
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This representation immediately follows from the relation

[sE—A 0 }_[ I 0} [sE—A —B:|[I —(sE—A)_lB:|
0 H)| |[CGE-A)T' I -C -DJ|0 -1 ’

Note that if D is nonsingular, then H™!(s) can also be realized as
H'(s) = -D'C(SE—A +BD'C)BD™' + D"

An invertible transfer function H(s) is called (strictly) minimum phase if all its finite
zeros have (negative) non-positive real part.

Let s1,...,s: be the pairwise different finite poles of H(s) of order ¢,
j=1,...,k, then H(s) can be represented using a partial fraction expansion as
[./' R(’) v—1

k
His) =YY" G —]sj)i + ;M;sj, 2.8)

j=1 i=1

where R; = RI(.I) is the residue of H at s;.
Another useful representation of the transfer function H(s) is given by its power
series expansion at 5o € C being not a pole of H:

o0
H(s) =) M;(s0)(s — 50’ (2.9)
j=0
where the coefficients M;(sy), also called (shifted) moments,' have the form

My (s0) = —C(A = sE)"'B + D,
M;j(s0) = —C((A — soE)'E)/(A — s0E)™'B, j > 0.

For singular E, the Laurent expansion of H turns out to be beneficial as well:
v—1
Hs)= ) My, (2.10)
j=—00

where the coefficients M; are the Markov parameters given by

Ao —j—1
Mf = CTr_l f() 0 TI_IB =C Afj By, .] <0,
—1 0 O —1 J 7
M; = CT; 0—E T B+ 80D = —Cy Eo By + 805D, j = 0.
—Loo

!Usually, the term moments is used to denote the coefficients of the Taylor series at sy = 0.
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Thus, the Markov parameters corresponding to the nonnegative powers are the
same as the coefficients M; in the partial fraction expansion (2.8) and in (2.7), and,
therefore, they determine the polynomial part of H(s).

In order to measure the approximation error of reduced-order models, we will
employ classical system norms. Let H, denote the space of matrix-valued functions
that are analytic and bounded in the open right half-plane. The Hoo-norm of
H € H is defined as

[H|[%o, = sup [|H(iw)],
w€ER

where || - ||2 denotes the spectral matrix norm. Furthermore, we consider the space
‘H, of matrix-valued functions that are analytic in the open right half-plane. The
H,-norm of H € H, is defined as

1 00 5 1/2
. = (1, [ IHG)0)

—0o0

where || - || denotes the Frobenius matrix norm. We note that the rational matrix-
valued functions given by the transfer functions corresponding to (1.1) are in Heo if
the system is stable and proper, and in H; if, in addition, it is strictly proper.

3 Model Order Reduction Techniques

Before describing different model reduction techniques, we would like to point
out that most techniques are based on the (Petrov—)Galerkin projection. The basic
idea can simply be described as follows, where we use (1.1) as a model problem.
Assuming the dynamics of the system evolves in a low-dimensional subspace
T C R" with basis matrix T € R™", we use the ansatz x(t) =~ Tx(t). Hence, T
is considered as a frial space. Replacing x(f) in the generalized state equation (the
first equation in (1.1)), we obtain a residual

#(r) := ETx(t) — ATx(t) — Bu(r).

In general, the residual is not zero. Therefore, we demand it to at least vanish on an
r-dimensional fest space VW C R" with basis matrix W € R™", so that T and W
are bi-orthogonal, i.e., WI'T = I,. The requirement W7 7(f) = 0 then leads to the
reduced (generalized) state equation

WTETx(r) = WTATx(t) + W7 Bu(z).

Applying the projection onto 7 also to the second equation in (1.1) leads to the
reduced-order system
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This process is called a Petrov—Galerkin projection, and TWT defines an oblique
projector onto 7. If one takes YW = 7T, necessitating to choose an orthogonal
basis matrix 7, i.e., TTT = I,, we speak of a Galerkin projection and TTT defines
an orthogonal projector onto 7.

Note that the method “balanced truncation” described in Sect. 3.1 is, in general,
a Petrov—Galerkin projection (turning into a Galerkin projection for symmetric
systems with E = ET, A = AT and C = BT), while the interpolatory approaches in
Sect. 3.2 can either be Galerkin or Petrov—Galerkin projection methods.

3.1 Balanced Truncation

Balanced truncation was initially introduced in the systems and control theory
in the early 1980s [48, 63, 96] and has been continuously developed ever since.
Due to new developments in Numerical Linear Algebra, it is now applicable to
large-scale problems [13—15], and has already been used in many application areas
including biochemical engineering [91], electrical circuit simulation [114, 116],
mechanical systems [31, 113], computational fluid dynamics [21, 35, 71, 135] and
power systems [53, 120].

A main idea of balanced truncation and its relatives is to transform a dynamical
system to a balanced form defined in such a way that appropriately chosen
controllability and observability Gramians are equal and diagonal. Then a reduced-
order model is computed by truncating the states corresponding to the small
diagonal elements of the Gramians. Depending on the choice of the Gramians,
different balanced truncation techniques can be developed, see [15, 67] for surveys
of balancing-related model reduction methods for standard state-space systems. In
this section, we summarize the extensions of these methods to DAE systems.

3.1.1 Lyapunov Balanced Truncation

The most commonly used balanced truncation method is based on balancing
the controllability and observability Gramians G, and G, which are defined for
system (1.1) with £ = I as unique symmetric, positive semidefinite solutions of the
continuous-time Lyapunov equations

AG, + G.AT = —BB”, ATG, + G,A=—-CTcC,

provided all eigenvalues of the matrix A have negative real part. These Gramians
characterize the controllability and observability properties of the control system
and quantify the input and output energy [96]. The square roots of the eigenvalues
of the product G.G, define the Hankel singular values, o; = \/Aj(GCG(,), which
can be used to measure the importance of the state variables. We assume that o; are
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ordered decreasingly. Finding a balancing transformation 7}, such that
T,G.T! =T,"G,T," = diag(oy,...,0,)

and truncating n — r components of the transformed state vector T,x(f), which
correspond to small o; < o, yields an asymptotically stable reduced-order model
[104]. Another important property of this method is the presence of the computable
error estimates

”i{_H”’Hoo = 2(0r+1 +...+ Un)s
15 =y lle, < 1H = Hlpoo lullz, < 200041 + - + 0n)ull 2,

see [48, 63].

The Lyapunov-based balanced truncation approach was extended to DAEs in [16,
92,103, 134]. A basic idea behind this extension is to decouple the DAE system (1.1)
into the slow and fast subsystems (2.5) and (2.6), respectively, and reduce them
separately. In the frequency domain, this corresponds to the separate approximation
of the strictly proper part Hy,(s) and the polynomial part P(s) of the transfer function
H(s) = H,(s) + P(s) resulting in an approximate system H (s) = ﬁSI,(S) + P(s).
It should, however, be noticed that if P(s) # P(s) and deg(P(s)) > 1, then the error
H(s) — H(s) is unbounded. Also in the time domain, a naive reduction of the order
of the fast subsystem (2.6) which, actually, describes the constraints in the model,
may lead to an inaccurate approximation, see [92, 138]. These difficulties have been
resolved in [134] by determining a minimal realization of P(s). This guarantees that
P(s) = P(s) and, hence, the error H(s) — H(s) will be small if the error in the slow
subsystem H,(s) — I~{5p(s) is small.

In practice, we do not need to compute the slow and fast subsystems explicitly.
This is computationally expensive, especially for large-scale problems, and may be
numerically ill-conditioned. Instead, we can define two pairs of controllability and
observability Gramians in terms of the original data using the spectral projectors
P, P, and Q;, O, given in (2.2) and (2.3), respectively. Assume that the DAE
system (1.1) is asymptotically stable. Then the proper controllability and observ-
ability Gramians G, and Gy, of (1.1) are defined as unique symmetric, positive
semidefinite solutions of the projected continuous-time Lyapunov equations

EG, A" +AG,E" = —P,BB'P!, Gpe = P,G,. P!, (3.1)
E'G,A+A"G, E= —-PIC'cp, Gpo = P/ G, P, (3.2)

respectively, whereas the improper controllability and observability Gramians G,
and G, of (1.1) are defined as unique symmetric, positive semidefinite solutions of
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the projected discrete-time Lyapunov equations

AG A" - EG.E" = QBB"Q[,  Gi. = 0,Gi.0], (3.3)
ATG,A—E'G,E = Q'C’CQ,.  Gi, = 07G,\0, (3.4)

respectively. The square roots of the largest ny eigenvalues of G,.E”G,,E, denoted
by oj, are called the proper Hankel singular values of (1.1), and the square roots
of the largest n, eigenvalues of G;.ATG,,A, denoted by 0;, are called the improper
Hankel singular values. System (1.1) is balanced if the Gramians satisfy
Gpe + Gie = Gpo + Gj, = diag(o1,...04,01,...,0,,).

Thus, a reduced-order model (1.2) can be determined by truncating the states of
the balanced system corresponding to the small proper Hankel singular values. In
[134], it is shown that the states corresponding to the small eigenvalues of the proper
controllability Gramian G,. need the most energy to be reached. Also, the states
corresponding to the small eigenvalues of the proper observability Gramian G,,
contribute the least to the output energy

E() = /0 Y(OTy(0) di.

In balanced coordinates, the eigenvalues of G, G,,, and the proper Hankel singular
values coincide. Thus, the difficult-to-reach states coincide with those least involved
in the output energy. Based on this energy interpretation of the proper Gramians, one
can assert that these states are difficult to control and difficult to observe at the same
time and can therefore be ignored in the system approximation. Furthermore, we
can remove states which are not Inf-controllable and Inf-observable. Such states
correspond to zero improper Hankel singular values.
Considering the Cholesky factorizations” of the Gramians
GPC = chZgC’ GPU = ZpoZ[{o’ GiC = ZicZi]cﬂ7 GiU = Zi()ZiT(;’

and taking into account that the proper and improper Hankel singular values can
be determined from the singular value decomposition of the matrices Z;oEch

and ZL AZ. ., respectively, we obtain the generalization of the square-root balanced

ic’

truncation method [88, 143] for DAE systems shown in Algorithm 1. As in the

21t should be noted that by abuse of notation, these factors are neither necessarily upper triangular
nor square, but we assume them to be of full rank. In particular, for non-minimal systems, these
factors will in general be rectangular as then the Gramians will be rank deficient.
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Algorithm 1 Lyapunov balanced truncation for DAE systems.
Input: an asymptotically stable system H = (E,A, B, C, D).

Output: a reduced-order asymptotically stable system H = (E,A,B,C,D).
1: Compute the full rank Cholesky factors Z,. and Z,, of the proper Gramians G,. = Z ZT and

pcpc

Gpo = Z,,ZT satisfying the projected Lyapunov equations (3.1) and (3.2), respectively.

‘Po“~po

2: Compute the full rank Cholesky factors Z;. and Z;, of the improper Gramians G;. = Z, Z! and

ic™ic

G, = Z,,ZT satisfying the projected Lyapunov equations (3.3) and (3.4), respectively.

3: Compute the singular value decomposition ZpoEch = [U,, Uy ]diag(Z, Z5)[ Vi, V»]7,
where the matrices [ Uy, U, ] and [ Vi, V, ] have orthonormal columns, X = diag(oy, . ..,0,,)
and ¥, = diag(0y+1, ..., 0n).

4: Compute the singular value decomposition ZLAZ,, = U,;®VI, where U; and V; have

orthonormal columns and @ is nonsingular.

W= (2,05 2,007 and T = [2,.V, =%, .V,07172).

standard state space case [48, 63], we have the error estimates

|H = H||30y < 2(0511+ ...+ 0y,

15 =y lles < 1H = Hllgo Il 2, < 20541 + .+ o) Jull -

Moreover, for P(s) # D, one can show that the index of the reduced-order model is
equal to deg(P) + 1 and does not exceed the index of the original system (1.1). If
P(s) = D, then the reduced-order model is an ODE system.

Using the Weierstrass canonical form (2.1), one notices that the improper
Gramians G;. and G;, have usually low rank which can be estimated as

r. = rank(G;;) < min(vm, neo), r, = rank(G;,) < min(vg, ne),

where v is the index of (1.1). Furthermore, if the eigenvalues of the proper Gramians
Gpc and Gy, decay fast, then G, and G, have low numerical rank In this case, they
can be well approximated by low-rank matrices G,. ~ ZpC e and Gp, ~ ZPOZZO,
where ch € R™" and Zpo € R™" with n.,n, < n. Replacing the full rank
factors Z,. and Z,, in Algorithm 1 by the low-rank matrices Z and Zpo, respectively,
reduces significantly the computational complexity and storage requirements for
the balanced truncation method, making it applicable to large-scale problems. In
fact, apart from solving the projected Lyapunov equations, only the singular value
decomposition of the small matrices Z; EZP € R and ZL AZ,. € R’ needs to
be computed. The computation of the (low-rank) Cholesky factors of the Gramians
will be discussed in Sect. 4.1.

Remark 3.1 Unfortunately, in the literature [106, 142], one can often find the
statement that the extension of balanced truncation from standard state-space
systems to DAEs is as simple as replacing the identity matrix by E. In this case,
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the Lyapunov equations take the form
AG.E" +EGA" =-BB", A"G,E+E'G,A=-C"C.

It should, however, be noted that for singular E, these equations may not be sol-
vable even if the pencil AE — A is stable. Moreover, if the solutions exist, they are
always non-unique. Hence, their use does not lead to a well-defined model reduction
method.

In the Poor Man’s truncated balanced reduction (PMTBR) method presented in
[106], it was proposed to define the Gramians of system (1.1) as

1 o
X = / (iwE — A)"'BBT (—iwE — A) Tdw,
27 J oo

1 o0

Y = / (—iwE — A)"TCTC(iwE — A) ldw.
21 J oo

However, if E is singular, these integrals do not converge unless B = P;B and

C = CP,. Therefore, the correct definition should be

1 o0
X = / (ioE —A)~'P,BB"P] (—iwE — A) Tdw, (3.5)
21 oo
1 o0
Y = / (—iwE — A)"TPTCTCP (iwE — A) " dw.
27 J oo

It is worth noting that these matrices solve the projected Lyapunov Equations (3.1)
and (3.2), respectively, which again justifies the above considerations.

3.1.2 Positive Real Balanced Truncation

Positive real balanced truncation was first developed for standard state-space
systems in [70, 98] as a model reduction method preserving passivity. It was then
extended to DAEs in [115].

The DAE system (1.1) is called passive if m = g and

/tu(t)Ty(t) dt >0
0

forall t > 0 and all u € £,(]0, 7], R™) consistent with x(0) = 0. Physically, this
property means that the system does not generate energy. It is of great importance
especially for circuit equations. One can show that system (1.1) is passive if and
only if its transfer function H(s) is positive real, i.e., H(s) is analytic in the open
right half-plane C and H(s) + H*(s) > 0 for all s € C, see [7]. Passivity of
the DAE system (1.1) can also be characterized via the projected positive real Lur’e
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equations
AXE" + EXA" = —K K!, X = P.XPT > 0, (3.6)
EXC" —PB=—KJ!, My+M{ =JJ!, '
and

ATYE + ETYA = —KTK,, Y = PTYP, > 0,
E'YB—PICT = —K!J,, My + M =J!J

ovo’

(3.7)

with My as in (2.7) and unknowns K., KI' € R™™" J. J, € R™™ and X, Y € R™".
If system (1.1) is R-controllable, R-observable and passive, then the projected Lur’e
Equations (3.6) are solvable. Conversely, the solvability of (3.6) together with the
conditions M; = M] > 0 and M; = 0 for j > 1 implies that (1.1) is passive.
A similar result holds also for the dual Lur’e Equations (3.7). Note that for some
structured systems as they arise, for example, in modified nodal analysis (MNA)
of electrical circuits, the existence of the solutions of the projected Lur’e equations
can also be proved without R-controllability and R-observability conditions [114].
It should be emphasized that the solutions of (3.6) and (3.7) are not unique. There
exist, however, unique extremal solutions satisfying

Xmax > X = Xmin = 07 Ymax = Y > Ymin > 0

for all symmetric solutions X and Y of (3.6) and (3.7), respectively. The min-
imal solutions GPR = Xy, and GP’® = Y, are called, respectively, the
positive real controllability and observability Gramians of system (1.1). Replac-
ing the proper Gramians in the Lyapunov-based balanced truncation method
by the positive real Gramians, we obtain the passivity-preserving model reduc-
tion method for DAE systems. In order to determine the positive real Grami-
ans from the Lur’e Eqgs.(3.6) and (3.7), we need first to calculate M,. This
matrix can be obtained from the polynomial part P(s) whose realization is given
by P = (WLET.,WLAT.,WLB,CT, D) with Woo = Z,Us©®~'/? and
Too = ZicV30~V/2. Since WL AT = I, we have

My=D-CT, W/ B=D-CZ.V,0"'UZ"B.

The resulting positive real balanced truncation method is presented in Algorithm 2.

The values 6% > ... > o/ > PR | > ... > of* are called the positive real
characteristic values of (1.1). Similar to the proper Hankel singular values, they can
be used to estimate the approximation error. If M,, + M{ is nonsingular, we have the
error bound

nf
H — Hl3oo < 20 (My + MO IH + MG 30 |H + MG |0 Y 0™
j=r+l

that can be derived for DAE systems similarly to the standard state-space case [67].
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Algorithm 2 Positive real balanced truncation for DAE systems.

Input: a passive system H = (E,A, B, C, D)
Output: a reduced-order passive system H= (E, A B,C,D).
1: Compute the full rank Cholesky factors Z;. and Z;, of the improper Gramians G;. = Z,LZ,{ and
G, = Z,,ZT satistying the projected Lyapunov equations (3.3) and (3.4), respectively.
2: Compute the singular value decomposition ZL AZ,. = U,®V? with nonsingular 6.
3: Compute the matrix My = D — CZ, V,0~ Ul ZI B
4: Compute the Cholesky factors ZP® and ZFR of the positive real Gramians GPR = ZPR(zPR)T
and GP'R = ZPR(zZPR)T that are the minimal solutions of the positive real projected Lur’e
equations (3.6) and (3.7), respectively.
5: Compute (Z'®TEZIR = [U,, U, ]diag(Z‘PR DRy vy, Vz] by singular value decomposi-

tion, where XFR = diag(of® PRY and TR = dlag(arf_H, ok

N
6: Compute the reduced-order system (E, A, B, C, D) = (W'ET, WAT, W'B, CT, D) with
= [ZIRU (2", 2, U072 and T = [ ZPRV (Z(F) 712, Z,, V30712,

The positive real balanced truncation method requires solving the projected Lur’e
equations. The numerical solution of standard Lur’e equations based on deflating
subspaces of a certain even pencil has been considered in [107, 108]. However,
so far no numerical method has been developed for projected Lur’e equations. In
the case where Ry = M,, + M is nonsingular, the projected Lur’e Equations (3.6)
and (3.7) can be written as the projected positive real Riccati equations

AXE" + EXAT+ (EXCT— P,B)R; " (EXCT— P,B)T = 0, X =P XPT
and
ATYE + E"YA + (B"YE — CP,)"R; " (B"YE — CP,) = 0, Y =Pl'yp,
respectively. Such equations can be solved using Newton’s method [23] briefly
described in Sect. 4.2.
An alternative approach for passivity-preserving model reduction has been
proposed in [145]. It relies on a combination of Lyapunov balancing and positive

real balancing and involves solving only one Lyapunov equation and one Lur’e
equation. However, there exists no error bound for this approach.

3.1.3 Bounded Real Balanced Truncation
If, instead of passivity, we aim to preserve contractivity, an important property in £,-

gain constraint controller design, then bounded real balanced truncation [98, 100,
115] has to be used. The DAE system (1.1) is called contractive if

[0 l@IP = @2 de = 0



122 P. Benner and T. Stykel

for all # > 0 and all u € £,([0, ], R™) consistent with x(0) = 0. This condition
implies that the £,-norm of the output is bounded by the £,-norm of the input. In
the frequency domain, contractivity is equivalent to bounded realness of the transfer
function H(s), meaning that H(s) is analytic in C4 and I — H(s)*H(s) > 0, for all
s € C4. The latter condition yields that the bounded real transfer function H(s) is
necessarily proper.

To verify contractivity, we use the projected bounded real Lur’e equations

AXET + EXAT + PBB"PI = —K KT, X = P,.XPT > 0,

(3.8)
EXCT + PBM! = —K JI, I —MM! =JJT,
and
ATYE + ETYA + PTC"CP, = —K!K,, Y = PTYP, > 0, (3.9)

ETYB+ PIC™, = —K'J,, I —MIM, = J'J,.

ovo’

Similarly to the positive real case, one can show that these equations have the
minimal solutions G2 = X, and GB® = Y, that are called the bounded
real controllability and observability Gramians, respectively. They can be used
to characterize the required supply energy and the available storage energy for
contractive systems [115]. This immediately leads to the bounded real balanced
truncation method presented in Algorithm 3.

One can show that the reduced-order system computed by Algorithm 3 is
contractive and has the error bound

nf
I BR
Vi —Hlpo <2 Y o
Jj=rr+l

with the bounded real characteristic values ojBR.

Algorithm 3 Bounded real balanced truncation for DAE systems.

Input: a contractive system H = (E,A, B, C, D).

1: Compute the full rank Cholesky factors Z;. and Z;, of the improper Gramians G;. = Z,.ZL and

G, = Z,,ZT satistying the projected Lyapunov equations (3.3) and (3.4), respectively.

2: Compute the singular value decomposition ZZ AZ,. = U@ V! with nonsingular 6.

3: Compute the matrix My = D — CZ, V,0~' Ul Z! B.

4: Compute the Cholesky factors ZZ¥ and ZER of the bounded real Gramians GER = ZBR(zBR)T
and GBR = ZBR(ZBR)T that are the minimal solutions of the bounded real projected Lur’e
equations (3.8) and (3.9), respectively.

5: Compute (ZER)TEZER = [U;, U, |diag(ZER, ZE®)[ vy, V, T by singular value decomposi-

tion, where T = diag(o{*, ..., o) and ZF = diag(afjﬁ_l, s 0R).

6: Compute the reduced-order system (E, A, B, C, D) = (W'ET, WTAT, W'B, CT, M,) with
the projection matrices W = ZERU (ZFR)=1/2 and T = ZBRvV, (ZBR%)~1/2,
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IfR. =1-— MOMg is nonsingular, then R, = I — Mg M, is also nonsingular and
the projected Lur’e Equations (3.8) and (3.9) are equivalent to the projected bounded
real Riccati equations

AXE" + EXA" + PBB'P] + (EXC" 4+ PBM{)R. ' (EXC" 4+ PBM{)" =0,
X-PXPT =0,

and

ATYE + ETYA + PICTCP, + (BTYE + Ml CP,)"R, " (B"YE + M} CP,) = 0,
Y- PlYP, =0,

respectively. These equations can be solved using Newton’s method described in
Sect. 4.

Note that the bounded real systems are related to the positive real systems via
a Moebius transformation defined as

Hy(s) = (I —H(s)) (I + H(s)) .

The transfer function H(s) is positive real if and only if the Moebius-transformed
function Hy,(s) is bounded real. For H = (E, A, B, C, D), a realization of H(s) is
given by

Hy = (E.A—B(I+D)™'C,—v2B(I + D)™, ~2(I + D)™'C,(I = D)(I + D)),

provided I + D is invertible. This suggests another passivity-preserving balancing-
related model reduction approach which consists of applying the bounded real
balanced truncation method to Hj and computing the Moebius transformation
H(s) = (I — Hu(s))(I + Hy (s))_l of the obtained reduced-order model Hy,. This
approach might be useful if the spectral projectors for the Moebius-transformed
system are easier to compute than that for the original systems. Circuit equations
belong, for example, to this class of problems [114].

3.1.4 Stochastic Balanced Truncation

Stochastic balanced truncation belongs to relative error model reduction methods
attempting to minimize the relative error H ' (H — fl) in an appropriate norm.
It was first introduced for discrete-time and continuous-time standard state space
systems in [45, 70] and studied further in [26, 65, 66, 146]. The stochastic balanced
truncation method relies on an approximation of spectral factors of the power
spectrum @ (s) = H(s)H (—s) and is known to preserve the right half-plane zeros
of H(s). In this section, we present an extension of this method to DAEs.
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Assume that system (1.1) is asymptotically stable and has a square proper and
invertible transfer function H (s). Using the spectral projectors P; and P,, H(s) can
then be written as H(s) = CP,(sE — A)~'P;B + M. Then the power spectrum can
be written as

& (s) = H(s)H" (—s)

SE— A —P,BBTP,T:| B [P,BMg

=[cp,, MoBTPzT][ 0 —sET—AT] | PrCT

} + M M.

Taking into account that the proper controllability Gramian G, solves the Lyapunov
Equation (3.1), we obtain

sE—A —PBB'PI'l [I—EG,|[sE—A 0 1 =G, E"
0 —seT—AT| |0 I 0 —seET—AT||0 I ’
Therefore, introducing By = P,BM]} + EG,.CT = P,B, we have

—1
sE—A 0 B()
i e [ 0 —sET —AT} [PTcT

= CP,(sE —A)~'B, + Bl (—sE — A)""PIC" + MM
=Z(s) + Z"(—s)

} + M M7

with Z(s) = CP,(sE — A)"'By + M,M[ /2. Since AE — A is stable and
Z(iw) + Z* (iw) = H(iw)H* (iw) > 0
for all w € R, it follows from [7, Theorem 2.7.2] that Z(s) is positive real. If Z is

R-controllable and R-observable, then using the results from Sect. 3.1.2 we obtain
that the corresponding positive real Lur’e equations

AXE" + EXAT = —K_K!, X =PXP’ >0,
h e e (3.10)
EXCT — By =-K.J!, MM} =JJ",
and
ATYE + E"YA = —K'K,, Y =PI'YP, >0,
(3.11)
E"YBy—PI'C" = —K'J,, MM} =JlJ,

are solvable. They have two extremal solutions satisfying
XmaxEXEXminz(L YmaxEYEYmmEO

for all symmetric solutions X and Y of (3.10) and (3.11), respectively. Moreover,
one can also show that X, = (ET YninE), , where (M),” denotes a reflexive inverse
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of M with respect to PT and P, which is defined as the unique solution of the matrix
equations

M), MM); = M);, MM, =P, (M;M=P,

Consider now W(s) being a square right spectral factor of the power spectrum
& (s) = H(s)H" (—s) = W' (—s)W(s). Its realization can be determined using the
matrix Equations (3.1) and (3.11). We have

D(s) = Z(s) + 27 (—s)
= (CP,—BlYE)(sE —A)"'By + B} (—sE — A)~T(CP,—BLYE)" + MM}
+ BIYE(sE — A)™'By + Bl (—sE — A)"TE"YB,
=JI'K,(sE—A)"'By + Bl (—sE — A)"TKTJ, + JIJ,
+ BY(—sE —A)"TKIK (sE — A)"'B,
= (Ko(—SE — A)"'By + 1) (Ko(SE—A)"'By + 1) ,

and, hence, W(s) = K,(sE — A)7'By + J,. Similarly to the standard state space
case [110], we can show that for the minimal solution Y, of (3.11), all finite eigen-

values of the pencil
1 E O | A B
00 K, J,

have non-positive real part. Therefore, W(s) has no zeros in the open right half-
plane meaning that W(s) is minimum phase. The matrices Gf_ = Gy, and Gf = Ymin
define the stochastic controllability and observability Gramians of system (1.1).
A reduced-order model can then be computed by balancing these Gramians and

truncating the states corresponding to small stochastic characteristic values ojs

defined as ajs = /A (GSETGSE). The stochastic balanced truncation method is
summarized in Algorithm 4.

Since X = G, solves (3.10), we have (ETYminE)r_ = Xmax = Gy, and, hence,
the eigenvalues of GI,CETYmmE = GgETGgE do not exceed one. This implies that
the stochastic characteristic values of (1.1) satisfy 0 < ajs < 1. Moreover, it follows
from [65, Theorem 4.1] that H(s) has k, = dim(ker((ETYmmE)r_ — Gp(‘)) — Neo
infinite zeros and finite zeros in the closed right half-plane, and 03 = ... = cr,i =1
Similarly to [65, 66], one can show that if ry > k, in Algorithm 4, then H (s) and

H(s) have the same zeros in the closed right half-plane, and the relative error bound

- Y1408

—1 J
CRICEV- PN § I

Jj=rr+1 J

holds. Thus, if H(s) is minimum phase, then H(s) is also minimum phase.
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Algorithm 4 Stochastic balanced truncation for DAE systems.

Input: an asymptotically stable system H = (E, A, B, C, D) with the proper and invertible transfer
function.
Output: a reduced-order asymptotically stable system H = (E,A,B,C,D).

1: Compute the full rank Cholesky factors Z;. and Z;, of the improper Gramians G, = Zng and
Gy = Z,,ZT satisfying the projected Lyapunov equations (3.3) and (3.4), respectively.

2: Compute the singular value decomposition ZL AZ;. = U;®V1 with nonsingular 6.

3: Compute My = D — CZ, V,0~ UL ZL'B.

4: Compute the Cholesky factors Z5 and Z5 of the stochastic controllability Gramian
G5 = Z5(Z5)T = G, satisfying (3.1) and the stochastic observability Gramian G5 = Z5(Z5)T
which is the minimal solution of the projected Lur’e equation (3.11).

5: Compute the smgular value decomposmon (ZS)TEZS = [U,, U )diag(Z}, Z5)[ Vi, V.17,
where X7 = diag(o?, ... é) and X5 = dlag(cr s crn/)

6: Compute the reduced-order system (E, A, B, C, D) = (WET, WTAT, WB, CT, M,) with
the projection matrices W = Z5U,(2§)~"/2 and T = Z5V, (X))~ V2.

If My is nonsingular, then the projected Lur’e Equation(3.11) reduces to the
projected Riccati equation

ATYE + E"YA + (BYYE — cP,)" (M,M}) "' (B{YE—CP,) =0, Y =P]YP,

It has been shown in [159] that for standard state space systems with the invertible
and strictly minimum phase transfer function H(s), the stochastic balanced trunca-
tion method is equivalent to a frequency-weighted balanced truncation approach
with H™'(s) as an output weight and I as an input weight. This approach is based
on balancing the controllability Gramian of H against the observability Gramian of
H™'. Tt can also be extended to the DAE system (1.1). If M, is nonsingular, then
H™!(s) can be realized as

' = (E, A-PBM;'CP,, PBM,"', —M;'CP,, M;").

The proper observability Gramian épo of H™! is defined as the solution of the
projected Lyapunov equation

(A— PBM;'CP,)' G, E + E'G,0(A — PBM ' CP,) = —PTCT (M,MD)~'CP,,
Gypo = PIG,,P,.

The stochastic characteristic values ojs

\/Aj(GI,CETépoE) via ajs = 6;/ \/(1 + cArjz), see [158]. Thus, if (1.1) is
asymptotically stable, H(s) is strictly minimum phase and M, is nonsingular, then
the stochastic balanced truncation method involves solving two projected Lyapunov
equations, and, hence, it is as expensive as Lyapunov-based balanced truncation.

are related to the new characteristic values
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3.1.5 LQG Balanced Truncation

Another balancing-related model reduction approach is linear-quadratic Gaussian
(LQG) balanced truncation developed first for unstable standard state-space systems
in [78]. An extension of this method to DAEs was presented in [95] and further
developed in [21] for flow control problems. The LQG balanced truncation method
is based on the generalized Riccati equations

AXT + XAT + BB" — (XCT + BD")(I + DD")~'(CX" + DB") = 0, a2
EXT — XET =0, '

and

ATY + YTA+ CT"C — (Y"B + C'D)(I + D"D)~'(B"Y + D' C) = 0, G.13)
ETY —Y'E =0, '

where the matrices I + DD and I + DTD are assumed to be nonsingular. Note that
these equations do not involve the spectral projectors. One can show that if the DAE
system (1.1) is S-stabilizable and S-detectable, then Equations(3.12) and (3.13)
have stabilizing solutions X and Y such that the pencils

AE — (A—(XC" + BD")(I + DD")~'C),
AE—(A—B(I+D"D)"'(B"Y + D'())

are both of index one and stable. The matrices G:2° = XET and GL9¢ = YTE are
called the LQOG controllability and observability Gramians of the DAE system (1.1).
In contrast to X and Y, the Gramians G52 and GL2C are symmetric, positive
semidefinite and uniquely defined. The LOG characteristic values are defined as

010 = \[3,(GHO (BT GH ),

where E1 denotes the Moore—Penrose pseudoinverse of E. Balancing the LQG
Gramians and truncating the states corresponding to small LQG characteristic
values provides the LQG balanced truncation model reduction method given in
Algorithm 5.

For the LQG reduced-order system, there exists an error estimate in the gap
metric [61] defined as follows. Let the DAE system (1.1) be S-stabilizable and
S-detectable. Then its transfer function H(s) can be factored as H(s) = K(s)M~(s),
where

K(s) = (C+ DF)(sE —A — BF)"'B(I + D'D)"\/> + D( + D'D)™/2,
M(s) = FE — A — BF)™'B(I + D"D)™"/> + (I + D"D)~"/
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Algorithm 5 LQG balanced truncation for DAE systems.
Input: H = (E,A,B,C,D)

1: Compute the full rank matrices Z, and Z; such that im(Z,) = ker(E) and im(Z;) = ker(E").

2: Compute the Cholesky factors ZX99 and ZL9C¢ such that EXT = EZ!G(ZECS)TET and
ETYy = ETZLOG(ZLCG)TE, where X and Y are the stabilizing solutions of the generalized
Riccati equations (3.12) and (3.13), respectively.

3: Compute (ZL26)TEZLC = (U, Uz]diag(ElLQG, Z‘ZLQG)[VI, V,]T by singular value decomposi-
tion with EILQG = diag(crlLQG, ...,026) and Z'ZLQG = diag(crff_?, cees (r,f‘QG).

4: Compute the reduced-order system (E, A, B, C, D) = (WTET, WTAT, W'B, CT, D) with the
projection matrices W = [ Z:20U, (£12%)=1/2, /] and T = [ 76V, (229 ~112, 7,].

with F = —(I + D"D)"'(B"Y + D' C), are stable proper rational functions called
the right coprime factors of H(s). Obviously, [AI?} € Hoo, and we obtain the error
estimate

LOG

~ k
(R RSN
Hoo j=r+1 \/1 + UjLQG
LOG

where H(s) = K(s)M - (s) is the right coprime factorization of H(s) and o; re
the LQG characteristic values from Algorithm 5, see [95]. ‘

Projector-free generalized Riccati equations similar to (3.12) and (3.13) have
also been studied in the context of linear-quadratic optimal control [79, 117, 154],
spectral factorization problems [80, 81], and extensions of the positive real and
bounded real lemmas to DAE systems [58, 149-151, 156]. Stability and the
index-1 property of (1.1) can also be characterized via the projector-free generalized
Lyapunov equations

AXT + XAT + BBT =0, EXT —XET =0,
ATY +YTA+CTC =0, ET'Y —YTE =0,

see [74, 141]. All these matrix equations provide an alternative way to define
different types of Gramians for DAEs and also new balancing-related model
reduction methods [112]. They might be advantageous if the spectral projectors
are difficult to compute. It should, however, be noticed that currently existing
numerical methods for such equations are restricted to small and medium-sized
problems. Another disadvantage is that these new model reduction techniques would
be limited, in most cases, to index one problems.
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3.2 Interpolation-Based Approximation

Another family of methods for model reduction is based on (rational) interpolation.
The unifying feature of the methods in this family is that the original transfer
function H(s) is approximated by a rational matrix function H(s) of lower degree
satisfying some interpolation conditions (that is, the original and the reduced-order
transfer function coincide, e.g. H(so) = H(so) at some predefined value s, such that
A — soE is nonsingular). Computationally, this is usually realized by certain Krylov
subspace methods.

The classical approach is known under the name of moment-matching or Padé(-
type) approximation. In these methods, the transfer functions of the original and the
reduced-order systems are expanded into power series and the reduced-order system
is then determined so that the first coefficients in the series expansions match. In this
context, the coefficients of the power series expansion are called moments, which
explains the term moment-matching. One speaks of Padé-approximation if the
number of matching moments is maximized for a given degree of the approximating
rational function.

Classically, the expansion of the transfer function in a power series about an
expansion point so as in (2.9) is used. Recall that the moments M;(so),j = 0,1,2, ...
are given by

M;(s0) = —C ((A — soE)"'EY'(A — 50E) "B + 80, D.

Note that s¢ is necessarily chosen such that A — soE is nonsingular, and hence sy is
neither an eigenvalue of the matrix pencil AE — A nor a pole of the transfer function
H(s). Thus, the approach described in the following can be applied regardless
whether E is singular or not, so that no special adaptation to DAE systems is
necessary.

Now consider the block Krylov subspace

Ki(F, G) = blockspan{G, FG, F*G, ..., F*"'G}

generated by F = (A — soE)"'E and G = —(A — soE)~'B with an appropriately
chosen expansion point s; which may be real or complex. From the definitions
of A,B and E, it follows that F € K™ and G € K" where K = R or
K = C depending on whether sy is chosen in R or in C. Considering I (F, G)
columnwise, this leads to the observation that the number of column vectors in
[G.FG,F?G, ... ,FF"'G] is given by r = m - k, as there are k blocks F/'G € K™,
j =0,...,k— 1. In the case when all r column vectors are linearly independent,
the dimension of the Krylov subspace I x(F, G) is r. Assume that a unitary basis
for this block Krylov subspace is generated such that the column-space of the
resulting unitary matrix 7 € K™ spans K (F, G). Applying the Galerkin projection
IT = TT* to (1.1) yields a reduced system whose transfer function satisfies the
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following Hermite interpolation conditions

() _ 0 .

H" (so) = HY (s0), j=0,1,...,k—1.

This means that transfer functions H and H and their first k derivatives coincide at
so. Considering the power series expansion (2.9) of the original and the reduced-
order transfer function, this is equivalent to saying that at least the first X moments
A7Ij(s0) of the transfer function H (s) of the reduced system (1.2) are equal to the first
k moments M;(so) of the transfer function H(s) of the original system (1.1) at the
expansion point sy, i.e.,

Mj(so) = Mj(so), j=0,1,....,k—1.

If further the r columns of the unitary matrix W span the block Krylov subspace
Ki(F,G) for F = (A —soE)"TET and G = —(A — soE)~"C", applying the Petrov—
Galerkin projection IT = T(W*T)™'W* to (1.1) yields a reduced system whose
transfer function matches at least the first 2k moments of the transfer function H(s)
of the original system.

Theoretically, the matrix 7 (and W) can be computed by explicitly forming the
columns which span the corresponding Krylov subspace Cx(F, G) and using the
Gram-Schmidt algorithm to generate unitary basis vectors for K (F, G). The for-
ming of the moments (the Krylov subspace blocks /G) is numerically precarious
and has to be avoided under all circumstances. Instead, it is recommended to use
Krylov subspace methods to achieve an interpolation-based reduced-order model as
described above. The unitary basis of a (block) Krylov subspace can be computed
by employing a (block) Arnoldi or (block) Lanczos method, see e.g. [8, 55, 64].

In the case when an oblique projection is used, it is not necessary to compute
two unitary bases as above. An alternative is then to use the nonsymmetric
Lanczos process [64]. It computes bi-unitary bases for the above-mentioned Krylov
subspaces and the reduced-order model as a by-product of the Lanczos process.
An overview of the computational techniques for moment-matching and Padé
approximation summarizing the work of a decade is given in [55] and the references
therein.

The use of complex-valued expansion points will lead to a complex-valued
reduced-order system (1.2). In some applications (in particular, if the original
system is real-valued) this is undesired. In that case one can always use complex-
conjugate pairs of expansion points as then the entire computations can be done in
real arithmetic.

In general, the discussed model order reduction approaches are instances of
rational interpolation. When the expansion point is chosen to be s9 = oo, the
moments are called Markov parameters and the approximation problem is known
as partial realization. Here, the singularity of E obviously makes a difference as
then the Laurent expansion (2.10) is used. For singular E, using the reflexive inverse
of E, a partial realization method for descriptor systems was derived in [24].
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As the use of one single expansion point s leads to good approximation only
close to s, it might be desirable to use more than one expansion point. This leads
to multi-point moment-matching methods, which can also be interpreted as rational
Krylov methods, see, e.g., [8, 55].

Assume that £ expansion points s;, i = 1,2,...,£ are considered. The column
vectors of the matrix 7 are determined from the £ block Krylov subspaces
K, (Fi, G;) generated by F; = (A — s;E)"'E and G; = —(A — s;E)"'B for
i=1,2,...,L. From each of these subspaces, the m - k; column vectors are used to
generate an n X r matrix

T= [T Ty - Ty ). r=m)y ki

In order to obtain a unitary, full-rank matrix 7, a rank-revealing QR decomposition
can be used T = TR, so that the numerical rank of T can be determined,
ro= rank(f”), and finally, T can be truncated to T = [T(:,1 : 7)] (employing
MATLAB® notation). The columns of T span the same subspace as the span of
the union of the Krylov subspaces Ky, (F;, G;), that is, span(T) = Uf:l’(:ki (Fi, G)).
Then at least k; moments are matched per expansion point s;:

Mi(si) = My(si),  j=0,1,....k—1, i=1.2,...,¢,

if the reduced system is generated by applying the Galerkin projection [T = TT*.
In this case, H fulfils the Hermite interpolation conditions

i{(,/)

(s) =HY(s)), j=01,....ki—=1, i=1.2...L

A Petrov—Galerkin projection can also be constructed following this idea. Then at
least 2k; moments are matched per expansion point s;. It should be noted that at each
s; a different number of moments k; is matched.

In contrast to balanced truncation, these (rational) interpolation methods do not
necessarily preserve stability. Remedies have been suggested, see, e.g. [55].

The methods just described provide good approximation quality around the
expansion points. They do not aim at a global approximation as measured by the
H,- or Hoo-norm. In [68], an iterative procedure is presented which determines,
upon convergence,’ locally optimal expansion points with respect to the #,-norm
approximation under the assumption that the order r of the reduced model is
prescribed and such that only O-th and 1-st order derivatives are matched. This is
motivated by the necessary H,-norm optimality conditions for a stable, r-th order,
rational interpolant H of H. In order for H to be a local minimizer of the error
measured in the H,-norm, it is necessarily a Hermite interpolant in the classical
sense, i.e., interpolation of the function value and its first-order derivative at the

3For partial convergence results, see [52].
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mirror images (with respect to the imaginary axis) of the poles of H, see [94]. Also,
for multi-input multi-output systems (that is, m and ¢ in (1.1) are both larger than
one), no full moment-matching is achieved, but only tangential interpolation

H(s)bj = H(s)b;, c'H(s)) = c'H(s). ¢ H (s)bj = ¢’ H (5))b;

for certain vectors b; and c¢; determined together with the optimal s; by the iterative
procedure. The H,-optimal approximation procedure was extended to DAE systems
in [69]. Though the interpolation properties of the reduced-order transfer function
are the same for ODE and DAE systems, one needs to take special care of behavior
at infinity for DAE systems. In order for the error function H — H to be an H»-
function, it needs to be zero at infinity, which usually is not the case when only
applying the necessary optimality conditions of the ODE case. In addition, it is
necessary to “interpolate” at infinity. This requires some additional work and alte-
ring the realization of the reduced-order model without destroying the interpolation
conditions in the mirror images of its poles. A procedure achieving this and requi-
ring little extra effort is described in [69], but we refrain here from reproducing the
technical details.

4 Solving Large Matrix Equations

In this section, we discuss the numerical solution of projected Lyapunov and
Riccati matrix equations arising in balancing-related model reduction of DAE
systems. We assume that the spectral projectors in these equations are given, though
their computation may be a challenging task, especially for large-scale problems.
Fortunately, for some structured problems, the spectral projectors can either be
constructed explicitly or the DAE system (and also the matrix equations) can be
modified such that the projectors are no longer required. This issue will be addressed
in Sect. 5.

4.1 Projected Lyapunov Equations

We consider first the projected discrete-time Lyapunov equation
AXAT — EXE" = Q,BB™Q] X = 0.x0", 4.1)

where A, E € R™", B € R with m < n. If the pencil AE — A is stable, i.e., all its
finite eigenvalues have negative real part, and it has index v, then A is nonsingular
and the solution of (4.1) can be represented as

v—1
X =Y (A"'EYAT'QBB"Q[AT(AT'E)"Y = 22"
=0
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Algorithm 6 Smith method for projected discrete-time Lyapunov equations.

Input: A, E € R™", B € R™™, the spectral projector Q,, and a convergence tolerance tol > 0.
Qutput: a low-rank factor Z; such that X = ZkaT is an approximate solution of (4.1).

Vo = Q,A7'B;

Zo=11

k=0;

: while ||Vi||r > 1ol do

Zit1 = [Zk, Vils

Vig1 = ATEVy

k< k+1;

: end while

A

with Z = Q,[A7'B, (A"'E)A™'B, ..., (A"'E)""'A7'B]. If the index of AE — A is

unknown a priori, then this low-rank factor can be computed using the generalized

Smith iteration [137] which converges in a finite number of steps, see Algorithm 6.
We consider now the projected continuous-time Lyapunov equation

EXA" + AXE"= —P,BB'PI, X =P XP!, (4.2)

where AE — A is assumed to be stable. We aim to determine the solution of this
equation in the factored form X = ZZ”, avoiding the computation of the solution
matrix X. For problems of small and moderate size (up to a few thousands), this can
be achieved using the generalized Schur—-Hammarling method [133] which relies on
computing the generalized Schur form of the pencil AE—A. One can also employ the
matrix sign function method which was initially developed for standard Lyapunov
equations [18, 87, 119] and then extended to projected Lyapunov equations in [136].
This method is efficient, in particular, for large dense problems.

As mentioned in Sect. 3.1.1, to be able to apply the balanced truncation method to
large-scale problems, we are rather interested in a low-rank approximation X ~ ZZT
with Z € R™* and k < n. The simplest way to compute such an approximation is
based on the integral representation (3.5) for the solution of (4.2). Computing this
integral by a quadrature rule

14
X~ Y fii;E — A)~'PBB"P] (—iyE — A)"
j=1

P
+ > fi(—iE — A)"'PBB"P] (iy,E — A"
j=1

with nonnegative nodes w; and positive weights f;, we obtain the real low-rank factor
Z = [Re(By),Im(By), . ..,Re(B,), Im(B,)] € R™*"

with B; = \/ 2fi(iw;E — A)_lPlB. For the dual projected Lyapunov equation, the
low-rank factor can be calculated analogously. Using these factors in Algorithm 1
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can be viewed as an extension of the frequency domain POD approach [153] and
the PMTBR method [106] to DAE systems.

4.1.1 Alternating Directions Implicit Method

A low-rank approximation to the solution of the projected Lyapunov Equation (4.2)
can also be computed iteratively using a low-rank version of the alternating direc-
tions implicit method known as the LR-ADI method [89, 102, 137]. In recent years,
several modifications concerning the efficient computation of Lyapunov residuals,
adaptive choice of ADI shift parameters and handling the complex shifts have been
proposed for Lyapunov equations with nonsingular E, which significantly improve
the performance of the ADI iteration [30, 31, 33]. An extension of these results to
the projected Lyapunov equation is straightforward [25, 137] and summarized in
Algorithm 7.

One can see that this algorithm provides a real low-rank factor Z; € R™*" and
the computational cost for the LR-ADI method is proportional to the cost of solving
linear systems with the sparse matrix E + 1;A. The convergence rate of the ADI
iteration is strongly influenced by the shift parameters 7, € C_. Optimal parameters
can be obtained by solving the minimax problem

. iy : [(I—Ti0)--- (1 —1p0)]
{T1,..., ) = argmin max ,
(r1orieC_ 1€SpEA) [(L+ i) -+ (1 + 5, 1)]

Algorithm 7 LR-ADI method for projected continuous-time Lyapunov equations.

Input: A, E € RV, B € R"™"™, the spectral projector P, shifts ty,..., 7, € C_, a tolerance tol,
and ky.x € N.

Output: a low-rank factor Z such that X &~ Z,Z! solves (4.2) approximately.
1: WO = P]B;

22 Z=[1

3 k=1,

4: while (|W_,W,_ |/ |IWIW,|lr > tol and k < kpyy) do

51 Vi=(E+uA) " 'Wi—p;

6: if 7, € R then

7. Wk = Wk—l - 2‘[kA Vk;

8: Zi = [Zi—1, /20 Vied;

9:  else
10: ar = /—2Re(1r), Br = Re(x)/Im(z);
11: Wk+1 = Wk—l - 4R€(‘[k)A(R€(Vk) + ﬂklm(Vk)),
12 Z= o a(Re(Vi) + BAm(V)). any/B7 + 1Im(Vo)
13: k<—k+1;
14: end if

15: k<—k+1;
16: end while
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where Sp(E, A) denotes the set of finite eigenvalues of the pencil AE—A. Suboptimal
ADI parameters can be determined from a set of largest and smallest in modulus
approximate finite eigenvalues of AE — A computed by an Arnoldi or Lanczos
procedure, or any other method to compute the extreme eigenvalues of a matrix
pencil. Any other parameter selection technique developed for standard Lyapunov
equations [33, 124, 148] can also be used for the projected Lyapunov equation.

4.1.2 Krylov Subspace Methods

Alternative iterative methods for Lyapunov equations are Krylov subspace methods
[38, 75, 77, 122] which become competitive with the ADI iteration due to recent
developments on extended and rational Krylov subspaces [46, 83, 128], see also [47]
for a comparative analysis of the Krylov subspace and ADI methods. Employing the
ADI iteration as a preconditioner in Krylov subspace methods has been considered
in [38, 76]. An extension of these methods to projected Lyapunov equations can be
found in [38, 140]. The approaches differ in the way the linear matrix equation is
solved by either interpreting them as classical linear systems using their Kronecker
product representation in R”z, as is the case, e.g., for [38, 76, 77], or by directly
working on the matrix equation and building the Krylov subspaces in R" as done in
[46, 75, 83, 122, 128, 140]. The latter approach appears to be more efficient (though
also the first approach uses Krylov subspaces in R only implicitly), and we will
therefore concentrate on this concept here.

In the Krylov subspace methods, an approximate solution to the projected
Lyapunov Equation (4.2) is determined in the form X ~ VYYTVT, where columns
of V span a certain Krylov subspace and ¥ = ¥ Y7 solves the reduced Lyapunov
equation

AY +YA" = —BB",

where A = VIAT'EV and B = V'A7'PB or, alternatively, A = V'E~AV and
B = VTE~B. Here,

is a reflexive inverse of E with respect to the projectors P; and P, satisfying the
matrix equations

E"EE” =E, EE~ = Py, E"E =P,
The projection subspace im(V) can be chosen as an extended block Krylov subspace

Ki(AT'E,A7'P,B) U Ky (E"A,E™B).
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Algorithm 8 Extended block Arnoldi method for projected Lyapunov equations.
Input: A, E € R™", B € R™™, the spectral projector P,, and k € N.
Output: a low-rank factor Z; such that X & Z,Z! solves (4.2) approximately.

1: v, = orth([E™B, P,A™'B]) {orthogonalization of the columns of [E™B, P,A™'B]};

2: Vi = Vi, Via=Vill, 01, Viy=V1[0,1,]";

3: for j=1,2,...,kdo

4 VO =[EAV,. ATEV, )
5: for i=1,2,...,jdo

6Z H,J == ‘}ITV(I),

7: VO =v0 —VH,;

8: end for

9: Vigr = orth(V®) {orthogonalization of the columns of V?};

100 Vigr = [Vi, Vigal, Vg = Vi, 017, Vigro = Vi [0, 1,7
11: & =V'E"AV, B;=V/E™B;

12: solve the Lyapunov equation &,Y; + thDjT = —BijT for ¥; = YijT;
13: end for _

14: Z, = V,.Y;.

The resulting numerical procedure based on a block Arnoldi method for computing
an orthogonal basis of this subspace and solving the projected Lyapunov Equa-
tion (4.2) is given in Algorithm 8.

The iteration in this algorithm can be terminated as soon as the normalized resi-
dual defined by

|EZZTAT + AZZTE" ||
n(Z]) — 7 ’ T] J
‘ |1P,BB" P ||

satisfies the condition 1(Z;) < tol with a tolerance tol. Since the computation of the
residual is expensive for large-scale problems, it has been proposed in [140] to use
the following stopping criterion:

|E~(EZZIAT + AZZIET)E) |Ir V2|V E-AVY |

Rl (T = T < tol,
IE=BB"(E7)" | ICE=B)" (E~B)||F

where the matrix Vﬂ_mE—AVj can be obtained as a by-product of the iteration with
no additional matrix-vector products with E~ and A and inner products with long
vectors.

In the rational Krylov subspace method, the projection subspace im(V) is taken
as the rational block Krylov subspace defined as

K(E A, B;s1,....,8) = blockspan{(le —A)~'PB,
k—1
(2E —A)EIE—~A)'PB. ... (sE—~A)[[EGE - A)_IPZB}
j=1
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for some shifts sy, . . ., sx which are not the eigenvalues of AE—A. As in the LR-ADI

method, these parameters should be chosen carefully to guarantee fast convergence
[46, 47].

4.2 Projected Riccati Equations

We consider now the projected Riccati equation in the general form
EXF" + FXE"+ EXQ'"OXE" + PRR'P] =0, X = PXP, (4.3)

where the matrices F € R™", R € R™" and Q € R?" vary depending on the
balanced truncation method:

F=A-pPBJ " 'cp,, Q=J'C, R=BJ.", My+M}=JJ!
in the positive real case and

F=A+PBMyJTJ 'CP,, Q=J-'C, R=BJ",
I—-MMS =JJr, I-MiM,=1JlJ,

cve?

in the bounded real case. In the stochastic balanced truncation method, where a dual
Riccati equation has to be solved, E, P, and P; should be replaced by ET, PIT and
PT, respectively, and

F=(A—BoM;"™M;'CP,)T, Q0=M;'Bl, R=C"M,",
By = PiBM{ + EG,.C".

We assume that (4.3) has a unique stabilizing solution X, such that the matrix pencil
AE—(F +EX.Q"QP,) is stable. Since the first equation in (4.3) is nonlinear, we can
solve it by Newton’s method presented in [25]. For this purpose, we define a Riccati
operator
R(X) = EXF' + FXE" + EXQ"QXE" + P,RR'P]

and compute its Frechét derivative

Ry (N) = EN(F + EXQ'QP,)" + (F + EXQ"QP,)NE" .
Then Newton’s method for the projected Riccati Eq. (4.3) is given by

Ni=—=(Ry)'(R(X)),  Xjr1 =X; +N;. (“4.4)
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Algorithm 9 Low-rank Newton method for projected Riccati equations.

Input: E, F € R™" such that \E — F is stable, Q € R?*", R € R™™, projectors P, and P,.
Output: an approximate low-rank factor of the stabilizing solution of (4.3). B
1: Solve ENoFT + FNoET = —P,RRTPT, Ny = P,NyP” for the low-rank factor Ny such that

Ny ~ NONOT;
2: 5(1 = N();
3: Fy =F;
4: forj=1,2,...do
5. K =EN, 1NT 07
6: F =F-1+ K QP,;
7. solve (4. 5) for the low-rank factor ]VJ such that N; ~ IVJ.]VJ.T;
8 X1 =[X, N;].
9: end for

It has been shown in [25] that this iteration converges quadratically towards
X, for any stabilizing initial guess Xy. If AE — F is stable, then we can take
Xo = 0. However, for unstable problems, the computation of a stabilizing Xy
might be challenging. For some methods to find an initial stabilizing feedback for
descriptor systems, see [17].

Note that the first equation in (4.4) is equivalent to the projected Lyapunov
equation

EN;F! + FNE' = —PKK/P].  N;=P,N;P! (4.5)

with F; = F 4+ EX;Q"0QP, and K; = EN;_;Q". This equation can now be solved
for a low-rank factor using the LR-ADI method discussed above. The resulting low-
rank Newton method is summarized in Algorithm 9. It should be mentioned that
taking the advantage of the special structure of F; = F + (EX;Q7)(QP;), the inverse
of E + 7;F; required in the LR-ADI iteration can be written using the Sherman—
Morrison—Woodbury formula [64, Sect. 2.1.3] as

(E+wF)~' = Fi' — F;(EX;,Q") (I, + OP,Fy; ' (EX; oMo OP,Fy'.
with Fjy = E + 7 F. Thus, instead of solving the linear system with large and
possibly dense E + 7;F, we can solve two large linear systems with sparse E + 7/
and, additionally, one small system.

Substituting N; = X;11 — X; in (4.5), Newton’s method can be reformulated as
the Newton—Kleinman iteration, where the new approximation X; to the solution
of (4.3) is determined by solving the projected Lyapunov equation

EXj F] + FX; E' =—P/(RR"=EX;Q"OX;E)P[,  Xj+1 = P.X;11P].
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The low-rank version of the Newton—Kleinman iteration as well as a comparison of
both the Newton-type techniques can be found in [25].

5 Structured DAE Systems

The main difficulty in the model reduction methods for DAE systems involving
the spectral projectors is the determination of these projectors themselves. This is
often a numerically ill-conditioned problem since it requires the computation of the
deflating subspaces corresponding to the finite eigenvalues of AE — A. Fortunately,
for some structured problems, the projectors P; and P, can be determined employing
the block structures of E and A. Of course, we should avoid forming them explicitly
as they are usually n x n dense matrices. Since the projectors often inherit the block
structures of E and A, projector-vector products can be computed block-wise, where
multiplication with sparse matrices and solving sparse linear systems is involved
[137]. Furthermore, some structured DAE systems can be transformed into the ODE
form such that the computation of the projectors can even be completely avoided.

5.1 Semi-Explicit Systems of Index 1

First, we consider the semi-explicit DAE system
[En E12:| [{Cl(f)} _ |:A11 A12:| |:X1(f):| n [31 i| u(o), 5.1)
0 0 J[%@ Az Ap | | xa(?) B,
y(#) = Cixi(f) + Coxa(t) + Du(t). 5.2)
Such systems arise in computational fluid dynamics [152] and power systems mo-
deling [53, 120]. In the latter case, we have additionally £y, = 0. If the matrices E |

and A,, — A, E};'E,, are both nonsingular, then (5.1) is of index 1, and the spectral
projectors are given by

P = [ I—(A, —ALENER) Ay _A21E1_11E12)_1}

0 0
P, = [I+E1_11E12(A22_A21E1_11E12)_1A21 E1_11E12(A22_A21E1_11E12)_1A22}
—(Ay—Ay EfE ;)" Ay I—(Ay—Ay EfEp) 1Ay

see [137]. Furthermore, (5.1) can be rewritten as the ODE system

Ex() = Ax(t) + Bu(?),

y(#) = Cx(1) + Du(r), (5.3)
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where x(1) = x1(t) + E[|'E},x(0), E = Eyy, and

=A;— @Ay _A11E1_11E12)(A22 —A21E1_11E12)_1A21,

=B, — (A, —ALE'E ) (A, — Ay EL'E)7'B,,
C, —(C, = CE'Ep)(Ayy — Ay EfE ) 7' Ay,

=D—-(C,— ClEl_llElz)(Azz _A21E1_11E12)_132'

We can now apply any model reduction method to system (5.3) with nonsingular E,
where the spectral projectors are no longer needed. In the LR-ADI method and the
Krylov-based model reduction methods, one has to solve the shifted linear systems
of the form (E + tA)z = f. Their solutions can be obtained as z = z; + Ej;'E,,22,
where z; and z; solve the sparse linear system

En+tAn En+tAn |(a|_|f
TAzi TAn 22 0]
Another condition guaranteeing the index-1 property for (5.1) is nonsingularity

of the matrices A,, and E,, — E|,A>,'A,,. In this case, the second equation in (5.1)
gives

(1) = —A3 Ay xi (1) — Ay Bou(d).

Substituting it in the first equation in (5.1) and in the output Equation (5.2), we
obtain the ODE system

Eii(r) = Avxi (1) + Biuy (1),

N ~ 5.4
W) = Crxa (1) + Druns (o). 4

where
Ey = E; — EpAyAy. Ar= Ay —ApAY A,
By =B, —A,A%' By, EpAy Byl €= C = GAyA,,.
D, =[D - C,A})'B,, 0], uy(t) = [ul (1), W' (1) ]"

provided u is continuously differentiable. It should be emphasized that the matrices
E, and A, will never be computed explicitly since they may be dense even if all
matrices E;; and A;; are sparse. The solution of (E 1+ ‘CAAl)Z = f can be obtained by
solving the sparse linear system

|:Ell + 1A Ep+ TA12:| [Zi| _ |:f}
An Ay g 0]
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Note that if E1, = 0, then both systems (5.3) and (5.4) take the form

Enxi(t) = (A), — ApASLA, xi (D) + (B, — A,AS Byu(?),
y(1) = (C, — C,AL A, )x1 () + (D — C,AS'B,)u(t).

Model reduction of such a system has been considered in [53, 120].

5.2 Magneto-Quasistatic Systems of Index 1

Magneto-quasistatic field systems arise in modeling of electromagnetic devices such
as induction machines and transformers by neglecting the displacement currents.
A spatial discretization of Maxwell’s equations in magnetic vector potential for-
mulation together with the circuit coupling equations using the finite integration
technique or the finite element method yields the DAE system

My 0 0] [ai(r) —Ki =K Xy | [ai(®) 0

0 00 élz(l‘) = | =Ky —K»n X; Clz(l‘) +10 M(l‘), s 5)

X{ Xg 0 j(0) 0 0 —-R j() 1 '
y() = j(@),

where [al,a}]” € R™*™ is a semidiscretized magnetic vector potential and
j(t) € R™is a current vector, e.g., [126, 127]. The matrices M;;, K, and R are
symmetric, positive definite and X is of full column rank. In this case, system (5.5)
has index 1 [82]. Let the columns of Y form an orthonormal basis of the kernel of
XI and the columns of Z = X»(X2X,)™"/? span the image of X,. Multiplying the
first equation in (5.5) with an orthogonal matrix

and introducing a vector Qx(1) = [al (1), al, (1), al, (1), (1) ]T partitioned accor-
ding to O, we obtain the ODE system

Ex(r) = Ax(r) + Bu(r).

N 5.6
¥(1) = Cx(0). (5:0)
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where
P My + X RIXT X\ RT'XIZ [a®
= T —1yT T 1ot | X)) = ,

| ZTXRIXT ZTX,R7'XIZ a» (1)

~ [ K KnZ K1 T —lyr

A=— Y(YTK5Y) YT[Kai, K»nZ],
| 27Ky ZTKzzz}r[zTsz (YK ¥) YT (Ko, KnZ) (5.7)

N [ X 1

B = 2Ty }R ,
L 2

C=—-(XIX,)7"XS (I — KnY(Y"KnY)"'YT) [Ka1, KnZ].

In order to be able to apply the balanced truncation model reduction method to
system (5.6), we need to solve linear systems of the form

E+tA)z = l} .
@ ehe=[]
Exploiting the block structure of the matrices E and A in (5.7), the solution of this

system can be determined as z = [ZlT, (Z"z5)T)", where z; and z, solve the sparse
linear system

My — Ky —tKp X1 ] [« h
—1K>y; —1tKy»n X5 2| = ZfZ
xT XTI —R ]|z 0

Furthermore, the ADI shift parameters can be calculated by an Arnoldi procedure
applied to the matrices E~'A and A7'E. Again, the matrix-vector products E~'Av
and A~'Ev required in the Arnoldi procedure can be computed without the
construction of the matrices E, A and their inverses. A main difficulty here is the
computation of the vector z = Y(YTK»Y)~'YTw. Fortunately, this vector can be
determined by solving the sparse linear system

KnXo|lz| _|w

XTI o]ls 0]’
see [82] for details. This shows that the computation of the large dense matrix Y can
completely be avoided which reduces the computational complexity significantly.

5.3 Circuit Equations of Index 1 and 2

Linear RLC circuits consisting of linear resistors, inductors, capacitors and inde-
pendent current and voltage sources can be described using modified nodal analysis
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[72, 111]. Choosing currents through inductors and voltages of voltage sources as
inputs, as well as voltages of current sources and currents through voltage sources
as outputs, one obtains a DAE system of the form (1.1) described by

AcCAL 0 0 —Ag R™AY —AL —Ay —A; 0
E= 0 LO0]| A= AT 0 0 |.B=| 0 o|=C"
0 00 A7, 0 0 0
(5.8)
n(?) ;
. Jj1(0) vr(1)
D=0, x(t)=j.0 | u(t)=|:1 } y(t):—[_’ ]
jo (D) V(1) Jy (D)

Here n € R™ is a vector of node potentials, j, € R"Z, j; € R" and joy € R"
are vectors of currents through inductors, current and voltage sources, respectively,
and vy and vy are vectors of voltages of current and voltage sources, respectively.
Furthermore, Ac, Ay, Ag, Ay and A are the incidence matrices describing the
topological structure of the circuit, and C, X and L are the capacitance, resistance
and inductance matrices. Under the assumptions that A4, has full column rank,
[Ac, A, Ag, Ay has full row rank and C, R and L are positive definite,
system (1.1), (5.8) is of index at most 2 and passive [49, 109]. It has index 1 if]
additionally, [A¢, A, Ag] has full row rank and ZgAfV has full column rank, where
the columns of Z span ker(AE).

In model reduction of circuit equations, it is crucial to preserve passivity. This
allows a back interpretation of the reduced-order model as an electrical circuit which
has fewer electrical components than the original one [7, 109]. Passivity-preserving
Krylov subspace based model reduction methods for structured circuit equations
have been developed in [54, 56, 57, 84, 99], whereas balancing-related methods
have been considered in [16, 105, 114, 116, 155]. Unfortunately, the application
of the positive real balanced truncation method is currently restricted to small and
medium-sized problems, since there exists no explicit representation for the spectral
projectors required in the positive real Lur’e Equations (3.6) and (3.7). In contrast,
for the Moebius-transformed system Hy, = (E,A — BC, —v/2B, V/2C, I), the right
and left spectral projectors are given by

[ Hs(H4yH,—1I)  HsH A H; 0

Pr = O H7 0 )

| —AL(HsHy — 1) —AT,H,ALH7 0

[ (HyHy—DHs 0 (HyHy— DAy
P = | —HsATH,Hs Hy —H3ATH,Ay |,
0 0 0
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where
1 Tz
Hl CKIfVALL ALZeg 10
LgT T T —1 Ty 17T 1 T
RQ{ AR+A1AI+A7/A,V+ALL ALZ CKPVH chuq/ALL A,

H3 =ZlHZ,., H4 =Z.H;'ZL,

_ 1T AT _ _ —1,T 1T
Hs =7 KI'VH V4 KI'VA L A 1, —A L A KI'VH V4 CRIV —1,

_ 14T 1 T — I
H,=1—- L A CKI‘VH ZCKI'VA Hg =1-— A CKI‘VH CKI'VA L

Z is abasis matrix for ker(A C)’

Zeg 1o is a basis matrix for ker([Ac, Ag, Ay, AylD),

see [114, 139]. This allows us to compute the passive reduced-order model by
applying the bounded real balanced truncation to H), in the large-scale setting.
Taking into account the block structure of the system matrices in (5.8), we can also
determine the matrix My = 31—13)10 H;(s) in the form

[1 —2ATZH;'Z7A, 2ATZHT'ZA,, ]
0= 1 _
=240, ZHJ'ZTA,  —1+2A%,ZH;'ZTA,,
— 7T —luT T T —
where Hy = Z7(Ag R Ag +AJA + A A)Z, Z = ZCZ;{”/ - and ZRFV ol

a basis matrix forim([Ag, A7, Ay ]"Z). Having this matrix, we no longer need to
compute the improper Gramians. Furthermore, if C, X and L are symmetric, then
P, = PT and the bounded real Gramians G2R and G5 are related by

BR BR
GC = Siano Sint

with a signature matrix Sy = diag(/,,, —I,, —In,,). In this case, only one Lur’e
equation has to be solved which reduces the computational cost.

A further cost reduction can be achieved for RC and RL circuits. The underlying
equations for such circuits are either symmetric or they can be transformed to sym-
metric systems for which passivity-preserving model reduction can be performed
employing the Lyapunov balancing [116].

5.4 Stokes-Like Systems of Index 2

Another block structured DAE system arises in computational fluid dynamics,
where the flow of an incompressible fluid is modeled by the Navier—Stokes equation.
After a linearization along a stationary trajectory and discretization in space by the
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finite element method, one gets the Stokes-like system

EqOf[o@® | _ |AnAn||v® By "
[ 0 0} [ﬁ(t)} a [Azl 0 Hp(t)} N [Bz} . (5.9)
y(#) = Crv(t) + Cop(t) + Du(t),

where v(f) and p(¢) are the semidiscretized velocity and pressure vectors. Model
reduction of such systems has been considered in [35, 69, 71, 135]. Note that unlike
[71], we do not assume here that Ej; is symmetric and A,; = A1T2~ If E;; and
A21E1_11A12 are both nonsingular, then system (5.9) is of index 2, and the spectral
projectors P; and P, have the form

P = [Hl _HlA11E1_11A12(A21E1_11A12)_1}
0 0 ’

0

r=| & |
' —(Ay EfA) T AGERA LT, 0]

where

m=1— Alzl(AZIEl_llAlzl)_lAﬂlEﬁl, 1
II, =1—-Ej A(AyETAp) Ay = E T E .

Note that the conditions for Aj, and A,; to be of full rank are, in general, not enough
for the index-2 property. It has been shown in [71] that the velocity and pressure
vectors can be determined as

(1) = vo(t) — Ef' Ay (A Ef' A ) ' Byu(),
p() = —(Ay Ef A ) T Ay E A vo () 4+ Ay E B u() + Byi(r)),

where By, = B, —A,,E['A,,(A,,E}'A},) !B, and vy(t) = I1,vy(t) solves the DAE
system

Evo(r) = Avo(r) + Bu(r),

() = Cvo(t) + ﬁu([) 4 ﬁlh(t), (5.10)

with

E=IE\, A=A, B =I;B,, (5.1D
C=C, - C(AyEf'Ap) Ay EA,.
D =D - CEA,(AyEr'Ap) ' By — Cy(Ay Ef'A ) T Ay BBy,

D, = _Cz(AmEl_llAlz)_le-
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Note that the matrices E and A in (5.11) have a common nontrivial kernel, and,
hence, AE — A is singular for all 1 € C. At first glance, this renders the application
of balanced truncation and interpolatory-based model reduction methods to (5.10)
impossible since there the inversion of E+ 1A (or A—s;E) is required. Fortunately,
these matrices can be inverted on a subspace. Then the LR-ADI iteration for the
projected Lyapunov equation

AXE" + EXAT = —BBT
associated with (5.10) can be reformulated as

Wo By, Zo=11,
(E+TkA) Wi1,
Wk Wk 1—2Re(fk)A11‘7k,

= [Zi-1. y/—2Re(%) Vi].

(5.12)

where (E + rk/i) is the reflexive i inverse of E+ ‘L'kA with | respect to 171 and II,.
Taking into account the structure of E and A the matrices Vk = (E + ‘L'kA) Wk 1
can be computed by solving the linear matrix equation

|:E11 + TAn A121| |:Vk:| _ |:Wk—1:|
Ax 0 V| 0

with sparse (if £1; and A;; are sparse) coefficient matrix. The main advantage of the
LR ADI iteration (5.12) over those in Algorithm 7 is that the matrices Vk, Wk and
Zk have smaller dimension than Vi, W, and Z, respectively, and no multiplication
with the projectors is required. For further details of this novel formulation of the
ADI iteration and its specific implementation for Stokes-like equations, see [35],
where also an extension of balanced truncation to unstable descriptor systems is

considered. Further note that LQG balanced truncation for (Navier—)Stokes flow is
discussed in [21].

5.5 Mechanical Systems of Index 1 and 3
Consider a second-order DAE system
My 0| |p@) Dy 0] [p(0) Kiu Ko||(p@®|_ B
e o) R i ] K Pl [ ) R P

Cip(t) + Con(r) = y(1),
(5.13)
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where p(f) is a displacement vector and 7(f) is a vector of electrical potentials.
Such systems frequently arise in mechatronics, where micro-electromechanical
devices are of great interest, e.g., [144]. Introducing x(¢) = [p”(¢), pT (1), nT ()17,
system (5.13) can be written as the first-order DAE system (1.1) with

I 00 0 1 0 0
E= OM11 0 5 A= —K11 —@11 —Ku . B= Bl 5 C=[C1,0, Cz], D=0.
000 Ky 0 —K» B,

If M), and K, are both nonsingular, then this system (and also (5.13)) is of
index 1. Similarly to the semi-explicit DAE system (5.1), (5.2), system (5.13) can
be rewritten in the compact form

Mup(0) + Dup(t) + Kup(r) = l%u(t), R
y() = Cp(t) + Du(?),

where 1611 = K — K12K2_21K21, é = B — Klsz_lez, é =C — C2K2_21K21 and
D= CZKZ_ZIBZ. Applying the second-order balanced truncation method as proposed
in [22, 31] or the second-order Krylov subspace methods [9, 125] requires the
solution of the linear systems (2M;; £ 1Dy + K 11)z = f. Employing the structure
of the involved matrices, the vector z can be determined by solving the sparse system

[TlelinDn-i-Kn K12:||:Z:| _ |:f:|
K> K»n]lg 0
using a sparse LU factorization or Krylov subspace methods [123].

The dynamical behavior of linear multibody systems with holonomic constraints
is described by the Euler—Lagrange equations

I 0 07 p 0 I 0 p(t) 0
0 MO v | =| -K —D -GT v() |+ | B |u(@),
0 0 00 G 0 0 |LXx0 0 (5.14)

y(@) = Cpp(1) + Gy (1),

where p(f) and v(f) are the position and velocity vectors, A,(¢) is the Lagrange
multiplier, M, D and K are the mass, stiffness and damping matrices, respectively,
and G is a matrix of constraints. If M and GM~'G” are both nonsingular, then
system (5.14) is of index 3. Exploiting the block structure of the system matrices,
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the spectral projectors P; and P, can be computed as

i m, 0 I,M~' DG,
P=|\0'D0-0, 0OF 0ONK-D0M'D)G, |.
i 0 0 0
1, 0 0
P, = M~ DI - 11,) 1, 0.
| -GI(KII, + DM~ D(I — I1,)) -GI'or, 0

where G; = M~'GT(GM~'G")~" and
o =1-M'G"GM'G")'G=1-G\G

is a projector onto the constraint manifold ker(G). Instead of using the spectral
projectors P; and P, explicitly, one can reformulate the DAE system (5.14) in such
a way that only the implicit projection is needed. This can be achieved by the Gear—
Gupta—Leimkuhler formulation [60] given by

10 0 0[50 0 I 0 —GT[p@) 0
oM 0 0| o) K -D —G" 0 || v B

v | . (5.15
00 00|40 G o o o [[no|T]o u(@®, (513
00 0 0lli o G o o ol Lo

y@&) =Cpp(t) + Cyv(t)

which has index 2. In computational multibody dynamics, (5.15) is also known
as stabilized index-2 formulation of the equations of motion, e.g., [39]. It can be
obtained by differentiating the position-level constraint Gp(f) = 0 and adding the
resulting velocity-level constraint equation Gv(f) = 0 to (5.14) by introducing
an additional Lagrange multiplier A,. It was shown in [60] that if (p, v, A,) is a solu-
tion of (5.14), then (p, v, A,, A,) with A, = 0 is a solution of (5.15). Conversely, if
(p,v,Ap, Ay) solves (5.15), then A, = O and (p, v, A,) satisfies (5.14). Observe that
system (5.15) has the Stokes-like form (5.9) with

10 0 I 0 —GT G 0
Ey= A= A= , Ay = :
i=lo wl =] g o) an=| o o | =]t o]

Bl:[g}s Bzzl:g}v Cl:[va Cv]s C2:07 DZO-
(5.16)
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Therefore, all results of Sect.5.4 can be applied to the constrained mechanical
system (5.15). Exploiting the block structure of the matrices in (5.16), we obtain
the second-order system

Mp(0) + Dp(t) + Rp(r) = Bu(o),

" n 5.17
¥(0) = Cp(0) + Copl) C-A7)

for the position vector p(¢) = I1p(f), where

M = IMII, D = I,DII, K = IT,KI1I,
B = I,B, ¢, = C,I. ¢, = C,1,
I, = MIT,M~", I =1-G"(GG")™G.

Combining the balanced truncation technique from [71] with the second-order
LR-ADI method presented in [22, 31], we can derive an efficient computational
procedure for model reduction of system (5.17) which does not require forming the
first-order system. This procedure involves solving projected linear systems

(°M — D + K)[1z = IIf
whose solution z = [z can be determined from the saddle point linear system
PM—tD+K G [z] _[f
G 0 lgl |O

without computing the projectors I7; and I71.

6 Other Model Reduction Topics

In this section, we briefly discuss other works related to model reduction of DAE
systems. This list is far from complete and rather provides a very short overview of
recent developments in this active research area.

6.1 Model Reduction of Periodic Discrete-Time Descriptor
Systems

The balanced truncation model reduction method can also be formulated for
discrete-time DAE:s. In this case, instead of projected continuous-time Lyapunov
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Equations (3.1) and (3.2), one has to solve the projected discrete-time Lyapunov
equations

AXA" —EXE"= -PBB"P], X =PXP! (6.1)
A"YA - E"YE = -PIC'cp,, Y = PYP, (6.2)

introduced in [133].
Model reduction of periodic discrete-time descriptor systems

Eixi+1 = Arxg + Brug,

6.3
vk = Cixy, ©3)

where E; € RM+1>+1 A € R By € R+ e R are periodic
with a period K > 1, Z,{:& = ZkK;é ng =n, ZkK;é m = m and ZkK;é qx = q,
has been considered in [32, 40]. The Gramians for such systems can be determined
as solutions of periodic projected Lyapunov equations. Using a lifted representation
[132] for the periodic descriptor system (6.3), these equations can be written in
the form (3.3), (3.4) and (6.1), (6.2) with block structured matrices E,A € R"™",
B € R™" and C € R?. The efficient solution of these lifted systems using
methods from Sect. 4.1 adapted to exploit the block sparsity in the lifted system
matrices is considered in [29, 32, 73].

6.2 Index-Aware Model Reduction for DAEs

In [2, 3], an index-aware model reduction approach was proposed for DAE systems
which is based on splitting the DAE into an ODE system and a system of algebraic
equations. It was shown in [2] that the index-1 DAE system (1.1) can be written in
the form

x1(1) = Anxi (1) + Biu(r), yi(1) = Cixi (1), (6.4)
x2(1) = Ag1x1 (1) + Bau(), y() = y1(1) + Coxz (1) + Du(?),

where
T T T
- (4]0 (2] [ [3]-[3f]e
XZ(I) W2 Ay W2 B, W2
E| = E—AT,WI, [Ci, C] =C[Ty, T»], (Wi, Wy 1" = [Ty, T»]7",

and the columns of the matrices 77 and T, form the basis of im(E”) and ker(E),
respectively. Then the ODE system (6.4) is approximated by a reduced-order model

X1(t) = AnFi(0) + Buu(o), y1(t) = Cix (1)
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withA;; = VTA1V, B; = V'B; and C; = C,V using any projection-based model
reduction method, and y(t) = y;(¢) + C2A2 VX (f) + (C2B, 4+ D)u(t) approximates
the output y(). The transformation matrix [T}, T3] can be determined from the
sparse LUQ factorization [85] of ET as a product of a permutation matrix and
a sparse lower triangular matrix, and its inverse is computed by forward substitution,
see [157] for a detailed discussion. The index-aware model reduction approach was
also extended in [3] to DAEs of index 2. It should be noted that this approach does
not require any special structure of the matrices E and A, but its efficiency strongly
relies on sparsity of the matrix A;; = W!E['AT;. Even if [Ty, T»] is sparse,
the multiplication with E;! may result in a full matrix that makes this approach
unfeasible for large-scale problems.

6.3 Parametric Model Reduction

In recent years, model reduction of parameterized systems has received a lot of
attention, see [34] for an overview and numerous references. Here, we are only
going to provide a brief sketch of some approaches, noting that a lot remains to be
done to adapt some of them to descriptor systems, and to exploit special structures
as in Sect. 5.

Consider a linear parametric DAE system

E(p)x(t,p) = A(p)x(t,p) + B(p)u(t), ©6.5)
y(t,p) = C(p)x(t,p), '

where the system matrices and, hence, the state and the output depend on a parame-
ter p € P C RY. Such systems appear frequently in control design and optimization
problems, where parameters describe varying geometric configurations and material
characteristics. When approximating the parametric system, it is important to pre-
serve the parameter dependence in the reduced-order model. For parametric model
reduction, different techniques have been developed over the years, that are, in some
sense, extensions of traditional non-parametric model reduction approaches, see
[34] for a survey of state-of-the-art parametric model reduction methods. In Krylov
subspace based methods [11, 19, 42, 50, 90], the transfer function

H(s.p) = C(p)(E(p) —A(p))"'B(p)
of (6.5) is approximated by
H(s,p) = C(p)(sE(p) —A(p))~'B(p)

of lower dimension that satisfies (tangential) interpolation conditions with respect
to s and p. Another class of the parametric model reduction methods is based



152 P. Benner and T. Stykel

on interpolation. For selected parameters pj,...,px € P, one computes first the
reduced-order local models

Ey(0) = A3(0) + Buo),
510 = C0),

where E; = W/E(p)T;, Aj = WIA(p)T;, B; = W/B(p)) and C; = C(p))T;.
Then a parameter-dependent reduced-order model is constructed by using one of
the following interpolation approaches:

1. interpolation in the frequency domain [10, 51, 129], where the reduced transfer
function is obtained by interpolation of the reduced local transfer functions

k
H(s,p) = Y _f(p)Ci(sE; —A)~'By;

Jj=1

2. interpolation in the time domain [5, 6, 43, 62, 101], where the reduced-order
model is derived by interpolation of the reduced system matrices

- k - - k -
E(p) = .Zlff(P)E" A(p) = Zlf/(P)A',
j= j=
~ k ~ - k -
B(p) = Zlﬁ(p)Bj, C(p) = Zj;(zﬂC:
j= Jj=

3. interpolation of the projection subspaces [4, 130], where the reduced-order
model is determined by projection

E(p) = W'(p)E()T(p),  A(p) = W (p)APT(p),
B(p) = W' (p)B(p). C(p) = C(PT(p).

and the projection matrices W(p) and T(p) are obtained by interpolation of
Wi,...,Wrand Ty, ..., Ty, respectively, on the Grassmann manifolds.

For an extension of these methods to descriptor systems and a comparative analysis
of them, with particular focus on their application to circuit equations, we refer to
[131].

Model reduction of nonlinear parametric DAEs arising in circuit simulation using
a reduced bases method was considered in [44].
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7 Conclusions

We have surveyed model order reduction methods for linear descriptor systems,
i.e., systems with input—output structure and dynamics described by systems
of differential-algebraic equations. We have seen that most methods based on
system-theoretic approaches such as balanced truncation and the related family
of balancing-based methods as well as methods based on rational interpolation
of the associated transfer function can be adapted to descriptor systems by using
appropriate spectral projectors. As an extension of the available literature, we have
extended the method of balanced stochastic truncation to descriptor systems. The
presented approaches rely on the availability of the spectral projectors. Often, in
applications, these can be formed explicitly without additional computation by a
smart usage of the structure arising from the different applications. Moreover, the
explicit formation of the spectral projectors can usually be avoided using clever
implementations of the algorithms needed, e.g., to compute the factors of the
system Gramians used in balancing-based methods. These Gramians are solutions of
projected algebraic Lyapunov or Riccati equations. We have shown recent advances
in the numerical methods to solve these projected matrix equations. Details of
the projector-avoiding strategies have been discussed for various engineering
problems leading to descriptor systems of index 1, 2, or 3, resulting in specialized
implementations of the model order reduction methods.

Future work in this area will address extensions of the methods discussed to
nonlinear systems. Such extensions of the system-theoretic methods for nonlinear
systems described by ordinary differential equations have been surveyed recently
in [12]. First attempts focusing on bilinear descriptor systems as discussed in [20]
show that in particular the interpolatory approaches carry over directly when the
underlying structure is carefully exploited. The extension of these results to more
general classes of nonlinear descriptor systems will require further research efforts
in the future.
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Abstract We investigate different concepts related to observability of linear con-
stant coefficient differential-algebraic equations. Regularity, which, loosely speak-
ing, guarantees existence and uniqueness of solutions for any inhomogeneity, is
not required in this article. Concepts like impulse observability, observability at
infinity, behavioral observability, strong and complete observability are described
and defined in the time-domain. Special emphasis is placed on a normal form under
output injection, state space and output space transformation. This normal form
together with duality is exploited to derive Hautus-type criteria for observability.
We also discuss geometric criteria, Kalman decompositions and detectability. Some
new results on stabilization by output injection are proved.
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1 Introduction

Observability is, roughly speaking, the property of a system that the state can be
reconstructed from the knowledge of input and output. The precise concept however
depends on the specific framework, as quite a number of different concepts of
observability are present today.
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Like many crucial concepts in mathematical systems theory, observability goes
back to Kalman [44—46], who introduced the notion of observability more than 50
years ago for finite-dimensional linear systems governed by ordinary differential
equations (ODEs). Observability was defined via the property that the initial value of
the state is uniquely determined by input and output trajectories. What is particularly
nice about observability is the duality principle. An ODE system is observable
if, and only if, a certain artificial system obtained by taking the transposes of the
involved matrices is controllable.

The theory of observability was an essential ingredient for Luenberger’s achieve-
ments on observer design [58—60], which is, on the other hand, an essential
ingredient for the design of dynamic controllers. The idea behind controller design
is amazingly simple: the observer reconstructs the state and this reconstructed state
is fed back to the system.

A further milestone in mathematical systems theory was the theory of behaviors
introduced by Willems [70, 84], where systems of differential equations of possibly
higher order are considered. The novelty of this approach was to treat inputs, states,
and outputs alike; in particular, the behavioral model allows for different choices of
inputs and outputs. Nevertheless, or even maybe because of this, the behavioral
approach provides a deep understanding of nearly all tasks of modern systems
theory. Indeed, the essential systems theoretic concepts of controllability and
observability are defined so that they coincide with the respective properties of ODE
systems: behavioral controllability is defined via concatenability of trajectories [70,
Definition 5.2.2], whereas observability uses a split of the dynamic variables into
two kinds, namely external and internal variables [70, Definition 5.3.2]. For ODE
systems, the external variables are inputs and outputs, whereas the internal variables
are the states. Behavioral observability means that the external variables uniquely
determine the internal variables. The behavioral approach reveals a certain lack of
duality between controllability and observability: while controllable systems with
additional equations of the form 0 = 0 stay controllable in the behavioral sense,
their dual may contain free variables and is not observable in general. This does not
come as a surprise, especially in view of Willems’ remark in [84]:

...controllability and observability are prima facie not dual concepts. Controllability is
an intrinsic concept of the behavior of a dynamical system, while observability remains
representation dependent.

The type of systems to be analyzed in the present article is “in between” ODE
and behavioral systems: we consider linear constant coefficient descriptor systems
given by differential-algebraic equations (DAESs) of the form

c‘litEx(t) = Ax(t) + Bu(z)
y(t) = Cx(t) + Du(t),

(1.1)
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where E,A € R>*", B € R*", C € R, D € RP*™. A matrix pencil sSE — A €
R[s]™" is called regular, if | = n and det(sE — A) € R[s] \ {0}; otherwise it is called
singular. In the present paper, we put special emphasis on the singular case.

We distinguish between input u : R — R™, outputy : R — RP, and (generalized)
state x : R — R”". One should keep in mind that in the singular case u might be
constrained and some of the state variables may play the role of an input. Note that,
strictly speaking, x(¢) is in general not a state in the sense that the free system (i.e.,
u = 0) can be initialized with an arbitrary state x(0) = xo € R” [48, Sect. 2.2].
We will, however, speak of the state x(¢) for sake of brevity, especially since x(¢)
contains the full information about the system at time z.

We recall that in DAE systems (1.1) the algebraic constraints may lead to consis-
tency conditions on the input and cause non-existence of solutions to certain initial
value problems. Furthermore, solutions may not be unique due to underdetermined
parts. There is a vast amount of literature on the solution theory of DAEs; here we
refer to the recent depiction of DAEs in a systems theoretic framework in [15],
where also several application areas are mentioned and a comprehensive list of
literature is given.

Though DAEs are a subclass of behavioral systems, the study of behavioral
observability is not fully satisfactory in the DAE case: the reason is that there
might be purely algebraic variables which do not exert influence on the output. An
observability concept which also covers this effect is in particular indispensable for
the minimal realization problem by differential-algebraic systems [32, Sect. 2.6].
This need has led to the notions of impulse observability and observability at
infinity [3, 13, 25, 26, 31-33, 40, 43, 53, 76, 82]. However, a rigorous definition
of these concepts is a delicate issue: in various publications, the theoretical claim
that an inconsistent initial value causes Dirac impulses in the state was used to
define impulse observability (which was actually the reason for the choice of the
name) [31, 32, 40, 43]. In particular, this leads to the consideration of distributional
solutions. However, this approach contains a grave paradox: the initial value is
the evaluation of the state at initial time (which can always be chosen to be zero
here because of time-invariance); Schwartz’ celebrated theory of distributions [75]
however does not allow for evaluations at certain time points. Loosely speaking,
distributions are only defined by means of their average behavior along compactly
supported, infinitely often differentiable functions. In the present article we also aim
to circumvent this paradox by focusing on the smaller class of piecewise-smooth
distributions as introduced in [76, 77]. This class indeed allows for evaluation at
specific time points, and therefore it is apt to consider inconsistently initialized
DAE:s and rigorously define accordant observability concepts.

A survey article [15] on controllability of DAE systems appeared in the same
series “Surveys on Differential-Algebraic Equations” within the “Differential-
Algebraic Equations Forum”. The present article on observability is the counterpart
of that survey. The structure of the present paper is similar to [15]: we introduce
different observability concepts using the solution behavior and thereafter we give
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characterizations by means of properties of the involved matrices. We further
analyze duality to the respective controllability concepts.

As in [15], many of our considerations utilize certain (normal) forms. Besides
the Weierstrass and Kronecker canonical forms for matrix pencils (see [50, 83] and
the classical book [36] by Gantmacher), we also use a form that we call “output
injection (OI) normal form”, which is a normal form under state space and output
space transformation and output injection. Loosely speaking, the OI normal form
is the transpose of the feedback canonical form derived by Loiseau, C)zgaldiran,
Malabre and Karcanias in [56].

The paper is organized as follows:

2 Weak and Distributional Solutions p- 166

The solution framework for the present article is introduced in this section.
Besides weak solutions (which are basically solutions in a function setting), we
consider distributional solutions of linear DAEs. The collection of solutions is called
behavior. In particular we consider the behavior arising from initial trajectory
problems which is, loosely speaking, the set of those solutions which satisfy the
DAE only for times ¢ > 0. The relation between the introduced behavior notions is
discussed.

3 Observability Concepts p-170

This section contains the definition of all observability notions which are treated
in the present article, such as behavioral, impulse, strong and complete observability
as well as observability at infinity. We further introduce corresponding concepts of
relevant state (RS) observability. Loosely speaking, the latter concepts correspond
to observability of the part of the state which is uniquely determined by input, output
and initial values. The RS observability notions will later turn out to be weaker than
the respective conventional observability notions and to be equivalent to them, if
the system is regular. All the observability concepts are introduced by means of
time-domain properties. That is, they are defined by means of the (distributional)
behavior of the underlying system. We also present some basic properties.

4 Output Injection Normal Form p- 180

We introduce an “output injection (OI) normal form”, which is a special form
under output injection and coordinate transformation of state and output. We further
show that all considered observability concepts from Sect. 3 are invariant under this
type of transformation. This allows for an analysis of the observability concepts
by means of a system being in this form. Since, in particular, the OI normal
form consists of decoupled parts, this analysis leads to a test of the respective
observability properties by means of certain “prototypes”.

5 Duality of Observability and Controllability p-191

It is well known from systems theory for ODEs that controllability and observ-
ability are dual in a certain sense. More precisely, an ODE system is observable if,
and only if, the control system obtained by transposition is controllable. Here we
analyze duality for the introduced observability concepts and behavioral, impulse,
strong and complete controllability as well as controllability at infinity as considered
in [15]. It turns out that there is a certain lack of duality. However, we show that
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the aforementioned controllability concepts are dual to the respective relevant state
observability notions.

6 Algebraic Criteria p-195

Duality and the OI normal form enable us to give short proofs of equivalent
criteria for the observability concepts which are in particular generalizations of the
Hautus test. Most characterizations are well known and we discuss the relevant
literature.

7 Geometric Criteria p- 200

We present some geometric viewpoints of DAE systems using so-called
restricted Wong sequences. This leads to further equivalent criteria for the
observability concepts from Sect. 3.

8 Kalman Decomposition p-203

We consider different types of Kalman decompositions for DAE systems. We
show that a combined Kalman decomposition for controllability and observability
is possible as well as a refined pure observability decomposition.

9 Detectability and Stabilization by Output Injection p- 206

Finally, we introduce some notions related to detectability for DAE systems.
Criteria of Hautus type and duality to stabilizability concepts from [15] are derived.
We further prove some new results concerning the stabilization by output injection.

We close the introduction with the nomenclature used in this paper:

Z, N, Ny The set of integers, natural numbers, and Ny = N U {0},
resp.

L), |o| Length {(«) = [ and absolute value |o| = Zﬁ:l a; of a
multi-index o = («y,...,0) € N

C4+(Co) Open set of complex numbers with positive (negative) real
part, resp.

C+ Closed set of complex numbers with non-negative real part

RJs] The ring of polynomials with coefficients in R

R(s) The quotient field of R[s]

R The set of n x m matrices with entries in a ring R

Gl,(R) The group of invertible matrices in R™*"

o(M) The spectrum of M € R™"™

[lx]l V/xTx, the Euclidean norm of x € R”

M7 {Mx e R" | x €. }, the image of . C R" under
M e R™"

M\ {x eR" | Mx € % }, the pre-image of .¥ C R” under M

EC*°(T,R") The set of infinitely differentiable functionsf : .7 — R”

AEC(R; R") The set of locally absolutely continuous functions

Lo R;R")

9/

fR—>R"

The set of locally Lebesgue integrable functions f : R — R”",
where [, |lf ()| df < oo forall compact K € R

The set of distributions on R
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(D) The (i-th) distributional derivative of f € &', i € Ny
for The distribution induced by the function f € ! (R;R)
8, 6 The Dirac impulse at € R and § = §
f=g Means that f, g € %! (R; R") are equal “almost
everywhere”, i.e., f(f) = g(¢) for almost all r € R
esssup; || f1| The essential supremum of the measurable function
f: 9 > Roverl € J
fi The restriction of the functionf : R - R"to I C R, i.e.,

f1(f) = f(¢) for t € I and f;(f) = 0 otherwise

We further use the following abbreviations in this article:

DAE differential-algebraic equation,

ITP initial trajectory problem, see p. 168,
ODE ordinary differential equation,

Ol output injection, see p. 180,

RS relevant state, see p. 174.

2 Weak and Distributional Solutions

We consider linear DAE systems of the form (1.1) with E,A € R>", B € R>",
C e R D e R The set of these systems is denoted by X, and we write
[E.A,B,C,D] € Xjpmp.

A trajectory (x,u,y) : R = R" x R” x R? is said to be a (weak) solution of (1.1)
if, and only if, it belongs to the behavior of (1.1):

L | 1. mondm+ Ex € /¢ (R;R") and (x, u,y)
Bieas.cp) =) (5 i3) € Lo R ee (1) for almost all £ € R
Recall that Ex € /% (R;R') implies continuity of Ex (but x itself may be
discontinuous). For studying inconsistent initial values and impulsive effects we will
also consider distributional behaviors which are formally introduced in due course.

For the analysis of DAE systems in X, ,, , we assume that the states, inputs and
outputs of the system are fixed a priori by the designer, i.e., the realization is given
(but maybe not appropriate). This is different from other approaches based on the
behavioral setting, see [28], where only the free variables in the system are viewed
as inputs; this may require a reinterpretation of states as inputs and of inputs as
states. In the present paper we will assume that such a reinterpretation of variables
has already been done or is not feasible, and the given DAE system is fixed.

Next we consider solutions of (1.1) in the distributional sense. We primarily
do formal and arithmetical calculations in the space of distributions; the latter is
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usually denoted by 2’ because it is defined as a dual of a certain test function
space Z. For a deeper introduction to the mathematical (in particular, analytical)
background we refer to [74, Chap. 6]. Distributions are generalized functions and
allow differentiation of arbitrary order. A key role is played by the Dirac impulse
(also called the § distribution) §;, which corresponds to evaluation of a test function
atr € R.

The distributional behavior consists of the distributional solutions, i.e.,

Ex = Ax + Bu

B7 =1 (x.u.y) € (7)) +mtr
[E.A.B.C.D] y=Cx+ Du

Note that Bjgap,cp) can be canonically embedded into %[%/A, pcpl- We also
consider a special subspace of the distributions which features further properties. To
this end we utilize the distributional solution framework as introduced in [76, 77],
namely the space of piecewise-smooth distributions

{t; e R |i€Z} islocally finite,

éw(goo — Z ((ai[fiqfi-ﬁ-l])@/ 4 Dt,-) VieZ: t; < tit1 N Oli € (foo(R, R)

i€z
© /\D,iespan{&(ik)‘keNo}

We clearly have that @L/)w%”‘” is a subspace of %’ which is invariant under

differentiation, i.e., 9 ‘@rgw%”‘” = @éw%w- Note that ‘@rgw%”"o is not a (topologically)

> dr
closed subspace of 2. The behavior corresponding to @éw%”"o is

D00 9’ et
B e = Birapcn N pwgoo) "7
@;w%’oo @;Wfoo
Note that %[E,A,B,C,D] z SB[E,A,B,C,D] and SB[E,A,B,C,D] g %[E,A,B,C,D]'
Any D € 7, has a unique representation D = fy + 3oy Dy, where

T C Ris locally finite and f € £ (R;R) is piecewise smooth. The distributional
restriction to some interval M C R (cf. [77, Definition 8]) is given by

Dy = (o + Y Di€ Dpoo.

teEMNT

Note that the restriction is not well-defined for general distributions [77, Theo-
rem 2.2.2]. The class géw%oo moreover allows to perform point evaluations in some
sense. Namely, for D € @I/’choo as above and 7y € R, the expressions

D(y) = limf(). D) = limf()
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are well-defined, since f is piecewise smooth. Furthermore, the impulsive part of D
at tp € R is given by

@2.1)

An important property of DAE:s is the fact that due to the algebraic constraints
not all initial values xo € R” for x(0™) are possible (even in the above distributional
solution framework). Indeed, we call xo € R" a consistent initial value if, and

only if, there exists (x,u,y) € %[E AB.C. D] with x(07) = xo. However, there
are many reasons to consider also inconsistent initial values. The problem of
inconsistent initial values may be formalized in the framework of initial trajectory
problems (ITP) and its corresponding ITP-behavior

%%E};\,B,C,D] = { (x,u,y) € (@éw%m)ﬁmﬂ’

(EX)[0,00) = (Ax + Bu)[0,00)
Y[0,00) = (Cx + Du)[O,oo)

i.e., the DAE is supposed to hold only on the interval [0, co) and there are no explicit

wE O

@
constraints in the past. 1 Clearly, SB[E A.B.C.D] - %g,}j&,B,C,Dl’ i.e., any “consistent”

solution (x, u,y) € EB[EPXZ el is also an ITP-solution, but it should be noted that in
general

Yo, U

Dywgoo ITP
(x, 1, Y)[0.00) %[EA B.C.D] # { (x, 4, ¥)[0.00) %[E,A,B,C,D] } )

because ITP-solutions may exhibit impulsive terms x[0] induced by inconsistent
initial values, which are not present in consistent solutions. In the ODE-case,

/
W({*OO

E = I, this distinction vanishes, that is on [0, co0) the two behaviors %[1 AB.C.D|

and %[I AB.Cp) are identical.

A different approach (motivated somewhat by the Laplace transform) han-
dles inconsistent initial values by the consideration of the following behavior
parametrized by the “initial value” zo € R’

Ex = Ax+ Bu + 629

o0 (61, y) € (D ypoo)TmHP
[EABCD] pwE ysz—i—Du

IFor singular DAEs it is however not true that all x(0~) € R” are feasible for an ITP. For example,
the overdetermined DAE x = 0, 0 = x has no ITP solution with x(0~) # 0, because then
x(0F) = 0and 0 = x[0] = (x(0) — x(07))é, are conflicting.
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Indeed, for ODE systems, the addition of §zp corresponds to an initialization
x(0%Y) = 7z (under the assumption that x(O ) = 0). Note that the behavior

%fg"A 8.cp] €an be seen as a variant of % IE. " B C D] where an additional impulsive
input 879 is present. We will need all of the above distributional solution spaces to
define different notions of observability.

Before we begin the investigation of the different observability definitions and
their characterizations, we provide a better understanding of the three different
distributional solution spaces and their relationship with each other.

First, we highlight a fundamental property of general homogeneous DAEs £z =
/7 with &, o/ € R™® which follows easily from the definition of restriction in

.@I”choo:
{awﬂm(ww)&_m}
= {Z(—oo,o) ) 2 € (Dpygo)’s (E2)(—00.0) = (92)(—00.0) } .22
in other words any solution given on (—o0, 0) can be extended to a global solution.

This “causality” property is essential to prove the following result which allows to
decouple inhomogeneous DAEs.

Lemma 2.1 Let &, o7 € R andf € (.@/choo)r Then

{26 (Gpuo) | E2= T2+ oo | = {216 Gpgee)’ |62 = 72 } +

{ Z€ (Qéwcgoo)s ) U—000) = 0, EZ = A2+ fo.00) } :

Proof The subspace inclusion 2 is clear. To show the converse let z be a solution of
&7 = 7+ fj0.00)» then z satisfies (€2)(—00,0) = (FZ2+f0.00)) (—00.0) = (F2)(—00.0)-
By causality (2.2) we find a solution Z of £Z = &z With Z(—c0,0) = Z(~00,0)- Then
Z 1= z —Z satisfies Z(—00,0) = 0 and £Z = F7 + flo.00) — FZ = A7 + fj0,00). This
shows that z = Z + z can be decomposed as claimed. O

Note that Lemma 2.1 is a generalization of the well-known property of linear
ODE:s that the influence from the initial value on the solution can be decoupled from
the influence of the inhomogeneity. However, for DAEs the initial condition z(0) =
0 is not feasible for general inhomogeneous DAEs (with fixed inhomogeneity), that
is why we restrict the influence of the inhomogeneity to the interval [0, c0), because
then a zero initial value (in the past) is feasible.

We are now able to present the relationship between the I'TP-behaviors (which
allows for inconsistent initial values implicitly) and the §zp- behavior which
introduces an initial value explicitly.
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Lemma 2.2 For zy € R define
I:%fg,)A,B,C b © %[EPXZO; D]:| { (xr,u.y) € QS[l?)ABCD] ) (x4, Y)(~000) = 0 } .
Then
%fEOAB cp] = %[EXZO; p) T |:%[EAB cn © %[EPX(;;OZD]}
Furthermore, for all xy € R":

{(x U, ¥)[0,00) ‘(x u,y) e%[EABCD] A x(07) =xo }

SE. wE R
= { (. u, .oy | (x,u,y) € |:%[Ej40,B,CD] S/ %[EPA§CD]:| }

i.e., the response on [0, 00) to the (potentially inconsistent) initial value xy within
the ITP-framework is the same as the response of the DAE with the additional input
8Exq and zero initial condition.

Proof The first equality follows directly from Lemma 2.1 with z = (x, u,y) and
fi0.00) = 820, the second equality was shown in [78, Theorem 5.3]. O

Remark 2.1 Note that %?é"A p.c.p) 18 DOt a vector space for zo # 0. It might even
be empty (for instance, consider E = A = B =C =D =0 € Rand zyp = 1).
Lemma 2.2 shows that it is an affine hnear space. More precisely, it is a shifted

version of the distributional behavior SB[E A BOZ b where z takes the role of an initial

value in a certain sense. However, the following linearity property holds for any
1.2 Rl
70,25 € R%:

o1 8zp 2 2 2 82

(L uy) € By pop AU YY) € B p o

1 1 2 1 1 8(zp+z3)
= @+ e+l +yhHe %[E,Z,B,%,D]'

At this point it is not yet clear why we have introduced the solution set %[é"A B.C.D]

but it will turn out that this is fruitful for defining some of the observability concepts.

3 Observability Concepts

Classically, observability is defined as the absence of indistinguishable states (see
the textbook [79]) or, in a behavioral setting [70], as the absence of nontrivial
solutions which generate a trivial output.
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In contrast to the observability notions for systems given by ODEs, there are
many conceptually different observability definitions for DAE systems (even in the
regular case). We first present the most intuitive observability notions and will later
present and discuss the remaining observability concepts.

3.1 Behavioral, Impulse and Strong Observability

For the definition of behavioral observability, we follow [70, Definition 5.3.2] and
for impulse observability we are inspired by [76, Definition 5.2.1].

Definition 3.1 The system [E,A, B, C,D] € X, is called

(a) behaviorally observable

H
5
S

= V(' uy), (Puy) e Brapcp @ X :
(b) impulse observable
= V(L wy). (Fouy) € B pep s X (0] =20,

where D[0] is the impulsive part of D € @I/’choo att = 0, see (2.1),
(c) strongly observable

= V(' uy), (P uy) e %%EZ,B,C,D] : (xl)[o’oo) = (xz)[o,oo).

The intuition behind these observability notions is as follows: In general, a
system is called observable if the knowledge of the external signals allows the
reconstruction of the inner state. This idea is directly formalized by the behavioral
observability definition. Note that the forthcoming observability characterization
will yield that the system [E, A, B, C, D] is behaviorally observable (defined for weak
solutions) if, and only if, it is behaviorally observable in a distributional solution
framework, i.e.,

’
V(' uy), (Puy) € %Z?XE?Z,D] cox =4

Most physical systems are turned on at some time (i.e., the system does not run
for an infinitely long time) and it is well known that DAE systems (in contrast to
ODE systems) exhibit new phenomena in response to inconsistent initial values.
In particular, inconsistent initial values may lead to Dirac impulses in the solution
and an important question is, whether these Dirac impulses in the state variable can
uniquely be determined from the measurement of the external signals. This property
is formalized by the impulse observability definition.
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Example 3.1 Consider the DAE

[?g}x:x, y = Cx.

The only solution (also in a distributional solution framework) is x = (8), in

particular (8) is the only consistent initial value and the DAE is behaviorally

1
observable. The ITP with initial value x(07) = (”‘g) leads to the impulsive term
X0

x[0] = (x(l)%o ) Hence, C = [0, 1] makes the DAE impulse observable (because then

y[0] = x}8o uniquely determines x[0]), while C = [1, 0] makes the DAE not impulse
observable (because the impulse in x[0] is not visible in the output y).

The following result is an immediate consequence of Definition 3.1.

Proposition 3.2 The system [E,A, B, C,D] € X}, is strongly observable if, and
only if, it is behaviorally and impulse observable.

Linearity of the system (1.1) implies that Bz ,5.c.p) and B ;. 1 are vector
spaces. As an immediate consequence, we can characterize the previously intro-
duced notions by the following slightly simpler properties.

Lemma 3.3 (Distinction from Zero) The system [E,A,B,C,D] € X}, np is

(a) behaviorally observable
<— V(,0,0) € Beascp @ X E 0,

(b) impulse observable

— V(x0,0)€Bhgep: x0]=0.
(c) strongly observable

= V(x0.,0) € B pen: Koo = 0.
Corollary 3.4 The DAE system [E,A,B,C,D] € X, ., is behaviorally, impulse,
or strongly observable if, and only if, the DAE system [E,A, Oixo, C,Opxo] with
corresponding DAE

c‘litEx =Ax, y=0Cx

has the respective property.

The above result justifies to restrict our attention in the following to the system
class

Olnp = { [E.A,C] | [E. A, Oix0., C, Opx0] € Zinop |
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with the corresponding behaviors

. ITP . onITP
Bleac) = %[E,A,Ozxo,C,Opxo]s %[E,A,C] = %[E,A,OIXO,C,OPXO]

and the question whether a zero output implies a trivial state (behavioral observ-
ability) or an impulse free response to any inconsistent initial value (impulse
observability). Analogously, we set

724 74
9’ NS4 pweE® | __ pweE
%[E,A,C] = %[E,A,olxo,c,opxo] %[E,A,C] T %[E,A,OIXO,C,OpXO]’

820 .m0
%[E,A,C] T %[EvAsOIXOstOpXO].

Note that we allow p = 0, i.e., DAE systems without an output. At first glance this
might look meaningless in the context of observability, however, the DAE 0 = x
(for example) is behaviorally and impulse observable, although there is no output.
This is also related to the fact that adding or removing zero output equations y = 0
does not change the observability properties.

3.2 Observability at Infinity and Complete Observability

Now we introduce two observability notions which will later on turn out to be
stronger than impulse and strong observability, resp. To this end we seek a definition
in terms of “observability of excitations” which is related to input observability as
in [41]. The idea is that a Dirac impulse at time t = 0 is applied to the system’s
equations weighted by some constants represented by a vector zy € R’

Definition 3.2 The system [E,A, B, C,D] € X, is called

(a) observable at infinity

= Vz).g5eR:

8z 522
[ (' .3) € By pepg A OFawy) € By popy A Ext = EX
= A= Ax0 =20,

(b) completely observable

= Vz(l),z% eR:

(' uy) € [EABCD] N (% u,y) € [E.A.B,C.D]

= =z A xl[O]:xz[O]]
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It is obvious that complete observability implies observability at infinity.
The forthcoming observability characterizations will further yield that a system
[E,A,B,C,D] € X, ., is completely observable if, and only if, it is behaviorally
observable and observable at infinity.

By using that for all z}, zJ € R’ we have from Remark 2.1 that

5z 8z 8(zp+23)
%[E?A,B,C,D] + %[E?A,B,C,D] = SB[E,S&,B,OC,D]’

we can conclude that observability at infinity and complete observability can be
characterized by the conditions from Definition 3.2 in which z(z), u and y are trivial
(cf. Lemma 3.3).

Lemma 3.5 (Distinction from Zero II) The system [E,A,B,C,D] € Xy, is

(a) observable at infinity
= VaeR': [(R0 e B g A Er=0 = =0 0] =0].
(b) completely observable
e Vg eR': [(x,O) €BE o = =0 A 0] = o].

An immediate consequence is that we can again restrict out attention to systems
in O [E.A.C]-

Example 3.2 Consider the DAE

10].
|:00i|x:x+5Zo, y = Cx.

If C = I, then y = 0 implies x = 0 and thus zp = 0, i.e., the DAE is completely
observable. If we choose C = [0, 1], then x, = y = 0 implies zp = (§) and a
solution exists even for z; # 0. Therefore, the DAE is not completely observable.
However, if additionally Ex = 0, then x; = 0 and thus z; = 0, so we have
observability at infinity. If we choose C = 0, then y = 0 and Ex = 0 imply x; = 0,
but for zp = (g ) with z; # 0 a solution is given by x = (_22 s ), whence the DAE is
not observable at infinity.

3.3 Relevant State Observability

A classical result of control theory of linear time-invariant ODE systems is that
controllability and observability are dual in a certain sense, see e.g. [79, Sect. 3.3].
We will see in Sect. 5 that for regular systems the concepts of behavioral, impulse,
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strong and complete observability and observability at infinity, are indeed dual
to the respective controllability concepts as introduced in [15]. The singular case
however exhibits a certain lack of duality. To account for this we introduce the
weaker concepts of relevant state (RS) behavioral, impulse, strong and complete
observability and RS observability at infinity, which will prove to be dual to the
respective controllability concepts in Sect.5. These concepts refer, as their name
suggests, to observability up to “a certain part of the state”, i.e., state variables that
are not uniquely determined by their past, input and output. The reason is that, from
a physical point of view, these states only appear in the model because of “bad
design” and the system should not be deemed unobservable because it contains free
variables. The definitions are as follows.

Definition 3.3 The system [E,A, B, C,D] € X}, is called
(a) RS behaviorally observable

74 74
jPW‘fOO 'pr‘foo

= V@uy). (Pouy) e Beascn 3 (o u,y) € DBigasco)
() (co00) = () (c000) A () (0.00) = ()(0.00)+
(b) RS impulse observable
= Vx\,x) eR":

SEx) SEx]
I:(xl, u,y) € %[quo,g,c’p] N (xz’ u,y) € SB[E,);XO,B,C,D] A Ex! = Ex*

= Ex(l) = Ex%:| ,
(c) RS strongly observable
= Vaxbx) eR":
[(xl’ u,y) € %?gﬁ),s,c,o] A (Puy) € %gﬁ&al)]
= Ex(l) = Ex%:| ,
(d) RS observable at infinity
<= Vz(l),z% eR:

5z 522
[(xl,u,y) € %[E?A’B’C’D] A (P uy) e %[;?A,B,C,D] A Ex! = Ex?
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(e) RS completely observable
= Vz.zeR:
[(xlv u,y) € SB?};(,I)A,B,C,D] A (@Puy) € %?éA,B,C,D]
= =2 } .

It is clear that RS strong (complete) observability implies RS impulse observabil-
ity (RS observability at infinity). The forthcoming observability characterizations
will further yield that a system [E,A, B, C,D] € X, »p is RS strongly observable
if, and only if, it is RS behaviorally observable and RS impulse observable; it is
RS completely observable if, and only if, it is RS behaviorally observable and RS
observable at infinity.

Remark 3.1 One may wonder why the definition of RS behavioral observability

Py
is given in terms of the distributional behavior %;?Xj;; D] instead of the behavior
B£.4.8,cp)- The reason is that the concatenation of two solutions will in general
introduce a jump at + = 0. For ODEs any concatenation with a jump in the state
variable cannot be a solution, but for DAEs this is not true in general. However, the
presence of a jump makes it necessary to view the DAE in a distributional solution
space; in particular, Dirac impulses at # = 0 may occur in the solution in response
to the jump. Nevertheless, the definition of RS behavioral observability can also be
given in terms of Bz 4 p c,p) as follows

V(' u,y), (2, u,y) € Beapco A3, u,y) € Bipascn
(D)oo = (N)coon) A () (T.00) = (P (1.00)s

i.e., the concatenation is not instantaneous. Despite the slight technicalities involved,
we find the definition via instantaneous concatenability more appealing because it
does not introduce the additional concatenation time 7" > 0.

We can conclude that RS behavioral, impulse, strong and complete observability
and RS observability at infinity can be characterized by the conditions from
Definition 3.3 in which xlo, z%, x%, u and y are trivial (cf. Lemma 3.3).

Lemma 3.6 (Distinction from Zero III) The system [E,A,B,C,D] € Xy, is

(a) RS behaviorally observable

g’/ g’/
'pr%*oo 'pr%*oo .

= Y0 eB g Ix0) e B, g

X(=00,0) = X(—00,0) N X(0,00) = 0,
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(b) RS impulse observable

— oneR”:[(x,O)e%fg’;{”c]AExzo = Ex():O],

(c) RS strongly observable
<— VxeR": [(x, 0) e SB([%,?,C] = Exyg= O],
(d) RS observable at infinity
= VueR: [0 B A E=0 = z=0]
(e) RS completely observable
— VueR: | @w0OeB =5 =0

As a consequence from Lemmas 3.5 and 3.6 we can further state the following
implications for the so far introduced observability notions.

Corollary 3.7 The following implications hold true for any system in Xy, -

(i) behaviorally observable ——> RS behaviorally observable,
(ii) observable at infinity = RS observable at infinity = RS impulse
observable,
(iii) completely observable =— RS completely observable = RS
strongly observable.

Note that it is still not clear (however true) that impulse (strong) observability
implies RS impulse (strong) observability. To show this we need the characteriza-
tions in terms of the output injection form derived in Sect. 4.

It will later turn out, see Corollary 4.8, that for regular systems the observability
concepts from Sects. 3.1 and 3.2 are equivalent to the respective relevant state
observability concepts from Definition 3.3. In view of this, Examples 3.1 and 3.2
provide some illustrative examples for the RS observability concepts.

3.4 Comparison of the Concepts with the Literature

We compare the relations of the observability concepts introduced in the present
paper to existing notions in the literature in the following list of remarks.

(i) The observability concepts are not consistently treated in the literature.
While some authors rely on intuitive extensions of the definition known
for ODEs [29, 88], others insist on duality to the known controllability
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concepts [31]. Furthermore, one has to pay attention if it is (tacitly) claimed
that [ET,CT] € R*0H2) or [ET,AT,CT] € RX®*P) have full rank. Some
of the references introduce observability by means of certain rank criteria for
the matrices E, A, C. The connection of the observability concepts to linear
algebraic properties of E, A and C are highlighted in Sect. 6 (and are partly

used to derive the following comparisons).

(ii) For regular systems the number of different observability concepts reduces
to five by Corollary 4.8. We have the following relationships between the
observability notions introduced here and the ones given in the literature:

Concept

Coincides with

Called [...]in

Behavioral obs.

Obs. in [29, 88]; R-obs. in [32];
jump obs. in [76]

Impulse obs. [31, 32, 76] Obs. at infinity in [3, 53, 82]
Strong obs. [82] -

Obs. at infinity [13, 33] Dual normalizability in [32]
Complete obs. [25] Obs. in [31, 32]

(iii) There is also a significant amount of literature dealing with observability for
general DAEs; the relationship to the notions introduced here is as follows:

Concept

Coincides with

Called [...]in

Behavioral obs.

Obs. in [70]; right-hand side obs.
in [40]; strong almost obs. in [66]

Impulse obs.

[25, 26, 40, 43]

Obs. at infinity [25, 26]*

Strong obs. [66] Obs. in [40, 68]
Obs. at infinity - -
Complete obs. - Obs. in [35]; str. obs. in [68]; str.

RS behavioral obs.

compl. obs. in [66]

RS impulse obs.

RS strong obs.

Obs. in [10, 66]; weakly obs.
in [68]

RS obs. at infinity

RS complete obs.

Strong obs. in [10]; complete obs.
in [66]3

%In [25, 26] the notions of impulse observability and observability at infinity are both used for

impulse observability.

3Note that although the notion of complete observability is used in [66], it is only introduced by a

geometric condition and not by a time domain definition.
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(iv)

v)

(vi)

Observability concepts for general discrete time DAE systems have been

introduced and investigated in [7-9].
Impulse observability and observability at infinity are usually defined by
considering distributional solutions of (1.1) (similar to our definitions), see
e.g. [31, 43], sometimes called impulsive modes, see [13, 40, 82]. For regular
systems, impulse observability was introduced by Verghese et al. [82] (called
observability at infinity in this work) as observability of the impulsive modes
of the system, and later made more precise by Cobb [31], see also Armen-
tano [3] (who also calls it observability at infinity) for a more geometric point
of view. In [82] the authors also develop the notion of strong observability
as impulse observability with, additionally, “observability in the sense of the
regular theory”.

The name “observability at infinity” comes from the claim that the system
has no infinite unobservable modes: speaking in terms of rank criteria (see also
Sect. 6) the system [E, A, C] € 0, is said to have an unobservable mode at
g if, and only if, tk[@ET + BAT,CT] < tk[ET,AT,CT] for some o, B € C.
If 6 = 0 and @ # 0, then the unobservable mode is infinite. Observability
at infinity was introduced by Rosenbrock [73]—although he does not use this
phrase—as the absence of infinite output decoupling zeros. Later, Cobb [31]
compared the concepts of impulse observability and observability at infinity,
see [31, Theorem 10]; the notions we use in the present paper go back to the
distinction in this work.

Observability concepts with a distributional solution setup have also been
considered in [31, 66]. Distributional solutions for time-invariant DAEs have
been considered by Cobb [30] and Geerts [37, 38] and for time-varying
DAEs by Rabier and Rheinboldt [72], and by Kunkel and Mehrmann [52].
In the present paper we use the approach by Trenn [76, 77]. The latter
framework is also the basis for several observability concepts for switched
DAE systems [69].

Behavioral observability was first defined by Yip and Sincovec [88], although
merely called observability, as the dual of R-controllability for regular DAE:s.
They define observability essentially as the state x being computable from the
input u, the output y, and the system data E, A, C. This is equivalent to classical
observability of the ODE part of the system. Furthermore, it is equivalent to
trivial output implying trivial state and hence to behavioral observability. The
same approach is followed in [29] and it is emphasized that this “obvious
extension of observability is not the dual of complete controllability”. We
stress that it is not even the dual of R-controllability when it comes to general
DAE systems; however, as it will be shown in Corollary 5.1, the dual of R-
controllability is RS behavioral observability.

In the context of the behavioral approach, behavioral observability was
introduced in [70], but it is different to RS behavioral observability. These
concepts are suitable for generalizations in various directions, see e.g. [27,
42, 85]. Having found the behavior of the considered system one can take
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over the definition of RS behavioral observability without the need for any
further changes. From this point of view this appears to be the most natural
of the observability concepts. However, this concept also seems to be the least
regarded in the DAE literature.

(vii) The observability theory of DAE systems can also be treated with the theory
of differential inclusions [4, 5] as shown by Frankowska [35]. However,
Frankowska assumes observability at infinity in order to derive duality
between controllability and observability as introduced in [35].

4 Output Injection Normal Form

In this section we recall the concept of output injection for DAE systems and show
that it induces an equivalence relation on &7, ,. Then we state a normal form under
this equivalence relation, which we use to characterize the observability concepts
introduced in Sect. 3.

4.1 Output Injection Equivalence and Normal Form

Output injection is usually understood as the addition of the output y of the system,
weighted by some matrix L € R™?, to the right-hand side of the systems equation.
Since y(f) = Cx(t), the resulting system has the form

SEx(f) = (A4 LO)x(1),
y(t) = Cx(1).

A.1)

Output injection can be understood as an algebraic transformation (more precisely:
a group operation) within the set &,

E 007 [E
A+LC|=|onL||A
c 001,]|C

Allowing also for state space and output space transformations leads to the following
notion of output injection equivalence.

Definition 4.1 (Output Injection Equivalence) Two systems [E;, A;, Ci] € Oppp,
i = 1,2, are called output injection equivalent (Ol equivalent) if, and only if,

AW € GL(R), T € GL,(R), V € GL,(R), L € R"” :

[E1, Ay, Ci] = [WET, WALT + LGT, VG TY;

4.2)
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we write

[Er, A1, Ci] "ot B2, Az, G). 4.3)

OI equivalence seems to have been first considered by Morse [64] for linear
ODE systems, and it has been termed a “nonphysically realizable transformation”.
For DAE systems, OI equivalence was first exploited by Karcanias [47] using the
framework introduced by Morse.

Clearly, multiplying the first equation in the DAE (1.1) from the left with an
invertible matrix W does not change the behaviors introduced in Sect.2 at all
and a coordinate transformation of the state via T and the output via V does not
qualitatively change the behaviors. Provided that the output is zero, its addition
to the state equation certainly does not change the behavior as well. This is made
precise in the following.

Lemma 4.1 (Behavior and Output Injection) If [E\, A, Ci], [E2, A2, Co] € Oy,
are Ol equivalent for W € GLi(R), T € GI,(R), V € GI,(R), L € R>? as in (4.3),
then we have

(a) (x, O) € %51,,41@1] < (Tx, 0) € %[EZ,AZ,CZ]‘

24 .@/

(b) (x,0) € SB[EI,AI,CI] & (Tx,0) € %[Ez,Az,Cz]‘
0) € B P Tx,0) € B

(c) (x,0) € [E1,A1,.C1] & (Ix,0) € [E2,A2,C2]"

(d) (-xv O) € %%EF,AL,C]] < (T.X, 0) € %%EEALCZ]'

8 sw!
(e) Yo e R : (x,0) € SB[;),AI,Q] < (Tx,0) € %[Ez,AzZ,OCz]‘

. 820 ;
In particular, (x,0) € %[El A1.cy) Satisfies

Eix=0 & E)(Tx) =0.

Finally, due to Lemmas 3.3, 3.5 and 3.6 we can restrict our attention to the
solutions which produce a zero output. In summary we have the following result.

Proposition 4.2 (Invariance Under Output Injection) On the set 0y, ,, behav-
ioral, impulse, strong and complete observability, observability at infinity and the
corresponding relevant state RS concepts are all invariant under Ol equivalence.

Proposition 4.2 allows to analyze the observability concepts by means of
a normal form under OI equivalence. In order to present such a normal form, we
need to introduce the following notation: for k € N let

Ne = [?\ } eRFK K, = [10\\10}, L = [01\\01} e RU=Dxk,

10
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Further, let el[.k] € R¥ be the ith canonical unit vector, and, for some multi-index
a = (a,...,0,) € N, we define

=diag (Ny, ... ..N,,) € RlePlel,

Ny

K, =diag (K, . ..., K, ) € RUeI=t@)xlal
L, =diag (Ly,. . .., Ly,) € RU=te)xal
Ey

=diag (1], ... ) e RloIi®),

We are now in a position to derive a normal form under OI equivalence for systems
[E,A,C] € 0),,. We stress that we use the terminus “normal form” in a colloquial
way to distinguish it from the mathematical terminus “canonical form”. Whether
the following form is a normal or canonical form is clarified in Remark 4.3.

Theorem 4.3 (Normal Form Under OI Equivalence) Let[E,A,C| € 0), ). Then
there exist W € GL,(R), T € GI,(R), V € Gl,(R), L € R™ such that

[E.A,C) "ot
[[ley 0 00 0 0] [Ny O 0 0 0 O] ]
0K OO O O 0Ly 0000
O(fLOOO 0(?1{000 Eg 00000
oooyKoo’oooyLoo’OOEVTOOO’
© © 000000
0 000N O 00 0O0I/0
L0 000 01Z,] [00O0O0O0A,] ]
(4.4)

for some multi-indices o, B, y, €, k and a matrix A, € R">",

Proof 1t is easy to see that [E1, A1, C1], [E2, Az, Co] € Oy my are OI equivalent if,
and only if, [ET,AI'—, CI'—] and [EI'—AI'— CI'—] with corresponding DAEs

El:=Alz4+Clu and Ejzi=A)z4+Cju

are feedback equivalent in the sense of [15, Definition 3.1]. Hence the transposed
feedback normal form derived in [15, Theorem 3.3] is a normal form under
OlI equivalence. O

Remark 4.1 (Duality for DAEs) It should be noted that although we utilized a
“duality” argument in the proof of Theorem 4.3, we have not really defined duality
for DAEs or its corresponding behaviors yet. In fact, the proof of Theorem 4.3
just utilizes a normal form for matrix triples and is not related to certain solution
concepts for DAEs. Further duality results for DAEs are presented in Sect. 5.
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The interpretation of the OI normal form (4.4), in terms of solutions of DAEs is
as follows: (x,y) € Bga ) if, and only if,

(o) T %O T x0T 2O T (O T (O T) 2= (),

(yco(')Ts yuo(')Tv Yo
with
Xeo[l] ()

Xeo(?) = : s

Xeo[t(a)] ()

xuo[l](')

Xuo (1) = : s

Xuolt(y)] ()

Xy ()
xe(1) = :

Xrieee) ()

solves the decoupled DAEs

O’

yco(') =

Yuo(*) =

Yeol[l] ()

Yeolt ()] )

yu()[l](')

\Wioe( ()

T
c‘litxco[i] = Nai Xeoli]s  Yeoli] = (el[gl]) Xeoli]»

d T T
aKgXolil = Lg Xofi),

dd[Ly,'-xuo[i] = Ky,--xuo[i]s Yuoli]
;HKsixu[i] = La,-xu[i]y

darT
N X1 = Xf1i»

dr” ki
d

dr¥o = A, X, Yo =

= (4

T
) Xuoli] »

= Vy()s
xo[l](')
) x()(') = :
Xofe()) ()
xu[l](')
s xu(') =
Xufe(ey ()
fori=1,...,¢(q),
fori=1,...,£(8),
fori=1,...,4(y),
fori=1,...,4(e),
fori=1,...,4(),

(4.5a)
(4.5b)

(4.5¢)

(4.5d)
(4.5¢)
(4.5f)
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/ @/ o0
An analogous interpretation holds for (x, u) € %[%’ A and (x,u) € %[E"’X’%C)] . For

(x,u) € %gi, ¢ the equations in (4.5) have to be restricted to the interval [0, 00) and

for (x,u) € %fg‘) 4. an appropriate term 8% has to be added to the respective state
space equations in (4.5).

Remark 4.2 (Regular Case) In general, the OI normal form (4.4) for a regular
system [E, A, C] € 0, thatis a system with a regular pencil sSE—A, is not regular.
For example, the regular system

ena-[La} o]

has the nonregular OI normal form

[oa] [73] 0]

which consists of a 2 x 1 B-block and a 0 x 1 y-block. However, the OI normal
form of a regular system cannot have underdetermined DAEs of the form (4.5d),
i.e., £(g) = 0, because these DAEs would correspond to underdetermined parts in
the original coordinates as well (because the nonexisting output cannot “fix” this
nonuniqueness).

Remark 4.3 (Canonical and Normal Form) To explain the difference between our
notions of normal and canonical form, recall the definition of a canonical form:
given a group G, a set ., and a group action « : G x .¥ — .’ which defines an
equivalence relation s £ ¢ if, and only if, there exists U € G such that (U, s) = s'.
Thenamap I" : ¥ — ¥ is called a canonical form for « [22] if, and only if,

Vs,s €. : T(s)~s A [s'oisléf(s):f'(s/)].

Therefore, the set . is divided into disjoint orbits (i.e., equivalence classes) and the
mapping I" picks a unique representative in each equivalence class. In the setup of
Ol equivalence, the group is G = GL(R) x Gl,(R) x Gl,(R) x R, the considered
setis . = 0}, and the group action

a((W,T,V,L),[E.A,C]) = [WET, WAT + LCT, VCT]

W,T.V.L . .
corresponds to ~p; . However, Theorem 4.3 does not provide a mapping I’

because the matrix A, is not uniquely specified. This means that the form (4.4) is not
a unique representative within the equivalence class and hence it is not a canonical
form.



Observability of Linear Differential-Algebraic Systems: A Survey 185

However, the OI normal form (4.4) is very close to a canonical form in the
following sense. By a further (in general complex-valued) transformation we may
put A, into Jordan canonical form. If the entries of the multi-indices «, 8, y, &, k
are in non-decreasing order and in the Jordan canonical form of A, the Jordan
blocks are ordered non-decreasing in size and lexicographically with respect to the
corresponding eigenvalues if the blocks have the same size, then the OI normal
form (4.4) is a canonical form.

Summarizing, the form (4.4) is not a canonical form but can be transformed into
a canonical form. We therefore call the form as it stands a normal form.

Remark 4.4 (Canonical Form Under Output Injection and State Feedback) A
combination of the OI normal form with the feedback form from [56] (see also [15,
Theorem 3.3]) leads to a canonical from of systems [E, A, B, C, D] € X} ,,,, under
state space transformation, input space transformation, output space transformation,
proportional output injection, proportional state feedback and transformation of
the codomain of the state (i.e., left transformation of E, A, B) which was derived
in [55]. However, this form is not suitable for either the analysis of controllability
or observability, since it is necessary to apply state feedback and output injection
simultaneously to obtain the canonical form; but controllability is not invariant
under output injection and observability is not invariant under state feedback.

4.2 Characterization of Behavioral, Impulse and Strong
Observability

Based on the OI normal form we will now present the characterization of behavioral,
impulse and strong observability. To this end we first present the observability
properties of each of the individual decoupled DAE systems in (4.5).

Lemma 4.4 Consider the decoupled DAEs (4.5) resulting from the OI normal form.
Then the DAEs

(4.5a) are always behaviorally, impulse and strongly observable.

(4.5b) are always behaviorally, impulse and strongly observable.

(4.5¢) are always behaviorally observable; they are impulse and strongly observ-
able if, and only if, |y| = L(y), i.e., yi = 1foralli=1,...,L(y).

(4.5d) are neither behaviorally, impulse nor strongly observable.

(4.5e) are always behaviorally observable; they are impulse and strongly observ-
able if, and only if, |k| = £(k).

(4.5f) are never behaviorally and strongly observable and always impulse observ-
able.

Proof 1t suffices to consider behavioral and impulse observability, because the
corresponding characterization for strong observability follows trivially from the
combination of the characterizations of behavioral and impulse observability.
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(4.5a):

(4.5b):

(4.5¢):

(4.5d):
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The solutions of the ODE with size k x k

k= [?\ i|x

()
y=10,...,0,1]x

satisfy x = (y*~D,y*&=2_ 3, y)T, hence a zero output implies x = 0.
For the corresponding ODE-ITP it is easy to see (cf. [76, Theorem 3.3]) that
all solutions x exhibit no jumps and no impulses at t = 0, hence (irrespective
of the actual output) it holds that x[0] = 0.

DAEs of size k x (k — 1) of the form

[\] ) [\] ' o

can be interpreted as DAEs of the form (4.5a) with size (k — 1) x (k — 1),
where the last state variable x;—; is equal to a zero output. Hence the same
arguments as above show behavioral and impulse observability.

The solutions of the DAE with size (k — 1) x k

SIS

y=10,...,0,1]x

4.7

are given by x = (y*= y*=2 5 y)T. Hence a zero output implies a
zero state, which shows behavioral observability. If & = 1, then the DAE-
ITP reduces to the output equation yjp.o0) = X[o,00) fOr the free (scalar)
variable x, in particular, y = 0 implies x[0] = 0 and the DAE for k = 1
is impulse observable. If k > 1 we now have (Xt)jp.00) = Y[0,00) and
(Xk=1)[0.00) = (X&) [0,00)- In general xx(07) # 0 = y(0") = x(0™), hence
there will be a jump in x; at # = 0 and consequently a Dirac impulse in x;—;.
Therefore, a zero output does not imply that x[0] = 0 and we do not have
impulse observability.

The DAE of size (k — 1) x k

SIS e

contains the free variable x; (unrelated to the output), hence neither x = 0
nor x[0] = 0 holds true in general and the DAE cannot be behaviorally or
impulse observable.
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(4.5e): The solutions of DAEs with size k X k

[Ol\l}x =x (4.9)

0

satisfy x = 0, hence we have behavioral observability. If k = 1 then
the corresponding ITP reads as xjp o) = 0; in particular x[0] = 0 and
impulse observability follows. For k > 0 we have (xx)p00) = 0 and

(xk—1)[0,00) = (Xx)[0,00)- In general x,(07) # 0 and hence there is a jump
in x; and consequently a Dirac impulse in x;—1, i.e., x[0] # 0, which shows
that the DAE is not impulse observable.

(4.5f): The ODE (4.5f) has nontrivial solutions and a zero output, hence it is not
behaviorally observable. As already observed for (4.5a) an ODE-ITP does
not exhibit jumps or impulses at the initial time, hence x[0] = 0 in any case
and we have shown impulse observability.

O

4.3 Characterization of Observability at Infinity and Complete
Observability

Here we analyze observability at infinity and complete observability by means of
the OI normal form.

Lemma 4.5 Consider the decoupled DAEs (4.5) resulting from the OI normal form.
Then the DAEs

(4.5a) are always completely observable and observable at infinity.

(4.5b) are always completely observable and observable at infinity.

(4.5¢) are completely observable and observable at infinity if, and only if, |y| =
L(y), ie,yi=1foralli=1,...,L(y).

(4.5d) are neither observable at infinity nor completely observable.

(4.5¢) are neither observable at infinity nor completely observable.

(4.5f) are never completely observable and always observable at infinity.

Proof In the following we use that complete observability implies observability at
infinity.

(4.5a) Any solution of the ODE with size k x k

X = [?\ }x—i—é’zo

10
y=1[0,...,0,1]x
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(4.5b)

(4.5¢)

(4.5d)

(4.5¢e)
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satisfies x; = x;4+ on the intervals (—o0, 0) and (0, oo) fori = k—1,...,2, 1.
Hence y = x; = 0 implies x; = 0 on (—o0,0) and (0, co) fori = k, k —
I,..., 1. It is easy to see that x[f] = O for all # € R, hence §zp = x[0] =

(x(0T) —x(07))8 = 0, which implies zo = 0 and x[0] = 0.
Any solution of the DAE with size k x (k — 1) of the form

[\] ) [?\9]”&0

satisfies x;—; = 0 on (—00,0) and (0, 00). From x; = Xx;4+; on these two
intervals fori = k—2,...,2, 1 it follows that x = 0 on (—o0, 0) and (0, c0).
Hence x;[0] does not contain a Dirac impulse (because x; does not have a
jump at t+ = 0), and x{[0] = §z0,; implies zo; = O which in turn implies
that x;[0] = 0. Hence, inductively, for i = 2,3,...,k — 1 we conclude
analogously from ;[0] = x;—{[0] + 820, that zo; = 0 and x;[0] = 0. This
gives x[0] = 0 and, finally, 0 = x3—;[0] 4 620« implies zox = 0, which shows
that also zp = 0 is necessary for the existence of a solution.

Consider the DAE of size (k — 1) x k

i [ o
y=10,...,0, 1]x.

If £ = 1, then complete observability follows from x = y (note that there is
no zo in this case).

Now we consider the case k > 2: with zp = e[lk_” € R\ {0}, a
820
(e Ki(elH TT
In particular, we have Ex = 0 and x[0] = Se[lk] # 0, whence the system is
not observable at infinity.
Consider the DAE of size (k — 1) x k

[10\\10}%: [01\\01:|x+820 (4.10)

simple calculation shows that for x = Se[lk] we have (x,0) € B

If k = 1, then (8,0) € %([Slg(?ﬁ,oox]] and hence the system is not observable
[k—1]

at infinity in this case. If k > 2, then for zo = ¢;_, " € R¥=1\ {0} we have

that x = Se,Ek] fulfills (x,0) € %([SIZ((;,LJ(,O()XI(]'

x[0] = 8e,[(k] # 0. Hence, the DAE is not observable at infinity.
The DAE of size k x k

In particular, we have Ex = 0 and

0l
[\1};6:”&0 (.11)

0
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has the unique solution

k—1

x=x[0] = — Z(NJYSU)ZO.

J=0

Hence it can never be observable at infinity.
(4.5f) The ODE of size k x k

x = Ax + 8z
y=0

has a solution x for any zp € R”", hence it is never completely observable.
The additional constraint x = 0 yields x = 0 and hence §zp = x —Ax =0
which shows observability at infinity.

|

4.4 Characterization of Relevant State Observability

Finally we consider the observability notions from Sect. 4.4. First we focus on RS
behavioral, impulse and strong observability.

Lemma 4.6 Consider the decoupled DAEs (4.5) resulting from the OI normal form.
Then the DAEs

(4.5a) are always RS behaviorally, RS impulse and RS strongly observable.

(4.5b) are always RS behaviorally, RS impulse and RS strongly observable.

(4.5¢) are always RS behaviorally observable; they are RS impulse and RS strongly
observable if, and only if, |y| = £(y), i.e., yi = 1 foralli=1,...,L(y).

(4.5d) are always RS behaviorally observable, they are RS impulse and RS strongly
observable if, and only if, |e| = L(¢), i.e., &; = 1 foralli =1,...,L(e).

(4.5¢) are always RS behaviorally observable; they are RS impulse and RS strongly
observable if, and only if, |k| = L(k), i.e., ki = 1foralli =1,...,L(k).

(4.5f) are never RS behaviorally and RS strongly observable and always RS
impulse observable.

Proof First we consider RS behavioral and RS impulse observability. The state-
ments for RS behavioral observability in (4.5a)—(4.5c) and (4.5e) follow by
a combination of Corollary 3.7 and Lemma 4.4. Since observability at infinity
implies RS impulse observability by Corollary 3.7, it follows from Lemma 4.5
that (4.5a), (4.5b) and (4.5f) are RS impulse observable.
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We prove the remaining statements for RS behavioral and impulse observabil-
ity:

(4.5c): If |y| = £(y), then the DAE (4.5¢) is RS impulse observable by a combi-
nation of Corollary 3.7 and Lemma 4.5. If |y| > £(y), then we can use the
same counterexample as in the proof of Lemma 4.5 for (4.5¢) by observing
that zp = e[lk_l] = Ee[zk]. Hence, the system is not RS impulse observable.

(4.5d): DAEs with size (k — 1) x k of the form (4.8) are RS behaviorally
observable by the characterization in Remark 3.1 and the fact that, by [70,
Theorem 5.2.10], for any two solutions x', x% we can find some T > 0 and

some (x3, I/l,y) € SB[E,A,B,C,D] with

(Moo = () coon) A () (T.00) = (P (1.00)-

If e = 4£(e), then the DAE (4.10) is RS impulse observable by
Lemma 3.6 (b) and the fact that K, = 0 € R¥F¥l_If |¢| > £(¢), then we can
use the same counterexample as in the proof of Lemma 4.5 for (4.5d) by
observing that zp = e,Ek:ll] = EeLkl |- Hence, the system is not RS impulse
observable.

(4.5e): If |k| = £(x), then we have RS impulse observability due to N,;r = 0.
If |k| > £(x), then there is a DAE of the form (4.11) with k > 2. For
0 = N,:re[zk] € R¥\ {0} the unique solution of (4.11) is x = —(Se[lk]. Since
N,:r x = 0 and zo # 0 the system is not RS impulse observable.

(4.5f): The ODE (4.5f) has nontrivial solutions that are uniquely determined by
x(0"), whence it is not RS behaviorally observable.

The characterization of RS strong observability follows from analogous argu-
ments. O

Now we prove the characterizations for RS complete observability and RS
observability at infinity.

Lemma 4.7 Consider the decoupled DAEs (4.5) resulting from the OI normal form.
Then the DAEs

(4.5a) are always RS completely observable and RS observable at infinity.

(4.5b) are always RS completely observable and RS observable at infinity.

(4.5¢) are RS completely observable and RS observable at infinity if, and only if,
ly| = L(y), e, yi = 1foralli=1,...,L(y).

(4.5d) are RS completely observable and RS observable at infinity if, and only if,
le] = L(e), i.e, e; = 1foralli=1,...,L(e).

(4.5¢) are neither RS completely observable nor RS observable at infinity.

(4.5f) are never RS completely observable and always RS observable at infinity.
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Proof The proof is analogous to the proof of Lemma 4.5 with the only difference
that for DAEs (4.5d) in the case |¢| = £(¢) the system is RS observable at infinity
(and hence RS completely observable) since K;, L, € R®*l and hence there is no
Zo (the number of rows is zero). O

4.5 Summary of Observability Characterizations

The different observability characterizations derived in the previous subsections in
terms of the OI normal form are summarized in Table 1.

We have separated the concepts into two groups of five concepts where the first
group consists of the observability notions introduced in Sects.3.1 and 3.2 and
the second group consists of the corresponding relevant state observability notions
introduced in Sect. 3.3.

Table 1 together with Lemma 4.1 allows for a characterization of the observabil-
ity concepts in terms of the OI normal form.

In particular, for regular systems we can conclude the following simplifications
from Remark 4.2 and Table 1.

Corollary 4.8 Consider a regular system [E,A,C| € O, ,,. Then the following
equivalences hold for the DAE system:

(i) behaviorally observable <= RS behaviorally observable,
(i) impulse observable <= RS impulse observable,
(iii)  strongly observable <= RS strongly observable,
(iv) observable at infinity <= RS observable at infinity,
—

(v) completely observable RS completely observable.

From Table 1 the dependencies between the different observability concepts can
easily be concluded and are illustrated in Fig. 1.

S Duality of Observability and Controllability

The intuitive definitions of behavioral and impulse observability given in Sect. 3.1
are not satisfying from a duality seeking point of view. Duality means that a system
[E,A,B,C,D] € X, has a certain observability property if, and only if, the
“formal dual” system

SETx(r) = ATx(r) + CTu(r)
5.1)
y(1) = BTx(t) + D" u(r),
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completely - behaviorally - observable
observable e observable e at infinity
strongly - behaviorally - impulse
observable e observable - observable
ﬂ A ﬂ A u A
RS strongly ~ RS behaviorally - RS impulse
observable e observable e observable
RS completely - RS behaviorally - RS observable
observable e observable - at infinity

Fig. 1 Relationship between the different observability concepts. For each implication, the
converse is false in general; dotted implications indicate the regular case

has the corresponding controllability property. Since the controllability properties
of the dual system (5.1) do not depend on BT and D it is sufficient to consider the
class 67,,.m of control systems governed by the equation

$ Ex(t) = Ax(1) + Bu(1), (5.2)

where E,A € R** B € R™"; we write [E,A,B] € %) Each controllability
concept (see [14] and the survey [15]) is invariant under the addition of a zero
row in [E,A,B] € 6. or, equivalently, an equation 0 = 0 in (5.2). However,
if we consider the dual system [ET,AT,BT] € Oim, then ET.AT.BT have a
common zero column and hence there exists a free state in the system which is not
visible at the output. This implies that the system is neither impulse nor behaviorally
observable, although [E, A, B] may be both impulse and behaviorally controllable as
introduced in [15]. This means that these observability and controllability concepts
or not dual.

As already pointed out in Sect. 3.3, it is not always reasonable to view a state
as unobservable which actually does not appear in any of the systems equations; it
only appears in the model because of “bad design”. This viewpoint led us to the
introduction of the relevant state observability concepts. It allows to provide duality
results between the controllability concepts from [15] and the observability concepts
from Sects. 3.1-3.3. The RS observability concepts cope with “design errors” as
mentioned above by preserving the physical meaning of observability. The duality
results will provide algebraic characterizations for the observability concepts.
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Remark 5.1 The “design errors” mentioned above can be given an interpretation
using the behavioral framework. If (5.2) contains an equation of the form 0 = 0
or other redundant equations, then it is not minimal in the behavioral sense as
introduced in [70, Definition 2.5.24], see also [16]. Minimality is equivalent to
tkrpy[sE — A, B] = I, see [16] for further characterizations. If this condition is not

satisfied, then rkgjy [SET;AT ] < [ and hence the equation

B
T T
o[

does always have an underdetermined part and thus non-unique solutions indepen-
dent of the properties of the original system [E, A, B]. This leads to the “lack of
duality” between (for instance) behavioral controllability in the sense of [15] and
behavioral observability, in the case of non-minimal systems. Note that if sSE — A is
regular, then [E, A, B] is always minimal.

If minimality is assumed, then it is easy to check that the controllability concepts
from [15] are indeed dual to the observability concepts introduced in the present
paper. This can also be deduced from a recent approach by Lomadze [57] to the
definition of the dual of a behavioral system. When the definition of the dual system
given in [57] is applied to DAE systems (1.1), then the dual is exactly the formal
dual system (5.1).

Summarizing, this justifies to say that a lack of duality does not come from
intrinsic system properties, but from a bad (i.e., not minimal) model of the
underlying behavior.

Using the OI normal form (which is the “dual” of the feedback form derived
in [15]), the characterizations summarized in Table 1 and the respective results
in [15] lead to the following duality results between the RS observability and the
controllability concepts.

Corollary 5.1 (Duality Between Observability and Controllability) Let
[E.A, C] € Oy, be given. Then we have the following equivalences:

(a) [E.A,C] is RS behaviorally observable if. and only if, [ET,AT,CT] € Cnip IS
behaviorally controllable in the sense of [15],

(b) [E.A,C] is RS impulse observable if, and only if, [ET,AT,CT] € Gnip is
impulse controllable in the sense of [15],

(c) [E.A,C) is RS strongly observable if. and only if, [ET,AT,CT] € Gnip is
strongly controllable in the sense of [15],

(d) [E.A,C] is RS observable at infinity if. and only if, [ET ,AT,CT] e Cnip is
controllable at infinity in the sense of [15],

(e) [E.A,C) is RS completely observable if. and only if, [ET,AT,CT] Gn1p is
completely controllable in the sense of [15].
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behaviorally
observable

regularity

impulse
observable

regularity

strongly
observable

regularity

observable
at infinity

regularity

completely
observable

Fig. 2 Illustration of duality between observability and controllability

RS behaviorally dual behaviorally
observable controllable
RS impulse dual impulse
observable controllable
RS strongly dual strongly
observable controllable

RS observable dual controllable
at infinity at infinity

RS completely dual completely
observable controllable
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In particular, for regular DAE systems we have duality between the five remaining
observability concepts and the corresponding controllability concepts. The duality

properties are summarized in Fig. 2.

6 Algebraic Criteria

Using the duality results derived in Corollary 5.1, in this section we derive
algebraic criteria for the observability concepts. These criteria are generalizations
of the Hautus test (also called the Popov—Belevitch—Hautus test, since they were
independently developed by Popov [71], Belevitch [12] and Hautus [39]) in terms
of rank and kernel criteria on the involved matrices. Most of these conditions are
known—we refer to the relevant literature.
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Proposition 6.1 (Algebraic Criteria for Observability) Let a system [E,A,C] €
Oy np be given. Then we have the following:

[E, A, C]is if, and only if,

Behaviorally observable | VA € C: kerc(AE —A) Nkerc C = {0}
Impulse observable kerg E N A~ (img E) N kerg C = {0}
Strongly observable kerg EN A~ (img E) N kerg C = {0}

AVALeC: kerc(AE —A) Nkerec C = {0}
Observable at infinity kerg E N kerg C = {0}
Completely observable kerg E N kerg C = {0}

AVAeC: kerc(AE —A) Nkerc C = {0}
RS behaviorally
sE—A AE—A
observable Vi eC: dimkergg |:v c :| = dimKkerc |: c :| .

RS impulse observable kerg E Nkerg A N kerg C = kerg EN A~ (img E) N kerg C
RS strongly observable kerg E Nkerg A Nkerg C = kerg E N A~ (imp E) N kerg C

A YA € C:kerc ENkercANkerc C = kerc(AE — A) Nkerc C
RS observable at infinity | kerg £ N kerg A N kerg C = kerg E N kerg C
RS completely kerg E N kerg A Nkerg C = kerg E N kerg C

observable AV A €C :kerc ENkerg A Nkere C = kerc(AE — A) Nkere C

Proof Combining Corollary 5.1 and [15, Corollary 4.3] the criteria for RS behav-
ioral, impulse, strong and complete observability and RS observability at infinity
follow immediately. From the OI normal form (4.4) it can be concluded that

£(e) =0 A detA; #0 <<= kerrA Nkerg C = {0}.

Therefore, invoking Table 1, behavioral observability is equivalent to RS behavioral
observability together with the condition kerg A N kerg C = {0}. Hence, the
characterization of RS behavioral observability follows from observing that the
conditions kerg A Nkerg C = {0} and rkgy) [‘VEC_A] = rk¢ [*EC_ A] forall A € C are
equivalent to kerc (AE —A) Nkerc C = {0} forall A € C.

Furthermore, it follows from the OI normal form that

Lie)=0 <= {L(g) =|e| N kerg ENkerg A Nkerg C = {0}. (6.1)

Therefore, invoking Table 1, impulse observability is equivalent to RS impulse
observability together with the condition kerg £ N kerg A N kerg C = {0}, which
yields the characterization in the statement of the corollary. The characteriza-
tion of strong observability then follows from those of behavioral and impulse
observability.
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Likewise, Eq.(6.1) implies that observability at infinity is equivalent to RS
observability at infinity together with the condition kerg E Nkerg A Nkerg C = {0},
which yields the characterization in the statement of the corollary. Finally, the
characterization for complete observability then follows from those of behavioral
observability and observability at infinity. O

In the following we consider further criteria for the observability concepts.
Remark 6.1 (RS Observability at Infinity) Proposition 6.1 immediately implies that
RS observability at infinity is equivalent to

kergr E Nkerg C C kerg A.

In terms of a rank criterion, this is the same as

E
I'kR Al = I'k]R I:Ei| . (62)
c C

Likewise, observability at infinity is equivalent to the rank condition

rkg [ﬂ =n. (6.3)

As far as the authors are aware, the conditions (6.2) and (6.3) are new for general
DAE systems. In the case of regular sE — A € R[s]"*", condition (6.3) can be found
for instance in [31].

Remark 6.2 (RS Impulse Observability) It follows from Proposition 6.1 that an
equivalent characterization for RS impulse observability is that, for one (and hence
any) matrix Z with img Z = kerg ET, we have

E E
tkp |A | =1kg | ZTA|. (6.4)
C C

Likewise, impulse observability is equivalent to

E
ke | ZTA | = n. (6.5)
C
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This was first derived in [43]. Furthermore, in [40, 43] it was shown that impulse
observability is equivalent to

EA
tkp |0 C| =n+r1kgE, (6.6)
0E

which is in fact equivalent to (6.5). If the pencil sE—A is regular, then condition (6.5)
for impulse observability can also be inferred from [32, Theorem 2-3.4].

Remark 6.3 (RS Behavioral Observability) The algebraic criterion for RS behav-
ioral observability in Proposition 6.1 is equivalent to the fact that the augmented
matrix pencil

-l El_|A (+p)xn
s& d—s[0i| I:Ci|ER[S]

has no eigenvalues. Behavioral observability coincides with observability as defined
in [70, Definition 5.3.2] for the larger class of linear differential behaviors, and
the rank condition for behavioral observability in Proposition 6.1 has already been
derived in [70, Theorem 5.3.3]; the condition has also been derived in [40] where
this concept is called right-hand side observability. RS behavioral observability
for systems with regular sE — A is considered in [32, Theorem 2-3.2] (called R-
observability in this work), where the condition

VAeC: rkc [AEC_A} =n

is derived. This is, for regular sE — A, in fact equivalent to the criterion for RS
behavioral observability in Proposition 6.1.

Remark 6.4 (RS Complete and Strong Observability) By Table 1, RS complete
observability of [E, A, C] € 0}, is equivalent to [E, A, C] being RS behaviorally
observable and RS observable at infinity, whereas RS strong observability of
[E,A, C]is equivalentto [E, A, C] being RS behaviorally observable and RS impulse
observable.

The algebraic conditions for strong observability in Proposition 6.1 were first
derived in [40] (called observability in that work). On the other hand, as far as the
authors are aware, the algebraic criterion for RS complete observability is new for
general DAE systems.

For regular systems, the conditions in Proposition 6.1 for complete observability
are also derived in [32, Theorem 2-3.1].

The above considerations lead to the following alternative formulation of
Proposition 6.1 in terms of rank criteria.
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Corollary 6.2 Let[E,A,C| € 0, and Z be a matrix with img Z = kerg E". Then

we have the following:

C

[E, A, C]is if, and only if,
Behaviorally

AE—A
observable VAeC: ke |: i| =n

Impulse observable

E
I'k]R ZTA =n
C

Strongly observable

E
VieC: rke |:AE_Ai| =tkg | ZTA| =n

Observable at infinity

C
C
E
k =
T R|:Ci| n

Completely observable AE—A

VAeC: ke = rkr =n

C C
RS behaviorally A
E—A E—A

observable VAeC: ke |: i| = k) |:s c i|
RS impulse observable E E

tkp | ZTA | =r1kg | A

C C
RS strongly observable E E
AE—A T
VAeC: ke c =rtkg |Z'A| =1kg | A
C C

RS observable at
infinity

o E
I'k]R |:Ci| = I'kR A
C

RS completely
observable

Remark 6.5 (Kalman Criterion for Regular Systems) For regular systems
[E.A,C] € O, the usual Hautus and Kalman criteria for observability can be
found in a summarized form e.g. in [32]. Other approaches to derive observability
criteria rely on the expansion of (sE —A)~! as a power series in s at 5o = 0, which is
only feasible in the regular case. For instance, in [63] the numerator matrices of this
expansion, i.e., the coefficients of the polynomial adj (sE — A), are used to derive a
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rank criterion for complete observability. Then again, in [49] Kalman rank criteria
for complete observability, behavioral observability (called R-observability in this
work) and observability at infinity are derived in terms of the coefficients of the
power series expansion of (sE — A)~!. The advantage of these criteria, especially
the last one, is that no transformation of the system needs to be performed as it is
usually necessary in order to derive Kalman rank criteria for DAEs, see e.g. [32].

However, simple criteria can be obtained using only a left transformation of little
impact: if @ € R is chosen such that det(wE —A) # 0, then the system is completely
observable if, and only if, [89, Corollary 2]

C

C(aE —A)'E
kg . =n,

C((@E—A)"'E)""
and it is impulse observable if, and only if, [89, Theorem 5]

kerg (@E —A)"'E Nkerg C N img(eE —A)"'E = R™.

7 Geometric Criteria

In this section we derive geometric criteria for the observability concepts. Geometric
theory plays a fundamental role in ODE system theory and was introduced
independently by Wonham and Morse, and by Basile and Marro, see the famous
books [11, 87] and also [79]. In [54], Lewis provided a survey of the to-date
geometric theory of DAEs. As we will do here, he put special emphasis on the
two fundamental sequences (%)) en, and (#);en, of subspaces defined as follows:

¥ = R", Yipy = A"H(EY) Nkerg C C R, Y* o= ﬂ v,

€Ny

Ho={0}. W =E'A¥)NkergCSR",  #*:= ]

€Ny

We will call the sequences (¥%;);en and (#5);en restricted Wong sequences. In [17,
18, 20] the Wong sequences for matrix pencils (i.e., C = 0) are investigated, the
name chosen this way since Wong [86] was the first to use both sequences for
the analysis of matrix pencils. In fact, the Wong sequences (with C = 0) can be
traced back to Dieudonné [34], who focused on the first of the two Wong sequences.
Bernhard [21] and Armentano [3] used the Wong sequences to carry out a geometric
analysis of matrix pencils. They appear also in [1, 2, 51, 80]. The sequences (¥%;);en
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and (#);en are no Wong sequences corresponding to any matrix pencils, that is why
we call them restricted Wong sequences with respect to the system [E, A, C] € 0}, p.

For the investigation of observability of DAE systems, that is when C # 0, the
restricted Wong sequences have been extensively studied by several authors, see
e.g. [53, 61, 62, 65, 67, 81] for regular systems and [7-10, 23, 54, 55, 66, 68] for
general DAE systems.

For regular systems Ozgaldiran [65] (see also [68]) showed that ¥™* is the
supremal (A, E)-invariant subspace contained in kerg C and #* is the infimal
restricted (E, A; kerg C)-invariant subspace (which is also a subspace of kerg C);
note that by these invariance definitions, #* is not the obvious dual to #*, but
by the definition of the restricted Wong sequences this connection becomes more
apparent. The aforementioned invariance concepts, which have also been used
in [1, 6, 53, 62], are defined as follows.

Definition 7.1 ((A, E)- and (E, A; kerg C)-Invariance [65]) Let E,A € R>n A
subspace ¥ C R" is called (A, E)-invariant, if

AV CEVY.
For C € RP*", a subspace # C R”" is called restricted (E, A; kerg C)-invariant, if
W =kerr CNE"'(AY).

It is easy to verify that the proofs given in [65, Lemmas 2.1 and 2.2] remain the
same for general £, A € R”" and (in the notation of [65]) K = kerg C for C € RP"
and B = 0; this is shown in [6] as well. For #* this can be found in [1], see also [62].
We have the following proposition.

Proposition 7.1 (Restricted Wong Sequences as Invariant Subspaces) Consider
[E,A, C] € Oy, and the limits V* and W™ of the restricted Wong sequences. Then
the following statements hold true.

(a) V* is (A, E)-invariant with V* C kerg C and for any ¥ C kerg C which is
(A, E)-invariant it holds that V' C V'*;

(b) W* is restricted (E,A;kerg C)-invariant and for any W C R" which is
restricted (E, A; kerg C)-invariant it holds that W* C W'.

In the following we show how the observability concepts can be characterized in
terms of the invariant subspaces ¥"* and % * by using the OI normal form (4.4).

Theorem 7.2 (Geometric Criteria for Observability) Consider [E,A,C] € 0},
and the limits V* and W'™* of the restricted Wong sequences. Then [E, A, C] is

(a) behaviorally observable if, and only if, ¥* = {0},

(b) impulse observable if, and only if, #* N A~ (img E) = {0};

(c) strongly observable if, and only if, (¥* + #*) N A~ (img E) = {0};
(d) observable at infinity if, and only if, #™* = {0};

(e) completely observable if, and only if, V* + #™* = {0},
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(f) RS behaviorally observable if, and only if, V* C W™,

(g) RS impulse observable if, and only if, A#™* Nimg E = {0}.

(h) RS strongly observable if, and only if, (E¥V™* + A#*) Nimg E = {0}.
(i) RS observable at infinity if, and only if, A#™* = {0};

(j) RS completely observable if, and only if, EV* + AW™* = {0}.

Proof We prove the assertions by deriving formulas for #* and #* in terms of the
OI normal form (4.4) and then connect the geometric conditions to the observability
concepts by Table 1. We proceed in several steps.

Step 1: Let [E1, A1, C1], [E2, A2, Co] € Op,), be such that for some W € GL(R),
T € GL,(R),VeGl,(R)and L € R™P it holds that

W.T.V.L
[Ei1. A1, Ci] ~of [Ex, Az, C].

We show that the restricted Wong sequences 7/i1, Vﬂil of [E1,A, Cy] and the
restricted Wong sequences ¥;%, #;> of [E», A,, C] are related by

VieNy: /' =12 A ' =T "0

We prove the statement by induction. It is clear that “I/Ol =7! “//02. Assuming that
#! = T7192 for some i > 0 we find that, by (4.2),

¥4, = kerg G NATHE YY)
={xeR" |Iye ¥ WA Tx = WETy A VC;Ty =0 }
={xeR" |3z€¥: AATx=Ex A Cz=0}
=T (kerg C; N A (B2 7)) = T '3,

The statement about #;' and #;? can be proved analogously.

Step 2: By Step 1 we may without loss of generality assume that [E, A, C] is
given in OI normal form (4.4). We make the convention that if & € N¥ is some
multi-index, then o — 1 := () — 1, ..., 0, — 1). It follows that

i—1
VieNy: ¥ =kerg E] Njximg(Nj_,) ximg (N, ) xR ximg (N ) xR",
J=0
(7.1)
which is immediate from observing that L;';x = K;y for some x, y of appropriate
dimension yields x = Ny, and K,x = L,y with E;,rx = 0 for some x, y yields
X = N)—,ry. Note that in the case §; = 1, i.e., we have a 1 x 0 block, we find that
N/;';_l is absent, so these relations are consistent.
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On the other hand we find that

VieNy:
;= {0} x {0}/A! x (kerR(N;r)" N kerg E;r) x kerg N! x kerg (N] )" x {0}".
(7.2)
Step 3: From (7.1) and (7.2) it follows that
Yx — {O}‘”“ % {0}\/3\—4(@ % {0}|V| % RlEl % {O}"‘I x R,
w* = {0y x {0}PI=UP) x kerp E;r x RN x RIH {037
and
Ev* = {O}Ial x {0}\/3\ x {0}\)/\—4(1/) x RleI=E « {O}IK\ x R,
AW* = {O}Ial x {O}\ﬁ\ x K, (kerg E;") x RIE-EE o Rk {0,
img E = R x img K;— x RIVI=EW) 5 RleUE) o jmp NKT x R".
The equivalences in (a)—(j) may now be inferred from Table 1. O
Under the additional assumption that tk[ET,AT,CT] = n, the conditions

for strong and complete observability as in Theorem 7.2 are derived in [10, 68]
(which are called observability and strong observability in these works, resp.). The
conditions for strong and complete observability are also derived in [66], as well as
those for behavioral and RS strong observability; in [66] the observability concepts
are defined within a distributional solution setup and other names are used than in
the present work (cf. Sect. 3.4).

8 Kalman Decomposition

The famous decomposition of linear ODE control systems derived by Kalman [45] is
one of the most important tools in the analysis of these systems. This decomposition
was later been generalized to regular DAEs by Verghese et al. [82], see also [32].
A Kalman decomposition of general discrete-time DAE systems was provided
by Banaszuk et al. [8] in a very nice way using the restricted/augmented Wong
sequences (cf. Sect. 7 and [14]). They derived the following result.
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Theorem 8.1 (Kalman Decomposition [8]) For [E,A,B,C,0] € X, ., there
exist S € GL;(R), T € GI,(R) such that

[SET, SAT, SB, CT] =

En Epn B3 Eig At A Az Ay B

0 Ex 0 Ey 0 Apn 0 Ay ’ B, [0.C5,0, G 8.1)
0 0 E;33 Ey 0 0 Az3A3 0 ’ ’

0 0 0 Eg 0 0 0 Ay 0

)

where Ejj, Ajj € Ri*n B, € Ri>m Ci e R fori,j=1,...,4, such that

1) E(;l ?2 , A(;l 212 , [glﬂ € Gy +ly.n) +my.m IS completely controllable and
LL »n] L 2 ] )
Ey Ern By
rk =1 + 1.
[ 0 Ey Bzi| 1+ b
(i) Egz 224 , Agz 324 L [Ca, C4]i| € Oty my+nyp is completely observable.
LL aa] | 44

SE33 — A3z SE34 — Azy
0 SE44 — Auy
sEy — Ay sEj;3 — A
0 SE33 —A33

(111) l’k]R(S) [ i| = n3 + ng.

(iV) I'k]R(S) [ i| = 11 + 13.

We would like to stress that several subtleties of the Kalman decomposition (8.1)
are highlighted in [15, Remark 7.2] for a pure controllability decomposition and
carry over to the general case.

Proposition 8.2 (Uniqueness of the Kalman Decomposition) Let [E, A, B, C,0] €
Zinmp be given and assume that, for all i € {1,2}, the systems [E;, A;, B;, Ci] =
[S:ET;, S;AT;, S;B, CT;] with

sEv1;— A1 sE2; — A SE13; — Az SE14 — A4, By,
E,— A, = 0 sEy i — Ao 0 sEpq i —Aog B = By !
0 0 sE33; — A3z, SE34; — Asa, 0
0 0 0 SE44,,‘ — A44yi 0
C; =[0,C3,;,0,Cy,]

where Eg, i, Afi € RYiXng.i, By € Rbixm, Co € RPsi, f e = 1,...,4, satisfy the
conditions (i)—(iv) in Theorem 8.1.
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Then i) = lj and nj; = njp forallj = 1,...,4. Moreover, for some Wj; €
Rbxb T; € R sych that detWy; # 0 and detT; # 0, i,j = 1,...,4, we
have

Wi Wip Wiz Wiy T T Tz T

Wow! = 0 Wn 0 Wy 7T, = 0 Tyn 0 Ty
! 0 0 Wi Wy |’ ! 0 0 T33 T34

0 0 0 Wy 0 0 0 Ty

Proof The result can be concluded from [15, Proposition 7.2] applied to [E, A, B] €
Ginm and its dual [ET, AT, CT] € ©n,1p (invoking Corollary 5.1). O

Similar to [15, Corollary 7.3] several controllability, stabilizability, observability
and detectability properties (and conditions for them) can be inferred for the
subsystems appearing in the Kalman decomposition (8.1); we omit the details here.

The Kalman decomposition (8.1) is not satisfactory from a behavioral point
of view: the trivial DAE 0 = x,y = 0 given by [0,7,0,0,0] is behaviorally
controllable and behaviorally observable, but in the decomposition (8.1) it is
part of the uncontrollable and unobservable subsystem [E33,A33, 0, 0]. This is an
unsatisfactory situation and is due to the fact that for DAE systems (both regular
and singular) certain states can be inconsistent and it does not really make sense
to label them controllable or uncontrollable (observable or unobservable, resp.).
In the case of controllability decompositions this problem was treated in [19] and
the following more detailed Kalman controllability decomposition was proved for
[E,A,B] € Grnm:

En Ep Ei3 Ay App A B
[SET, SAT, SB] = 0 Exy Exz|,] 0 ApAxz|,| O s
0 0 Esx 0 0 As 0

where S and T are invertible matrices and the DAE system given by [E11, A1y, B1] is
completely controllable. Furthermore, Ey; is invertible and the DAE [E33, A33, 0] is
such that it only has the trivial solution. Hence, we now have the decomposition
into a completely controllable part, a classical uncontrollable part (given by an
ODE) and an inconsistent part (which is behaviorally controllable but contains no
completely controllable part). This decomposition seems to be more adequate for the
analysis of DAE control systems as it takes into account the special DAE feature of
possible inconsistent states which play a special role with respect to controllability.
Using duality (see Sect.5) we may derive the following analogous observability
decomposition.
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Theorem 8.3 (Kalman Observability Decomposition) For [E,A,C] € 0O,
there exist S € GL;(R) and T € G1,(R) such that

En Ep Ei3 A1 A Az
[SET,SAT, CT] = 0 EnEx|.| 0 ApAxn|.[0.0,C5]. (8.2)
0 0 E33 0 0 A33

where Ejj, Ajj € RE*nj fori,j=1,...,3, C; € R such that

(1) [EllaAlla O] € ﬁllﬁh[’ with 11 < n and I'k(c(A,Ell _All) = ll for all A € C,
(ii) [Exn,A2,0] € Oy, 4, p with l, = ny and Ey; is invertible,
(iii) [E33,A33, C3] € Ol py p is completely observable.
Remark 8.1

(i) In the decomposition (8.2) we have an underdetermined and possibly incon-
sistent part [E;;,Aq;,0], a classical unobservable part [Ey,A»,0] and a
completely observable part [E33, A33, C3]. Note that furthermore

|:[E” E13i| , [A” A13i| , [0, Cﬂ} is RS behaviorally observable and

0 Es3 0 Az
|:|:E52 gij ’ I:Aéz ;‘ij . [0, C3]i| is observable at infinity.

(i) Uniqueness of the Kalman observability decomposition (8.2) may be analyzed
similar to Proposition 8.2 and [19, Theorem 3.5]; in particular the block sizes
are unique.

(iii) Similar to [19, Theorem 3.3] it is possible to derive the decomposition (8.2)
with the help of the restricted Wong sequences which were introduced in
Sect.7. In fact, the subspace decomposition leading to (8.2) is uniquely
determined by the restricted Wong sequences. Also note that, especially in the
singular case, the decomposition (8.2) bears several subtleties which can be
analyzed similar to [19, Remark 3.2].

(iv) It is also possible to extend the pure observability decomposition (8.2) to
a Kalman decomposition of the form (8.1) where additionally the classical
(ODE) uncontrollable and unobservable parts are decomposed. However, due
to the complexity of such a decomposition we omit it here.

9 Detectability and Stabilization by Output Injection

In this section we introduce detectability concepts for DAE systems. We charac-
terize them in terms of the OI normal form and derive duality to the respective
stabilizability concepts from [15]. This will enable us to infer algebraic criteria for
the detectability concepts and to finally show that stabilization and index reduction
can be achieved by output injection.
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In general, detectability is a weaker version of observability in the sense that the
state x is not exactly determined by the external signals but only asymptotically.
In the following, we will use the simplified notation “x(f) — 0 as t — o0” for
x € Z! (R;R") if, and only if,

loc

lim esssup || x(z)|| = 0.
=00 1¢[t,00)

Definition 9.1 The system [E,A, B, C,D] € X, is called

(a) behaviorally detectable
= V(' uy), A uy) € Bragep : X () —x* () — 0ast — oo,
(b) RS behaviorally detectable

= VY uy), (P uy) € Brascen I, uy) € Brapcn :

x(l_oo’o) = x?—oo,o) A X (t) =X (1) — 0ast — oo,

(c) strongly detectable, if it is impulse observable and behaviorally detectable,

(d) completely detectable, if it is observable at infinity and behaviorally detectable,

(e) RS strongly detectable, if it is RS impulse observable and RS behaviorally
detectable,

() RS completely detectable, if it is RS observable at infinity and RS behaviorally
detectable.

The definitions of RS complete and strong detectability are motivated by the
corresponding characterizations of RS complete and strong observability (see Fig. 1)
in terms of RS observability at infinity, RS impulse observability and RS behavioral
observability, where the latter is replaced by RS behavioral detectability. Similar as
for the observability concepts, the detectability definitions can be simplified due to
linearity.

Lemma 9.1 The system [E,A,B,C,D] € X}, p is

(a) behaviorally detectable
= Y0 €Bpracg: x(f)—>0ast— oo,
(b) RS behaviorally detectable

— Vv (x, 0) S %[E,A,C] 3 (x, 0) [S %[E,A,C] :

X(—00,0) = X(—00,0) A X(t) = O0ast — oo.
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Hence we may restrict our attention to systems in &;,, and we can use the
OI normal form (4.4) to obtain (similar to the observability characterizations given
in Table 1) the following characterizations of the detectability concepts.

Corollary 9.2 (Detectability and OI Normal Form) Let [E,A,C] € 0}, with
OI normal form (4.4). Then [E, A, C] is

(a) behaviorally detectable if, and only if, £(¢) = 0 and o (A,) C C_.

(b) RS behaviorally detectable if, and only if, o(A,) C C_.

(c) strongly detectable if, and only if, y = (1,...,1),€(e) =0,k = (1,...,1) and
o(A,) € C_.

(d) completely detectable if, and only if, y = (1,...,1), £(e) = 0, £(x) = 0 and
o(A,) € C_.

(e) RS strongly detectable if, and only if, y = (1,...,1), e = (1,...,1), k =
(1,....,1)ando(A,) C C_.

(f) RS completely detectable if, and only if,y = (1,...,1),e =(1,...,1), {(k) =
0ando(A,) C C_.

Using the OI normal form, the characterizations in Corollary 9.2 and the
respective results for the feedback form derived in [15, Corollary 3.4], we are able
to infer duality between detectability and stabilizability as follows.

Corollary 9.3 (Duality of Detectability and Stabilizability) Let[E, A, C] € 0},
be given. Then we have the following equivalences:

(a) [E,A,C) is RS behaviorally detectable if, and only if, [ET,AT,CT] € 6,1, is
behaviorally stabilizable in the sense of [15].

(b) [E,A,C) is RS strongly detectable if, and only if, [ET,AT,CT] € €, is
strongly stabilizable in the sense of [15].

(c) [E,A,C] is RS completely detectable if. and only if, [ET,AT,CT] € 6,1, is
completely stabilizable in the sense of [15].

In particular, for regular DAE systems, behavioral, strong and complete detectabil-
ity are dual to behavioral, strong and complete stabilizability. The duality properties
are illustrated in Fig. 3.

As a consequence of Corollaries 9.2 and 9.3 and [15, Corollary 4.3] we obtain
the following algebraic criteria of Hautus type for the detectability concepts from
Definition 9.1.
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completely
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detectable stabilizable
colesetel dual completely
bl stabilizable
detectable

Fig. 3 Illustration of duality between detectability and stabilizability

Corollary 9.4 (Algebraic Criteria for Detectability) Let [E,A,C] € 0),, and Z
be a matrix with img Z = kerg E . Then we have the following:

[E, A, C]is
Behaviorally detectable

RS behaviorally

detectable

Strongly detectable

Completely detectable

RS strongly detectable

RS completely
detectable

if, and only if,

VieCy : ke [AE_A} =n

c
VAeCy: 1k AE—A =rk sE—A
+ ¢ K¢ c R(s) c

- . " E

AE—A
VAeCy: ik c =r1kg | ZTA| =n

L . e

(AE—A] [E
VAG(C+:I‘1(C c = rkgp Ci|=n

(AE—A] £ E
VieCq: tke c | = ZTA|=1kg | A

L . e c

VieCy :

Remark 9.1 Behavioral detectability was investigated in [32] for regular systems,
where it is called detectability. In this case, the algebraic criteria for RS behavioral
detectability from Corollary 9.4 have been derived in [32, Theorem 3-1.3].
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In the remainder of this section we consider stabilization and index reduction by
output injection. As explained in Sect. 4, a system [E, A, C] € 0, can, via output
injection with some L € R>?, be turned into a DAE of the form (4.1), that is a new
system [E,A + LC,C] € 0,,,,. It is our aim to choose L such that this new system
is stable in a certain sense and its index is at most one. The index v € Ny of a matrix
pencil sSE — A € R[s]™" is defined via its (quasi-)Kronecker form [17, 18, 36] as
in [15, Definition 3.2]: if for some S € GI;(R) and T € GI,(R)

sl —J 0 0 0
0 SNy — 1y 0 0
S(sE—A)T = , 9.1
(s ) 0 0 SK/g —ng 0 ©.D
T T
0 0 0 sKy —Ly
then v = max{0,ai,...,0 @), Y1, -, Yy}

The index is independent of the choice of S, T and can be computed via the Wong
sequences corresponding to sE — A as shown in [17, 18].

The following result can now be inferred from Corollaries 5.1 and 9.3 and [15,
Theorem 5.3].

Proposition 9.5 (Stabilization and Index Reduction) For a system [E,A,C| €
O np the following hold true:

(a) [E,A,C] is RS impulse observable if, and only if, there exists L € R’P such that
the index of SET — (A + LC) " is at most one.

(b) [E,A,C] is RS strongly detectable if, and only if, there exists L € R”? such
that the index of SET — (A + LC)" is at most one and the pair [E,A 4 LC) is
behaviorally stabilizable in the sense of [15, Definition 5.1].

If we consider square systems [E,A,C] € 0O,,,, then we may obtain an
additional stabilization result via behavioral detectability which is false in general
in the nonregular case. To this end, we call a system [E, A, C] € 0}, ), behaviorally
stable, if [E, A, 0] is behaviorally detectable. From Corollary 9.4 we obtain the
characterization

[E,A, C] is behaviorally stable <= VAeCy: tkc(AE—A)=n. (9.2)

Furthermore, under the slightly stronger assumptions of impulse observability and
strong detectability, resp., the results of Proposition 9.5 can be improved for square
systems. It is then possible to show that the output injection leads to a system which
is additionally regular. The equivalence of impulse observability and regularizability
with index reduction by output injection (statement (a) of the following theorem) has
been proved in [24], see also [25]. For completeness we provide a new proof using
the OI normal form. To the best of our knowledge, statements (b) and (c) of the
following theorem are new.
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Theorem 9.6 (Stabilization and Index Reduction for Square Systems) For a
system [E,A, C] € 0, the following hold true:

(a) [E,A, C] is impulse observable if, and only if, there exists L € R™P such that
SE — (A + LC) is regular and its index is at most one.

(b) [E,A, C] is behaviorally detectable if, and only if, there exists L € R™? such
that SE — (A + LC) is regular and [E, A + LC, C] is behaviorally stable.

(c) [E,A,C] is strongly detectable if, and only if, there exists L € R™? such
that sSE — (A + LC) is regular, its index is at most one and [E,A + LC, C] is
behaviorally stable.

Proof

(a) Without loss of generality, we may assume that [E, A, C] is in OI normal
form (4.4). First let [E, A, C] be impulse observable, and hence it follows from
Table I that y = (1,...,1),€(¢) = 0and k = (1,...,1). Since E and A are
square we may further deduce that £(8) = £(y), and therefore

Io 0 000 N, 000 0 -
ET0 000
0 K000 0LT0OO O o
E=1 05000 A= OﬂOI ol €= |0 0Im00
lel 00000
0 0001, 0 000 4,
9.3)

It is easy to see that

Lp-11 0] _[Ng—1 O
sIKg .01 — [L] . Eg] = s(s[ W 0} - [ o 1@(5)D !

for some invertible matrices S, 7, where 8 — 1 = (81 — 1,...., B¢ — D).
Therefore, the pencil s[K] ,0] — [L] , Eg] is regular and has index at most one.
Choosing

000
L= OEﬁO
000
000
we obtain that
sly =Ny 0 0 0 0
0 K] —LT —Eg 0 0
SE—(A+ LC) = SBe —hp 78
0 0 0 =1 0
0 0 0 0 sI,—A,

is regular and its index is at most one.
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To show the opposite implication let L € R™*” be such that sE — (A + LC) is

regular and its index is at most one. Then Proposition 9.5 implies that [E, A, C] is
RS impulse observable. To show impulse observability, by Table 1 it remains to
show that £(¢) = 0. Since an OI normal form of [E, A, C] is also an OI normal
form of [E,A + LC, C], it follows from the regularity of sE — (A 4+ LC) and
Remark 4.2 that £(¢) = 0.
Again, we assume that [E, A, C] is in OI normal form (4.4). First let [E, A, C] be
behaviorally detectable, and hence it follows from Corollary 9.2 that £(g) = 0
and 0(A,) € C_. Since E and A are square we may further deduce that £(f) =
£(y), and therefore

Iyy 0 0 0 0 Ny 00 00
0K/ 000 0L 000 ET0 000

E={0 0L 0 0[.A=|0 0K, 0 0|.C=]00E 00
0 0 ON' O 0 0 010 00000
0 00 0 I 00 0 0A,

S

By [79, Theorem 4.20] there exists F, € RI**{® such that o (N, + F4E)) C
C_. Furthermore, choosing

Fg = diag(e[lﬂ‘], . ,e[lﬁ“ﬁ’])

we find that, by the same argument as in the proof of [16, Theorem 3.5],

T T T T
(| Ks O | | Ls FsEy _sfs Ng 2 _[Iw 0 } T
0L, 0 K, * N, 0 Iy
for some invertible matrices S,7, where y — 1 = (y1 — 1,...,y¢p) —

T T T
1). Therefore, the pencil s [Kg LO ] — [Lg F f;(Ev ] is regular and the system
Y 14

T T T . . .
[[Kg Loy] , [Lg F’}EVV ] , [0, E;,r]] is behaviorally stable by (9.2). Choosing

h

Il
cococoX™
cooJdo

el el oo Nl
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()

we obtain that

sE— (A + LC)
slig| — (N + FoE]) 0 0 0 0
T T T
0 sKj —Lj —FgE] 0 0
= 0 0 sL,—K, O 0
0 0 0 sNJ—-I,, O
0 0 0 0 sl,—A,

is regular and [E, A 4+ LC, C] is behaviorally stable by (9.2).

To show the opposite implication let L € R™? be such that sE — (A 4+ LC)
is regular and [E,A + LC, C] is behaviorally stable. Seeking a contradiction,
assume that [E,A, C] is not behaviorally detectable. Then it follows from
Corollary 9.4 that there exist A € Cy and x € C" \ {0} such that [ *£-4 ] x = 0.
This implies

x=0,

(AE — (A + LO)) x = [I, ] [AEC_ A}

thus tkc(AE — (A + LC)) < n which contradicts behavioral stability of [E, A +
LC, C] by (9.2).
Again, we assume that [E, A, C] is in OI normal form (4.4). First let [E, A, C] be
strongly detectable, and hence it follows from Corollary 9.2 thaty = (1,...,1),
L) =0,k =(1,...,1)and 6 (4,) < C_. Since E and A are square we may
further deduce that £(8) = £(y) and (9.3) holds. Let F,, € RI**¢® be such that
o(Ny + FaEl;'—) C C_. Furthermore, let
aj = [aj(), s g2, 1]T [S Rﬂ.i
with the property that the polynomials
pi(s) = s + qiﬂj_lsﬁf_l + ...+ ajp € R[s]
are Hurwitz forj = 1,...,£(B), and let
Bﬁ = diag (al, ey ag(ﬁ)) [S Rlﬂlxaﬂ).

Consider the system

deT g (ZOY _ ;T z(1)
s (G0) = a0 (5): O
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We see that the input u is uniquely determined by u = —E;_lz, where
B—1=(B1—1,....B¢p — 1) and if B; = 1 for some j, then the respective
x-component does not exist and the equation simply reads u; = 0. With
Bg = diag(ai,...,aep)), where a; = [ajo, ... ,ajﬂj_z]-r, a permutation of
rows in (9.4) and insertion of u gives

2(1) = (Np—1 — Bp1Ej_)z(0).

u(t) = Eg_z(2).

It is now clear that the pencil s[KJ ,0] — [L} , Bg] in system (9.4) is regular and
has index at most one. Furthermore, the characteristic polynomial of Ng_; +
B ﬂ—lE;_l (which is a block diagonalization of companion matrices) is given by

«p)
det (s/ — (Ng—1 + Bﬁ—lE;;r_l)) = Hl’j(s)s
j=1

which is Hurwitz, since all p;(s) are Hurwitz. Therefore, [[KT, 0],[L}, Bgl,

[0, I|y|]] is also behaviorally stable. Choosing

F, 00
|0 BsO
0 00
0 00
we obtain that
sl — (No + FoE]) 0 0 0 0
KT — LT —B
sE—(A+LC) = 0 Ky =Ly =Bg 00
0 0 0 =1 0
0 0 0 0 sl,—A,

is regular, its index is at most one and [E,A + LC, C] is behaviorally stable
by (9.2).

To show the opposite implication let L € R™? be such that sE — (A + LC) is
regular, its index is at most one and [E,A + LC, C] is behaviorally stable. Then
Proposition 9.5 implies that [E, A, C] is RS strongly detectable. To show strong
detectability, by Table 1 and Corollary 9.2 it remains to show that £(g) = 0. As
in (a), this follows from the regularity of s£ — (A + LC).

|
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Note that in the proof of necessity in Theorem 9.6 (b) the regularity of sE —
(A 4+ LC) has not been used explicitly, so one may wonder whether this property
is necessary here. In fact, it is not: the regularity of sE — (A + LC) is a direct
consequence of the behavioral stability of [E,A + LC, C] and the fact that E and
A + LC are square.

Remark 9.2

(i) It is a consequence of Theorem 9.6 that impulse observability or behavioral
detectability in particular implies that the square system [E,A,C] € 0, ,, is
regularizable by output injection, i.e., there exists L € R™? such that sE — (A +
LC) is regular. The dual of this concept is regularizability by state feedback and
has been well investigated, see [16] and the references therein.

(i) Another result on index reduction which is slightly different from both
Proposition 9.5 (a) and Theorem 9.6 (a) was derived in [43, Theorem 5]. It is
shown that [E, A, C] € 0),, is impulse observable if, and only if, there exists
L € RP such that

(A + LC) ! (img E) N kerg E = {0},

which is slightly stronger than to require that sE — (A + LC) has index at most
one; in fact, it is equivalent to the index being at most one and the absence of
overdetermined y-blocks in the quasi-Kronecker form (9.1).

(iii) Stabilization and index reduction by output injection for regular DAE systems
have been investigated in [32]. In particular, under the additional assumption
of regularity of sE — A, Theorem 9.6 (a) and (b) have been derived in [32,
Theorem 3-2.1 and Corollary 3-3.2], resp.
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A Survey on Numerical Methods
for the Simulation of Initial Value
Problems with sDAEs

Michael Burger and Matthias Gerdts

Abstract This paper provides an overview on numerical aspects in the simulation
of differential-algebraic equations (DAEs). Amongst others we discuss the basic
construction principles of frequently used discretization schemes, such as BDF
methods, Runge—Kutta methods, and ROW methods, as well as their adaption
to DAEs. Moreover, topics like consistent initialization, stabilization, parametric
sensitivity analysis, co-simulation techniques, aspects of real-time simulation, and
contact problems are covered. Finally, some illustrative numerical examples are
presented.

Keywords BDF methods ¢ Consistent initialization ¢ Contact problems e
Co-simulation ¢ Differential-algebraic equations ¢ Real-time simulation * ROW
methods ¢ Runge—Kutta methods ¢ Sensitivity analysis * Stabilization

Subject Classifications: 651.80, 65L05, 65L.06

1 Introduction

Simulation is a well-established and indispensable tool in scientific research as
well as in industrial development processes. Efficient tools are needed that are
capable of simulating complex processes in, e.g., mechanical engineering, process
engineering, or electrical engineering. Many of such processes (where appropriate
after a spatial discretization of a partial differential equation) can be modeled as
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differential-algebraic equations (DAEs), which are implicit differential equations
that typically consist of ordinary differential equations as well as algebraic equa-
tions. Often, DAEs are formulated automatically by software packages such as
MODELICA or SIMPACK. In its general form, the initial value problem for a DAE
on the compact interval I = [a, b] reads as

F(1,2(1).2 (1)) = 0, z(a) = za, (1.1)

where F : [ x R" x R" — R" is a given function and z, € R” is an appropriate
initial value at r = a. The task is to find a solution z : I —> R”" of (1.1). Throughout
it is assumed that F is sufficiently smooth, i.e., it possesses all the continuous partial
derivatives up to a requested order.

Please note that (1.1) is not just an ordinary differential equation in implicit
notation, since we permit the Jacobian of F with respectto 7, i.e., F’ ; ,, to be singular
along a solution. In such a situation, (1.1) cannot be solved directly for z’. Particular
examples with singular Jacobian are semi-explicit DAEs of type

F(t,2,7) = (M(t’x;f; ;J;()t’x’ y)) . zi= ()T, (1.2)

with a non-singular matrix M and the so-called differential state vector x and
the algebraic state vector y. Such systems occur, e.g., in process engineering and
mechanical multi-body systems. More generally, quasi-linear DAEs of type

F(t,2.7) = Q(t.2)7 — f(1.2)

with a possibly singular matrix function Q frequently occur in electrical engineering.

The potential singularity of the Jacobian F ; , has implications with regard to
theoretical properties (existence and uniqueness of solutions, smoothness properties,
structural properties, ...) and with regard to the design of numerical methods
(consistent initial values, order of convergence, stability, ...). A survey on the
solution theory for linear DAEs can be found in the recent survey paper [141]. A
comprehensive structural analysis of linear and nonlinear DAEs can be found in the
monographs [90] and [92]. While explicit ordinary differential equations (ODEs)
can be viewed as well-behaved systems, DAESs are inherently ill-conditioned and the
degree of ill-conditioning increases with the so-called (perturbation) index, compare
[75, Definition 1.1]. As such, DAEs require suitable techniques for its numerical
treatment.

To this end, the paper aims to provide an overview on the numerical treatment
of the initial value problem. The intention is to cover the main ideas without too
many technical details, which, if required, can be found in full detail in a huge
number of publications and excellent textbooks. Naturally not all developments can
be covered, so we focus on a choice of methods and concepts that are relevant in
industrial simulation environments for coupled systems of potentially large size.
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These concepts enhance basic integration schemes by adding features like sensitivity
analysis (needed, e.g., in optimization procedures), contact dynamics, real-time
schemes, or co-simulation techniques. Still, the core challenges with DAE:s, that is
ill-conditioning, consistent initial values, index reduction, will be covered as well.

The outline of this paper is as follows. Section 2 introduces index concepts
and summarizes stabilization techniques for certain classes of DAEs. Section 3
deals with the computation of the so-called consistent initial values for DAEs
and their influence on parameters. Note in this respect that DAEs, in contrast to
ODEs, do not permit solutions for arbitrary initial values and thus techniques are
required to find suitable initial values. The basics of the most commonly used
numerical discretization schemes are discussed in Sect. 4, amongst them are BDF
methods, Runge—Kutta methods, and ROW methods. Co-simulation techniques for
the interaction of different subsystems are presented in Sect. 5. Herein, the stability
and convergence of the overall scheme are of particular importance. Section 6
discusses approaches for the simulation of time crucial systems in real-time. The
influence of parameters on the (discrete and continuous) solution of an initial value
problem is studied in Sect. 7. Hybrid systems and mechanical contact problems are
discussed in Sect. 8.

Notation

We use the following notation. The derivative w.r.t. time of a function z(¢) is denoted
by 7/(¢). The partial derivative of a function f with respect to a variable x will be
denoted by f] = Jf/dx. As an abbreviation of a function of type f(z, x(f)) we use
the notation f7f].

2 Error Influence and Stabilization Techniques

DAEs are frequently characterized and classified according to its index. Various
index definitions exist, for instance the differentiation index [62], the structural
index [45], the strangeness index [90], the tractability index [92], and the perturba-
tion index [75]. These index definitions are not equivalent for general DAEs (1.1),
but they coincide for certain subclasses thereof, for instance semi-explicit DAEs in
Hessenberg form. For our purposes we will focus on the differentiation index and
the perturbation index only.

The differentiation index is one of the earliest index definitions for (1.1) and
is based on a structural investigation of the DAE. It aims to identify the so-called
underlying ordinary differential equation. To this end let the functions F) : [to, tr] x
RUFDn 5 R for the variables 7,7, ...,zVTD € R" forj = 0, 1,2,. .. be defined
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by the recursion

FO@,2,7) = F(1,2,7), (2.1)
FG—D
ot

J i
AFU—D )
+2. (t.z.d,....2M D =12,
=0

FO(t,2,7,...,20tD) = (t.z.7,....29) (2.2)

9z
2.3)

Herein, F is supposed to be sufficiently smooth such that the functions F) are well
defined.
The differentiation index is defined as follows:

Definition 2.1 (Differentiation Index, Compare [62]) The DAE (1.1) has differ-
entiation index d € Ny, if d is the smallest number in Ny such that the so-called
derivative array

FO(,z,7,....29t ) =0, j=0,1,....d, (2.4)

allows to deduce a relation of type 7' = f(¢, z) by algebraic manipulations.
If such a relation exists, then the corresponding ordinary differential equation
(ODE) 7' (t) = f (1, z(r)) is called the underlying ODE of the DAE (1.1).

The definition leaves some space for interpretation as it is not entirely clear what
is meant by “algebraic manipulations.” However, for semi-explicit DAEs it provides
a guideline to determine the differentiation index. Note that the special structure
of semi-explicit DAEs is often exploited in the design of numerical schemes and
stabilization techniques.

Definition 2.2 (Semi-Explicit DAE) A DAE of type

X () = f(t.x(1),y(1)), 2.5
0 = g(t,x(1), y(1)), (2.6)

is called semi-explicit DAE. Herein, x(+) is referred to as differential variable and y(-)
is called algebraic variable. Correspondingly, (2.5) is called differential equation
and (2.6) algebraic equation.

For semi-explicit DAEs the common approach is to differentiate the algebraic
equation w.r.t. time and to substitute the occurring derivatives of x by the right-
hand side of the differential equation. This procedure is repeated until the resulting
equation can be solved for y'.
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Example 2.1 (Semi-Explicit DAE with Differentiation Index One) Consider (2.5)-
(2.6). Differentiation of the algebraic equation w.r.t. time yields

0 = g/l + &I () + & [ ()
= gilf] + &[] + g1y (0.
Herein, we used the abbreviation f[f] for f(z, x(z), y(¢)) and likewise for the partial
derivatives of g.
Now, if the Jacobian matrix g;[t] is non-singular with a bounded inverse along
a solution of the DAE, then the above equation can be solved for y’ by the implicit

function theorem and together with the differential equation (2.5) we obtain the
underlying ODE

X (1) = f(t, x(2), (1)),
Y (0) = =gl (&l + &.[1,1) ,

and the differentiation index isd = 1.

In the above example, the situation becomes more involved, if the Jacobian
matrix g;[t] is singular. If it actually vanishes, then one can proceed as in the
following example.

Example 2.2 (Semi-Explicit DAE with Differentiation Index Two) Consider (2.5)—
(2.6). Suppose g does not depend on y and thus g; [f] = 0. By differentiation of the
algebraic equation we obtain

0= g/l + gl (1) = gl + &, [A/1 =: ¢V (1, x(1), y(1))

A further differentiation w.r.t. time yields
0= (gl + M)A + (¢ 1Y (1)

with (g(l));[t] = g [f[f]. Now, if the matrix g [7]f}[f] is non-singular with a
bounded inverse along a solution of the DAE, then the above equation can be
solved for y' by the implicit function theorem and together with the differential
equation (2.5) we obtain the underlying ODE

X (1) = f(t, x(1), y(1)),
Y (0) = =@/ ()il + )l f1) .

and the differentiation index is d = 2.
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The procedure of the preceding examples works for semi-explicit Hessenberg
DAESs, which are defined as follows:

Definition 2.3 (Hessenberg DAE)
(a) Fora given k > 2 the DAE

-x/l (t) = fl(tv y(t)v X1 (t)v -x2(t)s R -xk—Z(t)v -xk—l(t))s
x»nt) = f x1(1), x2(1), ..., xx—2(), X4—1 (1)),
: - 2.7
X (1) = fim1 (2, Xp—2(8), x—1(1)),
0 = g, Xp—1(1))
is called Hessenberg DAE of order k, if the matrix
R(@) =gy [ fici [0 1 - £, (2.8)

is non-singular for all 7 € [ty, #;] with a uniformly bounded inverse [|R™!(7)| <
C in [y, 7], where C is a constant independent of ¢.
(b) The DAE

X (1) = f(t.x@). y(0)).

0 = glt.x(t).y() @9)

is called Hessenberg DAE of order 1, if the matrix g;[t] is non-singular with
I g; [f]7"|| < Cforallt € [t, tf] and some constant C independent of 7.

Herein, y is called algebraic variable and x = (x,...,Xx— 1)T in (a) and x in (b),
respectively, is called differential variable.

By repeated differentiation of the algebraic constraint 0 = g(, xx—1(¢)) w.r.t.
to time and simultaneous substitution of the derivatives of the differential variable
by the corresponding differential equations, it is straightforward to show that the
differentiation index of a Hessenberg DAE of order k is equal to k, provided the
functions g and f;, j = 1,...,k — 1, are sufficiently smooth. In order to formalize
this procedure, define

g0t xi-1(0) := g(t, 1 (1). (2.10)

Differentiation of g(® with respect to time and substitution of

X1 (1) = fi1 (8, X2 (), X1 (1)
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leads to the equation
0 = gi(t.x—1(0) + g5, (t. x,—1 (1) - fim1 (1. 11—2(2). 21 (1))
=: gVt x2(1), 11 (1)),

which is satisfied implicitly as well. Recursive application of this differentiation and
substitution process leads to the algebraic equations

0 =gVt 01— (0, ..., 11 (1), j=1,2,... k=2, (2.11)
and

0 =g* D, y(0). x1(..... 01 (0). 2.12)

Since Egs. (2.11)—(2.12) do not occur explicitly in the original system (2.7), these
equations are called hidden constraints of the Hessenberg DAE. Note that the matrix
R in (2.8) is given by dgk=1 /dy.

A practically important subclass of Hessenberg DAEs are mechanical multibody
systems in descriptor form given by

g =),
M(t, q()V' (1)) = f(t.q(1), v(1)) — gl (t. q(1) T A (D). (2.13)
0= g(,49(1)),

where ¢(-) € R” denotes the vector of generalized positions, v(-) € R” the vector of
generalized velocities, and A(-) € R™ are Lagrange multipliers. The mass matrix M
is supposed to be symmetric and positive definite with a bounded inverse M~ and
thus, the second equation in (2.13) can be multiplied by M(t, ¢(t))~". The vector f
denotes the generalized forces and torques. The term g;(t, g) T A can be interpreted
as a force that keeps the system on the algebraic constraint g(t, g) = 0.

The constraint (¢, g(¢)) = 0is called constraint on position level. Differentiation
with respect to time of this algebraic constraint yields the constraint on velocity level

&t q(0) + g,(1,q()) - v(1) = 0

and the constraint on acceleration level

g0t q(0) + €l (1.q(1)) - V(1) + g (1. (1)) - V' (1) + &y (2. g1 V(D). V(1) = 0.

Replacing v’ by

V(1) = M1, q() ™" (f(q(1), (1) — gt q(1)) T A1)
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yields

0 = g(t,q(1)) + g, (1, q(1) - v(1)
+g,(t.q() - M(t.q(1)) ™" (f(q(1). v(1) — gl(t. q(1) TA(1))
+8,,(t, g)) (v (1), v(1)).

. _1 T . .
If g, (. @) has full rank, then the matrix g (t, 9)M(t,q)~ g,(t,q) ' is non-singular
and the latter equation can be solved for the algebraic variable A. Thus, the
differentiation index is three.

Remark 2.1 Note that semi-explicit DAEs are more general than Hessenberg DAEs
since no regularity assumptions are imposed in Definition 2.2. In fact, without
additional regularity assumptions, the class of semi-explicit DAEs is essentially
as large as the class of general DAEs (1.1), since the settings z/(f) = y(¢r) and
F(t,y(t),z(t)) = O transform the DAE (1.1) into a semi-explicit DAE (some care
has to be taken with regard to the smoothness of solutions, though).

2.1 Error Influence and Perturbation Index

The differentiation index is based on a structural analysis of the DAE, but it does not
indicate how perturbations influence the solution. In contrast, the perturbation index
addresses the influence of perturbations on the solution and thus it is concerned with
the stability of DAEs. Note that perturbations frequently occur, for instance they are
introduced by numerical discretization schemes.

Definition 2.4 (Perturbation Index, See [75]) The DAE (1.1) has perturbation
index p € N along a solution z on [fy, #], if p € N is the smallest number such that
for all functions 7 satisfying the perturbed DAE

F(t,2(). 7 (1) = 8(0), (2.14)
there exists a constant S depending on F and #r — fp with

lz(0) =zl < § (IIZ(to) = Zto)l| + max [8()] + ... + max ||5(P‘”(f)ll)
(2.15)

for all ¢ € [to, t7], whenever the expression on the right is less than or equal to a
given bound.
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The perturbation index is p = 0, if the estimate

120 201 = 5 (et ~ )] + max

L f 8(s)ds

holds. The DAE is said to be of higher index, if p > 2.

) (2.16)

According to the definition of the perturbation index, higher index DAEs are ill-
conditioned in the sense that small perturbations with high frequencies, i.e., with
large derivatives, can have a considerable influence on the solution of a higher index
DAE as it can be seen in (2.15). For some time it was believed that the difference
between perturbation index and differentiation index is at most one, until it was
shown in [34] that the difference between perturbation index and differentiation
index can be arbitrarily large. However, for the subclass of Hessenberg DAEs as
defined in Definition 2.3 both index concepts (and actually all other relevant index
concepts) coincide.

The definition of the perturbation index shows that the degree of ill-conditioning
increases with the perturbation index. Hence, in order to make a higher index DAE
accessible to numerical methods it is advisable and common practice to reduce
the perturbation index of a DAE. A straightforward idea is to replace the original
DAE by a mathematically equivalent DAE with lower perturbation index. The index
reduction process itself is nontrivial for general DAEs, since one has to ensure that it
is actually the perturbation index, which is being reduced (and not some other index
like the differentiation index).

For Hessenberg DAEs, however, the index reduction process is straightforward as
perturbation index and differentiation index coincide. Consider a Hessenberg DAE
of order k as in (2.7). Then, by replacing the algebraic constraint 0 = g(z, x;—; (7))
by one of the hidden constraints g, j € {1,...,k — 1}, defined in (2.11) or (2.12)
we obtain the Hessenberg DAE

x/l (t) = fl (ts y(t)v X1 (t)s Xz(l), O] -xk—Z(t)v Xk—1 (t))s
X%t = f xi(), x2(0), ..., x2(), x-1(0),
: - 2.17)
X () = fim1 (1, Xp—2 (1), X—1(1)),
0 = gV, Xp—1— (), ..., x—1(D),

where we use the setting xy := y for notational convenience. The Hessenberg DAE
in (2.17) has perturbation index k — j. Hence, this simple index reduction strategy
actually reduces the perturbation index, and it leads to a mathematically equivalent
DAE with the same solution as the original DAE, if the initial values x(#y) and
y(to) satisfy the algebraic constraints g9 (fo, x,—1—¢(fo). . . ., xx—1(f0)) = 0 for all
£=0,....k—1.
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On the other hand, the index reduced DAE (2.17) in general permits additional
solutions for those initial values x(#) and y(#), which merely satisfy the algebraic
constraints g9 (t9, xi—1_¢ (o), . . ., xk—1 (to)) = O forall £ = j, ...,k — 1, but not the
neglected algebraic constraints with index £ = 0,...,j — 1. In the most extreme
case j = k — 1 (the reduced DAE has index-one) x(#y) can be chosen arbitrarily
(assuming that the remaining algebraic constraint can be solved for y(zy) given the
value of x(zp)). The following theorem shows that the use of inconsistent initial
values leads to a polynomial drift off the neglected algebraic constraints in time,
compare [73, Sect. VIL.2].

Theorem 2.1 Consider the Hessenberg DAE of order k in (2.7) and the index
reduced DAE in (2.17) with j € {1,...,k — 1}. Let x(t) and y(t) be a solution
of (2.17) such that the initial values x(ty) and y(ty) satisfy the algebraic constraints
8O (to, xp—1—e(t0), . .., xx—1(t0)) = O forall £ =j,... . k—1. Thenfor = 1,....j
and t > ty we have

-1

_ 1 -
g X1 (O () = Y (= 10)" 8T o). (2.18)
v=0
with gV~ (1] := gV~ (19, xp—1—(j—t4v) (t0)s - - - » Xk—1(0))-

Proof We use the abbreviation g(©[f] for g (¢, xi_1_¢(7), xx—1 (t)) for notational
convenience. Observe that

- d
g(] +1) [1] =

G=0f t=1,...,j
dtg []’ ’ 9J9

and thus

t
700 = g0l + [ 0V ela,

fo

We have g [f] = 0 and thus for £ = 1:

t
7 = g1l + [ e = 5o

fo

This proves (2.18) for £ = 1. Inductively we obtain

t
QU] = U=+ + / LUOe)dr

to
£ =1
g™ ] + Z (7= 1) [n]d

o = 0
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1 .
g <‘+“)[r1+2( PENIGIDRE SN ()

(1 (l+l))[t]+z _ vg(l {4+v— l)[l‘o]

~

1 .
— Z . (t _ to)vg(j (Z+1)+V)[t0],

which proves the assertion. O

We investigate the practically relevant index-three case in more detail and
consider the reduction to index one (i.e., k = 3 and j = 2). In this case Theorem 2.1
yields

1, x2(0) = gto] + (¢ — 1)V [to], (2.19)
gV (t.x1(), x2(1)) = gV [to]- (2.20)

The drift-off property of the index reduced DAE causes difficulties for numerical
discretization methods as the subsequent result shows, compare [73, Sect. VIL.2].

Theorem 2.2 Consider the DAE (2.7) with k = 3 and the index reduced prob-
lem (2.17) with j = 2. Let z(t; t,,, zm) denote the solution of the latter at time t
with initial value z,, at t,, where 7 = (x1,x»,y)" denotes the vector of differential
and algebraic states. Suppose the initial value zy at ty satisfies g[to)] = 0 and
gW[n] = 0.

Let a numerical method generate approximations z, = (X1 X2n.Yn)' Of
z2(ty; 1o, 20) at time points t, = ty + nh, n € Ny, with stepsize h > 0. Suppose
the numerical method is of order p € N, i.e., the local error satisfies

||Zn+l _Z(tn+l; Iy, Zn)” = ﬁ(hp-H)s n € Np.

Then, for n € N the algebraic constraint g = g satisfies the estimate

L
lg(tn, x2.0) || < CHP (Lo(tn — 1) + 21 (ta — lo)z) (2.21)

with constants C, Ly, and L.

Proof Since zj satisfies g@[tg] = 0 and g("'[ty] = 0, the solution z(t; t, zo)
satisfies these constraints for every ¢. For notational convenience we use the notion
29(t, z(1)) instead of g9 (¢, x,(1)) and likewise for gV, To this end, for a given ,
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we have

189zl = 18 (s 20) — 8 (1 2t 10, 20)) |

n—1
= 11> (8 (s 2t tmt1. 2ot 1)) = 8 (. 2t . 2))) |l
m=0
n—1
f Z ”g(O) (tny Z(tn; tm+1 5 Zm+l)) - g(O)(tny Z(tn; [ Zm)) ” . (222)
m=0

Exploitation of (2.19)—(2.20) with f, replaced by #,, and £, 1, respectively, yields

18t 2t w12 2t 1)) — 8 (1 2t b Zn)) |
=18 Umt 1 2mr1) + (tn = twr 18 (s 1. Zmt1)
— 8t zm) = (= 1)8"™ (G 2 |
=18 Ut 1 2mr1) + (tn = )8 (et 1. Zmt1) — 8 U1 213 s )
+ 80 Cnr1, 215t ) = 80 (s 2m) = (60 = 1) (s 2|
=18 Ut 1 2mr1) + (tn = )8 (et 1. Zmt1) — 8 1 213 s )
+ 8V (n 2m) + (1 — 1)8" (0 20) — 89 (s 2) = (10— 1) (1, 20) |
=18 (1 2mt1) — 8 U1 2t 1 s 2m))
+ (1 = tt1) (87 12 s 1) — 81 (e z)) |l
< LoCH T + (1w — tur D18 (1. Zmt1) — 81 (et 1. 2t B 2n))
+ (tn = )18V Gt 12 2t 12 s Z)) = 8 (. 2z |
< CWHY (Lo + Li(ty — twt1)) + (g — b D18 (s 2) — 87 (s 2 |
= CH'* (Lo + Li(th — twt1)) s
where Ly and L; are Lipschitz constants of g(* and g(). Together with (2.22) we
thus proved the estimate

n—1

g tns 2l < D CHF! (Lo Lty = 1))

m=0
P L 2
< CHP { Lo(t, — to) + ) (tn —10)" | -

|

The estimate (2.21) shows that the numerical solution may violate the algebraic
constraint with a quadratic drift term in #, for the setting in Theorem 2.2. This drift-
off effect may lead to useless numerical simulation results, especially on long time
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horizons. For DAEs with even higher index, the situation becomes worse as the
degree of the polynomial drift term depends on the j in (2.17), i.e., on the number of
differentiations used in the index reduction.

2.2 Stabilization Techniques

The basic index reduction approach in the previous section may lead to unsatis-
factory numerical results. One possibility to avoid the drift-off on numerical level
is to perform a projection step onto the neglected algebraic constraints after each
successful integration step for the index reduced system, see [18, 47].

Another idea is to use stabilization techniques to stabilize the index reduced
DAE itself. The common approaches are Baumgarte stabilization, Gear—-Gupta—
Leimkuhler stabilization, and the use of overdetermined DAEs.

2.2.1 Baumgarte Stabilization

The Baumgarte stabilization [22] was originally introduced for mechanical multi-
body systems (2.13). It can be extended to Hessenberg DAESs in a formal way. The
idea is to replace the algebraic constraint in (2.7) by a linear combination of original
and hidden algebraic constraints g, £ € {0, 1, ...,k — 1}. With the setting x; := y,
the resulting DAE reads as follows:

xll (t) = fl (ts y(t)s X1 (t)v xz(t)v ey xk—Z(t)v xk—l(t))v
() = fl, x1(0), x20), ... 20, xk—1(0),
: (2.23)
(1) = Si—1(2, Xp—2(1), Xx—1(1)),
k1
0 =3 agO(t, x—1—e(0), ..., x—1(0).
i=0

The DAE (2.23) has index one. The weights g, £ = 0, 1,...,k— 1, withag—; = 1
have to be chosen such that the associated differential equation

k—1
0= a0
£=0

is asymptotically stable with |7 ()| — 0 for £ € {0,...,k — 2} as t —> o0,
compare [73, Sect. VIL.2]. A proper choice of the weights is crucial since a balance
between quick damping and low degree of stiffness has to be found.

The Baumgarte stabilization was used for real-time simulations in [14, 31], but
on the index-two level and not on the index-one level.
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2.2.2 Gear-Gupta—-Leimkuhler Stabilization

The Gear—Gupta—Leimkuhler (GGL) stabilization [64] does not neglect algebraic
constraints but couples them to the index reduced DAE using an additional mul-
tiplier. Consider the mechanical multibody system (2.13). The GGL stabilization
reads as follows:

q'(1) = v(t) — g, (t.q(1) T (1),
M(t, q()V' (1) = f(1. q(0). v(1)) — gl (t.q() T A0, (2.24)
0 = g(t.q().
0 = & (1, q(1)) + g,(t.q(1) - v(2)

The DAE is of Hessenberg type (if multiplied by M~!) and it has index two, if M
is symmetric and positive definite and g; has full rank. Differentiation of the first
algebraic equation yields

0 = gt q(1) +8, (1. 4(0)-(v(1) — g (1, q(1) T (1) = =€ (1, 4(1)g, (¢, q(1) T 1 (0).

. . . T . .
Since g, is supposed to be of full rank, the matrix g, [f]g;[f] " is non-singular and the
equation implies pu = 0.
The idea of the GGL stabilization can be extended to Hessenberg DAE:s. To this
end consider (2.7) and the index reduced DAE (2.17) with j € {1,...,k — 1} fixed.
Define

g(O) (ts xk—l)

gD (t, X2, X4—1)
G(t,xl,...,xk_l) = .

UVt xumgy - oo Xem1)
and suppose the Jacobian
0---0 0 0 (g(O));ki1
4 _ 0 e 0 E - ’ (g(l));k,Z (g(l));k71
(LoeeXi—1) . .
0---0 0 . : :
0---0 (g(J—l))/H (g(j_l));kfz (g(/—l));kil
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has full rank. A stabilized version of (2.17) is given by

X (1) = f(t.x(1), y(1) — Gi(t.x(1) T (1),
0 = G(t,x(1)), (2.25)
0 =gVt x4mjmr1 (). ..., 1 (1)),

where j is an additional algebraic variable, x = (xi,...,x—)', and f =
(fi,--. ,fk_l)T. The stabilized DAE has index max{2, k — j}. Note that

i + )5, [fir ]

Gl + Gl 1

(Ul + X (690, el
(=1

gl
= : =0.

g(j') 1

Moreover,

0= th(t,xl(t),...,xk_l(t))

= Gl + Gl (f] - G (1))
= Gl + G,[f[1] — GG, 1u(r)
= —G[1G,[1T n

and thus p = 0 since G/, was supposed to have full rank.

2.2.3 Stabilization by Over-Determination

The GGL stabilization approaches for the mechanical multibody system in (2.24)
and the Hessenberg DAE in (2.25) are mathematically equivalent to the overdeter-
mined DAEs

g =),
M(t, q(0))V' (1) = f(t, q(1), v (1)) — g, (¢, q() "\ (),
0= g(,4(1)),

0 = g,(t,q(1)) + g,(t. q(0) - v(2)
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and

X (1) = f(t, x(2), y(1)),
0 = G(1.x(1)).
0 = gV (t, xijm1 (). . . .. x4—1 (1)),

respectively, because the additional algebraic variable p vanishes in either case.
Hence, from an analytical point of view there is no difference between the
respective systems. A different treatment is necessary from the numerical point of
view, though. The GGL stabilized DAEs in (2.24) and (2.25) can be solved by
standard discretization schemes, like BDF methods or methods of Runge—Kutta
type, provided those are suitable for higher index DAEs. In contrast, the overde-
termined DAEs require tailored numerical methods that are capable of dealing
with overdetermined linear equations, which arise internally in each integration
step. Typically, such overdetermined equations are solved in a least-squares sense,
compare [56, 57] for details.

3 Consistent Initialization and Influence of Parameters

One of the crucial issues when dealing with DAEs is that a DAE in general only
permits a solution for properly defined initial values, the so-called consistent initial
values. The initial values not only have to satisfy those algebraic constraints that are
explicitly present in the DAE, but hidden constraints have to be satisfied as well.

3.1 Consistent Initial Values

For the Hessenberg DAE (2.7) consistency is defined as follows.
Definition 3.1 (Consistent Initial Value for Hessenberg DAEs) The initial values

x(to) = (x1(to), ..., xx—1(t0)) " and y(to) are consistent with (2.7), if the equations
0= g(j)(to,Xk—l—j(tO)v"'vxk—l(to))v j=12,... k=2, 3.1
0 = g* V(to, y(to), x1(t0), - . . , xi—1(t0)) (3.2)
hold.

Finding a consistent initial value for a Hessenberg DAE typically consists of two
steps. Firstly, a suitable x(#p) subject to the constraints (3.1) has to be determined.
Secondly, given x(#p) with (3.1), Eq. (3.2) can be solved for yo = y(#y) by Newton’s
method, if the matrix Ry = dg*~" /dy is non-singular in a solution (assuming that
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a solution exists). For mechanical multibody systems even a linear equation arises
in the second step.
Example 3.1 Consider the mechanical multibody system (2.13). A consistent initial
value (qo, vo, Ag) at fp must satisfy

0 = g(%, qo),

0 = g)(fo. q0) + g, (t0. q0) - vo.

0 = g1(10, g0) + &3 (10, q0) - vo + &, (10, go) - Vg + &4, (10, 40) (V0 Vo)

with
M(to, o)V = f (10, 9o, v0) — & (10, 40) " Ao

The latter two equations yield a linear equation for v} and Ao:

M(to, qo) g,(to. q0)" ( Vo )
g;(tos CIO) 0 AO

_ f (0, qo, vo)
—81(t0, qo) — &1 (t0, qo) - Vo — &4, (0, Go) (vo, vo) | °

The matrix on the left-hand side is non-singular, if M is symmetric and positive
definite and g; (1o, go) is of full rank.

Definition 3.2 (Consistent Initial Value for General DAEs, Compare [29,
Sect.5.3.4]) For a general DAE (1.1) with differentiation index d the initial value
70 = z(#p) is said to be consistent at 7y, if the derivative array

FO®0,20.2). ...z =0, j=0.1,....4. (3.3)
in (2.4) has a solution (2o, z, . . . ,ng'l)).

Note that the system of nonlinear equations (3.3) in general has many solutions
and additional conditions are required to obtain a particular consistent initial value,
which might be relevant for a particular application. This can be achieved for
instance by imposing additional constraints

G(t0, 20, 7) = 0, (3.4

which are known to hold for a specific application, compare [29, Sect.5.3.4]. Of
course, such additional constraints must not contradict the equations in (3.3).

If the user is not able to formulate relations in (3.4) such that the combined
system of equations (3.3) and (3.4) returns a unique solution, then a least-squares
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approach could be used to find a consistent initial value closest to a ‘desired’ initial
value, compare [33]:

d+1
1 1 5
Minimize _||G(t, 20, 2))||* + P
o 1G(t0.20. )| 2;no)u
W.I.L. (0. 20 - - - ,z(dJrl))T
s.L. FO(tg.20.2).....25T)y =0,  j=0.1.....d.

In practical computations the major challenge for higher index DAEs is to
obtain analytical expressions or numerical approximations of the derivatives in
FU,j = 1,...,d. For this purpose computer algebra packages like MAPLE,
MATHEMATICA, or the symbolic toolbox of MATLAB can be used. Algorithmic
differentiation tools are suitable as well, compare [72] for an overview. A potential
issue is redundancy in the constraints (3.3) and the identification of the relevant
equations in the derivative array. Approaches for the consistent initialization of
general DAEs can be found in [1, 30, 35, 51, 71, 78, 93, 108]. A different approach
is used in [127] in the context of shooting methods for parameter identification
problems or optimal control problems. Herein, the algebraic constraints of the DAE
are relaxed such that they are satisfied for any initial value. Then, the relaxation
terms are driven to zero in the superordinate optimization problem in order to ensure
consistency with the original DAE.

3.2 Dependence on Parameters

Initial values may depend on parameters that are present in the DAE. To this end
the recomputation of consistent initial values for perturbed parameters becomes
necessary or a parametric sensitivity analysis has to be performed, compare [66, 69].
Such issues frequently arise in the context of optimal control problems or parameter
identification problems subject to DAEs, compare [68].

Example 3.2 Consider the equations of motion of a pendulum of mass m and length
£ in the plane:

g, (1) = vi (1),
q5(1) = va(t),
mvy (1) = —2q1(DA(),
mvy (1) = —mg — 2q2(DA (1),
0=qi(0)” + q2(0)° — .
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Herein, (g1, ¢>) denotes the pendulum’s position, (v;, v2) its velocity, and A the
stress in the bar. A consistent initial value (¢1.0, g2.0, V1.0, V2.0, Ao) has to satisfy the
equations

0=4qio+ -1, (3.5)

0 = q10v10 + 920020, 3.6)
2

0=— Ao+ (viy+v30) — 208 37

Apparently, the algebraic component Ay depends on the parameter p = (m, £, g) "
according to

m
ho=20(p) =, (Vg + V30— 9208)

But in addition, the positions ¢; ¢ and ¢, o depend on £ through the relation (3.5). So,
if £ changes, then g ¢ and/or g, ¢ have to change as well subject to (3.5) and (3.6).
However, those equations in general do not uniquely define g, 9, 2.0, V1.0, V2,0 and
the question arises, which set of values one should choose?

Firstly, we focus on the recomputation of an initial value for perturbed parame-
ters. As the previous example shows, there is not a unique way to determine such
a consistent initial value. A common approach is to use a projection technique,
compare, e.g., [69] for a class of index-two DAEs, [68, Sect.4.5.1] for Hessenberg
DAEs, or [33] for general DAEs.

Consider the general parametric DAE

F(t,2(1),7().p) = 0 (3.8)
and the corresponding derivative array
FO(tz7,....29"Y py=0, j=01,....4d.
Remark 3.1 Please note that the differentiation index d of the general parametric

DAE (3.8) may depend on p. For simplicity, we assume throughout that this is not
the case (at least locally around a fixed nominal parameter).

Let p be a given parameter. Suppose Zo = zo(p) with Zj = z,(p), ... ’Zg)d—H) =
ng+1)( D) is consistent. In order to find a consistent initial value for p, which is

supposed to be close to p, solve the following parametric constrained least-squares
problem:
LSQ(p):  Minimize

1 d+D\T =~ =~ ~d+D\T
M08 5T = G0 % BT
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d+1
LETIT

with respect to (£, &), .. subject to the constraints

FO(ty. 6.8 ... €TV py=0, j=0.1,....d.

Remark 3.2 In case of a parametric Hessenberg DAE it would be sufficient to
consider the hidden constraints up to order k — 2 as the constraints in LSQ(p) and
to compute a consistent algebraic component afterwards. Moreover, the quantities
to and Z(()j ) ,j=0,...,d+ 1, could be considered as parameters of LSQ(p) as well,
but here we are only interested in p.

The least-squares problem LSQ(p) is a parametric nonlinear optimization prob-
lem and allows for a sensitivity analysis in the spirit of [54] in order to investigate
the sensitivity of a solution of LSQ(p) for p close to some nominal value p. Let

1 -
L pop) = IE =217 + 1 G p) (3.9)
with & = (€. &), ... . £ T, 2= G0.Z,..... 2T and
GEp) = (FO / G+1) (3.10)
P (IOsEOsE()s---sE() 5p) i=0.1,..d ‘

denote the Lagrange function of LSQ(p).

Theorem 3.1 (Sensitivity Theorem, Compare [S4]) Let G in (3.10) be twice
continuously differentiable and p a nominal parameter. Let £ be a local minimum of
LSQ(p) with Lagrange multiplier L such that the following assumptions hold:

(a) Linear independence constraint qualification: G’S (é ,D) has full rank.

(b) KKT conditions: 0 = VgL(é, i, p) with L from (3.9)
(c) Second-order sufficient condition:

LiE Ap)(hh) >0 Vh#0 1 GLE.p)h =0.

Then there exist neighborhoods B.(p) and Bg (é , ), such that LSQ(p) has a unique
local minimum

(E(p), u(p)) € Bs(€, o)

for each p € B(D). In addition, (§(p), n(p)) is continuously differentiable with
respect to p with

L&, f1.5) Ge(.p) (s’/@):_ L, (& ) 3.41)
G.€p 0 () G, (€.p)
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The second equation in (3.11) reads
GLE.PE(P) + GE.p) =0
and in more detail using (3.10),

H o pG)

)

£ 2041 NP 2 204D A
g0 (0-bo o ETD) &G+ oo & D) =0
(=0

ap

forj =0,1,...,d. Let us define Sg{) = (5(()0)/(13) for{ =0,...,d + 1. Then, we
obtain

j+1 ; ;
FW) N AGED) ‘ FW) N AGED)

2 oo (b0 &S+ 0o T =00 B2)

£=0

and in particular forj = 0,
oF ~on oF A A oF A A
tv ) sA'S tv 7/7A'S/ ts 7/7/\ :Os
32(050 €0+ D) 0+az,(0$0 £0-D) o+3p(0§0 £0-D)

which is the linearization of (3.8) around (to, &, &). p) with respect to p. Taking
into account the definition of the further components F' 0, j=1,...,d+ 1, of the
derivative array, compare (2.3), we recognize that (3.12) provides a linearization
of (2.3) with respect to p. Hence, the settings

S(t)) = S, S'(tg) = S)..... STV (rp) = s¢HY
provide consistent initial values for the sensitivity DAE

Fi(t,2(1), 2 (1), p)S(t) + FL,(t,2(1), 2 (1), p)S'(t) + F, (1, 2(1), 2 (), p) = 0,

where S(f) := 9dz(t; p)/dp denotes the sensitivity of the solution of (3.8) with respect
to the parameter p, compare Sect.7. Herein, it is assumed that F is sufficiently
smooth with respect to all arguments.

In summary, the benefits of the projection approach using LSQ(p) are twofold:
Firstly, it allows to compute consistent initial values for the DAE itself. Secondly,
the sensitivity analysis provides consistent initial values for the sensitivity DAE.
Finally, the sensitivity analysis can be used to predict consistent initial values under
perturbations through the Taylor expansion

§(p) =)+ &P —p) +ollp—pl)

for p € B.(p).
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4 Integration Methods

A vast number of numerical discretizations schemes exist for DAEs, most of them
are originally designed for ODEs, such as BDF methods or Runge—Kutta methods.
The methods for DAEs are typically (at least in part) implicit methods owing to the
presence of algebraic equations. It is beyond the scope of the paper to provide a
comprehensive overview on all the existing numerical discretization schemes for
DAEs, since excellent textbooks with convergence results and many details are
available, for instance [29, 73, 75-77, 90, 92, 134]. Our intention is to discuss
the most commonly used methods, their construction principles, and some of their
features. Efficient implementations use a bunch of additional ideas to improve the
efficiency.
All methods work on a grid

Gr={th<t <...<ty_1 <ty =1t}

with N € N and step-sizes hy = t+1 — tx, k = 0,...,N — 1. The maximum
step-size is denoted by h = rna)gl lhk. The methods generate a grid function

zn » Gy —> R* with z;,(1) & z(t) for t € Gy, where z(f) denotes the solution of (1.1)
with a consistent initial value zo. The discretization schemes can be grouped into
one-step methods with

zn(tig1) = zn(ti) + hi@(ti, zn (1), hi). i=0,....N—1, 4.1)
for a given consistent initial value z;(ty) = zo and s-stage multi-step methods with

w(tivs) =W tivs 2n(t), o is—1) s iy oo higg—1),  i=0,...,N —s,
42)

for given consistent initial values z,(t) = zo. - .., zn(t;,—1) = Zs—1. Note that multi-
step methods with s > 1 require an initialization procedure to compute zj, . .., Zs—i-
This can be realized by performing s — 1 steps of a suitable one-step method or by
using multi-step methods with 1,2, ..., s — 1 stages successively for the first s — 1
steps.

The aim is to construct convergent methods such that the global error e :
Gy, —> R” defined by

en = zn — An(z), en(t) = zu(t) — An(2)(0), t € Gy,
satisfies

lim |lep]loo = 0
h—0
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or even exhibits the order of convergence p € N, i.e.
llenlloo = O(H) as h — 0.

Herein, A, : {z : [to.tf] — R"} — {z, : G, — R"} denotes the restriction
operator onto the set of grid functions on G, defined by A, (z)(¢) = z(¢) for t € Gy,

A convergence proof for a specific discretization scheme typically resembles the
reasoning

consistency +  stability == convergence,

compare [131]. Herein, consistency is not to be confused with consistent initial
values. Instead, consistency of a discretization method measures how well the
exact solution satisfies the discretization scheme. Detailed definitions of consistency
and stability and convergence proofs for various classes of DAEs (index-one,
Hessenberg DAEs up to order 3, constant/variable step-sizes) can be found in the
above-mentioned textbooks [29, 73, 75-77, 90, 92, 134]. As a rule, one cannot in
general expect the same order of convergence for differential and algebraic variables
for higher index DAEs.

4.1 BDF Methods

The Backward Differentiation Formulas (BDF) are implicit multi-step methods and
were introduced in [40, 61]. A BDF method with s € N stages is based on the
construction of interpolating polynomials, compare Fig. 1. Suppose the method has
produced approximations zj(t;4+¢), k = 0,...,s — 1, of z at the grid points f;4y,
k = 0,...,5 — 1. The aim is to determine an approximation zj(#;+s) of z(t+y),
wherei € {0,...,N —s}.

To this end, let P(¢) be the interpolating polynomial of degree at most s with

P(titr) = zn(tisr), k=0,...,s.

2 (tivk—1) zn(tivk)

Zn(tivr—3)

tivk—3 litk—2 litk—1 livk

Fig. 1 Idea of BDF method: polynomial interpolation of approximations
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The polynomial P can be expressed as

P@t) = ZZh(l‘i+k)Lk(t), Li(r) = l—[ 1 — iy

t. J— t ’
P tmo.en itk T Tkt

where the L;’s denote the Lagrange polynomials. Note that P interpolates the
unknown vector z;(#;+), which is determined implicitly by the postulation that P
satisfies the DAE (1.1) at 4, i.e.

F(tits 2n(tits), P (tirs5)) = 0. (4.3)

The above representation of P yields

P (tiys) = Zzh(fﬁk)l‘;c(tﬁx) = ZakZh(hH)

=0 1+s—l =0

with o = h,’+s_1L;((l,'+S), k=0,...,s5

Example 4.1 The BDF methods with s < 6 and a constant step-size & read as
follows, see [134, S. 335]:

s =1:hP'(tiy1) = zi+1 —z (implicit Euler method)

1
s =2:hP (tiys) = 5 (Bzig2 — 4zip1 + 2i)

1
6

1
s=4: hP/(tH_4) = 12 (25zi+4 — 48zi+3 + 36zi4> — 16241 + 3z7)

s =3:hP'(tiy3) =  (zips — 18242 + 9zit1 — 22)

1
s=5:hP(tiys) = 60 (137zi45 — 300z;44 + 300z;+3 — 200242 + 75zi+1 — 12z;)

1
s=6: hP/(tH_(J) = 60 (147246 — 360z;+5 + 450244 — 400z;4+3 + 225z;4>

—72zi+1 + 10z;) .

Abbreviations: ziy+; = z,(ti+x), k =0, ..., 6.

Introducing the expression for P’(#;+) into (4.3) yields the nonlinear equation

F (ti+m Zn(tits), Z OékZh(h+k)) 4.4

lslko



A Survey on Numerical Methods for Initial Value Problems with sDAEs 245

for z,(t;+5). Suppose (4.4) possesses a solution z;(#;4,) and the matrix pencil

As

Fl+ Fl, 4.5)

hH—s—l

is regular at this solution, i.e., there exists a step-size h;4+s;—; such that the
matrix (4.5) is non-singular. Then the implicit function theorem allows to solve
Eq. (4.4) locally for z;(#;+) and to express it in the form (4.2). In practice Newton’s
method or the simplified Newton method is used to solve Eq.(4.4) numerically,
which requires the non-singularity of the matrix in (4.5) at the Newton iterates.

BDF methods are appealing amongst implicit methods since the effort per
integration step amounts to solving just one nonlinear equation of dimension n,
whereas a fully implicit s-stage Runge—Kutta method requires to solve a nonlinear
equation of dimension n - s. For numerical purposes only the BDF methods with
s < 6 are relevant, since the methods for s > 6 are unstable. The maximal attainable
order of convergence of an s-stage BDF method is s.

Convergence results assuming fixed step-sizes for BDF methods for certain
subclasses of the general DAE (1.1), amongst them are index-one problems and
Hessenberg DAEs, can be found in [27, 63, 99, 111]. Variable step-sizes may
result in non-convergent components of the algebraic variables for index-three
Hessenberg DAEs, compare [64]. This is another motivation to use an index
reducing stabilization technique as in Sect. 2.2.

The famous code DASSL, [29, 109], is based on BDF methods, but adds several
features like an automatic step-size selection strategy, a variable order selection
strategy, a root finding strategy, and a parametric sensitivity module to the basic
BDF method. Moreover, the re-use of Jacobians for one or more integration steps
and numerically efficient divided difference schemes for the calculation of the
interpolating polynomial P increase the efficiency of the code. The code ODASSL
by Fiihrer [56] and Fiihrer and Leimkuhler [57] extends DASSL to overdetermined
DAEs, which occur, e.g., for the GGL stabilization in Sect. 2.2. In these codes, the
error tolerances for the algebraic variables of higher index DAEs have to be scaled
by powers of 1/h compared to those of the differential states since otherwise the
automatic step-size selection algorithm breaks down frequently, compare [110]. An
enhanced version of DASSL is available in the package SUNDIALS, [80], which
provides several methods (Runge—Kutta, Adams, BDF) for ODEs and DAEs in one
software package.

4.2 Runge—Kutta Methods

A Runge—Kutta method with s € N stages for (1.1) is a one-step method of type

n(tiv1) = zn(t) + P (i, zn (), hi) (4.6)



246 M. Burger and M. Gerdts

with the increment function
B(t.2.h) ==Y biki(t,z.h) (4.7)
j=1

and the stage derivatives k;(t,z,h), j = 1,...,s. The stage derivatives k; are
implicitly defined by the system of n - s nonlinear equations

F i+ ez h) =0, “8)
F (1 + ehi 2y k) =0, 4.9)
where
g =) + Y agk, =15 (4.10)
j=1
are approximations of z at the intermediate time points t; + ¢¢h, £ = 1,...,s. The

coefficients in the Runge—Kutta method are collected in the Butcher array

(ST VRN GH
Caldo1 App * - Ay

Cs|ds1 Qg2 *** dgs

by by -+ by

Commonly used Runge—Kutta methods for DAEs are the RADAU ITA methods
and the Lobatto IIIA and ITIC methods. These methods are stiffly accurate, i.e., they
satisfy ¢, = 1 and a; = b; for j = 1,...,s. This is a very desirable property
for DAEs since it implies that (4.9) and z,(iz . = zx(tiy1) hold at ti41 = t; + c,h;.
Runge—Kutta methods, which are not stiffly accurate, can be used as well. However,
for those it has to be enforced that the approximation z;,(#;41) satisfies the algebraic
constraints of the DAE at ;. This can be achieved by projecting the output of the
Runge—Kutta method onto the algebraic constraints, compare [18].

Example 4.2 (RADAU II1A) The RADAU IIA methods with s = 1, 2, 3 are defined
by the following Butcher arrays, compare [134, Beispiel 6.1.5]:

4—/6| 88—746 296—16946 —2434/6
10 360 1800 225
11 1/3/5/12 —1/12 4446 2964+1694/6  88+7+/6 —2—34/6

R A
36 36 9

3/4 1/4 16—+/6 16++/6 1
36 36 9

The maximal attainable order of convergence is 2s — 1.



A Survey on Numerical Methods for Initial Value Problems with sDAEs 247

Example 4.3 (Lobatto IIIA and Lobatto I1IC) The Lobatto IIIA methods with s =
2, 3 are defined by the following Butcher arrays, compare [ 134, Beispiel 6.1.6]:

0/ o0 o
?1?21?2 1/2/5/24 1/3 —1/24
/2172 1 1/6 2/3 1/6

1/6 2/3 1/6

The Lobatto IIIC methods with s = 2, 3 are defined by the following Butcher arrays,
compare [134, Beispiel 6.1.8]:

01/6-1/3 1/6

? 1§§_};22 1/211/6 5/12 —1/12
1/2 1/2 1 ]1/6 2/3 1/6

1/6 2/3 1/6

The maximal attainable order of convergence is 2s — 2. A combined method of
Lobatto IITA and IIIC methods for mechanical multibody systems can be found in
[124].

The main effort per integration step is to solve the system of nonlinear equa-
tions (4.8)—(4.9) for the unknown vector of stage derivatives k = (ki, ... ,k‘Y)T by
Newton’s method or by a simplified version of it, where the Jacobian matrix is
kept constant for a couple of iterations or integration steps. Another way to reduce
the computational effort is to consider ROW methods or half-explicit Runge—Kutta
methods as in Sect. 4.3.

Convergence results and order conditions for Runge—Kutta methods applied to
DAE:s can be found in, e.g., [28, 75, 84, 85].

4.3 Rosenbrock-Wanner (ROW) Methods

In this section, we introduce and discuss the so-called Rosenbrock-Wanner(ROW)
methods for DAEs, cf. [121], where H.H. Rosenbrock introduced this method class.
ROW methods are one-step methods, which are based on implicit Runge—Kutta
methods. In literature, these methods are also called Rosenbrock methods, linearly-
implicit or semi-implicit Runge—Kutta methods, cf. [73].

The motivation to introduce an additional class of integration methods is to avoid
solving a fully nonlinear system of dimension # - s and to solve instead of that only
linear systems. Thus, the key idea for the derivation of Rosenbrock-Wanner methods
is to perform one Newton-step to solve Eqgs. (4.8)—(4.9) for a Runge—Kutta method
with a;; = 0 for i < j (diagonally implicit RK method, cf. [73]). We rewrite these
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equations for such a method and an autonomous implicit DAE,

F(z.7) =0, (4.11)
as follows:
{—1
Fla) +hi| Y ajki+awke | ke | =0, =15 (4.12)
j=1

Due to the fact that we consider a diagonally implicit RK method, the above
equations are decoupled and can be solved successively. Then, performing one

Newton-step with starting value kéo) leads to

(L (K 2 (S0 (k= K) = = (457.40).

(4.13)

ford =1,...,s.
We come to the general class of Rosenbrock-Wanner methods by proceeding with
the following steps. First, we take as starting value kl(zo) =0forl =1,...,s Then,

the Jacobians are evaluated at the fixed point z,(#;) instead of zgf__ll) , which saves

computational costs substantially. Moreover, linear combinations of the previous
stages k;,j = 1,..., £ are introduced. And last but not least, the method is extended
to general non-autonomous implicit DAEs as Eq.(1.1). We obtain the following
class of Rosenbrock methods

L
F (1 + cohi 257" 0) + Wil D" yky + Joke + yedi =0, €= 1,5, (414)
Jj=1

with
J. = F,(t;, zu(1:), 0), (4.15)
Jy = Fy(ti, z(1:), 0), (4.16)
Ji = F(ti, zu(;), 0). (4.17)

The solution at the next time point ;4 is computed exactly as in the case of Runge—
Kutta methods:

zn(ti1) = zn(ti) + i@ (i, 20 (8:), hi), Q(t,z,h) = ijkj(fv z,h),  (4.18)
=1
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with the stage derivatives k;(t, z, h) defined by the linear system (4.14). An example
for a ROW method is the linearly implicit Euler method (s = 1), for which the stage
derivative is defined as follows

F (4,2,0) + hiJ ki + Jyk = 0. (4.19)

For semi-explicit DAEs of the form (2.5)—(2.6), a ROW method as defined above
reads as

7,(tit1) = z,(t) + ijk;(tivz)lcl(ti)’zz(ti)’ hi) (4.20)
=1
A EEAOE I ACRADRAGN ] 4.21)
=1
with
f t,-—l—c;gh,,zf(Z b z}([ Y )
Et' ~+ ceh; z):2 D Zy(é 1)3 i (JgC; chzy) ZWI ky
g\l T Celin zigy ! (4.22)
—k AN
+( 0 )erl(gr) -0
for¢ = 1,...,s. Herein, we have setz = ((z") ", () ") T = (x",y")T and
F(t,2,7) = (f (#.x.3) _x/) . (4.23)
g(t,x,y)

Up to now, we have considered ROW methods with exact Jacobian matrices J, =
F,,Jy = F,. There is an additional class of integration methods, which uses for J,
arbitrary matrices (‘inexact Jacobians’)—such methods are called W-methods, see
[73, 146, 147].

We further remark that related integration methods can be derived, if other
starting values are used for the stage derivatives, instead of k?)) = 0 as it is done to
derive Eq. (4.14), cf. [67, 68]—the methods derived there as well as ROW and W-
methods can be seen to belong the common class of linearized implicit Runge—Kutta
methods.

An introduction and more detailed discussion of ROW methods can be found in
[73]; convergence results for general one-step methods (including ROW methods)
applied to DAE:s are available in [41]. Moreover, ROW methods for index-one DAEs
in semi-explicit form are studied in [53, 117, 120, 135]; index-one problems and
singularly perturbed problems are discussed in [23, 24, 74]. Analysis results and
specific methods for the equations of motion of mechanical multibody systems, i.e.,
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index-three DAEs in semi-explicit form are derived in [145, 146]; compare also the
results in [14, 106, 123].

4.4 Half-Explicit Methods

In this section, we briefly discuss the so-called half-explicit Runge—Kutta methods,
here for autonomous index-two DAESs in semi-explicit form. That is, we consider
DAE systems of the form

X (1) = f(x(0), y(0)), (4.24)
0 = g(x(1)). (4.25)

with initial values (xg,yo) that are assumed to be consistent. To derive the
class of half-explicit Runge—Kutta methods, it is more convenient to use stages
rather than the stage-derivatives k; as before. In particular, for the semi-explicit
DAE (4.24), (4.25), we define stages for the differential and the algebraic variables
as

Xie = xp(t;) +hy Za@'/(;, Yie := yu(t;)+hi Zagjk;, L=1,...,s. (4.26)

J=1 J=1

Then, it holds

Xie = xp(t;) + hy Z agk;

J=1

= xu(t) + hy Z%f (Xh(li) + Z Ak, yn(ti) + Z a;mki}l) 4.27)

j=1 m=1 m=1

= 0(t) + By af (. ;).

j=1

Using this notation and the coefficients of an explicit Runge—Kutta scheme, half-
explicit Runge—Kutta methods as firstly introduced in [75] are defined as follows

{—1
Xie = x(t) + hi Y _agf (X V). £=1.....s. (4.28)

Jj=1

0 = g(Xi), (4.29)



A Survey on Numerical Methods for Initial Value Problems with sDAEs 251

Xn(tiv1) = xu(t;) + by Z bef (Xie, Yie), (4.30)
=1

0 = gCen(ti+1)). (4.31)

The algorithmic procedure is as follows: We start with X;; = x;,(t;) assumed to be
consistent. Then, taking Eq. (4.28) for X, and inserting into Eq. (4.29) lead to

0 = g(Xi2) = g (en(ty) + anthif X, Yin)) (4.32)

this is a nonlinear equation that can be solved for Y;;. Next, we calculate X;» from
Eq. (4.28) and, accordingly, Y, etc. For methods with ¢; = 1, one obtains an
approximation for the algebraic variable at the next time-point by y,(f;+1) = Y.
The key idea behind this kind of integration schemes is to apply an explicit Runge—
Kutta scheme for the differential variable and to solve for the algebraic variable
implicitly.

Convergence studies for this method class applied to index-two DAEs can
be found in [26, 75]. In [7, 12, 105] the authors introduce a slight modification
of the above stated scheme, which improves the method class concerning order
conditions and computational efficiency. To be more precise, partitioned half-
explicit Runge—Kutta methods for index-two DAESs in semi-explicit form are defined
in the following way:

Xin = x(t),  Ya = yu(t),
-1

Xie = xp(t;)) + h; Z aljf(Xija Yij),
Jj=1

¢
Xy = xu(t) + hi Y agf Xy, Yy), (4.33)
=1
0= g(}_(ié),
£=2...s+1,
Xn(tiv1) = Xist1, Yr(tit1) = Yigt1.

Results concerning the application of half-explicit methods to index-one DAE
are available in [13]; the application to index-three DAEs is discussed in [107].
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4.5 Examples

Some illustrative examples with DAEs are discussed. Example 4.4 addresses an
index-three mechanical multibody system of a car on a bumpy road. A docking
maneuver of a satellite to a tumbling target is investigated in Example 4.5. Herein,
the use of quaternions leads to a formulation with an index-one DAE.

Example 4.4 We consider a vehicle simulation for the ILTIS on a bumpy road
section. A detailed description of the mechanical multibody system is provided in
[128]. The system was modeled by SIMPACK [81] and the simulation results were
obtained using the code export feature of SIMPACK and the BDF method DASSL
[29]. The mechanical multibody system consists of 11 rigid bodies with a total of 25
degrees of freedom (DOF) (chassis with 6 DOF, wheel suspension with 4 DOF in
total, wheels with 12 DOF in total, steering rod with 1 DOF, camera with 2 DOF).
The motion is restricted by 9 algebraic constraints. Figure 2 illustrates the test track
with bumps and the resulting pitch and roll angles, and the vertical excitation of the
chassis. The integration tolerance within DASSL is set to 10~ for the differential
states and to 10® for the algebraic states (i.e., no error control was performed for the
algebraic states).

Example 4.5 We consider a docking maneuver of a service satellite (S) to a
tumbling object (T) on an orbit around the earth, compare [103]. Both objects
are able to rotate freely in space and quaternions are used to parametrize their
orientation. Note that, in contrast to Euler angles, quaternions lead to a continuous
parametrization of the orientation without singularities.

roll angle z position

roll angle
z position

[GRNAL Y R ]

56666 ooooo
00000 O000O0

01 2 3 4 5 6 7 8
time

pitch angle

pitch angle

01 2 3 4 5 6 7 8
time

Fig. 2 Simulation results of the ILTIS on a bumpy road: roll angle, pitch angle, vertical excitation
of chassis
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The relative dynamics of S and T are approximately given by the Clohessy-
Wilshire-Equations

X'(t) = 20y (1) — 3n%x(t) + ax(1),
y'(t) = —2nx'(t) + ay(1),
(1) = —n’z(t) + a.(1),

where (x,y,z) " is the relative position of Sand T, a = (a,, ay, a.) " is a given control
input (thrust) to S, n = \/ w/al, a, is the semi-major axis of the orbit (assumed to
be circular), and p is the gravitational constant.

The direction cosine matrix using quaternions ¢ = (g1, ¢2.¢3,q4) ' is defined by

. G—B—-G+a 2(q192 + 93q4) 2(q193 — q294)
R@) = 2(q1a2—q3q8) —3 +B—B+4q; 2(q293 + q194)
2(q193 + q2q4)  2(q293— q19s) —41 — G+ 45+ 43

The matrix R(g) represents the rotation matrix from rotated to non-rotated state. The
orientation of S and T with respect to an unrotated reference coordinate system is
described by quaternions ¢° = (¢}, 45.45,¢5)" for S and ¢" = (¢!, 4%, 4%, 45"
for T. With the angular velocities 0° = (07, 05, w3) T and 0’ = (0!, 0!, w!)T the
quaternions obey the differential equations

1 o
@0 =, () o0, acism “34)
where the operator ® is defined by
0 w3 —w o q1
) ®q= —w3 0 w w q2
0 wy —Ww] 0 w3 q3
—w1 —Wy —W3 0 q4

Assuming a constant mass distribution and body fixed coordinate systems that
coincide with the principle axes, S and T obey the gyroscopic equations

@0 = ¢ @0030 (7 —I5) + 0 ).
11

1
(@) (1) = 58 (0 Vw3 (1) (I35 — J3)) + ua(t))
22

1
(@3) () = 58 (05O} (1) (I3, — J3,) + us(t))
33
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1
wnwzﬂ@$mﬂm&—%»
11

1
wwwzﬂ@mmﬂm%—m»
22

1
wﬂwzﬂ@@mﬂmm—&»
33

Herein u = (uy, u,, M3)T denotes a time-dependent torque input to S.
The quaternions are normalized to one by the algebraic constraints

0=(¢9)>+ () + (@)’ + @)’ -1, «ae{S.T}

which has to be obeyed since otherwise a drift-off would occur owing to numerical
discretization errors. In order to incorporate these algebraic constraints, we treat
(¢5.g%)T as algebraic variables and drop the differential equations for ¢ and
q4T in (4.34). In summary, we obtain an index-one DAE with differential state
x.y.2.¥.Y.7. 0}, 03, 03, q‘f,qg,q§,w1T,wg,wg,_q{,qg,qg)T € R'S, algebraic
state (¢35, %) " € R?, and time-dependent control input (a,u) T € R® for S.

Figure 3 shows some snapshots of a docking maneuver on the time interval
[0, 667] with initial states

¢°(0) = (0,0,0,1)T, q"(0) = (=0.05,0,0,0.99875) T,
«5(0) = (0,0,0)T, »”(0) = (0,0.0349,0.017453) T,
(x(0),5(0),2(0)) T = (0,—100,0)T,  (¥(0),5(0),Z(0))" = (0,0,0)7,

Fig. 3 Snapshots for the docking maneuver
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Control 1 vs time Control 2 vs time Control 3 vs time
0.1 0.015
0.01
- S 0.05 o 0.005
s B 0 s 0
< € .0.05 € -0.005
8 8 o1 8 -0.01 R s S
- I -0.015
0.15 -0.02 i
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1
t t t
Control 4 vs time Control 5 vs time Control 6 vs time
-0.005 T 0.008 === T 0.005 T T
-0.01 H‘,:r”" 0.007 P ‘ 0 i ]
0,015 ‘ 0.006 ‘ ‘ -0.005 ‘ i
<2002 Lt [te) 1 © L
5 0025 = 5 0.005 Y S -0.01 o
£ 2003 I ot £ 0.004 £ -0.015
g -0.035 ¢ 0.003 ‘ : . ; S -0.02
© C0.04 ! | | © 0.002 © -0.025
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Fig. 4 Control input for the docking maneuver: ma,, ma,, ma, with m = 100 (top from left to
right), uy, ua, uz (bottom from left to right)

o State 7 vs time 0.0014 State 8 vs time 0,002 State 9 vs time
™ [ 0.0012 | 0.001
. 0o00s  0.001 e o 0
o 001r : © 0.0008 ° :g-gg;
£ .0.015 | $ 0.0006 8 15003
® 5 ®0.0004 ® 0,004
-0.02 B 0.0002 20,005
-0.025 0 -0.006
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1
t t t
0.02 State 10 vs time 0.0353 State 11 vs time 0.02 State 12 vs time
0.015 | 0.0352 ; ; 0.015 f \
o 001 —//\\ /\ }/\\ /\ . 0.0351 e o 0011 /[\\ \ A
20005 f AR { = 0.035 T 0.005 [ -
I OF b \ © 0.0349 ) 0 H AR
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“ 001 F t | © 00347 ? 001 i \}
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Fig. 5 Angular velocities of the service satellite S and the tumbling target T: w?, w5, 5 (top from
left to right), a)lT, a)ZT R a)3T (bottom from left to right)

and parameters a, = 7071000, © = 398 - 10'2, J% = 1000, J%, = 2000, J% =
1000, & € {S,T}. The integration tolerance within DASSL is set to 107'° for the
differential states and to 10™* for the algebraic states. Figure 4 depicts the control
inputs m - a = m - (ay, ay, a;) " with satellite mass m = 100 and u = (uy, uz, u3)T.
Finally, Fig. 5 shows the angular velocities »® and w”.
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5 Co-simulation

In numerical system simulation, it is an essential task to simulate the dynamic
interaction of different subsystems, possibly from different physical domains,
modeled with different approaches, to be solved with different numerical solvers
(multiphysical system models). Especially, in vehicle engineering, this becomes
more and more important, because for a mathematical model of a modern passenger
car or commercial vehicle, mechanical subsystems have to be coupled with flexible
components, hydraulic subsystems, electronic and electric devices, and other control
units. The mathematical models for all these subsystems are often given as DAE,
but, typically, they substantially differ in their complexities, time constants, and
scales; hence, it is not advisable to combine all model equations to one entire
DAE and to solve it numerically with one integration scheme. In contrast, modern
co-simulation strategies aim at using a specific numerical solver, i.e., DAE integra-
tion method, for each subsystem and to exchange only a limited number of coupling
quantities at certain communication time points. Thus, it is important to analyze the
behavior of such coupled simulation strategies, ‘co-simulation’, where the coupled
subsystems are mathematically described as DAEs.

In addition to that, also the coupling may be described with an algebraic
constraint equation; that is, DAE-related aspects and properties also arise here.
Typical examples for such situations are network modeling approaches in general
and, in particular, modeling of coupled electric circuits and coupled substructures
of mechanical multibody systems, see [11].

Co-simulation techniques and their theoretical background are studied for a long
time, see, for instance, the survey papers [83, 143]. In these days, a new interface
standard has developed, the ‘Functional Mock-Up Interface (FMI) for Model-
Exchange and Co-Simulation’, (https://www.fmi-standard.org/). This interface is
supported from more and more commercial CAE-software tools and finds more and
more interest in industry for application projects. Additionally, the development of
that standard and its release has also stimulated new research activities concerning
co-simulation.

A coupled system of » > 2 fully implicit DAEs initial value problems reads as

0= F(t,zi(1), (1), u; (1)) = 0, 1 € [to,t7], zito) = zi0, i=1,...r (5.1)
with initial values assumed to be consistent and the (subsystem-) outputs
&i(1) == Ei(t, zi(0), wi (1)),
and the (subsystem-) inputs u; that are given by coupling conditions

wi(t) = hiEr, ... &), i=1,2,..., ie,u=h(f),


https://www.fmi-standard.org/
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where we have set u := (uIr,...,u;r)T, £ = (slT,...,E,T)T and h =

(hT,...,h;r)T RY — R™, withny = ny, + ... +ny, 0 + ...+ 0, = ny
Moreover, we assume here

oh; .
o0&

that is, the inputs of system i do not depend on his own output. If the subsystems
DAEs are in semi-explicit form, Eq. (5.1) has to be replaced by

Xi(1) = fit, xi(0), yi (1), ui (1)),
0 = gi(t, xi(1), yi(1), ui (1)),

with ¢ € [to, ;] and (x;(%), yi(to)) = (xi0,yi0) With consistent initial values. This
representation is called block-oriented; it describes the subsystems as blocks with
inputs and outputs that are coupled.

In principle, it is possible to set up one monolithic system including the coupling
conditions and output equations as additional algebraic equations:

X = fi(t, xi(1), yi(0), i (1)),

0 = gi(t, x;(1), yi(1), ui(1)),

0 = u;i(r) — h(§(0),

0=2¢&)— &t xi(@),ur)), i=1....r

This entire system could be solved with one single integration scheme, which is,
however, as indicated above typically not advisable. In contrast, in co-simulation
strategies, also referred to as modular time-integration [125] or distributed time
integration [11], the subsystem equations are solved separately on consecutive time-
windows. Herein, the time integration of each subsystem within one time-window
or macro step can be realized with a different step-size adapted to the subsystem
(multirate approach), or even with different appropriate integration schemes (mul-
timethod approach). During the integration process of one subsystem, the needed
coupling quantities, i.e., inputs from other subsystems, are approximated—usually
based on previous results. At the end of each macro step, coupling data is exchanged.
To be more precise, for the considered time interval, we introduce a (macro) time
grld G = {T(), ey TN} withto = Tp < T) < ... < Ty = Ir. Then, the
mentioned time-windows or macro steps are given by [T, T,+1],n =0,...,N —1
and each subsystem is integrated independently from the others in each macro
step T, — T,+1, only using a typically limited number of coupling quantities as
information from the other subsystems. The macro time points 7, are also called
communication points, since here, typically, coupling data is exchanged between
the subsystems.



258 M. Burger and M. Gerdts
5.1 Jacobi, Gauss-Seidel, and Dynamic-Iteration Schemes

An overview on co-simulation schemes and strategies can be found, e.g., in
[11, 104, 125]. There are, however, two main approaches how the above sketched
co-simulation can be realized. The crucial differences are the strategy (order) how
the subsystems are integrated within the macro steps and, accordingly, how coupling
quantities are handled and approximated. The first possible approach is a completely
parallel scheme and is called Jacobi scheme (or co-simulation/coupling of Jacobi-
type). As the name indicates, the subsystems are integrated here in parallel and,
thus, they have to use extrapolated input quantities during the current macro step, cf.
Fig. 6. In contrast to this, the second approach is a sequential one, it is called Gauss-
Seidel scheme (or co-simulation/coupling of Gauss-Seidel-type). For the special
case of two coupled subsystems, r = 2, this looks as follows: one subsystem is
integrated first on the current macro step using extrapolated input data yielding a
(numerical) solution for this first system. Then, the second subsystem is integrated
on the current macro step but, then, using already computed results from the first
subsystem for the coupling quantities (since results from the first subsystem for the
current macro step are available, in fact). The results from the first subsystem may be
available on a fine micro time grid—within the macro step—or even as function of
time, e.g., as dense output from the integration method; additionally, (polynomial)
interpolation may also be used, cf. Fig. 6.

The sequential Gauss-Seidel scheme can be generalized straightforwardly to
r > 2 coupled subsystems: The procedure is sequential, i.e., the subsystems are
numerically integrated one after another and for the integration of the i-th subsystem
results from the subsystems 1,...,i — 1 are available for the coupling quantities,
whereas data from chronologically upcoming subsystems i + 1, ..., r have to be
extrapolated based on information from previous communication points.

The extra- and interpolation, respectively, are realized using data from pre-
vious communication points and, typically, polynomial extra- and interpolation
approaches are taken. That is, in the macro step 7,, — T+, the input of subsystem
i is extrapolated using data from the communication points 7}, .. ., Ty,

(1) = Wit ui(Tus). ... ui(T,)) = Zu (To) H ,

1=0,1] Toj = Tumt

t € [T,,T,+1] and with the extrapolation polynomial ¥; with degree < k; for
interpolation, e.g., for Gauss-Seidel schemes, we have correspondingly

k+1 k+1

(1) = Wit w(Tp). (T = 3 wiTon) [ Tt

=0 1=0,1%) n+l—]_ n+1—1
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: ' : >

@ (t) = Uit Foi)s - 11(To)

‘ | da(t) = Walt; ::12(3",,_k}, e vua(T) ua(Toin))
: [} [ ] ’

|| | |
T2,n:Y2,n v@) e5(t) = f1(t, 2a(t), y2(2), fi2(t))

0 = ga(za(t), ya(t))

Tl I, — n+1

Fig. 6 Jacobi (upper diagram) and Gauss-Seidel (lower diagram) co-simulation schemes

The most simple extrapolation is that of zero-order, k = 0, leading to ‘frozen’
coupling quantities

ui(t) = ui(Tn)a re [Tﬂs Tn-H]'

A third approach to establish a simulation of coupled systems are the so-called
dynamic iteration schemes, [11, 20, 21], also referred to as waveform relaxation
methods, [82, 94]. Here, the basic idea is to solve the subsystems iteratively on each
macro step using coupling data information from previous iteration steps, in order
to decrease simulation errors. How the subsystems are solved in each iteration step
can be in a sequential fashion (Gauss-Seidel) or all in parallel (Jacobi or Picard),
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cf. [11, 20]. The schemes defined above are contained in a corresponding dynamic
iteration scheme by performing exactly one iteration step.

5.2 Stability and Convergence

First of all, we point out that there is a decisive difference between convergence
and stability issues for coupled ODEs on the one hand and for coupled DAEs on
the other hand. The stability problems that may appear for coupled ODEs with
stiff coupling terms resemble the potential problems when applying an explicit
integration method to stiff ODEs—thus, these difficulties can be avoided by using
sufficiently small macro step-sizes H, = T,4+1 — Ty, cf. [9, 11, 104]. In the DAE-
case, however, reducing the macro steps does not generally lead to an improvement;
here, it is additionally essential that a certain contractivity condition is satisfied, see
[9, 11, 21, 125].

5.2.1 The ODE-Case

For problems with coupled ODEs, convergence is studied, e.g., in [8, 10, 16, 17].
For coupled ODEs systems that are free of algebraic loops—this is guaranteed, for
instance, provided that there is no direct feed-through, i.e., 0&;/du; = 0, i =
1,...,r, for a precise definition see [10, 16]—we have the following global error
estimation for a co-simulation with a Jacobi scheme with constant macro step-size
H > 0 assumed to be sufficiently small,

g<C (Z e + H"“) , (5.2)
i=1

where k denotes the order of the extrapolation and &} is the global error in
subsystem i and &* is the overall global error, cf. [8, 10]. That is, the errors from
the subsystems contribute to the global error, as well as the error from extra-
(inter-)polation, & (H**1). These results can be straightforwardly deduced following
classical convergence analysis for ODE time integration schemes.

5.2.2 The DAE-Case

For detailed analysis and both convergence and stability results for coupled DAE
systems, we refer the reader to [9, 11, 20, 125] and the literature cited therein. In the
sequel we summarize and sketch some aspects from these research papers.
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As already said, in the DAE case, the situation becomes more difficult. Following
the lines of [20], we consider the following coupled DAE-IVP representation

xi(1) = fi(x(0), y(1)), (5.3)

0=gix(1),y®), i=1,....r (5.4)

withx = (xi'—, coxD Ty = ;r’ ...,y and initial conditions (x;(to), yi(t0)) =
(xi0,yi0), 1 =1,..., r. For the following considerations, we assume that the IVP(s)

possess a unique global solution and that the right-hand side functions f;, g; are
sufficiently often continuously differentiable and, moreover, that it holds

g
ayi

isnon-singularfori = 1, ..., r in a neighborhood of a solution (index-one condition
for each subsystem). Notice that this representation differs from the previously
stated block-oriented form. Equations (5.3)—(5.4) are, however, more convenient,
in order to derive and to state the mentioned stability conditions, the coupling here
is realized by the fact that all right-hand side functions f;, g; of each subsystem do
depend on the entire differential and algebraic variables.

As before, we denote by a - quantities that are only available as extra- or
interpolated quantity. Thus, establishing a co-simulation scheme of Jacobi-type
yields for the i-th subsystem in macro step 7, — T}+1

x;,n :fi(-il,nv e ii—l,ns Xins ii-l—l,nv ey ir,ns
5’1,117 ... 75’1‘—1,11’ Yin, S)i+1,n7 ... vj’r,n)a

0= gi(jzl,nv .. 7%i—1,n3xi,naii+l,m .. vir,n,
5’1,117 e 75’1‘—1,11’ yi,nayi-l—l,n’ e vj’r,n)‘
Accordingly, for a Gauss-Seidel-type scheme, we obtain
, - ~
xi,n :.ﬁ(xl,na e Xins Xitlns o+« s Xrns
Vins - Yins 5)i+l,ns ce syr,n)s
0= gi(X1ns -+ XinsXit s - -+ s Xrns

Vins--- 7yi,n55)i+l,na e 75)1”,11)‘

With ¢ = (g1,...,&)", a sufficient (not generally necessary) contractivity
condition for stability is derived and proven in [20]. The condition is given by

o= g gl < 1.
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with y = (31,...,y,). For a detailed list of requirements and assumptions to be
taken as well as for a proof and consequences, the reader is referred to [20, 21]. For
the special case r = 2, the above condition leads to the following for the Jacobi-type

scheme:
0 —1
815,81y
g2_.,>1'2g2’y1 0

whereas, for the Gauss-Seidel-type scheme, we obtain

-1
82.y1 82, 00

An immediate consequence is that for a Jacobi-scheme of two coupled DAEs with
no coupling in the algebraic equation, i.e., g;, = 0, for i # j, we have & = 0.

As a further example, we discuss two mechanical multibody systems coupled via
a kinematic constraint:

o= <1,

Mi(g)q! = ¥i(gi.q) — Gl (@A, i=1,2,
0=1y(),

withg = (q;'—, q;'—)T and G(q) := dy/dq and G;(q) := dy/dq;, i = 1,2. Performing
an index reduction by twice differentiating the coupling constraint and setting v; :=
g ai = v aswellasx; := (¢, v)T andy; = af,y, = (@ ,AT)T, f; =
(viT, aiT)T, we are in the previously stated general framework:

X =h X =/

Myay — Y + G, A
0= Ma — G/ A 0= 2
a1 — Y1 + Gy [Glal + Goar +

=: g1(x1, X2, ¥1,¥2) =: g2(x1,X2,¥1,¥2)

Herein, " contains the remainder of the second derivative of y without the term
Giay + Gras.

That is, the only coupling is via algebraic variables and in algebraic equations. If
we set up a Jacobi-scheme, in macro step 7,, — T+, in subsystem 1, we have to
use extrapolated values from subsystem 2, i.e., y, is replaced by

5’2(1‘) = l]/ly(t; y2(Tn—k)v LR vy2(Tn))



A Survey on Numerical Methods for Initial Value Problems with sDAEs 263

and in subsystem 1, accordingly, y1(t) = ¥ (:y1(Ty—). - ... y1(T,)). The above
contractivity condition in this case reads

0 oM 'G]
M;7'GIR;'Gi 0 0 <1,
-R;'Gi 0 0

with R; := GM'G],i=1,2.

Analogously, we can consider a Gauss-Seidel-type scheme. Starting with sub-
system 1, we have to extrapolate here y, from previous macro steps yielding x;, yj,
which then can be evaluated during time-integration of subsystem 2. Stating the
contractivity condition for this case and noticing that only the algebraic variable
A has to be extrapolated from previous time points, the relevant (A-)part of the
condition requires

IR;'R1|| = (GoMaGy ) (GiMT G| < 1. (5.5)

We observe in both cases that mass and inertia properties of the coupled systems
may strongly influence the stability of the co-simulation. In particular for the latter
sequential Gauss-Seidel scheme, the order of integration has an essential impact on
stability, i.e., the choice of system 1 and 2, respectively, should be taken such that
the left-hand side of (5.5) is as small as possible.

This result has been developed and proven earlier in [11] for a more general
framework, which is slightly different than our setup and for which the coupled
mechanical systems are also a special case. In that paper, a method for stabilization
(reducing o) is suggested. In [125], the authors also study stability and convergence
of coupled DAE systems in a rather general framework and propose a strategy for
stabilization as well.

For the specific application field of electric circuit simulation, the reader is
referred to [20, 21] and the references therein. A specific consideration of coupled
mechanical multibody systems is provided in [8, 9] and in [126], where the coupling
of a multibody system and a flexible structure is investigated and an innovative
coupling strategy is proposed. Lately, analysis results on coupled DAE systems
solved with different co-simulation strategies and stabilization approaches are
provided by the authors of [129, 130]. In [19], a multibody system model of a wheel-
loader described as index-three DAE in a commercial software package is coupled
with a particle code for soft-soil modeling, in order to establish a coupled digging
simulation.

The general topic of coupled DAE system is additionally discussed in the early
papers [82, 89, 94].

A multirate integrator for constrained dynamical systems is derived in [96],
which is based on a discrete variational principle. The resulting integrator is
symplectic and momentum preserving.
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6 Real-Time Simulation

An important field in modern numerical system simulation is real-time scenarios.
Here, a numerical model is coupled with the real world and both are interacting
dynamically. A typical area, in which such couplings are employed, is interac-
tive simulators (‘human/man-in-the-loop’), such as driving simulators or flight
simulators, see [58], but also interactively used software (simulators), e.g., for
training purposes, cf. [98]. Apart from that, real-time couplings are used in tests
for electronic control units (ECU tests) and devices (‘hardware-in-the-loop’—HiL),
see, e.g., [15, 122] and in the field of model based controllers (‘model/software-in-
the-loop’—MIiL/SiL), see, e.g., [42, 43].

It is characteristic for all the mentioned fields that a numerical model replaces a
part of the real world. In case of an automotive control unit test, the real control
unit hardware is coupled with a numerical model of the rest of the considered
vehicle; in case of an interactive driving simulator, the simulator hardware and, by
that, the driver or the operator, respectively, is also coupled with a virtual vehicle.
The benefits of such couplings are tremendous—tests and studies can be performed
under fully accessible and reproducible conditions in the laboratory. Investigations
and test runs with real cars and drivers can be reduced and partially avoided, which
can save time, costs, and effort substantially. From the perspective of the numerical
model, it receives from the real world environment signals as inputs (e.g., the
steering-wheel angle from human driver in a simulator) and gives back its dynamical
behavior as output (e.g., the car’s reaction is transmitted to the simulator hardware,
which, in turn, follows that motion making the driver feel as he would sit in a real
car). It is crucial for a realistic realization of such a coupling that the simulation as
well as the communication are sufficiently fast. That is, after delivering an input to
the numerical model, the real world component expects a response after a fixed time
AT—and the numerical model has to be simulated for that time span and has to
feed back the response on time. Necessary for that is that the considered numerical
simulation satisfies the real-time condition: the computation (or simulation) time
AT omp has to be smaller or equal than the simulated time AT.

Physical models are often described as differential equations (mechanical multi-
body systems that represent a vehicle model). Satisfying the real-time condition here
means accordingly that the numerical time integration of the IVP

Ft,z(t),Z (), u(®) =0, te[T;T;+ AT]
2T = 204,

is executed with a total computation time that is smaller or equal than AT. If a
complete real-time simulation shall be run on a time horizon [fy; ff] which is divided
by an equidistant time-grid {7, ..., Tn}, to = To, &y = Tn, Tix1 — Ti = AT, the
real-time condition must be guaranteed for any subinterval of length AT. In fact,
this is a coupling exactly as in classical co-simulation—with the decisive difference
that one partner is not a numerical model, but a real world component and, thus,
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the numerical model simulation must satisfy the real-time condition. Obviously,
whether or not the real-time condition can be satisfied, strongly depends both on the
numerical time integration method and the differential equation and its properties
itself. In principle, any time integration method can be applied, provided that the
resulting simulation satisfies the real-time condition.

The fulfillment of the real-time condition as stated above has, however, to be
assured deterministically in each macro time step 7; — 7; + AT—at least in
applications, where breaking this condition leads to a critical system shutdown (e.g.,
hardware simulators, HiL-tests). Whence, the chosen integration methods should
not have indeterministic elements like step-size control or iterative inner methods
(solution of nonlinear systems by Newton-like methods): varying iteration numbers
lead to a varying computation time. Consequently, for real-time application, time
integration methods with fixed time-steps and with a fixed number of possible
iterations are preferred. Additionally, to save computation time, typically, low-order
methods are in use, which is also caused by the fact that in the mentioned application
situations, the coupled simulation needs not to be necessarily highly accurate, but
stable.

6.1 Real-Time Integration of DAEs

For non-stiff ODE models, which have to be simulated under real-time conditions,
even the simple explicit Euler scheme is frequently used. For stiff ODEs, the linearly
implicit methods as discussed in Sect. 4.3 are evident, since for these method class,
only linear systems have to be solved internally, which leads to an a priori known,
fixed, and moderate computational effort, see [14, 15, 49, 118] and the references
therein.

Since all typical and work-proven DAE time integration methods are at least
partially implicit leading to the need of iterative computations, it is a common
approach to avoid DAE models for real-time applications already in the modeling
process (generally, for real-time applications, often specific modeling techniques are
applied), whenever it is possible. However, this is often impossible in many applica-
tion cases of practical relevance. For instance, the above-mentioned examples from
the automotive area require a mechanical vehicle model, which is usually realized
as mechanical multibody system model, whose underlying equations of motion are
often a DAE as stated in Eq. (2.13). Thus, there is a need for DAE time integration
schemes that are stable and highly efficient also for DAEs of realistic complexities.

Time integration methods for DAEs with a special focus on real-time applications
and the fulfillment of the real-time condition are addressed, e.g., in [14, 15, 31, 32,
39, 44, 49, 50, 119]. In the sequel, we present a specific integration method for the
MBS equations of motion (2.13) in its index-two formulation on velocity-level.

For the special case of the semi-explicit DAE describing a mechanical multibody
system, compare (2.13), the following linearly implicit method can be applied,
which is based on the linearly implicit Euler scheme. The first step is to reduce
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the index from three to two by replacing the original algebraic equations by its first
time-derivative,

G(g)v =0,

which is linear in v. The numerical scheme proposed in [14, 31] consists in handling
the time-step for the position coordinates explicitly and requiring that the algebraic
equation on velocity level is satisfied, i.e.,

G(qi+1)vit1 = 0.
In particular, this leads to the set of linear equations as follows

gi+1 = qi + hv;,

(M — hJy — K2, GT(q,-)) (Ui+l —~ v,-) _ (hﬁ + hzqu,-)
G(qi+1) 0 hA; —G(giy1)vi )’

where J,/y == 9f/3(q/v)(gi, vi)-

An important issue is naturally the drift-off, cf. Sect. 2, in the neglected algebraic
constraints—here, in the above method for the index-two version of the MBS DAE,
the error in the algebraic equation on position-level, i.e., 0 = g(g), may grow
linearly in time; this effect is even more severe, since a low-order method is in
use. Classical strategies to stabilize this drifting are projection approaches, cf., e.g.,
[73, 100], which are usually of adaptive and iterative character. The authors in
[14, 31] propose and discuss a non-iterative projection strategy, which consists, in
fact, in one special Newton-step for the KKT conditions related to the constrained
optimization problem that is used for projection; thus, only one additional linear
equation has to be solved in each time-step. The authors show that using this
technique leads to a bound for the error on position level, which is independent
of time. An alternative way to stabilize the drift-off effect without substantially
increasing the computational effort is the Baumgarte stabilization, cf. Sect.2 and
[31, 48, 122].

7 Parametric Sensitivity Analysis and Adjoints

The parametric sensitivity analysis is concerned with parametric initial value
problems subject to DAEs on the interval [z, #7] given by

F(t,2(1),7(1).p) = 0, (7.1
z(to) = zo(p), (7.2)
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where p € R™ is a parameter vector and the mapping zp : R” — R” is at least
continuously differentiable. We assume that the initial value problem possesses a
solution for every p in some neighborhood of a given nominal parameter p and
denote the solution by z(#; p). In order to quantify the influence of the parameter on
the solution, we are interested in the so-called sensitivities (sensitivity matrices)

S(1) = g; tp)  fort € [to. 17]. (1.3)

Throughout we tacitly assume that the sensitivities actually exist.

In many applications, e.g., from optimal control or optimization problems
involving DAEs, one is not directly interested in the sensitivities S(-) themselves
but in the gradient of some function g : R” — R defined by

g(p) == ¢(z(tr:p).p)» (7.4)

where ¢ : R" x R" — R is continuously differentiable. Of course, if the
sensitivities S(-) are available, the gradient of g at p can easily be computed by
the chain rule as

Ve(P) = S(tp) " Vep(a(tr: ). D) + Vo (a(ty: p). p). (7.5)

However, often the explicit computation of S is costly and should be avoided. Then
the question for alternative representations of the gradient Vg(p) arises, which
avoids the explicit computation of S. This alternative representation can be derived
using an adjoint DAE. Both approaches are analytical in the sense that they provide
the correct gradient, if round-off errors are not taken into account.

Remark 7.1 The computation of the gradient using S is often referred to as the
forward mode and the computation using adjoints as the backward or reverse
mode in the context of automatic differentiation, compare [72]. Using automatic
differentiation is probably the most convenient way to compute the above gradient,
since powerful tools are available, see the web-page familywww.autodiff.org.

The same kind of sensitivity investigations can be performed either for the
problem (7.1)—(7.2) in continuous time or for discretizations thereof by means of
one-step or multi-step methods.

7.1 Sensitivity Analysis in Discrete Time
7.1.1 The Forward Mode

Suppose a suitable discretization scheme of (7.1)—(7.2) is given, which provides
approximations z;(#; p) at the grid points #; € G;, in dependence on the parameter
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p. We are interested in the sensitivities
. 9zn A nxm
Sh(l‘i) = ap (l‘i,p) eR fort; € Gy,

for a nominal parameter p € R™. As the computations are performed on a finite
grid, these sensitivities can be obtained by differentiating the discretization scheme
with respect to p. This procedure is called internal numerical differentiation (IND)
and was introduced in [25].

To be more specific, let p be a given nominal parameter and consider the one-step
method

zn(t0: ) = 20(P). (7.6)
w(tiv1:p) = (ti; p) + W@ (i, (4 p), i p),  i=0,1,....N—1. (7.7)

Differentiating both equations with respect to p and evaluating the equations at p
yields

Su(to) = zo(P). (7.8)

Sh(l,'.H) = Sh(li) + h; (a(p [li]Sh(li) + 0P [l,’]) , i=0,1,...,.N—1.(7.9)
0z ap

Herein, we used the abbreviation [t;] for (¢;, z,(¢;; p), hi, p). Evaluation of (7.8)—(7.9)
yields the desired sensitivities S;,(¢;) of z,(#; p) at the grid points, if the increment
function @ of the one-step method and the function zy are differentiable with respect
to z and p, respectively. Note that the function zy can be realized by the projection
method in LSQ(p) in Sect. 3.2 and sufficient conditions for its differentiability are
provided by Theorem 3.1.

The computation of the partial derivatives of @ is more involved. For a Runge—
Kutta method Eqgs. (4.7)-(4.9) (with an additional dependence on the parameter
p) have to be differentiated with respect to z and p. Details can be found in [68,
Sect.5.3.2].

The same IND approach can be applied to multi-step methods. Differentiation of
the scheme (4.2) and the consistent initial values

w(to;p) = 20(p), z(ti;p) = 21(p), ., wlts—1:P) = 25—1(P)

with respect to p and evaluation at p yields the formal scheme

Su(te) = 2,(p), £=0,...,s—1,

s—1
14 oy
Su(tivs) = “Spltive) + s
g 3Zi+( 317
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More specifically, for an s-stage BDF method the function v is implicitly given
by (4.4) (with an additional dependence on the parameter p). Differentiation of (4.4)
with respect to p yields

oF s
( [tL+Y]+ * B a /[tl-l—Y]) Sh(tl+Y)+Z _ a /[tt+v]Sh(tt+l)+ [ti+x] =0

(7.10)

and, if the iteration matrix M := F.[t;,] + th‘:; F.,[ti+] is non-singular,

s—1

_ oy OF oF
Sh(tigs) = —M""- (Z n ‘ [ti+s)Sh(tite) + op [ti+x]) .
=0

i+s—1 07

Herein, we used the abbreviation [t;4,] = ([i+s, zn(tits), ), + Z akzh(t,+k))

7.1.2 The Backward Mode and Adjoints

Consider the function g in (7.4) subject to a discretization scheme, i.e.

gn(p) := ¢(zu(tn;p), p). (7.11)

We intend to compute the gradient of g, at p. Using the sensitivity S;,(7y) the gradient
is given by

V() = Si(tn) Vo2 (v ). D) + Voo (znltn: p). p)-

Now we are interested in an alternative representation of the gradient without the
sensitivity S, (zy). To this end consider the one-step method in (7.6)—(7.7). Following
[68, Sect. 5.3.2] define the auxiliary functional

N—1

gh(p) = gn(p) + Y An(tir1) " @altir1: p) — 2n(tis p) — hi® (b3, 2t p). i p))
i=0

with multipliers A,(t), . .., Ax(ty) that will be specified later. Note that g, = g, for
all discrete trajectories satisfying (7.6)—(7.7). The gradient of gj, at p computes to

Vel () = Su(tn) " Vop(zu(tn: ). D) + Voe(zultn: ). p)
N—1

]
+Z(sh(r,+1) Sutt) — by, WdSi(0) ~ by [t,-]) Alin)

i=0
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= S(tw) " Vo2 (tn: D). D) + Vo (zn(tn: p). D)
N—1

o 00 T
IO OEDS (Sh(li) thio [li]Sh(li)) An(ti41)

i=1 i=0
- Z ) [n]Txh(nH)
= Si(tn) " (Rnltn) + Vop(zu(tn: ), P)) + Ve (i(tn: D). D)

+ Z ()" (Ah(tz) — An(tip1) — [lz]Tlh(le))

i=1

—Si(to) " (M(fl)'i‘hoa [t0] M(fl)) Zh fz] An(tiz1)

In order to eliminate the sensitivities, we choose the multipliers A, such that they
satisty the adjoint equations

An(ty) = =Vyo0(zn(tn:p). p). (7.12)

P
An(t) = Ap(tiv1) + b 9% [t An(tig1), i=0,....N—1. (7.13)

The adjoint equations have to be solved backwards in time starting at #y. With this
choice the gradient of gj reduces to

N—1
ara A 0P
Ver(®) = Vpp(n(ty: p).p) — Sulto) "An(to) = Y _ hi op (1] " A1)
i=0
width Si(ft9) = zy(p). Since g, and g coincide for all discrete trajectories

satisfying (7.6)—(7.7), the following theorem holds, see [68, Theorems 5.3.2, 5.3.3]
for a proof:

Theorem 7.1 We have

N—1

A n oo
Ven(p) = Vgi(p) = Vpp(n(tn: ). p) = Sulto) " Anto) = 3 hi', r,] An(tir).
=0

where Ay(-) satisfies the adjoint Egs. (7.12)—(7.13). Moreover, the combined dis-
cretization scheme (7.7) and (7.13) for zj, and Ay, is symplectic.
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Remark 7.2 Computing the gradient of g;, via the adjoint approach is more efficient
than using the sensitivities, because the adjoint equations do not depend on the
dimension of p, whereas the sensitivity equations (7.8)—(7.9) are matrix difference
equations for the n x m-matrices Sy (-).

7.2 Sensitivity Analysis in Continuous Time

7.2.1 The Forward Mode

The IND approach is based on the differentiation of the discretization scheme.
Applying the same idea to the parametric DAE in continuous time (7.1)—(7.2) yields
the sensitivity DAE

Fiaso+Fuso+Fu=0  rtemy. a4
0z 07 op
S(io) = () (7.15)

for the sensitivities S(¢) in (7.3). We used the abbreviation [f] = (¢, z(¢; p), 7 (t; ), P)
and assumed that

0%z
JrN A
S'(t) = apat(l,l?)-

Note that the derivative z;(p) can be obtained by a sensitivity analysis of the
least-squares problem LSQ(p) in Sect.3.2. Moreover, the sensitivity analysis in
Theorem 3.1 provides a consistent initial value for the sensitivity DAE (7.14)—
(7.15).

Now, the initial value problems for z and S in (7.1)—(7.2) and (7.14)—(7.15) can
be solved simultaneously using some suitable one-step or multi-step method. Since
efficient implementations often use approximate Jacobians, automatic step-size
algorithms, or order selection strategies, the resulting numerical solutions z;(; p)
and Sj,(-) satisfy S,(-) ~ 9z;/0p(:; p) only up to some tolerance. As a result, the
gradient of g in (7.5) will be accurate only in the range of a given integration
tolerance. The forward approach using sensitivities is investigated in more detail,
e.g.,in [29, 37,79, 87, 101] and a comparison is provided in [52].

A connection to the IND approach arises if the same discretization scheme and
the same step-sizes for both DAEs are used. For the BDF method we obtain

J— .
F (ti+mzh(ti+s)a hises Zaﬂh(ti+l)vp) =0
5 [=O



272 M. Burger and M. Gerdts

fori =0,...,N —s. Application of the same BDF method with the same step-sizes
to the sensitivity DAE (7.14) yields

oF . wy OF
9 [tits] - Sa(tigs) + ; I

oF
Nties] - Saltive) + ) [tigs] = 0,
i+s—1 aZ ap

fori =0, ..., N—s. The latter coincides with the IND approach in (7.10). Hence, the
discrete and continuous forward modes commute under discretization with the same
method and the same step-sizes. The same is true for the Runge—Kutta method (4.7)—
(4.10) applied to (7.1), i.e.,

zn(tiv1) = zu(t) + hy Zbikj(tis (i), his p), (7.16)
=1

where k;(t;, zu(t;), hi, p), j = 1,... s, are implicitly defined by

Flti+cohian(t) +hi Y agjkikep| =0  £=1...s (7.17)

j=1
Application of the same Runge—Kutta method with the same step-sizes to the
sensitivity DAE (7.14) yields
Su(tiv1) = Sp(ti) + by Z biK;,
j=1
where K;, j = 1,..., s, are implicitly given by the system of linear equations

oOF > oF
9 [ti + cehi] | Su(t:) + h Z a K | +

oF
[ti =+ C[]’li] - K¢ + [ti + C(hi] =0
0z ap

Jj=1

for{ =1,...,s. With
ok; ok;
Ki= [Sue) + 0l =15
0z ap

the latter coincides with the IND approach for (7.16)—(7.17).
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7.2.2 The Backward Mode and Adjoints

Consider the function g in (7.4), i.e., g(p) = ¢(z(t;p),p). Using the sensitivity
S(tr) the gradient is given by

Ve(P) = St) " V.o(z(tr:p). p) + Voo (2(ty: ), p).

As in the discrete case we are interested in an alternative representation of the
gradient without the sensitivity S(z;). To this end we define the auxiliary functional

7
¢(p) = g(p) + / MO TF(,2(t:p), 2 (6 p). p)t

where A is a suitable function to be defined later. Differentiation with respect to p,
evaluation at p, and integration by parts yield

Ve (P) = S(ty) T Vop(alty: ). p) + Vo (2(t: ). D)
+ / ' (FI[]-S(t) + FL[1-S'() + F;,[t])T A(1)dt
= St " (Fulir] " A(ty) + Vog(z(ty: ). p)) — S(t0) T Fls[to] T Alto)

FVpelip) ) + [ FTAO

fo
v T 4 d ani
+ / S@) (Fz[t] At) — it (FZ, [7] A(t))) dt.
to
Since we like to avoid the sensitivities S(f) and S(#;) we define the adjoint DAE

FLIt T A(ty) + Vo (i3 p). p) = 0, (7.18)

FllT 2@ — 5; (FLINT () = 0. (7.19)

Please note that this derivation is a formal derivation only and it is not clear whether
the adjoint DAE (7.18)—(7.19) actually possesses a solution. In fact, it may not have
a solution in general. The existence and stability of solutions of the adjoint DAE
subject to structural assumptions were investigated in [36]. Details can be found in
[68, Sect.5.3.3] as well.
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If the adjoint DAE possesses a solution, then the gradient of g is represented by

V() = —S(10) T FLlio] TA0) + V(s ). p) + / " ET A

4]

with S(fo) = z;(p) and as in the discrete case it coincides with Vg(p), compare [68,
Sect. 5.3.3].

Remark 7.3 Solving the DAE (7.1)—-(7.2) and (7.18)—(7.19) simultaneously by
some suitable one-step or multi-step method in general does not commute with the
discrete adjoint approach.

7.3 Example

Example 7.1 is concerned with a trolley moving on a surface, which leads to an
index-three DAE. Herein, a parametric sensitivity analysis is performed and the
sensitivity of the states w.r.t. to some parameters is computed using the forward
mode.

Example 7.1 Consider the motion of a trolley of mass m; on a one-dimensional
surface described by the function A(x), which is supposed to be at least twice
continuously differentiable, see Fig. 7.

Let a load of mass m;, be attached to the trolley’s center of gravity with a mass-
less rod of length £ > 0. The equations of motion are given by the following index-

X2,X4

myg

Fig. 7 Configuration of the trolley
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Fig. 8 Positions of trolley (top) and velocities of load (bottom) (normalized time interval [0, 1])

three DAE:

mix) (1) = u(t) — 221 (1) (x1 (1) — x3(1)) + Ao (D) (x1(2)),
mixy (1) = —mig — 241 (0) (2 () — x4(1)) — Aa(0),
maxy (1) = 241 () (x1 () — x3(7)),
myxy (1) = —mag + 221 (1) (x2(1) — x4(1)),

0= (ni (1) —x3(6)” + (x2(t) — xa (1)) — €2,

0 = x2(2) — h(x1(2)).

Herein, (x1, x;) denotes the trolley’s center of gravity, (x3,x4) the load’s position,
A1, Ay the algebraic variables, and u(f) a given control input.

Figures 8 shows the results of a simulation using the software OCPID-DAEI, see
http://www.optimal-control.de, on the interval [0,2.79] (scaled to the normalized
interval [0, 1]) with m; = 0.3, my = 0.5, ¢ = 0.75, g = 9.81, and h(x) =
0.02 sin(2mx). Figure 9 shows the control input u and the algebraic variables A,
and A,. The computations were performed for the GGL-stabilized system.

Figure 10 shows the sensitivities of some states w.r.t. to m;.
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Fig. 9 Algebraic variables (1, A;) (fop) and control input u (bottom) (normalized time interval
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Fig. 10 Sensitivities of positions of trolley (fop) and load (bottom) w.r.t. to m; (normalized time
interval [0, 1])



A Survey on Numerical Methods for Initial Value Problems with sDAEs 277

Sensitivity State 1 w.r.t. parameter | vs time Sensitivity State 2 w.r.t. parameter | vs time

1.6 0.15
14 "\ 0.1 /f
_ 12 VA _ 005 /
) 1 / 7/ k] 0 — /
= 08 | N\ /
% / X -0.05
3 06 / 3 N/
0.4 y -0.1 \ ;
0.2 A -0.15 </
0 -0.2
0 02 04 06 08 1 0 02 04 06 08 1

t t

Sensitivity State 3 w.r.t. parameter | vs time Sensitivity State 4 w.r.t. parameter | vs time

25 0
2 Ja\ 0.2
515 / \ 5 04
S \ S .08
0.5 Y 1 P
0 1.2 wd
0 02 04 06 08 1 0 02 04 06 08 1

t t

Fig. 11 Sensitivities of positions of trolley (fop) and load (bottom) w.r.t. to £ (normalized time
interval [0, 1])

Figure 11 shows the sensitivities of some states w.r.t. to £.

8 Switched Systems and Contact Problems

Many applications lead to DAE models with piecewise defined dynamics. Herein,
the different DAE models are only valid in defined regions of the state space. Those
regions are separated and bounded by manifolds, which are typically implicitly
defined by state-dependent switching functions. A transition from one region
(i.e., one DAE) to another (with another DAE) occurs, if the switching function
changes its sign, i.e., the switching function indicates a switch in the dynamic
system. Moreover, a transition from one region to another may come along with
a discontinuity of some state components. For instance, contact and friction forces
acting between two or more colliding rigid bodies typically lead to discontinuities
in the velocity components of the state of a mechanical multibody system.

More general classes of switched DAEs and the existence and stability of
solutions are discussed in [97]. The controllability of switched DAEs is investigated
in [91]. Hybrid optimal control problems and necessary conditions can be found in
[59, 133, 136].
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8.1 Hybrid Systems and Switching Functions

Itis convenient to view the dynamic process as a hybrid system, compare [114, 142].
To this end, the status of the system is characterized by a finite set of modes M =
{L,...,P}.Inmode m € M, the state evolves according to the DAE

X (1) = f"(x(0), y(0).
0 = g"(x(n), y(1)).

The system remains in mode m as long as the trajectory z(f) = (x(¢), y()) " stays
within the set

M= {x e X | $"(x) > O},

where for each m € M, s : R" — R is called switching function of mode m. For
simplicity we exclude vector-valued switching functions in order to avoid situations
with multiple active switching functions, which are difficult to resolve. Z = XxY C
R" x R™ defines the space of possible differential and algebraic states.

A transition from mode m to another mode /1 becomes possible only in the event
that x is about to cross the boundary of ™ at some time point 7, i.e., if s™(x(77)) =
0 and s™(x(¢)) < 0 for some ¢ > 7 provided the process would be continued with the
dynamics of mode m. Herein, x(?i) denote the left- and right-sided limits of x at [
respectively. The time point 7 in the above situation is called switching point.

In case of a transition from mode m to 71 at time , the following jump condition
applies to the differential state:

x(i) = x(i7) + d"7 (). (8.1)

Herein, "™ : X — X denotes the jump function for a transition from mode m to
mode 7i2. The transition from mode m to mode 7 is possible only if the state x(77)
belongs to some set X"~ C X. Moreover, x(i7) is supposed to be consistent with
the DAE.

The following assumption provides a sufficient condition for a proper crossing
of the switching manifold {x € X | s"(x) = 0} in mode m.

Assumption 8.1 Let the condition
K@) TVs"(x(77)) < 0
be satisfied whenever the system is in mode m € M and 1 is a point with s™(x(1~))=0.

In the case ¥’ (") T Vs”(x(77)) = 0, the trajectory is tangential to the manifold
™ and it may or may not cross the manifold or it may even stay on the manifold.
These cases are difficult to handle in general and bifurcation and non-uniqueness
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issues may occur. Even if Assumption 8.1 holds, infinitely many switches (Zeno
phenomenon) may occur with lim;—oo (i1 — %) = 0, where the #;’s denote the
switching times. The continuation of the trajectory beyond such an accumulation
point (the Zeno point) is nontrivial in general. Often, the trajectory is continued
such that it stays on the switching manifold.

The simulation of a hybrid system subject to Assumption 8.1 can be performed
as follows:

Algorithm 1 (Hybrid System Simulation Using Switching Functions)

(0) Init: Choose a consistent initial value z,(f0) = (x(f0), yu(t0)) " at t = to, an
initial mode my € M with s™ (x;,(#0)) > 0, a final time ¢ > fy, and set k = 0.

(1) Stop the integration, if # = t.

(2) Perform one step of a numerical integration scheme with a suitable step-size &
to the DAE

X (1) = " (x(0). y(1)),
0 = g™ (x(n), y(0),

and compute the approximation zj, (t41) = (X (trt1), yr(fes1)) T attime fq =
min{t, t + h}.

3) If s (xp(tx+1)) > 0, set my+ = my, k < k+ 1, and go to (1). Otherwise go to
4).

(4) If s (xp,(tr+1)) = 0, find m with x;(t41) € X" ™, update the state by

X (ter1) = X (tig1) + d™ 7 (0 (f1)),

compute a corresponding consistent initial value yy(#.+1), update the mode by
My4+1 = m, setk <— k + 1, and go to (1). Otherwise go to (5).

(5) If 8™ (xp(tr+1)) < 0, determine a step-size T € [0, 1] such that s (x;,(f; +
th)) = 0 using the integration scheme in (2), set fy4+1 = #; + th and z;(tx+1) =
(n (1) ya(ter1)) T, and go to (4).

In order to determine the step-size t in step (5) of Algorithm 1, a root of the
function

r(t) = s" (xp(tx + Th))

has to be found. If #(0) = s (x,(#x)) > 0 and r(1) = 5™ (x,(#x +h)) < 0, aroot can
be located by the bisection method with a linear rate of convergence. Such a root
7 is guaranteed to exist in [0, 1] by the intermediate value theorem, if the mapping
¢ :[0,1] — R" with ¢(tr) := xu(tx + th) is continuous. If ¢ is continuously
differentiable, then we may apply Newton’s method in order to find a root of r and
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hope for an at least super-linear convergence rate. The Newton iteration reads

r(te)

, {=0,1,2,...,
r'(te)

Tg+1 = T —

where

F(x) = ¢(0) V™ (¢ ().

Note that the iteration is well defined, if Assumption 8.1 holds. In fact, the weaker
condition &'(2) T Vs (¢(%)) # 0 in a root 7 of r would be sufficient for a locally
super-linear convergence of Newton’s method. Often, interpolation techniques are
used to compute ¢(tr) and ¢’(r) approximately in order to avoid the frequent
evaluation of the discretization scheme, see [29, Sect. 5.3.3] for further details.

Example 8.1 Let x = (x1,X2,x3,x4)" and y = (y1,y2)" be the differential and
algebraic states of a pendulum of mass 1 and length 1 with a wall described by the
switching function s' (x) = x, + é for mode 1 and the set

S = {120, %3, x0) T | 5" (x2) > 0}

In mode 1 (free mode) the pendulum moves according to the DAE (GGL-
stabilization)

x1(0) = x3(1) = 2x1(y2(1),
X0 = x4(1) — 2x2(0)y2(1),
X0 = = 2x(0)yi(),
x(1) = —g = 2x2(1)y(1),
0=x1(0* +x0()” — 1,
0 = x1()x3(1) + x2(1)x4(0).

If the position (x1,x,) " hits the boundary of .#! at some 7, i.e., if x,(7) = —;, the
jump condition

A+ A ~— —
(x3(f+)) _ (M(f_)) —(+e) (M(f_)) - (&%({_))
x4(17) x4(17) x4(17) x4(17)
applies and the mode remains unchanged. Herein, ¢ € [0, 1] is the elasticity constant.
Figure 12 shows the results of a simulation with the code DASRT of the contact
problem using switching functions in the time interval [0, 6] with ¢ = 0.9, initial

state x(0) = (1,0,0,0)7, y(0) = (0,0)7, and error tolerance 107! for the
differential states.
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Fig. 12 Numerical simulation of pendulum with contact surface and switching functions

The results illustrate the Zeno phenomenon since the sequence of contact points
accumulates. A natural continuation beyond the accumulation point is the constant
solution with the pendulum being at rest on the switching manifold.

8.2 Parametric Sensitivity Analysis for Switched Systems

We add a parameter vector p € R? to the problem setting in Sect. 8.1 and investigate
the sensitivity of a solution of the hybrid system with respect to the parameter vector.
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To this end, let the state evolve according to the parameter-dependent DAE

X (1) = " (). y(0).p),
0= ¢"(x(1),y(),p)
in mode m € M within the set
S(p) ={xeX | s p) =0}, s"R"xR? — R.

In case of a transition from mode m to i at time 7, the following jump condition
applies to the differential state:

x(T) = x(@) + 4" (x(7). p). (8.2)

Herein, d"~" : X x RY —> X denotes the parametric jump function for a transition
from mode m to mode 7, where a transition is possible if x(~) belongs to some set
X">"(p) C X. The jump function d in (8.2) has to be chosen such that it provides
consistent differential states x(7).

The functions f™, g", s, m € M, and d™" m,im € M, are supposed to be at
least continuously differentiable with respect to all arguments.

Let z(t:p) = (x(t:p), y(t;p)) T for t € [to, tr] denote a solution of the switched
system for the parameter p with a consistent initial value z(fp;p) = zo(p) =
(xo(p).yo(p))T in mode m with s"(xo(p),p) > 0. In particular, let 2(r) :=
(&(0),5@®) T with 2() = z(#;p) and 2y = z0(p) denote the solution for a fixed
nominal parameter p € RY.

We are interested in computing the sensitivities

ox Ay, .
S(0:= ) D). 0= ) @h)

assuming their existence in [fo, #].
While in mode m with s"(x(#; p), p) > 0, the sensitivities solve the sensitivity
DAE

S(1) = A™(1)S.(1) + B" (1)S,(1) + " (1),
0 = G"()S:(1) + H™()S,(1) + K" (1),

with
af™ dg™
ary =" 60,3600 5) 6" ="5 G0.50.p).
af™ dg™
0= G005, H0= " G0.50.5)
af™ dg™
(1) = gp ®0).50). ). e = G050,

compare Sect. 7.
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We investigate, what happens at a switching point 7 in mode m with parameter p.
Then, we have

s"(x(@:p):p) = 0. (8.3)
In general, this switching point will depend on the parameter. Define
r(t.p) := s"(x(1";p).p)
for p close to p. Equation (8.3) implies
7:=r(p) =0.
Assumption 8.2 The switching point t in mode m satisfies
0 # g; @.p) = ZS’"(X(?‘;[?);[?) =¥ (T7:p) T Ves" (x(i7: ) ).

If Assumption 8.2 holds, then, by the implicit function theorem, there exist
neighborhoods Bs(p), § > 0, B.(7), ¢ > 0, and a continuously differentiable
mapping T : Bs(p) —> B,(?) with

1=T@p) and  r(T(p).p) =0 Vp e Bs(p),
and
oy =—(Ten) an
e ?) gt
with
or . L= T i A
at(t,p) =xX(17:p) Vius" (x(t7:D); P)s
ar"/\ mesi—Y. 2\ T ~— mesoi—y\. o
ap(mv) = V" (X(7);p) Sx(d™) + Vps" (3(17); p).
Introducing T'( p) into (8.2) yields the relation

x(T(p)T:p) = x(T(p)";p) + d" 7™ ((T(p)"; p),p). (8.4)
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Herein, we assume that the transition m — m is stable under small perturbations in
p. Differentiation of (8.2) with respect to p and evaluation at p yields

XA PT B) + S (@) =X @ PT (B) + Se(i)
+V. A" EE). )T (X P)T(B) + Si())
+V,d" M (&(7), p) T

Rearranging terms leads to an update rule for the sensitivity Sy at the switching point
? according to

Sit) = (Y5 =X G 1) + Ved" TG )G ) T'5)
+ (1 + V" G), )T ) $.6)
+V,d" (&), p) T (8.5)
If x is continuous at 7, i.e., d = 0, then the update rule for S, reduces to
Se(iT) = 8.(07) + (K@ p) =X (1 p) T' ().

If, in addition, X’ is continuous at 7, then S, is continuous at 7 as well.

After x() and S,(#7) have been computed by (8.2) and (8.5), the algebraic
component Sy(i") has to be computed consistently.

Note that this update rule is only valid under Assumption 8.2, which ensures a
proper crossing of the switching manifold. If Assumption 8.2 does not hold at 7, it
is not clear how to update the sensitivity Sy and in general the state may not depend
continuously differentiable on p.

A related parametric sensitivity analysis for mechanical multibody systems using
switching functions can be found in [144, Sect. 3.9] and [112]. An adjoint calculus
for switched DAEs is derived in [114].

Remark 8.1 Please note that Assumptions 8.1 and 8.2 are crucial in the above
analysis. These assumptions are often explicitly or implicitly assumed by standard
integrators like DASRT or SCILAB/DASKR. The user needs to be aware of this
since codes may fail if the assumptions are not met. As pointed out earlier, it is in
general not clear how to continue integration (especially in the context of sensitivity
analysis) if the assumptions are not satisfied. In case of the Zeno phenomenon, it is
often assumed that the solution stays on the switching manifold. Modifications in
the codes are necessary in such cases.
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8.3 Contact and Friction in Mechanical Multibody Systems

Mechanical multibody dynamics taking into account contact forces and friction
forces are, beyond doubt, the most important examples of switched systems and
include particular impact and friction models, compare, e.g., [3, 139]. Suitable
discretization schemes for such systems, which typically do not locate impact
points exactly but work with a fixed step-size instead, are introduced in [2, 6, 113].
Extensions towards large-scale systems and tailored algorithms for complementarity
problems can be found in [5, 137, 138, 140]. Impact models and the interpretation
of the mechanical multibody system as a measure differential equation can be found
in [65, 88, 102].

The equations of motion of a mechanical multibody system with contact and
friction are given by

q' (1) = (),
M(q()' (1) = f(q(1), v(1)) + Fc(q(r)).

In the above model, g(f) € R”" denotes the vector of generalized coordinates, v its
velocity, f(g, v) the vector of generalized forces, and M(g) the non-singular mass
matrix.

The above multibody system is augmented by an impact model that relates the
velocity v (™) right before an impact to the velocity v (i) right after the impact. The
impact model typically leads to a discontinuity of some components of the velocity
vector v at a contact point 7 and hence, the velocity components are only of bounded
variation in general. The vector F¢(g) contains the contact and friction forces, which
apply only in the case of a contact between the rigid bodies of the multibody system,
compare [60, 132]. Whether or not a contact between bodies occurs, is measured by
distance functions s; : R” — R with

se(g) = 0, k=1,...,m.

Herein, a contact at time 7 occurs, if sy (g(7)) = 0 forsome k € {1, ..., m}.In case of
a contact, the resulting contact and friction force F¢ x(g) is an element of the friction
cone

FCi(q) :=={F"+ F'| F" = m(q)A.F' = Di(q@)B. A = 0.¥(B) < 1A}

Herein, F" = F}(q) denotes the contact force into the normal direction of the
contact surface, which can be expressed as F} (q) = nx(q)Ax with the normal vector
nk(q) = Vsi(g) to the contact manifold .%(q) = {g € R" | sx(q) = 0}. A, satisfies
the Signorini contact conditions

0 < si(q) 1 A >0,
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which is a complementarity system for A;. The operator L in 0 < alb > 0is
defined by a > 0,b > 0, and ab = 0.

The force F' = Fj(qg) is the tangential force owing to friction in the contact mani-
fold, which can be expressed as F}(q) = Di(q) B, where the columns of the matrix
Dy(q) span the friction space. For isotropic Coulomb friction, which we assume
throughout, the function ¥ is given by ¥ (8) := ||B|» and ux > 0 is the friction
coefficient at the contact manifold .#;(¢). The norm || - ||; causes some difficulties
as ||Bill2 < wmxAx leads to a non-smooth constraint. To overcome this difficulty,
the norm || - ||, is typically approximated by | - ||;, which leads to the following
polyhedral approximation of the friction cone:

FCi(q) :={F"+ F' | F" = m(q)A, F' = Di(q)B, A > 0, [|Blly < pud},
compare [60, 132].

Depending on the choice of the friction cone, the total contact force is then
defined by

Fe(g) = Z Fei(q)

kisk(q)=0

with F¢(g) being an element either of the total friction cone

FC(g)= ) FCdq)

k:sk(q)=0

or its polyhedral approximation

FC(g)= ) FCuq).

ksk(g)=0

If a contact occurs at time 7, i.e., sy (¢(7)) = O forsome k € {1, ..., m}, the impact
model

Vsi(g@®) T (@) + (@) = 0

applies. Herein, &; € [0, 1] denotes the elasticity constant. A fully elastic contact
occurs if & = 1. An inelastic contact occurs if g, = 0.
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An approach to determine the friction force Fi, = Dy (q(7)) Bk at a contact is based
on the maximum dissipation principle, compare [132]. Herein, the corresponding
friction force Fj maximizes the rate of energy dissipation for a given normal
force F} = ni(q(7))Ax at a contact. This principle leads to the following convex
optimization problem for §:

Maximize — v DB st Y(B) < k. (8.6)

Let B be a solution of (8.6). If A, > 0, then 8 = 0 satisfies the Slater condition for
this convex optimization problem, and a necessary and sufficient condition for the
solution By reads as follows, compare [38, Theorem 6.1.1, Proposition 6.3.1]: There
exists a multiplier ¢, € R such that

0 € Di(g@)) "o + Gdy (Br), (8.7)
0<& L pde—y(Bi) =0. (8.8)

Herein, Y = 9(|| - ||2) denotes the generalized gradient of the locally Lipschitz
continuous function ¥, which is given by

181, 8- if  #0,

0 =
Ve { fe |l < 13, i 6 = 0.

If Ay = 0, then B = 0 is the only feasible point in (8.6) and the conditions (8.7)—
(8.8) are satisfied, e.g., by choosing

— 4 Dilg@®) "), if & > 0,

& = ID(g®) Tv(@)|2 and o = 0 i =0,

Note that in either case o« € 9y (0). Instead of ¥ (B) = ||B]|» we may use the
approximation ||B||; in (8.6), which transforms the convex optimization problem
in fact into a linear program. To this end, f is replaced by B = BT — B~ with

pt.B~ > 0:

Maximize —v (i) T Di(g())(BT — B7) (8.9)
S.t. eT(,B+ + B7) < Ak, ,3+ >0, 8~ >0. .

Herein, we exploited the relation ||| = e' (BT + B~) with the vector ¢ =
(1,...,1)T of all ones of appropriate dimension. First order necessary and sufficient
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conditions for a solution 8; = ,8,;" — B, of (8.9) yield
: T (e (i
0 = [Di(g(D), —Di(q(@)] v(@) + & )L )
k
0<& L uh—e B +B;) >0,
0<pE L pf=o.

Multiplication of the first equation by (8 k+ , ,Bk_)T from the left and exploitation of
the complementarity conditions yield

0<Be L Dilg®)TvGE") + e >0,
0<& L mh—e =0
with
Dilg@) = [Di(q(®), —Di(q®)]. B = [B;. BT

Note that the matrix Dk is balanced, i.e., if Dk contains a column c, then it contains
—c as well. Summarizing, the equations of motion with contact and friction forces
satisfy the following complementarity system:

q'(n = (),
M(g())v' (1) = f(q(1). v(2)) + Z ni(q(@)Ar(?) + Di(q(2) B (D),

k=1
0 <s(g(r) L Ax(r) =0,

0<B® L Di(q(®)Tv() + &u(t)e = 0,
0<&® L meret) —e () =0
and
Vsi(@@) Tt +ev() =0 ifsi(q(r) =0
with k = 1,...,m. A semi-implicit discretization scheme for the system was
suggested in [6, 132]. Let 2t = (g%, v*, A%, B¢, ¢%) be the state at time #; and &7 > 0 a
step-size. Let the index set of active contacts at #, be defined by

AUi= ke {l,....m}| si(q" + ') <O}

Let Afj‘l = (A,f“)ke 4¢ and likewise for Bﬁ;“ and §ﬁ;“.
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Then /! = (¢*+!, v, Af‘]}'l, ~f;Z;H, Qﬁfl) solves the following complementar-
ity problem:

ql+l _ql — hv(-ﬁ-l’ (810)

M (0 =) = h (@0 + Yo m@ONT + D@L B

keAt
0<At 1 Vsi@) T +g0vh) >0, (keAh (8.12)
0<B L DigH o +¢fle>0, (keab (8.13)
0<&tt L Al =T > 0. (keAbh (8.14)

Convergence results and alternative discretizations are discussed in [4, 6, 60, 113].

It remains to discuss, how the nonlinear complementarity problem can be solved.
If M is independent of g or if M(¢**") was replaced by M(4"), then the problem is
actually a linear complementarity problem, compare [3, 46, 138, 139], and it could
be solved by Lemke’s algorithm [95] or as in [5, 137]. Another approach is to use a
semi-smooth Newton method, compare [86, 115, 116]. Herein, the complementarity
system (8.10)—(8.14) is rewritten as the nonlinear and non-smooth equation

0= G (8.15)

gt — gt — hot+!

Mg+ (0 = 0f) =k (F(g"0) + Cheae @A + DetgBEH)
= drs(AT, V(@) T ! + g0t)) (ke AY J
ors(B  Di(g) T + LM e) (ke AY)
drs(C T AT — e TR (ke AY

where ¢rp(a,b) := va? 4+ b> — a — b denotes the Lipschitz continuous Fischer-
Burmeister function, see [55]. Let dG(z) denote Clarke’s generalized Jacobian of G,
compare [38] and [70] for details on how to compute it. Then, a root of G can be
obtained by the following basic version of the semi-smooth Newton method.

Algorithm 2 Semi-Smooth Newton Method

(0) Init: Choose tolerance fol > 0 and an initial guess for z‘*!, e.g., 2@ = (¢* +
hvt,v%,0,0,0)T. Setj = 0.
(1) If |GEYD)| < tol, set 2! = z) and STOP.
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(2) Compute an element V) € dG(z'”) and the Newton direction ) by solving
the linear equation

vWg = —G(z(j)).

4) SetzUth =700 4+ 40 j < j+1,and goto (1).

The following examples summarize results, which have been obtained by
applying Algorithm 2 to mechanical multibody systems with contact and friction.

Example 8.2 Consider a bouncing and rotating ball with radius r = 1, mass
m = 1, and moment of inertia J/ = 1 in the x — z-plane with ¢ = (x,z.6)",
M = diag(m.m,J), f(q.q) = (0,—mg,0)7, g = 9.81, and s(q) = z — r. The
friction space is spanned by

-1 1
D(q) = 00
r—r

Figure 13 shows a simulation of the bouncing ball in the time interval [0, 10] with
initial state ¢(0) = (0,10,0)T, v(0) = (1,10, —5)T, friction coefficient u = 0.2,
and elasticity parameter ¢ = 0.675. The states ¢, v, A, B, and ¢ as functions of time
are depicted in Fig. 14.

R S SRR A e R T

R e e e e - S - S

Fig. 13 Snapshot of a bouncing and rotating ball with contact and friction
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Fig. 14 Snapshot of a bouncing and rotating ball with contact and friction

Example 8.3 Consider a billiard table and the motion of a sphere on the table in
the x — y-plane. For simplicity, the friction on the table is neglected, but friction
forces and contact forces at the boundaries of the table are taken into account with
elasticity constant ¢ = 0.9 and friction coefficient & = 0.5. The radius of the sphere
is ¥ = 0.04 [m], its mass is m = 0.1 [kg], and its moment of inertia is J = 1. The
generalized coordinates are g = (x, y, G)T, the mass matrix is M = diag(m, m, J),
the generalized forces are f(g.q’) = (0,0,0) ", and the switching function for the
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Fig. 15 Snapshot of a billiard table with contact and friction at the borders of the table. For better
visibility the sphere was enlarged by a factor of two in the pictures

opposite boundary of the table is s(q) = y — r. The friction space is spanned by

-1 1
Di@=] 00
r —r

Figure 15 shows some snapshots of a simulation of the billiard problem
in the time interval [0,2.05] with initial state g(0) = (0,3£/4,0)7, v(0) =
0,-2,-1 1)T, where £ = 2.24 denotes the length of the table in [m]. The states g,
v, A, B, and ¢ as functions of time are depicted in Fig. 16.



A Survey on Numerical Methods for Initial Value Problems with sDAEs 293

X position osition rotation angle
0 8 25 P ‘ : 0 9
0.1} \ 2| / 5|
= 0.2 = K )
15 = -10
£ s s pd E
< 04 x AN Q- S
05 AN 05 N / 20 \‘“m
-0.6 : . 0 . : -25 :
0 0.5 1 1.5 2 0 0.5 1 1.5 2 0 0.5 1 15 2
time time time
x velocity y velocity angular velocity
0 2 -10.955
-0.05 15| -10.96
-0.1 1t -10.965
@ 015 05 -10.97
g -02 9 o © -10.975
= -0.25 x 0.5 -10.98
X -0.3 - -10.985
-0.35 -1 -10.9
-0.4 -1.5 -10.995
-0.45 2 . B .
0 0.5 1 1.5 2 0 0.5 1 15 2 0 0.5 1 15 2
time time time
lambda betal beta2
20 25
18 | 45
16 2t 4
31 15 821
< 10 2 : * 25
x 8 x 1 x 5
6 15
4 0.5 1
2 0.
0 0 0
0 0.5 1 1.5 2 0 0.5 1 1.5 2 0 0.5 1 15 2
time time time
zeta
0
-2e-12
o etz
°  -6e-12
-8e-12
-le-11
-1.2e-11 .
0 05 1 156 2

time

Fig. 16 Snapshot of a billiard table with contact and friction at the borders of the table

9 Conclusions

Simulation is a well-established and indispensable tool in industrial design proce-
dures. Moreover, efficient simulation techniques are required in other disciplines
such as controller design, parameter identification, or optimal control. This paper
aims to provide an overview on different aspects in the simulation of DAE
initial value problems. The focus was set on a choice of methods and concepts
that are relevant in industrial simulation environments for coupled systems of
potentially large size. These concepts build upon basic integration schemes and add
features like sensitivity analysis (needed, e.g., in optimization procedures), contact
dynamics, real-time schemes, or co-simulation techniques. Each of these topics is a
field of research in its own right with many contributions. Only some of the many
contributions could be mentioned in this overview paper and we refer the interested
reader to the specialized literature in the bibliography.
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