Structural Properties of Generalized
Exchanged Hypercubes

Eddie Cheng, Ke Qiu and Zhizhang Shen

Abstract It has been shown that, when a linear number of vertices are removed
from a Generalized Exchanged Hypercube (GEH), a generalized version of the in-
teresting exchanged hypercube, its surviving graph consists of a large connected
component and smaller component(s) containing altogether a rather limited number
of vertices. In this chapter, we further apply the above connectivity result to derive
several fault-tolerance related structural parameters for GEH, including its restricted
connectivity, cyclic vertex-connectivity, component connectivity, and its conditional
diagnosability in terms of the comparison diagnosis model.

1 Introduction

Itis certainly unavoidable that some of the processing nodes within a multi-processor
system become faulty, leading to a faulty system. To have an effective system to
work with, we are naturally interested in the fault tolerance properties of these
systems, seeking answers to such questions as how many faulty nodes will disrupt
such a system, or disconnect its associated graph in graph theoretical terms; and
how disrupted the surviving system(graph) will become when a certain number of
nodes and/or links become faulty, thus effectively removed. For example, will the
surviving graph completely break apart, or are most of its nodes still connected in
a component? We might also be interested in knowing more about the details, e.g.,
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the relationship between the maximum number of the faulty nodes and the minimum
number of components in such a surviving graph.

A related issue is that, once processing nodes become faulty, could we know
exactly which ones are faulty so that the fault-free status of the system can be re-
stored? The number of such detectable faulty nodes in a system certainly depends
on its topology, the restriction placed on such a faulty set, as well as the modeling
assumptions, and the maximum number of detectable faulty nodes in such a system
is called its diagnosability. One major modeling approach to this regard is called the
comparison diagnosis model [14, 26, 27, 33], where each processing node performs
adiagnosis by sending the same input to each and every pair of its distinct neighbors,
and then comparing their responses. Based on such comparison results made by all
the nodes, the faulty status of the whole system can be determined. Various efficient
algorithms to detect such faulty sets have also been proposed, e.g., [33, 35, 47].

To address the unlikelihood that all the neighbors of a certain node in such a
system will fail at the same time, the notion of the conditional diagnosability of
a graph G was introduced in [18], defined as the maximum number of detectable
faulty nodes in G, assuming that no faulty set contains all the neighbors of any node
in G. Such a faulty set is henceforth referred to as a conditional faulty set. This more
realistic notion leads to an improved measurement of the fault tolerance capability
of network structures and is thus of great interest [1, 4, 5, 7, 18].

Answers to the aforementioned fault tolerance related questions are often ex-
pressed in terms of connectivity related properties of a graph underlying such a
surviving structure [1, 13, 15, 24, 41-43]. In particular, a general connectivity re-
sult has been demonstrated in [9] for the generalized exchanged hypercube structure
that, when a linear number of vertices are removed from such a structure, the surviv-
ing graph is either connected or consists of a large connected component and small
components containing a small number of vertices. The results as reported in this
chapter can be seen as a companion work of [9]: We apply the above general result to
further derive for this topological structure several fault tolerance related measure-
ments, including its (i) restricted connectivity, i.e., the size of a minimum vertex cut
such that the degree of every vertex in the surviving graph will have a guaranteed
lower bound; (ii) cyclic vertex-connectivity, i.e., the size of a minimum vertex cut
such that at least two components in the surviving graph contain a cycle; (iii) com-
ponent connectivity, i.e., the size of a minimum vertex cut whose removal leads to
multiple components in its surviving graph; as well as (iv) conditional diagnosability
in terms of the comparison diagnostic model.

The rest of this chapter proceeds as follows: We briefly review the exchanged
hypercube [3, 22] and the class of generalized exchanged hypercubes [9] in the
next section; our exposition is based on [9]. We state the general result obtained in
[9] in Sect.3. We then apply the aforementioned general connectivity property as
associated with the generalized exchanged hypercube to derive various parameters
that generalize the concept of connectivity, namely, restricted connectivity and
cyclic vertex-connectivity in Sect.4, component connectivity and conditional diag-
nosability in Sects.5 and 6, respectively. We conclude this chapter with some final
remarks in Sect.7.
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2 The Exchanged Hypercube and its Generalization

The n-dimensional hypercube [13], often referred to as the n-cube and denoted
by Q,, is perhaps one of the most studied and utilized interconnection structures,
as it possesses many desirable properties such as vertex and edge symmetry, high
connectivity, and small diameter thus lower communication cost, as well as the
existence of a simple routing algorithm. More specifically, an n-cube has 2" nodes
0,1,2,..,2" — 1 where (u, v) is an edge (arc) if u’s and v’s binary representations
differ in exactly one position, i.e., u = u,_jUy—p - - - Uj 1 U;U;—_1 ---UUp and v =
Up_1Up—3 - Ui Uilhi—y - - Ui, 0 < i <n — 1. Figure 1 shows a 3-cube.

Several hypercube variants have since been suggested, including augmented
cubes, crossed cubes, enhanced cubes, folded hypercube, Mobius cubes, and twisted
cubes.

The exchanged hypercube was proposed in [3, 22] as another edge removal vari-
ant of the hypercube, where about half of the edges are systematically removed [3,
Theorem 2]. With such a significantly reduced complexity, besides addressing a scal-
ing issue as associated with the hypercube structure, the exchanged hypercube still
manages to inherit several attractive properties of the hypercube such as incremen-
tal expandability [3], bipancyclicity [23], connectivity and super connectivity [25],
and existence of a fault tolerant routing algorithm [22]. With essentially the same
diameter and eccentricity, but reduced maximum degree and Wiener index [17], the
bounds of its domination number, as well its surface area and average distance, have
also been established in [16, 17], respectively. We will further study some of its fault
tolerance related connectivity properties in this chapter.

The exchanged hypercube, denoted by E H (s, t), where s,t > 1, is defined as
an undirected graph (V, E), where V is the collection of all the binary strings
of length s + ¢ + 1. Hence, |V(EH(s, 1))| = 21 A vertex u of an exchanged
hypercube EH(s,t) is denoted by A(u)B(u)C(u), where A(u) = a,_ - - - ay,
B(w) =b,_1---by, and C(u) = c. C(u) is sometimes referred to as the C bit of
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000 100 010 110
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(a) EH(1,1)

(b) AGEH(1,2)

Fig. 2 Simple exchanged hypercubes

u henceforth. Let u, v € V(EH(s,t)), (4, v) € E if and only if it falls into one of
the following three mutually exclusive cases: E;: C(u) # C(v), but A(u) = A(v)
and B(u) = B(v); E»: C(u) = C(v) =0, A(u) and A(v) differ in exactly one bit in
position p € [0, s), while B(#) = B(v); and E3: C(u) = C(v) =1, A(u) = A(v),
but B(x) and B(v) differ in exactly one bit in position p € [0, 7).

Figure2a shows EH(1, 1), where (000, 001), (000, 100), and (001, 011) are
examples of E, E,, and Ej5 edges, respectively.

Each collection of 2° vertices, sharing the same B segment and 0 as their common
C bit, forms a Q, referred to as a Class-0 cluster, viathe associated E; edges. Clearly,
there are a total of 2/ such hypercubes in E H (s, t). Similarly, each collection of 2’
vertices, sharing the same A segment and 1 as their common C bit, forms a Oy, a
Class-1 cluster, via the associated E3 edges. There are a total of 2° such hypercubes
in E H (s, ). We thus refer to both £, and E3 edges collectively as cube edges.

Class-0 clusters and Class-1 clusters are referred to as clusters of opposite class
of each other. Clearly, each vertex u in a cluster is adjacent to a unique vertex in a
cluster of opposite class via an E| edge, denoted by u’ in the rest of this chapter. By
definition, A(u)B(u) = A(u')B(u') but C(u’) = C(u), namely, the complement of
the C bit of u. Since these E; edges connect vertices belonging to different clusters,
we refer to them as cross edges.

A key structural property of the exchanged hypercube is that, let u, v be two
vertices of the same cluster C in EH (s, t),s,t > 1, then ¥’ and v’ belong to two
different clusters of a class opposite to that of C, via cross edges. Here the set of
cross edges are chosen specifically. One may wonder the role of the specific set
of cross edges chosen among all possible sets. In terms of shortest path, it plays an
important role in ensuring the resulting graph has a small diameter. However, in terms
of connectivity type properties, there may be no differences among different set of
cross edges. Indeed, in the recursive definition of the hypercube, one can replace the
specific matching between the two smaller hypercubes by any perfect matching. This
leads to a wider class of networks, which leads to the even more general matching
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composition networks. We can apply the same type of generalization to the exchanged
hypercube, that is, although the existence of a perfect matching between vertices
via the cross edges is structurally essential, the specifics of such a matching, i.e.,
details such as which vertices are matched with each other, is not. We will show that
such generalized networks also have strong connectivity type results. Of course, the
proof will be more involved due to the generality.

We thus generalized this class of exchanged hypercubes in [9] as follows: A
generalized exchanged hypercube, denoted by GEH (s, ¢, f),s,t > 1, consists of
two classes of hypercubes: One class contains 2 s-cubes, each labeled with the shared
B segment, and referred to collectively as the Class-0 clusters; and the other contains
2% t-cubes, each labeled with the shared A segment, and referred to collectively as
the Class-1 clusters. Class-0 and Class-1 clusters will be referred to as clusters
of opposite class of each other, same class otherwise, and collectively as clusters,
Ci,i €[0,2% +2"), when their categories are irrelevant to the issue. When s = ¢,
we simply refer to one of the classes of hypercubes as Class-0 clusters, and the other
as Class-1 clusters. Set E;,, the cube edges, collects all the usual (s + £)2*~! edges
in the hypercubes of both classes.

The function f is a bijection between vertices of Class-0 clusters and those of
Class-1 clusters such that, for u, v, two vertices of the same cluster, f(«) and f (v)
belong to two different clusters, as observed in the aforementioned structural property
of the exchanged hypercubes. We naturally refer to such an edge (u, f (1)) as a cross
edge. Set E. collects all the 2°%" cross edges in between the clusters of opposite
classes. Such abijection f ensures the existence, butignores the specifics, of a perfect
matching between vertices of Class-0 clusters and those in the Class-1 clusters.

By its definition, in a generalized exchanged hypercube, all of the 2° distinct
vertices in a specific Class-0 cluster, a Qy, out of 2’ of them, are adjacent, via cross
edges, to 2° vertices, each of which is located in a unique Class-1 cluster, a Q;;
and all of the 2’ distinct vertices in a specific Class-1 cluster, out of 2* of them, are
adjacent to 2' vertices, each of which is located in a unique Class-0 cluster. As an
example, Fig.2b shows one example of GE H (1, 2), where there are four Class-0
clusters, (u, v), (w, x), (a, c), and (b, d), each being an edge, technically a Q; and
two Class-1 clusters, (a’, b’, u’, w’) and (¢, d’, V', x"), both being Q5. Each of the
two vertices in an edge is adjacent to a unique vertex in a O, and each of the four
vertices in a Q» is adjacent to a unique vertex in an edge.

The above observation motivates us to further define a labeled structure graph,
G(s,t, w), associated with GEH (s, t, ), where V(G (s, t, w)) collects all the clus-
tersin GEH (s, t, f). Each vertex in this structure graph, sometimes also referred to
as a cluster, corresponding to a Class-0 cluster, is adjacent to 2* vertices, each corre-
sponding to a Class-1 cluster; and conversely, each vertex corresponding to a Class-1
cluster, is adjacent to 2" vertices, each corresponding to a Class-0 cluster. Each edge,
e,in G(S, t, w), corresponding to a cross edge (1, f(u))inGEH (s, t, f), is labeled
with w(e) (= (u, f(u))). It is clear that such a structure graph, G(s, t, ®), is iso-
morphic to a complete bipartite graph Ky .. When f and/or w are irrelevant to the
issue in the discussion, we may choose to exclude them in the notation. In particular,
by GEH(s, t), we mean GEH (s, t, f) for some appropriate perfect matching f;
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and, by G (s, 1), we mean a structure graph G (s, t, w) associated with a generalized
exchanged hypercube GEH (s, t, f), where w is induced by f.

An exchanged hypercube is certainly a generalized exchanged hypercube, where
the cross edges are specified with E|; while the class of generalized exchanged
hypercubes is strictly more general than that of the exchanged hypercubes since we
have a lot more freedom in choosing the cross edges between the clusters of opposite
classes: Any perfect matching between the vertices of clusters of opposite classes
will do.

Obviously, some topological properties (such as the distance between a specific
pair of vertices) may vary wildly depending on the specifics of such a matching, but
others do not. For example, as shown in [22, Theorem 1], E H (s, t) is isomorphic to
EH(t, s). This property also holds for a generalized exchanged hypercube since, in
the above definition of GE H (s, t), the roles as played by Class-0 clusters and Class-
1 clusters are symmetric to each other. As a result, we assume 1 <s < ¢, when
addressing GE H (s, t), in the rest of this chapter. Furthermore, as we will expose in
the rest of this chapter, several other structure properties, and fault tolerance related
measurements, are also independent of this perfect matching between the vertices of
opposite clusters. Such an observation reveals the naturalness and robustness of the
generalized exchanged hypercube.

3 A Connectivity Result Associated with Linearly Many
Faults

Let G be a graph, and let S C V(G), we use N (S) to refer to the open neighbors of
all the vertices of S in G, excluding those in S. (We often omit the subscript G from
this notation, and others, when the context is clear.) Such a graph G is r-regular if
the degree of every vertex in V(G) is r.

The vertex connectivity of a non-complete graph G, denoted by « (G), refers to
the minimum size of a vertex cut F, FF C V(G), such that the surviving graph G — F'
is disconnected, which is obtained from G by deleting all the vertices in F from G,
together with edges incident to at least one vertex in F. By convention, the vertex
connectivity of a complete graph K, is n — 1. On the other hand, the edge connec-
tivity of a graph G, denoted by «'(G), refers to the minimum size of an edge cut
D, D C E(G), such that the surviving graph G — D is disconnected, which is ob-
tained from G by removing all the edges as contained in D. Let §(G) be the minimum
degree among those of all the vertices in a graph G, clearly, S(GEH (s, t)) = s + 1,
when 1 < s < t. Indeed the following well-known result relates the vertex connec-
tivity, the edge connectivity, and the minimum degree of a simple graph G, where
there is at most one edge between any two vertices.

Lemma 1 [37, Theorem 4.1.9] Let G be a simple graph, then k(G) < k'(G) <
8(G).
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Naturally, it is desirable for a graph G to have the property that k (G) = 6. A
non-complete graph G with at least r 4- 1 vertices is r-connected if deleting any
set of at most r — 1 vertices results in a connected graph. A complete graph with
r + 1 vertices, denoted by K, |, is k-connected for all k < r. An r-regular graph is
maximally connected if it is r-connected. A maximally connected r-regular graph is
also tightly super-connected if, for every F C V(G) with |F| = r, the graph G — F
is either connected or it consists of two components, one being a singleton. Clearly, in
atightly super-connected graph, all the neighbors of the aforementioned singleton fall
in such a set F'. When used as an interconnection network, an r-regular tightly super-
connected structure is more preferable than an r-regular maximally connected graph,
as when up to r vertices become faulty, the surviving graph of such a tightly super-
connected graph, except one vertex, is still connected, thus functioning. We observe
that a maximally connected graph does not need to be tightly super-connected. For
example, inagiven K3 3 (= (Vi1, Vo, E)), K33 — Vi = V,, i.e., three singletons, thus
K3 3 is not tightly super-connected, although it is maximally connected. On the other
hand, it is well known that Q, is tightly super-connected [41, Theorem 3.3], thus
maximally connected.

Noticing that the generalized exchanged hypercube GEH (s, t), 1 < s < t,isnot
regular, except when s = ¢, we thus slightly generalize the above notions as follows:
We say that G is §-maximally connected if, for all F C V(G), |F| < 6(G), G — F
is connected; and G is d8-tightly super-connected if it is §-maximally connected,
and, for all F C V(G), |F| <6§(G), G — F is either connected or it consists of
one large (connected) component plus one singleton. Clearly, K, ,, | <m <n,
is §-maximally connected [37, Example4.1.2], although it is not §-tightly super-
connected, while Q,, is. For GE H (s, t) to be useful as an interconnection network,
it should be §-tightly super-connected. In fact, an even stronger statement is true.

Theorem 1 Lets € [1,¢], and let k € [1, s], then

1. thereis F C V(GEH (s, 1)), |F| = ks — *~ 4+ 1, such that GEH (s, 1) — F
contains a component of size k; and

2. forall F C V(GEH(s, 1)), |F| < ks — "2 GEH(s,t) — F is either con-
nected or it consists of a large component and small components containing at
most k — 1 vertices.

The proof of Theorem 1 is given in [9]. (We note that the proof for the case of
s = 3 for Part 2 was omitted due to space constraint. In the appendix, we give a proof
for this case.) For example, if we set k = 1 in Part 2 of Theorem 1, we have that,
forall F,|F| <s,GEH(s,t) — F is connected, that is, it is maximally connected.
On the other hand, if we set k = 1 in Part 1 of Theorem 1, we have that for some
F,|Fl=s+1, GEH(s,t) — F contains a singleton. Furthermore, if we then set
k = 2 in Part 2 of Theorem 1, we have that, when |F| <2s — 1, GEH(s,t) — Fis
either connected or it contains a large component plus a singleton.

The following result is immediate by Theorem 1, and will be made use of in the
next section, when we address the component connectivity of GEH (s, t).
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Corollary 1 Let F C V(GEH(s,t)),s € [1,t]. If GEH(s,t) — F consists of a
large component and other components that contain at least k (€ [1, s]) vertices,

then h— Dk
— +

|F| > ks —
2

1.

On the other hand, if we set k to 3, where k € [1, s], in Part 2 of Theorem 1, the
following result plays a critical role when we derive the conditional diagnosability
in Sect. 6.

Corollary 2 Let F C V(GEH(s,t)),s € [3,¢t]. If |F|<3s—3, then GEH
(s, t) — F is either connected or it consists of a large component and small compo-
nents that contain at most two vertices altogether.

4 The Restricted and Cyclic Vertex-Connectivity

Given anon-complete graph G(V, E), F C V isa g-disconnecting setof Gif G — F
is disconnected and every vertex in G — F has degree at least g (> 0). The restricted
connectivity of order g of G, denoted as k,(G), is defined as the size of a minimum
g-disconnecting set of G [10, 11].

While ko (G) coincides with the traditional vertex connectivity « (G), kg(G), g >
1, is often used to characterize other fault tolerance properties, such as the g-good-
neighbor conditional diagnosability, of various network structures, including the
hypercube [30, 31, 39], the m-ary n-dimensional hypercube [38, 45]. In particular,
the following general result is derived in [20, Theorem 3.3].

Theorem 2 For1 <s <t,and g € [0, s], k,(EH(s, 1)) = (s — g + 1)28.
We now initiate the study of this measurement for GE H (s, ).
Theorem 3 Let3 <s <t,xi(GEH(s,t)) = 2s.

Proof Let k =2 in Theorem 1, we have that if |F| <2s—1, GEH(s,t) — F
is either connected or it has two components, one of which is a singleton. Thus
k1 (GEH (s, 1)) > 2s.

Let u and v be two adjacent vertices in a Class-0 cluster in GE H (s, t). Clearly,
IN({u, v})| =2s as GEH(s,t) is triangle-free by definition. Now let k = 3 in
Theorem 1, we have that if |F| <3s —3, GEH(s,t) — F has a large compo-
nent and small components with at most two vertices in total. (This includes
the case when GEH(s,t) — F is connected.) Since 2s < 3s — 3, when s > 3,
GEH(s,t) — N({u, v}) has two components, one of which is a K3, i.e., (u, v),
while none of the vertices in the large component is isolated, thus each having a
degree at least 1. Hence, ki (GEH (s,t)) = 2s. [J

We comment that «1 (G) is referred to as the super connectivity of G in [25, 39], i.e.,
the survival graph contains no isolated vertex when such a minimum vertex cut is
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removed. Theorem 3 immediately leads to the super connectivity of EH (s, t),3 <
s < t, one of the main results in [25].
The proof for the following observation is straightforward.

Lemma 2 Let n > 4 and let Cy4 be a 4-cycle, then the degree of every vertex in
0, — N(Cy) is at least 2.

We are now ready to prove the following result.
Theorem 4 «,(GEH(s, 1)) =4s —4, s € [6,1].

Proof Let k = 4 in Theorem 1, we have that, if |F| <4s — 6, GEH(s,t) — F has
a large component and small components with at most three vertices in total. Since
GEH( s,t) is triangle-free, the three vertices in small components cannot form a
triangle. Thus ko (GEH (s, t)) > 4s — 5. We now claim that this number is at least
4s — 4. Suppose the size of a minimum 2-disconnecting set of GE H (s, t) is 4s —
5 and let S be such a set. Let k = 5 in Theorem 1, we have that, if |F| < 5s —
10, GEH(s,t) — F has a large component and small components with at most
four vertices in total. Since 4s — 5 < 55 — 10, for s > 5, the statement holds for S.
Furthermore, as S is a 2-disconnecting set, and the graph is triangle-free, the small
component of GE H (s, t) — S must contain exactly four vertices, which form a 4-
cycle. To isolate this 4-cycle, we need to delete at least 4(s — 1) (= 4s — 4) vertices,
a contradiction.

To show that 45 — 4 suffices, let A be the vertex-set of a 4-cycle in a Class-0
cluster Cof GEH (s, t). Itisclear that [N (A)| = 4s — 4. Now apply Theorem 1 with
k = 5 again, we can conclude that GEH (s, t) — N(A) contains a large component
and small components with at most four vertices, as 4s —4 < 5s — 10, when s >
6. Since the large component contains at least 2°7*! — 4s vertices, and 27+ —
4s > 22+ — 45 > 4,5 > 6, we conclude that the surviving graph contains one large
component and the prescribed 4-cycle. We claim that every vertex u in this large
component of GEH (s, t) — N(A) is of degree at least 2. If u is a vertex of C, then it
has degree at least 2 by Lemma 2; otherwise, the degree of u in GEH (s, t) — N(A)
is at least the degree of u in GEH (s, t)-1, thus at least 2. Therefore N(A) is a
2-disconnecting set. [J

It is clear that both Theorems 3 and 4 agree with Theorem 2 when setting g to 1, and
2, respectively.

Let G be a graph, we refer to F' (C V(G)) a cyclic vertex-cut of G if G — F
is disconnected and at least two components in G — F contain a cycle. The cyclic
vertex-connectivity of a graph G is then defined as the size of a minimum cyclic
vertex-cut in G. This notion was originally introduced to study the Four Color prob-
lem [36], and has since been applied to study other graph theory problems, including
that of the Integer Flow Conjectures [46]. Recently, the cyclic vertex-connectivity
results of several interconnection networks have also been reported in literature, e.g.,
[6, 44].

By following the arguments as we made in proving Theorem 4, we can similarly
show that the cyclic vertex-connectivity of GEH (s, t) is 4s — 4.
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It is pointed out in [16, pp. 159] that DC,,, the dual-cube-like network [1], which
generalizes the dual-cube structure [21], is isomorphic to EH (n — 1,n — 1), a spe-
cial case of GEH (n — 1,n — 1). Hence, we immediately have the following result:

Corollary 3 For n >3, ki (DC,)=2n—2. For n>17, ky(DC,) =4n—38,
which is also the value of its cyclic vertex-connectivity.

5 The Component Connectivity

Component connectivity of a graph characterizes the size of a minimum vertex
cut whose removal leaves its surviving graph in a certain number of components.
This notion, as introduced in [2, 32] and further addressed in, e.g., [19, 28, 29],
is to overcome the deficiency of the ordinary notion of vertex connectivity when
used to measure the fault tolerance of interconnection networks. Indeed, with two
graphs of same vertex connectivity, when a corresponding vertex cut is removed,
their respective surviving graphs could have quite different number of components.
For example, as pointed out in [19], the vertex connectivity of both K, and the
path graph P, |, n > 2, is 1, but, when a cut vertex is removed, the surviving graph
of K, consists of n singletons, while that of the path graph consists of just two
components.

It is worth pointing out that there exists yet another alternative generalization of
this vertex connectivity concept as proposed in [12]. The k-tree connectivity of a
graph G is defined as the minimum k such that internally disjoint Steiner trees exist
on all the k-subsets of V (G). For a connection between the component connectivity
and this latter tree based generalization, readers are referred to [19] and the references
cited within.

Let G be a non-complete graph, an r-component cut of G, r > 2, refers to a set
of vertices whose removal results in a surviving graph with at least » components.
The r-component connectivity, or simply r-connectivity [19], denoted by i, (G), of
G refers to the size of a minimum r-component cut of G (If there is no r-component
cut of G, we simply define «, (G) to be 00.). Clearly, k,(G) is just the usual vertex
connectivity of G. Itis also easy to see, by definition, thatk,, (G) < k,+1(G), m > 2.

As mentioned earlier, k,(K; ,) = 1. For P,y;, if we remove every other ver-
tex, n vertices in total, the surviving graph consists of n 4 1 singletons. Thus,
Knt1(Popy1) < n. Clearly, k2(P3) > 1, and an inductive argument shows that
Kn+1(Payv1) > n. Hence, k,11(P2,+1) = n. The same idea also applies to Ps,, ex-
cept that removing the last vertex will not increase the number of singletons. Thus,
we only need to remove the first # — 1 vertices and the surviving graph ends up with
n — 1 singletons and one component of size 2, n components altogether. We thus
have k,(Py,) = n — 1.

The above analysis shows that, although both K , and P, ;| share the same vertex
connectivity , it just takes out one cut vertex to break a K , into n pieces, but it has
to take out about half of the vertices to achieve the same effect in a path graph that
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contains twice as many vertices. As a result, we may conclude that a path graph
is more resilient as compared with a star graph from this perspective. Hence, this
measure of component connectivity characterizes more faithfully the degree of an
interconnection network to stay intact, when a number of processing nodes become
faulty.

The following result on the (r 4+ 1)-component connectivity of the hypercube
Q,, n > 2, has been derived in [15, Theorem 2.1].

Theorem 5 Foralln >3,k € [1,n], k,11(Q,) =rn — r(r2+1) +1.

We now derive k, 1 (GEG(s, t)), the component connectivity of a generalized
exchanged hypercube GEH (s,t),1 <s <t, forr € [2, s].

Theorem 6 Let 1 <s <t.Forr € [l,s], ik, (GEH (s, 1)) =rs — “52 + 1.

Proof Let u be a vertex in Cy, a Class-0 cluster of GEH(s,t),1 <s <t, Sbea
collection of r (€ [1, s + 1]) neighbors of u in GE H (s, t), and let u’ be the unique
neighbor of u in a Class-1 cluster, C|, via a cross edge. Depending on whether
u’' € S, we can construct the open neighbor set N,(S) of S, where |S| = r, in two
ways, referred to as N1 (S) (N(S)), respectively.

e Assume that u’ ¢ S. Then, for those r (€ [1, s]) neighbors of u in Cy, each has
s + 1 neighbors in GE H (s, t), a total of (s + 1) vertices. But, for each of them,
u is counted once as its neighbor, although it should be counted just once in N ().
Moreover, every common neighbor shared by any two of these neighbors of u is
counted twice, while each of them should also be counted only once in N(S). As
a result, we have

IN' S =r(s+1)— (r—1) — (r) —rs — (r) 41
2 2

as a hypercube has no K 3 as a subgraph. We notice that N!(S) is only defined
when r € [1, s]. As an example, in GE H (1, 2), as shown in Fig. 2b, we have that
s =1,t =2, thusr = 1. If we pick S = {v}, then, Nll (S) = {u, v'}. On the other
hand, the above result gives us |N 11 S| =2.

e Alternatively, when u” € S, then each of the r — 1 (€ [0, s]) neighbors of u in Cy
has s neighbors, plus another one via a cross edge; and u’ has 7 4+ 1 neighbors
in C, a total of (r — 1)(s + 1) + (r + 1) vertices. Similar to the previous case,
u is counted once for each of these r neighbors of u, a total of r times, while it
should be included just once in er(S); and, each vertex adjacent to any two of
these » — 1 neighbors of u in Cj is counted twice, but it should be counted just
once. (Notice that only u is adjacent to both u" and those r — 1 neighbors in Cy.
Just assume there is another vertex v adjacent to both u" and u;, a neighbor of
u in Cy. By definition, v cannot be in a cluster of Class 0, as then it won’t be
adjacent to u, a vertex in a Class-0 cluster. Thus, v is either located in Cy or in a
Class-1 cluster C’. Assume that v occurs in Cy, then, because cross edges form a
perfect matching, there is only one cross edge in between Cy and C, since (i, u”)
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is already part of the matching, v (# u) cannot be adjacent to u’ via another cross
edge. By the same token, because of the existence of the edge (, u’), v cannot be
located in a Class-1 cluster, either.) Removing all these redundancies, the size of
this alternative construction can be calculated as follows:

NS = =D+ DG+ — 1) — (”—1)

2
(r2 l) (t— 1)
=rs + s +

=INS)I+ @ =s+r—=1) = [N(SD]. (D

whenr € [1,s + 1],as 1 < s < ¢, by assumption. Clearly, N, (S1) = N, (S>) when
s=tandr =1.

To continue with our previous example, for r = 1, if we now pick S = {u’}, we
have N2(S) = {u, a’, w'}, while Eq. 1 gives |[N?(S)| = 3. In this case, | N (S1)| <
[IN1(S2)|, since s # ¢, although r = 1. Moreover, for r = 2, although Nzl(S) is
not defined, when we set S = {v, u’}, the alternative construction gives us that,
N22(S) ={u,d,w, v'}, while |N22(S)| =4byEq.1.

It is easy to see that, once N,1 (S) (respectively, NE(S)) is removed, all the
neighbors of vertices in S are removed and none of these vertices in S are ad-
jacent since GEH (s,t) is bipartite. Hence, GEH (s, t) — N,1 (S) (respectively,
GEH(s,t) — er(S)) contains at least » + 1 components, including at least » sin-
gletons. Thus, N,1 (S) (respectively, er(S)) is a (r + 1)-component cut. As a result,
when r € [1, s],

©+1(GEH (s,t)) < min{N,(S1), N,(S2)} = N,(S1) = rs — (;) + 1.

Let F be a minimum (r + 1)-component cut. Then GE H (s, t) — F has at least
r + 1 components. Thus, it has one large components and r “smaller” components.
Clearly, these “smaller” components collectively has at least r vertices. By Corol-
lary 1,for 1 <s <t,r €[l,s], 1 (GEH (s, 1)) = |F| = rs — "D 4 1.

Thus, for 1 <s <1, 7 € [1,s], 641 (GEH(s,1)) =rs — 52 + 1.0

The following result is based on the relationship between the dual-cube-like net-
work and that of the generalized exchanged hypercube, as pointed out in the last
section.

Corollary4 For all n>3, if rell,n—1], k. (DC)=r(n—1)—
r(r—1)
- + 1.

2
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6 The Conditional Diagnosability

The conditional diagnosability of interconnection networks has been studied by using
a number of ad-hoc methods [18, 47]. Recently, gathering various ad-hoc methods
developed in the last decade, an unified approach was developed [4, 14], which has
been applied to find the conditional diagnosability of many interconnection networks,
e.g., [4, 5, 7]. We give a brief overview here and refer readers to the aforementioned
literature for further details.

According to the comparison diagnosis model [26, 27, 33], a comparator, w € G,
sends the same input to each and every pair of its neighbors, v and x in G, and
generates a result, which tells if v and x are faulty, assuming w is not. A collection
of all such results is called a syndrome of the diagnosis. Since a faulty comparator
can lead to unreliable results, a set of faulty vertices may also produce different
syndromes. Two distinct faulty sets F; and F, are indistinguishable if and only if
they are compatible with at least one syndrome, distinguishable otherwise. Hence,
t.(G), the conditional diagnosability of G, equals the maximum number d such that
for all distinct pairs of conditional faulty sets, (F, F»), |Fi| <d, |F>| <d, F; and
F; are distinguishable.

We notice that the central structure of the above comparison diagnosis model is a
length two path, p, (v, w, x), centered at a vertex w. Clearly, any vertex in a viable
interconnection network should have at least one neighbor outside the neighborhood
of such a length two path centered at w, an arbitrary but fixed vertex. Otherwise,
this length two path will immediately turn into a bottleneck, and make the network
fault-intolerant. This observation motivates the following notion of a good length
two path [5]: Let G be a graph, we call p,(v, w, x), a path of length 2 in G, a good
path if, for every vertex z ¢ N({w}) U {w}, N({z}) g N ({v, w, x}) U {v, x}.

By definition, to show that, for a given graph G, t.(G) < d, we only need to
construct a pair of distinct conditional faulty sets (Fi, F»), |F|| <d+ 1, F, <d +
1, such that (F}, F>) is indistinguishable. The following result [34] provides such an
upper bound of 7.(G).

Proposition 1 Let G be a graph where p,(v, w, x) forms a good path of length two
inG.Thent.(G) < |Ng({v, w, x})|.

It seems that, to get an upper bound for 7.(G) by applying Proposition 1, we have
to minimize |Ng ({v, w, x})| over all good paths of length two in G, which may not
be easy. On the other hand, as we will show, there is often a good candidate for
a minimizer. We should also point out that the above result does not imply that a
conditional faulty set obtained via a length two path is always a minimizer of such
an upper bound. In fact, such an upper bound is sometimes obtained through a four
cycle [40].

GivenGEH(s,t),2 < s <t, weselectafourcycle Cy = (v, w, x, u, v)in Cp, a
Class-0 cluster, and consider p, (v, w, x). Letany vertex z ¢ N({w}) U {w}. Suchaz
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must exist since Cy (= Q,) contains at least four vertices when s > 2. By definition, z
is adjacent to vertex z’ in a cluster uniquely associated with Cy, which is also different
from those corresponding to either v, w or x by definition. Thus, 7’ cannot be either
v or x, and 7’ cannot be adjacent to either v, w or x. In other words, p,(v, w, x) is
a good path.

Both v and x have s — 1 neighbors that are not on p, (v, w, x), while w has only
s — 2 of them. Moreover, u is a neighbor of both v and x thus gets over counted once.
Finally, all three of v, w, and x are adjacent to a unique vertex in their respectively
associated cluster. Hence, |[Nggr (s, ({v, w, x})| = 3s — 2.

By Proposition 1, we have achieved the following upper bound result.

Lemma3 Forall2 <s <t, t.(GEH(s,t)) <3s —2.

The issue now becomes how to verify this upper bound is also a lower bound, thus
an exact bound, of t.(GE H (s, t)). In general, this is quite challenging since we have
to show that, for all conditional faulty set pairs (Fy, F>), |Fi| <d, |F>| <d, they
are distinguishable. Fortunately, as previously mentioned, several general results to
this regard have recently emerged, one of which is the following [4].

Theorem 7 Let G be a graph, 5(G) > 3, such that (1) forany T C V(G), |T| <
d,G — T contains a large component and smaller components which contain at
most two vertices in total; and (2) |[V(G)| > (A(G) + 2)d + 4, where A(G) refers
to the maximum degree of vertices in G. Then t.(G) > d + 1.

When 2<s<t, 8(GEH(s,t))=s+1>3, A(GEH(s,t))=t+1, and
|V(GEH(s,t))| = 2°7"*!. Condition 1 of Theorem 7, for the generalized exchanged
hypercube, immediately follows from Corollary 2, when 3 < s < ¢. What is left for
us to do is to check Condition 2 of Theorem 7, when d = 3s — 3, namely,

2T = V(G)| > (AG)+2d +4 =31 +3)(s— 1) +4. @)

We only need to show that 2°7'~! > (¢ + 3)(s — 1) + 1, which holds when 2°+/~1 >
(t +4)(s — 1), since s > 2. Thislastinequality holdsif2°~! > s — land2’ > ¢ + 4.
The first part certainly holds when s > 2, while the second part holds for ¢ > 3.
Finally, setting r = 2 in Eq.2, we have 2513 > 15(s — 1) +4 = 155 — 11, which
certainly holds for all s > 2.

Hence, Condition 2 holds for all s, # > 2. By Corollary 2, Lemma 3, and Theo-
rem 7, we have obtained the following result.

Theorem 8 For3 <s <t,t.(GEH(s,t)) = 3s — 2.

Last but not least, the diagnosability of the dual-cube-like network DC, has
been derived in [5, Theorem7.2] to be 3n — 5, n > 4, that certainly coincides with
Theorem 8, when settings =t =n —1 > 3.
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7 Concluding Remarks

In this chapter, we applied a general connectivity result to further derive several
fault tolerance measurements for the generalized exchanged hypercube, including
its restricted connectivity, cyclic vertex-connectivity, component connectivity, and
its conditional diagnosability, in terms of the comparison diagnosis model.

These results show that the generalized exchanged hypercube is a natural and
robust interconnection topology and the general connectivity result is truly general
and useful, which might be applied to derive other interesting connectivity related
results.

We comment that similar connectivity results have also been reported in the
literature [8] for the complete cubic networks with its underlying structure graph
being a complete graph.

Appendix

In this section, we give a proof of s = 3 for Part 2 of Theorem 1. We first state a
number of preliminary results from [9]. (The proof of Lemma 5 was omitted but it
is similar to the one for Lemma 4.)

Lemma4 [9, Lemma 3.3] GEH (s,t), 1 <s <t, is §-maximally connected.
Lemmas$s [9, Lemma 3.4] GEH(s,t),2 <s <'t, is 8-tightly super-connected.

Lemma 6 [9, Lemma 4.1] Let F C V(GEH(s, 1)), s € [2,1], |F| < ks — *4-1,
there exists Y, a connected component of GEH (s, t) —F, such that, for all i

[0, 25 + 2"), if C; — F; is connected, it is a subgraph of Y.

We note that Lemma 5 does not hold for s = 1 as GE H (1, t) contains 2’ Class-0
clusters, each of which is an edge, and two Class-1 clusters, each isomorphic to a Q,.
(Cf. Fig.2b). Let (u, v) be one of these edges. When {u/,v'} C F, GEH(1,t) — F
contains (u, v) and other components containing a total of 2/*> — 2 > 6 vertices.

We are now ready to prove s = 3 for Part 2 of Theorem 1. When s =3, k €
[1, 3]. We notice that, when k = 1, |F| <s, GEH(s, t) — F is then connected, by
Lemma 4. We thus only need to consider the cases of k =2 and k = 3.

For the case of k = 2, thus | F| < 5 by Part 2, we need to show that GEH (3, t) —
F,t > 3, is either connected or contains a large component together with a singleton.
By Lemma 5, when |F| <4, GEH(3,t) — F is either connected or it consists of
a large component and one singleton. Thus, we only need to consider the case of
|F| =5.

Let F; = FNV(C;),i € [0,2° +2"). If, for some [, | F;| = 5, then all the other
clusters contain no faulty vertices, thus they are all connected. Clearly GEH (s, t) —
F; will be connected, as well, since every vertex in C; — F; is adjacent, via a cross
edge, to a vertex located in a connected cluster. If for some /, |F;| =4, and the
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remaining faulty vertex f falls into another cluster, then all the clusters, other than
C;, are connected. GE H (s, t) — F is then either connected or contains a large com-
ponent and a singleton u (€ V(C;) \ F;), when C; is isomorphic to O3, u is adjacent
to f via a cross edge, and all the three neighbors of u in C; fall into F;. We now
assume that | F;| = 3, when the other clusters collectively hold two faulty vertices,
thus all connected by the maximum connectivity of hypercubes, ass = 3.If C; — F;
is connected, so is GEH (s,t) — F by Lemma 6. Otherwise, if C; — F; is discon-
nected, then C; is isomorphic to 93, and C; — F; contains a K 3 and a singleton f.
Since the other clusters jointly hold two faulty vertices, this K 3 must be part of the
large component of GEH (3,t) — F, as at least one of its four vertices is adjacent
to a non-faulty vertex in this large component. Then, GEH (3,t),3 < ¢, is either
connected or contains a large component and one singleton # when u is adjacent to
one of the two faulty vertices, while all its three neighbors in C; form F;. The other
cases are symmetric to the above.

We now turn to the case of k =3, i.e., |F| <6, when we have to show that
GEH(3,t) — F,t > 3, is either connected or contains a large component and small
components altogether with at most two vertices. In light of the previous case, we
only need to consider the case of |F| = 6.

If for some [, | F;| > 4, then other clusters, sharing at most two faulty vertices,
must be individually connected in the resulting graph by the assumption of s = 3
and Lemma 4, and belong to the same component, say Y, in the resulting graph
by Lemma 6. By definition, those non-faculty vertices of C; are part of Y. Hence,
GEH(s,t) — F is either connected, or contains a large component and smaller ones
with at most two vertices, when the remaining up to two vertices in V (C;) \ C; are
adjacent to the faulty vertices in F'\ F; via cross edges, while sharing their faulty
neighbors in F;.

‘We now consider the case when, for all /, F; contains at most three of these vertices.
Since for all /, C; is isomorphic to a cube Q,,, m > s (= 3), when m > 4, all such
C; — F;’s are connected by Lemma 4, and so is GEH (s, t) — F, by Lemma 6. We
thus only need to consider the case when C; is isomorphic to Q3, where |F;| = 3.

If for some [, |F;| = 3, and for j # I, |F;| <3, then C; — F;, j # 1, will all be
connected by Lemma 6. If C; — F; is connected, sois GE H (s, t) — F by Lemma 6.
Now assume that C; — F; is not connected. Notice that C; is isomorphic to a O3, and
its surviving graph contains a singleton « and a K 3. Since there are only three faulty
vertices located outside C;, and K 3 contains four vertices, it must be part of a large
connected component. Thus, in this case, GEH (3, t), t > 3, is either connected or
contains a large component and a singleton #, when u is adjacent to one of these
remaining faulty vertices in F \ Fj, and all its three neighbors are contained in F;.

We finally consider the subcase that | F;| = |Fy| = 3, where both C; and C are
isomorphic to Q3, when, for j ¢ {/,1'}, F; is empty. If both C; — F; and C; — Fy
are connected, then GE H (s, t) is also connected by Lemma 6. We now assume,
without loss of generality, C; — Fj is connected, but C;y — Fj is not, when it contains
asingletonu’ anda Ky 3. GEH (s, t) — F, inthis case, is either connected or contains
a large component and a singleton u’ when it is adjacent to a vertex in F; and all
its three neighbors in C; constitute F;. For the remaining case, when neither of
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them is connected, namely, C; — F; (respectively, C — Fj/) contains a singleton u
(respectively, ') and a K 3. By the same token, GE H (s, t) — F is either connected
or it contains a large component and smaller component(s) with at most two faulty
vertices u and u’, when u’ (respectively, i) is adjacent to a vertex in F; (respectively,
Fy) and all its three neighbors in C; (respectively, C;) fall into F] (respectively, F7).
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