Chapter 3
Measure Theory

If topology derives its inspiration from the qualitative features of geometry, then the
subject of the present chapter, measure theory, may be thought to have its origins
in the quantitative concepts of length, area, and volume. However, a careful theory
of area, for example, turns out to be much more delicate than one might expect
initially, as any given set may possess an irregular feature, such as having a jagged
boundary or being dispersed across many subsets. Even in the setting of the real
line, if one has a set E of real numbers, then in what sense can the length of the set
E be defined and computed? Furthermore, to what extent can we expect the length
(or area, volume) of a union A U B of disjoint sets A and B to be the sum of the
individual lengths (or areas, volumes) of A and B?

This present chapter is devoted to measure theory, which, among other things,
entails a rigorous treatment of length, area, and volume. However, as with the subject
of topology, the context and results of measure theory reach well beyond these basic
geometric quantities.

3.1 Measurable Spaces and Functions

Definition 3.1. If X is a set, then a 0-algebra on X is a collection X' of subsets of
X with the following properties:

1. Xe X,
2. E‘ e Y forevery E € X'; and
3. for every countable family {E} }yen of sets Ej € X,

UEkEE.
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78 3 Measure Theory

The pair (X, X') is called a measurable space, and the elements E of X are called
measurable sets.

The smallest and largest o-algebras on a set X are, respectively, ¥ = {@, X} and
Y = P(X), the power set Z(X) of X. The following definition, while abstract in
essence, allows for the determination of more interesting, intermediate examples of
o-algebras.

Definition 3.2. If . is any collection of subsets of X, then the intersection of all
o-algebras on X that contain . is called the o-algebra generated by .7 .

It is elementary to verify that the o-algebra generated by a collection of .% of
subsets of X is a o-algebra in the sense of Definition 3.1.

Definition 3.3. If (X, .7) is a topological space, then the o-algebra generated by .7°
is called the o-algebra of Borel sets of X.

Let us now consider functions of interest for measure theory.

Definition 3.4. If (X,X) is a measurable space, then a function f : X — R is
measurable if f~1(U) € X, for every open set U C R.

Proposition 3.5. If (X, X) is a measurable space, then the following statements are
equivalent for a function f : X — R:

1. f (o, 00)) € X foralla € R;
2. 7Y ([a,00)) € X forall o« € R;
3. ' ((—o0,)) € X forall « € R;
4. f'((~o0,a]) € X foralla € R.

Proof. To begin, observe that (2) follows from (1), because

1 (a,00) =f" (m(a—%,oo)) = ﬂf_] ((a—%,oo)) e Xx.

keN keN

Statement (3) follows easily from (2), since
T (=o0.@) = (J.00)) € X
Next, we see that (3) implies (4), because
—1 _ 1 _ l _ —1(,_ l
' (—o0,a]) = (kON( oo,a+k)) _kONf (( oo,a—i—k)) €x.

Statement (4) implies (1), because
[ (@,00) =71 ((—00,0]) € T,
which completes the proof. O

An additional equivalent condition for the measurability of a function is set aside,
for future reference, as the following result.
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Proposition 3.6 (Criterion for Measurability). If (X, Y) is a measurable space,
then a function f : X — R is measurable if and only if f~' ((a,00)) € X, for all
aeR

Proof. By definition of measurable function, f~!((a,00)) € X for all & € R
because each («,00) is open in R.

Conversely, assume that f~' ((«,00)) € X, for all & € R. Let U € R be an open
set. By Cantor’s Lemma (Proposition 1.30), there is a family of pairwise disjoint
open intervals {J; };en such that U = UJk. Because f~'(U) = Uf_l(Jk) and X

k k
is closed under countable unions, it is enough to prove that f~!(J) € X for every
open interval J. For open intervals of the form (¢, 00) and (—o0, ), this is handled
by Proposition 3.5. If one has an open interval of the form J = («, 8), then £~ (J)
is given by £~ (J) =f 71 ((—o0, a])¢ Nf~1([B, 00))¢, which by Proposition 3.5 is the
intersection of two sets in X. O

Proposition 3.7. If (X, X) is a measurable space, if f,g : X — R are measurable
functions, and if A € R, then f + g, Af, |f|, and fg are measurable functions. If, in
addition, g(x) # 0 for every x € X, then f/ g is measurable function.

Proof. The equivalent criteria for measurability of Proposition 3.5 will be used in
each case. We begin with a proof that f + g is measurable.

Fix o € R and consider the set S, = {x € X|f(x) + g(x) > «}. Because f and g
are measurable, for each g € QQ we have

{xeX|f(x) >q}eX and {xeX|g>a—gkx)}eX.

Hence, as X is closed under intersections and countable unions,

Jxex|f@>gnixeX|g>a—gx)}) € X. (3.1)
q€Q

Let G denote the set in (3.1); we shall prove that S, = G. If y € S, then f(y) >
o —g(y). In fact, by the density of Q in R, there is a rational number g, € Q such

that f(y) > gy, > a —g(y). Thus,
yEXEX|f(x) > g }N{xeX]|gy >a—gX)},

which shows that S, € G. Conversely, if y € G, then there is a rational g, € QQ such
that y € {x € X|f(x) > ¢y} N{x € X|qy, > a —g(x)}. Thus, f(y) > gy > 0 —g(y)
implies that f(y) + g(y) > «, whence y € S, and, consequently, G C S,. This proves
that f + g is measurable.

The proof that Af is measurable is clear, and we move to the proof that |f] is
measurable. Note that if « € R, then |[f|™! (o, 00)) = X if @ < 0, and

17 (2. 00)) = (2. 00)) Uf ! (00, —a)), if o > 0.

In either case, |f]™! ((o, 00)) € X, which proves that |f| is measurable.
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To prove that the product fg is measurable, first assume that 2 : X — R is a
measurable function and consider 2. If o € R, then {x € X | h(x)?> > a} =X if o <0,
otherwise {x € X |h(x)* > a} = |h|™" ((/&r.00)). In either case, the sets belong to
Y. This proves that the square of a measurable function is measurable. To conclude
that fg is measurable, express fg as

1
fg=Z((f+g)2—(f—g)2)- (3.2)

As the sums, squares, and scalar multiples of measurable functions are measurable,
equation (3.2) demonstrates that fg is measurable.

If g(x) # 0 for every x € X, then 1/g is measurable (Exercise 3.79), which implies
that the function f/g = f - (1/g) is measurable. |

Using the algebraic features exhibited in Proposition 3.7, one deduces that the
following functions are measurable as well.

Corollary 3.8. Suppose thatf,g : X — R are measurable functions.

1. If max(f,g) is the function whose value at each x € X is the maximum of f (x) and
g(x), and if min(f, g) is the function whose value at each x € X is the minimum of
f(x) and g(x), then max(f,g) and min(f, g) are measurable.

2. ft is the function max(f,0) and f~ is the function —min(f,0), then f* and f~
are measurable.

Proof. By Proposition 3.7, the sum, difference, and absolute value of measurable
functions are measurable. Therefore, the formulae

max(f,g) = 1/2(f +g+1f —gl),

min(f,g) = 1/2(f +g—1If —2l),
[t =1/2(f1 +f). and
= =172(f1-5

imply the asserted conclusions. O

The purpose of the following result is to use sequences of measurable functions
to determine new measurable functions.

Proposition 3.9. Suppose that f; : X — R is a measurable function for each k € N. If

S = {x € X| sup,fi(x) exists},

LS = {x € X| limsup, fi (x) exists},
I = {x € X| inf, f; (x) exists},

LI = {x € X| liminf} f; (x) exists}, and
L = {x € X| limy fi (x) exists},
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then each of the sets S, LS, 1, LI, and L is measurable. Moreover,

sup, fi is a measurable function on S,
limsup,fi is a measurable function on LS,
infy fi is a measurable function on I,

liminf f; is a measurable function on LI, and
limfy, is a measurable function on L.

LRk~

Proof. The set f{! ((—00,q)) is measurable for every k € N and g € Q; therefore,

so is
U N (—o0.9)) =5.

q€Q keN

Consider now the function sup, f; defined on the (measurable) set S with values in
R. For every o € R,

{xeS| 51]1(pfk(x) > o} =|_JireS|fi(x) > a} € T(S).
keN

Hence, sup, fi is measurable as a function § — R.
The proofs that / is a measurable set and that inf; f; is a measurable function
I — R are handled in a similar fashion. For example, in this case, / is given by

1=J (" (g0

q€Q keN

For each k € N consider the measurable function g; : S — N defined by
gr(x) = Sugﬁl(x), x€S.
nz

For every x € LS, lim sup, f; is precisely infy gx. Moreover, by the discussion of the
previous paragraph, inf g; is a measurable function on the (measurable) set

L (Msi' (g.00)) = LS.

q€Q keN

Hence, as a function LS — R, lim sup, f; is measurable.

The proofs that LI is a measurable set and that liminfy f; is a measurable function
LI — R are similarly handled.

Consider the measurable set E = LSN LI and let & : E — R be the function

h(x) = lim supfi(x) —lim irI:f i (x).
k

Note that / is measurable and that

L = {x € X| lim supfi(x) = lim nklffk(x)} =h"'({0Y),
k
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which is a measurable set because
h_l({O}) =E\ (h_l (—o0,0)U h_l(O, oo)) .
Finally, for every o € R,

{xelL| lilgnfk(x) > o} =LN{xelL|limsupfi(x) >a} € X(L).
k

Therefore, lim, f; is measurable as a function from L to R. m|

Definition 3.10. If X is a set, then the characteristic function of a subset E C X is
the function yg : X — R defined by

ye(x)=1,ifxe€E, and yg(x) =0, if x € E.

From the definition above, the following proposition is immediate:

Proposition 3.11. If (X, X) is a measurable space and if E C X, then the charac-
teristic function yg : X — R is a measurable function if and only if E € X.

Characteristic functions can be used to restrict or extend the domain of functions
(Exercise 3.82).

Definition 3.12. If (X,X) is a measurable space, then a simple function is a
measurable function ¢ : X — R such that ¢ assumes at most a finite number of
values in R.

Suppose that ¢ is a simple function on a measurable space (X, Y). If p(X) =
{ay,...,a,} CR, then let Ex = ¢~ !'({or}) (which is a measurable set, as ¢ is a
measurable function) so that

Y= Zak XEx
k=1

represents ¢ as a linear combination of the characteristic functions yg, .

Definition 3.13. A sequence {f;}ien of real-valued functions f; on a set X is a
monotone increasing sequence if fi(x) < fi+1(x) for every k € N and every x € X.

The analysis of measurable functions depends, to a very large extent, on the
following approximation theorem.

Theorem 3.14 (Approximation of Nonnegative Measurable Functions). For
every nonnegative measurable function f on a measurable space (X, X)), there is
a monotone increasing sequence {@i}ren of nonnegative simple functions ¢, on X
such that

klggo @r(x) = f(x),

for every x € X.



3.2 Measure Spaces 83

Proof. Let k, : [0,n] — Z be the function whose value at  is the unique j € Z for
which r € [%,j';—nl), and define w, : R — Q by w, () = «,(t)/2", if t € [0,n], and by
w,(t) = 0if t € (n,00). The functions w, satisfy w,(t) <t for every ¢ € [0, 00) and
Wy (1) < wyy1(¢) for all n € N and ¢ € [0,00). Now let ¢, = w, of. Thus, {¢,}, is a
monotone increasing sequence of nonnegative functions, each with finite range. For
each x € X there is some n € N for which f(x) € [0,n).Thus, for every k > n,

FO) — i) < %

which proves that lim ¢,(x) = f(x). All that remains is to verify that ¢, is
n—>oo

measurable. To this end, select n € N and let

1
E,=f""([n,00)) and E,j =f" (|:J7, %)) , for1 <j<2"n.

These are measurable sets and

XE; + NXE,.

Hence, ¢, is a simple function. O

By decomposing a real-valued function f into a difference its positive and
negative parts, namely f = f™ —f~, where

_r+f _fI=f
T2 o2

we obtain the following approximation result for arbitrary measurable functions.

rt and  f~ (3.3)

Corollary 3.15. If (X, X) is a measurable space and if f : X — R is a measurable
function, then there is a sequence {Y }ren of simple functions Yy : X — R such that

klim Yi(x) =f(x), VxeX.

3.2 Measure Spaces

Before continuing further, the values —oo and +oo will be added to the arithmetic
system of R. Formally, the extended real number system are the elements of the set
denoted by [—00, +00] and defined by {—oo} UR U {+o00}. (Here, —oo and +o0
are meant to denote the “ends” of the real axis.) The arithmetic of [—o0, +00] is
prescribed by the following laws:

1. r-sand r 4+ s are the usual product and sum in R, for all r,s € R;
2. 0-(—00) =0-(+00) =0;
3. r-(—o0) = —o0 and r- (+00) = 400, for all r € R with r > 0 and for r = 4o0;
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4. r-(—00) = 400 and r- (+00) = —o0, for all r € R with r < 0 and for r = —o0;
5. r+(—00) = —o0 and r + (+00) = +o00, for all r € R.

The sum of —oo and +o00 is not defined in the extended real number system,
which is a small fact that will be of note in our study of signed measures in
Section 3.7.

Henceforth, [0, o] denotes the subset of the extended real numbers given by

[0,00] = [0, 00) U {+00}.
The terminology below concerning families of sets will be used extensively,

beginning with the definition of measure in Definition 3.17.

Definition 3.16. A family {X, },e. of subsets of a given set X is a family of pairwise
disjoint sets if X, N Xp = @ for all o, B € A such that o # B.

Definition 3.17. A measure on a measurable space (X, X) is a function p : ¥ —
[0, 4+00] such that u () = 0 and

p (U Ek) = D), (34)

keN keN

for every sequence {Ey }ren of pairwise disjoint sets E; € X'. Furthermore,

1. if w(X) < oo, then u is said to be a finite measure, and
2. if u(X) =1, then w is said to be a probability measure.

The (X, X, ) is called a measure space.

Measures are not easy to construct or determine in general, but there are some
very simple examples nevertheless.

Example 3.18. Consider the measurable space (X, X) in which X is an uncount-
able infinite set and X' is the o-algebra of all subsets E C X that have the property
that E or E° is countable (see Exercise 3.71). If u : ¥ — [0, +00] is defined by

W(E) =0 if E is countable, and W(E) = 1 if E is countable,

then W is a measure on (X, X).

Example 3.19 (Dirac Measures). If X is a o-algebra of subsets of X in which
{x} € X for every x € X, then for each x € X the function §, : X — [0, 1] given by

8, (E)=1ifxeE, and §,(E) =0 ifx¢E,

is a probability measure on (X, X'). The measures §, are called Dirac measures or
point mass measures.
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Example 3.20 (Counting Measure). Consider the measurable space (N, Z(N)),
where & (N) is the power set of N. If i : X — [0, 4+00] is the function defined by

W(E) = the cardinality of E ,
then w is a measure on (N, #(N)) and is called counting measure.
We turn now to some general properties of measures and measure spaces.

Proposition 3.21 (Monotonicity of Measure). Let (X, X, ) denote a measure
space. Suppose that E,F € X are such that E C F. Then w(E) < u(F). Furthermore,

if W(F) < oo, then u(F\E) = u(F) — u(E).

Proof. Because E C F, we may express F as F = EU (E° N F), which is a union
of disjoint sets E and E° N F, each of which belongs to X'. Hence, u(F) = w(E) +
W(ENF) = p(E). 0

Proposition 3.22 (Continuity of Measure). Let (X, X, t) denote a measure space.
Suppose that {A; }ren and {Ey}ren are sequences of sets E € X.

1. If Ay C Ay, forallk € N, then
n (UAk) = lim pu(Ap). (3.5)
keN
2. IfEx D Ep4y, forallk e N, and if n(Ey) < oo, then

I (ﬂ Ek) = lim pu(Ep). (3.6)

keN

Proof. (1) Equation (3.5) plainly holds if ©(Ay) = oo for at least one k; hence,
assume that p(A;) < oo for all k € N. The sequence {A;}ien is nested and
ascending, and so it is simple to produce from it a sequence of pairwise disjoint
sets G € X' by taking set differences: that is, define G; to be A; and let

Gy =Ak\Ak_1, Vk>2.
Observe that w(A;) < oo implies that (Gy) = w(Ax) — u(Ax—1), by Proposi-
k
tion 3.21. Furthermore, the sets Gy are pairwise disjoint. Because Ay = U G,,
n=1

we have

A= G

keN keN



86

2

3 Measure Theory

Thus, by the countable additivity of u on disjoint unions,

(U= n(ys)
> Gy

keN

= p(A) + lim Y [p(A) — 1(A)]
k=2

pAD + [ lim pAn)] = wian),

which establishes formula (3.5).

The sequence {Ey}ien is nested and descending, and so it is simple to produce
from it a sequence of pairwise disjoint sets F; € X' by taking set differences: that
is, let

szEk\Ek—H» VkeN.

Observe that Ey = Ej4 U Fy and that Ey4+; N Fy = @. Thus, by the countable
additivity of u on disjoint unions,

W(ER) = W(E41) + u(Fr), VkeN.

(02 7).

== (0e) ()

the countable additivity of u on disjoint unions yields

K(ED) = p ﬂEk +M<U Fk)

Because

and

keN keN
=u mEk + Z /L(Fk)
keN keN
= u ]QEk + ngngo;[M(Ek)—M(EkH)]
€ =

= U ﬂEk + w(Er) — lim p(Enrr),
keN

which establishes formula (3.6). O
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As an application of the continuity of measure, the following result shows that
if a measurable function f on a finite measure space is unbounded, then the set on
which the values of f are very large has arbitrarily small measure.

Proposition 3.23. If (X,X, ) is a finite measure space and if f : X — R is
measurable, then for each ¢ > O there is an n € N such that

pxeX|f(0)]>n}) <e.

Proof. Let E,, = {x € X||f(x)| > n}, for each n € N. Note that u(E;) < u(X) < oo
and E,+| 2 E, for every n. Hence, by Proposition 3.22, if £ = ﬂ E,, then u(E) =

neN
lim w(E,). Now because, in this particular case, £ = @ and thus u(E) = 0, we
n—>oo

deduce that for each & > 0 there is an n € N such that u(E,) < e. |

One might not have a sequence of pairwise disjoint sets at hand. Nevertheless, it
is possible to obtain an estimate on the measure of their union.

Proposition 3.24 (Countable Subadditivity of Measure). Let (X, X, ) denote a
measure space. Suppose that {Ey }ren is any sequence of sets E;, € X. Then,

p (U Ek) <) nE. 37

keN keN

Proof. For each k € N, let

k—1

Fi = Ei\ UE]

J=1

Note that the sequence {F} }ren consists of pairwise disjoint elements of X' and that
each Fy C Ey. Thus, p(Fy) < u(Ey), by Proposition 3.21. Also,

UEk=UFk.

keN keN
Thus,
" (U E) i (U F) > 0 = Y ki,
keN keN keN keN
which proves inequality (3.7). O

There is a rather significant difference between those measure spaces (X, X, )
in which p(X) is finite and those for which p(X) = co. A hybrid between these two
alternatives occurs with the notion of a o-finite space.
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Definition 3.25. A measure space (X,X,u) is o-finite if there is a sequence
{X,1}nen of measurable sets X,, € X such that u(X,,) < oo for every nand X = U X,.

neN

3.3 Outer Measures

Having examined to this point some properties of measures, we turn now to the issue
of constructing measures. This will be done by first defining an outer measure.

Definition 3.26. If X is a set, then a function u* : 22(X) — [0, 0] on the power set
P (X) of X is an outer measure on X if

1. u*(@) =0,
2. w*(S1) < u*(S,),if S; € 85, and

3. u* U S ) < Z *(Sy) for every sequence {S; }ren of subsets S; C X.
keN keN

An outer measure is generally not a measure. And note that the domain of an
outer measure is the power set &?(X), rather than some particular o-algebra of
subsets of X.

Definition 3.27. A sequential cover of X is a collection & of subsets of X with
the properties that @ € & and for every S C X there is a countable subcollection
{Ii }xen C O such that

s c Ulk.

keN

Sequential covers lead to outer measures as follows.

Proposition 3.28. Assume that O is a sequential cover of a set X. If A : € — [0, 00)
is any function for which A(@) = 0, then the function u* : Z(X) — [0, o] defined by

oo
pr(S) =infy Y 20| Ul € 0 and S < | JIi (3:8)
k=1 keN

is an outer measure on X.

Proof. Clearly u* (@) = 0.If S C T, then any {I; }yen C O that covers the set T also
covers the set S, and so u*(S) < u*(T). Thus, all that remains is to verify that u* is
countable subadditive.

To this end, suppose that {S; }ren is a sequence of subsets S; € X. Since we aim
to show that

Ty (Usk) <Y uSH,

keN keN
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only the case where the sum ), £*(Sx) converges need be considered. For this case,
suppose that & > 0. For each k € N there is a countable family {/};}jen € € such that
Sk - Ujlkj and

> M) < 1S+ 57
J

Thus, {/i;}jen forms a countable subcollection of sets from & that cover US; and
satisfies

e (Us) = Zxam = Do) = Twrs o
keN K X keN

As g > 0 is chosen arbitrarily, ;* is indeed countably subadditive. O

The value of an outer measure is two-fold: (i) it is frequently easier to define
an outer measure on the power set of X than it is to define a measure on some o-
algebra of subsets of X (indeed, determining nontrivial o-algebras on X is in itself a
nontrivial task), and (ii) if one has an outer measure at hand, then there is a o-algebra
X of subsets of X for which the restriction of ©* to X' is a measure on (X, X'). This
latter fact is the content of the following theorem.

Theorem 3.29 (Carathéodory). If u* is an outer measure on a set X, then

1. the collection MM+ (X) of all subsets E C X for which
w5 (S =pu*ENS) + u*(ENS), VSCX,

is a o-algebra, and
2. the function p : M, (X) — [0, 00] defined by w(E) = u*(E), E € M+ (X), is a
measure on the measurable space (X, M+ (X)).

The criterion (1) in Theorem 3.29 for membership in 901, (X) is called the
Carathéodory criterion. The proof of Theorem 3.29 requires the following lemma.

Lemma 3.30. IfEy,....E, € M, «(X), then

(JEcem,-(x).

k=1

Moreover, if Ey, ..., E, € M, (X) are pairwise disjoint, then
n n
w* (Sﬂ[UEkD =Y u*SNE) VSCX. (3.9)
k=1 k=1

Proof. 1t is sufficient to consider the case n = 2, as the remaining cases follow by
induction on .
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We shall prove that Ey U E, € 9, (X), for all E1,E; € M« (X) Let S € X be
arbitrary and note that S N (E; U E;) can be written as

SN(EIUEy) =(SNEDUSNEy) =(SNE)U([SNEJ]NE).
Likewise,
SN(EVUEy)  =SN(E{NES) = (SNE))NES.
Thus,
w*(S) < p* (SN(E1UEL)) + p* (SN (E1 UE))

p* (SNEYU(SNESINE)) + u* ([SNE]NES)

IA

p*SNE) + p* ([SNENE)) + w* ([SNE{INES)

w*(SNE) + p*(SNEY)

= u*($),

where the final two equalities are because of E, € 9, (X) and E; € M+ (X),
respectively. Hence,

wr(S) = pu* (SN(EIUEy)) + u* (SN (E\UEy)), VSCX.

This proves that £y U E; € 901,,+ (X).
Next, let E1, E, € X be disjoint elements of 97,,«(X). If S C X, then

[Sﬂ (E] UEZ)] mEz = SmEz and

[SN(EIUE)]NES = SNE;. (3.10)
Thus, by using (3.10) together with the fact that E, € 91, (X), we obtain
wSNE) + pu*(SNEy) = p* (SN (EUE)) ,
which completes the proof. O

We are now equipped to prove Theorem 3.29.

Proof. To prove (1), namely that 91,,« (X) is a o-algebra, recall that a subset E C X
is an element of 9M1,« (X) if and only if E¢ € 9, (X). Hence, M+ (X) is closed
under complements. Further, the empty set @ clearly belongs to 91,,«(X). Thus, all
that remains is to prove that 97,,« (X) is closed under countable unions.

Lemma 3.30 states that 901, (X) is closed under finite unions. To get the same
result for finite intersections, note that
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E\,E; € M+ (X) = E{,E5 € M= (X)
— ESUES € M+ (X)
— (ESUES" € M= (X)

= (ES)° N (ES)° = E; NEy € My« (X).

That is, E; N E, € M« (X). By induction, E; N --- N E, € M+ (X), for all
Ei,....E, € M= (X).

Now let {A;}ren be a sequence for which Ay € M ,«(X) forall k e N. Let Ey = @
and

k—1
Ec=A\| 4. VkeN.

J=1

As 9+ (X) is closed under finite unions and intersections, Ejy € 9, +(X) for all
k € N. Furthermore, by Exercise 3.76, {E} }ren is a sequence of pairwise disjoint

sets for which
| Ee=J A
keN keN

Let

n
E=UEk and F,,:UEk, VneN.
keN k=1

Because F, C E, we have that E° C F;. The sets F, are elements of 2)t,,« (X); thus,
for any subset S C X,

w*(S) = u*(SNF,) + pu*(SNFy)
w(SNF,) + u*(SNE°).

v

Equation (3.9) of Lemma 3.30 yields
WHSNF) =Y p*(SNE).
k=1
Thus, this equation and the inequality pw*(S) > u*(SNF,) + w* (SN E°) imply that

W) = Y pu*(SNE) + u*(SNEY), VYneN.
k=1

Therefore, by making use of the fact that ©* is countably subadditive,



92 3 Measure Theory

pHS) Z Y Ht(SNEY) + pH(SNEY)
k=1

v

nw*(SNE)+ pu*(SNE°)

v

L (S).

Hence, u*(S) = u*(SNE) + pu* (SN E), which proves that E € 9,,« (X).

To prove (2), namely that u* restricted to 9,+ (X) is a measure, note first that
1 (@) = 0 and that the range of i is obviously all of [0, co].

Suppose now that {E }ren is a sequence in 9, (X) of pairwise disjoint sets and
let E = J, Ex. We aim to prove that u(E) = ), it(Ey). Outer measure is countably
subadditive; thus,

oo o0
W(E) = pu*(E) <Y p(E) =Y ().
k=1 k=1
Let S C X be arbitrary. By Lemma 3.30,
u* (Sﬂ |:UE/{|) = Z uw*(SNE,) forevery neN.
k=1 k=1

In particular, for § = X, this yields, for every n € N,

p (UEk) = (UEk) =D W (E) =) uE).
k=1 k=1 k=1 k=1

Thus,
o0 o0 n n
Z'U“(Ek) > (U Ek) >u (U Ek) = ZM(Ek),
k=1 k=1 k=1 k=1
o0 [e )
forevery n € N, and so (U Ek) = ZM(Ek). |
k=1 k=1

One useful consequence is the following simple result.

Proposition 3.31. Suppose that E,F € (X). If E C F and if u*(F) < oo, then
W*(F\E) = u*(F) — pn*(E).

Proof. Write F as F = (F\E) U E, which is a disjoint union of elements of 9(X).
Both w*(F) and w*(F\E) are finite. Thus, u*(F) = u*(F\E) + u*(E), by (3.9)
[with S = X]. O
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The next definition and proposition indicate that sets that have zero outer measure
are measurable.

Definition 3.32. If ©* is an outer measure on X, then a subset S C R is w*-null if
w*(S) =0.

Proposition 3.33. If u* is an outer measure on X and if E C X is w*-null, then
E € M+ (X).

Proof. LetEC Xbeapu*null set. f SC X, then ENSC Eandso 0 < u*(ENS) <
u*(E) = 0. Hence, by the subadditivity of outer measure,

R (S) = wH(ENS) + w*(E°NS) =0+ p*(E°NS) < u*(S).
That is, u*(S) = u*(ENS) + u*(E°NS) for every S C X. |

What other subsets £ C X will belong to the o-algebra 91,,« (X)? The answer to
this question depends, of course, on the character of the outer measure p*. A useful
answer in the setting of metric spaces is given by Proposition 3.35 below, for which
following definition will be required.

Definition 3.34. If (X,d) is a metric space and if A and B are nonempty subsets
of X, then the distance between A and B is the quantity denoted by dist(A, B) and
defined by

dist (A, B) = inf{d(a,b)|a € A, b € B}.

If, in a metric space (X, d), the distance between subsets A and B is positive, then
A and B are disjoint and u* (AU B) < u*(A) + u*(B). If equality is achieved in all
such cases, then the induced o-algebra 9t,.« (X) will contain the Borel sets of X.

Proposition 3.35. If an outer measure w* on a metric space (X,d) has the
properties that u*(X) < oo and that

KL (AUB) = pu*(A) + n*(B),

for all subsets A,B C X for which dist(A, B) > 0, then every Borel set of X belongs
to the o-algebra M+ (X) induced by p*.

Proof. By the Carathéodory criterion of Theorem 3.29, our objective is to show that,
for every open subset U C X, the equation

wH(S) = p*(SNU)+p*(SNU)

holds for all S C X.

To this end, select a nonempty subset S of X. If SN U = @, then the equation
w*(S) = p*(SNU)+ p* (SN U holds trivially. Thus, assume that SN U # @, and
for each n € N let

1
S, = lxe UnS|dist({x}, U > -\ .
n
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Observe that S, € S, foralln e Nand that UNS = U S,. By the hypothesis on
neN

w*, the distance inequalities dist (S,,, S N U°) > dist(S,, U°) > % > 0 imply that
K5(S) = pu* (SNUYUS,) = " (SNUS) + 1™ (S,).

Because ©*(X) < oo and because the sets S, form an ascending sequence, the
limit lim w*(S,) exists and is bounded above by p* (SN U). If it were known that
n—>oo

1_i>m w*(S,) = u* (SN U), then the inequality above would lead to
n—>oo

wH(S) = p*(SNU) +pu*(SNU),

which, when coupled with the inequality p*(S) < u*(SNU°) + u* (SN U) arising
from the subadditivity of u*, would imply p*(S) = u*(SNU) + u*(S N U°).
Therefore, all that remains is to prove that nlggo w5 (S, = pu*(SNU).

For every n € N, let A, = S,+1 \ S,. If m,n € N satisfy |m —n| > 2, then the
distance between A, and A, is positive, and so u* (A, UA,) = u*(A,) + w*(4,).
Therefore, by induction,

ZM*(Azk) =p* (UAZk) < U (S2+1) = (SNU) < 0.
k=1

k=1

o0 (o)
Hence, the series Z/,L*(Azk) converges. Likewise, ZM*(AZkH) converges, and
k=1 k=1

o
so the series Z * (Ay) converges. Therefore, by the countable subadditivity of u*,
k=1

W) < SNU) < @ S)+ Y w (A,

k=n+1
and so
o0
W SNU) = (S)l < Y w* A
k=n+1
o0
The convergence of Zu* (Ap) yields lim |u*(SNU)—u*(S,)| = 0. |
n—>oo

k=1
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3.4 Lebesgue Measure

The original motivation for the development of measure theory was to put the notion
of length, area, volume, and so forth on rigorous mathematical footing, with the
understanding that the sets to be measured may not be intervals, rectangles, or boxes.
The measures that captures length, area, and volume are called Lebesgue measures.

Proposition 3.36. The collection

ﬁn = n(ai,b,‘) |a,~,b,~ € R, a; < b,‘

i=1
is a sequential cover of R".

Proof. Let § C R". For each x € § there is a neighbourhood U, of x of the form
U, =[1i=,(ai,b;). Let V = U U,, which is an open set. By Proposition 1.26, the

X€ES
set A of all finite open intervals with rational end points is a basis for the topology

of R. Thus,

n
By =3[90 |pi-ai € Q. pi< qi

i=1

is a basis for the topology of R". By Proposition 1.24, every open set is a union of
basic open sets. Thus, since %, is countable, there is a countable family {/; }en €

P, C O, such that V = Ulk, whence S C Ulk. |
keN keN

Definition 3.37. Lebesgue outer measure on R" is the function m* on Z2(R")
defined by

m*(S) = inf{ Z AL [{Ik}ken € O and S C UIk ,

k=1 keN

where 0, is the sequential cover of R” given by Proposition 3.36 and the function A
is defined by

A (H(aivbi)) =[J@wi-a).
i=1

i=1

Observe that if E C R” is an open box in R” (that is, E € &), then A(E) is the
volume of E and m*(E) = A(E).

The first proposition shows that, in the case n = 1, m* is a length function for all
finite intervals, open or otherwise.
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Proposition 3.38. Ifa,b € R are such that a < b, then
m* ([a,b]) = m* ((a,b]) = m* ([a,b)) = m* ((a,b)) =b—a.

Proof. Because m™ is an outer measure, m*(S;) < m*(S,) if S; C S,. Therefore,
m* ((a,b)) =m*((a,b]) =m™*([a,b]) and m* ((a.b)) < m* ([a,b)) <m*([a,b]).
Since by definition, m* ((a,b) ) = b—a, it is enough to prove that m*([a,b]) = b—a.
To this end, observe that, for every € > 0, [a,b] C (a —¢&,b + ¢€). Because this open
interval covers [a, b], we have that m*([a,b]) < A((a—e,b+¢€)) =b—a+2e. As
this is true for every & > 0, one concludes that m*([a,b]) <b—a =m* ((a,b)). O

Similarly, one has:
Proposition 3.39. IfE € 0, then m*(E) = m*(E).
Proof. Exercise 3.88.

The notion of w*-null set, for an outer measure u* on a set X, was introduced
earlier. To simplify the terminology here, we shall say a subset S C R is a null set if
its Lebesgue outer measure m*(S) is 0. Thus, from Proposition 3.33, every null set
S C R” is necessarily Lebesgue measurable.

Example 3.40 (Some Null Sets). The following subsets of R" are null sets:

1. every finite or countably infinite set;
2. every countable union of null sets;
3. every subset of a null set;

4. the Cantor ternary set in R.

Proof. The details of these examples are left as an exercise (Exercise 3.89), but the
case of the Cantor set is described here.

The Cantor ternary set % is given by ¢ = [,y n» Where each G, is a union of
2" pairwise disjoint closed intervals F,, ; of length (1/3)". Thus,

on on

2 n
m*(€) < m*(G) =m* || Fuj | <Y _m*(F.y) = (5) :
j=1 j=1

As the inequality above holds for all n € N, m* (%) = 0. O

Proposition 3.41. [f c is the cardinality of the continuum, then the cardinality of
M (R) is 2¢ (the cardinality of the power set of R).

Proof. The Cantor ternary set ¢ has the cardinality if the continuum (Proposi-
tion 1.83) and every subset of ¢ is Lebesgue measurable. Hence, the cardinality
of M(R) is the cardinality of the power set of R. |

In addition to null sets, every open set is a Lebesgue measurable set.

Proposition 3.42. Every open set in R" is Lebesgue measurable.
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Proof. If W = (a,b) and U = (p,q) are open intervals, and if a < p < b < ¢, then
WNU is the interval I = (p, b) with length A(/) = (b—p) and W N U€ is an interval
J = (a,p) with length A(J) = (p —a). Thus,

b—a=m"(W)=m*() + m*(J) = m*(WNU) +m*(WNU°).

The equation above holds in cases where the inequalities a < p < b < ¢ are not
satisfied, because either one of WN U or W N U€ is empty, or WN U and W N U¢
are nonempty disjoint open intervals whose lengths sum to b —a.

A similar feature holds in R". If W = H(aj, bj)and U = l_[(pj, g;) are elements
j=1 j=1
of 0),, then either one of WN U or WN U is empty, or WN U and W N U are

nonempty disjoint elements of &, whose volumes sum to H(bf —aj). Hence,
j=1
m* (W) =m*(WNU)+m*(WNU)
forall W,U € O,,.
To prove that every open set in R” is Lebesgue measurable, assume that V C

R”" is an open set. Because R” has a countable basis for its topology, every open
set is a countable union of open sets. Therefore, we may assume without loss of

generality that V is a basic open set: V = H(aj, b)), for some a;,b; € Q. Let S CR"
j=1
be arbitrary and assume that ¢ > 0. Select a covering {U;};r C O, of S such that
ZA(Uk) < m*(S) + &. Because
k

snv c | Jwinvyand snve c | Jwenve).
k k

we have that

m*(SOV)+m*(SNVE) < 3, (m* (U N V) +m* (U N V°))

= ka*(Uk)

IA

m*(S) +e.

As ¢ > 0 is arbitrary, we deduce that m*(S) = m* (SNV) + m* (SN V), which
proves that the open set V is Lebesgue measurable. O
Corollary 3.43. Every Borel subset of R" is Lebesgue measurable.

If E and F are Lebesgue-measurable sets, then it is necessarily true that
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m(EUF)+m(ENF) =m(E)+m(F).

Proposition 3.44 below extends this property to outer measure of arbitrary sets, but
at the expense of weakening the equality above to an inequality.

Proposition 3.44. For any subsets A,B C R",

m*(AUB)+m*(ANB) < m*(A) +m*(B).

Proof. Let ¢ > 0 be given, and let {[;}; and {J;}; be coverings of A and B,
respectively, by open boxes [; and J; such that

Do) <m*(A)+e and Y L) <m*(B) +e.
k i

LetU:UIk andV:UJ,-. Thus, AC U and BCV,and AUB C UUYV and

k i
ANBC UNV.Because U and V are open sets, they are Lebesgue measurable and,
hence,

m*(AUB) + m*(ANB) < m*(UUV)+m*(UNV)=mUUV)+mUNV)
=m(U)+m(V) <Y ml)+ Y m(J;) < m*(A)+m*(B) +2e.
k i

Because ¢ > 0 is arbitrary, we have m*(AUB) +m*(ANB) <m*(A) +m*(B). O

The notion of o-finite measure space was introduced in Definition 3.25 as a
hybrid of finite measure space and infinite measure space. Lebesgue measure on
R" is a concrete example of a o-finite space.

Proposition 3.45. The measure space (R", M(R"),m) is o-finite.

n
Proof. If K; = H[—j, Jj] for each j € N, then K; is measurable of finite measure
1
m(K;) = (2j)", and R" = | ) K;. O
jeN
Every Borel subset of R” is Lebesgue measurable, and Borel sets are determined
by open subsets. Therefore, it seems natural to expect that the measures of arbitrary
Lebesgue-measurable sets can be approximated by the measures of open and/or
closed sets—this is the notion of regularity. The idea of translation invariance of
measure is related to the fact, for example, that if one moved an n-cube C in R” to
some other position in space, the volume of C would not change.
A tool in analysing the regularity and translation invariance of Lebesgue measure
is the following proposition.

Proposition 3.46. The following statements are equivalent for a subset E C R”.
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1. E is a Lebesgue-measurable set.
2. For every & > 0 there is an open set U C R" such that E C U and m*(U\E) < .
3. For every ¢ > 0 there is a closed set F C R" such that F C E and m*(E\F) < &.

Proof. The logic of proof is slightly unusual in that following implications will be
established: (1)=(2) and (1)=(3), then followed by (3)=-(1) and (2)=(1).
To prove that (1) implies (2), suppose that E C R" is Lebesgue measurable and let
& > 0 be given. The cases where m* (E) is finite or infinite will be treated separately.
In the first case, assume that m*(E) < oo. By definition, there is countable
covering {I; }reny C O, of E such that

> AL) < m*(E) +¢.

k=1
Let U = U I, which is an open (and, hence, Lebesgue measurable) set containing

k
E. Note that

o0
m*(E) < m*(U) < > A(I) < m*(E) + .
k=1
Because m*(U) < oo and E C U is a containment of Lebesgue-measurable sets,
Proposition 3.31 states that

m*(U\E) = m*(U) — m*(E) < Y _ A(l) —m*(E) < &.
k=1

which proves (2) in the case where m*(E) < co.
Assume now that m* (E) = co. Define E;, = E( | ([, k]"), for each k € N. Hence,

m*(E) < (2k)" and E = |_J E..
keN
Because m* (E;) < o0, the first case implies there are open sets U, C R”" such that

E; C Uy and m*(Up\Ey) < 2,{% Let U = U Uy, which is open and contains E.
k

Thus,
U\E € | JU\E
keN
and
m*(U\E) < m™* UNE: | < m* (U \E) < = — < g,
(U\E) < <kL€JN k\k)_; (k\k)_zkg;zk

which proves (2) in the case where m*(E) = oo.
For the proof of (1) implies (3), suppose that E C R" is Lebesgue measurable
and let ¢ > 0 be given. As E is Lebesgue measurable, so is E°. Apply (1)=(2) to
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E* to conclude that there is an open set U such that E C U and m* (U\E°) < ¢. Let
F = U°, which is a closed set contained in E. Thus,

m*(E\F) =m*(ENF)=m*(ENU) = m*(U\E°) < ¢,
thereby proving that (1) implies (3).
To prove that (3) implies (1), assume hypothesis (3) and let ¢ > 0 be given. By
hypothesis, there is a closed set F such that F C E and m*(E\F) < €. Let S C R" be
any set. Note that (SNE)NF =SNFand (SNE)NF° < ENF¢; hence,

m*(SNE) = m* (SNE)NF) + m* ((SNE) NF)

IA

m*(SNF) + m*(ENF°)
(3.11)
= m*(SNF) + m*(E\F)

IA

m*(SNF) + ¢.
The inclusion F' C E implies that

m*(SNE®) < m*(SNF°). (3.12)
Therefore, (3.11) and (3.12) combine to produce

m*(S) < m*(SNE) + m*(SNE°)

IA

e + m*(SNF) + m*(SNF°) (3.13)
= ¢+ m*(S).

(The final equality arises from the fact that F—being closed—is Lebesgue mea-
surable.) As ¢ is arbitrary, the inequalities (3.13) imply that m*(S) = m*(SNE) +
m* (SN E). That is, E is Lebesgue measurable.

Lastly, the proof of (2) implies (1) is similar to the proof of the (3)=-(1) and is,
therefore, omitted. m|

Proposition 3.47 (Regularity of Lebesgue Measure). Lebesgue measure m on R"
has the following properties:

1. m(K) < oo for every compact subset K C R";
2. w(E) =inf{u(U)|U C R" is open and E C U} for every measurable set E;
3. w(E) = sup{u(K) | K is compact and K C E}, for every measurable set E.

Proof. Assume that K C R” is compact. For each x € K there is an open box W, € 0,
of volume 1 such that x € W,. From the open cover {W,},ex of the compact set K
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extract a finite subcover {W,; }le and deduce that

m(K) < Zm(wx,) ={ < o0.

j=1

Next, assume that E € R" is a Lebesgue-measurable set and that ¢ > 0. By
Proposition 3.46, there is an open set U C R such that E C U and m(U\E) < e.
Thus,

m(U) = m(E) + m(U\E) < m(E) + ¢.

Hence, w(E) = inf{u(U)|U C R" is open and E C U}.

Now assume that E is a Lebesgue-measurable set such that the closure E of E
is compact. Let & > 0 be given. By the previous paragraph there is an open set U
containing E \ E such that .m(U) < m(E\E) +¢. Let K = EN U, which is a closed
subset of the compact set E; hence, K is compact. Furthermore, if x € K, then x € E
and x §!E N E°, which is to say that x € E. Thus, K C E. Because

m(E) —m(K) = m(E) — (m(t_?) —m(U)) =m(U) < m(E) —m(E) +¢,
we deduce that m(E) < m(K) + ¢ and u(E) = sup{u(K) | K is compact and K C E}.

For each k € N, the set B, = H[—k, k] is compact. If Ex = E N By, then {E} }ien 1S
1
an ascending sequence of sets such that E = U Ey. Thus, by continuity of measure,
keN
m(E) = klim m(Ey). Choose any positive r € R such that » < m(E). Thus, there is a
—00
k € N such that r < m(E;) < m(E). Because E; is compact, the previous paragraph
shows that there is a compact subset K of E; such that r < m(K). Now since E; C E,
K is also a subset of E. As the choice of r < m(E) is arbitrary, this shows that
W(E) = sup{u(K) | K is compact and K C E}. |

If x e R" and S € R”, then x + S denotes the subset of R” defined by
x+S={x+ylyeS}
Proposition 3.48 (Translation Invariance of Lebesgue Measure). If E C R” is
Lebesgue measurable and if x € R, then x + E is Lebesgue measurable and

m(x+E) =m(E). (3.14)

Proof. If I € 0, is the open box I = l_[(aj,bj), then x + I and 7 have the same

j=1
volume. Thus, for any subset S € R"” and x € R", the outer measures of S and x + S
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coincide. Therefore, we aim to prove that x 4 E is a Lebesgue-measurable set if E is
a Lebesgue-measurable set. To this end, we shall employ Proposition 3.46.

Let ¢ > 0. Because E is measurable, Proposition 3.46 states that there is an open
set U C R” such that £ C U and m*(U\E) < ¢. Thus, there is a countable covering
of U\E by open boxes I; such that

DA <e.

keN

For each k, x + I is an open box of volume A (x + I;) = A(I)). Furthermore, because
U is a countable union of basic opens (all of which are open boxes), the set x4 U is
open, the inclusion x + E C r 4 U is clear, and

@+ U)\(x+E) ={x+ylye U\E} =x+ (U\E) € | J(x+1).
keN

Thus,
m* (@ + D\ @+E) < ) A+1) =Y Al <e.

keN keN

Hence, x + E satisfies the hypothesis of Proposition 3.46, thereby completing the
proof that x 4- E is Lebesgue measurable. O

It is natural to wonder whether every subset of R is Lebesgue measurable. That
is not the case, as the following theorem shows. Because the proof of the theorem
below requires the Axiom of Choice, the result is existential rather than constructive.

Theorem 3.49 (Vitali). There is a subset ¥ of R such that V is not Lebesgue
measurable.

Proof. Consider the relation ~ on R defined by x ~ y if and only if y—x € Q. It
is not difficult to verify that ~ is an equivalence relation, and so the equivalence
classes x of x € R form a partition of R. Note that x = x + Q, for each x € R.
Foreachx e (—1,1),letA, =xN(—1,1). Of course, if x1,x; € (—1, 1), then either
Ay, =A,, or A, NA,, = 0. By the Axiom of Choice, there is a set #” such that, for
every x € (—1,1), 7 NA, is a singleton set.
The set Q N (—2,2) is countable; hence, we may write

QN (=2.2) = {qx| k € N}.

For each k € N, consider g; + 7. Suppose that x € (gx + %) N (g + V), for some
k,m € N. Then there are ¢, c,, € ¥ such that g; + ¢y = g, + ci; that is, cx — ¢, =
gm — qr € Q, which implies that ¢, € A.,. As ¥ NA,, is a singleton set, it must be
that ¢, = ¢, and g = g,,- Hence, {g; + 7 }ien is a countable family of pairwise
disjoint sets, each of which is obviously contained in the open interval (-3, 3).

Let x € (—1,1) and consider A,. By construction of ¥/, there is precisely one
element y € (—1, 1) that is common to both A, and ¥'. Thus, x and y are equivalent,
which is to say that x—y € Q. Because x,y € (—1,1), x—y € (—2,2); hence, x—y =
qx, for some k € N. Therefore, x € g, + 7.
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The arguments above establish that
(-1 c [ J@+7) c (=3.3). (3.15)
keN

If ¥ were Lebesgue measurable, then each g, + 7 would be Lebesgue measur-
able, by Proposition 3.48, and m(q; + ¥) would equal m(¥"). Therefore, if ¥ were
Lebesgue measurable, then

m (U(Qk + "//)) = Zm(Qk +7) = Zm(y/)

keN keN keN

would hold. Furthermore, computation of Lebesgue measure in (3.15) would yield

2<) m(¥) <6. (3.16)

k=1

But there is no real number m(¥") for which (3.16) can hold. Therefore, it cannot be
that 7" is a Lebesgue-measurable set. |

Corollary 3.50. Outer measure m* on R is not countably additive. That is, there is
a sequence {S}ren of pairwise disjoint subsets Sy C R such that

m* (U Sk) <Y m*(Su).

keN keN

Proof. Let Sy = q; + 7, as in the proof of Theorem 3.49. Because m™* is countably

subadditive and because (—1,1) C U(qk +7),
keN

2 <m* (U Sk) :
keN
Therefore, because m* (g, + V) = m*(¥'), we have that. m*(Sy) = m*(S), for all
k € N, and the inequality above shows that m*(S;) # 0. Thus,
keN

On the other hand,

Usic (=33 = m*(USk)§6.

keN keN

Hence,
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m* (Usk) <D m* (S,

keN keN
as claimed. O

Vitali’s Theorem produces a nonmeasurable subset of (—1, 1); the argument can
be modified to produce a nonmeasurable subset of any measurable set of positive
measure.

Theorem 3.51. If E € M(R) and if m(E) > 0, then there is a subset ¥ C E such
that ¥V & M(R).

Proof. Let Ay = EN[—k,k] for each k € N. The sequence {A;};en is an ascending
sequence in M(R) with union E. Hence, by continuity of measure,

0 <m(E)= klim m(Ag),
—>00

and so m(Ag,) > 0 for some ko € N. Now apply the argument of Theorem 3.49
using E N [—ko, ko] in place of (—1,1) to determine a nonmeasurable subset 7" of
EN [—k(), k()] O

The Borel sets and null sets determine the structure of Lebesgue-measurable sets.
Proposition 3.52. The following statements are equivalent for a subset E C R:

1. E is a Lebesgue-measurable set;
2. there exist B,Ey C R such that:

a. B is a Borel set,
b. Ey is a null set,
c. EENB =0, and
d. E=BUE,.

Proof. Exercise 3.91. O

Proposition 3.52 shows how Borel sets can be used to characterise Lebesgue-
measurable sets. Much less obvious is the following theorem, which indicates that
these two o -algebras are in fact distinct.

Theorem 3.53 (Suslin). There exist Lebesgue-measurable subsets of R that are
not Borel sets. In fact, there are Lebesgue-measurable subsets of the Cantor ternary
set that are not Borel sets.

Proof. Let @ denote an extension of the Cantor ternary function (see Proposi-
tion 1.86) @ : [0,1] — [0,1] to a function R — [0, 1] by setting @ = 0 on (—00,0),
® =@ on|0,1],and ® =1 on (1,00). Let f : R — R be given by

f(x)=P(x)+x, VxeR.

Observe that f is continuous and monotone increasing.
Define a collection X of subsets of R as follows:
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X ={SSRIf(S) € B(R)}.

We now show that X' is a o-algebra of subsets of R. Because R = f(R), R € X.
Moreover, if A € X, then f(A) Nf(A) =@ and R = f(R) = f(A) Uf(A°) imply that
f(AS) =f(A), whence A° € X'. That is, X' is closed under complementation. Now
suppose that {A; }reny C X'; then

f (UAk) =Jr@o € B®).

keN keN

Hence, ¥ is a o-algebra.

If p,q € Q and p < g, then the continuity of f and the fact that f is monotone
increasing leads to f ((p,q)) = (f(p).f(q)). Therefore, (p,q) € X for all p,q € Q.
Because X is a o-algebra and X' contains the base for the topology on R, X
necessarily contains the Borel sets of R. Hence,

f(B)e B[R), VBeBMR). (3.17)

In particular, if € is the Cantor ternary set, then f(%) is a Borel set. We now show
that f (%) has positive measure.

To this end note that [0, 1]\% is a union of countably many pairwise disjoint
intervals (ay, by), where ai, by € € for all k € N. Proposition 1.86 shows that @ is
constant on each such open interval. Therefore,

2=m([0.2]) = m(£([0. 1))
= m(f(ZU([0,1\?)))
= m(f(€)) + m(f([0,1]\¢))

= m(f(%)) + Y_m((ax+ D(a). by + D(by))

keN

= m(f(€) + ) _(bx—a)

keN

= m(F(©)) + m((0,1NE)

m(f(€)) + 1.

Thus, m (f(¢)) = 1 > 0 and so, by Theorem 3.51, (%) contains a subset ¥ that is
not Lebesgue measurable. Let Q = f~!(¥). Because f is an injective function, the
preimage Q of ¥ under f must be contained in %. Thus, Q is a null set and, hence,
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is a Lebesgue-measurable set. However, Q is not a Borel set. (If Q were a Borel set,
then inclusion 3.17 would imply that f(Q) = ¥ would be a Borel set—but it is not.)
Hence, Q € M(R) and Q0 & B(R). O

Similar results hold in higher dimensions.

Theorem 3.54. Not every subset of R" is Lebesgue measurable, and there exist
Lebesgue-measurable subsets of R" that are not Borel measurable.

Proof. Exercise 3.92. O

3.5 Atomic and Non-Atomic Measures

There are a variety of ways to distinguish between qualitative properties of
measures, and in this section we consider atomic measures and their polar opposites,
non-atomic measures.

Definition 3.55. Assume that (X, X, 1) is a measure space.

1. A measurable subset E C X is an atom for p if w(E) > 0 and one of w(ENF) or
W(ENF)is 0, forevery F e X.

2. The measure p on (X, X)) is atomic if every measurable set of positive measure
contains an atom for p.

3. The measure u is non-atomic if p has no atoms.

Thus, counting measure on N is atomic, whereas Lebesgue measure on R is non-
atomic (Exercises 3.93 and 3.94). Every measure can be decomposed uniquely as
a sum of two such measures, as shown by Proposition 3.57 below. The proof will
make use of the following concept of singularity.

Definition 3.56. If v and fi are measures on (X, X), then w is singular with respect
to i for each E € X there exists a set F' € X' with the properties that

1. FCE,
2. w(E) = u(F), and
3. a(F)=0.

The notation u.% i indicates that u is singular with respect to fi, and if both u.% i
and fi. occur, then u and fi are said to be mutually singular.

Proposition 3.57. Every measure u on a measurable space (X, X) has the form
U = a + na, for some mutually singular atomic measure [L, and non-atomic
measure [y, on (X,X). Moreover, if i, and [i,, are atomic and non-atomic
measures on (X, X) such that |4 = [i, + fAna, then Ly = Wy and finy = Hna-

Proof. Let 2 be the family of all countable unions of sets that are atoms for u. For
each E € X, define

pa(E) = sup{u(END)|D € 7}
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Mna(E) = sup{i(ENN) | pna(N) = 0}.

Observe that p, and p,, are measures on (X, ) and satisfy p = p, + fpa- If
Ha(N) = 0, then (NN D) =0 for all D € Z; hence, uy(D) =0 for all D € 2,
and SO [y Wna- By definition of piy,, tna(D) = tna(DNN) and @, (N) = 0 imply
that ,(D NN) = 0; hence, (p,-Y Uy.

To show that pu, is atomic, suppose E € X such that w,(E) # 0. Because
Wa(E) = 0 when w(E) = 0, we deduce that u(E) # 0. Furthermore, by the definition
of Ua, a(E) # 0 implies there is some D € 2 such that w(E N D) # 0. By the
definition of &, we can write D = UD”’ where each D, is an atom for u, and

neN

so w(END,) # 0 for some n € N. Since EN D, is an atom for u such that
wa(END,) # 0, and because i,(E) = 0 when w(E) = 0, we see that EN D, is
an atom for p,. Thus, u, is an atomic measure.

To show that jt,, is non-atomic, suppose that @, (E) # 0. Therefore, w(ENN) #
0 for some N € X with p,(N) = 0. The set EN N is not an atom for u, because
wa(ENN) # 0if ENN were an atom. Since (ENN) # 0 and because ENN is not
an atom for u, there exists F € X such that W (ENNNF) #0and u((ENN)\F) # 0.
Hence, pn,(ENF) # 0 and pn,(E \ F) # 0, implying that (s, is non-atomic.

The proof of the uniqueness of the decomposition is left as Exercise 3.95. O

3.6 Measures on Locally Compact Hausdorff Spaces

If one considers the Borel sets of a topological space X, then it is natural to expect
that certain topological features of X play a role in the measure theory of X. But for
this to occur, the particular measure under consideration needs to be aware of the
topology. One class of measures that is sensitive to topology is the class of regular
measures.

Definition 3.58. Let (X,.7) be a topological space and consider a measurable
space (X, X') in which X' contains the o -algebra 8 (X) of Borel sets of X. A measure
uon (X, X) is said to be a regular measure if

1. u(K) < oo for every compact subset K C X,
2. w(E) = inf{u(U)|U is open and E C U}, for every E € X, and
3. w(U) = sup{u(K)| K is compact and K C U}, for every open set U.

Observe that Proposition 3.47 asserts that Lebesgue measure is regular.
The third property above for the measure of an open set extends to arbitrary
measurable sets of finite measure.

Proposition 3.59. Assume that u is a regular measure on (X,X), where X is a
topological space and where X contains the Borel sets of X. If E € X' satisfies
W(E) < 00, then



108 3 Measure Theory
W(E) = sup{(K) | K is compact and K C E}.

Proof. Assume that E € X' has finite measure and let ¢ > 0. Because u(E) =
inf{(U) | U is open and E C U}, there is an open set U € X such that E € U and
w(U) < u(E)+¢/2. Hence, u(U) < oo and u(U\ E) < g/2. Because U is open and
has finite measure, the same type of argument shows that there is a compact set A
with A € U and uw(U) < u(A) +¢/2. Lastly, since u(U \ E) < ¢/2, there is an open
set W with U\ E C W and (W) < /2. The set W¢ is closed and is contained in
U°UE. Thus, K = AN WF¢is a closed subset of a compact set and is, hence, compact.
Further,

K=ANW' CAN(UUE)=ANU)UMANE)=ANE CE

and
p(E) < p(U)
< u(A) +¢/2
= WANW) + (AN W) +¢/2

<¢e/24+uK)+¢/2.
Hence, K C E and u(E) < u(K) + ¢ implies that @ (E) is the least upperbound of all
real numbers (K) in which K is a compact subset of E. O

Proposition 3.59 admits a formulation for o-finite spaces, which will be of use in
our analysis of LP-spaces.

Proposition 3.60. If (X, X, 1) is a o-finite measure space in which X is a topolog-
ical space, X contains the Borel sets of X, and | is regular, then

W(E) = sup{u(K) | K is compact and K C E}

forevery E€ X.
Proof. Exercise 3.96. O

Continuous functions are, from the point of view of analysis, fairly well under-
stood. In comparison, measurable functions appear to be harder to grasp because
of the existential nature of measurability. Therefore, in this light, the following
two theorems are striking, for they show that, under the appropriate conditions,
measurable functions within ¢ of being continuous.

Theorem 3.61. Assume that | is a regular finite measure on (X, X'), where X is a
compact Hausdorff space and where X contains the Borel sets of X. If f : X — Risa
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bounded measurable function, then for every € > 0 there exist a continuous function
g:X — Rand a compact set K such that gx = fix and j1(K) <e.

Proof. To begin with, assume f is a simple function with range {«y,...,®,},
where a1, ...,a, € [0,1] are distinct real numbers. Let E; = f~!({e;}), which is a
measurable set; note that E; N E; = @ if i # j. Let & > 0 be given. By Proposition 3.59,
for each j there is a compact subset K; C E; with w(K;) + £ > u(E;). Thus,

n
W(Ej\ K;) < £ for every j. Because E; N E; = @ fori # j, if K = UKj, then
=1

&) =pn | JE\K | =D nE\K) <«
j=1

j=1

The restriction fix of f to the compact set K is plainly continuous. Since X is normal,
the Tietze Extension Theorem asserts that fix has a continuous extension g : X —
[0, 1].

Assume now that f is an arbitrary measurable function with 0 < f(x) <1 for
every x € X. By Proposition 3.14 there is a monotone increasing sequence {@, },en
of nonnegative simple functions ¢, on X such that nlgglo @n(x) = f(x) for every x €

X. In fact, because f(X) C [0, 1], the convergence of {¢,}, to f is uniform on X
(Exercise 3.83). By the previous paragraph, for each n € N there is a compact set K,,

N
such that u(K$) < ¢/2" and ¢, g, is continuous. Observe that ¢; (x) + Z((p,, (x)—
n=2
00 N
@n1(x)) = oy (x), and 50 @1 + Y (¢u— @u—1) =f. Because @1 + Y _(¢n— 1) is

n=2 n=2

o0 o0
continuous on K = ﬂ K, and because ¢ + Z((p,, — @n—1) converges uniformly to

n=1 n=2
f, the measurable function f is continuous on K. By the Tietze Extension Theorem,

fix has a continuous extension g : X — [0, 1]. Because

(K <> (K < e,

n=1

this completes the proof of the theorem in the case where f(X) C [0, 1].

For the case of general f, select @ € R such that af (X) C [—1, 1], and decompose
af as (af)T — (af)”, where (af) ™ and (af)™ are measurable functions with ranges
contained in [0, 1]. Thus, the case of general f follows readily from the case of f
with f(X) € [0, 1]. |

Theorem 3.62 (Lusin). Assume that [ is a regular measure on (X, X), where X
is a locally compact Hausdorff space and where X' contains the Borel sets of X. If
f:X — R is a measurable function with the property that figc = 0 for some E € X
with finite measure, then for every & > 0 there exists a continuous and bounded
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function g : X — R such that
p({x € X|f(x) # g(0)}) <e.

Proof. By hypothesis, fige = 0; thus, E, = {x € X||f(x)| > n} is a subset of E for
every n € N. Because u(E) < oo, Proposition 3.23 implies that u(E,) < /6 for
some n € N. Hence, if F = ENE{, which is a set of finite measure, then fjp is
bounded.

By Proposition 3.59, there is a compact subset ¥ C F such that u(F\Y) < /6.
Consider the bounded measurable function fjy. By Theorem 3.61, there is a compact
subset K C Y and a continuous function gy : ¥ — R such that go|x = fix and u(¥'\
K) < /6. Thus,

E\K=E,U(F\Y)U(Y\K)
yields w(E\K) < ¢/2.
The regularity of @ again implies the existence of an open set U C X for which
ECUand u(U) < u(E)+¢/2. Hence, w(U) is finite and u(U \ E) < £/2. Because
K is compact and K € U, Theorem 2.43 asserts that go admits a continuous and

bounded extension g : X — R such that g(x) = 0 for all x & U. Therefore, 0 =
glue = fiue and, hence,

px e X|f(x) # g} = n(x € E[f(x) # g(0)}) + n({x € E°|f(x) # g(0)})
<eg/24+¢e/2=c¢,

which completes the proof. O

3.7 Signed and Complex Measures

Extending the notions of length, area, volume, and other arbitrary measures to
real- and complex-valued quantities results in the concepts of signed measure and
complex measure.

Definition 3.63. A function w : ¥ — [—00, +00] on a measurable space (X, X) is
called a signed measure if w(@) = 0 and

w (UEk) = Za)(Ek),
k=1 k=1

for every sequence {E; }ren of pairwise disjoint sets Ey € X.
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The definition of signed measure entails some subtleties. First of all, arithmetic
in the extended real number system [—oo, +00] does not admit sums of the form
(—00) 4 (+00) or (+00) 4 (—00), which implies that for each E € X' at most one
of w(E) or w(E) can have an infinite value (because w(X) = w(E) + w(E)). In
particular, this means that if there exists a measurable set E with w(E) = 400, then
necessarily w(X) = +o0; and if there exists a measurable set E with w(E) = —oo,
then w(X) = —oo necessarily. Therefore, w(X) can achieve at most one of the values
—oo or +o00. If i does not achieve either of these infinite values, then w is said to
be a finite signed measure. The triple (X, X', w) is called a signed measure space.

Definition 3.64. If (X, ¥, w) is a signed measure space, and if P,N € ¥, then

1. P is said to be positive with respect to w if w(ENP) > 0 for every E € X', and
2. N is said to be negative with respect to w if w(ENN) <0 for every FE € X.

Interestingly, a signed measure partitions a signed measure space into a positive
part and a negative part, as shown by the Hahn Decomposition Theorem below.

Theorem 3.65 (Hahn Decomposition of Signed Measures). If (X,X,w) is a
signed measure space, then there exist P,N € X such that

1. P is positive with respect to w and N is negative with respect to w,
2. PON =0, and
3. X=PUN.

Proof. We may assume without loss of generality that —oo is not one of the values
assumed by w. Let o« = inf{w(E) | E € X' is a negative set}. (Because @ is a negative
set, the infimum is defined.) Let {E} }ren be a sequence of measurable sets for which
k=1
o = lim; w(Ey). For each k let Ny = E \ UEk so that {Ny }ren is a sequence of
j=1
o0
pairwise disjoint negative sets such that o = infy w(Ny). Thus, with N = UNk’ we
k=1

o0
have for every j € N that w(N) = Za)(Nk) < w(N;). Hence, o(N) =a and Nis a
k=1
negative set. Because —oo is not in the range of w, it must be that w(N) € R. Hence,
« is the minimum measure of all negative subsets of X.

Let P = N¢. Assume, contrary to what we aim to prove, that P is not a positive
set. Thus, there exists a measurable subset E C P such that w(E) < 0. The set E is
not negative because, if it were, then N U E would also be a negative set of measure
w(NUE) = a+w(E) < a, which contradicts the fact that « is the minimum measure
of all negative subsets of X. Hence, E must possess a measurable subset F of positive
measure. Let n; € N denote the smallest positive integer for which there exists a
measurable subset F; C E of measure w(F;) > 1/n;. Since E\ Fy and F are disjoint
and have union E, w(E) = w(E\ F1) + w(Fy). Thatis, o(E\ F1) = o(E) —w(F)) <
w(E)—n,~! < w(E). For the very same reasons given earlier, the set E\ F| cannot be
negative; thus, £\ F contains a measurable subset of positive measure. Let n, € N
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denote the smallest positive integer for which there exists a measurable subset F, C
(E\ F) of measure w(F,) > 1/n,. Repeating this argument inductively produces a
subset {n; }reny € N and a sequence {Fy }ren of pairwise disjoint measurable subsets

o
F C E such that the set F = UFk satisfies
k=1
o0 o0 1
F) = F) > —>0.
o(F) ;ax ED D

k=1

Therefore, the subset G = E \ F of E satisfies (G) < w(G) + o(F) = w(E) < 0.
Since —oo is not in the range of w, w(G) is a negative real number, and so

0< ;nik < ;w(Fk) = w(F) = o(E) — o(G) < |o(G)| < 00

implies that limy ! = limg w(Fy) = 0. Therefore, if Q is a measurable subset of
G, then

QCG=ENF'=EN (ﬁFk) = ﬁ(E\Fk)

k=1 k=1

implies that Q C E'\ F}, for every k € N. If it were true that w(Q) > 0, then for some
j € N we would have w(Q) > nj%, which is to say that Q is a subset of E'\ F; of

1 1
= s

measure w(Q) > in contradiction to the property of n; being the smallest

positive integer for which E\ F; has a subset A of measure w(A) > nl] Hence, w(Q) <
0 and the fact that Q is an arbitrary measurable subset of G implies that G is a
negative set. But G € P implies that GN N = @ and so the negative subset GUN
satisfies w(G UN) < «, which is in contradiction to the fact that « is the minimum
measure of all negative subsets of X. Therefore, it must be that P is a positive set.

O

The sets P and N that arise in Theorem 3.65 are said to be a Hahn decom-
position of the signed measure space (X, X,w). While this decomposition need
not be unique, Exercise 3.99 shows that if (P;,N;) and (P,,N,) are two Hahn
decompositions of a signed measure space (X, X, w), then

w(ENP))=w(ENP;) and w(ENN)) =w(ENN,)
for all E € X'. Therefore, the functions wy,w_ : ¥ — [0, +o¢] defined by
w+(E)y=w(ENP) and w_(E)=—-w(ENN) (3.18)
are measures on (X, X') and are independent of the choice of Hahn decomposition

(P,N) of (X, X, w). Note, also, that at least one of w4 and w_ is a finite measure.
These observations give rise to the next theorem.
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Theorem 3.66 (Jordan Decomposition Theorem). For every signed measure
on a measurable space (X, X)), there exist measures w4+ and w— on (X, X) such
that

1. at least one of w4+ and w— is a finite measure, and

2. w(E) = w4+(E)—w—(E), for every E € X.

Furthermore, if y,8 are measures on (X, X), where at least one of which is finite,
and if o(E) = y(E)—68(E) for every E € X, then w4+ (E) < y(E) and w—(E) < §(E),
forallE € X.

Proof. Exercise 3.100. O

Turning now to complex measures, the definition below departs from the
definitions of measure and signed measure in that it is assumed from the outset
that the measure is finite.

Definition 3.67. A function v : ¥ — C on a measurable space (X, Y) is called a
complex measure if v(¥) = 0 and

v (UEk) =Y v(E,
k=1

k=1

for every sequence {E; }ren of pairwise disjoint sets Ey € X.

By decomposing a complex measure v into its real and imaginary parts Rv and
v, two finite signed measures are obtained, each of which is a difference of finite
measures. Hence, there are finite measures p; on (X, Y), forj=1,...,4, such that

v = (@1 — p2) + iz — pa).

By considering the function E +— |v(E)|, something close to a measure is
obtained—but the triangle inequality makes this function countably subadditive
rather than additive on sequences of pairwise disjoint sets. Therefore, to obtain a
measure from a complex measure requires slightly more effort.

Definition 3.68. In a measurable space (X, X'), a measurable partition of a mea-
surable set E C X is a family £ of countably many subsets A € X such that A C E
forall A € g, |Jse, A =E,and AN B = @ whenever A, B € P are distinct.

Proposition 3.69. If v is a complex measure on a measurable space (X, X)) and if
[v|: X — [0,00] is defined by

[v[(A) = sup Z [V(E)|| &4 is a measurable partition of A ¢ ,
Ec Py

then |v| is a finite measure on (X, X).
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Proof. Because Yy = {A,B}, where A = B = {J, is measurable partition of the
empty set @, we have that v(@) = v(@) + v(@) in C and so u () = 0.

To prove that |v| is countably additive, let {E}}ren be a sequence of pairwise
disjoint measurable sets and let E = | J,oyEx. For each k, consider an arbitrary
measurable partition {Fj;}jen of Ey; thus, Z [v(Fi)| < |v|(Ex). Because {Fy;}ijen

J
is an arbitrary measurable partition of E,

DN wF| < vIE).

k=1 j=1
For each k, |v|(Ey) is the supremum of Zj |V (Fy;)| over all measurable partitions

{Fij}jen of Ey, and therefore the inequality above yields Z [V[(Ex) < |V|(E).
k=1
Conversely, select an arbitrary measurable partition {A;}sen of E. Because the
sets {Ey }ren are pairwise disjoint, {A; N E }ren is a partition of Ay for every £ € N,
and {A; N E}}en is a partition of Ej for every k € N. Thus,

Z|V(Ae)| ZZv(AmEkn—ZDv(Amw Dv(Em

k=1{=1

o0
and so |V|(E) < Z |v(Ey)|. Hence, |v| is countably additive.
k=1
As indicated previously, there are finite measures 1; on X,2), forj=1,...,4,

such that v = (| — ) +i(u3 — ita). Thus, for any measurable set E € X, [v(E)| <
4

Z W;(E). Therefore, if Py is a partition of X, then
Jj=1

4
Yo @El< Y > e = Z > w(E) = Zu,oo < 0.

Ee Py EeZyx j=1 j=1 EePx

4

Hence, |v|(X) < Z 1;(X), which proves that |v| is a finite measure. |
Jj=1

Definition 3.70. In Proposition 3.69 above, the measure |v| on (X, X') induced by

the complex measure v is called the fotal variation of v.
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Problems

3.71. Show that the collection X' of all subsets E of an infinite set X for which E or
the complement E° of E is countable is a o-algebra.

3.72. Prove that if A is a family of o-algebras on a subset X, then m Yisao-

TeA
algebra.

3.73. Assume that X' is a o-algebra of subsets of X. Show that, for each E € X, the
collection X' (E) of subsets of X defined by
Y(E)={ENA|lAe X}

is a o-algebra on E.

3.74. Let X be a o-algebra of subsets of a nonempty set X, and let E; € X' for
k € N. Define

limsupEy = ﬂkzl (UnZkE”) ’
lim infEk = Ukzl (ﬂnZkEn) :
Prove the following statements.

1. lim sup E; and lim inf £ belong to X
2. fE, CE, CE;C..., thenlimsupE, = UEk = liminfE;
k

3.75. Let E; denote the closed interval E; = [0, 1 + (le)"]‘ Determine the sets
limsup E; and liminfEy. (Suggestion: consider the cases k even and k odd sepa-
rately.)

3.76. Let X be a nonempty set X and let {A;}ren be a sequence of subsets of X.
Define Ey = @ and, for n,m € N,

En=JA. F.=A\E. .
k=1

Prove the following statements.

1. {E,}, is a monotone increasing sequence of sets (that is, E,, C E,, 1 for all n).
2. {F,} is a sequence of pairwise disjoint sets.

3. UE = UF = UAn.
n n n

3.77. Prove that if a o-algebra ¥ on an infinite set X has infinitely many elements,
then X' is uncountable.
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3.78. Prove that if (X,.7) is a topological space, and if X5 is the o-algebra
generated by .7, then, with respect to the measurable space (X,X ), every
continuous function f : X — R is a measurable function.

3.79. Suppose that (X, X') is a measurable space and that /2 : X — R is a measurable
function for which i(x) # 0, for all x € X. Prove that the function 1/A is measurable.

3.80. Prove thatif (X, X') is a measurable space and if E C X, then the characteristic
function yg : X — R is a measurable function if and only if E € X

3.81. Let U be a nonempty subset of BN (see Section 2.6), and consider the
characteristic function yy. Prove that yy is continuous if and only if both U and
U are open in SN.

3.82. Assume that (X, X') is a measurable space and that £ € X.

1. If f : E — R is a measurable function relative to the measurable space (E, X' (E)),
then prove that the extension f : X — R of f defined by f=f XE 1s a measurable
function with respect to the measurable space (X, X').

2. Conversely, if f : X — R is a measurable function with respect to the measurable
space (X, ), and if f = ﬁ . (the restriction of f to E), then prove that f : E — R
is a measurable function with respect to the measurable space (E, X' (E)).

3.83. If f: X — [0, 1] is a measurable function, then prove that there is a monotone-
increasing sequence of nonnegative simple functions ¢, : X — [0,1] such that
lim ¢,(x) = f(x) uniformly—that is, for every ¢ > O there is an N, € N such that
n—>oo

If (x) — @u(x)| < & forall n > N, and all x € X.

3.84. Let X be an infinite set and let X' be the o-algebra in Exercise 3.71. Define a
function u : ¥ — [0,00] by w(E) = 0if E € X' is countable and u(E) = 1if Ee ¥
is uncountable. Show that u is a measure on (X, X').

3.85. Consider the measurable space (N, (N)), where Z(N) is the power set of
N. Prove that the function p : X — [0, 00] defined by

W(E) = the cardinality of E

defines a measure on (N, Z(N)).

3.86. A function p : X' — [0,00) on a measurable space (X, X') is finitely additive
if, for all finite sub-collections {E;};_, of pairwise disjoint measurable sets Ej,

2 (UEk) = ZM(Ek)-
k=1 k=1
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Prove that if a finitely additive function p also satisfies lilgn/JL(Ak) = 0, for every

o
descending sequence A} 2 A, D A3 D --- of sets A; € X in which ﬂAk = @, then

k=1
M is in fact a measure on (X, X).

3.87. Assume that y is a measure on a measurable space (X, X'). Prove that
H(EUF)+w(ENF) = u(E) + p(F),

forall E,F e X.
3.88. Prove that if E € 0, then m*(E) = m*(E), where

Oy ={] [(@.b)ai.bi € R, a; < by}

i=1
3.89. Prove that each of the following subsets of R” is a null set.

1. Every finite or countably infinite set.
2. Every countable union of null sets.
3. Every subset of a null set.

3.90. Prove that if £ C R” is Lebesgue measurable such that m(E) > 0, then E
contains a nonmeasurable subset.

3.91. Prove that the following statements are equivalent for a subset £ C R:

1. Eis a Lebesgue-measurable set;
2. there exist B, Ey C R such that:

. Bis a Borel set,
. Ey is anull set,
. EyNB =0, and
. E=BUE,.

o o

3.92. Prove that there exist subsets S of R” that are not Lebesgue measurable, and
that there exist Lebesgue-measurable subsets E of R” that are not Borel measurable.

3.93. Determine the atoms for counting measure on N.
3.94. Prove that Lebesgue measure on R” is non-atomic.

3.95. Suppose that it = (s + fhna = fla + flna are two decompositions of a measure
p on (X, ) as the sum of an atomic measure and a non-atomic measure, where

Mo thnas na” as o flnas and fina 7 fla.

1. Show that pt,% fly Lo tna

2. Show that jiy, (E) — o (E) > 0 and p,(E) — fi,(E) > 0 dorevery E € X
3. Show that i, = (, and fing = [hna-
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3.96. Prove that if (X, X, u) is a o-finite measure space in which X is a topological
space, X' contains the Borel sets of X, and p is regular, then

W(E) = sup{u(K)| K is compact and K C E}

forevery E € X.

3.97. Let X denote the Borel sets of X = [0, 1] and define a function p : X' — [0, o0]
by w(E) =m(E),if 0 ¢ E, and u(E) = o0, if 0 € E.

1. Prove that p is a measure on (X, X).
2. Prove that (X, X, i) is not a o-finite measure space.

3.98. Show that, in a signed measure space (X, ¥, w), the union and intersection of
finitely many positive sets are positive sets, and that the union and intersection of
finitely many negative sets are negative sets.

3.99. Suppose that (Py,N;) and (P,,N,) are Hahn decompositions of a signed
measure space (X, X, w). Prove that, for every E € X,

a)(EﬂPl) =a)(EﬁPlﬂP2) =a)(EﬂP2)

3.100. Assume that (X, ¥, w) is a signed measure space with Hahn decomposition
(P,N). Show that the functions w4 and w_ defined by

wtr(E)=w(ENP) and w_(E)=—-w(ENN),

for E € X' are measures on (X, X') with the following properties:

1. at least one of w4 and w_ is a finite measure;

2. w(E) = wy(E)—w_(E), forevery E € X,

3. if y, § are measures on (X, X'), where at least one of which is finite, and if w(E) =
y(E) —8(E) for every E € X, then w4 (E) < y(E) and w—_(E) < §(E), for all
EecX.
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