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1 Introduction

Resulting from numerous empirical studies are multidimensional data, say xi,
i D 1, : : : ,n, xi D fxikg, with i’s denoting observations, or objects, and k D 1, : : : ,
m, denoting the descriptive variables, features, or criteria. We would often like to
put these data into a ranking type of a structure, i.e. to order the items i. This
means, implicitly, obtaining a sequence of “ranks” foig, corresponding to i D 1, : : : ,
n, where oi are natural numbers ranging from 1 to at most n. (We assume that xik are
the values of measurements regarding certain criteria, numbered k, k 2 K D f1, : : : ,
mg, and that in all cases “the more, the better”. None of these assumptions limits
the generality of the considerations.) Yet, the sheer multiplicity of dimensions
prohibits, as a rule, a straightforward ordering of the data items. This is the obvious
consequence of the situations, in which xik > xjk for some i, j and a definite subset of
k 2 K, while xik0 < xjk0 for the same i, j and another subset of k0 2 K.

Thus, we very often stop at the result of analysis, being a poset, encompassing
all the situations, where xik � xjk for all k 2 K, and leaving out all the other ones, its
illustration being constituted by the respective Hasse diagram.

There are—indeed numerous—situations, though, in which we would like to
go beyond the poset “skeleton” and endow it with “flesh”, up to construction
of a complete order, perhaps with some additional characterisation. (A feasible
alternative might be a kind of information, resulting from the poset processing, that
is effectively “close enough” to the actual ranking.)

We argue here that such extension of a poset may be legitimate, and a shorthand
analysis is provided of why and how one could go about it, based on the essential
properties of the analytical tasks in general.
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2 Why Not?

There exist serious reservations, concerning going beyond the poset structure as a
result of the ordering-oriented study for the given set of data items fxig.

The primary one is that the empirical data do not contain any other information
than that corresponding to the poset obtained. If we go further away from this point,
first of all by adding (i,j) edges that do not exist on the original Hasse diagram,
and especially toward the complete order, then we are unfaithful to the data. There
is, actually, an often justified suspicion of manipulation, motivated by “political”
interests, behind the operations, leading from the original data-based poset to some
complete order. This suspicion may, of course, be well founded.

The second reservation refers to the fact that while forming a poset from the
initial fxig data is straightforward and unambiguous, virtually all approaches meant
to go beyond it either involve subjectivity, or have to refer to data that may have
little to do with the original empirical data used in the study.

It is largely in view of these two types of reservations that the technique of
counting the consistent linear extensions for a poset is advocated, which, even if
still arbitrary, appears to be a possibly neutral operation, based only on the relation
between the given poset and the structure of the entire lattice.

3 But Perhaps : : :

On the other hand, though, there are quite obvious, and, at that, quite numerous and
diverse, reasons for insisting on complementing the posets to completeness, or at
least somehow transforming it in a definite direction and manner. These result from
the considerations, associated with the aspects, roughly illustrated in Fig. 1.

3.1 The Purpose and the Utility

First is the sheer utility: it may be so that the very objective of the endeavour, from
which the data originate, includes the determination of a (possibly) complete order,
for quite practical purposes. Lack of such a structure may mean a failure and a loss
in economic or social terms.1

This argument involves a much broader background, involving such notions as: a
problem, an image (model, theory, perception) of the problem, the need to deal with
it (to resolve it), the need to cognise it (to identify its structure and mechanism), the

1The issue whether this loss is not worth avoiding a wrong decision, based on the “inadequate”
extension of the poset, or vice versa, is exactly the subject matter of this note.
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The problem

A model, a theory, a
concept,…

The potential 
decision or policy

The instruments 
available

Data 
definition

Measurement, 
methodology, 
assessment Data 

characterisation

The output: poset, 
ordering, any-
thing else….

Fig. 1 The environment of the studies, leading to data structures, including posets

The Problem Output & 
perception

Observation & 
measurement

Model (theory) of 
the problem)

The instruments 
available

Decision 
(policy)

The Purpose

Fig. 2 The classical decision-making loop, in which the notions referred to appear

need to apply definite means to resolve the problem, based on the cognition of the
problem, on the purpose (the objective), and the instruments we operate. All these
enter the classical decision-making loop of Fig. 2.

If our purpose does not involve (imply) a decision or a policy, an action regarding
the problem, then our cognition may be the last step in the procedure, and we might
not need anything more than a poset, in case we compare some objects or states,
and especially then, when not so much the values xik are important, as sheer binary
relations between them.

This last remark is quite telling. A simplest pertinent situation is outlined in
the frame of Example 1 (which will be continued further on, through addition of
consecutive aspects).
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So, if there is a purpose, requiring action, based on a decision or policy, not
only ordering may be required, but also measurement of quantities xi and their
transformations (mappings). An illustration of the exposure to a situation with an
explicit structure of purpose and instruments is provided below, with a hint to an
important proposition.

Assume we deal with two dimensions of “wealth”: k D 1—income, and
k D 2—“usable wealth”, meaning lump assessment of the value of assets,
considering mainly their utility and only secondarily their market value (e.g.
a car as a transport means, not as a certain saleable good; ownership of a
dwelling with its equipment being the primary instance). Even though there
is a high correlation between the two dimensions, there are numerous cases
when households with lower incomes dispose of an ampler “usable wealth”.2

This is especially important when such situations occur close to the border
of the derived deprivation function, D(.), namely near D(x) D 0, whether
we speak of x.1 or of x.2. If the authorities dispose of only one instrument,
the general subsidy, then a single “reaction” (decision) function S(D1,D2)
has to be developed, meaning, in fact, appropriate weighing (implicit or
explicit) of the two dimensions. Now, assume that the authorities can deploy
a second instrument, say, a non-transferable allowance for housing costs.
We deal with S1(D1,D2), S2(D1,D2). The fundamental question is: how are
the two pairs of dimensions interrelated? Most conveniently, the dimensions
k would correspond directly to the instruments. If such a correspondence
existed, even in the form of a demonstrable correlation, then the task of the
authorities would be straightforward, and no additional analysis, beyond (two)
unidimensional rankings, would be necessary.

Thus, it is obvious that when we dispose of more than one instrument, then there
exists a room for finding plausible structures other than a single ranking. This is
the case in many situations, where, in fact, not just a single ordering is required,
but, rather, some structure, obtained from the poset, which corresponds, on the one
hand, to the “measurements” made, and on the other—to the ultimate purpose of the
exercise, which need not be unidimensional.

2This is very often the case on the micro-scale in countries with low or ineffective broadly
conceived property taxation, but it is also, in a way, present at the national level—some countries,
featuring high personal incomes of their citizens, rank much lower in terms of bank deposits, value
of property owned, etc.
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3.2 The Data Themselves

Then, the second broad motivation to go beyond the raw poset obtained from the
data collected comes from the data themselves, as if in a paradox. And there are,
indeed, several aspects or sources, for this kind of motivation:

1. The data which served to set up the poset are often, if not always, charged with
definite uncertainty, coming from various origins. A trivial illustration for this
fact is provided in Table 1.

2. There exists a definite “model” or “theory”, which was, at least to some extent,
the background for the study considered, the “model” or “theory” resulting, at
the minimum level, in (a) the selection and specification of criteria (variables),
k D 1, : : : ,m, and (b) the ways in which they are measured, or “evaluated”. Thus,
these criteria or variables are not some jack-out-of-the-box entities, about which
we know nothing, and which cannot be subject to any operations—analytical
or manipulative. They are an internally consistent fragment of perception of the
reality, on which we might wish to act, basing upon the results of the study at
hand.

3. Accompanying the “model” or “theory” there are empirical data, which are
parallel to and intertwined with those having formed the basis for formulating
the model or theory, but also for undertaking the study under consideration.
These data offer a “logic” on their own, through statistical or otherwise relations
between them, but, as well, through their characteristics in terms of uncertainty.
Here, also, belongs the issue, which is very often formulated as one of main
reproaches against the “pure poset” approach—namely the absence of scale of
values of the variables (criteria), whenever they are not binary or strictly nominal.

Figure 3 shows the notions related both to data themselves (metadata, comple-
mentary data, etc.) and to the broader environment, partly introduced in connection
with Fig. 2. The difference between Figs. 2 and 3 consists also in the fact that Fig. 3
presents more of the actual “data processing” aspect than of the general “thought
framework”, oriented at the problem and the potential solution to it (a “policy” or a
“decision”), with respect to which the poset or another structure, resulting from the
study, constitutes only an instrument.

4 So What?

None of the above listed aspects can be simply shrugged away. Depending upon
the case, these aspects intervene in various manners and with various importance.
This chapter is not meant to provide any definite methodological proposals, nor
solutions—the problems touched upon differ so widely in their structure and
character that dozens of theories and methodologies may not suffice to encompass
all the situations, the technical variants put apart. Thus, we shall concentrate on
some types of situations, and forward comments related to them.
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T
ab

le
1

So
m

e
ex

am
pl

es
of

th
e

so
ur

ce
s

an
d

ch
ar

ac
te

r
of

un
ce

rt
ai

nt
y

in
da

ta
sp

ec
ifi

ca
ti

on

Pr
ob

le
m

ar
ea

C
ri

te
ri

a/
va

ri
ab

le
s

(e
xe

m
pl

ar
y)

Im
po

rt
an

ce
of

un
ce

rt
ai

nt
ya

Ty
pe

of
un

ce
rt

ai
nt

yb
Po

ss
ib

le
tr

ea
tm

en
t

of
un

ce
rt

ai
nt

y

W
el

fa
re

In
co

m
e

le
ve

l
M

od
er

at
e

St
at

is
ti

ca
l

O
th

er
da

ta
so

ur
ce

s

as
se

ss
m

en
t;

D
w

el
li

ng
ow

ne
rs

hi
p

an
d

st
at

e
L

ow
Fo

rm
al

L
eg

al
as

se
ss

m
en

t

qu
es

ti
on

na
ir

e
C

ar
ow

ne
rs

hi
p

L
ow

Fo
rm

al
O

th
er

da
ta

so
ur

ce
s

ba
se

d
N

ut
ri

ti
on

al
no

rm
s

H
ig

h
V

ag
ue

ne
ss

O
th

er
da

ta
so

ur
ce

s

H
om

e
ap

pl
ia

nc
e

ow
ne

rs
hi

p
M

od
er

at
e

V
ag

ue
ne

ss
C

on
si

st
en

cy

V
ac

at
io

ni
ng

H
ig

h
V

ag
ue

ne
ss

?
C

he
m

ic
al

To
xi

ci
ty

M
od

er
at

e
St

at
is

ti
ca

l
B

io
m

ed
ic

al
ch

ec
k

co
m

po
un

ds
;

Pe
rs

is
te

nc
e

M
od

er
at

e
St

at
is

ti
ca

l
E

m
pi

ri
ca

ld
at

a

ha
za

rd
U

bi
qu

it
y

M
od

er
at

e
St

at
is

ti
ca

l
E

m
pi

ri
ca

ld
at

a

as
se

ss
m

en
t

R
em

ov
al

co
st

H
ig

h
V

ag
ue

ne
ss

M
ar

ke
td

at
a

Jo
b

E
du

ca
ti

on
L

ow
Fo

rm
al

Q
ue

st
io

ni
ng

ca
nd

id
at

es
Sk

il
ls

M
od

er
at

e
V

ag
ue

ne
ss

Q
ue

st
io

ni
ng

E
xp

er
ie

nc
e

M
od

er
at

e
V

ag
ue

ne
ss

C
re

de
nt

ia
lc

he
ck

s

So
ci

al
re

la
ti

on
s

H
ig

h
V

ag
ue

ne
ss

D
ra

m
a

te
st

B
at

te
ry

Pr
ic

e
N

on
e

–
–

Pe
rf

or
m

an
ce

H
ig

h
St

at
is

ti
ca

l
Te

st
in

g

D
ur

at
io

n
H

ig
h

St
at

is
ti

ca
l

Te
st

in
g

a I
m

po
rt

an
ce

of
un

ce
rt

ai
nt

y
is

a
“p

ro
du

ct
”

of
th

e
la

ck
of

pr
ec

is
e

an
d

w
el

l-
ju

st
ifi

ed
kn

ow
le

dg
e

of
de

fin
it

e
da

ta
it

em
(n

um
be

r(
s)

)
an

d
th

e
si

gn
ifi

ca
nc

e
of

th
is

un
ce

rt
ai

nt
y

fo
r

th
e

ex
er

ci
se

co
ns

id
er

ed
(“

th
e

ul
ti

m
at

e
pu

rp
os

e
of

th
e

st
ud

y”
)

b
O

nl
y

in
di

ca
tiv

e—
m

ix
tu

re
s

of
un

ce
rt

ai
nt

y
ty

pe
s

ar
e

ve
ry

fr
eq

ue
nt



Endowing Posets with Flesh: If, Why and How? 9

Objectives of the study Data Metadata Complementary 
data

Processing

Poset

Complete order or another satisfactory
structure,representing relations identified

Underlying model

A possibly neutral, but comprehensive methodology of
completing the order or forming another structure

Fig. 3 Scheme of interrelations between the components of the study, to be considered when
analysing the ordering of observations

In the light of the above, it is obvious that an approach, that tries to go beyond
the “pure poset” result, must first of all account for the aspects mentioned, in order
to avoid the trap of technical correctness that overlooks the actual issues for the sake
of such technical correctness.

4.1 The Purpose and the Policy Instruments

As said, if our purpose is just “to know”, and there is no possibility of developing
and verifying a true-to-life model of the phenomenon, obtaining a poset may
indeed be the justified terminal result. The situation may turn out to be similarly
straightforward, although leading to different results (e.g. single dimension orders),
when we explicitly account for more than one “resulting dimensions” (instruments
to be applied). For this, though, additional assumptions have to be satisfied, first
of all concerning relations between the criteria of assessment and the instruments
envisaged. There may exist cases, when the presence of multiple instruments, which
would correspond to potential (or “required”) multiple rankings, even if not leading
to ultimate simplification in the form of single-dimensional complete orders, may
allow for “disentangling” of the poset, in the sense of obtaining more than one
structure, each of the resulting structures being closer to the complete order than
the original poset, without any additional operations. Yet, there might also exist
situations, in which the relations mentioned lead to more complex issues and
potential structures, and the initial problem remains unsolved.
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The analysis of these potential situations is not only beyond the scope of the
present note, but may also turn out to be highly complicated, at least for more
general cases. Still, the possibility of simplification should be kept in mind when
designing the respective study and when proceeding with analysis of data. This issue
is quite closely associated with the subsequent ones, which refer to the consideration
of a “model” or “theory”, standing behind the study.

4.2 The “Model” Behind the Study

Whenever a study, including data collection, is undertaken, there must exist some
concept, underlying the very launching of the study, as well as the potential
“decision” or “policy”, possibly together with the instruments considered. While
this is obvious, the scope and the degree of precision of such models range extremely
broadly: from situations, where very little is known or assumed, up to those, where
definite, well-grounded hypotheses are being verified against a broader knowledge
of the respective domain. Yet, even in the former situations, it cannot be accepted
that our entire knowledge consists in saying “there is a problem”: this knowledge,
actually, led to the specification of the objects, variables, methods of measurement,
etc. It also contributed, in a vast majority of cases, to some evaluation framework,
that is—variables turned into criteria, along with respective scales.

Even if we neglect the models involving definite hypotheses (e.g. “the poor can
be classified into two classes, class A, for which : : : , and class B, : : : ”),3 and
the aspect of instruments/policies, there must exist some “minimum specification”,
originating from the most primitive perception of a given problem. This minimum
specification almost certainly involves some concept either directly involving
comparability or leading to a possibility of comparison. Let us consider this on an
example from Table 1. Assume, namely, that we consider the case of batteries, and
we deal with four, otherwise quite the same, batteries, as exemplified in Table 2.

It is obvious that we are not capable of simply ordering these objects, but, on the
other hand, we can formulate and ask questions, helping to come at least closer to
the ultimate linear order. We should keep in mind that we deal with one-at-a-time
situation: it would be different, if we were buying batteries sequentially. Then,the
optimum decisions could take the form of a closed-loop strategy, based on the results
from the preceding decision, like in Fig. 2 (with the incremental objective function,
based on cost of duration over time).

The types of questions, and potential answers, make a part of usual decision-
making process, and are, indeed, applied both in the proper context of the poset-
based analysis (like in the proposal from Tagliabue et al. 2015) and, more generally,
in the context of multicriteria decision-making (like in Kaliszewski and Miroforidis
2014, or Kaliszewski et al. 2014).

3This aspect is elaborated at length in the papers by Fattore (2008, 2015).
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Table 2 An illustrative example: four kinds of batteries

Battery Price per unit Expected durability Question 1 Question 2

A 10 2 years (quite
surely)

Is additional
certainty worth 2?
Is my time
horizon really
2 years?

Can I measure this
additional certainty (or
difference of
certainties)?

B 8 2 years (rather
surely)

C 5 1 year (quite
surely)

Is this certainty
equal to that for
A?

Is it worth the same as
A?

D 2 Unknown
(unknown)

What if I make an
experiment and
buy 2 for 4?

Do I have time/wish for
experimenting?

4.3 The Statistical Features of the Data

It is also frequent that an important aspect of the study is constituted by the
statistical—in the popular sense—characterisation of the objects to be ordered. This
usually means that we deal with the numbers of observations, or occurrences, of a
given object. This has an obvious relation to the model or theory that we may have.
We often interpret such statistics as some reflections of probabilities, resulting from
the “inner” working of the process or system. This aspect, again, can by no means
be overlooked, even if our goal is just to (somehow) order the objects.

Thus, if the statistics reflect some reality, inherent to the system at hand, and
there are significant differences among the numbers of occurrences, then not all
linear orderings of the objects considered should be taken as equally probable. Even
though not a straightforward exercise (additional assumptions have to be made),
the statistics ought to be used to determine the probabilities (“weights”) of the
particular linear extensions, in the approaches as described and analysed in Lerche
et al. (2003), Patil and Taillie (2005), or De Loof et al. (2008). The same applies to
the counting approach.

Thus, it is not so that we would introduce the “weights” by some subjectively
designed back door—they are a direct reflection of the data, coming from the same
study, having the very same degree of “legitimacy”, and a similar, or even higher,
level of reliability (up to a truly well-based statistical analysis of the distribution of
particular “paths”—extensions—through the entire set of possible states).

Let us also indicate that the “statistical” aspect to a problem or study may entail
a plethora of different problem structures, calling for entirely different approaches,
even if in virtually each of them a poset structure might be obtained. So, in
particular, we may deal with unique, separate cases (like, e.g. in characterisation
of a set of chemical compounds, or the set of tender offers), or with a sample, and
possibly even an entire population, in which certain “states” appear, their numbers
of appearances often widely differing, while other ones do not appear, or have very
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Table 3 An example of
feasible pupil assessments for
a class of 25 pupils (grades
from 1 to 5 in four domains:
numbers of pupils)

Assessments and corresponding
numbers of pupils

5555: 3
5455: 1 5554: 1 5545: 2
5445: 4 5454: 2
5444: 1

5535: 2
5335: 4 5433: 2 5534: 1
4335: 1
3434: 1

low (“exceptional”) frequencies. As an illustration, we give a realistic, though quite
stylised, example of a scholarly classification at lower grades of the primary school
in Poland.4

Thus, assume pupils are classified with respect to four broadly conceived
domains: 1. Behaviour, social attitude, cooperation; 2. Humanities; 3. Sciences; 4.
Physical and technical exercises. The assessments are made on the 5-point scale:
5—very good, 4—good, 3—sufficient, 2—insufficient, 1—very bad. In a class of
25 pupils, we may have the “statistics” of assessments as in Table 3.

First, there are far less objects than possible states (25 vs. 625, or, rather,
actually, in terms of states, 13 vs. 625, see Fig. 4). Then, most importantly, there
is a clear “statistical” nature to such exercise. Actually, if we have, say, 12 binary
variables and a sample or population of, say, 10,000 items, there is definitely a high
probability that some of the possible 212 states shall be “empty”, or “close to empty”,
while other ones might group quite a number of items.

There are several regularities, well known for Polish teachers, parents and
children, as well, appearing in the data. One of them is the “shortness” or “flatness”
of the distribution. Another, known also in other countries, is the relation of marks
for humanities and sciences. Here, for 14 pupils the assessments are equal, for three
the marks for humanities are lower than for sciences, and for eight—vice versa.
A hint for linear extensions, indeed.

Actually, in order to specify all the linear extensions in this case, we need only
altogether 22 evaluation “states”, as listed in Table 4 below.

Note that both the “a priori” model or theory and the direct implications of
the “statistics” of the empirical results constitute a different basis for potential
processing of the results, including poset extensions, than those mentioned in regard
to the mutual or “absolute” importance of criteria, or variables in Sect. 4.2, and also
those from Bruggemann and Carlsen (2015).

4Due to the discussion at the 11th workshop on Partial Order in Applied Sciences, Florence, 9–
10 April 2015, the author can confirm that the stylised facts, reflected in this example, are also
characteristic for many other educational systems.
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5555: 3

5455: 1 5545: 2 5554: 1

5445: 4 5454: 2

5444: 1

5535: 2

5335: 2

5433: 2

5534: 1

4335: 1

3434: 1

Fig. 4 Illustration of the partial order for the data of Table 3

Table 4 Assessment “states”
from Table 3, complemented
with the missing ones for full
extensions

Assessments and the corresponding numbers of pupils

5555: 3
5455: 1 5554: 1 5545: 2
5445: 4 5544: 0 5454: 2 5535: 2

5444: 1 5534: 1
5435: 0 5345: 0 5443: 0 5434: 0 4534: 0
5335: 4 5433: 2 4434: 0
4335: 1 4444: 0

3444: 0
3434: 1

4.4 Representations of Uncertainty: Just One Hint

Another important aspect of the perception outlined is that of direct representation
of uncertainty. This representation might be a statistical or probabilistic, given
sufficient knowledge and adequate sample or population. Yet, in the situation we
deal here with we can hardly afford such assumptions (were this not the case, we
would not have to face the issue that we are trying to resolve). In such cases one of
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1 2 3 4 5

1

0

„1” „2” „3” „4” „5”

Fig. 5 Potential fuzzy “definitions” of the marks for humanities, sciences, and exercises

1 2 3 4 5

1

0

„1” „2” „3” „4” „5”

Fig. 6 Potential fuzzy “definitions” of the marks for behaviour and cooperation

the ways out is to use fuzzy set-based representation that we shall illustrate for the
example of the previous section.

Thus, we can assume that the actual meaning of the assessment marks for
humanities, sciences and exercises is as shown in Fig. 5, while for behaviour and
cooperation—as in Fig. 6. The meaning of these definitions of marks is that “there
is no precise statement of a mark X corresponding to the level of quality D X,
for at least two reasons: first, the marks are strongly discrete, while the actual
assessment concerns a continuum, second: various aspects (criteria) of assessment
(effort, diligence, skill, knowledge, : : : ); so, the actual mark X corresponds to a
fuzzy number X*”. We assume consistency in these quasi-definitions (e.g. for two
neighbouring “marks” only one can be equal to 1 at any point) although this may
not be necessary at all.

What may be the consequences of such a character of data for the ordering?
Comparing fuzzy numbers is possible (see, e.g. Brunelli and Mezei 2013) even if—
like many operations over fuzzy sets—quite heavily loaded with arbitrariness. So, it
would be possible, in principle, to employ such data in both linear extensions and the
counting approach (the issue of scalability left apart), but either under very stringent
conditions (e.g. all the fuzzy sets, representing numbers, have the same form, and
all of the comparisons take, therefore, standard forms) or in a very simple manner
(e.g. fractional weights).
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On the other hand, though, it would be quite feasible to aggregate such numbers
(e.g. like in clustering), and also make a straightforward ordering. The operations on
fuzzy sets, representing variable values, and their collections, representing objects,
would have to involve a high degree of arbitrariness, but such a possibility exists,
and is indeed being made use of.

4.5 Back to the Essential Issue

Thus, the basic question arises: How much do we, in fact, sacrifice, either way? How
much is worth the loss of quantitative measurements? disregard of the known or
hypothesised interrelations? etc. And vice versa: How big is the risk of introducing
arbitrariness into the “raw” result, and can we measure the degree of arbitrariness?
And so on.

Some of the pertinent questions shall remain unanswered, or answers would
only be very superficial. This means simply trying out various techniques, allowing
for the possibly effective extension of the poset towards the complete order, and,
eventually, those that might lead straight towards the complete order from the initial
data, while violating as little as possible the formal requirements, and taking into
account to the maximum extent the data available and the associated knowledge.
This means, also, that we should try to find the answers to such questions as:

• Can we establish conditions for equivalence between the various procedures,
related to poset, based on the output from definite data, these procedures aiming
at obtaining the complete order?

• If not, what would be the results of comparison of the obtained complete orders,
including the properties of the respective structures, as related to the initial poset?

This involves, in particular, the issue of:

• Potential parallelism and differences between the counting of linear extensions
consistent with the poset (assumption of equal probabilities!) and the solution
to the relational programming problem (see Owsiński 2011), the former possibly
enriched with the assessment of different probabilities of the extensions, the latter
being a way to obtain the Kemeny-median-like structure from the data.

5 A Real-Life Example Without Constructive Conclusions

5.1 The Project Outline

In 2011–2014 a modelling project was carried out at the Systems Research Institute,
Polish Academy of Sciences, in collaboration with the Institute of Geography and
Spatial Organization of the Academy, on the development and implementation of
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forecasting models for the variables, characterising the socio-economic situation of
the capital province of Masovia (for an ampler description, see Czapiewski et al.
2016).

The list of modelling domains was specified by the commissioning institution,
Masovian Bureau of Regional Planning. Altogether some 70 indicators were
developed, along with the respective models—usually relatively simple econometric
models. All this had to be done for each of the 314 municipalities of the province
and for 15 years. The biggest was, of course, the demographic model, producing
at each run some half a million numbers (municipalities, age groups, sexes, etc.)
(Table 5).

For a number of domains, model developers were asked by the commissioning
agency to provide the “synthetic indicator”, given the presence of, say, three to
five indicators, oriented at definite phenomena. This was done in some cases, but,
generally, the reaction of the respective model authors was negative (“how do we
put variables X and Y together, if they express completely different phenome-
na/processes?”). Yet, it must be admitted that these same authors made often quite
arbitrary choices when selecting variables and developing their particular models.
The question would therefore be quite justified: how does one compare these two
kinds of arbitrariness, and if one is to be accepted, why the other one should not be?

5.2 An Illustrative Case

In one of such several cases of “need to develop a synthetic indicator”, in domain no.
9: Technical infrastructure, there were three variables, corresponding to the shares of
inhabitants of the municipalities (in %), with access to water supply system, sewage
system, and water treatment plant. So, all values ranged between 0 and 100. The
author of the model in question declined providing an integrative indicator of the
“state of technical infrastructure”.

Yet, it was easily shown that in the population of 314 municipalities of the
province there are some—otherwise absolutely obvious—regularities, such as:

• Highly stable and mostly significant correlations between all three variables.
• These correlations needing a correction in view of the 100 % upper bound on

values.
• High correlation with population density.
• In view of the latter, the “synthetic indicator” had to be corrected for density/ur-

ban character.

Altogether, the conclusions and the results from this microstudy were as
follows:

1. The three variables could be replaced relatively safely by one (in just few cases
doubts might have arisen), most handily, their average.
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Table 5 The list of domains and indicators of the project illustrated

No. Domain name Indicators Comments

1 Population Population totals, according
to age and sex, feminisation,
share of post-productive
population, ratio of working
age to nonworking age
population

Model types for municipality
types; assumptions
concerning birth rate,
mortality and migration
scenarios

2 Social capital Relative number of NGOs, of
sports clubs members, of
cultural and art groups
members; also a synthetic
indicator

Three variables, treated as
proxies, and an “artificial”
synthetic measure

3 Financial
standing of
self-
governments

Revenues of local authorities,
own and total, expenditures,
investments; auxiliary:
average employment per
business, past ratios of
expenditures to revenues

Model types elaborated for
particular municipality types

4 Propensity of
municipalities
to invest

Investment-related
expenditures (alternative to
above), budget debt, current
budget surplus, propensity to
invest

A specially devised model,
with assumed interaction with
the user

5 Intellectual
capital

University graduates,
university students,
companies with foreign share,
a synthetic indicator

Three basic variables and an
“artificial” synthetic indicator

6 Labour market
absorption

Demand for labour (from
GDP and productivity),
auxiliary: productivity

Simple model based on
variables from other domains

7 Social
exclusion

Indicator based on: elderly,
transport-wise accessibility,
university educated, jobless;
Gini-like measure of income
inequality

Two entirely different
indicators

8 Quality of life Synthetic indicator, based on
variables from domains 3, 5,
7, 9, 15, 16 and 17

An arbitrary relative indicator,
based on seven variables

9 Technical
infrastructure

Shares of inhabitants with
access to water supply, to
sewage system and to water
treatment plant

Models depend upon the type
of municipality and the levels
attained until now

10 External
investments

Magnitude of external
investments—value per capita

Model based on variables
from other domains

11 Innovativeness Indicators based on
intellectual capital, magnitude
structure of companies,
municipal and company
investments

The last component is omitted
in the first indicator

(continued)
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Table 5 (continued)

No. Domain name Indicators Comments

12 Information
society

Indicators, based on
innovativeness (domain 11)
and internet presence in
schools

Two indicators, differing by
schools considered

13 Value of fixed
assets

Fixed assets of public bodies,
companies, total per capita,
auxiliary: investments in
self-governmental and private
sectors

Very rough assessment is only
possible, except for the formal
figures

14 Entrepreneurship
and
employment

Number of businesses, jobs
per business, jobless, total
employment, share of
employment in manufacturing
and service, auxiliary: proxy
for farm employment

Models for municipality
types, differing by coefficient
values

15 Transport
accessibility

Expressed in numbers of
people within a definite travel
time outside and inside

Model based on road network
and settlement system

16 Quality of
environment

Based on share of green areas,
farmland, population density,
car number, overbuilt area
share

Model partly based on
variables from domains 17
and 19

17 Sustainable
development

Anthropogenic pressure: car
number, population density;
state of sustainable
development: protected areas,
forests, permanent grasslands,
physical plans

A number of partial models
(e.g. representing car
numbers), contributing to the
overall indicators

18 GDP value Global GDP dynamics, and
local dynamics, based on
salary distribution

A simple macroeconomic
model, with six scenarios

19 Scale and rate
of urbanisation

Population density, overbuilt
areas, persons employed in
manufacturing and service;
areas under residential and
non-residential structures

Some variables taken from
other domains (1. Population,
14. Persons employed outside
farming)

2. The proper “quality indicator” was taken as a function of the former, with an
experimentally established divisor, based on population density and population
number.

We never consulted this approach with the author of the model, who did not
consent to participate in the exercise.
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The environment of the study

The entire specification of the study results

The obtained ordering / poset and its condi-
tioning and interpretation

Admissible use of other data and assumptions, as 
well as available techniques

Fulfilment of the study purpose

Fig. 7 General framework for the data analytic studies involving possible ordering structures

6 Some Conclusions

Figure 7 subsumes the conclusions, according to which the exercise in ordering of
objects is (almost) always just a piece in a broader process or system, and should
be viewed, and treated, as such. Hence, the direct results, while valid in themselves,
are a part of a broader perspective, and therefore can be processed, under definite
assumptions, so as to provide the feasible and necessary information.
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Czapiewski K, Janc K, Owsiński JW, Śleszyński P (2016) A modeling project in Poland: the social
and intellectual capital aspects. Stud Agric Econ 118(1):5–15

http://dx.doi.org/10.1007/s11135-014-0076-x


20 J.W. Owsiński
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