
Chapter 3
Tabu Search

Eric Taillard

3.1 Introduction

Tabu search was first proposed by Fred Glover in an article published in 1986 [3],
although it borrowedmany ideas suggested before during the 1960s. The two articles
entitled simply “Tabu search” [4, 5] proposed most of tabu search principles which
are currently used. Some of these principles did not gain prominence among the
scientific community for a long time. Indeed, in the first half of the 1990s, the
majority of the research publications on tabu search used a very restricted range
of the principles of the technique. They were often limited to a tabu list and an
elementary aspiration condition.

The popularity of tabu search is certainly due to the contribution of de Werra’s
team at the Federal Polytechnic School of Lausanne during the late 1980s. In fact,
the articles by Glover, the founder of the method, were not well understood at the
time, when there was not yet a “culture” of metaheuristics-based algorithms. Hence
the credit for the popularization of the basic technique must go to [8, 10], which
surely played a significant role in the dissemination of the algorithm.

At the same time, competition developed between simulated annealing (which
then had an established convergence theorem as its theoretical advantage) and tabu
search. For many applications, tabu-search-based heuristics definitely showed more
effective results [12–15], which increased the interest in the method among some
researchers.

At the beginning of the 1990s, the technique was extensively explored in Canada,
particularly in the Center for Research on Transportation in Montreal, where several
postdoctoral researchers from de Werra’s team worked in this field. This created
another focus in the field of tabu search. The techniquewas then quickly disseminated
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among several research communities, and this culminated in the publishing of the
first book which was solely dedicated to tabu search [7].

In this chapter, we shall not deal with all of the principles of tabu search presented
in the book by Fred Glover and Manuel Laguna [6], but instead we shall focus on
the most significant and most general principles.

What unquestionably distinguishes it from the local search technique presented in
the preceding chapter is that tabu search incorporates intelligence. Indeed, there is a
huge temptation to guide an iterative search in a good, promissing, direction, so that it
is not guidedmerely by chance and the value of an objective function to be optimized.
Implementing a tabu searchgives rise to a couple of challenges: first, as in any iterative
search, it is necessary that the search engine, i.e., the mechanism for evaluating
neighboring solutions, is effective; and second, pieces of knowledge regarding the
problem under consideration should be transmitted to the search procedure so that it
will not get trapped in bad regions of the solution space. On the contrary, it should
be guided intelligently in the solution space, if such a term is permitted to be used.

Glover proposed a number of learning techniques that can be embedded in a local
search. One of the guiding principles is to construct a history of the iterative search
or, equivalently, to equip the search with memory.

• Short-term memory. The name “tabu search” is a reference to the use of a short-
term memory that is embedded in a local search. The idea is to memorize in a
data structure T the elements that the local search is prohibited from using. This
structure is called a tabu list. In its simplest form, a tabu search scans the whole set
of neighboring solutions in each iteration and chooses the best that is not forbidden,
even if it is worse than the current solution. To prevent the search being blocked
or being forced to visit only solutions of bad quality owing to tabu conditions, the
number of elements in T is limited. Since the number of prohibitions contained in
T is limited—this number is frequently called the tabu list size—this mechanism
implements a short-term memory.

• Long-term memory. A tabu list does not necessarily prevent a cycling phenom-
enon, that is, visiting a subset of solutions cyclically. If the tabu duration is long
enough to avoid a cycling phenomenon, the search may be forced to visit only
bad solutions. To avoid both of these complementary phenomena, another kind of
memory, operating over a longer term, must be used.

• Diversification. A technique for avoiding cycling, which is the basis of variable
neighborhood search, is to perform jumps in the solution space. But, in contrast
to variable neighborhood search, which performs random jumps, tabu search uses
a long-term memory for these jumps, for instance by forcing the use of solution
modifications that have not been tried for a large number of iterations. Another
diversification technique is to change the modeling of the problem, for instance
by accepting nonfeasible solutions but assigning them a penalty.

• Intensification. When an interesting solution is identified, an idea is to tentatively
examine more deeply the solution space in its neighborhood. Many intensification
techniques are used. The simplest one is to come back to the best solution found so
far and to change the search parameters, for instance by limiting the tabu duration,
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by using a larger neighborhood, or by using a more constrainted model of the
problem.

• Strategic oscillations. For tackling particularly difficult problems, it is convenient
to alternate phases of diversification and intensification. So, the search oscillates
between phases where the solution structure is greatly modified and phases where
better solutions are built again. This strategy is the origin of other metaheuristics
thatwere proposed later, such as variable neighborhood search, large neighborhood
search, and iterated local search.

Some of these principles of tabu search will be illustrated with the help of a
particular problem, namely the quadratic assignment problem, so that these principles
does not stay in the clouds. We chose this problem for several reasons. First of all,
it has applications in multiple fields. For example, the problem of placing electronic
modules,whichwediscussed inChap. 1devoted to simulated annealing, is a quadratic
assignment problem. In this case, its formulation is very simple, because it deals with
finding a permutation. Here, it should be noted that many combinatorial optimization
problems can be expressed in the form of searching for a permutation.

3.2 The Quadratic Assignment Problem

Given n objects and a set of flows fi j between objects i and j (i, j = 1, . . . , n), and
given n locations with distance drs between the locations r and s (r, s = 1, . . . , n),
the problem deals with placing the n objects on the n locations so as to minimize the
sum of the products flows × distance. Mathematically, this is equivalent to finding a
permutation p, whose i th component pi denotes the position of the object i , which
minimizes

∑n
i=1

∑n
j=1 fi j · dpi p j .

This problem has multiple practical applications; among them, the most popular
ones are the assignment of offices or services in a building (e.g., a university campus
or hospital), the assignment of departure gates to aircraft at an airport, the placement
of logicalmodules in FPGA (field-programmable gate array) circuits, the distribution
of files in a database, and the placement of the keys on typewriter keyboards. In these
examples, the flow matrix represents the frequency with which people may move
from one office to another, the number of people who may transit from one aircraft
to another, the number of electrical connections to be made between two modules,
the probability of requesting the access to a second file if one is accessing the first
one, and the frequency with which two particular characters appear consecutively
in a given language, respectively. The distance matrix has an obvious meaning in
the first three examples; in the fourth, it represents the transmission time between
databases and, in the fifth, it represents the time separating the striking of two keys.

The quadratic assignment problem is NP-hard. One can easily show this by noting
that the traveling salesman problem can be formulated as a quadratic assignment
problem. Unless P = NP, there is no polynomial approximation scheme for this
problem. This can be shown simply by considering two problem instances which

http://dx.doi.org/10.1007/978-3-319-45403-0_1
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Table 3.1 Number of connections between modules in the SCR12 problem

Module 1 2 3 4 5 6 7 8 9 10 11 12

1 — 180 120 — — — — — — 104 112 —

2 180 — 96 2445 78 — 1395 — 120 135 — —

3 120 96 — — — 221 — — 315 390 — —

4 — 2445 — — 108 570 750 — 234 — — 140

5 — 78 — 108 — — 225 135 — 156 — —

6 — — 221 570 — — 615 — — — — 45

7 — 1395 — 750 225 615 — 2400 — 187 — —

8 — — — — 135 — 2400 — — — — —

9 — 120 315 234 — — — — — — — —

10 104 135 390 — 156 — 187 — — — 36 1200

11 112 — — — — — — — — 36 — 225

12 — — — 140 — 45 — — — 1200 225 —

differ only in the flow matrix. If an appropriate constant is removed from all the
flow components of the first problem to obtain the second, the last have an optimum
solution value of zero. Consequently, all ε-approximations to the second problem
has an optimum solution, which is possible to implement in polynomial time only if
P = NP. However, problems generated at random (with flows and distances drawn
uniformly) satisfy the following property: as n → ∞, the value of any solution (even
the worst one) tends towards the value of an optimal solution [1].

3.2.1 Example

Let us consider the placement of 12 electronic modules (1, . . . , 12) on 12 sites
(a, b, . . . , l). The number of wires connecting any pair of modules is known, and is
given in Table3.1. This problem instance is referred to as SCR12 in the literature.

The sites are distributed on a 3 × 4 rectangle. Connections can be implemented
only horizontally or vertically, implying wiring lengths measured with Manhattan
distances. In the solution of the problem represented in Fig. 3.1, which is optimal,
module 6 was placed on site a, module 4 on site b, etc.

3.3 Basic Tabu Search

From here onwards and without being restrictive, we can make the assumption that
the problem to be solved can be formulated in the following manner:
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Fig. 3.1 Optimal solution of a problem of connection between electronic modules. The thickness
of the lines is proportional to the number of connections
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Fig. 3.2 A possibility for creating a neighboring solution in a permutation problem

min
s∈S

f (s)

In this formulation, f denotes the objective function, s a feasible solution of the
problem, and S the entire collection of feasible solutions.

3.3.1 Neighborhood

Tabu search is primarily centered on a nontrivial exploration of all the solutions
by using the concept of a neighborhood. Formally, one can define, for any solution
s of S, a set N (s) ⊂ S that is a collection of the neighboring solutions of s. For
instance, for the quadratic assignment problem, s can be a permutation of n objects
and the set N (s) can be the possible solutions obtained by exchanging two objects in
a permutation. Figure3.2 illustrates one of the moves of the set N (s), where objects
3 and 7 are exchanged.

Local search methods are almost as old as the world itself. As a matter of fact,
how does a human being behave when they are seeking a solution to a problem for
which they cannot find a solution or if they do not have enough patience to find an
optimal solution? The person may try to slightly modify the proposed solution and
may check whether it is possible to find better solutions by carrying out such local
changes. In other words, they will stop as soon as they meet a local optimum relative
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to the modifications to a solution that are allowed. In this process, nothing proves
that the solution thus obtained is a global optimum—and, in practice, this is seldom
the case. In order to find solutions better than the first local optimum met with, one
can try to continue the process of local modifications. However, if precautions are
not taken, one risks visiting a restricted number of solutions, in a cyclic manner.
Simulated annealing and tabu search are two local search techniques which try to
eliminate this disadvantage.

Some of these methods, such as, simulated annealing, have been classified as
artificial intelligence techniques. However, this classification is certainly incorrect, as
they are guided almost exclusively by chance—someauthors even compare simulated
annealing to thewandering of a person suffering fromamnesiamoving in fog. Perhaps
others describe these methods as intelligent because, often after a large number
of iterations during which they have generated several poor-quality solutions, they
produce a good-quality solution which would otherwise have required a very large
human effort.

In essence, tabu search is not centered on chance, although one can introduce
random components for primarily technical reasons. The basic idea of tabu search is
to make use of memories during the exploration of some part of the solutions to the
problem, which consists in moving repeatedly from one solution to a neighboring
solution. It is thus primarily a local search, if we look beyond the limited meaning
of this term and dig for a broader meaning. However, some principles that enable
one to carry out jumps in the solution space have been proposed; in this respect, tabu
search, in contrast to simulated annealing, is not a pure local search.

3.3.2 Moves and Neighborhoods

Local searches are based on the definition of a set N (s) of solutions in the neighbor-
hood of s. But, from a practical point of view, it may be easier to consider the set M of
modifications that can be applied to s, rather than the set N (s). A modification made
to a solution can be called a move. Thus, a modification of a solution of the quadratic
assignment problem (see the Fig. 3.2) can be considered as a move characterized by
two elements to be transposed in a permutation. Figure3.3 gives the neighborhood
structure for the set of permutations of four elements. This is presented in graphical
form, where the nodes represent the solutions and the edges represent the neighbors
relative to transpositions.

The set N (s) of solutions in the neighborhood of s can be expressed as the set of
feasible solutions that can be obtained by applying a move m to solution s, where m
belongs to a set of moves M . The application of m to s can be denoted as s ⊕ m and
one has the equivalent definition N (s) = {s ′| = s ⊕ m, m ∈ M}.When it is possible,
expressing the neighborhood in terms of moves facilitates the characterization of the
set M . Thus, in the above example of modification of a permutation, M can be char-
acterized by all of the pairs (place 1, place 2) in which the elements are transposed,
independently from the current solution. Note that in the case of permutations with
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Fig. 3.3 Set of permutations of four elements (represented by nodes) with neighborhood relations
relative to transpositions (represented by edges)

a transposition neighborhood, |S| = n! and |M | = n·(n−1)/2. Thus, the solution set
is much larger than the set of moves, which grows as the square of the number of
elements.

However, in some applications this simplification can lead to the definition
of moves which would produce unacceptable solutions and, in general, we have
|N (s)| ≤ |M |, without |M | being much larger than |N (s)|. For a given problem with
few constraints, it is typically the case that |N (s)| = |M |.

3.3.2.1 Examples of Neighborhoods for Problems on Permutations

Many combinatorial optimization problems can be formulated naturally as a search
for a permutation of n elements. Assignment problems (which include the quadratic
assignment problem), and the traveling salesman and scheduling problems are rep-
resentative examples of such problems. For these problems, several definitions of
neighboring solutions are possible; some examples are illustrated in Fig. 3.4. Among
the simplest neighborhoods, one can find the inversion of two elements placed
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Fig. 3.4 Three possible neighborhoods with respect to permutations (inversion, transposition,
displacement)

successively in the permutation, the transposition of two distinct elements, and,
finally, the movement of an element to another place in the permutation. Depending
on the problem considered, more elaborate neighborhoods that suit the structure of
good solutions may be considered. This is typically the case for the traveling sales-
man problem, where there are innumerable neighborhoods suggested that do not
represent simple operations if a solution is regarded as a permutation.

The first type of neighborhood shown in the example in Fig. 3.4 is themost limited
one as it is of size n − 1. The second type defines a neighborhood with, n·(n−1)/2

moves, and the third is of size n(n − 2) + 1. The abilities of these various types
of neighborhoods to guide a search in a few iterations towards good solutions are
very different; generally, the first type shows the worst behavior for many problems
since it is a subset of the others. The second type can be better than the third for
some problems (such as the quadratic assignment problem), whereas, for scheduling
applications, the third type often shows better performance [12].

3.3.3 Neighborhood Evaluation

In order to implement an effective local search engine, it is necessary that the ratio
between the quality or suitability of the moves and the computational resources
required for their evaluation is as high as possible. If the quality of a type of move
can be justified only by intuition and in an empirical manner, the evaluation of the
neighborhood can, on the other hand, often be accelerated considerably by alge-
braic considerations. Let us define �(s, m) = f (s ⊕ m) − f (s). In many cases it is
possible to simplify the expression f (s ⊕ m) − f (s) and thus to evaluate �(s, m)

quickly. An analogy can be drawn with continuous optimization: the numerical eval-
uation of f (s ⊕ m) − f (s) would be the equivalent of a numerical evaluation of
the gradient, whereas the calculation of the simplified function �(s, m) would be
the equivalent of the evaluation of the gradient by means of a function implemented
using the algebraic expressions for the partial derivatives.

Moreover, if a move m ′ was applied to solution s in the previous iteration, it is
often possible to evaluate �(s ⊕ m ′, m) for the current iteration as a function of
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�(s, m) (which was evaluated in the previous iteration) and to evaluate the entire
neighborhood very rapidly, simply by memorizing the values of �(s, m),∀m ∈ M .

It may appear that �(s, m) would be very difficult and expensive to evaluate.
For instance, for vehicle routing problems (see Sect. 13.1), a solution s can consist
of partitioning customers demands into subsets whose weights are not more than
the capacities of the vehicles. To evaluate f (s), we have to find an optimal order in
which onewill deliver to the customers for each subset, which is a difficult problem in
itself. This is the well-known traveling salesman problem. Therefore, the evaluation
of f (s), and consequently that of �(s, m) cannot reasonably be performed for every
eligible move (i.e., all moves belonging to M); possibly �(s, m) would need to be
calculated for each move selected (and in fact carried out), but, in practice, f (s) is
evaluated exactly for a limited number of solutions only. Hence the computational
complexity is limited by estimating �(s, m) in an approximate manner.

3.3.3.1 Algebraic Simplification for the Quadratic Assignment Problem

As any permutation is an acceptable solution for the quadratic assignment problem,
its modeling is also trivial. For the choices of neighborhood, it should be realized
that moving the element into the i th position in the permutation to put it into the j th
position implies a very significant modification of the solution. This is because all
of the elements between the i th and the j th position are moved. The inversion of the
objects in the i th and the (i + 1)th position in the permutation generates too limited
a neighborhood. In fact, if the objective is to limit ourselves to the neighborhoods in
which the sites assigned to two elements only are modified, it is only reasonable to
transpose the elements i and j occupying the sites pi and p j . Each of these moves
can be evaluated in O(n) (where n is the problem size).With a flowmatrixF = ( fi j )

and a distance matrix D = (drs), the value of move m = (i, j) for a solution p is
given by

�(p, (i, j)) = ( fii − f j j )(dp j p j − dpi pi ) + ( fi j − f ji )(dp j pi − dpi p j )

+∑
k 
=i, j ( f jk − fik)(dpi pk − dp j pk ) + ( fk j − fki )(dpk pi − dpk p j )

(3.1)

If solution p was modified into solution q by exchanging the objects r and s, i.e.,
qk = pk (k 
= r, k 
= s), qr = ps , qs = pr in an iteration, it is possible to evaluate
�(q, (i, j)) in O(1) in the next iteration by memorizing the value �(p, (i, j)) of the
move (i, j) that was discarded:

�(q, (i, j)) = �(p, (i, j))
+ ( fri − fr j + fs j − fsi )(dqs qi − dqs q j + dqr q j − dqr qi )

+ ( fir − f jr + f js − fis)(dqi qs − dq j qs + dq j qr − dqi qr )

(3.2)

http://dx.doi.org/10.1007/978-3-319-45403-0_13
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Fig. 3.5 Left in light color, the elements for which it is necessary to recalculate the scalar product
of the matrices to evaluate the move (r, s) applied to p (giving the solution q). Right the circled
elements are those for which it is necessary to recalculate the product to evaluate the move (i, j)
applied to q, compared with those which would have been calculated if the move (i, j) had been
applied to p

Figure3.5 illustrates the modifications of �(p, (i, j)) that are necessary to obtain
�(q, (i, j)) if the move selected for going from p to q is (r, s). It should be noted
here that the quadratic assignment problem can be regarded as the problem of the
permutation of the rows and columns of the distance matrix so that the “scalar”
product of the two matrices is as small as possible.

Consequently, by memorizing the values of �(p, (i, j)) for all i and j , the com-
plete neighborhood can be evaluated in O(n2): by using Eq. (3.2), one can evaluate
the O(n2) moves that do not involve the indices r and s, and, by using Eq.3.1, one
can evaluate the O(n) moves which involve precisely these indices.

3.3.4 Neighborhood Limitation: Candidate List

Generally, a local search does not necessarily evaluate all the solutions in N (s) in
each iteration, but only a subset. In fact, simulated annealing only evaluate a single
neighbor in each iteration. Conversely, tabu search is supposed to make an “intelli-
gent” choice of a solution from N (s). A possible way to acclerate the evaluation of
the neighborhood is to reduce its size; this reduction can also have the other goal of
guiding the search.

To reduce the number of eligible solutions in N (s), some authors adopt the strategy
of randomly selecting from N (s) a number of solutions which is much smaller
than |N (s)|. If the neighborhood is given by a static collection M of moves, one
can also consider partitioning M into subsets; in each iteration, only one of these
subsets is examined. In this manner, one can use a partial but cyclic evaluation of
the neighborhood, which allows one to choose a move more quickly. This implies
a deterioration in quality, since not all moves are not taken into consideration in
each iteration. However, at a global level, this limitation might not have too bad an
influence on the quality of the solutions produced, because a partial examination
can generate a certain diversity in the visited solutions, precisely because the moves
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which were chosen were not those which would have been chosen, if a complete
examination of the neighborhood had been carried out.

Finally, in accordance with Glover’s intuition when he proposed the concept of a
candidate list, one can make the assumption that a good-quality move for a solution
will remain good for solutions that are not too different. Practically, this can be
implemented by ordering the entire set of all feasible moves by decreasing quality,
in a given iteration. During the later iterations, only those moves that have been
classified among the best will be considered. This is implemented in the form of a
data structure called a candidate list. Naturally, the order of the moves will become
degraded during the search, since the solutions become increasingly different from
the solution used to build the list, and it is therefore necessary to periodically evaluate
the entire neighborhood to preserve a suitable candidate list.

However, for some problems, a static candidate list can be used. For instance, a
frequently used technique for speeding up the evaluation of the neighborhood for
Euclidean traveling salesman and vehicle routing problems is to consider, for each
customer, only the x closest customers. Typically, x is limited to a few dozen. So,
the size of the neighborhood grows linearly with the problem size. One form of tabu
search exploiting this principle is called granular tabu search [17].

3.3.5 Neighborhood Extension: Ejection Chains

An ejection chain is a technique for creating potentially interesting neighborhoods
by performing a substantial modification of a solution in a compound move. The
idea is to remove (eject) an element from a solution and to insert it somewhere else,
ejecting another element if necessary. This is repeated until either a suitable solution
is found or no suitable ejection can be performed. This process implies a need to
manage solutions that are not feasible, called reference structures by Glover.

3.3.5.1 Lin and Kernighan Neighborhood for the Traveling Salesman
Problem

The best-known ejection chain technique is certainly that of Lin and Kernighan [11]
for the traveling salesman problem. The idea is as follows: An edge is removed from
a valid tour to obtain a chain (a nonoriented path). One of the extremities of the chain
is connected to an internal vertex. The reference structure so obtained is made up
of a cycle on a subset of vertices and a chain connected to this cycle. By removing
an edge of the cycle adjacent to a node of degree 3 and by connecting both nodes
of degree 1, a new feasible tour is obtained. Such a modification corresponds to the
traditional 2-opt move.
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An interesting exploitation of this reference structure is to transform it into another
reference structure. After an edge adjacent to a node of degree 3 has been removed—
one gets a chain connecting all vertices—one of the extremities of the chain can be
connected to an internal node, creating another reference structure. To guide the
ejection chain and determine when to stop, the following rules can be applied:

• The weight of the reference structure must be lower than that of the initial solution.
• Once an edge has been added during an ejection chain, this edge cannot be removed
again.

• Once an edge has been removed during an ejection chain, it cannot be added again.
• The ejection chain stops as soon as it is not possible to modify the reference
structure while maintaining a weight lower than that of the starting solution or
when an improved solution has been found.

This process is illustrated in Fig. 3.6.

(b) (c) (d)(a)

(f) (g) (h)(e)

Fig. 3.6 Lin and Kernighan neighborhood for the traveling salesman problem. This neighborhood
can be seen as an ejection chain. To start the chain, an edge is removed from the initial solution (a)
to obtain a chain (b). This chain is then transformed into a reference structure (c) of weight lower
than that of the initial solution by adding an edge. From the reference structure (c), it is possible
to get either a new tour (d) or another reference structure (e) by replacing an edge by another one.
The process can be propagated to construct solutions that are increasingly different from the initial
solution. Solution (d) belongs to the 2-opt neighborhood of solution (a). Solution (f) belongs to the
3-opt neighborhood of (a) and solution (h) to its 4-opt neighborhood
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Fig. 3.7 Trajectories that block a search or disconnect it from the optimal solution in a strict tabu
search

3.4 Short-Term Memory

When one wishes to make use of memory in an iterative process, the first idea that
comes to mind is to check if a solution in the neighborhood has already been visited.
However, the practical implementation of this idea can be difficult and, even worse, it
may prove not to be very effective. It requires one to memorize every solution visited
and, in each iteration, for every eligible solution, to test whether that solution has
already been enumerated. This could possibly be done efficiently by using hashing
tables, but it is not possible to prevent a significant growth in the memory space
requirement, as that increases linearly with the number of iterations. Moreover, the
pure and simple prohibition of solutions can lead to absurd situations. Assume that
the entire set of feasible solutions can be represented by points whose coordinates
are given on a surface in the plane and that one can move from any feasible solution
to any other by a number of displacements of unit length. In this case, one can easily
find trajectories which disconnect the current solution from an optimal solution or
which block an iterative search owing to a lack of feasible neighboring solutions if
it is tabu to pass through an already visited solution. This situation is schematically
illustrated in Fig. 3.7.

3.4.1 Hash Table

An initial idea for guiding an iterative search, which is very easy to implement, is to
prohibit a return to a solution whose value has already been obtained during the last
t iterations. Thus one can prevent a cycle of length t or less. This type of prohibition
can be implemented in an effective manner: Let L be a integer, relatively large, such
that it is possible to store a table of L entries in the main memory of the computer.
If f (sk) is assumed to be the integer value of solution sk in iteration k (this is not
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restrictive when one is working with a computer), one can memorize the value k + t
in T [ f (sk) modulo L]. If a solution s ′ in the neighborhood of the solution in iteration
k ′ is such that T [ f (s ′) modulo L)] > k ′, s ′ is not considered anymore as an eligible
solution. This effective method of storing the tabu solutions only approximates the
initial intention, which was to prevent a return to a solution of a given value, as not
only any solution of the given value is prohibited during t iterations but also all those
which have this value modulo L . Nevertheless, only a very moderate modification
of the search behavior can be observed in practice if L is selected to be sufficiently
large. A benefit of this collateral effect is that it suppresses neutral moves (moves
with null cost), which can trap a local search on a large plateau.

This type of tabu condition works only if the objective function has a vast span of
values. However, there are many problems where the objective function has a limited
span of values. One can circumvent this difficulty by associating with the objective
function, and using in its place, another function that has a large span of values. In
the case of a problem on permutations, one can associate, for example, the hashing
function

∑n
i=1 i2 · pi , which takes a number of O(n4) different values.

More generally, if a solution of a problem can be expressed in the form of a vector
x of binary variables, one can associate the hashing function

∑n
i=1 zi · xi with zi , a

set of n numbers randomly generated at the beginning of the search [18].
When hashing functions are used for implementing tabu conditions, one needs to

focus on three points. Firstly, as already mentioned, it is necessary that the function
used has a large span of possible values. Secondly, the evaluation of the hashing
function for a neighboring solution should not impose a significantly higher compu-
tational burden than the evaluation of the objective function. In the case of problems
on permutations with a neighborhood based on transpositions, the functions men-
tioned above can be evaluated in constant time for each neighboring solution if the
value of the hashing function for the starting solution is known. Thirdly, it should
be noted that even with a very large hashing table, collisions (different solutions
with identical hashing values) are frequent. Thus, for a problem on permutations of
size n = 100, with the transposition neighborhood, approximately five solutions in
the neighborhood of the solution in the second iteration will have a collision with
the starting solution, if a table of 106 elements is used. One technique to reduce the
risk of collisions effectively, is to use several hashing functions and several tables
simultaneously [16].

3.4.2 Tabu List

As it can be ineffective to restrict the neighborhood N (s) to those solutions which
have not yet been visited, tabu conditions are instead based on M , the set of moves
applicable to a solution. This set is often of relatively modest size (typically O(n) or
O(n2) if n is the size of the problem) andmust have the characteristic of connectivity,
i.e., an optimal solution can be reached from any feasible solution. Initially, to sim-
plify our analysis, we assume that M also has the property of reversibility: for any
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movem applicable to a solution s, there is a movem−1 such that (s ⊕ m) ⊕ m−1 = s.
As it does not make sense to apply m−1 immediately after applying m, it is possible,
in all cases, to limit the moves applicable to s ⊕ m to those different from m−1.
Moreover, one can avoid visiting s and s ⊕ m repeatedly in the process if s is a local
minimum of the function in the neighborhood selected and if the best neighbor of
s ⊕ m is precisely s.

By generalizing this technique of limiting the neighborhood, i.e., by prohibiting
for several iterations the reverse of a move which has just been made, one can
prevent other cycles composed of a number of intermediate solutions. Once it again
becomes possible to carry out the reverse of a move, one hopes that the solution has
been sufficiently modified that it is improbable—but not impossible—to return to an
already visited solution. Nevertheless, if such a situation arises, it is hoped that the
tabu list would have changed, and therefore the future trajectory of the search would
change. The number of tabu moves must remain sufficiently limited. Let us assume
that M does not depend on the current solution. In this situation, it is reasonable to
prohibit only a fraction of M . Thus, the tabu list implements a short-term memory,
relating typically to a few or a few tens of iterations.

For easier understanding, we have assumed that the reverse moves of those that
have been carried out are stored. However, it is not always possible or obvious to
definewhat a reversemove is. Take the example of a problemwhere the objective is to
find an optimal permutation of n elements. A reasonable move could be to transpose
the elements i and j of the permutation (1 ≤ i < j ≤ n). In this case, all of the M
moves applicable to an unspecified solution are given by the entire set of pairs (i, j).
But, thereafter, if the move (i, k) is carried out, the prohibition of (i, j) will prevent
the visiting of certain solutions without preventing the cycling phenomenon: indeed,
the moves (i, j)(k, p)(i, p)(k, j)(k, i)( j, p) applied successively do not modify the
solution. So, the tabu condition must not necessarily prohibit one to perform the
reverse of a move too quickly, but it may be defined in such a way to prevent the use
of some attribute of the moves or solutions. In the preceding example, if pi is the
position of element i and if the move (i, j) has been performed, it is not the reverse
move (i, j) which should be prohibited, but, for example, the simultaneous placing
of the element i on position pi and the element j on position p j . One can thus at
least prevent those cycles which are of length less than or equal to the number of
tabu moves, i.e., the length of the tabu list.

3.4.3 Duration of Tabu Conditions

Generally speaking, the short-term memory will prohibit the performance of some
moves, either directly by storing tabumoves or tabu solutions, or indirectly by storing
attributes of moves or attributes of solutions that are prohibited. If the minimization
problem can be represented as a landscape limited to a territory which defines the
feasible solutions and where altitude corresponds to the value of the objective func-
tion, the effect of this memory is to visit valleys (without always being at the bottom
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Fig. 3.8 Influence of the number of iterations during which moves are tabu

of the valley, because of tabu moves) and, sometimes, to cross a pass leading to
another valley.

The higher the number of tabu moves is, the more likely one is to cross the
mountains, but the less thoroughly the valleys will be visited. Conversely, if moves
are prohibited for only a few iterations, there will be fewer chances of crossing the
passes surrounding the valleys because, almost surely, there will be an allowed move
which will lead to a solution close to the bottom of the valley; but, on the other hand,
the bottom of the first valley visited will most probably be found.

More formally, for a very small number of tabu moves, the iterative search will
tend to visit the same solutions over and over again. If this number is increased, the
probability of remaining confined to a very limited number of solutions decreases and,
consequently, the probability of visiting several good solutions increases. However,
the number of tabu moves must not be very large, because it then becomes less
probable that one will find good local optima, for lack of available moves. To some
extent, the search is guided by the few allowed moves rather than by the objective
function.

Figure3.8 illustrates these phenomena in the case of the quadratic assignment
problem: for each of 3000 instances of size 12, drawn at random, 50 iterations of
a tabu search were performed. This figure gives the following two statistics as a
function of the number of iterations during which a reverse move is prohibited:
firstly, the average value of all the solutions visited during the search and, secondly,
the average value of the best solutions found by each search. It should be noted that
the first statistic grows with the number of prohibited moves, which means that the
average quality of the visited solutions degrades. On the other hand, the quality of
the best solutions found improves with an increase in the number of tabu moves,
which establishes the fact that the search succeeds in escaping from comparatively
poor local optima; then, their quality worsens, but this tendency is very limited here.
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Thus, it can be concluded that the size of the tabu list must be chosen carefully,
in accordance with the problem under consideration, the size of the neighborhood,
the problem instance, the total number of iterations performed, etc. It is relatively
easy to determine the order of magnitude that should be assigned to the number of
tabu iterations, but the optimal value cannot be obtained without testing all possible
values.

3.4.3.1 Random Tabu Duration

To obtain simultaneous benefits from the advantages of a small number of tabu
moves—for through exploration of a valley—and a large number—for the ability to
escape from the valley—the number of tabumoves can bemodified during the search
process. Several methodologies can be considered for this choice: for example, this
number can be decided at randombetween a lower and an upper limit, in each iteration
or after a certain number of iterations. These limits can often be easily identified; they
can also be increased or decreased on the basis of characteristics observed during the
search, etc. These were the various strategies employed upto the end of the 1980s
[12, 13, 16]. These strategies were shown to be much more efficient than the use of
tabu lists of fixed size (often implemented in the form of a circular list, although this
may not be the best option, as can be seen in Sect. 3.5.2).

Again for the quadratic assignment problem, Fig. 3.9 gives the average number
of iterations necessary for the solution of 500 examples of problems of size 15
generated at random, when the technique was to choose the number of tabu moves
at random between a minimum value and that value increased by Delta. The size
of the dark disks depends on the average number of iterations necessary to obtain
optimal solutions for the 500 problems. An empty circle indicates that at least one of
the problems was not solved optimally. The size of these circles is proportional to the
number of problems for which it was possible to find the optimum. For Delta = 0,
i.e., when the number of tabu moves is constant, cycles appear. On the other hand,
the introduction of a positive Delta, even a very small one, can ensure much more
protection against cycling.As canbenoted inFig. 3.8, the lower the tabu list size is, the
smaller is the average number of iterations required to obtain the optimum. However,
below a certain threshold, cycles appear, without passing through the optimum. From
the point of view of robustness, one is thus constrained to choose sizes of tabu lists
slightly larger than the optimal value (for this size of instances, it seems that this
optimal value should be [7, 28] (minimum size = 7, Delta = 21), but it can be
noticed that for [8, 28] a cycle appeared).

This technique of randomly selecting the number of tabu moves can thus guide
the search automatically towards good solutions. However, such a mechanism could
be described as myopic because it is guided mainly by the value of the objective
function. Although it provides very encouraging results considering its simplicity, it
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Delta

Fig. 3.9 The effect of random selection of the number of iterations during which moves are pro-
hibited, for instances of the quadratic assignment problem of size 15 drawn at random. The number
of iterations during which the reverse of a move was prohibited was drawn at random, uniformly
between a minimum value and that value increased by Delta. The size of the filled disks grows
with the average number of iterations necessary for the resolution of the problem until the optimum
is found. An empty circle indicates that a cycling phenomenon appeared. The size of the circles is
proportional to the number of problem instances solved optimally

cannot be considered as an intelligent way of guiding the search, but must rather be
viewed as a basic tool for implementing the search process.

3.4.3.2 Type of Tabu List for the Quadratic Assignment Problem

A solution to the quadratic assignment problem can be represented in the form of a
permutation p of n elements. A type of move very frequently used for this problem is
to transpose the positions of two objects i and j . It is possible to evaluate effectively,
in O(n2), the entire set of moves applicable to a solution.

As was discussed earlier, one technique for guiding the search in the short-term
is to prohibit, for t iterations, the application of the reverse of the moves which have
just been carried out. If a move (i, j) is applied to the permutation p, the reverse of
the move can be defined as a move which simultaneously places the object i on the
site pi and the object j on the site p j . There are other possible definitions of the
reverse of a move, but this is one of the most effective ones for preventing cycles
and appears to be the least sensitive one to the value of the parameter t , the number
of iterations during which one avoids applying the reverse of a move. A fixed value
of t does not produce a robust search, because the cycles may appear (see Fig. 3.9)
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even for large values of t . To overcome this problem, it was proposed in [13] that
t should be drawn uniformly at random, between �0, 9 · n� and 
1, 1 · n + 4�. In
fact, experiments have shown that a tabu duration equal to the size of the problem, or
slightly larger for small examples, seems rather effective. This paved the way for the
idea of selecting the value of t in a dynamic manner during the search, by choosing
a maximum value slightly higher and an average value lower than the value which
would have been ideal in the static case.

To implement this tabu mechanism in practice, a matrix T can be used whose
entry tir gives the iteration number in which the element i was last moved from the
site r (to go to the site pi ); this is the number to which one adds the tabu duration t .
Thus, the move (i, j) is prohibited if both of the entries tip j and t jpi contain values
higher than the current iteration number.

Let us consider the small 5 × 5 instance of the quadratic assignment problem
known in the literature as NUG5, with flow matrix F and distance matrix D:

F =

⎛

⎜
⎜
⎜
⎜
⎝

0 5 2 4 1
5 0 3 0 2
2 3 0 0 0
4 0 0 0 5
1 2 0 5 0

⎞

⎟
⎟
⎟
⎟
⎠

, D =

⎛

⎜
⎜
⎜
⎜
⎝

0 1 1 2 3
1 0 2 1 2
1 2 0 1 2
2 1 1 0 1
3 2 2 1 0

⎞

⎟
⎟
⎟
⎟
⎠

With the tabu duration fixed at t = 5 iterations, the evaluation of the tabu search is
the following.

Iteration 0. On the basis of the initial solution p = (5, 4, 3, 2, 1), meaning that the
first element is placed in position 5, the second in position 4, etc., the value of this
solution is 64. The search starts by initializing the matrix T = 0.

Iteration 1. The value of �(p, (i, j)) is then calculated for each transposition m
specified by the objects (i, j) exchanged:

m (1, 2) (1, 3) (1, 4) (1, 5) (2, 3) (2, 4) (2, 5) (3, 4) (3, 5) (4, 5)
Cost −4 −4 16 4 2 14 16 0 14 2

It can be seen that two moves can produce a maximum profit of 4, by exchanging
either objects (1, 2) or objects (1, 3). We can assume that it is the first of these moves,
(1, 2), which is retained, meaning that object 1 is placed in the position of object 2,
i.e., 4, and object 2 is placed in the position of object 1, i.e., 5. It is forbidden for
t = 5 iterations (i.e., up to iteration 6) to put element 1 in position 5 and element 2
in position 4 simultaneously. The following tabu condition matrix is obtained:
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T =

⎛

⎜
⎜
⎜
⎜
⎝

0 0 0 0 6
0 0 0 6 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

⎞

⎟
⎟
⎟
⎟
⎠

Iteration 2. The move chosen in iteration 1 leads to the solution p = (4, 5, 3, 2, 1),
of cost 60. The computation of the value of every move for this new solution gives

m (1, 2) (1, 3) (1, 4) (1, 5) (2, 3) (2, 4) (2, 5) (3, 4) (3, 5) (4, 5)
Cost 4 10 22 12 −8 12 12 0 14 2
Tabu Yes

For this iteration, it should be noted that the reverse of the preceding move is
now prohibited. The allowed move (2, 3), giving the minimum cost, is retained, for
a profit of 8. The matrix T becomes

T =

⎛

⎜
⎜
⎜
⎜
⎝

0 0 0 0 6
0 0 0 6 7
0 0 7 0 0
0 0 0 0 0
0 0 0 0 0

⎞

⎟
⎟
⎟
⎟
⎠

Iteration 3. The solution p = (4, 3, 5, 2, 1), of cost 52, is reached, which is a local
optimum. Indeed, at the beginning of iteration 3, no move has a negative cost:

m (1, 2) (1, 3) (1, 4) (1, 5) (2, 3) (2, 4) (2, 5) (3, 4) (3, 5) (4, 5)
Cost 8 14 22 8 8 0 24 20 10 10
Tabu Yes

The move (2, 4) selected in this iteration has zero cost. It should be noted here
that the move (1, 2), which was prohibited in iteration 2, is again allowed, since the
element 5 was never in the third position. The matrix T becomes

T =

⎛

⎜
⎜
⎜
⎜
⎝

0 0 0 0 6
0 0 8 6 7
0 0 7 0 0
0 8 0 0 0
0 0 0 0 0

⎞

⎟
⎟
⎟
⎟
⎠
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Iteration 4.The current solution isp = (4, 2, 5, 3, 1), of cost 52, and the data structure
situation is as follows:

m (1, 2) (1, 3) (1, 4) (1, 5) (2, 3) (2, 4) (2, 5) (3, 4) (3, 5) (4, 5)
Cost 8 14 22 8 8 0 24 20 10 10
Tabu Yes

However, it is not possible anymore to choose the move (2, 4) corresponding to
the minimum cost, which could bring us back to the preceding solution, because this
move is prohibited. Hence we are forced to choose an unfavorable move, (1, 2), that
increases the cost of the solution by 8. The matrix T becomes

T =

⎛

⎜
⎜
⎜
⎜
⎝

0 0 0 9 6
0 9 8 6 7
0 0 7 0 0
0 8 0 0 0
0 0 0 0 0

⎞

⎟
⎟
⎟
⎟
⎠

Iteration 5. The solution at the beginning of this iteration is p = (2, 4, 5, 3, 1). The
computation of the cost of the moves gives

m (1, 2) (1, 3) (1, 4) (1, 5) (2, 3) (2, 4) (2, 5) (3, 4) (3, 5) (4, 5)
Cost −8 4 0 12 10 14 12 20 10 −10
Tabu Yes

It can be noticed that the move degrading the quality of the solution in the preced-
ing iteration was beneficial, because it now facilitates arriving at an optimal solution
p = (2, 4, 5, 1, 3), of cost 50, by choosing the move (4, 5).

3.4.4 Aspiration Conditions

Sometimes, some tabu conditions are absurd. For example, a move which leads to
a solution better than all those visited by the search in the preceding iterations does
not have any reason to be prohibited. In order not to miss this solution, it is necessary
to disregard the possible tabu status of such moves. In tabu search terminology, this
move is said to be aspired. Naturally, it is possible to assume other aspiration criteria,
less directly related to the value of the objective to be optimized.

It should be noted here that the first presentations on tabu search insisted heavily
on aspiration conditions, but, in practice, these were finally limited to allowing a tabu
movewhich helped to improve the best solution found so far during the search.As this
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later criterion became implicit, little research was carried out later on defining more
elaborate aspiration conditions. On the other hand, aspiration can also sometimes be
described as a form of long-termmemory, consisting in forcing amove that has never
been carried out over several iterations, irrespective of its influence on the objective
function.

3.5 Long-Term Memory

In the case of a neighborhood defined by a static set of moves, i.e., when it does not
depend on the solution found in the process, the statistics of the moves chosen during
the search can be of great utility. If some moves are chosen much more frequently
than others, one can suspect that the search is facing difficulties in exploring solutions
of varied structure and that it may remain confined in a “valley.” In practice, problem
instances that include extended valleys are frequently observed. Thus, these can be
visited using moves of small amplitude, considering the absolute difference in the
objective function. If the only mechanism for guiding the search is to prohibit moves
which are the reverse of those recently carried out, then a low number of tabu moves
implies that it is almost impossible to escape from some valleys. A high number of
tabu moves may force the search procedure to reside often on a hillside, but even if
the search can change between valleys, it cannot succeed in finding good solutions in
the new valley because numerousmoves are prohibited after the visit to the preceding
valley. It is thus necessary to introduce othermechanisms to guide a search effectively
in the long term.

3.5.1 Frequency-Based Memory

One technique to ensure some diversity throughout the search without prohibiting
too many moves, consists in penalizing moves that are frequently used. Several
penalization methods can be imagined, for instance a prohibition of moves whose
frequency of occurrence during the search exceeds a given threshold, or the addition
of a value proportional to their frequency when evaluating moves. Moreover, the
addition of a penalty proportional to the frequency has a beneficial effect for problems
where the objective function takes only a small number of values, as that situation
can generate awkward equivalences from the point of view of guiding the search
when several neighboring solutions have same evaluation. In these situations, the
search will then tend to choose those moves which are least employed rather than
select a move more or less at random.

Figure3.10 illustrates the effect of a method of penalization of moves which adds
a factor proportional to their frequency of usage at the time of their evaluation. For
this purpose, the experiment carried out to show the influence of the tabu duration
(see Fig. 3.8) was repeated, but this time; the coefficient of penalization was varied;
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Fig. 3.10 Effect of a coefficient of penalization based on the frequencies of moves

the moves were thus penalized, but never tabu. This experiment relates again to the
3000 quadratic assignment instances of size 12 generated at random. In Fig. 3.10,
the average of the best solutions found after 50 iterations and the average value of all
the solutions visited are given as functions of the coefficient of penalization. It can
be noticed that the behavior of these two statistics is almost the same as that shown
in Fig. 3.8, but overall, the solutions generated are worse than those obtained by the
use of a short-term memory.

Just like what has been done for short-term memory, this method can be gener-
alized to provide a long-term memory of a nonstatic set of moves, i.e., where M
depends on s: in this case the frequency with which certain characteristics of moves
have been employeed to is recorded rather than the moves themselves. Here, the sim-
ilarities in implementing these two forms of memory should be noticed: one method
stores the iteration in which one can use a characteristic of a move again, whereas the
other memorizes the number of times this characteristic has been used in the chosen
moves.

3.5.1.1 Value of the Penalization

It is necessary to tune the value associated with a penalization method based on fre-
quencies. This tuning can be carried out on the basis of the following considerations.
Firstly, if f req(m) denotes the frequency of usage of move m, it seems reasonable
to penalize that move by a factor proportional to f req(m), though other possible
functions can be used, for instance f req2(m).

Secondly, if the objective function is linear and if a new problem instance is
considered where all the data are multiplied by a constant, it is not desired that
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a mechanism of penalization based on frequencies should depend on the value of
the constant. In the same way, the mechanism of penalization should not work in
a different manner if one adds a constant to the objective function. Consequently,
it also seems legitimate to use a penalization which is proportional to the average
amplitude of two neighboring solutions.

Thirdly, the larger the neighborhood is, themore the distribution of the frequencies
becomes concentrated on small values. The penalty should thus be multiplied by a
function that is strictly increasing with the size of the neighborhood, so that the
penalty does not become zero when the size of the problem increases. If the identity
function proves to be too large in practice (cf. [14, 15]), one can consider, for example,
a factor proportional to

√|M |.
Naturally, the concept of using penalization based on frequencies also requires

taking the mechanism of aspiration into consideration. If not, then it is highly likely
that we may miss excellent solutions.

3.5.2 Forced Moves

Another long-term mechanism consists in performing a move which has never been
used during a large number of iterations, irrespective of its influence on the quality
of the solution. Such a mechanism can be useful for destroying the structure of a
local optimum, and therefore escaping from the valley in which it was confined. This
is also valid for high-dimensional problems, as well as instances that have a more
modest size but are very structured (i.e., for which the local optima are separated by
very bad solutions).

In the earlier example of the quadratic assignment problem, it is not even necessary
to introduce a new data structure to implement this mechanism. In fact, it is enough
to implement the tabu list in the form of a matrix with two dimensions (element,
position), whose entries indicate in which iteration each element is allowed to occupy
a given position, either to decide if a move is prohibited (the entries in the matrix
corresponding to the move contain values larger than the number of the current
iteration) or, instead, to decide if a given element has not occupied a given position
during the last v iterations. If the matrix contains an entry whose value is lower than
the number of the current iteration decreased by the parameter v, the corresponding
move is chosen, independent of its evaluation. It may happen that several moves
could be simultaneously chosen because of this rule. This problem can be solved
by imagining that, before the search was started, one had carried out all |M | moves
(a static, definite neighborhood of all M moves is assumed) during hypothetical
iterations −|M |,−|M | + 1, . . . ,−1. Of course, it is necessary that the parameter
v be (sufficiently) larger than |M |, so that these moves are only imposed after v

iterations.
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3.6 Convergence of Tabu Search

Formally, one cannot speak about “convergence” for a tabu search, since in each
iteration the solution is modified. On the other hand, it is definitely interesting to pass
at least once through a global optimum. This was the focus of discussion in [9], on a
theoretical level, using an elementary tabu search. It was shown that the search could
be blocked if one prohibited passing through the same solution twice. Consequently,
it is necessary to allow the same solution to be revisited. By considering a search
which memorizes all the solutions visited and which chooses the oldest one that has
been visited if all of the neighboring solutions have already been visited, it can be
shown that all of the solutions of the problem will be enumerated. This is valid if the
set of solutions is finite, and if the neighborhood is either reversible (or symmetric:
any neighboring solution to s has s in its neighborhood) or strongly connected (there
is a succession of moves that enables one to reach any solution s ′ starting from any
solution s). Here, all of the solutions visited must be memorized (possibly in an
implicit form), and it should be understood that this result remains theoretical.

Another theoretical result on the convergence of tabu search was presented in [2].
The authors of that study considered probabilistic tabu conditions. It is then possible
to choose probabilities such that the search process is similar to that of simulated
annealing. Starting from this observation, it can be expected that the convergence
theorems for simulated annealing can easily be adapted to a process called proba-
bilistic tabu search. Again, it should be understood that the interest of this result
remains of a purely theoretical nature.

3.7 Conclusion

Only some of the basic concepts of tabu search have been presented in this chapter.
Other principlesmay lead to amore effective and intelligentmethod.Whenpossible, a
graphical representation of the solutions visited successively during the search should
be used, as it will actively stimulate the spirit of the designer and will suggest, often
in an obvious way, how to guide the search more intelligently. The development of
a tabu search is an iterative process: it is almost impossible to propose an excellent
method at the first attempt. Adaptations, depending on the type of problem as well
as on the problem instance considered, will certainly be required. This chapter has
described only those principles which should enable a designer to proceed towards
an effective algorithm more quickly. Other principles, often presented within the
framework of tabu search suggested by F. Glover, such as scatter search, vocabulary
building and path relinking, will be presented in Chap. 13, devoted to methodology.

http://dx.doi.org/10.1007/978-3-319-45403-0_13
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3.8 Annotated Bibliography

Reference [6] This book is undoubtedly the most important reference on tabu
search. It describes the technique extensively, including certain
extensions which will be discussed in this book in Chap. 13.

References [4, 5] These two articles can be considered as the founders of the dis-
cipline, even if the name “tabu search” and certain ideas already
existed previously. They are not easily accessible; hence certain
concepts presented in these articles, such as path relinking and
scatter search, were studied by the research community only sev-
eral years after their publication.
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