An Inequality for Moments of Log-Concave
Functions on Gaussian Random Vectors

Nikos Dafnis and Grigoris Paouris

Abstract We prove sharp moment inequalities for log-concave and log-convex
functions, on Gaussian random vectors. As an application we take a reverse form
of the classical logarithmic Sobolev inequality, in the case where the function is
log-concave.

1 Introduction and Main Results

A function f : Rk — [0, 4+00) is called log-concave (on its support), if and only if

£ =)x+ Ay) = FO)TMF(0)h,

for every A € [0, 1] and x,y € supp(f). Respectively, f is called log-convex (on its
support), if and only if

£ =)x+ Ay) < fOU (",

for every A € [0, 1] and x,y € supp(f). The aim of this note is to present a sharp
inequality for Gaussian moments of log-concave and log-convex functions, stated
below as Theorem 1.1.

We work on R¥, equipped with the standard scalar product (-, -). We denote by |- |
the corresponding Euclidean norm and the absolute value of a real number. We use
the notation X ~ N(§, T), if X is a Gaussian random vector in R¥, with expectation
£ € R* and covariance the k x k positive semi-definite matrix 7. We say that X is
a standard Gaussian random vector if it is centered (i.e. EX = 0) with covariance
matrix the identity in R*, where in that case i stands for its distribution law. Finally,
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LP5(yx) stand for the class of all functions f € LP(yx) whose partial derivatives up

to order s, are also in L (y;).

Theorem 1.1 Let k € N and X be a Gaussian random vector in R¥. Let f : R¥ —
[0, +00) be alog-concave and g : R* — [0, +00) be alog-convex function. Then,

(i) foreveryr e [0,1]

Ef (v/rX) = (Bf(X)")r and Eg(/rX) < (Eg(X)")" (1)

(ii) foreveryq € [1,+00)

1 1
Ef(vaX) = Bf (X)) and Eg(/gX) = (EgX))s . )
In any case, equality holds if r = 1 = q or if f(x) = g(x) = e~®9F¢ where a € R¥
andc € R.

We prove Theorem 1.1 in Sect. 2, where we combine techniques from [7] along
with Barthe’s inequality [2].

The entropy of a function f : R¥ — R, with respect to a random vector X in R¥,
is defined to be

Entx (f) := E[f(X)[log|f(X)| — E|f(X)| log E[f(X)],

provided all the expectations exist. Note that (for f > 0)

Enix (/) = ;q[(Ef(X)q)‘l’}

g=1
and so, Theorem 1.1 implies the following entropy inequality:
Corollary 1.2 Letf : RY — [0, +-00) and X be a Gaussian random vector in R¥.

(i) Iff is log-concave, then

Enty(f) > ;w, VI (X)). 3)

(ii) Iff is log-convex, then

Enty(f) < ;w, VI (X)). “

In any case, equality holds if f (x) = exp ((a, x) + c), aeRKceR

1

Proof Letm(q) := (IEf(X)‘f) ¢ and h(q) := Ef(,/gX). Then we have

m(1) = Ef(X) = h(1), m'(1) = Entx(f) and /(1) = ;E(X, VX)),
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and Theorem 1.1 implies the desired result. O

The logarithmic Sobolev inequality, proved by Gross in [10], states that if X ~
N(0, I}), then

Enty(f%) < 2E|VF(X)]?, )

for every function f € L?(y;). Moreover, Carlen showed in [6], that equality holds
if and only if f is an exponential function. For more details about the logarithmic
Sobolev inequality we refer the reader to [4, 14, 19, 20] and to the references therein.

In Sect.3, we show that Corollary 1.2, after an application of the Gaussian
integration by parts formula (see Lemma 3.1), leads to the following reverse form
of Gross’ inequality, when the function is log concave:

Theorem 1.3 Let X be a standard Gaussian random vector in R* and f = e €
L2 (), be a positive log-concave function (on its support). Then

2E|VF(X)|> — Ef(X)*Av(X) < Entx(f?). (©6)

Theorem 1.3, ensures that if a log-concave function f = e™" is close to be an
exponential, in the sense that Ef(X)?>Av(X) is small, then the logarithmic Sobolev
inequality for f is close to be sharp.

For more properties and stability results on the logarithmic-Sobolev inequalities
we refer to the papers [8, 9, 11] and the references therein.

2 Proof of the Main Result

The first ingredient of the proof of Theorem 1.1, is the following inequality for
Gaussian random vectors, proved in [7]. We recall that for two square matrices A
and B, we say that A < B if and only if B — A is positive semi-definite.

Theorem 2.1 Let m,ny,...,n, € Nand set N = ZT:I n;. Foreveryi=1,...,m,
let X; be a Gaussian random vector in R™, such that X = (X1,...,X,) is a
Gaussian random vector in RN with covariance the N x N matrix T = Ty <ij<ms
where Tj; is the covariance n; X n; matrix between X; and X;, 1 < i,j <
m. Let p1,...,pm € R and consider the N x N block diagonal matrix P =
diag(p1T11, - . ., pmTmm). Then, for any set of nonnegative measurable functions f;
onRY i=1,...,m,

(i) if T <P, then

m 1

B[ Tacw < [ (Brcor)”. @

i=1 i=1
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(i) if T = P, then

B[ 1r00 = [ (o). ®)
i=1

i=1

Theorem 2.1 generalizes many fundamental results in analysis, such as Holder
inequality and its reverse, Young inequality with the best constant and its reverse
[3] and [5], and Nelson’s Gaussian Hypercontractivity and its reverse [17] and [15].
Actually, the first part of Theorem 2.1 is another formulation of the Brascamp-Lieb
inequality [5, 13], while the second part provides a reverse form.

Moreover, (8) implies (see [7]) F. Barthe’s reverse Brascamp-Lieb inequality [2],
which the second main tool in our the proof of Theorem 1.1. For more extensions
of Brascamp-Lieb inequality and similar results see [12] and [16].

For our purposes, we need the so-called geometric form (see [1]) of Barthe’s
theorem.

Theorem 2.2 Let n,m,ny,...,n, € Nwithn; < nforeveryi =1,...,m. Let U;
be a n; x n matrix with U;UF =1, fori =1,...,mand ci, ..., cy be positive real
numbers such that

Zm:C,' U,'*Ui = In.
i=1

Leth : R" — [0,4+00) and f; : R% — [0,400), i = 1,...,m, be measurable
functions such that

N m
h (Z ciUi*gi) > l_[fi@i)ci VE e R, )
i=1 i=1

i=1,...,m Then

[ rane =T1( [, swan) (10)

2.1 Decomposing the ldentity

We will apply Theorem 2.1 in the special case where the covariance is the kn x
kn matrix T = ([Tij])i\j<n’ with T; = Iy and Ty = I, if i # j, for some ¢ €
[— ! 1]. Equivalently, in that case X := (X1, ..., X,) ~ N(0,T), where X1, --- ., X,

n—1"
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are standard Gaussian random vectors in R¥, such that

Ly,i=j

0t (11)

E(XiX,'*) =

For any ¢ € [0, 1], a natural way to construct such random vectors is to consider
n independent copies Zy, ..., Z,, of aZ ~ N(0, I;) and set

Xi:=VtZ+N1—-tZ:, i=1,...,n.

However, we are going to use a more geometric approach. First we will deal with
the 1-dimensional case and then, by using a tensorization argument, we will pass to
the general k-dimensional case, for any k € N. We begin with the definition of the
SR-simplex.

Definition 2.3 We say that S = conv{vy,...,v,} € R"!is the spherico-regular
simplex (in short SR-simplex) in R*™!, if v{,..., v, are unit vectors in R"~! with
the following two properties:

(SR1) (vi,v;) =— "' ,foranyi#j,

(SR2) >, v;=0.

Using the vertices of the SR-simplex in R"™!, we create n vectors in R" with the
same angle between them. This is done in the next lemma.

Lemma 2.4 Letn > 2 and vy,...,V, be the vertices of any RS-Simplex in R"!,
Foreveryt € [— nll , 1], let uy, . .., u, be the unit vectors in R" with
th—1)+1 —1
u; = u(t) = \/ =1 e, + \/n (1=1 vi, (12)
n n
i=1,...,n Then we have that
(i, uj) =1, Vi#j. (13)
Moreover,

(i) ift €[0,1], then

n n—1
1 * nt *
ur + e = I, 14
t(n—1)+12””’ z(n—1)+1];ef€f (14)

i=1

(i) ift € [=,',,0], then

—nt
L Zu,ul* + | ntene: =1, (15)
i=1
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Proof A direct computation, using the properties (SR1), (SR2) and the fact that

n
n—1 "
E Vivi = Ip—1,
n ;
i=1

shows that (13)—(15) holds true. O

Remark 2.5 £ Z ~ N(0,1,), then X; := (u;,Z),i = 1,...,n, are standard Gaussian
random variables, satisfying the condition (11) in the 1-dimensional case.

For the general case we first recall the definition of the fensor product of two
matrices:

Definition 2.6 For any matrices A € R™" and B € R, their tensor product is
defined to be the km x £n matrix

ClllB CllnB
A®B = :

amB - a,B

Every vector a € R” is considered to be a n x 1 column matrix and with this
notation, we state some basic properties for the tensor product, that we will use.

Lemma 2.7 [. Leta = (ay,...,a,)* € R"andb = (by,...,b,)* € R". Then

arby --- aib,
a®b* =ab™ = e R™",

auby -+ aub,
and as a linear transformation, a ® b* = ab* : R" — R™ with
(a®b*)(x) = (ab*)(x) = (x,b)a, xeR".

2. Let A; € R™" and B € R™!. Then (),A;)) ® B=)_;A; ® B.
3. Let Ay € R™", By € R and A, € R, B, € RY. Then

(A ® B)) (A2 ® By) = (A1A2) ® (B1B») € Rkmxrs
4. For any matrices A and B,

(A®B)* =A* ® B*.
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For our k-dimensional construction, we consider the k£ x kn matrices

U, .= Ltl* QI = ([Millk] [Mm[k]), (16)

Ei=ef @l = ([enh] -+ [enhi]): 17
fori = 1...,n. Note that
UrU; = (uf @ I)*(uf @ I) = uu] Q I
and
EE; = (ef ® [)*(e] ® Ik) = eje; ® Iy,

for every i,j = 1,...,n. Thus by taking the tensor product with I, in both sides
of (14), we get that

n n—1
1 nt

Y UUi+ Y E'E =L, (18)
P S =

for every t € [0, 1], where p := (n — 1)t + 1. Moreover, we can now construct the
general case describing in (11). We summarize in the next lemma.

Lemma 2.8 Suppose that Z,, . ..,Z, are iid standard Gaussian random vectors in
RF and set Z. := Zi,....Z,) ~ N(0, Iy,). Consider the random vectors

Xi:=UZ=Y_ tiZa. i=1,....n, (19)
a=1
where U;, i = 1,...,n, are the matrices defined in (16). Then X; is a standard
Gaussian random vector in R, foreveryi=1,...,nand
Elx ®x7] = (EXXd) | = (80) _ =1 (20)

foreveryi # j.
Proof Clearly, EX; = 0, foreveryi,j = 1,...,n, and since

E[Za &® ZZ] = (E[ZarZM])r,[<k = Saﬂlk
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T )

= Z Z UigUjp E [Zarzbl]

a=1 b=1

we have that

= Z UiaUjq E [ZarZal]
a=1

n
= E uia“jagrl
a=1

= (I/li, I/lj) 8,»[.

The proof is complete, since |u;| = 1 for all i’s and by (13) (u;, u;) = ¢ for all i # j.
O

2.2 Proof of Theorem 1.1
The next proposition is the main ingredient for the proof of Theorem 1.1.

Proposition 2.9 Lett € [0,1], k,n € N, p = t(n—1)+ 1, X be a standard Gaussian
random vector in R¥ and X, --- , X,, be copies of X such that

E[X ®X] = (BN Xd) =t Vi#j

Then, for any log-concave (on its support) function f : R — [0, 4+-00), we have that
n 1
E (l_[ﬂxi)) < (Ef(X)ﬁ)” <Ef ( ZX ) @1
i=1
Note that, the log-concavity of f implies that

(Hf(x,-)) <f (}11 Zx,-) ,
i=1 i=1

where equality is achieved for the exponential function f(x) = e{®9%+¢ a € R¥ and
celR.
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Proof of Proposition 2.9 In order to prove the left-hand side inequality in (21), we
will apply Theorem 2.1. Note that the assumption of log-concavity will not be used.
The left-hand side inequality in (21) holds true for any non-negative measurable
function f.

To be more precise, let X, ..., X, be standard Gaussian random vectors in R¥
satisfying condition (20) and 7 € [— nil, 1]. Then, X := (X1, ..., X,), is a centered
Gaussian vector in R¥ with covariance the kn x kn matrix T = (T;); j<n, With block
entries the k x k matrices T;; = Iy and Tj; = tl}, for i # j. Setting

pi=m—-Dt+1 and ¢g:=1-1,

it’s not hard to check that, for any ¢ € [0.1], p is the biggest and ¢ is the smallest
singular value of T, while for any ¢ € [— nll , 0], ¢ is the biggest and p is the smallest
singular value of 7. Thus,

(i) if £ > 0, then

Glin =T = plin,
(i) if r <0, then

Plin =T < gl

In the above situation, Theorem 2.1 reads as follows:

Theorem 2.10 Letk,n € N, t € [— nll ,1]andlet Xy, ..., X, be standard Gaussian
random vectors in R, with E[Xi®Xj*] = th, foralli # j. Setp := (n—1)t+1,q :=
1 — t, and then for every measurable functions f; : Rf — [0,+00),i=1,...,n

(i) ift € [0, 1], then

n

[T(ercor)” < BT s < [ (ercor)”. (22)
i=1

i=1 i=1

(i) ift € [=,',,0], then

[T(ercer)” < e[ Troo =[] (Bro0r) . @3)
i=1

i=1 i=1

Now, the left-hand side inequality of (21) follows immediately from (22), by
taking f; = f/" foreveryi = 1,...,n.

In order to prove the right-hand side inequality of (21) we apply Barthe’s
theorem, using the decomposition of the identity in (18). In the following lemma
we gather some technical facts.
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Lemma 2.11 Let U;and E;, i = 1,...,nthe matrices defined in (16) and (17), and
setp=m—1t+1,q=1—t Then

—1
U;k:\/pen®1k—‘r\/n qV,'®Ik E]Rank.
n n

UiU;< = (I/li, Mj)[k

foreveryi <nandj <n-—1.

Proof The first and the second assertion can be verified, just by using the definitions.
For the third one, we have

UES = (uf @ I)(ef ® )"

n—1
= <\/Z€,T®Ik+\/ . qV;k@Ik) (ej ® I)

n—1
= \/2 (e ®I)(e; ® L) + \/ ) q(v; @ I)(¢; ® I)
—1
=\/pe:ej®lk+\/n qV;kEj@Ik
n n

n—1
= \/[7 (en,ej)lk + \/ q (Vi,ej')lk
n n

-1
=0+ \/n q (vi, ej)Ix.

n
|

To finish the proof of Proposition 2.9, we apply Barthe’s Theorem 2.2, using the
decomposition of the identity appearing in (18). We choose the parameters: n <> kn,
m:=2n—1,n;:=kforalli=1,...,2n—1, and

] ;,i:l,...,n
Ci = nt . .
» ,i=n+1,...,2n—1

Then, we apply Theorem 2.2 to the functions

P
- f(x)" ,i:l,...,n k
i(x) == , e R
fitx) { 1 Li=n+l,....20—1" "
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and

hix):=f (’11 Z U,-x) , xeRM
i=1

Forany &y, ...,

n

£, € R¥, by Lemma 2.11, we get that

a5 U§+ZmE§n+a

Jj= l

Lljl

ll]l

[

n n

n

—_—

i=1

15

>[Tre =
i=1

Thus, Theorem 2.2 implies

=Ef (}1 > U,-z) = 1 (re0f)” = (Ereo’)’
i=1 i=1

#(, 2
i=1

and the proof is complete.

ZZ Uiy +
;ZZ UUTE +

,,ZZ UiU*;

Lljl

al

nnl

3

Llal

1
nnnt\/

llal

(since Z v; = 0)

U E*En-i-a

Vza €q gn+a

1 1
; N » (i, u)§;

i=1 j=1

o (s+> e

H (r&’ ) Hf@ ).

i=1

117
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We close this section with the proof of our primary result.

Proof of Theorem 1.1 Suppose first that X ~ N(0, I;). Then, under the notation of
Lemma 2.8 we have that

1 — I /p l— [n—1
UZ = *®I)Z \/ =AY/
; ;:1 ; ;:1 \/n (e, ® NZ + i ;:1 , q(v; ®I)
P, 1 n—1 . *
= (e, ®INZ + q E Vi | ® Ik Z
n n n i1
1 1 (S
p n—
= E,Z ; ILZ

= \/pzn.
n

Thus, the right hand side of (21) can be written as

Ef(\/z X) > (f(X)Z)Z. (24)

wherep = (n—1)t+ 1,ne N,andz € [0, 1].

Consequently, if f : R — [0, 4+-00) is a log-concave function and r € (0, 1], then
there exist ¢ € [0, 1] and n € N, such that r = Z = (”_ln)H'l and so by (24) we get
that

Ef(V/rX) > (Ef (X)) (25)

for every r € (0, 1]. We consider now the case where » = 0. Since f is log-concave,
there exists a convex function v : R¥ — R such that f = e V. Then, for r = 0,
inequality (1) is equivalent to Jensen’s inequality

v(0) = v(EX) < Ev(X), (26)
and the proof of (1) is complete.

For every ¢ > 1 consider r = (11 € (0,1]. Let F(x) = f(x/+/r)"/" which is also
log-concave and so (25) for F and r implies

Ef(X)? > (Ef(v/gX))’, 27)

and (2) follows.
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Assume now that g : R" — [0, +00) is log-convex and r € (0, 1]. By the log-
convexity of g and Theorem 2.10(i), we have that

Eg (}11 ;Xi) < El}g(xi) b= (Ba)?) (28)

As we have seen at the beginning of the proof rll Y X < \/”: X. So, using (28)

(n—1)t+1
n

fort € [0, 1] and n € N such that Z = = r, we derive that

Eg (v/rX) < (Bg(X)")" ,

for every r € (0, 1]. The rest of the proof for a log-convex function g is identical to
the log-concave case.

For the equality case, a straightforward computation shows that for f(x) =
el 7+ we have that

Bf(yaX) = Cexp (41al) = (B (X))

for every g > 0.

Finally, suppose that X is a general Gaussian random vector in R¥ with
expectation £ € RF and covariance matrix T = UU* where U € R, Note,
that if f is log-concave (or log-convex) and positive function on R¥, then so is

F(x) := f(Ux — &). Moreover, if Z ~ N(0,I;) then UZ — & L x ~ N(,T).
The general case follows then, by applying the previous case on function F. O

3 Reverse Logarithmic Sobolev Inequality

In the next lemma, we state the Gaussian Integration by Parts formula (see [18,
Appendix 4] for a simple proof).

Lemma 3.1 Let X,Y1,...,Y, be centered jointly Gaussian random variables, and

F be a real valued function on R", that satisfy the growth condition

‘ }im |[F(x)|exp (—alx]’) =0  Va>0. (29)
X|—> 00

Then

E[XF(Y1.....Y,)] = > E[XV] E[0:F(Y1.....Y,)]. (30)

i=1
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Involving this formula, we can further elaborate Corollary 1.2.
Let ¢, be the class of all positive functions in R*, such that their first derivatives
satisfy the growth condition (29). Then for any f € ¥, by Lemma 3.1, we get that

k

E[(x. Vf(X))] = ) E[Xidf (X)]

i=1

i Xk: E[X:.X;) E[9,/(X)] = E[w(T Hy(X))].

where T is the covariance matrix of X and Hy(x) stands for the Hessian matrix of f at
x € R¥. In the special case where X ~ N(0, I;), Corollary 1.2 implies the following:

Corollary 3.2 Letk € N, and X be a standard Gaussian vector in R¥. Then

(i) for every log-concave functionf € %, we have

Entx(f) > ;EAf(X), a1

(ii) for every log-convex function f € %, we have
1
Enty(f) = EAf(X). (32)

Proof of Theorem 1.3 Let f € L*!(y;). Without loss of generality we may also
assume that Ef2(X) = 1. Suppose first that f has a bounded support. Then f? € %,
and Corollary 3.2, after an application of the chain rule éAf2 = |Vf|> +fAf, gives
that

E|VF(X)|” + Ef(X)Af(X) < Enty(f?) < 2E[Vf(X)[. (33)

Letf = e ", where v : supp(f) — R is a convex function. Again by the chain rule
we have fAf = |Vf|?> — f>Av, and so

Ef (X)Af(X) = E|VF ()| — Ef (X)* Av(X). (34)
Equations (33) and (34), prove Theorem 1.3 in this case.
To drop the assumption of the bounded support, we consider the functions f,, :=

fi, B> where lnB’g is the indicator function of the Euclidean Ball in R* with radius
n € N. Every f, has bounded support and so by the previous case,

2E|IVAX)? — Ef(X)* Avy(X) < Entx(f,). (35)
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In order to avoid any possible problem of infiniteness of the derivatives of f,,
n € N, we define the functions

F, = |Vf]*- L. H, =f*Av - L.

Notice that F,, = |Vf,|* and H, = f?Av, almost everywhere, since they could only
differ on the zero-measure set {x € R* : |x| = n}. Thus,

0<fi /'f. O<F, /IVf’. 0<H, /fAv,
and by the monotone convergence theorem
E|V/,(X)|> = EF,(X) — E|V/(X)* (36)
and
Ef,,(X)? Av,(X) = EH,(X) — Ef(X)?>Av(X). (37)

Moreover, f2logf? — f*logf? and |f?logf?| < |f*logf?|, for everyn € N
(where we have taken that 0log0 = 0). Since, by Gross’ inequality, > logf? €
L' (i), the Lebesgue’s dominated convergence theorem implies that

Enty(f?) — Enty(f?). (38)

Under the light of (36)—(38), the desired result follows by taking the limit in (35),
asn — 00. O
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