Super-Gaussian Directions of Random Vectors

Bo’az Klartag

Abstract We establish the following universality property in high dimensions: Let
X be a random vector with density in R”. The density function can be arbitrary.
We show that there exists a fixed unit vector § € R” such that the random variable
Y = (X, 0) satisfies

min {P(Y > M), P(Y < —tM)} > ce~" forall 0 <t < &/n,

where M > 0 is any median of |Y/|, i.e., min{P(|Y| > M),P(|Y| < M)} > 1/2.
Here, c¢,¢, C > 0 are universal constants. The dependence on the dimension n is
optimal, up to universal constants, improving upon our previous work.

1 Introduction

Consider a random vector X that is distributed uniformly in some Euclidean ball
centered at the origin in R”. For any fixed vector 0 # 6 € R”, the density of
the random variable (X, 0) = ) ,6,X; may be found explicitly, and in fact it is
proportional to the function

2 (n=1)/2
t— (1 - ) (teR) (1)

2
A*n ),

where x4 = max{x, 0} and A > 0 is a parameter depending on the length of 6 and
the radius of the Euclidean ball. It follows that when the dimension # is large, the
density in (1) is close to a Gaussian density, and the random variable Y = (X, 0)
has a tail of considerable size:

P(Y > tM) > cexp(—Cr?) forall 0 <t < &v/n. )
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area = 1/2

— 2
area > ce
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Fig. 1 An example of a density of a Super-Gaussian random variable

Here, M = Median(|Y]) is any median of |Y/|, i.e., min{P(|Y| > M), P(|Y| < M)} >
1/2,and ¢, ¢, C > 0 are universal constants. Both the median and the expectation of
|Y| differ from A by a factor which is at most a universal constant. We prefer to work
with a median since in the cases we will consider shortly, the expectation of |Y] is
not guaranteed to be finite. The inequality in (2) expresses the property that the tail
distribution of Y/M is at least as heavy as the standard Gaussian tail distribution,
for 4/n standard deviations. The dependence on the dimension 7 is optimal, since
for ¢ > @\/n, the probability on the left-hand side of (2) vanishes (Fig. 1).

Our goal in this paper is to show that a similar phenomenon occurs for essentially
any random vector in R”, and not only for the uniform distribution on the high-
dimensional Euclidean ball. Recall that when n is large and the random vector
X = (Xi,...,X,) has independent coordinates, the classical central limit theorem
implies that under mild assumptions, there exists 0 # 6 € R” for which (X, 8) is
approximately Gaussian. It is curious to note that a Gaussian lower bound on the
tail persists, even when the independence assumption is completely dropped.

Let Y be a real-valued random variable and let L > 0. We say that Y is Super-
Gaussian of length L with parameters @, 8 > 0 if P(Y = 0) = 0 and for any
0<r<IL,

min {P(Y > tM),P(Y < —tM)} > ae /¥,

where M = Median(|Y]) is any median of |Y|. The requirement that P(Y = 0) = 0
is necessary only to avoid trivialities. A Gaussian random variable is certainly super-
Gaussian of infinite length, as well as a symmetric exponential random variable.
Write |x| = \/ {x, x) for the standard Euclidean norm of x € R”, and denote §"~! =
{xeR"; |x| =1}.

Theorem 1.1 Let X be a random vector with density in R". Then there exists a fixed
vector 0 € S" such that (X, 0) is Super-Gaussian of length c| \/n with parameters
ca,c3 > 0, where ¢y, c2, c3 > 0 are universal constants.

Theorem 1.1 improves upon Corollary 1.4 from [5], in which the dependence on
the dimension n was logarithmic. In the case where X is distributed uniformly in a
1-unconditional convex body in R", Theorem 1.1 goes back to Pivovarov [9] up to
logarithmic factors. In the case where X is distributed uniformly in a convex body
satisfying the hyperplane conjecture with a uniform constant, Theorem 1.1 is due to
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Paouris [8]. Theorem 1.1 provides a universal lower bound on the tail distribution,
which is tight up to constants in the case where X is uniformly distributed in a
Euclidean ball centered at the origin. In particular, the dependence on the dimension
in Theorem 1.1 is optimal, up to the value of the universal constants.

The assumption that the random vector X has a density in R” may be somewhat
relaxed. The following definition appears in [2, 5] with minor modifications:

Definition 1.2 Let X be a random vector in a finite-dimensional vector space B and
let d > 0. We say that “the effective rank of X is at least d”, or in short that X is of
class eff.ranks, if for any linear subspace E C B,

P(X € E) < dim(E)/d, (3

with equality if and only if there is a subspace FF € Bwith E® F = Band P(X €
EUF)=1.

Intuitively, when X is of class eff.rank-, we think of the support of X as
effectively spanning a subspace whose dimension is at least d. Note, however, that
d is not necessarily an integer. By substituting £ = B in (3), we see that there are no
random vectors in R" of class eff.rank>, with d > n. We say that the effective rank
of X is d when X is of class eff.ranks 4, but for any ¢ > 0 the random vector X is not
of class eff.ranks ;4.. The effective rank of X is d~ if X is of class eff.ranks,_, for
all 0 < € < d but X is not of class eff.ranks,4. In the terminology of [5], the random
vector X has an effective rank greater than d if and only if it is e-decent for some
e < 1/d.

There are many random vectors in R” whose effective rank is precisely n. For
example, any random vector with density in R”, or any random vector X that is
distributed uniformly on a finite set that spans R” and does not contain the origin. It
was shown by Boroczky et al. [1] and by Henk and Linke [4] that the cone volume
measure of any convex body in R" with barycenter at the origin is of class eff.rank-,
as well. Note that a random variable Y is Super-Gaussian of length L with parameters
a, B > 0 if and only if for any number O # r € R, also Y is Super-Gaussian of
length L with the same parameters «, 8 > 0. Theorem 1.1 is thus a particular case
of the following:

Theorem 1.3 Let d > 1 and let B be a finite-dimensional linear space. Let X be
a random vector in B whose effective rank is at least d. Then there exists a non-
zero, fixed, linear functional £ : B — R such that the random variable £(X) is
Super-Gaussian of length c1+/d with parameters cy,c3 > 0, where c1,c2,¢3 > 0
are universal constants.

Theorem 1.3 admits the following corollary, pertaining to infinite-dimensional
spaces:

Corollary 1.4 Let B be a topological vector space with a countable family of
continuous linear functionals that separates points in B. Let X be a random vector,
distributed according to a Borel probability measure in B. Assume that d > 1 is
such that P(X € E) < dim(E)/d for any finite-dimensional subspace E C B.
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Then there exists a non-zero, fixed, continuous linear functional £ : B — R such
that the random variable £(X) is Super-Gaussian of length ci~/d with parameters
c2,c3 > 0, where ¢y, ¢2, c3 > 0 are universal constants.

The remainder of this paper is devoted to the proof of Theorem 1.3 and
Corollary 1.4. We use the letters c, C, 6‘ c1,C, etc. to denote various positive
universal constants, whose value may change from one line to the next. We use
upper-case C to denote universal constants that we think of as “sufficiently large”,
and lower-case c to denote universal constants that are “sufficiently small”. We write
#(A) for the cardinality of a set A. When we write that a certain set or a certain
number are fixed, we intend to emphasize that they are non-random.

We denote by 0,,—; the uniform probability measure on the sphere $"~!, which is
the unique rotationally-invariant probability measure on S"~!. When we say that
a random vector 6 is distributed uniformly on $"~!, we refer to the probability
measure 0,—1. Similarly, when we write that a random subspace E is distributed
uniformly over the Grassmannian G, of k-dimensional subspaces of R", we refer
to the unique rotationally-invariant probability measure on G, .

2 Proof Strategy

The main ingredient in the proof of Theorem 1.3 is the following proposition:

Proposition 2.1 Let X be a random vector in R" with P(X = 0) = 0 such that
X \* 5
E ,0) < forall 6 € S" . 4)
X n

Then there exists a fixed vector 0 € S"™' such that the random variable (X, 0) is
Super-Gaussian of length c1 i/n with parameters c,, c3 > 0, where ¢y, c2,c¢3 > 0 are
universal constants.

The number 5 in Proposition 2.1 does not play any particular role, and may be
replaced by any other universal constant, at the expense of modifying the values of
c1, ¢y and c3. Let us explain the key ideas in the proof of Proposition 2.1. In our
previous work [5], the unit vector § € §"~! was chosen randomly, uniformly on
§"~!. In order to improve the dependence on the dimension, here we select 6 a bit
differently. We shall define 0 and 6, via the following procedure:

(i) Let M > 0 be a 1/3-quantile of |X|,i.e., P(|X| > M) > 1/3 and P(|X| < M) >
2/3. We fix a vector 6; € S"~! such that

X 1 1 X 1
P(|X|2Mand’ —91’5 )Z - sup IF’(|X|ZMand‘ —n‘f )
X] 5) 72,50 1X] 5
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(ii) Next, we fix a vector 6, € S"~! with {6, 6,)| < 1/10 such that

1 1 X 1
< > - sup P[|X]>Mand -l < .
s)=20 Lk 1X| 5

[(n.61)1=<1/10

]P’(|X| > M and

In the following pages we will describe a certain subset F3 C $"~! which satisfies
0n—1(F3) = 1 —=C/n‘ and 0, — 0; & F3. We will show that for any 6; € F3, the
random variable (X, 6) is Super-Gaussian of length ¢\/n with parameters c;, ¢, > 0,
where 0 is defined as follows:

01— 6+ 63
0= . 5
|01 — 6, + 03] )

Thus, 6, and 6, are fixed vectors, while most choices of 83 will work for us, where

by “most” we refer to the uniform measure on §"~!. The first step the proof below
is to show that for any unit vector 6 € st

Median (|(X, 0)|) < CM//n, (6)

that is, any median of |(X, )| is at most CM/ \/n. Then we need to show that when
03 € F3 and 0 is defined as in (5), forall 0 < ¢ < c/n,

min{]P’(Yz %),P(Yﬁ—%)} > e, 7)

The proof of (7) is divided into three sections. The case where ¢ € [0, v/log n] may
essentially be handled by using the methods of [5], see Sect. 3. Let 7y > 0 be defined

via
5) ’ )

In order to prove (7) in the range ¢ € [/logn, ], we will use tools from the local
theory of Banach spaces, such as Sudakov’s inequality as well as the concentration
of measure on the sphere. Details in Sect.4 below. The remaining interval ¢ €
[fo, c+/n] is analyzed in Sect. 5. In Sect. 6 we deduce Theorem 1.3 and Corollary 1.4
from Proposition 2.1 by using the angularly-isotropic position, along the lines of

[5].

X
e =P (|X| > M and ‘ — 6
1X|
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3 Central Limit Regime

This section is the first in a sequence of three sections that are dedicated to the proof
of Proposition 2.1. Thus, we are given a random vector X in R” with P(X = 0) =0
such that (4) holds true. We fix a number M > 0 with the property that

P(x|=M)=1/3,  P(X|=M)=2/3. ©)

That is, M is a 1/3-quantile of |X|. Our first lemma verifies (6), as it states that for
any choice of a unit vector 6, any median of the random variable |(X, )| is at most

CM/ /n.

Lemma 3.1 Forany € S",
P (|(X.0)] = CM//n) < 1/2,

where C > 0 is a universal constant.

Proof 1t follows from (4) that for any § € §*!,

2 2
X,9>§5M

2
E [(X, 0)? 1{\X\5M}] <E [(X’ 6) |A;|2} =M 'E<IX|

n
By the Markov-Chebyshev inequality,
P ((X.0)" Tz = 35M%/n) < 1/7.

Since P(|X| > M) < 1/3, we obtain

oM oM 1
P [(X,0)] = <P(X|>M)+P|[[(X,0)] > and [X| <M ) <
Jn Jn 3
+1 - 1
7 2
The lemma follows with C = 6. O

The rest of this section is devoted to the proof of (7) in the range ¢ € [0, 4/logn].
The defining properties of 6,0, € S"~! from the previous section will not be used
here, the entire analysis in this section applies for arbitrary unit vectors 8; and 6,.

Lemma 3.2 Let 0;,0, € S"~! be any two fixed vectors. Then,

1ox1y _ 1
Jn 5

10/X|

Jn

P(|X| o, 15,001 = PO na jx 6 <
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Proof By (4) and the Markov-Chebyshev inequality, forj = 1, 2,
101X x \2 5 1
Pz "< " m(X gy < S
Jn 100 |X| 100 » 20
Thanks to (9), we conclude that

10[X] 10[X| 2 1 1\ 1
Pl|X|>M, |(X,0)] < , (X, 6,)]| < >1— .
(= oo = ) o < 10 T+t a0) > s

Let 1 < k < n. Following [5], we write O C (R™)* for the collection of all
k-tuples (vy, ..., vx) with the following property: There exist orthonormal vectors

Ui:Zaijo fori=1,...,k. (10)
j=1

In other words, Oy consists of k-tuples of vectors that are almost orthogonal. By
recalling the Gram-Schmidt process from linear algebra, we see that (v, ..., V) €
O assuming that

|Projg,_ vil < |vil/k*  fori=1,... k, (11)

where E; is the subspace spanned by the vectors vy, ...,v; € R" and Projg, is the
orthogonal projection operator onto E; in R". Here, Ey = {0}.

Lemma 3.3 Assume that 1 < k < n and fix (vy,...,v) € O Then there exists
F S Y witho,_((F) > 1— Cexp(—c\/k) such that forany 0 € F and 0 <t <
JNogk,

v
# lfifk;(vi,G)zcll i, > 00 OF Lk,
n

where c1, ¢y, C3, c, C > 0 are universal constants.

Proof Let wy,...,w and (a;) be as in (10). By applying an orthogonal trans-

formation in R”, we may assume that w; = e;, the standard ith unit vector.
Let ' = (I'1,...,I,) € R” be a standard Gaussian random vector in R”. For
i=1,...,nandt > 0, it is well-known that

o0
P(T;>1) = / 25 e [ce_rz, Ce_rz/z].

1
V2 )
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Therefore, by the Chernoff large deviations bound (e.g., [3, Chap. 2]), for any ¢ > 0,
. O c . 2 . 7 = 2

P(#{lfsz,I‘,zt}zz e k)zl Cexp( Ze k) (12)

From the Bernstein large deviation inequality (e.g., [3, Chap. 2]),
k A
P(IT| <24/n) = 1—Ce ", P (Z |T;| < Zk) >1—Ce ™, 13)

i=1

Note that when Zf=1 |T;| <2k, foranyi=1,...,k,

i k
ajj > =1 Tl 2
(I vi) = aii - <F, ety ‘]€j> > aji (Fi - 2 Zai\Ti— ).

aij
j=2
(14)
Moreover, a; = |v; — 2152 ajejl > |vi| — aii/k for all i = 1,..., k. Therefore
a;; > |v;|/2 for all i. It thus follows from (14) that when ZLI |T;| < 2k, for any i,

I >t — (F, Ui) > aiil"i/Z > IU,‘II/4 for all ¢t > 4/k

Hence we deduce from (12) and (13) that for all ¢ > 4 /k,

Hv; _ ~ - _
]P’(#{i; (T, v)) > ':'} zg.e fz.k) > 1—Cexp<—ce ’zk). (15)

Write I = {£ € Z; £ > 2, 2* < \/logk/5}. By substituting t = 2¢ into (15) we see
that

P (ve e L#{i; (M) = 22ul} = ©.e7@ .k) >1-CY exp (—Ee_(zl)zk) .
2
tel
The latter sum is at most C exp(—c~/k). Moreover, suppose that x € R” is a fixed
vector such that #{i; (x,v;) > t|v;|/4} > (c/2)e_’2k forall 1 <t < /logk/5 of

the form ¢ = 2¢ for an integer £ > 2. By adjusting the constants, we see that for any
real number t with 0 < ¢ < /logk,

#4i (ev) = etjvily > ek
Consequently,

P (v; € [0, iogk], #1{i: (T v)) = cytfuil} = ce~CF .k) > 1 — Ce~oVk,
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Recall that |T'| < 2./n with a probability of at least | — Ce™". Therefore, as k < n,

r t|v; - 7 A A
]P’(Vte [0, v/log 4], #{i;< >z |U|} > e sz.k) > 1 — Cemtvk,

IT| » Ui C1 2 \/n
(16)
Since I'/|T| is distributed uniformly on §"~!, the lemma follows from (16). O
Let E C R" be an arbitrary subspace. It follows from (4) that
2 dim(E) 2 .
) X dim(E)
E |Proj =FE < ,u,~> <5 , (17
FIx| ; x| n
where uy, ..., u,, is an orthonormal basis of the subspace E for m = dim(E).

Lemma 3.4 Set { = |n'/%| and let 6,,0, € S""' be any fixed vectors. Let
X1, ..., Xy be independent copies of the random vector X. Then with a probability
of at least 1 — C/{ of selecting X\, . .., Xy, there exists a subset I C {1,...,4} with
the following three properties:

(i) k= #(I) > £]10.
(ii) We may write I = {i\,...,ix} such that (X;,,...,X;) € O
(iii) Forj=1,....k
Xyl = M, (X, 01)| < 10|X;]|/~/n and [(X;;, 62)| < 10|X;]//n.

ljs
Here, C > 0 is a universal constant.

Proof We may assume that £ > 10, as otherwise the lemma trivially holds with any
C > 10. Define

I={l<i<t:|X]|=M, |[(Xi0) <101Xi|/n, |(Xi.02)] < 10Xi|//n} .

Denote k = #(I) and let i} < i, < ... < i be the elements of /. We conclude from
Lemma 3.2 and the Chernoff large deviation bound that

P@#(I) > £/10) > 1 — Cexp(—c). (18)

Thus (i) holds with a probability of at least 1 — C exp(—c¥). Clearly (iii) holds true
with probability one, by the definition of /. All that remains is to show that (ii) holds
true with a probability of at least 1 — 1/£. Write F; for the subspace spanned by
X1, ..., X;, with Fy = {0}. It follows from (17) that fori = 1, ..., ¢,

2 . .
X; < S'dll’n(Fi_l) < 5([— 1) < 50 < 1

E ) !
X

Projr

- n n n L%
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as 10 < £ < n'/8 Tt follows from the Markov-Chebyshev inequality that with a
probability of at least 1 — 1/¢,

X; 1
Projr, < foralli=1,... 4.
rO]Fz—l |Xl| EZ l
Write E; for the subspace spanned by X, ... s Xi. Then E; 1 C F ii—1- Therefore,
with a probability of at least 1 — 1/¢,
Proje 0| < lproj, i<l < forallj=1,....k
T0JE, r0j 1. orallj=1,... k.
| Sl T e S e ’

In view of (11), we see that (ii) holds true with a probability of at least 1 — 1/£, thus
completing the proof of the lemma. O

By combining Lemmas 3.3 and 3.4 we arrive at the following:

Lemma 3.5 Let £, 0y, 0, be as in Lemma 3.4. Then there exists a fixed subset F C
"V with 0,1 (F) = 1 — C/~/{ such that for any 65 € F the following holds:
Define 0 via (5). Let X1, . . ., X¢ be independent copies of the random vector X. Then
with a probability of at least 1 — C/ N/ of selecting X1, . .., Xy,

M
#{1 <i<{;(X;,0)>c J -t} > cze‘c"z-ﬁ, forall0 <t < \/loge,
n
(19)
and
. M —C32
#il<i<{;(X;,0) < _Clx/ “ty > e forall0 <t < \/logﬁ.
n
(20)

Here, ¢y, ¢y, Cs,c, C > 0 are universal constants.

Proof Let ® be a random vector, distributed uniformly on $"~'. According to
Lemma 3.4, with a probability of at least 1 — C/{ of selecting Xy, ..., X,, there
exists a subset

[={in,....id C{1,.... 0}

such that properties (i)—(iii) of Lemma 3.4 hold true. Let us apply Lemma 3.3. Then
under the event where properties (i)—(iii) hold true, with a probability of at least
1 — Cexp(—&+/£) of selecting © € §"',

X,
#91<j=<k: (X;,0) = |\/’| 1 > ek forall 0 < 7 < \/logk,
n
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and moreover k > £ /10 with

X 8 X 8
|x,,| : |X,J| ?

Consequently, under the event where properties (i)—(iii) hold true, with a probability
of at least 1 — C exp(—+/£) of selecting ® € §",

max

Jn

10 .
=< forj=1,... k.

X;. t
%1 <j<k; <|x R -6, + o> > CZ‘ J } > e Ok fort e [80/c1, /loghl.
ij n

Since k > £/10, the condition ¢ € [80/cy, /logk] can be upgraded to € [0, \/log {]
at the cost of modifying the universal constants. Recall that by Lemma 3.3(iii),
we have that |X;| > M for all j. By the triangle inequality, with probability one,
0<|6p—6,+ ®| < 3. Hence,

1X;;1/160 — 0> + ©| = M/3.

Therefore, under the event where properties (i)—(iii) hold true, with a probability of
atleast 1 — Cexp(—Z’\/ﬂ) of selecting ©® € §*!,

0 —6,+ 0 M
Vte[O,\/logZ], #{1§i§5;<xi,| 2t >

> ¢ . > ¢ _63’2.[
6 —6,+ 0] = un t} = e
2D

Write A for the event that the statement in (21) holds true. Denoting X =
(Xi,...,X¢), we have shown that

P((©,X) € A) > 1 — Cexp(—iv/€) — C/t > 1 — C/L.
Denote
F= {ees" L PL((6,X) € A) > 1—CN£}
Then,

1€ <po. X)eA)<IP’(®e]—‘)+(

= ¢ ) P(® ¢ F). 22)

Ve

It follows from (22) that 0, (F) = P(® € F) > 1 — 1//L. By the definition
of F C §"!, for any 63 € F, with a probability of at least 1 — C+/£ of selecting
Xi,..., Xy,

0—0,+6 M
Vvt € [0, log /], #{1 §i§€;< RCRIE > ¢

12
i > 1y > Cre O g,
|61 — 62 + 05 L n }
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This completes the proof of (19). The argument for (20) requires only the most
trivial modifications, and we leave it for the reader to complete. O

We will use the well-known fact that for any random variable Y and measurable
sets Ay, ...,Aq, by the Markov-Chebyshev inequality,

4

ZP(YGA)— EY liyeay = P(#{i: Y € A} = 5) (s > 0).
i=1

Corollary 3.6 Let 0,,0, € S"~!' be any fixed vectors. Then there exists a fixed
subset F C 8" with 0,—1(F) > 1 — C/n¢ such that for any 63 € F, defining 0
via (5),

Vie[0,5/logn], min {]P’ ((X, 0) > ¢, j‘;n ~z) P ((X,H) <—q j‘;n z)} > cpe O

where ¢, C, ¢y, c2, C3 > 0 are universal constants.

Proof We may assume that n exceeds a certain fixed universal constant, as otherwise
the conclusion of the lemma trivially holds for 7 = @. Set £ = |»n'/%] and let F be
the set from Lemma 3.5. Let 63 € F and define 6 via (5). Suppose that Xj, ..., X,
are independent copies of the random vector X. Then for any 0 < ¢ < \/ log ¥,

M —C312 M
IP’((X,G) =a, -r) = (e C Cze_a,z_ ZIP’(X,,G =a, -t)
M
> e O P (#{i; Mo ze "% > cpeCF 'Z) > 00O (1= C/V0).
n

where the last passage is the content of Lemma 3.5. We may similarly obtain a
corresponding lower bound for P ((X,0) < —citM/\/n). Since £ = |n'/%], the
desired conclusion follows by adjusting the constants. O

4 Geometry of the High-Dimensional Sphere

This is the second section dedicated to the proof of Proposition 2.1. A few geometric
properties of the high-dimensional sphere will be used here. For example, the sphere
§"~! does not contain more than n mutually orthogonal vectors, yet it contains
¢ mutually almost-orthogonal vectors. Moreover, for the purpose of computing
the expectation of the supremum, a family of e** standard Gaussians which are
almost-orthogonal in pairs behaves approximately like a collection of independent
Gaussians.
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While Corollary 3.6 takes care of the interval # € [0, 54/logn], in this section we
deal with the range 7 € [54/logn, fy] where £, is defined in (8). We begin with some
background on Sudakov’s minoration theorem and the concentration of measure
inequality on the sphere. Given a bounded, non-empty subset S € R”, its supporting
functional is defined via

hs(6) = sup(x, 6) %)

X€S

The supporting functional Ay is a convex function on R” whose Lipschitz constant
is bounded by R(S) = sup,g |x|. The mean width of S is 2M*(S) where

M*(S) = /S _hs(8)do,1(6).

The concentration inequality for Lipschitz functions on the sphere (see, e.g., [7,
Appendix V]) states that for any » > 0,

ot ({v € 8715 |hs(v) = M*(S)| = r-R(S)}) < Ce™"™. (23)

A lower bound for M*(S) is provided by the following Sudakov’s minoration
theorem (see, e.g., [6, Sect. 3.3]):

Theorem 4.1 (Sudakov) Let N > 1,a > 0 and let x1,...,xy € R". Set § =
{x1, ..., xn} and assume that |x; — xj| > « for any i # j. Then,

M*(S) > ca\/logN,
n

where ¢ > 0 is a universal constant.
We shall need the following elementary lemma:

Lemma 4.2 Let Z,,...,Zy be random variables attaining values in {0, 1}. Let 1 <
k < N,0 < e <1, and assume that for any A C {1,...,N} with #(A) = k,

P@icA Z=1)>1—c¢ 24)

Then,
al N
P Z; > >1-—2e. 25
(3= 5) =12 @

Proof If k > N/3 then (25) holds true, since it follows from (24) that with a
probability of at least 1 — &, there is a non-zero element among Zy, . . ., Zy. Suppose
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now that k& < N/3. The number of k-elements subsets A < {1,...,N} with
max;es Z; = 0 equals
N-YL 7
. .

Write £ for the event that Zf\;l Z; < N/(3k). Conditioning on the event £,

! . _ (VTR N/ (k) \*
o) #mz);k]P’(VzeA, Zi=0[&) > &) > (1— N_k)

However, by (24),

1
£ > Z]P’(VieA,Zi=0)

N
(k) #(A)=k
1 .
= M Y PE)-P(VicA z=0]&) = PE)/2.
k) #)=k
Hence P(£) < 2¢ and the lemma is proven. O

Sudakov’s theorem is used in the following lemma:

Lemma 4.3 Let N > nandletxy,...,xy € 8" be such that (xi,x5) < 49/50 for
any i # j. Then there exists F € S"~' with 0,—1(F) > 1 — C/n° such that for any
0eF

#{1 <i<N; (x,0) > 1t/ /n)

N > cre O forall t € [\/logn, /logN],

(26)

where c1, ¢y, C3, c, C > 0 are universal constants.

Proof Denote S = {xi,...,xy} C " ! and note that |x;—x;| > \/2 —49/25=1/5
forall i # j. Fix anumber 7 € [4/logn, 1/log N]. Let A C {xi,...,xy} be any subset
with #(A) > exp(#?). By Theorem 4.1,

M*(A) > ct//n. 27

Next we will apply the concentration inequality (23) with r = M*(A)/(2R(A)).
Since R(A) = 1, it follows from (23) and (27) that

* 2
ou—1 ({0 € 8" ha(0) = M*(A)/2}) = 1 — Cexp (—cn (Afg(f:;)) ) >1—Ce
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Let ® be a random vector, distributed uniformly over~S”_1. By combining the last
inequality with (27), we see that for any fixed subset A C {1,...,N} with #(A) =

[exp(1*)].
]P(Eii €A;(x.0) > ct/Jn) >1- Ce™".

Let us now apply Lemma 4.2 for Z~, = Li(x,.0)=c1/ ny- Lemma 4.2 now implies that
with a probability of at least 1 — 2Ce™ of selecting ® € §"~1,
N N 2

HISiSN @ O) za/ bz = e

We now let the parameter ¢ vary. Let I be the collection of all integer powers of two
that lie in the interval [4/logn, 4/log N]. Then,

~

- ¢
> 1—Z2Ce_“2 > 01—

nC

>

(wer =T Ol )

tel

The restriction ¢ € I may be upgraded to the condition ¢ € [4/logn, /log N] by
adjusting the constants. The lemma is thus proven. O

Recall the construction of 8; and 6, from Sect. 2, and also the definition (8) of the
parameter #y. From the construction we see that for any v € §"~! with |(v, 6;)| <
1/10,

X
P(|X|2Mand‘ —v
X

where M > 0 satisfies P(|X| > M) > 1/3 and P(|X| < M) > 2/3.

1 -2
=5)= 2e70, (28)

Lemma 4.4 Assume that ty > 5./logn and set N = Le’g/ﬂ. Let X, ...,Xy be
independent copies of X. Then with a probability of at least 1 — C/n of selecting
X1, ..., Xy, there exists I C {1, ..., N} with the following three properties:

(i) #(I) = N/10.

(ii) Foranyi,j € I withi # jwe have (X;, X;) < (49/50) - |Xi| - |Xj].
(iii) Foranyi € I,

(Xil = M, |(Xi.01)] < 10|Xi|/v/n and |(X;, 02)] < 10|Xi|//n.

Here, C > 0 is a universal constant.

Proof We may assume that n > 10%, as otherwise for an appropriate choice of the
constant C, all we claim is that a certain event holds with a non-negative probability.
Write

A={veR"; Jv] = M, max |(v/[v].6)| < 10/+/n}.
J=1
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According to Lemma 3.2, fori = 1,...,N,
PX;e A) > 1/5.
Denote ] = {i=1,...,N; X; € A}. By the Chernoff large deviation bound,
P#() > N/10) > 1 — Cexp(—cN).

Note that 10//n < 1/10 and that if v € A then |{v/|v]|, ;)| < 1/10. It thus follows
from (28) that for any i,j € {1, ..., N} with i # j,

(. . X 1)
Pli,jel and — <
X 1Xif]— 5
X; , 2
<P(X;eAand |7 ‘XGA <27 <
= (’ o '|X| x| =5 ) M
Consequently,
o (57 e 1witni £ jand | ¥ _ V[ 1) VO =D 2
i, with i an < < .
J P X T x| T s 2 TNt T A2

We conclude that with a probability of at least 1 — Cexp(—cN) — 1/N* > 1 —C/n,

X;
IXi|  1Xj]

1

#=N/I0  and  Vijeli#j] = 75

Note that (X;,X;) < (49/50) - |X;| - |X;| if and only if [X;/|Xi| — X;/|X/|| = 1/5.
Thus conclusions (i)—(iii) hold true with a probability of at least 1 — C/n, thereby
completing the proof. O

By combining Lemmas 4.3 and 4.4 we arrive at the following:

Lemma 4.5 Assume that ty > 5./logn and set N = Ler(zl/ *|. Then there exists
a fixed subset F C "' with 0,_1(F) > 1 — C/n° such that for any 63 € F
the following holds: Define 6 via (5). Let X1, ..., Xy be independent copies of the
random vector X. Then with a probability of at least l—é/nE of selecting X1, . .., Xy,

#{15;‘51\/; (Xi,e)zclyn-t}

" > cze_c3’2, forallt e [\/logn, to],
(29)
and
#{15;<N (X, 0) < —c1 M -t
N v } > cze_c3’2, forallt e [\/logn, fo].

(30)
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Here, ¢1, ¢, Cs,¢,C, ¢, C > 0 are universal constants.

Proof This proof is almost identical to the deduction of Lemma 3.5 from Lem-
mas 3.3 and 3.4. Let us spell out the details. Set X = (X, ..., Xy) and let ® be a

random vector, independent of X, distributed uniformly on S"~!. We say that Xe A
if the event described in Lemma 4.4 holds true. Thus,

P(X € A)) > 1—C/n.

Assuming that 5( € A, we may apply Lemma 4.3 and obtain that with a probability
of at least 1 — C/n° of selecting ® € §"~1,

Xi _
#{1 <i<N; <|x|’®> > clt/Jn} > e~ (N/10) forall € [\/logn, /logN].
i

Assuming that Xe A, we may use Lemma 4.4(iii) in order to conclude that with a
probability of at least 1 — C/n of selecting © € §"!, fort € [/logn, 4./log N],

#{1§i§N;<Xi 91—92+®> M

, 1 1l > Ge O LN, 31
|6 — 6, + O] }_Cze ©1)

>l Jn t
Write A, for the event that (31) holds true for all # € [\/log n, 4./log N]. Thus,
P(©.X) € A) > 1—C/n—C/n° = 1—C/n".
Consequently, there exists F € S"~1 with
0u1(F) = 1= C/nf

with the following property: For any 83 € F, with a probability of at least 1 — c /n¢
of selecting X1, ..., Xy, for all € [/logn, 4.,/log N],

. 91—92+93> M } e
#I11 <i<N;({X, > Sty > e 3N,
{ < |61 — 62 + 05 Jn

Recalling that 4./log N > 1, we have established (29). The proof of (30) is similar.
|

The short proof of the following corollary is analogous to that of Corollary 3.6.

Corollary 4.6 There exists a fixed subset F C S"~! with 0,—1(F) > 1 —C/n¢ such
that for any 6 € F, defining 0 via (5),

Vt e [\/logn,to], min{]P’((X,@) > ¢ M -t) ,P((X,O) < —c M t){ > cze_c3’2,
Jn Jn

where ¢, C, ¢y, cp, C3 > 0 are universal constants.
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Proof We may assume that n exceeds a certain fixed universal constant. Let F be the
set from Lemma 4.5, denote N = [exp(#3/4)], and let X;, ..., Xy be independent
copies of X. Then for any 6; € F, defining 6 via (5) we have that for any 7 €

[\/IOg n, tO],

#{i; (X, 0) > e M -t}
N

_ 2
Z cre Cst

M
Pl (X,0) > c ) > cze_c3’2 P
Jn

> © e_c3’2,

-2
where the last passage is the content of Lemma 4.5. The bound for ]P’((X ,0) <
—c1tM/ /n) is proven similarly. O

S Proof of the Main Proposition

In this section we complete the proof of Proposition 2.1. We begin with the
following standard observation:

Lemma 5.1 Suppose that X is a random vector in R" with P(X = 0) = 0. Then
there exists a fixed subset F C S"! of full measure, such that P({X,0) = 0) = 0
forall 6 € F.

Proof For a > 0, we say that a subspace E € R” is a-basic if P(X € E) > a while
P(X € F) < a for all subspaces FF & E. Lemma 7.1 in [5] states that there are
only finitely many subspaces that are a-basic for any fixed a > 0. Write S for the
collection of all subspaces that are a-basic for some rational number a > 0. Then
S is a countable family which does not contain the subspace {0}. Consequently, the
set

F={0eS " VE€S, E¢ 6}

is a set of full measure in $"~!, as its complement is the countable union of spheres
of lower dimension. Here, 8+ = {x e R"; (x,0) = 0}. Suppose that 6 € F, and let
us prove that P({(X, 8) = 0) = 0. Otherwise, there exists a rational number a > 0
such that

P((X,0) = 0) > a.

Thus 6~ contains an a-basic subspace, contradicting the definition of F. O

Recall the definition of M, 8; and 6, from Sect. 2.
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Lemma 5.2 Let F3 C {93 e S (65, 0,)] < 110 and |03, 0,)] < 110}. Then for
any 03 € Fyandv € 8",

1 1
-6 < ,0,—0 ;) > , 32
v 1|_5 = (v,.601 — 0, + 3)_10 (32)
and
1 1
[v—6s < 5 - (v,6) — 0, + 63) < ~ 1o (33)

Proof Recall that |(0;, 8,)] < 1/10. Note that for any 3 € F3 and i,j € {1,2,3}
with i # j,

V9/5 <16, — 6] < V11/5.

Let v € $""! be any vector with |[v — 6;| < 1/5. Then for any 63 € F3 andj = 2,3
we have that

1

9 1 11
N B P R T e S

5

and hence forj = 2,3,

2 2
1 1 o1 1 9 1
0y =1—_-|v—6;? 1— . \/ 1= . \/ —
(v. 6) =l e 2(5+5) 2(55

33
[27] o

However, (v,6;) > 49/50 for such v, and hence (32) follows from (34). By
replacing the triplet (6, 6,, 65) by (62, 61, —63) and repeating the above argument,
we obtain (33). ]

Proof of Proposition 2.1 From Corollaries 3.6 and 4.6 we learn that there exists
F < 8" with 0,1 (F3) > 1 — C/n€ such that for any 03 € F, defining 6 via (5),

Vt e [0,l0], IIlll’l{ED ((X,e) > ﬁ’l 'l) P ((X,e) < —( ﬁ’l l)} > Cze_c3t2.

According to Lemma 5.1, we may remove a set of measure zero from F and
additionally assume that P((X,6) = 0) = 0. From Lemma 3.1 we learn that any
median of |(X, 8)| is at most CM/\/n. Hence (35) shows that for any 6; € F,
defining 6 via (5) we have that (X, 0) is Super-Gaussian of length c#,, with
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parameters ¢, c¢3 > 0. We still need to increase the length to ¢14/n. To this end,
denote

1 1
F= {93 €F; 65,00 < | and [(65,60)] < 10}'

Then 6,_; (F3) > 0,—1(F) — Cexp(—cn) > 1 — C/n°. Recall from Sect. 2 that for
j=12

X
]P’(|X| > M and ‘
X

Let us fix 7 € [fo, o/n], 63 € F3 and define 0 via (5). Since 0 < |0 — 6, + 63| < 3,
by (36) and Lemma 5.2,

-6

R (36)
- e .
- 5) 72

Mt Mt
P((x.0) > >P((X.0,— 6, +03) >
(0002 455) 2e (oo v0= 7 )
X M
>P L0 — 0, +03) >
= (<|X| Rl 3>—10|X|)
sp(xi=m | X o<t} tiecis o
IX| 5) 72 2
Similarly,

Mt X M
¥ (<X’ o= _30¢n) =¥ (< xp et 93> =" 10|X|)

X — b0y < ;) = > e

> P(IXI > M,
1X]

Therefore, we may upgrade (35) to the following statement: For any 65 € F and
t € [0, /n], defining 6 via (5),

min{]P)((X,@)zclj‘/ln-t),]P((X,Q)5—813{1-t)} > 2ye O

We have thus proven that (X, 8) is Super-Gaussian of length ¢ ./n with parameters
c2,c3 > 0. O
6 Angularly-Isotropic Position

In this section we deduce Theorem 1.3 from Proposition 2.1 by using the angularly-
isotropic position which is discussed below. We begin with the following:
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Lemma 6.1 Letd, X, B be as in Theorem 1.3. Set n = [d]. Then there exists a fixed
linear map T : B — R" such that for any € > 0, the random vector T(X) is of class

eff-ranks 4_,.

Proof We will show that a generic linear map 7" works. Denote N = dim(B) and
identify B = R". Since the effective rank of X is at least d, necessarily d < N
and hence also n = [d] < N. Let L € R" be a random n-dimensional subspace,
distributed uniformly in the Grassmannian Gy ,. Denote T = Proj; : RN — L, the
orthogonal projection operator onto the subspace L.

For any fixed subspace E € RY, with probability one of selecting L € Gy ,,

dim(ker(7T) N E) = max{0, dim(E) — n},

or equivalently,

dim(T(E)) = dim(E) — dim(ker(7) N E) = min{n, dim(E)}. (37
Recall that for a > 0, a subspace E € R is g-basic if P(X € E) > a while
P(X € F) < afor all subspaces FF € E. Lemma 7.1 in [5] states that there exist only
countably many subspaces that are a-basic with a being a positive, rational number.
Write G for the collection of all these basic subspaces. Then with probability one of
selecting L € Gy,

VEeG,  dim(T(E)) = min{n, dim(E)}. (38)

We now fix a subspace L € Gy, for which T = Proj; satisfies (38). Let S C L be
any subspace and assume that a € Q N (0, 1] satisfies

P(T(X) € S) > a.
Then P(X € T7'(S)) > a. Therefore T~'(S) contains an a-basic subspace E. Thus
E € G while E € T7!(S) and P(X € E) > a. Since the effective rank of X is at least
d, necessarily dim(E) > a - d. Since T(E) C S, from (38),
dim(S) > dim(7(E)) = min{n, dim(E)} > min{n, [a-d|} = [a - d].

We have thus proven that for any subspace S € Landa € QN (0, 1],

P(T(X) e S)>a == dim(S) > [a-d]. (39)
It follows from (39) that for any subspace S € L,

P(T(X) € S) < dim(S)/d.

This implies that for any ¢ > 0, the random vector 7'(X) is of class eff.rank>4—.. O



208 B. Klartag

Lemma 6.2 Let d, X, B be as in Theorem 1.3. Assume that d < dim(B) and that
for any subspace {0} # E < B,

P(X € E) < dim(E)/d. (40)

Then there exists € > 0 such that X is of class eff.rank ;. .

Proof Since the effective rank of X is at least d, necessarily P(X = 0) = 0. Assume
by contradiction that for any € > 0, the random vector X is not of class eff.ranks ;4.
Then for any & > 0 there exists a subspace {0} # E C B with

P(X € E) > —¢ + dim(E) /d.

The Grassmannian of all k-dimensional subspaces of B is compact. Hence there is a
dimension 1 < k < dim(83) and a converging sequence of k-dimensional subspaces
E\, E,,... C Bwith

P(X € E) > —1/€ + dim(E,)/d = —1/{ + k/d forall£ > 1.  (41)

Denote Ey = limy E;, which is a k-dimensional subspace in B. Let U C B be an
open neighborhood of Ej with the property that tx € U for all x € U, t € R. Then
E; C U for a sufficiently large £, and we learn from (41) that

P(X € U) > k/d. (42)

Since Ej is the intersection of a decreasing sequence of such neighborhoods U, it
follows from (42) that

P(X € Ey) > k/d = dim(E,)/d. (43)
Since d < dim(B), the inequality in (43) shows that Ey # 5. Hence 1 < dim(Ej) <
dim(B) — 1, and (43) contradicts (40). The lemma is thus proven. |

The following lemma is a variant of Lemma 5.4 from [5].

Lemma 6.3 Let d,X,B be as in Theorem 1.3. Then there exists a fixed scalar
product (-, -) on B such that denoting |0| = \/(9, 0), we have

X O\ oP
]E<|X|’9> < Idl forall 6 € B. (44)

Proof By induction on the dimension n = dim(B). Assume first that there exists a
subspace {0} # E < B, such that equality holds true in (3). In this case, there exists
asubspace F C Bwith E® F = Band P(X € EU F) = 1. We will construct
a scalar product in B as follows: Declare that £ and F are orthogonal subspaces,
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and use the induction hypothesis in order to find appropriate scalar products in the
subspace E and in the subspace F. This induces a scalar product in B which satisfies

x \*_ 0P
E ,0) < forall@ e EUF.
1X| d

For any 8 € B we may decompose 6§ = 6g + 0p with 0 € E,0r € F. Since
P(X € EUF) = 1, we obtain

X \? X 2 X 2 102 + 1052 10)?
E< 79>:E< ,95>+E< ,9F>§|E|+|F| :I|7
1X] IX] 1X] d d

proving (44).

Next, assume that for any subspace {0} # E < B, the inequality in (3) is strict.
There are two distinct cases, either d = n or d < n. Consider first the case where
d = n = dim(B). Thus, for any subspace E C B with E # {0} and E # B,

P(X € E) < dim(E)/n.

This is precisely the main assumption of Corollary 5.3 in [5]. By the conclusion of
the corollary, there exists a scalar product in 3 such that (44) holds true. We move
on to the case where d < n. Here, we apply Lemma 6.2 and conclude that X is of
class eff.ranks 44, for some ¢ > 0. Therefore, for some ¢ > 0,

P(X € E) < dim(E)/(d + ¢) VE C B. (45)

Now we invoke Lemma 5.4 from [5]. Its assumptions are satisfies thanks to (45).
From the conclusion of that lemma, there exists a scalar product in 3 for which (44)
holds true. O

The condition that the effective rank of X is at least d is not only sufficient but
is also necessary for the validity of conclusion (44) from Lemma 6.3. Indeed, it
follows from (44) that for any subspace E C B,

5 dim(E) 2 .
. X dim(E)
P(X € E) < E |Proj = E< ,ui> < , (46)
FIX] ; 1X| d
where uy,...,u, is an orthonormal basis of the subspace E with m = dim(E).

Equality in (46) holds true if and only if P(X € E U E1) = 1, where E* is the
orthogonal complement to E. Consequently, the effective rank of X is at least d.

Definition 6.4 Let X be a random vector in R” with P(X = 0) = 0. We say that X
is angularly-isotropic if

X \* 1
E .0) = forall @ € §"7. 47)
1X| n
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For 0 < d < n we say that X/|X| is sub-isotropic with parameter d if

E X (92<1 forall § € §"! (48)
) = ora .
1X| d

We observe that X is angularly-isotropic if and only if X/|X| is sub-isotropic with
parameter n. Indeed, suppose that (48) holds true with d = n. Given any § € S"~!
we may find an orthonormal basis 6y, ..., 6, € R" with 6; = 6. Hence

n

X | " <X >2 1
1=FE K 6 < =1,
‘IXI‘ ; 1X] ;n

and (47) is proven.

Proof of Theorem 1.3 According to Lemma 6.1, we may project X to a lower-
dimensional space, and assume that dim(53) = n = [d] and that the effective rank
of X is at least n/2. Lemma 6.3 now shows that there exists a scalar product in B
with respect to which X /|X| is sub-isotropic with parameter n/2. We may therefore
identify B with R” so that

x \* 2
E ,0) < forall @ € "7
1X| n

Thus condition (4) of Proposition 2.1 is verified. By the conclusion of Proposi-
tion 2.1, there exists a non-zero linear functional £ : R" — R such that £(X) is
Super-Gaussian of length ¢y 4/n > c+/d with parameters c;, c3 > 0. O

Proof of Corollary 1.4 By assumption, P(X € E) < dim(E)/d for any finite-
dimensional subspace E € . Lemma 7.2 from [5] states that there exists a
continuous, linear map 7 : B — RY such that T(X) has an effective rank of at least
d/2. We may now invoke Theorem 1.3 for the random vector 7(X), and conclude
that for some non-zero, fixed, linear functional £ : RY — R, the random variable
(€ o T)(X) is Super-Gaussian of length ¢ +/d with parameters ¢, c3 > 0. O

Remark 6.5 We were asked by Yaron Oz about analogs of Theorem 1.1 in the
hyperbolic space. We shall work with the standard hyperboloid model

n
H" = (.X(),...,Xn)ERrH_l;—X%+ZX?Z—I,X0>O
i=1

where the Riemannian metric tensor is g = —dx% + >0, dxf. For any linear
subspace L € R"T!, the intersection L N H" is a totally-geodesic submanifold
of H" which is called a hyperbolic subspace. When we discuss the dimension of
a hyperbolic subspace, we refer to its dimension as a smooth manifold. Note that
an (n — 1)-dimensional hyperbolic subspace E C H" divides H" into two sides.
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A signed distance function dg : H" — R is a function that equals the hyperbolic
distance to E on one of these sides, and minus the distance to E on the other side.
Given a linear functional £ : R"*! — R such that E = H" N {x € R"!; {(x) = 0}
we may write

dg(x) = arcsinh(« - £(x)) (x e H")

for some 0 # o € R. It follows from Theorem 1.3 that for any absolutely-
continuous random vector X in H", there exists an (n — 1)-dimensional hyperbolic
subspace E € H" and an associated signed distance function dg such that the
random variable sinh(dg(X)) is Super-Gaussian of length ¢;+/n with parameters
¢2,c3 > 0. In general, we cannot replace the random variable sinh(dg(X)) in the
preceding statement by dg(X) itself. This is witnessed by the example of the random
vector

X=| [1+R> Z2.RZ.....RZ, | e R""!

i=1

which is supported in H". Here, Z;,...,Z, are independent standard Gaussian
random variables, and R > 1 is a fixed, large parameter.
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