Chapter 4
Adaptive Control of Switched Nonlinear
Systems

4.1 Background and Motivation

It has been shown in [1-5] that the adaptive backstepping technique is a power-
ful tool which has been widely used to solve some complex optimization prob-
lems and applied in the fields of industry and engineering. Recently, many adaptive
backstepping-based control methods have been used in switched nonlinear systems;
see, for example, [6—10] and the references therein. The authors in [11] solved the
problem of adaptive stabilization for a class of uncertain switched nonlinear sys-
tems whose non-switching part consists of feedback linearizable dynamics. In [12],
the authors investigated the problem of adaptive stabilization for a class of switched
nonlinearly parameterized systems where the solvability of the adaptive stabilization
problem for subsystems is unnecessary.

It is well known that the stability of a switched system under arbitrary switching
can be guaranteed if a CLF exists for all subsystems [13]. Therefore, CLF has been
extensively used for control synthesis of switched linear systems [14—17]. Recently,
there have been some results on the global stabilization problem for switched nonlin-
ear systems in strict-feedback form under arbitrary switchings by using the backstep-
ping technique [9, 18]. Meanwhile, [19] investigated the global stabilization problem
for a class of switched nonlinear systems in p-normal form by the so-called power
integrator backstepping design method.

In practice, uncertainties inevitably exist in many practical systems. In recent
years, some attentions has been paid to both general nonlinear systems and switched
nonlinear systems with uncertainties, but most of the obtained results require that
the uncertainties should satisfy some additional conditions. However, in many cases,
we cannot get the knowledge of system uncertainty a priori, which can only be
described by completely unknown functions. In this case, the excellent approxima-
tion capability of neural networks (or fuzzy logic systems) has been explored in the
literature to tackle the corresponding control problems for either switched systems
or non-switched systems. Thus, many significant results have been proposed. To
list a few, the authors in [20] investigated the control problem of nonlinear pure-
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feedback systems with unknown nonlinear functions by using the implicit function
theorem and NN approximation. The adaptive tracking control problem for a class
of uncertain nonlinear strict-feedback systems is solved by [21] using fuzzy logic
system approximation. A practical design method is developed by [22] for cooper-
ative tracking control of higher-order nonlinear systems with a dynamic leader. For
a class of switched uncertain nonlinear systems without the measurements of the
system states, the problem of adaptive neural tracking control via output-feedback
was solved in [23] by using a novel switched filter.

However, few results on adaptive tracking control have been developed for
lower triangular switched nonlinear systems with completely unknown uncertain-
ties. On the other hand, most system models of the above-mentioned results about
adaptive control for switched nonlinear systems are in the strict-feedback form
that limits applications of the results to more general switched nonlinear sys-
tems. Therefore, considering the adaptive tracking control for switched nonstrict-
feedback nonlinear systems with completely unknown uncertainties is more reason-
able. In this chapter, the adaptive tracking control problem is investigated for both
strict-feedback and nonstrict-feedback switched nonlinear systems with completely
unknown uncertainties.

Notations: In this chapter, the notations are standard. R” denotes the n-dimensional
Euclidean space, the notation ||-|| refers to the Euclidean vector norm. R™ is the set
of all nonnegative real numbers. For positive integers 1 <i <n, 1 < j <m, we
also denote & max = max{Z; ;: 1 < j <m}, Ejmin =min{Z;;: 1 < j <m}. €
stands for a set of functions with continuous i’ partial derivatives. For a given matrix
A (or vector v), AT (or vT) denotes its transpose, and Tr{A} denotes its trace when
A is a square. ¢ represents the set of functions: R*™ — R*, which are continuous,
strictly increasing and vanishing at zero; 7, denotes a set of functions which is of
class J# and unbounded.

4.2 Adaptive Control of Switched Strict-Feedback
Nonlinear Systems

4.2.1 Problem Formulation and Preliminaries

Consider a class of switched nonlinear systems in the following form,

)Eji = &i.c()Xi+1 +‘fi,0(1)(ii)v i = ],2,...,’1_ ],
xn = &n,o(t)Uo (1) + fn,a(t) ()En)s
y = x1, @.1)

where %; 1= (x|, x2,...,x)T € R, i = 1,2,...,nis the system state, y is the
system output; o () : [0,400) — M = {1,2,...,m} is the switching signal;
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ur € R is the control input of the k' subsystem, For any i = 1,2,...,n and
k=1,2,...,m, fir(x;) is an unknown smooth nonlinear function representing the
system uncertainty, and g; x is a positive constant.

Our control objective is to design state-feedback controllers such that the output
of system (4.1) tracks a given time-varying signal y,(¢) within a bounded error and
all the signals of the closed-loop systems remain bounded under arbitrary switchings.

Assumption 4.1 The tracking target y,(¢) and its time derivatives up to the n’" order
are continuous and bounded.

In the controller design and stability analysis procedure, fuzzy logic systems
will be used to approximate the unknown functions. Therefore, the following useful
concept and lemma are first recalled.

Fuzzy logic systems include some IF-THEN rules, and the i’" IF-THEN rule is
written as

R; : If xqis Ff and ... and x,, is F,’l' then y is B,

where x = [x1, X2, ..., x,]7 € R”, and y € R are the input and output of the fuzzy
logic systems, respectively. F{, F;, ..., F! and B’ are fuzzy sets in R. By using
the strategy of singleton fuzzification, the product inference and the center-average
defuzzification, the fuzzy logic system can be formulated as
N n
>owi] [rr )
i=1
j=1
y(x) = ;

N n
> Hlup;_ (x))
j:

where N is the number of IF-THEN rules; w; is the point at which fuzzy membership
function wpi (w;) = 1. Let

n N n
i) = [ Trr G/ D0 | T]rrGep | S® =510, ..., sy (01
j=1

i=1 | j=1
and W = [wy, wa, ..., wy]T. Then the fuzzy logic system can be rewritten as
y=W's), 4.2)

If all memberships are chosen as Gaussian functions, the following lemma holds.

Lemma 4.1 [24] Let f(x) be a continuous function defined on a compact set
§2.Then, for a given desired level of accuracy ¢ > 0, there exists a fuzzy logic
system (4.2) such that

sup ‘f(x) — WTS(X)} <e.

xe
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Remark 4.1 Lemma 4.1 plays a key role in the following design procedure and it
indicates that any given real continuous function f(x) can be represented by the
linear combination of the basis function vector S(x) within a bounded error ¢. That
is, f(x) = WIS(x) +8(¢), [8(¢)| < e.Itis noted that 0 < STS < 1.

4.2.2 Main Results

In this section, we present an adaptive fuzzy control scheme for system (4.1) via the
backstepping technique. In Sect. 3.1, a detailed design procedure was given. In each
step, acommon virtual control function ¢; should be designed by using an appropriate
common Lyapunov function V;, and the control law u; is finally designed.

4.2.2.1 Adaptive Control Design Under Multiple Adaptive Laws

In this subsection, a systemic control design procedure under multiple adaptive laws
is presented. Design the control laws as

1 é Zn
Uy = ——— Zn +AnZn + = ), (43)
(2§n min 2 )

where ¢, x and A, are positive design parameters, {, min = min{¢,x : k € M}, é is
2, Wimax = max{W, ; : k € M} and W, ; is used in

fuzzy logic system W,Z «Sn.k (X) to approximate the unknown function fn, r(X). fn,k (x)
is specified in the proof of Theorem 4.1.

The adaptive laws are defined as the solution to the following differential equa-
tions,

the estimation of 6, = || W max

ri

6 =
Zé‘l min

Z _/31 s (44)

where r;, £, and /3, are positive de51gn parameters, {p min = mln{gn v - ke M},
and the choice of 9 0), j =1,2,...,n are required to satisfy 0 (0) > 0 such that
0, ; > 0. Now, we state one of our main results as follows.

Theorem 4.1 Consider the closed-loop system (4.1) with the controllers (4.3) and
the adaptive laws (4.4). For 1 <i < n, k € M, there exists Wi,TkSi,k(X) such that
SUPyc o ﬁ,k(x) — Wi,TkSi,k(X) < &; 1 in the sense that the approximation error &; i
is bounded, and all the initial values of 6; satisfy 6;(0) > 0. Then, the tracking error

and closed-loop signals are bounded.

Proof For 1 < i < n — 1, we define the common virtual control functions as «;
which are required to be in the form:
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1 0; 1
i(Xi) =— —— tAr+ 3 ), 4.5
o; (X;) 8 min (zgfmm +Ai + 2)z 4.5)

where ¢; i is a positive design parameter, {;min = min{s;ix : k € M}, gimin =
min{g;x : kK € M}, A\i = gimax + Ci» §imax = Max{gix : k € M} and ¢; is a
positive constant. 6 is the estimation of §; = | Wi max ||2 where W; nax = max{W; :
k € M} and W;; is used in fuzzy logic system Wi,TkS,-,k(x) to approximate the
unknown function f; ;(x). X; = [x7,6;, y§i>]T
01,6, ....6], yfj) = [Ya» Ya» - > v 17 and yf,” being the i’ derivative of yj.

s =T T )
with x; =[x, x2, ..., 5], 6; =

Step 1. Denote z; = x| — Y4, 22 = X2 — o). Consider a Lyapunov function

candidate as |
V=3 (4.6)

For any k € M, the derivative of V| is given by

Vi = zi(gix + g1422 + fik — Ya)
= z1(g11 + 81422 + f1.0), 4.7)

where fl,k = fi.x — Yq. By Lemma 4.1, the following equation can be obtained,

fie = WHSL(X ) + 81k (X0),

$1.6(X1)| < &1k (4.8)

Remark 4.2 1t should be pointed out that the fuzzy logic system is used to approxi-
mate the redefined unknown nonlinear function fj ; that includes the unknown func-
tion f) 4 and the derivative of the desired output rather than the unknown function

J1.x only.
Substituting (4.8) into (4.7), one gets that
Vi = giizion + 8142122 + ZIWEkSI,k(Zl) + 216(z1)

1, )
< 814210 + g1x2122 + 24_—2Z1 (Wi
Lk

2 2
Cin Tk

1
+ -1, (4.9)
2 2

where ¢ ; is a positive design parameter.
A feasible virtual control function can be constructed as

! by gt (4.10)
o] = — — 1z, .
' gl,min Zﬁﬁmin ! 2 !

where A = g1 max + 1 With c; being a positive constant.
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By substituting (4.1) into (4.9), one has

. 1,k é ;-2 + 82
Vi< -z + [l S )24 2T o iz G
2@1 k Zgl,mingl,mm 2
Step 2. Let z3 = x3 — «p, and choose
1,
Vo=V + =z5. 4.12)

2
For any k € M, the time derivative of V, is given by

Vo = Vi + 22(g2x02 + 82423 + fox — 1)
= Vi + 22242 + 22423 + foi), (4.13)

~ . . da da da; .. (i+1)
where fo = for — 6, @1 = ghh 1+ 3 19 —+ Z i—0 dy(ll) yg

By Lemma 4.1, the following equatlon can be obtained,

fox = WzT,ksz,k(Xz) + 62,1 (X>), < & (4.14)

Substituting (4.14) into (4.13), yields that

Va = Vi + gax2002 + 8242223 + 22(W  S(22) + 82.4(22))
4'22,1( + 8%,k 1,

S22 @15
2 2 @15

. 1
< Vi + gi2200 + 8242223 + _ZZ% ” Wak “2 +
285

where ¢ ; is a positive design parameter.
Design the virtual control function o, as

L (RS (4.16)
o) = — 2 = <2, .
82, min 2C§min 2

where Ly = g2 max + 2 With ¢, being a positive constant.
Then, one can get from (4.11), (4.15) and (4.16) that

2 +e Wil 0;
W =< Z[ jZ J ]k 3 +g] kZjZj+1 T ” 2;’;}(” — 8k /2 z? .
=1 Js

zgjvmingj,min

4.17)

Stepi.Letz;y1 = x;+1 — «;, and assume that we have finished the firsti — 1 (2 <
i < n) steps. That is, for the following collection of auxiliary (zy, ..., Zi—1)-
equations



4.2 Adaptive Control of Switched Strict-Feedback Nonlinear Systems 71

;= gjXjr1 + (X)), j=1,...,i—1, (4.18)
where
! oa s L aa
_ i 1A i—1
$jx(X)) = fix(E) — -> a; 0 — Z L=y D (419)
I=1 I=1 ! =0 9Yq

We have a set of common virtual control functions as (4.5). A common Lyapunov
function can be designed as

ll_

i (4.20)

l\.)lH

For any k € M, the time derivative of V;_; satisfies

i—1

- 2 2
+ &5,
k
Vi < E { iz j 2 +gijjZ]+1

j=1
Wk 0
(! /) F_ e )2t 4.21)
2§],k Zgj,mingj,min
where ¢; x is a positive design parameter.
Choose i
Vi=Vii+ Ez?. (4.22)

Analogous to the procedures above, the following inequality can be obtained

2k+82
2 J
V = Z _)\ T-’_gijjZJ-FI
Wi 0
(! ) I _ e )2t (4.23)
zé‘j,k Zgj,minfj,min

Step n. By repeatedly using the inductive argument above, a common Lyapunov
function, a common virtual control function and state-feedback controllers are cho-
sen, respectively, as

Z [—z, + —9 ] (4.24)

= é"—l Zno1 + A Lncl (4.25)
n—1 gnil,min 2{}12_]Ymin n—1 - - 2 ’ .
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1 6, Zn
Up = — >t t+ o), (4.26)
8n,k (2§;12,min 2 )
where 0; = | W; max| 2 0; =6, —6; (j =1,2,...,n) are the error between 6

and its estimation 6;.
For any k € M, the time derivative of V,, satisfies

n—1 2 2
. Cip T &k 1
Vn S § H_)\:jzi+gj,kzjzj+l+%__
j=1

Wi gjib; 2 2
+ - - : i - )‘-n n
( 2§j2,k Zgj’miné‘j%min “ :

é-nz,k +81%,k 1~z “ Wn,knz A 2
R e ) Y

n,min

6.6,
rj A

where A; = g max + ¢, and c; is a positive constant.
Substituting (4.4) into (4.27) gives that

C'z,k + 82‘,k 1 ~ A
% + r—jﬂﬁj@j

Y AL G TR
202, 28jminimin  2imin )

— Mz + ba tons L6+ ( Dt 92 )Zi

V, < I—Mz? + 8jkZjZj+1 +

2 Tn 2§nzk 2’gn,min
n 2 2 n—1
Cip T ek 1 -4
< Zl—,\jz§+%+7ﬂjejej + D 8juzjz - (4.28)
j=1 J j=1
It is not difficult to see that
n—1 n
Zgj,ijZjJrl < &j.max 225 (4.29)
j=1 j=1
and
- A - ~ 1~ 1,
i0j =00 —0;) < _zej + 591-. (4.30)
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One can get from (4.28), (4.29) and (4.30) that

vV, < S 2_ 1 62 o | Siman 1 62 431
P S 2T Ty B 2 T e (43D
j=1 J J

Jj=1
. . n 1 2 czmax+£2’.max
Let ap = min{2¢;, Bj : 1 < j <n}, by = ijl{iﬂjgj + ~Lmeo—tm} One has
J

V, < —agV, + bo. (4.32)

According to the comparison principle, one gets

bo\ _.. bo
Vo) < (vo0) = 2 ) e @ + 2 > 0. (4.33)
ap ap

Inequality (4.33) indicates that all the signals in the closed-loop system are
bounded. In particular, we have

2
lim |z;] < .| =2, (4.34)
t—00 ap

The proof is completed here. (]

4.2.2.2 Adaptive Control Design Under One Adaptive Law

In this subsection, a controller design approach with one adaptive law is presented.
The control laws are chosen as

N (AP (4.35)
U = — ~5 <n nin =) .
8n.k 2§r12.min 2

where ¢, and A, are positive design parameters, {, min = min{¢, s : k € M}, 9 is
the estimation of 6§ = Z?:l H W,-,max| 2, Wimax = max{W;, : k € M} and W, is
used in fuzzy logic system Wi’Tk S;.k(x) to approximate the unknown function f, 1 (x).

The adaptive law is defined as the solution to the following differential equation:

A r A
0=> —5—25— B, (4.36)

j=1 §.min

where r, ¢; ; and B are positive design parameters, {j min = min{¢; : k € M} and
the choice of 6(0) is required to satisfy 6(0) > 0 such that § > 0.
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Next, we give another main result of the chapter.

Theorem 4.2 Consider the closed-loop system (4.1) with the controllers (4.35) and
the adaptive laws (4.36). For 1 <i < n, k € M, there exists Wl-,TkS,;k(X) such that
SUP,co fi,k x) — WlTk Si k(X)| < &; 1 in the sense that the approximation error &; j is
bounded, and the initial value of ) satisfies é(O) > 0. Then, the tracking error and

closed-loop signals are bounded.

Proof For 1 <i < n — 1, define the common virtual control functions ¢; as:

(X)) ! 9 9 a4t (4.37)
ailAi) = — .
&i,min 24‘1 min 2

where ¢ is a positive design parameter, {;min = min{¢ix : k € M}, gimin =
min{g;x : k € M}, A; = 8imax + Ci>» g, max = max{g; k 1k e M} and ¢; is a positive

constant. 6 is the estimation of § = i:l || Wi,max| , Xi [ 6 y(l)] where
=[x, x, . 0xl, )'zc(f) = [ya, Var - -, yfii)]T and ¥ y ) being the i derivative
of y,.
Consider a common Lyapunov function
1% 3 12+lé2 (4.38)
= —Z . _— N .
e D7) " 2r
j=1
where § = 6 — 0 is the error between 6§ and its estimation .
For any k € M, the time derivative of V satisfies
n—1
V=" zi(ixe + gisziv1 + fix — i)
i=1
. 12
+ Zn(gn,kuk + fn,k - O511—1) - ;90
n—1
= ZZi(gi,kOli + gikzi+1 + fik)
i=1
~ 1~z
+ Zn(gn,kuk + fn,k) - ;09 (439)
A . . =l day D 10
where fi,k = fi,k — i1, 0j—1 = ljzl ‘;-)’Cl'x, aJ ]9 + le 0 :7(“1 (1+1).

For 1 <i < n, the following equation can be obtamed by using Ler;llma 4.1.

fix = WSk (Xi) + 8k (X, |824(X0)| < &0k (4.40)
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Substituting (4.36) and (4.37) into (4.39), one has

n—1 2 2
- Baa Z 2 Sik T &k
V S 799+ — —)»ij‘i‘gj,ijZjH—i—%
j:

+ (Wil D b 0 2
2§]2k 2gj,min§j2,min 2§j2,min !

Lyt e ”Wnk”2 o
.2, S n, Kl 2
)\,nZn + ) + zg_nz’k 24_2 2y

n,min
n n—1
Br , e
= 799 + Z —Ajzi+ % + Zg.,-,kz.,-zjﬂ. (4.41)
j=1 j=1
The rest of proof is omitted here as it is similar to (4.29)—(4.34). (Il

4.2.3 Simulation Results

In this section, an example is provided to demonstrate the effectiveness of our main
results.
Consider the following switched nonlinear system

X1 =8glowX2+ flom

X2 = &2.0Us(r) T f2,0(t)7

y = X1,

Ya = sint, (4.42)

where g11 =2, g12 =1, fi1 = x1, fiz =sinx;, g21 =2, 82=1, h1 =
X1X2, fao = xlxg. First, the controllers under multiple adaptive laws are designed
by Theorem 4.1. The initial conditions are x;(0) = 0.05, x,(0) = 0.05, and
61(0) = 6,(0) = 0. We choose ¢; = 2, ¢, = 1,1 =10, 1, =3, B = B =
0.02, 11 = 025, 612 = 3, 21 = 0.5, oo = 1.8. Second, the controllers
under one adaptive law is designed by Theorem 2, and the initial conditions are
x1(0) = 0.05, x,(0) = 0.05, é(O) =0.Wechooseci =2,c,=1,r =12, 8 =
0.025, 611 =0.25, 612 =3, c2.1 = 1.5, 2.0 = 1.8. The objective is to design the
controllers u; such that y can track a desired trajectory y; under arbitrary switchings.

According to Theorem 4.1, the adaptive laws él, éz and the control law u; are
chosen, respectively, as
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A r r
01 = 2§2 —z — ﬁ191,92 252 ——7 - B2,

1 6,
Uy =——\ =522+ riz+
82,1 (2§21 2)

1 6,
Uy = ——— 2+ Az +
2 P (2421 2 222 2)

where z; = X1 — Y4, 22 = X2 — o1, Ay = ¢ + g2,1. The virtual control function «;

is given by
1 ( 6
Ol1=— (252 21+ Mz + 2)

where A; = ¢; + g1,1. The controller design based on Theorem 4.1 is completed
here. In the next, another design according to Theorem 2 is presented.

According to Theorem 4.2, an adaptive law 6 and the control law Uy, Uy are
chosen, respectively, as

éZ%Z% 3 Zz ﬂé,
2874 24'
1 6
uj =—a(2§22122+)»222+ 2),
1 6
M2=_g7,2(2§2 22+ Xz + 2),

where 21 = x| — Y4, 20 = X2 — a1, Ay =1 + g2.1-
The virtual control function «; is given as

! é + A +
) =——\ 5% 121
g2 \ 202, 2

where A =c¢; + g1.1-

The simulation results are shown in Figs.4.1, 4.2, 4.3 and 4.4, respectively.
Figure4.1 shows the system output y and reference signal y,;. Figure4.2 depicts
the response of the tracking error y — y,. Figure4.3 illustrates the trajectory of the
adaptive law. Figure4.4 demonstrates the evolution of the switching signal. From
Figs.4.1, 4.2 and 4.3, it can be seen that the output y of both controllers can track
the target signal y; well, and all the closed-loop signals remain bounded.
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4.2.4 Conclusions

The tracking control problem for switched strict-feedback nonlinear systems with
completely unknown nonlinear functions is given. The application of the adaptive
backstepping technique is extended to a class of switched nonlinear systems with
unknown uncertainties. The stability analysis shows that the designed controllers can
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Response under multiple adaptive laws
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ensure all the closed-loop signals remain bounded, and the system output converges
to a small neighborhood of the reference signal.
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4.3 Adaptive Control of Switched Nonstrict-Feedback
Nonlinear Systems

4.3.1 Problem Formulation and Preliminaries

In this section, the following nonlinear switched system in nonstrict-feedback form
is considered:

Xi = 8ionXie1 + fiory(X) + Wicw, 1 i <n-—1
)‘Cn = &n,o(t)Uo (1) + fn,a(t) ()C) + Wh,o (1)
y =X (4.43)

where x = (xq, x2,...,x,)] € R" is the system state, y is the system output;
o) :[0,00) > M = {1,2,...,m} is the switching signal; u; € R is the control
input of the k-th subsystem. Foranyi = 1,2,...,nandk € M, f;(x)areunknown
smooth nonlinear functions satisfying locally Lipschitz conditions, g; ; are positive
constants, and w; ; is the bounded external disturbance of the system.

Our control objective is to design state-feedback controllers such that the output
of system (4.43) tracks a given time-varying signal y,(¢) and all the signals of the
closed-loop systems remain bounded under arbitrary switchings.

Assumption 4.2 The tracking target y,(¢) and its time derivatives up to the n’* order
are continuous and bounded. It is further assumed that there exists a positive constant
d such that |y,| <d.

Assumption 4.3 There exist strictly increasing smooth functions ¢; x(.)s : RT —
R* with ¢; ,(0) = O such thatfori =1,2,...,n—1, k € M,

| fik GO = iic(llxD).

Remark 4.3 The increasing property of ¢; ;(.) means thatifa; > 0,i =1,2,...,n,
then ¢; (> ai) < D', ¢pix(na;). Note that ¢; x(s) is a smooth function, and
¢; x(0) = 0. Therefore, there exists a smooth function p; x(s) such that ¢; x(s) =
spi x(s), which gives that

ik (Z a,») < > naipix(nay). (4.44)
i=1 i=1

In the control design procedure, radial basis function (RBF) neural networks are
used to approximate a continuous function f(X) on a compact set £2 € R?. For any
g > 0, there exists a neural network @7 P(X) such that

sup | f(X) — @' P(X)| <, (4.45)
x€eR
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where P(X) = [pi1(X), pa(X), ..., pi(X)]" is the basis function vector, ® =
(b1, @2, ..., @117 is the ideal constant weight vector with [ > 1 being the number of
the neural network nodes and p; (X) are chosen as the form:

—(X — )" (X — wi)
pi(X) = exp ( % , (4.46)
where ¢; is the width of the Gaussian function, and u; = [ui1, Ki2, - - -, ,u,-q]T is the

center vector.

Remark 4.4 The readers may refer to [25] for more details about neural networks.
Inequality (4.45) indicates that any given real continuous function f(X) can be
represented by the linear combination of the basis function vector P(X) within a
bounded error €.

Lemma 4.2 Forany & € R and w > 0, the following inequality holds,

0 < |€| — £ tanh (i) <éw (4.47)
w

where § = 0.2785.

4.3.2 Adaptive Control Design Based on Neural Networks

In this section, a backstepping-based adaptive control design procedure is presented.
For the i'" subsystem, define a common virtual control function ¢; as

o (X)) = —g— (,\ + 2+ 20 PT (X)) Pi(X; )) (4.48)

—l

where A;,[; and n; are positive design parameters; 8 = = min{gix, k € M}; 9 is
the estimation of @ which is an unknown constant and is specified later; X; =
(xl s Vs Vs o+ yf,'), 0)7, X = (x1,x2, ..., x)7; P;(X;) represents the basis func-
tion of the ith neural network system. Subsequently, a set of the variable change
of coordinates is defined as z; = x; — «;—;. Then, the z-system after coordinate
transform is that

Zi = gixXit1 + fix(X) +wix —di, 1 <i<n—1
in = &n.kUk + fn,k(x) + Wnk — (5[,,71 (449)

where g = y;.
Fori =1,2,...,n — 1, the time derivative of «;_; is given by
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i—1

Qi1 = E

Qi1 (s+1)

k+gskxs+l+wsk)+z

(x)
p— 90 5 9y
) (4.50)
where 3_, 3;'; L(fok F GskXert + wek) =0, and 3| a‘;’g‘ 6=0.
The controller can be chosen as
w=_n (x + 12+ 20 PT(X,) Pa(X, )) 4.51)
g

—n

where 1, [,, and nn are positive design parameters; 8, = min{g, x, k € M}; X,

GI, Yar Yar - ¥, 0)7; Pu(X,) represents the basis function vector of the n'"
neural network system.
The adaptive law is designed as

6= Zrn,z PTP — pé (4.52)

where r and § are positive design parameters.

Lemma 4.3 For the variable transformations z; = x; — ;1,1 = 1,2,...,n, the
following inequality holds,

Il < D lzil @i (0) +d (4.53)
i=1
where o = ya, ¢i(6) = L (=i + 1) = POPT (XD P(XD) + 1, i = 1.2,
n—1,and ¢, = 1. B

The main result is given in the following theorem.

Theorem 4.3 Consider the closed-loop system (4.43) with the controller (4.51) and
the adaptive law (4.52). For 1 < i < n,k € M, assume that all the unknown
nonlinear functions f; (x) are approximated by neural networks in the sense that
the approximation error g;y is bounded. Then, for bounded initial conditions, the
target signal can be tracked within a small bounded error and other closed-loop
signals remain bounded.

Proof Consider the common Lyapunov function candidate as
:lizﬂ_ié? (4.54)
2 & Y 2r '

where r > 0 is a design parameter.
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The time derivative of V is given by

n—1

V=" zi(fik + GikXigt + Wik — &)
i=1

. 1.4
+ Zn(fn,k + 8n, kU + Wnk — an—l) - ;09 (455)

where g = yg.
By using (4.50), the following inequality can be obtained,

n—1

i—1
. dai—y
1% =Zz,- [fi,k + 8ikXit1 + Wik — z 9y l(s) ya(zwl)

i=1

aal 805 A
_Z 1(ﬂk+gakx3+l+wok) . 19
= ox 30

n—1
da,—1
+ Zn [fn,k + nkU + Wnk — Z 8—}1(5)))(?-‘_1)

ao‘n 1 o n—1 A 1~x
- Z (fok + 8 kXsp1 + W) — 01 ——-00
— 0x; 30 r

n—1

—Zzz [fz k— Z oz ‘,k] + D zi {gikXiv1 + wik

X i=1

i—1
0041 (511 dat; datj_q A
- ) s,kAs s, ~ 0
; ayg) Ya ; 8)( (g kXs+1 +w k) 30

n—1
00, — 0,1 A
+ Zn {gn,ku + Wnk — Z - 1y(-¥+1) - #9

ay 90
—Z

By using Assumption 4.3, Lemma 4.3 and Remark 4.3, one has

Zi (fi,k - Z 80{, 1 ﬁ k(x))

s=1

=z Z 3;" S f(x) < Z |zl

s=1

BOln 1 |
o, (&s.kXs41 + Ws k) ——99 (4.56)

1| | fix )]
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<Z|Zz

|¢sk(||x||)

< ZZIz: |z,|¢sk(|z,|go,(e>)+2|z, |¢sk(d>
s=1 j=I
i oo -
<ZZ (—1) +ZZ 262 (12;19;(0)
s= l] 1 s=1 j=1
+ZI Zi (4.57)
where &, (1219, (0)) = ¢;(O)h; k1219, (0)).
Substituting (4.57) into (4.56) yields that
A oo _ 1 2
W L
i=1 s=1 j=1 $
+ZZZ2z,¢gk(|z,|w,<9>)+22|z, |¢Yk<d)
i=1 s=1 j=1 i=1 s=1
n—1 i—1 da
-
+ ZZi [gi,kxi+1 + Wik — Z l(s) v
i=1 =0 9Yq
i—1
8(1,'_1 30[,'_1 A
- s K + K - ~ 0
; ox. (8s.kXs+1 + Ws k) Py ]
n—1
0o, (s+1) 0,1 A
+ Zn ) 8n. kU + Wnk — Z Tyd - —,\9
{ — 9V, a0
n—1
80[,,,1 1~z
- (8ekXor1 +Wyp) | — 60 (4.58)
< X r

One can obtain that

ZZZ—z b7 (12519; (0)) —Zz Zq(n )b (lzjle;(0)) (459
s=1

i=1 s=1 j=1 i=1

where g(n, s) = —(”_(;_])).

By using Lemma 4.2, the following inequality holds for @; ; > 0,
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Z|,

zi Z;
; Z; tanh ( ) + Swi (4.60)
Wi k

where Z; = 3 |2 %52 i (d).
It follows from (4.58) (4.60) that

2 n n
v<z Z (3“‘ ‘) +Zz?Zq(n,s)éik(lzjko,-(e))

n—1

—i—ZZ,Z tanh(w )—i—ZSw,k—I-ZZ,[g,kx,H—i-w,k
i=1 k i=1

dat; Yo < i datj 1 A
- z % (3) ; o, (8s.kXs+1 Y

n—1
Aoty (s+1) 01 4

+Zn gn,ku +Wn,k y ~ 0

[ Z dy (S) 96

00— 1~x
- 2 ox. S(goiXst + Wek) | — 06

s=1

dai-1)’ “ -
—Zz, [z, > (%) 2D qn, 9321z 19,0))
s =1

s=1

ziZ; Jo
—+ Zi tanh (#) — z nl (g.v,kxs+] + Wx.k)
@ik = 0x;

i-1
dai_y » i1 (511
- —0— Yo o Wik
39 Z a (S) d :

s=0 9Yd
n—1 1
+Zzlgl kXip1 + Zn&n kU — _69+28w1k (461)
i=1 i=1
Note that
n—1 n—1 n—1
ZZigi,kxi+1 = Z Zi&ikZi+1 + Z Zi&i ki (4.62)
i=1 i=1 i=1
and define

_ i 9 . 2 n _
fik =zi Z%( ngl) +2 D qn. )G (12j10;(0))

s=1 s=1
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2 Z; =
—+ Zl‘ tanh (#) — Z nl (gx,kx.H—l + Wx,k)
Wi k 1 R

aal 1A 805, 1 (s
_Z 3y (s) (H)"‘Wzk‘i‘gz 1,kZi—1 (4.63)

where go = 0 and zo = 0.
Substituting (4.62) and (4.63) into (4.61) gives that

n—1

1-~x
v<§}mm+&m>+@mw+&ww+§)mk —00 (464

i=1 i=1

The neural network cbfk P;; is utilized to approximate the unknown function f;
such that for any given &; ; > 0,

fik = @, Pir(X)) + e1.6(X0) (4.65)

where X; = ()El-T,yd,)'zd,...,yc(li),él,ég,...,é,-)T, gix| < Eix. & denotes the

approximation error. Thus, fori = 1,2,...,n,

Zifirk = 2Pl P (X)) + zigin(X;)

n} 2 2 7 1 l‘zk 2 S'Zk
< S|Pl PP+ o5+ 2l + 5
= t” k” ik ik ang 5 L 21i2,k
1
<n’z’o, P’ P +1212+ + (4.66)

12

where n;,l; > 0, 0, = |®ix |2, 0; = max{f; : k € M}, Pi(X;) and &(X;)
represent the basis function vector and the estimation error belongs to 6;.

The feasible virtual control functions, adaptive laws and controllers are designed,
respectively, as

o= (xi+12+n,0P P) (4.67)
8,
6; = r,-nizzizPiT P, — Bib; (4.68)
Uy = (x + 12+ 20,P7 P, ) (4.69)
8,
where fori = 1,2,...,n, A;, r;, B; are positive design parameters, and é,- is the
estimation of 6;. . .
Consider that too many adaptive parameters (6y, ..., 6,) can cause the problem

of over-parameterization. Setry =rp, =---=r, =71, 1= =---= B, =P,
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and define @ = 37_, 6;, 6 = 3", ;. The adaptive laws (4.68) can be changed as
follows

b

ié,-:i(rnlzP P, — /39)
i=1 1

i=

n
= Zrnz 2PTP Bo. (4.70)
i=1

Then, the stabilizing functions, the adaptive law and controllers can be designed as
(4.48), (4.52) and (4.51) respectively.
Substituting (4.48), (4.51) and (4.52) into (4.62) one has

V<—ZA,Z +Z’399+Z(12 +8w,) 4.71)

where w; = max{w;, k € M}.
It is true that

U 1
60 =60 —0) < —592 + 592 4.72)

Then, (4.71) can be rewritten as

L)
2 2 & 1 B
<__Z(2x + 9) 2(1—2+?+5w,-+;9)
i=1

i i

< —agV + by 4.73)

where @p = min{2x;, B: 1 <i <n}andby = >/ (/1> + 1/} +8w; + £67).

Furthermore b b
V() < (V(O) - —0) et 4 0 (4.74)
ap

ap

which means that all the signals in the closed-loop system are bounded. In particular,
we have
2b
lim [z1] < | =
t— 00 agp

The proof is completed here. ]



4.3 Adaptive Control of Switched Nonstrict-Feedback Nonlinear Systems 87

Fig. 4.5 Ship manoeuvring X, V.,V
system

4.3.3 Simulation Results

In this section, the simulation studies for the ship manoeuvring systems shown in
Fig.4.5 are carried out to illustrates the effectiveness of our results.

L :length of ship

N : moment component on body relative to z-axis
r :yaw rate
v : speed of ship

v, : forward velocity in x-axis

vy : drift velocity along y-axis

B : drift angle

x,y :force components on body
Y :yaw angle

6 :rudder angle

The ship maneuvering system can be described by the following Norrbin nonlinear
model, )
Th+h+1th®=KS§ + o, (4.75)

where T is the time constant, &7 = w denotes the yaw rate, i stands for the heading
angle, t is the Norrbin coefficient, K represents the rudder gain, § is the rudder angle



88 4 Adaptive Control of Switched Nonlinear Systems

and o stands for the outside disturbances. The value of 7 can be determined via a
spiral test. The ship’s dynamic parameters are basically determined by its size and
shape, and may vary with operational conditions such as ship speed, draft, trim, and
water depth.

A simplified mathematical model of the rudder system can be described as:

Ted + 8 = Kpdg, (4.76)
where Tg represents the rudder time constant, § stands for the actual rudder angle,

K g denotes the rudder control gain and § is the rudder order.
Let x; = v, xo = h, x3 = §; one has

X1 = X2,
).62 = f + bx; + w,
‘ Dot K 4.77)
X3 = ——Xx —8E, .
3 T, 3 T, E
where f = —%xz — %x% is an unknown nonlinear function, b = %

Note that some parameters of the aforementioned system will change when the
speed of the ship changes. We adopt the following switched model to depict the
dynamic behavior when the ship is at low speed, medium speed and high speed,
respectively.

X1 = X2,
Xy = fa(v) (x2) + ba(v)x3 + Wo (v),
. 1 Kgom)
X3 = — + —22 8 o) (4.78)
TE () TE ()
where f,)(x2) = —ﬁxz - ;Z—((;x;, boy = [;:—(()) and o (v) is the switching signal

that satisfies:
1,0<v<yg
o) =132, vp <v=<vy
3, vy <v=<vr

where vy, vy, vr represent the value of low speed, medium speed and top speed,
respectively.

The vessel data comes from a ship that is listed in Table4.1. The controller para-
meters are chosen as those in Table4.2. Furthermore, the outside disturbances are:
wi; = 0.01sin#; wo, = 0.015cost; w3 = 0.013 sin . We construct the basis func-
tion vectors P, P, and P; using 7, 15 and 27 nodes, the centers w1, @y and w3
evenly spaced on [—3, 3] x [—4, 1] x[-2, 2],[—0.5, 3.5] x [—4, 4] x[—8, 8] and
[—4, 4] x [-30, 10] x [—0.5, 3.5], and the widths ¢; = 2, { = 2.5, and &3 = 2,
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Table 4.1 Model parameters of ship maneuvering system

89

v = 3.72 m/s (low speed) v = 7.5 m/s (medium speed) |v = 15.3 m/s (high speed)
Parameter Value Parameter Value Parameter Value

L (m) 160.9 L 160.9 L 160.9
Ki s7hH 0.32 K> 0.114 K3 0.051
T1 (s) 30 T, 63.69 T3 80.47
71 (s%) 40 n 30 73 25

Te 1 (s) 4 TE 2 2.5 TE3 1

KE 2 Kgp» 1 KE3 0.72
Table 4.2 Controller parameters

Parameter | 1| A2 A3 I A2 A3 r
Value 2 3 5 12 14 10 0.01
Parameter | n; 2 n3 g, &, &, B
Value 8 10 12 1 6.3x107*0.4 0.1

respectively. The initial conditions are x;(0) = x,(0) = x3(0) = 0.02, é(O) = 1 and
the target signal is y; = 10sin 0.05¢.

To illustrate the effectiveness of the proposed controller, comparison results are
presented. The first one uses existing results in [26] and our results, respectively, to
control the system when the ship is at a constant speed: low speed. The other one
uses existing results [26] and our results respectively to control the system when the
ship switches among different speeds.

According to (4.51) and (4.52), the adaptive law 6 and the control law uy are
chosen, respectively, as

. 3
0=> rnjz;P/ P — po
i=1

—0.10

0.64z3 P Py + 23 PY P, + 1.4423 P] P

Z

Uy = ——3 ()\.3 +l3 + 7]39P P3)
83

—2.5z3 (105 + 144 P P;)

where z; = x1 —y4, 22 =X — a1, 23 = X3 — 2.
The virtual control functions «; and «, are given by

Z
a =2t (Al 12+ n20PT Pl)
g
= —7,(146 4+ 640 P! Py)
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—;—2 ()\2 + l% + ﬂ%éPlTpl)

—1.6 x 10° x 25 (199 + 1000 P} P1)

Figures 4.6, 4.7 and 4.8 show the comparison results by using the existing method
in [26] and our approach, respectively. It can be seen that both methods can ensure
the target signal is tracked within a small bounded error.

Figures4.6,4.7,4.8,4.9,4.10 and 4.11 depict the comparison results by using the
existing method in [26] and our method under different speeds, and Fig.4.12 gives
the switching evolution among different speeds. From Figs.4.9 and 4.10, it can be
seen that the existing results in [26] cannot guarantee a good tracking performance

Fig. 4.6 Tracking
performances under a
constant speed. y, is the
target signal; ¥| and ¥
represent the outputs by
using existing results in [26]
and our results respectively

Fig. 4.7 Responses of
tracking errors under a
constant speed. ¥ — y4 and
Yo — yq stand for the
tracking error by using
existing results in [26] and
our results respectively
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Fig. 4.8 Responses of
adaptive laws under a
constant speed. él N éz and é3
denote the adaptive laws by
existing results in [26]; o
represents the adaptive law
by our results

Fig. 4.9 Tracking
performances under
switched speeds. yy is the
target signal; ¥| and ¥
represent the outputs by
using existing results in [26]
and our results respectively
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under switched speeds. However, our method can still ensure the target signal is
tracked within a small bounded error. Figure4.11 indicates that the adaptive law’s
number in our results is less than the one in [26].
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Fig. 4.10 Responses of
tracking errors under
switched speeds. ¥ — yg
and Y, — y, stand for the
tracking error by using
existing results in [26] and
our results respectively

Fig. 4.11 Responses of
adaptive laws under switched
speeds. él s éz and 53 denote
the adaptive laws by existing
results in [26]; 0 represents
the adaptive law by our
results

4.3.4 Conclusions

Tracking Errors

Adaptive laws
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Responses under switched speeds

- -V~
== Y9 —Ya ||

0 50 100 150
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Responses under switched speeds

50 100 150

20

50 100 150
Time(sec)

The problem of adaptive neural tracking control for a class of switched uncertain
nonlinear systems in nonstrict-feedback form is investigated. The stability analysis
in indicates that the designed controllers can ensure that the target signal can be
tracked with a small bounded error and the stability of the system can be kept under

arbitrary switchings.
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