Stability Problem for One-Dimensional
Stochastic Differential Equations with
Discontinuous Drift

Dai Taguchi

Abstract We consider one-dimensional stochastic differential equations (SDEs)
with irregular coefficients. The goal of this paper is to estimate the L7 (£2)-difference
between two SDEs using a norm associated to the difference of coefficients. In our
setting, the (possibly) discontinuous drift coefficient satisfies a one-sided Lipschitz
condition and the diffusion coefficient is bounded, uniformly elliptic and Holder
continuous. As an application of this result, we consider the stability problem for
this class of SDEs.
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1 Introduction

Let X = (X:)o<t<r be a solution of the one-dimensional stochastic differential
equation (SDE)
t t
X, = xo —1—/ b(Xy)ds —1—/ o (X;)dWs, xo € R, t € [0,T], (D)
0 0

where W := (W,)o<;<r is a standard one-dimensional Brownian motion on a prob-
ability space (£2, .%#,P) with a filtration (.%;)o</<r satisfying the usual conditions.
The drift coefficient b and the diffusion coefficient o are Borel-measurable functions
from R into R. The diffusion process X is used in many fields of application, for
example, mathematical finance, optimal control and filtering.

Let X™ be a solution of the SDE (1) with drift coefficient b, and diffusion
coefficient 0,,. We consider the stability problem for (X,X) when the pair of
coefficients (b,,0,) converges to (b,0). Stroock and Varadhan introduced the
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stability problem in the weak sense in order to consider the martingale problem
with continuous and locally bounded coefficients (see Chap. 11 of [17]). In [11],
Kawabata and Yamada consider the strong convergence of the stability problem
under the condition that the drift coefficients b and b, are Lipschitz continuous
functions, the diffusion coefficients o and o, are Holder continuous and (b,, g;,)
locally uniformly converges to (b, o) (see [11, Example 1]). Kaneko and Nakao
[10] prove that if the coefficients b, and g, are uniformly bounded, o, is uniformly
elliptic and (b,, 0,,) tends to (b, o) in L'-sense, then (X),en converges to X in L?-
sense. Moreover they also prove that the solution of the SDE (1) can be constructed
as the limit of the Euler-Maruyama approximation under the condition that the
coefficients b and o are continuous and of linear growth (see [10, Theorem D]).
Recently, under the Nakao-Le Gall condition, Hashimoto and Tsuchiya [8] prove
that (X™),en converges to X in I” sense for any p > 1 and give the rate
of convergence under the condition that b, — b and 0, — o0 in L' and I?
sense, respectively. Their proof is based on the Yamada-Watanabe approximation
technique which was introduced in [19] and some estimates for the local time.

On a related study, the convergence for the Euler-Maruyama approximation with
non-Lipschitz coefficients has been studied recently. Yan [18] has proven that if the
sets of discontinuous points of b and o are countable, then the Euler-Maruyama
approximation converges weakly to the unique weak solution of the corresponding
SDE. Kohatsu-Higa et al. [12] have studied the weak approximation error for the
one-dimensional SDE with the drift 10 0)(x) — 1(0,+00) (x) and constant diffusion.
Gyongy and Rasonyi [7] give the order of the strong rate of convergence for a class
of one-dimensional SDEs whose drift is the sum of a Lipschitz continuous function
and a monotone decreasing Holder continuous function and its diffusion coefficient
is a Holder continuous function. The Yamada-Watanabe approximation technique
is a key idea to obtain their results. In [15], Ngo and Taguchi extend the results in
[7] for SDEs with discontinuous drift. They prove that if the drift coefficient b is
bounded and one-sided Lipschitz function, and the diffusion coefficient is bounded,
uniformly elliptic and n-Holder continuous, then there exists a positive constant C
such that

c
e e (/2,1

. ifn=1/2,
logn

sup E[|X, — x| <

0<t<T

where X" is the Euler-Maruyama approximation for SDE (1). This fact implies
that the strong rate of convergence for the stability problem may also depend on the
Holder exponent of the diffusion coefficient.

The goal of this paper is to estimate the difference between two SDEs using the
norm of the difference of coefficients. More precisely, let us consider another SDE
given by

t t
X, =x0+ / b(X,)ds + / &(X,)dW;. )
0 0
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We will prove the following inequality:

A C(llb = b1 v [lo = &[5 VCD ifp e (1/2,1],
sup E[|X, —X;|]] < C ifn =

A~ N £ 7] - 1/27
e==t log(1/([b—bll: v [lo = &113))

3

where 7 is the Holder exponent of the diffusion coefficients, C is a positive constant
and || - ||, is a L’-norm which will be defined by (4). We will also estimate
E[supy<,<r |X: — X,|r] for any p > 1. It is worth noting that in the papers [10]
and [11], the authors only prove the strong convergence for the stability problem.
On the other hand, applying our main results, we are able to establish the strong rate
of convergence for the stability problem (see Sect. 4). In order to obtain (3), we use
the Yamada-Watanabe approximation technique and a Gaussian upper bound for the
density of SDE (2) (see [2, 16] and [14]).

Finally, we note that SDEs with discontinuous drift coefficient have many
applications in mathematical finance [1] and [9], optimal control problems [4] and
other domains (see also [5] and [13]).

This paper is organized as follows: Sect. 2 introduces our framework and main
results. All the proofs are shown in Sect. 3. In Sect. 4, we apply the main results to
the stability problem.

2 Main Results

2.1 Notations and Assumptions

We will assume that the drift coefficient b belongs to the class of one-sided Lipschitz
functions which is defined as follows.

Definition 1 A function f : R — R is called a one-sided Lipschitz function if there
exists a positive constant L such that for any x,y € R,

(=Y (f) —f) = Lix—yP.

Let .Z be the class of all one-sided Lipschitz functions.

Remark I By the definition of the class .2, if f,g € £ and ¢ > 0, then f + g,
af € .Z. The one-sided Lipschitz property is closely related to the monotonicity
condition. Actually, any monotone decreasing function is one-sided Lipschitz.
Moreover, any Lipschitz continuous function is also a one-sided Lipschitz.

Now we give assumptions for the coefficients b, IA7 oando.
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Assumption 1 We assume that the coefficients b, 13, o and ¢ satisfy the following
conditions:

A-():beZ :
A-(ii): b and b are measurable and there exists K > 0 such that

sup (1B v 1B1) = K.

A-(iii): 0 and & are 1 := (1/2 4+ «)-Holder continuous with some « € [0, 1/2],
i.e., there exists K > 0 such that

(IU(X) -0l 16(x) —3(y)|)
sup \Y

<K.
|x — y|7 |x — y|

xyER Xy

A-(iv): a = 0% and @ = 62 are bounded and uniformly elliptic, i.e., there exists
A > 1 such that for any x € R,

Al <a(x) <Adand A7! <a(x) < A.

Remark 2 Assume that A-(ii), A-(iii) and A-(iv) hold. Then the SDE (1) and the
SDE (2) have unique strong solution (see [20]). Note that the 9ne-sided Lipschitz
property is used only in (11) for b, so we don’t need to assume b € .Z.

2.2 Gaussian Upper Bound for the Density of SDE

A Gaussian upper bounded for the density of X; is well-known under suitable
conditions for the coefficients. If coefficients b and o are Holder continuous and
o is bounded and uniformly elliptic, then a Gaussian type estimate holds for
the fundamental solution of parabolic type partial differential equations (see [6,
Theorem 11, Chap. 1]). Under A-(ii), (iii) and (iv), the density function p,(xo, -) of
X, exists for any ¢ € (0, 7] and there exist positive constants C and ¢ such that for
anyy € Randt € (0, 7],

Pi(x0,y) < Cpe, (1, %0,Y),

=02
2ct

where p(1, x, y) 1= e_ﬂm (see [14, Remark 4.11).

Using a Gaussian upper bound for the density of X;, we can prove the following
estimate.
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Lemma 1 Let p > 1. Assume that A-(ii), A-(iii) and A-(iv) hold. Then we have
T A ~ A ~
| Bl - boras < crllo - big
0
and

T
| Bllot) - s6ds < crlo - 611,
0

where Cr 1= C\/HZLT* and for any bounded measurable function f, || - || is defined
by

—xo |2 1/p
= ([ 1rore 5 a) @

Proof We only prove the first estimate. The second one can be obtained by using a
similar argument. From a Gaussian upper bound for the density of X;, for any x € R
and s € (0, T], we have

C _ l—xl?

ps(x0,x) < Cpe, (s, X0, x) < e 2exT
ps( 0 ) Pc ( 0 ) \/271'6‘*.8‘

where p;(xo, -) is a density function of }A( ;. Hence we obtain

/ TIE[|b(XS)—13(XS)|P]ds = / Tds / dx|b(x) — b(x)[”ps(x0. %)
0 OT R
= 0 ds\/ZJrc*s
= Crllb—blp.

/ alb() — b@Pe = (5)
R

This concludes the proof.

Remark 3 Our proof of Lemma 1 is based on the fact that we are in the one-
dimensional setting. In multi-dimensional case, the integrand of (5) is not integrable
with respect to s in general. This is the main reason for restricting our discussion to
the one-dimensional SDE case.
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2.3 Rate of Convergence

For any p > 1, we define
7 )
& = |lb— b} v |lo =6l

Then we have the following estimate for the difference between two SDEs.

Theorem 1 Suppose that Assumption 1 holds. We assume that 1 < 1 if o €
(0,1/2] and 1/1og(1/e1) < 1 if @ = 0. Then there exists a positive constant C
which depends on C,cx,K,L, T, a, A and xo such that

A e/t rg e (0,172,
sup E[|1X; — X;|] < C ifa =0

i log(1/¢1)

where 7 is the set of all stopping times t < T.

Theorem 2 Suppose that Assumption 1 holds. We assume that 1 < 1 if o €
(0,1/2] and 1/1og(1/e1) < 1 if @ = 0. Then there exists a positive constant C
which depends on C,cx,K,L, T, a, A and xo such that

A Cel/ D ey € (0,1/2),
E[ sup |X; —X,|] <

0<t<T

Jog(1/en 1

Theorem 3 Suppose that Assumption 1 holds and p > 2. We assume that ¢, < 1 if
o €(0,1/2]and 1/1og(1/e,) < 1 if o = 0. Then there exists a positive constant C
which depends on C,c«,K,L,T,p, o, A and xo such that

Ce)/? ifa=1/2,
. 20/Qa+1) |
E[ sup |X; —X,|’] < Cgla/( “Vifa e (0.1/2),
0<i<T c . -0

log(1/¢1)
Using Jensen’s inequality, we can extend Theorem 3 as follows.

Corollary 1 Suppose that Assumption 1 holds andp € (1,2). We assume that &5, <
lifa € (0,1/2] and 1/1og(1/e3,) < 1 if @ = 0. Then there exists a positive
constant C which depends on C,c«,K,L, T, p,a, A and xy such that

Cey)’ ifa=1/2,
" /Qa+1) .
E[ sup |X, — X, '] < Ce} g ifa€(0,1/2),

0<t<T —

Jiog(1/en
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Next, we will find a bound for E[|g(X7) — g(XT)|’] where g is a function of
bounded variation and r > 1.

Definition 2 For a function f : R — R, we define

N
Ty(x) == sup ) |£(x) —f(xi-1)]-

j=1

Here the supremum is taken over all positive integers N and all partitions —oco <
Xo < X1 <---<xy =x < o0o. Wecall f a function of bounded variation, if

V(f) = 1_1)11010 Ty(x) < oo.

Denote by BV the class of all functions of bounded variation.

Corollary 2 Suppose that Assumption 1 holds. Furthermore assume that ¢, < 1 if
a € (0,1/2]and 1/log(1/e1) < 1 if & = 0. Then there exists a positive constant C
which depends on C,c«,K,L, T, o, A and xy such that for any g € BV and r > 1,

3y (g) Ce? Y ifa € (0,1/2),
Ellg(Xr) — g(Xp)|1 < { 37F'V(e)'C ifa =0
Viog(1/e1) '

Remark 4 In the proof of all results, we calculate the constant C explicitly. In
Theorems 1-3 and Corollary 1, the constant C does not blow up when 7' — 0.
On the other hand, in Corollary 2, the constant C may tend to infinity as 7 — 0
because we use a Gaussian upper bound for the density of X7 in (17).

3 Proofs

3.1 Yamada-Watanabe Approximation Technique

In this section, we introduce the approximation method of Yamada and Watanabe
(see [19] and [7]) which is the key technique for our proof. We define an
approximation for the function ¢(x) = |x|. For each § € (1,00) and x € (0, 1),
there exists a continuous function ¥s, : R — R with supp ¥s, C [k/8,«] such
that

K

2
Ysx(2)dz = 1and 0 < Y5, (2) < . 7> 0.

k/8 10g87
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For example, we can take

} L(e/5.0)(2),

B 1
Vi (2) 1= s oxp [— (k= —x/8)

where “S_Il = KK/S exp(— (K_Z)(IZ_K/S))dz. We define a function ¢s, € C*(R;R) by

x| py
Bs.c(x) = /0 /0 Vs (Ddzdy.

It is easy to verify that ¢, has the following useful properties:

/
X
96, (Y) > 0, forany x € R\ {0}.
X

0 < |¢5, ()] <1, forany x € R.
|x| <k + ¢s.(x), forany x € R.

, 2
BN = YD = | Aaals). forany x € R\ 0}

The property (8) implies that the function ¢s, approximates ¢.

3.2 Proof of Theorem 1

To simplify the discussion, we set

Yt = Xt_}zt, re [O,T].

(6)

(N
®)

€))

Proof (Proof of Theorem 1) Let § € (1,00) and k € (0, 1). From Itd’s formula, (7)
and (8), we have

Y| <k + s (Yr)

- /0 B3, (V) (B(X,) — b(X,)ds
+ ; /0 5 (Yo (X,) — 6:(X,)*ds + M~
= [ B0 — b + [ 6, (G - bRds
0 0

1 .
+, /0 B (V0o (%) — & (Ro)[ds + MP*
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t R T R .
<kt /0 o (Y (b(X,) — b(R,))ds + /0 1b(R) — B(&o)ds
4! / o (Y)|o(Xy) — 6(X,)[ds + M**, (10)
2 0 ’
where
M = [ 90 ~ sGaw.,
0

Note that since o, 6 and ¢gK are bounded, (M,S’K)OS,ST is a martingale so

E[Mf”( = 0. Since b € %, for any x,y € R with x # y, we have, from (6)
and (7),

g6 —bon = 009 - o)
< Iy (an
<Llx—yl
Therefore we get
[ #0000 — s <t [ mias (1)
Using Lemma 1 with p = 1, we have
[tk ~ bas < oo =i (13)

From (9) and (x + y)? < 2x? 4+ 2y? for any x,y > 0, we have

" Less,q(1Xs))

IY I 10g5 |U(Xs) - 6(}23)|2ds

L ” o
2/(; ¢8,K(YS)|O-(XS)_O—(XJ)|2[ZSE/(;

1 Y, A 1 V) .
<2 [ Do) —odopas+2 [ ) — gk as
o |Ys|logé o |Ys|logé

th' K YY kY 28 T ~ A~
<2 / R Sy / lo(R,) — 6 (%) Pds.
o |Ys|logéd klogd Jo

(14)
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Again using Lemma 1 with p = 1, we have

26
klogd

2Cr6

clogs|” 013 (15)

T

| BlloG) - 5P <
0

Since o is (1/2 4 «)-Holder continuous, we have

71 Y, . "1 Y
2/ [K/5.K](| D |CT(XY) _ CT(XS)|2dS < ZKZ/ [K/5.K](| |) IYx|l+2ads
0 |Ys|10g5 0 |Ys|10g8

2TK? k2
<

1
logé (16)

Let 7 be a stopping time with t < T and Z; := |Y;a.|. From (10), (12), (13), (15)
and (16), we obtain

2TK? K>
logé

Cré
logé

! 2Cr6 2TK (>
EK—i—L/ EZ)ds + Crei + . Cep 4 "
0 klogé log é

t
~ 2 R
Biz) < x +L [ Blzdds+ Crllp=blli+ [ llo =511 +
0

8}/(2a+1)

If o € (0,1/2], then since &; < 1, by choosing § = 2 and k = , we have

4CT81—1/(2a+1) 2TK2£%0¢/(20¢+1)

t
E[z] <L / E[Zds + ¢)/®**V + Cre, + !
0

log2 log2
t
<L / E[Z|ds 4+ C) (o, T)ei®/ 7t
0
where

4Cr  2TK?

Ci(a,T):=1+Cr+ + .

log2 = log2

By Gronwall’s inequality, we get
E[Z] < Ci(a, T)et e/,

Therefore by the dominated convergence theorem, we conclude the statement by
takingt — T.
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If « = 0, then since 1/log(1/e;) < 1, by choosing § = 6‘1_1/2 and k =
1/1og(1/e1), we have
IE[Z]<L/t]E[Z]d N e a4 ATK?
s|ds
= log(1/e) ~ 1T T log(1/e1)

! Ci1(0,7)
<L | E[Z]ds+ )
<L f Bkt o

where
C1(0,T) := 1+ 5Cr + 4TK>.
By Gronwall’s inequality, we obtain

C1(0, T)e T
log(1/e1)

Therefore by the dominated convergence theorem, we conclude the statement by
takingt —> T.

E[Z] <

3.3 Proof of Corollary 2

To prove Corollary 2, we recall the upper bound for E[|g(X) — g(X)|"] where g is a
function of bounded variation, » > 1, X and X are random variables.

Lemma 2 ([3], Theorem 4.3) Let X and X be random variables. Assume that X
has a bounded density px. If g € BV and r > 1, then for every q > 1, we have

Ellg(0) — (I < 3 'V(g)" (SUPPX(X)) " E{x - R,

x€R

Using the above Lemma, we can prove Corollary 2.

Proof (Proof of Corollary 2) From the Gaussian upper bound for the density
pr(xo, -) of X7, we have for any y € R,

pr(x0,¥) < Cpe, (T, xo, (17)

< .
» = S2mwes T
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This means that the density p7(xo, -) of X7 is bounded. Hence from Lemma 2 with
q = 1 and Theorem 1 with t = T, for any g € BV and r > 1, we have

3r+lv(g)rcl/2

@reorys BT =Xrll'”
*

E[lg(X7) — s(Xp)|"] <

3V (g) Cola, T)e¥ Y ifa € (0,1/2),
31V (g)" C»(0.7) .
ifoa=0,
Viog(1/e1)

IA

where

C1/2C1(a’ T)l/zeLT/2

QD=

, fora €]0,1/2].

This concludes the proof of statement.

3.4 Proof of Theorem 2

Let V; := supy,<, |Ys|. Recall that for each § € (1, 00) and k € (0, 1),
8 ' &
M = [ 00000 - saw.
0
Hence the quadratic variation of Mf"“ is given by
8 ' 2 &\ (2
0r%), = [ 16,00 Plo0x) - 5GFas.
0

Before proving Theorem 2, we estimate the expectation of sup<, |Mf”‘| for
anyt € [0,7],6 € (1,00) and k € (0, 1).

Lemma 3 Suppose that the assumption of Theorem 2 hold. Then for any t € [0, T},
8 € (1,00) and k € (0, 1), we have

1
E[V,] + C3(@. T)e} @™ ifa € (0,1/2],

E[ sup [M}*]] <
Sup. C5(0.7) o =0,

Vlog(1/e1)
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where

C2KPTCy (@, )™ + V20, C)2, ifo € (0,1/2],

Cy(a,T) := o o
(@) V2CKTV2C1(0,T) 2H 12 4+ V28,CY2, ifa = 0,

and é‘p is the constant of Burkholder-Davis-Gundy’s inequality with p > 0.

Proof From Burkholder-Davis-Gundy’s inequality, we have

t 1/2
E[ sup |M**|] < C\E[(M**)}/*] < C|E [( / o (X,) —6(&>|2ds) }
0

0<s<t
. t R 1/2
§~/2C1E|:(/ IG(XX)—G(XX)Izds) }
0
T 1/2
+x/261E[(/ IJ(XY)—6(XY)|2ds) }
0

From Jensen’s inequality and Lemma 1, we have

E [( [ 1ok —6(5<Y>|2ds)1/2] < ([ = -o0tr]as)

< ¢;/|lo = 6]l

1/2

Since o is (1/2 + «)-Holder continuous, we obtain

' 1/2
E[ sup [M}*|] < V2CKE [(/ |Y5|1+2"ds) } + V26,60 —6]la.
0

0<s<t

(18)

If o € (0, 1/2], then we get

R t 1/2 R t 1/2
V2C,KE [(/ |YY|1+2°‘ds) ] < V2C\KE [v}/z (/ |YS|2°‘dS) } .
0 0
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2 20 Ky?
X + «/ 1RY

22K 5 for any x,y > 0 and Jensen’s
1

Using Young’s inequality xy <
inequality, we obtain

A ! 1/2 1 202Kk2 (T
«/ZCIKIE|:(/0 |YY|1+2°‘ds) }521@[\4]+ ; /OE[IYJZ“]ds

1 T 2a
< 2E[V,] + CIK*T' 2 ( / E[muds)
0

From Theorem 1 with T = s, we have

t 1/2
- 1 o
\/2C1KE |:(/ IYV|1+2adS) ] < ZE[Vt] + C%KZTCI (a, T)2a62aLT£411a2/(2a+1)‘
0

19)

Since 40?/(2a + 1) < a < 1/2, from (18) and (19), we get

1 o o
E[sup [MI*|] = JE[Vi] + Ca(et, T)e}*/ =+

0<s<t

which concludes the statement for o € (0, 1/2].
If « = 0, then from Jensen’s inequality and Theorem 1 with t = s, we get

V2C,KE [(/0, |n|ds)l/2] < V20K (/OTE[m]ds)

- V2CKTY2C (0, T) /2172
Viog(1/e1) '

1/2

Therefore we have

2& KTI/ZC O,T 1/2 ,LT/2
B sup i < V2OKT IO D
0<s<T \/log(l/el)
< G5(0,7) _
Viog(1/e1)

This concludes the statement for « = 0.

+ V20,0 — 6]

Using the above estimate, we can prove Theorem 2.
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Proof (Proof of Theorem 2) From (10), (12), (14) and (16), we have

t T
V, <k +L/ Vsds—i-/ Ib(X,) — b(X,)|ds
0 0
2,20

28 ro. . 2TK
+ / lo(X,) — 6(X,)|*ds + + sup |M%¥]. (20)
klogd Jo log$ 0<s<t

If o € (0, 1/2], then from (20), Lemmas 1 and 3, we have

' . 20,8 X 2TK?,c2
]E[Vr]flc—l—L/ E[Vds + Crllb—blli + " |lo — 612 +
0 klogé logd
1 0(2 ol
+ BV + C(e T)e e /eth
20,8 2TK K2

t
<K+ L/ E[Vé]ds + CT€1 + €1
0 klogé log é

1 0{2 o
+ L ELV] + Gyl Ty Y.

Hence we get

4Cr6

t
E[V,] <2k + ZL/ E[V,]ds 4+ 2Cre1 + &1
0 klogé

4TK k>

2
+2C ,T 4o /(2a+l)'
log § 3(e, T)e

Note that 0 < 4%/ (2a + 1) < a < 1/2. Taking § = 2 and k = s}/z, we have
t 4C
E[V,] < 2L/ E[V,]ds + 2 (1 +Cr+ . L ) ell?
0 (0]

log2

4 2 o o
+ 6% + 2C3(or, T)e /22D
log2

t
<2L / E[V,lds + Cy(er, T)e /4D,
0

where

ACr + 2TK?

Cy(a,T):=2 (1 + Cr +
log?2

+ Csi(a, T)) .
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By Gronwall’s inequality, we obtain
E[V;] < Cy(a, )Tt/ @+,
If @ = 0, then from (20), Lemmas 1 and 3, we have

2078 2TK? C3(0,7)

t
E[V, §K+L/EVYdS+C8+ e+ .
Vil A [Vi] T 105 T logs T flog(1/e)
Taking § = 6‘1_1/2 and k = 1/1og(1/¢;), we get

' C4(0,T
E[V,] < L/ E[V,]ds + +0.7)
0 \/10g(1/51)
where
C4(0,T) := 1+ 5Cr + 4TK? + C5(0,T).

By Gronwall’s inequality, we obtain

_ G0, T)et"
= Vlog(1/e))

Hence we conclude the proof of Theorem 2.

E[Vi]

3.5 Proof of Theorem 3

In this section, we also estimate the expectation of SUP)<s<; |Mf”( |P for any p > 2,
te[0,7T],8 € (1,00) and k € (0, 1).

Lemmad4 Let p > 2. Assume that A-(ii), A-(iii) and A-(iv) hold. Then for any
te[0,7T], 8 € (1,00) and k € (0, 1), we have

t p/2
B[ sup [MP|7] < Cs(p, T)E [( / |n|1+2“ds) } + Colp Tllo = 5115,
0

0<s<t

where Cs(p,T) := 21’/2C,,K” and Ce¢(p,T) = 21’/2Tp;l C,,CIT/Z. In particular, if
a = 1/2, we have

5P=1Cs(p, T)2 TP~

t
[ sup M} < 0 [CEvnes
0

0<s<t T 2.5

+ Colp. Dllo =515,

(EVIT+
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Proof (Proof of Lemma 4) From Burkholder-Davis-Gundy’s inequality, we have

t /2
E[ sup [MP*|P] < CE[(MP)P/?] < CPE[( [ |a(xx>—a(&>|2ds)p }
0

0<s<t

t p/2 T p/2
< »/2c, E{(/ |o(xs>—oo?s)|2ds) }HE (/ |oo?s>—&(icv)|2ds) .
0 0

From Jensen’s inequality and Lemma 1, we have

T . R r/2 - T R R
E[(/ |o(xx)—6(xy)|2ds) ]STPZ (/ Eno(xs)—a(xmzf’]ds)
0 0

s V) ~
<7"2 ¢/*|lo — 6115,

1/2

Since o is (1/2 4 «)-Holder continuous, we get

t p/2
E[ sup |M>*|P] < Cs(p. T)E [(/0 |YS|1+2°‘dS) } + Cs(p. T)l|lo — 615,

0<s<t

This concludes the first statement.
In particular, if « = 1/2, then we get from definition of V,,

t p/2 t p/2
@(ﬂ)E[(/O |n|2ds) }scs(p,m[(v,)f’”(/o |n|ds) ]

Using Young’s inequality xy < x + SP_ICSZ(”’TW * for any x,y > 0 and

o . : 2:57=1C5(p,T)
Jensen’s inequality, we obtain

' r/2 p—1 2 t 14
CS@,T)E[(/O |YS|2ds) }52_;,,_1E[Vf'1+5 ar.D E[(/O mm)}

1 Sp—l CS (p T)2 Tp—l t
P ’ P
< . o B+ ) /O E[V?]ds.

which concludes the second statement.

To prove Theorem 3, we recall the following Gronwall type inequality.

Lemma 5 ([7] Lemma 3.2.-(ii)) Let (A,)o<i<r be a nonnegative continuous
stochastic process and set B; := supy,<,A;. Assume that for some r > 0, g > 1,
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p€ll,qland Ci, & >0,

E[B]] < C/E [(/OtBsds)r} +CE [(/OtAfjds)r/q:| +E<oo

forallt € [0,T). If r > qorq+1—p < r < q hold, then there exists constant C,
depending onr, q, p, T and Cy such that

T
E[B}] < Caf + /0 E[AJds.

Now using Lemmas 4 and 5, we can prove Theorem 3.

Proof (Proof of Theorem 3) From (20) and the inequality (Z;”:lai)p <
mP~P Yl forany p > 2 a; > 0 and m € N, and Jensen’s inequality, we
have

t )4 T
V< s (Kﬁ+(L / vxds) e / b&,) — b(&,)Pds
0 0

27P 18P

(2TK?)Pic
kP (log 8)? + sup M) ).

T
a(X,) — 6 (X,)|[®Pds +
/0 o) — 6K logsy

From Lemma 1 with p > 2, we have

t p
E[V/] < 5"~ 'k? + 57 [PE [( / Vvds) } + (ST~ Crllb— bl
0

2(5Ty~1Cré?
kP (log )P

2p

R 5p—1 2TK2 pKZpoz
lo—si+ > TE T Lot qup iy,

(log )P 0<s<t

If « = 1/2, using Lemma 4, we have

» -1 p—1 Cs(p.T)*\ [ - -
E[VP] <577l + (5T (12 + 5 E[V?]ds + (5T)"~' Cr||b — bl[}
0

2(5Ty~1Cré?
kP(log §)P

5/~ QTK?) kP
A2
IIG a||2p + (10g5)p

1 _ .
+ 21E[v§] + 57 Cs(p, Do — 115,
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Hence we get

t
E[V] <2-57'%" + (5T)"~" (21" + Cs5(p, T)?) / E[VP]ds
0

4(5T)P1CrsP

2(5T) ' Cy||b—b||?
+2(5T)"~ Cr|| |15 + ¢ (log 87

A2
llo 612

2 5PV QTK?)P kP

. p—1 _ AP
toesy T2 oo Dllo =518,

t
<2-57NP 4 (STY ™' (217 + Cs(p. T)?) / E[VP]ds + 2(5T)""'Cre,
0

4(5TyP~'Crép 2. 5PN (2TK?)P kP

2.5 Ce(p, Tl /2.
«P(log 8)? o (log 8)? + s(p.T)e,
Taking § = 2 and k = s;,/ @) \we have

BVY] < (7Y (@ + 0. 7) [ EIVIIds + Co(1/2.p. Ty
0

where

4.2°(5TyP~" + 2. 5771 2TK?)P

C:(1/2,p,T) :=2-57"1 4+ 25Ty~ 'C
7(1/2,p,T) +2(57) T+ (log 2)?

+2.571Cs(p. T).
By Gronwall’s inequality, we obtain
E[V/] < C1(1/2,p, T)exp(5"~'T7 (21" + Cs(p. T)*))¢,/>.

If @ € [0,1/2), using Lemma 4, we have

t p
E[V/] <57 '? + 57 IPE [(/ Vsds) } + 5Ty~ Crllb—bI?
0

2(5T)P~\CrP
kP (log 8)?

5P (QTK?)Pic2pe

llo =611+~ (ogsy

t p/2
+5P—1c5(p,T)E[(/O lml““ds) :|+5p_lco(I7aT)||U—6||12)p

' )4 t p/2
< 57UPE [(/ Vsds) } +5°71Cs(p. T)E [(/ |YS|1+2°‘ds) }
0 0
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+ 57 + (ST ™' Cr + 577 Co(p. T))e)?
2(5T)P~'CréP . 5P=LQTK?)P 2P
kr(log8y " (log §)»

Now we apply Theorem 1 with t = sand Lemma5S withr =p,g =2,p =14 2«
and

£=5"""+ ((5T)""'Cr + 5" Co(p. T))e)/?
2(5T)yP~'CréP 5P TK? )P i
€
kr(log8y " (log §)»
Then there exists C;(«, p, T) which depends on p, @, T, L and Cs(p, T) such that

4 2pa
e, K )

E[VZ] < Cr(a.p.T) (" + ¢!/
V7] = Co(e,p )(K e +/<1’(10g5)" (log 8)”

T
+Crlap.T) [ B[V as
0
p 1/2 8¢y e
<Ga.pT) k" +¢,/" + +

kP(logé)  (logéd)?

C(. p. T)Cy (. T)e Tl it € (0,1/2),
+ 3 C7(0,p, T)C1(0, )T ,
ifa =0.

log(1/e1)

Taking § = 2 and k = 611)/(2;;) ifaa € (0,1/2)and § = 8,71/(2‘”) and k = 1/1og(1/¢,)
ifa =0, we get

Cs(@.p. Der” ™ ifa € (0,1/2),
E[V?] < { Cs(a.p.T)

.
log(1/¢1) T
where
Ci(a,p,T) (2 + il + Ci(a, T)eH T ) ifa € (0,1/2)
o, p, o, [4 I , N
Cs(a,p, T) := 7&.p (log2)r !

Cr(e.p.T) (2+22p)Y + Ci(@. T)e'T)  ifa =0,

Hence we conclude the proof of Theorem 3.
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4 Application to the Stability Problem

In this section, we apply our main results to the stability problem. For any n € N,
we consider the one-dimensional stochastic differential equation

p '
X =+ [ b+ [ o, aw.
0 0

Assumption 2 We assume that the coefficients b, ¢ and the sequence of coefficients
(bn)nen and (0,,),en satisfy the following conditions:

A'-():b e &Z.
A’-(ii): b and b,, are bounded measurable i.e., there exists K > 0 such that

sup (|ba(x)| v [b(0)]) < K.

neN,xeR

A’-(iii): o and 0, are n = 1/2 + «a-Holder continuous with @ € [0, 1/2], i.e.,
there exists K > 0 such that

G

Su
b v =y v =y

neN,x,yeR x#y

A’-(iv):a =0 and a, := anz are bounded and uniformly elliptic, i.e., there exists
A > 1such that forany x € Randn € N,

A< a(x) < A and A< a,(x) < A.
A’-(p): For given p > 0,

Epn = |lb=ball} V [lo = oull3 — 0
asn — oo.
Forp > land « € [0, 1/2], we define Ny, by

min{n € N:¢g,,, <1,Ym>n}, ifae(0,1/2],

Ny, = .
r min{n € N: ¢,,, < 1/e,Ym >n}, ifa = 0.

Then using Theorem 1-3 and Corollary 1, 2, we have the following corollaries.

Corollary 3 Suppose that Assumption 2 holds with p = 1. Then there exists
a positive constant C which depends on C,c«,K,L, T,a, A and xy such that for
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anyn > Ny,

Cer/ ™ ifa € (0,1/2],

ifa =0

sup E[|X, —X"|] <
i log(1/¢1,,)

and

Ce*C/ReHD ey € 0,1/2),

1.n
E[ sup X, —X/"|] < o= 0

0<t<T

Viog(1/e1,)

and for any g € BV and r > 1, we have

3V (g) Cey! M ifa € (0,1/2],
E[lg(Xr) —g(X\)"] < 1 3HV(g)yC

ifa =0.

Viog(1/€1,)
Corollary 4 Suppose that Assumption 2 holds with p > 2. Then there exists a
positive constant C which depends on C,c«,K,L, T,p,a, A and xo such that for
anyn > Na,p;

Ce)l? foa=1/2,
20/Ra+1) .
Bl sup [, —x"] < | Cern " o< 0.1/2),

0<rt<T

log(1/e1.,) ffo=0.

Corollary 5 Suppose that Assumption 2 holds with 2p for p € (1,2). Then there
exists a positive constant C which depends on C,c«, K, L, T, p, o, A and xo such that
fO}’ anyn = Na,Zpy

Ceyl” ifo=1/2,
C a/Qa+1) . c (0 1/2)
Bl sup X, — X" < { P 0 Yo eO1/2),

0<t<T fC( — 0

i
Viog(1/e1,)
The next proposition shows that there exist the sequences (b,),en and (0;)nen
satisfying Assumption 2.
Proposition 1

(i) Assume sup g |b(x)| < K. If the set of discontinuity points of b is a null set with
respect to the Lebesgue measure, then there exists a differentiable and bounded
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sequence (b,)yen such that for any p > 1,
, — lx—xo?
|b(x) — bu(x)|Pe™ 2«7 dx — 0 2n
R

as n — 00. Moreover, if b is a one-sided Lipschitz function, we can construct
an explicit sequence (by)neny Which satisfies a one-sided Lipschitz condition.

(ii) If the diffusion coefficient o satisfies A’-(ii) and A’-(iii), then there exists a
differentiable sequence (0,),en such that for any n € N, o, satisfies A’-(iii),
A’-(iv) and for any p > 1,

_h—xl? K% 2mcyT
/R|U(x) _Gn(x)lzpe 2ol dx < n2en e

Proof Let p(x) 1= pe/0-FM1(x| < 1) with p~! = Ji<1 e~/ 0=k gy and a

sequence (0, )ren be defined by p,(x) := np(nx). We set b,(x) := fR b(y)pn(x—y)dy
and 0,(x) 1= [; 0(y)pn(x — y)dy. Then for any n € N and x € R, we have |b,(x)| <
Kand 17! < a,(x) := cr,% (x) < A, b, and g, are differentiable.

Proof of (i). From Jensen’s inequality, we have

lx—x|2

\xﬂ‘olz p
/ () — ba() e ¥ dx < / dx ( / dy|b(x>—b(y)|pn(x—y)) o
R R R

P
= / dx (/ dz|b(x) — b(x — Z/”)|,0(z)) )
R lz]<1
) /Izm dZ/Rdx'b(x) b e o).

Since b is bounded, we have

Jx—xp |2 Jx—xp |2
/ |b(x) — b(x —z/n)|Pe” 2waT x < (ZK)p/ ¢ 2T dx = (2K)Y' /27 caT.
R R
(22)
On the other hand, since the set of discontinuity points of b is a null set with respect

to the Lebesgue measure, b is continuous almost everywhere. From (22), using the
dominated convergence theorem, we have

lx—xp|2
/ b(x) — b(x — z/n)[Pe” 2T dx — 0
R

as n — oo. From this fact and the dominated convergence theorem, (b,),en
satisfies (21).



120 D. Taguchi

Let b be a one-sided Lipschitz function. Then, we have
(=900 = b, = [ (=Bl =2 = b = Dp )

- /R (=) — =)}l —2) — by — D)pu(2)dz
<Llx—yl%

which implies that (b,),en satisfies the one-sided Lipschitz condition.
Proof of (ii). In the same way as in the proof of (i), we have from Holder
continuity of o

Jx—xp |2 Ix—xg12
/ lo(x) — 0, (x)[Pe” sl dlx < / dz/ dx|o(x) — o (x —z/n)|*e” 2eaT 0(2)
R lz]<1 R

K% lv—xo |2 K% \27cs T
lzl<1 R

— p2en n2rn

Finally, we show that o, is n-Holder continuous. For any x,y € R,

040 — 0 )] < [R 06— 2) — 00y — ) pu(@)dz < Kl — |,

which implies that o, is n-Ho6lder continuous. This concludes that (0,),en satis-
fies (ii).
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