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Abstract. This paper presents a 3-state asynchronous CA that requires
merely two transition rules to achieve computational universality. This
universality is achieved by embedding Priese’s delay-insensitive circuit
elements, called the E-element and the K-element, on the cell space of
a so-called Brownian CA, which is an asynchronous CA containing local
configurations that conduct a random walk in the circuit topology.

1 Introduction

Cellular Automata (CA) attract increasing attention as architectures for com-
puters with nanometer-scale devices (nano-computers), because their regular
structures and local connectivity offer much potential for manufacturing based
on molecular self-assembly [1–4]. An obstacle to the realization of nanocomput-
ers is the effect of noise and fluctuations in operating nanometer-scale devices,
in which amplitudes of circuit signals could be comparable to those of noise
and fluctuations. Assuring the normal operation of circuits will be difficult in
the framework of traditional techniques, such as the suppression of noise or the
correction of errors caused by noise.

For this reason, alternative approaches to circuit operations need considera-
tion. One possible approach is to make use of noise as information carrier or—
more indirectly—for the operations of circuits [5,6], in a way that is sometimes
found in biological systems [7]. When realized in terms of CA, noise-driven com-
putation is described by the term Brownian Cellular Automata (BCA) [8]. BCA
are a type of asynchronous CA, where certain local configurations propagate
randomly in the cellular space, resembling Brownian motion. The BCA in [8] is
proven computational universal, by embedding so-called Brownian circuits [9] on
the cell space. The number of states in a cell is 3 in this model and the number of
transition rules is 3, which is much less than comparable models in asynchronous
CA with computational universality. The resulting decrease in the complexity of
a cell is very useful for the efficient implementation of nanometer-scale devices.
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Fig. 1. Transition on BCA

This paper presents a computational universal BCA, in which the number
of cells’ state is 3, like in [8], but in which the number of transition rules is
decreased to 2. Computational universality in the proposed BCA is shown by
embedding a set of previously known delay-insensitive circuit elements, called
K-element and E-element [10], on the cell space.

2 Preliminaries

2.1 Brownian Cellular Automaton

A BCA [8] is a two-dimensional asynchronous CA of identical cells, each of
which can assume one of a finite number of states at a time. Cells undergo
transitions in accordance with transition rules that operate on each cell and
its direct four neighbors, shown in Fig. 1. The rules are of a type called Von
Neumann neighborhood aggregate rules. In a BCA, transitions of the cells occur
at random times, independent of each other. Furthermore, it is assumed that
neighboring cells of the cells being in transition never undergo transitions at
the same time to prevent a situation in which such cells simultaneously write
different states into the same location.

We assume that the transition rules are rotational symmetric, i.e., one tran-
sition rule has four rotated analogues. Consequently, when we represent the
transition in Fig. 1 as

(pc, pn, pe, ps, pw) → (qc, qn, qe, qs, qw), (1)

the following three rules also exist:

(pc, pe, ps, pw, pn) → (qc, qe, qs, qw, qn)
(pc, ps, pw, pn, pe) → (qc, qs, qw, qn, qe)
(pc, pw, pn, pe, ps) → (qc, qw, qn, qe, qs)

2.2 Computational Elements

A few decades ago Priese [10] proposed circuit elements from which arbi-
trary delay-insensitive circuits can be constructed. Called the E-element and
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Fig. 2. K-element

(a) ‘up’ state (b) ‘down’ state

Fig. 3. E-element in (a) ‘up’ state and
(b) ‘down’ state

K-element [10], these elements—schematically shown in Figs. 2 and 3—are uni-
versal, forming a base for the construction of a sequential automaton. The cir-
cuits constructed from E-elements and K-elements have in common that they
employ only one signal at a time. Though inefficient, this is sufficient to guar-
antee universality.

(a) (b)

(c)

Fig. 4. Operations of an E-element: (a) when in the ‘up’ state, (b) when in the ‘down’
state, and (c) changing state upon receiving an input signal on wire S. A token (blob)
on a wire denotes a signal.

The K-element has two input wires and one output wire and it accepts a
signal coming from either input wire and outputs it to the output wire.

The E-element is an element with two input wires (S and T) and three output
wires (S′, Tu, and Td), as well as two internal states (‘up’ or ‘down’). Input from
wire T will be redirected to either of the output wires Tu or Td, depending on
the internal state of the element: when this state is ‘up’ (resp. ‘down’), a signal
on the input wire T flows to the output wire Tu (resp. Td) as in Fig. 4(a) (resp.
Fig. 4(b)). By accepting a signal from input wire S, an E-element changes its
internal state from ‘up’ to ‘down’ or from ‘down’ to ‘up’, after which it outputs
a signal to output wire S′, as shown in Fig. 4(c).
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3 Implementing Computational Elements on Brownian
Cellular Automaton

3.1 Basic Elements

A cell in the proposed BCA can be in one of the 3 states, as shown in Fig. 5.
Figure 6 shows two transition rules used in the proposed CA. To construct the
delay-insensitive circuit elements, we first define the basic elements on the above-
mentioned BCA, called signal, signal line, terminator, hub, crossover, and switch.

Symbol

State

"Blank"

0 1 2

Fig. 5. The symbols used to represent
the states of a cell

(1) (2)

Fig. 6. Transition rules

The most basic elements are the signal and the signal line. A signal can travel
bidirectionally along a signal line (Fig. 7(a)). This is implemented on the BCA
by appropriate placements of state 1, as shown in Fig. 7(b). The transition rule
#1 is used for moving a signal to and fro on a signal line, whereby the direction
of the signal is determined by which cell first undergoes a transition. In the
example in Fig. 7(b), both ends of a signal line are terminated by terminators,
thus a signal travels between terminators.

Signal

Signal Line

Terminator

(a)

Signal

Terminator

(b)

Fig. 7. (a) Signal, Signal line, and Terminators, (b) Their implementations on BCA,
where a cell with a dotted circle will undergo the transition.

A hub is used for branching a signal line (Fig. 8(a)). The signal on the port a
goes out from a, b or c. A configuration of a hub on BCA is shown in Fig. 8(b).
The transition rule #1 is also used for this element.

A crossover element (Fig. 9(a)) accepts a signal at port N (or S) and produces
an output signal from port S (orN , resp.). In a similar way, the portsW andE are
connected to each other. Figure 9(b) shows a configuration of a crossover on BCA.
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(a)

Signal

(b)

Fig. 8. (a) a Hub and (b) its implementation on BCA
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Fig. 9. (a) a Crossover and (b) its implementation on BCA

The next circuit element requires some kind of switching behavior, for which
the basic mechanism works like in Fig. 10. Using transition rule #1, this mech-
anism drags the right end of a signal line on which no terminator exists in the
right direction. Dragging of the right end continues until the signal arrives at
the other signal line, somewhere to the right, resulting in the line end to become
attached to the left end of this line. This effect of dragging the end of a line
towards another line can also be used in combination with curves of a line, in
which a signal turns to the left or to the right. It is used in an element called
switch (Fig. 11). A switch element has two ports, both of which can be used for
input or output, and it takes one of two states, the R-state and the L-state. An
arrow in a switch represents the direction of a signal that can be passed: in the
R-state (Fig. 11(a)), a signal at port W can go out from port E but a signal
at port E never passes through the element. Similarly, a signal at port E can
go out from port W in the L-state (Fig. 11(b)). On acceptance of a signal, the
switch element changes its state from L to R (or R to L, resp.) (see Fig. 11(c)).
A configuration of a switch and its switching behavior is shown in Fig. 12.

There is another switching element, called a line selector and shown in Fig. 13.
This element has six input/output ports and takes one of two states, the U -state
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Signal

Fig. 10. Dragging state 1 from one signal line to a signal line right of it.

W E

(a) R-state

W E

(b) L-state
(c) Switching

Fig. 11. A Switch element (a) R-state,
(b) L-state, and (c) switching from L
to R.

Signal

(a) (b)

Fig. 12. A BCA implementation for
switch element

1 2

3 4
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6

(a) U -state

1 2

3 4

5

6

(b) D-state
(c) Switching between U and D

states

Fig. 13. A line selector element (a) U -state, (b) D-state, and (c) switching by a signal.

Signal
21

43

5

6 (a) (b)

Fig. 14. A line selector element implemented on BCA

and the D-state. A line selector in the U -state (Fig. 13(a)) connects the port 1
and the port 2 by a signal line, thus allowing a signal on port 1 (or 2) to move
to port 2 (or 1). In this state, ports 3 and 4 are not connected, i.e., a signal
on port 3 never goes out from 4 and vice versa. When this element is in the
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(a)

Signal

(b)

Fig. 15. (a) A ratchet and (b) its implementation on BCA

D-state (Fig. 13(b)), on the other hand, it connects port 3 and port 4, but it
does not connect port 1 and port 2. The switching of the state of a line selector
is conducted by a signal traveling from port 5 to port 6. When a line selector
is in state U , it accepts a signal from port 5, then produces a signal at port 6,
and finally changes its state to D (Fig. 13(c)). Similarly, a line selector in state
D changes its state to U when it accepts a signal at port 6.

The behavior of a line selector can be realized on the proposed BCA by
utilizing the dragging behavior in Fig. 10 on an appropriate configuration of
state 1s. Figure 14 shows a line selector implemented on BCA.

The last of the basic elements is called a ratchet. Figure 15 shows a ratchet
and its configuration on BCA. This element has one input port and one output
port. A signal on the input port will go out from the output port, but this
signal cannot return to the input port from the output port. For realizing this
mechanism, an additional state (i.e. state 2) and an additional transition rule
(rule #2) are used (see Fig. 15(b)).

1

2

3(output)

(a)

Signal
Output

(b)

Fig. 16. (a) A K-element by basic elements and (b) its implementation on BCA



On a Universal Brownian Cellular Automata with 3 States and 2 Rules 21

T

S S’

T

T

u

d

(a) An E-element in ‘up’ state
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(b) Switching by a signal on the port S

Fig. 17. An E-element constructed by basic elements, where it is in the state ‘up’.
(a) Trajectory of a signal on the port T . This results in the signal going out from Tu.
(b) Trajectory of a signal on the port S. The state of the element changes to ‘down’
and the signal goes out from the port S′.

3.2 Constructing Computational Elements

To ensure the computational universality on the proposed BCA, we implement
two elements—the E-element and the K-element—as configurations on BCA.
Implementing a K-element is straightforward. Figure 16(a) shows a construction
of a K-element in terms of the basic elements. It uses one hub for combining two

Signal

Dead end

Fig. 18. An implementation of an E-element on BCA. A solid line with an arrow
represents a trajectory of a signal.
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input lines, and two ratchets for preventing the signal going out from the input
ports. A signal on either 1 or 2 will be output to port 3. A configuration of a
K-element on the BCA is shown in Fig. 16(b).

A construction of the E-element is shown in Fig. 17(a), where it is in the ‘up’
state. The states of four line selectors and a switch in the element determine the
state of this E-element: in the case of the ‘up’ state, a signal at the port T will
eventually move to port Tu. A trajectory of a signal on port T is shown as a
dashed line in Fig. 17(a). Switching the state of an E-element is accomplished by
a signal on port S, resulting in this signal going out from port S′. Figure 17(b)
shows a trajectory of a signal that is input to port S and goes out from S′. All
the states of the switch and the line selectors are changed by this signal.

A BCA implementation of an E-element is shown in Fig. 18, where the state of
this element is ‘up’. A solid line with an arrow in this figure shows a trajectory
of a signal on the port T , which corresponds to a dashed line in Fig. 17(a).
Transitions of switching from the state ‘up’ to ‘down’ are shown in Fig. 19.

Signal

Dead end

(a)

Signal

Dead end

(b)

Signal

Dead end

(c)

Signal

Dead end

(d)

Output

(e)

Fig. 19. Switching the state of an E-element

By arranging E-elements and K-elements and connections between them in
appropriate ways on the proposed BCA, we can realize any circuit consisting of
these elements. Thus, the proposed BCA is computationally universal.
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4 Conclusion

This paper presents a 3-state computationally universal Brownian CA, in which
the number of transition rules is two. This is one rule less than in the Brownian
CA model in [8].

There is some limited room for further reduction of the number of states and
the number of rules. Obviously, the limit is two states and one rule. Interestingly,
the E-element, which is the most complicated of the two circuit elements, requires
exactly this number of states and rules for its implementation. It is for two
reasons that a third state and a second rule are necessary. The first reason is
that a ratchet appears to require such an addition of one state and one rule. Rule
#1 is symmetric in itself, and it is likely unable to provide for the asymmetry
of the ratchet. Regarding the need for an additional state, it is unclear at this
stage whether a ratchet can be implemented without relying on it, so further
research is needed to provide more clarity. The second reason why two states
and one rule appear insufficient is that a 1-cell shift is caused by a turn left or
right of a line, and this shift makes it impossible to line up certain input and
output lines. The construction of the ratchet provides for this shift in a signal
line, but, as stated above, an additional state and rule are necessary for this.
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