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Abstract Rotors manufactured as blisk (Blade Integrated Disk) has become
state-of-the-art in turbomachinery. This integral design saves a lot of mass and
enables higher rotational speeds allowing for higher pressure ratios and hence an
increased efficiency. The advantage comes along with the drawback that the struc-
tural damping level is extremely low. Nowadays, the dynamics of single-stage rotors
is well-investigated, as dynamical analysis of cyclic structures is one of the most
important subjects in applied research in turbomachinery. However, the
stage-to-stage coupling effect is neglected in most cases. The importance of proper
interstage treatment is obvious for adequate multi-stage analyses. Hence the struc-
tural dynamics of a multi-stage assembly has recently become an important area of
research. In this paper, some multi-stage effects are discussed and three different
reduced order techniques are summarized and demonstrated on a multi-stage
assembly of academic blisks. The findings are compared to a FE-solution. Particular
attention must be paid to disk-dominated modes, which are highly affected by
multi-stage behavior. Mistuning modeling is not considered, because it mainly
influences blade-dominated vibrations.

Keywords Turbomachinery � Blisk vibration � FEM � Reduced order model �
Multi-stage coupling

1 Introduction

In turbomachinery, rotating structures are assessed by dynamic analyses of their
operating behavior. Dynamic analyses of high pressure compressors assume some
simplifications. First of all, it is common to fulfill stage by stage analyses. It is then
possible to investigate the complete cyclic structure by analyzing an elementary
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sector using cyclic symmetry boundary conditions [1]. However, due to manu-
facturing or material tolerances, there are no identical blades. In order to consider
small mistuning and to estimate resulting amplification factors, various reduced
order models (ROMs) are invented [2, 3], adapted and advanced.

Since stage methods will not predict dynamic behavior of the assembled com-
pressor with adequate accuracy. Stage-to-stage coupling effects may significantly
impact eigenfrequencies and modes. A priori, disk-dominated modes are highly
affected whereas blade-dominated modes hardly contribute to interstage coupling [4].

This paper summarizes different methods [2, 5, 6] to calculate Multi-stage modes
at moderate costs. Aiming at a drastic reduction of the DOF-number, different
reduced order models are applied. These techniques are demonstrated by means of
academic sample rotors, shown in Fig. 1. Since every ROM implies errors com-
pared to a full FE-model, results from a full analysis are used as reference.

First, the dynamic of the assembly is characterized and interesting modes, which
demonstrate the need of aMulti-Stage analysis, are identified. Since the main focus of
this paper is on disk-dominated Multi-Stage modes and blade individual mistuning
particularly modify blade-dominated modes, mistuning is neglected here. However,
there are ways to consider small deviations (e.g. material property), if the interaction
between blade induced mistuning and stage-to-stage coupling were discussed.

2 Dynamics of the Multi-stage Assembly

Figure 1 depicts a two staged academic compressor, which is evaluated in this
paper. The geometry is quite simple; however basic characteristics (e.g.
blade-dominated, disk-dominated modes and interactions) appear.

Although Rotor 1 consists of 9 blades and Rotor 2 is composed of 13 blades, the
assembled mesh is compatible. Thus, FE-meshes of both rotors are matching along

Fig. 1 Elementary sectors (rotor 1 and 2) and multi-stage assembly
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the interstage boundary. If the meshes are incompatible, multipoint constraints are
used to ensure interstage coupling.

The dynamics of the assembled structure is determinate by a modal analysis.
Furthermore, single stage modal analyses with cyclic symmetry boundaries of both
rotors are performed. Figure 2a shows the eigenfrequencies versus the corre-
sponding periodic parameter (cyclic symmetry mode). Even though single stage
modal analyses yield passable results in blade-dominated mode families, there are
critical inaccuracies in disk-dominated regions (e.g. green mark in Fig. 2a).

Figure 2b reflects the relative participation of stage 1. The Participation Factor
Rk
(s) [4] expresses the portion of elastic strain energy for the kth mode of stage (s).

Values around 1.0 indicate that main fraction of elastic energy is concentrated on
stage 1. Values near 0.0 imply stage 2 dominated modes. Obviously, there are mode
families localized on a single stage, but there are mixed modes as well. One can find
that mixed modes tend to be badly predicted in single stage analyses (e.g. Modes
29–33 are non-represented in the single stage cyclic symmetry analyses of Fig. 2a).

3 Reduced Order Model of Multi-stage Structures

Every ROM presented subsequently uses the mass and stiffness information from
one elementary sector of each stage to build a reduced equation of motion of the
unreduced assembly. The damped equation of motion (EOM) can be written as

M€xþC _xþKx ¼ fe: ð1Þ

The coupling of both stages is the cornerstone. It can be achieved by introducing
geometrical constrain A between interstage degrees of freedom (DOF)

Fig. 2 Influence of interstage coupling: a eigenfrequency versus periodic index map b relative
stage participation (Color figure online)
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DCx ¼ A � Cxð1Þ � Cxð2Þ ¼ 0: ð2Þ

3.1 Multi-stage Multi-level Craig-Bampton Approach

Basically, this ROM (msmlcb) [2] differentiates between inner ix and outer bx DOF.
Here, the outer DOF contain left and right boundary DOF as well as interstage
DOF. The EOM of an elementary sector is rearranged as

iim ibm
bim bbm

� �
�

i€x
b€x

� �
þ

iik ibk
bik bbk

� �
�

ix
bx

� �
¼ 0: ð3Þ

The inner DOF can be expressed by eigenmodes U. Constraint modes W are
introduced to ensure the static solution. The reduction is executed as

M;Kh iCB¼ TT
CB � M;Kh i � TCB ð4Þ

with

TCB ¼ U W
0 I

� �
while x2 � iim �U ¼ iik �U

ix ¼ �iik�1 � ibk � bx ¼ W � bx ð5Þ

Once the reduction step is completed, the single stage system can be synthesized
with another Boolean that connects adjoining sectors [2]. Both stages are reduced,
but still uncoupled. However, there is a huge amount of DOF in bxðsÞ, which are
useless from now on. Therefore a second Craig-Banpton reduction can be per-
formed. Thereby only the interstage boundary DOF are obtained physically.
Equation 2 yields a constraint to the multi-stage system Eq. 6.

M;Kh i ¼
I 0 0 0
0 I 0 AT

0 0 I 0

0
@

1
A � M;Kh ið1ÞCB 0

0 M;Kh ið2ÞCB

 !
�

I 0 0
0 I 0
0 0 I
0 A 0

0
BB@

1
CCA ð6Þ

On that account the DOF in Eq. 1 are sorted as

x ¼ qð1Þ Cx qð2Þ
� �T

: ð7Þ

3.2 Multi-stage Cyclic Symmetry Method

This method (called mscsm) [5] forgoes physical DOF and transforms Eq. 2 in
cyclic symmetry modes [1]. Prior to this, left intersector DOF of each sector lx are
eliminated with respect to the corresponding nodal diameter n
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lx ¼ ej2pn=N � rx: ð8Þ

The matrices are reduced in an equal way. The physical coordinates of the
complete blisks are obtained by

x ¼ en � ~xn with en ¼ 1 ej2p=N . . . ejðN�1Þ2pn=N� �T
: ð9Þ

Assuming different numbers of sector N(1) and N(2), one find corresponding
equivalent nodal diameters nðpÞ [5]. Considering Eq. 2, the dynamics of the
multi-stage structure of one nodal diameter p can be expressed as

T�
p �

Mð1Þ
nðpÞ 0

0 Mð2Þ
p

 !
� Tp � €~xp þT�

p �
Kð1Þ

nðpÞ 0

0 Kð2Þ
p

 !
� Tp � ~xp: ð10Þ

The transformation matrix Tp is defined by

Tp ¼
I 0 0
0 I 0
0 0 I
0 Bp 0

0
BB@

1
CCA with

Bp ¼ e
�
Nð2Þ;p � I

� �
� A � eNð1Þ;nðpÞ � I

� �

~xp ¼ i~xð1ÞnðpÞ
C~xnðpÞ i~xð2Þp

� �T ð11Þ

3.3 Multi-stage Modified Modal Domain Analysis

This analysis (msmmda) starts straightly in Eq. 1 by reading all information of
mass, damping and stiffness from the Multi-Stage FE-model. Nevertheless, solving
the problem itself is still too expensive. Rather, DOF are reduced with eigenmodes,
calculated with elementary sector models extended with an additional connecting
ring [6], which automatically guarantees mesh compatibility.

y ¼ U � x ¼ Uð1Þ Uð1Þ
f 0 0

0 0 Uð2Þ Uð2Þ
f

 !
� xð1Þ

xð2Þ

� �
: ð12Þ

UðsÞ denote eigenmodes of the stage (s) with the connecting ring having free end

and Uð1Þ
f are eigenmodes with the connecting ring having fixed end [6]. Equation 1

is written as

U� �M �U � €yþU� � C �U � _yþU� �K �U � y ¼ U� � fe: ð13Þ
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4 Conclusions

Three different ROM are presented in this paper. Figure 3a shows the eigenfre-
quencies from every ROM and full FE-solution. There are—even not in evidence—
minute deviations. Figure 3b summarizes the relative error in eigenfrequency. As
shown, the ROM implied error is extremely small. Depending on the individual
task, one of the presented methods satisfies the requirements best. The msmlcb
yields the best results, but is due to the constraint modes the most expensive one.
The mscsm works quite fast and affords acceptable quality, but is limited to
one-to-one nodal diameter modes. The msmmda represent a comfortable ROM,
because all modes are implied and commercial FE-tools are intensively used.
Moreover even geometric mistuning is conceivable.
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figure online)
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