
Chapter 1
Introduction to Hyperbolic Dynamics
and Ergodic Theory

Boris Hasselblatt

1.1 Introduction

1.1.1 Guided Tour

These are notes based on a minicourses given at the Centre International de
Rencontres Mathématiques, Marseille in November 2013, at the University of Tokyo
in June 2014, and the 2015 Houston Summer School on Dynamical Systems. They
owe much to these experiences, and I would like to thank the organizers of these
schools for their invitation and hospitality as well as the participants for their
engagement and their attentive comments on these notes.

While there are many good introductions to hyperbolic dynamical systems,1 two
aspects of this one are of interest. On one hand, we implement an underappreciated
approach due to Bowen, Anosov and Katok [Bo75, Bo78, Ka81] to obtain the basic
topological dynamics of uniformly hyperbolic dynamical systems from shadowing
and expansivity; this is the content of Sect. 1.3.3. On the other hand, we use the
Hopf argument to obtain multiple mixing of hyperbolic dynamical systems—which
means that we can do so without any reference to entropy theory or results that use
it. Thus, pages 24–44 can be regarded as the principal novelty of these notes.

The lectures gave an introduction to some features of the topological and
measurable dynamics of hyperbolic systems, mainly in discrete time, and this is
an essentially self-contained account of these basics. The first half is devoted to

1Notably [Yo95], which inspired Sect. 1.6, where we prove the Stable/Unstable Manifold Theorem
using the Perron–Irwin method. Altogether these notes owe much to [Co07, KaHa95, Yo95].
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hyperbolic dynamical systems, and the second half (Sect. 1.7) introduces ergodic
theory. While a central point is that these subjects interact deeply, the halves are
essentially independent, to the point of having some duplication (mainly between
Sects. 1.5 and 1.7). A common feature is that entropy theory is absent, and a novelty
is that multiple mixing properties are obtained without it.

The sections on hyperbolic dynamics are modular and can be read largely
independently. That is, each part can largely be read on its own or omitted on its
own. This is most evidently so for this section and the historical sketch in Sect. 1.2.
The remaining “hyperbolic” sections are related as follows.

Section 1.3 forms the centerpiece: basic and iconic features of a hyperbolic
dynamical system are derived from what thereby appears as the very core features of
hyperbolic dynamics: Expansivity and shadowing. The latter is that in a hyperbolic
system anything one can imagine approximately happening is, to good approxima-
tion, actually happening in the system. Sections 1.3.3–1.3.6 (pages 24–31) show
that the Shadowing Lemma produces the essential richness and rigidity of the
orbit structure of a hyperbolic dynamical system (expansivity, the Anosov Closing
Lemma, specification, spectral decomposition, topological stability). The stronger
Anosov Shadowing Theorem more easily yields structural stability and symbolic
descriptions. This whole development uses the Contraction-Mapping Principle (Pro-
position 1.6.3) but not the technical sections on invariant manifolds (Sects. 1.6.4 and
1.6.5), yet even with complete proofs it only occupies pages 24–37.

Section 1.5 can also be read independently of the preceding material, though
the examples in the present section will help. Based on ideas originally due to
Babillot and Coudène, it shows the Hopf argument to maximum advantage, which
is therefore presented by stating explicitly what is needed for the argument rather
than relying on context and background. While the Hopf argument was developed to
show ergodicity, we show that it can be used effectively to establish mixing with no
added effort, and in the right circumstances multiple mixing for even less effort. A
notable ingredient of independent interest is the ergodicity of the stable (or unstable)
foliation, which is rarely featured in introductions, and which results from a simple
argument.2

Section 1.6 provides the Contraction-Mapping Principle and the Hadamard–
Perron Stable/Unstable Manifold Theorem. The former is invoked in Sect. 1.3, and
we illustrate the major importance of the latter in the subject beyond the arguments
in Sect. 1.5 by using these invariant foliations to further the understanding of the
topological dynamics of a hyperbolic set. We prove this using the Perron–Irwin
method and provide the Hadamard method in a separate chapter in the form of
Hadamard’s original presentation [Ha01], translated here into English, presumably
for the first time.

2Self-contained save for invoking absolute continuity, which can be found in [Br02, Chap. 6].
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Fig. 1.1 Example 1.1.1 (©Cambridge University Press, reprinted from [KaHa95] with permis-
sion)

The presentations in Sects. 1.3.3–1.3.6 and 1.5 are to our knowledge new to
the expository literature.3 Sections 1.3 and 1.4 implement an approach suggested
by Bowen, Anosov and Katok [Bo75, Bo78, Ka81]. The approach in Sect. 1.5
emphasizes the generality of the Hopf argument by using neither compactness nor
a smooth structure. In this respect we follow the lead of Babillot and Coudène, and
this feature has enabled them to obtain new results.

1.1.2 Examples

The first example is an iconic model of hyperbolic dynamics.

Example 1.1.1 (Toral Automorphism) Since the matrix

�
2 1

1 1

�
has integer entries,

it induces a well-defined map F� 2 1
1 1

� of the 2-torus T2 D R
2=Z2 (Fig. 1.1). Since

it has unit determinant, the same goes for the inverse, which means that it defines
a diffeomorphism (indeed, algebraic automorphism) of T

2—which, furthermore,
preserves area. The eigenvalues are

�1 D 3Cp5
2

> 1 and ��1
1 D �2 D

3 �p5
2

< 1:

3Other than [Co16], which appeared around the time this minicourse was first given.



4 B. Hasselblatt

The eigenvectors for the first eigenvalue are on the line y D
p
5 � 1
2

x. The

family of lines parallel to it is invariant, and distances on those lines are
expanded by a factor �1. Similarly, there is an invariant family of contracting

lines y D �
p
5 � 1
2

xC const: This expansion and contraction define hyperbolicity.

It is an interesting exercise to show that the collection of periodic points is exactly
the set of points with rational coordinates. Thus, periodic orbits are dense. But there
are also dense orbits, indeed, almost every orbit is dense.

Example 1.1.2 More generally, any A 2 GL.m;Z/ induces an automorphism FA

of Tm that preserves Lebesgue measure. We say that it is hyperbolic if A has no
eigenvalues on the unit circle.

Example 1.1.3 (Walters) In like manner, an area-preserving automorphism of the
4-torus is induced by

W :D

0
BB@
0 0 0 �1
1 0 0 8

0 1 0 �6
0 0 1 8

1
CCA :

The eigenvalues 2 � p3 ˙ i
p
4
p
3 � 6 lie on the unit circle and the eigenvalues

�˙ D 2 C p3 ˙
q
2.3C 2p3/ are real and satisfy 0 < �� < 1 < �C. This

automorphism is thus partially hyperbolic. The components of the corresponding
eigenvectors

v˙ :D .�2�p3˙
q
2.3C 2p3/; 3� 2

q
2.�3C 2p3/;�6Cp3˙

q
2.3C 2p3/; 1/

are independent over the rationals, that is, the vector space over Q generated by

�2�p3C
q
2.3C 2p3/, 3� 2

q
2.�3C 2p3/, �6Cp3C

q
2.3C 2p3/, and

1 is 4-dimensional.

Example 1.1.4 (Horseshoe) Hyperbolic Cantor sets are ubiquitous, and an iconic
way in which they arise is via horseshoes: A map f of the plane (or sphere, or of
any surface) squeezes a rectangle � vertically, stretches it horizontally and folds
it over the original rectangle (Fig. 1.2). The set � :DTn2Z f n.�/ of points whose
orbits are in� is then a hyperbolic Cantor set with vertical contracting direction and
horizontal expanding direction. Nonlinear versions of this have the same qualitative
features—this is the content of the Structural Stability Theorem 1.4.6 below.

This situation arises whenever there are transverse homoclinic points as in
Fig. 1.3. When the stable and unstable curve of a hyperbolic fixed point intersect
transversely, they produce tangles (Fig. 1.4), and these in turn produce horseshoes
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Fig. 1.2 Horseshoe (Picture from https://en.wikipedia.org/wiki/Horseshoe_map)

Fig. 1.3 Transverse homoclinic point (©Cambridge University Press, reprinted from [KaHa95]
with permission)

Fig. 1.4 Homoclinic tangles (©Cambridge University Press, reprinted from [KaHa95] with
permission)

https://en.wikipedia.org/wiki/Horseshoe_map
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Fig. 1.5 Horseshoes from tangles (©Cambridge University Press, reprinted from [KaHa95,
HaKa03] with permission)

Fig. 1.6 Dispersing billiards (reprinted from [Yo98] with permission)

for an iterate of the map; this is the Birkhoff–Smale Theorem, illustrated in Fig. 1.5.
Because of their interest with respect to smooth ergodic theory we also present some
examples with singularities of various sorts.

Example 1.1.5 ([ChMa06, p. 67]) A billiard D ¨ T
2 is said to be dispersing if

it is defined by reflection in the boundary of smooth strictly convex “scatterers.”4

If it has no corners or cusps, then Sinai’s Fundamental Theorem of the theory of
dispersing billiards [BuSi73, Si70], see also [ChMa06, Theorem 5.70], establishes
hyperbolic behavior of the billiard map (Fig. 1.6).

Example 1.1.6 (Fig. 1.7) Sinai’s Fundamental Theorem also applies to polygonal
billiards with pockets. These are noncircular billiards obtained from a convex
polygon as follows: for each vertex add a disk whose interior contains this vertex
and none other [ChTr98, Theorem 4.1]. One can furthermore add “bumps”, i.e.,
dispersing circle arcs in corners.

4One can allow corners at considerable expense of additional effort [ChMa06, p. 69].
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Fig. 1.7 Polygonal billiards
with pockets (picture by
Serge Troubetzkoy from
[ChTr98], ©IOP Publishing
& London Mathematical
Society. Reproduced with
permission)

Example 1.1.7 The Katok map is a totally ergodic5 area-preserving deformation
of F� 2 1

1 1

� obtained by “damping” the hyperbolicity of F� 2 1
1 1

� so as to make the

origin a nonhyperbolic fixed point. It is on the boundary of the set of Anosov
diffeomorphisms (hence not uniformly hyperbolic) and its stable and unstable
partitions are homeomorphic to those of F� 2 1

1 1

� [BaPe13, §1.3], [BaPe07, §6.3],

[Ka79, §2.2], [PeSeZh].

1.1.3 Hyperbolic Dynamics

The primary distinction that sets apart smooth dynamics from general topological
dynamics is the availability of the linearization provided by the differential; one
can use the linear part of a map to draw conclusions about local behavior of the
map itself. Among the elliptic, parabolic, and hyperbolic situations the latter is the
one where linearization is most powerful. What makes hyperbolic dynamics distinct
from the other two classes is that for the linearization of a map eigenvalues off the
unit circle correspond to exponential behavior under iterates, and such behavior is
robust enough to produce analogous behavior for the map itself and to engender
structural stability.

This local aspect of hyperbolic dynamics combined with the recurrence arising
from compactness of the space provides for complex and interesting features of the
global structure. In accordance with the main dichotomy between topological and
measurable dynamics there are separate but related features of interest.

5That is, all iterates are ergodic.
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In contrast to the individual instability of orbits, the complicated topological
dynamics of hyperbolic systems is distinguished by structural stability. Indeed,
hyperbolic dynamical systems are characterized by structural stability, and to a
remarkable degree a classification is possible. Furthermore, even though periodic
data give a large number of moduli of differentiable conjugacy, there are interesting
results about smooth conjugacy and rigidity.

On the side of measurable dynamics there is the important motivation that
Hamiltonian hyperbolic flows, in particular geodesic flows of negatively curved
manifolds, are ergodic (with respect to volume); this provides nontrivial classes of
examples satisfying Boltzmann’s Fundamental Postulate.

Altogether hyperbolic dynamical systems exhibit a remarkable combination of
phenomena: Maximally sensitive dependence of an orbit on initial conditions,
strong recurrence and mixing properties, many invariant measures, positive entropy,
intertwining of periodic and nonperiodic orbits, an abundance of periodic points
both in terms of exponential growth of their number as a function of the period
and density (topologically as well as in terms of density of their ı-measures among
all invariant Borel probability measures), structural stability, and the existence of a
Markov model both topologically and measure-theoretically.

1.2 Historical Sketch

There are several intertwined strands of the history of hyperbolic dynamics:
Geodesic flows and statistical mechanics on one hand and hyperbolic phenomena
ultimately traceable to some application of dynamical systems. Geodesic flows
were studied, e.g., by Hadamard, Hedlund, Hopf (primarily either on surfaces or in
the case of constant curvature) and Anosov–Sinai (negatively curved surfaces and
higher-dimensional manifolds). Other hyperbolic phenomena appear in the work
of Poincaré (homoclinic tangles in celestial mechanics [Po90]), Perron (differential
equations [Pe28]), Cartwright, Littlewood (relaxation oscillations in radio circuits
[Ca50, CaLi45, Li57]), Levinson (the van der Pol equation, [Le49]) and Smale
(horseshoes, [Sm65, Sm63]), as well as countless others in recent history. In looking
back, Smale [Sm98] breaks the study of hyperbolic phenomena into three strands:
Poincaré–Birkhoff, (Poincaré-) Cartwright–Littlewood–Levinson and Andronov–
Pontryagin–Lefschetz–Peixoto (structural stability and topology).

1.2.1 Homoclinic Tangles

The advent of complicated dynamics took place in the context of Newtonian
mechanics, according to which simple underlying rules governed the evolution of
the world in clockwork fashion. The successes of classical and especially celestial
mechanics in the eighteenth and nineteenth century were seemingly unlimited and
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Pierre Simon de Laplace felt justified in saying (in the opening passage he added to
[La95, p. 2]):

Nous devons donc envisager l’état présent de l’univers, comme l’effet de son état antérieur,
et comme la cause de celui qui va suivre. Une intelligence qui pour un instant donné,
connaîtrait toutes les forces dont la nature est animée, et la situation respective des êtres
qui la composent, si d’ailleurs elle était assez vaste pour soumettre ces données à l’analyse,
embrasserait dans la même formule les mouvemens des plus grands corps de l’univers et
ceux du plus léger atome: rien ne serait incertain pour elle, et l’avenir comme le passé, serait
présent à ses yeux.6

The enthusiasm in this passage is understandable and its forceful description
of (theoretical) determinism is a good anchor for an understanding of one of the
basic aspects of dynamical systems. Moreover, the titanic life’s work of Laplace
in celestial mechanics earned him the right to make such bold pronouncements.
Another bold pronouncement of his, that the solar system is stable, came under
renewed scrutiny later in the nineteenth century, and Henri Poincaré was expected
to win a competition to finally establish this fact. However, Poincaré came upon
hyperbolic phenomena in revising his prize memoir [Po90] on the three-body
problem before publication. He found that homoclinic tangles (which he had
initially overlooked) caused great difficulty and necessitated essentially a reversal of
the main thrust of that memoir [Ba97]. He perceived that there is a highly intricate
web of invariant curves and that this situation produces dynamics of unprecedented
complexity:

Que l’on cherche à se représenter la figure formée par ces deux courbes et leurs intersections
en nombre infini dont chacune correspond à une solution doublement asymptotique, ces
intersections forment une sorte de treillis, de tissu, de réseau à mailles infiniment serrées;
chacune des deux courbes ne doit jamais se recouper elle-même, mais elle doit se replier
sur elle-même d’une manière trés complexe pour venir recouper une infinité de fois toutes
les mailles du réseau. On sera frappé de la complexité de cette figure, que je ne cherche
même pas à tracer.7

This is often viewed as the moment chaotic dynamics was first noticed. He
concluded that in all likelihood the prize problem could not be solved as posed:
To find series expansions for the motions of the bodies in the solar system that

6We ought then to consider the present state of the universe as the effects of its previous state and
as the cause of that which is to follow. An intelligence that, at a given instant, could comprehend
all the forces by which nature is animated and the respective situation of the beings that make it
up, if moreover it were vast enough to submit these data to analysis, would encompass in the same
formula the movements of the greatest bodies of the universe and those of the lightest atoms. For
such an intelligence nothing would be uncertain, and the future, like the past, would be open to its
eyes.
7If one tries to imagine the figure formed by these two curves with an infinite number of
intersections, each corresponding to a doubly asymptotic solution, these intersections form a kind
of trellis, a fabric, a network of infinitely tight mesh; each of the two curves must not cross itself
but it must fold on itself in a very complicated way to intersect all of the meshes of the fabric
infinitely many times. One will be struck by the complexity of this picture, which I will not even
attempt to draw.
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Fig. 1.8 Negatively curved surface (Reproduced from Hadamard [Ha98] ©1898 Elsevier Masson
SAS. All rights reserved)

converge uniformly for all time. Indeed, when Birkhoff picked up the study of this
situation in his prize memoir [Bi35] for the Papal Academy of Sciences, he noted
that and described how this implies complicated dynamics [Bi35, p. 184] (see also
Example 1.1.4):

Il paraît donc que tout système dynamique non-intégrable qui admet une seule solution
homocline de cette espèce, doit admettre une hiérarchie presque inconcevable de solutions
dans le voisinage étendu correspondant.8

1.2.2 Geodesic Flows

A major class of mathematical examples motivating the development of hyperbolic
dynamics is that of geodesic flows of Riemannian manifolds of negative sectional
curvature. Hadamard considered (noncompact) surfaces in R

3 of negative curvature
[Ha98] and found, with apparent delight, that if the unbounded parts are “large” (do
not pinch to arbitrarily small diameter as you go outward along them) then at any
point the initial directions of bounded geodesics form a Cantor set (Figs. 1.8 and
1.9).

8It thus appears that any nonintegrable dynamical system which admits a single homoclinic
solution of this kind must admit an almost inconceivable hierarchy of solutions in the extended
neighborhood.
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Fig. 1.9 Duhem’s bull (Picture from http://www.chaos-math.org/fr/chaos-v-billards)

La génération de l’ensemble E rappelle évidemment celle de ces ensembles rencontrés par
M. Poincaré, introduits plus explicitement dans la Science par M. Bendixson, puis étudiés
par M. Cantor et qui, tout en etant parfaits, ne sont condensés dans aucun intervalle. Les
angles � jouent ici le rôle des intervalles nommés .a� ; b�/ par M. Cantor.9

Since only countably many directions give geodesics that are periodic or
asymptotic to a periodic one, this also proves the existence of more complicated
bounded geodesics. Hadamard was fully aware of the connection to Cantor’s work
and to similar sets discovered by Poincaré, and he appreciated the relation between
the complicated dynamics in the two contexts. Hadamard also showed that each
homotopy class (except for the “waists” of cusps) contains a unique geodesic. A
classic by Duhem [Du91] seized upon this to eloquently describe the dynamics of a
geodesic flow in terms of what might now be called deterministic chaos: Duhem
used it to illustrate that determinism in classical mechanics does not imply any
practical long-term predictability.

Les recherches de M. J. Hadamard nous fournissent un exemple bien saisissant; il est
emprunté à l’un des problemes les plus simples qu’ait à traiter la moins compliquée des
théories physiques, la Mécanique.

Une masse matérielle glisse sur une surface; aucune pesanteur, aucune force ne la
sollicite; aucun frottement ne gêne son mouvement. Si la surface sur laquelle elle doit
demeurer est un plan, elle décrit une ligne droite avec une vitesse uniforme; si la surface est
une sphère, elle decrit un arc de grand cercle, également avec une vitesse uniforme. Si notre
point matériel se meut sur une surface quelconque, il décrit une ligne que les géomètres
nomment une ligne géodésique de la surface considerée. Lorsqu’on se donne la position

9The manner in which these sets arise clearly recalls that of the sets encountered by Mr. Poincaré,
introduced more explicitly to the subject by Mr. Bendixson, then studied by Mr. Cantor and which,
while being perfect, are not dense in any interval. Here the angles � play the role of the intervals
called .a� ; b�/ by Mr. Cantor.

http://www.chaos-math.org/fr/chaos-v-billards
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initiale de notre point materiel et la direction de sa vitesse initiale, la géodésique qu’il doit
décrire est bien déterminée.

Les recherches de M. Hadamard ont porté, en particulier, sur les géodésiques des
surfaces à courbures opposées, à connexions multiples, qui présentent des nappes infinies
[Ha98]; sans nous attarder ici a définir géométriquement de semblables surfaces, bornons-
nous à en donner un exemple.10

10The research of J. Hadamard provides us with a very striking example of such a deduction that
can never be useful. It is borrowed from one of the simplest problems that the least complicated of
physical theories, mechanics, has to deal with.

A material mass slides on a surface; no weight and no force act on it; no friction interferes
with its motion. If the surface on which it is to remain is a plane, it describes a straight line with
uniform velocity; if the surface is a sphere, it describes the arc of a great circle, also with uniform
velocity. No matter what surface our material point moves on, it describes a line that geometers
call a “geodesic line” of the surface considered. When the initial position of our material point and
the direction of its initial velocity are given, the geodesic it should describe is well determined.

Hadamard’s research has dealt especially with geodesics of surfaces of negative curvature, with
multiple connections, and with infinite folds [Ha98]. Without stopping here to define such surfaces
geometrically, let us restrict ourselves to giving an illustration of one of them.

Imagine the forehead of a bull, with the protuberances from which the horns and ears start,
and with the little mountain passes between these protuberances; but elongate these horns and ears
without limit so that they extend to infinity; then you will have one of the surfaces we wish to
study.

On such a surface geodesics may show many different aspects.
There are, first of all, geodesics which close on themselves. There are some also which are

never infinitely distant from their starting point even though they never exactly pass through it
again; some turn continually around the right horn, others around the left horn, or right ear, or left
ear; others, more complicated, alternate, in accordance with certain rules, the turns they describe
around one horn with the turns they describe around the other horn, or around one of the ears.
Finally, on the forehead of our bull with his unlimited horns and ears there will be geodesics going
to infinity, some mounting the right horn, others mounting the left horn, and still others following
the right or left ear.

Despite this complication, if we know with complete accuracy the initial position of a material
point on this bull’s forehead and the direction of the initial velocity, the geodesic line that this point
will follow in its motion will be determined without any ambiguity. In particular, we shall know
whether the moving point will always remain at a finite distance from its starting point or whether
it will move away indefinitely so as never to return.

It will be quite a different matter if the initial conditions are not mathematically but practically
given: the initial position of our material point will no longer be a determinate point on the surface,
but some point taken inside a small spot; the direction of the initial velocity will no longer be
a straight line defined without ambiguity, but some one of the lines included in a narrow bundle
connected by the contour of the small spot; and our practically determined initial conditions will,
for the geometer, correspond to an infinite multiplicity of different initial conditions.

Let us imagine certain of these geometrical data corresponding to a geodesic line that does not
go to infinity, for example, a geodesic line that turns continually around the right horn. Geometry
permits us to assert the following: Among the innumerable mathematical data corresponding to the
same practical data, there are some which determine a geodesic moving indefinitely away from its
starting point; after turning a certain number of times around the right horn, this geodesic will go
to infinity on the right horn, or on the left horn, or on the right or left ear. More than that: despite
the narrow limits which restrict the geometrical data capable of representing the given practical
data, we can always take these geometrical data in such a way that the geodesic will go off on that
one of the infinite folds which we have chosen in advance.
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Imaginons le front d’un taureau, avec les éminences d’où partent les cornes et les
oreilles, et les cols qui se creusent entre ces éminences; mais allongeons sans limite ces
cornes et ces oreilles, de telle façon qu’elles s’étendent a l’infini; nous aurons une des
surfaces que nous voulons étudier.

Sur une telle surface, les géodésiques peuvent présenter bien des aspects différents.
Il est, d’abord, des géodésiques qui se ferment sur elles-mêmes. Il en est aussi qui, sans

jamais repasser exactement par leur point de départ, ne s’en éloignent jamais infiniment; les
unes tournent sans cesse autour de la corne droite, les autres autour de la corne gauche, ou
de l’oreille droite, ou de l’oreille gauche; d’autres, plus compliquées, font alterner suivant
certaines règles les tours qu’elles décrivent autour d’une corne avec les tours qu’elles
décrivent autour de l’autre corne, ou de l’une des oreilles. Enfin, sur le front de notre taureau
aux cornes etaux oreilles illimitées, il y aura des géodésiques qui s’en iront a l’infini, les
unes en gravissant la corne droite, les autres en gravissant la corne gauche, d’autres encore
en suivant l’oreille droite ou l’oreille gauche.

Malgré cette complication, si l’on connaît avec une entière exactitude la position
initiale d’un point matériel sur ce front de taureau et la direction de la vitesse initiale, la
ligne géodésique que ce point suivra dans son mouvement sera déterminée sans aucune
ambiguïté. On saura très certainement, en particulier, si le mobile doit demeurer toujours à
distance finie ou s’il s’éloignera indéfiniment pour ne plus jamais revenir.

Il en sera tout autrement si les conditions initiales ne sont pas données mathématique-
ment, mais pratiquement; la position initiale de notre point matériel ne sera plus un point
déterminé sur la surface, mais un point quelconque pris a l’interieur d’une petite tache;
la direction de la vitesse initiale ne sera plus une droite définie sans ambiguïté, mais
une quelconque des droites que comprend un étroit faisceau dont le contour de la petite
tache forme le lien; à nos données initiales pratiquement déterminées correspondra, pour le
géomètre, une infinie multiplicité de données initiales différentes.

Imaginons que certaines de ces données géométriques correspondent a une ligne
géodésique qui ne s’éloigne pas a l’infini, par exemple, à une ligne géodésique qui tourne
sans cesse autour de la corne droite. La Géométrie nous permet d’affirmer ceci: Parmi les
données mathematiques innombrables qui correspondent aux mêmes données pratiques, il
en est qui déterminent une géodésique s’éloignant indéfiniment de son point de départ;
apres avoir tourné un certain nombre de fois autour de la corne droite, cette géodésique
s’en ira a l’infini soit sur la corne droite, soit sur la corne gauche, soit sur l’oreille droite,
soit sur l’oreille gauche. Il y a plus; malgré les limites étroites qui resserrent les données
géométriques capables de representer nos données pratiques, on peut toujours prendre ces
données géométriques de telle sorte que la géodésique s’éloigne sur celle des nappes infinies
qu’on aura choisie d’avance.

It will do no good to increase the precision with which the practical data are determined, to
diminish the spot where the initial position of the material point is, to tighten the bundle which
includes the initial direction of the velocity, for the geodesic which remains at a finite distance
while turning continually around the right born will not be able to get rid of those unfaithful
companions who, after turning like itself around the right horn, will go off indefinitely. The only
effect of this greater precision in the fixing of the initial data will be to oblige these geodesics to
describe a greater number of turns embracing the right horn before producing their infinite branch;
but this infinite branch will never be suppressed.

If, therefore, a material point is thrown on the surface studied starting from a geometrically
given position with a geometrically given velocity, mathematical deduction can determine the
trajectory of this point and tell whether this path goes to infinity or not. But, for the physicist,
this deduction is forever unusable. When, indeed, the data are no longer known geometrically, but
are determined by physical procedures as precise as we may suppose, the question put remains and
will always remain unanswered.
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On aura beau augmenter la précision avec laquelle sont déterminées les données
pratiques, rendre plus petite la tache où se trouve la position initiale du point matériel,
resserrer le faisceau qui comprend la direction initiale de la vitesse, jamais la géodésique
qui demeure à distance finie en tournant sans cesse autour de la corne droite ne pourra
être débarrassée de ces compagnes infidèles qui, après avoir tournées comme elle autour
de la même corne, s’écarteront indéfiniment. Le seul effet de cette plus grande précision
dans la fixation des données initiales sera d’obliger ces géodésiques à décrire un plus grand
nombre de tours embrassant la corne droite avant de produire leur branche infinie; mais
cette branche infinie ne pourra jamais être supprimée.

Si donc un point matériel est lancé sur la surface étudiée à partir d’une position géométri-
quement donnée, avec une vitesse géométriquement donnée, la déduction mathématique
peut déterminer la trajectoirc de ce point et dire si cette trajectoire s’éloigne ou non à l’infini.
Mais, pour le physicien, cette déduction est à tout jamais inutilisable. Lorsqu’en effet les
données ne sont plus connues géométriquement, mais sont déterminées par des procédés
physiques, si précis qu’on les suppose, la question posée demeure et demeurera toujours
sans réponse.

To today’s reader his description amounts to a shrewd translation of symbolic
dynamics into everyday language. Indeed, several authors trace back symbolic
dynamics to this paper of Hadamard. Birkhoff is among them: In his proof of the
Birkhoff–Smale Theorem (see Example 1.1.4) symbolic sequences appear (as well
as a picture that resonates with Fig. 1.5), and he remarks [Bi35, p. 184]:

De tels symboles arithmétiques. . . ressemblent un peu aux symboles effectivement intro-
duits par Hadamard dans son étude remarquable des géodésiques sur certaines surfaces
ouvertes de courbure totale négative.11

It appears, however, that only in 1944 did symbol spaces begin to be seen as
dynamical systems, rather than as a coding device [CoNi08].

1.2.3 Boltzmann’s Fundamental Postulate

Well before Poincaré’s work, James Clerk Maxwell (1831–1879) and Ludwig
Boltzmann (1844–1906) had aimed to give a rigorous formulation of the kinetic
theory of gases and statistical mechanics. A central ingredient was Boltzmann’s
Fundamental Postulate, which says that the time and space (phase or ensemble)
averages of an observable (a function on the phase space) agree. Apparently without
a basis, one often ascribes to him the so-called Ergodic Hypothesis:

The trajectory of the point representing the state of the system in phase space passes through
every point on the constant-energy hypersurface of the phase space.

Poincaré and many physicists doubted its validity since no example satisfying it
had been exhibited [Po94]. Accordingly, in 1912 Paul and Tatiana Ehrenfest [EhEh]
proposed the alternative Quasi-Ergodic Hypothesis:

11Such arithmetic symbols. . . resemble a little the symbols effectively introduced by Hadamard in
his remarkable study of geodesics on certain open surfaces of negative curvature.
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The trajectory of the point representing the state of the system in phase space is dense on
the constant energy hypersurface of the phase space.

Indeed, within a year proofs (by Rosenthal and Plancherel) appeared that the
Ergodic Hypothesis fails [Pl13, Ro13]. (This is obvious today because a trajectory
has measure zero in an energy surface.) These difficulties led to the search for any
mechanical systems with this property. The motion of a single free particle (also
known as the geodesic flow) in a negatively curved space emerged as the first and
for a long time sole class of examples with this property. Emil Artin 1924:

Es sei gestattet, auf ein einfaches mechanisches System von zwei Freiheitsgraden mit
quasiergodischen Bahnen hinzuweisen, zu dem der Verfasser in einem Briefwechsel mit
Herrn G. Herglotz gekommen ist. . . 12

Daraus geht schon hervor, daß die “quasiergodischen Ketten” die Mächtigkeit des
Kontinuums haben. Noch mehr! Nach Resultaten von Herrn Celestyn Burstin haben fast
alle Zahlen � eine “quasiergodische” Kettenbruchentwicklung. Von den durch einen Punkt
der Fläche gehenden geodätischen Linien sind also fast alle quasiergodisch.

Es möge noch einiges über die physikalische Realisierbarkeit gesagt sein. Man
erhält. . . die Rotationsfläche der Traktrix (Zuglinie) eines Fadens der Länge eins.
Bekanntlich hat auch sie das Krümmungsmaß K D �1, so daß sich unsere Halbebene
teilweise auf diese Fläche abwickeln läßt. . . Damit haben wir aber die physikalische
Realisierung . . . Unser mechanisches System läßt sich dann als die kräftefreie Bewegung
eines Massenpunktes. . . interpretieren (der Punkt sei gezwungen auf der Fläche zu bleiben).

Within a decade, the understanding of the problem led to the pertinent contempo-
rary notion, and this turned out to be probabilistic in nature (Fig. 1.10).13 The 1931
Birkhoff Ergodic Theorem 1.7.20 (“time averages exist a.e.”)14 laid the foundation
for the definition of ergodicity now in use, which is: “No proper invariant set has
positive measure.”15

12May it be permitted to point to a simple mechanical system with 2 degrees of freedom and
quasiergodic orbits upon which the author came in the course of a correspondence with Mr. G.
Herglotz. . .

From this one already obtains that the “quasiergodic chains” have the cardinality of the
continuum. More! According to results of Mr. Celestyn Burstin almost all numbers � have a
“quasiergodic” continued-fraction expansion. Therefore, almost all of the geodesic lines going
through a point of the surface are quasiergodic.

Let us remark on the physical realizability. One obtains. . . the surface of rotation of a tractrix
(curve of pursuit) of a string of length 1. It is known to have curvature K D �1, so our half-plane
can be partially developed onto this surface. . . But with that we have our physical realization. . . Our
mechanical system can be interpreted. . . as the force-free motion of a point particle (the point being
constrained to remain on the surface).
13This serves to point out that the earlier quote by Laplace about determinism comes from his
Philosophical essay on probabilities, where he goes on to say that we often do not have sufficiently
detailed initial data, and must hence resort to a probabilistic approach. The motion of a molecule
of air was a prominent instant he mentioned in that context.
14This was proved after the von Neumann Mean Ergodic Theorem 1.7.33 but published earlier
[Zu02].
15These two combine to give the Strong Law of Large Numbers.
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Fig. 1.10 The pseudosphere (©Cambridge University Press, reprinted from [KaHa95] with
permission)

If this is the case, then time averages agree with space averages—Boltzmann’s
Fundamental Postulate. Furthermore, almost every orbit is dense.

The 1930s saw a flurry of work in which Artin’s work was duly extended
to other manifolds of constant negative curvature. For constant curvature, finite
volume and finitely generated fundamental group the geodesic flow was shown to be
topologically transitive [Ko29, Lo29], topologically mixing [He36], ergodic [Ho36],
and mixing [He39a, Ho39]. (In the case of infinitely generated fundamental group
the geodesic flow may be topologically mixing without being ergodic [Se35]). If
the curvature is allowed to vary between two negative constants then finite volume
implies topological mixing [Gr39] (see also [GrLa09, p. 183]). But as Hedlund
noted in an address delivered before the New York meeting of the American
Mathematical Society on October 27, 1938 [He39b]:

Outstanding problems remain unsolved, a notable one being the problem of metric
transitivity [ergodicity] of the geodesic flow on a closed analytic surface of variable negative
curvature.

It so happens that Eberhard Hopf was just then working on this problem [Ho39]:
He considered compact surfaces of nonconstant (predominantly) negative curvature
and was able to show ergodicity of the Liouville measure (phase volume):

Erst die hier entwickelte geometrische Methode der asymptotischen Geodätischen führt
wesentlich weiter. Bei ihrer Anwendung auf Flächen mit variablem K < 0 sieht man, daß sie
an der wesentlichen Stelle, nämlich der erwähnten Unstabilität der Geodätischen, einsetzt.
Was nun Flächen negativer Krümmung K vor anderen Flächen auszeichnet, ist vor allem die
starke Unstabilität ihrer Geodätischen. Der Normalabstand n einer Geodätischen von einer
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infinitesimal benachbarten Geodätischen genügt längs derselben der Variationsgleichung

d2n

ds2
C Kn D 0:

Verläuft K auf F zwischen festen negativen Grenzen, so wächst n.s/ in mindestens einer
Richtung wie eine Exponentialfunktion.16

From Hopf’s work there was no progress in the direction of ergodicity of
geodesic flows (D free particle motion) for almost 30 years. Hopf’s argument had
shown roughly that Birkhoff averages of a continuous function must be constant
on almost every leaf of the horocycle foliation, and, since these foliations are
C1, the averages are constant a.e. He realized that much of the argument was
independent of the dimension of the manifold (indeed, he carried much of the
work out in arbitrary dimension), but could not verify the C1 condition in higher
dimension. Anosov [An69] axiomatized Hopf’s instability, defining Anosov flows,
and he showed that differentiability may indeed fail in higher dimension, but that the
Hopf argument can still be used because the invariant laminations have an absolute
continuity property [An69, AnSi67, PuSh72, Ba95, Br02, BaPe01]. This extension is
interesting because despite the ergodicity paradigm central to statistical mechanics,
Boltzmann’s Fundamental Postulate, there was a dearth of examples of ergodic
Hamiltonian systems. To this day the quintessential model for the Fundamental
Postulate, the gas of hard spheres, resists attempts to prove ergodicity.

The Hopf argument remains the main method for establishing ergodicity in
hyperbolic dynamical systems without an algebraic structure (the alternative tool
being the theory of equilibrium states, see [KaHa95, Theorem 20.4.1]).

1.2.4 Picking Up from Poincaré

Like Hadamard, several mathematicians had begun to pick up some of Poincaré’s
work during his lifetime. Birkhoff did so soon after Poincaré’s death. He addressed
issues that arose from the mathematical development of mechanics and celestial
mechanics such as Poincaré’s Last Geometric Theorem and the complex dynamics
necessitated by homoclinic tangles [Bi27, Sect. 9]. He was also important in the

16Only the geometric method of asymptotic geodesics that is developed here takes us significantly
further. When applying it to surfaces with variable K < 0 one sees that it homes in on the essential
point, namely the aforementioned instability of geodesics.

What distinguishes surfaces of negative curvature K from other surfaces is primarily the strong
instability of its geodesics. The normal distance n between a geodesic and an infinitesimally close
one satisfies the variational equation

d2n

ds2
C Kn D 0

along the geodesic. If K ranges between fixed negative bounds on F , then n.s/ grows exponentially
in at least one direction.
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development of ergodic theory (the Poincaré Recurrence Theorem 1.7.11 is proved
in Poincaré’s prize memoir [Po90]), notably by proving the Pointwise Ergodic
Theorem.

The work of Cartwright and Littlewood during World War II on relaxation
oscillations in radar circuits [CaLi45, Ca50, Li57] consciously built on Poincaré’s
work. Further study of the van der Pol equation by Levinson [Le49] contained the
first example of a structurally stable diffeomorphism with infinitely many periodic
points. (Structural stability originated in 1937 [AnPo37] but began to flourish only
20 years later.) This was brought to the attention of Smale. Inspired by Peixoto’s
work, which carried out such a program in dimension two [Pe62], Smale was after
a program of studying diffeomorphisms with a view to classification [Sm67]. Until
alerted by Levinson, Smale conjectured that only Morse–Smale systems (finitely
many periodic points with stable and unstable sets in general position) could
be structurally stable [Sm60]. He eventually extracted from Levinson’s work the
horseshoe [Sm65, Sm63]. Smale in turn was in contact with the Russian school,
where Anosov systems (then C- or U-systems) had been shown to be structurally
stable, and their ergodic properties were studied by way of further development of
the study of geodesic flows in negative curvature.

1.2.5 Modern Hyperbolic Dynamics

It is interesting to note that hyperbolic sets were sometimes said to constitute “a
Perron situation”, for example by Alekseev [Al68, Definition 12] (in which the
Smale horseshoe makes an appearance as well). Independently, Thom (unpublished)
studied hyperbolic toral automorphisms and their structural stability.17 The initial
development of the theory of hyperbolic systems in the 1960s was followed by the
founding of the theory of nonuniformly hyperbolic dynamical systems in the 1970s,
mostly by Pesin [Os68, Pe76] (during which time the hyperbolic theory continued
its development). One of the high points in the development of smooth dynamics is
the proof by Robbin, Robinson, Mañé and Hayashi that structural stability indeed
characterizes hyperbolic dynamical systems. For diffeomorphisms this was achieved
in the 1980s, for flows in the 1990s. Starting in the mid-eighties the field of

17The automorphism
�
2 1
1 1

�
of Example 1.1.1 is often called the “Arnold cat map” by physicists

after [ArAv68, Fig. 1.17]. Since there were typewritten notes by Avez, the existence of which was
pointed out to me by David Chillingworth, that preceded the joint book and included a similar
picture that used a bat, physicists should consider the term “Avez bat map.” There is a possibility
that a yet earlier paper by Arnold had the cat picture after all, so the safest way to cut the historical
knot is to note that this map also [is the square of that map that] gives the recursion for the Fibonacci
numbers, and could hence be called the Fibonacci rabbit map. However, due to Thom’s role (he
communicated this example to Smale in response to the short-lived conjecture that only systems
with finitely many periodic points are structurally stable), “auThomorphism” has an equal claim,
and “Thom cat” (due to Katok) fares fairly finely for faux feline faunetics.
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geometric and smooth rigidity came into being. At the same time topological and
stochastic properties of attractors began to be better understood with techniques that
nowadays blend ideas from hyperbolic and one-dimensional dynamics. Meanwhile,
the theory of partially hyperbolic dynamical systems, which goes back to seminal
works of Brin and Pesin in the 1970s, has seen explosive development since the last
years of the twentieth century, which in turn has entailed renewed interest in the
methods of uniformly hyperbolic dynamical systems and their possible extensions
to this new realm.

1.3 Hyperbolic Sets: Shadowing and Expansiveness

This section and the next develop the core dynamical features of hyperbolicity as
a consequence of the shadowing property, deemed by Bowen, Conley [Bo78, p.
vii], Anosov, Katok [Bo75, Ka81] and others to be the single most salient feature
to characterize hyperbolic dynamical systems. The present section illustrates the
array of consequences of the Shadowing Lemma, while the next section builds on
a stronger shadowing result that simplifies proofs which use shadowing of whole
families of orbits. For explicit comparison, we prove Theorem 1.3.52 both ways.

1.3.1 Definitions

We now describe the class of diffeomorphisms to which the examples in Sect. 1.1.2
belong. First define the conorm of a linear map A by bbAcc :D inffkAvk j kvk D 1g.
This is complementary to the usual norm kAk :D supfkAvk j kvk D 1g.
Definition 1.3.1 (Hyperbolic, Anosov) If U � M is open, then an embedding
f WU ,! M is said to be hyperbolic on a compact set � if there exists a Riemannian
metric called a Lyapunov metric on U for which there are numbers

0 < � < 1 < � (1.1)

and a pairwise orthogonal invariant splitting into stable and unstable directions

TxM D Es.x/˚ Eu.x/; Dx f E
� .x/ D E� . f .x//; � D s; u

such that

kDx f �Es.x/
k � � < 1 < � � bbDx f �Eu.x/

cc: (1.2)

If, furthermore,� D M, then we say that f is an Anosov diffeomorphism.
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Remark 1.3.2 The usual definition requires that for any Riemannian metric there is
a constant C such that instead of (1.2) we have

kDn
x f �Es.x/

k � C�n and C�1� � bbDn
x f �Eu.x/

cc:

for all n 2 N (and omits “orthogonal”—but see Corollary 1.3.8). It is then a theorem
[along the lines of (1.15)] that a Lyapunov metric such as in Definition 1.3.1 exists.
In this spirit we more generally define partial hyperbolicity by requiring that for
any Riemannian metric there are a constant C, numbers � < 	 < � < � with (1.1),
and an invariant splitting TxM D Es.x/ ˚ Ec.x/ ˚ Eu.x/ such that Dx f E� .x/ D
E� . f .x//; � D s; c; u and

kDn
x f �Es.x/

k � C�n;

1

C
	n � bbDn

x f �Ec.x/
cc � kDn

x f �Ec.x/
k � C�n;

1

C
�n � bbDn

x f �Eu.x/
cc

for all n 2 N.

Example 1.3.3 Example 1.1.3 is partially hyperbolic in this sense.
It is useful to have a characterization of (partial) hyperbolicity in terms of the action
of the differential on vector fields.

Theorem 1.3.4 (Mather) Let M be a smooth manifold, U � M an open subset,
f WU ! M a C1 embedding, and � � U a compact f -invariant set. Denote by 
b

the set of bounded vector fields on � and by 
c � 
b the set of continuous vector
fields on � (these are sections of the bundle T�M :D TM�� ), and for a vector field

X on � define F .X/ by

F .X/. f .x// :D Dfx.X.x//:

Then for `� < `C the following are equivalent:

1. There exist � < `� and � > `C such that � is (partially) hyperbolic with �;�
as above.

2. sp.F�
b
/ \ fz 2 C `� � jzj � `Cg D ¿.

3. sp.F�
c
/\ fz 2 C `� � jzj � `Cg D ¿.

Proof 1: ) 2.: Check that the splitting 
b.T�M/ D 
b.E�/ ˚ 
b.E�/ has the
desired properties.
2: ) 3.: Since 
c � 
b is an invariant Banach subspace, sp.F�
b

/ �
sp.F�
b

/.

3:) 1.: This involves two simple steps.
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Lemma 1.3.5 The projections �˙ that define the splitting 
c D E � ˚ E � are
C0.�/-linear.
A map LW
c ! 
c is said to be C0.�/-linear if L.'X/ D ' �L.X/ for all ' 2 C0.�/.
This lets us apply a general fact about continuous maps of bundles.

Lemma 1.3.6 A C0.�/-linear map LW
c ! 
c is pointwise defined, i.e., there is
a continuous family .LxWTxM ! TxM/x2� of linear maps such that L.X/.x/ D
Lx.X.x// for all x 2 �.
Now, Lemma 1.3.5 provides the hypotheses for Lemma 1.3.6 applied to �˙, so we
obtain fiberwise linear maps �ẋ , and these are complementary projections since
�˙ are (check that .�˙/2 D �˙ and �� C �C D Id imply the same for �ẋ ). This
gives continuous subbundles E�x :D �C

x .TxM/ and E�x :D ��
x .TxM/ with the desired

properties. ut
Proof of Lemma 1.3.5 The main point is that the subspaces E � and E � are C0.�/-
closed: If X 2 E � and 'W� ! R is continuous (hence bounded), then 'X 2 E �

because F n.'X/ D ' ı f �n �F n.X/. Thus 
c D E �˚E � as C0.�/-modules; since
�˙ is C0.�/-linear on E � and E � (it is 0 or Id), the claim follows. ut
Proof of Lemma 1.3.6 If X � 0 on an open set U then �˙.X/ D 0 on U: For x 2 U
take ' 2 C0.�/ such that '.x/ D 1 and 'X � 0 to get

�˙.X/.x/ D 1 � �˙.X/.x/ D '.x/ � �˙.X/.x/ D �˙.'X/.x/ D �˙.0/.x/ D 0:

If X 2 
c and X.x/ D 0 take Xn ! X with Xn D 0 on B.x; 1=n/ and hence
�˙.X/.x/ D lim�˙.Xn/.x/ D 0.

If .x; v/ 2 T�M, X 2 
c and X.x/ D v, then �ẋ .v/ :D �˙.X/.v/ is thus
independent of such X. ut
The following useful simple consequence of the definition does not use (1.1).

Proposition 1.3.7 Let � be a hyperbolic set for f WU ! M. Then x 7! E�x is
continuous for � D u; s, and the dimensions of these subspaces are locally constant.

Proof The inequalities kDf n
x �k � �nk�k characterize E�x , and by continuity of Df n

the set of .x; �/ on which they hold is closed, so limx!x0 E�x � E�x0 . Similarly,
limx!x0 E�x � E�x0 . Then dim E�x0 C dim E�x0 D dim M D E�x C E�x implies that
neither inclusion is proper, so E�x0 D limx!x0 E�x and E�x0 D limx!x0 E�x . ut
Corollary 1.3.8 The subspaces E�x and E�x are uniformly transverse: there is ˛0 >
0 such that for any x 2 �, the angle between � 2 E�x and � 2 E�x is at least ˛0.

Proof The angle ˛.x/ between � 2 E�x and � 2 E�x is continuous by Proposi-
tion 1.3.7 and positive since E�x \ E�x D f0g, so has a positive minimum. ut
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1.3.2 Invariant Cones

Verifying the conditions in the definition of hyperbolicity requires finding the two
invariant subbundles E˙, and it may in a concrete situation not be entirely clear how
to do so. Even if one perturbs a hyperbolic system, it is not clear how to find the
subbundles for the perturbation from those of the original system. We now present
a criterion that addresses both these issues by framing hyperbolicity in terms of
invariant cone fields.

We begin by defining cone fields.

Definition 1.3.9 If a normed vector bundle E over a metric space � decomposes
into E1 ˚ E2, then the standard horizontal 
 -cone field is defined by

H

p :D ˚uC v 2 E1p ˚ E2p kvk � 
kuk�:

The standard vertical 
 -cone is

V

p :D ˚uC v 2 E1p ˚ E2p kuk � 
kvk�:

Here, a cone field is a map that associates to every point p 2 R
n a cone Kp in TpR

n.
These cone fields are said to be bounded if there is a constant c such that

kuC vk=c � kuk C kvk � ckuC vk

for all p 2 �, u 2 E1p, v 2 E2p. For a given cone K, the dual cone K� is the closure
of the complement of K.

If � is an invariant set for a diffeomorphism f WM ! M, then f naturally acts on
cone fields on E :D T�M by

. f�K/p :DDff �1. p/.Kf �1. p//:

We say that a cone family K is (strictly) invariant if

. f�K/p � Int Kp [ f0gI

we write

f�K b K:

Let us look at some examples to clarify the picture involved here. In dimension
n D 2 a horizontal cone is given by jx2j � 
 jx1j, and its dual cone jx1j � jx2j=
 is
a vertical cone. In dimension n D 3 the following is obviously a cone: Let u D x1,

v D .x2; x3/,
q

x22 C x23 � 
 jx1j. So is its dual cone, described by letting u D
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Fig. 1.11 A horizontal cone in R
2; a vertical cone in R3 (©Cambridge University Press,

reprinted from [KaHa95] with permission)

.x2; x3/, v D x1 and requiring jx1j �
q

x22 C x23=
 . This is an example of a cone that
does not look like those designed to hold ice cream (Fig. 1.11).

Theorem 1.3.10 (Alekseyev Cone Field Criterion) A compact f -invariant set �
is partially hyperbolic (in the broad sense) if and only if there exist � < � such that
for every x 2 � there are

• a decomposition TxM D Sx ˚ Tx (in general, not Df invariant) and
• a family of horizontal cones Hx � Sx associated with that decomposition

for which

• dim Sx D dim Sf .x/,
• f�H b H,
• kDfxvk 	 �kvk for v 2 Hx, and
• kDfx�1vk 	 ��1kvk for v 2 H�

f .x/.

If furthermore � < 1 < �, then � is hyperbolic.

Proof “Only if” is an easy consequence of the definitions.
Since Sx � Hx,

Sj :D Df j
f �j.x/

Sf �j.x/ � Df j
f �j.x/

Hf �j.x/ D: Hj:

For each Sj take an ordered orthonormal basis and consider a subsequence such that
the sequences of basis elements all converge. Since the intersection of Hj with the
unit sphere is compact it contains the basis consisting of the limits of the basis
elements. By the same token any sequence of vectors defined by a fixed set of
coefficients converges to a vector in Hj. Hence the span S of the limiting basis
belongs to all Hj and thus to the intersection. Indeed, S D E�x because we can
write v 2 E�x as v D vS C vT with vS 2 S and vT 2 Tx to get

kvTk � �nkDf �n.vT/k D �nkDf �n.v � vS/k �
�
�

�

�n

.kvk C kvSk/ ����!
n!1 0:

Likewise one obtains E�. ut
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While it follows directly from the definitions that every closed invariant subset of a
hyperbolic set for f is also a hyperbolic set, the cone field criterion implies that one
can sometimes envelop a given hyperbolic set by a larger one.

Proposition 1.3.11 Let � be a hyperbolic set for f WU ! M. There exists an open
neighborhood V � � such that for any g sufficiently close to f in C1 topology the
invariant set

�V
g :D

\
n2Z

gnV

is hyperbolic.

Remark 1.3.12 By construction � � �V
f . Often (e.g., for a hyperbolic periodic

orbit or for the “horseshoe”) �V
f D � if V is a sufficiently small neighborhood

of �. For g ¤ f it is not obvious that �V
g ¤ ¿, and we will prove this

soon (Theorem 1.4.6).

Proof The inequalities and inclusions in Theorem 1.3.10 persist for continuous
extensions of the fields S, T, H, V from� to a neighborhood V1 � � and for g in a
C1-neighborhood U of f . They then hold for g on �V

g , which is hence a hyperbolic
set for g by Theorem 1.3.10. ut
Corollary 1.3.13 The set of Anosov diffeomorphisms is C1-open.

1.3.3 Shadowing, Expansiveness, Closing

Hyperbolicity is connected with sensitive dependence on initial conditions
and implies a complementary feature called shadowing: behavior that occurs
in approximate form does actually occur in the system. This is one of
two central underpinnings of the hyperbolic theory (the other being stable
and unstable manifolds as described in Sect. 1.6), and it quickly yields the
main features of hyperbolic dynamics (by the time we get to page 37):
A rich and complex orbit structure with an abundance of periodic orbits,
topological and strong structural stability and a symbolic description (Theo-
rems 1.3.15, 1.3.19, 1.3.20, 1.3.33, 1.3.36, 1.3.39, 1.3.45, 1.3.52, 1.4.6, 1.4.11).

Here are formal notions to represent “behavior that occurs in approximate form”
and “does actually occur in the system”:

Definition 1.3.14 Let .X; d/ be a metric space, U � X open and f WU ! X. For
a 2 Z[f�1g and b 2 Z[f1g a sequence fxnga<n<b � U with d.xnC1; f .xn// < �

for all a < n < b is called an �-orbit or �-pseudo-orbit (or just pseudo-orbit) for f .
If �1 < a < b < 1, then it is also referred to as an �-chain (or just chain) from
xa to xb. We say that a pseudo-orbit .xn/a<n<b is ı-shadowed by the orbit O.x/ of
x 2 U if d.xn; f n.x// < ı for all a < n < b.
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A point x 2 X is said to be chain-recurrent if for every � > 0 there is an �-chain
from x to x. The set R. f / of these points is called the chain-recurrent set of f . A
point x 2 X is nonwandering with respect to the map f WX ! X if for any open set
U 3 x there is an N > 0 such that f N.U/ \ U ¤ ¿. It is said to be wandering
otherwise. The set of all nonwandering points of f is denoted by NW. f /. We say
that f is regionally recurrent if NW. f / D X. (See also Definition 1.7.65.)
We now obtain rather comprehensive information about the topological dynamics of
hyperbolic sets from the fact that behavior which occurs in approximate form does
actually occur in the system:

Theorem 1.3.15 (Shadowing Lemma) If � is a compact hyperbolic set for a
diffeomorphism f , then there is a neighborhood U of � and C > 0 such that any
�-orbit in U is C�-shadowed by the orbit of some x 2 �f

V for a C�-neighborhood V
of U. For sufficiently small U and �, x is unique, and�f

V is hyperbolic.

Remark 1.3.16 Rufus Bowen observed that much of the topological dynamics of
hyperbolic sets arises from this remarkable property. It may be well to note a
rather concrete consequence to get a sense of the nature of this statement. If
for a given hyperbolic dynamical systems one endeavors to compute a specific
orbit numerically, the exponential growth of any errors (due to roundoff and any
inaccuracy in representing the dynamical system) ensures that the computed results
quickly diverge from the actual orbit to such an extent as to lose any meaningful
connection between the computed and the actual orbit. However, the computed orbit
is a pseudo-orbit, and therefore the Shadowing Lemma ensures that it reflects, to
about the same accuracy as the computation error at every step, some actual orbit of
the dynamical system (whose initial point is near the intended starting point).18

This suggests an exercise. Prove the Shadowing Lemma directly (e.g., by
stripping down the proof of the Shadowing Theorem) for the hyperbolic toral
automorphism F� 2 1

1 1

� in Example 1.1.1 and give, in this case, a plausibly optimal

value for the constant C in the Shadowing Lemma—the point being that this
constant is moderate.

Some applications of this property are more easily proved from a slightly
strengthened variant, the Shadowing Theorem 1.4.1 below, which asserts the
shadowing of entire families of pseudo-orbits in a continuous way. Therefore we
do not prove Theorem 1.3.15 here but instead note that it is obtained from the
Shadowing Theorem by specializing to shadowing of an individual pseudo-orbit: In
Theorem 1.4.1 take Y D .Z; discrete topology/, g D f , �0 D 0, and �.n/ D nC 1,
i.e., replace ˛ 2 C0.Y;V/ by fxngn2Z � V and “ˇ 2 C0.Y;V/ such that ˇ� D gˇ”
by f f n.x/gn2Z � V .

We note that the Anosov Shadowing Theorem 1.4.1 is not hard to prove either;
the proof fits on one page. We defer that result to focus attention on the fact that

18Lest this be taken to be a stronger statement than it actually is, one should note that there is no
guarantee that the shadowing orbit is itself in any sense typical. That issue leads to the subject of
physical measures and the Sinai–Ruelle–Bowen measure.



26 B. Hasselblatt

the better-known Shadowing Lemma suffices for the description of the topological
dynamics in the remainder of this section (from here to page 31).

Corollary 1.3.17 In this context NW. f / \� D R. f /\� (Definition 1.3.14).
The uniqueness assertion in Theorem 1.3.15 implies 2 more fundamental facts,
expansivity and the Anosov Closing Lemma.

Definition 1.3.18 (Expansivity) A homeomorphism f WX ! X is said to be
expansive if there exists a constant ı > 0 such that if d. f n.x/; f n. y// < ı for
all n 2 Z then x D y. (For continuous maps replace “n 2 Z” by “n 2 N.”)

Theorem 1.3.19 (Expansivity) The restriction of a diffeomorphism to a hyper-
bolic set is expansive: if � is a compact hyperbolic set for a C1 diffeomorphism f ,
then there are a neighborhood U of � and ı > 0 such that

if x; y 2 �f
U, then x D y or sup

n2Z
d. f n.x/; f n. y// 	 ı:

Theorem 1.3.20 (Anosov Closing Lemma) Let� be a hyperbolic set for f WU !
M. Then there are a neighborhood V � � and C, �0 > 0 such that for � < �0 any
periodic �-orbit .x0; : : : ; xm/ � V is C�-shadowed by a point y D f m. y/ 2 �U

f . In
particular, chain-recurrent points are approximated by periodic ones.
Here we call a sequence x0; x1; : : : ; xm�1, xm D x0 a periodic �-orbit or periodic
pseudo-orbit if d. f .xk/; xkC1/ < � for k D 0; : : : ;m � 1. For almost-closed orbit
segments, Corollary 1.6.41 gives additional information.

Corollary 1.3.21 Let � be a hyperbolic set for f WU ! M and V a neighborhood
of � such that �V

f is hyperbolic. Then periodic points are dense in NW. f ��V
f

/.

Proof For � > 0 sufficiently small denote by U� the �=.2C C 1/-neighborhood of
x 2 NW. f ��V

f

/ in �V
f , where C is as in the Closing Lemma. There exists N 2 N

such that f N.U�/\U� ¤ ¿. If y 2 f N.U�/\U� , then d. f N. y/; y/ < 2�=.2CC1/, so
the Closing Lemma gives a z D f N.z/ 2 �V

f with d. f n.z/; f n. y// < 2C�=.2CC 1/
for 0 � n < N. Then d.x; z/ � d.x; y/C d. y; z/ � .2CC1/�

2CC1 D �. ut
V and�V

f coincide in our examples (Remark 1.3.12), and this is useful.

Definition 1.3.22 (Local Maximality, Basic Set) A hyperbolic set � for f WU !
M is said to be locally maximal or isolated if there is a neighborhood V of � (an
isolating neighborhood) such that � D �V

f . If furthermore f �� has a positive
semiorbit that is dense in �, then � is said to be a basic set.

Remark 1.3.23 If � is a basic set, then NW. f ��/ D �.
If V is sufficiently small and � is locally maximal then the shadowing orbits in all
prior results are in �, so � has many periodic orbits:
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Corollary 1.3.24 If � is a locally maximal hyperbolic set for f WU ! M, then
periodic points are dense in NW. f ��/. In particular, periodic points are dense in
basic sets.
Before pressing on, we take a step back to inventory the dynamical features on
which the forthcoming developments are based, or, rather, to disaggregate properties
provided by Theorem 1.3.15.

Definition 1.3.25 (Shadowing Property) A map f WX ! X of a metric space is
said to have the shadowing property if for all � > 0 there is a ı > 0 such that any
ı-orbit is �-shadowed by the orbit of some x 2 X. It is said to have the Lipschitz-
shadowing property if we can take ı D �=C for some C 2 R.

Remark 1.3.26 Note that this notion does not include the uniqueness assertion from
Theorem 1.3.15; we noted that this uniqueness assertion implies expansivity, and
clearly it also follows from expansivity. (The Lipschitz-shadowing property is not
needed here.) Local maximality puts us in this context as follows.

Theorem 1.3.27 If � is a compact locally maximal hyperbolic set for a diffeomor-
phism f , then f �� is expansive and has the shadowing property.
From Theorem 1.3.20 we thus obtain:

Theorem 1.3.28 (Anosov Closing Lemma) For an expansive homeomorphism
f WX ! X with the shadowing property and any � > 0 there is a ı > 0 such
that any periodic ı-orbit is �-shadowed by a periodic point. In particular, periodic
points are dense in the chain-recurrent set, which coincides with the nonwandering
set. Thus, periodic points are dense in X if f is topologically transitive.

1.3.4 Specification

Theorems 1.3.15 and 1.3.20 can be significantly refined: one can prescribe the
evolution of an orbit to the extent of specifying a finite collection of arbitrarily
long orbit segments and any fixed precision: If one allows for enough time between
the specified segments one can find a (periodic) orbit approximating this itinerary.
We emphasize that the time between the segments depends only on the quality
of the approximation and not on the length of the specified segments. Bowen’s
Specification Theorem is a useful tool for the study of both the topological structure
of hyperbolic sets and statistical properties of orbits within such sets.

Definition 1.3.29 (Specification) Let f WX ! X be a bijection of a set X. A
specification S D .�;P/ consists of a finite collection � D fI1; : : : ; Img of finite
intervals Ii D Œai; bi� � Z and a map PWT.�/ :D Sm

iD1 Ii ! X such that for
t1; t2 2 I 2 � we have f t2 .P.t1// D f t1 .P.t2//. S is said to be n-spaced if aiC1 > biCn
for all i 2 f1; : : : ;mg and the minimal such n is called the spacing of S. We say that
S parameterizes the collection fPI I 2 �g of orbit segments of f .
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We let T.S/ :D T.�/ and L.S/ :D L.�/ :D bm � a1. If .X; d/ is a metric space we
say that S is �-shadowed by x 2 X if d. f n.x/;P.n// < � for all n 2 T.S/.

Thus a specification is a parameterized union of orbit segments P�Ii
of f .

If .X; d/ is a metric space and f WX ! X a homeomorphism then f is said to have
the weak specification property if for any � > 0 there exists an M D M� 2 N such
that for any finite collection C of orbit segments there is an M-spaced specification
S that parameterizes C and is �-shadowed by some x 2 X as well as by a periodic
orbit of period at most M C L.S/.

If .X; d/ is a metric space and f WX ! X a homeomorphism then f is said to have
the specification property if for any � > 0 there exists an M D M� 2 N such that
any M-spaced specification S is �-shadowed by some x 2 X and such that moreover
for any q 	 M C L.S/ there is a period-q orbit �-shadowing S.
The difference between the weak and strong specification properties is that in the
former we do not have complete freedom in the choice of specification.

Definition 1.3.30 (Topological Transitivity) An invertible topological dynamical
system f WX ! X is said to be topologically transitive if there exists a point x 2 X
such that its orbit Of .x/ :D f f n.x/gn2Z is dense in X.

Proposition 1.3.31 (Topological Transitivity) If X is a perfect19 compact metric
space and f WX ! X is continuous, then the following are equivalent:

1. f has a dense positive semiorbit.
2. f is topologically transitive, i.e., it has a dense orbit.
3. If ¿ ¤ U;V � X are open, then there exists an n 2 Z such that f n.U/\V ¤ ¿.
4. If ¿ ¤ U;V � X are open, then there exists an n 2 N such that f n.U/\V ¤ ¿.

Remark 1.3.32 Item (3) can be strengthened. Since
˚
B.x; �=2/
B. y; �=2 x; y 2 X

�
has a finite subcover by compactness of X,

8� > 0 9N 2 N 8x; y 2 X 9n � NW f n.B.x; �// \ B. y; �/ ¤ ¿: (1.3)

Theorem 1.3.33 (Weak Specification Theorem) Let � be a topologically tran-
sitive compact locally maximal hyperbolic set for an embedding f . Then f �� has
the weak specification property. More generally, topologically transitive homeomor-
phisms with the shadowing property have the weak specification property.

Proof Interpolate the specification to a closed pseudo-orbit by orbit segments of
length bounded in terms of � by (1.3) and apply Theorem 1.3.15. ut
This can be strengthened under the following condition.

Definition 1.3.34 A continuous map f of a topological space is topologically
mixing if for V;W open there is an M 2 N such that f m.V/\W ¤ ¿ when m 	 M.

19I.e., without isolated points.



1 Introduction to Hyperbolic Dynamics and Ergodic Theory 29

Remark 1.3.35 Analogously to Remark 1.3.32 this implies a uniform property if X
is compact: 8� > 0 9N 2 N 8x; y 2 X; n 	 N W f n.B.x; �// \ B. y; �/ ¤ ¿:
Using this in the proof of Theorem 1.3.33 gives

Theorem 1.3.36 (Bowen Specification Theorem) Let � be a topologically mix-
ing compact locally maximal hyperbolic set for an embedding f . Then f �� has the
specification property. More generally, topologically mixing homeomorphisms with
the shadowing property have the specification property.

1.3.5 Spectral Decomposition

It is easy to show that the specification property implies that f �� is topologically
mixing. Also, Theorem 1.3.33 can be strengthened a little by combining the Spectral
Decomposition Theorem 1.3.45 with Theorem 1.3.36; this is Theorem 1.3.50. To
this end we introduce the chain decomposition.

Proposition 1.3.37 If X is compact, f WX ! X continuous and � > 0 then the
relation defined by x � y if there are �-chains from x to y and from y to x is an
equivalence relation on R. f /, and each equivalence class is clopen20 in R. f /.

Proof Symmetry of � is obvious, transitivity is easy to check, and reflexivity
follows from the definition of R. f /. Openness of the equivalence classes then
follows from the definition of an �-chain. Openness of the complement follows
because it is a union of equivalence classes. ut
Definition 1.3.38 (Chain Components) If f WX ! X continuous, then the equiva-
lence classes of� are called the chain(-transitive) components of R. f /. f is said to
be chain transitive if R. f / D X and there is only one chain component.
For locally maximal hyperbolic sets Corollary 1.3.17) NW. f ��/ D R. f ��/.
Together with Theorem 1.3.15 and Proposition 1.3.37 this implies:

Theorem 1.3.39 (Chain Decomposition) Let M be a Riemannian manifold,
U � M open, f WU ! M an embedding, � � U a compact locally maximal
hyperbolic set. Then there exist disjoint invariant closed sets �1; : : : ; �m such that
NW. f ��/ D

Sm
iD1 �i and f ��i

is a basic set.

This can be refined to the spectral decomposition, Theorem 1.3.45. To that end, let
GCD. f / denote the greatest common divisor of the periods of periodic points of
f WX ! X. We say that f has incommensurable periods if GCD. f / D 1.

Theorem 1.3.40 If � is a basic set for an embedding f , 
 :D GCD. f ��/, and

U;V � � are open, then there is an N 2 N with f NCk
 .U/\ V ¤ ¿ for all k 2 N.

20Meaning, closed and open.
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Proof There are finitely many xj D f pj.xj/ 2 � and mj 2 Z such that
P

j mjpj D 
 .
Let C; � be as in the Shadowing Lemma (Theorem 1.3.15) and such that U and V
contain C�-balls B.x;C�/ and B. y;C�/, respectively. By chain-transitivity there is
an �-orbit segment from x to y that includes all xj. Denoting its length by L, we find
that taking N D L CPj jmjjp2j and any k 2 N we can find l 2 N and i < minfpjg
with

N C k
 D LC l
X

j

jmjjp2j C i
X

mjpj D LC
X

j

.ljmjjpj C imj/pj:

By inserting ljmjjpjC imj 	 0 repeats of the orbits of the xj, the Shadowing Lemma
gives an orbit of length N C k
 from U to V . ut
Corollary 1.3.41 If 
 D 1 in Theorem 1.3.40, then f �� is topologically mixing.
Here, the contrapositive of the Anosov Closing Lemma (Theorem 1.3.20) implies

Proposition 1.3.42 There is an � > 0 such that if n 6� m .mod GCD. f ��//, then
d. f n.x/; f m.x// 	 � for all x 2 �.
In particular,� is not mixing if GCD. f / ¤ 1, i.e.,

Proposition 1.3.43 If � is a basic set of an embedding f , then f �� is topologically

mixing if and only if GCD. f / D 1 in Theorem 1.3.40.
A further consequence of Proposition 1.3.42 is

Corollary 1.3.44 If � is a basic set for an embedding f and the orbit of x 2 � is
dense, then the 
 :D GCD. f ��/ sets

�i :D f f 
kCi.x/ k 2 Zg

are pairwise disjoint, invariant and topologically mixing for f 
 .
Together with Theorem 1.3.39, this implies

Theorem 1.3.45 (Spectral Decomposition) Let M be a Riemannian manifold,
U � M open, f WU ! M a diffeomorphism, and � � U a compact locally
maximal hyperbolic set for f . Then there exist disjoint closed sets�1; : : : ; �m called
homoclinic classes and a permutation � of f1; : : : ;mg such that NW. f ��/ DSm

iD1 �i, f .�i/ D ��.i/, and when �k.i/ D i then f k��i
is topologically mixing.

The terminology “homoclinic classes” will be explained after Proposition 1.6.48.

Corollary 1.3.46 A diffeomorphism f restricted to a compact locally maximal
hyperbolic set is topologically transitive if and only if the permutation � from
Theorem 1.3.45 is cyclic.

Corollary 1.3.47 Let� be a connected compact locally maximal hyperbolic set for
a diffeomorphism f such that � D NW. f ��/ (or equivalently periodic points are
dense in �). Then f �� is topologically mixing.
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Proof The spectral decomposition must be trivial. ut
Corollary 1.3.48 A regionally recurrent (Definition 1.3.14) Anosov diffeomor-
phism f WM ! M of a compact connected manifold M is topologically mixing.

Remark 1.3.49 Since the suspension of an Anosov diffeomorphism is an Anosov
flow but not topologically mixing, Corollary 1.3.48 fails for flows.

It is not known whether Anosov diffeomorphisms are regionally recurrent.
However, Anosov flows need not be.
The spectral decomposition into mixing components (particularly Corollary 1.3.46)
plus Theorem 1.3.36 give the following strengthening of Theorem 1.3.33:

Theorem 1.3.50 Let � be a topologically transitive compact locally maximal
hyperbolic set for a diffeomorphism f . Then there exists N 2 N such that for
� > 0 every finite collection of f -orbit segments is parameterized by an M-spaced
specification S whose spacing depends only on � and which is �-shadowed by a
point of � and �-shadowed by period-qN orbits for all q 	 .M C L.S//=N.
The difference between the conclusion of this result and the specification property
is that here we do not have complete freedom in the choice of specification since the
periodicity of the permutation of mixing components may only allow transitions at
certain times.

1.3.6 Stability

Finally, we show that the shadowing property implies a robustness or persistence of
the entire orbit structure.

Definition 1.3.51 (Factor, Stability) A map gWN ! N is a factor (or topological
factor) of f WM ! M if there exists a surjective continuous map hWM ! N such
that h ı f D g ı h. The map h is called a factor map, and a conjugacy if h is a
homeomorphism. A Cr diffeomorphism is said to be topologically stable if it is a
factor of any homeomorphism sufficiently close to it in the uniform (C0) topology.
A Cr map f is said to be Cm structurally stable (1 � m � r) if there exists a
neighborhood U of f in the Cm topology such that every map g 2 U is topologically
conjugate to f .

Theorem 1.3.52 (Bowen–Walters) Expansive homeomorphisms of compact met-
ric spaces with the shadowing property are topologically stable.

Proof Let f WX ! X be an expansive homeomorphism with the shadowing property,
and denote by E an expansivity constant. For � 2 .0;E=2/ and �0 < � choose
ı < �0 such as in the shadowing property. If gWX ! X is a homeomorphism with
dC0 . f ; g/ < ı. For every y 2 X the ı-pseudo-orbit n 7! gn. y is �0-shadowed by the
f -orbit of a (by expansivity unique) point xD: h. y/ 2 X, i.e.,

d. f n.h. y//; gn. y// < �0 for all n 2 Z and y 2 X: (1.4)
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In particular, d.h. y/; y/ < �0, i.e., dC0 .h; Id/ < �0. Furthermore, f ı h D h ı g by
expansivity because (1.4) with y replaced by g. y/ or n replaced by nC 1 gives

d. f n.h.g. y///; gn.g. y/// < �0 and d. f n. f .h. y///; gn.g. y/// < �0 for all n 2 Z:

Finally, to show continuity of h take � > 0 and note first that by expansivity there is
an N 2 N such that d. f n.x/; f n.x0// < E for jnj � N ) d.x; x0/ < �. To apply this
with x D h. y/ and x0 D h. y0/ note that by equicontinuity of fgn jnj � Ng there
is a 
 > 0 such that d. y; y0/ < 
 ) d.gn. y/; gn. y0// < E � 2�0 for jnj � N and
hence

d. f n.h. y//; f n.h. y0/// D d.h.gn. y//; h.gn. y0///

� d.h.gn. y//; gn.y//Cd.gn.y/; gn.y0//Cd.gn.y0/; h.gn.y0///

< �0 C .E � 2�0/C �0 D E;

so d.h. y/; h. y0// < �, as required. ut
Remark 1.3.53 We have shown more than stated: h can be taken close to the identity
and is unique when so chosen. Moreover, if g is assumed expansive with expansivity
constant E0 	 2�0, then h is injective: h.x/ D h. y/)

d.gn.x/; gn. y// � d.gn.x/; h.gn.x///

<�0

C d.h.gn.x///; h.gn. y///

Dd. f n.h.x///;f n.h. y///D0
C d.h.gn. y//; gn. y//

<�0

< 2�0 � E0 for n 2 Z; so x D y:

This presages structural stability (Theorem 1.4.6), where we obtain a conjugacy
rather than just a factor map.
The need to prove continuity at the end of the preceding argument is mirrored by
like needs in our next applications, and this motivates strengthening the Shadowing
Property to one that produces continuous families of orbits directly, the Shadowing
Theorem. We will prove it next, show how much it shortens the proof of the
preceding result, and give two further applications that could be derived from the
Shadowing Lemma [Wa78], [Bo78, p. 8] but follow more easily from the Shadowing
Theorem.

1.4 The Shadowing Theorem: Stability, Symbolic Models

1.4.1 The Shadowing Theorem

While the preceding section applied the Shadowing Lemma and its consequences,
we now present the stronger result from which it follows, and then applications
of that fact: we complement the result about topological stability by establishing
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structural stability, and we provide symbolic models for hyperbolic dynamical
systems.

Theorem 1.4.1 (Anosov Shadowing Theorem [Ka81, p. 57 “Theorem on fam-
ilies of �-trajectories”], [KaHa95, Theorem 18.1.3]) If M is a Riemannian
manifold, U � M open, f WU ! M a C1 embedding, then any compact hyperbolic
set � � U for f admits a neighborhood V and �0; ı0;C > 0 such that if
gWV ! M, dC1 . f ; g/ < �0, Y is a topological space, � WY ! Y a homeomorphism,
˛ 2 C0.Y;V/, and dC0.˛�; g˛/ :D supy2Y d.˛�. y/; g˛. y// < � < �0, then there is
a ˇ 2 C0.Y; �g

V / with ˇ� D gˇ and dC0 .˛; ˇ/ < C�.
Moreover, ˇ is locally unique: If dC0 .˛; ˇ/ < ı0 and ˇ� D gˇ, then ˇ D ˇ.

To paraphrase, if g�˛.Y/ is C0-close to a factor of � (by ˛), then g�ˇ.Y/ is actually a

factor of � by a ˇ that is C0-close to ˛.

Remark 1.4.2 As well as the Shadowing Lemma, the Anosov Closing Lemma (The-
orem 1.3.20) is a special case: take g D f , Y D Z=nZ, �.k/ D kC 1 .mod n/.

Proof By the Whitney Embedding Theorem, M � R
n for suitable n, so M D R

n

without loss of generality: If the result is known for Rn, embed M ,! R
n, augment

U � M to a tubular neighborhood U0 � R
n, extend f and a C1-close g to U0 by the

same contraction normal to M, and apply the result. It gives a ˇ consisting of full
orbits of the extension of g, so ˇ.Y/ � M because g contracts normally to M and
indeed, ˇ.Y/ � V , hence ˇ.Y/ � �g

V because ˇ.Y/ consists of orbits.
We seek a fixed point of FWC0.Y;V/! C0.Y;Rn/, ˇ 7! g ı ˇ ı ��1. Represent

ˇ 2 C0.Y;Rn/ by the vector field vˇ :Dˇ�˛ (a section of the bundle f. y;T˛. y/R
n/ j

y 2 Yg over Y). Then fixed points of F correspond to fixed points of

F˛W v 7! g.˛ ı ��1 C v ı ��1/ � ˛ D: .DF˛j0 C H/.v/

or of T W v 7! �..DF˛/
0
� Id/�1H.v/:

Lemma 1.4.3 There are a neighborhood V � �, �0; � > 0, and R > 0 independent
of Y, g, ˛ with k..DF˛/

0
� Id/�1k < R when dC1. f ; g/ < �0, dC0 .˛�; g˛/ < �.

Proof For ı > 0 there are �0 > 0, � < 1 and a neighborhood V � � to which the
splitting T�M D Eu ˚ Es extends (maybe not invariantly). If dC1 . f ; g/ < �0, then

Dg D
�

auu asu

aus ass

�
with respect to Eu ˚ Es with kauuk�1; kassk < �, kasuk; kausk <

ı2�, With respect to the decomposition into unstable and stable vector fields

..DF˛/
0
�/. y/ D Dgj˛.��1. y//

�.��1. y// splits into .DF˛/
0
D
�

Auu Asu

Aus Ass

�
;

where dC0 .˛; g˛�
�1/ < � and dC1. f ; g/ < �0 imply

kAuuk�1 < 1C �
2

; kAsuk < ı�; kAusk < ı�; kAssk < 1C �
2

:
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ut
To show that T contracts, we control H. If ki.t/ :D Hi.v C th/ (components with
respect to the canonical basis in R

n) then ki.1/� ki.0/ D
R 1
0

k0
i.t/ dt gives

H.v C h/� H.v/ D
� Z 1

0

DH.v C th/ dt
�

h D
� Z 1

0

DF˛jvCth
�DF˛j0 dt

�
h:

(1.5)

F˛ is C1 since g is, so there is a ı0 such that kDF˛jvCth
� DF˛j0k �

1
2R for kvk,

kv C hk < ı0, t 2 Œ0; 1�. Thus kv1k; kv2k < ı0 ) kT.v1/ � T.v2/k < 1
2
kv1 � v2k.

With � D min.ı; ı0/ and � < �=.2R/ as in Lemma 1.4.3, dC0 .˛�; g˛/ < � gives

kT.0/k < RkH.0/k D Rkgı˛ı��1�˛k D R dC0.˛; g˛�
�1/ D R dC0 .˛�; g˛/ � �

2
;

so kvk � ı0) kT.v/k � kT.0/k C kT.v/ � T.0/k < ı0=2C 1=2kvk < ı0, and T is
a 1/2-contraction on the closed ball of vector fields with kvk � ı0. It has a unique
fixed point vˇ by Proposition 1.6.3. This yields the desired ˇ. ut
Remark 1.4.4 A slight variation of the argument would be to apply the Hyperbolic
Fixed-Point Theorem (Theorem 1.6.5) to F˛ [using Lemma 1.4.3 and (1.5)].

1.4.2 Stability

We now turn to Anosov diffeomorphisms to give our first application of the
Shadowing Theorem. Here local maximality is automatic. First we note that
Theorem 1.3.52 is much easier to prove from the Shadowing Theorem than from
the Shadowing Lemma:

Theorem 1.4.5 Anosov diffeomorphisms are topologically stable.

Proof An Anosov diffeomorphism f WM ! M is a topological factor (via h :Dˇ) of
a sufficiently C0-close homeomorphism g by Theorem 1.4.1 with � D U D V D
Y D M, � D g and ˛ D Id. Note that ˇ is close to the identity and unique among
such maps (i.e., g 7! ˇ is Lipschitz-continuous at f in the C0-topology). ut
If we could apply the same reasoning to g to get a factor map the other way around,
we would expect it to be the inverse of the h in this result, which would then be
a homeomorphism. This works if g is hyperbolic, which requires C1-closeness and
gives a profound strengthening of Proposition 1.3.11:

Theorem 1.4.6 (Strong C1 Structural Stability of Hyperbolic Sets) Suppose�
is a compact hyperbolic set for a C1 embedding f WU ! M. Then there are

• a C1-neighborhood U of f ,
• a C0-neighborhood V of the inclusion i of � in M (viewed as the identity)
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• a map hWU ! C.�;M/, g 7! hg with dC0.hg; i/ � C dC0 . f ; g/21

such that for each g 2 U

1. hg is a continuous embedding,
2. hg is the unique map in V for which g ı hg D hg ı f �� ,

3. �g :D hg.�/ is a hyperbolic set for g.

Definition 1.4.7 The map g 7! �g is called the continuation of �.

Proof We use symmetry and uniqueness by applying the existence part of the
Shadowing Theorem 1.4.1 twice and the uniqueness part once.

The Shadowing Theorem with 0 < � < ı0=2, Y D �, � D f , ˛ D Id �� , gives
a unique hg :D ˇW� ! V ı0-near i with ˇ ı f D g ı ˇ which depends Lipschitz-
continuously on g. By Proposition 1.3.11�0 :D ˇ.�/ is hyperbolic for g.

With � as before, Y D �0, ˛0 D Id ��0

, interchange f and g (which we can do if

� is small enough) to obtain ˇ0 with ˇ0 ı g D f ı ˇ0 from the Shadowing Theorem.
ˇW�! �g is a homeomorphism since k :D ˇ0 ı ˇ D ˛ D Id �� : k ı f D f ı k,

while

d.˛; k/ D d.Id; ˇ0 ıˇ/ � d.Id; Id ıˇ/Cd.Id ıˇ; ˇ0ıˇ/ D d.Id; ˇ/Cd.Id; ˇ0/ < ı0

and ˛ ı f D f ı ˛, so uniqueness in the Shadowing Theorem implies k D ˛. ut
Corollary 1.4.8 Anosov diffeomorphisms are structurally stable. The conjugacy is
unique when chosen near the identity.

Remark 1.4.9 This proof of structural stability rests on the contraction principle
because so does that of the Shadowing Theorem. The fixed point of a contraction
depends smoothly on the contraction when this is meaningful in a given application,
and accordingly, the conjugacy given by structural stability of a hyperbolic CkC1
embedding depends Ck on the perturbation (in the C0 topology for conjugacies). We
lost one derivative because the composition operator ˇ 7! g ı ˇ ı ��1 in the proof
of the Shadowing Theorem is Ck if the maps in question are CkC1.

1.4.3 Markov Models

The final application of the Shadowing Theorem reflects the fact that symbolic
descriptions are an effective tool in hyperbolic dynamics. Specifically, we obtain
Markov approximations (and Markov partitions of hyperbolic Cantor sets).

21The proof shows that g 7! .hg/
�1W�g ! � is also Lipschitz-continuous in the C0-topology.



36 B. Hasselblatt

Definition 1.4.10 The standard topology on the space

˝N :D NZ :D f0; : : : ;N � 1gZ D f! D .!i/i2Z !i 2 f0; : : : ;N � 1gg

of two-sided sequences of N symbols is the product topology arising from the
discrete topology on f0; 1; : : : ;N � 1g, i.e., generated by the cylinders

Cn1;:::;nk
˛1;:::;˛k

:D f! 2 ˝N !ni D ˛i for i D 1; : : : ; kg (1.6)

for integers n1 < n2 < � � � < nk and numbers ˛1; : : : ; ˛k 2 f0; 1; : : : ;N � 1g. (k is
the rank of the cylinder.) Thus, ˝N is a Cantor set.

The left shift

�N W˝N ! ˝N ; �N.!/ D !0 D .: : : ; !0�1:!0
0; !

0
1; : : : /;

where !0
n D !nC1, is a one-to-one map and takes cylinders into cylinders. Thus it is

a homeomorphism of ˝N .
Let A D .aij/

N�1
i;jD0 2 f0; 1gf0;:::;N�1g2 be an N 
 N matrix with binary entries aij.

(We call this a 0-1 matrix.) Let

˝A :D f! 2 ˝N a!n!nC1
D 1 for n 2 Zg:

The restriction

�N�˝A
D: �A

is called the topological Markov chain determined by A or a subshift of finite type.
One-sided shifts �R

N and �R
A (or again just �N and �A) are defined analogously on

˝R
N :D NN :D f0; : : : ;N � 1gN and are not invertible.

Theorem 1.4.11 (Markov Approximation) A compact locally maximal hyper-
bolic set � for a diffeomorphism f is a factor of a topological Markov chain �A.
Furthermore for � > 0 one can choose A such that the images of the basic cylinders
˝ i

A :D˝A \ C0
i under the semiconjugacy hW˝A ! M have diameter less than �.

Remark 1.4.12 One can easily arrange for the symbolic model to represent to any
desired accuracy the complexity of the orbit structure in a quantitative sense.22

The definitive tool of this nature is Markov partitions; these provide symbolic
representations that represent the dynamical complexity of a hyperbolic dynamical
system precisely rather than arbitrarily closely.

Proof For C; � > 0 as in the Shadowing Theorem let A D fX0; : : : ;XN�1g be
an open cover of � with diam.Xi/ < �=2 and diam. f .Xi// < �=2 for all i. For

22That is, htop.�A/ < htop. f ��/C �, see [KaHa95, Theorem 18.2.5].
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i; j 2 f0; : : : ;N � 1g define Aij D 1 if f .Xi/ \ Xj ¤ ¿ and Aij D 0 otherwise. Pick
pi 2 Xi. Then ˛W˝A ! �, ! 7! p!0 is locally constant, hence continuous.

dC0 .˛�A; f˛/ < �: the choice of pi and Xi yields x 2 f .X!0/ \ X!1 and hence
d.˛.�A.!//; f .˛.!/// D d. p!1; f . p!0// � d. p!1; x/C d.x; f . p!0// < �=2C �=2.

By the Shadowing Theorem the �-orbits ˛.� i
A.!// D p!i are C�-shadowed by

ˇ.!/ where ˇ 2 C0.˝A; �/ and ˇ�A D fˇ.
ˇ is surjective: If x 2 � take ! 2 ˝A such that f i.x/ 2 X!i . Then x and ˇ.!/

both C�-shadow .˛.� i
A.!///i2Z and hence coincide by uniqueness.

Since d.ˇ; ˛/ < C�, the images of the basic cylinders˝ i
A D ˛�1. pi/ under the

semiconjugacy ˇ have diameter less than 2C�. ut
Remark 1.4.13 If ˇW˝A ! � is injective then it is a homeomorphism (invariance
of domain), so � is a Cantor set. This holds for horseshoes but not for Anosov
diffeomorphisms. Indeed, in the context of Example 1.1.4 the preceding argument
gives a Markov partition when A is chosen to be an open partition. More generally:

Proposition 1.4.14 For hyperbolic Cantor sets �, the proof of Theorem 1.4.11
using an open partition A of � gives a Markov partition of �.

1.5 Basic Ergodic Theory of Hyperbolic Sets

1.5.1 Ergodicity and Related Notions

An f -invariant probability measure � is said to be ergodic (or f is said to be ergodic
with respect to �) if every f -invariant measurable set is either a null set or the
complement of one (Definition 1.7.36). Equivalently, every bounded measurable
f -invariant function ' is constant a.e. (Proposition 1.7.38): ' ı f D ') ' � const:
If this holds for all iterates f n, then f is said to be totally ergodic.

Since the time-averages or Birkhoff averages 1=n
Pn�1

iD0 ' ı f i converge a.e. (Birk-
hoff Ergodic Theorem 1.7.20) and in L2 (von Neumann Ergodic Theorem 1.7.33),
ergodicity is equivalent to time averages coinciding with space averages (

R
'),

Boltzmann’s Fundamental Postulate. The motivation is that such functions '
represent observables by associating to each state of the system (each point in
the domain of the dynamical system) a number that might be the result of an
experimental measurement. We note that in this context we can use all Lp spaces
(p 2 Œ1;1�) interchangeably. Also, if one takes the probabilistic point of view, then
random variable is the prevailing term for a real-valued function, since we study
probability spaces.

A simple nontrivial example of an ergodic transformation is x 7! x C ˛

.mod 1/ on S1 D R=Z for irrational ˛ (Kronecker–Weyl Equidistribution Theorem,
Proposition 1.7.68). The preceding examples are also ergodic (with respect to the
area measure), but unlike an irrational circle rotation, they have stronger stochastic
properties, and we aim to show the mechanisms for this. A colloquial motivation for
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these stronger properties is that if ' represents the sugar concentration in a cup with
a lump of sugar, then rotation of the cup does little to mix (and dissolve) the sugar.

Definition 1.5.1 An f -invariant probability measure is said to be mixing (Defini-
tion 1.7.118) if two observables become asymptotically independent or uncorrelated
when viewed as random variables:

Z
' ı f n  ����!

n!1

Z
'

Z
 for all '; 2 L2: (1.7)

Equivalently (see also Proposition 1.7.140),

' ı f n weakly���* const: for all ' 2 L2: (1.8)

With test function  � 1 in (1.7), the left-hand side is independent of n, so the
constant on the right-hand side of (1.8) is

R
'.

Definition 1.5.2 We say that � is N-mixing or multiply mixing if (with n0 :D 0)

NY
iD1
'i ı f ni

L2-weakly��������*
ni�ni�1!1

NY
iD1

Z
'i d� for 'i 2 L1:

Made explicit with test function '0, this means that N C 1 observables become
asymptotically independent. Here, the left-hand side is parametrized by Z

N , and
the assertion can be checked by considering sequences  n D QN

iD1 'i ı f ni.n/ with

ni.n/ � ni�1.n/ ����!
n!1 1 and  n

weakly���*  ; then  is an accumulation point, and

we describe these as “weak accumulation points  n
weakly���*  of

QN
iD1 'i ı f ni with

ni � ni�1 ����!
n!1 1.” N-mixing means that for 'i 2 L1 there is only one weak

accumulation point  n
weakly���*  of

QN
iD1 'i ı f ni with ni � ni�1 ����!

n!1 1, and it isQN
iD1

R
'i d�.

Proposition 1.5.3 An f -invariant probability measure � is N-mixing if and only if

given any 'i 2 L2.�/, any weak accumulation point  n
weakly���*  of

QN
iD1 'i ı f ni

(with ni � ni�1 ����!
n!1 1) is constant.

Proof “Only if” is clear. To get “if”, we recursively verify that the constant is
correct.

First, take 'i � 1 for i ¤ 1, including taking the test function '0 � 1. Then the
weak-accumulation statement becomes

Z
'1 D

Z
'1 ı f n � 1! const:

Z
1 D const:;
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so the constant is
R
'1 for each such subsequence, and thus '1 ı f n weakly���* R

'1. By

symmetry, 'i ı f n weakly���* R
'i for all i. In particular, '2 ı f n2�n1

weakly�������*
n2�n1!1

R
'2.

Supposing next that 'i � 1 for i … f1; 2g, this implies

Z
'1 ı f n1 '2 ı f n2 � 1 D

Z
'2 ı f n2�n1 '1 �������!

n2�n1!1

Z � Z
'2

�
'1 D

Z
'1

Z
'2;

so '2 ı f n2 '1 ı f n1
weakly�������*

n2�n1!1
R
'1
R
'2 with like statements for any pair of the 'i.

This can be continued. ut
Irrational rotations have none of these mixing properties, but the toral automor-

phisms above do, and the Hopf argument yields them.
Hyperbolic dynamical systems enjoy even stronger stochastic properties, such

as the Kolmogorov property and being a Bernoulli system [Ka94, Theorem 3.6],
[OrWe98] (Definition 1.7.116). We limit ourselves here to showing how these
mixing properties can be established with the Hopf argument.

1.5.2 The Hopf Argument

This section presents the Hopf argument for ergodicity, and we will see that it yields
mixing. In fairly broad generality it can indeed establish multiple mixing, though
that requires additional steps. For example, in the case of volume-preserving Anosov
diffeomorphisms, these would be to use the Hopf argument to establish mixing,
deduce that the stable partition is ergodic, then apply the one-sided Hopf argument
to obtain multiple mixing. While it is useful to keep these steps in mind, we can
summarize them in a single theorem (using notations and notions introduced below).

Theorem 1.5.4 If .X; �/ is a metric Borel probability space, � positive on open
sets, f WX ! X a continuous invertible �-preserving transformation such that Ws is
absolutely continuous, Ws and Wu define a local product structure, and

' 2 L2.�/ f -invariant; Ws-subordinate and Wu-subordinate ) '
a.e.D const:

Then f is multiply mixing.
The stable partition of f is defined by

Ws.x/ :D fy 2 X d. f n.x/; f n. y// ������!
n!C1 0g: (1.9)

Definition 1.5.5 'WX ! R is subordinate to Ws or Ws-saturated if there is a set
G � X with �.G/ D 1 such that x; y 2 G and y 2 Ws.x/ imply '.x/ D '. y/.
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Theorem 1.5.6 ([Co07, Theorem 2], [Co16, Exercise 4.6]) If X is a metric space,
f WX ! X, � an f -invariant Borel probability measure, 'i 2 L2.�/, then any weak

accumulation point  n
weakly���*  of

QN
iD1 'i ı f ni is Ws-subordinate.

Proposition 1.5.3 gives a strong immediate consequence of Theorem 1.5.6:

Corollary 1.5.7 f is multiply mixing if every Ws-subordinate ' 2 L2 is constant
a.e.

Proof of Theorem 1.5.6 (Coudène) By the Banach–Saks Lemma  n
L2 -weakly����*
n!1  has

a subsequence for which 1
n

Pn�1
kD0  nk

L2���!
n!1  . Note that we gave up a little by

passing to a subsequence and to a Birkhoff average rather than a limit but gained L2-

convergence rather than weak convergence. Furthermore,  n
L2���!

n!1  implies that

there is a subsequence with  nj

a.e.���!
j!1  .23 Again, we give up a little by passing to a

subsequence but “upgrade” to pointwise convergence. Thus, we have subsequences
ml, nik with

�l :D 1

ml

ml�1X
kD0

 nik

a.e.���!
l!1  :

We passed to pointwise convergence because this is Ws-subordinate for bounded
uniformly continuous 'i: If pl

ij :D 'i. f .ni/l.xj// for j D 1; 2 with x2 2 Ws.x1/, then

NY
iD1

pl
i2 �

NY
iD1

pl
i1 D

NX
`D1

Y
i<`

pl
i2

bounded

.pl
`2 � pl

`1

����!
l!1

0

/
Y
i>`

pl
i1

bounded

����!
l!1 0:

Finally, L2-approximate bounded L2 functions '0i by bounded uniformly continuous
functions 'k

i within 1=k and this time let pl
ij :D ' j

i ı f .ni/l to find that weak limits (of
subsequences if necessary) satisfy

k �  kk � lim
l!1
k

NY
iD1

pl
ik �

NY
iD1

pl
i0k

�
NX
`D1

Y
i<`

kpl
ikk1

bounded

kpl
`k � pl

`0k2
����!

k!1

0



Y
i>`

kpl
i0k1

bounded

����!
k!1 0

23If nj � nj�1 and n > nj ) k n �  njk < 1
2j , then  nj D  n1 C

j�1P
iD1

 niC1
�  ni converges a.e.
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so, passing to a subsequence,  k
a.e.�!  , which is hence Ws-subordinate. ut

If f is invertible, then we can define

Wu.x/ :D fy 2 X d. f �n.x/; f �n. y// ������!
n!C1 0g;

and together with a like conclusion about Wu-subordination, Theorem 1.5.6 yields
mixing. Getting Wu-subordination requires a slightly subtle argument.

Theorem 1.5.8 ([Co07, Theorem 3]) If X is a metric space, f WX ! X invertible,
� an f -invariant Borel probability measure and ' 2 L2.�/, then any weak
accumulation point of Un

f .'/ (see Definition 1.7.31) is subordinate to Ws and to
Wu.

Proof (Babillot–Coudène) If ' ? I � L2.�/, the (closed) subspace of functions

subordinate to Wu, and Uni
f '

weakly���*
i!1  , then Theorem 1.5.6 applied to f �1

gives a subsequence nik ! 1 with U
�nik
f  

weakly���*
k!1  0 2 I, so h ; i D

limk!1hUnik
f '; i D limk!1h';U�nik

f  i D h'; 0i D 0, i.e.,  D 0, so

Un
f '

weakly����*
n!1 0.

For an arbitrary ' D 'I C '? 2 I ˚ I? D L2 we then have Un
f '

? weakly����*
n!1 0, so

the accumulation points of Un
f ' are accumulation points of Un

f 'I 2 I. ut
Corollary 1.5.9 Suppose X is a metric space, f WX ! X invertible, � an f -invariant
Borel probability measure. If

' 2 L2.�/ f -invariant; Ws-subordinate and Wu-subordinate) '
a.e.D const:;

then f is mixing.

1.5.3 Mixing from the Hopf Argument

We begin with a “traditional” use of the Hopf argument by applying it to the
hyperbolic toral automorphisms of Examples 1.1.1 and 1.1.2 and using both
foliations in the process. This reflects the classical use of the Hopf argument to
get ergodicity, except that Corollary 1.5.9 yields mixing instead.

Proposition 1.5.10 If A 2 GL.m;Z/ is hyperbolic, then the induced automorphism
FA of Tm is mixing with respect to Lebesgue measure (cf. Proposition 1.7.95).

Proof For q 2 T
m the stable subspace Ws.q/ at q in (1.9) is Ws.q/ D �.E� C q/,

where E� is the contracting subspace of A and �WRm ! T
m is the projection.

Likewise, Wu.q/ D �.EC C q/.
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To apply Corollary 1.5.9 consider a ' 2 L2 for which there is a set G � T
n of

measure 1 with x; y 2 G, y 2 Ws.x/ ) '.x/ D '. y/ and x; y 2 G, y 2 Wu.x/ )
'.x/ D '. y/. If we can conclude that '

a.e.D const:, then Corollary 1.5.9 implies
mixing.

Let D˙ � E˙ be small disks and q 2 T
m. Then q has a neighborhood that is up

to rotation and translation of the form D� 
 DC, and

C :D G \ .D� 
DC/

has full Lebesgue measure in D�
DC, i.e., if �˙ denotes the normalized Lebesgue
measure on D˙ and� D ��
�C, then

R
D��DC

�C d� D 1. By the Fubini Theorem

1 D
Z

D��DC

�C d� D
Z

D�

Z
DC

�C d�C d��; so
Z

DC

�C.u; �/ d�C ��-a.e.HHHHH 1:

Fix such a u0 2 D�, and note that by construction C� :D D� 
 �C \ .fu0g 
 DC/
�

has full Lebesgue measure. If .u; v/; .u0; v0/ 2 C� \ C, a set of full measure, then

'.u; v/ D '.u0; v/ D '.u0; v0/ D '.u0; v0/:

This applies to any such neighborhood of an arbitrary q 2 T
n, so '

a.e.D const. ut
This is how Hopf proved ergodicity of geodesic flows of surfaces of negative
curvature. The method was extended to geodesic flows of higher-dimensional
manifolds by Anosov. The pertinent discrete-time counterpart are Anosov diffeo-
morphisms, which include the FA above. As the preceding argument shows, higher-
dimensionality does not directly affect the intrinsic difficulty of the argument.
The formidable barrier that Hopf faced and Anosov overcame is related to the
use of the Fubini Theorem above—except in Hopf’s context, where local product
neighborhoods are indeed diffeomorphic to euclidean patches, one needs to establish
the absolute continuity of the invariant foliations to apply the Fubini argument
[Br02, Chap. 6]. It yields

Proposition 1.5.11 Volume-preserving Anosov diffeomorphisms are mixing.

1.5.4 Multiple Mixing from the One-Sided Hopf Argument

The contracting lines in Example 1.1.1 have irrational slope, so each intersects the
circle S1
f0g � S1
S1 D T

2 at irrational intervals; the intersections are the orbit of
an irrational rotation. Ergodicity of irrational rotations (Proposition 1.7.68) implies
that the stable partition Ws is ergodic, and the “one-sided” Corollary 1.5.7 gives

Proposition 1.5.12 The map of T2 induced by

�
2 1

1 1

�
is multiply mixing.
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Remark 1.5.13 Simple Fourier analysis also establishes this (see Proposi-
tion 1.7.95), but while linearity is helpful for the Hopf argument, it is indispensable
for using Fourier analysis. Indeed, the stable partition of volume-preserving Anosov
diffeomorphisms is ergodic [An69, Theorem 11], so volume is multiply mixing by
Corollary 1.5.7. Likewise, the stable partition for a hyperbolic diffeomorphism is
ergodic for the Margulis measure of maximal entropy [Ma70, Theorem 2], so this
measure is also multiply mixing. These results follow from those in this section.24

Our final simple application uses that the contracting lines of the partially hyperbolic
automorphism in Example 1.1.3 form an ergodic partition because they are gener-
ated by a vector whose components are rationally independent. The flow generated
by this vector is ergodic analogously to the way an irrational circle rotation is, and
its orbits are the stable sets. Therefore, Corollary 1.5.7 applies here as well:

Proposition 1.5.14 The automorphism in Example 1.1.3 is multiply mixing.
The strong conclusion of Corollary 1.5.7 can be obtained in reasonable generality.
It turns out that in the original context (of uniformly hyperbolic dynamical systems)
in which the Hopf argument applies in the manner shown in Sect. 1.5.3, one can,
in fact, apply Corollary 1.5.7. This requires a careful description of the needed
properties of Ws and Wu.

Definition 1.5.15 Let X be a metric space, f WX ! X invertible, and� an f -invariant
ergodic Borel probability measure. We say that V is a product set if

• there are rs; ru > 0 such that x; y 2 V ) #.Ws
rs
.x/ \Wu

ru
. y// D 1, where

Ws
rs
.x/ :D fy 2 Ws.x/ d. f n.x/; f n. y// � rs for r 2 N0g;

Wu
ru
.x/ :D fy 2 Wu.x/ d. f �n.x/; f �n. y// � ru for r 2 N0g;

• supx2V diam f �n.Wu
ru
.x// ����!

n!1 0, where diam.E/ :D supf d.x; y/ x; y 2 Eg.
In this case we denote by Œx; y� the unique element of Ws

rs
.x/\Wu

ru
. y/.

We say that Ws is absolutely continuous on V (with respect to �) if for each
x 2 V there are measures �u

x on Wu
ru
.x/ and �s

x on Ws
rs
.x/ such that �u

x.N/ D 0 )
�u

y.ŒN; y�/ D 0 and
R

V 'd� D RWs
rs .z/

R
Wu

ru .x/
' d�u

x d�s
z.x/ for ' 2 L1.�/.

Theorem 1.5.16 ([CoHaTr]) Let X be a metric space, f WX ! X invertible, and �
an f -invariant ergodic Borel probability measure. If Ws is absolutely continuous on
a product set V with �. f �1.V/ \ V/ > 0, then Ws is ergodic.

Corollary 1.5.17 Let X be a metric space, � a Borel probability measure, f WX !
X �-preserving invertible, f n ergodic for all n 2 N, Ws absolutely continuous on a
product set V with �.V/ > 0. Then f is multiply mixing.

24In the case of volume, once one establishes absolute continuity; this is automatic for the Margulis
measure.
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Proof The Poincaré Recurrence Theorem 1.7.11 produces an N 2 N such that
�. f �N.V/ \ V/ > 0. Apply Theorem 1.5.16 to f N , then Corollary 1.5.7 to f . ut
Remark 1.5.18 This applies to volume-preserving Anosov diffeomorphisms [Br02,
Chap. 6] but does not use exponential behavior, differentiability or compactness.

Corollary 1.5.19 Volume-preserving Anosov diffeomorphisms are multiply mixing.

Theorem 1.5.20 The Liouville measure for dispersing billiards (Example 1.1.5)
and for polygonal billiards with pockets (Example 1.1.6) is multiply mixing.

Proof For dispersing billiards, Sinai’s Fundamental Theorem of the theory of
dispersing billiards [ChMa06, Theorem 5.70] provides product sets [ChMa06,
Proposition 7.81] with absolutely continuous holonomies [ChMa06, Theorem 5.42],
which implies the absolute continuity property we use. Corollary 1.5.9 then
establishes mixing and hence total ergodicity, which by Corollary 1.5.17 implies
multiple mixing. This also works for polygonal billiards with pockets [ChTr98,
Theorem 4.1]. ut
Theorem 1.5.21 The Katok map (Example 1.1.7) is multiply mixing.

Proof It is totally ergodic and the stable and unstable partitions are homeomorphic
to those of F� 2 1

1 1

� (Example 1.1.7), so there is a product neighborhood, which hence

has positive measure. Absolute continuity on this neighborhood follows from Pesin
theory, so we can apply Corollary 1.5.17. ut
The first step towards proving Theorem 1.5.16 is the following.

Lemma 1.5.22 Absolute continuity of Wi on Vf :D f �1.V/ \ V implies absolute
continuity of TWVf ! X, x 7! T.x/ :D Œf .x/; x�, i.e., T��� �.

Proof If N � Vf and �.N/ D 0, then there is a Wsu
loc-saturated null set NW such

that for z … NW we have
R

Wsu.z/ �N d�su
z D 0 as well as, by f -invariance of � and

absolute continuity,
R

Wsu.z/ �T.N/ d�su
z D 0. Then

.T��/.N/
DR �T.N/ d�

D
Z

Wi
loc.z/XNW

Z
Wsu

loc.x/
�T.N/ d�su

x

D0

d�i
z.x/C

Z
NW

�T.N/ d�

D0

D 0:

ut
Next, we adapt an idea of Thouvenot [Co16, Exercise 4.7]: d. f �n.x/; f �n.T.x///!
0 pointwise on Vf \ T�1Vf , hence by the Egorov Theorem uniformly on some U �
Vf \ T�1Vf with �.U/ > 0. Then Tn :D

(
f �n ı T ı f n on f �n.U/

Id elsewhere

pointwise���!
n!1 Id, and

Tn has Radon–Nikodym derivative gn :D
hdTn��

d�

i
D
hdT��

d�

i
ı f n on f �n.U/ (and

1 elsewhere); this is uniformly integrable, i.e., sup
n2N

Z
fgn>Mg

gnd� �����!
M!1 0.
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Lemma 1.5.23 Let X be a metric space with probability measure �, TnWX ! X

such that Tn ! Id a.e., Tn�� � �, and gn :D
hdTn��

d�

i
is uniformly integrable.

Then k' ı Tn � 'k1 ����!
n!1 0 for all ' 2 L1. (k � kp denotes the Lp-norm.)

Proof If  is continuous with k k1 � k'k1, then

k' ı Tn � 'k1 � k.' �  / ı Tnk1 C k ı Tn �  k1 C k � 'k1;

and k ı Tn �  k1 ! 0 by the Bounded Convergence Theorem. Take � > 0,
M 2 R with

R
fgn>Mg gnd� < �=4k'k1 (uniform integrability),  such that

k � 'k1 < �=2

MC1 . Then k.' �  / ı Tnk1 D
Z
j � 'j1gnd� � Mk � 'k1 C

2k'k1
Z

fgn>Mg
gnd�. ut

Proof of Theorem 1.5.16 Let ' 2 L1 be Wi-saturated. We show ' is f -invariant. If
�0 > 0, then Tn.x/ 2 Wi. f .x// for all x 2 f �n.U/ implies that

�
�

f �n.U/ \ ˚j' ı f � 'j > �0�
D:B

�
D �

�
f �n.U/\ ˚j' ı Tn � 'j > �0��! 0

(1.10)
by Lemma 1.5.23. The Mean Ergodic Theorem and ergodicity of f imply

1

n

n�1X
kD0

�U ı f k L2���!
n!1 �.U/; hence

1

n

n�1X
kD0

�U ı f k �B
L2���!

n!1 �.U/�B;

so 0
(1.10) ���
n!1

1

n

n�1X
kD0

�
�

f �n.U/ \ ˚j' ı Tn � 'j > �0�� ����!
n!1 �.U/ �.B/, and

�.B/ D 0 because �.U/ > 0. Since � is arbitrary, ' is f -invariant, hence constant
a.e. ut

1.6 Contractions and Invariant Manifolds

1.6.1 The Contraction-Mapping Principle

The dynamics of contractions is untypically simple for hyperbolic dynamical
systems but useful as a device in auxiliary spaces. Here, a map f WX ! X is said
to be contracting if there exists � < 1 such that for any x; y 2 X

d. f .x/; f . y// � � d.x; y/: (1.11)
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These maps exhibit both stability of equilibria in the sense of ordinary differential
equations and in the sense of persistence under perturbation of the dynamical
system. All orbits tend to a fixed point, and changing the contracting map slightly
does not move the fixed point much. Some pertinent observations are cast in terms
of a regularity notion that extends the one of Lipschitz continuity in a natural way.

Definition 1.6.1 (Lipschitz and Hölder Regularity) Let .X; d/, .Y; d/ be metric
spaces. A map f WX ! Y is said to be Lipschitz (continuous) if there exists C > 0

such that d.x; y/ < � implies d. f .x/; f . y// � C.d.x; y//, in which case f is said to
be C-Lipschitz, and the Lipschitz constant L. f / (or Lip. f /) of f is defined by

L. f / :D sup
x¤y

d. f .x/; f . y//

d.x; y/
:

We say that f is bi-Lipschitz if it is Lipschitz and has a Lipschitz inverse.
A map f WX ! Y is said to be Hölder-continuous with exponent ˛, or ˛-Hölder,

if there exist C; � > 0 such that d.x; y/ < � implies d. f .x/; f . y// � C. d.x; y//˛ . A
Hölder-continuous map with Hölder-continuous inverse is said to be bi-Hölder.

Remark 1.6.2 This notion is both natural and useful in the context of hyperbolic
dynamical systems because it corresponds to saying that if d.x; y/ tends to 0
exponentially (as a function of some parameter) then so does d. f .x/; f . y//.

Proposition 1.6.3 (Contraction-MappingPrinciple) Let X be a complete metric
space and f WX ! X a contracting map. Then f has a unique fixed point ', and under
the action of iterates of f all points converge exponentially to '.

Indeed, the error at any step can be estimated in terms of the size of the step:

d.x; '/ � 1

1 � � d.x; f .x//: (1.12)

Suppose X;Y are metric spaces, X complete, f WX 
 Y ! X, � 2 .0; 1/ such that
d. fy.x/; fy.x0// � � d.x; x0/ for all x; x0 2 X; y 2 Y. Denote the unique fixed point of
fy by 'y. Then

1. d.'y; 'y0/ � 1
1�� d. fy0.'y0/; fy.'y0//.

2. If f is continuous then so is y 7! 'y.
3. If ˛ 2 .0; 1� and f is ˛-Hölder-continuous in y,25 then so is '.
4. If X;Y are open subsets of Banach spaces and f is Cr, then so is y 7! 'y, with

derivative

.1 �DYf j. y;'y/
/�1 ı DXf j. y;'y/

;

where the superscript denotes the differential in the respective space.

25Uniformly in x, i.e., 9 C 2 R such that d. fy.x/; fy0 .x// � C d. y; y0/˛ for all x 2 X, y; y0 2 Y.
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5. If � 2 .0; 1/ and

d. fy.x/; fy0.x0// � �maxf d.x; x0/; d. y; y0/g

for all x; x0 2 X, y; y0 2 Y, then d.'y; 'y0/ � � d. y; y0/.

Proof f f n.x/gn2N is a Cauchy sequence because if m 	 n then

d. f m.x/; f n.x// �
m�n�1X

kD0
d. f nCkC1.x/; f nCk.x//

��nCk d. f .x/;x/

� �n

1 � � d. f .x/; x/ ����!
n!1 0:

(1.13)

Then ' :D lim
n!1 f n.x/ D lim

n!1 f nC1.x/ D lim
n!1 f . f n.x// D f . lim

n!1 f n.x// D f .'/

exists since X is complete. (1.11) implies uniqueness,26 and letting m!1 in (1.13)
gives

d. f n.x/; '/ � �n

1 � � d. f .x/; x/:

This proves exponential convergence and for n D 0 gives (1.12).
1.: Apply (1.12) with x D 'y0 D fy0.'y0/.
2. and 3. follow from 1., and 4. from the Implicit-Function Theorem.
To obtain 5., take x D 'y D fy.'y/ and x0 D 'y0 D fy0.'y0/ in the assumption and

note that the maximum on the right-hand side must be d. y; y0/. ut
Remark 1.6.4 This in particular implies continuous dependence of the fixed point
on the contraction when one makes C1-perturbations.
The robustness of the asymptotic behavior of contractions in Proposition 1.6.3 has a
counterpart for hyperbolic maps, even when they are perturbed so as to be nonlinear.

Theorem 1.6.5 (Hyperbolic Fixed-Point Theorem) If AWE ! E is a bounded
linear map of a Banach space E and Id�A is invertible, then a continuous map
FWE! E has a unique fixed point ' if �:DL.F�A/k.Id�A/�1k < 1. Furthermore,
' depends continuously on F, and k'k � 1

1��kkF.0/k.
Remark 1.6.6 Boundedness of .Id�A/�1 follows from the Open-Mapping Theo-
rem.

Proof ' is a solution of .F � A/.x/ D x � A.x/ D .Id�A/x, hence a fixed point of
the �-contraction .F � A/.Id�A/�1. Apply (1.12) with x D 0. ut
This is analogous to the persistence of the fixed point of a contraction under pertur-
bations, but a hyperbolic fixed point is harder to find: The fixed point of a contraction
is the limit of the forward orbit of any initial condition. Proposition 1.6.25 shows
that this fails for hyperbolic maps except with a lucky starting point.

26f .x/ D x ) y D x or y ¤ f . y/.
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1.6.2 The Spectrum of a Linear Map

If a linear transformation of a finite-dimensional vector space has no eigenvalues
on the unit circle, then the space is the direct sum of an expanding subspace (the
sum of the generalized eigenspaces for eigenvalues outside of the unit circle) and a
contracting subspace (the sum of the generalized eigenspaces for eigenvalues inside
of the unit circle). The purpose of this subsection and the next is to prove the same
for transformations of Banach spaces (Theorem 1.6.20 below).

While this involves interesting functional analysis that a dynamicist may not
otherwise encounter frequently, it is also a good option for the reader to take this
conclusion of Theorem 1.6.20 as a definition of hyperbolicity and skip ahead to
Sect. 1.6.4.

We now look at a similarly general context that combines contraction and
expansion. Here a linear structure helps separate the two, so the natural generality
in which this is effective is a Banach space.

It is convenient to consider Banach spaces over the complex numbers. The results
we obtain in this context can be used for real Banach spaces E by passing to the
complexification EC (i.e., the space E ˝ C obtained by allowing complex scalars)
and then suitably restricting attention to the real part.

B.z; r/ denotes the ball of radius r around z in C, and S.z; r/ its boundary.

Definition 1.6.7 Let E be a Banach space and AWE ! E be a bounded linear map,
i.e., the norm kAk :D supkvkD1 kAvk of A is finite. The resolvent set R.A/ of A is the
set of � 2 C for which � Id�A has bounded inverse RA.�/, called the resolvent of A.
The spectral radius r.A/ of A is defined by r.A/ :D supfj�j � 2 sp A :DCXR.A/g.
We call sp A the spectrum of A.

• The point spectrum consists of the eigenvalues of A (ker.A � � Id/ is the
corresponding eigenspace).

• The continuous spectrum is f� 2 sp A A�� Id is injective and .A�� Id/.E/ D
Eg.

• The residual spectrum is f� 2 sp A A�� Id is injective and .A�� Id/.E/ ¤ Eg.
Remark 1.6.8 If E is finite-dimensional, then sp A is the set of eigenvalues: these
are those � for which A � � Id is not injective, which is also the set of � for which
A � � Id is not surjective. Invertibility is the only issue in this context because all
linear maps between finite-dimensional spaces are bounded. By the Open Mapping
Theorem a bounded linear bijection between Banach spaces has bounded inverse,
so

sp A D f� 2 C � Id�A is not injectiveg [ f� 2 C � Id�A is not surjectiveg:

Accordingly, the three items in Definition 1.6.7 are a decomposition of sp A.
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Lemma 1.6.9 r.A/ � kAk: j�j>kAk)� … sp A;RA.�/ D
1P

iD0
Ai

�iC1 (Laurent

series).

Proof .� Id�A/
n�1X
iD0

Ai

�iC1 D
n�1X
iD0

Ai

�i
� AiC1

�iC1 D Id�An

�n
����!

n!1 Id. ut
The spectral radius provides an asymptotically sharp bound in a sense made explicit
in Proposition 1.6.11. This follows from a widely useful elementary fact.

Proposition 1.6.10 (Subadditive Sequences) If there exist k 2 N0 and L > 0 such
that amCn � am C anCk C L for all m; n 2 N then limn!1 an

n 2 R [ f�1g exists.

Proof Let L0 :Da2kC2L. Then amCn � amCanCkCL � amCanCL0. In particular,
an
n � an�1Ca1CL0

n � � � � � na1C.n�1/L0

n � a1 C L0 for n 2 N. If b > limn!1
an
n and

� > 0 take l > 2L0=� such that al
l < b. If n D ilC r 	 max

�
l; 2maxr<l ar=�

�
with

0 � r < l, then an
n � ialCarCiL0

n � al
l C ar

n C L0

l < bC �, so limn!1 an
n � bC �. ut

Proposition 1.6.11 (Gelfand Spectral Radius Formula) r.A/D limn!1 kAnk1=n.

Proof Since an :D log kAnk is subadditive, the limit exists by Proposition 1.6.10.
By Lemma 1.6.9 the domain of convergence of the Laurent series

P1
iD0 Ai=�iC1 of

RA.�/ is fj�j > r.A/g while by the root test it is fj�j > limn!1 kAnk1=ng. ut
Lemma 1.6.12 If A is a bounded linear operator, then R.A/ is the natural domain
of analyticity of RA.�/. Thus, R.A/ is open, and sp A is compact by Lemma 1.6.9.

Proof We show analyticity on R.A/ and that d.�; sp A/ 	 k.RA.�/k�1 on R.A/; this
implies openness and kRA.�/k �������!

d.�;sp A/!0
1, hence the claim.

If � 2 R.A/ and j�j < k.RA.�/k�1, then k�RA.�/k < 1, so T.�/ :D
1X

iD0
�i.RA.�//

iC1 (Neumann series for the inverse of .� � �/ Id�A D .� Id�A/ �
� Id) converges. Then

..���/ Id�A/T.�/ D .� Id�A/T.�/��T.�/ D
1X

iD0

.�RA.�//
i � .�RA.�//

iC1 D Id

shows that � � � 2 R.A/ and RA.� � �/ D T.�/ is analytic at � D 0. ut
Remark 1.6.13 (Resolvent Equation) For �; � 2 R.A/, multiplying

.� Id�A/.� Id�A/ŒRA.�/� RA.�/� D .� Id�A/� .� Id�A/ D .�� �/ Id
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by RA.�/RA.�/ gives the resolvent equation

RA.�/� RA.�/ D .� � �/RA.�/RA.�/: (1.14)

Proposition 1.6.14 sp A ¤ ¿ unless E D f0g.
Proof If sp A D ¿, then RA is entire. It is bounded on B.0; 2kAk/ by compactness,
and kRA.�/k � kAk�1 for j�j > 2kAk because

k.� Id�A/vk D k�.Id�A

�
/vk 	 2kAk � 1

2
kvk:

Being bounded and entire, RA is constant by the Liouville Theorem, which implies
that Id D 0, hence E D f0g. ut
The Liouville Theorem applies to this situation by noticing that for a bounded linear
functional f 2 E�, f ı RA is an entire bounded scalar function and hence constant.

If A is diagonal, then clearly kAk D r.A/. The following fact is useful for
understanding the dynamics of linear maps even if they cannot be diagonalized.

Proposition 1.6.15 For every ı > 0 there exists an equivalent norm on E with
respect to which kAk < r.A/C ı. This is called an adapted or Lyapunov norm.

Proof Take n such that kAnk < .r.A/C ı/n and jvj :D
n�1X
iD0
kAivk.r.A/C ı/�i. Then

jAvj
jvj D

nP
iD1
kAivk.r.A/C ı/1�i

n�1P
iD0
kAivk.r.A/C ı/�i

D .r.A/C ı/
h
1C kA

nvk.r.A/C ı/�n � kvkPn�1
iD0 kAivk.r.A/C ı/�i

<1

i
:

ut
Remark 1.6.16 One can conclude from this that for any equivalent norm and for
every � > 0 there exists C� such that kAnvk � C�.r.A/C �/nkvk for any v 2 R

n.

Corollary 1.6.17 If sp.A/ � B.0; 1/, then there is an equivalent norm on E such
that A is a contraction with respect to the metric generated by that norm.

Proof r.A/ < 1 by compactness; apply Proposition 1.6.15 with 0 < ı < 1� r.A/.ut
The concept of exponential convergence does not depend on a particular choice of
a norm. Thus Proposition 1.6.3 and Corollary 1.6.17 imply

Corollary 1.6.18 If sp.A/ � B.0; 1/, then the positive iterates of every point
converge exponentially to the origin. If in addition A is invertible map, then negative
iterates of every point go to infinity exponentially.
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1.6.3 Hyperbolic Linear Maps

Next, we look at fixed point where one sees contraction and expansion.

Definition 1.6.19 A bounded linear map A of a Banach space E is said to be
hyperbolic if sp A \ S.0; 1/ D ¿. It is said to be .`�; `C/-hyperbolic if 0 < `� <

1 < `C and sp A \ fz 2 C `� � jzj � `Cg D ¿.

Theorem 1.6.20 If E is a Banach space, AWE! E continuous linear, 
 :DS.0; r/ �
R.A/, then there are 0 < `� < r < `C such that

˚
z 2 C `� � jzj � `C� � R.A/,

�.A/ :D r.A�/ < `� and �.A/ :D 1=r.A�1�EC

/ > `C (notation as in (2) below),

i.e., k.A�/nk D O.�n/ and k.AC/�nk D O.��n/. In particular, if A is hyperbolic
(r D 1), then there are 0 < `� < 1 < `C such that A is .`�; `C/-hyperbolic.

If 
 � C is a smooth curve bounding a topological disk D and sp A \ 
 D ¿,
then there are linear subspaces E� and EC of E such that

1. E D E� ˚ EC,
2. AE� � E� (with equality if 0 … sp A), AEC D EC; we write A˙ :D A�E˙

,

3. sp A� D sp� A :D sp A \D, sp AC D spC A :D sp A X D.

Remark 1.6.21 We used “big O” notation: f .n/ D O.g.n// :, f .n/
g.n/ is bounded.

Remark 1.6.22 If `� < 1 < `C, then these conditions in turn imply that A is
hyperbolic, so this is a characterization of hyperbolicity.

If E˙ are both nontrivial, then the spectrum is contained in 2 annuli. This result
readily generalizes to larger numbers of annuli; for instance, if 0 < r1 < r2 and
sp A \ S.0; ri/ D ¿, then sp A lies in the union of 3 annuli; the corresponding
subspaces are E�

r1
, EC

r1
\ E�

r2
, and EC

r2
. Linear maps for which all three subspaces in

this decomposition are nontrivial are said to be partially hyperbolic if r1 < 1 < r2.
As in Corollary 1.6.17, there is an adapted norm (or Lyapunov norm) associated

with such .`�; `C/, i.e., a norm j � j equivalent to the given one and such that

kA�k � `�, k.AC/�1k � 1=`C, and jv� C vCj D max.jv�j; jvCj/ for v˙ 2 E .̇
(1.15)

(Take Lyapunov norms j � j for A˙ and jv�CvCj :Dmax.jv�j; jvCj/ for v˙ 2 E˙.)

Definition 1.6.23 If `� < 1 < `C, then E� is called the contracting subspace and
EC the expanding subspace.

Remark 1.6.24 The expanding subspace is not characterized by the fact that vectors
in it expand under iterates of the map—all vectors outside the contracting subspace
are expanded by a sufficiently large iterate of the map. The characterization of EC
is given by the description of Remark 1.6.22, namely that preimages contract.

Proof of Theorem 1.6.20 Compactness of sp A implies the first assertions and the
existence of a smooth Jordan curve 
 0 with 
 inside it and sp A XD outside it.
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Claim �� :D 1

2�i

Z



RA.�/ d� D 1

2�i

Z

 0

RA.�/ d� is a projection.

Proof
1

2�i

Z
c

1

� � � d� D
(
1 if � is inside c

0 if � is outside c
for c 2 f
; 
 0g, so

���� D 1

2�i

Z



RA.�/ d� � 1
2�i

Z

 0

RA.�/ d�

D
� 1

2�i

�2 Z



Z

 0

RA.�/RA.�/

D RA.�/�RA.�/
��� by (1.14)

d� d�

D
� 1

2�i

�2h Z



RA.�/

Z

 0

1

� � � d�

D2� i since �2
 inside 
 0

d��
Z

 0

RA.�/

Z



1

� � � d�

D0 since �2
 0 outside 


d�
i

D 1

2�i

Z



RA.�/ d� D ��:

ut
1. �C :D Id��� is then also a projection; take E˙ :D �˙.E/.
2. A.E˙/ D A.�˙.E// D �˙.A.E// � �˙.E/ D E˙ because A commutes with

RA.�/ and hence with �˙. AEC D EC because below we show that 0 … sp AC.
3. E D E�˚ EC and A.E˙/ � E˙ give sp A D sp A� ˚ AC D sp A� [ sp AC, so

we show sp A� � D and sp AC \ D D ¿.

If RA.�/ :D 1

2�i

Z



1

� � �RA.�/ d� then (1.14) gives

RA.�/.� Id�A/ D 1

2� i

Z



RA.�/ � Id

� � � d� D
(
�� if � is outside 
;

��� Id D ��C if � is inside 
:

If � … D [ 
 , then RA.�/.� Id�A/�E�

D Id �E�

, so � Id�A� is invertible, and

� … sp A�, hence sp A� � D. If � 2 D, restrict to EC to get sp AC \ D D ¿, hence
3. ut
We now describe the asymptotic behavior of iterates of a hyperbolic linear map.

Proposition 1.6.25 If E is a Banach space, AWE! E hyperbolic linear, then

1. For every v 2 E�, the positive iterates Anv converge to the origin with
exponential speed as n ! 1 and if A is invertible then the negative iterates
Anv go to infinity with exponential speed as n! �1.

2. For every v 2 EC the positive iterates of v go to infinity exponentially and if A
is invertible then the negative iterates converge exponentially to the origin.
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3. For every v 2 E X .E� [ EC/ the iterates Anv go to infinity exponentially as
n!1 and if A is invertible also as n! �1.

Proof This is mainly a restatement of Theorem 1.6.20 and Remark 1.6.22. If v 2
R

n X .E� [ EC/ write v D v� C vC where v� 2 E� X f0g, vC 2 EC X f0g to get

kAnvk D kAn.v� C vC/k 	 kAnvCk � kAnv�k 	 �nckvCk � ��nc0kv�k 	 �nc00;

for large positive n, where � > 1 and c; c0; c00 > 0 do not depend on n.
The argument for negative iterates is the same with vC and v� exchanged. ut

Remark 1.6.26 With the present notations one can recast Theorem 1.6.5 as follows.
Suppose A is a .�; �/-hyperbolic bounded linear map of a Banach space and FWE!
E is such that ` :DL.F�A/ < � :Dmin.1��; 1���1/ (see Definition 1.6.1). Then
F has a unique fixed point ' 2 E, and j'j < jF.0/j=.�� `/, where j � j is an adapted
norm. ' depends continuously on F. The advantage of this version is that it is more
explicit about the closeness assumption in terms of known parameters. On the other
hand, it uses hyperbolicity rather than just 1 2 R.A/.

To prove this, write E D E� 
 EC, �˙WE ! E˙, x 7! x˙ for the projections,
F˙ :D�˙ ıF and prove F.x/ :D�F�.x/; xCC.AC/�1.xC�FC.x//

�
is a .1C`��/-

contraction.

Remark 1.6.27 The generality of the present context is motivated by its utility
when applied in auxiliary spaces. We immediately show one instance of this:
Theorem 1.6.5 can be greatly amplified by applying the very same result in a suitable
infinite-dimensional space to show that the dynamics of the almost-linear map f in
Theorem 1.6.5 does not only match that of the linear map in that there is a unique
fixed point, but that the entire orbit structure of f is the same as that of A.

Theorem 1.6.28 Let A be a .�; �/-hyperbolic bounded linear map of a Banach
space and f1; f2 Lipschitz-continuous maps with �fi :D fi � A bounded and

` :Dmax L.�fi/ < � :Dmin.1 � �; 1 � ��1; kA�1k�1/: (1.16)

Then there is a unique continuous map h D hf1;f2 WE ! E such that f1 ı h D h ı f2
and�h :D h � Id 2 E :D Cb.E;E/ (bounded continuous maps with the sup norm).

Proof The fi are invertible: fi.x/ D y , x D A�1. y � �fi.x//, and the right-hand
side is an `kA�1k-contraction, so there is a unique such x.

We can thus rewrite the desired conclusion as f1 ı h ı f �1
2 D h or

.AC�f1/ ı .IdC�h/ ı f �1
2 D IdC�h or

F .�h/ :D A ı�h ı f �1
2

D:A .�h/2E
C�f1 ı .IdC�h/ ı f �1

2 C A ı f �1
2 � Id

D:�F .�h/2E
D �h 2 E ;

a fixed-point problem for F D A C �F . A is hyperbolic: E D E � ˚ E C,
where E ˙ :D Cb.E;E˙/ D A .E ˙/, kA �k � �, and k.A C/�1k � 1=�. Since
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L.�F / � L.�f1/ < �, Theorem 1.6.5 provides the desired unique fixed point
�h 2 E , and h :D IdC�h is the required continuous map. ut
This does not quite produce what we promised; for the orbit structures of the maps
to be the same, h must be a homeomorphism. This is an easy consequence.

Corollary 1.6.29 (Hartman–Grobman) Let A be a .�; �/-hyperbolic bounded
linear map of a Banach space, f WE ! E Lipschitz with �f :D f � A bounded, � as
in (1.16), and ` :D L.�f / < �. Then there is a unique homeomorphism hWE ! E
depending continuously on f with h � Id bounded and h ı A D f ı h.

Proof We show that the continuous map in Theorem 1.6.28 is a homeomorphism.
We have f1 ı hf1;f2 D hf1;f2 ı f2 and (by symmetry) f2 ı hf2;f1 D hf2;f1 ı f1, hence

f2 ı Œhf2;f1 ı hf1;f2 � D hf2;f1 ı f1 ı hf1;f2 D Œhf2;f1 ı hf1;f2 � ı f2;

f1 ı Œhf1;f2 ı hf2;f1 � D hf1;f2 ı f2 ı hf2;f1 D Œhf1;f2 ı hf2;f1 � ı f1;

and uniqueness in Theorem 1.6.28 gives hf2;f1 ı hf1;f2 D Id D hf1;f2 ı hf2;f1 . ut
We now describe a localization procedure that connects the global picture in a linear
space (such as in Corollary 1.6.29) with local analysis on a manifold.

On a smooth compact manifold M we can choose a Riemannian metric, and then
there is an open set B � TM such that 0 2 Bx :D B \ TxM and expxWBx ! M is an
embedding of Bx with expx.0/ D x.

Theorem 1.6.30 If f is a C1-diffeomorphism of M with a compact invariant set �,
take �0 > 0 and a C1-neighborhood U of f such that g.expx.v// 2 expf .x/.Bf .x// for
g 2 U, x 2 �, kvk � 2�0. If �WR! Œ0; 1� is smooth, �.Œ0; 1�/ D f1g, �.Œ2;1// D
f0g, and � < �0 and U are sufficiently small, then the localization

Gx.v/ :D Dx f .v/C �.kvk=�/
�

exp�1
f .x/ ıg ı expx.v/ � Dx f .v/

�

of g 2 U by is arbitrarily uniformly C1-close to Dx f .

Proof The main observation is that exp�1
f .x/ ıg ı expx is C1-close to Dx f when ut

Remark 1.6.31 The point of this is that the continuous map GWT�M ! T�M :D
TM�� defined by G�TxM

D Gx fibers over f , i.e., Gx.TxM/ � Tf .x/M, and satisfies

G.v/ D Dx f .v/ when kvk 	 2�
expf .x/ G.v/ D g.expx.v// when kvk � �:

Corollary 1.6.29 immediately translates to the following.

Theorem 1.6.32 (Hartman–Grobman Theorem) Let U � R
n be open, f WU !

R
n continuously differentiable, and O 2 U a hyperbolic fixed point of f , i.e., DOf is

a hyperbolic linear map. Then there exist neighborhoods U1;U2;V1;V2 of O and a
homeomorphism hWU1 [ U2 ! V1 [ V2 such that f D h�1 ı Df0 ı h on U1, i.e., the
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following diagram commutes:

U1

f
U2

h h

V1

Df0 V2

1.6.4 Stable and Unstable Manifolds of a Fixed Point

Theorem 1.6.33 (Stable Manifold) If E is a Banach space, f WE! E, � > 0, then

Ws
�. f / :D fx 2 E sup

n2N
��nj f n.x/j <1g � f .Ws

�. f //: (1.17)

Suppose

• AWE! E is bounded,
• sp A \ fz 2 C � � jzj � �g D ¿,
• j � j is an adapted norm (Remark 1.6.22) and
• � < � < �.

Then Ws
�.A/ D E� (Theorem 1.6.20) and indeed limn!1 ��njAnxj D 0 for all

x 2 E�.
If in this case f WE ! E is a Lipschitz-continuous map such that f .0/ D 0 and

` :D L. f � A/ < � :Dmin.� � �;� � �/;

then Ws
�. f / is the graph of a contraction gWE� ! EC (Theorem 1.6.20) with

g.0/ D 0. Moreover, L. f �Ws
�. f /
/ � ` C � < �, so limn!1 ��nj f n.x/j D 0 for

all x 2 Ws
�. f /.

Finally, if � < 1 and f is Cr then so is g.

Proof The first two assertions are clear.
Ws
�. f / can (when � � 1) be described as the union of bounded forward orbits,

i.e., from among all forward orbits it selects the bounded ones. The proof idea is
to think instead about selecting from all bounded suitable sequences those that are
actually forward orbits. To this end we define a contraction F on sequences that
depends on a parameter in E� and whose fixed points are orbits.

Let �˙WE D E�
EC ! E˙, x 7! x˙ (projections), A˙ :DA�E˙

, f ˙ :D�˙ ı f ,

and F ..xn/n2N0 / D .. y�
n /n2N; . yC

n /n2N0 /, where

y�
nC1 D f �.xn/

yC
n D xC

n C .AC/�1.xC
nC1 � f C.xn//:

(1.18)
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This is in effect Newton’s method for finding fixed points, and these are orbits:

f .xn/ D xnC1 ” x�
nC1 D y�

nC1 and xC
n D yC

n : (1.19)

We next show that F is a contraction. If x 7! y,ex 7!ey, then

jy�
nC1 �ey�

nC1j < .�C `/jxn �exnj
jyC

n �eyC
n j � .1=�/ .jxnC1 �exnC1j C `jxn �exnj/:

(1.20)

If we introduce the Banach spaces

E �:D f.x�
n /n2N j x�

n 2E� and k.x�
n /n2N k� :D sup

n2N
��njx�

n j <1g with norm k � k�;

E C:D f.xC
n /n2N0 j xC

n 2EC and k.xC
n /n2N0kC :D sup

n2N0
��njxC

n j <1g with norm k � kC;

then (1.18) implies that

F W �E� 
 E � 
 E C;maxfj � j; k � k�; k � kCg
�! �

E � 
 E C;maxfk � k�; k � kCg
�

because F .0/ D 0 and (1.20) give

��n�1jy�
nC1 � ��1.�C `/kxk

��njyC
n � .1=�/.�C `/kxk:

By (1.20), F is a maxf��1.�C `/; .1=�/.�C `/g-contraction, so for each s 2 E�,

Fs :DF .s; �; �/WE � 
 E C ! E � 
 E C

has a unique fixed point ps D .. p�
n .s//n2N; . pC

n .s//n2N0 /, and s 7! ps is a
contraction by Proposition 1.6.3. Hence so is g :D pC

0 WE� ! EC, and (1.19) tells
us that Ws

�. f / is the graph of g: .s; g.s// 2 Ws
�. f /, and it is the only point .s; �/ for

which this is so. Since F.0/ D 0 we also have p0 D 0 and hence g.0/ D 0.
To see that L. f �Ws

�. f /
/ � `C �, consider x D .s; g.s//,ex D .es; g.es// 2 Ws

�. f /.

Then j f .x/ � f .ex/j D j f �.x/ � f �.ex/j � .� C `/jx �exj by (1.20) since g is a
contraction and j � j takes the maximum of the component norms.

Finally, suppose � < 1 and f 2 Cr . We show that

FWE ! E :D ˚x D .xn/n2N0 xn 2 E; kxk :D sup
n2N0
jxnj=� <1

�
;

.xn/n2N0 7! . f .xn//n2N0 :
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is Cr . Then so is F and hence g (Proposition 1.6.3). To see that F has an rth-order
Taylor expansion reduces to controlling the expansion of f at xn uniformly in n. For
x, �x D .�xn/n2N0 / 2 E and n 2 N0 denote by Dk;n;tf the kth total derivative of f
at xn C t�xn. For k � r the Taylor expansion of f is

f .xn C�xn/ D f .xn/C
kX

lD1

1

lŠ
Dl;n;0f .�xn; : : : ; �xn

l times

/C Rk

with remainder

Rk D 1

.k � 1/Š
Z 1

0

.Dk;n;tf � Dk;n;0f /.�xn; : : : ; �xn/.1 � t/k�1 dt:

The desired uniform control is the observation that the multilinear map

�
.�x1n/n2N0 ; : : : ; .�xl

n/n2N0
� 7! �

Dl;n;0.�x1n; : : : ; �xl
n/
�

n2N0

maps E l into E and has norm at most Dl :D supt2Œ0;1�;n2N0 jDl;n;tf j <1 (since � < 1
implies limn!1 jxnj D limn!1 j�xnj D 0). ut
Remark 1.6.34 This proof is attributed to Perron and Irwin. The only other general
technique for obtaining this theorem is the Hadamard method [Ha01].

1.6.5 Stable and Unstable Foliations

Theorem 1.6.35 (Stable and Unstable Foliations) Let � be an invariant set for
a Cr embedding f WV ! M (with r 	 1) on which (1.2) holds. Then for each x 2 �
there is an embedded Cr disk Ws.x/ (resp. Wu.x/) called the local stable manifold
(resp. local unstable manifold) of x and depending continuously on x, such that

1. TxWs.x/ D E�
x (resp. TxWu.x/ D EC

x );
2. f .Ws.x// � Ws. f .x// (resp. f �1.Wu.x// � Wu. f �1.x//);
3. for every ı > 0 there exists C.ı/ such that for n 2 N

d. f n.x/; f n. y// < C.ı/.�C ı/n d.x; y/ for y 2 Ws.x/;

(resp. d. f �n.x/; f �n. y// < C.ı/.� � ı/�n d.x; y/ for y 2 Wu.x/)I

4. there exists ˇ > 0 and a family of neighborhoods Ox containing the ball around
x 2 � of radius ˇ such that

Ws.x/Dfy f n. y/ 2 Of n.x/ for n 2 Ng; Wu.x/ D fy f �n. y/ 2 Of �n.x/ for n 2 Ng:
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Let
Ws
�.x/ :D fy d. f n. y/; f n.x// < � for n 2 Ng;

Wu
� .x/ :D fy d. f �n. y/; f �n.x// < � for n 2 Ng: Then complementary

such leaves intersect in exactly one point: Since EC and E� are continuous on �
and uniformly transverse (Corollary 1.3.8) the smoothness of Ws.x/ and Wu.x/ and
the continuity assertion in Theorem 1.6.35 imply

Proposition 1.6.36 There exists an � > 0 such that for any x; y 2 � the intersection
Ws
�.x/ \ Wu

� . y/ consists of at most one point Œx; y�, called the Bowen bracket of x
and y, and there is a ı > 0 such that whenever d.x; y/ < ı for some x; y 2 � then
Ws
�.x/\Wu

� . y/ ¤ ¿. Furthermore, Œ�; �� is continuous.

Proof of Theorem 1.6.35 We reduce this to the Stable Manifold Theorem 1.6.33 for
a fixed point via the Localization Theorem 1.6.30; the point is to see how a stable
manifold for the action on vector fields gives stable manifolds as asserted here. In
particular, we prove the assertions about stable manifolds; those about unstable ones
are obtained by considering the inverse.

We assume that the norm is adapted to f . Take � 2 .�;min.1; �// and denote
by AW
b ! 
b and F W
b ! 
b the actions of Df and the localization F of
f (Theorem 1.6.30), respectively, on bounded vector fields. We can ensure that the
Lipschitz constant ` :D Lip.F � A/ of F �A satisfies ` < � :Dmin.�� �;�� �/.
Keeping in mind that the hyperbolic splitting of A is


b D 
b.E
�/˚ 
b.E

C/;

we can apply the Stable Manifold Theorem 1.6.33 to F to conclude that Ws
�.F /

[see (1.17)] is the graph of a contraction G W
b.E�/ ! 
b.EC/. We will show that
therefore local stable leaves

Ws
�.F; x/ :DWs

�.F/\ TxM;

where Ws
�.F/ :D fx 2 T�M supn2N ��njFn.x/j < 1g, are graphs of contractions

gxWE�
x ! EC

x that depend continuously on x. The connection is provided by
associating to a vector v 2 TxM the bounded vector field 
v given by


v. y/ :D
(
v if y D x

0 otherwise

because kvk D k
vk and F n.
v/ D 
Fn.v/ for n 2 N imply that

v 2 Ws
�.F/, 
v 2 Ws

�.F /: (1.21)

This allows us to define gx.v
�/ D vC :D G .
v�/.x/ for x 2 �, v 2 E�

x :
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Claim Ws
�.F; x/ is the graph of gx.

Proof One one hand, v� C gx.v
�/ 2 Ws

�.F; x/ by (1.21) since 
v� C G .
v�/ 2
Ws
�.F /. Also, if v D v� C v0 2 Ws

�.F; x/ with v0 2 EC
x , then 
v D 
v� C


v0 Ws
�.F /, so

v0 D 
v0.x/ D Gc.
v�/.x/ D gx.v
�/:

ut
That gx is contracting (and Cr) follows from the fact that G is.

Claim gx depends continuously on x.

Proof We establish that x 7! gx.

�.x//D:
 C.x/ is continuous for any continuous

stable vector field 
 �. Applying the Stable Manifold Theorem 1.6.33 on 
c rather
than 
b gives a corresponding map GcW
c.E�/! 
c.EC/ for which


 � C Gc.

�/.x/ 2 Ws

�.F; x/

for all x 2 �, so necessarily 
 C D Gc.

�/ 2 
c.EC/. ut

We produced nonlinear objects for a nonlinear map on T�M by localization, which
uses exponential maps. Thus, the desired embeddings of disks are

ws
xWE�

x 3 B.0; ı/! M; V� 7! expx.v
� C gx.v

�//:

The desired properties follow from the preceding arguments and the Stable Manifold
Theorem 1.6.33. ut
Global stable and unstable manifolds

eWs.x/ D
1[

nD0
f �n.Ws. f n.x///; eWu.x/ D

1[
nD0

f n.Wu. f �n.x///

are defined independently of a particular choice of local stable and unstable
manifolds and can be characterized topologically:

eWs.x/ D fy 2 U d. f n.x/; f n. y//! 0; n!1g;
eWu.x/ D fy 2 U d. f �n.x/; f �n. y//! 0; n!1g:

Remark 1.6.37 The literature often denotes by Wloc the local leaves introduced as
W in Theorem 1.6.35, and then uses W instead of eW for the global manifolds.
The Shadowing Lemma (Theorem 1.3.15) implies
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Theorem 1.6.38 (In-Phase Theorem) If � is a compact locally maximal hyper-
bolic set for f WU ! M, then

Ws.�/ :D fy 2 U j !. y/ � �g D
[
x2�

Ws.x/;

Wu.�/ :D fy 2 U j ˛. y/ � �g D
[
x2�

Ws.x/:

Remark 1.6.39 Here “�” is obvious from the definition, and “�” says that a point
asymptotic to � approaches� in a way that is “in phase” with an orbit of �.

Proof If y 2 Ws.�/ and � > 0, then there is an N 2 N such that for all n 	 N
we have an xi 2 � with d. f i. y/; xi/ < �. If � > 0 and ı is as in the Shadowing
Lemma (Theorem 1.3.15), then by uniform continuity of f we can choose � such
that

d. f .xi/; xiC1/ � d. f .xi/; f . f i. y///C d. f iC1. y/; xiC1/ < ı;

and .xi/i�N is �-shadowed by some x 2 �. For i 	 N we then have

d. f i. y/; f i.x// � d. f i. y/; xi/C d.xi; f
i.x// � ı C �;

so y 2 Ws.x/. ut

1.6.6 Applications: Livschitz Theory and Local Product
Structure

The presence of stable and unstable manifolds (and our methods for obtaining them)
is not only essential for the ergodic theory of hyperbolic sets but also provides the
basis for a thorough understanding of the global topological dynamics of hyperbolic
sets far beyond the applications of the Shadowing Theorem 1.4.1. We only give
a few basic instances of this and in particular omit an important one to which
we referred in the context of Markov approximations, the existence of Markov
partitions, which establishes an essentially exact correspondence with a symbolic
system.

1.6.6.1 Exponential Closing

The first among these refinements pertains to the shadowing and closing of orbits.
This is the contrapositive of a general property of exponential instability of orbits
on and near a hyperbolic set.
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Proposition 1.6.40 Let � be a hyperbolic set for f WU ! M and �;� as in
Definition 1.3.1. Then for any � 	 max.�; ��1/ there exist ı > 0 and C > 0

such that if x 2 �, y 2 U and d. f k. y/; f k.x// < ı for k D 0; : : : ; n then in fact

d. f k. y/; f k.x// < C0��k d.x; y/C �n�k d. f n.x/; f n. y//
�

� C �min.k;n�k/ � . d.x; y/C d. f n.x/; f n. y/// :

Proof d. f k.x/; f k. y// � d. f k.x/; f k.Œx; y�//C d. f k.Œx; y�/; f k. y//. ut
The Anosov Closing Lemma implies that near any point in a hyperbolic set whose
orbit nearly returns to the point there is a periodic orbit that closely follows the
almost-returning segment. This can now be considerably strengthened.

Corollary 1.6.41 Let � be a hyperbolic set for f WU ! M and �;� as in
Definition 1.3.1. Then for any � > max.�; ��1/ there exists a neighborhood U � �,
and C1, �0 > 0 such that if f k.x/ 2 U for k D 0; : : : ; n and d. f k.x/; x/ < �0 then
there exists a periodic point y such that f n. y/ D y and

d. f k. y/; f k.x// < C1�
min.k;n�k/ d. f n.x/; x/:

Proof Apply Theorem 1.3.20 first to obtain the periodic point y. By Proposi-
tion 1.3.11 one can assume that y 2 �. Then Proposition 1.6.40 gives the
statement. ut
This refinement is crucial in some applications because it implies that the distance
or “error” between the orbit segments is summable uniformly in the length of the
segments (because a geometric series provides an upper bound). To illustrate this,
we next give an important such application.

1.6.6.2 The Livschitz Theorem

The Anosov Closing Lemma (Theorem 1.3.20) implies density of periodic orbits,
and we now use Proposition 1.6.40 to show that they determine global information
in nontrivial ways. One application of this is a sharp criterion for volume-
preservation.

Theorem 1.6.42 (Livschitz Theorem) Let M be a Riemannian manifold, U �
M open, f WU ! M a smooth embedding, � � U a topologically transitive
compact locally maximal hyperbolic set, and 'W�! R ˛-Hölder-continuous withPn�1

iD0 '. f i.x// D 0 if f n.x/ D x 2 �. Then there is a continuous ˚ W� ! R that
solves the cohomological equation ' D ˚ ı f � ˚ . Moreover ˚ is unique up to an
additive constant and ˛-Hölder-continuous.

Proof Since f �� is topologically transitive there exists a point x0 2 � such that the

orbit O.x0/ D f f n.x0/gn2Z is dense in �. Once we choose a value ˚.x0/ 2 R we
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must have ˚. f n.x0// D ˚.x0/C '.n; x0/, where '.n; x/ is given by

'.n; x/ D
n�1X
iD0

'. f i.x// for n 	 0 and '.n; x/ D �
�1X
iDn

'. f i.x// for n < 0:

Lemma 1.6.43 The function ˚ thus defined on O.x0/ is ˛-Hölder-continuous.

Proof Suppose n;m 2 N are such that � :D d. f n.x0/; f m.x0// is small enough to
apply Proposition 1.6.40. Then we obtain C > 0, � 2 .0; 1/, and f m�n. y/ D y 2
� such that d. f nCi.x0/; f i. y// � C��min.i;m�n�i/. Since ' is ˛-Hölder-continuous
there exists M > 0 such that j'.x1/ � '.x2/j � M d.x1; x2/˛ whenever d.x1; x2/ is
small enough. Consequently

j˚. f n.x0// �˚. f m.x0//j D
ˇ̌m�n�1X

iD0
'. f nCi.x0//

ˇ̌

D ˇ̌
m�n�1X

iD0

�
'. f nCi.x0//� '. f i. y//

�C
m�n�1X

iD0
'. f i. y//

D0

ˇ̌

�
m�n�1X

iD0

ˇ̌
'. f nCi.x0// � '. f i. y//

ˇ̌
�MC˛�˛�˛min.i;m�n�i/

� 2MC˛�˛
m�n�1X

iD0
�˛i < 2MC˛�˛

1

1 � �˛

D 2MC˛

1 � �˛ d. f n.x0/; f
m.x0//

˛:

ut
In particular, ˚ is uniformly continuous on O.x0/ and hence extends uniquely to
a continuous function ˚ on �, which is uniquely determined by ˚.x0/27 and has
the same Hölder exponent. Since ' D ˚ ı f � ˚ on a dense set, they coincide by
continuity, so ˚ solves the cohomological equation. ut
There is a C1 version of the Livschitz Theorem 1.6.42 as well:

Theorem 1.6.44 Let M be a Riemannian manifold, f WU ! M a smooth embedding

with a compact topologically transitive hyperbolic set, and 'W� C1�! R. Suppose
that if f n.x/ D x 2 M, then

Pn�1
iD0 '. f i.x// D 0. Then there is a C1 function

˚ W�! R such that ' D ˚ ı f � ˚ and ˚ is unique up to an additive constant.

27Or: ˚ ı f � ˚ � � ı f � � ) ˚ � � is continuous and constant on a dense set.
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Proof Theorem 1.6.42 gives a Lipschitz-continuous solution ˚ . To show that it is
C1 we show that the derivatives of ˚ along stable and unstable leaves exist and are
continuous. If x and y are nearby points of a stable leaf then

˚. y/� ˚.x/ D lim
n!1

� �
nX

iD0
.'. f i. y//� '. f i.x///C ˚. f n.x//� ˚. f n. y//

�

D �
1X

iD0
.'. f i. y//� '. f i.x///:

Keeping x fixed and differentiating with respect to y D xC tv at t D 0 gives by the
chain rule Dv˚.x/ D �P1

iD0 Dvi'. f i.x//Dv. f i/.x/, where vi D Df iv. Since v is a
stable vector, Dv. f i/ is exponentially small. So is Dvi' since ' is C1 and the vi are
exponentially small. Thus the series on the right converges uniformly and hence to a
well-defined and continuous function which is thus the left-hand side. Likewise one
obtains differentiability of ˚ in the unstable direction, so ˚ has continuous partial
derivatives. By Lemma 1.6.45 this implies that ˚ is C1. ut
Lemma 1.6.45 Suppose 'WRn ! R is C1 along the leaves of two continuous
transverse foliations Wu and Ws in R

n. Then ' is C1.

Proof We imitate the argument proving that continuity of partial derivatives implies
that a function is C1. Given x; y we show that '. y/� '.x/ D L. y� x/ up to higher-
order terms in jy � xj for some linear map L. Since ' is C1 along the leaves of Wu

and Ws, for z 2 Wu.x/\Ws. y/ we have

'. y/� '.x/ D '. y/� '.z/C '.z/ � '.x/ D Ls
z. y � z/C Lu

x.z � x/

up to higher order for two linear maps Lu and Ls depending continuously on the
base-point. But then Ls

z ! Ls
x as z! x, hence as y! x, i.e., Ls

z. y� z/ D Ls
x. y� z/

up to higher order, so we can take L D Lu ˚ Ls on TWu.x/˚ TWs.x/ D TxM. ut

1.6.6.3 Smooth Invariant Measures for Anosov Diffeomorphisms

The obviously necessary condition in Theorem 1.6.46(2) below for existence
of a smooth invariant measure is sufficient for topologically transitive Anosov
diffeomorphisms. This is an application of the Livschitz Theorem and hence of
exponential closing, which was obtained using stable and unstable manifolds. Here,
Jf .�/ denotes the Jacobian of a differentiable map with respect to an ambient volume
form.

Theorem 1.6.46 Let M be a manifold with volume ˝ and f WM ! M a topologi-
cally transitive C2 Anosov diffeomorphism. Then the following are equivalent:
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1. There is an f -invariant measure with bounded density that is bounded away
from 0.

2. Jf n.x/ D 1 whenever f n.x/ D x.
3. There is an f -invariant measure with positive C1 density.

Proof Clearly (3) implies (1). (1) implies (2) because e˚˝ is f -invariant if and only
if ˚.x/ �˚. f �1.x// D '.x/ :D� log Jf .x/:

0 D . f �e˚˝/x � .e˚˝/x D e˚. f �1.x// ˝f �1.x/.Df �1.�/; : : : ;Df �1.�//
D.Jf .x//�1˝xDe'.x/˝x

�e˚.x/˝x

D .e˚. f �1.x//e'.x/ � e˚.x//˝x:

Jf 2 C1, so (2) and Theorem 1.6.44 give a C1 solution and hence (3). ut

1.6.6.4 Local Product Structure

An important technical property that follows from local maximality is the presence
of a local product structure:

Definition 1.6.47 We say that a hyperbolic set � has local product structure if for
sufficiently small � > 0 the intersection points provided by Proposition 1.6.36 are
always contained in �. Equivalently, for such � and any x 2 �, the Bowen bracket
Œ�; �� defines a homeomorphism (a local product parametrization) between Ws

�.x/ 

Wu
� .x/ and a neighborhood in � of x.

Proposition 1.6.48 A compact locally maximal hyperbolic set has local product
structure.

Proof Take � such that the �-neighborhood V of � satisfies � D �
f
V . Then all

points Œx; y� from Proposition 1.6.36 and their orbits are in V , hence in �. ut
Second Proof of Theorem 1.3.45 Define a relation on Per. f ��/ (which is dense in

NW. f ��/ by Corollary 1.3.21) by x � y if and only if Wu.x/ \ Ws. y/ \ � ¤
¿ ¤ Ws.x/ \ Wu. y/ \ � with both intersections transverse in at least one point.
We show that this is an equivalence relation and obtain each �i as the closure of an
equivalence class. These closures are called homoclinic classes.

Note that � is trivially reflexive and symmetric. To check transitivity suppose
x; y; z 2 Fix. f k��/ and that p 2 Wu.x/ \ Ws. y/ \ �, q 2 Wu. y/ \ Ws.z/ \ �
are transverse intersection points. By continuity of unstable leaves the images of a
ball around p in Wu. p/ D Wu.x/ D f k.Wu.x// accumulate on Wu. y/ so Wu.x/ and
Ws.z/ have a transverse intersection in �.
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By Proposition 1.6.48 each equivalence class is open, so by compactness there
are finitely many equivalence classes with (pairwise disjoint) closures �1; : : : ; �m.
These are permuted by f with permutation � , i.e., f .�i/ D ��.i/. By Corol-
lary 1.3.21 NW. f ��/ � Per. f ��/ since � is locally maximal, so

Sm
iD1 �i D

NW. f ��/.
To show that f k

��i
is topologically mixing, where k is the order of � , note that

if p 2 �i and q � p are periodic, then there is by definition a heteroclinic point
z 2 Wu. p/\Ws.q/\�. If N is the common period then continuity of Wu.�/ shows
that Wu. p/ accumulates on q. So Wu. p/ \ � is dense in �i \ Per. f ��/, hence its
closure�i. To simplify notations assume k D 1, � D �i.

For open V and W in � we will find M 2 N with f m.V/ \ W ¤ ¿ for all
m 	 M (Definition 1.3.34). Density of periodic points implies the existence of
f n. p/ D p 2 V . Since V is open it contains a neighborhood Wu

ı . p/ of p in
Wu

loc. p/ \ �. Since Wu. p/ \ � D S1
iD0 f in.Wu

ı . p// is dense there exists m0 2 N

such that W \Sm0
iD0 f in.Wu

ı . p// ¤ ¿. Since f k.Wu
ı . p// is a neighborhood of f k. p/

in Wu. f k. p//\� there are m1; : : : ;mn�1 2 N with W \Smk
iD0 f kCin.Wu

ı . p// ¤ ¿.
If m 	 M :Dmaxk.nC1/mk, then W\Sm

iD0 f i.Wu
ı . p// ¤ ¿, so W\ f m.V/ ¤ ¿.ut

This proof gives a new point of view:

Corollary 1.6.49 If a compact locally maximal hyperbolic set � is topologically
mixing then periodic points are dense in � and the unstable manifold of every
periodic point is dense in �.

Proof The spectral decomposition must be trivial. ut

1.7 Ergodic Theory

Whereas topological dynamics is about the possibility of specific phenomena and
evolutions, ergodic theory is about their probability. Among the aims of ergodic
theory is to sharpen in a quantitative way various recurrence properties such as
recurrence of an orbit, topological transitivity, minimality, and topological mixing
by considering asymptotic frequencies with which corresponding types of recur-
rence appear. This notion in turn is closely tied in with the notion of time averages
discussed in the historical sketch. Indeed, as we saw in Theorem 1.4.11, shifts are
a good model for hyperbolic dynamical systems, and since these are mathematical
representations of coin tosses or dice, it is natural to seize on probabilistic methods
to describe their complexity.
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1.7.1 Asymptotic Distribution, Invariant Measures

If X is a metrizable space and f WX ! X continuous, the time average or Birkhoff
average of a continuous function ' is

Ex.'/ :D lim
n!1

1

n

n�1X
kD0

'. f k.x//: (1.22)

Whether this exists depends on x (actually, on the orbit of x) and '. Let C.X/ be the
space of continuous functions on X with the uniform topology. If x 2 X is such that
Ex.'/ exists for every ' 2 C.X/, then ExWC.X/! R has the following properties:

1. Linearity: Ex.˛' C ˇ / D ˛Ex.'/C ˇEx. /, for ˛, ˇ 2 R;
2. Boundedness: jEx.'/j � supy2X j'. y/j;
3. Positivity: Ex.'/ 	 0 if ' 	 0 and Ex.1/ D 1;
4. f -invariance: Ef .x/.'/ D Ex.' ı f / D Ex.'/ because

Ex.' ı f /� Ex.'/ D lim
n!1

1

n

� n�1X
kD0

'. f kC1.x// �
n�1X
kD0

'. f k.x//

D'. f n.x//�'.x/

�
D 0: (1.23)

(1)–(3) imply that the Riesz Representation Theorem below gives

Theorem 1.7.1 There is a unique probability measure �x with Ex.'/ D
R

X ' d�x.
Moreover, �x is f -invariant: For hW .X; �/! .Y; �/ we write

h��.A/ :D �.h�1.A//: (1.24)

h�1 appears because �U ı h D �h�1.U/. By uniqueness, (4) implies f -invariance of
�, i.e., f�� D �, and � 2M. f / :D f f -invariant Borel probability measuresg:
Corollary 1.7.2 Ex.'/ D

R
X ' d�x for a unique �x 2M. f /.

Two main questions arise:

(A) Are there x 2 X for which asymptotic distributions Ex exist?
(B) When does an invariant measure determine any asymptotic distribution of

orbits, i.e., given � 2 M. f /, is there an x 2 X with
R
' d� D Ex.'/ for

all ' 2 C.X/?

We will answer these in due course using a combination of two fundamental
theorems from topological dynamics and ergodic theory (see Corollaries 1.7.26
and 1.7.44). But we first pause to introduce the notion of a Borel measure.

Definition 1.7.3 (Borel and Radon Measures) Let X be a separable locally
compact Hausdorff space and B the �-algebra of Borel sets, i.e., the �-algebra
generated by closed sets. Then a Borel measure is the completion of a measure �
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defined on B. A Radon measure is a Borel measure such that �.B/ <1 when B is
compact. (In particular, finite Borel measures are Radon measures.)

Theorem 1.7.4 (Regularity) Radon measures are regular, i.e., for every B 2 B we
have �.B/ D inff�.O/ B � O openg D supf�.K/ K � B compactg.

Every continuous function f WX ! R is Borel measurable, i.e., preimages of open
sets are Borel sets.

For every compact set K there is a decreasing sequence f fngn2N of nonnegative
continuous functions with compact support such that fn ! �K pointwise, where �K

is the characteristic function of K.
Radon measures are separable. (For a dense fxigi2N, precompact open neigh-

borhoods fBijg.i;j2N with
T

j Bij D fxig define a basis, and every atom is a point by
regularity and the Hausdorff assumption.)

Theorem 1.7.5 If � is a Borel probability measure then uniformly continuous
functions are dense in Lp.�/ for 1 < p <1.

Theorem 1.7.6 (Riesz Representation Theorem) Let X be a compact Hausdorff
space. Then for each bounded linear functional F on C0.X/ (i.e., satisfying (1)–(2).)
there exists a unique mutually singular pair �; � of finite Borel measures (Defini-
tion 1.7.3) such that F.'/ D R 'd� � R 'd� for all ' 2 C0.X/.

Remark 1.7.7 It is especially useful that the collection M.X/ of Borel probability
measures on a compact metrizable space is a convex norm-bounded subset of the
dual to C.X/. M is closed with respect to the weak* (or setwise or product) topology
defined by�n ! �:,RX ' d�n !

R
' d� 8' 2 C.X/, hence sequentially compact

by the Banach–Alaoglu Theorem.28

Coudène [Co16] provides a highly accessible account of these measures and
Lebesgue spaces. For some applications these are the appropriate notion of a
measure space. They are isomorphic up to a null set to an interval with Lebesgue
measure with at most countably many “atoms”, i.e., points of positive measure,
added. Surprisingly, this notion is not too restrictive; virtually every probability
space in analysis or geometry has this property. In particular, a Borel probability
measure on a separable locally compact Hausdorff space defines a Lebesgue space.

1.7.2 Existence of Invariant Measures and Recurrence

Theorem 1.7.8 (Krylov–Bogolubov Theorem) A continuous map on a metriz-
able compact space has an invariant Borel probability measure.

28The (norm-) unit ball in the dual of a normed linear space is weak*-compact—this implies that
norm-bounded weak*-closed sets are compact; separability gives sequential compactness.
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Proof If f WX ! X continuous, � 2 M.X/, then by Remark 1.7.7 there is a weak*
accumulation point �0 of 1=n

Pn�1
kD0 f�� 2M.X/. �0 is f�-invariant as in (1.23). ut

Remark 1.7.9 If f is a homeomorphism, � an f -invariant measure, and A � X
measurable then �. f .A// D �.A/.
Definition 1.7.10 A surjective f WX ! X is said to be �-preserving or measure-
preserving if A � X measurable) f �1.A/ measurable and �. f �1.A// D �.A/.
In concrete situations an invariant measure may be readily apparent.

Theorem 1.7.11 (Poincaré Recurrence Theorem) Let f be a probability-
preserving transformation of .X; �/, A � X measurable, and N 2 N. Then

�
�˚

x 2 A f f n.x/gn�N � X X A
�� D 0:

Proof Replacing f by f N shows that we may suppose N D 1. The set

eA :D ˚x 2 A f f n.x/gn2N � X X A
� D A \

 1\
nD1

f �n.X X A/

!

is measurable. f �n.eA/ \eA D ¿ for every n ¤ 0 and hence f �n.eA/ \ f �m.eA/ D ¿
for all m ¤ n 2 N. �. f �n.eA// D �.eA/ since f preserves �. Thus �.eA/ D 0 since
1 D �.X/ 	 � �S1

nD0 f �n.eA/� DP1
nD0 �. f �n.eA// DP1

nD0 �.eA/. ut
Remark 1.7.12 The name of this theorem reflects its application to recurrence in
Proposition 1.7.66(1).

1.7.3 The Birkhoff Ergodic Theorem

The Birkhoff Ergodic Theorem provides the time averages introduced in (1.22). It
applies on any probability space, and no topology is involved. Before stating it, we
recall a standard result in measure theory in slightly unconventional form.

Definition 1.7.13 (Absolute Continuity) If .X;S ; �/ and .X;T ; �/ are signed
measure spaces then � is said to be absolutely continuous with respect to �, written
� � �, if every null set for � is a null set for �.

Theorem 1.7.14 (Radon–Nikodym) If .X;S ; �/ and .X;T ; �/ are �-finite
signed measure spaces and � � �, then there is a �-a.e. unique density or Radon–

Nikodym derivative

	
d�

d�



:D �WX ! R of � with respect to � that is measurable

with respect to the completion S of S and such that �.A/ D R
A �d N�, where N� is

the completion of �, for every A in the completion of T . In particular, T � S .
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Corollary 1.7.15 (Conditional Expectation) Suppose .X;S ; �/ is a �-finite
measure space, T � S a �-algebra, ' 2 L1.X;S ; �/. Denote by ��T

the

restriction, that is, ��T
.A/ D �.A/ for all A 2 T � S . Then the conditional

expectation

E.' j T / :D 'T :D
"

d.'�/�T

d��T

#
2 L1.X;T ; ��T

/

of ' on T is defined �-a.e. uniquely by
R

A 'T d� D RA ' d� for all A 2 T .

Proof Theorem 1.7.14 with ��T

 � :D .'�/�T

, A 7! R
'�A d� for A 2 T . ut

Proposition 1.7.16

1. E.� j T /D: �T WL1.�/! L1.��T
/ � L1.�/ is a projection.

2. �T is linear and positive, i.e., f 	 0) fT 	 0.
3. If g is T -measurable and bounded, then E.gf j T / D gE. f j T /.
4. If T2 � T1 then E.� j T2/ ı E.� j T1/ D E.� j T2/.

The proof is straightforward; we note that (1) follows from (4) but more directly
from the obvious fact that �S D Id.

We digress briefly to a contemplation of how this plays out in L2.

Definition 1.7.17 If H is a Hilbert space, L < H a closed subspace, then each v 2 H
uniquely29 decomposes as v D v0 C v? with v0 2 L and v? ? L, i.e., v? ? w for
all w 2 L, and the orthogonal projection to L is defined by

�LWH ! L; v0 C v? 7! v0:

Proposition 1.7.18 v 2 H;w 2 L ) kv � �.v/k � kv � wk and hv;wi D
h�l.v/;wi.
Proof kv � wk2 D kv0 C v? � wk2 D kv0 � wk2 is minimal iff w D v0 D �.v/,
and hv;wi D hv0 C v?;wi D hv0;wi D h�l.v/;wi. ut
Example 1.7.19 Suppose .X;T ; �/ is a probability space and S � T is a �-
algebra in T . Then L :DL2.X;S ; �/ � H :DL2.X;T ; �/ is a closed subspace. For
f 2 L2.X;T ; �/ and A 2 S we then have �A 2 L and hence by Proposition 1.7.18

Z
A

f d� D h f ; �Ai D h�L. f /; �Ai D
Z

A
�L. f / d�:

29v0 C v
?

D w0 C w
?

) v0 � w0 D w? � v? 2 L \ L?.
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In light of uniqueness in Corollary 1.7.15 we see that �L2.X;S ;�/ D E.� j
S /�L2.X;T ;�/

, i.e., the orthogonal projection to L2.X;S ; �/ is given by conditional

expectation.
If f is a measure-preserving transformation of a measure space .B; �/ denote by
I :DIf :D fA 2 B f �1.A/ D Ag the invariant �-algebra.

Theorem 1.7.20 (Birkhoff Ergodic Theorem) Let .X; �/ be a probability space,
f WX ! X �-preserving, ' 2 L1.X; �/. Then the time average exists:

'f :D lim
n!1

1

n

n�1X
kD0

' ı f k D 'If �-a.e.

In particular, 'f is measurable and f -invariant, and

Z
'f d� D

Z
'I d� D

Z
' d�: (1.25)

Proof If  2 L1.�/, then Fn :Dmax
k�n

k�1X
iD0

 ı f i 2 L1.�/ is nondecreasing in n, and

lim
n!1

1

n

n�1X
kD0

 ı f k � lim
n!1

Fn

n
� 0 off A :D fx Fn.x/!1g 2 I : (1.26)

FnC1.x/ D  .x/C Fn. f .x//, .Fn ı f /.x/ > 0, so

FnC1 � Fn ı f D  �min.0;Fn ı f /&  on A; and

0 �
Z

A
.FnC1 � Fn/ d� D

Z
A
.FnC1 � Fn ı f / d� ����!

n!1

Z
A
 d� D

Z
A
 I d��I

by the Monotone-Convergence Theorem. Thus  I < 0 ) �.A/ D 0, and if
 :D ' � 'I � �, then  I � �� < 0, so (1.26) becomes

lim
n!1

1

n

n�1X
kD0
.' ı f k/� 'I � � � 0 �-a.e.

with � > 0 arbitrary. Replacing here ' by �' gives

lim
n!1

1

n

n�1X
kD0

' ı f k 	 'I � � �-a.e.

ut
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The Birkhoff Ergodic Theorem applies to f �1 when defined, yielding almost-
everywhere convergence of negative time averages:

Proposition 1.7.21 If f is invertible, then

'f .x/ :D 'f �1 .x/ D lim
n!1

1

n

n�1X
kD0

'. f �k.x// D 'If �1 D 'If D 'f a.e.;

and the two-sided time averages 1
2n�1

P
jkj�n�1 '. f k.x//

a.e.�! 'If as well.

Remark 1.7.22 By property (4) of (1.22) i.e., of 'f W x 7! Ex.'/ (or Example 1.7.19)
and the Birkhoff Ergodic Theorem, ' 7! 'f is a projection to the f -invariant
functions.
We note another corollary

Proposition 1.7.23 Let .X; �/ be a probability space, f WX ! X �-preserving, ' 2
L1.X; �/. Then limn!1 1

n' ı f n a.e.D 0.

Proof
1

n
' ı f n D nC 1

n

� 1

nC 1
nX

kD0
' ı f k

�� 1
n

n�1X
kD0

' ı f k ����!
n!1 1 �'I � 'I a.e.D 0.

ut

1.7.4 Existence of Asymptotic Distribution

The exceptional set where the positive or negative time averages do not exist may,
of course, depend on the function '. However, it is negligible for any invariant
measure.

Definition 1.7.24 Given a continuous map f of a metric space X, we say that a
subset A � X has total measure if A has full measure with respect to any f -invariant
Borel probability measure on X.

Corollary 1.7.25 Let X be compact metrizable, f WX ! X continuous. Then

n
x 2 X lim

n!1
1

n

n�1X
kD0

'. f k.x// exists for all continuous functions '
o

has total measure, and if f is a homeomorphism then so does

n
x 2 X lim

n!1
1

n

n�1X
kD0

'. f k.x// D lim
n!1

1

n

n�1X
kD0

'. f �k.x// for ' 2 C.X/
o
:
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Proof For each 'j in a countable dense set of functions the averages converge on
a set Ei of total measure. Lipschitz continuity of ' 7! 1=n

Pn�1
kD0 '. f k.x// implies

convergence on
T

i Ei for all continuous ', and having total measure is stable under
countable intersection. ut
Combining this with the Krylov–Bogolubov Theorem 1.7.8 we obtain a positive
answer to question (A) on page 66:

Corollary 1.7.26 For any continuous map f WX ! X of a compact metric space
there exists a point x 2 X such that the time average 1=n

Pn�1
kD0 '. f k.x// has a limit

for every continuous function ' on X and such that if f is a homeomorphism, then
in addition 1=n

Pn�1
kD0 '. f �k.x// converges to the same limit.

1.7.5 The Birkhoff Ergodic Theorem for Flows

For flows the statement of the Birkhoff Ergodic Theorem looks as expected and is a
straightforward consequence of the Birkhoff Ergodic Theorem 1.7.20 for maps. We
state and prove it here mainly to explicitly address the minor subtleties regarding
neglected null sets that arise because a flow comprises a continuum of maps. We
here use greek letters for flows and roman ones for functions.

Definition 1.7.27 A 1-parameter group ' t of probability-preserving transforma-
tions of .X; �/ is said to be a (measurable) flow if .x; t/ 7! ' t.x/ is measurable
and measure-preserving if each ' t is measure-preserving.
The following is straightforward to verify.

Theorem 1.7.28 Consider a flow ' t on a measure space .X; �/ for which there is
a � > 0 such that �.' t.A// D �t�.A/ for each measurable set A and every t 2 R.
Suppose S � X is measurable and such˚ W Œ0; a�
S! X, .t; x/ 7! ' t.x/ is injective
for some a > 0. Then Sa :D ˚.Œ0; a� 
 S/ is called a flow box over S, and

Z
f d� D

Z a

0

Z
S
�tf .' t.x// d�S.x/ dt;

for measurable f W Sa ! R, where

�S.A/ :D �.'Œt1;t2�.A//R t2
t1
�t dt

with 0 � t1 < t2 � a.
Note that the case � D 1 corresponds to invariant measures. Now consider a
measurable map .t; x/ 7! ' t.x/ that defines a probability-preserving flow on .X; �/.

Definition 1.7.29 A function f WX ! R is said to be almost ' t-invariant if there is
a null set N off which f ı' t D f for all t. The salient point is that N does not depend
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on t.30 A set is said to be almost ' t-invariant if its characteristic function is. The
�-algebra of these sets is denoted by I .

Theorem 1.7.30 (Birkhoff Ergodic Theorem for Flows) Let .X; �/ be a proba-
bility space, ' tWX ! X a �-preserving flow, f 2 L1.X; �/. Then the time average
exists:

f'.x/ :D lim
t!1

1

t

Z t

0

f ı 's ds D fI �-a.e.

Proof We apply the Birkhoff Ergodic Theorem 1.7.20 to establish the existence of
the limit and then show that it is fI . As a minor convenience we assume f 	 0; the
result follows from this by considering positive and negative parts.

First note that by Tonelli’s Theorem

1 > n
Z

f d� D
Z n

0

Z
X

f .'s.x// d� ds D
Z

X

Z n

0

f .'s.x// ds d�;

so
R n
0 f .'s.x// ds is defined (and finite) off a null set En, and 0 � f1 :D R 10 f ı 's ds

is well-defined a.e. with
R

f1 D
R

f . The Birkhoff Ergodic Theorem 1.7.20 gives

1

n

Z n

0

f ı 's ds D 1

n

n�1X
kD0

f1 ı 'k ����!
n!1 E. f1 j I'1 / off a null set F: (1.27)

To pass from integer times to others, write nt :D btc and consider x outside the null
set N defined as the union of the set F in (1.27), all the En above and the null set
implicit in Proposition 1.7.23. Then Proposition 1.7.23 and f 	 0 imply

0 �
Z t�nt

0

f .'s.'nt.x// ds � f1.'
nt .x// D o.t/;

so (1.27) gives

f'.x/ D lim
t!1

1

t

Z t

0

f .'s.x// ds

D lim
t!1

nt

t

1

nt

nt�1X
kD0

f1.'
k.x//C lim

t!1
1

t

Z t�nt

0

f .'s.'nt .x// ds D . f1/I
'1
C 0:

30It is not required, but in this situation, we can ultimately choose the exceptional set to be invariant,
i.e., f is measurable with respect to the completion of the � -algebra of (properly) invariant sets.
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Thus
R

f' D
R

f . Now apply what we proved so far to g :D f�A for any A 2 I :

Z
A

f' D
Z

f'�A D
Z

f'.�A/' D
Z
. f�A/' D

Z
g' D

Z
g D

Z
f�A D

Z
A

f ;

and this, together with '-invariance, is the very definition of f' D fI . ut

1.7.6 The von Neumann Mean Ergodic Theorem

Let us introduce notation that will be much used later, notably in Sect. 1.7.19.

Definition 1.7.31 (Koopman Operator) To p 	 1 and a measure-preserving map
f W .X; �/! .Y; �/ associate an isometric operator

Uf WLp.Y; �/! Lp.X; �/; ' 7! ' ı f

on complex-valued functions, the Koopman operator. Eigenvectors of the Koopman
operator Uf are called eigenfunctions (of Uf or of f ), and eigenvalues of Uf are also
referred to as eigenvalues of f . Constant functions are eigenfunctions of Uf (for
the eigenvalue 1). Therefore, in L2, we sometimes explicitly or implicitly restrict
attention to 1? when discussing the spectrum of Uf .

Remark 1.7.32 The case p D 2 is of particular interest. If f WX ! X is invertible
then so is Uf and in this case Uf defines a unitary operator on L2.
As previously mentioned, the Birkhoff Ergodic Theorem 1.7.20 has a counterpart
for convergence in L2, the Mean Ergodic Theorem, which, in fact, predates it [Zu02].

Theorem 1.7.33 (von Neumann Mean Ergodic Theorem) Let .X; �/ be a
measure space, f W .X; �/ ! .X; �/ a �-preserving transformation, ' 2 L2.X; �/.
Then

1

n

n�1X
iD0

' ı f i L2����!
n!1 Pf .'/;

where Pf is the orthogonal projection to the Uf -invariant space L2.X;I ; ��I
/.

Remark 1.7.34 Unsurprisingly, Pf D E.� j I /, the latter being as in Theo-
rem 1.7.20: by definition, Pf is uniquely defined by Pf .'/ � ' ? L2.X;I ; ��I

/

for all ' 2 L2, while at the same time clearly E.' j I / � ' ? L2.X;I ; ��I
/ for

all ' 2 L2.
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The measure need not be finite. By passing to
S

i.'ıf i/�1.RXf0g/, one may assume
�-finiteness without loss of generality.

The von Neumann Ergodic Theorem follows from a Hilbert-space lemma:

Proposition 1.7.35 Suppose H is a Hilbert space, UWH ! H linear such that
kUk � 1, PWH ! I :D fx 2 H Ux D xg the projection to the U-invariant
subspace. Then 1=n

Pn�1
iD0 Un.x/ ����!

n!1 P.x/ for all x 2 H.

Proof Since the sum is telescoping on N :D fx � Ux phantomj x 2 Hg � H and
trivial for invariant elements, the essential step is to show

Claim I D N?, i.e., H D N ˚ I.

Proof Let us show that x D U�x, x D Ux. First, kU�k � kUk because

kU�xk2 D hU�x;U�xi D hUU�x; xi � kUU�xkkxk � kU�xkkUkkxk

for all x 2 H. Next, if kVk � 1 and x D V�x, then x D Vx because

0 � kx � Vxk2
Dhx�Vx;x�Vxi

D hx; xi � hx;Vxi
DhV�x;xiDhx;xi

� hVx; xi
Dhx;V�xiDhx;xi

ChVx;Vxi D kVxk2 � kxk2 � 0:

Applying this to U and U� proves x D U�x, x D Ux. Then x 2 I iff x D U�x iff

y 2 H ) 0 D hx � U�x; yi D h.Id�U/�x; yi D hx; .Id�U/yi D hx; y � Uyi

if and only if x 2 N? D N?. Therefore I D N?. ut
Now write an arbitrary x 2 H as x D aC b with a 2 I and b 2 N. Then

1

n

n�1X
iD0

Uix � Px D 1

n

n�1X
iD0

Ui.aC b/

DaCUib

�P.aC b/
Da

D 1

n

n�1X
iD0

Uib ����!
n!1 0

because if � > 0, b� D c� � Uc� 2 N such that kb � b�k < �=2, and n 	 4kc�k,
then

k1
n

n�1X
iD0

Uibk D k1
n

n�1X
iD0

Ui.b � b�/C 1

n

n�1X
iD0

Uib�k

� kb � b�k C k1
n

n�1X
iD0

Ui.c� �Uc�/

Dc��Unc�

k � �=2C 2kc�k=n � �:

ut
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1.7.7 Ergodicity and Unique Ergodicity

Definition 1.7.36 A measure � is said to be ergodic with respect to f , or one says
that f is ergodic with respect to �, if for any measurable A � X with f �1.A/ D A
either �.A/ D 0 or �.X X A/ D 0. If this holds for all iterates f n, then we say that f
is totally ergodic.

Remark 1.7.37 Note that f -invariance of � is not needed for this definition.
Ergodicity can be reformulated in functional language:

Proposition 1.7.38 (Characterization of Ergodicity)

f WX ! X is ergodic with respect to �
, any measurable f -invariant 'WX ! C is constant �-a.e.
, any bounded measurable f -invariant 'WX ! R is constant �-a.e.
, any f -invariant ' 2 Lp.X; �/ is constant �-a.e.
, any nonnegative measurable f -invariant 'WX ! C is constant �-a.e.

Proof These (and other) characterizations arise from the following implications: f
is not ergodic) there is an invariant characteristic function (namely, of an invariant
set of intermediate measure) that is not constant a.e. ) there is a nonnegative
bounded invariant measurable function that is not constant a.e. ) there is a
nonconstant invariant ' 2 Lp ) there is an invariant measurable C-valued function
that is not constant a.e.) f is not ergodic (because either the real or the imaginary
part is an f -invariant measurable function 'WX ! R and not constant almost
everywhere, so there exists an a 2 R such that �.'�1..a;1/// … f0; 1g, and this
set is invariant). ut
Remark 1.7.39 Proposition 1.7.38 simply states in various function spaces that the
subspace of f -invariant functions is the space of constant functions. Remark 1.7.22
lets us determine the space of f -invariant functions as the range of the projection
' 7! 'f , and doing so for a dense set of functions gives the needed information—
Theorem 1.7.5 implies the following result.

Theorem 1.7.40 If 'f D const: �-a.e. for every ' 2 C.X/, then � is ergodic.
Considering densities gives:

Proposition 1.7.41 � 2M. f / is ergodic if and only if �
 � 2M. f /) � D �.

Proof � 
 � 2 M. f / , � D � � �, where � 2 L1.�/ is the (unique hence
f -invariant) Radon–Nikodym derivative. This is constant (� 1) iff � is ergodic. ut
One can strengthen the statement that functions invariant under an ergodic transfor-
mation are constant via the following simple observation:

Proposition 1.7.42 If f WX ! X is a transformation preserving a probability
measure and 'WX ! R satisfies ' ı f � ' (“subinvariance”), then ' is f -invariant.

Proof By assumption Ar :Dfx 2 X '.x/ � rg � fx 2 X '. f .x// � rg D f �1.Ar/,
while �. f �1.Ar// D �.Ar/. Thus f �1.Ar/

a.e.D Ar for all r 2 R. ut
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This and Proposition 1.7.38 yield

Corollary 1.7.43 If � is an ergodic invariant probability measure for f WX ! X,
'WX ! R, and ' ı f � ', then ' is constant �-a.e.
An important corollary of the Birkhoff Ergodic Theorem 1.7.20 is that for an ergodic
transformation time averages equal space averages almost everywhere.

Corollary 1.7.44 (Strong Law of Large Numbers) If �.X/ D 1, f WX ! X is an
ergodic �-preserving transformation, and ' 2 L1.X; �/ then

'f D lim
n!1

1

n

n�1X
kD0

' ı f k a.e.D
Z

X
' d�:

Equivalently,
Pn�1

kD0 '. f k.x//� n
R

X ' d� D o.n/ �-a.e.

Remark 1.7.45 The latter form of the conclusion uses “little o” notation:

f .n/ D o.g.n// :, f .n/

g.n/
����!

n!1 0:

Proof 'f is f -invariant, so constant a.e. By (1.25) the constant is
R

X ' d�. ut
Thus we have answered question (B) after Corollary 1.7.2. An invariant measure
determines the asymptotic distribution of �-almost every point if it is ergodic. A
nonergodic invariant measure � may also determine the asymptotic distribution of
some orbits, but such orbits are always a set of �-measure zero.

Proposition 1.7.46 A probability-preserving transformation f WX ! X is ergodic iff

1

n

n�1X
kD0

Z
' ı f k  ����!

n!1

Z
'

Z
 (1.28)

for all '; 2 L2, i.e., if and only if 1n
Pn�1

kD0 ' ı f k weakly����*
n!1 const: for all ' 2 L2.

Remark 1.7.47 For ' D �A and  D �B, (1.28) becomes

1

n

n�1X
kD0

�. f �k.A/\ B/ ����!
n!1 �.A/�.B/: (1.29)

Proof If ' D ' ı f , then ' D 1
n

Pn�1
kD0 ' ı f k weakly����*

n!1 const:

If f is ergodic, then Corollary 1.7.44 and the Dominated-Convergence Theorem
give (1.28) for all '; 2 L2. ut
Corollary 1.7.44 leads to the question of whether every continuous map has an
ergodic invariant measure. This is so thanks to a little functional analysis.
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Lemma 1.7.48 Ergodic measures are the extreme points of M. f /: � 2 M. f / is
not ergodic iff there exist �1 ¤ �2 2 M. f / and 0 < � < 1 such that � D
��1 C .1 � �/�2.
Proof If f �1.A/ D A and 0 < �.A/ < 1, then � D �.A/�A C .1 � �.A//�XXA,
where

�A.B/ :D �.B j A/ :D �.B \ A/

�.A/

is the density of B in A. (Note that �A ? �XXA.)
If i D 1; 2, then �i � �, so the Radon–Nikodym Theorem gives an f -invariant

L1.�/-density �i with
R
' d�i �

R
�i' d�. By assumption ��1 C .1� �/�2 D 1 DR

�1 d� D R �2 d�, so �1 ¤ �2 ) �1 ¤ �2 ) �1 6� const:, and � is not ergodic.
ut

Theorem 1.7.49 Every continuous map f on a metrizable compact space X has an
ergodic invariant Borel probability measure.

Proof By the Krein–Milman Theorem31 M. f / ¤ ¿ has extreme points. ut
Lemma 1.7.48 connects decomposability of a measure (by convex combination) and
decomposability of the space. One can sharpen that connection:

Proposition 1.7.50 Different invariant ergodic probability measures for the same
transformation are mutually singular.

Proof Call them �; � D �ac C �? with �ac � � ? �? (invariantly by uniqueness
of Lebesgue decomposition); since � is ergodic, hence extreme, we have either
� D �? or � D �ac D � by ergodicity of � and Proposition 1.7.41. ut
Proposition 1.7.50 means that any convex combination of finitely many ergodic
measures produces a corresponding nontrivial finite partition of the space.

Moreover, every invariant measure for a measure-preserving transformation
can be decomposed into ergodic components. For continuous maps of compact
metrizable spaces the latter fact is a consequence of Lemma 1.7.48 and:

Theorem 1.7.51 (Choquet Theorem) If C is a compact metrizable convex set in
a locally convex32 topological vector space and x 2 C, then there is a probability
measure �x on ex C such that x D Rex C z d�x.z/.

Theorem 1.7.52 (Ergodic Decomposition [Co16]) Every invariant Borel proba-
bility measure for a continuous map f of a metrizable compact space X decomposes
into an integral of ergodic invariant Borel probability measures in the following
sense: There is a partition (modulo null sets) of X into invariant subsets X˛ , ˛ 2 A

31A compact convex set in a locally convex topological vector space is the closed convex hull of
its extreme points, i.e., C D co ex.C/.
32A topological vector space is locally convex if every open set contains a convex open set.
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with A a Lebesgue space, and each X˛ carrying an f -invariant ergodic measure �˛
such that

R
' d� D ’ ' d�˛ d˛ for any function '.

Definition 1.7.53 These sets X˛ are called the ergodic components of . f ; �/.

Example 1.7.54 The ergodic components of T.0;
p
2/, .x; y/ 7! .x; y C p2/ are the

vertical circles fxg 
 S1 for x 2 S1.

Definition 1.7.55 A continuous map f WX ! X of a metrizable compact space X is
said to be uniquely ergodic if it has only one invariant Borel probability measure.

Proposition 1.7.56 The invariant probability measure of a uniquely ergodic map f
is ergodic.

Proof M. f / D f�g D exf�g D exM. f /; apply Lemma 1.7.48. ut
Unique ergodicity is related to uniform convergence of Birkhoff averages:

Proposition 1.7.57 If f WX ! X is uniquely ergodic then for every continuous
function ' the time averages 1=n

Pn�1
kD0 '. f k.x// converge uniformly.

Proof If 1=n
Pn�1

kD0 '. f k.x// does not converge uniformly for some continuous
function ', then one can find a < b, xk, yk 2 X, and nk !1 such that

1

nk

nk�1X
lD0

'. f l.xk// < a;
1

nk

nk�1X
lD0

'. f l. yk// > b:

A diagonal argument gives a subsequence nkj such that for every  2 C.X/ both

J1. / D lim
j!1

1

nkj

nkj �1X
lD0

 . f l.xkj// and J2. / D lim
j!1

1

nkj

nkj �1X
lD0

 . f l. ykj//

exist. J1 and J2 are bounded linear positive f -invariant functionals; thus J1. / DR
 d�1, J2. / D

R
 d�2 for f -invariant probability measures �1 and �2. Since

J1.'/ � a < b � J2.'/ we have �1 ¤ �2 so f is not uniquely ergodic. ut
Remark 1.7.58 The converse fails for IdWX ! X with card.X/ > 1 but holds if f is
transitive or if these uniform limits are always constants (Proposition 1.7.61).

Corollary 1.7.59 Let f WX ! X, M. f / D f�g, U � X open and �.@U/ D 0. Then
1=n
Pn�1

kD0 �U. f k.x//! �.U/ uniformly.

Proof Let '
m
� �U � 'm (m 2 N) be sequences of continuous functions such thatR

'm d�! �.U/ and
R
'

m
d�! �.U/. For each n 2 N and x 2 X one has

1

n

n�1X
kD0

'
m
. f k.x// � 1

n

n�1X
kD0

�U. f k.x// � 1

n

n�1X
kD0

'm. f k.x//: (1.30)
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Fix ı > 0 and find m such that
R
'

m
d� > �.U/� ı=2 and

R
'm d� < �.U/C ı=2.

By Proposition 1.7.57 we have

�.U/� ı � 1

n

n�1X
kD0

�U. f k.x// � �.U/C ı

from (1.30) for sufficiently large n. Since ı is arbitrary, the claim follows. ut
Proposition 1.7.60 If for every ' 2 C.X/ the time averages 1=n

Pn�1
kD0 ' ı f k

converge uniformly to a constant then f is uniquely ergodic.

Proof Suppose � is an f -invariant probability measure. For ' 2 C.X/ we have

1=n
Pn�1

kD0 '. f k.x//
uniformly�����! '0 2 R, so

R
' d� D R '0 d� D '0. Hence � 2 C.X/�

is unique. ut
Since any � 2 C.X/� is uniquely determined by its values on a dense set, the
preceding argument actually establishes:

Proposition 1.7.61 If ˚ � C.X/ is dense and for every ' 2 ˚ the time averages
1=n
Pn�1

kD0 ' ı f k converge uniformly to a constant, then f is uniquely ergodic.

1.7.8 Isomorphism and Factors

Similarly to the theory of smooth dynamical systems and topological dynamics,
ergodic theory has a dual agenda: the classification of various classes of measure-
preserving transformations up to natural equivalence relations and the study of
various asymptotic properties invariant under those relations. Ergodicity is an
example of such an invariant which is a counterpart of topological transitivity;
mixing, another recurrence-type invariant, is discussed in Sect. 1.7.16. Right now
we define and discuss the most natural equivalence relation in ergodic theory.

Definition 1.7.62 Let f WX ! X and gWY ! Y be measure-preserving transforma-
tions of measure spaces .X; �/ and .Y; �/, correspondingly. f and g are said to be
measure-theoretically isomorphic if there exists an isomorphism hW .X; �/! .Y; �/,
i.e., an injective .mod 0/ transformation such that h�� D � [see (1.24)] and

g D h ı f ı h�1:

g is said to be a (measure-theoretic) factor of f if there is a measure-preserving map
hWX ! Y (in general noninvertible) such that h�� D � and g ı h D h ı f .
All properties of measure-preserving transformations that we are going to discuss
are invariants of measure-theoretic isomorphism33; ergodicity quite obviously is.

33Section 1.7.18 excepted.
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Furthermore, a factor of an ergodic transformation is also ergodic: If g is a factor
of f and A � Y is g-invariant, 0 < �.A/ < 1, then B :D h�1.A/ is f -invariant and
�.B/ D �.A/.

In certain cases invariants of measure-theoretic isomorphism provide insights
into properties of smooth or topological dynamical systems. For example, the
measure-theoretic isomorphism class of a uniquely ergodic map is an important
invariant of topological conjugacy.

1.7.9 Topological and Probabilistic Recurrence

In spirit, several of the statistical properties we have discussed are close counterparts
to topological recurrence properties. We now connect these two realms systemati-
cally.

Proposition 1.7.63 For a Borel measure � on a separable metrizable space X

1. the support supp� :D ˚
x 2 X �.U/ > 0 whenever x 2 U;U open

�
of � is

closed,
2. �.X X supp�/ D 0,
3. any set of full measure is dense in supp�.

Proof

1. If x … supp� take Ux 3 x open with �.Ux/ D 0. Then Ux \ supp� D ¿.
2. Since X is separable, X X supp� is covered by countably many Ux as above, so
�.X X supp�/ D 0 by �-additivity of �.

3. If A � X and x 2 U :D supp� X NA then �.X X A/ 	 �.U/ > 0.

ut
Remark 1.7.64 If supp� D X then we say that � has full support or � is positive
on open sets.

Definition 1.7.65 Let f WX ! X be a homeomorphism of a topological space. A
point y 2 X is said to be an !-limit point resp. an ˛-limit point for a point x 2 X if
there exists a sequence ni !C1 resp. ni ! �1 such that f ni .x/! y.

The sets of all !-limit resp. ˛-limit points for x are denoted by

!.x/ D
\
N2N

.
[
n�N

f n.x// resp. ˛.x/ D
\
n2N

.
[
n�N

f �n.x//

and are called its !-limit resp. ˛-limit set. The ˛- and !-limit set of f are defined by

LC. f / :D !. f / :D
[
x2X

!.x/ and L�. f / :D ˛. f / :D
[
x2X

˛.x/:

The limit set of f is L. f / :D L�. f / [ LC. f /.



82 B. Hasselblatt

A point x 2 X is positively recurrent if x 2 !.x/, i.e., x D lim f nk .x/ for some
sequence nk !1. If f is invertible, x is negatively recurrent if x 2 ˛.x/.

Finally, x is recurrent if it is both positively and negatively recurrent. We denote
by RC. f /, R�. f /, and R. f / the closures of the sets of all positively recurrent,
negatively recurrent, and recurrent points.

Proposition 1.7.66 Let f be a continuous map of a complete separable metrizable
space X. Then:

1. supp� � RC. f / for any f -invariant Borel probability measure �. If f is
invertible, then supp� � R. f /.

2. If � is ergodic then f �supp�
has a dense positive semiorbit; indeed the set of

these has full measure. In particular, ergodicity of a measure with full support
implies topological transitivity.

3. If supp� is compact and f �supp�
is uniquely ergodic, then supp� is minimal.

Proof

1. Take a countable base fU1; U2; : : : g of open subsets of X and let RC be the set
of all points x such that if x 2 Um then infinitely many positive iterates of x also
belong to Um. Apply the Poincaré Recurrence Theorem 1.7.11 to each of the Ui

to deduce that RC has full measure. If f is invertible then by the same argument
the set R� constructed similarly to RC but with negative iterates also has full
measure. Hence R :D R� \ RC has full measure and is by Proposition 1.7.63(3)
dense in supp�. On the other hand, if x 2 R and U 3 x is an open set then
Um � U for some m; hence infinitely many positive and negative iterates of n lie
in U, i.e., R consists of recurrent points. Hence supp� � R D R. f /.

2. Take a countable base fU1; U2; : : : g of open sets for the induced topol-
ogy on supp�. By definition 0 < �.Um/, and a full-measure set of dense
orbits for invertible f is elementary: 0 < �.Um/ � �.

S
i2Z f �i.Um//, so

�.
S

i2Z f �i.Um// D 1 by ergodicity, hence R :D T
n2N

S
i2Z f �i.Um/ has full

measure, and the orbit of any x 2 R intersects all Um and hence is dense. To
prove the claim as stated, instead apply Corollary 1.7.44 simultaneously to the
characteristic functions �Um to obtain a set R of full measure such that for x 2 R,
m 2 N

lim
n!1

1

n

n�1X
iD0

�Um. f i.x// D �.Um/ > 0;

and which is hence as desired.
3. For closed f -invariant � � supp� the Krylov–Bogolubov Theorem 1.7.8 gives

a � 2M. f ��/ �M. f /. Then � D � ) supp� D supp � � � � supp�. ut
Recurrence implies chain-recurrence (Definition 1.3.14), so Proposition 1.3.37
implies
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Corollary 1.7.67 Let .X; �/ be a complete separable metrizable probability space,
supp� D X (Proposition 1.7.63), f WX ! X continuous�-preserving. ThenR. f / D
R. f / D X. If X is connected, then f is chain-transitive.

Proof Proposition 1.7.66(1) gives X D supp� � R. f / � R. f / � X.
Chain-components are clopen (Proposition 1.3.37), so there is only one by
connectedness. ut
Thus, having typical behavior with respect to an invariant measure is a probabilistic
counterpart for recurrence, ergodicity is such for topological transitivity, and unique
ergodicity is likewise for minimality. It is important to note that the converse to any
of the statements of Proposition 1.7.66 is not true, even if we assume in addition
that f is a diffeomorphism of a compact manifold.

The following subsections establish ergodicity of various classical examples.

1.7.10 Ergodicity of Translations

We begin our study of examples with instances of group translations, the first of
which is a circle rotation. We can use multiplicative notation, representing the circle
as the unit circle in the complex plane

S1 D fz 2 C jzj D 1g D fe2� i' ' 2 Rg

or additive notation, where S1 D R=Z is the factor group of the additive group of
real numbers modulo the subgroup of integers. The exponential map

R=Z 3 ' 7! e2� i' 2 fz 2 C jzj D 1g

establishes an isomorphism between these representations. There is a natural
projection from R to S1 defined by

�.x/ D xC Z or �.x/ D e2� ix;

respectively. We denote by R˛ the rotation by angle 2�˛, i.e.,

R˛z D z0z with z0 D e2� i˛ or R˛x D xC ˛ .mod 1/;

respectively. The iterates of the rotation are correspondingly

Rn
˛z D Rn˛z D zn

0z or Rn
˛x D xC n˛ .mod 1/:

A crucial distinction appears between the cases of rational and irrational ˛.
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In the former case, write ˛ D p=q, where p; q are relatively prime integers. Then
Rq
˛x D x for all x so Rq

˛ is the identity map and after q iterates the transformation
simply repeats itself. The latter case is much more interesting.

1.7.10.1 First Proof of Unique Ergodicity

Every rotation preserves Lebesgue measure.

Proposition 1.7.68 (Kronecker–Weyl Equidistribution Theorem) Any irra-
tional rotation is uniquely ergodic.

Proof By Proposition 1.7.61 it is sufficient to check that time averages for every
continuous function from a dense set of continuous functions uniformly converge
to a constant. By the Weierstrass Theorem, trigonometric polynomials form a dense
set among all continuous functions in the uniform topology. Furthermore, uniform
convergence to a constant is a linear property; if ' and  have it, then so does
a' C b for a; b 2 R. Thus, it is enough to check uniform convergence for any
complete system of functions, e.g., for the characters (Definition 1.7.162) �m.x/ D
e2� imx. For m D 0 this is trivial. If m ¤ 0, then

�m.R˛x/ D e2� im.xC˛/ D e2� im˛e2� imx D e2� im˛�m.x/

and

ˇ̌
ˇ1
n

n�1X
kD0

�m.R
k
˛.x//

ˇ̌
ˇ �

ˇ̌
ˇ1
n

n�1X
kD0

e2� imk˛
ˇ̌
ˇ D

�2
j1 � e2� imn˛j
nj1� e2� im˛j ����!n!1 0:

ut
This argument extends to any translation T
 , x 7! x C 
 on the torus where

 D .
1; : : : ; 
n/ is such that m 2 Z

n ) hm; 
i D m1
1 C � � � C mn
n … Z, i.e.,
f1; 
1; : : : ; 
ng is rationally independent. In fact, this is necessary for topological
transitivity and hence, since the support of Lebesgue measure is the whole torus, by
Proposition 1.7.66(2), also for ergodicity of Lebesgue measure.

Proposition 1.7.69 A translation T.
1;:::;
n/WTn ! T
n is uniquely ergodic if and

only if f1; 
1; : : : ; 
ng is rationally independent.

1.7.10.2 Second Proof of Unique Ergodicity

An alternative proof of unique ergodicity for translations on the torus consists of
two parts. First, we obtain ergodicity from a Fourier analysis argument.
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Proposition 1.7.70 If hk; 
i :D Pn
jD1 kj
j … Z for any k 2 Z

n X f0g, then the
translation T
 is ergodic with respect to Lebesgue measure.

Proof If ' ıT
 D 'WTn ! C is a bounded measurable function, then it is in L2 and
uniqueness of the Fourier expansion

X
k2Zn

'ke2� ihk;xi D '.x/ D '.T
 .x//
D'.xC
/

D
X
k2Zn

'ke2� ihk;xC
i D
X
k2Zn

'ke2� ihk;
ie2� ihk;xi

implies 'k D 'ke2� ihk;
i, i.e., for every k either 'k D 0 or hk; 
i 2 Z.
Unless '

a.e.D const:, there is a k ¤ 0 with 'k ¤ 0, so hk; 
i 2 Z. ut
Remark 1.7.71 Since the exponents are characters of the torus considered as a com-
pact abelian group (Definition 1.7.162), the above statements and arguments easily
translate to the general case of translations of compact abelian groups. This kind of
argument is also useful for other dynamical systems of an algebraic nature, including
the expanding maps Em (Sect. 1.7.13) and hyperbolic toral automorphisms.
The second step consists of showing that ergodicity with respect to Lebesgue
measure implies unique ergodicity. The special property of Lebesgue measure is that
it is invariant with respect to all translations. The natural context for the argument
is thus the multiplication transformation on compact abelian groups.

Definition 1.7.72 (Haar Measure) A topological group is said to be locally
compact if every point (or equivalently, the identity) has a compact neighborhood.
Such a group possesses a locally finite Borel measure invariant with respect to all
right translations, which is unique up to a scalar multiple and called the right Haar
measure. Similarly, the left Haar measure is, up to a scalar multiple, the unique
measure invariant with respect to all left translations Lg0 W g! g0g.
These measures are finite if and only if the group is compact. In many interesting
cases right-invariant Haar measures are also left-invariant, e.g., when the group is
abelian, compact, or, most importantly, a unimodular linear group, i.e., a closed
subgroup of the group SL.n;R/ of all n
n matrices with determinant one. In general,
groups for which the left and right Haar measures coincide (and naturally are simply
called Haar measures) are said to be unimodular.

Let us mention a theorem that yields Haar measure and that can otherwise be
useful when looking for invariant measures.

Theorem 1.7.73 (Kakutani–Markov Fixed-Point Theorem) Let E be a locally
convex topological vector space, G an equicontinuous group of linear maps of E,
K � E a nonempty G-invariant compact convex set. Then G has a fixed point p in
K, i.e., gp D p for all g 2 G.

Note that since supp�G ¤ ¿ (Proposition 1.7.63) is invariant under all
translations, �G is positive on open sets. For the torus, �Tn is the usual Lebesgue
measure.

Proposition 1.7.74 If a translation Lg0 on a compact metrizable abelian group G
is ergodic with respect to the Haar measure �G, then it is uniquely ergodic.
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Proof Let� be any Lg0 -invariant Borel probability measure. Then so is the pullback
measure �gWA 7! �.LgA/:

�g.Lg0A/ D �.LgLg0A/ D �.Lg0LgA/ D �.LgA/ D �g.A/:

Since M.Lg0 / is weak*-closed and convex, we can average over any measurable set
E of positive Haar measure to get an Lg0-invariant measure

�EWA 7! 1

�G.E/

Z
E
�g.A/d�G.g/: (1.31)

If E \ F D ¿ then

�G.E [ F/�E[F D �G.E/�E C �G.F/�F: (1.32)

A change of variables in (1.31) shows that �G is Lg-invariant for any g 2 G; hence
�G D �G by uniqueness of Haar measure.

If � ¤ �G, then there exists a continuous function ' such that

Z
G
' d� ¤

Z
G
' d�G D

Z
G
' d�G D

Z
G

� Z
G
' d�g

�
d�G D

Z
G

� Z
G
.' ı Lg�1 / d�

�
d�G:

g 7! N'g :D RG ' ı Lg�1 d� is continuous and not constant since N'Id ¤
R

G N'gd�G.
Thus we can find a number a such that �G.E/ > 0 and �G.F/ > 0, where E D
fg 'g 	 ag, F D G X E. Then

R
G ' d�E 	 a and

R
G ' d�F < a so

�E ¤ �F;

while (1.32) implies �G.E/�E C �G.F/�F D �E[F D �G D �G. So �G is not
ergodic by Lemma 1.7.48. ut

1.7.10.3 A Third Proof and an Application

We sketch a geometric proof that introduces ideas useful in the study of broad
classes of dynamical systems, including those with no apparent algebraic structure.

Every measurable set on a small scale is densely concentrated; it fills some
small balls or cubes almost completely and almost misses others because it can
be approximated arbitrarily well (in measure) by finite collections of cubes. Fix an
invariant set A and � > 0 and find a small cube� such that �.A\�/ > .1��/�.�/.
Images of � under the iterates of our map have the same property since both � and
A are invariant. Since our map is an isometry, any image of � is again a cube of
the same size. By topological transitivity one can find a collection of images that
cover the whole phase space almost uniformly, without much overlap. In fact it is
sufficient to assume that every point is covered no more than N times, where N is
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independent of �, because then the measure of A must be greater than 1� �N. Since
� can be chosen arbitrarily small, this implies that A has full measure.

The uniform distribution of each orbit under Lebesgue measure lets us determine
how often a given string of digits occurs as the initial string of digits of powers of
k 2 N, i.e., how often p � kn10�i < pC 1 for some i 2 N:

Proposition 1.7.75 (Benford–Newcomb Law)34 If k 2 N is not a power of 10,
p 2 N, and lg D log10 is the logarithm to base 10, then

F.N/:D 1
N

cardf0 � n < N p � kn10�i < pC1 for some i 2 Ng �����!
N!1 lg

pC 1
p

:

Remark 1.7.76 For k D 2 and p < 10 this gives the statistics of the first digit
of 2n. Over numbers with dlg pe digits, these sum to 1:

Pdlg pe�1
i D blg pc lg iC1

i Ddlg pe �
blg pcD 1.

Proof The salient event is lg p � n lg k � i < lg. pC 1/. Subtract m :D blg pc to get

0 � lg
p

10m
D lg p �m � n lg k � i �m

Dfn lg kg, fractional part

< lg. pC 1/�m D lg
pC 1
10m

� 1:

The rotation Rlg k is ergodic,35 so lim
N!1 F.N/ D

Z
�
Œlg p

10m ;lg
pC1
10m /
D lg

pC 1
p

. ut

1.7.11 Circle Homeomorphisms

We can apply our insight into circle rotations beyond homogeneous systems
because irrational rotations more generally represent the dynamics of many circle
homeomorphisms. The Poincaré classification (Theorem 1.7.79) establishes how so,

34From Wikipedia: The discovery of Benford’s law goes back to 1881, when the American
astronomer Simon Newcomb noticed that in logarithm tables the earlier pages (that started with
1) were much more worn than the other pages. Newcomb’s published result is the first known
instance of this observation and includes a distribution on the second digit, as well. Newcomb
proposed a law that the probability of a single number N being the first digit of a number was equal
to log.N C 1/� log.N/.

The phenomenon was again noted in 1938 by the physicist Frank Benford, who tested it on data
from 20 different domains and was credited for it. His data set included the surface areas of 335
rivers, the sizes of 3259 US populations, 104 physical constants, 1800 molecular weights, 5000
entries from a mathematical handbook, 308 numbers contained in an issue of Reader’s Digest, the
street addresses of the first 342 persons listed in American Men of Science and 418 death rates.
The total number of observations used in the paper was 20,229.
35If lg k D p=q then 2p5p D 10p D kq D 2mq5nq using prime factorization. Then n D m and
k D 10m.
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and for which circle homeomorphisms. The salient parameter is the average amount
by which a point is being rotated (or translated) by the homeomorphism, called the
rotation number.

The natural projection �WR ! S1 D R=Z; x 7! x C Z provides a lift of a
homeomorphism f W S1 ! S1 to a homeomorphism FWR! R with the property

f ı � D � ı F:

Such a lift F is unique up to an additive integer constant.

Proposition 1.7.77 Let f W S1 ! S1 be an orientation-preserving homeomorphism
and FWR! R a lift of f . Then

1. �.F/ :D lim
jnj!1

1

n
.Fn.x/� x/ exists for all x 2 R,

2. is independent of x, and
3. is well-defined up to an integer, i.e., if F1;F2 are lifts of f then �.F1/� �.F2/ D

F1 � F2 2 Z.
4. �.Fn/ D n�.F/.
5. �.F/ 2 Q if and only if f has a periodic point.
6. If �.F/ 2 Q then all periodic orbits have the same period.
7. If hW S1 ! S1 is an orientation-preserving homeomorphism then �.h�1fh/ D
�. f /.

This justifies the following terminology:

Definition 1.7.78 �. f / :D �.�.F// is called the rotation number of f .

Proof 1. Take x 2 R and let xn D Fn.x/, an :D xn � x, k :D banc. Then

amCn D FmCn.x/� x D Fm.xn/ � xn C xn � x

D ŒFm.xC k/ � .xC k/
Dam

�C Œxn � x
Dan

�C Œ
�1

Fm.xn/ � Fm.xC k/�.
Dan�banc�0
xn � x � k/

�1
�

� am C an C 1;

so Proposition 1.6.10 shows that an=n converges because

an

n
D 1

n

n�1X
iD0

�
FiC1.x/ � Fi.x/

DF.xi/�xi

� 	 min
0�y�1F. y/� y > �1:
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2. Since f is an orientation-preserving homeomorphism, F.xC 1/ D F.x/C 1, and
jF. y/� F.x/j < 1 for x; y 2 Œ0; 1/. Consequently

ˇ̌
ˇ1
n
jFn.x/ � xj � 1

n
jFn. y/� yj

ˇ̌
ˇ � 1

n
.jFn.x/� Fn. y/j C jx � yj/ � 2

n

and the rotation numbers of x and y coincide.
3. �.F C k/ D �.F/C k for k 2 Z

4. �.Fm/ D lim
n!1

1

n
..Fm/n.x/ � x/ D m lim

n!1
1

mn
.Fmn.x/� x/ D m�.F/.

5. If f has a q-periodic point �.x/, then Fq.x/ D xC p for some p 2 Z, hence

Fmq.x/� x

mq
D 1

mq

m�1X
iD0

Fq.Fiq.x//� Fiq.x/ D mp

mq
D p

q
;

for m 2 N, and �.F/ D p=q.
If �.F/ D p=q 2 Q, then �. f q/ D �.�.Fq// D �.q�.F// D �. p/ D 0, so,

passing to f q, it suffices to show that if �. f / D 0 then f has a fixed point.
If f has no fixed point and F is a lift such that F.0/ 2 Œ0; 1/, then F.x/ � x 2

R X Z for all x 2 R,36 so 0 < F.x/� x < 1 by the Intermediate-Value Theorem.
Since F � Id is continuous on [0,1] it attains its minimum and maximum and
therefore there exists a ı > 0 such that

0 < ı � F.x/� x � 1 � ı < 1

for all x 2 R since F� Id is periodic. Taking x D Fi.0/ and summing from i D 0
to n� 1 gives nı � Fn.0/ � .1� ı/n or ı � Fn.0/

n � 1� ı, so ı < �.F/ � 1� ı.
6. If �. f / D p=q with p; q 2 Z relatively prime and �.x/ is periodic, then we need

to show that there is a lift F of f for which Fq.x/ D xC p. If F is a lift such that
�.F/ D p

q , then Fr.x/ D xC s for some r; s 2 Z, and

p

q
D �.F/ D lim

n!1
Fnr.x/� x

nr
D lim

n!1
ns

nr
D s

r
;

so s D mp and r D mq. If Fq.x/ � p > x then by monotonicity

Fr.x/ � s

DFmq.x/�mp

D F.m�1/q� >x

Fq.x/� p
� � .m � 1/p

�F.m�1/q.x/�.m�1/p
	 � � � 	 Fq.x/� p > x;

contrary to the assumption, so Fq.x/�p � x. Similarly, Fq.x/�p 	 x as claimed.

36F.x/ � x 2 Z implies that �.x/ is a fixed point for f .
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7. If F and H are lifts of f and h, respectively, i.e., �F D f� and �H D h� , then

(a) H�1 is a lift of h�1: �H�1 D h�1h�H�1 D h�1�HH�1 D h�1� .
(b) H�1FH is a lift of h�1fh: �H�1FH D h�1�FH D h�1f�H D h�1fh� .

We need to estimate jH�1FnH.x/ � Fn.x/j D j.H�1FH/n.x/� Fn.x/j.
(a) If H.0/ 2 Œ0; 1/ 3 x, then 0 � 1 < H.x/ � x < H.x/ < H.1/ < 2 and by

periodicity jH.x/� xj < 2 for x 2 R.
(b) Similarly, jH�1.x/ � xj < 2 for x 2 R.
(c) If jy � xj < 2 then jFn. y/� Fn.x/j < 3 since jbyc � bxcj � 2 and thus

�3 � byc � bxc � 1 D Fn.byc/� Fn.bxc C 1/ < Fn. y/� Fn.x/

< Fn.byc C 1/� Fn.bxc/ D byc C 1 � bxc � 3;

so
jH�1FnH.x/� Fn.x/j

n
�

<2

jH�1FnH.x/� FnH.x/jC
<3

jFnH.x/� Fn.x/j
n

! 0.

ut
Theorem 1.7.79 (Poincaré Classification Theorem [KaHa95, Theorem 11.2.7])
For an orientation-preserving homeomorphism f W S1 ! S1 without periodic
points

1. if f is transitive then f is conjugate to the rotation R�. f /,
2. otherwise, h ı f D R�. f / ı h for a noninvertible continuous monotone map hW

S1 ! S1.

This implies

Theorem 1.7.80 A circle homeomorphism without periodic points is uniquely
ergodic and measure-theoretically isomorphic to an irrational rotation.

Definition 1.7.81 We say that a map f of a measure space .X; �/ is nonsingular
and that � is quasi-invariant under f if �.A/ D 0 if and only if �. f �1.A// D 0.
Equivalently the pullback f�� is equivalent to � and hence, by the Radon–Nikodym
Theorem, is given by a positive density.
For a topologically transitive homeomorphism (and hence for a minimal one) there
is no open set that is wandering, i.e., with pairwise disjoint images, and by the
Poincaré Recurrence Theorem 1.7.11 there is also no set of positive measure of this
kind—so long as the measure is invariant and finite. However, when a probability
measure is only quasi-invariant, then there might be sets of the latter type, and
we presently demonstrate something even stronger for Lipschitz-continuous circle
maps and Lebesgue measure.

Proposition 1.7.82 (Kodama–Matsumoto) There is a minimal uniquely ergodic
bi-Lipschitz homeomorphism f of S1 with a measurable fundamental domain A:
f n.A/\ f m.A/ D ¿ for n ¤ m, and S1 XSi2Z f i.A/ is a Lebesgue null set.
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Remark 1.7.83 Clearly, �.A/ D 0 for any invariant Borel probability measure;
the interest here lies in the fact that this can happen for the natural quasi-invariant
measure. Lebesgue measure is here nonergodic in a strong sense; for instance, any
Borel function on A can be extended to an f -invariant measurable function.

One can arrange for f to be topologically conjugate to any given irrational
rotation, but we choose a Diophantine one to avert the need for a more careful
construction of the set in question. A number ˛ is said to be Diophantine of type
.c; d/ if for any nonzero p; q 2 Z we have jq˛ � pj > cq�d.

Proof For the rotation R :DR' with ' Diophantine of type .c; 2/ for some c > 0 we
choose as a fundamental domain the Cantor set

C :D
nX

i2N

!i

24
i with ! 2 f0; 1gN

o
:

To check disjointness, write a point of Rn.C/ \ Rm.C/ as x C n' D y C m' with
x; y 2 C and hence

.n �m/' D y � x 2 C � C D
nX

i2N

ˇi

24
i with ˇ 2 f0; 1;�1gN

o
:

With partial sums as approximants p
q we have q D 24k�1

in

ˇ̌
.n �m/' � p

q

ˇ̌ D ˇ̌̌X
i�k

ˇi

24
i

ˇ̌̌
�
X
i�k

1

24
i �

X
i�4k

1

2i
D 2

24
k D

2

q4k=4k�1
D 2

q4
:

This implies n D m because no nontrivial integer multiple of ' has this property.
Now let�0 be a nonatomic probability measure supported on C. For instance, define
�0.S1 X C/ D 0 and

�0

 h kX
iD1

!i

24
i ;

kX
iD1

!i

24
i C

X
i>k

1

24
i

i!
D 2�k:

� :D 1
2

P
i2Z 3�jijRi��0 is a probability measure (

P
i2Z 3�jij D 2) with full support

(
S

i2Z RiC is dense) and quasi-invariant:

	
dR�1� �

d�



D 1

3
�S

i�0

Ri.C/ C 3�S
i<0

Ri.C/ 2
L1.�/. Take A :D h�1.C/ with h.�.Œ0; y�// :D y (a homeomorphism with h�� D �,
where � is Lebesgue measure); the homeomorphism f :D h�1 ıR ı h is bi-Lipschitz
because

	
df �1� �

d�



D
	

dR�1� �

d�



ı h D 1

3
�S

i�0 f i.A/ C 3�Si<0 f i.A/ 2 L1.�/:

ut
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1.7.12 Extensions of Rotations

We now describe a class of examples closely connected to rotations.
The first instance of these should be classified as elliptic, and it contains minimal

nonergodic examples. (The second instance appears in (1.33).)

Proposition 1.7.84 Consider a map f W .x; y/ 7! .x C ˛; y C '.x// of T
2 with

˛ 2 R X Q and 'W S1 ! R. If '.x/ D ˚.x C ˛/ � ˚.x/ for some Lebesgue
measurable function ˚ W S1 ! R then for any ergodic invariant measure f is
measure-theoretically isomorphic to the rotation R˛ and there are uncountably
many different ergodic invariant measures.

Proof Take h.x; y/ D .x; y C ˚.x//. Then h�1 ı f ı h.x; y/ D .x C ˛; y/. Since
the rotation is uniquely ergodic any invariant measure for f projects to Lebesgue
measure on the circle and hence h defines a measure-theoretic isomorphism for any
such measure. Thus the invariant ergodic measures for f are exactly the measures
induced from measures on circles. There are uncountably many of these because the
graph of ˚ C c for any c 2 R supports such a measure. ut
Proposition 1.7.85 Consider the torus T

2, a function 'W S1 ! R, and a map
f W .x; y/ 7! .xC˛; yC'.x// of T2. Then either '.x/ D ˚.xC˛/�˚.x/C r1˛C r2
for some continuous˚ W S1 ! R and r1; r2 2 Q, or f is minimal.

Remark 1.7.86 If ˚ is continuous and .r1; r2/ D 0, then h is a topological
conjugacy to R˛ 
 Id on T

2.

Proof One can show that there is an invariant minimal set M for f and the projection
of this set to the first coordinate is invariant, hence is S1. Consider the intersection
of M with the fiber fxg 
 S1. We show that if it contains two points y and yC � then
it is invariant under translation by � in the fiber. Namely, by minimality there exist
points zi D f Ni.x; y/ ����!

i!1 .x; y C �/, so the points f kNi.x; y/ ����!
i!1 .x; y C k�/,

which are hence in M. Thus the closed set M\ .fxg 
 S1/ is either a coset of a finite
subgroup of fxg 
 S1 generated by r 2 Q or equal to fxg 
 S1. Since M is closed the
same case occurs for all x and by continuity we obtain the same subgroup for all x,
hence giving either minimality or a collection of invariant closed curves for f .

In the first case we factor the second coordinate modulo 1=q. Thus in this factor
the set intersects every vertical exactly once and is hence the graph of a continuous
function. On the universal cover it lifts to the graph of a function ˚ 0 with ˚ 0.x C
1/ D ˚ 0.x/ C k and all its integer translates. Invariance under the lift F yields
.x C ˛;˚ 0.x/ C '.x// D F.x; ˚ 0.x// D .x C ˛;˚ 0.x C ˛/ C n/ for some n 2 Z.
Thus we obtain '.x/ D ˚ 0.xC˛/�˚ 0.x/Cn. Recalling that we factored the second
coordinate by 1=q and writing˚ 0.x/ D ˚.x/Ckx we obtain Proposition 1.7.85 with
r1 D k=q and r2 D n=q. ut
One interesting application of the preceding two results is that a circle extension of
the above form is a minimal nonergodic diffeomorphism if one can write '.x/ D
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˚.xC ˛/ �˚.x/ for some measurable ˚ but not '.x/ D ˚.xC ˛/ � ˚.x/C r for
any continuous˚ .

By taking '.x/ D x above, we now consider a map of the two-torus T
2 that

is somewhat similar in form to a translation, can be analyzed by similar methods,
shares some common features (e.g., minimality) but also exhibits different features.
The map, which depends on a parameter ˛, has the form

A˛.x; y/ D .xC ˛; yC x/ .mod 1/: (1.33)

It is a prototype of smooth dynamical systems on compact manifolds with parabolic
behavior. Similarly to translations the map A˛ is “integrable” in the sense that there
is a closed formula for its iterates:

An
˛.x; y/ D .xC n˛; yC nxC n.n � 1/˛=2/ .mod 1/:

This map is an example of a skew product. The evolution of the first coordinate
depends only on itself. The partition of the torus into circles x D const: is invariant
under A˛, and if one identifies each circle with the corresponding value of x, the
elements of this partition are mapped according to the rotation R˛. The difference
with the Cartesian product is that the way in which each element maps to its image
changes from one element to another.

Unlike toral translations, these maps are not isometries. They have a suitably
weakened property related to the relative behavior or orbits.

Definition 1.7.87 (Distality) A homeomorphism f of a compact metric space is
distal if for x ¤ y there exists a ı > 0 such that d. f n.x/; f n. y// > ı for all n 2 Z.
Obviously a map is distal if it is an isometry, or more generally, if the collection of
its iterates is equicontinuous. Skew-products provide more interesting (and typical)
examples of a topologically transitive distal maps.

Proposition 1.7.88 The affine map A˛ from (1.33) of the torus is distal.

Proof If p D .x; y/; p0 D .x0; y0/ 2 T
2 then there are 2 cases.

• x D x0: d.An
˛. p/;An

˛. p0// D jy � y0j D: ı.
• x ¤ x0: d.An

˛. p/;An
˛. p0// 	 j.xC n˛/� .x0 C n˛/j D jx � x0j D: ı.

ut
Proposition 1.7.89 If ˛ … Q then A˛ is minimal.

Proof We show that this follows from topological transitivity, which by Pro-
position 1.7.66 is a consequence of Proposition 1.7.90 below. We argue by
contraposition. Assume A˛ is not minimal, i.e., for some point .x; y/ 2 T2 the
closure of its orbit under the iterates of A˛ is not the whole torus. The map A˛
commutes with every “vertical” translation T.0;s/ and hence the orbit closure of any
point .x; yC s/ is the translation of the orbit closure of .x; y/ and is also not dense.
Now consider the union X of such orbit closures for all s. This set is A˛-invariant
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and closed and consists of whole vertical circles. No point in X has dense orbit
(each is in a nondense invariant orbit closure). If X D T

2 this implies that A˛ is not
topologically transitive. If X ¤ T

2, then X projects onto a closed invariant proper
subset of the rotation R˛ , so R˛ is not minimal and hence ˛ 2 Q. ut
Proposition 1.7.90 The affine map A˛WT2 ! T

2, A˛.x; y/ D .xC˛; yCx/ .mod 1/
is ergodic with respect to Lebesgue measure if ˛ … Q: bounded measurable A˛-
invariant functions 'WTn ! C are constant almost everywhere.

Proof Write the Fourier decomposition of ' as

'.x; y/ D
X

.m;n/2Z2
'm;n exp.2�i.mxC ny//:

The invariance condition '.x; y/ D '.A˛.x; y// implies

'mCn;n D exp.2�im˛/'m;n: (1.34)

If n D 0 then 'm;0 D exp.2�im˛/'m;0, so 'm;0 D 0 for m ¤ 0 since ˛ … Q.
If n ¤ 0 then (1.34) gives infinitely many different Fourier coefficients with the

same absolute value; since ' is bounded and hence in L2, this absolute value is 0.
Thus 'm;n D 0 unless m D n D 0, so ' is constant a.e. ut
Proposition 1.7.91 The affine map A˛WT2 ! T

2, A˛.x; y/ D .xC˛; yCx/ .mod 1/
is uniquely ergodic if ˛ … Q.

Proof We use the fact that A˛ commutes with all vertical translations T.0;t/ and apply
the method of Proposition 1.7.74 although with some modifications to show another
version of the argument.

We will use the same letter � for Lebesgue measures on the torus, on the circle
and on each fiber fxg 
 S1. Every ergodic invariant measure � for A˛ projects to the
Lebesgue measure � in the x-coordinate. The pullback �t :D T�

.0;t/� is also ergodic

and A˛-invariant as is the average �E D 1
�.E/

R
E �tdt for any Lebesgue measurable

set E � S1. Note that for every set of positive measure �E is absolutely continuous
because it projects to � in the first coordinate and its conditionals are convolutions
of the conditional measure for � with an absolutely continuous measure �E�.
Hence �E is absolutely continuous invariant measure and its density with respect
to Lebesgue measure must be invariant, hence constant. Thus �E D �. Assume that
� ¤ �. Since for any continuous function ' the integral

R
T2
'd�t is continuous in t

one can find a ' and an interval I around zero such that

1

�.I/

Z
I
'd�tdt ¤

Z
T2

'dxdy

and hence �I ¤ �, a contradiction. ut
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Similarly to Proposition 1.7.75 (as well as Corollaries 1.7.97, 1.7.110 and 1.7.111
below), this has number-theoretic implications.

Proposition 1.7.92 If ˛ … Q then the fractional part of any quadratic polynomial
˛n2 C ˇnC 
 on Z is uniformly distributed on Œ0; 1�, i.e., Œa; b/ � Œ0; 1�)

1

n
cardf0 � i < n ˛i2 C ˇiC 
 � b˛i2 C ˇiC 
c 2 Œa; b/g ����!

n!1 b � a:

Proof An
2˛.ˇC˛; 
/ D .ˇC .4nC 1/˛; ˛n2CˇnC 
/ is equidistributed on T

2 by
Proposition 1.7.91 and Corollary 1.7.59, and so is the second coordinate on S1. ut

1.7.13 Ergodicity of Expanding Maps and Toral
Automorphisms

Now we study the linear expanding map EmW S1 ! S1, x 7! mx .mod 1/ for
m ¤ 0. Algebraically this is endomorphism of the group S1 D R=Z onto itself.
Geometrically it is an m-fold cover of S1. Writing Pn. f / :D card Fix. f n/, we have

Proposition 1.7.93 If m 	 2 then Pn.Em/ D mn � 1 and periodic points of Em are
dense in S1.

Proof En
m.z/ D z, zmn D z, zmn�1 D 1, so Fix.En

m/ consists of the mn � 1 roots
of unity of order mn � 1, hence is 1

mn�1 -dense. ut
Em preserves Lebesgue measure � because the preimage of any interval of length l
consists of jmj disjoint intervals of length l=m.

Proposition 1.7.94 Lebesgue measure is ergodic for Em with jmj 	 2.
We give two proofs of this fact which are related to our second and third proofs for
the toral translations.

First Proof Let ' be a measurable bounded Em-invariant function. Using the Fourier
expansion

'.x/ D
X
k2Z

'k exp.2�ikx/

we obtain '.Em.x// DPk2Z 'k exp.2�ikmx/. Since '.x/
a.e.D '.Em.x//, we have

'k D 'k�m; m 2 N:

Since ' 2 L1 and hence j'kj ����!
k!1 0, this implies 'k D 0 for k ¤ 0 and '

a.e.D '0.
ut

Second Proof Let A � S1 be a measurable Em-invariant set of positive Lebesgue
measure. E�1

m .A/ D A implies forward-invariance of S1XA D Em.S1XA/. As in the
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third proof for the toral translations, fix � > 0 and find an open interval� of length
jmj�n for some n such that

�.� X A/ > .1 � �/�.�/ D .1 � �/jmj�n:

Since Em has constant derivative it expands the Lebesgue measure of any set on
which it is injective exactly jmj times. Thus �.En

m.�/XA/ D jmjn�.�XA/ > 1��.
ut

The first proof of Proposition 1.7.94 adapts to give

Proposition 1.7.95 Consider A 2 GL.m;Z/, i.e., an m 
 m-matrix with integer
entries and determinant ˙1, and assume that no eigenvalue of A is a root of unity.
Then the toral automorphism FAWTm ! T

m induced by A is ergodic.

Remark 1.7.96 Concrete such examples are given by Examples 1.1.1 and 1.1.3. The
converse holds as well.

Proof Let ' be a measurable bounded FA-invariant function. Expressing invariance
through the Fourier expansion gives

X
k2Zm

'k exp.2�ihk; xi/ D '.x/ a.e.D '.FA.x// D
X
k2Zm

'k exp.2�i hk;Axi
DhAtk;xi

/:

Uniqueness of the Fourier expansion then gives

'k D '.At/nk for n 2 N:

If k ¤ 0, then the .At/nk (for n 2 Z) are pairwise distinct since A, and hence At,
has no roots of unity as eigenvalues. Thus, there are infinitely many l 2 Z

m with
'l D 'k. But ' 2 L1 ) j'lj �����!jlj!1

0, so 'k D 0 when k ¤ 0, and '
a.e.D '0. ut

Corollary 1.7.97 (of Proposition 1.7.94) Lebesgue-a.e. x 2 R is normal with
respect to any base b > 1, i.e., each digit is equally frequent in the base-b expansion.

Proof The base-b digit a < b appears in the kth place iff Ek
b.x/ 2 Œ a

b ;
aC1

b /. By the
Birkhoff Ergodic Theorem, the fraction of those k tends to aC1

b � a
b D 1=b. ut

1.7.14 The Gauss Map

Definition 1.7.98 The map GW Œ0; 1� ! Œ0; 1/ defined by x 7! f1=xg (fractional
part) is called the Gauss map.

The special importance of this map lies in its close connection with the classical
continued-fraction algorithm, analogously to the way the doubling map is connected
to binary expansion. The Gauss map has jump discontinuities at 1=i for i 2 N which
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Fig. 1.12 The Gauss map (©Cambridge University Press, reprinted from [HaKa03] with per-
mission)

can be removed if one identifies the end-points of the interval and makes it into
a circle, and a discontinuity without right-sided limit at 0. Projecting to the circle
S1 D R=Z would fix the discontinuities away from zero, but as a dynamical system
this map is most naturally defined on the interval. The restrictions x 7! 1

x � i of G to
the intervals . 1

iC1 ;
1
i � of continuity of G are called the branches of G. It is apparent

that min.G2/0 > 1, so the Gauss map (or, more precisely its square) can be viewed
as expanding although it is not everywhere differentiable. In fact, we have a stronger
statement (Fig. 1.12).

Lemma 1.7.99 .G2/0 > 4 wherever defined.

Proof G0.x/ � �1 wherever defined, and if x < 1=2 then G0.x/ D �1=x2 < �4, so
if x < 1=2 or G.x/ < 1=2 then .G2/0.x/ D G0.G.x//G0.x/ > 4. Otherwise, x > 1=2
and G.x/ > 1=2, so G2.x/ D 1

.1=x/�1 � 1 D � 1
1�x and .G2/0.x/ D .1 � x/�2 > 4. ut

Remark 1.7.100 Observe that the condition x > 1=2 and G.x/ > 1=2 defines the
longest interval of continuity of G2, which is .1=2; 2=3/ and hence has length 1=6 <
1=4. Since the longest interval of continuity of G has length 1=2, Lemma 1.7.99
shows that the intervals of continuity of Gn have length at most 2�n.
Analogously to Proposition 1.7.93 we obtain

Proposition 1.7.101 Pn.G/ D 1 and periodic points of G are dense in .0; 1�.

Proof Each branch of G and hence of Gn is onto, so by the Intermediate-Value The-
orem Gn has a fixed point in each interval of continuity. Thus, by Remark 1.7.100,
the union of these is dense, and Pn.G/ D 1. ut
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That G.x/ D 1

x
� a implies a D b1=xc and x D 1

aCG.x/
leads to an

explicit description of periodic points. Fixed points satisfy x D 1

aC x
. Likewise,

x D 1

a1 C
1

a2 C G2.x/

implies that a period-2 point satisfies x D 1

a1 C
1

a2 C x

.

Generally:

Proposition 1.7.102 A period-n point satisfies the equation

x D 1

a1 C
1

: : : C 1

an C x

(1.35)

and hence is of the form

x D 1

a1 C
1

a2 C : : :
:D lim

m!1
1

a1 C
1

: : : C 1

am

with aiCn D ai for all i 2 N.

Proof That the limit exists follows from Remark 1.7.100 because the local inverse

Fa1:::an W Œ0; 1�! Œ0; 1�; t 7! 1

a1 C
1

: : : C 1

an C t

.D t if n D 0/ (1.36)

of Gn parametrizes the closure Ia1:::an of an interval of continuity of Gn, and the
lengths of these go to 0 as n!1. ut
Remark 1.7.103 By (1.35), every periodic point is a quadratic irrationality, i.e., it
satisfies a quadratic equation with integer coefficients because aC bxCc

dxCe is a ratio of
linear expressions in x and hence so is its reciprocal:

1

aC bxCc
dxCe

D 1
.adCb/xCaeCc

dxCe

D dxC e

.adC b/xC .aeC c/

recursively leads from (1.35) to a quadratic equation of the form x D axCb
cxCd .
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The branch of G on �n :D
� 1

nC 1 ;
1

n

�
is x 7! 1

x
� n with n D

j1
x

k
2 N, so:

Theorem 1.7.104 (Continued-Fraction Representation) For ˛ 2 R define
.ai/

1
iD0 and .˛i/

1
iD1 recursively by

a0 :D b˛c; ˛1 :D f˛g; ai :D 
 1
˛i

˘
; ˛iC1 :D ˚ 1

˛i

�

and set

pn

qn
:D a0 C

1

a1 C
1

: : : C 1

an

(1.37)

in lowest terms and with qn > 0. ( pn
qn

are called the convergents.) If ˛ 2 Q then the
recursion terminates with ˛iC1 D 0 for some i (because f˛ig is a proper fraction
and hence ˛iC1 D

˚
1
˛i

�
has smaller numerator), and

˛ D a0 C
1

a1 C
1

: : : C 1

ai

:

Otherwise, ˛ D a0 C
1

a1 C
1

a2 C : : :
:D lim

n!1 a0 C
1

a1 C
1

: : : C 1

an

.

Proposition 1.7.105 . pn/n��1 and .qn/n��1 both satisfy the two-step recursion

xnC1 D xn�1 C anC1xn

with initial values p�1 D 1, q�1 D 0, p0 D a0, q0 D 1.

Proof We establish this by defining p�1 D 1, q�1 D 0, p0 D a0, q0 D 1,

pnC1 D pn�1 C anC1pn and qnC1 D qn�1 C anC1qn;

and by inductively showing that pn and qn

1. are relatively prime and
2. satisfy (1.37).
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pn and qn are coprime because pnqn�1� pn�1qn D .�1/n�1 (so any common divisor
of pn and qn divides �1). For n D 0 this follows from p�1 D 1, q�1 D 0, q0 D 1,
and the induction step is

pnC1qn�pnqnC1 D . pn�1CanC1pn/qn�pn.qn�1CanC1qn/ D �. pnqn�1�pn�1qn/:

pn and qn satisfy (1.37) because Fa1:::an from (1.36) satisfies

a0 C Fa1:::an.1=anC1/ D pn�1 C anC1pn

qn�1 C anC1qn
D pnC1

qnC1
;

which is the special case t D 1=anC1 of

a0 C Fa1:::an.t/ D
pn C tpn�1
qn C tqn�1

for t 2 Œ0; 1/: (1.38)

This follows inductively from Fa1:::anC1
.t/ D Fa1:::an

�
1

anC1Ct

�
: It is clear for n D 0

because
pn C tpn�1
qn C tqn�1

D a0 C t

1C 0 , and if n is such that (1.38) holds, then

a0 C Fa1:::anC1
.t/ D a0 C Fa1:::an

� 1

anC1 C t

� D pn C 1
anC1Ct pn�1

qn C 1
anC1Ct qn�1

D pn�1CanC1pnCtpn
qn�1CanC1qnCtqn

D pnC1 C tpn

qnC1 C tqn
:

ut
Corollary 1.7.106 qnC1 	 qn 	 2.n�1/=2.

Proof Proposition 1.7.105 gives the first inequality, and together, they imply qn 	
qn�1 C qn�2 	 2qn�2. Recursively, q2n 	 2nq0 D 2n and q2nC1 	 2nq1 	 2n. ut
If .an/

1
nD0 is a sequence of natural numbers, then (1.37) defines a convergent

sequence of rational numbers whose limit ˛ is irrational, and those numbers are
convergents for ˛. Thus, the Gauss map is related to continued-fraction expansion
in the same way the map Em is related to expansion in base m.

Proposition 1.7.107 Lebesgue measure is ergodic for the Gauss map.
We establish this using partial mixing:

Lemma 1.7.108 � is ergodic if for all measurable A, B there are n 2 N and c > 0
with �. f �n.A/\ B/ 	 c�.A/�.B/.

Proof A D f �1.A/) c�.A/�.XXA/ � �. f �n.A/\ XXA/ D �.A \ .XXA// D 0.
ut
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Proof of Proposition 1.7.107 It suffices to establish the hypotheses of Lemma
1.7.108 for A :D Œu; v� � Œ0; 1� and B :D Ia1:::an as in the proof of Proposition 1.7.102
(the closure of an interval of continuity of Gn) because the proof of Proposi-
tion 1.7.102 shows that intervals of this type generate the Borel �-algebra.

The end-points of the interval Ia1:::an \ G�1.Œu; v�/ are Fa1:::an.u/ and Fa1:::an.v/,
where Fa1:::an is the local inverse in (1.36). Denoting Lebesgue measure by m and
using (1.38) this gives

m.Ia1:::an \ G�1.Œu; v�//
m.Ia1:::an/

D Fa1:::an.v/� Fa1:::an.u/

Fa1:::an.1/� Fa1:::an.0/

D
pn C vpn�1
qn C vqn�1

� pn C upn�1
qn C uqn�1

pn C pn�1
qn C qn�1

� pn

qn

D .v � u/

Dm.Œu;v�/

qn

qn C vqn�1
>1=2

qn C qn�1
qn C uqn�1

�1

> m.Œu; v�/=2 since 0 < qn�1 < qn:

ut
While Lebesgue measure is not invariant under the Gauss map, there is an absolutely
continuous invariant measure, with an explicitly given smooth positive density:

Proposition 1.7.109 The measure mG with density
1

log 2

1

1C x
(i.e., mG.Œa; b�/ D

log2.bC 1/ � log2.aC 1/) is invariant under the Gauss map and ergodic.

Proof Ergodicity follows from Propositions 1.7.107 and 1.7.41, and
mG.G�1.Œa; b�// D P

n2N
log2.1C 1

aCn/

Dlog2.aCnC1/�log2.aCn/

� log2.1C 1
bCn /

Dlog2.bCnC1/�log2.bCn/

D log2
bC1
aC1 D mG.Œa; b�/:

ut
Corollary 1.7.110 Almost no ˛ 2 Œ0; 1� has bounded continued-fraction
coefficients.

Proof Since ai D b1=Gi�1.˛/c these are the points whose G-orbits are bounded
away from zero, hence not uniformly distributed. By ergodicity, this is a null set. ut
Corollary 1.7.111 For almost every x the number n 2 N occurs as a continued-
fraction coefficient with asymptotic frequency log2

�
1C 1

n

� � log2
�
1C 1

nC1
�
:

Proof By ergodicity of mG the orbits of G are uniformly distributed, so the
probability of ai D b1=Gi�1.˛/c D n, i.e., 1

nC1 < Gi�1.˛/ � 1
n , is mG..

1
nC1 ;

1
n �/. ut
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1.7.15 Bernoulli Shifts

Definition 1.7.112 A Bernoulli shift is the shift transformation �N from Defini-
tion 1.4.10 on the probability space˝N D NZ or˝R

N D NN with a product measure
�p generated from a probability vector p D .�.fig//N�1

iD0 on f0; : : : ;N�1g by setting

�p.C
n1;:::;nk
˛1;:::;˛k

/ D
kY

iD0
p˛i

for cylinders as defined by (1.6) and then extending to the �-algebra of all Borel
sets.

Remark 1.7.113 It is readily apparent that the product measure is shift-invariant (for
a shifted cylinders one computes the product of the same ˛i) and that the intersection
of finitely many cylinders is another cylinder; when their index sets fn1; : : : ; nkg
are pairwise disjoint, its measure is the product of the measures of the intersecting
cylinders. This immediately implies Proposition 1.7.120 below.
This is a special case of the following.

Definition 1.7.114 If .Y;T ; �/ is a probability space then the product measure� of
.X;B; �/ D Qi2Z.Y;T ; �/ or .X;B; �/ DQi2N0 .Y;T ; �/ is called the Bernoulli
measure and the one- or two-sided shift � WX ! X defined by .�.x//n D xnC1
considered as �-preserving transformation is called a Bernoulli shift.
Here we used

Definition 1.7.115 (Product Measures) If .Xi;Ti; �i/i2I are probability spaces,
then we define their product .X;B; �/ :DQi2I.Xi;Ti; �i/ as the cartesian product
X :DQi2I Xi with the probability measure � defined on cylinders

Ci1;:::;ik
A1;:::;Ak

:D fX 2 X xij 2 Aj � Xij for j D 1; : : : ; kg

by

�.Ci1;:::;ik
A1;:::;Ak

/ :D
kY

jD1
�ij .Aj/

and extended to a measure on a �-algebra B.
The importance of these systems motivates the following notion:

Definition 1.7.116 A measure-preserving dynamical system is said to be a
Bernoulli system if it is measure-theoretically isomorphic to a Bernoulli shift.

Proposition 1.7.117 When m > 1, the expanding map Em from Sect. 1.7.13 (with
Lebesgue measure) is a Bernoulli system: it is measure-theoretically isomorphic to
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the shift on mN with the uniform measure �.1=m;::::1=m/; for m D 2 so is the tent map
TW x 7! 1� 2jx � 1

2
j on Œ0; 1�.

Proof Let x D 0:x1x2 : : : be the base-m representation of x 2 Œ0; 1�. Then mx D
x1:x2x3 : : : D 0:x2x3 : : : .mod 1/. Thus

Em.x/ D 0:x2x3 : : : .mod 1/;

and :x1x2 : : : 7! .x1; x2; : : : / is the desired isomorphism.
For the tent map check that x 7! .card.fTi.x/ \ . 1

2
; 1/g//i2N works. ut

1.7.16 Mixing

Analogously to the difference between topological transitivity and mixing, the dif-
ference in the probabilistic behavior of orbits between the simplest representatives
of our two groups of examples, an irrational rotation R˛, and a linear expanding map
Em lies in the following properties.

Definition 1.7.118 A measure-preserving transformation f W .X; �/ ! .X; �/ is
said to be weakly mixing if for any two measurable sets A;B

lim
n!1

1

n

n�1X
kD0

ˇ̌
�. f �k.A/\ B/� �.A/�.B/ˇ̌ D 0: (1.39)

It is said to be mixing if for any two measurable sets A;B

�. f �n.A/\ B/! �.A/ � �.B/ as n!1: (1.40)

It is said to be mixing of order N if for any NC1measurable sets Ai and with n0 :D0

�
� N\

iD0
f �ni.Ai/

� ��������!
ni�ni�1!1

NY
iD0
�.Ai/: (1.41)

Remark 1.7.119

• Mixing is mixing of order 1.
• One can restate (1.40) as �B. f �n.A// ����!

n!1 �.A/, i.e., asymptotically f �n.A/

and B are independent sets.
• Clearly mixing implies weak mixing, so weak mixing is a weakened (average)

version of the statement about asymptotic independence.
• By taking A invariant and B :D X X A (or by comparing (1.39) and (1.28), or

from Proposition 1.7.138) we find that weak mixing implies ergodicity. Thus,
ergodicity is the weakest statement of this sort.
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• To clarify the intent of (1.41), we rewrite it for N D 2 as

�. f �n.A/\ f �m.B/\ C/ �������������!
m!1 and m�n!1 �.A/�.B/�.C/:

Proposition 1.7.120 Bernoulli shifts are mixing of all orders.

Proof Since cylinders form a sufficient collection of �-measurable sets it is enough
to check (1.40) for these, and we check only mixing of order 1. If Ci1;:::;ik

A1;:::;Ak
and

Cj1;:::;jl
B1;:::;Bl

are cylinders and n > maxfj1; : : : ; jlg �minfi1; : : : ; ikg, then

�.��n.Ci1;:::;ik
A1;:::;Ak

/ \ Cj1;:::;jl
B1;:::;Bl

/ D �.Ci1Cn;:::;ikCn
A1;:::;Ak

\ Cj1;:::;jl
B1;:::;Bl

/

D �.Ci1Cn;:::;ikCn;j1;:::;jl
A1;:::;Ak;B1;:::;Bl

/ D �.Ci1;:::;ik
A1;:::;Ak

\ Cj1;:::;jl
B1;:::;Bl

/:

ut
If a measure-preserving transformation is mixing, then the von Neumann Mean
Ergodic Theorem can be strengthened: the conclusion still holds if the iterates are
sampled “haphazardly” rather than successively:

Proposition 1.7.121 Let f W .X; �/ ! .X; �/ be a mixing probability-preserving
transformation, ' 2 L2.X; �/, .ki/i2N a strictly increasing sequence in N. Then

1

n

n�1X
iD0

' ı f ki
L2����!

n!1 Pf .'/ D
Z
' d�:

Proof As usual, suffices to prove this for a sufficient family of functions, e.g., when
' D �A is the characteristic function of a measurable set. To that end note that

Z
X

ˇ̌
ˇ1
n

n�1X
iD0
.�A ı f ki � �.A//

ˇ̌
ˇ2 d�

D 1

n2

n�1X
i;jD0

Z
X

�
�A ı f ki � �.A/

��
�A ı f kj � �.A/

�

D�Aıf ki ��Aıf kj ��.A/
�
�Aıf kj C�Aıf ki

�
C�.A/2

d�

D 1

n2

n�1X
i;jD0

�. f �ki.A/\ f �kj.A//

D�. f kj�ki .A/\A/������!
ji�jj!1

�.A/2

��.A/2

by the mixing assumption, so the claim follows from Proposition 1.7.122 below. ut
Proposition 1.7.122 If .aij/i;j2N0 is a bounded sequence with limji�jj!1 aij D 0,
then limn!1 1

n2
Pn�1

i;jD0 aij D 0.
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Proof For � > 0 take N 2 N such that jaijj < �=2 when ji � jj > N. For n > N
there are at most n.2N C 1/ pairs .i; j/ with 0 � i; j < n and ji � jj � N, so if
n > 2.2N C 1/ supij jaijj=� as well, then

ˇ̌
ˇ 1
n2

n�1X
i;jD0

aij

ˇ̌
ˇ � 2N C 1

n
sup

ij
jaijj C 1

n2
X
0�i;j<n
ji�jj>N

jaijj < �

2
C �

2
:

ut
Weak mixing can be interpreted as a mixing condition in which one ignores a
“negligible” set of times:

Proposition 1.7.123 A measure-preserving transformation is weakly mixing if and
only if for any two measurable sets A;B

there is an E � N of density 0 with lim
E 63n!1

�. f �n.A/ \ B/ D �.A/ � �.B/:
(1.42)

Here we used the following notion and fact:

Definition 1.7.124 If card.E \ f1; : : : ; ng/ D dn C o.n/, then we say that E has
density d. In particular, a set E � N has density 0 if card.E \ f1; : : : ; ng/ D o.n/.

Lemma 1.7.125 (Koopman–von Neumann) If .an/n2N is a bounded sequence,
then limn!1 1=n

Pn�1
iD0 janj D 0 if and only if there is an E � N of density 0 such

that

lim
E 63n!1

an D 0; i:e:; 0 D lim
n!1

(
an if n … E

0 if n 2 E:

Corollary 1.7.126 If .an/n2N is bounded, then

lim
n!1

1

n

n�1X
iD0
janj D 0 if and only if lim

n!1
1

n

n�1X
iD0

a2n D 0:

Proof lim
E 63n!1

an D 0 if and only if lim
E 63n!1

a2n D 0. ut

Proof of Theorem 1.7.125 “if”: Take M to be an upper bound of .janj/n2N. For � > 0
there is an N 2 N such that for n 	 N we have

• n … E) janj < �

M C 1 and

• dn.E/ :D 1

n
card.E \ f1; : : : ; ng/ < �

M C 1
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and hence
1

n

X
i<n

jaij D 1

n

�X
n>i2E

jaij C
X

n>i…E

jaij
�
< Mdn.E/C �

M C 1 < �.

“only if”: Since Ek :D fi 2 N jaij 	 1=kg � EkC1 satisfies

dn.Ek/ D 1

n
card Ek � k

n

n�1X
iD0
jaij ����!

n!1 0;

recursively take lk 	 lk�1 such that dn.Ek/ < 1=k for n 	 lk. Let E :DSk2N Ek \
Œlk�1; lk/ and � > 0. If k > 1=� and lk�1 < n … E, then n … Ek, and janj < 1=k < �.
Now take K > 2=�, n 	 lK and k 	 K such that lk � n < lkC1. Since

E \ Œ0; n/ D .E \ Œ0; lk//[ .E \ Œlk; n// � .Ek \ Œ0; lk// [ .EkC1 \ Œlk; n//;

we get dn.E/ � 1

n

�
lkdlk.Ek/

Dcard.Ek\f1;:::;lkg/�card.Ek\f1;:::;ng/Dndn.Ek/<n=k

Cn

< 1
kC1 <

1
k

dn.EkC1/
�
<
2

k
< �. ut

Clearly, mixing and weak mixing are invariants of measure-theoretic isomor-
phism (Definition 1.7.62). Furthermore, an argument similar to that for ergodicity
in Sect. 1.7.8 shows

Proposition 1.7.127 If a map is (weakly) mixing, then so is any factor.

Proposition 1.7.128 If a continuous map f has a mixing invariant measure � then
f �supp�

is topologically mixing (Definition 1.3.34).

Proof If A;B � supp� are open and n is sufficiently large then �. f �n.A/ \ B/ is
positive and hence the intersection is nonempty. ut
The converse is not true: A topologically mixing map, even a minimal one,
may fail to have a mixing invariant measure with full support. This phenomenon
is, however, atypical—similarly to the situation with other properties such as
topological transitivity and ergodicity which we discussed at the end of Sect. 1.7.12.
As we will soon see, our topologically mixing examples are mixing with respect to
natural invariant measures.

Now we prove a criterion of mixing that allows us to avoid tedious approximation
arguments when checking mixing for specific dynamical systems.

Definition 1.7.129 A collection C � S in a measure space .X;S ; �/ is said to
be sufficient if finite disjoint unions of elements of C form a dense collection with
respect to the symmetric-difference metric

d.A;B/ :D d�.A;B/ :D �.A M B/ 2 .0;1�

Proposition 1.7.130 Suppose C is a sufficient collection of sets. Then

1. f is mixing if (1.40) holds for any A;B 2 C ,
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2. f is weakly mixing if (1.39) or (1.42) holds for any A;B 2 C ,
3. f is ergodic if (1.29) holds for any A;B 2 C ,
4. f is mixing of order N if (1.41) holds for any Ai 2 C .

Proof We prove (1) using Proposition 1.7.46; the other parts have like proofs. Let

A1; : : : ;Ak; B1; : : : ;Bl 2 C ; Ai \ Ai0 D ¿ for i ¤ i0; Bj \ Bj0 D ¿ for j ¤ j0

and A :DSk
iD1 Ai, B :DSl

jD1 Bj. Then �.A/ D Pk
iD1 �.Ai/, �.B/ D Pl

jD1 �.Bj/,
and

�. f �n.A/\B/ D
kX

iD1

lX
jD1

�. f �n.Ai/\Bj/!
kX

iD1

lX
jD1

�.Ai/ ��.Bj/ D �.A/ ��.B/:

Thus (1.40) holds for any elements of the dense collection U formed by finite disjoint
unions of elements of C . Now let A;B be arbitrary measurable sets. Find A0, B0 2 U
such that �.A M A0/ < �=4, �.B M B0/ < �=4. By the triangle inequality

j�. f �n.A/ \ B/ � �.A/�.B/j � �. f �n.A M A0/\ B/C �. f �n.A0/ \ .B M B0//

C j�. f �n.A0/\ B0/� �.A0/�.B0/j
C �.A/ � �.B M B0/C �.B0/ � �.A M A0/

� j�. f �n.A0/ \ B0/ � �.A0/ � �.B0/j C �:

Since � > 0 can be chosen arbitrarily small, this implies (1.40). ut
It is not only with respect to the sets in question, but also in the conclusion that
suitable approximation is good enough:

Proposition 1.7.131 Let f be a homeomorphism of a compact metric space X and
� an f -invariant Borel probability measure with constants c;C > 0 such that

c�.P/�.Q/ � lim
n!1

�.P \ f �n.Q// � lim
n!1�.P \ f �n.Q// � C�.P/�.Q/

(1.43)

for all Borel sets P;Q � X. Then � is mixing.

Remark 1.7.132 In fact, this is true for measure-preserving transformations of a
measure space. In the proof one has to replace the use of the weak* topology by
some purely measure-theoretic considerations.

Proof We first show that the left inequality in (1.43) implies that the product f 
 f
is ergodic with respect to � 
 �. Let A;B;C;D � X be Borel sets. Then

lim
n!1

.� 
 �/.. f 
 f /n.A 
 C/ \ .B 
 D//

�. f n.A/\B/��. f n.C/\D/

	 c2 �.A/ � �.B/ � �.C/ � �.D/
.���/.A�B/�.���/.C�D/

:
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The same holds if we replace A 
 C and B 
 D by finite disjoint unions of product
sets. Since such sets approximate every measurable P;Q � X 
 X, we have

lim
n!1

.� 
 �/.. f 
 f /n.P/\ Q/ 	 c2.� 
 �/.P/ � .� 
 �/.Q/;

and f 
 f is ergodic with respect to � 
 �.
Now let � be the diagonal measure in X
X given by �.E/ D �.�1.E\�//, where

� D f.x; x/ x 2 Xg and �1WX 
 X ! X is the projection to the first coordinate.
The measure � and its shift �n under the map f n
 Id are . f 
 f /-invariant. Explicitly,
�n.A 
 B/ D �. f n.A/\ B/. By the right inequality in (1.43) we have

lim
n!1 �n.A
B/ D lim

n!1�. f n.A/\B/ < C�.A/��.B/ D C.�
�/.A
B/: (1.44)

Let � be any weak limit point of the sequence �n. If A;B � X are closed sets then
�.A
B/ � C.�
�/.A
B/ by (1.44). Taking disjoint unions of products of closed
sets and using approximation we deduce that �.P/ < C.�
�/.P/ for any Borel set
P � X 
 X and hence � is absolutely continuous with respect to � 
 �. Since � is
. f 
 f /-invariant and �
� is ergodic we have � D �
� by Proposition 1.7.41, so
for any closed sets A;B with �.@A/ D �.@B/ D 0 we have

lim
n!1�. f n.A/\ B/ D lim

n!1 �n.A 
 B/ D .� 
 �/.A 
 B/ D �.A/ � �.B/:

Since the collection of all such sets is sufficient, f is mixing with respect to � by
Proposition 1.7.130. ut
The notions of mixing and weak mixing transfer to products:

Proposition 1.7.133 A measure-preserving transformation f W .X; �/ ! .X; �/ is
mixing (weakly mixing) if and only if f 
 f is.

Proof If f 
 f is weakly mixing and A;B � X then by Proposition 1.7.123 there is
a set E � N of density 0 such that

�. f �n.A/\ B/ D .� 
 �/
�
. f 
 f /�n.A 
 X/\ .B 
 X/

�

������!
E 63n!1

.� 
 �/.A 
 X/ � .� 
 �/.B 
 X/ D �.A/�.B/;

so f is weakly mixing. Taking E D ¿ proves that f 
 f mixing) f mixing.
Suppose now that f is weakly mixing. Then for measurable A1;A2;B1;B2 � X

there exist sets E1;E2 � N of density 0 such that

lim
Ei 63n!1

�. f �n.Ai/\ Bi/ D �.Ai/ � �.Bi/
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for i D 1; 2. Taking E :D E1 [ E2 we find that

.� 
 �/
� D. f �n.A1/\B1/�. f �n.A2/\B2/

. f 
 f /�n.A1 
 A2/ \ .B1 
 B2/
�

D�. f �n.A1/\B1/�. f �n.A2/\B2/

������!
E 63n!1

�.A1/�.B1/�.A2/�.B2/

D.���/.A1�A2/.���/.B1�B2/

:

Since the sets A 
 B form a sufficient collection, f 
 f is weakly mixing by
Proposition 1.7.130(2). Taking E1 D E2 D ¿ shows f mixing) f 
 f mixing. ut
One of the implications in Proposition 1.7.133 is easy to strengthen:

Proposition 1.7.134 If f WX ! X is a measure-preserving transformation and f 
 f
is ergodic, then f is weakly mixing.

Proof Take A;B measurable and suppose f 
 f is ergodic. We will show that

1

n

n�1X
kD0

�
�. f �k.A/\ B/� �.A/�.B/

�2

D 1

n

n�1X
kD0

�
�. f �k.A/\ B/2 � 2�. f �k.A/\ B/�.A/�.B/C �.A/2�.B/2

�
�����!

n!1 0:

(1.45)

This implies the claim by Proposition 1.7.46 and Corollary 1.7.126. (1.45) follows
from ergodicity of f 
 f which by Proposition 1.7.46 implies

1

n

n�1X
kD0

�. f �k.A/\ B/ D 1

n

n�1X
kD0
.� 
 �/.. f 
 f /�k.A 
 X/\ .B 
 X//

����!
n!1 .� 
 �/.A 
 X/.� 
 �/.B 
 X/ D �.A/�.B/

and

1

n

n�1X
kD0

�. f �k.A/ \ B/2 D 1

n

n�1X
kD0
.� 
 �/.. f 
 f /�k.A 
 A/\ .B 
 B//

����!
n!1 .� 
 �/.A 
 A/.� 
 �/.B 
 B/ D �.A/2�.B/2:

ut
Just a little effort beyond Propositions 1.7.133 and 1.7.134 gives

Theorem 1.7.135 (Product-Characterization of Weak Mixing) For a
probability-preserving f the following are equivalent:

1. f is weakly mixing,
2. f 
 f is weakly mixing,
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3. f 
 g is ergodic whenever g is ergodic,
4. f 
 f is ergodic.

Proof Propositions 1.7.133 and 1.7.134 with Remark 1.7.119 give 1:,2:)4:)1.
It now suffices to show 1:)3:)4. Here, 3:)4. is easy: take g D 0 on f0g in 3.
to deduce that f is ergodic, then take g D f in 3. to get 4.

To prove 1:)3. we use Proposition 1.7.130.

ˇ̌1
n

n�1X
kD0

.� 
 �/.. f 
 g/�k.A1 
 A2/ \ B1 
 B2/ � .� 
 �/.A1 
 A2/.� 
 �/.B1 
 B2/
ˇ̌

D 1

n

ˇ̌ n�1X
kD0

�. f �k.A1/\ B1/
D:xk

�.g�k.A2/\ B2/
D:yk

��.A1/�.B1/
D:x

�.A2/�.B2/
D:y

ˇ̌

D 1

n

ˇ̌ n�1X
kD0

xkyk � xy
ˇ̌ � 1

n

n�1X
kD0
jxk � xj � yk

�maxk yk
1
n

Pn�1
kD0 jxk�xj!0 . f weakly mixing)

Cx � ˇ̌ 1
n

n�1X
kD0

yk � y

!0 (ergodicity of g/

ˇ̌ �����!
n!1 0:

ut
Just as ergodicity can be expressed in terms of functions rather than sets, so can the
various notions of mixing. In probabilistic terms, sets are events and functions are
random variables. The preceding notions of ergodicity and mixing involve various
forms of eventual independence of events, and they can be recast in terms of
asymptotic independence of random variables using the covariance of L2-functions.

Definition 1.7.136 The covariance of '; 2 L2 is defined as

cov.';  /:Dh' � h'; 1i;  � h ; 1ii D h'; i � h'; 1ih1;  i

D
Z �

' �
Z
'
��
 �

Z
 
� D

Z
' �

Z
'

Z
 :

That is, we project both functions to the orthocomplement 1? � L2 of the constant
functions by subtracting their average (to focus on their variation) and then take the
inner product.

Remark 1.7.137 Like the inner product itself, the covariance is sesquilinear (linear
in the first entry and antilinear in the second) and invariant under isometric operators
(i.e., hU�;U�i D h�; �i ) cov.U�;U�/ D cov). If either of the functions is constant,
then the covariance is zero, so it is unaffected by the addition of constants to either
function. For many statements about covariance, this allows us to assume without
loss of generality that the functions in question have zero average, i.e., are in 1?.
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Indeed, “polarization”37 allows us to consider the same function in both entries:

cov.';  / D 1

4
Œcov.' C  ; ' C  / � cov.' �  ; ' �  /�:

Finally, the covariance satisfies the Cauchy–Schwarz inequality:

j cov.';  /j � k'kk k:

Proposition 1.7.138 If ˚ � L2 is a complete system, i.e., span.˚/ D L2, then

• f is ergodic if and only if
1

n

n�1X
kD0

cov.Un
f .'/;  / ����!n!1 0 for all '; 2 ˚ ,

• f is weakly mixing if and only if

1

n

n�1X
kD0

ˇ̌
cov.Un

f .'/;  /
ˇ̌ ����!

n!1 0 (1.46)

for all '; 2 ˚ ,
• f is weakly mixing if and only if for all '; 2 ˚ , there exists an E � N of density

0 (Definition 1.7.124) such that cov.Un
f .'/;  / ������!

E 63n!1
0,

• f is mixing if and only if cov.Un
f .'/;  / ����!n!1 0 for all '; 2 ˚ .

• f is mixing of order N if
Z NY

iD0
'i ı f ni d� �������!

ni�ni�1!1

NY
iD0

Z
'i d� for

f'0; : : : ; 'Ng � ˚ .

Proof To see how to pass from a complete system to L2 note first that sesquilinearity
of covariance means that checking any of these statements for all '; 2 ˚ implies
the same for all '; 2 span.˚/. Now take arbitrary '; 2 L2 and ' 0;  0 2
span.˚/ such that k �  0k < �=2k'k and k' � ' 0k < �=2k 0k. Then

j cov.Un
f .'/;  /j D j cov.Un

f .'/;  �  0/C cov.Un
f .'/ � Un

f .'
0/;  0/

C cov.Un
f .'

0/;  0/j � j cov.Un
f .'

0/;  0/j C �:

Now, for each of these statements, knowing it for all '; 2 L2 implies the
corresponding mixing property by taking ' D �A;  D �B for measurable sets
A;B.

To see the converse note that characteristic functions of measurable sets (or of
only a sufficient collection) form a complete system in L2 for which the statement
about covariance boils down to the respective mixing property. ut

37ku C vk2 � ku � vk2 D 4hu; vi.
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Remark 1.7.139 Note that we have in particular reproved Proposition 1.7.130.
By Definition 1.7.136 this characterization of mixing can be restated:

Proposition 1.7.140 If ˚ � L2 is a complete system, i.e., span.˚/ D L2.�/, then

f is mixing if and only if Un
f .'/

weakly���* R
' for all ' 2 ˚ .

Remark 1.7.141 This last restatement motivates the notion of mixing as follows.
It implies that when ' 	 0 with k'k1 D 1 represents the probability density of
“material” that is being redistributed as its points evolve under iteration of f , the
density evens out: f n�.'�/ ����!n!1 �. Thus, the material spreads out perfectly evenly

and becomes equidistributed with respect to �.
Remark 1.7.137 suggests

Proposition 1.7.142 In each of the statements in Proposition 1.7.138 one can
replace cov.Un

f .'/;  / by cov.Un
f .'/; '/ or by hUn

f .'/; 'i if h'; 1i D 0. For
instance, f is mixing if and only if

cov.Un
f .'/; '/ ����!n!1 0

for all ' in a complete set (in L2 or in 1?), which happens if and only if

hUn
f .'/; 'i ����!n!1 0

for all ' in a complete set for 1?.

Proof While Remark 1.7.137 applies if the hypothesis is known for all ' 2 L2, the
step from a complete system to L2 requires attention because ' 7! cov.Un

f .'/; '/

is not linear. The following lemma covers the mixing case, and the others are
analogous. The last statement follows directly from Remark 1.7.137. ut
Lemma 1.7.143 If cov.Un

f .'/; '/! 0, then cov.Un
f .'/;  /! 0 for all  2 L2.

Proof M' :D f 2 L2 cov.Un
f .'/;  / ����!n!1 0g is closed in L2, contains f1; 'g,

and Uf M' � M' : If  2 M' , then hUn
f .'/;Uf . /i D hUf .Un�1

f .'//;Uf . /i D
hUn�1

f .'/;  i since Uf is an isometry, so cov.Un
f .'/;Uf . //! 0. Thus,

M' � m' :D
[˚

E � L2 closed 1; ' 2 E; Uf .E/ � E
� � Uf .m'/:

If  2 m?
' , then h1;  i D 0 and hUn

f .'/;  i D 0 for all n since Un
f .'/ 2 Un

f .m'/ �
m' , so  2 M' . Thus, L2 D m' ˚ m?

' � M' . ut
Proposition 1.7.144 Eigenfunctions of a weakly mixing transformation are con-
stant, i.e., if ' 2 L2 and ' ı f D �' for some � 2 C then ' D const:—and
hence � D 1, so f has only one eigenvalue. Thus “weakly mixing implies no
eigenfunctions” (in 1?).
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Remark 1.7.145 We will eventually be able to prove the converse; see Defini-
tion 1.7.174 and Proposition 1.7.176.

Proof If ' 2 L2 and ' ı f D �f , then j�j D 1 and either � D 1, so ' D const: by
ergodicity (which follows from weak mixing), or � ¤ 1, in which case

h'; 1i D
Z
' D

Z
' ı f D

Z
�' D �h'; 1i;

so h'; 1i D 0 and

Z
j'j2 D 1

n

n�1X
kD0
j�jk

Z
' N' D 1

n

n�1X
kD0

ˇ̌̌ Z
�k' N'

ˇ̌̌
D 1

n

n�1X
kD0

ˇ̌̌ Z
.' ı f k/ N'

ˇ̌̌
����!

n!1 0

by (1.46) since f is weakly mixing. ut

1.7.17 Toral Translations and Expanding Maps

Proposition 1.7.146

1. No translation T
 of the torus is weakly mixing with respect to Lebesgue measure.
2. Every expanding endomorphism Em, jmj 	 2, is mixing of order N for any N 2 N

with respect to Lebesgue measure.

Remark 1.7.147 Item (2) follows from the Bernoulli property (Proposi-
tion 1.7.117), but it is instructive to study direct proofs.

Proof

1. It is convenient to use multiplicative notation: T.
1;:::;
n/.z1; : : : ; zn/ D
.
1z1; : : : ; 
nzn/. Then 'WTn ! C, .z1; : : : ; zn/ 7! z1 is a nonconstant
eigenfunction for the eigenvalue 
1. Now apply Proposition 1.7.144.

2. By Proposition 1.7.130 it is enough to establish (1.40) for intervals of the form
�i;k D

�
i=jmjk; .iC 1/=jmjk�. Consider a collection f�ij;kj 0 � j < Ng of these,

and let K :Dmaxj kj. The central observation is that for n 	 K,

E�n
m .�ij;kj/\�il;kl

consists of jmjn�kl translates of�0;nCkj . On one hand, this directly implies mixing
of order 1 because this set has measure

jmjn�kl=jmjnCkj D jmj�kj�kl D �.�ij;kj/ � �.�il;kl/:

On the other hand, this implies mixing of order N by working recursively from
the back (keeping in mind the structure of these sets rather than just their
measure), i.e., starting with l D N, j D N � 1 above, and then intersecting
the preimage of this intersection with �iN�2;kN�2 , and so on. ut
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Second Proof of Mixing of Order 1 of Em Fourier analysis gives

Z
Un

Em
' �  D

X
k;l2Z

'k l

Z
exp.2�i.mnkC l/x/ D

X
k¤0

'k �mnk ����!
n!1 0

(1.47)

for any L2 functions '.x/ D P
k2Z 'k exp.2�ikx/ and  .x/ D P

l2Z  l exp.2�ilx/
with (without loss of generality)

R
 D 0. ut

1.7.18 Rates of Mixing and Decay of Correlations

In terms of functions (or observables or random variables), the various mixing
properties are expressed in terms of covariance. Specifically, mixing means that
cov.Un

f .'/;  / ����!n!1 0 for any '; 2 L2, and we now digress to the question

of how rapid this convergence might be. Since covariance is closely related to
correlation, this is known as the rate of decay of correlations. We do so in a particular
context.

Proposition 1.7.148 Consider the expanding endomorphism Em for jmj 	 2 with
Lebesgue measure and suppose'; W Œ0; 1�! R are ˛-Hölder-continuous functions
with coefficient L, i.e., j .x/� . y/j � Ljx� yj˛. Then correlations decay with the
exponential rate m�˛:

j cov.Un
Em
.'/;  /j � Lm�˛nk'k:

Remark 1.7.149 We note that the parameters that affect the decay rate of correla-
tions are the expansion rate of the transformation as well as the Hölder exponent
of the functions under consideration. In particular, for Lipschitz-continuous func-
tions the decay rate is the reciprocal of the expansion rate of the transformation.

Proof Assume without loss of generality that
R 1
0
' D 0. Then

j cov.Un
Em
.'/;  /j D ˇ̌

mn�1X
kD0

Z kC1
mn

k
mn

' ı En
m � N 

ˇ̌

� ˇ̌
mn�1X
kD0

Z kC1
mn

k
mn

' ı En
m �
�
 �

Z kC1
mn

k
mn

 
�ˇ̌C ˇ̌

mn�1X
kD0

Z kC1
mn

k
mn

' ı En
m �

Z kC1
mn

k
mn

 
ˇ̌

� L

m˛n

mn�1X
kD0

Z kC1
mn

k
mn

j' ı En
mj C

ˇ̌
ˇ
Z kC1

mn

k
mn

 

mn�1X
kD0

Z 1

0

'

mn

D0

ˇ̌
ˇ D Lm�˛nk'k:

ut
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Closer study of (1.47) reveals that for smoother functions we get even more rapid
decay of correlations.

Proposition 1.7.150 Consider the expanding endomorphism Em for jmj 	 2

with Lebesgue measure and suppose '; W Œ0; 1� ! R are Cr functions. Then
correlations decay with the exponential rate m�r: cov.Un

Em
.'/;  / D O.m�rn/. (See

Remark 1.6.21.) In particular, analytic functions have superexponential decay of
correlations.

Proof j lj � jlj�r in (1.47), hence j �mnkj � C.mnjkj/�r D m�rnjkj�r, and

��X'k �mnk

��
`2
�
rX

j'kj2
rX

j �mnkj2 � k k2 � C0m�rn:

ut
We motivate this in terms of another convergence rate. In Corollary 1.7.44 we noted
that for ergodic measures

Pn�1
kD0 '. f k.x// � n

R
X ' d� D o.n/ �-a.e. The right

information about correlation decay improves this to O.
p

n/ on average:

Proposition 1.7.151
X
k2Z

cov.Uk
f '; '/ < 1 )

���
n�1X
kD0

'. f k.x// � n
Z
'
���
2
D

O.
p

n/.

Proof We will use that cov.Uf �;Uf �/ D cov. Let �2 :D
X
k2Z

cov.Uk
f '; '/. Then

���
n�1X
kD0

'. f k.x//� n
Z
'
���2
2
D
Z � n�1X

kD0
'. f k.x//� n

Z
'
�� n�1X

kD0
'. f k.x//� n

Z
'
�

D
Z n�1X

kD0

�
'. f k.x// �

Z
'
� n�1X

kD0

�
'. f k.x// �

Z
'
�

Pn�1
kD0 ak

Pn�1
kD0 akDPn�1

iD0 aiaiCPn�1
kD1

Pn�k�1
iD0 akCiaiCaiakCi

D
n�1X
iD0

cov.Ui
f';U

i
f'/

C
n�1X
kD1

n�k�1X
iD0

cov.UkCi
f ';Ui

f'/C cov.Ui
f';U

kCi
f '/

D
X
jkj<n

.n � jkj/ cov.Uk
f '; '/ D n�2 C o.n/:

ut
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The decay of correlations is of interest in smooth dynamics but is a digression here
because, as Propositions 1.7.148 and 1.7.150 show, the rate in question depends
on the regularity of the functions and is hence not a meaningful notion on L2.
In particular, unlike the various mixing notions, it is not an invariant under
measure-theoretic isomorphism, being, rather, a quantity associated with a smooth
dynamical system.

1.7.19 Spectral Isomorphism and Invariants

One can study measure-preserving transformations by spectral analysis, i.e., via the
Koopman operator Uf (Definition 1.7.31). We first note some of its basic properties.

Proposition 1.7.152 If f is a probability-preserving transformation, then

1. The eigenvalues of Uf lie on the unit circle.
2. The spectrum of Uf lies on the unit circle if f is invertible.
3. The eigenvalues of Uf form a subgroup of the unit circle.
4. Eigenfunctions of Uf for different eigenvalues are orthogonal.

Proof

1. If A is an isometry and Av D �v, then kvk D kAvk D k�vk D j�jkvk.
2. If A is unitary then r.A˙1/ � kA˙1k D 1, so �.A˙1/ � f� j�j � 1g. A 2

Aut.V/ implies 0 … �.A/ and hence �.A�1/ D f��1 � 2 �.A/g because
.1=�/I � A�1 is invertible if and only if ��AŒ.1=�/I � A�1� D �I � A is.

3. If Uf .'/ D �' and Uf . / D � , then ���1 is also an eigenvalue:

Uf .' � N / D Uf .'/Uf . / D � N� � ' � N D ���1 � ' � N ;

This shows closure under inverses (take � D 1) and then under multiplication.
4. If Uf .'/ D �' and Uf . / D � , then

h'; i D hUf .'/;Uf . /i D h�';� i D � N�h'; i D ���1h'; i;

so ���1 D 1 or h'; i D 0. ut
If f , g are measure-theoretically isomorphic via h (i.e., g D h ı f ı h�1) then Uf , and
Ug are unitarily equivalent:

Ug D U�1
h ı Uf ıUh:

Thus spectral invariants of Uf , e.g., eigenvalues with their multiplicities or the
spectrum, are invariants of measure-theoretic isomorphism of f .
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Definition 1.7.153 Two measure-preserving transformations are said to be spec-
trally isomorphic if their Koopman operators are unitarily equivalent. An invariant
of spectral isomorphism is called a spectral invariant.
Since ergodicity is equivalent to 1 being a simple eigenvalue of the Koopman
operator, we conclude

Proposition 1.7.154 Ergodicity is a spectral invariant.
Indeed, ergodicity provides further information about eigenspaces.

Proposition 1.7.155 A probability-preserving transformation f is ergodic iff

1. All eigenfunctions have constant absolute value.
2. All eigenspaces are 1-dimensional.

Proof

1. Uf .j'j/ D jUf .'/j D j�jj'j D j'j, so j'j is invariant, hence constant a.e.
2. If '; are nonzero eigenfunctions for �, then they are nonzero a.e. by 1., so '= 

is a well-defined invariant function, hence constant a.e. ut
It is also easy to see the following.

Proposition 1.7.156 Mixing is a spectral invariant (Definition 1.7.153).

Proof Suppose f W .X; �/! .X; �/ is mixing, gW .Y; �/! .Y; �/, W ıUf D Ug ıW,
W unitary, and 'i D W. i/ 2 L2.Y; �/ (i D 1; 2). Then

hUn
g.'1/; '2i D hUn

g.W. 1//;W. 2/i D hW.Un
f . 1//;W. 2/i D hUn

f . 1/;  2i
����!

n!1 h 1; 2i D hW 1;W 2i D h'1; '2i:

ut
The most obvious examples of ergodic measure-preserving transformations that are
not weakly mixing are rotations and transformations built from them by an extension
process. It is easy to see that this is no accident.

Proposition 1.7.157 Suppose a measure-preserving transformation f W .X; �/ !
.X; �/ is ergodic but not weakly mixing. Then f has a measure-theoretic factor
(Definition 1.7.62) that is a rotation of either a circle or a finite set.

Proof Since f is not weakly mixing, there is a nonconstant eigenfunction '

(Proposition 1.7.144); denote the corresponding eigenvalue by ei˛ 2 S1. Then
j'j D const: by Proposition 1.7.155. After scaling, we may assume j'j D 1. Then
'WX ! S1 is the desired measure-theoretic factor map. To see this let � :D '�� be
as in (1.24). Since ' ı f D �', we find that � is an invariant ergodic measure for
the rotation R˛ and '.X/ � S1 is R˛-invariant. If ˛ … Q, then unique ergodicity
of R˛ implies that � is Lebesgue measure on S1 (and '.X/

a.e.D S1), so R˛ is the
desired measure-theoretic factor via '. If ˛ 2 Q then the only ergodic R˛-invariant
measures are concentrated on a periodic point, and � must be one of them. Thus
' defines a measure-theoretic factor map to a periodic orbit of R˛ with the unique
ergodic invariant measure. ut
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The following notion is natural for describing a situation in which a measure-
preserving transformation is “spectrally rigid”.

Definition 1.7.158 We say that f has pure point spectrum or discrete spectrum if f
is ergodic and there is a basis of eigenfunctions of Uf .

Remark 1.7.159 This clearly implies that Uf and hence f is invertible. The termi-
nology goes back to that in Definition 1.6.7 in that the spectrum consists entirely of
eigenvalues. Note also that by Proposition 1.7.155 these � are pairwise distinct; this
produces enough information for spectral isomorphism.

Proposition 1.7.160 Ergodic measure-preserving transformations with discrete
spectrum and with the same eigenvalues are spectrally isomorphic.

Proof For each eigenvalue map the corresponding eigenfunction for one trans-
formation to that for the other (see Proposition 1.7.155); extend by linearity and
continuity. ut
Remark 1.7.161 In this case the dynamics of Uf consists of a product of rotations
of the eigenspaces; the essential information is contained in what happens to
normalized eigenfunctions. This can be exploited to show that, in fact, here the
eigenvalues determine f up to a measure-theoretic isomorphism.
To go substantially beyond the topological groups S1 and T

n, we introduce
characters in suitable generality.

Definition 1.7.162 (Characters) A topological group is a group endowed with
a topology with respect to which all left translations Lg0 W g 7! g0g and right
translations Rg0 W g 7! gg0 as well as g 7! g�1 are homeomorphisms. If G is a
locally compact abelian group then the group OG of characters is defined as the group
of continuous homomorphisms G ! S1 D fz 2 C jzj D 1g with the topology of
uniform convergence on compact sets (i.e., the compact-open topology).
For locally compact abelian groups we have the following:

Theorem 1.7.163

1. OS1 D Z; every character is of the form z! zk.
2. OTn D Z

n; every character is of the form .z1; : : : ; zn/! zk1
1 � � � zkn

n .
3. G is compact if and only if OG is discrete.
4. G is second countable if and only if OG is.

5. OOG Š G via G 3 a 7! ˛W g 7! g.a/ (Pontryagin duality).
6. 2G1 
 G2 D OG1 
 OG2.
7. If G is compact then OG is a complete orthonormal38 system for L2.G;Haar/.

38
R
�.g/ d�G D R

�.hg/ d�G D R
�.h/�.g/ d�G D �.h/

R
�.g/ d�G for all h 2 G, so �.�/ � 1

or
R
� D 0; since a ratio of characters is a character, this gives h�1; �2i2 D R

�1=�2 D(
1 if �1 D �2;

0 otherwise.
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A translation Tg0 W g 7! g0g of a compact abelian group G preserves Haar measure
�G, and characters are eigenfunctions. Thus we have

Proposition 1.7.164 Translations of compact abelian groups have discrete spec-
trum, i.e., there is a basis of eigenfunctions.
The converse is one of the classical facts of ergodic theory.

Theorem 1.7.165 (vonNeumannDiscrete SpectrumTheorem) Any two ergodic
measure-preserving transformations with discrete spectrum that are spectrally
isomorphic (i.e., have the same groups of eigenvalues) are measure-theoretically
isomorphic. A complete system of invariants is given by the countable subgroup

 < S1 of eigenvalues: A transformation whose group of eigenvalues is 
 is
measure-theoretically isomorphic to the translation on the compact group 
 � of
characters of 
 , considered as a discrete group, by the character s0 that defines the
inclusion 
 ,! S1. The invariant measure is Haar measure.

Proof Let f W .X; �/ ! .X; �/ be an ergodic measure-preserving transformation
with discrete spectrum and 
 the group of eigenvalues of Uf . Let x0 be a common
Lebesgue point39 for all eigenfunctions of Uf . For each eigenvalue 
 2 
 denote
by '
 the unique eigenfunction whose Lebesgue value at x0 is 1. Then

'
1
2 D '
1'
2 : (1.48)

Identify 
 with the group of characters of the compact dual group 
 � and
denote the character on 
 � corresponding to the evaluation at 
 by �
 . This
gives orthonormal bases f'
g
2
 and f�
g
2
 in the Hilbert spaces L2.X; �/ and
L2.
 �; �/ correspondingly, where � is the normalized Haar measure.

Now, '
 7! �
 extends linearly to a unitary operator VWL2.X; �/! L2.
 �; �/,
which is multiplicative on the eigenfunctions by (1.48). Their finite linear combi-
nations are dense in L2.X; �/, so V is generated by a measure-preserving invertible
transformation hW .X; �/ ! .
 �; �/, and VUf V�1�
 .s/ D 
�
.s/ D �
.s0s/ for
any s 2 
 �, hence hfh�1 D Ls0 . ut
Remark 1.7.166 Even invertible spectrally isomorphic measure-preserving ergodic
transformations may fail to be measure-theoretically isomorphic.
Several notions that follow relate to a collection of spectral invariants called spectral
measures. To introduce these, it is useful to define Un

f for negative n even if f is
not invertible: When n 2 N define U�n

f :D .U�
f /

n, where “�” denotes the adjoint
defined by hU�'; i D h';U i for all '; 2 L2. (If f , hence Uf , is invertible, this
coincides with the corresponding iterate of the inverse.)

39'i.x0/ D lim
h!0

1

2h

Z x0Ch

x0�h
'i.x/ dx.
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Definition 1.7.167 If � is an invariant Borel probability measure for f WX ! X,
then the spectral measure of ' 2 L2.�/ X f0g is the unique measure �' on S1 with
Fourier coefficients '.n/ :D hUn

f .'/; 'i D
R

S1 znd�' for n 2 Z.
That the '.n/ are the Fourier coefficients of a measure on S1 follows from

Theorem 1.7.168 (Carathéodory–Herglotz) .bn/n2Z are the Fourier coefficients
of a measure on S1 iff bn D b�n and

P
jnj;jmj�N bn�maman 	 0 for N 2 N and

.an/n2Z.
It applies because hUn

f .'/; 'i D h';Un
f .'/i D hU�n

f .'/; 'i and

0 � k
X

jnj�N

anUn
f .'/k2 D h

X
jnj�N

anUn
f .'/;

X
jmj�N

amUm
f .'/i D

X
jnj;jmj�N

hUn�m
f .'/; 'ianam:

Remark 1.7.169 If Uf' D �', then �' D ı� because �n D hUn
f '; 'i D

R
S1 znd�' .

Thus, when f has discrete spectrum, Uf is completely determined by spectral
measures that are discrete (or point) measures, another reason for the terminology.
The description of the dynamics of Uf for f with discrete spectrum suggests that
having discrete spectrum is a strengthening of the notion of ergodicity analogous
to minimality as a strengthening of transitivity. We now present a notion that
corresponds to strengthening transitivity in the direction of mixing.

Definition 1.7.170 An invertible probability-preserving transformation f of a
Lebesgue space is said to have countable Lebesgue spectrum (see Definition 1.6.7)
if there is an orthonormal set 1 D '0; '1; : : : in L2 such that f1g [ fUn

f .'i/ i 2
N; n 2 Zg is a complete orthonormal set in L2—so the 'ik :D Un

f .'i/ 2 1? are
pairwise distinct and orthogonal.

Remark 1.7.171 The terminology indicates that each �'i is Lebesgue measure.
Interestingly (and obviously) these are all spectrally equivalent.

Proposition 1.7.172 Any pair of invertible probability-preserving transformations
of Lebesgue spaces that have countable Lebesgue spectrum are spectrally
isomorphic.

Proof Map the 'i for one of the measure-preserving transformations to the 'i for
the other; extend linearly. ut
Proposition 1.7.173 Measure-preserving transformations with countable Lebes-
gue spectrum are mixing.

Proof By Proposition 1.7.142 it suffices to consider 'i;k :D Uk
f .'i/ as in Defini-

tion 1.7.170 and to note that hUn
f .'i;k/; 'i;ki

D0 when n¤0
����!

n!1 0: ut

Weak mixing (Definition 1.7.118), an intermediate property between ergodicity and
mixing, turns out to be a spectral invariant as well. The first step towards seeing this
was Proposition 1.7.144. We conclude by proving the converse.
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Definition 1.7.174 We say that f has continuous spectrum if all eigenfunctions of
the Koopman operator Uf of f are constant.

Remark 1.7.175 A motivation for the term “continuous spectrum” is that one can
in this case show that all spectral measures are nonatomic (for functions in 1?): If
� 2 S1 then a weak accumulation point of 1=n

Pn�1
kD0 ��kUn

f .'/ is an eigenfunction
for �, and it is nonzero if 0 ¤ h ; 'i D �f .�/.

Proposition 1.7.176 A probability-preserving transformation is weakly mixing if
and only if it has continuous spectrum.

Proof We will use that � :D f.z; z/ z 2 S1g is a .�' 
 �'/-null set by absolute
continuity of �' and the Fubini Theorem. If f has continuous spectrum, then

' 2 1? ) 1

n

n�1X
kD0

ˇ̌ Z
X
' ı f k '

ˇ̌2 D 1

n

n�1X
kD0

ˇ̌ Z
S1

zk d�'.z/
ˇ̌2

D 1

n

n�1X
kD0

Z
S1

zk d�'.z/
Z

S1
wk d�'.w/

DRS1�S1 .zw/k d.�'��'/.z;w/

D
Z

S1�S1

1

n

n�1X
kD0
.zw/k

D .zw/nC1
�1

n.zw�1/
! 0 off � & bounded

d.�' 
 �'/.z;w/ ����!
n!1 0:

ut
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