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Abstract. A decade after a resolution in 2006 by the International
Mathematical Union endorsing the notion of a global digital mathemat-
ics library, and following a thorough report on possibilities written under
the auspices of the US National Research Council in 2012, an 8-person
Working Group, set up in 2014, is still working toward implementations
of some of the ideas. There are difficulties with mobilizing the mathe-
matical community toward building worthwhile infrastructure in times
that are both perilous and well off, depending on where you stand. But
progress continues.

1 Introduction and History

Vignettes from history help to emphasize the way that members of the mathe-
matics community have long wished access to more of the world’s mathematics
to have a better understanding of it. The name of Giuseppe Peano (1858-1932) is
universally well known among students of mathematics as the author of an axiom
system for the natural numbers. That this remarkably inventive and productive
Ttalian mathematician, who has recently been the subject of renewed historical
interest [Dolecki& Greco:2016, Dolecki& Greco:2010a, Dolecki& Greco:2010b] also
was a leading light of the push for the international auxiliary language Interlin-
gua is less familiar [Peano:1903]. This can be seen in the mathematical context
as feeding into the efforts at pasigraphy, a writing system where each symbol
represents a concept. Indeed it was in connection with such efforts at represent-
ing mathematics by well-designed formulas that Peano developed his natural
number axioms [Peano:1894].

At the ICM in 1897 there was a session under the chairmanship of Peano on
how to encode mathematical knowledge. It remains striking to me that Ernst
Schroder, the algebraist and logician from Karlsruhe, delivered a plenary address
“On pasigraphy, its current status and the pasigraphic movement in Italy”
[Schroder:1897]. By the last phrase he meant the work of Peano and his fol-
lowers. Schroder disagreed with the distinguished chairman and suggested that
the new system he had developed with a small number of basic symbols, some-
what in the vein that had been worked on by the American C. S. Peirce, was
what was wanted. He began his remarks with the ringing statement that if there
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were any topic that really belonged at an International Conference of Mathe-
maticians, then it was pasigraphy. He was sure that pasigraphy would take its
rightful place on the agenda of all succeeding such conferences.’

At the 1928 ICM in Bologna there was active discussion of how to pro-
vide comprehensive bibliographic resources for mathematics to everyone, espe-
cially in regard to publication of the comprehensive catalogue of mathematical
work prepared by the German Georg Valentin (which was later bombed out
of existence at Unter den Linden in Berlin in February 1942) [Valentin:1900,
GobelSperber:2010]. From 1931 on there were publications such as Zentral-
blatt [ZM], Mathematical Reviews [MR] and Referativny Zhurnal [RZ] index-
ing and abstracting the mathematical literature, but full text could only be
had in the traditional way. In 2006 the IMU saw the possibility of realizing the
imagined Global Digital Mathematical Library, or World Digital Mathematical
Library, which had been discussed again [BallBorwein:2005,IMU/CEIC:2006,
Jackson:2003], and put out a resolution to this effect [IMU:2006]. But that
was all.

The adjective ‘digital’ is important here as it is the new digital technologies
that allow better access to the resources of mathematical knowledge than ever
before. Surely in 16th century Europe, or even earlier in 14th century Korea,
when printing from metal type was a brand-new technology, the possibilities
of new forms of books for the recording and dissemination of knowledge were
welcomed by some. That they were right we all now know. That sort of oppor-
tunity is open to us again now. Of course, printing revolutionized in other ways:
in Europe printing of indulgences was a labor-saving device for the church that
may have changed religion, and printed money changed economics in China.

The adjective ‘global’ is important too. We all think the truths of our subject
to be global, independent of location in this world.?: Think of the IMU’s mem-
bership from over 120 countries. A GDML can have a global reach as a result of
digital technology, particularly the internet. It should be a shared global good.
We are looking for global support for the idea and expect that there can be
contributions to a GDML from all over the world. The benefits will be felt all
over the world.

! Zur Diskussion auf einem internationalen Mathematiker-Kongresse diirfte sich kaum
ein Thema in héherem Mafle empfehlen als das der Pasigraphie, und ich bin berzeugt,
daBl der Gegenstand von der Tagesordnung kiinftiger Kongresse nicht mehr ver-
schwinden wird.

Ist doch das Ziel dieser neuen Disziplin kein geringeres als: die endgiiltige Fes-
tlegung einer wissenschaftlichen Universal-Sprache, die vollig frei von nationalen
Eigentiimlichkeiten und bestimmt ist, durch ihre Konstruktion die Grundlage zur
wahren, ndmlich exakten Philosophie zu liefern!

Naturally there are ethnomathematical considerations to be discovered, and dif-
ferent developments in mathematics to be related to sociology. Also Marcus and
Watt point out that there are linguistic differences even in what is an equation
[MarcusWatt:2012].

See also a discussion by Gray of natural languages used for the expression of math-
ematical ideas [Gray:2002].
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In 2010, IMU President Ingrid Daubechies and Peter Olver, chair of the
IMU’s Committee on Electronic Information and Communication (CEIC) took
the initiative to work toward a WDML or GDML through consultations with a
broad-based expert group [WDML Blog]. This culminated in a comprehensive
report from a Workshop at the US National Academy of Sciences [NAS:2012]. At
the 2014 ICM a small working group of 8 persons was given the task of working
toward realizing some of the dreams [Seoul CEIC Panels,Seoul DML Panel]. The
resources need to be found to begin building the GDML. It will not be an easy
task [Bouche:2014, PitmanLynch:2014].

2 Challenges

One can distinguish four facets of the GDML initiative:

— The mathematical community

— The mathematical literature

— Mathematical knowledge management
— Management of the enterprise

They are all discussed in the NRC report [NRC/USA:2014]. Some parts of
the GDML require work that is understood, or already done in part, but that
just takes much time and effort to complete. Other parts require serious inves-
tigation and prototyping which will take time, although the general ideas and
development paths may seem clear. But it turns out that each facet, though
many would think their meanings pretty clear, leads a number of people to hold
differences of opinion as to how each should be understood. It’s in those details
that the sticking points lie in realizing the public good we crave. Nonetheless,
the WG and its successors will keep moving forward, probably with progress
showing stick-slip characteristics that are hard to describe.

3 Goals

The goals of the GDML effort are still of considerable generality. To achieve
them is going to be a longer process. Setting up any new organization for the
public good which is to be sustained over a long period is a slow business. But
we need to do it since the openness of mathematical knowledge to all who need
it is very important.

To this end the GDML WG is founding an International Mathematical
Knowledge Trust [IMKT], which it is hoped will function eventually as an orga-
nizing center for the knowledge base that will be the GDML. Setting out a
charter for this proposed trust, and getting it endorsed by the IMU has been
one of the tasks of the WG. It has proposed the present goals:
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The purpose of the International Mathematical Knowledge Trust,
IMKT, is to establish a mathematical knowledge commons — a pub-
lic resource consisting of mathematical knowledge represented in non-
proprietary, machine-readable formats and an international network of
knowledge providers, information systems, and semantic services based
on it, that is, a global digital mathematical library.

The mission of the IMKT is to construct a mathematical knowledge com-
mons as a global public good, an effective knowledge base of open mathematical
knowledge data, encompassing the world’s mathematics through collaborations
deploying both present and future technology, and to foster a supporting com-
munity. In particular, the IMKT should work to

— enhance accessibility of all mathematical knowledge world-wide, present, past
and future,

— serve people in research mathematics, education, and applications of mathe-
matics,

— promote the creation of open standards and best practices for management of
mathematical data, and encourage the use of such standards,

— facilitate the development of open source tools and open mathematical data
repositories,

— facilitate creation, dissemination and open archiving of semantically rich forms
of mathematical data,

— encourage the collaborative development of open services based on represen-
tations of mathematical knowledge.

The mathematical knowledge commons resulting from these efforts of the
IMKT and affiliated organizations should be a truly global resource, which
matches the highest possible standards of independence, of reliability, and of
data protection.

4 Achievements

Aside from working toward the problems of global existence and governance of
an IMKT and associated international efforts, the GDML WG has been paying
attention to building wider support for a GDML in the mathematical commu-
nity and to planning and beginning projects that start constructing tools and
structures to underpin a GDML. An activity of the support-building type was
a Special Session “Mathematical Information in the Digital Age of Science”
at the Joint Mathematics Meetings in Seattle Jan. 6-9, 2016 with 18 speak-
ers over 11h [JMM:2016]. This is a large gathering with this year about 6,300
registrants. These meetings are organized by the Mathematical Association of
America (MAA) and the American Mathematical Society (AMS), and host addi-
tional sessions for the Association for Symbolic Logic (ASL), the Association
for Women in Mathematics (AWM), the National Association for Mathemati-
cians (NAM), and the Society for Industrial and Applied Mathematics (STAM).
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It was an excellent venue for speaking to the mathematical community on mat-
ters related to GDML efforts.

The materials collection efforts for a digital library, such as a world-wide
extension of what EuDML did [EuDML], and building on their experience is
being considered, but as yet have not been proposed to any funding agency. A
European consortium has, however, begun the process of applying for significant
funds under a European Union program.

The GDML WG helped organize a workshop to start on on of the infrastruc-
ture developments with long-range promise for a GDML. The Semantic Rep-
resentation of Mathematical Knowledge Workshop was held 3—5 February 2016
at the Fields Institute, located at the University of Toronto, Toronto, ON CA
[Fields:2016]. The support of a grant from the Alfred P. Sloan Foundation, staff
and resources provided by the Wolfram Foundation, and staff and resources
for local arrangements provided by the Fields Institute made possible a very
successful workshop. The workshop was organized by the Wolfram Foundation,
represented by Michael Trott and Eric Weisstein, by the Fields Institute and its
Director Tan Hambleton, and by the GDML WG.

To paraphrase the application for support to the Alfred P. Sloan Founda-
tion, the goals of the workshop were to pool the knowledge and experience of
a group of experts to agree on design principles leading the way toward imple-
mentation of a semantic capture language applicable to all mathematics. Such a
semantic encoding is expected to help realize one of the goals of a Global Digital
Mathematical Library.

Through a program of talks and discussions the workshop was to work toward
consensuses enabling the creation of a semantic language both for mathematics
as a whole and for its sub-disciplines. The workshop was intended to produce
(1) a white paper outlining the structure of the proposed semantic language,
(2) a concrete plan for creating an explicit semantic language that will be used
to mark up results in a specific area of mathematics, and (3) internet publications
for all to see.

A great number of opinions were offered and a good deal of intense discussion
ensued amongst the 40 participants of the workshop. Part 3 of the intentions
is well covered by materials on the Fields Institute and Wolfram Foundation
websites. However, production of a white paper and of definite plans proved
difficult. Though discussions were started it turned out there was more to learn
than expected. The first difficulty was the fact that there were several meanings
of the word semantics in use, which could be seen as contradictory and were
often confusing to one participant or another. The resulting short white paper
is online, and linked to a wiki for further discussion [SRMwiki.

After term distinctions there are, for instance, possibilities for different views
of the literature of mathematical interest, different levels of formalization, dif-
ferent kinds of semantically explicit mathematics, different audiences for math-
ematical communications, and even different levels of readability required.

When it comes to semantic capture language design there are language design
issues, use cases to list and satisfy, issues of organizing design when a large
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vocabulary is presumably involved, and the whole matter of the relationship of
semantic levels to formal proofs which can be machine checked.

There were some ideas for possible projects exploring the semantic capture
aspect of recording the mathematical literature, whether old or newly created.
One can try and accord various mechanized reasoning styles with each other, and
tie them to more conventional computer algebra systems. There is lots of scope
for exploring particular subjects and trying to capture, to various degrees, the
special peculiarities of, say, algebra versus analysis, or geometry and probability.

One particularly attractive opportunity is the area of orthogonal polynomi-
als and special functions (OPSF). This is a classical subject which is still being
explored and has fascinating connections with other parts of mathematics. How-
ever, the basics of the subject are generally thought to be well understood. The
fact that current computer algebra systems do not always agree on definitions,
and so can produce strongly contrasting results to a fairly simple calculation,
shows this is not so. The need for a concordance of special functions seems clear,
and will be a good test case for proposed techniques of capturing mathematical
semantics.

Another useful beginning will be to take a subject area and to try and capture
all the significant theorems in it with a full set of definitions. A good prototype
area might be geometry, since geometrical thinking can be contrasted with alge-
braic although much of classical geometry can be done by algebraic calculation;
and there are sometimes insights to be gained into algebra from a geometri-
cal view.

This leads on naturally to the matter of ontology creation. In the medical and
life sciences use of mechanizable ontologies has proved useful. A lot of resources
and attention have gone into the Gene Ontology, for instance. However, the use
of the term ontology is also one fraught with possibilities for incomprehension,
it seems. Indeed opposition to the idea that an ontology could be useful can
provoke the sort of heat that political opinions are more known for. Nonetheless
mathematics may be able to benefit from the practical experience and develop-
ments in other fields, where researchers have developed software that, mutatis
mutandis could be useful for mathematics.

5 Prognosis

I expect to see the IMKT founded, and that it will work toward spreading the
ideas of cooperation to achieve a GDML. We should see other regional mathe-
matical Knowledge Trusts formed. There will come a wider awareness of what
well-organized mathematical knowledge resources can bring both rich and poor
communities. With better communication about how our subject’s knowledge
can be managed there will be a chance that it will not be lost to most people, as
could happen for plausible commercial reasons. If the mathematical community
can organize itself a little better, it can hope to avoid duplication of effort, and
to achieve more. To a perhaps surprising extent many of the problems in imple-
menting a GDML are social ones, though there are intellectual problems enough
in trying to clarify what mathematical knowledge is and to make machinery to
help us with it.
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