Chapter 10

Conformal Mappings

Riemann’s mapping theorem asserts that a simply-connected domain different
from C is conformally equivalent to the open unit disk: There exists an analytic
bijection from 2 onto D (that the inverse is itself analytic is automatic; see Exercise
10.2.4). In this chapter we closely follow Chapters 5 and 6 of [45] and present some
related exercises. The chapter is smaller than the previous ones, but is certainly of
key importance in the theory of analytic functions. To quote [195, p. 1], Riemann’s
theorem is one of those results one would like to present in a one-semester intro-
ductory course in complex variables, but often does not for lack of sufficient time.
The proof requires also some topology, which is not always known by students of
a first complex variable course.

10.1 Uniform convergence on compact sets

The proof of Riemann’s theorem is not constructive, and uses deep properties of
the topology of the space of functions analytic in an open set. We review here
some of these properties. The solutions of the following two questions will not be
given here.

Question 10.1.1. Let €2 be an open connected subset of C. Show that there exists an
increasing sequence (Kp)nen of compact subsets of Q with the following property:
Given any compact subset K of C1, there exists N € N such that

N
K C UKn.

n=1
Question 10.1.2. Let Q and (K )nen be as in the previous exercise. Show that (see
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45, (3.3), p. 149])

A(f.9) =Y, min(1, max (=) - (=) (10.1.1)

n=1
defines a metric on the space A(Q) of functions analytic in €.

Convergence of a sequence in the metric (10.1.1) is equivalent to uniform
convergence on every compact subspace of €. The space A(Q2) endowed with this
metric has a key property: A subset of A(Q) is compact if and only if it is both
closed and bounded. Locally convex Hausdorff barreled topological vector spaces
for which this property holds are called Montel spaces. See, e.g., [214, Definition
34.2, p. 356]. We also refer to [CAPB2], where some of these definitions and con-
cepts are reviewed. Bounded here does not mean boundedness with respect to the
metric, but boundedness in a topological vector space. Recall:

Definition 10.1.3. Let V' denote a topological vector space on the complex numbers
or on the real numbers. The set U C V is called bounded if for every neighborhood
W of the origin there exists A > 0 such that

U C \W.

The above characterization of compact sets is the key in the proof of Rie-
mann’s theorem. We refer to [109] for a thorough study of the metric spaces where
(sequential) compactness is equivalent to being closed and bounded.

10.2 One-to-oneness

It is an important fact that an analytic function is one-to-one in a neighborhood
of a point where its derivative does not vanish. For the following exercise, see [148,
p. 372].

Exercise 10.2.1. Let f be analytic in a convex open set 0 and assume that Re f'(2)
> 0 in Q. Show that f is one-to-one in €.

Note that an analytic function which is one-to-one on an open set {2 is said
to be univalent in that set. As a corollary of this exercise we get the following very
important result. For the converse statement, namely that when f’(z9) = 0 there
is no neighborhood of zy in which the function is one-to-one, see Exercise 7.3.8.

Theorem 10.2.2. An analytic function is univalent in a neighborhood of any point
where its derivative does not vanish.

Indeed, if f'(z9) # 0, then at least one of the numbers Re f’(z¢) and Im f”(z0)
is not zero. Without loss of generality we may assume that Re f/(zg) > 0 (otherwise
replace f by —f or +if depending on the case). By continuity, Re f’(z) > 0 in
an open disk around zp. We can then apply the precedent result since a disk is in
particular convex.
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Exercise 10.2.3. Give a solution of FEzxercise 5.2.9 using Exercise 10.2.1.

We note the following:
o0
fl(z)=1+ Z nanz"" 1,
n=2
and in particular

If'() = 1-

o0

E nanz" !
n=2
o0

>1-Y nlanl[z["

n=2
oo

21—2n|an|>07 Vz e D.

n=2

Thus, by Theorem 10.2.2, f is one-to-one in a neighborhood of every point in D.
This is a local result. We want a direct solution of a global result: f is one-to-one
in D.

Exercise 10.2.4. Assume that the analytic function f is one-to-one in Q. Show
that the formula (see, e.g., [42, p. 180])

9(z) = ! /fsf/(s) ds, (10.2.1)

- 2mi (s)—z
where v is a closed simple contour, defines the inverse of f inside 7.
Formula (10.2.1) shows in particular that f~! is analytic.

We now consider the case where the derivative vanishes at a given point. It is
no loss of generality to assume that the function itself also vanishes at that point.

Exercise 10.2.5. Let f be analytic in the open subset Q) and assume that zg €
is a zero of order N of f. Show that there is a function g which is analytic and
one-to-one in some open neighborhood U C 2 of zy and such that

fz)=9(x)", zeU. (10.2.2)

With the preceding exercises at hand we can state the following key result,
called the open mapping theorem (see also Exercise 7.4.9).

Theorem 10.2.6. Let Q be an open subset of C and let f be analytic in Q. Then,
f(Q) is an open subset of C.
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Proof. Take first a point w € 2 where f'(w) # 0. By Exercise 10.2.4 the function
f is one-to-one in an open neighborhood U of w, with analytic inverse. The inverse
hof f,

h: f(U)— U,

is in particular continuous, and therefore
fU)=h7HU) C f()

is an open neighborhood of f(w) which lies inside f(€Q). If f/(w) = 0, we first
remark that for any N € N the map z +— 2" maps open balls into open balls, and
therefore open sets into open sets. Write f in the form (10.2.2). There is an open
neighborhood U of w where ¢(z) is one-to-one. By the above argument, g(U) is
open, and so is f(U) = g(U)N. O

Exercise 10.2.7. In the notation and hypothesis of Exercise 6.1.9, show that the
set Qo contains uncountably many points.

We conclude this section with an important fact on univalent functions, which
comes into play in the proof of Riemann’s mapping theorem. See [45, Proposition
2.2, p. 147, p. 191].

Exercise 10.2.8. Let Q be open and connected, and let (s,)nen be a sequence of
functions univalent in €, which converge uniformly on compact subsets of Q). The
limit is then either a constant or univalent.

10.3 Conformal mappings

Simply-connected sets have already been characterized in a number of ways. Geo-
metrically, Riemann’s mapping theorem expresses the following characterization:

Definition 10.3.1. A connected open subset Q of C which is different from C is
simply-connected if it is conformally equivalent to the open unit disk.

Question 10.3.2. Show that any open disk is conformally equivalent to any open
half-plane.

We recall that the Blaschke factors (1.1.44), possibly multiplied by a constant
of modulus 1,
z—a
ple)=c
are the only conformal mappings from the open unit disk onto itself. Taking into
account this fact allows to solve the following exercise.
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Exercise 10.3.3.
(1) Show that the conformal maps from the open upper half-plane C onto itself
are exactly the Moebius maps which can be written in the form
az+b
()O(Z) - cz + da
where a, b, c,d are real and such that ad — bc = 1.
(2) Show that any two points in C, can be related by such a conformal map.
The proof of Riemann’s mapping theorem (see for instance H. Cartan’s [45])
uses the fact that a connected open subset €2 of the complex plane is simply con-
nected if and only if every non-vanishing function analytic in 2 admits an analytic
logarithm. The proof can be divided into three steps (and here, we follow [45]):
(a) Reduce to the case where Q@ C D and 0 € Q.

(b) Show that the existence of a conformal map is equivalent to the solution of
a maximum problem.

(¢) Show that the maximum problem has a solution.

Steps (a) and (b) use, each once only once, the assumed existence of an
analytic logarithm. Step (c) uses topology tools which are somewhat beyond the
scope of the present book. The content of the following question is Step (b).

Question 10.3.4. Let Q) be an open subset of D, containing the origin, and with the
property that every non vanishing function analytic in Q has an analytic logarithm.
Let M denote the set of univalent functions from Q into D such that f(0) = 0.
Show that the range of f is D if and only if

|£/(0)] = max|g(0)].
Hints: One direction is relatively easy, and uses the Schwarz lemma. For the other
direction, proceed by contradiction, and use Theorem 5.7.6 (see [45]).
Question 10.3.5. Show that tan z is a conformal map from the strip
Ly ={(z,y);xz € (—n/4,7/4) and y € R}
onto the open unit disk.

Exercise 10.3.6. Find a conformal map between the open right half-plane and the
quarter-plane

{(z,9); 0 <z <lyl}.

Exercise 10.3.7. Let D denote the open unit disk and Cy denote the open upper
half-plane. Show that the map
z—i(22+1)

wlz) = z4i(224+1)
is a conformal mapping from Dy = DNC4 onto D. What happens on the boundary?
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Exercise 10.3.8 (see [75, Exercice 35.33, p. 329]). Let a € (0,7/2) and define
. 1
Da:{ze(C;|z:tzcota|< . }
sin «

Show that the map

1—=

142 20 _
C(Z) — ( ) L

11z 2o
(1) +1
is conformal from D onto D, and that its inverse is given by
2a

()" -
o=

14z \ ™
()" 1
The following exercise can be found for instance in [53, p. 203], [168, Exercise

2, p. 196], and [18, §10.4.4, pp. 308-311]. We follow the solution of that latter
reference. In the statement the function v/1 — s is defined via (4.4.9).

Exercise 10.3.9. Show that the map

ds
z c(z) = (10.3.1)
) /[o,z] V15t

is conformal from D onto a square.

Hint. Following [18, §10.4.4, pp. 308-311] we suggest to solve the exercise along
the steps below:

Step 1: Show that the map ¢ extends continuously to the closed unit disk,
and that (see [18, p. 310])
du

V/2sin(2u)’ be [0, W} : (10.3.2)

0
() =M +¢'7 /
0 4

for some constant M > 0.

Step 2: Show that the image of the unit circle is the boundary of a square.
Exercise 3.5.7 plays an important role in this step. It is also useful to note that

c(iz) =ic(z), zeD. (10.3.3)

Step 3: Compute fl <) g,

2mi J|z|=1 c(z)
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10.4 Solutions

Solution of Ezxercise 10.2.1. Let z; and 29 be in €. Since (2 is convex, the closed
interval
[21722] = {Zl +t(22 — 21); te [0, 1]} c Q.

By the fundamental theorem of calculus for analytic functions,

f(z2) — f(z) = / f'()dz

[21,22]

= (22 — 21)/0 f'(z1 +t(zg — 21))dt

= (22 — 21) {Re (/01 (21 +t(z2 — zl))dt>

+iIm (/01 f'(z1 4+ t(22 — zl))dt> } .

Since Re f'(z) > 0 in Q we have

Re ( /0 P+t — zl))dt> > 0. (10.4.2)

It follows from (10.4.2) that

f(z2) = f(z1) = (22 — 21) {Re (/01 flz+t(z2 — 21))dt>

+iTm (/01 (o1 4tz — zl))dt> }

that f(Zl) 7é f(ZQ) if Z1 7& zZ9. O
Solution of Ezercise 10.2.3. We have, for z € D,

(10.4.1)

o0 o0 o0
Ref'(z)=1- ReZnanz”_l >1-— Znanz”_l >1-— Z nlay| > 0.
n=2 n=2 n=2
It suffices then to apply the previous exercise. ([l

Solution of Ezxercise 10.2.4. We have, for zq inside 7,

1 sf'(s) 1
oo = / il
S — 20
sf'(s)
f(s) = f(20)
S — 20 s=z0
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Solution of Ezxercise 10.2.5. By definition of a zero of order N we can write in
some neighborhood W C Q of zy,

f(z) = (2 = 20) ¥ h(2),

where h is analytic in W and does not vanish there. We can always assume W to
be convex (for instance, W may be chosen to be an open disk with center zy and
small enough radius). Then, the function h has an analytic logarithm in W, and
therefore also an analytic root of order N: There is a function hg analytic in W
and such that

h(z) = ho(2)N, zeW.

We therefore have f(z) = ((z — 20)ho(2))Y, 2z € W. The function g(z) = (z —
z0)ho(z) is analytic in W. It is one-to-one in a neighborhood U C W of 2, since

9'(2)]s=20 = ((z = 20)h(2) + ho(2)) |2=2, = ho(20) # 0. U
The following solution is taken from [10, pp. 4-5].

Solution of Exercise 10.2.7. We use the notation of Exercises 4.1.13 and 6.1.9. We
know from Exercise 6.1.9 that there is a point u € § such that

la(p)] = [b(w)| # 0.
The map

is analytic in the open set Q\ Z(a). The image (2 \ Z(a)) is an open set, and
therefore there exists an » > 0 such that

B(o(p),r) Co(Q\ Z(a)).

The image o(€2\ Z(a)) contains in particular an arc of a circle, and the claim
follows. g

Solution of Exercise 10.2.8. We first remark that the limit function s is indeed
analytic, since the convergence is uniform on compact subsets of 2. Assume that
s is not a constant, but that there are two points a; and as in §2 such that

s(a1) = s(az) e

The function s(z) — ¢ has isolated zeroes (since it is not a constant), and therefore
we can find two closed neighborhoods

B.(ar,p1) ={2€Q; |z —a1| < p1}

and
Be(az, p2) = {2 € Q; |z — a2 < p1},
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with p; and po strictly positive, such that

Bc(a1, p1) N Be(az, p2) =0,

and such that

s(z) —c#0,
both in B.(a1,p1) \ {a1} and in B.(az, p2) \ {az}. Set
me= min |[s(z)—¢|, £=1,2.
jae—zl=pe

We have that m; > 0 and my > 0. Furthermore, since the neighborhoods
B.(a1, p1) and B.(as, p2) are compact, there exists N € N such that

n> N = Vz € B.(a1,p1) UBc(az,p2), |sn(z)—s(z)| <me, £=1,2.
Thus, for all z € B.(ag, pe), £ = 1,2, we have
[sn(2) — s(2)| < me < s(z) —¢|.

From Rouché’s theorem (see Exercise 7.4.1), we have that s,(z) — ¢ vanishes
in Bc(ag, pe) for £ = 1,2, contradicting the fact that the s, are univalent since

Be(a1, p1) N Be(az, p2) = 0. 0
Solution of Ezxercise 10.3.3.
(1) The map ¢(z) = 7% sends conformally C. onto D. It follows that the con-

formal maps of C onto itself are, in terms of matrices, of the form

i Nk ke (0 1\ 1 [i(k(1—w) 4+ (1—u)  E(14u)— (1+u)

—i 1 w1l )\—=i1) 20\ —k(1—u)+(1—u) i(k(1+u)+(1+u)).
with k € T agnd u e D. Let k = e with # € R. Dividing the entries of the above
matrix by e’z /1 — |u|2 we obtain the matrix

1 Reeig(l—u)) Im(elg(1+u))
< 2(1—u)) Re(e’?(1+u ) , (10.4.3)

V1= Juf? \ ~Tm(e’ (1+u))
which is of the required form. Conversely for any ¢(z) = gjj:g where a,b, ¢, d are

real and such that ad — bc = 1 we have

Im z

fm (=) = lcz + dJ?

and so ¢ sends C, onto itself.

(2) The result is a direct consequence of Exercise 2.3.5. (]
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Remark 10.4.1. When u = 0 the matrix (10.4.3) becomes

cos(§)  sin(9)
(— sin() cos(%)) '

Solution of Ezxercise 10.3.6. The open right half-plane C,. consists of the complex

numbers z = re withr > 0and ¢t € (=3, 7). The map /z = J/ret? is a conformal
map from C, onto the quarter-plane, with inverse map z2. (|

1—
Solution of Exercise 10.3.7. The map G(z) = 1 +z is conformal from the open

right half-plane C, = {z =2 +iy € C; 2 > 0} onto D. It is therefore enough to
check that G~ o is conformal from D, onto the right half-plane. But G=1(z) =

1—
i and so
14z )
1
G lop(z) = i * .
z
Let us write 5
1 1
wz)=i® T =y <z+ ) . (10.4.4)
z z

We now proceed in a number of steps.
Step 1: ¢ is one-to-one from Dy onto its range.

Indeed, assume that 1)(z1) = 1(z2). Then, in view of (10.4.4),

21— 29 + 1 — 1 =0,
Z1 z9
that is 1
(21 — 2z2)(1 — 2122) = 0.
Thus z1 = 29 or z1 = 1 . Since we assume that both z; and 29 belong to D4 we

22
have z1 = 2o.

Step 2: The range of v is inside C,..
Indeed, with z = x + iy,

v =i(@rm+ 570)

2 + 92

1 T
= — 1)+ .
y(z2+y2 )+Z(z2+y2+x>

But for z € D4 we have

y >0 and > 1,

22 + y?
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and so

that is Re(z) > 0.
Step 3: v is onto C,..
Indeed, for w such that Rew > 0 consider the equation 1(z) = w. We have
22 tizw+1= 0,

and thus the product of the two roots of this second degree equation is equal to 1.
Since, in view of the previous step,

1
0 < Rew = —1
< hew y(xQ—l—y? ),

we see that one of them is in D,. O
Solution of Ezercise 10.3.8. We proceed in a number of steps:

(1) The map

1+2z
—> =
s =,
is conformal from D onto the open right half-plane, with inverse ¢=1(z) =
z—1
z+1"°

This follows from
14z  1+z _1—|[z

l—2z 11—z “1—2z7
(2) Let z =re' withr >0 and t € (—m,x). The map
25 pa(2) = 220 = r2aelzat (10.4.5)
is conformal from the domain
Cra={2€C;0<z< (tana)ly|}
onto the open right half-plane.

This is because z € C,., if and only if it is of the form z = re’® where 0 € (—a, ).
m™ T ) .

Under the map (10.4.5) the angle has now range (-7, 7§

(3) The map = (z) = i;} is conformal from C, o onto Dy,.

We note that the boundary of C,. , consists of the two rays re™*®, with r € [0, c0).

We first check that this boundary is sent onto the boundary of D,. We consider
the ray re*®. The other one is treated in the same way. Let therefore

re'® — 1 r?—1 . 2rsin «

x+zy:re“"+1 - r2+1+2rcosoz+lr2+1+27’cosa
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be in the image of this ray under ¢~1. We have

1 2r+(1+7%)cosa

+cota = | .
4 sina 2+ 14 2rcosa

Thus
r? —1 2+ 1 2r + (1 +7r%) cosa 2
2+ 14 2rcosa sin?a \ 124+ 142rcosa
(2 =1)%sinfa+ (1 + 1)2cos® a + 4r? + 4r(r? 4+ 1) cos
(sin? @) (r2 + 1 + 27 cos )2

| + iy +icotal® = (

1
~ sin®a’
and similarly when « is replaced by —a. Since the image of z = 1 under ¢! is
z = 0 we conclude that ¥~! is conformal from Cro onto D,. The claim on the
inverse of ¢ follows from the fact that ¢ = =1 o p, 0% (where p,, is defined by

(10.4.5)). O

Solution of Ezxercise 10.3.9.
Step 1: Let ag, a1, o, ... be defined by

1 o0
J1 = Zanz", z € D.
—z

n=0

For z € D we have

ds ! z
c(z) = = dt
(2) /[o,z] V1— st /0 V1 — 244
o0 1
= Zanz4”+l/ tindt
n=0 0

(where one can use, for instance, the dominated convergence theorem to inter-
change the sum and the integral)

o0 4n+1
Qnz
= E " , z€D
n+1
n=0
The coefficients ag, aq, ... satisfy (3.5.9), and so this last expression defines a

function analytic in D (namely, ¢(z)) and continuous in the closed unit disk D. By
Exercise 3.5.7, we have for 0 € [0, 27]

0 o0 )
c(e”)y=M +i/0 <Z oznei(4”+1)“> du, where M = ; norl'

n=0
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To conclude the first step we show that

- 37
el

. i(An+1)u _ ( 77)
) ape = , uw€e (0, . 10.4.6
nZ:o V/2sin(2u) 4 ( )

To that purpose, let ¢ € (0,1). By Theorem 3.5.1 the sum > > a,t"e*™ con-
verges for u € (0, 7). By Theorem 3.5.4, and for such u, we have:

oo 0o
iet™ lim E antne4znu — jetu E ane4znu.
t—1
n=0

te(0,1) n=0
On the other hand,

0 - iu
i E o tnei(4n+1)u _ e
" V1 — thetiu’
n=0

Consider the polar decomposition

iel’u.

V1 — thedin pr(w)et® ),
with 6;(u) € (0, 7). We have
1
u) =
pe(u) V1 — thediu|
_ 1
/1 + 18 — 2t4 cos(4u)
1 1

7 /2 — 2 cos(4u) - V/2sin(2u)”

as t — 1. Moreover,
2iu .
2 2i6,(u) _ € —1?
u)e = = ,
pe(u) 1 — ttediv 2 8in(2u)

as t — 1, and so limy_ 20, (u) = °J.

Step 2: It follows from (10.3.2) that ¢ maps [0, }] into a closed interval. On
the other hand, the formula (10.3.3)

ds ! 1zdt
c(iz) = / = o o=ic(z), zeD,
0,iz) V1 — s 0 /1—(iz)4

still holds on the boundary using radial limits since lim ,_; : c(re

re(0,1

6 € [0,27]\ {()7 0 32”,27r}, and shows that the image of [7, 7] is an interval of the

) exists for
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same length, rotated by 7/2 in the trigonometric sense. The same holds for the
other two quadrants, and the image of the unit circle is a square.

Step 3: Let w € D and let r € (Jwl|,1). By Exercise 7.3.5

1 d(z)
2mi /|z|_r e(z) — wdz

is equal to the number of solutions of the equation ¢(z) = w in B(0, ). The function

’
c

w 2}”. f|z|:r c(zgz_)w dz takes integer values and is continuous. It is constant on
open connected sets, and so equal to its value at w = 0. On the other hand, by
the dominated convergence theorem

/ /
lim ?(z) dz = / ¢ (Z)dz
r—1 |z|=r C(Z) |z|=1 C(Z)
To conclude, note that, by definition of the winding number,
/
1,/ () g, 21, O
270 J)2j=1 c(2)

Remark 10.4.2. A variation of the preceding arguments will show that the appli-

cation p
S

o) = [ )

0.z (1—s")n

maps conformally the open unit disk onto the interior of a regular polygon with
n sides, the length of the side being equal to

or T (1—2 1 r(l-1))?
mra-g)) o r-7)
See [168, Exercise 4, p. 196], [195, Example 5.1, p. 48].
Using Legendre’s duplication formula (see, e.g., [53, p. 212], [146, (1.2.3) p. 3])

VaT(2z) = 22710 (2)0 (z + ;) (10.4.8)

it is readily seen that both expressions in (10.4.7) coincide. Indeed, it is equivalent

to prove that
2 11 1
\/WF(I— >:2—ir( - )F(l— > (10.4.9)
n 2 n n

which is (10.4.8) with z =} — !.

n

Remark 10.4.3. We will not discuss here the Schwarz—Christoffel formula (see,
e.g., [168, Chapter 5, §6, p. 189], [195, p. 42]), which allows to build conformal
maps onto certain polygons.
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