A Complex
Analysis
Problem Book



X Birkhauser



Daniel Alpay

A Complex Analysis
Problem Book

Second Edition

X Birkhiuser



Daniel Alpay

Department of Mathematics
Ben-Gurion University of the Negev
Beer Sheva, Israel

Department of Mathematics
Chapman University
Orange, CA, USA

ISBN 978-3-319-42179-7 ISBN 978-3-319-42181-0  (eBook)
DOI 10.1007/978-3-319-42181-0

Library of Congress Control Number: 2016957416

Mathematics Subject Classification (2010): 97180, 46C07, 46E20, 46E22, 47B32

First Edition © Springer Basel AG 2011

© Springer International Publishing AG 2016

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part of the
material is concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation,
broadcasting, reproduction on microfilms or in any other physical way, and transmission or information storage
and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology now known or
hereafter developed.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication does
not imply, even in the absence of a specific statement, that such names are exempt from the relevant protective
laws and regulations and therefore free for general use.

The publisher, the authors and the editors are safe to assume that the advice and information in this book are
believed to be true and accurate at the date of publication. Neither the publisher nor the authors or the editors
give a warranty, express or implied, with respect to the material contained herein or for any errors or omissions
that may have been made.

Printed on acid-free paper
This book is published under the trade name Birkhduser, www.birkhauser-science.com

The registered company is Springer International Publishing AG
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland


http://www.birkhauser-science.com

It is a pleasure to thank the Earl Katz family for endowing the chair
(Earl Katz Family Chair in Algebraic System Theory), which supported

this research. It is also a pleasure to dedicate this work to my daughter
Anaélle.



Contents

Prologue . . . . . . . ... 1

Part I Complex Numbers

1

Complex Numbers: Algebra

1.1  First properties of the complex numbers . . . . . . ... ... ... 11
1.2 The exponential function . . ... ... ... ... ... . ..... 22
1.3  Computing some sums . . . . . . . .. . ... 27
1.4  Confinement lemma and other bounds . . . . . . ... .. ... .. 30
1.5 Polynomials. . . . . ... ... 31
1.6 Solutions . . . . .. ... 34
Complex Numbers: Geometry

2.1  Geometric interpretation . . . . . ... ... L. 65
2.2 Circles and lines and geometricsets . . . . . . .. . ... ... .. 68
2.3 Moebiusmaps . . . . . ... 70
2.4 Solutions . . . . ... 74

Complex Numbers and Analysis
3.1 Complex-valued functions on an interval;

derivatives and integrals . . . . . . .. ..o oo 93
3.2 Sequences of complex numbers . . . . ... ... L. 98
3.3 Series of complex numbers . . . . ... ... L 100
3.4 Power series and elementary functions . . . . . ... ... ... .. 102
3.5 Abel’s theorem and behaviour on the boundary . . . . . .. .. .. 109
3.6  Summable families . . . . ... ..o oo 112
3.7 Infinite products . . . . . . ... oL 113
3.8 DMultiplicable families . . . . ... .. ... ... 0oL 122
3.9 Solutions . . . . ... 123

vii



viii

Contents

Part II Functions of a Complex Variable

4

Cauchy—Riemann Equations and C-differentiable Functions

4.1 Continuous functions . . . . .. . .. .. ...
4.2 Derivatives . . . . . .. L
4.3 Various counterexamples . . . . . .. ...
4.4  Analytic functions . . . . .. ... oL
4.5 Solutions . . . . .. ..

Cauchy’s Theorem

5.1 Lineintegrals . . . . . . . . . . ...
5.2 The fundamental theorem of calculus for holomorphic functions . .
5.3 Computations of integrals . . . . . .. ... ... 0L
5.4 Riemann’s removable singularities theorem (Hebbarkeitssatz) . . .
5.5 Cauchy’s formula and applications . . . . ... ... ... .....
5.6  Power series expansions of analytic functions . . . .. ... .. ..
5.7 Primitives and logarithm . . . . . ... ... ... ... . .....
5.8 Analytic squareroots . . .. ... oL
5.9 Solutions . . . . ...

Morera, Liouville, Schwarz, et les autres: First Applications

6.1 Zeroes of analytic functions . . . . . . ... ... ... ... ..
6.2 Morera’s theorem . . . . ... ... ... . oL,
6.3 Analytic continuation . . . . ... ... Lo
6.4 The maximum modulus principle . . . . . . .. ... ... ... ..
6.5 Schwarz’lemma . . . .. .. ... .. oL
6.6 Series of analytic functions . . . . .. ... ... ... ... ...
6.7 Analytic functions as infinite products . . . . . . .. ... ... ..
6.8 Liouville’s theorem and the fundamental theorem of algebra . . . .
6.9 Solutions . . . . ... ..

Laurent Expansions, Residues, Singularities and Applications

7.1 Laurent expansions . . . . . . . . . ...
7.2 Singularities . . . . . ...
7.3 Residues and the residue theorem . . . . .. .. ... ... ... ..
7.4 Rouché’s theorem . . . ... ... ... ... ... ... ...
7.5 Solutions . . . . ...

Computations of Definite Integrals Using the Residue Theorem
8.1 Integrals on the real line of rational functions . . . . . . .. .. ..
8.2 Rational multiplied by trigonometric . . . . . . ... ... ... ..



Contents

8.3 Integrals of rational functions on a half-line . . . . . ... ... ..
8.4 Integrals of rational expressions of the trigonometric functions

85 Otherexamples. . . . . . .. .. ... ... .. ... .. ... ...
8.6 Solutions . . . . ... ...

Part III Applications and More Advanced Topics

9

10

11

12

13

Harmonic Functions

9.1 Harmonic functions . . . . . .. .. ... L
9.2 Harmonic conjugate . . . . . ... .. ... Lo
9.3 Various . . . . . . . . . ...
9.4 The Dirichlet problem . . . . . .. .. ... ... oL
9.5 Solutions . . . . . . . ...

Conformal Mappings

10.1 Uniform convergence on compact sets . . . . . . . . . . ... ...
10.2 One-to-oneness . . . . . . . . . ...
10.3 Conformal mappings . . . . . . . . . . ...
10.4 Solutions . . . . . . ..

A Taste of Linear System Theory and Signal Processing

11.1 Continuous signals . . . . . . ... ... oL
11.2 Sampling . . . . . .. .
11.3 Time-invariant causal linear systems . . . . . . . ... .. ... ..
11.4 Discrete signals and systems . . . . .. ... ... ... ...
11.5 The Schur algorithm . . . . . .. . ... ... .
11.6 Solutions . . . . . . . . . ..

Rational Functions

12.1 First properties . . . . . . . . . .
12.2 Realizations of rational functions . . . . . . . . .. ... ... ...
12.3 Multipoint interpolation . . . . . . . ... ..o
12.4 Solutions . . . . . . . . ..o

Special Functions and Transforms

13.1 Elliptic functions . . . . . . . . ... Lo
13.2 The ¥ function . . . . . . . . . ... ...
13.3 An application to periodic entire functions . . . . . ... ... ..
13.4 The I' function and the Mellin transform . . . . .. ... ... ..
13.5 The Fourier transform . . . . . . . . . ... ... ... .. .....
13.6 Solutions . . . . . . . . . ...

ix



Contents

Part IV Appendix

14 Some Useful Theorems

14.1
14.2
14.3
14.4
14.5
14.6
14.7

Differentiable functions of two real variables. . . . . . . . ... .. 513
Cauchy’s multiplication theorem . . . . . .. ... ... ... ... 515
Summable families . . . . . ... ... 518
Weierstrass’ theorem . . . . . . . . ... L oL 522
Weak forms of Fubini’s theorem . . . .. ... ... ... ..... 523
Interchanging integration and derivation . . . . . . . . .. ... .. 524
Interchanging sum or products and limit . . . ... ... .. ... 525

15 Some Topology

15.1 Point topology . . . . . . . .. 529
15.2 Compact spaces . . . . . . . . v i e e 532
15.3 Compactification . . . . . . . . .. .. ... 532
15.4 Plane topology . . . . . . . . .. 533
15.5 Some points of algebraic topology . . . . . .. ... .. 535
15.6 A proof of the fundamental theorem of algebra . . . . . . ... .. 536
15.7 Solutions . . . . .. .. 541
16 Some Functional Analysis Essentials
16.1 Hilbert and Banach spaces . . . . . ... .. .. ... .. ..... 545
16.2 Countably normed spaces . . . . . .. .. ... ... 550
16.3 Reproducing kernel Hilbert spaces . . . . . ... ... ... .... 550
16.4 Solutions . . . . . . .. 555
17 A Brief Survey of Integration
17.1 Introduction . . . . .. .. ... 563
17.2 o-algebras and measures. . . . . . . .. ... Lo 565
17.3 Positive measures and integrals . . . . . . ... ... 567
17.4 Functions with values in [—oo,00] . . . . . .. ... 569
17.5 The main theorems . . . . . .. .. ... ... .. ... ... 569
17.6 Carathéodory’s theorem and the Lebesgue measure . . . . .. .. 571
17.7 Completion of measures . . . . . . .. .. ... L L. 571
17.8 Density results . . . . . ... ..o 573
17.9 Solutions . . . . . ... 573
Bibliography . . . . . . . .. . 579
Index . . . . . . . 593



Prologue

Ayons cependant le courage de ressasser des faits
connus; ils le sont souvent moins qu’on ne croit.

Marguerite Yourcenar, Sous bénéfice d’inventaire,
[225, p. 61].

Prologue

The topic of this book is the theory of complex-valued functions of a complex
variable, defined on an open subset €2 of the complex plane C and which admit a
derivative, or equivalently are C-differentiable, at every point zg €

Ve 3lm 1T

Z— 20 zZ— 20

Such functions bear various names: They are said to be holomorphic in §2, or
analytic in ; the terms C-differentiable, differentiable and regular are also used.
A key result in the theory is the equivalence between holomorphicity in an open
set  and analyticity of the function there, that is, the existence of a power series
expansion

F2) = falz—20)" (0.0.1)
n=0

in a neighborhood of every point zp € Q. In the first chapters we will make a
distinction between the terms holomorphic and analytic. After the discussion of
Cauchy’s theorem we will use these terms interchangeably, and mostly use the
term analytic. We also use mainly the term analytic in the discussion below.

The audience we have in mind consists of undergraduate students from math-
ematics and electrical engineering, with an eye on advanced students from both
tracks. Analytic functions are the bread and butter of mathematicians. For engi-
neers, analytic functions appear everywhere, in particular in the theory of linear
systems, signal processing, circuit theory, sampling theorems, optimal control, to
name a few. For instance, a motivation for an engineering student would be to
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know that transfer functions of discrete-time shift-invariant dissipative linear sys-
tems are functions analytic in the open unit disk,'and bounded by one in modulus
there (the celebrated Schur functions); see for instance the book [6]. Unfortunately,
most, if not all, electrical engineering students do not know what a transfer func-
tion is when they begin studying the theory of analytic functions. For the conve-
nience of engineering students we give, in the second part of this prologue, a short
discussion of time-invariant linear bounded systems, and their connections to the
theory of analytic functions.

The book consists of four parts. The first two parts, respectively entitled
Complex numbers and Functions of a complex variable, form the bulk of the book.
Most of the exercises presented in these two parts have been given in the past years
by the author in classes on Introduction to the theory of functions of a complex
variable for second year electrical engineering students, and Theory of functions of
a complex variable for mathematics students, at the department of mathematics
at Ben-Gurion University. The exercises rely only on classical real analysis, but
sometimes we use measure theory (mainly via the dominated convergence theo-
rem) to avoid lengthy arguments. Study of some special Hilbert spaces of analytic
functions is also scattered in the text, and requires some elementary functional
analysis (these spaces are the main topic of the sequel [7] to the present book).
When studying a function analytic in a domain (for instance in the open unit disk),
we will usually (but not always) assume that it is analytic in a neighborhood of
the closure of the domain, to avoid problems with boundary values (for instance,
in the case of the open unit disk, we will assume analyticity in |z| < 1+ € for
some € > 0). The student will in particular meet in the second part of the book,
in simplified forms, Bohr’s inequality and the Herglotz integral representation of
a function analytic in the open unit disk, and with a real positive part there. See
Exercises 5.5.13, 5.5.8 and 5.5.10.

The third part, entitled Applications and more advanced topics, contains
more advanced material, which was taught by the author to graduate students
and also to undergraduate students from the double major program mathemat-
ics and electrical engineering at Ben-Gurion University. Topics include harmonic
functions, conformal mappings, a brief introduction to the theory of linear sys-
tems, the related topic of rational functions, and a chapter on special functions
and transforms.

In a book in preparation, which can be seen as a sequel to both the present
book and to [7], we hope to come back to these topics, and also discuss, via exer-
cises, various aspects function theory in the settings of several complex variables,
Riemann surfaces and quaternionic analysis.

The fourth part, entitled Advanced prerequisites, contains material from real
analysis, topology, functional analysis and measure theory, which are needed to
solve the exercises (and, in fact, to fully understand a first course on complex
variables). Since we mention in the text a number of Hilbert spaces of analytic

Lor in a half-plane, for continuous-time systems
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functions, we also have taken the liberty of mentioning the definition of a repro-
ducing kernel Hilbert space.

For the convenience of the reader, we give in the first three parts of the book a
number of reminders of known facts from complex analysis, mostly without proofs,
in the text. The solutions of most of the exercises are presented at the end of the
chapter where they are given.

In the first weeks of a first course on complex analysis, motivations and
applications of the theory are not apparent. Moreover, some results look like real
variable calculus. One of the difficulties for students who take a complex variable
course is that the complex derivative obeys the same rule as the familiar derivative
from real analysis. Moreover, the familiar power series of sinx,cosz,... pop up,
and it is not clear what the novelty is. After a number of weeks into the course, the
student finally sees the proof that a function which is C-differentiable in an open
subset of the complex plane admits derivatives of all order, and in fact, admits a
power series expansion around every point: The function is analytic in the given
open set. The student needs to be somewhat patient, to understand slowly the
differences between real and complex analysis.

To help the student cope with the difficulties mentioned in the previous
paragraph, one approach, sometimes taken by the author, is to skip most of the
preliminary material on complex numbers, discuss quickly the notions of continuity
and rush to the Cauchy—Riemann equations. One can then already define the
exponential function as

e® =e"(cosy +isiny), z=x+1iy e C,

and proceed.

In the present book, we have chosen a slower, and maybe non-standard path
for our exposition. We devote the three first chapters of the book to exercises
on complex numbers, or complex functions, but without mentioning analyticity.
There, the students already meet a variety of functions, such as Blaschke prod-
ucts, the Weierstrass sigma function, and the representation of sin z as an infinite
product. The definition and construction of these functions can be realized with-
out using analyticity. Later in the book, the student will see that these are key
examples of analytic functions. Of course, such an approach delays the exercises
on analytic functions per se, but we think this gives time to the students to absorb
at their own pace these difficult examples.

Trying to prove the following formulas using real analysis might provide a
student motivation to study complex analysis:

> rsin 6
" si 0) = 0,1 feR
nglr sin(nf) L4712 — 97 cos’ r€[0,1), e R,

n—1
2k+1
2n 2
1:” -2 1
277+ (z zcos( on 7r>—|— >7

k=0
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These formulas are readily proved using complex analysis methods: The first iden-
tity is easily proved by a purely real analysis method: Multiply both sides by the
denominator 1 + r? — 27 cos#, and use the trigonometric identity

sin(n + 1)6 + sin(n — 1)

sin(nf) cos § = 5

The second identity could also, in principle, be directly proved without resorting
to complex numbers. See the discussion after the proof of Exercise 1.5.7, where
one hints at such a proof using the completing the square argument. On the other
hand, these two identities have very easy proofs using complex numbers. The
third equality (see Exercise 1.3.7) can be obtained using de Moivre’s formula and
Newton’s binomial formula. The proofs of the last two identities use the theory of
analytic functions. The computation of the integral uses Cauchy’s theorem (in its
weak form) or, as in [192, p. 103], the theory of power series and the fundamental
theorem of calculus for holomorphic functions (see Theorem 5.2.1). The proof of
the formula for the sum uses the residue theorem (or, in fact, Cauchy’s formula).
The fourth formula, called Fresnel’s integral, can also be computed by real analysis
methods. We recall the references at the appropriate place in the text. Still, using
complex analysis to compute this integral is, in our opinion, a striking example of
the power of the methods involved.

For more information, see respectively Exercises 3.4.10, 1.5.7, 1.3.7, 5.2.7 and
7.3.13 and their solutions.

Linear time-invariant systems

This very short discussion is intended in particular for electrical engineering stu-
dents, but should be of interest to mathematicians as well. We freely use notions
such as measures, positive definite functions, and stochastic processes in the dis-
cussion. Some of these notions are recalled later in the book, and we send the
reader to the index, to find the exact places where the definitions are given.

A discrete time system in engineering is often (but not always!) modeled by
an input-output relation

(un)nENg = (yn)nENoa



Prologue 5

where u = (un)nen, is the input sequence and y = (y,, )nen, is the output sequence.
One writes this as
Tu=y,

where T is a possibly non-linear operator between spaces of sequences to be fixed
depending on the context. We take in this prologue the spaces of input sequences
and output sequences to be both equal to the space ¢ of square summable se-
quences. Thus

o0 o0
Z lun|? < 0o and Z lyn|? < 0.
n=0 n=0

These sums can be interpreted as the (square of the) energy of the signals, and
the above inequalities mean that u and y have finite energy.
We assume that the system is:
(1) Linear (that is the operator T is linear from ¢3 into itself).
(2) Bounded (that is, T is a bounded, or equivalently, continuous operator).

(3) Time-invariant (we also say shift-invariant): If

(un)TLENo = (yn)neNg7

then
(un—l)neNg = (yn—l)nENoa

where we set u_1 = y_1 = 0. In other words, if

(w0, w1, u2,...) = (Yo, Y1, Y2, ),

then
(07U0, Uy, U2, .. ) — (07y03 Y1,Y2, - - )
It is proved, using functional analysis tools, that such a system is defined by a

convolution operator: There is a sequence of complex numbers hg, hy, hs, ... such
that

Un = hn_juj, n=0,1,.... (0.0.2)
§=0

The z-transform of the sequence (uy)nen, is by definition

o0
u(z) = Z Up2",
n=0

and is convergent in the open unit disk since > |un|*> < co. The sequence

(hn)nen, is called the impulse response of the system, and its z-transform h(z) =
Yoo o hnz™ is called its transfer function. Taking the z-transform of (0.0.2), we
obtain
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The fact that the system is bounded (in the sense above) translates into the fact
that

sup |h(2)| < oc.

|z|<1
The transfer function is a function analytic and bounded in modulus in the open
unit disk.

This is a first example where analytic functions, blended with appropriate
tools from functional analysis not detailed here, appear in electrical engineering.
The theory of complex variables allows us to study various problems related to
the transfer function (interpolation and approximation for instance), which in
counterpart allow us to approximate, or synthesize the system.

The second example we present is related to the theory of continuous time
second-order wide sense stationary processes. Such a process (z(t)):cr has a co-
variance function

E(z(t)z(s)) =r(t —s)

which depends only on the difference t — s, where we have denoted by FE(-) the
expectation. Furthermore, the function r(t — s) is positive definite. Since, by the
Cauchy—Schwarz inequality,

[r(¥)| < r(0), (0.0.3)
the function

p(\) = /000 e (t)dt (0.0.4)

is well defined in the open upper half-plane C. It is analytic and has a positive
real part there, as follows from the identity (see Exercise 3.1.15 for a proof of
(0.0.5))

(P()\) + (p(w) _ ei)xte—iswr _s s w
S ) _[ // (t — s)dtds, A w e Cy. (0.0.5)

0,00) % [0,00)

The fact that the function ¢ has a positive real part in C, has a number
of key consequences. In particular, various interpolation problems, which have
applications to the prediction problem for the process, can be solved in an explicit
way. Furthermore, the Herglotz representation theorem asserts that one can write

=1 [,

where dy is a positive Borel measure (a more general form of this formula appears
later in the book). When dyu is absolutely continuous with respect to the Lebesgue
measure, its derivative is the spectral density of the process2. We note that discrete

20ne can, equivalently, also apply Bochner’s theorem directly to r to obtain these last results.
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counterparts of formulas (0.0.4) and (0.0.5) are given in the sequel. See (4.4.21)
and (4.4.22).

The third example we present here also pertains to the continuous time case:
A continuous signal (for instance, the voice) may be modeled by an expression of
the form

f) = 21F /[_F)F] e~ "m(u)du, (0.0.6)

where the function m, say continuous in this prologue, denotes the spectrum. The
representation (0.0.6) expresses that the signal f is built from frequencies in a
limited band. The function f is analytic in the complex plane. Its special form
(0.0.6) allows us to prove the sampling theorem

() = Zf (7;1) sin(Ft—mr)’

Ft —nm
nez

where the limit is pointwise (and in a Hilbert space norm too, as explained later in
the book). This formula should be a surprise to the students: How can one recover
a function of a continuous argument from a discrete number of its values? This
is possible because of the special properties of f as an analytic function (more
precisely, as an entire function of bounded exponential type).

These three examples should at least suggest to the student that the theory
of analytic functions has fruitful applications in electrical engineering and signal
processing.

Last remarks

The theory of functions of a complex variable is the topic of numerous excellent
books, of which we mention [5], [18], [42], [45], [144], [164], to name a few. Classics
such as [192] are worth being studied in detail. Interesting sources for exercises
are the book of Polya—Szego [182], the Berkeley entrance exams book [62], and
the books of exercises [75] and [176]. Giving precise references to all exercises is a
Sisyphean task, and we apologize in advance for any omission.

Finally we conclude with some notation: We use N = {1,2,...,} for the
positive integers, and Ng = NU{0}. The integers are denoted by Z, and D denotes
the open unit disk. The unit circle is denoted by T, and C, stands for the open
right half-plane. The open upper half-plane is denoted by Cj..

Acknowledgment. It is a pleasure to thank Haim Attia for a very careful reading of
various versions of this book. Comments of Sylvain Chevillard, Izchak Lewkowicz
and Mamadou Mboup are also gratefully acknowledged. Finally, it is a pleasure to
thank Natanael Alpay for discussions pertaining to Exercise 1.3.7 and Question
1.5.1.
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Main changes in the second edition: We have added a number of exercises and
comments in the text. In particular:

We begin the section on polynomials with a discussion of C. Fefferman’s very
short proof of the fundamental theorem of algebra (see [79]).

Morera’s theorem has been put in a new and separate section (Section 6.2),
where the former Theorem 12.5.3 has been moved.

Section 7.5 on rational function has been moved and incorporated to a new
chapter on rational functions.

We have expanded the results on the computations of the residue. In partic-
ular we gave a formula for the residue of a function of the form Jg‘ where g
has a zero of order N > 1.

Former Sections 12.5 and 12.6 (now, Sections 14.5 and 14.6) have been
slightly expanded.

We expanded the part on conformal mapping and one-to-oneness (see, e.g.,
Exercise 7.3.8) and discussed Riemann’s mapping theorem in greater details.
In particular we wrote in details the proof that the map z — f[o,z] \/fljs4 is
conformal from the open unit disk onto a square.

Finally, we call Question an exercise for which no solution is provided.
Reference to the book [7] is given as [CAPB2].



Part 1

Complex Numbers



Chapter 1

Complex Numbers: Algebra

This first chapter has essentially an algebraic flavor. The exercises use elementary
properties of the complex numbers. A first definition of the exponential function is
given, and we also meet Blaschke factors. These will appear in a number of other
places in the book, and are key players in more advanced courses on complex
analysis. Almost no methods from real or complex analysis are involved in the
present chapter. Still, in Exercise 1.1.9 we already get a hint on difficulties which
arise with respect to continuity. The argument of a complex number z is defined
(modulo 27) for z € C\ {0}, but not for z = 0, and cannot be defined in a
continuous way in C \ {0}.

1.1 First properties of the complex numbers

There are various ways to build the field of complex numbers. For the present
purpose, the most appropriate seems to be the following:

Proposition 1.1.1. The set of matrices

(s ) ener)

endowed with the usual laws of addition and multiplication, is a field, which con-
tains an isomorphic copy of the field of real numbers R, and in which the equation
22 +1 =0 is solvable.

The isomorphism alluded to in the proposition is the map

x>—>T(x)=<g g)

Setting

© Springer International Publishing AG 2016 11
D. Alpay, A Complex Analysis Problem Book,
DOI 10.1007/978-3-319-42181-0 1
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we see that
z =71(x) + iy,

which one writes as z = x + iy. Viewing a complex number as a matrix

z—(; _xy) (1.1.1)
:p<c089 —sin9> (11.2)

sinf  cosf

gives a geometric interpretation of z # 0 as the composition of a homothety by
p= \/ 22 + 32 and of a rotation with matrix representation

(cosG —sin@) ’ (1.1.3)

sinf  cos6

where the angle 6 € [0,27) is defined by

cost = and sinf =

x Y
\/xQ + y2 \/xQ + y2'
This aspect will be of importance in the sequel. See the discussion after Theorem

4.2.3 and also Remark 16.1.14.

Exercise 1.1.2. Show that (1.1.3) is the matriz representation of the rotation by
the angle 6 € [0,27).

Another construction of the field of complex numbers is by considering the
quotient space R[X]/(X?2 + 1). In this construction, i is the equivalence class of
the monomial X.

We now set the notation, and recall some elementary definitions. The field
of complex numbers will be denoted by C. Let

z =z + 1y, (1.1.4)

be a complex number, with real part x and imaginary part y. The expression
(1.1.4) is called the cartesian form of the complex number z. The number

z=x—1y
is called the conjugate of z, and the number z is called purely imaginary if its real
part is equal to 0. Recall that

zZ+z d zZ—z
xr = an =
9 LY

Thus:
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Proposition 1.1.3. Let z € C. Then:
z 1s real if and only if z = z.
z s purely imaginary if and only if z = —z.

Proof. Indeed, z = x + 1y is real if and only if y = 0, that is, if and only if z = z.
Similarly, z € iR if and only if x = 0, that is, if and only if z = —=z. O

The following properties of the conjugation are easily verified:

Proposition 1.1.4. Let z, 21 and zo be complex numbers. Then:

21+ 20 = 21 + 29, (1.1.5)
2120 = 21 - 22, (1.1.6)
z1/20 = z21/z2, for zo#0, (1.1.7)
z =z, (1.1.8)
2= (2)", n€Z and z#0 if n<O. (1.1.9)

Partial proof. (1.1.5), (1.1.6) and (1.1.8) are direct computations and will be
skipped. Granting (1.1.6) we have for z # 0,

where we have used (1.1.6), and so
1
/2= ". (1.1.10)
z
We conclude by using (1.1.10) and once more (1.1.6) to prove (1.1.7). Finally,
(1.1.9) is proved by induction for n > 0 and using (1.1.10) for n < 0. O

The positive number
|2 = Va2 + 32
is called the modulus, or the absolute value, of the complex number z. Every
complex number z = x + 4y different from 0 can be written as

z = |z|(cos 6 +isind), (1.1.11)
where 6 is uniquely determined, modulo 27, by

cosf= " and snf= " .
|| ||
Formula (1.1.11) is a mere rewriting of (1.1.2), and is called the polar represen-
tation of z. One also says polar decomposition, and often uses the notation r or
p rather than |z| in the polar representation of z. The polar representation is
convenient to compute products and quotients of complex numbers:



14 Chapter 1. Complex Numbers: Algebra

Proposition 1.1.5. Let z1 and zo be two complex numbers different from 0, and
with polar representations

zo = pe(cosby +isinby), £=1,2.
Then
2122 = p1p2(cos(01 4 02) + isin(6y + 62)),

and .
U= P (cos(By — 02) + isin(6; — 02)).
22 P2

The claims are direct consequences of the trigonometric identities, and proofs
are omitted.

It follows from the preceding proposition that the nth power of a complex
number z # 0 is easily computed when its polar representation

z = p(cos @ + isinf) (1.1.12)
is given. We have de Moivre’s formula
2" = p™(cos(nb) +isin(nh)), n € Z. (1.1.13)
Exercise 1.1.6. Compute (1 +14)".

The argument # in the polar representation is defined modulo 27, and this
is the key to the following classical result:

Theorem 1.1.7. Let z # 0 with polar representation (1.1.12). Then, for every
n € N, z has n roots of order n, i.e., there exist n different numbers zg, ..., Zn—1
such that

2=z

; , 7=0,...,n—1.

Proof. Clearly, any root of order n of z will be different from 0 since z # 0. Let
now w be a complex number different from 0, with polar decomposition

w = r(cost + isint). (1.1.14)
The condition w™ = z leads to
r"(cosnt + isinnt) = p(cosf + isinb).

It follows that r™ = p and that nt = 6 (modulo 27). The first condition leads to
r = p'/" while the second leads to

nt =0+ 2kw, keZ.

Thus,
t= 4+ , kelZ.
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The choices k =0, ...,n —1 lead to n different values of ¢ (modulo 27) and hence
the roots of order n of z are

0 + 2k 0 + 2k
zk:pl/”(cos( + 7r>+isin< * ”)) k=0,...,n—1. (1.1.15)
n n
O

The numbers z; are called the roots of order n of z. See Exercise 2.1.1 for a
geometric interpretation of the roots of order n. We note that the sums

n—1
> 2t meN, (1.1.16)
j=0
are computed in Exercise 1.2.3, and one has
— koifm=kn, keN
S = nen mme= . 0 (1.1.17)
= 0, otherwise.

The preceding discussion shows that (1.1.14) is multi-valued when n is re-
placed by a real (or even complex, but at this stage of the book, the functions
cos and sin are defined only for a real argument). When 6 is restricted to a semi-
open interval of length 27 (for instance (—m, 7] or [0,27)), and therefore uniquely
defined, the expression (1.1.14) is also uniquely defined (and therefore defines a
function, rather than a multi-valued expression) when n is allowed to be real (or
even complex). For instance, one can define square root functions

fi(z)=/p <cos g + isin g) , 0e(—mm,
and
6 .. 0
f2(2) =+/p <cos o T isin 2) , 6¢€(0,2m].
We have
fi(2)? = fa(2)? =2, z€C\{0}.

Note that f; is discontinuous along the negative axis, while f5 is discontinuous
along the positive axis. Moreover,

fi(1) =1 while fo(1) = —1.

It is sometimes useful to have a formula for §. We denote by arctanz the
inverse of
tan : (—mw/2,7/2) — R.
Exercise 1.1.8. Prove that

, foru>0,

1
arctanu + arctan = (1.1.18)
u

o o3 N3

, foru<O.
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Exercise 1.1.9. Let z = x + iy # 0. Then:

(a) The function 0 € (—7, ) given by the formulas

arctan(y/x), x>0,
O(r,y) = { § — arctan(z/y) y >0, (1.1.19)

Tr_

2

arctan(z/y), y <0,

satisfies (1.1.11).
(b) The function 0 is continuous in R? \ (—oo,0] and is discontinuous along the
negative aris.

(¢) The partial derivatives of 8 have continuous extensions (and in fact exten-
sions with partial derivatives of all orders) in R\ {(0,0)}.

In Exercise 4.1.11 it is shown that one cannot find a continuous function
O(z,y) defined in C\ {0} and satisfying (1.1.11).

We note that the functions

w(z,y) =Iny/a2 +y2 and v(z,y) = 0(z,y)

satisfy in R? \ (—o0,0] an important pair of partial differential equations, called
the Cauchy—-Riemann equations. See FExercise 4.2.8.

We also note the following: The negative result in (c) in the previous exercise
may seem paradoxical. It stems from the following fact: In R?, the existence of
a function with given partial derivatives in a given set depends not only on the
properties of the functions (local aspect of the problem) but on the properties of
the set (global aspect of the problem). See Section 5.7 for more on this question.

The following properties of the absolute value are easily verified, and proofs
are omitted.

Proposition 1.1.10. Let z, 2z, and z3 be complex numbers. Then:

2" =2|", n€Z and z#0 if n<O, (1.1.20)
|2122] = |21] - |22l (1.1.21)
|21/22| = |21]/|22|,  for 22 #0. (1.1.22)
The formulas
2> =22, z€C, (1.1.23)
1
= %, 2#0, (1.1.24)

z P
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are useful to compute explicitly expressions involving absolute values and inverses.
See, e.g., the solution of Exercise 4.4.3 for an illustration. With z = x + iy the

second formula reads )
1 -y

z+iy a2+ y?

For instance

1 cost —isint
L= . o =cost—isint. (1.1.25)
cost+isint  cos?t +sin“t

Exercise 1.1.11. Write in cartesian and polar forms the complexr number

1
z= ,
1+ cost+isint

where t is real and not an odd multiple of .

Related to the preceding exercise, see also Exercise 3.1.1. The following ex-
ercise is related to Exercise 1.2.8.

Exercise 1.1.12. Let x and y be real numbers. Find necessary and sufficient con-
ditions for the complexr number

cosz coshy —isinxsinhy (1.1.26)

to be different from 0. When these conditions hold, write in cartesian form the

complex number

sin z coshy + i cosz sinh y (1.1.27)
cosx coshy — isinxsinhy’ o

We note that the expression (1.1.27) reduces to tanz when y = 0 and, when
x =0, to i tanhy = taniy (see (1.2.14) below for the latter).

The formulas

|z +w|* = |2)? + 2Re 2w + |w|?, (1.1.28)
= |z|* + 2Re 2w + |w]|?,
|z +w|? = |2]? + 2Re zw + |w|?,
prove to be quite useful in computations. They imply the completing the square
formulas,
|22+ 2Re 2w = |z + w|? — |w|?,

1.1.29
|22+ 2Rezw = |z + w|* — |w|?, ( )

which are also very useful. See the solutions of Exercise 2.2.1 (and in particular
equation (2.4.6)) and Exercise 2.3.16 for instance.

Exercise 1.1.13. Prove (1.1.28).
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The following identities are classical, and play also an important role in the
sequel, and in function theory in general. They appear in numerous places. See for
instance [75, Exercise 1.68, p. 19].

Exercise 1.1.14. Let z,w € C. Then:

|z +w|® + |z — w]? = 2(|z]* + |w|?), (1.1.30)
1+ 2w]? + [z — w]? = (1 +[2]*) (1 + Jwl?), (1.1.31)
1= 2wl = e —wl* = (1= [2])(1 = |w]?), (1.1.32)

|z —w* — |z + w* = —4(Re ) (Rew). (1.1.33)

We will focus on the geometric interpretation of the complex numbers in
the following chapter, but we mention here the following: When one identifies the
complex numbers and the plane R?, equation (1.1.30) has a nice geometric inter-
pretation: The complex numbers z and w are the sides of a (possibly degenerate)
parallelogram, with diagonals z 4w and z —w, and (1.1.30) is then the well-known
relation between the lengths of the sides and of the diagonals of the parallelogram.
We also send the reader to Exercise 1.4.2 for another application of (1.1.30).

It is well to recall in this first chapter that
Rez<|z| and Imz<|z|, VzeC, (1.1.34)

and that there is equality in the first case if and only if z € Ry, while there is
equality in the second case if and only if z € iR. These inequalities are really of
interest only for Re z > 0 and Im z > 0 respectively, and allow us to prove

|[21] = |22| < |21 — 22| < |21] + |22]. (1.1.35)
For instance, the first inequality in (1.1.35) is equivalent to
|21]% + |22]* — 2]21] - |22| < |21]? + |22]® — 2Re 21 20, (1.1.36)
that is, since |z1| - |22] = |z122],
Rez129 < |z129].
Exercise 1.1.15. When do equalities hold in (1.1.35)7

The first inequality in (1.1.35) is used over and over in the computations in
the sequel, in particular when |z1| > |22]. Then we have

|21| > |ZQ| — |Zl| — |ZQ| < |Zl — ZQ|, (1137)

or, equivalently,

1] > [22] = < . (1.1.38)
|21 — 22| 7 |z1] = |22]
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This is illustrated in the next exercise, and in its continuations, namely part (c) of
Exercise 1.1.23, and Exercise 3.3.1. See also (4.5.1) for another sample application.
The second inequality in (1.1.35) is called the triangle inequality.

Exercise 1.1.16. Let z be in the open unit disk D. Show that

Z2n |Z|2n
< . 1.1.39
24 z2n 42571 7 2(1 — |z2]) ( )
Using appropriately the triangle inequality one can prove:
Exercise 1.1.17 (see [60, Problem 9, p. 14]). Show that
1—|—|2’122—1| S (1—|—|Z1—1|)(1‘~-|22—1|)7 21,22 e C. (1140)

The following important results follow from (1.1.32) and (1.1.33): Let z,w €
C. Then it holds that

/<1 and |wj<1 = 12__Zl:u‘<1, (1.1.41)
Rez>0 and Rew >0 —> ’zlz <1 (1.1.42)

The proofs of (1.1.41) and (1.1.42) form the topic of Exercise 1.1.19 below. In the
statements, recall that we denote by C,. the open right half-plane:

C,={2€C;Rez > 0}. (1.1.43)
Functions of the form Y w

bu(z)= . weD, (1.1.44)
and Y w

By (z) = ctw e C,, (1.1.45)

possibly multiplied by a constant of modulus 1, are called Blaschke factors, asso-
ciated respectively to the open unit disk and to the open right half-plane. They
are special instances of Moebius maps. See Section 2.3 for more information. They
play an important role in conformal mapping and in various questions in the the-
ory of Hilbert spaces of analytic functions; see [190]. Finite products of terms of
the form (1.1.44) are called finite Blaschke products (associated to the open unit
disk). One defines similarly Blaschke products associated to C, as finite products
of terms of the form (1.1.45). One can also define Blaschke factors associated to
the open upper half-plane C, as terms of the form
z—w

Bu(z) = , (1.1.46)

zZ—w

where w € C;.
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As a first consequence of (1.1.41) we have:

Exercise 1.1.18. Let a and b be in the open unit disk. Show that

1—laP)b+ (1 —1b*)a
e ||1)_ |a§)|2 1b%) (1.1.47)

is also in the open unit disk.

The expression (1.1.47) has a special meaning. Applying the Schur algorithm
to the degree two Blaschke product
z—a z—0b
1—zal—zb
one obtains "¢ . See Section 11.5 for more information. It also appears in the
solution of the question set in Remark 2.4.2.

Exercise 1.1.19. Prove (1.1.41) and (1.1.42).
We note the inequality

2(1 — [wl)

<
@l <)

for w and z in the open unit disk, w being moreover different from 0. This inequality
is proved in the solution of Exercise 3.7.12. The reader might want to prove it
already now.

Similarly, we have the inequalities

w+ w
1-Bu()ls oo (1.1.48)
for z and w in the open right half-plane, and
w — w]
1 — Bu(2)] < Im » (1.1.49)

for z and w in the open upper half-plane.

These inequalities play an important role in the construction of infinite prod-
ucts with factors of the form ‘Z’)‘ by (%), Bw(z) and B, (z) respectively. See Exercises
3.7.12 and 3.7.13 for the first and third cases.

Exercise 1.1.20. Prove (1.1.48).

The function b,, makes sense also for |w| > 1. For |w| = 1, it is equal to a
unitary constant (or more precisely, it can be continuously extended to a unitary
constant) since

zZ—w zZ—w 1

l—zwzw(w—z):_w7 27w
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Formula (1.6.4) below,

1—[21%)(1 = [w]?)

1_|bw(2)|2: ( |1—Z’LU|2

)

which appears in the proof of (1.1.41), can be generalized as follows:

Exercise 1.1.21. Let z,w,v € C be such that

l—z2w#0, 1—20#0 and 1—ovw #0. (1.1.50)
Show that ,
1 —by(2)by(v) 1—|w]

1—2zv (1= zw)(1 —vw) (1.151)

Similarly, B,, makes sense for any complex number, and we have:

Exercise 1.1.22. Let z,w,v € C be such that
z+w=#0, z4+v#0 and v+w#0.

Show that
1 — By(z)By 2R
(2)Bu(v) _ v (1.1.52)
z4wv (z+w)(v+ w)
We note that, similarly, for z,w,v € C such that
z—w#0, z—v#0 and v—w#0,
it holds that
1 — PByw(2) P I
0(2)Bulv) _ mwe (1.1.53)
—2i(z —v) (z —w)(v —w)

A newcomer in complex analysis may see (1.1.51), (1.1.52) and (1.1.53) as
just curiosities. While keeping in mind that we have not encountered yet at this
stage the notion of analytic function, we will just mention that (1.1.52) has a far
reaching generalization to function theory on a compact Riemann surface, and is
basically equivalent there to an identity called Fay’s trisecant identity. See [78]
and [17] for more details.

We note that any finite product of functions of the form by, (resp. By, %)
with |w| # 1 (resp. Rew # 0, Imw # 0), possibly multiplied by a constant
of modulus one, is a rational function which maps the unit circle T (resp. the
imaginary axis iR, the real axis) onto T. That these are the only rational functions
with these properties is the topic of Exercise 6.3.4 for the first case.

Finally, we note that the formula

1— ZN+1

l+z+-- 42V = , z#1, (1.1.54)

1—=2

for summing a finite geometric series will be of much use in the sequel, and in
particular in Section 1.3. The proof is the same as for the real case.
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Exercise 1.1.23.

(a) Prove (1.1.54).
(b) Prove that

|1+z+-~-+zN|<1 Pt for zeD. (1.1.55)
— |z
(¢) Prove that
N 2n 2N+2
z 1—|z|
, eD.
|;2+Z"+z5" =g 7

Note that the right side of (1.1.55) is independent of N.

Other exercises which involve only complex numbers but resort to more in-
volved methods include Exercise 3.2.5 and Exercise 3.3.3.

1.2 The exponential function

The exponential function of calculus can be defined in (at least) three equivalent
ways: As a power series

xr E "
e —E ol r eR, (1.2.1)
n=0
as a limit
2\?
e’ = lim (1+ > , z€eR, (1.2.2)
p—+o0 p

where p € N, and as the unique solution of the differential equation

fl@)=f(x), f0)=1 (z€R).

Formulas (1.2.1) and (1.2.2), of an analytic nature, still make sense when z is
replaced by a complex variable z = x + iy; see Exercise 3.4.14 in Section 3.4 for
the first formula and Section 14.7 for the second one. The definition in terms
of the differential equation admits also a counterpart here, but one needs first
to define the complex derivative. See Exercise 4.2.4. In this section we consider
another extension, more algebraic in nature: For z = x+1iy one defines the complex
exponential function e* as

e” = e“(cosy + isiny). (1.2.3)

In particular, the complex exponential function coincides for real z with the ex-
ponential function of calculus. For a purely imaginary number z, z = iy, we have

e = cosy + isiny,
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so that
e + e e — e~
cosy = and siny = . ,
2 24

Thanks to the trigonometric formulas, we have

y € R.

V1 giv2 — ez(yl-H/z)7 y1,y2 € R,

and in particular
()P =e"?, pel,

which is a mere rewriting of de Moivre’s formula (1.1.13):
(cosy +isiny)™” = cosny +isinny, neZ,yecR.
In particular, it holds that
e T2 = eF1e®2 Yz 29 € C. (1.2.4)

Exercise 1.2.1. Show that
le*| = efte? < el?l, (1.2.5)

Alternative, and equivalent, ways to define the function e* are as a limit or
as a power series, as in the real case. More precisely:

Theorem 1.2.2. Let z =z + iy € C. Then,

) p
e’(cosy +isiny) = Z 2' = pllng (1 + Z) . (1.2.6)
n=0 peN p

As already mentioned, see Section 3.4 for the first equality and Section 14.7
for the second one.

We have chosen to define the exponential function via (1.2.3) in order to
have already at hand a convenient notation, and also to compute sums as the ones
appearing in the following section. Note that we will also use the notation exp z
for e*.

The reader may be interested to know that de Moivre’s formula in its present
form is in fact due to Euler in 1748; de Moivre himself proved another version of
the formula (which we will not recall here) in 1730; see for instance [82, p. 51]. The
reader might also want to know that de Moivre is the creator of the Gaussian, or
normal, distribution of probability theory. See [149, p. 282] for further details on
this latter point.

Exercise 1.2.3. Let z be given by (1.1.12), and let 2g,...,2,—1 be as in (1.1.15).

Compute for m € Ny the sum 2?2_01 2.
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The formulas

1—e'® = ei®/2(e7 /2 _ ¢i7/2) = _2je"/2sin 22, (1.2.7
14 e = ei®/2(e7 /2 L oi2/2) = 2¢%/2 cos /2, (1.2.8)
. . (n+1)z
noo 1— i(n+1)x ) S1n ( )
Zelkm _ € . _ eznm/2 \ j , (129)
— 1—e sin(3)

where z is real and, in the third formula, is not a multiple of 27, are quite useful.
They are used in particular to obtain formulas for various sums of complex num-
bers. Note that (1.2.9) is proved from the formula (1.1.54). It follows from (1.2.9)
that

n cos (") sin (”J’Ql)w
> cos(kz) = Sin(f) ) , (1.2.10)
k=0

2
n sin (") sin ((ngl)z>
Zsin(kx) = . , xeR\{2mm, meZ}. (1.2.11)
sin(%)
k=1 2

See also Exercise 1.3.3. Furthermore, it also follows from (1.2.9), see also (1.1.55),
that for n € N:

z e R\ {2mm, m e Z}. (1.2.12)

n
E eikx

k=0

ST
|sin(3)]|
Inequality (1.2.12) is very useful when applying Abel’s theorem on conditionally
convergent series (see Theorem 3.5.1) to compute boundary values of power series.
Formulas (1.2.7) and (1.2.8) are used in the following exercise.

Exercise 1.2.4. ([152, Exercice S9-1-3, p. 188]). Let a = €' and b = % with «
and B real numbers. Show that

cos ¢~ h
a+b . a—pf a+b . 2
= —icot and .
a—b 2
When do the expressions make sense?

One defines the trigonometric functions and the hyperbolic functions for
every complex number in terms of the exponential function as follows:

eiz + e—iz ) eiz _ e—iz
cosz = , sinz= ) ,
2 20 (1.2.13)
e*+e’* . e® —e
coshz = , sinhz =

2
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Note that

sin(iz) =isinhz and cos(iz) = coshz, (1.2.14)
and similarly,

sinh(iz) =isinz and cosh(iz) = cos z. (1.2.15)

All polynomial identities involving the trigonometric functions and the hy-
perbolic functions proved in calculus on the real line still hold in the complex
plane. One way to see this is using the notion of analytic continuation, see Section
6.3, which is not yet available at this stage of the book. The other way, more direct
and elementary, consists in checking directly the presumed identity from the above
definitions of cos z and sin z in terms of e?*,

eiz + e—iz ) eiz _ e—iz
cosz = , sinz =

2

and the fact that the complex exponential function is multiplicative. For instance
to prove that
sin(2z) = 2sin z cos z, (1.2.16)

one can do as follows:

9 sin 2 oS 2 — 2exp(iz) - szp(—iz) _exp(iz) + exp(—iz)
29 2
= 212 {exp(iz) exp(iz) + exp(iz) exp(—iz)
—exp(—iz)exp(iz) — exp(—iz) exp(—iz)}
= 212 (exp(2iz) + 1 — 1 — exp(—2iz))
= sin(2z).
See also the discussion after the proof of the next exercise for another exam-
ple.

Exercise 1.2.5. Show that

cos z = cosx coshy — isinxsinh y, (1.2.17)
sin z = sinx cosh y + ¢ coszsinh y, (1.2.18)
| cos z|? = cos? & + sinh? y,
|sin z|? = sin® & 4 sinh? y. (1.2.19)

Show directly (that is, without resorting to the maximum modulus principle) that
|sin z| has no local mazimum.

It is clear from the previous exercise that | cos z| and | sin z| are not bounded
in the plane (the knowledgeable student will recognize that cosz and sinz are
non-constant entire functions, and, by Liouville’s theorem, cannot be bounded in
modulus in the plane).
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Exercise 1.2.6. Let z1 and zo be complex numbers. Show that

21 = zo + 2k, for some k € Z, or

sinzp = sinzy <
21+ 220 = (2k+ 1)m, for some k € Z.

Exercise 1.2.7. Solve the equations

(a) cosz =0,
(b) sinz =5,
(c) sinz=a+1ib, a,beR.

From (c) follows that the range of sin is all of C. It is clearly not one-to-one,
because of the 2m-periodicity.

(d) Show that sin z is one-to-one from the strip
L={(e)ize (—n/2,7/2) and yeR)

onto the set
C\{z=z,2€R and |z|>1}.

The functions tan and tanh are defined as in the real case by

sin z sinh z
tan z = and tanhz = .
Cos 2 cosh z

In view of Exercise 1.2.5 we see that tan z is given by (1.1.27),

sinx coshy + ¢ cos z sinh y

tan = = cosw coshy — isinxsinhy’
Exercise 1.2.8.
(a) Show that
tan z = cos(QxS)H:EQCf))sh@y) icos(Qil;li(igs)h@y)' (1.2.20)
(b) What is the image of the strip
L={(z,y);xz € (—7/2,7/2) and ye€ R} (1.2.21)

under the function tan?
(¢) What is the image of the strip

Ly ={(z,y);z € (-n/4,7/4) and yeR}
under the function tan?

See also Exercises 5.7.4 and 9.1.6 in connection with the previous exercise.
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1.3 Computing some sums

The following exercise is taken from [103, p. 515]. It also appears as [20, §5.5,
Problem 1, p. 214].

Exercise 1.3.1. Prove that

‘7T+ ‘37r+ ‘57r+ ‘77r+ ‘97T_1 (1.3.1)
Cos11 Cos11 Cos11 Cos11 C0511—2. 3.

Hint. Let C' denote the sum to be computed, and let
S:sinﬂ+sin3w+sin5ﬂ+sin7w+sin .
11 11 11 11 11
Using de Moivre’s formula, compute C' + i5.
More generally than (1.3.1), we have:
Exercise 1.3.2. Show that, for a,b € R (b # 0 mod )

;cosw + @k o) = T O, e

What does this formula become when b = mn for some m € Z. What does this
formula become when a and b are assumed to be in C? Using (1.3.2), prove that
for every real u different from 0,

n—1 .
3 cosh(2k + Lju = cosh(nu) sinh(nu) (1.3.3)
— sinh(u)

Exercise 1.3.1 corresponds to the case
a=0, b= 17Tl, and n =25,
in (1.3.2). As a check, we see that
c.  cos(5m/11)sin(57/11) _ 1sin(10m/11) _ 1
o sin(/11) T2 sin(x/11) 2

as claimed in Exercise 1.3.1. In the same vein, we have the following result, taken
in part from [185, p. 59]. For the second formula with a = 0, see also [213, p. 171].

Exercise 1.3.3. Show that

) (nb>
n-1 sin { b
Z cos(a + kb) = p  ccos (a +(n—-1) 2) , (1.3.4)
k=0 sin

2
( " ) cos(a + kb) = 2" (cos b) cos (a + nb) , (1.3.5)
k=0 F 2 2
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where a,b € R and where, in the first formula, b # 0 (mod 27). What happens in
the first formula when b = 0 (mod 27) ¢ What do these formulas become when a
and b are assumed to be in C?

When one sets a = b =0 and a = 0, b = 7 in formula (1.3.5) one recovers
the well-known formulas

£(1)-n

k=0
g(_”k( . ) =0,

which also follow from Newton’s binomial formula

n - n n—
(a+B) =Z< k )akﬁ k. a,BeC, (1.3.6)
k=0
applied to
(I+1)"™ and (1-1)"
respectively.

We also mention the formulas (see for instance [44, Exercice 4.7, p. 76]) where
a,b,r € R and n is a positive integer:

3
|
—

cosa — rcos(a — b) — r" cos(a + nb) + r"*1 cos(a + (n — 1)b)

' cos(a + kb)= 1+7r2—2rcosb

T T
|
= o

sina — rsin(a — b) — r"sin(a + nb) + r"*sin(a + (n — 1)b)

rk sin(a + kb) = L4+ 12 — 92 cosh

£
Il
o

(1.3.7)

For the next exercise, see [152, S9-1-6, p. 191].
Exercise 1.3.4. Show that

[n/2]
i(—l)k ( 272 ) = 2"/% . cos (n47r) , (1.3.8)

k=0
[(n-1)/2] . o
Y (- < oht ) :2"/2-sin( j ) (1.3.9)
k=0

In the same vein, and a bit more difficult is the following exercise, taken from
the same book ([152, p. 79]). See also [211, p. 238], and [125, pp. 203-205] for a
related discussion.
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Exercise 1.3.5. Let n € N and

an ={ke€Ny; 0<3k<n},
by ={keNy; 0<(3k+1)<n},
ecn={keNy; 0<(Bk+2)<n}.
Show that
n 2" + 2(—1)" cos(?7™)
> < 2k ) = ) L (1.3.10)
kean
n _2”4—2(—1)"005(2(";1)”) 1311
Do\ skt )= 3 : (1.3.11)
kebn
S (. ) - 2" 4 2(~1)" cos(*™E7T) e
3k+2 ) 3 : (1.3.12)

kecn

Some sums involving trigonometric functions or their inverses are much more
difficult to handle; see for instance [48]. We now present two examples. Among the
places where the first one can be found, see for instance [21, Problem 2.73, p. 69|
and [218, p. 60].

Exercise 1.3.6. Show that
1 1 1 1
T = T + or T Ar = 0. (1.3.13)

cos 20 sin 15 sin 5 sin 5

The second example, which we took from [218, p. 61] (see also [186, p. 207],
[185, p. 195], [198, p. 53]) has a long history (and we refer to the papers [34], [120],
[177] for more general computations and historical remarks), and is conducive to
an elementary way to prove that

=1 72
> 2= g (1.3.14)
k=1

see the remark after the proof of the exercise.

Exercise 1.3.7. Let m € N. Prove that
" k 2m — 1
Ycot? () = m(2m —1) (1.3.15)
P 2m +1 3

Hint (see for instance [218, p. 61]). Compute the sum of the roots of the degree m
monic polynomial p defined by

1

(2m+1
21( 2m>

p(X?) = (X 44> — (X — )2ty (1.3.16)
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Another possibility (see [177]) is to compute

‘ km s km Zml b1
cos om + 1 7sin om + 1 , =1,...,m,

in two different ways, namely using de Moivre’s formula and Newton’s binomial
formula.

Remark 1.3.8. For m = 1, (1.3.15) reduces to cot® § = ;.
Remark 1.3.9. Some related sums can be computed using the residue theorem.
See [75, pp. 276-277] and Question 7.3.15.

1.4 Confinement lemma and other bounds

Exercise 1.4.1 is taken from [88, p. 39]. The result is called a confinement lemma.

Exercise 1.4.1. Given complex numbers z1, . .., z, in the open unit disk, show that
there exist numbers e = 1, £ =1,...,n such that
m
> ez <V3, m=1,...n (1.4.1)
=1

We first give as exercises two easy results which enter in the proof of the
confinement lemma.

Exercise 1.4.2. Let z1 and zo be in the closed unit disk and such that
|Zl — 22| Z 1.

Show that
|21 + 29| < V3.

Exercise 1.4.3. Let 21,29 and z3 be three pairwise different points in the closed
unit disk. Show that there is a pair €,k € {1,2,3} such that ¢ # k and

|z —zi| <1 or |ze+ 2z <1

We now present another kind of bounds on complex numbers:

Exercise 1.4.4. Given n complex numbers z1, . . ., zn, all different from 0, show that
there exists J C {1,...,n} such that

DL

leJ

1 n
> 20| 1.4.2
4\/2;| | (1.4.2)

In connection with this section, see also Exercise 6.4.1. Another question,
similar in spirit, is provided by Problem 3.3.8.
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1.5 Polynomials

We begin with the fundamental theorem of algebra which states that every polyno-
mial of degree n has n roots (counting multiplicity). In the framework of the theory
of analytic functions this key theorem is a consequence of Liouville’s theorem. See
Section 6.8. It admits quite a number of other different proofs; see, e.g., [160, p.
8] for a method using differential geometry. We present an elementary proof (but
which uses notions from plane topology) in Section 15.6. We now present, as a
question, a very short proof, due to C. Fefferman [79]. From the analytic point of
view, it uses the extremum value theorem for functions of one or two real variables
continuous on a compact set.

Question 1.5.1. Let P be a polynomial of degree N > 0. We assume by contradic-
tion that P(z) # 0 for all z € C. The argument in [79] can be divided into two
steps.

Step 1: Show that there is zg € C such that
0 < |P(20)| < |P(2)|, VzeC. (1.5.1)
Step 2: Consider the development of P in power series of (z — zp)
P(z) = P(z0) 4+ bpo(z — 20)" + - -

(just write z = z — zo+ 20 in P(2) = anyz" +- -+ ag to obtain it), where ng is the

lowest strictly positive power of (z — zg) with a non zero coefficient; thus by, # 0.

Let w be a root of order ng of —Pb(z“). Compute P(ew) with € > 0 to obtain a
nQo

contradiction with (1.5.1).
Even without the fundamental theorem of algebra at hand, we would still do

know the following: If p(z) = a,2" + an_12"" 1 +-- -+ ao is a polynomial of degree
n, and if p(zo) = 0, then we can factor out (z — zg) from p(z), that is, we can write

p(z) = (2 — 20)q(2), (1.5.2)
where ¢(z) is a polynomial of degree n — 1. This is called the factor theorem. See
[157, Theorem 6.4, p. 11]. In particular, if we know that z, ..., z,_1 are the roots

of p(z) (say, all different, for the present applications below), then

n—1

p(z) = an [[ (2 = =), (1.5.3)

k=0
where a,, # 0 is the coefficient of z™ in p(z).
Rewriting (1.5.3) as
n—1

an2" +an_12""t 4+ +ag = ay, H(Z — 2k),
k=0
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we can relate the coeflicients of the polynomial to the symmetric functions of the
roots. Here we will content ourselves to note the formula

|
—

n
Gn—1

= — . 1.5.4
OZk o (1.5.4)

e
Il

Exercise 1.5.2. Prove the factor theorem, that is, check (1.5.2).

Exercise 1.5.3. Compute the sum of the roots of the polynomial equation
204 az®+b=0,

where a and b are complex parameters.

Exercise 1.5.4. Solve the following equations:

1—224+24-20=0,
l4+z24---+2"=0,
(I=2)"=0+2)",

(I—2)"=2z"

We refer to [154, Exercise 4.5, p. 42] for the last equation in the last exercise.
In the previous exercises the non-real roots of the various polynomial equations
appear in conjugate pairs. If zp is a root so is zg. This is because the coefficients
of the polynomials are real. The next result asserts that this is a general fact.

Exercise 1.5.5. (a) Let p(z) = anz™ + -+ + ag with the a; € R. Then:
p(20) =0 <= p(z0) = 0. (1.5.5)

In particular non-real roots (if any) appear in conjugate pairs.
(b) Check that z = 2 + 3i is a solution of the equation

24— 52341822 - 172+ 13 =0,

and find all the roots of this equation.
Exercise 1.5.6. Let a € R. Show that the polynomial

2% —2zcosa+ 1 (1.5.6)
divides the polynomials
pn(2) = 2" sina — zsin(na) + sin((n — 1)a), n=2,3,.... (1.5.7)

What happens for complex values of a?
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It will follow from the fundamental theorem of algebra that any non-constant
monic polynomial with real coefficients can be factored as a product of terms of
the form (z —r) with r € R, and factors of the form

(z — 20)(z — 20) = 22 — 22zRezg + |20|>, 20 € C\R.

These last factors are called irreducible. They cannot be factored as products
of degree one polynomials with real coefficients. The following exercise illustrates
these facts for some important polynomials. Formulas (1.5.10) and (1.5.8) are used
in particular in the sequel to prove the following infinite product representations
of sinh z, cosh z, sin z and cos z. See formulas (3.7.23), (3.7.24), (3.7.25), (3.7.26),

and Exercise 3.7.16:
sinhz = z H (1 + k2ﬂ'2> )

k=1
- 472
coshz = 1+ ,
(R
sinz = z H (1 — k27r2> )
k=1
a 4272
cosz = 1-— ,
I (1 1)

for z € C.

Exercise 1.5.7. (See for instance [154, pp. 43-44].) Prove the following classical
factorizations:

n—1
2k +1
n 4= 2.9 1 1.5.8
27" + H z zeos| o m)+1), ( )

k=0

n 2k —1
22"+1+1:(z+1)H (22—2zcos<2n+lﬁ> +1>, (1.5.9)

k=1

- k
m_ 1= (z—1) ) 1 1.5.1
z (z+1)(z 1;[ 2% — 2z cos o7 +1], (1.5.10)

equalto lifn =1

n 2k
2n+1_1: —1 2_2 ] 1. 1511
z (2 )kliIl<z zcos<2n+1ﬁ>+ ( )

Using the third identity, decompose the polynomial p(z) = > }_ 3 22k into irre-
ducible factors and prove the identity

n—1
kw Vn
Hsm( ) = guor M2 (1.5.12)
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Still using the third identity, prove (see [154, p. 44]) that

. n—1
t k
Sl?n =9gn-1 H (cost — cos W) , n>2. (1.5.13)
sint bt n

We note that setting z =1 in (1.5.8) leads to the identity

2 _2”—1:@; <1 — cos ((%;nl)”)), (1.5.14)

which will be useful in the proof of Exercise 3.7.16.
Exercise 1.5.8. Prove that all roots of the equation
2 +32+45

have modulus strictly bigger than 1.
The following exercise is taken from [163, Lemma 3, p. 6].
Exercise 1.5.9. Given complex numbers ci,...,c, not all equal to 0, show that

1

Mt bt =0 = |z|<2_nllax |cj|j.
j=1,...n

For other questions related to polynomials, see Exercises 3.1.10, 6.8.2 and
Question 6.8.14.

1.6 Solutions

Solution of Evercise 1.1.2. Let (u,v) # (0,0) € R? let r = Vu2+v? and let
¥ € ]0,27) be (uniquely) determined by

coswzu7 and sinz/J:v.
r r
Then,
cosf@ —sinf\ (u) [cosf —sinf\ (rcosy
sinf  cosf v)  \sinf cosf rsin

_(cosfcosy —sinfsiny
- sin 6 cos 1) + cos 6 sin 1

= (@) i
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Solution of Exercise 1.1.6. We have

. V2 V2
1+z:\/2< y T 2)

=2 (cosz +isin1) ,
and so, using (1.1.13), we obtain

(1+4)" =25 (cos "Z +isin "4”). (1.6.1)

O

Remark. It is of course possible to try and solve the previous exercise using New-
ton’s binomial formula (1.3.6)

(@+p)"=>_ ( . > ak k.
k=0
We then obtain
1+ =) i* <

— _nef( " ; _1)? n
Sy () s or(a)
such that such that

2p<n 2p+1<n

Comparing with (1.6.1) we get the formulas

R RV L D SN L Y n amo.nm
Z (-1) (2p>_22cos4 and Z (-1) (2})_~_1>_2‘4)51n47

p p
such that such that
2p<n 2p+1<n

and this gives in fact a proof of Exercise 1.3.4.
Solution of Ezxercise 1.1.8. Since

darctanu 1 d darctanl/u 1 1 1
= aln = — = —
du u? +1 du w2 1 1 u?+1’

we have
d(arctanu + arctan1/u)

du

Thus the function arctanwu + arctan1/u is constant on (—o0,0) and (0, 00). Its
value on each of these intervals is computed with the choices u = +1. O

=0, u#0.



36 Chapter 1. Complex Numbers: Algebra

Solution of Ezercise 1.1.9. (a) The formula for 6 follows from the definition of
arctan.

(b) The continuity of 6 in R? \ (—oo, 0] follows from formula (1.1.18). Using
the formula for 6, we have, for any given zy < 0,
lim 6(zo,y) =7 and lim 0(x,y) = —,
y—0 y—0
y>0 y<0

and hence 6 is discontinuous along the negative axis.
(¢c) Finally, in 2 > 0, y > 0 and in > 0, y < 0 we have

00 y 00 x
=— , and = ,
Ox 22 4 y? dy 2?2 +y?
and so these functions admit continuous extensions to R? \ {(0,0)}. O

Solution of Ezercise 1.1.11. Using (1.1.24) we have

1 1 +cost—usint
14 cost+isint (14 cost)? +sin’t
_ 1+cost—isint
2(1 + cost)
1 . sint

T2 _22(1+cost)’

Thus, for t # 7 (mod 27) we have

1 1 1

1 t
= d I -t
el+cost+isint 2 an m an2

1+ cost+isint - 2

As for the polar decomposition, recall the formulas
1 +cost =2cos?(t/2) and sint = 2cos(t/2)sin(t/2).
Thus, using (1.1.25) and for ¢ not an odd multiple of = we have

1 1

1 ..
z = 2 cos(t/2) cos(t/2) + isin(t/2) = 2 cos(t/2) (cos(t/2) — isin(t/2)).

For ¢t € (0,7) U (37w,4m) (mod 47), we have cos(t/2) > 0 and the polar representa-
tion of z is

z= 20051(75/2) (cos(t/2) — isin(t/2)).

For t € (m,3m) (mod 47), we have cos(t/2) < 0 and the polar representation of z is

5= ) cou(t/2) €8((E/2) 1) — isin((t/2) + ) O
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Solution of Exercise 1.1.12. The number (1.1.26) vanishes if and only if
cosx =0 and sinhy =0,

that is, if and only if

2% +1
o= ;)W,withkez, and y = 0.

When this condition does not hold, the number (1.1.27) is well defined and we
have

sinx coshy 4 ¢ cos z sinh y
cosxcosy — isinxsinhy
(sinz coshy + i cos x sinh y)(cos x cosh y + i sinx sinh y)
(cos z coshy)? + (sin z sinh y)?

sin z cos z(cosh? y — sinh? y) + i(cos 22 + sin® z) sinh y cosh y
(cosx coshy)? + (sinz sinh y)?
sin(2z) + i sinh(2y)
2 ((cosx cosh y)? + (sinz sinh y)2)
B sin(2z) + i sinh(2y)
(14 cos(2x)) cosh? y + (1 — cos(2x)) sinh?
_sin(2z) + isinh(2y)

= ) O
cos(2z) + cosh(2y)
Solution of Exercise 1.1.13. We have
|z 4+ w* = (z + w)(z + w)
=(z+w)(z +w)
= 2> + 2w + wz + |w]?
= |2]* + 2Re(zw) + |w|*.
The second formula follows since
Re(zw) = e ;— 0 Re(zw).
To get the third formula replace w by w. O

Of course one obtains other useful formulas by replacing w by —w or the like.
For instance
|z —w|? = |2]* — 2Rezw + |w|?, (1.6.2)

and
|z +iw]? = |2|* + 2Tm 2w + |w|*.
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To obtain the latter, note that

Re(—izw) = Im(zw).

More generally, we have for any finite number of complex numbers z1, ..., 2y,
N N N
|Zzl|2:Z|Ze|2+2Re Z zezg | - (1.6.3)
=1 (=1 £,k=1
1<k

Solution of Fzercise 1.1.14. The first identity is proved by considering (1.1.28) for
w and —w and adding both identities. To prove the following two identities, one
proceeds as follows: We have

11+ zwl? = (14 zw) (1 + zw)

=1+ 2w+ 2w + |z]*|w|?,

11— zw]? = (1 — zw)(1 — zw)

=1— 2w — 2w + |2|*|w|?,

and
|z —wl? = (2 — w)(z — w)
= |2]* — 2w — wz + |w|*.
Thus
1+ zw]® + |z —w|* = 14 2w + 2w + |22 |w]* + |2 — 2w — w2z + |w|?
=1+ 2wl + |2 + w|?
= (1+ 1)@+ [wl),
and

11— zw]® — |z —w|* =1 - 2w — 2w + |2]*|w|* = (]2]* — 2w — wz + |w|?)
=1+ 2P = [2* — Jw]?

=1 -2~ [wf).
Finally, the fourth equality is proved as follows:

|2 = wf” — [z +w|” = [2]* = 2Re(2w) + |w]* — (|2|* + 2 Re(zw) + [w]?)
= —2Re(z(w + w))
= —4(Re z)(Rew). O
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Solution of Exercise 1.1.15. It follows from (1.1.36) that the first equality holds if
and only if 2129 € Ry. Similarly, the second inequality in (1.1.35) is equivalent to

|21 + |22 — 2Re(2122) < |21* + [22]? + 2|21 ] - |z2],
and we see that there will be equality if and only if
—2120 = | — 2122},
that is, if and only if —z120 € R;. [l
Solution of Exercise 1.1.16. We have
24 2" + 25" > |2 — |2 4 277,

For |z| < 1 we have

|27 + 27" < 202] < 2,
and so

|2 — |27+ 27| =2 — 2" + 2% > 2 = 22| = 2(1 — |z|),

and hence the result. (]

Solution of Ezxercise 1.1.17. It suffices to apply the triangle inequality to
z1izo—1= (21— 1)(z2— 1)+ (21 — 1) + (22 — 1),

and then add 1 to both sides of the obtained inequality. 0

Solution of Ezercise 1.1.18. We have

(1 [a)[b] + (1~ [b[2)]al
1—|ab|?
_lal + [b] — [ab](la] + [b])
1 — |ab)?

(la] +[b)(1 — |ab])

(1 + [ab])(1 — |ab)])
]+

1+ a] - o
<1,

o <

thanks to (1.1.41) with z = |a| and w = —|b|. O

Solution of Ezercise 1.1.19. Let z,w € D. Then, |zw| < 1, and thus, by (1.1.37)
with z; = 1 and z9 = zw we have

[1—zw| > 1—|zw| > 0.
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Recall (1.1.32):
11— zw|®* — |z —w]* = (1 —|2)*)(1 - |w]*), Vz,weC.
Dividing both sides of this equality by |1 — zw|? we obtain

1—[21%)(1 = [w]?)

R

, (1.6.4)

which is strictly positive since z and w are in D, and hence (1.1.41) holds. To prove
the second claim we note the following: For z and w in C,.,

Re(z + w) = Re(z + w) > 0, and thus z+w # 0.
Dividing both sides of (1.1.33) by |z + w|? we obtain

—wp? 2Re 2)(R
dow?_y_ (@Rez)(Rew) (1.6.5)
z4w |z 4+ w|?

Solution of Exercise 1.1.20. We have

|1—Bw(z)|=‘1—z_w‘— |w + w|

z+w|  |zt+w|’

Since w is in the open right half-plane, Rew > 0, and we have
Re(z + w) > Re z,

and hence the result since (use the second inequality in (1.1.34) with z+w instead
of z)
|z + w| > Re(z + w) > Re z. O

Solution of Exercise 1.1.21. We have

(z = w)(v —w)
(1 - zw)(1 —vw)
(1—-zw)(1 —ovw) — (z —w)(v —w)
(1-zw)(1 —ovw)
(1= 2v)(1 = |w]?)
(1—-zw)(1l—ow)’

1—by(2)by(v)=1—

and hence we obtain the required identity. O

Note that (1.1.50) will hold in particular when z,v and w belong to D. It
allows us then to show (see Definition 16.3.11 for the definition of positive definite
functions):
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Example 1.6.1. Let w € D. The function
1 — by (2)by (v)
1—2zv
is positive definite in 1 = D.
Solution of Exercise 1.1.22. We have
(z—w)(v—w)
(z+w)(v+ w)
_ Et+w)(v+w) = (z—w)(v—w)
(z +w)(v+w)
2(z 4+ v)(Rew)
(z+w)(v+w)’

1—By(z)By()=1-—

and hence
1 — By(2)By(v) 2Rew

z+wv C (ztw)(v+w)
Here too we have an example of positive definite kernel:
Example 1.6.2. Let w be in the open right half-plane C,.. The function
1 — By(2)By(v)
z+wv

is positive definite in C,..

Solution of Exercise 1.1.23. (a) It suffices to compute

(I+z4+-+2M)1=-2)=1+z2+ 42N —(z+22 4+ +2VT) =

(b) From (1.1.38) we have

1 1

< fi e D.
L=z = 1—z O °

Still for z in the open unit disk,
I1—2NF <2

and inequality (1.1.55) follows.
(¢) We use (1.1.39) and (1.1.54) to obtain

N Z2n N 2271
> < Z\
n:02+z”—|—z5” - 24 2 4 25n

|Z|2n
- Z 2(1—|z])

|2N+2

—|Z

T 21— [z - |22)

1—

z

41

N+1
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and hence the result since
1 < 1
L—1[22 = 1~z

Solution of Exercise 1.2.1. This follows directly from (1.2.3):

z e D. O

|e®| = |e®(cosy + isiny)|
= |e”| - | cosy + isiny|

:ew

:eRcz

< el O
Solution of Exercise 1.2.3. We write

: 0427 .
z:pez‘g and zj:pl/”l n j=0,...,n—1.
Thus
n—1 n—1 0
- mO+42mmyj 27rm]
E Z;n — pm/n E el I _ m/n if E el
=0 =0

First assume that m is a multiple of n: m = kn for some k € Ny. Then,
L 27tmyg

e =Pk =1 j=0,...,n—1,

and the sum is equal to nz¥. On the other hand, when m is not a multiple of n,
we have

27rm # 1
and formula (1.1.54) for the sum of a geometric series leads to
n—1 i
Comm 1— 217rm
Zelznj g2mm :0;
= 1—e'"'n
and so the sum is equal to 0. (I

Solution of Exercise 1.2.4. The first expression will make sense if and only if a # b,
i.e., if and only if & # S (mod 27). When this condition is in force we have

a J'_ b B ei(a+ﬂ)/2(ei(a_6)/2 + ei(B_a)/2) . 2005((a — 5)/2)
a—b ei(a+ﬂ)/2(ei(a—5)/2 — ei(B—a)/2) 9 sin((a — ﬂ)/2)7
and hence the result.

The second expression makes sense when ab # 1, that is, when o+ 5 # 0
(mod 27). Then we have

a+b  eHetA2(ia=B)/2 4 iB=e)/2) 9cos((a — f)/2)

| —ab ~ eiatB)/2(e—i(a+B)/2 _ cilB+e)/2) = _2isin((a + B)/2)’

and hence the result. O
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Solution of Ezercise 1.2.5. Using the formula for the cosine of a sum (which is still
valid for complex numbers) and (1.2.14), and recalling that

cos(iy) = cosh(y) and sin(iy) = isinh(y),

we have
cosz = cos(z + 1y)
= cos x cos(iy) — sin z sin(iy)
= cosx coshy — isinxsinhy.
Therefore

2 : 12
| cos z|? = cos? x cosh® y + sin? zsinh? y

= (cos® z)(1 + sinh® ) 4 (1 — cos? ) (sinh? y)

= cos? x + sinh?y.

We now prove that | cos z|? has no local maximum. Let (x,y) be a local maximum.
Then
dlcosz*  dlcosz|*

ox Oy 0,

that is
cosxsinz =0 and sinhy =0.

If cosz = 0 then cos z = 0 (since sinh y = 0) and we have a minimum. So sinz = 0
and cos?z = 1. The Hessian at such points is equal to

8% cosz|? 8% cosz|?
_ Oz? Oxdy

H = 8% cosz|? 9% cosz|?
Oxdy oy?

[ —2(cos® z — sin® ) 0
n 0 2(sinh? y 4 cosh? )

(-2 0
SN0 2)7
since sinz = sinhy = 0, and we have a saddle point. The formulas for sin z and

|sin z|? and the fact that |sinz| has no local maximum are proved in much the
same way. 0O

We note that |sin z|> can be computed also as follows. First remark that

sin(z) = sin z.
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Then, write
| . 2 . .
sin z|* = sin z sin 2

= ; (cos(z — z) — cos(z + 2))

1
=, (cos(2iy) — cos(2x))
cosh(2y) — cos(2x)
2 )
which coincides with (1.2.19).

Solution of Exercise 1.2.6. We have

. . Z1 + 22 . Z1 — 29
sin z1 — sin zo = 2 cos 9 Sin 9

and hence
. . 21'522 €5 +7Z, or
Sln 21 = SN 29 <— 21—z
2 enl. 0
Solution of Exercise 1.2.7. (a) Set z = x + iy. By Exercise 1.2.5,
cos z = cosx coshy — i sin x sinh y.

Hence we have

coszcoshy =0 and sinxsinhy=0. (1.6.6)

The function coshy has no real roots, and therefore we have cosz = 0, and thus
sinz = £1. Therefore the second equation in (1.6.6) leads to sinhy = 0. Thus,

2k +1
T = ™

9 , keZ, and y=0.

(b) Still by Exercise 1.2.5 we have
sinzcoshy =5 and cosxsinhy = 0.

In the second equation, y = 0 would lead to sinx = 5, which cannot hold for real
x. Therefore, © = w/2 + 2kn (k € Z), and y = arcosh 5.
(¢c) The best procedure is to solve the equation

e'” —e " = 2iz9, where we have set zg=a + ib.

This is equivalent to . .
(€)= 2izge”® — 1 =0.
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Hence
. iz £/ —422 +4
ezz: tZo0 \/2 ZO+ :ZZOZE\/I—ZS

We note that the number
izo £ \/1 — zg

is always different from 0, and thus one can then find z, for instance in terms of
the polar representation of izg & \/ 1—2z32.

(d) We have seen in (c¢) above that the range of sinz is C. Because of the
periodicity and of Exercise 1.2.6, it is enough to restrict sin to the closed strip

L=A{(z,y);x €[-n/2,7/2] and yeR}
to obtain all of C as range. From Exercise 1.2.5 we have

sin(x + iy) = sinx cosh y + i cos x sinh y,

and hence the image of the line 2 = —7 (resp. x = 7) is the line (—oo, —1] (resp.

[1,00)). Note that sin z is not one-to-one on these lines. We now show that sin z is
one-to-one and onto between the asserted domains. In view of Exercise 1.2.6, the
function sin z is one-to-one in the open strip

L={(z,y);xz € (—n/2,7/2) and ye€R}.

In view of the discussion at the beginning of the proof, the image of this open strip
is exactly C from which the lines (—oo, —1] and [1, c0) have been removed. O

Solution of Exercise 1.2.8. Using (1.2.14), we have

ans = Snn) $cnint
cos x cos(iy) — sin x sin(iy)

sinx cosh y + ¢ cos x sinh y

cosz coshy — isinxsinhy’
and the computation is finished as in Exercise 1.1.12 to obtain (1.2.20):

sin(2x) ) sinh(2y)
tanz = +1 .
cos(2x) + cosh(2y) cos(2x) + cosh(2y)
We now consider the second question, and show that

tan(L) =C\{z=it,teR and |t|>1}.

The function tan z is well defined in L. Furthermore, for z € L,

tanz € {z=1it,t € R and [t| > 1}
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(note the inequality > and not >) if and only if z = 0 and

’ sinh 2y

> 1.
1+ costh‘

This inequality never holds for real y. Finally the points 4i correspond to the limit
of tan(+iy) as y — £oo. This shows that the image of L under tan is included in
theset C\{z=1it,t € R and [t > 1}. To show that equality holds, we use the
fact that the function sin z has range the whole complex plane (see the previous
exercise). More precisely, let u € C\ {z =4t,t € R and |t| > 1}. Then

2
tanz = +u <= sin’z =u*(1 —sin’z) <= sin’z= 9
1+u

The number z € 7 + iR if and only if 112“2 is real and of modulus greater than
1, that is, if and only if w = ¢t with ¢ € R and [¢| > 1. Thus we can always solve

. 2 .
sin? z = 11u2 in L.
We now turn to the third question. Let z € L;. We have

|tan z| <1 <= sin?(2z) + sinh®(2y) < cos®(2x) + cosh?(2y) + 2 cos(2z) cosh(2y)
= 1 —cos?(2x) + cosh®(2y) — 1 < cos®(2x) + cosh?(2y)
+ 2 cos(2x) cosh(2y)
<= 0 < 2cos(2z)(cos(2z) + cosh(2y)).

This last equality is automatically met when x € (— T Z), and therefore the image

of L1 under tan is the open unit disk. (I

As a complement, we now compute the image of the boundary of the strip
L;. For x = w/4 we have in view of (1.2.14),

) 1 +isinh(2y)

7T
tan (i
an cosh(2y)

A (1.6.7)

which is of course of modulus 1. When y goes through R, equation (1.6.7) is a
parametrization of the part of the unit circle in the right half-plane. The case
x = —m/4 gives the other half of the circle. The points +i correspond to y going
to infinity.

Solution of Ezercise 1.3.1. Denote by C the left side of (1.3.1), by S the analogous
sum with sin instead of cos, i.e.,

S—sin " +si 37T+, 57r+, 77T+,
= s 11 S 11 sin 11 S 11 Sin 11,

and set
= T + 7 sin T *eﬁ
€ = CoS = .
11 11



1.6. Solutions 47

Then, e'! = —1. Using (1.1.54) we have

: - 2n+1 - 2\n 1—(e2)°
C—&—ZS:ZE :eZ(e) =€
n=0 n=0

_ 1—¢
(1 —e)(1—¢)
T L.om
1—¢ (1—00511)—1—2811111

~ 2(1—Ree) Q(I_Coslﬂl)

Hence
Sin T 1
1
C = and S = 117T = cotﬂ. O
2 2 (1 — Cos 11) 2 22

Remark 1.6.3. We note that Re | ', =} for ¢ # 0 (mod 27). See also Exercises

—eit

1.1.11, 3.1.1 (with ¢t + 7 instead of ¢ there).

Solution of Exercise 1.3.2. We set C), to be the sum to be computed and

n—1

Sp =Y _sin(a+ (2k + 1)b).
k=0

Since b # 0 (mod 7) we have that €2 # 1 and we can write

n—1
CutiS, = 3 el @hri
k=0

n—1
_ ez(a-i—b) E (esz)k
k=0
_ ,2ibn
1—e
1— eQib
ibn ,—ibn __ eibn

_ i(a+b) € €
=€ . . .
ezb e—zb _ ezb

_ ei(a-i—b)
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_ gila+d) e sin bn,
e sinb
_ gilanb) sin bn
sinb
Thus taking real and imaginary parts on both sides, we get the required formula
for C,, and also
sin(a + bn) sin(bn)
sin b '
Assume now that b = mz for some m € Z. We have

Sp = (1.6.8)

n—1
CutiSy = 3 cllerCiri)
k=0

n—1
_ ei(a+b) Z (e2ib)k
k=0

_ n(_l)meia’
and hence
Cp=(-1)"ncosa and S, =(—1)"nsina.

It is readily seen that formulas (1.3.2) and (1.6.8) reduce to the formulas in (1.6.9)
when b = 0 (mod 7). More precisely,

. cos(a + bn) sin(bn) . cos(a+bn) SI;E(:LZ')
lim . = .
b—mm sm(b) b—mm ;T(b)

cos(a + mn)n cos(nmm)
cos(mr)
= (—=1)"ncosa.
When a and b are assumed complex, the previous computations still make sense,
and we still have b
; s
Cp + 8, = eilatnt) SO (1.6.10)
sinb
It is not true anymore that

Re(C,, +iS,,) = Cy,

and one cannot take real and imaginary parts to prove the asserted formula. One
obtains the result by remarking that

Cn(a,b) = Cp(—a,—b) and S,(a,b) = —S,(—a,—b),

and identify odd and even parts on both sides of (1.6.10). One could also use
analytic continuation, but this is beyond the scope of the present chapter.

Taking into account the relationships (1.2.14) between the trigonometric and
hyperbolic functions, the choice @ = 0 and b = iu in (1.3.2) leads to (1.3.3). O
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We note that (1.3.3) can also be proved directly as follows: Set

n—1 n—1

Chn =Y cosh(2k+1)u and Sh, =Y sinh(2k + 1)u.
k=0 k=0

Then, since coshx + sinhz = e for z € R (or more generally, for a complex
argument), we have

n—1
Chy + Shy =y _ ePFHDn

2un
w1—e
=e€
1_e2u

un —un

_ an € — €

eu — e_u
un SInh(nu)
sinh(u)

One obtains formulas for Ch,, and Sh, by taking the even and odd parts of this
expression, that is

sinh(nu)
sinh(u)

sinh(nu)

Chy, = cosh(nu) sinh (1) °

and Sh,, = sinh(nu)

Solution of Exercise 1.3.3. For the first formula, and assuming b # 0 (mod 27),
we compute

<Z cos(a + kb) ) <Z sin(a + kb) ) = (cos(a + kb) + isin(a + kb))

i
L

k=0
n—1
— ei(a+kb)
k=0
inb
_ ia 1-e
1—ei
e,L 2 6_2 2 _ eznb
eis e~is — els
s nb
_ ei(a_,’_nzb b)SlH i .
S1n 2

By taking real parts on both sides, we obtain (1.3.4). When b = 0 (mod 27), the
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sum ZZ;; cos(a + kb) is clearly equal to ncosa, and this is also the limit

. nb n nb
sin b CcoSs _
lim ( i) ccos(a+(n—1) )= 2 ( ; omzmr cos(a + (n — 1)mm)
b=2mm sin 2 2 COS(2)|b:2m7r

—1)nm
:n( ) (=)™ cosq
=ncosa.

To prove the second formula, we use Newton’s binomial formula (1.3.6)
@rar =3 (" )akem
= . ;
k=0
which for 8 =1 leads to
(a—i—l)”:Z( Z )ak.

To compute the sum (1.3.5) we write

(é( . )cos(a+kb)> —|—z<§(

and hence we obtain (1.3.5) by taking real parts of both sides. The case of possibly
complex numbers a and b is treated as in Exercise 1.3.2. O

We note that the proof of the preceding exercise also leads to the formulas

! sin("?) n—1
Z sin(a+0bk) =" 2 sin (a + b) (1.6.11)
P sin 5 2
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and
n

b b
Z ( Z ) sin(a + kb) = 2" cos™ 5 sin (a + 712 ) , (1.6.12)

k=0

as is seen by taking imaginary parts rather than real parts in the arguments.

Solution of Exercise 1.3.4. On the one hand, we have 1 +i = v/2¢"™/* and so
(1+ )" = 2/2einm/4 — gn/2 (cos ("4”) +sin (T)) . (1.6.13)
On the other hand,

(1+i)":iik( Z)

k=0

[n/2] n [(n—1)/2] "
_ -2k 2k+1
=y () X ()

k=0 k=0

[n/2] n [(n—=1)/2] "
_ _1\k : _1\k
= (1)(%) o Z(l)<2k+1>

k=0 k=0

The result follows by comparing real and imaginary parts of this last expression
with the real and imaginary parts of (1 +¢)" as given by (1.6.13). O

Solution of Ezxercise 1.3.5. Let us denote by A,,, B, and C, respectively the sums
in (1.3.10)—(1.3.12). Clearly

A, +B,+C,=(1+1)" =2 (1.6.14)

Let j = exp(2im/3). We have 52 =1 and 1 + j + j2 = 0, and so with ¢ = 3k + 1:

f=1 if keay,
jt=j if keby,
jt=42 if kecn.
Thus
N n . n .2 n _ . .2

On the other hand
(1+5)" = (=5°)"
_ (_1)nj2n
= (—1)"exp(4min/3) = (—1)" exp(—2min/3).
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Similarly,

2\n n .2 n . n o .2 .
(1+5°)" = ( 3% >+J k%: ( Sk + 1 >+Jk; ( o )—An—i-] By +jCn,

k€an

and on the other hand

(1+52)"

()" =(=1)""
(=1)" exp(2min/3)
(=1)™(cos(2mn/3) + isin(27n/3)).

We have thus the system of equations

A + By + j2Cp = (=1)" exp(—2min/3), (1.6.15)
An + 2By + jCy = (—1)" exp(2min/3).

Note that the third equation is in fact the conjugate of the second one since j = 52.
Adding the three equations together we obtain (since 1 + j + j2 = 0)

3A, =2" +2(—1)" cos(2mwin/3),

and hence we obtain (1.3.10). To obtain (1.3.11) first multiply the second equation
in (1.6.15) by j2 and the third one by j, and then add up the three equations. To
obtain (1.3.12), first multiply the second equation in (1.6.15) by j and the third
one by j2, and then add up the three equations. (I

The reader will have remarked the following: To compute only one of the
sums (1.3.8) or (1.3.9) in Exercise 1.3.4, or only one of the sums (1.3.10)—(1.3.12)
in Exercise 1.3.5, and using only real analysis, seems to be a difficult task. To
compute simultaneously the two sums (for Exercise 1.3.4), or the three sums (for
Exercise 1.3.5), and going via the complex domain, is a much easier task. For a
problem similar in spirit, see Exercise 3.3.4. The same method also allows us to
compute the sums

(5)+ (3) ¢ =zreren ('),
() + (5) ¢ =2z (),
() (&) oo omren (D)
( > + (Z) 4= nm2 _9n/2-lgy (nZ) .

See [213, pp. 51-52].
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Solution of Ezercise 1.3.6. We just outline the proof presented in [218, p. 60] and
[21, Problem 2.73, p. 69]. The idea is as follows: Take z € R and k € N. Then the

quantities ! and _ ! = are easily expressed as rational functions of z = . In
cos kx sin kx

the exercise at hand, we chose z = ;. One then obtains for instance

1 2z 1 2422
x = o and = .
COS 3 z2+1 sin 2zt —1

Equation (1.3.13) is equivalent to a rational equality satisfied by z, which is verified
using the fact that 230 +1 = 0. O

Remark 1.6.4. The same method allows to prove that

3 2T
4 si =11
tan<11>+ sm<11> v 5

which is a question appearing in [222, Exercise 98, p. 23].

Solution of Exercise 1.3.7. The degree m polynomial p(X) defined by (1.3.16) van-

ishes at the points
km
t? E=1,...
CO (2m + 1) ) ) , 1,

as is seen from de Moivre’s formula. The required sum is equal to the opposite of
the coefficient of X™~! in the monic polynomial p defined by (1.3.16), that is, the
opposite of the coefficient of the power X?™~2 in the degree 2m polynomial

1

(2m+1
21( 2m>

((X 4 ,L-)2m+1 _ (X _ Z-)2m+1) ;

that is,
(2m+1
m@m—ﬁ
%Gm+w
2m

from which the result follows. O

Remark 1.6.5. With the previous result at hand, the proof of (1.3.14) goes as
follows (see [120], [123], [177], [224, Exercises 141.a and 145a, pp. 23-24]). One

first remarks that, on (0, 7),

1 1
cot?’z < 9 < =1+ cot? z.
T sin” x
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Applying this inequality to » = +1 for K = 1,2,...,m and adding up the

corresponding inequalities we obtain

m(2m — 1 2m+ m(2m — 1
em-1) (Zkg)—m mem =1

from which the result follows.

The solution of Exercise 1.4.1 is presented after the solutions of Exercises
1.4.2 and 1.4.3

Solution of Exercise 1.4.2. We use (1.1.30)
|21+ 22 + |21 = 22l = 20121 + |2f*) < 4,

and so
|21 4+ 22 <4 — |21 — 22|* < 3,

since |z1 — 22| > 1. O

We note that one can put strict inequalities in the above exercise, and the
proof goes in the same way.

Solution of Exercise 1.4.3. Assume by contradiction that
|ze + 21| > 1 (1.6.16)

for all £,k € {1,2,3}, with £ # k. Then the numbers z; are in particular different
from 0. We claim that, furthermore,

L GR, for 0#k
Zk

Indeed, assume by contradiction that for some pair (zy, zx), with £ # k we have
ze/z € R. By interchanging ¢ and k we may assume that |z;/z;| < 1. Then from

zZy zy

aud = 2=l (1= ) 51,
Zk Zk
V4 zZ

lzk] - |1+ £|=|zk|-(1+ e>>1
Zk Zk

we get
2|Zk| > 2,
contradicting the fact that |z;| < 1. We set
{wl, ey ’UJG} = {:tzh :|:ZQ7 :|:Zg} .

The lines defined by the intervals [0,w;], j = 1,...,6, divide the plane into six
angular sectors. At least one of these sectors is defined by an angle less than or
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equal to /3. Let w, and w;, be the points which define this sector, and let 6 be
its angle. We have cos > 1/2, and the distance between w, and wj is less than
or equal to 1 since

|wq — wb|2 = |wa|2 + |wb|2 — 2|wg||wy| cos b
< Jwa|® + [wp]? = |wa] |ws|
<1.

To check this last inequality, one can proceed as follows: For w,v € [0,1] the
function u? — uv +v? is equal to v2 < 1 for u = 0 and to 1 +v? —v < 1 for u = 1.

Furthermore, its minimum is at the point © = v/2 and is equal to 322 < 1.

We obtain a contradiction since |w, — wy| > 1 in view of (1.6.16). O

The above argument appears in [88, p. 40]. We note that one cannot replace
the inequalities by strict inequalities in the statement of the exercise, as is seen
for instance by the choice z;1 = 1,29 = 0 and z3 arbitrary in . Then,

|Zl :t22| =1.

Solution of Ezercise 1.4.1 (confinement lemma). The proof follows closely the one
given in [88]. Using Exercise 1.4.2, one sees that the result is true for n = 2 (a
different argument would lead in fact to the bound V/2 rather than v/ 3). We proceed
by induction. Assume the result true for n, and let z1,...,z,4+1 be n + 1 points
in the closed unit disk. If |21 + 22| < 1 or |21 — 22| < 1, the induction hypothesis
allows us to proceed with the points (if, say, |21 + 22| < 1),

z1+ 22 and  z3,...,2Zp41.

Assume now |21 + zo| > 1. By Exercise 1.4.2, |21 & 22| < /3, and by the preceding
exercise, one of the points z; + z3 and z3 + 23 is in the closed unit disk. The
induction hypothesis allows us to proceed with the points (if, say, |21 + 23] < 1),

Z1 + 23,22, 24,25, . - - ; Zn41- O

Solution of Exercise 1.4.4. Without loss of generality we assume that the z, # 0
do not lie on the lines « +y = 0. This last condition can be insured by multiplying
all the zy by a common number of modulus 1. This will not change condition
(1.4.2). We set

Aoz{z:x+iy, with > 0, y20andx2<y2}
= {z:pew,withp>0, and —7r/2<0<7r/2}7

and
ijm

Aj:e2Ao, ]:1,273
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We have
n 3
Dotz = X Iz
=1 j=0 \¢teA;

and so there is jo € {0,1,2,3} such that
pRE = Z |2 (1.6.17)
JEA

Without loss of generality we assume that jo = 0 (if jo # 0, a rotation of all the
z¢ by a multiple of /2 will reduce the situation to this case). In Ay we have

2? = 2% +y* < 2%,
and so
. 1
|z| <V2y, thatis, y> |z (1.6.18)
V2

Thus

Z 20| > Z Imzp > Z |ze| > Z|zg|

£eio £eio \/ €€ 4\/2
where we first used (1.6.18) and then (1.6.17). O

Remark 1.6.6. The same exercise, but with the weaker requirement

IME

teJ

Z |2¢] (1.6.19)

appears in [189, p. 114]. It is much more difficult to prove that there exists J such

that

Sl > 13k
leJ
See [39, Exercice 1, §3, p. TGVIIL.26], [88, Exercise 1.17, p. 34], [57], [58], [135]
for the latter. Using a result of Reinhardt on polygons, one can in fact prove a
stronger result, namely the existence of a subset J such that

sin (2511 )
P E Sl +[5
We also note that (1.6.19) is a special case of the following result from mea-

leJ (2k+ 1) Sin<2k7:_1) =1
where k is the integer part of "3'. See [57].

sure theory (see [135, Theorem 1, p. 672]. We refer the reader to Chapter 17 for
the needed background.
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Theorem 1.6.7. Let pu be a complex-valued measure of total variation 1. Then there
exists a measurable set A such that |p(A)| > 1

Solution of Exercise 1.5.2. Let p(z) = Y ,_, axz". Since p(z0) = 0 we have

ar(z¥ — 2F)  (the term with index k = 0 vanishes)

1

k—
ar(z — 20) <Z zezg_l_l>

£=0

where we have used the equality

a™ —b™ = (a —b) (mz_: albm_l_‘Z) (1.6.20)
=0

valid for every a,b € C and m € N. Thus we have p(z) = (z — 20)q(z) with
n l=k—1 n—1
= (3 ) = S
=0 =0

with

The function ¢(z) is indeed a polynomial; its degree is n — 1 since ¢,—1 = a,, # 0.
O

Formula (1.6.20) is trivial when ¢ = b. When a # b, (1.6.20) is a mere
rewriting of the formula (1.1.54)

Izt 2"t =

for a geometric progression with z = a/b.

Solution of Exercise 1.5.3. Tt suffices to apply formula (1.5.4) to see that the sum
is equal to 0, independently from the values of a and b. O

Solution of Exercise 1.5.4. To solve the first equation write
1—22 420 =25 =0=1-22+241-2%) = (1-22)(1+2%).

Thus the solutions are z = £1 and the four roots of order 4 of —1, that is

2%
z:expz'{“L4 77}, k=0,1,2,3.
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To solve the second equation we first note that z = 1 is not a solution of it. Thus

l+z+-+2"=0 <= (1+2+-+2)1-2)=0 and z#1
= 1-2°=0 and z#1,

where we have used (1.6.20). Hence, the solutions are

2k
z:expi{ SW}7 k=1,...,7, (k=0 would correspond to z=1).

Thus the equation has seven roots, which are

z=-1, z= 41, z=:|:1+l and z::ﬁ:l_l.
V2 V2
We now turn to the third equation. Using the fundamental theorem of algebra we
note that the cases n odd and n even will lead to a different number of solutions,
since the equation is of degree n — 1 when n is even and of degree n when n is
odd. We will recover directly this fact in the proof. The number z = 1 is not a
solution of the equation to be solved, and so z is a solution of

1I-2)"=10+2)" (1.6.21)
if and only if
1 n
z#1 and ( +Z> =1,
1—2z
that is, if and only if
1 i
z#1 and +Z:62"k, k=0,....,n—1.
1—=2
Thus - -
z(l—l—eﬁf):ew -1, k=0,....,n—1.
We have
2mwik
enr +1=
if and only if
27k
7;1:7'( (mod 27),

that is, if and only if 2k = n (mod 2), or equivalently, if and only if n is even.
Hence the roots of (1.6.21) are

2wik

e n —1
2k = arik ,
e n +1

where k = 0,...,n — 1 for odd n while k =0,..., 7 — 1,5 +1,...,n—1for n
even.
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To solve the fourth equation, we first note that z = 0 is not a solution of the
equation, and so a number z solves

(I=2z)"=2" (1.6.22)

if and only if (1 — z)/z is a nth root of unity, that is if and only if

27ik
l—z=ze», k=0,....,n—1,

that is, if and only if

2mwik

1:z(1+en), k=0,....n—1. (1.6.23)

If n is odd, 27:’“ will never be an odd multiple of 7 and so

2mik

l4en #0, k=0,...,n—1.
The equation has thus n roots, namely

1

2mwik )

= k=0,....,n—1.
l+e™n

If n is even, say n = 2p, the index k = p corresponds to 2’”’“ = 4w, and thus
(1.6.23) has no solution for k = p. Equation (1.6.22) has then n — 1 solutions,

given by
1
wik )

l+er
Solution of Exercise 1.5.5. (a) Let 2z be a root of p. We have

k=0,....p—1,p+1,....2p—1. (I

z =

p(20) =0 <= Zagzg =0
=0

n
<= Z azzg =0
=0

< Zazzoe =0, since the a; are real,
£=0
< p(z0) =0.

(b) Since the polynomial 2% — 523 4+ 1822 — 17z + 13 has real coefficients, it
also vanishes at z = 2 — 3¢ and hence is divisible by

(z — (24 3i))(z — (2 — 3i)) = 2% — 4z + 13.
Doing the division leads to

2528 41822 — 1724+ 13 = (22 — 42+ 13) (22 — 2+ 1)
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and hence the other two zeroes of the equation are
1+4v/3
z= .
2

Solution of Exercise 1.5.6. Note that p1(z) = 0, and so we begin with n > 2. We
have

O

2% —2zcosa+1=(z—e“)(z—e ™).
Since the} polynomial p,, has real coefficients, it is enough to check that it vanishes
for z = €**. We have
P (') = €™ sina — e sin(na) + sin((n — 1)a),
that is

eina _ p—ina 6z(n—l)a

. . . —_— 6
1a . ma _ 1a
pn(e™) = ¢ 2 € 9% + 9%

But it is clear that this last expression vanishes.

—i(n—1)a

The proof is almost the same for comp]ex values of a. The fact that p, (e!?) =
0 does not imply automatically that p,(e~**) = 0. This last fact, that is

eina _ p—ina 6i(n—l)a _ e—i(n—l)a

—ia) _ ,—ina _ —ta =0
pale™) =e 2i ¢ 2 T 2i ’
is readily checked. Thus, p is divisible by (2 —e%®)(z —e~%) = 22 —2zcosa+1. O
Solution of Ezxercise 1.5.7. The idea behind the four factorizations is that the
polynomials are real, and hence their non-real roots appear in pairs, which lead
to second-degree real polynomials:

(z — 20)(z — 20) = 22 — 2(Re 20) 2 + | 20|*. (1.6.24)

We focus on the first and third equalities, and leave to the reader the proofs of
the other two.
The roots of the polynomial 22" + 1 are z, = e'%, with
k
b= "+ k=0,....2n—1.
2n n

The roots corresponding to k = 0, ...,n—1 are not conjugate to each other; indeed
a pair of indices (k, k') corresponds to conjugate roots if

T km T k'm
-7 2
2n + n 2n n (mod 2r),
that is ) .
" + TR 0 (mod 2),

which cannot hold if both k£ and k" are between 0 and n — 1.
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Thus
2n—1 n—1
224l = H (z—z) = H(z—zk)(z — zk).
k=0 k=0

But
(z — 21) (2 — 21,) = 2% — 2zcos O + 1,

which concludes the proof of the first equality since

(2k + 1)7r>.

0 =
cos 0y, cos( om

We now prove the third equality, and assume that n > 2 (the case n = 1 is
trivial). The roots of order 2n of unity are

2km km

2k = €expi =expi , k=0,...,2n—1.
2n

We have zy = 1 and z, = —1. The other roots are not real, and appear in pairs
since p(z) = 22" — 1 has real coefficients (and thus, p(w) = 0 = p(w) = 0; see
Exercise 1.5.5). The roots from & = 1 to k = n — 1 are all different and so the
roots of p(z) are, besides 1 and —1,

zr and z, k=1,...,n—1.

Thus

n—1

22" 1= (z4+1)(z—1) H(z —z1)(z — z)
k=1

=(z+1)(z - 1)ﬁ(z2 —2zRez, + 1)
k=1

k
which concludes the proof of the third equality since Re z, = cos( ;:)

Using formula (1.1.54) for the sum of a geometric series we obtain

n—1

def. 1— 22"
p(z) Y 2 =

1—22"
k=0
and hence, using the previous arguments to prove the third equality and also using
the third equality itself we have for n > 2

n—1

n—1 . .
k —ik
P(z):kl:[l(z—expznﬁ> (Z—exp ;W>:H(22_2ZR9219+1).

k=1
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We now prove (1.5.12). Setting z = 1 in the above equality we have

nt km
n:H<2—2COS< ))
k=1 "
1 — cos (/mr) = 2sin? (kw) .
n 2n

Recall that

Hence

and hence the result by taking the square root of both sides since the numbers

k
sin( 7T) >0 for k=1,...,n— 1. In view of the proof of Exercise 3.7.16 we note
the formula .
n T km
omt = H <1 — cos ( N )) , n>2, (1.6.25)
k=1

which follows from the previous arguments. Finally, we prove (1.5.13). We set
z = €' in (1.5.10) to obtain

) - - km
2int it 24t it
—1= 1)( -2 1].
e (e" + |_|< ecos(n>+>

Thus,

eint(eint _ e—int) — eit/2(eit/2 + e—it/2)6it/2(eit/2 _ e—it/2)

n—1
) ) . km
X it it —it 2 . .
kl,ll e e +e cos n

Dividing both sides by 2ie™ we obtain

— k
sin(nt) = 2 cos(t/2) sin(t/2) H (2cost— 2 cos ( ;)) ,

and hence the result (still for n > 2). O
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One can also try to prove these equalities using only real analysis. For in-
stance, using the formula
a* +b* = (a® + %)% — 2a%? = (a® + b? + V2ab)(a® + b — V/2ab), a,beC,
(which is basically the completing the square formula), we have
A 41=(2+ V22 +1)(22 - V22 +1)
and
B 41=( V222 1) (2t - V222 4 1)
( 224 1)% - 222 - %2)) ((22 F1)2 - 222+ \/2))

(z —z\/2—\/2—|—1> <z +z\/2—\/2+1>
x <z2—z\/2—|—\/2+1> (Z2+Z\/2+\/2+1>.

Similarly the formula
a® +0° = (a® + b%)(a* — a*b* +b*)
= (a® + b))((a* + b*)? — 3a*b?)
= (a* + b?)(a® + b + V3ab)(a® + b* — V3ab), a,be C,

will give (see [96, p. 397])
DS 1=0CH+ D)+ V32 4+ 1)(22 - V324 1),

Still, the complex variable arguments above give more insight as to the factors
themselves.

Solution of Ezercise 1.5.8. Assume that the equation has a solution zg with |z¢| <
1. Then 5 = —2§ — 329, and so

5=|— 25 — 32| < |20)® + 3|20] <4,
which is a contradiction. O

Solution of Exercise 1.5.9. Let ¢ = max =1, .n |cj|; By hypothesis ¢ > 0. Let 2
be a root of the polynomial equation

22" e, =0, (1.6.26)
and let u = ‘z . Dividing both sides of (1.6.26) by ¢" we obtain

Ayn—ly. 4o (1.6.27)

c cn

u” +
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By definition of ¢ we have |c;j| < ¢/. Therefore, (1.6.27) leads to

ful* < ul" 4 1

(1.6.28)

Assume that |u| > 2. Then 1/|u| < 1/2. Dividing both sides of (1.6.28) by |u|™

leads to
1 1
1< +-+
|ul |ul
<1+ + L
-2 AL

<1

)

which is a contradiction. Thus |u| < 2, that is |z] < 2max;j—1,. .

1

nleili. O



Chapter 2

Complex Numbers: (Geometry

As is well known, the complex field can be identified with R? via the map
z=x+1iy— (z,y).

An important new feature with respect to real analysis is the introduction of the
point at infinity, which leads to the compactification of C. These various aspects,
and some others, such as Moebius maps, are considered in this chapter.

2.1 Geometric interpretation

Exercise 2.1.1. Describe the polygon whose vertices are defined by the roots of order
n of unity.

To have a good understanding of some forthcoming notions (for instance,
limit at infinity, or the notion of pole of an analytic function), it is better to be
able to leave the complex plane, and go one step further and add a point, called
infinity, and denoted by the symbol co (without sign, in opposition to real analysis,
where you have £00), in such a way that the extended complex plane C U {oc0} is
compact. The set

CU {0}

is called the extended complex plane. See Section 15.1 for a reminder of the notion
of compactness. For the topological details of the construction, see Section 15.3. In
the next exercise we discuss the geometric interpretation of the point at infinity,
by identifying the extended complex plane with the Riemann sphere

Sp = {(fla%xs) €eR? ;x?+x§+x§:1}.
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)}, define p(x1,x2,x3) to be the in-

Exercise 2.1.2. For (z1,22,23) € Sz \ {(0,0,1
0,0,1) and (x1,x2, x3) with the complex

tersection of the line defined by the points (0,
plane. Show that
T1 + 1xo

2.1.1
1—173 ’ ( )

oz, 2, 3) =

and that ¢ is a bijection between Sg \ {(0,0,1)} and C, with inverse given by

2 2 24021
“ v ut ) (2.1.2)

w2+ w2+ 02 4+1" w2 +02+1

o in) =
Setting z = u + iv, (2.1.2) may be rewritten as

. z4z z—z |z]2-1
N I P T :
|22+ 174(|z2+1) " |2]2+1

The map (2.1.1) is called the stereographic projection.

The geometrical interpretation of the point at infinity is as follows: The map
¢ is extended to the point (0,0,1) by

©(0,0,1) = oo, (2.1.3)
and going to oo on the complex plane means going to (0,0,1) on the Riemann

sphere. More precisely, recall that, by definition, a sequence of complex numbers
(zn)nen tends to infinity if

nh_)n;O |2 | = 400, (2.1.4)
that is, if and only if
lim 0 (zn) = (0,0,1), (2.1.5)

where this last limit can be understood in two equivalent ways: The first, and
simplest, is just to say that the limit is coordinate-wise in R3. The second is to
view Sy as a topological manifold, and see the limit in the corresponding topology.
See also Exercise 15.1.5, where ¢ allows us to define a metric on the Riemann
sphere, called the stereographic metric.

The intersection of Sy with a (non-tangent) plane is a circle. Note that the
projection of a circle of the Riemann sphere on the plane will not be a circle in
general. For instance the projection of the circle

Ty = I3,

2 2 2

onto the plane is the ellipse 227 + 23 = 1. But we have:
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Exercise 2.1.3 (see [28, Exercise 19, pp. 16-17]).

(a) There is a one-to-one correspondence between circles on the Riemann sphere
and straight lines or circles on the plane.

(b) Let S be a circle on the Riemann sphere. Then, ¢(S\ {(0,0,1)}) is a circle
on the plane if and only if (0,0,1) & S and is a line otherwise.

To summarize, via the map ¢! the point at infinity in the extended complex
plane should be seen as any other point of the complex plane. Furthermore, there
is no difference between lines and circles in the extended complex plane. A line is
a circle whose image under ¢! goes via the point (0,0,1).

The notion of a simply-connected set is central in complex function theory.
In [19, Theorem 4.1], eleven equivalent definitions for an open connected set to
be simply-connected are given. See also [42, Theorem 4.65, p. 113] for a similar
result. In this book, we focus most of the time on the much simpler (but not
conformally invariant) notion of star-shaped set, but we will give a number of
equivalent characterizations of simply-connected sets. Recall first:

Definition 2.1.4. A set Q C C is called star-shaped if there is a point zg €  such
that, for every z € 2, the interval

[20,2] = {tzo + (1 — t)z, t € [0,1]}
lies in €.

The point zp need not be unique. For instance, a convex set is star-shaped
with respect to each of its points.

Theorem 2.1.5. An open star-shaped subset of C is simply-connected.

The first definition of a simply-connected set, which is condition (d) in [19,
Theorem 4.1], is as follows:

Definition 2.1.6. A connected open subset €2 of the complex plane is simply-
connected if the set Sp \ p~!(A) is connected (in the topology of Sz).

It is enough to check that Sy \ p~*(A) is arc-connected.
Exercise 2.1.7.

(a) Show that the punctured plane C\ {0} is not simply-connected.
(b) Show that the set

Q=C\{{z eR;lz| 21} U{ig;y € R, [y| = 1}}
is simply-connected.

The Riemann sphere can also be identified with the projective line. This last
object is introduced in the next exercise:
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Exercise 2.1.8. In C?\ {(0,0)} define the equivalence relation:
(Zl, 22) ~ (wl, ’wz) <~ (2’1, 22) = c(wl, ’LUQ) (216)
for some non-zero complex number c.

(1) Show that ~ indeed defines an equivalence relation. We denote byg the equiv-
alence class of (z1,22) € C? and by P the set of the equivalence classes.

o
(2) Let (21,22)€ P. Show that the elements in the equivalence class have all at
the same time either non-zero second component or zero second component.

We denote by A (A stands for affine) the set of equivalence classes for which the
second component in any of its representative is non-zero. Show that the map

z2

is a one-to-one correspondence from A onto C, and that its inverse is given by

[e]

Y u) =(u,1) wueC. (2.1.7)
The projective line P is the set of the equivalence classes of ~.

Exercise 2.1.9. Prove the claim made in the proof of Ezercise 2.1.3 on the in-
tersection of the plane and So, that is, prove that equation (2.4.2) in Section 2.4
below is a necessary and sufficient condition for the plane and the Riemann sphere
to intersect, and that the plane is tangent to the Riemann sphere if and only if
equality holds in (2.4.2).

2.2 Circles and lines and geometric sets

We recall now the formulas for equations of lines and circles in the complex plane.
In the plane R?, a line is the set of points M = (z,y) such that

axr+by+c=0,
where (a,b,c) € R® and (a,b) # (0,0). Setting

24z d z—2z
= an =
P Y= g
we get
az+az+ =0, (2.2.1)
with

a=a—-bieC\{0} and B=2ceR.

Conversely, any expression (2.2.1) with («, 8) € (C\ {0}) x R is the equation of a
real line.
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Similarly, a circle in R? is the set of points M = (z,y) such that
22 +y? —2ax — 2by + ¢ =0,

where a, b, ¢ are real and such that a® + > — ¢ > 0. The center of the circle is the
point (a, b) and its radius is Va2 + b2 — c. In the complex plane we obtain

|2> —a(z + 2) +ib(z — 2) + ¢ = 0,
that is,
|2|* — z(a —ib) — z(a +ib) + ¢ =0,
that is, using (1.6.2),
|z — (a+ib)|* = a® + b* —c.

We have just seen two analytic expressions, one for lines and one for circles. There
is an alternative way to write the equations of lines and circles in a unified man-
ner as

|z — 20| = Az — 2],

where zg # 21 and A > 0. This expression describes a circle when A # 1, this is an
Apollonius circle, and a line when A = 1.

Exercise 2.2.1. Show that the set of points
|z — z0| = ANz — 21| (2.2.2)
where A > 0, A # 1 and zg # z1 1is the circle with center and radius

zZ0 — )\221 d A | |
an 20 — 2
1— A2 I1— a2t
respectively. Show that, conversely, a line or a circle is of the form (2.2.2) for
some choice of A\ and of zg, 21.

Remark 2.2.2. For a fixed choice of zy, z; one obtains a family of coaxal circles
when one lets A vary. See [37], [179]. The notion is used in particular in [99] in a
simplified proof of Riemann’s mapping theorem; see Exercise 5.1.5.

Remark 2.2.3. Replacing A by 1/ keeps the radius inchanged, but clearly inter-
changes the roles of zy and z;. Furthermore, the center of the Apollonius circle
tends to zg and its radius tends to 0 as A\ goes to 0. The center goes to 21, and the
radius still goes to 0, when \ goes to infinity.

Exercise 2.2.4. Characterize and draw the sets of points in the plane R? such that:
(a) =141 =1.
(b) 22+ 22=2.
(¢) |z =il =]z +1|.



70 Chapter 2. Complex Numbers: Geometry

(d) |z]*+32+32+10=0.
(e) |z|2+32—|—z—|—5—0.
(f) 22+32+324+5=0.
(g) |z| > 1—Rez.
(h) Re(z(1—1i)) < V2.

For a question similar to the last one, see [75, p. 13].

The following is the last exercise of the book [154].

Exercise 2.2.5. Find the image of the unit circle under the map z — w(z) =
z—2"/n where n =2,3,....

2.3 Moebius maps

Recall that a Moebius map is a transformation of the form

p(z) =

with ad — be # 0. Such transformations are also called linear fractional transfor-
mations, and linear transformations in the older literature. See for instance Ford’s
book [86]. We recall that the image under a Moebius map of a line or a circle in
the complex plane is still a line or a circle. We have already met a special case of
Moebius maps in Section 1.1, namely the Blaschke factors; see (1.1.44), (1.1.45)
and (1.1.46). Finite or infinite products of Blaschke factors (of the same kind) are
considered in Exercise 3.7.12.

az+b
cz+d

The formula
(ad — be)(z — w)

wlz) —plw) = (cz+d)(cw+d)’ (2:3.1)
that is, for z # w,
o) —plw) _ (ad—bo)
z—w (cz+d)(cw+d)’

will prove useful in the sequel.

The first exercise expresses the fact that Moebius maps form a group isomor-
phic to the group GL(C,2)/(C\ {0}) of 2 x 2 invertible matrices with complex
entries factored out by the invertible numbers.

Exercise 2.3.1. Let

agz + by
= ) ‘g = 17 27
QDZ(Z) cez + dyg
be two Moebius transforms. Show that
az+b

p1(p2(2)) = (2.3.2)

cz+d’
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<CcL 2) - (Zi Zi) <Z§ ZZ) (2.3.3)

Sometimes it is convenient to use the following notation: Setting

a b
=2 3):

where

we define for w € C

aw +b
T = . 234
m(w) cw+d ( )
Equation (2.3.2) can be then rewritten as
Taty (Tas, (w)) = Taryva, (). (2.3.5)

This equation suggests that infinite products of matrices should be considered,
when infinite compositions of Moebius transforms come into play. See Theorem
3.7.3 for the first issue and Section 11.5 for the second one. The matrices in these
products are usually normalized. Indeed we have:

Exercise 2.3.2. Let ¢ be a non-degenerate Moebius map, and let
(a1 bl _ (a2 b2
M; = (01 d1> and My = (02 d2>

(p(z) =Tm, (Z) = TM2(Z)a

for every z in their common domain of definition. Show that there is a complex
number \ # 0 such that

be such that

My = AM;.

Using (2.3.3) we can study in particular the compositions of Blaschke factors
of the form (1.1.44).

Exercise 2.3.3. Let u and v be in the open unit disk D. Show that

U+ v
w = 14w eD, (2.3.6)
and that .
=+ uv
b, (b, = w(Z). 2.3.
(bul=) = | o bul2) (2:3.7)

In Exercise 2.3.15 we compute the nth iterate of a Blaschke factor of the
form (1.1.44).



72 Chapter 2. Complex Numbers: Geometry

Exercise 2.3.4.
(1) Let w € D (resp. w € C,). Prove that by, (resp. By,) is a one-to-one map
from D (resp. C,.) onto D.
(2) What happens if lw| > 1 in the first case and Rew < 0 in the second case?

Exercise 2.3.5. Let z1, 29 € D. Show that there is a map of the form cb,, with c € T
and w € D such that ze = cby(21).

Exercise 2.3.6 (see [184, p. 25], [75, Exercice 33.15, p. 301]). Given two triples of
complex numbers (21, 22, z3) and (w1, ws,ws) such that

ZZ#ZJ and wl#wja fOT £7j:172737 67&]7

show that the map z — w defined by

w — wp ’LU3—’LUQ_Z—21 Z3 — 29 (238)
W—wy W3 —W, Z—2y Z3—21 e

is a Moebius map such that w(z¢) = we for £=1,2,3.

Suitably interpreted, the formula (2.3.8) still makes sense when one of the
w; or/and one of the z; is equal to co. For instance, when w; = 22 = 0o we have
w3 — W2 - zZ— 2z

)
w — w2 Z3 — 21

that is
w = wg + (w3 B wQ)(ZS B Zl).
zZ— Z1
Exercise 2.3.7. Show that four points are on the same complex circle (or on the
same complez line) if and only if the number

(21— 22)
EEZ B Zig (2.3.9)
P

is real.

The number (2.3.9) is called the cross-ratio. See for instance [199, Theo-
rem 2, p. 3].

Hint to the solution. Consider the case of a circle.

(1) Prove that the result is true for the unit circle.

(2) Prove that any circle can be mapped onto the unit circle by an appropriate
Moebius map.

(3) Prove that (2.3.9) is invariant under Moebius transforms.
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Exercise 2.3.8. For which k € R is the image of the circle |z — 1| = k under the

Moebius map f(z) = 1Z B

The next result appears in [155]; see also [127, Theorem 7, p. 67]. A natural
approach would be to use the Schur algorithm. See (6.5.7). This approach does
not seem to lead anywhere, and the pedestrian approach leads to a quite short
proof.

3
a line? Find the equation of the line.
z

az+b

Exercise 2.3.9. Show that the non-trivial Moebius map o(z) = cr+d maps the
open unit disk into itself if and only if
lac — bd| + |ad — be| < |d|* — |c|*. (2.3.10)

We note the following: For the Blaschke factor (1.1.44), we have

and inequality (2.3.10) reads as
|—1-w+w-1+ |1 —|w? <1-|w?,

and thus becomes an equality. More precisely:

Exercise 2.3.10. Using the previous result, show that a Moebius map sends the
open unit disk onto itself if and only if it is of the form kb, where k € T and by,
given by (1.1.44) with w € T.

We note that equality in (2.3.10) may hold even when the image of the open
unit disk is included in, but different from, the open unit disk. For instance, take

the function
z+1

—z+3’
which appears in the solution of Exercise 6.5.6.
We send the reader to Exercise 16.3.16 for a related exercise. As suggested
by our colleague Prof. Izchak Lewkowicz, we propose:

b
Exercise 2.3.11. Let p(z) = azi_d
cz

and sufficient conditions on a,b,c,d for ¢ to map the open left half-plane into
itself.

be a non-trivial Moebius map. Find necessary

Exercise 2.3.12. For which values of zy does the function

p(z)= 1

Z— 20

map the open unit disk into itself?
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b
Exercise 2.3.13. Let ¢(z) = “ +d be a non-trivial Moebius map, and assume that
cz

the equation ¢(z) = z has two distinct solutions z1 and zs.

(a) Prove that there is a number k € C such that

p(z) — =1 :kz—zl

QD(Z) — 22 z— 29 (2311)

(b) Give a formula for the nth iterate

(po(lpo...(p.
—_——

n-times
(¢) Compute the nth iterate of

_1-32

pl)= 4

Remark 2.3.14. The number k is called the multiplier of ¢ (see [86, (12), p. 10].
For relations and applications to the theory of automorphic functions, see for
instance [86].

We now look at the special case where ¢(2) = by, (2), where b,, is the Blaschke
factor (1.1.44).

Exercise 2.3.15.

(a) Compute the nth iterate of the Blaschke factor (1.1.44).
(b) What is

In relation with the following exercise, see the Herglotz formula for functions
holomorphic in the open upper half-plane, and with a positive real part there; see
formula (5.5.21).

Exercise 2.3.16. Let w € C\ R. What is the image of the real line under the
Moebius transform z;”_ful ?

2.4 Solutions

Solution of Ezercise 2.1.1. By formula (1.1.15) with p =1 and 6 = 0 we see that
the roots of order n of unity are

2k 2k
zk:cos< 7T>+isin( 7r>’ k=0,...,n—1.
n n
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The points My, = (cos(m?’i”)7 sin(mzﬂ))7 k=0,...,n—1, are on the unit circle, and
are the vertices of a regular polygon of order n, the first vertex being the point
(1,0). O

Solution of Ezxercise 2.1.2. The equation of the line passing through the points
(0,0,1) and (1, z2,x3) is

(u,v,w) = (0,0,1) + t(z1, 22,23 — 1) t€R.
We want w = 0, and thus

1

1+t —1)=0, thati t= .
+ t(z3 ) , at is, 1~ 2

The result follows. The map is clearly one-to-one. To show that it is onto, let
u+iv € C be given. A point (z1,x2,x3) € S2\{(0,0, 1)} is such that ¢(z1, z2,23) =
u + v if and only if

1 =u(l—z3) and zo=uv(l —x3).

Thus ) ) )
1-— 1
U2+’U2= JC1+JC2 = 3 = +I3.
(1 —1‘3)2 (1 —1‘3)2 1 — X3
Thus
w?+02—1
T3 = .
T w4241
So,
1 _ 2
T3 2 +02 417
and the formulas for 1 and x5 follow. [l

Solution of Ezercise 2.1.3. Let
ary + bro +crs =d
be the equation of a plane P in R3. Note that (0,0,1) € P if and only if
c=d. (2.4.1)

Using elementary analytic geometry one sees that the plane intersects the Riemann
sphere if and only if
a®+b? +c* > d?, (2.4.2)

and that it is non-tangent if and only if the inequality is strict in (2.4.2):

a? +b* 4+ > d>. (2.4.3)
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These facts are proved in Exercise 2.1.9 at the end of this section. Consider now
the image of S N P under ¢:

(u,v) € (SN P) <= ¢ Y(u,v) € SNP,
that is, if and only if it holds that
2au + 2bv + c(u? + v — 1) = d(u® +v* + 1),
that is, if and only if
(c —d)(u® +v*) + 2au + 2bv = ¢ + d. (2.4.4)
If ¢ = d we obtain the equation of a line. If ¢ # d, we rewrite (2.4.4) as

T R T
c—d c—d) c—d (c—d)? (c—d)?

a? +b%+c2—d?
(c—a3

which is the equation of a circle since (2.4.3) is in force.
The converse direction is done as follows: Given a line
au—+bv=ce,

we consider the plane
azry + bxo + exz = e.

Given a circle
(u— ao)2 + (v — bo)2 = R?,

we may assume that ¢ —d = 1 in the equation of the plane, and take the plane
apxy1 + bors + crs = d,
where ¢ and d satisfy
c—d=1 and R®*—al—-b=c+d. O
Solution of Ezercise 2.1.7. (a) The set
S2\ ¢ {C\ {0}}

consists of two points, namely (0,0, —1) and (0,0,1), and therefore is not con-
nected.
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(b) Consider the points

in S;. With © as in the statement of the exercise, ¢ ~1(£2) consists of the point
(0,0,1) and of four non-intersecting lines which link the points each of the point
A; to (0,0, 1). 0

We note that the above set is in fact star-shaped with respect to the origin.
In this book, we concentrate almost uniquely on star-shaped sets, and therefore
have given a somewhat informal proof of the above exercise.

Solution, of Exercise 2.1.8. Let z€ P and (21, 22) and (wy, ws) be two elements in
2. Since z1 = cwq for ¢ # 0, we see that z; and w; are simultaneously both zero or
both non-zero. The map ¢ is well defined; indeed, let (21, 22) and (w1, w2) be two
elements in 2. If 2; = 0, then w; = 0 and 1/1(2) = 0. On the other hand, if z; # 0,
then wy # 0 and it follows from (2.1.6) that

22 w2

Z1 w1
and so 9 is well defined. The map is one-to-one. Indeed, let Z and © be two

elements of P, and assume that g#ﬁ). Let (21, 22) €z and (w1, ws) cw. Then, if

z1 = 0 we have that w; # 0 and so 1/1(2’) # ¢(ﬁ;) If both z; and w; are different
from 0,

Z9 7& ’11}27

Z1 w1
and in this case t0o, ¥(2) # ¢ (w). Finally, the formula (2.1.7) follows from the
fact that u €(u, 1). O

Solution of Ezxercise 2.1.9. The point with coordinates

( ) da db de
Zo, 5y 2 = ) )
0, 40,20 a2 +b2+c2 a2 +b2+c2 a2+ b2 + 2

d
B a2+b2—|—02(a’b7c)
belongs to the plane. Let u and v be a pair of unit and orthogonal vectors in R3,
which are moreover orthogonal to (a,b,c). A point (z,y,2) is in P NSy if and
only if
2 2, .2 _ _
+y +22=1 and (xr— 20,y — Yo,z — 20) = tu+ sv

for some t¢,s € R.
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Equivalently,

d

a2+b2+62(a,b7c)+tu+sv,

((E, Y, Z) =

and therefore, taking norms of both sides of this equality,

d2 2 2

1:a2+b2+02+t + s°.

s a4+ 4+ —d
=1+ s". (2.4.5)

a?+b% + ¢?
Thus, the intersection will be non-empty if and only if (2.4.2) is in force, and
reduced to a point if and only if

a® + b+ =d>
Assume now that (2.4.3) holds, and let
R— \/a2—|—62—|—02 —dQ.
a2 + b2 + (2
It follows from (2.4.5) that there exists 6 € [0, 27) such that

s =Rcosf and t= Rsin.

It follows that the intersection of the plane P and of the Riemann sphere is the

a2+b2+62_d2. |:|

. . d . o
circle with center a2 b2 e (a,b,¢) and radius R = \/ JUS

Solution of Ezercise 2.2.1. Equality (2.2.2) is equivalent to
|22 + |20* — 2Re zz0 = A2(|2]? + |21]® — 2Re 221),
that is, since A > 0 and A # 1,

20— A2z Nz? — [z0f?

2
_9 —
|z] Rez 1 -2 1 -2

Completing the square we obtain

20 — )\221 ‘2 _ (|Zo — )\221|>2 _ )\2|21|2 — |Zo|2

e ) = : (2.4.6)

‘Z_ 1—A2

and hence we get the circle of center 201__)3\251 and radius R defined by

— 2221 \° A2z 2 — 20| A 2
g2 (1 - - .
< - )T o 11— pz)l70 =l
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We now study the converse, and focus only on the case of a circle. Let
[z—Q|=R

be the circle of center €2 and radius R > 0. We are looking for A > 0 and zg,2; € C
(with zg # z1) such that

_Zo—)\221

€= 1—A2 7
A

R= — .
-

From the first equation we get
20 = (1 =2)Q+ Nz,

Plugging this expression in the second equation we obtain

R= )\|Q — le.
We take R
21 =0+ A\
Then
20=(1=A)Q+ NQ+ AR =Q + AR,
which ends the proof. O

Remark 2.4.1. We note the equality
(Q — Zo)(Q — Zl) = RQ. (247)

Solution of Exercise 2.2.4. For (a) we have the circle with center (1,—1) and ra-
dius 1. Equation (b) can be rewritten as 22 —y? = 1, and so we obtain a hyperbole.
Case (c) is the line orthogonal to the interval (0,1) and (0,—1) and passing by
the middle of this interval, i.e., it is just the real line. More misleading are (d), (e)
and (f). The equations look like the equation of a circle but this is not the case.
For (d) we have the empty set. Indeed, we have

|22 +324324+10=0 < [2+32+10-9=0
= [z+3+1=0.

Equation (e) becomes in cartesian coordinates
2+’ +dr+y+5+iy=0.
Equating real and imaginary parts to 0 we obtain

2+ +4r+y+5=0 and y=0.
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The equation 22 4+ 4z + 5 = 0 has no real solution, and so (e) also corresponds to
the empty set. We leave (f) and (h) to the student, and turn to (g). Condition (g)
is equivalent to

Va2 +y2>1— . (2.4.8)
If © > 1, every y meets this condition. Assume now that x < 1. Equation (2.4.8)
is then equivalent to

2’ +y? > (1-2)%,
that is, to

2
y=>1-2z. (2.4.9)

We already know that # < 1. If z € [}, 1), every y meets this condition. If z < J,
we get the points outside or on the parabola defined by (2.4.9) and for which

x < 1/2. All together, the set is the complement of the points inside the parabola
2
y*=1-2x. (I

Solution of Ezercise 2.2.5. Write z(t) = €%, with ¢ € [0,27], and w(t) = z(t) +
iy(t). We obtain

1

x(t) = cost — N cos(Nt),
1

y(t) = sint — N sin(Nt).

These are the parametric equations of an epicycloid, described by a point on a
circle of radius ]{[ rolling over a circle of radius 1 — ]i, See also for instance [166,
Exercise 7, p. 421]. O

Solution of Ezercise 2.3.1. Indeed,

alapg(z) + bl
c1p2(2) + di
azz + by
b
“ 2z + da o
asz + by
d
“ 2z + do ta1
al(UQZ + bz) + bl (CQZ + d2)
c1(azz 4 b2) + di(caz + da)
(a1a2 + b1ca)z + a1bs + bids
(Cla2 + dlCQ)Z + ¢1bo + dida
az+b

cz+d’

ab_a1b1 a2b2 0
c d)  \ca di) \ex do)”

P1(pa(2)) =

where
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Solution of Exercise 2.3.2. We have for all z € C where both functions are defined:

a1z =+ b1 agz + b2
= = . 2.4.10
(p(Z) c1z+ dy oz + do ( )

Hence,
2’2(11162 - 11201) + z(a1d2 — a2d1 + Czbl - bQCl) + bldz — b2d1 =0.

One can proceed by remarking that the coefficients of the above polynomial are all
equal to 0, and then by distinguishing various cases. We will chose another avenue

to solve the problem. With
c1z+ dy

- 2z + da ’
and taking into account (2.4.10) we have

(5 (5) = s an (7))

= X(2)(c2 + do) (W))

1
—xe) (22 ) (5)-

Take now two points u and v, with u # v, at which all the expressions make sense.

We have
ay b1 u v\  fa2 b2 uX(u) vX(v)
a di)\1 1) \e d) \ X(u) X))
Thus
ai; b az b uX(uw)—vX(v)  wr(X(v)-X(w))
<Cl dl) - <CQ d2> X (u)=X(v) uX (v)—vX(u) . (2411)

Since the map is assumed non-degenerate we can write

uX (u)—vX (v) wu (X (v)—X (u)) a9 b2 -1 ay bl
X(u%—g((v) uX(v%—’lle(u) = (CQ d2> (Cl d1> ’

u—"v u—"v

It follows that X (u) is a constant, say K, and that

ay br) _ az b
(o i) =n (&) .

Solution of Ezxercise 2.3.3. It suffices to note that

(2 ) )=o),
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Then, the associated transformation is

(1+uwv)z = (u+v)  1+uv

= b (2). O
—z(u+v)+14+uv 1+ou

Solution of Ezercise 2.3.4. Tt follows from (1.1.51) with z = v that b,, sends the
open unit disk into itself. It follows from (2.3.6) and (2.3.7) that

by (b—w(2)) = 2,
b_w(by(2)) = 2,

for z € D. The first equation shows that b,, is onto and the second equation shows
that b,, is one-to-one.

When |w| > 1, the map by, is one-to-one from D\ { | } onto {z;|z| > 1}. The
limiting case w = oo corresponds to b(z) = !, which is a one-to-one map from
D\ {0} onto {z;|z| > 1}.

The case of B, is treated in a similar way. O

Solution of Ezercise 2.3.5. Let

1-— Z122
e —bz d = .
u (z2) and ¢ 1= 2o
Then,
22 — 21
1—z120 171
c-by(z1) = 1 o 12 ilf
— 2122 1+ 2 2 1
1— Z122
_ (= ]z)z
L=z
= Z92. O
Remark 2.4.2. In [8, p. 26| one asks for more: Given two different points in D, find
a map of the form s(z) = [“7% sending z; into 2o and such that s(s(z)) = z.

Solution of Ezxercise 2.3.6. Solving w in function of z in the above expression
leads to

Z—2Z1 23 — 22 W3 — W1
w1 — w2 . .
Z—Z9 23— Z1 W3 — W2
1 Z—Z1 23 — 22 W3 — W1
Z—Z9 23— Z1 W3 — W2
23 — 22 W3 —w
(z — z9)wy — wa(z — 21) - .
zZ3 —Z1 W3 — Wy
23—z w3 —wp
(z—22) — (2 — 21) - :
23 — 21 W3 — w2
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Hence, z — w(z) is indeed a Moebius map. One checks that w(zy) = 2z, for
{=1,2,3 by direct computation:
Z3 —Z9 W3 — W1

(2’1 - 22)w1 - wz(zl - 21) :
Z3 — 21 W3 — Wy

wiz) = 23— 22 w3 —w
(Zl - 22) — (2’1 - 2’1) . .
Z3 —Z1 W3 — Wy
_ (21 — z2)w1
(21 — 22)
= wi.
Z3 — 29 W3 — W1
(22 — 22)w1 — w2 (22 — 21) - ~
w(z) = 23 — 21 W3 — W2
Z3 —Z9 W3 — W
(22 - 22) — (2’2 - 2’1) . .
Z3 —Z1 W3 — W2
Z3 — 292 W3 — W1
—w2(22—z1)~ .
— 23 — X1 W3 — w2
- Z3 —Z9 W3 — W1
—(22 — 21) - .
zZ3 —Z1 W3 — Wy
= w3.
zZ3 —Z9 W3 — W1
(23 = 22)wr —waleg —z1) - = - "
’LU(Z,?,): 3 1 3 2

Z3 —Z9 W3 — Wi
(23 - 22) — (2’3 — 2’1) . .
23 — 21 W3 — w2

w3z — w1
(23 — z2)w1 — wa(2z3 — 22) -
— w3 — w2
w3 — W
(53— 22) = (3 —22)- > !
w3 — W2
w3 — W1
wp; —wa -
— w3 — w2
1_ w3 — W1
w3z — w2

wy (w3 — we) — wa(ws — wy)
w3 — W — W3 + wq
w3 (w1 — ws)
w1 — Wy
= ws. O
Solution of Exercise 2.3.7. We follow the hints given after the exercice, and focus
on the case of a circle. We first assume that the four points are on a common

circle. For the unit circle, we can always assume that one of the points is z; = 1,
and so we have to check that for any ¢o,t3 and t4 in (0, 27),

(1 _ eitz)(eitg _ eit4)
(1 _ 6it3)(6it3 _ 6it4)
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is real, that is, to check that

(1 _ eitg)(eit3 _ eit4) (1 _ e—itz)(e—itg _ e—it4)

(1 _ eitg)(e’itg _ 6it4) (1 _ 6—it3)(6—it3 _ 6—it4) :
This is checked by multiplying both the numerator and denominator of the right
side by e®2eitseits,

Let now |z — 29| = R be the equation of another circle. The Moebius map
@(z) = *° maps this circle onto the unit circle. We now check the invariance of
the cross ratio using (2.3.1). Indeed using this equation we have

p(21) — p(z2) c21 +d)

ad — be

~

ad — bc
czo + d)
ad — be
czy +d

~

N
(
o(z1) — plzs) = E
o(22) — o) = E
(

~

¢(23) — p(z1) = (

~—

and hence the result by a direct computation.

Still for the case of a circle, we consider the converse statement: Let there
be therefore four pairwise points for which (2.3.9) is real. The first three points
determine uniquely a circle, which we move, via a Moebius map, to be the unit
circle. The corresponding quotient (2.3.9) does not change. So we are left with the
following question: Given four pairwise different points for which the quotient is
real, three of them being on the unit circle, show that the fourth is also on the
unit circle. We set z; = €91 2z = €% 23 = €% where 0,605,605 € [0,27) are
pairwise different. We have thus:

(e — =i02)(e=i01 — g=if3)  (¢if1 _ ¢if2) (i1 — ¢ifs)

(e—iGQ _ e—i94)(e—i03 _ 24) - (ei92 _ ei94)(ei93 _ 24) .
Applying the previous exercise with the Moebius map ¢(z) = 1/z we see that

p(e)=e,  j=1,23,

and 80 z4 = ¢(24), i.e., |24] = 1. This concludes the proof. O
-3 3
Solution of Ezxercise 2.3.8. Set w = ° . Then, z = W . The condition
1—-2z 142w
3
|z — 1| = k becomes thus v —1| =k, ie,
142w

lw+ 3 — (14 2w)| = k|1 4 2w,
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which can be rewritten as

1
|2—w|:2k’w—|—2’.

Hence, we obtain a line if and only if k = ; The equation of the line is |2 — w| =
3
T

If one wants only the value of k but not the equation of the line, a shorter
way is as follows: We know that the image of the circle is either a line or a circle.

’ + 1 .
w l1.e., T =
) ’ )

It will be a line if and only if it is not a bounded set, i.e., if and only if z = 9

1 1
2—1‘:k.Hencek:2. O

belongs to the circle |z — 1| = k, i.e.,

Solution of Ezercise 2.3.9. By hypothesis, ad — bc # 0 and thus the map z — w
is invertible, and its inverse is given by

wd — b
z= .
a—cw

We know that |z| < 1 and want to find a necessary and sufficient condition for the
set of images w to be in the open unit disk. We have

2| <1 <= |z* <1
— |wd —b* < |a —wc|?

2.4.12
= |w|?|d* + [b]* — 2Re(bdw) < |w|?|c|* + |a|? — 2 Re(acw) ( )
— |w*(|d]* = |¢|*) — 2Re {(bd — ac)w} + |b]* — |a|* < 0.
At this stage we pause and remark that, necessarily, |c| < |d|. Indeed, if |d| = |c|,
the above can be rewritten as
—2Re {(bd — ac)w} + [b]* — |a]* < 0, (2.4.13)

which is an unbounded set (in fact, a half-plane). Note that, under the hypothesis
|d| = ||, we necessarily have
(bd — ac) # 0.

If it is equal to 0, then on the one hand (2.4.13) leads to |b|] < |a| and on the other
hand we have

bd — ac = 0 = |b||d| = |a|¢|
lal

— ld| = Ie

which together with |d| = || leads to |a| = |b].



86 Chapter 2. Complex Numbers: Geometry

d
If |c| > |d|, the point — is in D, and ¢ has a pole at this point. Thus the
c

image of D by ¢ cannot be bounded. So |¢| < |d|. We divide both sides of (2.4.12)
by |d|? — |c|? and obtain

<0.

bd — b2 — |af?
|w|2 _ QRe{ ac } | | |a|

w
|d|? = [e]? |df? — |ef?

Completing the square we obtain

w bd — ac _|b|2— |al|? bd — ac
|df* —|cf? |d> —c[* ~ [|d]* — |c[?
We have
o> = a? ’ bd—ac | _ —(|bl*  [al*)(d]* = |c?) + |bd — ac]?
|d> —lc[* ~ [|d]* — |c[? (Id[* = Icf?)?
_ ad — bef?
(ld* —]e[)*

Thus the image of the open unit disk is the open disk of center

— bd — ac

O d)? — |ef?
and radius

. lad — be]

O d2 — el

This open disk will be included in the open unit disk if and only if
lwo| + 70 <1,
which can be rewritten as

|bd — ac| lad — be| 1
ldI* = e |d? —e]* ~

Multiplying both sides by the strictly positive number |d|?—|¢|? we obtain (2.3.10).
(]

Solution of Exercise 2.3.10. Necessary and sufficient conditions are that the center
is wy = 0 and the radius is ro = 1. This leads to the equations

bd = ac (2.4.14)
lad — be| = |d)* — |¢|?. (2.4.15)
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The second equation implies that d # 0. The first equation then gives b = “dc.
Plugging this expression into the second equation and dividing both sides by d?
leads to

a acc ‘ ‘
d ddd d
€ er. b
Thus k& < Z eTanda ® - eD, Equation (2.4.14) implies that q- —ka
and the Moebius map is of the required form. O

Remark 2.4.3. We now solve the previous question directly, without resorting to
Exercise 2.3.9. Of course the computations are basically the same. We remark that
d # 0 (otherwise the point 0 would go to the point at infinity), and write without

loss of generality ¢(z) = gj_ﬂ’ . We look at the image of the unit circle.
ae +b it w—"b
= . (& = s
cett +1 —cw+a

and so |w — b|? = |a — cw|?, that is
lw|*(1 — |c[?) = 2Rew(b — ca) = |a|® — |b]°. (2.4.16)
Writing that the image is |w| = 1 gives
b=ca and 1-—|c|*=a*— b
The first equation gives

az+c_ z4+c

= . 2.4.17
cz+1 acz+ 1 ( )

p(z) =
Plugging the first equation into the second we obtain
1~ e = |a]* = |al?|c]* = |a]*(1 — |c]*).

We also note that || < 1 (since the image of —! is the point at infinity) and so
|a| = 1. Thus the map ¢ is necessarily of the form (2.4.17). The converse follows
from (1.1.41).

Solution of Ezercise 2.3.11. The map
1-=2
14z

is one-to-one and onto from the open unit disk onto the open left half-plane, and
z+0b

+d
plane into itself if and only if g o ¢ o g maps the open unit disk into itself. In
view of (2.3.3) the coefficients of ¢g o ¢ o ¢y can be chosen to be

-1 1 a b -1 1\ (-a—b—-—c+d —a—-b+c+d
1 1 c d 1 1) \—-a+b—c+d a+b+c+d )’

z = @o(z) =

is equal to its inverse. Therefore the map ¢(z) = maps the open left half-
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Applying (2.3.10), we obtain the condition
[(b—d)(a+c)+ (a—c)(b+d)|+2|ad—bc| < (a+c)(b+d)+ (a+c)(b+d). (2.4.18)

We note that, in (2.4.18), equality will hold in particular for

1

p(z) =z+w and <p(z):z+w,

where w +w > 0. O
Solution of Exercise 2.3.12. Of course, from (2.3.10) with
a=1, b=-1, c¢=1, and d= —z,
we know that the condition is
21 — 20| < |20|* — 1. (2.4.19)

We reproduce this result directly as follows: Set

z—1
w = .
zZ— 20
Then
1—wzg
z = ,
1—w

and the condition |z| < 1 becomes
|1 —wzo| < |l —w|, thatis, [l —wz|*<|1—w|?
This in turn can be rewritten as
lw|?|20]* — 2 Re(wzo) + 1 < |w|* — 2Re(w) + 1,

i.e.,

w[?(|20/* = 1) = 2Rew(zg — 1) < 0. (2.4.20)

Now, if |z9] = 1 the above inequality defines a half-plane, and cannot be inside
the unit disk. Assume now that |zg| > 1. Then (2.4.20) becomes

2 Zo—l
— 2R <0,
el ew(IZol2—1>

ie.,
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Thus the image of the open unit disk is the open disk with center C' = |z?|2_—11
and radius R = | ‘Zi"‘;_ll |. This disk will be inside the open unit disk if and only if
|C| + R < 1, that is
20 — 1]
2 <1,
|20 =1

which is (2.4.19) since |zg| > 1.

Assume now |zg| < 1. Then (2.4.20) becomes

-1
2_9R, 0 0.
|w] elw 702 — 1 >

This can be rewritten as

2
Zo—l

|20]* — 1

9

Zo—l 2
B

o

and thus defines an unbounded set, and cannot be in the open unit disk. Thus
zp cannot be of modulus strictly less than 1, and the necessary and sufficient
condition is (2.4.19). O

Solution of Fzercise 2.3.13. (a) In view of formula (2.3.1) we have

p(z) — 21 . @(2) = p(21)
p(z) =22 p(2) — p(22)

(z — z1)(ad — be)

_ (ez+d)(cz1 + d)

(2 — 2z2)(ad — be)
(cz +d)(cz2 +d)

- zZ— 2z

a kZ — 227

with L

CZ9

= . 2.4.21
cz1+d ( )

(b) Denote by ¢°™(z) the nth iterate of ¢. Iterating (2.3.11) we have

o”(z)—2'1 —k :
°n(z) — 29 z— 2

v n®T A (2.4.22)
¥
and hence

2’1—22k3nz_z1 n
On(z) _ Z— 22 _ 2’1(2’—2’2) —2’2]{3 (2—2’1)
v 1_pn® 2 z— 20— k"(z — 21)
zZ— Z9
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Thus
(2’1 - Zan)Z — (1 - kn)2122

°M(z) = 2.4.23
P = ) — (2 — k) (24.23)
(¢) When ¢(z) = (1 — 32)/(z — 3) the equation
p(z) =2
has two distinct roots, namely z; =1 and 2o = —1. We have c =1, d = —3 and
_czm+d 9
czr+d
Therefore, from (2.4.23) we have
o 1+2%)z+1—2n
()= 0D .

(1—2")z+41+27

We note the following: When |k| > 1, equation (2.4.22) implies that, for
z # 21,

lim ¢°"(2) = 22,
n— oo

while we have
lim ©°"(2) = 23
n—oo

for z # zo when |k| < 1.

Solution of Ezercise 2.3.15. We use the preceding exercise. For w # 0 (which is
the only case of interest), the equation

bw(2) = z,

that is,

z—w:z—z2w

has two distinct solutions, say z; and z9. Set w = pew. Then
21 =€ and 2z = —e¥. (2.4.24)
The multiplier & is given by formula (2.4.21), and hence equal to

o —wze+1l  1+4p
—wzn+1 1—p

In particular, we see that k is real and belongs to (1, +00). Formula (2.4.23) and
equation (2.4.24) give
z—wy

by 0 by 0+ - 0 by (2)
—_—————

n-times

1—zw,’
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where
Wy =€ .
Em+1
(b) We have .
lim w, =%,
n—oo
and thus ‘
lim by 0by 0+ 0by(2) = et
N 00 N e’
n-times
In particular the limit is independent of z € D. O

Solution of Exercise 2.3.16. Let A = ***! Then z = ' The number z is real
if and only if it holds that
Aw+1  Adw+1

A—w  A-w

which can be rewritten as
A2 = Xa—Xa+1=0,
with
lw|? + 1
o= .
w—w

Completing the square we get

IA—al? = |a]® - 1.

2 1 2
o 1= (MY
0~

and we get a circle of center a and radius

It is readily checked that

w4 1]
Cw—w|

R

The circle reduces to a point when w = =+4i. (Il



Chapter 3

Complex Numbers and Analysis

We begin by discussing complex-valued functions of a real variable. This gives
us more freedom for exercises in the sequel of the chapter. We discuss series and
power series, and introduce the exponential function and the various trigonometric
functions. Infinite products are also discussed. At the end of this chapter, we
therefore will have a number of examples of functions, some highly non-trivial,
which will be shown in subsequent chapters to be instances of analytic functions.

3.1 Complex-valued functions on an interval;
derivatives and integrals

Let

f() = u(t) +iv(t) (3.1.1)
where ¢ belongs to an interval I (which can be open, closed, or half-closed), be a
complex-valued function. We recall that f has a limit at the point ¢y € I if and
only both v and v have limits at the point ty. The function f is continuous at tg
(resp. in I) if and only if both v and v are continuous at ¢y (resp. in I).

Exercise 3.1.1. Give an example of a map t — z(t) from an open interval (a,b) C R
into C such that lim;_,p, 2(t) does not exist, but lim;_,; Re 2(t) exists.

Exercise 3.1.2. Let ay,...,a, be arbitrary compler numbers. Show that there is at
least one t € [0, 1] such that

> 1.

n
1— E ake2ﬂ'zkt
k=1

The function 1—)_;_, axe?™*** in the previous exercise is periodic. The result
itself can be extended to the almost-periodic case, as is illustrated in the following
exercise:

© Springer International Publishing AG 2016 93
D. Alpay, A Complex Analysis Problem Book,
DOI 10.1007/978-3-319-42181-0 3



94 Chapter 3. Complex Numbers and Analysis

Exercise 3.1.3. Let vy, ...,y be real pairwise different numbers, all different from
0, and let ay,...,a, be complex numbers. Show that
Vee (0,1), 3teR suchthat |1—Y ape™'| >e. (3.1.2)
k=1
Hint. Compute
2
li 1-— tokt 1.
Tl—I>noo T / Z ke (3 3)

The function (3.1.1) has a derivative in the given interval if both w and v
have derivatives there, and then

() =/ (t) + i (t).
The various formulas of derivation for sum, product and quotient still hold for
complex-valued functions. For instance, for a € R,
(€)' = (cosat +isinat) = —asinat + iacosat = iae™.
Exercise 3.1.4. Check that for any zo € C,

(ezot)/ _ Zoezot.

Differentiation allows us to obtain new and non-trivial formulas from known
ones, as illustrated in the next exercises.

Exercise 3.1.5. Compute for n > 2 in closed form the sums

n—1 n—1
Z kcos(a + bk) and Z ksin(a + bk)
k=1 k=1

Exercise 3.1.6. Compute in closed form

n

Z keikt.

k=1

Integration of a complex-valued function along a path in the complex plane
is one of the keystones of complex analysis. In the present section we consider a
preliminary, and much easier notion, namely the integral of a (say continuous)
function of a real variable, but with values in C. We recall the definition of this
integral: If f(¢) = u(¢t) + év(t) is a continuous function from the compact interval
[a,b] C R into C, one has

/f dtdi‘/ (t)dt+i/abv(t)dt.
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A key property is that

/abf(t)dt

For instance, the sequence

b
g/ \f(t)|dt, with a < b. (3.1.4)

1
/ eetdt, neN,
0
is bounded. In fact, an easy integration by parts shows that it goes to 0 as n goes
to infinity.
The following illustration of (3.1.4) is taken from [161, pp. 476-477]:
Question 3.1.7. (see [161, pp. 476-477]) Let in (3.1.4)

1
f(t):(t+ci)n+1’ where ¢ >0 and n € N.

Show that
1 [(a+ci)” — (b+ci)"| </b dt
n (a2 + c2)"/2(b2 + ¢2)n/2 o (24c2)"30
and that, in particular,
b—a ( b a)
< arctan — arctan .
Vi) = e (M ‘

It is also well to have in mind the Cauchy-Schwarz inequality in this setting

g(/'uwﬁﬁ></‘mwﬁﬁ>, (3.1.5)

where f and g are continuous on [a,b]. Equality holds if and only if f and g are
linearly dependent, that is,

b
/‘ﬂwmwﬁ

f@®) =0 or g(t)=Af(t) for some complex number .

Exercise 3.1.8.

(a) Compute fOQﬂ cos?P tdt.
(b) Using (a), show that

lim <2’f}> =0. (3.1.6)

p—oo  22P
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We note that the sequence of integrals fo% (cos?P t)dt is decreasing. The asso-
ciated difference sequence ( fo%(cos% t)dt — fo% (cos?(P+1) t)dt) . is closely re-
pENo
lated to the sequence of Catalan numbers (the sequence of moments of the semi-
circle law, which plays a key role in free probability and in the theory of random
matrices; see [119, 158]).

Exercise 3.1.9. Let
1 2
my = / \/4—9629621’dnc7 p=0,1,...
27T —92

denote the even moments of the semi-circle law. Compute for p=0,1,...

2 27
/ cos?? tdt — / cos?®+) ¢4,
0 0

1 (42
Pop+1\p+1 )7
|

Catalan number

and show that

The next result would be a direct consequence of Cauchy’s integral formula.
At this stage, the exercise is to be proved from first principles. The exercise is
taken from [52], where it is used as an intermediate tool to prove, without inte-
gration theory, that a complex-valued function which admits a complex derivative
everywhere in an open set {2 admits a power series expansion at every point of (2.

Exercise 3.1.10. Let p(z) = Z?:o pezt be a polynomial bounded by 1 in modulus
in the closed unit disk. Show that all |pe| <1 for £=0,...,n.

It is an interesting problem to find necessary and sufficient conditions on
the coefficients py for |p(z)| < 1 to hold for all z in the closed unit disk. This
question is beyond the scope of the present book, but let us briefly discuss it. Let
a(z) =3, o ez’ with o, ..., a, arbitrary complex numbers. Writing

1 2m . . 9 1 27 . 9
o [ 0Pl <, [ e

we obtain that

n

n n
Z Qe Z Du—tPu—k | < Z|Oéz|2,

£,k=0 u=max{{,k} £=0

which implies the matrix inequality

*

Po 0 0 o 0 Po 0 0 0

P11 Do o - 0 P11 Do 0 0
0 0| <hu, 317
0 0

Pn Pn-1 Pn-2 -°° Po Pn Pn-1 Pn-2 -°° Po
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where Ip,+1 denotes the (n 4+ 1) x (n 4+ 1) identity matrix, and where M* denotes
the complex conjugate of a matrix M. The above inequality means that

*

o 0 0 o\ /py 0 0 0
P11 Do 0 0 P11 Do 0 0

Int1 — 0 0=0
0 0
Pn Pn—-1 Pn-2 - Do Pn Pn—-1 Pn-2 - Do

See Definition 16.3.1 for the definition of a positive matrix, if need be. This in-
equality is not a sufficient condition for p to be bounded in modulus by 1 in the
closed unit disk, but is equivalent to the existence of a power series bounded by 1
in D and which begins with p. The result in the preceding exercise is still true for
infinite power series. This is presented in Exercise 3.4.12. Inequality (3.1.7) is still
true, and expresses that a certain lower triangular operator is a contraction from
{5 into itself. See Exercise 16.1.5 for the definition of the Hilbert space /5.

The integrals in the exercises above were on a bounded interval. The following
exercises are related to functions defined on an unbounded interval. If f(t) =
u(t) + iv(t) is a continuous complez-valued function of the real variable t, we say

that the integral
[ s
R

/Ru(t)dt and /Rv(t)dt

/0 a1
oo (t=2)2 2

A follow-up of the next exercise is Exercise 5.5.25.

exists if both integrals

converge.

Exercise 3.1.11. Show that

for all z € C\ (—00,0].

Exercise 3.1.12. Let m be a continuous positive function on the real line, subject to

m(t)dt

< 0. 3.1.8
r 2+1 > ( )

Show that the integral

Fn(2) = _i/R {t ! L i 1}m(t)dt, (3.1.9)

makes sense for z off the real line. Compute Re fp,(2).
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In preparation to the next exercise, we mention that positive definite func-
tions and kernels are defined in Section 16.3; see Definition 16.3.11.

Exercise 3.1.13.
(1) Let w be in the right open half-plane C,. (that is, Rew > 0). Compute

o0
/ e~ twdt.
0

1
Z+w

(2) Show that the function
(3.1.10)
is a positive definite kernel in C,.

More generally we have the following question. In the statement, we have set
z¥ = p¥(cos(v8) +isin(vh)) where z = p(cos +isin f) is the polar representation
of z, with 6 € (—m, 7). Since in the question, z and w are restricted to be in C,,
the expressions z” and (z + w)” make sense.

Question 3.1.14. Let v > —1, and let " denote Fuler’s Gamma function
I(v) = / ettt (3.1.11)
0

Compute fooo tYe=#dt for z in C,, and show that the function

T 1
(r+1) (3.1.12)
(z +w)¥
is positive definite in C,.
See (4.4.11) for the counterpart of this result in the open unit disk.

Exercise 3.1.15. Prove (0.0.5)

3.2 Sequences of complex numbers

Recall that a sequence (2,,)nen of complex numbers converges to a number z if?
Ye>0 IN, n>N = |z—z,|<e

The number z is unique, and is called the limit of the sequence.

Exercise 3.2.1. Compute, fort € R,

) 1+eit+'”+6int
lim .
n— o0 n

3Recall also that if, in a definition, always means if and only if.



3.2. Sequences of complex numbers 99

With the preceding exercise at hand we will now give an indirect proof that,
for any ¢t # 0 (mod 27), the sequence n — €t has no limit. The first item is a
well-known result in calculus and the proof is the same in the complex case.

Exercise 3.2.2.
(a) Assume that the sequence (un)nen has a limit £ € C. Show that the sequence

u0+.+un
n

n =

tends to £ too.
(b) Using (a), show that n — €™ has no limit for t # 0 (mod 27).

Exercise 3.2.3. Study the convergence of the sequences

Z:Zl keikt
Zp =
n
and . )
D k=1 ket
Wy, = =
n2

We make now some remarks: Quite often it is difficult, or even impossible,
to guess what the limit is. A more abstract criterion to study the existence of a
limit is as follows: The sequence (zy)nen converges if and only if it is a Cauchy
sequence, that is, if and only if

Ye>0 3N, nm>N = |z, — 2| <e.

Most of the methods taught in calculus for real sequences can be seen to hold in
the case of complex sequences, by looking separately at the real and imaginary
part. For instance, if f is a complex-valued function continuous on [0, 1], then

lim 2ok (/1) _/1f(t)dt. (3.2.1)
n 0

n—oo
Exercise 3.2.4. Study the convergence of the sequence

n 2mik/n
Y oho ke /

Zn = 2

n

The following exercise is easily proved using the notion of radius of conver-
gence of power series; see Exercise 5.6.4 in Section 5.6. The reader should consult
[62] for a direct proof.

Exercise 3.2.5. Let z1, ..., 2z, be complex numbers different from 0. Show that
li pVn = . 3.2.2
imsup| Dz 1" = max |zl (32.2)

{=1
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In particular we have the non-trivial fact: Given any m real numbers ¢4, .. .,
t,, we have
1/n

lim sup
n—oo

m
§ e’i’rLt[
/=1

The following exercise is used in the proof of Exercise 13.4.3 to get a formula
for the Gamma function. The first claim is taken from [23, p. 119].

Exercise 3.2.6.

(a) Show that

is eventually increasing.

3.3 Series of complex numbers

We now consider series of complex numbers. See also Sections 4.4, and 5.6, where
various facts on power series are given as exercises. See for instance Exercises 4.4.9,
4.4.11 and 5.6.1 there.

The easiest criterium to check convergence of a series with running term z,
is to check that the series of positive numbers |z,| converges. The series is then
called absolutely convergent, and is in particular convergent. For example:

Exercise 3.3.1. Show that the series

24 2 4 25n
n=1

converges in the open unit disk.

Exercise 3.3.2. Show that the series

> 1 1
;<z—n+n>

converges for every z ¢ N. Show that the convergence is uniform on any compact
set which does not intersect N.
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The next exercise is taken from [154]; see Exercise 4.19, p. 49 there. In the
proof, one needs the formula of the partial fraction expansion

o N S |
= 3.3.1
T SR CERY
£=0
where zg, ..., z,—1 are the roots of unity of order n. The proof of this simple result

is postponed to Exercise 7.3.4.
Exercise 3.3.3. Let zq,...,2n,—1 be the roots of order n of the unity. Show that

n

Zz?:(}, m=1,...,n—1.

£=0

The next exercise is yet another example of solving a problem in real analysis
by going via the complex domain. But first some preliminary discussion: To find
a closed formula for the sum -

z:o 4€ +1)!

or, more generally for the sums

o0

1
AL = k=0,1,2
k ;(46-’—]6)" 07 ) 737

one needs only to know the power series expansion of the real functions coshz,
cosx, sinh z and sin z. It is readily seen that

AO:cosh1+cosl7 Alzsinh1+sin17
2 2
Ay = cosh12— cosl and A = sinh 12— sin 1

(see for instance [211, p. 238] for the computation of A;). Such a simple approach
does not seem to help for computing the sums in the next exercise:

Exercise 3.3.4. Let m,n € N be such that 0 < n < m. Compute in closed form

o0

1
Am,n: , n:(),l,...
P (ml +n)!

The books of Polya and Szeg6 [182, 183] are a mine of exercises, most of them
quite challenging; here are some of them (see [182, Exercises 36, 37, 38, p. 110]).

Exercise 3.3.5. Assume that the complex numbers z,,n = 1,2,... are in the right
half-plane and that both the series oo | zn and Y .o, z2 converge. Show that the

n=1%n
series Y o1 |zn|? converges. Give a counterezample when the z, are not restricted

to the right half-plane.
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Exercise 3.3.6. Find a sequence of compler numbers such that all the series

S0 2k converge but all the series >.07 | |2n|* diverge, k=1,2,....

Exercise 3.3.7. Let 0 < o < 7/2 and let z, = pn€fn n =1,2...., be a sequence
of complex numbers all different from 0 and such that

-a<0,<a.

Show that the series Y .| zn and Y-, |zn| converge or diverge at the same time.

We conclude with a question taken from [186, Exercise 5.1.19, p. 186]. We
refer to that source for a proof.

Question 3.3.8. Let z1, ..., be a sequence of complex numbers such that |z;—z| > 1
for j # k. Study the convergence of the series y .- |z1|u for u > 0.

3.4 Power series and elementary functions

As in the real case, a power series is an expression of the form

Zan(z—zo)”, (3.4.1)
n=0

where now zg and the a,, are complex numbers. One now speaks of a disk of con-
vergence rather than of an interval of convergence, and the proof of the following
result is the same as in the real case.

Theorem 3.4.1. The power series
> an(z—2)" (3.4.2)
n=0

converges absolutely for |z| < R with

if limsup,, . |an|"" >0, (3.4.3)

00, if limsup,,_, . |an|"/" = 0.

1
R= {hmsupnm Jan 1/

It diverges for all |z| > R.

Proof. For simplicity, we set zg = 0. We assume that the series converges for some
w # 0. Then, the sequence of numbers (a,w™)nen, goes to 0 and in particular is
bounded in absolute value by a finite positive number, say M. For |z| < |w| we

have
z n
anz" = apw"” ( ) ,
w
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and so

lanz"| < M ( |Z|> , (3.4.4)
|w|

and the power series (3.4.2) converges absolutely for |z| < |w|. Furthermore, from
|anzﬂ| S M7

we have for every n € N,
anl " ] < MY,

and taking lim sup on both sides we get

lim sup |a, |*/™ - |w| < 1.
n—oo

It follows that w is arbitrary if limsup,, ,._ |an|"™ = 0 and

1
|w| S hmsupn—)oo |a’ﬂ|1/n
otherwise. It follows that the power series converges for every z of modulus strictly
less than R, where R is given by (3.4.3). Let now z be such that |z| > R. By
definition of the limsup there exists an infinite subsequence of integers (ng)ren
such that |a,, |'/™*|z| > 1. In particular |a,, 2™*| > 1 and the power series (3.4.2)
cannot converge. O

Note that the theorem says nothing on the behaviour of the power series on
the circle |z — zg| = R. This is illustrated in various exercises in the section. See
Exercises 3.4.4 through 3.4.6. The number R is called the radius of convergence
of the power series. It may be equal to 0 (for instance, when a,, = n!), and then
the power series converges only for z = 0 and it may be equal to oo (for instance,
when a,, = i! ), and then the power series converges for every complex number.

The following result is of special importance:

Corollary 3.4.2. Let (3.4.2) be a power series with strictly positive radius of con-
vergence R (possibly, R = 00). Then, the power series converges uniformly and
absolutely in every closed disk |z — zo| < r with r € (0, R).

Often, and as in the real variable case, there are easier ways to compute the
radius of convergence of a given power series, as we recall in the next proposition.

Proposition 3.4.3. Consider the power series (3.4.1), and in case (a) assume that
an # 0 from a certain index. Then:

(a) Formula using D’Alembert’s (the ratio) test: Assume that

lim |21l (3.4.5)

n—o0 |ay,|
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exists. Then
1 1 |an+1|

R n—00 |an| ’
(b) Formula using Cauchy’s test: Assume that
lim |a,|'/™ (3.4.6)

n—0o0

exists. Then,

1
= lim |a,|"".
n—oo

Moreover, we make the following remark: It follows from the proof of Theorem
3.4.1 that R is the radius of the largest open disk with center zg within which the
powers series converges. This gives a geometric (or “picturial”) way to compute
R. See Exercise 5.6.4.

Exercise 3.4.4. Find the radius of convergence of the power series
o0
> onDen, (3.4.7)
n=1

The topic of Exercise 5.7.7 is to compute in closed form the sum (3.4.7).

Exercise 3.4.5. Radius of convergence of the power series

i 2™, (3.4.8)
n=0

Exercise 3.4.6. Radius of convergence of the power series
o0
v
n=0

In the preceding two exercises, the unit circle is the natural boundary of
analyticity: The functions defined by the power series cannot be extended across
the unit circle. See Exercise 6.3.3.

The behaviour at the boundary of the disk of convergence is much more
delicate. One can study the convergence sometimes using Abel’s theorem (see
Section 3.5. The behaviour at the point z = 1 can be sometimes studied using
Raabe’s test, which we now recall.

Theorem 3.4.7 (Raabe’s convergence test). Let (an)nen be a sequence of strictly
positive numbers, and assume that the limit

lim n( n 1) -R (3.4.9)
n—oo an+1

exists. Then, if R > 1 the series Y, a, converges while it diverges if R < 1. No
conclusion can be given (without more information) if R = 1.
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We recall the following result, which states that multiplication of power series
corresponds to the convolution of the sequences of their coefficients. See Exercise
4.4.8 for an illustration.

Proposition 3.4.8. Let

f(z)= Z an(z —20)" and g(z) = Z bn(z — z0)"
n=0 n=0

be the two power series, centered at the same point zg, and with strictly positive
radiuses of convergence R and Ro respectively. Then, the product fg is a power
series centered at zg, with a strictly positive radius of convergence greater than or
equal to min(Ry, R2). Furthermore,

F(2)g() = < aebn—z> (z — 20)™. (3.4.10)
=0

n=0

Proof. The result is really a particular case of Cauchy’s multiplication theorem;
see Section 14.2. Indeed, for z such that |z — zp| < min(R;, R2), both the series

i an(z — 29)" and i bn(z — 20)"
n=0 n=0

are absolutely convergent. Since

(z—20)"=(2— zo)e(z - zo)"_e,

Cauchy’s multiplication theorem then implies that (3.4.10) holds. 0

Exercise 3.4.9.

(a) Let (tn)nen, be a sequence of non-zero numbers. Show that

- 1
liminft¢, = 1 -
n—00 lim sup,, _, .

n

(b) Let R be the radius of convergence of the series

f(Z) = Z anz",
n=0

and assume that a, # 0 for all n € No. What can you say about the radius
of convergence of the series

o) =3 tam

a
n=0 "
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The following is a classical exercise (as most of the exercises presented in this
book); see, e.g., [209, Exercice 200, p. 75]. It corresponds to set a = 0 and N — oo
in formulas (1.3.7).

Exercise 3.4.10. Compute, for a real number r of absolute value strictly less than
1 and 6 € R, the sums

S(r,0) = Z r" sin(nb)

and

C(r,0) = Z r™ cos(nf).
n=0
On a similar vein, try the following ([209, Exercice 199, p. 75]):

= ) r(1 —r?)sing
" 0) = . 3.4.11
7;1 nr’ sin(nf) (1 —2rcosf +1r?)? ( )

Hint. Recall that
z

2 3 —
2(1422432" 442" +---) = (1= 22"

(3.4.12)

There are (at least) two ways to prove this formula. The easiest (but logically
not at this place in the book) is to resort to the general theorem on differentiation
of power series in their disk of convergence and to differentiate the power series of
1/(1 = z). The more direct one is as follows: Start from (1.1.54):

1+Z++ZN: 1—zN+1
1—=z

This is an identity between two rational functions, and we can differentiate to
obtain

1424 p NN _{(N+1)ZN(1—Z)+ZN+1

(1o (1 } . (3.4.13)

NNTL— (N 4+1)2N +1
(1—2)?

You may also decide to prove the above formula by induction if you do not want to
allow differentiation of rational functions at this stage. Then multiply both sides
of (3.4.13) by z and let N — oo to obtain (3.4.12). This last equation will be
instrumental to compute (3.4.11). Exercise 4.4.3 is also connected to the previous
discussion.

or

242224+ 4+ NN =2 (3.4.14)

Yet another way to find closed formulas for sums as in (3.4.11) and in (4.4.7)
below is to differentiate term by term the series defining C(r, ) and S(r,6) with
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respect to 8 or r. This is legitimate because the derivatives converge uniformly on
every closed disk |z] < R < 1. For instance, differentiating with respect to 6 both
sides of the formula giving C(r, ) we obtain (3.4.11).

We note that equation (3.4.13) can be generalized as follows; see [203, (3.14),
p. 11]:

13 (A RPN o Gl N

n=0

and moreover, for |z| < 1,

DS EU TR N B Sl

n=

See [203, p. 12] for the latter.

As mentioned in [125, p. 205], the formulas of Exercise 1.3.5 can be gener-
alized as follows (see [192, Exercise 3, p. 127] for j = 0 and [124, p. 210], for the
general case).

Exercise 3.4.11. Let f(z) = > o, arpz® be a convergent power series with radius
of convergence R. Let n € N and j € {0,...,n — 1}. Show that, for |z| < R,

n

e ) n—1_ _ju u
$ it — Tibu ) s
k=0

2me
n -

where w = exp

Exercise 1.3.5 corresponds to f(z) = (1 + 2)™. See also Exercise 6.3.10 for a
related question.

Exercise 3.4.12 below is [52, Lemma 4, p. 233]. See the discussion before
Exercise 3.1.10 for more on this exercise. Interestingly enough, the proof uses the
finite case, i.e., Exercise 3.1.10. It is of course possible to give a direct proof for
all cases, for instance by computing

/% |f(re™)|?at (3.4.16)
0

for r € (0,1). See Exercise 5.6.12 in relation with (3.4.16).

Exercise 3.4.12. Let f(z) = Y.~ janz" be a power series which converges in the
open unit disk and assume moreover that

f(z)] <1, VzeD. (3.4.17)

Show that
lan,| <1, Vn e Ng.
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Exercise 3.4.13. Let m be a continuous complex-valued function defined on the
interval [0,1]. Show that the expression

1
f(z):/o e“m(t)dt

exists for every z € C and that
0 1
t"m(t)dt
f@ =32 J Z:( ity ec (3.4.18)
n=0 '

In connection with the previous exercise, see also Exercise 4.2.14.

We have defined the exponential function e* (which we also denote by exp z)
in Section 1.2 by the formula (1.2.3)

e® = e”(cosy +isiny).

As already reminded, one defines in elementary calculus the exponential function
e” in terms of a power series

T
ezzzn!7 x €R.

n=0

In the next exercise we show that this last formula can still be used in the complex
case to define the exponential function.

Exercise 3.4.14. Let z = x + iy € C. Show that

o0

e’(cosy +isiny) = Z

n=0

ZTL

(3.4.19)

n!l’

Now we therefore have (1.2.6)

& P P P
e”(cosy +isiny) = Z ol :plLIIolO (1 + p) .
n=0

The following exercise has a much easier proof using complex integration, see
Exercise 5.2.6. At this stage, we give a proof based on the power series definition
of the exponential, and using real integration of a complex-valued function.

Exercise 3.4.15. Let z1 and z be in the left closed half-plane. Show that

le®t —e®?| < |21 — 2a). (3.4.20)



3.5. Abel’s theorem and behaviour on the boundary 109

Hint. Show that .
e —1= z/ e'*dt. (3.4.21)
0

The next inequality plays an important role in certain infinite products; for
the proof, see the solutions of Exercises 3.7.9 and 3.7.11. We repeat the proof for
completeness.

Exercise 3.4.16. Prove that, for every z € D,
11— (1—2)e*| < |z~ (3.4.22)

Finally, we recall the definitions of the trigonometric functions (1.2.13) in
terms of power series. These definitions are known from calculus classes, when

restricted to a real argument.
o0 (_1)nz2n+1

sinz = E

' )
— (2n+1)!
o e (_1)nz2n
onz= >0 T
n=0 (3.4.23)
oo Z2n+1
sinh z =
'7
— (2n+1)!
x Z2n
coshz = Z (2n)!"
n=0

3.5 Abel’s theorem and behaviour on the boundary

The study of the convergence of a power series of radius of convergence R on the
circle |z| = R is a difficult problem. For instance the series

=",

n=1

has radius of convergence R = 1 and converges for every z on the unit circle.
The convergence is moreover absolute and uniform. On the other hand, the power

series
o0
>
n=0

has the same radius of convergence, but converges for no z on the unit circle, since
the running term z"™ does not go to 0 when z is on the unit circle.

We now present Abel’s summation theorem; see for instance [31, p. 127]. To
ease the presentation we divide the result into two parts, namely Theorems 3.5.1
and 3.5.4.
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Theorem 3.5.1. Let (ap)nen and (by)nen be two sequences, of complex and real
numbers respectively, and assume that:

(1) The b, > 0 and the sequence (b, )nen decreases to 0.

(2) There is a number K such that all the partial sums

Then the series Zzozl anby, converges.
The proof of the above theorem is a consequence of the identity
M M k-1 M
> anby =) ( au> (bk—1 — br) + <Z au> bar, (3.5.1)
n=1 k=2 \u=1 u=1

valid for M > 2. For instance, for M = 3 we have
a1by + asbs + azbs = al(bl — bg) + (a1 + ag)(bg — b3) + (a1 +as + a3)b37

and

ai1bi + asbs 4+ azbs + asby = al(bl — bg) + (a1 + ag)(bg — b3)
+ (01 +as + ag)(bg — b4) + (111 +ag + as + a4)b4

for M = 4.
We also note that (3.5.1) implies the useful upper bound

M
> anbn| < Kby, (3.5.2)
n=1
or, more generally, for N < M,
M
> anbn| < Kby, (3.5.3)
n=N

which is obtained from (3.5.2) by a shift of index n — n+ N — 1.

Remark 3.5.2. One can weaken the first condition in the theorem and assume
that the sequence (b, )nen is of bounded variation (see Remark 3.7.10 below for
the latter).

To solve Exercise 3.5.3 you need Theorem 3.5.1, and inequality (1.2.9). When
6 = m we have the case of an alternating series.
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Exercise 3.5.3. For which real 0 does the sum

> eind
3.54
- (3.5.4)
converge?
The power series >~ \Z/ZL converges in I, and the sum (3.5.4) defines “its

boundary values”. The following theorem makes this statement more precise.

Theorem 3.5.4. Let f(z) = ZZOZO anz" be a power series with radius of convergence
R, and assume that for some 0 € [0,27] the series > .o, a,R"e™’ converges.
Then,

n zné‘
lim - f( re’ Za R"e (3.5.5)
re(0,R)

Remark 3.5.5. Rather than a radial limit, one can also consider z tending to Re®
in a set of points z satisfying

|Re” —2] < a(R —|2]|) (3.5.6)
for some o > 0 (that is, z stays inside a Stolz angle).

The proof of Theorem 3.5.4 is a consequence of Theorem 3.5.1, and is now
outlined (see also for instance [112, pp. 250-251]). Fix € > 0. By hypothesis there
exists V € N such that

M
M>N+1 = | 3 a.R"e™| < ; (3.5.7)
n=N+1
Similarly, and with » € (0, R), applying (3.5.3) with a,, R"¢"? in place of a,, and
}%n instead of b,, leads to
M o
Z an e ind| _ Z aanean I
n=N+1 n=N+1
M . T’N+1
<| Y anR"e RNA4L (3.5.8)
n=N+1
M €
< Z aanezné‘ <,
n=N+1

It suffices now to write

[e%S)
E an re inf E aanean
n=0

<

N
Z an(rn _ Rn)eznG
Z anr n zné‘

n=N+1

oo

E CLan eznG )

n=N+1
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For a given € one first finds IV such that each the last two terms is smaller
than § (see (3.5.7) and (3.5.8) with M — o0). Then one finds 7o such that the

finite sum | Zg:o an(r™ — R™)e™?| < § for r € (ro, R).

Question 3.5.6. Modify the proof to obtain the result when z varies in a set of the
form (3.5.6).

The following exercise will be used in Exercise 10.3.9, where a conformal map
from the open unit disk onto a square is studied. The proof of the exercise itself
is of interest only when the series Y °  a, is not assumed to converge.

Exercise 3.5.7. Let (aun)nen, be a decreasing sequence of positive numbers, with
limit equal to 0, and let 0 € [—7, 7]\ {0}, and assume that

- Z . + L < (3.5.9)

(1) Show that

1 an_i(4nt1)0 z(4n+1)6‘
ettt dt = n 3.5.10
A >a Za4w4 (3.5.10)

n=0
— M+'L/ Zanei(4n+1)u du,
0 n=0
where M is given by (3.5.9).

(2) Show that (3.5.10) still holds for § = 0.

3.6 Summable families

Before trying to solve the exercises in this section, the reader may want to go to
Section 14.3, where the highlights on summable families are reviewed.

Exercise 3.6.1. Show that
s n e p 1) yp

S s v , <L
n=1

p=1
One more exercise related to elliptic functions; see [47, p. 235].
Exercise 3.6.2. Show that the family of functions indezed by 7>

! if (p.9) = (0.0)

qu(z): 2% 1 _ 1 f( )75(0 O)
(z—(p+ig)?  (p+ig2 TPV TE

is summable for every z € Z +iZ, and that its sum o(z) satisfies

p(2) = p(z +1) = p(z +1).
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3.7 Infinite products

Infinite products seem to first appear in 1579 in the work of Viete, who proved

2_\/1 1+1\/1 Lo 1+1\/1
r V2y2 2V2\2 2y2 2V2

The first to have made a systematic development of infinite products is Euler. See
[188, p. 3] for these and more information.

Recall that the infinite product Hzozo b is said to converge if the sequence
HZ:O by, converges to a number different from 0. In particular, all the numbers by
are assumed different from 0. Write by = 1 + ax. The infinite product is said to
converge absolutely if the infinite product [];— (1 + |ax|) converges to a number
different from 0. The infinite product is then convergent. Note that it may be
that the product [~ |1 + ax| converges while the infinite product [],~ (1 + ax)
diverges, as is illustrated by the example

ﬁ (1 + ;) : (3.7.1)

k=1

See [39, TG VIIL.26, Exercice 4], [97, p. 354] for the latter. In this book the result
is explicated in Section 4.4 since it uses the notion of logarithm. See Exercise
4.4.15. We also mention in that section an alternative condition for convergence
of an infinite product in terms of logarithms. See Theorem 4.4.14.

One can find a number of approaches to infinite products in textbooks. One
can discuss them after developing function theory. In particular using the proper-
ties of the function In(1 — z), results can be proved in a quite short way. See for
instance Lang’s book [143, p. 372]. One can also give conditions in terms of the
arguments of the elements of the products; see for instance [5, Theorem 6, p. 192].
Here, we focus on the absolute convergence, see [47] and [77, pp. 208-209], and
mention the following result:

Theorem 3.7.1. Let (an)nen, be a sequence of numbers all different from —1, and
assume that

Z lan| < co. (3.7.2)
n=0

Then, the infinite product [~ o (1+ay) is absolutely convergent. Let P denote the
value of the infinite product. Then it holds that

N

[[+an) =P <e2n=olanl 3" q,|. (3.7.3)
n=0 n=N+1




114 Chapter 3. Complex Numbers and Analysis

The proof below appears for instance in [47], [77], [167, pp. 284-286]. It has
the advantage of being valid in much more general settings than the complex
numbers. It is important to master the details of the proof because of various
upper bounds which are derived in it.

Proof of Theorem 3.7.1.
Step 1: It holds that

n

ﬁ (T4ay) =1 < [ JJ +1ag) | — 1. (3.7.4)

=0

We proceed by induction: For n = 0 the inequality is trivial. Assume now that
(3.7.4) holds at rank n. Then we have

n+1 n
[Ta+a) -1 ={{ IO +a) ] Q+an) -1
j=0 j=0

3

IN

H (L+ag) | = 1|+ lanta| [ [T+ las])

=0 7=0

H1—|—|a3 — 1] + lan+1] H (14 a;])

j=0

IN
Ab

|
=

(I +1as]) | A +fana]) -1

7=0

(1 +las[) | =1,

I
=i

Jj=0

where we have used the induction hypothesis to go from the second to the third
line.

Note that, replacing a; by a;j4, we also get for m > n:

< < ﬁ (1+|ak|)> -1 (3.7.5)

k=n-+1

m

IT G+a—1

k=n+1

Step 2: We set

H 1+ aj).
7=0
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It holds that
| = JT 11+ ax]
k=0
< T+ laxl)
k=0

n
< H elarl < e2kZolanl — oK 0,
k=0
with K =7 |ak].
Step 3: (by)nen, s a Cauchy sequence.

Indeed, for m > n and using (3.7.5),

b, — by | = <H|1+ak|> A I o +ar) -1
k=0 k=n+1

(3.7.6)

SeK{< H (1+|ak|)> —1}-
k=n+1
But, we have that

( H (I+ |ak|)> — 1< eXkmnanlarl
k=n-+1
< > m') et (3.7.7)

k=n+1

m
( 3 w)
k=n+1

e’ <1l+wzxe®, x>0,

IN

IN

where we have used the inequality

with 2 = Y7 ) Jagl.
Step 4: Let ro,71,... € (0,1) be such that Y - r, < 1. Then it holds that

n

H(l—rk)zl—zn:m, n=0,1,.... (3.7.8)

k=0 k=0
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We proceed by induction. For n = 0, (3.7.8) holds trivially. Assume that it holds
at rank n. Then

n+1 n
[T =m0 = <H(1 - Tk)) (1 —7pt1)
k=0 k=0

>(1- Zrk)(l —Tpt1), (since (3.7.8) holds at rank n)

>1= (1) = Tata,
where we have used that (3.7.8) holds at rank 2 to go to the last line. This shows
that (3.7.8) holds at rank n 4 1, and hence for every n € Nj.
Step 5: lim,, o0 by, # 0.

Indeed, let N be such that Y ;- y |ax| < 1/2. Using the preceding step we can
write for M > N,

M M M
[Ta+a) = [T -la)) >1=> Jar] >1-1/2=1/2.
k=N k=N k=N
Hence
[Ta+an]>1/2
k=N
and so

N 00 N
. 1
lim [by| = <H|1+ak|> < 1T |1+ak|> > <H |1+ak|> : <2> > 0.
k=1 k=N+1 k=1

Step 6: The bound (3.7.3)

N

(1 + an) - P S 622701010 |an Z |an|
n=0 ey}
is in force.
This follows directly from (3.7.6) and (3.7.7), and letting m — oco. O

Remarks 3.7.2.
(1) Inequality (3.7.3) is of paramount importance in the study of the convergence
of the infinite product, in particular when the a,, are functions of the complex
variable. It then follows from (3.7.3) that uniform convergence of the series
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>0 olan(2)] in some (usually compact) set K will imply uniform conver-
gence of the sequence of the partial products. See [18, Proposition 4.10.1, p.
157] for a complete result related to products of functions, which uses in the
proof estimates on the logarithm function, and not the above estimates.

(2) We note that (3.7.8) holds under a weaker requirement, namely 7 € (—o0, 1)
for all k. When r1 = ro = --- we then get back Bernoulli’s lemma (see, e.g.,
[112, Exercise 2.4, p. 28]):

(I4+2)">1+nz, xz€(-1,00) and neN.

Theorem 3.7.1 is still valid in a (possibly non-commutative) Banach algebra
with identity, say B, with norm || - || such that

[labll < flall - ol

but one loses a bit the specificity of complex numbers. The proof goes in the
same way, with absolute value replaced by the norm of B. Taking B = CN*¥
with the Euclidean norm (or any other norm, since all norms are equivalent in a
finite-dimensional vector space) we have the following result, which will play an
important role in Section 11.5.

Theorem 3.7.3. Let (An)nen, be a sequence of matrices in CN*N such that
det(Iy + A,) #0 for all n € Ny and

o0
> Al < oo
n=0

Then the sequence of matrices
Pn:(IN+A0)(IN+A1)(IN+An)7 n=0,1,...
converges to an invertible matriz in the norm || - ||.

The limit in the above theorem will be denoted by

[T Un + An).
n=0

Because of the lack of commutativity, other choices of partial products are possible.
For instance one could take

Qn:(IN+An)-~-(IN+A1)(IN+A0), n=20,1,....
The limit is then denoted by

ey

(IN + An)

3
Il
=)
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An analog of Theorem 3.7.1 does not hold when absolute convergence is not re-
quired, as one sees from the following classical counter-example (see for instance
[192, Exercise 6, p. 294], and [180, p. 43], [28, Exercise 4, p. 226] for item (a)). In
that setting, see also Theorem 4.4.14.

Exercise 3.7.4.

(a) Show that the infinite product

1 3.7.9

|| < + Jn (3.7.9)
n=2

diverges, while the series

i (‘jg" (3.7.10)

n=2
converges.
(b) Let
1 1 1
A2n—1 :_\/n and ag, = \/n+n7 n=23,....
Then the series Y .-, a, diverges and the infinite product [[)~ (1 + a,)
converges.

The next exercise, taken from [5, Exercise 1, p. 193], also deals with an infinite
product of real numbers.

Exercise 3.7.5. Compute, if it converges, the value of the infinite product
o0
1
1T (1 - n2> :
n=2

The following infinite products appear in the theory of fractals; see [129],
[70]. Tt is set for a real variable ¢, but it can be also be chosen complex. For the
case p = 2, see Exercise 3.7.15.

Exercise 3.7.6. Let p > 1 and t € R. Show that the infinite product

Tf[lcos (pi) (3.7.11)

converges, with the exception of a countable number of values of t.

Exercise 3.7.7. Show that the infinite product [[;-, (1 + ;’;) converges in the
closed unit disk, with the exception of the point z = —1.
It is important to express analytic functions as infinite products. An im-

portant instance is Exercise 13.1.1, which deals with elliptic functions. See [107,
Exercice 604, p. 91]. We first give some other examples.
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Exercise 3.7.8. Let 0 < |g| < 1. Show that the infinite product

(1—-q2)

3

(=1

converges in C for all z and that it vanishes only at the points z = ¢, £ =1,2,.. ..
Show that the convergence is uniform in every set of the form |z| < r, where
r € (0,1), and that the limit satisfies the functional equation

f(z) = (1= q2)f(q2). (3.7.12)

A follow-up of the previous exercise is given in Section 4.2; see Exercise 4.2.25.
See Exercise 3.4.16 for a result related to the exercise below.

Exercise 3.7.9. Let ag, a1, a9, ... be a sequence of complex numbers such that ag =
a1 =1 and
o0
> ant1 — an| < 0. (3.7.13)
n=0

Show that the convergence radius of the power series f(z) = Y " anz™ is at
least 1. Assume that it is equal to infinity. Show that the infinite product

o0

[1(1-7)sG/m

n=2
converges in C, and that it vanishes at the points z = 2,3, .. ..

Remark 3.7.10. Sequences which satisfy (3.7.13) are called of bounded variation.
Note that a decreasing sequence of positive numbers is always of bounded variation
since

oo N
E |ap+1 — an| = lim E |ant1 — an]
N —o00
n=0 n=0
N
= lim E (an — ant1)
N —o00
n=0
= lim ag—anit1
N —o0
< agp.
For instance, the decreasing sequence 1, 57 ;)7 ... is of bounded variation.

The following exercise is a special case of Exercise 3.7.9 and is related to
Euler products.
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Exercise 3.7.11. Show that the infinite product
[T+
n
n=1
converges to a non-zero number for all z different from —1,—2,....
The solution of the preceding exercise is based on the inequality (3.4.22)
I1—(1—2)e*| <22, for |z]< 1.

More generally, define for p € N,

(245 +-+7)
Ey(z) = (1—2z)e\"" 2 v/, (3.7.14)
The function F, is called a Weierstrass factor, and it holds that

1 —Ep(2)| < 2P, 2| < 1. (3.7.15)

This last inequality is the key to the Weierstrass product theorem. For p > 1 the
proof we present involves derivative, and is differed to Section 4.4. See Exercise
4.4.22.

The next exercise deals with a very important family of functions, called
Blaschke products.

Exercise 3.7.12. Let zg,z1,... be a sequence of numbers in the open unit disk,
different from 0 and such that

oo

> (1= |znl) < 0. (3.7.16)

n=0
Show that the product

o0

Zn| Zn — 2

1T (' nl zn > (3.7.17)

o \ Zn 1—zz,
converges for z in the open unit disk and different from the points z = zp, n =
0,1,....

Exercise 3.7.13. Let 2, z1,... be a sequence of numbers in the open upper half-
plane, and such that

> Imz, < oo. (3.7.18)
n=0
Show that the product
S 2 — 2y
3.7.19
nl;[o i (3.7.19)

converges for z in the open upper half-plane and different from the points z = z,,
n=20,1,....
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Remark 3.7.14. Blaschke products play an important role in complex analysis; see
for instance [69], [121], [190]. Blaschke products are examples of analytic functions;
see Exercise 6.7.1. It is of interest to study the boundary behaviour of infinite
Blaschke products. For instance, when (3.7.16) is strengthened to

oo

> (1= |za)® < o0, (3.7.20)

n=0

where « € (0, 1), the Blaschke product has radial limits of modulus 1 everywhere,
at the possible exception of a set of a-capacity 0 (we will not recall the definition
of the latter). See [51, p. 14] and [93]. We note that the case where condition
(3.7.16) fails is of special importance. The product diverges, but this means that
there is uniqueness in some underlying interpolation problem. In another line of
research, one can find in [51, Chapter 10, p. 86] results regarding generalizations
of Blaschke products, when (3.7.16) is weakened, for instance to the condition of

the form

Z(l — |zn])? < oo0.

n=0

See [141] for this case.

You can find examples of infinite products appearing in the theory of wavelets
in [90, §4]. See also Exercise 4.2.10 below.

Exercise 3.7.15 (see for instance [203, Exercise 4, p. 66] for (3.7.21)).
(a) Show that

Kl

|1 —cosz| < 22 el?l, (3.7.21)

(b) Show that the infinite product
[T cos(z/2") (3.7.22)
n=0

converges for every complex number z such that cos(z/2™) # 0.
The following exercise comes from [112, p. 64].

Exercise 3.7.16. The purpose of the exercise is to show that

0o 2
sinhz = = [ (1 + kiﬂ) : (3.7.23)
k=1
i 422
coshz = H 1+ (2% + 1)272 ) z e C. (3.7.24)

k=0
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(a) Using formulas (1.5.10) and (1.5.12), show that for every z € C,

. 14 km
2\ 2n 2\ 2n n— 22 COs
1 ) - (1 - ) =2 1 n
( * 2n 2n i H + 4n? km
k=1 1 — cos

(b) Prove (3.7.23) using (14.7.1) (see also Theorem 14.7.2).
(¢) Proceed in a similar way to prove (3.7.24), but now starting from (1.5.8).

We note that replacing z by iz in (3.7.23) and (3.7.24) respectively leads to

the formulas
. 7 22
sinz =z H (1 — k:27r2> , (3.7.25)
k=1

= 422
cosz = H (1 T2k + 1)27T2> , (3.7.26)

k=0
where z € C.

3.8 Multiplicable families

In Theorem 3.7.1 the infinite product will be the same for any rearrangement of
the indices. More generally, one can consider an infinite product of the form

10 +aw)
weL
where L is a countable set and where
D law| < oo
weL

The function appearing in the following question is called the Weierstrass sigma
function (associated to the given lattice L). It plays a key role in the theory of
elliptic functions. See Section 13.1.

Question 3.8.1. Let L = {n+im; n,m € Ng}. Show that the infinite product
o(z) == [] (1— Z)e(;+2f2) (3.8.1)
w
weL
w#0
converges and vanishes only at the points of the lattice L.

Hint. In the proof use is made that

1
Z |w|3 < 00.

weL
w#0

See the proof of Exercise 3.6.2.
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3.9 Solutions

Solution of Ezercise 3.1.1. Consider the example of Exercise 1.1.11:
1
t) =
2(0) 1+ cost+isint’
where t is real and not an odd multiple of 7. Then,
i ()

does not exist, but
1
Rez(t) = o O

Solution of Ezercise 3.1.2. Using (1.6.3), or directly, we have
1— Z ake27rzkt =14+ Z |ak|2 _ Z ake27rzkt _ Z aee—?ﬂ'z@t
k=1 k=1 k=1 (=1

n

n E akaée%ri(k—é)t7
Je0=1
)

and thus

2 n
dt =1+ |axl*. (3.9.1)
k=1

1 ! - ,
1— 2mikt
” / Z

Note that (3.9.1) is just a particular case of Parseval’s equality. From (3.9.1) it

follows that
1 ! n _
1— 2mikt
2 /0 ; ke

max
te[0,1]

I & _
1— E 2mikt
2T /(; 1 ke

would be strictly less than 1.) From (3.9.2) it follows that

n
1— E akeQTrzk:t
k=1

for at least one value of ¢ € [0, 1]. O

2
dt > 1

— 9

and hence that
> 1. (3.9.2)

n
1— E ake27rzkt
k=1

(Otherwise, the integral
2
dt

>1
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Solution of Exercise 3.1.3. We first note that for any real number 5 # 0,

T BT
1/ eittgr = ¢ 1
T/, iBT

and thus

T—o0

1 (T
lim / ePtdt = 0. (3.9.3)
0

A direct computation shows that

1 T n ) 2 1 T n n )

1-— ape® | dt = 1+ arl? — ape®rtt
S o TR SIZTE P

k=1 k=1 k=1
n n
— Zake_o‘”t + Z akazei(o"“_o“)t}dt.
k=1

k,0=1
k#L

In view of (3.9.3) with § = a, and 8 = oy — ay (k # £), we obtain that

1 [T “ ,
1- 1 _ apit
T T /0 kz_la’“e

Assume now that (3.1.2) was to fail, and let K = sup,cg |1 —>_p_; are®*%|. Then,
K <1 and we would have

1 [T - ’
lim 1-— Z ape®rt
T—oo T 0 1

2 n
dt =1+ |ap* > 1. (3.9.4)
k=1

1 T
dt < lim / K?=K?<1,
T 0

T—o00
contradicting (3.9.4). O
Solution of Exercise 3.1.4. Write zo = o + iyo. We then have (in view of (1.2.4))
eZ(]t —_ ex(]teiyot7

and the rest is plain by using the usual formulas for computing derivatives:
(ezot)l _ (ewgteiyot)l _ xoewgteiyot + eiwg (iyoeiyot) _ («TO + iyo)ezot. 0

Solution of Exercise 3.1.5. We consider the second sum. Differentiating formula
(1.3.4) with respect to the real variable b we obtain

nilk'(ﬂ)k)— ol (P) (7 b t-1?
2 sm(a = siHQS s 9 2COS 9 Cos | a n 9

—"; Lsin <T;b> sin (a—|—(n— 1);’))
—;cosgsin (?) cos (a+(n— 1)2)}.



3.9. Solutions 125

Writing 7 = "' + 1 in the term 7 cos (")) cos (a + (n — 1)), we get:

= g2y (i () (13" (o3 om(o0-03)
() o))

+1 cosnbsi b — cos sinnb cos a+(n—1)b
2 2 2 2 2 2

sin ”glbcos(a + ”glb) — (n —1)sin cos(a +(n— é)b)

2sin®(})

A formula for the first sum is proved in much the same way using (1.3.5), and is
left to the reader. O

We note that the method is valid only for n > 2. As a verification of the
formula, let us consider the case n = 2. On the left side the sum reduces to
sin(a + b), while the formula gives

sin ) cos(a + 3b) —sin § cos(a + ) _ (sin )2sin(a + b) sin § L
< 20h = :20b = sin(a +b),
2sin”(5) 2sin”(5)

where we have used the formula

. (Pta) . q—p
cosp — cosq = 2sin 9 Sin 9 .

Solution of Exercise 3.1.6. We have (see (1.2.9)),

6i(n+1)2€

no 1—
Zezkt: Lt

k=0

Differentiating with respect to ¢ both sides of this equality, we obtain:

ji:.k e —i(n+ D)l — eft) 4 et (1 — el (DY)
(3 = .
k=1 ‘ (1 —eit)? )

and so
nei(n+2)t _ (TL + l)ei(n+1)t + eit

ikt __
> ket = (1 — eit)? : (3.9.5)
k=1
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it | =it
Solution of Exercise 3.1.8. (a) We have cost = ¢ +2€ and so

27 2m g it o =it 2P 2w (2it 2
1)2p
/ cos® tdt :/ e dt :/ (e 9 +2 ) dt
0 0 2 o 2errtt

2p (3.9.6)
1 2p 9 2 p
Z ( p) / 621(l—p)tdt — o
0

T o2 — L 22p

since

1 /2”62i<e_p>tdt: 0, if£#p,
2m 0 1, ifgzp.

(b) The dominated convergence theorem (see Theorem 17.5.2) implies that

2m

lim cos? tdt = 0,
p—oo J

and hence the result. O

Remark. One could also prove (3.1.6) using Stirling’s formula on the asymptotic
behaviour of n! as n goes to infinity. Indeed, Stirling’s formula states in particular
that

. n!
nh_)n;@ Jomnnt 1. (3.9.7)
eTL
See for instance [112, (10.17), p. 165] for the precise formula. Write
(21’) V/amp (2p) P
p) (2! _ (2p)! 1 R e2p
20 (M Amp(2p) ) L (e
e2r p! ( ep )
V2mpp?

ep

_ () 1 . \/ 1
VAmp (2p)3P) > Vomp
e2p p!

It then follows from (3.9.7) that
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We note that the proof using Stirling’s formula is more precise than the proof
using the dominated convergence theorem.

Solution of Ezxercise 3.1.9. Making the change of variable z = 2cost in the inte-
gral defining m,, we obtain:

2 2
m, = 27r/0 VA4 — 2227 da

922p+3

= /2 (cos® t)(sin? t)dt
2 0

922p+3 3
= / (cos® t)(1 — cos? t)dt
2T 0
22p+3 1 27
= / (cos®P t)(1 — cos® t)dt
0

and, using (3.9.6),

)
_ 2p><4_(2p+2)2p+1)>
P p+1)(p+1)
2p
v
- p+1
Catmmber (I

Solution of Exercise 3.1.10. We compute

1 27 o 1 27 n )
4 dt = i(L—k)t dt
o [, R = [ e

£,k=0

1 n 27 .
_ i(L—k)t dt
o E PePk /0 e

£,k=0
n
= Ipel*.
£=0
From the hypothesis, we have

1

27
ity |2
dt <1
o || IR <1,
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and hence "
ENWFSL
£=0
which implies that each of the p, is of modulus less than or equal to 1. (I

Solution of Exercise 3.1.11. For a fixed z € C the complex-valued function of the
real variable t,

has derivative .

f/(t) :_(t_z)g'

Let now z &€ (—00,0). The function f is then continuous on the negative axis, and

for every a € (—00,0),
/0 dt _ 1 ’0
W =22  t—zla

1 1

Tz z-—a
1

— as a — —o0. O
z

Solution of Exercise 3.1.12. We rewrite f,, as (see also (5.5.21))

[ om(t) tz+1
m = - . dt.
fmE) == ]
By Exercise 2.3.16, the set
tz+1
Z+, teR,
t—=z

is a circle, and in particular is bounded, and so f;, is well defined. Furthermore,

. 1 t 1 t
Refm(z):_Z/R{t—z_t2+1 _t—z+t2+1}m(t)dt
_ —i(z—z)/R m(t)dt 0

|t = 2>

Solution of Ezercise 3.1.13. (1) Let w = a + ib with a > 0. Then

|e—tw| — e—ta7

and the integral fooo e~tdt converges absolutely. Moreover,

o0 R 1
/ e~ dt = lim e~twdt =
0 w

R—o0 /g
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(2) If z and w are in C, so is z + w and so

/Ooe‘t(”w)dt: b
0 zZ+w

1

The above expression expresses _ =~ as an inner product, and therefore defines

a positive definite kernel. More precisely, let N € N, wy,...,wy € C, and
c1,...,cny € C. We have
N e o N o | N 2
Z LGy _/ Z creqe—twetws) g _/ Z —twe| iy
= 1Cj€ = Cy€
(G2 Wt 0 (=1 (UN et
> 0. ([l
Solution of Exercise 3.1.15. In view of (0.0.3) we have for w = ¢+ id and d > 0
and ¢t >0
t o
‘/ e"r(u)du| < ‘/ ey (u)du| + tetdr(0),
and so
) eit()\—w) t v
tllglo i — w) </_Ooe r(u)du) =0. (3.9.8)
We have:

// ei)\te—iswr(t o s)dtds :/ eikt (/ e—iswr(t _ S)dS) dt
0 0

[0,00) % [0,00)
00 t
= / et (/ e_i(t_“)“’r(u)du> dt
0 —0o0
= / elA-w)t </ e“““”r(u)du) dt.
0 —0o0

We now use integration by parts and obtain, thanks (3.9.8):

fe%e] t
/ etA—w)t (/ ei“wr(u)du> dt
0 — 00

[ )]

_OOO er(u)du + [° e r(u)du
—i(A —w)

_ (N +o(w)
—i(A —w)

since r(—u) = r(u). O
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Solution of Exercise 3.2.1. For t =0 (mod 2),
1—|—€it+"'+6int B n+1

n n
and the limit is 1. For ¢ # 0 (mod 27),

’ ; 1 — eflnt1)t
it int __
l1+e*+---+e _ - eit ’
and so |
|1+€it+~..+eint|_ 1—€Z(n+1)t - 9
l—eit — |1_eit|ﬂ
and so | |
1+€Zt+~"+emt 9 .
" = |l —eit|
as n goes to infinity. ;

To solve the preceding exercise, one could also have used formula (1.2.9)
Lel 4. tem=¢c2"" 2 t#£0 (mod 27).
Solution of Exercise 3.2.2. We recall the classical solution of (a). By hypothesis,
for every € > 0 there exists an integer N such that:
n>N = J|u,—{ <e¢/2

For such an N there exists N1, which can be assumed greater than or equal to N,
such that

— N¢
n >N o ZUN ‘ <
Let n > Nj. We have
ceidu, —nb
|’U77,_€|: UO+ +u "
n
B uO+...+uN—N£+ZZ:N+1(UJ'_€)
= n
< ug+---+uy — NY n EZ—N+1(uj_€)‘
n n
e (n—N)e
_2+ n 92
<e.

We now turn to (b). Assume that the sequence has a limit. Then, this limit
has modulus 1. But the associated sequence v,, tends to 0, in view of the preceding
exercise, and we have a contradiction. (I
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Solution of Exercise 3.2.3. If t =0 (mod 27), then

n+1 q n+1
Zn = and w, =
2 2n

since l+---+n= "("2+1). Thus

. . 1
lim z, = +o0o and lim w, =
n—-+oo n—-+oo 2

Now assume that ¢ # 0 (mod 27). We use formula (3.9.5) to obtain

it n+1)t it
po— e — 6( ) + eint
" n(l — eit)? et —1

Since e has no limit as n — 400 (see Exercise 3.2.2), it follows that the sequence
zn has no limit as n — oo. That same formula for z, also shows that |z,| is
uniformly bounded with respect to n, and hence w,, tends to 0 as n — +oco. [

Solution of FEzercise 3.2.4. It suffices to apply (3.2.1)

g S/n) [
1 ; /O F(t)dt

n—oo

to f(t) = te®™ to obtain that

n—00 2

1 .

lim 2, = / te*m it = — 0
0

Solution of Exercise 3.2.5. As already mentioned we send the reader to [62] for a

direct proof. Another proof, using the notion of radius of convergence of power
series, is presented in Exercise 5.6.4 in Section 5.6. O

Solution of Ezercise 3.2.6. (a) Fort = 0 or t = n the claim is trivial. For ¢ € (0,n),
we have t/n € (0,1) and we can take the logarithm on both sides. It is thus
equivalent to proving

t+nln<1—:;>§(), te (0,n).
Using the power expansion of In(1 — z),

In(1 i 0,1

n(l —x) pgl P’ x € (0,1),
this inequality is in turn equivalent to

t+ ¢ t* <0
n — — _— . e e .
n  2n? -

This in turn is obvious.
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(b) Given t > 0, we take n’s such that 0 < t/n < 1. Claim (b) is equivalent
to showing that the sequence
t
n+— nln (1 — >
n

is increasing. Once more using the power expansion of In(1 — ), it is equivalent
to proving that

=t = tP
—n +(n+1) <0
This in turn is equivalent to checking that
P ( 1 1 )
> - <0.
-1 -1 ) =

= (n+1)P np

But this is clear. O

Solution of Ezercise 3.3.1. In view of (1.1.39)

2n |Z|2n
T 2(1—2])’

z
’ zeD,

2 4 2z 4 z5n

. . . |z|2™
the series with running term 2(1—|2|

hand converges absolutely. (Il

) converges for |z] < 1 and hence the series at

Solution of Ezxercise 3.3.2. For z = 0 the series trivially converges since every term
is then equal to 0. Write

Given any z € C there exists ng € N such that
n>ng — |z/n| < 1/2.
For n > ng we have:

RPN
n2(1- )= w5 S e

(3.9.9)

Hence the series is absolutely convergent. Let now K be a compact set which does
not intersect N. It is included in a closed set of the form

Ko = {lz] < R} \ U{lz = nj] <5},
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where we take R ¢ N, and where the n; are the elements of N (if any) such that
Inj| < R. The ¢; are small enough strictly positive numbers. We now take ng such
that, moreover

R/?’LO < 1/27
and write

/1 1 AN > 11
;(z—n+n> _;(z—n+n> +n§+l (z—n+n>'
In this decomposition, we take N > ng. The first sum, which is finite, is well
defined since the positive integers smaller than R do not belong to Ky. In view
of (3.9.9), the terms of the second sum are bounded by 311;”7 and hence the second
sum converges uniformly in K, and hence in K. (I

Solution of Exercise 3.3.3. We have

2mwil

z=en , £=0,1,...,n—1,

and (3.3.1):
n—1 n—1
nz 1
2n—1 ; Z— 2

But, for |z| < 1,

1 — E Zm —1m
zZ—Zy

(1 — zz;t

Thus, the mth coefficient in the power series expansion of Ee 20 s !ois

E7)
_z :Z—l m

The result follows by taking conjugates since

—1 o0
L =" g ZnkAn—L O
k=0

Solution of Exercise 3.3.4. Let 8 € R, and set

e sz@
=0,1,... —1. 3.9.10
ZZ mg_’_ n n ) ) 7m ( )

We have )
e’ =3 e A0 (0). (3.9.11)
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Setting in (3.9.10)

we have A, »(0x) = Ap n. Therefore, we obtain from (3.9.11):

m—1
0, 2mink

A e m Apn, k=01,...,m—1
n=0

0 . . . . . .
Set wy = e © and zj, = e+, This system of equations can be rewritten in matrix
Yy q
form as

wo 1 1 .. 1 Ao
w1 _ 1 21 e Zm—1 Am,l (3 9 12)
m—1 m—1 :
Wm—1 1 ! T Amel Am,m—l

Since
Ltzg+ 42 =0, £=1,....,m—1,

multiplying both sides of (3.9.12) by the row vector
(1 1 - 1) ,
we obtain (since the A,, ,, and in particular A4,, ¢, are real):

21:_01 ecos(’rF) cos(sin(*7F))

m

Am70 =

More generally, one computes A, , by multiplying both sides of (3.9.12) by the

row vector
-1
(12 ),

E ZnFwg
k 0 n
Am n

’ m

and obtains

that is,

m=1  cos(27F) 27k _ 2wkn
(& cos(sin
qm,n k=0 m( ( ) m ) 0

The formula above seems difficult to obtain using only real analysis.

Solution of Ezercise 3.3.5. Let z, = x,, + iy,. By hypothesis x,, > 0 and so

Z T, converges —> in < 0 (3.9.13)

n=1 n=1
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since 22 < x,, < 1 for n large enough. Since > 77 . 22 converges we have that the

n=1*n
Series
) )
2 2\ 2
n=1 n=1

converges, and hence so does the series

> @R -y +2> wk = @4yl = |l
n=1 n=1 n=1 n=1

Remark that (3.9.13) does not necessarily hold when the x,, are not in the

1)
right half-plane. Take for instance z, = ( \/T)L . The series Y ~°  x, converges

(use Abel’s theorem), but >~ 2 22 is the harmonic series and is divergent. More
generally, consider

where 6 is a real number such that both 6 and 26 are not multiples of 27 (take for
instance 6 = 7/4). Here too, by Abel’s theorem, both the series >~ | 2, and

e ) 0 62in6‘
PIEEDD
n
n=1 n=1
. . o 1 .
converge. But the series with term |z, |* = = diverges. O
n

Solution of Ezercise 3.3.6. (see [182, p. 3006]). It suffices to take

2mifn

where 6 is irrational. O

Solution of Exercise 3.3.7. (see [182, p. 305]). Let z, = x,, + iy,. By hypothesis

<
COS (v

from which follows the result. O
Solution of Exercise 3.4.4. For |z| > 1 the running term of the series diverges, and

so the radius of convergence is at most equal to 1. It is equal to 1 since the sums

o0

(2p) VT2 =3 2pe (3.9.14)
p=1

p=1
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and
e > »2p+1
) 1 (=1)*PT 2p4+1 <
2 N =0 i
p=0 p=0

both converge there.

Another, and quicker way, is of course to apply formula (3.4.3) with
Ay = n(_l)n.

Then,

lim sup |a, |*/™ = 1. O
n—0o0

The sum of the series in the above exercise is computed in closed form in
Exercise 5.7.7.

Solution of Exercise 3.4.5. For |z| < 1 we have

[e'S) [e'S) ) 1

I ! _
St =
n=0 n=0 p=0

Thus the series (3.4.8) converges absolutely for every z in the open unit disk. Tt
does not converge for |z| > 1. Indeed, the running term of a converging series goes
to 0, and this is not the case for the series with term

ZP, p=nl,
Up = )
0, otherwise,

when |z| > 1. O

Solution of Exercise 3.4.6. The proof is as in the previous exercise. The series
converges absolutely for every z in the open unit disk. It does not converge for
|z| > 1, since its running term does not go to 0 for |z| > 1. O

As mentioned after the statement of Exercise 3.4.6, much more is true: The
unit circle is the natural boundary of the two power series considered in Exercises
3.4.4 and 3.4.6. See Exercise 6.3.3.

Solution of Ezercise 3.4.9. We skip the solution of (a). To prove (b), set R_; be
the radius of convergence of g. We have

1 .
R, = , = liminf |an) /™,
hmsupn_mo lan |1/™ nreo

and this last limit is in general different from

lim sup |a,|*/",

n—0o0
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so that, in general,
1
R4 # R
To illustrate this, consider the sequence

2™ if n is even,
ap =
37", if n is odd.

We have

1
lim sup |a, |/" = 2, lim inf |a, |/ =
n— 00 n—oo 3
and

1
limsup |1/a,|" =3, liminf|1/a,|'/" = _.
n—o00 n—00 2

With this choice of a,,, the radius of convergence of the series >~ anz™ is equal
to 1/2, while the radius of convergence of the series > > (1/a,)z" is 1/3.

We note that, in the general case, we will have R_1 = 1/R if and only if the
sequence |a,|'/™ has a limit. O

Solution of Exercise 3.4.10. We have
C(r,0) +iS(r,0) = Z rein?
n=0
1
1 — ret
_ 1—re”
1 —reif |2
_ 1—rcosf +irsind
1472 —2rcosf

0

and so

1—rcosf rsin @

C(r,0) = and S(r,0) = L4172 — 97 cosf’

= 3.9.15
1472 —2rcosf ( )

(]
We refer the reader to formula (8.5.1) for a related computation.

Solution of Ezxercise 3.4.11. In the notation of the statement of the exercise, we
have:

S pw T f(wtz) S w I (0 w2 ™)

n n

> n=1, u(m—j)
= Z amz™ <Z“_Ow ) .
m=0 n
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Recall that w = exp *™*. Thus

nz_:l w(m—j) n, ifm—jenz,
w =
= 0, otherwise.

Since j € {0,...,n—1} and m € Ny, we see that in fact m — j € nN when
m — j € nZ. The result follows. O

Solution of Ezercise 3.4.12. We follow the proof of Lemma 4 in [52]. Take r and rq
in (0,1) such that r» < rg. For z € D we have that |rz| <r and so (3.4.4) leads to

n
Janr™ 2" < M < i ) :
o

where M = sup,,cy, |an7§|. Therefore, given r and € > 0 there exists Ny € N such
that

oo
N > Ny = | Z anr™z"| <,
n=N+1

and so, still for N > Ny and in view of (3.4.17),

N 00 00
E anpr"z" E apr"z" — E apr"Z" < 1+4+e.
n=0 n=0

n=N+1
Using Exercise 3.1.10 we get

|an|r™

<1, n=0,...,N.
1+e€

For a given choice of r and € we may let N — oo and then
lan] < (1+¢€)r™, neNg.
Letting r vary in (0,1) and € — 0 we get that |a,| <1 for all n € Ny. O

We remark the following: Computing (3.4.16) leads to the much stronger

statement
o

> lanl* < 1.

n=0

From this last equality the following claim is quite clear: If |a,,| = 1 for some
ng € Np then

f(2) = an,2m°.

We leave it to the industrious to find a direct proof of this fact.



3.9. Solutions 139

Solution of Evercise 3.4.13. Let M = max,¢[o,1] |m(t)|. For a given z € C, let

t "
fult) = al m(t).
We have ]
z n
INCIES T
Since -
S ul <o,
n

Weierstrass theorem (see Theorem 14.4.1) insures that

1 1/ o 1,
2t _ 2" B W Jo trm(t)dt
/0 e“'m(t)dt = /0 <7§_0 al ) m(t)dt = 7;:0 z al . O

Remark. The same result will hold if m is only measurable with respect to Lebesgue
measure, and f[071] |m(t)|dt < co. One then has to resort to the dominated conver-
gence theorem. The same remark holds if we replace m(t)dt by a general signed
measure dyu(t) for which f[071] d|pl(t) < cc.

Solution of Ezercise 3.4.14. Let us denote by 1(z) the power series on the right
side of (3.4.19). Since the series

converges for every z € C, it follows that the series (3.4.19) converges absolutely
in C. We note that for real z, the function ¥ (z) reduces to the usual exponential
function from calculus. On the other hand, for z = ¢y and using the known power
series expansions for siny and cosy for real y, we have

n=0
- (@) s (i)t (3.9.16)
=2 e T2 ep 1)

= cosy +4siny.
We now show that for every pair of complex numbers z; and 29 it holds that

(21 + 22) = Y(z1)0(22). (3.9.17)
To prove (3.9.17), we apply Cauchy’s multiplication theorem (see Theorem 14.2.1
below) to the sequences f,, = (z7"/n!) and g, = (23'/n!). Then,

n p_n—p 1 n

n

)DUTTEED DI IS DETIGINES i
pgn—p = T onl =2 n! ’

p=0 p

= pl(n—p) — p!(n —p)!
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and we obtain

Y(21)Y(22) = (Z jj) <Z 25:) -y (21 J;L!zz)n = (21 + 22).

n=0 n=0 n=0

(3.4.19) will then follow with the choices 21 = x and z = iy since

e (cosy +isiny) = Y()Y(iy) = P(x +iy) = Z . t@lly) : =
n=0 '

Solution of Exercise 3.4.15. Using Weierstrass’ theorem we can write for z € C,

o0 o tn
Z_ 1 — n+1 n+1
SRLED ST SR SR A O SRR 2
nO n=0
1
ez—lzz/ et dt.
0

1
le* —1] < |z|/ et®Be2) gy, (3.9.18)
0

so that

Thus,

Let now z; and 2z be in the closed left half-plane. Since the formula we want to
prove is symmetric in z; and zo, we can assume without loss of generality that

Rezy < Rez.

Then, using (3.9.18) with z = 25 — 21, we have
1
|6Z1 _em| _ |ez1| . |6z2—z1 _ 1| < |2’2 _ Z1|/ et(RczQ—Rczl)dt < |22 _Zl|,
0

since we assumed Re zo < Re z1. O
Solution of Exercise 3.4.16. We have

2 3
(1—2)* —1=—1+(1—2) (1+z+; +’; +>

1 1 1
_ 2 _ 3 _
Tl (2! 1) : (3! 2!) '

Therefore, for |z| < 1,

. 1 11
=2 =115 12 (1= ) #1905 = )+

1 1 1
2
<z <1_2!+2!_3!+"'>

= |+ O
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Solution of Evercise 3.5.3. For §# = 0 (mod 27) we have ¢ = 1 and the series
diverges. Let us now assume that 6 # 0 (mod 27). Then, we can apply (1.2.9).
More precisely, |1 — e?| > 0 and we have

m imé
inf| __ 1—e
€ 1 i6
n=1 €
2 det.
< 0 =M.
[1— e

Thus, condition (2) in Abel’s theorem (Theorem 3.5.1) is met. The sequence
(\}n)neN decreases to 0, and so the first condition is also met, and the series
converges. (Il

Solution of Ezercise 3.5.7. (1) For preassigned t € [0,1] and 6 € [-7, 7]\ {0} we
use the bound (3.5.3) (and (1.2.9) to find K in (3.5.3)) to the sequences a,, = e*"?
and b, = a,t", to obtain

2OthN
|sm 20|

Za e i(4n+1)0

Furthermore, by Abel’s theorem, the sequence of functions (still for fixed 6 €

=331\ {0))

N
— E antnez(4n+l)9
n=0

converges pointwise for ¢ € [0,1]. Applying the dominated convergence theorem
(see Theorem 17.5.2) to the sequence (fn)nen, we obtain that

1 z(4n+1)9
G st = gm0 'f:Nlianau 41

and, using Exercise 3.5.7,

00 .
61(4n+1)9

:Zan dn+1

n=0
o an 4n+1)t9 1
- T T
o in+1 dn +1
| ——

denoted by M

oo 0
=M+ Z Z/ ane’@rtugy
n=0 0
0 o0 ]
— M+’L/ Zanez(4n+l)u du,
0

n=0
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where, as above, to go from the penultimate line to the last line, we have used
(3.5.2) and (1.2.9) and the dominated convergence theorem, now with the functions

N
u) = Z apedrte N =0 1,....

(2) For 6 = 0, we need to prove that

/ <Z°‘"t4n> W= ot

and this identity follows directly from the monotone convergence theorem. (I

Solution of Exercise 3.6.1. That the series on the left is absolutely convergent for

|z| < 1 follows from

2" |2]"
IR e S E1
Similarly the series on the right is absolutely convergent for |z| < 1. Here we want
to compute explicitly the sum on the left. We consider the family

z
1+ 2n

np = (—1)P2"*P) p e Nand p € Ny.

For |z| <r < 1 we have

>3 sl < Z Zl_r

n=1p=0 n=1

and so the family (an p)nen, is absolutely summable. We have

JASA)
nZ:l pZO e Z L4 2’
and Gin)
—1)pzUrp
pZO nzl = Z _(14p)
and hence the result. ([l

Solution of Exercise 3.6.2. We follow the argument in the book of Choquet on
topology; see [46, 47]. For z & Z + iZ we have

1 1
(z—=(p+1iq9)?* (p+iq)?

z(z = 2(p +1iq))
(z = (p+iq))?*(p +ig)?
IZI |Z|+2\/p +q?)
— VP )22 + ¢?)
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Fix now R > 0. For (p,q) such that \/p% 4+ ¢2 > 2R and for |z| < R we have

2| +2Vp? + @2 < R+2Vp2 + ¢ < \/1”02;612 oyt g = 5\/p22+q27
and
2] = VP2 + 2| > VD2 + 2 = R> /p? + ¢ — \/p22+q2 _ \/p22+q2.
Hence,

1 1

(z—(p+ig)? (p+ig)?

SRp2+¢* 10R
—_ 2 2 - .
9P Iq )(p2 +¢?) (\/p2 +¢2)3

To conclude it remains to show that the family

: )
2 2\3
<(\/p + )] ez 0.0)

2
is summable. Since p? + ¢ > (Ipl';‘q‘) it is enough to show that the family

((Ipl_:‘q‘)g )(p,q)€z2\(0,0) is summable. It is enough in turn to check that the family
is summable for (p, q) both greater than or equal to 1. But, for p > 1,

/OO de 1
r+a?2 = Jo (p+z)® 2p*

q=1
Thus -
1
> (S ) <
and the summability follows from Theorem 14.3.1 of Section 14.3. O

Solution of Ezercise 3.7.4. (a) Abel’s theorem on alternating series (see Theorem
3.5.1) insures that the series (3.7.10) converges. We now check that the infinite
product (3.7.9) diverges. Using Taylor’s formula with remainder we have

2?2 1 [T 2(x —u)?
In(1 =T — d -1,1
n(l+z) =z 2+2/0 (14w z € (-1,1),

and so
2

1n(1+z):x_””2 +tx), ze(-1,1),

where, for |z| <1/2,
8z[?

) <
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Thus, for n > 4,

=)™\ _ (=" 1 8
1 1 = - tna tn] < .
. < + Vn Vn on * ] 3n3/2

It follows that the series 37 ° ) In (1 + (?/12") diverges to —oo, and so the infinite

product has limit 0.
(b) The series is divergent since

2p P
doan=) .

n
n=3 n=2

As for the product, we have

a2p—102, = 1 —

ny/n’

and so the sequence of products P, = Hip: 3(1+ ay) converges since

Py, = ﬁ(1+an) =11 <1— n\l/n>

n=3 n=2

Furthermore, we have

1

and so the sequence Py,11 converges to the same limit as the sequence P, and
hence the result. O

Solution of Ezxercise 3.7.5. It is readily shown by induction that
ﬁ L) _ N+l
n2) 2N °
n=2
Thus the infinite product is convergent, and its value is 1/2. g

Solution of Ezxercise 3.7.6. The infinite product will in particular diverge at the
points ¢ where one of the factors vanishes, that is at those ¢ such that

t
cos( >:0
pTL

t:gp"(2k+1), neN, keZ.

for some n € N, that is
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Consider now a point different from those points. Since cos is an even function we
focus on ¢t > 0. Since
sinu <wu, u>0,

U u ’LL2
1—cosu:/ sinvdvg/ vdv = ,
0 0 2

t t2
1 — cos N < p2n'
p
t2

Since p > 1 the series with running term pan COnverges and so the infinite product
also converges. (I

we have

and therefore

Solution of Ezxercise 3.7.7. The series
o |2fF
>
k=1

converges in the closed unit disk, and only there. Furthermore, the equation

k
z
1+ 2 = 0
has a solution in the closed unit disk only for k = 1; then z = —1. ]

Solution of Evercise 3.7.8. The series with running term ¢’z converges absolutely
for every z € C. The infinite product converges thus to a function (which is entire)
that vanishes only at the point ¢~¢. Furthermore,

o0

(1-q2)f(gz) = (1 - q2) [[(1 = ¢"'2) = f(2). m

(=1
Solution of Ezxercise 3.7.9. We have for n > 2,

n
an = a; + Z(ae —ap—1)
=

and hence
n oo
anl < lar] + 3" lag — ara| < Jar| + 3 lag — ae|
=2 =2
and so the sequence (|an|)nen, is bounded and thus the radius of convergence of
the power series Y7 janz" is at least 1. Set g(z) = (1 — 2)f(z). We have, for
2] <1,

g(z) = (1-2) (Z )
n=0

=14+z2(-14a) +2%(—a1 +ax)+ -+ 2" (—an_1+ap) + -
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Since a; = 1 we have
o0
sg(z) =1+ Z 2 (—an—1 + an),
n=2
and so, for |z| < 1, we have:

9 =113 40| = s +
" (3.9.19)
< |Z|2 Z | —Qp-1+ an|-
n=2

We now assume that the radius of convergence is equal to infinity. Let z € C and
let ng € N be such that |z/no| < 1. Using (3.9.19) we have

2]? [
oz/m) 11 < ) (Z it an|>

n=2

for n > ng. By Theorem 3.7.1, the product converges and vanishes at the points
z=2,3,.... ([l

Solution of Exercise 3.7.11. The sequence 1/n is decreasing, and in particular
of bounded variation, and hence the preceding exercise applies. More precisely,
(3.9.19) reads now

I1—(1-2)e*| < 2>, zeD. (3.9.20)

Solution of Exercise 3.7.12. We write
|zn| 2n — 2
=1+ an(2).
Zn 1 — 22z, +an(2)

To prove the claim of the exercise it is enough to show that, for |z] < 1,

D lan(2)] < oo (3.9.21)
n=0
We have
_znl -2

an(2) -1

Zn 1— 22z,
_ |2n|2n — |2n|z — 2n + |2n|?2

2n(1 = 22,)

(|Zn| - 1)(|Zn|2 + 2n)
2n(l = 22,)

(I2n] — 1) (|z:|z+1>

(1—22p)
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Thus, for |z| < 1,

en()] < (1= 2l (39.22)
and (3.9.21) holds since (3.7.16) holds. O
Solution of Ezercise 3.7.13. It suffices to write
Z=En _ L A
Z—2n Z—2n
and take into account (3.7.18). O

Solution of FEzercise 3.7.15. (a) Using the power expansion for cos z we have
B ) > (_1)n22n—2
1 —cosz| =[z[>|> (20)
n=1

|Z|2 0 2|Z|2n—2

- |

2 = (2n)

2 g~ |22 since, for n > 1, 2(2n — 2)! < (2n)!
T2 (2n — 2)! ’ - T v

2
< |22| o]

(b) Take M > 0 and consider z such that |z| < M. In view of (a), we have

z M2e2n
‘1—(308(2”) < 92nt1 <1

for n large enough (which depends on M), and hence the given infinite product
converges at those points z such that cos(z/2™) # 0. O

Solution of Exercise 3.7.16. We begin with (3.7.23), and first replace z in (1.5.10)
by z/\ to obtain the formula

n—1
kw
2n 2n 2 2 2_o9 2\
2= AT = (z —/\)k|_|1<z— z)\cos(n>+)\>

Replacing z and A by (1 + z/2n) and (1 — z/2n) respectively we obtain

n—1
zZ\2n zZ\2n 2z 22 22 km
1 ) - (1 - ) _ 9 _of1-
( +2n 2n n H( +2n2 ( 4n2>cos(n>>
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s
n—1 n—1 1+ cos
22 1 km 22 n
:n2 H(l—cos<n>>H 1+4n2 ko
k=1 k=1 1 —cos
n
km
n—1 22 1+ cos n
k=1 1 —cos

where we have used (1.6.25) to go from the penultimate line to the last line. We
conclude using Theorem 14.7.2 since

km
22 1+ cos 22
lim no—
n—oo 4n2 km k272’
1 —cos

The proof of (3.7.24) is done in much the same way. We now start from
(1.5.8) and, with the same change of variables as above, obtain

z \2n PR =, 22 22 2k + 1)
(1+2n) +(1_2n) :kl:[()<2—|—2n2—2<1—4n2>cos< 2n >>

1 1 2 1+ cos (2k + 1)m
o 2k +1 o
:H 2(1—cos (2k + 1) H 1+Z 2n
2n 4n? (24 1)knm
k=0 k=0 1 —cos
2n
2k +1
n—1 22 1+ cos ( 2+ )W
— n
=2]] L+, 2k 1) |
k=0 1 —cos
2n

where now we use (1.5.14) to go from the penultimate line to the last line. As
above, we conclude using Theorem 14.7.2 since

(2k+ 1)m
22 1+ cos 42
lim n = . O
n—oo 4n? 2E+1)m  (2k+1)272
1 —cos on
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Chapter 4

Cauchy—Riemann Equations and
C-differentiable Functions

In this chapter we present exercises on C-differentiable functions and the Cauchy-
Riemann equations. We begin with exercises related to continuity in Section 4.1.
We then study derivatives. Recall that C-differentiability of a function f(z) =
u(x,y) +iv(z,y) at a given point zg = xo + yo implies the Cauchy-Riemann equa-
tions at that point. The converse in general does not hold. It will hold in particular
when the real and imaginary parts of f are differentiable (as real-valued functions
of two real variables) at (z¢,y0). Section 4.2 gives a geometric interpretation of
the lack of derivative at zp, when u and v are differentiable at (zq,yo). In Section
4.3 we present various counterexamples that exhibit functions which are not C-
differentiable, but for which the Cauchy-Riemann equations hold. Exercises related
to analytic functions are given in Section 4.4. A complex-valued function f contin-
uous in an open set  C C is called holomorphic if it has a derivative at every point
of . At this stage of the book, we do not know yet that a holomorphic function
has a power expansion in a neighborhood of every point of its domain of definition
(that is, is analytic) but we know that power series are examples of holomorphic
functions. Section 4.4 contains exercises on analyticity and power series.

4.1 Continuous functions
Il est naturellement génant de me pas pouvoir
définir dans le corps C une authentique fonction

continue \/z qui vérifirait (\/z)2 =z.

Jean Dieudonné, [63, p. 202]

© Springer International Publishing AG 2016 151
D. Alpay, A Complex Analysis Problem Book,
DOI 10.1007/978-3-319-42181-0_4
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Let us first review some definitions. Let f be a complex-valued function
defined in a neighborhood of a point zg € C. We will say that

i, 1)

exists and is equal to ¢ € C if the following condition holds:
Ye>0, In>0: |z—z2|<n=|f(z)—{ <e

It is an easy exercise to check that the limit, if it exists, is unique. Furthermore,
we have:

Proposition 4.1.1. Let f be a complex-valued function defined in a neighborhood
of the point zy. Then,

lim,_,., Re f(z) = Re/
ILm flz)=t = and
’ lim,_,,, Im f(z) = Im /.

The usual results on limits proved in calculus for functions of a real variable
still hold here, and we list them without proof.

Theorem 4.1.2. Let f and g be defined in a neighborhood of the point zy, and
admitting limits at zo. Then the functions af + bg (where a and b are arbitrary
points in C) and fg have a limit at zp, and we have

lim (af +bg) =a lim f+b lim g,
Z— 20

zZ—20 zZ—zo0
lim (fg) = (lim f) (lim g) .
Z— 20 Z—20 Z—20

Assume moreover that lim,_, ., g is different from 0. Then lim,_,.,(f/g) exists and
it holds that .
1. f o hmz—>z0 f
im ° = | .
z—20 ¢ lim, ., ¢

Sometimes the function will be defined only in a punctured neighborhood
of zp. Then, the condition |z — zg| < 1 is replaced by 0 < |z — 29| < 1 and the
definition of the limit becomes

Ve>0, In>0: 0<|z—z|<n=|f(2)—{| <e.

The limit is then sometimes denoted by limz—z f(z), but we will here mostly stick
ZFZ0

to the notation lim,_,,, f(z). The uniqueness of the limit and Theorem 4.1.2 still
hold in the case of punctured neighborhoods.
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Theorem 4.1.3. Let f and g be defined in a punctured neighborhood of the point
20, and admitting limits at zo. Then the functions af + bg (where a and b are
arbitrary points in C) and fg have a limit at zp, and we have

lim (af +bg) =a lim f+b lim g,
zZ—r 20 zZ—r2z0

Z—rZz0
lim (fg) = (lim f) (lim g> .
zZ—r 20 Z—rZ0 Z—rZ0
Assume moreover that lim,_,., g is different from 0. Then lim,_,, (f/g) exists and

it holds that
. f limz—>zo f
lim * =

z—20 ¢ lim, ., ¢

A new feature is that we may allow oo both as a limit point and at the point
where the limit is taken. Definitions are as follow:

Definition 4.1.4. Let f be a complex-valued function whose domain of definition
contains a set of the form |z| > Ry for some Ry > 0, and let £ € C. One says that

lim f(z) =4

Z— 00
if
Ve>0, IR>0, |z]>R=|f(z)—{|<e.

One says that

le f(z) =00
if
‘ l‘im |f(2)| = 4o0. (4.1.1)

Note that condition (4.1.1) can be rewritten as
VS >0, IR>0, |z2|>R=|f(2)]>5.

Thus, for a complex-valued function f whose domain of definition contains a
set of the form |z| > Ry for some Ry > 0, and which does not vanish for |z| > Ry,
we have the equivalence

1

A fE=ee =l ) =0

Question 4.1.5. Let p and q be two polynomials with degq > degp + 2. Show that

_p(z) _
le)nolo q(z) =0
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Definition 4.1.6. The function f defined in a neighborhood of the point zy € C is
said to be continuous at zg if

lim f(z) = f(z0).

Z— 20

The definitions of limit and continuity depend really on the metric space
structure of C. All the usual results on continuity of sums, products, quotient and
composition still hold here, and we will not recall them. These are local properties.
The specific structure of C, or of its subsets, will come into play when one studies
the existence of a continuous function in a given set.

The following example is taken from [115, 14.2, p. 269].

Exercise 4.1.7. As usual, we set z = x + iy to be the cartesian representation of
the complexr number z, and, for z # 0 we write re'®, where § € [—m,7) and r > 0
its polar representation. Let f be defined by

0, ifz=0o0r6=0,

f(z) = if z # 0.

r
9 9
(a) Show that f is continuous along every straight line passing through the origin.

(b) Show that f is not continuous at the origin.

The function (4.1.2) below is a special case of the functions defined in Exer-
cise 4.4.21, and is in fact analytic in C \ [0, 1]. In Exercise 4.1.8 we focus on the
continuity.

Exercise 4.1.8.
(a) Show that the function

t—2z

1
F(z) = /0 dt (4.1.2)

is continuous in C\ [0, 1].
(b) Show that for s € (0,1) both the limits

F.(s)= leifg F(s+ ie),

. . (4.1.3)
F_(s) =1lim F(s — ie)
el0
exist and are finite.
(¢) Show that the limits
ii_r}r%) F(z) and Zh_% F(z) (4.1.4)
2¢[0,1] 2¢[0,1]

do not exist.
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Roughly speaking, continuity creates no special problems when the function
is defined in an (open) simply-connected set. The precise definition of a simply-
connected set is somewhat beyond the level of a first course on complex variables.
We will use here the notion of star-shaped sets. See Definition 2.1.4 above. These
sets are much easier to handle. For instance, C\ (—o0, 0] is star-shaped, but C\ {0}
is not. Any non-zero complex number z admits a logarithm, that is, there always
exists a number w such that z = expw. To see this write z = pexp(if). It suffices
to take

w = Inp + 6.

On the other hand, it is false that there always exists a continuous logarithm
function on a given set (2. The same problem holds for continuous square root
functions. The following two exercises discuss the non-existence of a continuous
square root of the function f(z) = z.

Exercise 4.1.9. Show that there is no function f continuous on C\ {0} such that
f(2)? = 2. To that purpose, let @ = C\R_, and for z = pe'® € Q with § € (—m, ),
let fo(z) = \/peig. Assume by contradiction that f exists and consider the function

f(2)/ fo(z) for z € Q.

A pure topological proof of the previous exercise uses homotopy groups. An
elementary proof (but which uses the fact that the continuous image of a connected
set is connected) is as follows (see, e.g., [223, p. 106], where the case of a square
root of order n is considered). Assume that a function f exists with the required
properties. Then, for every ¢t € R, the number f(e®) is a square root of e’. So we
can write

fe™) = s(t)e?,
where s(t) € {—1,1}. The function s(t) = e~ 2 f(e®) is continuous and with values
in {—1,1}, and so is constant. Thus we have
fe) = e? or fle) = —et.
Setting ¢ = 0 and ¢ = 27 we obtain a contradiction in both cases.

Another very elementary approach to the same question is illustrated by the
following exercise, taken and from [91, p. 41], [92, p. 34]. See [42, Exercise 4.22, p.
93] for a more general result. We also refer to [42, Theorem 4. 18, p. 92| for the
abstract monodromy theorem which characterizes when a continuous logarithm
exists.

Exercise 4.1.10.

(a) Show that there is no function from C\ {0} into itself such that
f(w) = f)f(w) and f(2)? == (4.1.5)
for all z,w € C\ {0}.
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(b) Show that there is no continuous function from C\ {0} into itself such that
f2)? =z

(¢) Show that there is no continuous logarithm on C\ {0}.

(d) Show that there is a continuous logarithm on C\ R_. Explain.

Related to this exercise and the discussion preceding it, we mention that a
continuous function from the closed unit disk into the unit circle always has a
continuous logarithm. This can be seen from the above-mentioned monodromy
theorem, or by direct arguments; see [87, Theorem 1, p. 372]. In this last work,
this result is used to prove Brouwer’s theorem, and as a consequence of the latter,
to prove the fundamental theorem of algebra.

As a corollary of Exercise 4.1.10 we have:

Exercise 4.1.11. Show that there is no continuous real-valued function 6 defined
on R?\ {(0,0)} and such that

- \/xQ + yzew(fc,y).
Indeed, should such a function exist, z would have a continuous square root
in C\ {0}.

We recall that in any star-shaped open set (or more generally, in any open
simply-connected domain) a non-vanishing holomorphic function (that is a func-
tion which has everywhere a derivative) has a holomorphic (and in particular
continuous) logarithm. We also recall that one can give necessary and sufficient
conditions in terms of integrals for a holomorphic logarithm to exist when the set
is not simply-connected.

Remark 4.1.12. By Exercise 4.2.18 below, any function f continuous in C \ {0}
such that f(z)? = z there, would be automatically holomorphic. One can then
proceed as in Exercise 7.2.21 to prove that no such function exists.

The following exercise has follow-up exercises. See Exercises 6.1.9 and 10.2.7.

Exercise 4.1.13. Let Q) be a connected open subset of C and let a and b be continuous
functions in Q). Assume that the sets

Q= {2 € Q b(z)| < la(z)]} and Q- = {z € Q; |b(=)] > la(2)]}
are both non-empty. Show that the set
Qo ={z € Q; b(z)| = [a(2)[}

s also mon-empty.
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4.2 Derivatives

The complex-valued function f(z) = u(z,y) + iv(x,y) defined in a neighborhood
of the point zg is said to have a derivative at zo (or to be differentiable at zg, or
to be C-differentiable at zp) if the limit

lim /?) ~f(20) (4.2.1)
i SRR

exists.
The various rules of derivations still hold in the present case.

Question 4.2.1. Let f and g be defined in an open set 2, and assume that they
have derivatives of order N at the point zy. Then, the product fg has a derivative
of order N at zy and we have

N

(fg)(N)(ZO) _ Z (]ID f(k)(ZO)g(N—k)(ZO). (4.2.2)

k=0

Let f be a function C-differentiable at a point zg and not vanishing there.
The number
f'(z0)

f(20)

is called the logarithmic derivative of f at the point zg.

L(f) =

Question 4.2.2. Let f1,..., fn,91,---,9m be functions differentiable at the point
2o € C and assume moreover that fo(zo) # 0 for £ =1,...,n and g;(z0) # 0 for
j=1,...,m. Show that

fio - fn )’
(ZO) n m.o
(91 o gm ~x fi(z20) 9;(20)
(B b Fae
20 J

gi--9m

Condition (4.2.1) is equivalent to the existence of a complex number £, such

that
lim |f(2) = f(20) — £z (2 — 20)|

2—20 |z — 20|

= 0. (4.2.4)

In other words, f is differentiable when we view C as a Banach space over C, both
for the domain and the range of f (and hence the terminology C-differentiability at
the point zo; we have By = By = C in Definition 16.1.13). We have the following key
result (the notion of differentiability of a real-valued function of two real variables
has been recalled in Section 14.1):
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Theorem 4.2.3. Let f(z) = u(z,y) + iv(x,y) be defined in a neighborhood of the
point zog = xo + iy € C. Then, f is C-differentiable at the point zo if and only
if both the real part and the imaginary part of f are differentiable at the point
(x0,90) and satisfy the Cauchy—Riemann equations

ou Ov
ax(xmyo) = 3y($0,y0)7
(4.2.5)
O (a0 = 0 (20,0
Ay 0,Y0) = o L0, Y0)-
Furthermore the following formula holds for the derivative at the point zy:
f'(20) = gz (0, ¥0) — ZZZ (0 Yo)- (4.2.6)

See for instance [192, (6.4), p. 59], [74, Theorem 1.1, p. 25]. As mentioned
in the statement of the theorem, the equations in (4.2.5) are called the Cauchy—
Riemann equations. Formula (4.2.6) for the derivative is of central importance, and
will be used over and over in the sequel. Using the previous theorem we get the
complex counterpart of the third definition of the function exponential discussed
at the beginning of Section 1.2, (and hence the fourth definition of e* that we
have, including defining e* via the formula e* = e®(cosy + isiny)).

Exercise 4.2.4. Show that the function e* is the only function which admits a
derivative at every point in C and is such that

f'(z)=f(z), and f(0)=1.

We now give a geometric interpretation of C-differentiability at a point. One
can view a complex-valued function of a complex variable as a map from an open
subset of R? into R:

r(@y) = (u(z,y), vz, y).
For the geometric discussion below it is better to view both the domain of r and
the range space as column vectors, that is

() G

When u and v are differentiable at the point (xq,yo), the Jacobian matrix of the
map r at the point (xg,yo) is equal to

0u(20,90)  9“(x0,v0)
Areg. oy = | 92 707700 gy A0 . 4.2.7
(0,30) <§§; (20, Y0) g;(wmyo) ( )

When the Cauchy—Riemann equations hold, this Jacobian becomes

au(ﬂb”o yo) au(ffo yo)
Az o) = | %8u Gy , 4.2.8
(20,40) <—gZ($0,yo) gg(xmyo) ( )
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that is, in the notation (1.1.1) with gg (z0,y0) and — g; (20, yo) in place of x and y,

f/(ZO) = dr(zmyg)-

dr(zo,y0) is a rotation composed with a homothety; it is therefore a complex
number. This can be seen also as follows: The map r has an expansion of the form

h E(h, k)
r(zo + h,yo + k) = r(xo,y0) + (dr(xmyo)) (k) + \/h2 4 k2 (F(h, k)) 7
where the functions E and F' tend to 0 as h and k£ go to 0. When the function

f(2) = u(z,y) +iv(z,y)

is C-differentiable at the point (zo,yo), the Cauchy-Riemann equations hold at
that point, and the transformation

(£) () -0 (1)

) ou Ou .
ity = (o) = (0, 0) ) -+ i8),

can be rewritten as

The transformation keeps angles invariant. It is said to be conformal at the point
(z0,%Y0)-
Exercise 4.2.5. At which points are the following functions C-differentiable?

(a) f(z) = 2* +y* + 2ixy.

(b) f(z) =zRez.
(¢) f(z) =e* =e*(cosy + isiny).
(d) The function f defined by
2
0, ifz=0.

(e) The function f(z) = z
Compute their derivative at these points where they are C-differentiable.

Exercise 4.2.6 (see also Exercise 6.3.9). Let Q C C be symmetric with respect
to the real azis (that is, z € Q — z € Q). Assume that the pair of functions
(u(z,y),v(z,y)) defined in Q satisfy the Cauchy—Riemann equations at the point
(x0,Y0). Show that the pair of functions (U(z,y),V (x,y)) defined by

U(z,y) =u(z,~y) and V(z,y)=—v(z,~y)

satisfy the Cauchy—Riemann equations at the point (xo,—yo). Explain the result
when u and v are differentiable at the point (o, yo).
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Remark 4.2.7. As a corollary of the previous exercise, and under the hypothesis
of the exercise, we have the formula

(1) = ) (4.2.9)

For (z,y) € R?\ (—o0, 0], define
Inz = In+/22 + 42 +i0(x,y), (4.2.10)

where 0(z,y) is defined by (1.1.19).

Exercise 4.2.8. Let u(z,y) = In+/22 +y2. Show that for (z,y) € R?\ (—o0,0] it
holds that

ou 00

oxr 0Oy’

ou_ 0 (4.2.11)
oy  Ox

It follows from Theorem 4.2.3 that the function (4.2.10) is C-differentiable in
C\ (=00, 0]. Formula (4.2.6) implies that

1
r_
(Inz) = B

In Exercise 4.2.5 we saw that the function e* is differentiable in the whole
complex plane (such functions are called entire functions) and is its own derivative.
Recall that the functions, sin z, cos z, sinh z and cosh z have been defined in (1.2.13)
in terms of e* (their definitions in terms of power series is recalled in (3.4.23)).

Exercise 4.2.9. Show that

!/

(sinz)' = cos z,
(cosz) = —sinz,
(sinh z)" = cosh z,
(cosh z)" = sinh z.
Exercise 4.2.10. Show that
cos(z/2) cos(z/2?%) - - -cos(z/2") = on s1srl11(lzz/2”) , n=1,2,...,

and compute
lim cos(z/2) cos(z/2%)---cos(z/2™).
n—0o0

See also Exercise 3.7.15 in connection with the previous exercise.
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Exercise 4.2.11 (see [207, p. 3]). Let f = w + iv be differentiable in an open
connected set ), and assume that the real and imaginary parts of f are related by

au(z,y) + bv(z,y) +c =0, (4.2.12)

where the numbers a,b,c are real, the numbers a and b not being simultaneously

0. Find f.

Let f(z) = u(x,y)+iv(x,y) be a complex-valued function defined in an open
set 2 and such that v and v admit first-order continuous partial derivatives in (2.
We introduce

of 1 [of .of of 1 (of .Of
dz 2 <8x _Zﬁy> and 0z <8x 6y> ' (42.13)

8f_ ou 8u . 8v+,6v
0z or 3y 2817 ’

In other words,

4.2.14
of 8u ( )
0z 2 '

These operators will also be denoted by
0.f and O.f or Jf and OJf. (4.2.15)

respectively. Their significance is explained in the following exercise, taken from
[215, pp. 8-9].

Exercise 4.2.12. Let u(x,y) and v(z,y) be real-valued and differentiable at the point
(x0,90). Let zg = xg + iyo. For z = x + iy in an open neighborhood Q of zy, let

f(z) = u(z,y) +iv(z,y).
Show that

£(2) — £z of

3
f ’Z ZO ) 0z ’Z:zg (Z - ZO) + O(Z - 20)7 PSS Q, (4216)

where o(z — z¢) denotes an expression such that

Lol 20
z=z0 |z — 20|

=0.

Describe the set of limits

f(zn) = f(20)

)

lim
Zn—7Z20 Zn — 20

as (zn)nen s a sequence which tends to zo. When is this set reduced to a single
element (that is, when is the limit independent of the given sequence)?
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Exercise 4.2.13. Assume that the function f(z) admits a derivative at the point
zo. Show that

9 /

af|Z:Z0 = f'(20),

6; (4.2.17)
az |Z:ZU O.

Recall that a function which is C-differentiable in an open set §2 is called
holomorphic in Q. It is called entire if it is holomorphic in 2 = C.

Exercise 4.2.14. Let m € Cy[0, 1], that is m is a (possibly complez-valued) contin-
uous function on the interval [0,1]. From the definition of the derivative show that
the function

1
F(z)= / eim(t)dt
0
is entire and compute its derivative.

Exercise 4.2.15. Let m € Cy[1,2]. Show that the function
2
Flz) = / m(t)dt
1 (z-1)?
is holomorphic in C\ [1,2] and show that
2 m(t)dt
Floy=—2 [ ™ 1,2].
@==2f MU wec\na

The next exercise is taken from [42, Theorem 2.34, p. 48]. In the statement,
[0,1] can be replaced by any piecewise differentiable (and not necessarily con-
nected) path.

Exercise 4.2.16. Let m € Cy[0,1]. Show that for every n > 1, the function
1
t)dt
Fo(2) = / o
o (t—2)"
is holomorphic in C\ [0,1] and that
F!(z) =nF,11(z), VYzeC\]|0,1]. (4.2.18)
For the next exercise, see [42, Exercise 3.41, p. 79]. The aim is to show that
a continuous logarithm on an open set is holomorphic.

Exercise 4.2.17. Let Q) be an open set and let f be a function continuous on € and
such that
exp(f(2)) =2, z€q.

Show that f is holomorphic in Q.
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The following exercise is taken from [62, Exercise 5.7.9, p. 70]. For yet another
proof, which uses much deeper machinery, but allows f to vanish in €2, see Exercise
5.4.3.

Exercise 4.2.18. Let f be a function continuous in an open set  C C and assume
that f? is holomorphic in Q. Assume moreover that f does not vanish in €. Show
that f is holomorphic in €.

We conclude this section with exercises on further properties of the operators
(4.2.13).

Exercise 4.2.19. Show that, for a complez-valued function with continuous second-
order derivatives,

D[ der. O <3f>

020z 0z \ 0z
= gz (gﬁ) (4.2.19)
_ 1 (82f n 82f> .
4\ 9xz%  0Oy?
The operator 5 52
A% Ox? * oy?

is called the Laplacian. Real-valued functions u such that
Au=0

in an open set € are called harmonic functions. See Chapter 9 for more on these
functions.

Exercise 4.2.20.

(i) Show that the operators aaz and aaz satisfy the usual rule of differentiation for
a product and a quotient.

(ii) Show that for zy € C,

dg
) ( 9(2) ) 92 (4.2.20)

0z \z9 — 2 20— 2

where g is in the domain of definition of 0,. More generally, show that, if
f(2) is C-differentiable,

gz (f(2)9(2)) = f(2) gg(z). (4.2.21)
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The function (4.2.22) which appears in the following exercise has been also
studied in Exercise 4.2.5.

0 0
Exercise 4.2.21. Compute / and / for the function
z

0z 0
22 0
floy=4 o0 =70 (4.2.22)
0, ifz=0.
Exercise 4.2.22.
(a) Compute
0lz]" ol _
92 and 5z n=12,....
(b) Compute
Oln |z| Oln |z|
9z and 9z

It is well known that 1/z has no primitive in C\ {0}; see Exercise 5.2.3 below.
On the other hand from the previous exercise we see that

Olnlz] 1
2 = .
0z z

The result in the following exercise is used in the computation of the Chern
class of a complex line bundle of a compact Riemann surface; see for instance [111,
pp. 101-102].

Exercise 4.2.23. Let Q) be an open subset of C, and let f,g be functions taking
strictly positive values in €, and with real and imaginary parts having continuous
second derivatives there. Let furthermore h be analytic and non-vanishing in €2,
and assume that

f(2) = |h=2)Pg(2), ze. (4.2.23)
Then,
Aln f(z) =Alng(z), ze€Q. (4.2.24)
The following question is adapted from [163, Proposition 3, p. 22].

Question 4.2.24. Let f € C°°(D) be such that f vanishes on the unit circle. Show
that there is u € C*°(D) such that
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For ¢ € (0,1) and f defined in a neighborhood Q of the origin, and C-
differentiable at the origin we define (see for instance [216, p. 4747]):

f(z)=f(az)
, e O\ {0},
(Rof)(z)={ 00+ €0} (42.25)
17(0), z=0.
For ¢ = 0 we have the celebrated backward-shift operator
f@=70) \ {0}
R = z 7 ’ 4.2.26
(Ro)(2) {f@% A (1226)
while ¢ = 1 corresponds to Ry f(z) = f'(2).
Exercise 4.2.25. Solve the equation
Ryf =\, (4.2.27)

for A e C.

4.3 Various counterexamples

The Cauchy—Riemann equations at a point do not imply differentiability at the
given point. The next three exercises illustrate this phenomenon. In all three exer-
cises, the point under consideration is z = 0. The first example is not very strong
since the function is not even continuous at the point where the Cauchy—Riemann
equations hold. The second is a bit more involved. The function is continuous, but
all radial derivatives at the origin (the point where the Cauchy—Riemann equations
hold)

Lo flee®) = £(0)

L i ,  where 0 is fixed,
€E—> €e

exist, but depend on the angle 6. In the last exercise, the function is continu-
ous, all radial derivatives are the same at the origin, but the function still is not
differentiable.

Without the continuity hypothesis, differentiability in an open set is not
insured even if one assumes that the Cauchy-Riemann equations hold in the given
open set. Still, it is well to recall the not-so-well-known Looman—Menchoff theorem
(see, e.g., [164, Chapter I, §6]). If f is continuous in the open set  and if the
Cauchy-Riemann equations hold there, then f is analytic in 2. One can weaken
the continuity hypothesis, and merely assume that f is bounded in 2. This is a
result, stated by Montel in 1913, and proved by G.P. Tolstov.

In the first example below, due to Montel, the Cauchy-Riemann equations
hold in the whole plane, but the function f is not bounded, and this shows that
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the above-mentioned result of Montel does not hold without the hypothesis of
boundedness. See the discussion in the introduction of [215] for more information.
The paper [108], with the suggestive title When is a function that satisfies the
Cauchy—Riemann equations analytic, is also recommended.

Exercise 4.3.1 (see [91, p. 66]). Let

1 .
0, if z=0.

(a) Where does f(z) have a derivative?
(b) Show that the Cauchy—Riemann equations hold in C.

For the next exercise, see [53, Exercise 1, p. 50].

Exercise 4.3.2. Let 5
wiyly —iz)
, if z#0,
fe) =4 abay 0 TF7
0, if 2 = 0.
(a) Show that f is continuous at the origin.

(b) Show that lim,_q f(z) = £(0)
z
limits are equal to 0, but that f is not differentiable at the origin.

exists along any fived direction, that all these

(¢) Show that the Cauchy—Riemann equations hold at the origin.

After these exercises, the second item in the following question is quite easy
(see [138, Exercise 1, p. 12]).

Exercise 4.3.3.

(a) Can a function of a complex variable which is defined and continuous for
|z| <1 be such that it is only differentiable at the origin?

(b) Can a function which is continuous in a region have a derivative only along
certain lines of that region?

4.4 Analytic functions
Recall that a continuous function f which is defined in an open set 2 C Q is called

analytic if it admits at every point of {2 a power series expansion: For every zg € 2
there exists R > 0 such that

f(z)=> an(z—2)", Vz€ Bz, R), (4.4.1)
n=0
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where B(zg, R) is defined by (15.4.1). The coefficients a,, of course depend on z.
The largest R for which (4.4.1) holds is called the radius of convergence of the
power series, and is given by the formula (3.4.3):

1

B lim SUPp— 00 |an|1/n .

Theorem 4.4.1. A power series is differentiable in its open disk of convergence.
The derivative of [ defined by (4.4.1) is given by

F1(z) = nan(z—z)" . (4.4.2)

Hence analytic functions are holomorphic. The converse is also true. This is
one of the keystones of the theory. See Chapter 5.

Formula (4.4.2) can be iterated, and we have:

P (z) = Z nn—1)--(n—p+an(z —29)"". (4.4.3)

n=p

The simplest such power series is maybe the geometric series

1 =
L =2 <y
n=0

for which R = 1. Its derivative is thus given by the formula

(1 _12)2 = gnzn_l7 2] < 1. (4.4.4)
Exercise 4.4.2. Show that .
2 ; =2 (4.4.5)
Exercise 4.4.3. Show that
in(n —1)z"?% = i _22)37 |2] < 1, (4.4.6)

and find a closed-form formula for the sum

i n(n —1)r"2cos((n —2)0), O6cR, rel0,1). (4.4.7)
n=2
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We set for o« € C

n n!

(a) _afa=1)-(a—n+1) (4.4.8)

For a =+, see (4.5.7) below.
Exercise 4.4.4. Define for a € C,

falz) =1+ g‘i (Z) 2" (4.4.9)

Show that fo is analytic in the open unit disk (and is a polynomial when « is a
natural number) and that the following formulas hold:

’ _ afa(z)
Jal2)= 1. (4.4.10)
fa(2)f8(2) = fasp(2), |2| <1.

Remark 4.4.5. The function fi /5 is used in particular in Exercises 4.4.8 and 7.3.13,
where it is needed to construct an analytic square root of 22 — 4z in |z| > 4.

We also remark the following: for v > —1 the coefficients of the power series
vt N 1Y)y,
(1-2) =1+ Z al z
n=1

are positive, and hence the function

1

(1 (4.4.11)

is positive definite in the open unit disk. One can also get to this conclusion by
replacing z and w in (3.1.12) by 177 and 17" respectively.

142z 14w
Exercise 4.4.6. Let

X (—=1)P sz\2p
Jo(z)zz( ) (2) . (4.4.12)
Show that Jy is an entire function. Show that

:27r

1 )
Jo(z) /[0 - etz sy, (4.4.13)

The function Jj is the Bessel function of order 0. It is one of the solutions of
the differential equation (called Bessel’s equation of order 0)

22y (@) + 2y (2) + 2%y(2) = 0.
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We also note that the function Jy(z) is positive definite (see Definition 16.3.11)
since

1

:271'

2m
Jo(z — w) / ghFeostetweosudy,
0

In connection with the following two exercises, see Exercise 7.2.20. The first
one, Exercise 4.4.7, is just a rewriting of Proposition 3.4.8, to which we send back
the reader if the proof has been skipped in a first reading.

Exercise 4.4.7. Let f(z) = Y 2 janz" and g(z) = Y.~ bpz™ be two convergent
power series with radiuses of convergence Ry and Ra respectively.

(a) Show that the product fg is a convergent power series

F)E) = enz
n=0

with radius of convergence bigger or equal to Min (Ry, Rs).
(b) Show that

=3 abpy, m=01,.... (4.4.14)
=0

The sequence (¢p,)nen above is called the convolution, or Cauchy product,
of the sequences (an)nen and (b, )nen. The convolution of two sequences plays an
important role in the theory of discrete signals. See Section 11.4 for more details.

The following exercise is taken from [126, pp. 18-19]. The number a,, is equal
to the number of possible n-ary compositions of n elements for a non associative
binary law.

Exercise 4.4.8. Let ay,as,..., be a sequence of numbers satisfying a1 = 1 and
n—1
an = Z Al —J- (4.4.15)
k=1

Compute 7 | anz"™ and show that

—1)!
0 — (2n 1)..
nl(n —1)!
Exercise 4.4.9. Given a sequence ag,? = 0,1,2,... of complex numbers such that

lim sup |ag+1|fi1 <1, let S, =, o as. Show that

iSnz" = iz iagze, |z] < 1.
n=0 £=0
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Exercise 4.4.10. Let f(2) =Y 00, 12" and g(z) = Y o U1 2™ be two convergent
power series with radiuses of convergence Ry and Ro respectively. Show that the

product fg (which is a convergent power series by Exercise 4.4.7) can be written as

o0

(o))=Y e
n=0

where
n

C”ZZ(?> agbp_¢, m=0,1,....

£=0
Exercise 4.4.11 (Fibonacci numbers). Let a,, n =0,1,... be defined by

ag =1,
a; =1, (4.4.16)
Apt2 = Gpi1 + Ap.
Show that
ia 2" = ! |z|<\/5_1
— " 1—2z—22’ 2
Remark 4.4.12. The coefficients a,, in the previous exercise are called the Fibonacci
numbers, and can be computed as follows. Let z_ = _15\/5 and zy = _1J2”/5 be

the zeroes of the polynomial 1 — z — 22, and write

I 1 1
1—2—22 2z —zy \z—2y 2—2_

1 1 1
e —zo \zx(l—z/21)  z-(1—2/z2)
1 - n —n—1 —n—1
SR DRIl
_ 1 E n_—n—1_-n—1 n+1 n+1
= P TLZOZ Z+ z_ (Z_ Z+ )
oo n+1 n+1
z —Z
— Zzn(_l)n + -
n—0 24 — R—
since z_zy = —1. It follows that
n+l _ _n+l1
a = (—1)"F T p=01,....
24 — 2Z—

Equations (4.4.16) can also be checked directly from this explicit expression.
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Zn

Exercise 4.4.13. Define F(z) = —> 2 (-1)"" .
n

(1) Show that F is analytic in the open unit disk and that
expF(z)=1+2z2, for |z]<]1.

(2) The function F(z) is denoted by In(1 + z). Show that

1
|In(1+2) — 2| < |23, |2 < 9 (4.4.17)
and that, in particular (see [4, p. 192]),
2| 32| 1
< < < . 4.
o SIhd+z)ls 0 o<, (4.4.18)

The function F(z) is the analytic extension to the open unit disk of the
function In(1 + x) of calculus defined on (—1,1) by the same power series (and
hence the notation In(1 + z)). For another proof of Exercise 4.4.13 using analytic
continuation, see Exercise 6.3.1.

We can now continue the discussion on infinite products began in Section
3.7, and mention the following result (see [4, p. 191]):

Theorem 4.4.14 ([4, p. 191]). Let In(1 + 2) be defined as in Exercise 4.4.13, and
let (an)nen be a sequence of complex numbers, all different from —1. The infi-
nite product [[;_, (1 + an) converges if and only if the series 3"\ In(1 + ay)
converges, where Ny is such that |an| < § for n > No.

For an illustration of this theorem for real a,’s, see Exercise 3.7.4 above.
The proof of the theorem may be outlined as follows (see [4, p. 191]): Since the
condition lim,,—, o @, = 0 is necessary for the infinite product to converge, we
may assume that |a,| < é for all n. This assumption will allow us to use (4.4.18).
Assume first that the infinite product converges to ¢ # 0, and set £ = e® (of course,
5 is defined up to an additive multiple of 27i). Write 14 a,, = e™(1*+%) where the
function In(1+ z) is defined as in Exercise 4.4.13, and zy = —s+ Zﬁ;l In(1+ay).
We have N
EZN — Hn:l([} + an)

Hence there exists a sequence of integers ki, ko, . .. such that

ngnoo |zy — 2mikn| = 0.
Thus there exists M such that:

1
N>M — |ZN—27TikN|S4
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In particular,

) 1
|ZN — ZN+1 —27T’L(,Z€N —kN+1)| S 2, N Z ]\47

that is 1
[In(1+ ant1) + 2milky — kni1)] < 9’ N>M,
and so 1
[IIn(1 + an41)| = 27lkn — knpa| < o N2M,
Assuming ky # kn41 we have, using (4.4.18),
3 1
2rlkn — kna| — |ag+1| <, NzM
Hence (since |ay41] < 3)
3 1
2n|lkn — k <
mlky —kyil <+,

which is impossible. Hence kp; = ky for N > M. If follows that limy_co 2N
exists, and this is equivalent to the convergence of the series Y-\ In(1 + ay).

The converse statement is trivial.

Question 4.4.15. Prove directly (without Theorem 4.4.14) that the infinite product

(3.7.1): - |
kl;[l <1 + ;)

diverges.

Exercise 4.4.16. (adapted from [202, p. 484]). Show that

In(l-2) = (~=1)\ .
1— ——;<Z£>z, |z] < 1.

=1
Is there a continuous function v such that

In(l—=z 2T ab(e™t)dt
U=z)_ [rtehdt )
1—=2 o et—z
Exercise 4.4.17. Let F(z) = > " janz" be a convergent power series with conver-
gence radius greater than or equal to 1. Show that

F(z) = F(0)
/1 . O oz 20
0 F'(0), for z=0.
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Exercise 4.4.18. Let F(z) = Y.~ anz" be a power series with radius of conver-
gence R (R may be infinite). Let a > 0, and let f be a continuous function from
[0,a] into C. Where is the function

G(z) = /Oa F(zt)f(t)dt

analytic? Compute its dem’vative both as power series and in closed form.

Same question for H(z fl (z/t)f(t)dt, where now a > 1 and [ is con-
tinuous on [1,al.

Exercise 4.4.19. Let m be a complex-valued continuous function in the interval
[0,1]. Show that the function

1
f(z) = / e“tm(t)dt (4.4.19)
0
is entire by computing its power series expansion centered at the origin, and com-
pute its derivative.
In connection with the previous exercise, see Exercises 3.4.13 and 4.2.14.

One way to solve the following exercise would be to use Theorem 6.2.3. Here,
we suggest a simpler, and more effective way: Show that ¢ has a power series
expansion centered at the origin, with radius of convergence equal to 1, and show
a symmetry property satisfied by ¢(z); see (4.5.9).

Exercise 4.4.20. Let t — m(t) be a complez-valued continuous function on the
closed interval [0, 27]. Show that the function

2m it
e+ z
= , t)dt 4.4.20
o) = [ 5T me (1.4:20)
is analytic in C\ T.

Food for thought. Here are some related additional questions.

(1) Show that
2w 26“
(p,(z):/ (it e MO for [z # 1
0

et — 2)

(2) Assume that m vanishes on some closed subinterval I C [0,2x]. Then, the
function ¢ is analytic across the interior of the corresponding arc of circle.

(3) Assume that the function m is real-valued and that moreover it takes positive
values: m(t) > 0 on [0, 27]. Show that

Rep(z) >0, for |z]<1.

See also Exercise 6.5.12 in Section 6.5.
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Functions ¢ of the form (4.4.20) with a positive m(t) are called Carathéodory
functions. They play an important role in the prediction of stationary second-
order processes. Indeed, let (z,,)nen, be a, say real-valued, second-order stationary
process with covariance function

E(zpzm) =r(n—m), n,m € Ny,
where F denotes expectation in the probability space. Then, by the Cauchy—

Schwarz inequality,
[r(n —m)| < /r(0)3/r(0) = r(0),

(see (0.0.3) for the analogous fact in the case of processes indexed by R), and the
function

p(2) =1(0) +2) _ 2"r(n) (4.4.21)
n=1

is analytic in the open unit disk, and has a real positive part there. To check
this, we apply Theorem 14.3.1 to check that the family (2"w™r(n — m))n.men,
is absolutely summable for fixed z,w € D. That same theorem allows us to write
(see (14.3.1))

- " m r(0 r(l)z
mmZ:OZ whrln —m) = 1—(z)w+ 1(_)Zw+...
HEREEEE
(o) + plw)
2(1—z2w) ’

where one uses that r(—n) = r(n) (or, more generally, r(—n) = r(n) when the
process is complex-valued). By the Herglotz representation theorem (see the dis-
cussion after Exercise 5.5.10 for the statement), ¢ is of the form (4.4.20) (but with
a positive finite measure dy rather than a positive function m(t) in general). See
[6] for a survey. Note that (4.4.21) and (4.4.22) are the discrete counterparts of
(0.0.4) and (0.0.5).

Exercise 4.4.21. Let m(t) be a complex-valued continuous function defined in the
closed interval [0,1]. Show that the function

1
F(z) = /O m(t)dt (4.4.23)

(t— 22

is analytic in C\ [0,1] and that

oo [t 2m(t)dt
F(z)—/o (t— 2y
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The Laurent expansion of the function (4.4.23) in |z| > 1 is considered in
Exercise 7.1.14.

Exercise 4.4.22. Prove (3.7.15).

Hint. Compute the derivative of the function E,(z).
Exercise 4.4.23. Show that the infinite product

ﬁ 1= % )edathn (4.4.24)
n=1 \/n -

converges to a function which vanishes at the points z = \/n, n = 1,2,..., and
only at these points.

4.5 Solutions

Solution of Ezxercise 4.1.7. The function f is continuous at the origin on the real
axis, since
0, if x >0,
fle)y=9_, .
o ifz <.

Let us now consider another straight line, different from the real axis, and passing
through the origin. Its equation is

z = tewo, teR,
where 0y € (0, ) is fixed, and different from 0 and 7. For ¢t < 0 we can write
teieg — (_t)ei(—ﬂ'-'reg)’
and 7 + 0y € (—7,0). Hence, we have
‘o ift >0,
f)=q%
fom if t <0.

Hence, f is continuous at the origin on the given line.

To show that f is not continuous at the origin, it suffices to take, for n > 1,

7

en
Zn = .
n
Then
lim z, =0 while f(z,)=1 O

n— oo
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Solution of Exercise 4.1.8. (a) Let z € C\ [0, 1], and let d be the distance from z
to [0, 1]:
d= min [t — z|.

te[0,1]
For h € C such that |h| < d/2 we have
1 1 1 2
< < = . 4.5.1
t—z—h| ~ |[t—z—1|h| d-d/2 d ( )
Thus, for z and h as above, we have
1
hdt
F h)—F(z) = .
(z+h) (2) /0 (t—2)(t—2z—h)
Inequalities (3.1.4) and (4.5.1) lead to
1
2dt  2|h|
P -re < 2 =20
and the continuity of F' at the point z follows.
(b) Let s € (0,1) and € > 0. We have
1 1
, (t — s)dt , edt
Re F(s + ie) :/0 (t— )2+ 2 and Im F(s+ i€) = (st

These integrals are easily evaluated with the change of variable u = (t — s)/e:

/1 (t —s)dt _/les udu _1ln (1-38)2+¢€
o (t—s)2+e2  J_. w2+1 2 52 + €2 ’

/1 edt /163 du ; 1—s 4 arct (5)
= = arctan arctan .
o (t—9)?+ € _s ou?41 € €

The same computations hold for the real and imaginary parts of F(s — ie), and

we obtain

1-s
s

1-s
s

Fi(s)=1In

’-l—’in,

— .

F_(s)=1In

(c) We show that the first limit does not exist. The other one is treated in
the same way. First let A be real and strictly negative. We have for z = re®®, where
r >0 and 6 € (0,27),

rdt

t —rcosf)? +r2sin?

Re F(z) —sin0/1 (
0

1/r du
= sin9/0 2 — 2ucosh 4 1 (change of variable t = ru).
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Thus, for fixed 6 € (0,27),

lim F(re') = sm@/ (4.5.2)

r—0

—2ucos0+1

In Exercise 8.3.4 we will compute the integral appearing in (4.5.2) for every 6 €
(0,27) using residues, and it will follow from (8.6.15) that

51119/ —2uc030+1 =0, 0¢€(0,2n).

Here it suffices to note that this integral is equal to 1 if # = 7 and to «/2 for
0 = 7/2 and hence the corresponding limits in (4.5.2) are then equal to 0 and 7/2.
Hence the first limit in (4.1.4) does not exist. As already mentioned, the second
limit is treated in much the same way. (I

Solution of Exercise 4.1.9. Assume by contradiction that there is such a function
f, and consider fo(z) = /pe’? in C\ R_. In C\ R_ we have (f(2)/fo(2))? = 1,
so that the range of f/fy is included in {—1,4+1}. The continuous image of a
connected set is connected, see Theorem 15.1.2, and thus a continuous function
which takes a discrete set of values on a connected set is constant. Thus f(z) =
fo(z) or f(z) = —fo(z) in C\ R_. So fy would be equal in C\ R_ to a function
which is continuous on C\ {0}. This cannot be since fy is not continuous across
the negative axis. (I

Solution of Ezercise 4.1.10. (see also the remark after the proof).

(a) We assume by contradiction that such a function exists. Set in (4.1.5)
first z = w =1 and then z = w = —1. We get on the one hand

f)=f(1)* and f(1)*=1,
so that f(1) = f(1)? = 1. On the other hand
fA)=f(=1)* and f(-1)>=-1,

so that f(1) = f(—1)? = —1, which leads to a contradiction.
(b) We also proceed by contradiction. Assume that f exists. Let zg be in

C\ {0} and define g(z) = f(f()z})(z) ) The function g is continuous in C\ {0} since
z 20
f is continuous there and since f does not vanish on C\ {0} (recall that f(2)? = z).
Since )
g(2)? = f(202) _ %0r

f(20)2f(2)* 202

we get that g(z) takes only the values 1 and —1. The open set C\ {0} is arc-
connected (see for instance Exercise 15.1.8), and therefore connected (see Lemma
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15.4.7). Since g¢ is continuous and since the image of a connected set under a
continuous map is connected (see Theorem 15.1.2) we have

g(z)=1 or g(z)=-1.

In the first case g(z) = 1 implies that f(2)f(z0) = f(220); since f(2)? = 2, we
obtain a contradiction with (a). In the second case it suffices to replace f by —f
to obtain a contradiction.

(¢) Assume that there is a function h(z) continuous on C\ {0} such that
exp(h(z)) = z for all z € C\ {0}. Set g(z) = exp(h(z)/2). Then h(z) is continuous
on C\ {0} and h(z)? = z, a contradiction with (b).

(d) The function

In z % In p 4 16,
where z = pexp(if) and where —7 < 6 < , is continuous (in fact differentiable,
with derivative 1/z) and satisfies exp(ln z) = z in C\ {0}. The difference between
(c) and (d) is that the set C\ {0} is not simply-connected whereas C \ R_ is
simply-connected. (I

We have divided the previous proof into two steps to help the student, but
a slightly quicker proof, based on the same arguments, goes as follows: Assume
a continuous function exists in C \ {0} such that f(2)? = z (it can be extended
continuously to z = 0, but we will not use this). Then,

(f(z%)? =22 VzeC\{0}.

Thus
f(z%)

z

=41, VzeC\{0}.

Using that ! (j) is continuous on the connected set C\ {0} we have
fEH =2z or f(2H)=-2
Taking z = £1 leads then to a contradiction.

Solution of Exercise 4.1.13. The set Z(a) of points in 2 where a vanishes is closed
since a is assumed continuous. The function

is continuous in the open set 2\ Z(a), and therefore
Q+ = O'_1 (D)

is open in Q\ Z(a), and therefore in €2 since € is open. A similar argument shows
that Q_ is open. If )y is empty, we will have

Q=0,UQ._,

which contradicts the connectedness of €. O
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Solution of Ezercise 4.2.4. That the function
e =e"cosy +ie’siny

satisfies the asserted conditions is clear, and is also checked in item (c¢) of Exercise
4.2.5. We consider the converse statement, and set f(z) = u(z,y)+iv(z,y) to be a
function which admits a derivative at every point in C and such that f'(z) = f(z)
and f(0) = 1. Formula (4.2.6) for the derivative implies that

ou
817 (‘T7y) - U(%Z/%

_gz (1’7y) = ’U((E, y)

In particular, u(z,y) = e*c(y) and (taking into account the second Cauchy—
Riemann equation) v(z,y) = €*s(y), for some functions ¢ and s of the variable y.
These functions admit first-order derivatives since u and v are differentiable, and
the Cauchy—Riemann equations lead to

d(y) =sly) and s'(y) = —c(y)-
It follows that ¢(y) = cosy and s(y) = siny and hence the result. O
Solution of Exercise 4.2.5. (a) We have f(z) = u(x,y) + iv(x,y) with
u(z,y) = 2> +5y* and ov(x,y) = 2zy.

The functions u(z,y) and v(z,y) are polynomials and in particular differentiable
(in the sense of functions of two real variables) everywhere and so the Cauchy—
Riemann equations give a necessary and sufficient condition (as opposed to only
necessary in general) for f(z) to be differentiable (in the complex variable sense).
We have

Oy =2,
o) =2
O ey) =2y,
gz (z,y) = 2z.

Hence the Cauchy—Riemann equations are

20 =2x and 2y = —2y.
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Thus y = 0 and x is arbitrary, and the Cauchy-Riemann equations are satisfied
at any real point. The function f(z) is differentiable on the real line. By formula
(4.2.6) the derivative is given by

fl(x) =20 —i2y = 22, since y = 0.

(b) Here u(z,y) = 2% and v(x,y) = 2y, and as in the previous case, the
existence of a derivative at a given point is equivalent to the Cauchy—Riemann
equations being satisfied at that point. We have now

ou

5 &Y) =22,
gz (z,y) =0,
@ =v
gz (z,y) = .

Hence the Cauchy—Riemann equations are
2c =2 and 0= —y.

Thus = y = 0 and the Cauchy-Riemann equations are satisfied if and only if
z = 0. The function f(z) is differentiable if and only if z = 0. By formula (4.2.6)
we have for z = 0 that f'(0) = 0.

(c) The Cauchy-Riemann equations are satisfied at every point of R?, and
u(z,y) = e” cosy and v(x,y) = e” siny are differentiable (as real-valued functions
of two real variables) in all of R?. Thus, e* is C-differentiable in C and, using once
more formula (4.2.6) we obtain

ou ou
2\ _ o
(6 ) - 8x(zay) Zay(‘r7y)
=e%cosy + ie“siny

= €.

(d) This is a standard counterexample. It can be found, e.g., in [49, Exercise 7,
p. 48]. See also Exercise 4.2.21. We will show that:

(i) f is continuous at the origin.
(ii) The Cauchy-Riemann equations hold at the origin.
(iii) f is not differentiable at the origin.

)

(iv) f is not differentiable in C\ {0}.
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(i) We have for z # 0,

and so we get that
lim |f(2) — f(0)] = lim |2| = 0.
z—0 z—0

Hence f is continuous at the origin.

(i) Write
— )2
16 ="~y + vt
Since
f(z) =z and f(iy) =1y
we obtain

u(z,0) =z, v(x,0)=0, u(0,y)=0, and 0v(0,y) =y,
for x # 0 and y # 0. Moreover, since f(0) = 0, we have u(0,0) = v(0,0) = 0. Thus

lim ’LL(.T7 0) - ’LL(O, O) —1 and lim U(O7 y) - U(O7 0)
x—0 x y—0 Yy

=1

0 s,
Thus 85 (0,0) and 6; (0,0) exist and are equal to 1. Hence the first Cauchy—

Riemann equation holds at z = 0. The second one is proved in the same way, and

one has
ou 0

v
By 0.0) =~ (0,0)=0.

(iii) We now prove that f is not differentiable at the origin. Write z = ee®.
Then, .
f(2)=f(0) _ 22 e — 0

5 22 T (20210
Hence, for a fixed 6,
lim f(z) = f(0 — lim e 40 — o—4i6
e—0 z e—0
f(z) = f(0)

Thus lim,_o —1 when # = 0 and = —1 when 0 = Z.

So lim,_,q does not exist and f is not differentiable at the origin.

£(2) — £(0)
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(iv) Ome can check that the Cauchy—Riemann equations do not hold at points
different from the origin. One can also note that

_ 2
i T IC0) %
pE]RU Z— 20 20
p—1

while

- 2
i TG0 _
z=(1+41i€)zo Z— 20 20
eeR
e—0

(e) The function f(z) = z is nowhere differentiable since the Cauchy—Rie-
mann equations do not hold at any point. As pointed out in various places (see
for instance [203, p. 21]), this is a very simple example of a continuous function
which is nowhere C-differentiable while the counterparts in real analysis are much
more difficult to obtain. O

Solution of Ezxercise 4.2.6. Using the chain rule for differentiation and the fact
that the Cauchy—Riemann equations hold for the pair (u,v) at the point (zq, yo),
we obtain

oU 0
or ((EO, _yO) = 87; (‘T07y0)

and

ou 0
gy (702 —40) = = (20.30)

0
= 8:: (58073/0)

oV
= - o (5807 —y0)~

Let f(z) = u(z,y) + tv(z,y). When the functions w and v are differentiable at
the point (zo, yo), the functions U and V are differentiable at the point (zo, —yo),
and the result expresses that the function f(z) is C-differentiable at the point
20 = xo + tyo when the function f(z) is C-differentiable at the point zg. O

Solution of Ezxercise 4.2.8. Although the computation is just an application of the
chain rule, we prove the first equation. We have

3ln\/x2+y271 2z x

Ox T2 a2y g2 42
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and, for z > 0,
darctan(y/z) 1 1 x

Therefore the first Cauchy—Riemann equation holds when x > 0. The other cases
are treated in the same way, and so is the second Cauchy—Riemann equation. [

Solution of Ezxercise 4.2.9. We will prove that the C-derivative of cos z is — sin z.
Recall that
cos z = cos x coshy — isinx sinh y.

(See (1.2.17).) Thus Recos z = cos x coshy. We use formula (4.2.6) and obtain
(cosz)' = —sinx coshy — i cosxsinhy = —sin 2,
where we have used (1.2.18). The other formulas are proved in the same way. O
Solution of Ezxercise 4.2.10. Set
fn(2) = cos(2/2) cos(z/22) - - - cos(z/2™).

If z = 0, then f,,(0) = 1 for every n and so is the limit. We now assume that z # 0.
We use the identity (1.2.16) to show by induction that

sin z
fnl(2) = 2" sin(z/2m)"
For n = 1 the claim is true since
sin(z)
fi(z) = cos(z/2) 2sin(z/2)

Assume the claim true at n. Then
sin(z/2" ) foi1(2) = fu(2)sin(z/2"1) cos(z/2" 1)

G

sin(z)  sin(z/2")
27 sin(z/2™) 2
sin(z)
2n+1 ’

where we have used (1.2.16) to go from the first line to the second and the induction
hypothesis to go from the second line to the third. Thus

_ sin(z) 1
frr1(z) = 5 sin(z/2n+1)’

and the induction hypothesis is true at rank n + 1. Since it holds at rank n = 1 it
holds for every positive integer.
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Thus

lim f,(z) = lim
n—o00 n—oo z

sin(z) (Sin(z/2”+1)>—1.

Z/2n+1

The function sin(z) is differentiable at every point z and its derivative is sin(z).
Thus, by definition of the derivative,

. sin(z/2mTh)
sin’(0) = nli}rréo iy SE

and so n(2)
. sin(z
Jm fu(z)=" 7, (2 #0).
. sin(z)
The formula also holds for z = 0 when one extends the function to be 1 at
z
the origin. (I

For a (more complicated) proof using wavelets and Haar systems, see [90,
Exercise 5.4.3, p. 423].

Solution of Exercise 4.2.11. Since f is differentiable in €2, the functions u and
v have first-order derivatives and the Cauchy-Riemann equations hold. We can
differentiate (4.2.12) with respect to xz and y and obtain

ou . bav
a =
ox ox
ou v
b, =0.
“ Jy * dy
These equations together with the Cauchy—Riemann equations can be written as

ou
ox

ou
dy

0,

O O
QO = O
O o= O
> OO

|
o O OO

ov
ox

ov
dy

We have

det =a? 4+ >0

o O
S O = O
oS = O
OO
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since a and b are not simultaneously equal to 0. It follows that

ou ou ov

€T

ov
((E,y) - ay(x7y) - Ou

and u and v are constant in £ since €2 is connected. So f is a constant function
u + iv, with the real numbers u and v satisfying (4.2.12) (that is, the point (u,v)
belongs to the straight line defined by (4.2.12)). O

Solution of Ezxercise 4.2.12. We have, with © — x¢9 = h and y — yo = k,
Ju ou
U(CC7Z/) = U($07yo) + haz (5507310) + kay ((EOa yO) + O("E — To,Y — y0)7

v v
’U((E, y) = ’U(x07y0) + haz ((EO; yO) + kay ((EOa yO) + O("E —Zo,Y — y0)7

where we denote by the same letter o expressions which, after division by

V(@ = 20)2 + (y — y0)2,
tend to 0 as (z,y) tends to (zg,yo). Since

h:Z—Zo+Z—Zo and k:Z_ZO_.Z_ZO’
2 2
these expressions become
z— 20+ 22— z90u
2 ox
+o(z — w0,y — Yo),
Zz—20+2z— 290V
2 ox
+o(z — w0,y — Yo)-

z— 20— 22— 29 0u

U(%Z/) = U($07yo) + (x07y0) + % ay ((Eo, yO)

Zz— 20— 2 — 290V

’U((E, y) = U($07yo) + (x07y0) + % ay (‘T07y0)

We obtain the result by multiplying both sides of the second equality by ¢ and
adding the first and the second equality side by side.

From (4.2.16) we obtain
f(z) = f(20) _ of

zZ— 2 0z

af z—zo+o(z—z0)7

I
=20 8z|z . — 2 Z— 20

0
and hence the set of possible limits is the circle with center 8f |:=z, and radius
z
of
0z [=20-

This circle reduces to a single point if and only if the function f admits a
derivative at the point zg. O



186 Chapter 4. C-differentiable Functions

Solution of Ezxercise 4.2.13. The result is a direct consequence of the Cauchy—
Riemann equations and of (4.2.14). More precisely, assume that F admits a deriva-
tive at the point zy = x¢ + 7yo. Then,
OF 1/0 .0 .
ox * Zay (u+1v) ‘fﬂ:royy:yo

0z ‘ZZZO )
1 6u+,8v+,3u_8v ’
2\ 0z Zax ’ay Jy | 'z=z0.y=vo

1 (O0u Ou Ou OJu
= —1 +1 — | _ _
2 | Ox dy dy Ox | 't=z0,y=v0
=0
where we have used the Cauchy—Riemann equations to go from the second to the

third equality. Similarly,

OF 1/0 .0 )
o e T G ] PR,
1 8u+iav_i3u+8v |
T2 0z ox y Oy | '#=z0,y=vo

1 au_iau _i3u+ ou ’
T2\ 0z Jy Oy = Ox | '#=zo.y=vo

0 0
= 6z($o7yo) - 132(170,%%

and this last expression is exactly F’(zp). O

Solution of Exercise 4.2.14. We will show that

p— 1 .
lim M) F) _ / ite'* m(t)dt.
h—0 h 0

We note that, for |h| <1

eth — 1 " et — 1 — jth
— it =
h h
oo W™
_ 2 n!
h
|n—2
<

> |h
my "
DigH

< e |h|n—2
<| |Z(n—2)!
2

< |h|e|h‘ < elhl.
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Thus, for |h| < 1, and with M = max;¢[o,1] [m(t)], we have

F(z+h) = F(z) /01 Z-teitzm(t)dt‘ - /01 (eithh_l - z’t) m(t)dt‘

h
1 ith
-1
g/ ¢ — it| |m(t)|dt
O h
< |hleM — 0 ash— 0. O

An alternative solution of this result uses Weierstrass’ theorem on interchang-
ing the order of summation and integration. We then have (in a way similar to
(3.4.18) in Exercise 3.4.13)

[e'e] 1.
e (t)dt
F(z)=3 2" Joi n:n( e (4.5.3)
n=0 ’

A function F' of the form (4.4.19) can be seen as a signal with band limited
spectrum m(t); see Section 11.1. An interesting question is to recover m from F.
The function F' is, up to normalization, equal to the Fourier transform of m, and
one can of course use the inverse Fourier transform. Another interesting way, when
m(t) > 0, is to view (4.5.3) as a moment problem:

1
/ t"m(t)dt =i "F™(0), n=0,1,....
0
Solution of Ezercise 4.2.15. Recall that the distance from a complex number z
to [1,2] is
dist (zo, [1,2]) = Mingep 9] 20 — t].

Let z be such that d “<" dist (20,[1,2]) < 1. For z such that |z — 29| < d we have:

re = [ gf)zd)i

[ (S (o) e
— N ) UE,
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where we have used Weierstrass’ theorem (Theorem 14.4.1) to interchange sum-
mation and integration, and where we have defined

2
F—n / m(t)dt .
1 (t= =)t
Thus F is locally equal to a Maclaurin series around every point 2o € C\ [1, 2],
and hence is analytic there. 0

Solution of Ezxercise 4.2.16. As in the previous exercise, we have

F,.(2) — F.(20) /1 m(t)dt
zZ— 20 0 t— zp)"t!
1
—z) (t —z0)" n
Z— 29 B (t — zp)t1

m(t)dt
(t —2)"(t — 20)"(z — 20) ot —z0)n ! } m(t)dt
?f — z k(t _ Zo)n—l—k) n

= (t —2)"(t — zo)" T (t— zp)n ! } m(t)dt.

We now note that, for every ¢ € [0, 1],

O > T e e S T
z—20 (t—2)"(t — zo)" (t — zo)"H! '

{ ¢
{ i 0 (t—2)F(t — 20)" 1 7%) (2 — 20) n

With the notation as in the solution of the previous exercise, we have that, for
d(z) < d(z0)/2 and |z| < 2|20/,

(Chisot—2)f(t—z)""7F)  m
(t —z)"(t — zo)" t — zp)nt!

n—1

(
Z‘:zn (1+ [20))"~17%(1 4 2[20)* Lo
k=0 d(z0)?" d(zo)" 1’

we can conclude using the dominated convergence theorem. One can also avoid
this theorem and proceed in a direct way; see [42, pp. 48-49]. O

Solution of Exercise 4.2.17. Let z €  and let (z,)nen be a sequence of points in
Q converging to z. Since f is continuous, we have that

lim f(zn) = f(2).

n— oo
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We set f(z,) = w, and f(z) = w. We have
Fe) = FG) _ o F(za) = £2)

lim =

n— 00 Zn — 2 n— 00 ef(zn) — ef(z)
. Wy, — W 1
= llm == .. Wn — pw
n—oo eWn —e%  lim,_ .o ewn_i)
1 1 1
Tew T ofx) T 4 -
Solution of Exercise 4.2.18. Let zg, z € Q). We have:
f(2)? = f(20)* _ f(z) = f(20)
o = )+ fe) T
2 _ 2
By hypothesis the limit lim,_,,, f(Z)Z 5(20) exists and, in view of the conti-
— 20
nuity of f, the limit lim,_,,, f(2) + f(20) = 2f(20). Since f(zp) # 0 we have that
lim,_,, 1(z) = f(z0) exists, and is equal to
zZ— 20
2 _ 2
i, 1= 1)
Z— 20 ) 0
2f(20)
Solution of Exercise 4.2.19. Recall the notation (4.2.15). We have
1/0 .0
0.0.5) =5 (@D =iy @.1)
170 [(of Of .0 (O0f Of
= “+ 1 —1 + 1
4 \ Oz \ Ox oy y \ Ox dy
1
= A
(AL,
since
0% f B 0% f
oxdy  Oydx’
due to the smoothness of the real and imaginary parts of f. O

Solution of Ezercise 4.2.20. Let F; = uy + ivy and Fy = ug + ivg where uy, vy, usg
and vy have smooth partial derivatives. We want to show that

6F1 F2 (9F1 8F2
= K+ F
0z 9z 2 th 0z
and similarly for 682 . We have
OF\ F: OF: OF:
152 _0fp | g0

ox ox ox
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and
o Fy, OF OFy
= s+ F
ay dy 2 + I y
and the result follows by linearity. O

Solution of Fxercise 4.2.21. At the origin, we have
of _of

0,0 =
32( 0) 0z 0,0)=1
since 5 5

u u

P (0,0)=1 and oy (0,0) =0.
At a point z # 0 we have, using Exercise 4.2.20,

of 2\? of 2z

82__(z> and 0z 2 =

In the previous exercise, the function f is continuous in all of C, and the real
and imaginary parts of f have partial derivatives of first order in all of R2. The
Cauchy-Riemann equations hold only at the origin. The function is not differen-
tiable at the origin. There is no contradiction with Theorems 4.2.3 and 14.1.3,
since the partial derivatives are not continuous at the origin.

Solution of Ezercise 4.2.22. To prove (a), we first consider the case p = 1.

2| 1 <8\/x2+y2 +Z,6\/x2+y2>

0z 2 ox Jy
1 2x . 2y
= + 7
2\ 222 2 2¢/22 +y2
oz
2l
Similarly,
0)z| z
92 " 20l (4.5.4)

For n = 2p we have
2 = P22,

and formula (4.2.21) leads to

|z
0z

= paP P71 = pz|2|?P2,
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For n = 2p + 1 we have

O|z|?PF1

0z 0z 0z

We now turn to (b).

dln|z| 1(aln(x2+y2)+.6ln(x2+y2>>
— 1

0z 4 ox dy
1 2z . 2y
T4 (x2+y2 +Z:c2+y2>
2z
4e)?
1
2z

and

Olnlz| 1 (81n(x2 +9?) _iﬁln(x2 +y2))

0z 4 ox dy
1 2x . 2y
4 (1:2—|—y2 _Zx2+y2>
2z
4z
1
2z

0|z d|z|?P z 2p+1
= 1 O T = (5t ) oo =

2

z|z|?PL.

191

O

Solution of Exercise 4.2.23. Taking logarithm on both sides of (4.2.23), we obtain

In f(z) =In|h(2)]* +Ing(z).

(4.5.5)

Now, if one knows that the logarithm of the modulus of an analytic function is
harmonic (see Exercise 9.1.5), the result is immediate by applying the operator A
on both sides of the above equality. Otherwise, applying the operator 0 (we here

use notation (4.2.15)) to both sides of (4.5.5) we have:

Oln f(z) = 0ln|h(z)]* + 0lng(z)
_olh()P
h(2)[?
_ h(z)0h(z)
h(2)[?
_oh(e)
 h(z)

+0lng(z)

+0Ing(z)

+9lng(z), z €9,
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where we have used the fact that Oh(z) = 0 (since h is analytic in ) and the
equality
d(h(2)h(2)) = h(z)0h(z).

The result follows by applying 0 on both sides of the last equality since 86}1}2%) =0.

Solution of Fzercise 4.2.25. By definition of R, we assume any solution of the
equation (4.2.27) is defined in some neighborhood, say €, of the origin (a priori
depending on f), and which we assume invariant under the map z — ¢z. From
(4.2.27) we have

(1=X2(1-q))f(2) = flgz), z€Q.

Iterating this equality we obtain

n—1

[1a-2=(1—q) | f(z) = fla"2), =€

Jj=0

We can let n — oo since the infinite product [T;2(1 ¢’ z(1—q)) converges (see
Exercise 3.7.8) and since f is differentiable, and hence continuous, at the origin.
We obtain thus f(z) = f(0) if A =0 and

£(0) L
H?;O(l_quz(l—q))7 ZEC\{A(I_q)anJ—(Ll,}

if A £ 0. O

f(z) =

Solution of Ezercise 4.3.1. The function — _, is a rational function (quotient of
z

polynomials) and as such admits a derivative at all points where it is defined, that
is in C \ {0}. The function exp z admits a derivative at all points of (that is,
it is an entire function). By composition of differentiable functions the function
f(2) admits a derivative in all of C\ {0}, and in particular the Cauchy—Riemann
equations hold there.

The function f(z) is not continuous at the origin. Indeed, for z = = € R,

lim /(z) = 0

i 1
while for z = pexp 227 f(z) =exp , and so
p

T

lim f(pe 4 ) = .
p—0
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Since the function f is not continuous at the origin, it is in particular not
differentiable there. We show that the Cauchy—Riemann equations hold at z = 0.
Write
1

10 =ew (= Lo

) = u(z,y) +iv(z,y).
We have

e

(
v(z,0) =0
(

1
uO,y—eXp( >
) »

v(0,y) = 0.
By hypothesis, f(0) = 0 and hence «(0,0) = v(0,0) = 0. Moreover,

lim u(@,0) —u(0,0) = lim ! exp <— 14> =0,
x

z—0 x z—0 x

0 0,0 0-0
lim Y0¥~ 000 _ -0
y—0 Yy y—0 y

0 s,
Thus 8; (0,0) and 8; (0,0) exist and are equal to 0. Hence the first Cauchy—

Riemann equation holds at z = 0. The second one is proved in the same way. [J

Solution of Ezxercise 4.3.2. Recall that for any two real numbers a and b,
2|ab| < a® + b2 (4.5.6)
We have
£ - 0= W oy < L e,

26 +y 2
where we have used (4.5.6) with a = 23 and b = y. Thus

lim |f(z) = f(0)] < lim \/$2+y = limy |2|

z—0 z—0

=0.

Thus f is continuous at the origin. This proves (a). To prove (b) we compute with
0 fixed and z = ee? (so that 2 = ecosf and y = esinf):

f(z) = f(0) €®(cos? 0)(sin 0) (sin 6 — i cos )
z ~ (€5(cos 0) + €2(sin 0)2)e(cos @ + isinf)’
Hence,
f(z) = f(0)]  €*(cosh)?®sind)

~ e*(cos )5 + (sinf)?”
If sin @ = 0, the function is identically equal to 0 and so is the limit. If sinf # 0
the limit is equal to 0 since the denominator tends to sin® 6 > 0.

z
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We now show that f is not C-differentiable at the origin. Take z = t + it3.
Then
f(z)—f0) B3 —it) 12—
2 CO2a8(t4at3) 21 4qt2’
This expression tends to —i/2 when ¢ — 0 and so is different from the limit along
the rays and so f is not differentiable at the origin.

Finally, since the real and imaginary parts of f(z) are given by

I3y2

20 + y?

—aty

u(z,y) =
we have
u(z,0) =v(0,y) =u(0,y) =v(x,0) =0 for z#0 and y#0.

Hence the various partial derivatives of first order all exist at the origin and are
equal to 0, that is, the Cauchy—Riemann equations hold at the origin. 0

Solution of Exercise 4.3.3. (a) We have
Ref(z) =2 +y* and Imf(z)=0.

Since the real part and imaginary part of f are smooth, a necessary and sufficient
condition for f to be C-differentiable is that the Cauchy—Riemann equations hold
at that point. Here, these equations take the form

2 =0 and 2y=0.

Therefore, f is differentiable only at the point 0.
(b) The function in the preceding exercise answers the question. (Il

Solution of Ezercise 4.4.2. Tt suffices to look at the development (4.4.4) for z =
1/2:

1 . n
2 = Z n—1’
(1/2)? = 222
so that
n
4=2
Z 2n’
n=1
and hence the result. O

As a matter of fact, since Y 7, 1/2" =1, the sum (4.4.5) corresponds to an
entropy calculation; it appears in [140, p. 61].
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Solution of FEzercise 4.4.3. Applying formula (4.4.3) with p = 2 to the function

!, we obtain (4.4.6):

2 - e
(1— 23 :Zn(n—l)z 2 zeD.

n=2

We put z = 7e? and, taking the real part of both sides of (4.4.6), we obtain

- 1
Z n(n —1)r""2cos((n —2)0) =2 - Re (1 — reif)?
Re(1 — e~ )3
(1 —2rcosf+1r2)3
1 — 37 cos O + 312 cos(20) — 3 cos(30)
(1 —2rcosf +1r?)3

n=2

=2 . g

Solution of Ezxercise 4.4.4. If « is a natural integer, then f, is a polynomial, and

R = oc0. If a &€ N all the coeflicients
_afla—1)---(a—n+1)
tn = n!

are non-zero. Since

[@n+1] = joc =7l —1 as n — oo,
|an| n+1

we have that R = 1. Using the result on the differentiation of a complex power
series we have

/ ~ala—1)-(a—n+l)

and

ala—1)---(a=n) ala—1)---(a—n+1)
n! (n—1)!
_ ala—1) .7.1!(a—n+1)(a_n+n)

and hence the result. To prove the second equality, it suffices to differentiate the
function H = fofs — fa+p. By Proposition 3.4.8 the function H is defined by a
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power series, which is convergent in the open unit disk. Furthermore, H(0) = 0.
We have

H'(z) = fo(2)fs(2) + fa(2)f5(2) = fiyp(2)

L9 )¢ g ) 0 Dessl
= (et i)y fi
from which it follows by induction that
H'(0)= - =0.

When checking the induction, formula (4.2.2) will prove useful. Since H is defined
by a power series, it vanishes identically. ([

We see in particular that, for every N € N|

(fin()N =142 =z€D,

and special cases of « give the well-known power series expansions (see [204, p.
137], if need be)

1+2)2=1+
(4.5.7)

(142)7Y2=1-

L
2°
ot
2°

One uses the notation fo(z) = (1 + 2)® for a € C. One should not forget
that, for € Z, this is, a priori, just a notation for the power series (4.4.9). We
will see in Exercise 6.3.2 that, for real «, the function f, is the analytic extension
to D of the classical function from calculus (1 + z)* = exp(aIn(1 + z)).

Solution of Ezxercise 4.4.6. It follows from the very rough estimate
2%1\”
2%P N 4
|22p(p!)2 | — pl

that the power series (4.4.12) converges for every z. We now prove (4.4.13). Using
Weierstrass’ theorem (Theorem 14.4.1) we have

/ eFoOS Uy, = Z i Z' cos” udu
[0,27] o v Jio,2n]
> .2p(_1)P
= . ') / cos? udu,
(2p)! [0,27]
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since
/ (cosu)?Pdu = 0.
[0,27]

See the discussion following the proof of Exercise 3.1.8 for the latter. The integrals
2p)122P
/ (cos u)*Pdu = 27 <2p> 2% = 27r( 2 )
[0,27] p (p")
have been computed in Exercise 3.1.8. The result follows. (Il

Solution of Ezercise 4.4.8. We follow [126, pp. 18-19], and assume first that the
power series f(z) = Y~ a,2z™ has a strictly positive radius of convergence. Then
equation (4.4.15) implies that

f(2)? = fz) - =
This equation has a unique solution for which f/(0) = 1 (see Remark 4.4.5), namely

(1 — 42)1/2
fy =TT

and so the power series f has in fact radius of convergence equal to 1. The formula
for a,, follows from (4.4.9). O

Solution of Ezercise 4.4.9. Since 1/(1—2) =142+ 2?+---, the sequence (S,,) is
the convolution of the sequence identically equal to 1 with the sequence (a,). O

Solution of Exercise 4.4.10. From Exercise 4.4.7 (or from Proposition 3.4.8) the
sequence (7 )nen, is the convolution of the sequences (9} )nen, and ( 1 )neNo >
that is

Cn - Gy n E
nl E' 1 p Z ( )aebn—e- H

Solution of Evercise 4.4.11. The zeroes of the polynomial 1 — z — 22 are

—1-+/5 -1++/5
z_ = 9 and zy = 9 ,

and therefore | ! , is analytic in the open disk |z| < min{|z_|,|24|} = [z].
Hence, there is a power series expansion

1_2_22 Zan el <]
From the equality,

(1—z—22 <Zan ):1,

and comparing coefficients we then obtain (4.4.16). O
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Solution of Ezxercise 4.4.13.
(1) The function F is defined by a power series with radius of convergence equal

to
1 1

|an1l - lim ntl
N

Thus it is analytic in the open unit disk and

R = =1.

lim,,

1
+2z

F(e) == 30 =

Set G(z) = (1 + z) exp(—F(2)). The function G is analytic in the open unit disk
and we have

G'(z) = —(1+2)F'(z)exp(=F(2)) + exp(—F(2)) =0, |z] < 1.

Thus G(z) = G(0) = 1 and exp(F(z)) = 1 + z in the open unit disk.

(2) Since F'(z) = 1Jlrz and F(0) = 0, we have

ds Loy
In(1 = = dt
n(l+2) /[072,] 1+s /0 14tz

! z b2
In(1 — 5= — = — t.
n(l+z)—=z /0 (1+tz z)d /0 1+tzd

Therefore, we can write for |z] < 1/2:
1 2
4
/ ot

1 2
/ tz ldt‘
0 1- 2
1
:|z|2/ 2t = |22,
0

To prove (4.4.18) we use (1.1.35) and get

and

|In(1+2) — 2| <

<

IIn(1 + 2)| = |2]| < |2,

and hence
2] = |2> < [In(1 + 2)| < [2] + |2[*.

The result follows since |2| <} and so

3

2
< = _.
2]+ |2 < J2] + St
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Solution of Exercise 4.4.16. For every z € D we have

(5E)9)-SE) S5

n=1 \/=1 n=1 \/=1

Assume now that a function 1) exists with the required property. Then, for |z| <
1, applying Weierstrass’ theorem on interchanging the order of summation and
integration (Theorem 14.4.1) we have

27 it 0

Plet)dt

SR DECE
n=0

where

2
it _i(n+1)tdt.
271 0 ,(/J(e )e

Thus, by uniqueness of the coeflicients of the power series expansion at the origin,

we would have ,
L[ ity —i(nt) 1
k2 (n dt — .
o /O Ple)e ; ¢

But the sequence on the left of this equality is bounded in modulus:

< ma it
len] < te[oéﬂwf(e s

while the sequence on the right is unbounded in modulus:

o1
Jm g =
=1
and this concludes the proof. O

Solution of Ezercise 4.4.17. For |z|] <1 < R and ¢t < 1 we have |2t| < 1 < R and
so by the theorem on differentiability of a power series we have

oo
F'(tz) = Z na,t" 'zt
n=1
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for |z| < 1. Set f,(t) = na,—1t""12"~1 and M,, = n|a,_1||z|*~!. Since the radius
of convergence of the series of the derivative is also R we have

ZMn<oo for |z|] <1<R.

n=1

Using Weierstrass’ theorem we then have

/O F'(tz)dt = / <Znant” Lo 1) dt

:Znanzn_l/ t"ldt
n=1 0
o0

1
= E napz"""
n
n=1

Il
)
3
w2

if z #0,

I
©
O

= F’(0), for z =0.

Solution of Exercise 4.4.18. The idea is the same as in Exercise 4.4.17. We just
give the outline of the proof. For a fixed z we set f,(t) = a,2z"t" f(t). Then with
M = maxyco,q) | f(t)| we have

[fn(®)] < Mlan||az|" = M.

By definition of the radius of convergence, Y~ ; M,, < oo for |z| < R/a. For such
z one can apply Weierstrass’ theorem and write

/(Zan ) t)dt = izmn,

n=0

where .
A, = an/ " f(t)dt
0

Thus G has a development in power series in |z| < R/a and is analytic there. Its
derivative is (recall the theorem on differentiability of power series)

o0

G'(z) = Z nApz""

n=1
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Another application of Weierstrass’ theorem leads to

G'(z) = /Oa LF'(zt) f(t)dt.

n

z
).
With M = max;c 4 |f(f)] and since 1/a < 1/t <1 for 1 < ¢ < a we have, for

z €C,

The arguments for the function H are similar. Set now f,(z) = an,

[fn ()] < lan|2]" M = M,

and >_>° M, < oo for |z| < R. For such z one can apply Weierstrass’ theorem

and write
a 00 on o)
Z) = (07% t dt — ZnA’na
= [ (i) rou=5

_ “ )
—an/l i dt

Thus H has a development in power series in |z| < R and is analytic there. Its
derivative is (recall the theorem on differentiability of power series)

where

oo

H'(2) = Z nA,z""

n=1

Another application of Weierstrass’ theorem leads to

__/aF/(Z/t)f()
0

If R = oo the above arguments show that G and H are entire functions. [

Solution of Exercise 4.4.19. Tt follows from (3.4.18) in Exercise 3.4.13 that f is
equal to a power series centered at the origin, and convergent for every complex
number z. Thus f is analytic in C, that is, is an entire function. Its derivative is
equal to

f’(z):/o te*m(t)dt
i n— 1f0 t"m )dt

The first formula is done by computing the limit

_ 1 t(z+h) _ tz 1
tim (Hh}i 1) _ / lim © “ mt)dt = / te*m(t)dt.
0 0

h—0 h—0 h
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We justify the interchange of limit and integral in the above chain of equalities
by using the dominated convergence theorem. Indeed, it is enough to consider a
sequence (hy,)nen with limit 0 to compute the limit. Let

et(z-&—hn) — et®

fn(t) = h m(t)7 n € N.
For |hy| <1 we have
th,, 1
ol =161, 7 e
oL SRR
=l Do | )
p=1
o0 t|p
<t tz t . | ,
'] - [m(t)] ,,;(pﬂw

and the function

S
t e e[ - fm(t)] - )

is continuous on [0, 1] and in particular absolutely summable on [0, 1]. The dom-
inated convergence theorem is therefore applicable, and we obtain a formula for
f'(2) in term of an integral. The expression of f/(z) as a power series is a direct
consequence of Theorem 4.4.1. (I

We remark that the above argument, slightly adapted, also works if m is
only assumed to be in L1 (0, 1), and in particular in Lo (0, 1) since by the Cauchy—
Schwarz inequality

LQ(O, 1) c Ly (0, 1)

The function

t|P
ti e’ - | Z |+|1
(»

is not anymore continuous, but it is in L;(0,1), and the dominated convergence
theorem can still be applied.

*ﬁ

Solution of Exercise 4.4.20. We first consider z in the open unit disk. The idea is
to show that ¢ is equal to a power series centered at the origin and with radius
of convergence at least 1 (in fact, for m not identically equal to 0, the radius of
convergence is exactly 1, but we will not prove it here). We then conclude with
the theorem on the analyticity of power series in their disk of convergence. The
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key is to use Weierstrass’ theorem to interchange integration and infinite sum at
an appropriate place of the argument. For |z| < 1 we can write

et +z et — 2422
et — 2 et — z
2z
=14+ .
et — z
1

1—e ity

=142z¢ " <i(e‘“z)”)

n=0

=14 2z¢

=142 Z Zn+le—i(n+1)t7

n=0

and so _
et + 2

ettt — z

m(t) =m(t) + 3 fuld)
n=0
where
fn(t) — 2zn+16—2’(71+1)26Tn(t)7 n € No.

Then, f, is a continuous function of ¢ in the interval [0, 27] and
|fa(t)] < M|2|"*,

where M = 2sup;c(g 2, |m(t)]. Set M, = M|z|"*'. We have

i M, = Mi |2t < +o0,
n=0 n=0

and so,

et — z

2 00
/ <m(t) £y fn(t)> dt
0 n=0

27 27 o0
/O m(t)dt + /0 (; fn(t)> dt
27 0 27
(t)dt + ;:‘6 /O Fa(t)dt,

= m

0
where we have used Weierstrass’ theorem to go from the penultimate line to the
last line.

2m it 4
(z) :/0 g + m(t)dt
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By definition of f,, we have
2
fnoa()dt = 22"a,, n=1,2,...,
0
where, for n =0,1,...,
27
an, = / e~ Mm(t)dt
0

is called the nth trigonometric moment. Then,
w(z) =ao+2 Z anz". (4.5.8)
n=1

The argument above was made for any |z| < 1. Thus (4.5.8) converges for all
|z| < 1 and by the theorem on the analyticity of convergent power series in their
disk of convergence, ¢ is analytic in the open unit disk.

The case of |z| > 1 is done by the change of variable z — 1/z. Assume first
m real-valued. The function

o1/ == [ 12 o = ot (45.9)

1— ze“m

is analytic in the open unit disk. Therefore ¢ is analytic in |z| > 1. The case of
complex-valued m is easily adapted. (I

Solution of Exercise 4.4.21. For zp and z in C\ [0, 1], and since

(t—20)% = (t—2)> = (2t — 2 — 20) (2 — 20),

M @—em) 2 )

= /0 (t—2)2(t—20)2  (t—2)3 } (t)dt

/1 (@t =z=z)(t = 20) =200 =2 gy
0

(t—2)2(t — 20)3

For z € C, let d(z) be the distance from z to [0, 1]:

d(z) = min |t — z|.
(2) tg[%gll 2
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We have that d(zg) > 0. Moreover, for |z — 20| < d(20)/2 we have
[t — z| > |t — 20| — |2 — 20| > d(20) — d(20)/2 = d(20)/2,
and so d(z) > d(zo)/2. Therefore,

’F(z) — F(z0) /1 2m(t)dt
0

z— 2 (t—20)3

4 1
= d(20)5 /0 (2t — 2 — 20)(t — 20) — 2(t — 2)?| - |m(t)]dt.

Y2t — 2 — 20)(t — z0) — 2(t — 2)?
LTy o

To end the proof we show that

lim / (2t — 2 — 20)(t — 20) — 2(t — 2)?| - |m(#)|dt = 0. (4.5.10)
0

But
(2t — 2 — 20)(t — 20) — 2(t — 2)* = (2 — 20) (3t — 20 — 22),

and so (say, for |z| < 2|z]),

1
lim /0 (2 — 2 — 20)(t — 20) — 2(t — 2)2] - [m(t)|dt

zZ—r 20

Z—rZ0

1
< lim |z—zo|-(3+|zo|+2|z|)/ I (t)dt
0

1
< lim |z—zo|-(3+5|zo|)/ I (t)|dt
0

Z—20

=0. a
We note that, pointwise,

lim (2t — 2 — 20)(t — 20) — 2(t — 2)? = 0,

Z— 20

and one could also justify interchanging the integral and the limit in (4.5.10)
using the dominated convergence theorem (see Theorem 17.5.2) since (say, for
2| < 2|z0)

(2t — 2 — 20)(t = 20) = 2(t — 2)°| - Im(B)] < (24 3|z0])(L+ [20]) + 2(1 + 2lz0)? - M,

where M = max;c[o,1] |m(t)|. In the case at hand, this method is an overkill, but
there are cases where it will prove useful.

Solution of Ezercise 4.4.22. Recall that

By(z) = (1—2)et 2 +47),
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We note that
22 =P 22 ap
(1= By(a)) =240 1oy (T )
= Zpe(z+222+”'+z:)7

and therefore the coefficients in the power series expansion at the origin of the
function

(1= Ep(2))
are positive numbers. Thus there exist positive numbers b,, ,,, » > p such that

o0

1-Ey(z) = Z 2", 2| < 1.
n=p+1

The radius of convergence of this series is infinity. Setting z = 1 we obtain that

n=p+1
Hence, for |z] <1,

oo

Z 2"bn p

n=p+1

o0
< w“{ > |z|n—p—1bn,p}

n=p+1

< |z|”“{ > b}

n=p+1
= |z|P. O

1= Ep(2)| =

Remark 4.5.1. The bound,

‘Z‘P‘Fl

1-E,(2)| <e -1, ze€C, (4.5.11)
can be found in [60, Problem 7, p. 13]. When |z| < 1 it leads to
1= Bp(2)] < (e = 1)z

Solution of Ezxercise 4.4.23. The infinite product can be rewritten as

[T Ba(z/v/m),
n=1
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where Fs is defined by (3.7.14) with p = 2. Let R > 0 and consider |z| < R. Take
no(R) € N such that R/\/ng(R) < 1. Then

|z/v/n| <1, V|z|<R and n > no(R).
For such z and n, the previous exercise gives us

RS

|1 — Eay(zv/n)] < 32

Taking into account the bound (3.7.3) we see that the infinite product
[[ Eelz/vn)
n=no(R)

(and hence the infinite product (4.4.22)) converges uniformly in |z| < R. The
claims on the analyticity of the infinite product and on its zeros follow. O



Chapter 5

Cauchy’s Theorem

In this chapter we need the simplest version of Cauchy’s theorem, and not the
homological or homotopic versions. Furthermore, in the computations of Section
5.1, the weaker form of Cauchy’s theorem proved using Green’s theorem is enough.

We begin with a couple of exercises on the computation of path integrals,
and then focus on exercises related to Cauchy’s theorem.

5.1 Line integrals

In topology, and in particular in algebraic topology, the emphasis is on continuous
rather than differentiable functions. A path (we will also say arc, or curve) will be
any subset of C homeomorphic to [0, 1], and a simple closed path, or Jordan curve,
will be any subset of C homeomorphic to the unit circle. See for instance [118,
p. 19]. In the setting of complex integration, we need to change a bit the above
definition of a path, and consider appropriate equivalent classes. Two continuous
complex-valued functions defined on compact intervals

yot) = ze(t) +iye(t), € [agb], £=1,2,

are called equivalent if there is an increasing homeomorphism ¢ of class C; from
[a1,b1] onto [ag, bs] such that

71(t) = 12(p(t)), t € [ar,bi]. (5.1.1)

An equivalence class of such functions will be called a continuous path (or arc, or
curve), and the elements of an equivalence class C' are called the parametrizations
of the arc; it will be called a smooth path when the components of one (and hence
all) of the elements in the equivalence class are continuously differentiable. All
the elements in a given equivalence class have the same geometric image in the
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complex plane, but the path and its image are completely different objects. This
is illustrated in the next examples, where the two given functions have for image
the unit circle, but are not equivalent.

Exercise 5.1.1. Prove that the smooth paths defined by the parametrizations
y(t) =e", telo,2n],

and _
Yo(t) =€, tel0,4n]

are not equivalent.

Let C be a smooth path. It is called closed if for one (and hence for every)
parametrization (t),t € [a,b] of C, it holds that

It is called simple if one (and hence every) parametrization v of C' is one-to-one
onto its image. It is called simple and closed if

y(t) =7(s) < t,s € {a,b}.
Let C; and Cs be two smooth paths, with parametrizations v, (¢),¢ € [a1, b1] and
7(t),t € [az,bs], and assume that
71(b1) = y2(az).

The concatenation of 1 and 79 is the continuous arc with a parametrization
given by

() = {71(t)7 t € [a1,b1],

Y2(t +az —b1), t€[b1,b1+ by — azl,

and will be denoted by C' = C;C5.* We will usually use the simple representation

’}/2(75), te [ag,bg].

(1) = {mw, t€ far,bul,

A piecewise smooth arc C' is given by the concatenation C' = C1Cs---Cy of a
finite number of smooth arcs Cy,Cs, ..., Cy such that
7 (b5) = vj41(aj+1), j=1,....N—1

where 7; : [a;,b;] — C is a parametrization of C;. The piecewise smooth arc is
called closed if moreover,

N (bn) =11 (a1).

4Sometimes the notation C' = CoC is used. Here we will stick to the notation C' = C1Cs.
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The closed piecewise smooth path will be called a closed contour (or a simple
closed Jordan curve; see [53, p. 54]) if the continuous path obtained by successive
concatenation of the arcs Cp,/ =1,..., N is closed and simple.

Given a function f continuous on the image of the path, one defines the line

integral \
/ f(2)dz = / FO ) (B, (5.1.2)
C a

where v is a parametrization of the path; the integral does not depend on the
choice of the parametrization, as follows from the change of variable theorem. The
integral on a piecewise smooth path is defined as the sum of the integrals on the
smooth paths which compose it.

Exercise 5.1.2. Compute fc(xQ — iy?)dz where C is the upper semicircle: z(t) =
cost +isint with 0 < ¢ <7 ([156, Exercice 13, p. 175]).

It is well to recall the formula

/fdz

for a piecewise smooth path C' of length L(C).

< max lf (v L(C), (5.1.3)

The formula is used in particular in Exercise 5.1.4 below, taken from the
paper [99]. There, the result serves as a tool in a proof of a simple version of
Riemann’s mapping theorem. A follow-up of the exercise is given in Exercise 5.5.2.
In formula (5.1.5) in Exercise 5.1.4, the notation |dz| stands for the integral with
respect to |/ (¢)|dt: If C' is a smooth curve with parametrization v(t),t € [a, b] and
h is a continuous function on C, we have

b

/Ch(2)|d2| = / h(y() 1y (£)]dt. (5.1.4)
Definition 5.1.3. (5.1.4) is called the line integral with respect to arc length (see,
e.g., [22, Section 10.7]).

Exercise 5.1.4. Let f be continuous in the open set Q) and let C' be a smooth curve
in §, not containing the origin. Show that

O <§1€aé‘ |Z|2> . / 1£(2)21dz). (5.1.5)

c <
The result presented in the following exercise is also taken from [99, p. 825];
see also [98, pp. 397-398] and [145, p. 528].

Exercise 5.1.5. Let C' be a smooth Jordan curve, and let zg and z1 be two points
symmetric with respect to a common given normal of C. Let v(t),t € [a,b], be a
parametrization of C. Show that

lim (max Mt)_ZO') = 1. (5.1.6)

|z0—z1|—0 \t€lab] [¥(t) — 21
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Hint. Use Exercise 2.2.1 and the family of coaxal circles based on zy and z;, and
consider the set of points z such that, for A € (0,1) given,

|z =20 1

A< (5.1.7)

[z —21] A

The next exercise is taken from Cartan’s book; see [45, Exercice 1, p. 76]. In
the statement we use the notation |z| = 1 for the path

y(t) =¥t e0,1].

This is of course an abuse of notation, since a path and its image are two different
objects.

Exercise 5.1.6. Let C' be a path with parametrization v(t) = x(t) + iy(t) and let
C* be the path with parametrization

V() Ey(t) = x(t) — iy(1),

where t € [a,b]. Assume that [ is defined on the images of both C and C*. Show
that

(/Cf(Z)dZ> = /. f(2)dz, (5.1.8)

dz
z)dz | = — z) .. 5.1.9
( [, ) [, 10% (5.1.9)

Let C be a piecewise smooth closed path, and let zg ¢ Ran C. The number

and

W (C, 20) = 1/ dz (5.1.10)

21t Jo 2z — 20

is an integer. The number W(C, zp) is called the winding number of the closed
curve around the point 2z (see for instance [144, p. 134]), or the index of zy with
respect to the closed curve C'. We note that various notation and variations on
the above terminology appear in the literature, and sometimes one can find the
notation n(zg,C) (that is, zo appears before C). For instance, Cartan in [45, p.
62] speaks of the index of C' with respect to the point zg, and uses the notation
I(C, zp). Ahlfors, [4, p. 114], uses the notation n(C, zp), and Dieudonné in [63, p.
228] uses both j(zp,C) and j(C,zp), and speaks of the index of the curve with
respect to the point zg, or of the point zg with respect to the curve. Andersson,
see [19, p. 18], speaks of the index of the curve with respect to the point zy, and
uses the notation Inde(zo)

Exercise 5.1.7. Prove that indeed the winding number is an integer.
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For an extension of the preceding result, see Exercise 5.5.22.

The next result is also important when computing definite integrals using the
residue theorem. See [1, Exercise 8, p. 81] for a particular case. In the statement,
|z| = R denotes the path

v(t) = Re*™™, t e 0,1].

Exercise 5.1.8. Let p(z) and q(z) be two polynomials and assume that degq >
degp + 2. Show that
i p(2)
im

dz = 0.
R—00 J|z1=R q(z)

Jordan’s lemma plays an important role in the sequel. It reads as follows:

Exercise 5.1.9 (Jordan’s lemma). It holds that

5 ) 5
lim e ftstgr — 0 and  lim e~ fteost gy — . (5.1.11)
R—o0 [ R—o0 [
Integrals in (5.1.11) are integrals on a closed interval, and as such, are par-
ticular instances of line integrals. The following exercise requires a different more
geometric interpretation.

Exercise 5.1.10. Write the integrals in (5.1.11) as line integrals on some arc of a
circle.

Exercise 5.1.11. Let Q be an open connected subset of R?, and let v admit con-
tinuous first-order partial derivatives in 2. Show that, for every closed piecewise

smooth path C in §2,
ou ou
d dy = 0. 5.1.12
o T 5, W ( )
Remark 5.1.12. When v admits continuous second-order derivatives and when
moreover C'is simple, (5.1.12) is a direct consequence of Green’s theorem. Compare

with (9.2.2).

5.2 The fundamental theorem of calculus for
holomorphic functions
Assume now that the function f is C-differentiable at the point 7(¢). Then, the

complex-valued function of a real variable f(vy(t)) is differentiable, and its deriva-
tive is given by the formula

FO@) =~")f (1)) (5.2.1)

This important and non trivial formula calls for some comments. The function on
the left side of (5.2.1) is the derivative of the complex-valued function of a real
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variable. Similarly, the term ~/(¢) is the derivative at the point ¢ of the complex-
valued function of a real variable v(t). On the other hand, f/(y(t)) is the complex
derivative of the function f at the point ().

Formula (5.2.1) leads to the fundamental theorem of calculus for holomor-
phic functions. In the statement, the derivative f’(z) is assumed continuous. This
hypothesis is in fact superfluous, since a holomorphic function has derivatives of
all orders. But this fact is proved at a later stage, following the Cauchy—Goursat
theorem.

Theorem 5.2.1. Let Q) be an open connected set, and let C' be a smooth path with
parametrization y(t),t € [a,b]. Let f be holomorphic in Q, and assume that [ is
continuous in €. Then,

/C f'(2)dz = F((b) — f(2(a)). (5.2.2)

Formula (5.2.2) is also called the Newton-Leibniz formula. See [74, p. 37]. At
this stage it is well to recall the following definition: A function f is a primitive of
a function g in an open set € if we have

f'(z) =g(z), VzeQ.

Note that g is necessarily continuous since differentiability at a point implies con-
tinuity at that point. In fact, g is necessarily holomorphic, since f is holomorphic
and since a holomorphic function has derivatives of all orders. Every power series
has a primitive in its domain of convergence. This is a local result. One impor-
tant difference with the real case is the following: A given function g may lack a
primitive in a set €2 but admits one in some open subset of ). The geometry of
the set plays an important role; see Exercise 5.2.3 for a first illustration of this
fact. Exercises on existence of primitives will be given in Section 5.7. Here, as a
corollary of Theorem 5.2.1 we get the proof of the direct statement in the following
theorem:

Theorem 5.2.2. Let 2 be an open connected subset of C and let g be continuous in
Q. A necessary and sufficient condition for g to have a primitive in § is that

/ 9(z)dz=0 (5.2.3)
C

holds for every closed path C' in €.
Exercise 5.2.3. The function f(z) = 1/z has no primitive in C\ {0}.

We recall that the function 1/z does have a primitive in the set C\ (—o0, 0].
This last set is star-shaped. In fact it follows from the Cauchy-Goursat theorem
that any function holomorphic in a star-shaped domain has a primitive there. This
leads us to the following definition of a simply-connected set:
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Definition 5.2.4. An open connected set Q2 C C is simply-connected if every func-
tion holomorphic in ) has a primitive there, or, equivalently, if (5.2.3) holds for
every closed path C in .

Let us go back now to Theorem 5.2.1. Integration by parts in the present
setting reads as follows:

Exercise 5.2.5 (see [219, p. 58]). In the notation of Theorem 5.2.1, let f and g be
holomorphic in Q, and such that ' and g’ are continuous on C. Let 7y : [a,b] —
be a parametrization of C. Then,

/f(Z)g’(Z)dZZ(fg)(v(b))—(fg)(v(a))—/ f'(2)g(2)dz. (5.2.4)
C C

Theorem 5.2.1 allows us to get a simpler solution to Exercise 3.4.15.
Exercise 5.2.6. Glive a proof of (3.4.20):

21

et — e[ < [21 — 22,

where z1 and zo are in the left closed half-plane, using Theorem 5.2.1.

A non-trivial application of Theorem 5.2.1 allows us to compute the Fresnel
integrals

/mwwzm /m@w. (5.2.5)
R R

These last integrals play an important role in optics. They can be computed by di-
rect methods, without using complex analysis; see for instance [83], [147]. Theorem
5.2.1 allows us to compute them directly. The existence of the Fresnel integrals
follows from the proof itself, but it is also a simple, but instructive, calculus ex-
ercise to check directly that they converge. The idea is as follows: It is enough to

check that the limit "

lim cos(t?)dt

R—oo Jq

exists since the integral fol cos(t?)dt exists. But

/R cos(t?)dt = /R 21t (2t cos(t?))dt

sin(t2)\ " [T sin(#2)
= t.
( 2t >1+/1 o ¢

i 1 1 t2
The first term tends to —Slg as R — oo and the integral fR SIH(2 )

1 o dt is abso-

lutely convergent since
1

= 227

sin(t?)
2t2
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Thus fooo cos(t?)dt converges. The proof of the convergence of the other Fresnel
integral is of course similar. For another proof of convergence, see [61, Solution to
1.5.21, p. 209].

Usually, these integrals are computed in books using the weak version of
Cauchy’s theorem (see the discussion before Exercise 5.3.2 for the latter). Saks
and Zygmund in [192, p. 103] compute the Fresnel integral in an even easier way:
They remark that e has a primitive in C (since it is given by a power series
with infinite radius of convergence), and resort directly to Theorem 5.2.1 to show
that the integral in the closed contour in Exercise 5.2.7 below is equal to 0.

To compute the Fresnel integrals we need the Gaussian integral

/e‘tzdt = /7. (5.2.6)
R

More generally, the moments
/ e t2udt, w=1,2,... (5.2.7)
R

could be computed using integration by part starting from (5.2.6). In Exercise
13.5.1, and also using (5.2.6), these moments are computed using the Fourier
transform.

Recall that the integral (5.2.6) may be computed in the following way. Set

K = [, e"*dt. Then,
K? = (/ e_tzdt> (/ e_szds>
R R
:// 6_(t2+32)dtd8
R2
= / / e rdrdd = T,
[0,00) % [0,27]

where one has made the change of variables ¢ = rcosf and s = rsinf. As recalled
in [27], one can also compute this integral using the residue theorem. See Exercise
8.5.1.

Exercise 5.2.7.

(a) Show that the function e~ has a primitive in C.
(b) For R > 0 consider the closed contour I'r = v1,r + v2,r + V3, Where:
(1) 71,r ts the interval [0, R].

(i) v2,r is the arc of the circle of radius R and centered at the origin, with
angle varying between 0 and /4.
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(iil) ~vs,r is the interval linking the origin to the point Re 7.

Compute the Fresnel integrals by computing the integral of the function e
over the contour I'r and letting R — oo.

Similar arguments allow us to compute the integrals in the next exercise; see
[42, p. 386] (see also [83, 147] and Remark 5.9.1 after the solution of the exercise).

Exercise 5.2.8. Show that
> 2+1
/ e~ cost?dt = \/ﬂ-\/zl/ N )

0

/ e_t2 sin t?dt = \/W\/:L& B 1.
0

We now give an application of the fundamental theorem of calculus for line
integrals to prove an injectivity result.

Exercise 5.2.9. Assume that the complex numbers ag, as, ... are such that
> nlan| < 1. (5.2.8)
n=2

Show that

fz) =2+ Z anz"
n=2

defines a function f holomorphic in the open unit disk D, and that f is one-to-one
in D.

Another proof of the above result is the topic of Exercise 10.2.3. The result
itself can be found in [191], where the following question is also added:

Let ¢ > 1. There exists a function such that

o0

Zn|an| <e,

n=2

and which is not one-to-one in the open unit disk.

5.3 Computations of integrals

Let f be continuous in a convex open set €2, and holomorphic in 2\ {2}, for some
point zp € Q. The Cauchy—-Goursat theorem for triangles states that, for every
triangle in 2, with boundary 0A, it holds that

f(z)dz = 0.
oA
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It follows that f has a primitive in §2 and therefore (5.2.3)

/Cf(z)dz =0

for every closed path C inside §2. The same conclusion holds when (2 is star-shaped.

It is also useful to consider open sets which are not simply-connected, or
curves which are not connected. For the present setting we will only need the
following result:

Theorem 5.3.1. Let ) be a convex set and let C,Cq,...,Cn be simple closed non-
intersecting curves inside ). Assume that the interiors Ry, ..., Ry of the curves
Ci,...,CnN are inside the interior R of C'. Let f be analytic in a neighbourhood of
R—UY_,C;. Then,

N
/Cf(z)dz = ;/C f(2)dz, (5.3.1)

where all the curves have the positive orientation.

The proof of (5.2.3) is very involved when no continuity hypothesis is made
on the derivative of f in Q. On the other hand, when one assumes f’ continuous
in 2, and when + is a closed simple path whose interior is contained in €2, (5.2.3)
is a simple consequence of Green’s theorem; see [53, p. 60]. This is the version
of Cauchy’s theorem which we need in this section to compute certain definite
integrals. If you want to avoid Green’s theorem and use Cauchy’s theorem, one
has, for instance, to choose 2 = C — i(—00, 0] in the following exercises. It is star-
shaped with respect to any point on (0, c0), and therefore the Cauchy—Goursat
theorem insures that the integral on a closed curve of any function holomorphic
in  vanishes.

sint
Exercise 5.3.2. Compute fooo 1? dt using Cauchy’s theorem as follows: Integrate
iz
the function “" on the closed contour defined below and let R — oo and € — 0.

z
The contour is built from four parts (both ¢ and R are strictly positive numbers):

(i) Y1,R,e is the real interval [e, R].

(ii) vo,r is the half-circle of radius R, centered at the origin, which lies in the
upper half-plane, and positively oriented.

(iil) vs,R.c is the real interval [—R, —e].
(iv) ~a,e is the half-circle of radius €, centered at the origin, and which lies in the
upper half-plane, and with negative orientation.

The above integral is called the Dirichlet integral. In the following exercise

the formula
9(2) ,

V4, e

lim
e—0

z = —img(0), (5.3.2)
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which can also be written, if you already know the notions of residue and of simple
pole, as

€11_r>no . h(z)dz = —im Res (h,0), (5.3.3)
when h has a simple pole at z = 0, will prove useful.

The above formula still holds when 0 is a pole of h of order possibly bigger
than one, when in the Laurent expansion of i at the origin only odd powers occur.
See [45, Lemma 4, p. 105] (for a simple pole) and Exercise 7.3.2.

Exercise 5.3.3. Using the function
1— e2iz

f(2)

and the same path as in the previous exercise, compute

sinx 2
/< ) dx.
R X
. 3
/(smx) d — 37r.
R X 4

We want to compute the integrals

<1

— COST q_

) (El 2Hdl’,
0 €T

Exercise 5.3.4. Show that

where H € (0,1). Such integrals appear in computations related to the fractional
Brownian motion.

Exercise 5.3.5. Show that, for H € (0,1) different from 1/2,
/Oo 1-— COST 1oy, _ cos(H)I'(1 —2H)  cos(mH)T'(2 — 2H)
o 72 B 2H - (1-2H)2H
where T' denotes the Gamma function (3.1.11).

Hint. Distinguish the cases H € (0,1/2) and H € (1/2,1), and in each case
integrate an appropriate function along the contour 7. r constructed as follows:
Ye,r consists of four components:

(1) The interval [e, R].
(2) The quarter of circle Cg of radius R linking the points R and iR.
(3) The interval [iR, i€].
(4)

(5.3.4)

4) The quarter of circle ¢, of radius € and linking the points € and ze.

The Gamma function is studied in further detail in Exercise 13.4.2. It is the
Mellin transform (see (13.4.1)) of the function e™*, ¢t > 0.
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5.4 Riemann’s removable singularities theorem
(Hebbarkeitssatz)

We note that an important consequence of the Cauchy—Goursat theorem is Rie-
mann removable singularity theorem (Riemann Hebbarkeitsseitz):

Theorem 5.4.1. Let f be bounded in B(zo,r) and holomorphic in B(zp,r) \ {20}
Then
lim f(z) -y

Z— 20

exists, and the function h defined by

h(Z) _ {f(z)7 2#207

£7 Z = 20,

is holomorphic in B(zo,T).

See for instance [81, Satz 4.3, p. 79]. We briefly recall its proof here. One
first assumes f continuous rather than only bounded. From the Cauchy—Goursat
theorem we have that [, f(z)dz = 0 for every triangle A C B(zp,r). Morera’s
theorem implies then that f has a primitive in B(zp,7) and hence is analytic in
B(zg,r). To deal with the bounded case, it suffices to consider the function

9(2) = (z = 20) f ().

It is continuous at the point zg since f is bounded. By the preceding argument it
is analytic in B(zp,r), and it is a power series expansion there:

(z — 20)f(2) = a1(z — 20) + az(z — 20)* + - -+ .

It follows that f has also a power expansion in B(zo, ), and therefore is analytic
there.

The function f(x) = |z| shows, if need be, that an analog of Theorem 5.4.1
does not hold in the real case. The function |z| is of class C*° in R \ {0}, and is
continuous at the origin. It is not differentiable at the origin.

Exercise 5.4.2. Let zog € C and let ¢ be analytic and with positive real part in
Q={z;0<|z— 20| <1}. Show that zy is a removable singularity.

For the following two exercises we recall that the zeroes of an analytic function
cannot accumulate at a point of the domain of analyticity of the given function.
This is a consequence of the existence of a power series expansion at every point
of the domain of analyticity.

Exercise 5.4.3. Let f be a function continuous in an open set  C C and assume
that f? is holomorphic in Q2. Show that f is holomorphic in Q.
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The example f(x) = |z| shows that the claim in the previous exercise does
not have a direct counterpart in the real case. Furthermore, the example

if 240
f(z):{—’1 ifzi(f

shows that one cannot assume f to be only bounded in 2. In a similar vein, we
have:

Exercise 5.4.4. Let f be defined in the open set 0 and assume that both 2 and f>
are analytic there. Show that f is analytic in Q). More generally, let ni,no € N be
relatively prime, and assume that f™ and f™2 are analytic in 2. Show that f is
analytic in ).

Exercise 5.4.5. Let f be analytic in Q. For a € Q define

f(Z)—f(a)7 2 +4a,
Ruf(z) = { R, (5.4.1)
Show that R, f is still analytic in Q and that the resolvent identity
Rof — Rpf = (a —b)R,Rypf, Va,be . (5.4.2)
holds.

We note that the resolvent identity (5.4.2) also appears in algebra and in
analysis: Let M be an n x n matrix with complex entries, let I,, denote the n x n
identity matrix, and let

R(a) = (M —al,)™*
for a in the resolvent set of M. Then we have
R(a) — R(b) = (a — b)R(a)R(b).
Indeed,

R(a) = R(b) = (M — al,)™" — (M — bI,)™!
=(M —al,)™ " (M —bl, — (M —al,)) (M —bI,)""
=(a—b)(M —al,) (M —bI,)"!

= (a — b)R(a)R()).

The resolvent identity, and in particular the backward-shift operator

z
play a key role in operator theory. See Section 16.1. An important problem is
the study of all closed Ry invariant subspaces of the Hardy space Hy(D) (for
the definition of this space, see Definition 5.6.11). Another example of operators
satisfying (5.4.2) is presented in Exercise 12.3.3.To discuss these various points
would lead us too far astray.
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5.5 Cauchy’s formula and applications

We will begin with a result which is used in the proof of Malgrange’s theorem
on the existence of a fundamental solution of a partial differential equation. See
[29, Lemma 7.3, p. 205]. We send the reader to [29, (7.14) p. 214] to see how the
lemma is used. We will not recall the statement of the theorem here. Recall that
a monic polynomial is a polynomial whose highest power has coefficient 1:

p(z) = 2" +an,_12""t + -+ ao. (5.5.1)

Exercise 5.5.1. Let f be a function analytic in |z| < 1+ € for some € > 0. Then
for every monic polynomial p it holds that

27
£ <y [ I (552)

The following result, a bit in the spirit of (5.5.2), is a follow-up of Exercise
5.1.4. The result in fact holds for any simply connected set containing the origin,
and C any simple Jordan curve with interior containing the origin. See [99].

Exercise 5.5.2. In the notation of Ezercise 5.1.4, take Q =D and C to be a circle
of radius v < 1. Show that the minimum of the expression

[ 1r@Pi
C

over all functions analytic in @ and such that f(0) =1 is strictly positive.

Consider the function f(t) = e~% on the interval [0,27]. By Weierstrass’
approximation theorem, there exists a sequence of polynomials p,,(t) in the variable
t, such that

lim max |e”" —p,(t)| = 0.
n—00 te[0,27)
The result is not true if one takes polynomials in e
in the following exercise, taken from [184, p. 127].

, as is required to be shown

Exercise 5.5.3. Show that there is a constant M such that, for every polynomial
p(z),
max |27t —p(2)| > M. (5.5.3)
zE
Exercise 5.5.4. Let Q be a star-shaped open set and let C' be a closed simple smooth
curve in §). Let zg be a point not on the image of C, and let f be analytic in §2.

Prove that ) )
o dz = /c (o — ZO)de. (5.5.4)
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As usual, in the following exercise, |z| = r is an abuse of notation for the
closed curve with parametrization

v(t) =ret, te|o,2n].

Exercise 5.5.5. Compute the integral

/ esinzzdz
zl=r (22 +1)(z — 20)?

for strictly positive r different from 1 and 2.

For the next two exercises, it is well to use the formula

ﬁf(e“)dt:/ f(z)c.lz. (5.5.5)

=1 02

27 it )
/ e T3y
0

Exercise 5.5.7. Solve Ezercise 3.1.8 using Cauchy’s formula.

0

Exercise 5.5.6. Compute

Exercise 5.5.8. Let f be analytic in |z| < 1+ € for some € > 0. Show that

27 et — z

2m it Py ]
£(2) = iTm £(0) + 1/0 € T Ref(e))dt, zeD. (5.5.6)

Prove that for z in the open unit disk,

2m
6= 100 =y [ Resienar

:27r

—Z
f(")(z) 1 /277 9eit )
- : M)dt, n=1,2,... 5.5.7
n! 2 Jo  (eft — z)ntl (Ref(e )) dt, n .2, ( )
1= [z> [*" Ref(e®)
Ref(z)=" /O it — o2t

The proof of Exercise 5.5.8 presented in this section is a direct application of
Cauchy’s formula. Another proof for polynomials is asked for in Exercise 7.3.11.

It is interesting to remark that the right side of (5.5.6) is analytic in the
non-connected set C \ T, while f is analytic in a neighborhood of the closed unit
disk. The formula (5.5.6) does not coincide with f outside the open unit disk.

We note that formulas (5.5.6) and (5.5.7) express the analytic function as
an integral of its real part. Analogous formulas exist for functions analytic in
|z| < R+ e. This is the topic of the next exercise.
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Exercise 5.5.9 (see [139, Hilfssatz 2, z. 242]). Let f be analytic in |z| < R+ €, with
R > 1. Show that for |z| < R we have

2m
f(z) =14iIm f(0) + 2171- /0 iji B (Re f(Re™)) dt,
f™(z) R" /2” 2 (Re f(Re™)) e'dt
; :

nl or (Re®t — z)ntl

(5.5.8)

We remark that formula (5.5.8) for n = 1 allows us to show directly that an
entire function with a bounded real part is a constant.

Exercise 5.5.10. Assume in Ezercise 5.5.8 that Re f(e*) > 0 Then, f has a positive
real part in the open unit disk.

The general Herglotz representation formula states that a function analytic
and with a positive real part in the open unit disk can be written as

27 it P
f(z):ia+/0 ¢ +Zdu(t), (5.5.9)

ezt _

where dp is a positive and finite measure on [0, 27). To prove this formula, one
first notes that the function f(rz) with r < 1is analyticin |z| < 1/r, with 1/r > 1,
and so one can apply to it formula (5.5.6):

2 et — 2

f(rz) =4Im f(0) + ! /27T ei e (Re f(re™)) dt.
0

The positive measures ‘
dp,(t) = Re f(re)dt

are such that

A”m@=mﬂw

We pick up a sequence of numbers (7, )nen in (0,1) such that

lim r, = 1.
n— o0

At this stage, one has to resort to a deep result of functional analysis to ensure
that the family (du,, ) has a convergent subsequence which tends to a positive
and finite measure dy in the following sense: For every continuous complex-valued
function g defined on [0, 2] it holds that

27

27
tim [ i, )= [ a0dn)

n— oo 0

This is Helly’s theorem. For discussions, see [59, p. 158], [85, Proposition 7.19, p.
993] and [165, p. 220].

The definition of a non-negative (or positive) matrix, used in the following
question, is recalled in Section 16.3. See Definition 16.3.1 there.
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Exercise 5.5.11. Let f be analytic in the open unit disk, and with a positive real part
there. Prove that, for every N € N and every choice of (not necessarily distinct)
points in D, the N x N matriz with (£,7) entry equal to

fwe) + f(w;)
L, (5.5.10)

s non-negative.

In fact, the claim in the preceding exercise can be made much stronger: If
f is a function defined in the open unit disk and such that all N x N matrices
with (¢,7) entry (5.5.10) are non-negative, then ¢ is analytic in the open unit
disk. One can also replace the open unit disk by a uniqueness set inside D; see
[6, Theorem 2.6.5, p. 39] for the case of contractive functions. The present case is
deduced using the Cayley transform. In other words positivity implies analyticity.
For more information we send the interested student to [67].

The previous discussion and formula (5.5.9) hint at deep connections between
the theory of functions of a complex variable and functional analysis. A fascinating
fact is that functions for which the condition in Exercise 5.5.11 holds, play an
important role in electrical engineering. These connections go beyond the one
variable case.

Exercise 5.5.12. Assume in Ezercise 5.5.8 that Re f(e') > 0 for t € [0,27]. Let

fz)=fo+2) fir*

=1
be the power expansion of f centered at the origin. Show that

|f£| SRef()? £:1727"" (5-5.11)

As a consequence of the previous exercise we have the following result, which
is still true when the function f in the statement is not assumed analytic across
the unit circle. The proof requires then the general Herglotz representation for-
mula (5.5.9). The result was proved by Harald Bohr in 1914, and is called Bohr’s
inequality.

Exercise 5.5.13. Let f be analytic in |z| < 1+ € for some ¢ > 0 and assume that
|f(2)| <1 for |2| < 1. Let

o0
¢
F(2) =) fez
£=0
be the power expansion of s centered at the origin. Show that

oo

o Ifef <1 (5.5.12)

=0
for |z] <1/3.
Hint. Consider the function 1 — f and apply to it (5.5.11).
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— Z—Zz0
- Cl—zzo ’

Remark 5.5.14. By considering functions of the form f(z)
and |c| = 1, one shows that 1 is optimal in (5.5.12).

where |z9] < 1

Also a consequence of Exercise 5.5.8, we have a special case of Harnack’s
inequalities (see [42, p. 143]). The result itself is valid without the hypothesis that
f is analytic in |z] < 1 + ¢, but merely in D.

Exercise 5.5.15. Let f be analytic in |z| < 1+ € for some ¢ > 0 and assume that
Re f(e*) > 0 for t € [0,27]. Show that

1|z

1+ 12| Re f(0) < Re f(2) <

| Ref(0), VzeD. (5.5.13)

We now turn to an exercise which has a long history and can be found in
numerous places (see for instance [207, p. 10]).

Exercise 5.5.16. Let f = u + iv be analytic in |z| < 1+ € with € > 0, and assume
that f(0) = 0. Show that

2m 2m
/ u(cost,sint)*dt < 36/ v(cost,sint)*dt (5.5.14)
0 0

and
2 2
/ v(cost,sint)*dt < 36/ u(cost,sint)*dt.
0 0

Hint. Apply Cauchy’s formula to f* and zg = 0.
The next exercise is [122, Lemma 2.6.9, p. 61].

Exercise 5.5.17. Let [ be an analytic function in |z| < R, with power series
o0
f(z)= Zakzk, |z] < R,
k=0

and let r < R. Let

M = max|f(2)].
|z|<r
Show that
lapzF| <M, k=0,1,2,... and |z| <7

In a similar vein one has the next exercise, which can be found in [75, Exercise
10.37, p. 120].

Exercise 5.5.18. Let [ be analytic in the open disk |z| < R and assume that
|f'(z)] < M < oo for |z| < R. Show that in the expansion f(z) = Yoo fnz"
one has M

<
|fTL| — an_l

n=12,.... (5.5.15)
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The next exercise can be found in [75, Exercise 10.38, p. 120].

Exercise 5.5.19. Let f be analytic in the open disk |z| < R and assume that | f(z)]| <
Mel?l. Show that in the expansion f(z) =300, fa2™ one has

fal < M (Z) " (5.5.16)

The next exercise is taken from [62]. It is quite difficult if given without hints
towards the solution.

Exercise 5.5.20. Let f be an analytic function in the open unit disk and assume
that

27
sup / |f/(re’")|dt < M for some M > 0. (5.5.17)
ref0,1) Jo

Show that fol |f(x)|dz < co.

Hints. Write f(z) = > 7 ;a,2" and give an upper bound on |a,| using (5.5.17)
and then give an upper bound to fol |f(z)|dx using

[f(@)] < lanlz", x>0
n=0

Exercise 5.5.21. Show that, for |z| <1,

1 Ct 22" n>1,
, felac =41, n=o, (5.5.18)
2mt Jp (— 2
0, n < 0.

Exercise 5.5.22. Let f be analytic and not vanishing in ro < |z — zo| < r1. Show

that, for ro <r <y,
!
1 . / F'z) dz € 7.
2mi |z—z0|=r f(Z)

Exercise 5.5.23. Show that there is no function f analytic in Q = C\ [—1,1] such
that f(2)? = z there.

Remark 5.5.24. The arguments of Exercise 6.3.6 cannot be applied in the exercise
below, since z = 0 is not assumed to be an isolated singularity. The exercise
could be seen as a consequence of the stronger statement in Exercise 4.1.10, but
a reasoning using analyticity is asked for here.

There is an analog of formula (5.5.6) for functions analytic in the open up-
per half-plane. Its proof uses the residue theorem, and therefore the statement
is postponed to Exercise 8.5.3. More generally, formula (5.5.9) has a counterpart
when the open unit disk is replaced by the open upper half-plane C,: A function
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f is holomorphic in C and has a real positive part there if and only if it can be
written as

f(z) = a—ibz—i/R{ 1 t }du(t), (5.5.19)

t—z 241
where @ € R, b > 0 and du is a positive Borel measure on the real line subject to
du(t
/ 2“( ) < . (5.5.20)
r2+1
It is convenient to rewrite (5.5.19) as
) [ tz+ 1 du(t)
f(z):a—zbz—z/Rt_Z I (5.5.21)

When a real imaginary part rather than a real positive part is considered (i.e.,
when one replaces f by if), one obtains the Pick class (see [67, Chapter II]). Pick
functions are also called Nevanlinna functions, although this may create confusion
with another, and completely different, class of analytic functions.

Exercise 5.5.25. Let m be a continuous positive function on the real line, subject

to (3.1.8) -

R 241
Show that the function (3.1.9)

Ry A

is holomorphic in Cy and has a positive real part there. Show that the real part is
strictly positive in C4 unless m(t) = 0.

It is of interest to compute f,, for various choices of m. See Exercise 8.3.8 for
instance. For more information on functions of the form f,, (and, more generally,
of the form (5.5.21)), we refer to [67].

Among other exercises involving Cauchy’s formula appearing in the present
book, we mention in particular Exercise 7.3.12, where the sum

.y

is computed. There the residue theorem is invoked, but Cauchy’s formula could
have been used just as well.

We do not present a solution of the following question. You can assume that
) is the open unit disk if you forgot what a simply-connected domain is. Formula
(5.5.22) is called the inhomogeneous Cauchy formula.
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Question 5.5.26. Let 2 be a simply-connected domain, which is bounded, and with
smooth boundary I'. Let f(x,y) be smooth in an open neighborhood of ). Show
that, for every z € §,

_ 1 8(
JG) = 2mi /p ¢— z 27m //Q ¢— dC A dg. (5.5.22)

5.6 Power series expansions of analytic functions

We begin with an exercise taken from [208, p. 100]. There, the variable is taken to
be real, and the proof is based on the remark that cosz coshz = Recos(1 + i)z,
and allows also to compute directly the primitive of cosx coshz.

Exercise 5.6.1. Find the power series expansion at the origin of the function
f(z) = cosz cosh z.

We also note that the function f(z) is a solution of the differential equation
f@+af=o,
as is easily verified, for instance using formula (4.2.2) for the Nth derivative of a

product.

The next exercise is taken from [35, p. 118].

Exercise 5.6.2. Let f be analytic in a neighborhood of the point zp, and assume
that f'(z0) # 0. Show that, for e € C where the expression are defined,

f(z0 +i€) — f(z0 +¢€)

_Z. 62 V.
Flo+ e i) — flzg) — L TOE) (5.6.1)

and

fzo+€) = f(z)  flz0+ie+e€) = f(z0 + i€)

Feo+ie) = f(z0)  flzo+etie) = flzo+e) — LT O (5.6.2)

It is well to recall that the radius of convergence of the power series centered
at z = zg of a function f is the radius of the largest open disk centered at z = zg
and in which f is analytic.

Exercise 5.6.3. Let 1

Z) = .
93) = (2 1)z = (1 44)
What is the radius of convergence of the Taylor series of g centered at zo = 1/27

The following exercise is taken from [81, Exercise 2, p. 88]. We thank Yarden
Sharabi for pointing out a mistake in the solution in the first edition of the book.
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Exercise 5.6.4. Let z1, ..., z;, be complex numbers different from 0. Find the radius
of convergence of the Taylor expansion at the origin of the function

L1
HOED D,

=1
and prove (3.2.2)

m
lim sup | E 2V = max |zl
n—oo T {=1,....,m

Related to the following exercise, see also Exercise 6.3.10.

Exercise 5.6.5. Let N € N and let e = ¢ %' . Let f be analytic in the open unit disk
D and such that
f(z) = f(ez), VzeD.

(a) Show that there is a function g analytic in D such that f(z) = g(zV).

(b) Let k€ {1,...,N —1}. Is there a function g analytic in D such that

H=gN), zeD? (5.6.3)

The following exercise is taken from [62]:

Exercise 5.6.6. Let F' be analytic in |z| < R, and assume that F(z) is real for
z=p and z = pexp(in/2) when p varies in (0, R). Show that F is a constant.

Exercise 5.6.7. Show that there are polynomials ho(t), h1(t),... such that
T2 = N h (1) (5.6.4)
n=0

The polynomials h,, in the preceding exercise are called the Hermite polyno-
mials.

Related to the following question, see also Exercise 7.2.20.

Exercise 5.6.8. Let f be analytic in |z| < 1+ € for some € > 0, with power series
expansion f(z) =Y " fnz". Define, for|z| <1,

f[o,z} f(s)ds

Alz) = 1-=z

Show that the function A(z) is analytic in the open unit disk, and show that its
power series erpansion at the origin is equal to

Az) =" ijjl PRy (5.6.5)

n=0 \ j=0
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In the following two exercises, one has to compute integrals of the form

27
| latretyat,
0

where r > 0 and where g is analytic in |2| < R with R > r. One can use Parseval’s
identity from the theory of Fourier series, or proceed directly as is done in the
proofs presented here.

Exercise 5.6.9. Let
A= {(u(m, y)7 v(m, y)) ) (‘T7 y) € D}

and assume that f(z) = u(z,y)+iv(z,y) is analytic and one-to-one in D. Assume
for simplicity that f is moreover analytic in a neighborhood of the closed unit disk.
Compute the area of A.

Exercise 5.6.10.
(1) Let f be analytic in B(0, R) and set

1

27 )
Mz(f,r):%/o [F(re™)[2dt, € (0, R).

Show that My is strictly increasing, unless f is a constant.
(2) Find all entire functions such that

//R2 |f(2)Pdady < oc. (5.6.6)

Definition 5.6.11. The set of functions analytic in D and such that

sup Ma(f,r) < oo (5.6.7)
re(0,1)

is a Hilbert space, called the Hardy space Ho(ID) (of order 2, of the disk).

Exercise 5.6.12. Let [ be analytic in the open unit disk, with power series expansion
[(z) =307 fnz™. Then, f is in the Hardy space Ha(D) if and only if

ST fal? < 0. (5.6.8)
n=0

This last expression is then equal to (5.6.7).

The Hardy space Ha(ID) is the reproducing kernel Hilbert space with repro-

ducing kernel | °  meaning that, for every w € D the function

1

kw @ 2z
i 1— 2w
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belongs to Hy(D), and that moreover, for every f € Ha(D),
<fa kw>H2(]D)) = f(w)a

where we have denoted by (-, - )g, ) the inner product in H(D) defined from
the norm (5.6.7).

More generally, for p € [1,00), the function

1/p

My(f,r)= <217T /027T |f(re“)|pdt> (5.6.9)

is strictly increasing (unless f is a constant). To prove this fact requires results from
the theory of subharmonic functions. See for instance [189, Chapitre 17]. The space
of functions analytic in the open unit disk and such that sup,¢ (g 1) Mp(f,7) < o0
is a Banach space (called the Hardy space H)), when endowed with the norm

£, = sup My(f,7).
re(0,1)

When a weight is allowed in (5.6.6) one obtains very interesting spaces.

Definition 5.6.13. The Fock space F is the space of entire functions such that

71r //]Rz e_‘z‘2|f(z)|2dxdy < oo (5.6.10)

Exercise 5.6.14.

(a) Show that for every n € Ny the function z™ belongs to the Fock space, and
compute the inner products

<Zn7 Zm>.7:
for the inner product associated to the norm (5.6.10).

(b) Show that an entire function f(z) = > " faz™ belongs to the Fock space if
and only if

o0

> nllfal? < 0. (5.6.11)

n=0

The Fock space is the reproducing kernel Hilbert space with reproducing
kernel e*", meaning that:

(a) For every complex number w, the function
ky(z) = e*?

belongs to F, and
(b) for every f € F,
(fs kw)F = f(w).
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Exercise 5.6.15. Prove claims (a) and (b) above.
For the following result, see for instance [203, Theorem 5.16, p. 53].
Exercise 5.6.16. Let

fz)= Z anz"
n=0

be a convergent power series, with radius of convergence R > 0. Let zg € B(0, R)
(that is, zo arbitrary when R = +00). Show that

f(z) = anlz0)(z = 20)",
n=0

for |z — z0| < R — |z0| (resp. for any z when R = +00), with (see [203, (5.18),

p. 53]):
= n+my\ .,
an(zo) = Z Apt-m ( n > 20 -
m=0

See Exercise 7.2.20 for another exercise of interest related to power series.

Let us conclude this section with a remark. A function analytic in a neigh-
borhood of the origin has a power series expansion

flz)= Z an 2"
n=0

convergent in some open disk B(0,r), with > 0. An inverse problem would be
as follows: Given a series (an)nen, of complex numbers, does it correspond to a
function analytic f in a neighborhood of the origin with

Fm(0)

1 €N (5.6.12)

ap =
The answer in general is of course no, as the example a, = n! shows. On the
other hand, and this is a result of Borel, discussed for instance, in the form of an
exercise, in [88, pp. 263-267], for any sequence (a,)nen, there exists a function
in C*°(R) such that (5.6.12) holds. The result is also true for C* functions of N
real variables. See [63, p. 195].

5.7 Primitives and logarithm

Recall the discussion at the end of Section 5.2. A function analytic in an open
connected set {2 has a primitive if and only if

/ f(z)dz=0 (5.7.1)
c
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for every closed contour C' in €). Recall also that a function analytic and non-
vanishing in an open connected set {2 has an analytic logarithm (that is, there
exists a function g analytic in £ and such that

f(z) =expg(z), z€9,

if and only if

=),
/cf(Z) dz=0 (5.7.2)

for every closed contour in €.

Equation (5.7.2) has a nice interpretation in terms of zeroes and poles of the
function f when C' is a smooth Jordan curve. See Remark 7.3.6 after Exercise
7.3.5.

Remark 5.7.1. When one works in a convex set, or, more generally, in a star-
shaped set, the situation is easier: A function analytic in a star-shaped domain
has always a primitive, and a non-vanishing function analytic in a star-shaped
domain has always a logarithm.

The case of general connected open sets is much more involved. To disprove
the existence of a primitive or of an analytic logarithm, it is enough to find one
closed contour in € for which (5.7.1) or (5.7.2) fail. On the other hand to prove the
existence of an analytic logarithm, one has a priori a very difficult task, that is, to
check (5.7.2) (and, similarly, to check (5.7.1) to prove the existence of a primitive).
It is of interest to find a minimum set of closed contours on which to check (5.7.2)
or (5.7.1). For instance, if € is an open convex connected set from which a finite
number of compact sets have been removed (for instance, the open unit disk from
which are removed a finite number of points), it is enough to check conditions
such as (5.7.2) on non-overlapping contours around these holes; see for instance
[95, p. 126]. Furthermore, the fact that conditions (5.7.1) or (5.7.2) do not hold
for some closed contour C'is not the end of the story, but rather the beginning of
a fascinating other story, related to the homology group of 2. For the punctured
disk mentioned above, its homology group will be generated by non-overlapping
circles around these points.

When the function f has an analytic logarithm g in the open set €2 it obviously
has analytic roots of any order: For every N € Z\ {0} there exists a function h
analytic in £ such that

f(z) = (h(Z))N, Vz € Q.

It suffices to take h(z) = exp 91(5). On the other hand, a function may have an
analytic square root and no analytic logarithm: For instance, the function f(z) =
22 has an analytic square root in C (and all the more in C\ {0}), but no analytic
logarithm in C\ {0}). See for instance [42] for more information on the differences
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between square roots (or, more generally Nth roots) and logarithms. Analytic
square roots are the topic of Section 5.8.

In the first two exercises the sets under consideration are star-shaped. A
very special case of a result of Montel is presented in the first exercise (see [42,
Theorem 12.20, p. 433], and the bibliographic note page 458 of that same book).
The relation with logarithms is not that clear on a first reading!

Exercise 5.7.2. Let f and g be entire functions. Show that
f(2)?+g(2)?=1, VzeC (5.7.3)
if and only if there is an entire function E(z) such that
f(z) =cosE(z) and g(z)=sinE(z).

Exercise 5.7.3. Does the function f(z) = |z| have a primitive in C. Is there a
function g of class Cy in R?*\ {(0,0)} such that

a.f = |z|.

Exercise 5.7.4. Does the function

have a primitive in  where:

(i) Q=C\ {—i,i}.

(ii) Q@ =C\ [—i,1], where [—i,i] denotes the closed interval [—i,1i], that is:
[—i,1] ={—i+2ti, t €[0,1]}.

(iii) @ =C\{z=1iy,y€R and |y| > 1}. In this last case, show that on the
real line the primitive is F(x) = arctan(x) when we fiz F(0) = 0, and find
the power expansion of F at the origin.

(iv) Let L be the strip defined by (1.2.21). Show that

F(tanz) =1z, =z¢€ L. (5.7.4)

z
Exercise 5.7.5. Same questions as in Ezercise 5.7.4 for the function e In
z

1
case (iii), show that on the real line F(x) = 5 In(z? +1).

We now give an exercise which plays a role in the proof (due to L. Fejér
and F. Riesz) of Riemann’s mapping theorem presented in [45]; see [45, (3.2),
p- 190]. See [42, p. 239] for more historical background on, and for a different proof
(originating with the works of Koebe and Carathéodory) of Riemann’s mapping
theorem.
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Exercise 5.7.6. Let f be a function analytic in the open unit disk D, and assume
that its range is strictly included in D. Let a € D\ f(D). Show that there exists a
function F analytic in D and such that

oF(2) — f(z)—a
1—af(z)’

z € D.

Compute F'(z).
Show that
ReF(z) <0, zeD.

Exercise 5.7.7. Compute in closed form the sum of the series (3.4.7)

Z p(=1"zm,
n=0
Exercise 5.7.8. Let a € (0,1) and let
Q=C\{[-1,—-d]U]a,1]}.

Show that the function f(z) = (2% — 1)(2% — a®) has no analytic logarithm in
but show that it has an analytic square root.

Exercise 5.7.9. The function Sm; has no primitive in C\ {0}.
z

For related questions, see also Exercise 7.1.15.

Exercise 5.7.10. Let a,b € C and p,q € Ny. Find a necessary and sufficient con-
dition for the function
sin z Cos z
f(Z) - azp"l‘l o ~q+1

to have a primitive in C\ {0}.

Exercise 5.7.11. Let a,b € C and q € N, and let Q(z) be a polynomial of degree
less than or equal to q. Find a necessary and sufficient condition for the function

_ sinz expz —Q(2)
fz)=a L6 La+2
to have a primitive in C\ {0}.
The following is taken from [5, Exercise 6, p. 108]

Exercise 5.7.12. Let Q2 be an open connected open set and let f be analytic in §2
and such that

1—f(z)|<1 Vzeq.
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(a) Show that

for all closed contours -y in €.

(b) Show that f has an analytic logarithm in ).

Exercise 5.7.13. Let Q be the complex plane from which are removed the half-
linesx =k, y>0 fork=0,1,2,3,4,...,2016. Show that there exists a function
analytic in Q such that

F(2)?10 = 2(z = 1)(2 = 2)(z = 3)(z = 4) -+ (= — 2016).

Exercise 5.7.14. Let f be analytic and not vanishing in ro < |z — zo| < r1. Show
that, for ro <r <ry,
1 !/
‘ / ') ey
2mi |z—z0|=r f(Z)

The next exercise is taken from [62].

Exercise 5.7.15. Let f be analytic in the annulus 1 < |z| < 2 and not vanishing
there. Show that there exist an integer n € Z and a function g analytic in 1 <
|z| < 2 such that

f(z)= 2"e9(%)
Similarly:

Exercise 5.7.16. Let f be analytic in the domain € which consists of the plane,
from which are removed the closed unit disk and the closed disk of center 5 and
radius 1, and not vanishing there. Show that there exist numbers ny and no in Z
and a function g analytic in Q0 such that

f(z)=2"(z— 5)”Qeg(z), z € Q.

Exercise 5.7.17. Let m be a strictly positive and continuous function on [0,1]. Do
the functions
1
t)dt
Fo(2) :/ mtydt
o (t—2)"
have primitives in C\ [0, 1].

Exercise 5.7.18. Let a > 0. Is there a function analytic in C\ [e~%, e®] and which
coincides with the function In(x? — 2x cosha + 1) on R\ [e~¢,e%]?



238 Chapter 5. Cauchy’s Theorem

5.8 Analytic square roots

As illustrated by Exercise 5.7.8, there are subtle differences between existence
of analytic square roots and analytic logarithms; see [42, Exercise 4.60, p. 111,
Exercise 10.5, p. 346]. For instance, there is no analytic logarithm to 22 in C\ {0}.
But it has an analytic square root, namely f(z) = z in C. Similarly there is no
analytic logarithm to the function f(2) =1 — 22 in C\ [~1, 1] since

P, [ 2
/|z|_2 f(Z) de = /z_2 2?2 — 1d

1 1
= :4 ] .
/z_2<2_1—|—z+1>dz i # 0

Exercise 5.8.1. Show that there is a function analytic in C\ [—1,1] such that

Still, we have:

f(2)?=1-2°
Exercise 5.8.2.

(a) Show that the function 1_122 has an analytic square root in
Q=C - {(~00,~1]U[1,0)},

which takes the value 1 for z = 0. We denote by \/11_Z2 this square root.

(b) Define

arcsinz—/ dc
c. V1-¢2

where C, is any smooth path joining the origin to z. Show that arcsin z is well
defined, and is the analytic extension to Q of the function arcsinx defined on
the interval [—1,1].

(¢c) Compute the power expansion of arcsinz at the origin. What is its radius of
convergence?

(d) Using analytic continuation, compute sin(arcsin z) for z € Q.

Exercise 5.8.3. Let [ay,B¢], £ = 1,...,N, be N non-intersecting closed intervals.
Show that the function
N
11—y
f(z)= Hﬁgl( ) (5.8.1)
[Te=: (= = Be)

has an analytic square root in Q= C\ Ué\le[ab Be).
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Remark 5.8.4. Let o # 8 € C, and 2 = C\[«, 5]. The function f(z) = (z—a)(z—p)
has no analytic logarithm in . It follows from the previous exercise that f has
an analytic square root, as is seen by writing

(z-a)(z=p0)=(2-5)

92—
2=

Exercise 5.8.5. There is no analytic square oot of z in the annulus 1 < |z| < 2.

5.9 Solutions

Solution of Ezxercise 5.1.1. Assume by contradiction that the functions are equiv-
alent, and let ¢ : [0, 27] — [0, 47] be such that (5.1.1) holds. Then,

et = et e0,2n],
and taking the derivative with respect to t we get (see Exercise 3.1.4 if need be)

ie' =i (1))t e0,27].

Thus
o(t)=1, telo,2n],
and
27 2m
dm = p(2m) — ¢(0) = / ¢ (t)dt = / 1dt = 2,
0 0
which is impossible. (I

Solution of Ezercise 5.1.2. By definition of the path integral,
/ (2% —iy*)dz = / (cos®t — isin®t)(—sint + i cost)dt
c 0

T T
= / (—cos® tsint + sin® t cost)dt + i / (sin® t 4+ cos® t)dt
0 0

cosdt +sin®t =T . cos3t\ |~
= +12 | —cost+
3 t=0 3 t=0
s sin® ¢ =
+1 [ sint —
3 t=0
=244
= g
where we have used that the primitives of sin®¢ and cos® ¢ are
cos® ¢ . sin® ¢
—cost + 3 and sint —

respectively. O
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Solution of Ezercise 5.1.4. Let ~(t),t € [a,b] be a parametrization of C. By defi-
nition of the line integral we have

1G] s

e =\ [T o

and, using (3.1.4),
PG )

Sl ()

(25 o)

and, using the Cauchy-Schwarz inequality (see (3.1.5)),

< (25 ) (/u NP (e uﬁ</|v w)

which is the required result. ([l

(1) dt|*

2

IN

[ 15O

Solution of Ezercise 5.1.5. Let tg € [a,b] and let My be the point on the curve
defined by z = (t). Let zp and z; be on the normal line of the curve at the point
M, and symmetric with respect to My. We want to show that

9(8) — 2ol _
lz0—21|—0 [y(t) — 21]

uniformly in ¢ € [a,b]. To that purpose we will show the following: For every
A € (0,1) there exists n > 0 such that

[v(t) = 2ol
20—z <n = A< 5.9.1
ol () - = 0
At this stage we recall that, for u € (0,1) the set of points z such that
|z—zo|: or |z—zo|:1 (5.9.2)
|z — 2] lz—2z1]  w
form two circles, symmetric with respect to M, and with same radius
u
R = 1_u2|2’0—21|, (593)
and centers ) and ¥ given respectively by
2 2 2 2
Zo — Uz u Z1 — U20 u
Q 1 — w2 :z0+1_u2(zo—z1) and U= | 2 =z1+1_u2(21—zo).
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These circles, say C, and C'1, form a coaxal family, and it is useful to remark that
when u; < wug the circle C’uu1 lies in the interior of the disk defined by the circle
Cu,, and Cy = {z0}.

Using formulas (5.9.3)—(5.9.4) we see that for any A € (0, 1), there exists n
such that, for |zg — 21| < 7, the circle C) lies inside the curve and C 1 lies outside
the curve. Thus the curve lies in the set (5.1.7), and the claim follows. g

Solution of Ezercise 5.1.6. We only prove (5.1.9):

</|z|_1f(z)dz> - ( 0% f(e“)e“z’dt)

2 )

=— fett)e "idt
0

T fett)

0it etidt
e X2

0

_ f(z)
——/z_l L2 dz. [l

Solution of Exercise 5.1.7. Let ~(t), t € [a,b] be a parametrization of the closed
and piecewise smooth path C. Set

mg=W@—mmm—{[7f@ ﬁ} s € lab]

t)—Zo

We have

s =reeo-{ [ 30 a)

v(s) Y
‘W@_%%@waw_{va—%ﬁ}
0,

and so g(a) = g(b). Thus

b /
%@—%zW@—%WW—{/Wﬂm ﬁ}

t)—Zo

We have v(a) = v(b) # zo. Thus,

b /
/ YO g e oz, 0
a V(t) — 20
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Solution of Ezxercise 5.1.8. We write
p(2) = pnz" +pp-12""+ -4 po and  q(2) = gmz" + gm-12" 7 4+ g,
with p,, and ¢, different from 0 and m > n + 2. For z # 0 we can write

q(2) = gmz"" (1 +r(2))

where 1 1
T(Z) _ dm—1 et qo )
qm = qm 2™

Since lim, o, 7(z) = 0, there is Ry > 0, which we will assume greater than 1, such
that

1
21> Ry = [r(2)] <
and hence, still for |z| > Ry,

1 < 1 - 1 _ 2
(2]~ gmzm (L= r(2)])  lgmz™|(1=1/2)  lgmz™|

Furthermore, for |z| > 1,

p(2)] < K|2|", with K= |p.

=0
Thus, for |z2| = R > Ry,
2KR" K 2K
|p(z)| < R _ i  with K, =
q(2)" 7 lgm|R™  Rmon |gm|
Using formula (5.1.3) we thus have
Kl 27TK1

<27R

p(z)
/z—R Q(Z) o

which goes to 0 as R — oo since m —n —1 > 0. (]

Rm—n = Rm—n—l’

Solution of Exercise 5.1.9. The change of variable t — 7 — ¢ shows that both
integrals coincide. The claim (5.1.11) is a direct consequence of Jordan’s inequality
(see for instance [184, §19.5, p. 224], [175, p. 114)):

2 sint
<

S<7) <1 where 0<t§g,

which leads to

: —Rsint Q0
dt . 5.9.5
/e R (9.2
See [49, p. 187]. 0
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We note that a shorter, but not elementary proof, consists in invoking the
dominated convergence theorem for sequences of positive numbers (R,,),er which
tend to oo.

Solution of Exercise 5.1.10. Let 44 denote the first quarter of the unit circle,
with the positive orientation. Then

72r P _pz—z1 dz
/ e Rsmtdt _ / e R, e
0 T++ tz

The second integral is treated in the same way. O

Solution of Exercise 5.1.11. Let

V(t) = (2(t), y(t)), t € [a,b],

be a parametrization of C'. We have

O D w0+ 5 ) @)
and so
b
[ oraa Sty | MO0 4y — w5 1) ~ u(a(a)) =0,
since C' is closed. O

Solution of Ezercise 5.2.3. It suffices to take as path 7 the closed unit circle:
() =€, tel0,2n].

Then ~/(t) = iy(t) and we have

27 27
/dzz/ 7(t)dtz/ idt = 2mi # 0. O
N Z o () 0

Solution of Exercise 5.2.5. The rule of differentiation for a product holds for C-
differentiable functions, and thus

(f9)'(2) = f'(2)9(2) + f(2)g'(2)-

Taking into account this formula and applying the Newton—Leibniz formula (5.2.2)
to fg we obtain

(f9)(v(B)) — (fg)(v(a) = /C (fg)(2)dz
- / F(2)a(=)dz + / f(2)g'(2)dz,
C C

and hence the result. O
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Solution of Ezxercise 5.2.6. Take z; and 25 to be in the left closed half-plane, and
assume 21 # 2o (if 21 = 25 the result is trivial). The interval [z1, 2o] is also included
in the left closed half-plane. Consider the parametrization

v(t) = 2z1 + t(z2 — 21), t€][0,1]

of the interval. The function e? is its own derivative, and therefore

e*? —e*l = / e“dz.
[z1,22]

For every t € [0, 1], we have
|ev(t)| <1

since 7(t) belongs to the left closed half-plane. Using (5.1.3) we have:

le* — e | = | e*dz| < max |79 - |20 — 21| < |22 — 21]. O
0

[z1,22] ]

Solution of Exercise 5.2.7. We give to I'r the positive orientation. We then have
the following parametrizations for the components of I'y:

’Yl,R(t) = t, te [0, R],
Yo,r(0) = Re', 6 € [0,7/4],
VS,R(t) = (R - t)ei;" te [Oa R]

. - . . .
Since e™* is defined by a power series centered at the origin, and converging in

all of C, it has a primitive in C and we can write
2
/ e *dz=0, VR>O,
T'r

that is,

/ e dz —|—/ e % dz +/ e dz = 0, VR>DO0. (5.9.6)
Y1,R V2,R V3,R

We now show that limp_,eo fw R e~ dz = 0. Indeed, for 6 € [0, ﬂ we have

4
cos(20) > 1— 6. (5.9.7)
7r
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Thus
s

— /4 6—{R2(cos(29)+isin(29))}iRei9d9
0

_ .2
/ e % dz
Y2,R

< R/4 6_{R2 COS(29)}d0
0

< R/4 AR =00} (where we use (5.9.7))
0

™

— Re F / (B %) ag
0

4R2 6=0
_ _Rp2 T R2
=R g (e B 1)
- ™ . _R?
T 4R (1 € )

—0 as R — oo.

Since limp_o0 | e~ dy = fooo et dt < 00, the limit

Y1, R

. _n2
lim e’ dz
R— o0 Ys.R

also exists and we have

— 2 . —_ 2
hm/ ezdz+hm/ e *dz=0,
R—oo iR R—oo Ys.R

/ e dy = — \/ﬂ-.
V3, R 2
R i .
/ e dz = / e{_e ’ (R_t)Q}(—l)eII dt
Y3,R 0

_ <1j22> /ORe—i<R—t>2(_1)dt

S (1\;_22> /Ooo(cos(tQ) —isin(t?))dt as R — oo,

where to go from the penultimate line to the last line we made the change of
variable ¢t — R — t. Hence

- (1\/+21> </Ooo cos(t2)dt — z‘/om sin(tQ)dt> = —\éﬁ.

i.e.,

But
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/ cos(t?)dt :/ sin(t?)dt = \/W,
0 0 8

and the Fresnel integrals are equal to twice this number, i.e., \/ iy O

Thus

2

For a proof which uses complex analysis but not the Jordan lemma see the
paper of C. Olds [172]. This paper, as well as the papers of Flanders and Leonard
quoted in the introduction of Section 5.3, can be obtained from the site:

http: //www.jstor.org.

Solution of Exercise 5.2.8. Both integrals are absolutely convergent since
|e_t2 cost?| < e and |e_t2 sint?| < et

We note that

o 2 & 2 o0 2 .
/ e’ cost2dt+i/ et sinthtz/ e =gy,
0 0 0

This suggests taking the following closed contour I'r = 1. r + ¥2,r + 73,r Where:

(i) 71,r is the interval [0, R].

(ii) 72 g is the arc of the circle of radius R and centered at the origin, with angle
varying between 0 and 7/8.

(iii) s,g is the interval linking the point R exp ig to the origin.
We now remark that the functions

— 2 . — 2
f(z) =cosz?e™* and sinz?e”?
are equal to power series centered at the origin and with radius of convergence co.

Therefore they admit primitives in C. By Theorem 5.2.1, we have
—22(1=1) g, _
/ e dz=0 forall R>D0,
I'r
and in a way similar to the computations of the Fresnel integrals

lim e=# (=g, — .
R—o0 No.R

Thus
lim / e 0=0gy = — lim / e~ 1=y, (5.9.8)
Y1L,R V3, R

R—o0
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The limit on the left is

247

o0 2 . o0 2 ° 2
/ et (1=1) gy :/ et cost2dt+i/ e " sint?dt.
0 0 0

A parametrization of y3 g is given by
y(u) =e's (R—u), wu€l0,R],
and so the limit on the right side of (5.9.8) is equal to

Re_{u2<1+i

R T Y1)\ m
— lim e_{(R_u)2e 4(1_1)}628(—1)du: lim va (1 )}elsdu

R—o0 0 R—o0 0

oo 5
z/ e~ V2P it gy
0

oo ) )
:/ e V24 E dy
0

_ \/7T2—1/4 <\/\/2+2
2 2

+i\/2_\/2>

2

- VZ (\/\/2+1—|—i\/\/2—1>,

and hence the result.

In the chain of equalities we have used that

s s
T cos4+1_\/2+\/2 i sinw— l—cos4
2 N 2 8 2

-1 VV2 2 _2_1\/\/2(\/2+1) VV2t
2 - - )

2 2
-1 V2= V2 72_[1\/%2(\/2—1) Vet
2 2 2

Remark 5.9.1. More generally, for Re z > 0, it holds that

e 1
/ e~ dt = \/ﬂ-,
0 2V z

V22
= Vv

(5.9.9)

where /2 denotes the analytic square root of z in the open right half-plane, which
coincides with v/x on (0, 00); see [53, Example 1, p. 113]. Equality (5.9.9) is clear for
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z = x > 0. This is just a change of variable in the Gaussian integral (5.2.6). On the
other hand both sides of (5.9.9) are analytic in Rez > 0, and the equality follows

1
by analytic continuation. We also note that the function 2\/ ™ s an analytic
z

extension of the function f[;* e=#*dt to C\ (—00,0]. See Section 6.3. Finally,
setting z = & — ¢ with 2 > 0 leads to the formula (see [83], [147]):

/ e~ cost2dt = \/7T Va? 1+ x’
0

8 22 +1
(5.9.10)
00 2 _
/ e~ gin $2dt = \/ﬂ- Va? 1 za
o 8 z?2 +1
where z > 0. Indeed, write \/Il_l = a(z) + ib(x). Then we get the system
a(0)® — b(z)? = and a(x)ba) =
2241 22 +1’
which has a unique solution such that a(0) = b(0) > 0.
We note also the two formulas
e 1
/ sinz"dx = " T'(1/n)sin( T ),
0 n 2n
. ) (5.9.11)
/0 cosa"dx = nF(l/n) cos(27;),

where I" denotes Euler’s Gamma function. See [204, 18.54 and 18.55].

Solution of Ezxercise 5.2.9. The function f is analytic in the open unit disk since
it is the sum of a convergent power series there. Let now z; and 29 be in D,
and let [z1,22] be the interval linking z; and z5. We have [21,20] C D, and a
parametrization of [z1, 29| is given by

Y(t) = z1 + t(z2 — z1), t€][0,1].

By the fundamental theorem of calculus for analytic functions,

f(z2) — f() = / f()dz

[21,22

]
- / ) (Bt
1
= (22— 1) / £yt

1 o)
= (22— 21) {1 +/0 <Z nan(’y(t))”—1> dt} :

n=2
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since

z)=1+4 i an 2"
n=2

S

Thus

|f(22) = f(z1)| = |22 — 21| -

(5.9.12)
> |z0 — 21| - 1—|/ <Znan 1>dt .
But we have
/ (;"WW )dt </ (;nlanl oy |> i
1 0o
g/o (me) dt
n=2
= Zn|an| <1
Hence:
B 1 oo » i B B 1 oo » i
1 /0 (; n(7(1)) )dt 1 /0 (; n(1(1)) )dt
>1—in|an| > 0,
n=2

and (5.9.12) leads to

[f(z2) = f(z1)| 2 |22 — 2] - |1 — /0 (;nanﬁ(t))”_ ) dt
> |22 — z1] <1 - Zn|an|> )
n=2

Thus, in view of (5.2.8),

|f(z2) = f(z1)| =0 = |z22—2z1|=0,

that is,
f(Zg) = f(Zl) —— Z9 = 21. O
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Solution of Exercise 5.3.2. An abridged solution is as follows: First consider
[, » f(z)dz. We have

T . it

/ (eiR cost—R sint) iRe dt
it
0 Re?

™
< / e—Rsintdt
0

™

:2/2 e—Rsintdt
0

— 0

f(z)dz

Y2,R

by Jordan’s lemma. On the other hand,

i ieet

li dz = — li iecost—esint dt
o | Sle)de =Ty [0 (e ) et
= —T.
Thus
~R it R it
lim dt+/ dt = —i. (5.9.13)
c—0 e t P t
R—o0
But . i R
—e i int
/ € dt+/ edt:2z’/ S
p t .t .t
and hence the result is
/ =T, (5.9.14)

Solution of Ezxercise 5.3.3. With the notation of the previous exercise,

lim f(z)dz =0,

R—o00 YR

and, using (5.3.2) with g(z) = 1_221-2 we have:

4

lim f(z)dz = —7_ = —2m,
e—0 2

Y4,e

and hence 0
X 1 _ p2iw
/ s dr = 2.
e X

Taking into account that 1 — cos(2z) = 2sin z we have

. 2
/Sm Tdr = . (5.9.15)
R

x2
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For a more detailed proof we suggest [80, pp. 159-161]. The previous result
can be checked in [204, p. 107]. The definite integrals on pages 107-109 of Schaum’s
Mathematical handbook of formulas and tables form a nice source of integrals which
you can try to compute using Cauchy’s theorem (or, for some of them, the residue
theorem). For instance, you might want to check that

. 4
2
/ (smz) dr — 7r7
R xr 3

see [204, 18.59, p. 108]. To evaluate the integral first note that

3-4 2 4
sind o — cos( 9;) + cos( x)

One calculates on the same contour as in the previous two exercises the integral
of the function _ _
3 — 4621z + 641z

824 '

f(z) =
We now check that

2

li dz = — " .
We have
. 22 23 ] 2 .
fay = 3R = ) T i = 1T - O
8z4
4 21
__223 3Z+g(z)a

where ¢ is analytic in a neighborhood of the origin. The important point is that
there is no term in 1/2%. We have

f(z)dz = /0 f(ee™)eiedt

.0 it S0 - it 0
) €ie 21 €ie ; ;

= - L dt — dt + eet)ieettdt
2][1_ 63631t 3 /ﬂ_ 66” /ﬂ_ g( )

=Ty(€) + To(e) + T5(e)

V4, e

where

. 0 - it 0
7 €le 1 9t 4,
Ti(e) = 5 /7T (33t dt = 0e2 /ﬂ e “"dt =0,

2 [0 eiett o
TQ(E):—3/ eeitth—S,

0
Ts(e) = / gleeMieedt — 0 as € — 0.
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Thus, as € — 0 and R — oo we have

;:f(a:)da: + /eR f(x)dz — 2; — 0.

Thus

R 2m
| 6@+ fands =] o

Since f(—z) = f(x), we have
e 2
/ 2Re f(z)dx = i
0 3
Since Re f(x) = Si‘;iw the result follows. O

Understanding this method leads without too much difficulty to the compu-

tation of the integrals
. 2p
/ (Slm> dz, peN, (5.9.16)
R x

as we now explain. Newton’s binomial formula (1.3.6) applied to
(eiw _ e—i1)2p _ e2i1p(1 _ 6—21'1)217

leads to a sum which contains only even powers of e***, and which moreover is an

even function of z. Thus, we can write

; im 2 P 2ik
et _ p—iT P B k=—p Cp, k€ e
24 2 ’
where the numbers ¢, , k = —p, ..., p are (real) rational numbers such that
Cp—k =Cpk, k=0,...,p.

Thus,

. ) 2p
- ap el _ p—iT
sin“? x = .
21

Zz:_p cp)keQikw
N 2
Cp.0 P :
= """+ Re) cppe?t” (5.9.17)
2 k=1
Cp,0 L
=0t > ep i cos(2kz). (5.9.18)

k=1
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In particular,

p
TOLD =0, (5.9.19)
k=1
We note that
( 2pk) (_1)k—p
pp= - . k=0,....p. (5.9.20)

Differentiating (5.9.18) 2p — 2 times, and setting each time 2 = 0 we obtain that
P
> ik =0, t=1,...,p—1L (5.9.21)

To compute (5.9.16) we integrate, along the same contour as above, the function

Cp,0 P 2ikz
5 + > k=1 Cp,k€

9(2) = o (5.9.22)
Let z = ee'®. To compute the line integral I, . f(2)dz we first write
(2“) 2,0
P ktet
( ei@)i ei@ _ ©p, 0266 ZC Zl 0 i ei@
gle ¢ T 9¢2p2pif Dk 2p 2p26‘ €
2€2Pe €?re
(5.9.23)

QUi l+1 (£—2p+1)

_ cp,ozee Z ZC ? ei(t—2p+1)0
 2e2pe2pif Pk £ '

In the computation of fm f(2)dz the terms with a strictly positive power of € in
(5.9.23) do not play a role because their sum goes to 0 as ¢ — 0. We thus focus on

2p—1 / p 0041 _(£—2p+1)
2 P )
Z (Z prka> 7 eg' 61(2—2p+1)6.

£=0

The terms corresponding to even values of £ vanish in view of (5.9.19) (for £ = 0)
and (5.9.21) (for £ # 0). On the other hand, the integral of e(=2P+1% on ~, _ is
equal to 0 when ¢ is odd and different from 2p—1. Hence the only contribution from

the sum (5.9.23) to lim._q f z)dz is the term corresponding to ¢ = 2p — 1,
and we conclude that
. 2p 1)r92p—1 k2r—1
/ <SIHJC> dr — ﬂ'( ) ( k=1 Cp,k ) (5924)
R\ = (2p—1)!

Taking into account (5.9.20), we have

P 2p ) k1.2p—1
: 2p k=1 ( —k (_1) k
/ <Smx> dz =7 P . (5.9.25)
R

x (2p—1)!
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In the following two examples we use the first formula. When p = 2 we have

3 4 1

2,0 = g’ 21 = —

and

—4+23
/ (sinz>4 (—1)%2° (Zizl C2J€k3) 8 ( 8 ) 21
de=m = .
R xr !

When p = 3, we have

10 15 6 1
30 = 557 C31= g5, €32 o5 and ¢33 = 957

and

/ sinz\ (—1)325(=3°+6-25—15) 1lx
dr=m = .
R\ 25 . 51 20

We now turn to the computation of the integrals

. 2p+1
/ (smx) dr, peN.
R x

Exercise 5.3.4 considers the case p = 1. The general case is considered after the
solution.

Solution of Exercise 5.3.4. We have

sin? et — e~ \?  3eir _ 3e~iw 4 (v _ o=8ir  3ging — sinda
in“z = = —

2i 81 4
These equalities suggest integrating the function

3eiz _ eSiz
423

f(z) =

along the above contour, and letting ¢ — 0 and R — oco. Cauchy’s theorem gives

3 ix _ L3ix
/ © o dx+/ f)dz+ | f(z)dz=o0. (5.9.26)
R —duler) 4T Yo, Yae
It is easy to check that
lim f(z)dz=0
R— 00 No.R

We now prove that
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Indeed, we have

f(2)

423
2+ 322 4+ 230(z)
423
2 3

= 4.3 + 4s + O(z),

C343iz— 527+ —1-3iz+ 522 4

255

where O(z) denotes a quantity which stays bounded as z goes to 0. But (with 74 .

defined as in Exercise 5.3.2)

dz O eiet i [T o
3 3,30 0=~ 5 e”"dt =0,
i % . € € Jo

and
lim O(z)dz = 0.

e—0

Y4,e

Hence letting ¢ — 0 and R — oo in (5.9.26) we have that

/ 3ei® — 63”(1 3mi
T = .

Taking imaginary parts on both sides leads to the result.

O

A different and shorter proof, based on formula (5.3.3), appears in [207,

p. 132].

We now present the analog of formula (5.9.24). We only outline the argu-
ments. The first step consists in finding the rational (real) numbers such that

(eim _ e—iz>2p+1 22_0 cp k(ei(2k+1)w _ 6—i(2k+1)1)
i .

27 27

We have therefore

P
sin?? ! (z) = Z cp i sin((2k + 1)x).
k=0

() o .

As above we note that

Cpk = ’ =Y,..5D-

2%p

(5.9.27)
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Differentiating this equation 2p 4+ 1 times and setting x = 0 we obtain the coun-
terpart of (5.9.21):

P
> eprk+ 1) =0, t=0,....p. (5.9.28)
k=0

We now integrate the function

F(z) = Lokmo o2

Z2p+1

along the same contour as above. Since

A1 =2p
f(Ee 9 266 Z <Z Cp7 2k + > E' l(€—2p)97 (5929)

£=0

the terms corresponding to odd values of ¢ vanish in view of (5.9.28). On the other
hand, the integral of e!(*=27)% on ~, . is equal to 0 when £ is even and different
from 2p. Hence the only contribution from the sum (5.9.29) to lim._, f% f(2)dz
is the term corresponding to ¢ = 2p, and we conclude that 1

sina’) 7 x—ﬂ(_l)p( iocpk@k"‘l)%)
/R( . > dx = (2p)! . (5.9.30)

Taking into account (5.9.27) this formula can be rewritten as

N 2p+1 Pk (P2 ¢ )?P
/R<su;x> "o Mo 1 2(2p(22];)!> 2% + 1
fmo(=1)" (Qp;kr 1) (k+ )%

(2p)!

As a check, let us use formula (5.9.30) and consider the cases p = 0, p = 1 and
p = 2. For p = 0 we trivially have ¢y, = 1 and so

sinx
dr =,
R X

and we get back the value of the Dirichlet integral (5.9.13). When p = 1 we have

3 1
C = —
47 1,1 43

3
3
/Smsxdx: 7r7
R X 4

(5.9.31)

1,0 =

and formula (5.9.30) gives
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and we get back the integral computed in Exercise 5.3.4. For p = 2, we have

10 5 1

C2.0 C21 = _16’ C22 = 16’

07 467

/ sinz 1157

dr = .
L\ 192
Solution of Ezercise 5.3.5.

Case 1: H € (0,1/2). We take the function

and we get the integral

fe) =" S e {1 -2H)nz),

257

where In z is the logarithm function defined on C \ R_, and equal to Inz on the
positive line. By Cauchy’s theorem the integral of f along 7. g is equal to 0. We

now show that

li_r)r(l) /C f(z)dz = lim f(z)dz =0.

R—o0 Cr

Indeed, In(ee®) = Ine + it for t € [0, 7/2], and we have

t

0 1— iee )
/ f(z)dz = / 2:2it exp {(1 — 2H)(In e + it)} iec™ dt
Ce €

/2
it

/2 1 iee’

. —€ _ _ ;

— ., (L —2H ((1=2H)it gy
0 ee’

For |z| <1 (and in particular when z = iee’ with € < 1), we have that

n—1

o0
>
n!

n=1

1—e*
z

(5.9.32)

Moreover, for H € (0,1/2) we have 1 —2H > 0 and so lim._,o €!2# = 0. Hence,

fore < 1,

< (e— 1)72761—2’1’ 0,

as € — 0. Similarly,

/Ce f(z)dz

/2 1— eiRel

f(z)dz = z/ ~ Rl-2H (1-2H)it 3
Cr 0 Re”

/2 1— eiReit

_ ’L/ ] R_2H6(1_2H)itdt.
0 ezt
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Since

R = R 1 e 0,2

iRe®

we have |1 —e < 2 for t € [0,7/2], and

(2)dz| < 7R =0,

Cr

as R — o0o. Thus we have

oo € 1 _ -y .
/ f(z)dz = — lim i 62 yl—2H i 0=2)m/2 g,
0 }3::0, R Y

. (1= - Cl—eY |_
_ (ze (1-2H) /2)/ yl 2de
0

. X1 eV
_ e—z‘n'H/ ys yl—Qde’
0

so that, equating real parts of both sides, we have

COST p1-2H gy cos(mH) N y 2 H gy,
2 2
0 x 0 Y

Finally, integration by parts gives

00 B L 1—eY y—2H o 00 e—yy—QH
/ (1 —e U)y 1 2de _ ( ) |0 _ / dy
0 0

—2H —2H
e’} e—yy—QH
=— d
/0 o Y
~ I'(1-2H)
- 2H
To go from the first line to the second, note that (1_{;;}’721{ ’30 = 0 since H €
(0,1/2). So
1 - r(1-2H
/0 ;QOszzl_Qde:cos(wH) ( o F ),

which can also be rewritten as

(2 - 2H)

©1—cosT | _op
dr = H
/0 x x = cos(m )2H(1—2H)’

2

since I'(1 + z) = 2I'(2).
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Case 2: H € (1/2,1). We first integrate twice by parts to obtain
o0 —2H oo .
0o 1 sinx
1- “12H gy — (1 cosz)” / d
/0 (1 —cosz)x x = (1—cosx) —2H‘0 + of [, a2H x

1 /°° sinxd
= T
2H 0 IQH

I1_2H 1

N (5.9.33)
0 1-2H
- d
2H(1 — 2H) o 2H(1 — 2H) /0 v s

=sinz

1 = 1iem
=— dx.
2H(1—2H)/0 x cos zdx
Note that
o-2H pl-2H
(1 —cosx) —QH‘O :smcr:2H(1 2H)‘0 =0,

since H € (1/2,1).

To compute the last integral we use the same contour as in the first case,
but with the function f(z) = e?e(!=2H) "2 We first show that (5.9.32) still holds
here with the present choice of f. We have

w2 | ,
(Z)dZ — / ezRe R1_2H€Z(1_2H)tiR€ndt7
Cr 0

and so
/2
< / G_RSintR2_2Hdt.
0

f(z)dz
Cr

From the proof of Jordan’s lemma, or, equivalently, checking that on [0,7/2], it
holds that

. 2t
sint >,
T
we obtain
/2 /2
—Rsint —2tR/m gy _ T —R m
dt < dt = 1-— <
/0 c = /0 c ot ¢ )= g
Hence

f(z)dz

/2
S / e—RsmtR2—2Hdt S 7TR1_2H — 0’
Cr 0

as R — oo since 1 —2H < 0. In a similar way,

0 it . .
/ f(z)dz = / giee” 1= 2H gi(1=2H)t it gy
Ce /2

We now use that L ‘ -
|ezee’|:e—esmtSL te |:0’2:|’
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/Cé f(z)dz

as € — 0 since 2 — 2H > 0. Hence,

and so
T
< 262—2H 0,

> — 1 ‘ -y, (1-2H)(iw/2+Iny) ;
/0 f(z)dz 6151& : e Ve idy
R—o00

_ (Z-e(l—QH)iw/2)/ e—yyl—Qde
0
= —e AT (2 - 2H).

Taking real parts we obtain
/ 2t cos wdr = — cos(rH)T(2 — 2H).
0

Comparing with (5.9.33), we obtain:

1 —cosT 4_op cos(mH)I'(2 — 2H)
dr = . (]
/O 2 " 2H(1 — 2H)

Solution of Exercise 5.4.2. Let z € Q. Then
[1+¢(2)| 2 [T+ Rep(z)] > 1

since Re p(z) > 0. Thus (1 4+ ¢(2)) # 0 and the function

_ 1—0(z)
s(z) = 1+ p(2)
is well defined in Q2. Furthermore,
2Rep(z)
1—|s(2))* = >
M P

Thus s(z) is bounded in a punctured neighborhood of zp, and hence, by Riemann’s
removable singularity theorem (see Theorem 5.4.1), zq is a removable singularity.
O

Solution of Ezxercise 5.4.3. From the arguments of Exercise 4.2.18 the function f
has a derivative at every point where it does not vanish, and so f is analytic
in Q\{weQ; f(w)=0}. The points {w € Q; f(w) =0} are a priori isolated
singularities of f. Since f is continuous at these points, an application of Riemann’s
removable singularity Theorem (see Theorem 5.4.1) shows that f is analytic in
all of €. O
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Solution of Exercise 5.4.4. Let Z(f) denote the set of zeroes of f in Q2. We have
Z(f) = Z(f?). Hence, Z(f) has only isolated points in © since f? is analytic. The
function

f3

f=f2

is a quotient of two functions analytic in © \ Z(f), and hence is analytic there.
From expression (5.9.34) we see that the points in Z(f) are isolated singularities
of f. We will now show that they are removable singularities. Let zg € Z(f). We
write

(5.9.34)

F2(2) = (2 = 20) g(2),
F2(2) = (2 = 20)" h(2),

where N, M € N and where g and h are analytic in B(zg,r) for some r > 0, and
do not vanish in B(zo,r). Therefore, for z € B(zo,7) \ {20} we have

h(z)
f(z) = (2 — z9)M~N . 5.9.35
()= (=2 1) (59.35)
The function f2 is analytic in £ and so it is bounded in modulus in a neighborhood
of zp, and so f is also bounded in modulus in a neighborhood of zy. This forces

M > N, and (5.9.35) expresses that zp is a removable singularity of f. Since
f(20) = 0 we have in fact M > N.

To prove the last claim, let p; and ps in Z be such that
pin1 + pang = 1.

One, and only one, of the numbers p; or psy is negative. Without loss of generality
we assume p; > 0. It suffices to redo the preceding analysis with fP1" and f~P2"2
instead of f2 and f2. O

Solution of Ezxercise 5.4.5. The first claim is a direct application of Riemann’s
removable singularity theorem (see Theorem 5.4.1 for the latter). To prove the
second claim, one first takes a # b, and z different from a and b. One then has:

f(z) = fla) _ f(z) = f(b)
(Raf)(2) = (Ro f)(2) z—a z—b

a—>b a—>b
_ (f(z) = fla)(z =) = (f(z) = f(b))(z — a)
(z—a)(z—b)(a—10) ’
and

f(z) = f(b) _ fla) - f(D)

RuRyf(2) = z—>b Z:a a—>b
_ (f@) = f®)(a—1b) = (f(a) = f(b))(z =)
(z—a)(z—b)(a—Db) '
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The equality follows (still for z different from a and b, and a # b) since

(f(2) = f(a))(z = b) = (f(2) = F(0))(z = a)
= (f(z) = F(0)(a = b) = (f(a) = f(0))(z = b)
= (a=b)f(2) = (2 =b)f(a) + (z = a) f(D).

Therefore, for a # b, and using (5.4.1), we see that the function

Raf(z) - Rbf(z)
a—>b

can be extended analytically to all of 2. Hence R,Rpf can also be extended
analytically to all of 2, and we obtain the resolvent equation. Finally, in the case
a = b, equation (5.4.2) is trivial. O

Solution of Exercise 5.5.1. We follow [29, p. 206]. Let p be as in (5.5.1). The func-
tion
P(z)=14an_12+ - +apz" (5.9.36)

is still a polynomial, and Cauchy’s formula applied to p*(z)f(z) leads to

1

2 ) .
PO =, [ e

Since p*(0) = 1, using (3.1.4) we have

I£(0)] < 2177/0 ﬂ|Pﬁ(eit)f(e“)|dt.

To conclude we note that, for z # 0,
pH(z) = 2"p(1/>).
In particular, for z = e (with ¢t € R) we have 1/z = z and so
pH(e)] = [p(e™)],
and hence we get the required inequality. 0

We note that the operation p — p? appears also in the solution of Exercise
6.4.3.

Solution of Ezercise 5.5.2. In view of Cauchy’s formula, (5.1.5) can be rewritten as

12| (0) < (max ! )-L(O)- JCE

1EC ]2

and so the infimum is strictly positive when we fix f(0) = 1. O
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Solution of Ezxercise 5.5.3. Let p be a polynomial. Then, by Cauchy’s formula,

1 L—2p(z),
/T dz = 1. (5.9.37)

271 z

Therefore, using (5.1.3),

- 1 /l—zp(z)dz|
T

21 z

< 1-

< max |1 — zp(z)]

_ -1 _

= max|z™" —p(z)],
where we have used formula (5.1.3) to go from the first to the second line. This
proves the claim with M = 1. 0

Solution of Ezxercise 5.5.4. If zy is in the exterior of C, both functions

ONIE

z— 2z (z — 20)?

are analytic in a neighborhood of the interior of C', and Cauchy’s theorem insures
that both sides of (5.5.4) vanish.

If 2g is in the interior of C, Cauchy’s formula applied to f’ shows that

f'(2)

dz = 2mif'(20),
Cc R — 20

while Cauchy’s formula applied to f shows that

/ 1) dz = 2mif'(20),
c

(z — 20)?
and hence the result. O

Another proof, using the notion of removable singularity, is presented in
Exercise 7.2.3.

Solution of Ezxercise 5.5.5. The function

sin 22

(224+1)(z —2)3

is analytic in |z| < 1, and therefore for every r < 1, Cauchy’s theorem implies that

/ esinzzdz 0
i (2412208 T
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Let now 1 < r < 2. Let C; and C_; be two circles around the points ¢ and —i, with
(say common) radius p such that B(¢, p) and B(—1, p) are both inside B(0,r). By
Theorem 5.3.1, we have

/ esin z2d2 - / esin szz +/ esinz2dz
s=r 2Dz =203 Jo, (24 1)(z =20 Jo, (22 +1)(z —20)3

where all the curves are taken with the positive orientation. The function

sin 22

(z+1)(z — 2i)3

is analytic in an open neighborhood of |z — i| < p. By Cauchy’s formula,

sin 22

€

/ N2 :/ (z+1)(z —2i)3 &
o (2D —200 " Jo, oz

sin 22

(z+14)(z—2i)3 |Z:i

—sinl

= 27
= —ime
The integral

sin 22

€

/ e _ / (z—1)(z —2i)3 s
o, (224 1)(z—2)3 o z41

is computed in a similar way.

For the case r > 2 one takes p such that B(2i, p) is inside B(0, 7). Theorem
5.3.1 now gives

/ esinz2d2 _/ esinz2dz +/ esinzzdz
e (D=2 " Jo (21 —203 T Jo (2 1)( - 20)°

sin 22

e dz

+ e
Oy (224 1)(2 —2i)3

where Cy; denotes the positively oriented circle Cy; around z = 2¢ with radius p.
The first two integrals on the right side of the above equality have already been
computed using Cauchy’s formula. The third one is computed in the same way,
namely

sin 22

(&

sinz2d 9 1 sin 22 )
e z 22 4+ . e

= dz = 2mi - 2! - .o g
/C;Zi (22 + 1)(Z - Qi)g /C;Zi (Z - 2i)3 ¢ ™ (ZQ + 1) |Z:2Z
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Solution of Ezercise 5.5.6. Using formula (5.5.5), we have

2

2m z
2it _q- (&

/ e ?”tdt:/ . ,dz
0 |z]=1 %%

1 z
=27 . / ¢ dz
21 |z]=1 Z4

(ez2)(3)
3!

=27

= O’
where we have used Cauchy’s formula. O
Solution of Ezxercise 5.5.7. We begin as for Exercise 3.1.8 and write cost =

it 4 it
d
9 an

2 27 it —it\ 2P 2m (20t | 1)2p
/ c0s2ptdt:/ e te dt:/ (e 2 +2 ) dt
0 0 2 0 22pe2pit

Using formula (5.5.5) we see that this equation in turn is equal to

1 24 1)%
/ (z%+1) dz.
|z]=1

4rq z2p+1

Let f(2) = (2% + 1)?. Cauchy’s formula implies that

Y A
omi Jlyoy 22t T (@2p)

But
7200 = e (%)
p
since
2p 2p
_ 20
f=3x ( 4),
£=0
and so
2 . 2
271 1 z +1)°P
2p _
/0 cos tdt—4pi 27”/|z L s dz
_2mi f(21’)(0
~4ri (2p)!

:<> 0
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The dominated convergence theorem leads to

2m

lim cos?? tdt = 0.
p—oo J

This can also be checked directly from the formula for fo% cos?? tdt using Stirling’s
formula.

We also note that fOQﬂ cos?*1tdt = 0. Indeed, the change of variable t
u =t + 7 leads to

27 3
/ cos?P T tdt = / (—1)%P T cos?P T ydu
0 T
3
= —/ cos?P T udu
s

27
= —/ cos? 1 udu,
0

where the last equality holds since the function cos?’*! v has period 2, and so
its integral is the same on any interval of length 27.

Finally we remark that one can apply the residue theorem to compute

2 1 2p
lz]=1  #%PT

Solution of Exercise 5.5.8. We have

1 [tz 1 (22t —et 42 .
/ fena= [ LT e
0 0

47 et — 2 4 et — »
L2t it I it
S Y T R ICT
0

since, by Cauchy’s formula,

2w it )
f(Z) _ 1 / f(C) dC 1 /O it f(ezt)dt

271t Jjg=1 € — 2 " or -z

and in particular

1 2 eit " 1 27 "
0) = . dt = )dt.
101 =y [ Curehae=, [ st
On the other hand, for a given z € D, Cauchy’s formula applied to the

function
1+ ¢z

g(C):f(C)l_CZ
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leads to
1o 1o 1+eitz
0) =g(0) = ydt B dt
10 =90 = 5 [ o=, [ e T8 an
and so
1 [ 14ets
! dt = f(0
e | 1€ = 10)
Therefore,

)
2 )
and hence the result since
1 2m it )
/ ¢ 77 Re f(e)at
27 Jo et —z
1/ 1 (2 eit 4, 4 1 (et 4y
= ) "dt ) Wdt | .
2 <27r/0 e”—zf(e ) +27T/0 e”—zf(e ) >

To prove the first equality in (5.5.7), it suffices to subtract f(0) from each side of
(5.5.6). One obtains

f(z) = £(0) = iTm f(0) = £(0) 1/()ﬂel-t+ZRef(e”)dt

_|_
27 et — z

21 4
_ ! / e+ Re f(e')dt — Re £(0)
0

2T et — z

1 27 it ) 1 27 )
_ / € T2 Re fleMydt — / Re f(e')dt
0 27 Jo

27 et — z

1 [ 2z .
= _ R B dt.
o | R

Differentiating n times with respect to z both sides of the first equality in (5.5.7) we
obtain the second claim. Interchanging integration and differentiation is legitimate
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thanks to Theorem 14.6.1. The third claim is a direct computation, done as follows:

Re f(2) = Re <i1mf(0)+ ! /% " +zRef(e“)dt>
0

27’1’ ezt_
1 2 e”+z
. | ( ) e F(c)dt
L[ 1|22
” / i o e St

Solution of Exercise 5.5.9. It suffices to define the function g(z) = f(Rz) for z € D
and apply Exercise 5.5.8 to g. O

Solution of Ezxercise 5.5.10. This is a direct consequence of the third equality in
(5.5.7). O

Solution of Fzercise 5.5.11. We use the representation (5.5.9) for f:

27 it
fe) =ia [0 T .

et —z

and write for z,w € D,

et 4 2 e+ w
f?‘n' { +

f2)+ flw) 70 let—z e —w
1—z2w 1—zw
2 2 —2zw
. . du(t
I Ty )
n 1—zw
:2/2” dpt)
o (et =) eit —w)
Therefore for N € N, wy,...,wy € D and c¢1,...,cy € C we have

(we) + flwy) 2 N ey
£ (o

— it it
Py 1 — wow;, ( we) (e
o | N c 2
¢
=2 ) dp(t
/0 ZO: it | )
> 0. (]

Solution of Ezercise 5.5.12. Using formula (5.5.6) and the equality

it 4 4 o0 By
it = 1 +2Zz"+le it ] < 1,
n=0
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we have for |z| < 1,

2m o0 2m
f(z) =14iIm f(0) + ! /0 Re f(e')dt + 2;%2171_ / e~ " Re f(e')dt.

27T 0
Thus
1 271' .
fo=Ref0) =, [ Refetyar,
27T 0
and
1 27 . .
fe= / e " Re f(e)dt, £=1,2,....
27T 0

Since the real part of f is positive on T, it follows from these expressions that

1 27 )
IfeISQW/ Re f(e)dt = 2Re f(0), £=1,2,.... 0
0

Solution of Ezxercise 5.5.13. We will assume fy € R and positive. This can always
be achieved by multiplying f by a constant of modulus 1, and this operation does
not affect (5.5.12). The function g = 1 — f is analytic in |z| < 1+ € and has a real
positive part in the open unit disk. By (5.5.11)

|f€|§2Re(1_fO):2(l_fO), £:1727"'7

and thus, for |z| < 1/3 we have:
- o | fe
Sl < fo+
=0 =1

§f0+22(13_ef0)
=1
=fo+2(1—fo)2314
=1

=fo+(1—fo)=1 O

Solution of Ezercise 5.5.15. From (5.5.6) we have:

27 it 27
Re f(2) = ;W/O Re<e. “) Re f(e)dt = 1 /0 L=12F pe feityt.

et —z 27 le’t — z|?
But, for |z| < 1 we have

L= _ 1=[e* _ 12
(T[22 7 e =2 = (1= [2])?
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and so (since 1 — |2]? = (1 — |z|)(1 + |2]))
1—1z] - 1—|z? < 1+ |z

Lt [z] 7l =22 7~ 12|
Therefore
1—|z| vy o 1127 iy o~ 1+ it
Re f(eit) < Re f(e't) < Re f(e').
1+|Z| ef(e)—|en_z|2 ef(e)—1_|z| ef(e)
Integrating these inequalities we obtain (5.5.13) since
1 27 .
Re f(0) = / Re f(e™)dt. O
2T 0

Solution of Evercise 5.5.16. By Cauchy’s formula applied to f4 and zp = 0 we
obtain:

0= f0)y= ! /1f4(z)dz L[ ity

~ o : T om Jy
In particular,

2
Re fAe™)dt = 0.
0
Since
Re f* = Re(u + iv)? = u* + v* — 6u®v?,

we obtain
2m 2m
/ (u(cost,sint)* + v(cost,sint))dt = 6 / u(cost,sint)?v(cost, sint)?dt,
0 0
and in particular
2 2m
/ u(cost,sint)*dt < 6/ u(cost,sint)?v(cost, sint)?dt.
0 0

Taking squares of both sides and applying the Cauchy—Schwarz inequality to the
expression on the right, we obtain

2m
</ u(cost, sint)4dt>
0

2 2

2
< 36 </ u(cost,sint)%(cost,sint)%t)
0

27 2m
<36 </ u(cost,sint)4dt> </ v(cost,sint)4dt> .
0 0

If fo% u(cost,sint)*dt > 0 we divide both sides of the last inequality by this

expression and obtain (5.5.14). If fOQﬂ u(cost,sint)*dt = 0, then (5.5.14) is trivially
satisfied. The second inequality follows since the function i¢f = —v + du is still
analytic in |z| < 1 4 € and vanishes at the origin. O
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Solution of Ezxercise 5.5.17. By Cauchy’s formula we have

F0) 1 f(z)dz
A 27ri/_r Zkt+1 7

and so
_ 2 f(ret)irettdt < M
|ak| = | rhtlei(k+1)t | = pk°

Thus, for |z| <,
lapz"| < =M. O

Solution of Exercise 5.5.18. Take R; < R. The coefficient of the power z"~! in
the power expansion of f is nf,. By Cauchy’s formula applied to f’,

1 f'(z)dz
T |z|=R1 z
B 27 f/(Rleit)Rlieit dt
C2mi Rpeint
1 /27'r f/(Rl e“)Rlieit dt
— 27 Ripeint
<! / 7| MByiet|
27 Rpemt
1 [*™|MR
= / Yat
_ M
= R{L_l'
Since this estimate holds for all Ry < R, we obtain (5.5.15). O

Solution of Ezxercise 5.5.19. Take r > 0. Cauchy’s formula gives us

/ f(z)dz
21 |z|=r Zn+1

1 2w f(re“)rieit

[l =

= |2mi J, Tn+1ei(n+1)tdt’
Hyriet
S / rn+lez(n+1)t dt
/ Mre”
<
— rn+1
M

rr
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Thus

T

. (&
[ful < M inf .

The minimum of the function r +— f; is for r = n. Plugging r = n in the formula

one obtains the required estimate. O

Solution of Ezercise 5.5.20. From
f(z) = nanz""",
n=1

we have

1 !
na, = / f(z)dz, n=12,...
|z|=r

271 "

for any 0 < 7 < 1. Thus,

2m / it
na, = 1/ Fi(ret) dt.
0

o1 rn—1lgi(n—1)t

In view of (5.5.17) we have
nla,| < M.

Now we can write

1 1
[ 1r@ds <[5 lagfands
0 0 n=o0
1 o M
< ao| +/ z"dx
1
<lao| + M/ (—In(1 — 2))dz < cc. O
0

Solution of Ezxercise 5.5.21. For n > 1, this is just Cauchy’s formula applied to
the function

9(¢) = (C+2)¢" "
For n <0, and using (5.1.9) if need be, we have that

1 C+z . .. 1 14+¢2 .,
2mi TC—zC 1d<_2wiA-l—CzC dc

which is equal to —1 for n = 0 thanks to Cauchy’s formula, and 0 for n < 0 thanks
to Cauchy’s theorem since |z| < 1. O
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Solution of Ezxercise 5.5.22. Without loss of generality and to keep the notation
simple we set zop = 0 and » = 1. The integral to compute is

L e

etdt.
27 Jo f(en)e I

Recall that (see (5.2.1))
f(e®) =ie® f(e"). (5.9.38)
Set, for 0 < s < 27,
j N Y A A L }
s) = f(e*¥)exp—i Lletdt p .
g(s) = f(e") exp { /0 fleit)
Then, in view of (5.9.38),

and so g(s) = ¢g(0) = g(2m). Hence
L)
1 = exp —i Letdt
ow=i{ye [ ooy et}
and hence the result. O

Solution of Exercise 5.5.23. Assume that such a function exists. Then for z € Q,

2f(2)f'(z) = 1.

Dividing this expression by f(z)? = z we obtain

f(2) T2

Integrating both sides of this equality along the circle of radius 2 and using the
preceding exercise, we obtain on the left side a multiple of 27, while on the right
side we get 7, and hence a contradiction. O

Solution of FEzercise 5.5.25. We saw in Exercise 3.1.12 that the integral (3.1.9) is
well defined for z off the real line and that
m(t)dt

Re fin(2) = —i(z — 2) 22

Furthermore, the integral will vanish if and only if

m(t)

=0
[t—z2 7
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that is, if and only if m(t) = 0. We now turn to the proof that f,, is holomorphic
in C\ R. We focus on the case where z is in the open upper half-plane C4, and
will show that

F1(2) = —i/R (T(_t)j; (5.9.39)

The case of the open lower half-plane is treated in the same way. Let z and w in
C.. We have

fm(2) = fm(w) _ —i/ m(t)dt
R (

z—w t—2)(t—w)’

and therefore,

P i [ = R o)~ e O
e 2)/ ( m(t)dt
R

t—2)2(t—w)
Let
d=dist (z,R) = min|t — z| = Im 2.
teR
We chose w such that |z — w| < . Then, for t € R we have

w—z |lw—2z2] 1
< <

- d 2

9.4
. (5.9.40)

In view of (5.9.40) we have, for w as above,

o lul =l
t—wl lt—z4z—w
_‘ 1
(t—2)(1-"1Y27)
1
S w—z
it =21 —[Y27))
1 2

S—a(—1/2) " |t—2|

Therefore, for w such that |z —w| < g we have

R~ 2 R IL—

z2—w 2|3’

from which we obtain that f,, is holomorphic in the open upper half-plane, and
that its derivative is given by (5.9.39). O



5.9. Solutions 275

Solution of Exercise 5.6.1. We have

eZZ + e—ZZ eZ + e—Z

h =
cos z cosh z ) 5
B e(l-i—i)z +e(i—1)z+e(—i+l)z+e—(1+i)z
= A _
Thus
N Z" o im i i
4 coszcoshz = Z ol {G+D)"+(E—-1D)"+(—i+ )"+ (=i —1)"}.
n=0
But
dci

Cp = (+1)"+(@—-1)"+(—i+1)"+ (=i —1)"
=@+D)"1+(-D)")+E -1+ (=1)").

Thus ¢,, = 0 when n is odd, as it should be since the function cos z cosh z is even.
For n = 2p we have

c2p = 2((i + 1)* + (i — 1))

=2((20)" + (—21)")
0, if p is odd,
©14-224(=1), if p=2(is even.
Hence roop
> (—1)%22
coszcoshz—lz_%( (4)6)! 24 O

Solution of Exercise 5.6.2. We prove only (5.6.1). The proof of (5.6.2) is similar.
For small enough € we can write:

flzo+ie) = flzo+e) _ A
f(z0 +e+ie) — f(20) B
where
62 62
A= [(z0) +ief (z0) =, F/(20) + €0(0) ~ f(z0) — ef (z0) — &, F"(20) + €O(e)
— (i = 1)f'(20) — ef"(z0) + €O(e))

and (since (1 +14)? = 2i)

B = f(z0) +e(1+1)f'(20) + i€’ f"(20) + €*O(€) — f(20)
=€ ((1+14)f'(20) +icf"(20) + €O(e)) -
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Hence,

f(z0 +i€) — f(20 +¢€)
f(z0 + € +i€) — f(z0)
_ (i =1)f"(20) — €f"(20) + €O(e) — i (1 +4)f'(20) + i€f" (20) + €O(e))
(1 +14)f"(20) + ief"(20) + €O(e)
_ €O(e)
(14 ) (20) + e £ (z0) + €O(e)

from which the result follows since f’(zg) # 0. O

Solution of Ezxercise 5.6.3. By definition of the radius of convergence,

R = min([1/2 — %], [1/2— (1 +4)[) = f. 0

Solution of Ezxercise 5.6.4. The radius of convergence of the power series expan-
sion at the origin is

R = i 1 =
=120 m [Vl maxs—1,2, .m |ze|’

.....

since this is the radius of the largest open disk centered at the origin where the
power expansion exists. Moreover, for z < 1/ maxg—=1,2, .m |2¢|, we have

fz)= Z Z 22y = Z 2" <Z z?) . (5.9.41)
n=0

¢=1n=0 =1

The interchange of summations makes sense since one of the sums is finite. The
radius of convergence of (5.9.41) is

1
limsup,, _, o0 [ 3252, 27"

Thus
1 1

. m = )
Hmsup,, o | 2oy 271V maxe—1,2,m |2
and hence the result. O

Solution of Ezercise 5.6.5. (a) Let f(z) = > 7, anz™ be the power series expan-
sion of f in D centered at the origin. We have

o o
E apz" = E ane¥z", Yz eD.
n=0 n=0

By uniqueness of the coefficients in the power series expansion, we have

an zaneN, n € Np.
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It follows that a,, = 0 when n is not a multiple of N, that is
flz)= ZakNZkN7 zeD.
k=0

Set g(z) = Y5, arn 2, and let R denote the radius of convergence of g. If R = oo,
we have f(z) = g(z) in particular in D. Assume now R < oo. Then
N 1 1

= > >1
limsupy, , o [arn|/*N = limsup,, o lan['/™ —

since f is analytic in the open unit disk. Thus R > 1 and g is analytic in the open
unit disk, and satisfies f(z) = g(z") there.
(b) Assume that (5.6.3) holds in the open unit disk. Then replacing z by ez

we have
2 =g(z") = g((e2)") = (e2)F,
and hence €¥ = 1. But this is impossible for k € {1,..., N —1}. O

Solution of Ezercise 5.6.6. Let F(z) = 3,2, asz* be the power series expansion
of F' centered at the origin. By hypothesis,

Zagpe eR Vpe(0,R).
=0

We prove by induction that a, € R for all n. For n = 0 the claim is true, as is
seen by letting p — 0 (recall that the power series is continuous in |z| < R and in

particular at the origin). Assume now that aq, . .., a, are real. Then the expression
o0 o0 n
> =Yt Yt
t=n+1 £=0 £=0

is real for all p € (0, R). Dividing by p"*! we obtain that

Z a1 eR, Vpe (0,R).
{=n+1

Letting p — 0 we get that a,+1 € R. We now use the second hypothesis

Z anp"exp(inmV/2) € R, ¥p e (0,R).

n=0

In particular the imaginary part of the above expression is 0 for all p € (0, R),
that is

Z anp”sin(nmv/2) =0, Vp e (0,R).
n=1



278 Chapter 5. Cauchy’s Theorem

By the same argument as above,

anpsin(nryv2) =0, n=1,2,....
But +/2 is irrational and so nwv/2 is never a multiple of 7w and so sin(mr\/Q) #0
for n =1,2,.... It follows that a,, =0 for n =1,2,... and so F(z) = ao. (I
Solution of Ezercise 5.6.7. For a given t € C the function z et>=*/2 ig entire

and therefore admits a power series expansion of the form (5.6.4). We now show
that the h,, are polynomial functions of the variable t. By Cauchy’s formula

1 etz—z2/2
hn(t) = d
( ) 27 / =1 Zn-‘rl z

oo —2%/2
- 2m/ 4, 0 z"Jrl dz.
By Cauchy’s theorem, the integral f‘ 20n=1e=2"/24, = 0 for ¢ > n. By
Cauchy’s formula, it is equal to 2 for E = n. Thus h,, is a polynomial of degree n.

O

Solution of Exercise 5.6.8. The formula for A(z) involves an integral along the
interval [0, z]. Since the function f is analytic in the open unit disk, and since
the open unit disk is convex (and in particular star-shaped) the integral does not
depend in fact on the path within D linking 0 to z. We have

f(s)ds = i njjj lz"+1
n=0

(S (5]
(B ()

and (5.6.5) is a direct consequence of the formula (4.4.14) for the product of power
series. i

0,2]

Thus, for |z| < 1,

Solution of Ezercise 5.6.9. By definition, the area S(.A) is equal to

= // dzxdy.
A
We make the change of variable
e(x,y) = (u(z,y),v(z,y)).
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Since f is analytic in D, the Jacobian matrix is equal to (4.2.8), and its determinant
is equal to |f/(z)|?. By the theorem of change of variables for double integrals we
have

S(A) = / /D /(=) 2dady. (5.9.42)

Let f(z) = >.0"yan2" be the power series expansion centered at the origin of f
in the open unit disk. With the change of variable

r=rcost y=rsint,

this integral becomes
2 1 ©°° )
S(A) = / / > nmpt e . (5.9.43)
0 0 n,m=1

The family of functions

frm(r,t) = nmr T2l nmmit oy =1

converges uniformly and absolutely in [0, 1] x [0, 27]. This allows us to exchange
the integral and the double sum in (5.9.43). Indeed, let € > 0. There exists N € N
such that

oo

Z |fn,m(7"7t)| <k¢,

n,m=N+1
and thus

27 1 0
/ / Z nmr T2ty g gt
0 0

n,m=1
2,1l N
:/ / Z nmrt T 2ein=m)t | g gy
0 0 n,m=1
27 1 o0 )
-|-/ / Z nmr T 2ein=m)t | gt
0 0 n,m=N+1

The second integral is bounded by 27e, and the first integral is equal to

N
ﬂ'Zn|an|2.
n=1
The formula
N
S(A) =7 nlan|”
n=1

for the area follows. O
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We note the following: Starting from (5.9.42), we can use the Parseval equal-
ity, and obtain

o7 | oo 2 0o
/ E nanrn—lez(n—l)t dt = o E n2|an|2r2n—2
0 n=1 n=1

and proceed as follows (recall that we assume f analytic in a neighborhood of the
closed unit disk):
— [[ 17 Pazay
D

_ /l </27r |f’(re“)|2dt> rdr

_2ﬂ./ Zn2|a |2 2n— 1d7’
:7TZn|an|27
n=1

where the interchange of integral and summation to get to the last line is done

using for instance the monotone convergence theorem.

Solution of Ezercise 5.6.10. (1) Let f(z) = >_ " janz" be the Maclaurin expan-
sion of f in B(0, R). As in the solution of the preceding exercise we have

1 27 n
277/0 I (reit) 2t = Zﬁ lan?, €0, R).

Therefore My(f,r) is increasing, and is strictly increasing unless
a1:a2:-~-:0.

(2) Let f be entire and let R > 0. We have

//<R |2da;dy—/ /27r f(rét )|2rdrdt—27r/ORrM2(f, r)dr.  (5.9.44)

Since Ma(f,r) is increasing, this last integral cannot converge as R — 0o, unless
Ms(f,r) =0, that is, unless f(z) = 0. Another proof using subharmonic functions
goes as follows: The function |f|? is subharmonic (see (9.3.3)), and so (9.3.6)
implies that

[FO) < My(f,r).
If f(0) # 0, we see from (5.9.44) that

//|<R () 2dady > 7R F(0)]2 —s 400
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as R — 4o0. If f(0) =0, we have f(z) = 2"¢g(z) where n € N and where ¢ is an
entire function not vanishing at the origin. We have

/ / (2)Pdady < / / 1220 |g(2) Pdedy < / () Pdudy < oo,
\ \>1 |z]>1 C

and therefore
J[ P dsdy < .
C
and we are back to the preceding case. O
Here also we could use Parseval’s identity to compute

27 ) 0
/ [flre™)Pdt =27 (D |anl*r™" | | (5.9.45)

0 n=0

and proceed.

Solution of Ezercise 5.6.12. This is a direct consequence of (5.9.45). O
Solution of FEzercise 5.6.14. (a) Let n,m € Ny. Going to polar coordinates we
have:
1 2 1 [ [ 2 X
// e P2 () dady = / / e~ pnAmtlgin=mt gy gy
T R2 ™ Jo 0
)2 fooo e T rntldr if p = m,
o, if n # m.
But

2/ 6—r2r2n+ldr _ / e "rdr = n!. (5946)
0 0

(b) Using polar coordinates and using (5.9.45) we have:

1 [e%s) 27 )
[ pasay = [T e ([T st zar)
T JR2 0 0
:2/ e Zr2”|fn|2" rdr
0 n=0
=92 Z |fn|2/ e~ 2t gy
n=0 0
= Zn'|fn|2
n=0

in view of (5.9.46). The interchange of sum and integral above can be done for
instance using the monotone convergence theorem. O
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Solution of Ezercise 5.6.15. (a) We have

n

= w
= E cnz”  with ¢, = ',n:(),l,....
n!

Since
I S S
n=0

the function
ky 1z e e F.

Furthermore, for f € F with power series expansion f(z) = > " fnz",

(f k)7 Zn'fn Z faw™ =
n=0 n!
Solution of Exercise 5.6.16. We have
f(”)(z())
an(z0) = n!
Hence
Zvw—1)--(v=n+1) .
Z nF! v%0
(n+m)(n+m—1)---(m+1) m
= Z | Unt+mZo
= n!
. i a m(n+m
- n+m?2Q n :
m=0

Solution of Ezxercise 5.7.2. Assume that a solution exists. Then,

(f(2) —ig(2))(f(2) +ig(z)) = 1.

we have

O

In particular, the function (f(z)+14g(z)) is entire and does not vanish in C. It has
therefore a logarithm, which is analytic in C (that is, which is an entire function):

We denote this logarithm by iE(z).
f(2) +ig(z) = P,

Then, .
f(z) —ig(z) = (f(2) +ig(2)) " = e,

and we get
f(z) =cosE(z) and g(z)=sin E(z).
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As a consequence of the previous exercise, we check that (5.7.3) has no non-
constant polynomial solutions. Indeed, if there are polynomials p(z) and ¢(z) such
that (5.7.3) holds, then

p(2) +iq(z) = cos H(z) + i sin H(z) = ()

for some entire function H(z). The right side of this equation does not vanish in
C, while the left side has roots if p(z) +ig(z) is not equal identically to a constant.
But p(z) +ig(z) constant implies that p(z) —iq(z) is also a constant since

(p(2) +iq(2)(p(2) —iq(2)) = p(2)* + a(2)* = 1,
and hence p(z) and ¢(z) are constant polynomials.

Finally try the following question: Find all entire solutions to the equation
F(2)* +g(2)* = h(2)%,
where h(z) # 0.

Hint. Assume first that f, g and h have no common zero. Then the functions f/h
and g/h have entire extensions.

Solution of Ezercise 5.7.3. If there was a function g such that ¢’(z) = f(z), then f
would be analytic and with identically vanishing imaginary part. By the Cauchy—
Riemann equations, this forces f to be a constant, and thus leads to a contradic-
tion.

Using (4.5.4) and Exercise 4.2.20 we now show that

0, (223|Z|> =z, z#0.

Indeed, in a way similar to Exercise 4.2.22,
1/2 2
ozl = (0 =il )=
2 \2lz| 2|7 2)z|

2z|z| 21z 2z 2z
o, - C ), f 0. 0
< 3 > g T3 g~ Fh for 27

and so

Solution of FEzercise 5.7.4. In case (i), we compute (using Cauchy’s formula)

dz dz o1
/ _ 2+1:/ . +‘)(—‘):2mx2‘:ﬁ£0’
|z—i|=1/2 % |z—i|=1/2 (z+i)(z—i ?

and hence the function has no primitive in C\ {—i,}.
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In case (ii), we compute

/ dz / dz +/ dz —0
l2)=2 22+ 1 lemij=1/2 2+ D)2 =1 Jjopi=1/2 (2 + ) (2 —4) ’

and in this case there is a primitive in the given open (non-simply-connected) set.
In case (iii), the set

Q=C\{z=1y, withyeR and [y|>1}

is star-shaped, and thus a primitive exists. The primitive F' which takes value
F(0) = 0 is given by the formula

ds
F(z):/ )
Yz 52+ 1

where v, is any path linking 0 and z in 2. For z = x on the real line, one can
takes v, to be
v (t) =t, te]0,x]

and we get F(x) = arctan(z). We have in particular tan(F(z)) = z on the real
line, and so on the whole of Q by analytic continuation. The Taylor expansion

1 - n _2n
2~ Z(_l) o
142 =

has radius of convergence R = 1, and so

Fe)=3, 2" <t

n=0

(iv) The image of L under tan is the set Q (see Exercise 1.2.8), and therefore
F(tan z) is well defined for z € L. We have

1
2
(F(tanz)) = (1 + tan® z) | dtan? s = 1,
and thus
F(tanz) =z, ze€ L. (5.9.47)

O

Solution of FEzercise 5.7.5. In case (i) there is no primitive since, using Cauchy’s
formula for the function z/(z 4 ¢) and the point ¢ we have

zdz / zdz ey
= ) = 2mii/2ii # 0.
/|z—i—1/2 22 +1 la—i|=1/2 (# +1)(2 — 1)
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In case (ii), we have

/ 2dz / zdz +/ zdz
2]=2 2% + 1 lo—i|=1/2 (2 +1)(z —19) lotij=1/2 (2 — 1) (2 + 1)

i
= i =0.
”’{2¢+—2¢}

Hence a primitive exists in the asserted set.

In case (iii) a primitive exists since the set is star-shaped. The argument to
show that the primitive which vanishes at the origin is the analytic extension of
the function jIn(z? + 1) to C\ {z =iy, y €R and |y| > 1} is done as in the
previous exercise. O

The function F in (iii) in the preceding exercise is the analytic extension
of arctanz to @ = C\ {z=1iy,y€R and |y| > 1}. Note that the left side of
(5.9.47) is periodic, with period 7, while the right side is not periodic.

Solution of Ezxercise 5.7.6. The function
f(z)—a
1—af(z)

has no zeros in the open unit disk since a € D\ f(D). Therefore there exists an
analytic logarithm F(z).

We have
priy = ) e
JOre (- af@)(f(z) —a)

Finally, in view of (1.1.41), we have that

f@=e cp vien.
1—af(z)
It follows that
eReF(z) 1, Vz e D,
and so Re F(z) < 0. O

Solution of Ezxercise 5.7.7. We go back to the solution of Exercise 3.4.4. The sum
(3.9.14) creates no special problem, and is not related to the topic of the present
section. Using formula (3.4.12) we obtain

2

> 2= Z2pz (1- 22)2

p=0
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The second sum,

[e'e] o0 2p+1
2 1 (_1)2p+1 2p+1 _ z

Z( P+ ) z Z 2p + 1’

p=0 p=0

is the unique primitive of the function

1 2 .4
152 1+2°42"+---

1 1 N 1
T2\1—2 142z

in the open unit disk, with value 0 at the origin. This primitive is the analytic

extension of the function In \/ }f; to the open unit disk, and will still be denoted

by In /142, O

Solution of Exercise 5.7.8. Using the logarithmic derivative (see formula (4.2.3)),
or by direct computation, we have

f'(z) 2z N 2z 1 N 1 N 1 N 1

flz) 22-1 22-a2 |z—-1 z-a 241 z+4a]f’
Let now 7 be a simple closed contour such that [a, 1] lies in the interior of v and
[—1, —a] lies in the exterior of v. We have

!/
1,/f(z)dz= 1/{ b }dz+1./{ Lo }dz
2mi ), f(2) 2mi J, lz =1 z-a 2mi ), lz+1  z+4a

The first integral is equal to 2 while the second integral is equal to 0. Therefore,

fv 7;/ ((j)) dz # 0 and f has no analytic logarithm. On the other hand we can write

2
927 —1
22 _ g2

f(z) = (% - a?)

Let q(z) = 2 L We have now

22_q2"

qd(z) 2z 2z 1 1 N 1 1
qz)  22—-1 22-a2 |z-1 z-a z+1 z+4al’
and so ¢ has an analytic logarithm, and so an analytic square root, in the asserted

set. Hence f has an analytic square root in (2. O

Solution of Ezercise 5.7.9. Indeed, by Cauchy’s formula,

22

/ R - 2mi(cos0) # 0. O
|z|=1
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We note that, for p € N the function SIZI;Z will have a primitive in C\ {0} if
and only if p is odd.

Solution of Ezxercise 5.7.10. A necessary and sufficient condition is that

/|z|—1 f(z)dz = 0.

Using Cauchy’s formula, we obtain
omiap!(sin z) P ’z:O = 2mibq!(cos z)(@ ’z:O’ (5.9.48)

Depending on p and g one can get specific conditions. For instance, if p is even and
g is odd, condition (5.9.48) reduces to 0 = 0, and thus is met for all a,b € C. O

Solution of Ezercise 5.7.11. Here too, as in the preceding exercise, a necessary
and sufficient condition for the existence of a primitive is that the integral of the
function along the unit circle vanishes. We have

sin z 27
|z|=1 26 5' ’

/ Rk o
|z|=1

29+2 (g+ 1)

and, since deg @ < ¢,

Hence the condition for the existence of a primitive in C\ {0} is

a b

=0. ([l
57 (g4 1)

Solution of Exercise 5.7.12. For z € {2 we have

e Fe
fz) T 1= (- f(2)

S )0 - f(2)"
n=0

> A=NEA )

Let now v be a closed contour in 2. Using Weierstrass’ theorem we can write

PO [ i s,
Lf(@dz_ ;L<1 £ ()1 = f(2)"dz.
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Each of the integrals
[a=pe- e =o,
.
since the function (1 — f)/(2)(1 — f(2))™ is the derivative of the function

(1= f(2)"/(n+1).

Therefore, f has a logarithm in Q. Fix zp € Q. The logarithm function ¢ which
vanishes at z = zp is given by

[T f(s) 5
9= | 1)
=_ Z/ )1 — f(s))"ds
e (= fE) (1- )t
o RZ:O n+1 + Z n + 1 ' -

Solution of FEzercise 5.7.13. The set  is simply-connected (consider the comple-
ment of its image on the Riemann sphere). The function H2016(2 — ¢) does not
vanish there. Thus, it has an analytic logarithm and analytic roots of any or-
der. O

Solution of Ezxercise 5.7.14. Without loss of generality, and to keep the notation
simple, we set zop = 0 and r» = 1. The integral to compute is

’r f’(eit) it
27 Jo f(eit)e .

Recall that ‘ . .
f(e”®) =ie” f'(e"). (5.9.49)

g(s) = f(e™) eXP—Z{/ s ”dt}

Then, in view of (5.9.49),

Set, for 0 < s < 27,

and so g(s) = g(0) = g(27). Hence

_ T
1—exp—z{/o f(e“)e dt}7

and hence the result. O
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Solution of Ezercise 5.7.15. By the preceding exercise,

o 1@,
2mi /|z|—3/2 f(z) de el

Set h(z) = 27" f(2). Then

In particular,
1 n
/ (Z)dz:—n—i—n:O,

2mi J)zj=3/2 h(2)
and the function h has an analytic logarithm in the given annulus: h(z) = exp g(z),
where g is analytic in 1 < |z| < 2. Tt follows that f(z) = 2™ exp g(z). O

Solution of Exercise 5.7.16. Let v1(t) = 2¢%, and let y2(t) = 5 + 2¢', where in
both cases t € [0, 27]. The numbers

1 f'(2)
" omi v f(2) dz, £=12
belong to Z. Let
R (©

and so there exists a function g analytic in Q such that h(z) = e9(*) there. This
ends the proof. O

See [42, p. 97] for related results.
Solution of Exercise 5.7.17. We see that
Fy(2) = =nFp1(2),

and therefore the function F), has a primitive for n > 2. We now show that F}
has no primitive in C\ [0,1]. Let C' denote the circle of center 0 and radius 4,
positively oriented. For ¢ € [0, 1] we have
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and so

/CF(z)dz:/ol (/thin m(t)dt

1
= 27Tz'/ m(t)dt #0 since m(t) >0, t € [0,1],
0

where we have used Theorem 14.6.1 to interchange integration and derivation. It
follows that F; has no primitive in the asserted domain. (Il

Solution of Ezercise 5.7.18. We first remark that the function In(z?—2z cosh a+1)
is defined in R\ [e7%, e?]. Assume that a function f exists. Then, on R\ [e7%, e?],
its complex derivative is given by

2(x — cosha)
22 —2xcosha+1

f'(z) =

as is seen from formula (4.2.6). By analytic continuation, we have that

2(z — cosha)

v C —* e?.
22 —2zcosha+1’ 2€C\ [ e

f'(z) =

But the function
2(z —cosha) 1 1
22 —2zcosha+1 z—e* z—e @

has no primitive in R\ [e™%, %], as is seen by computing its integral on a circle of
center 0 and radius R > e®. (]

Solution of Ezxercise 5.8.1. The function

_l—z

hz) = 1+2

has an analytic logarithm in the asserted domain. Indeed, we have

B (2) 1 1

h(z) z—-1 z+1

and the integral along a closed simple curve whose interior contains the interval
[—1,1] is therefore equal to 0. We conclude by noting that

(z+1)2 O

Solution of Exercise 5.8.2. (a) We first note that € is star-shaped with respect

to the origin. Therefore the function 1_122 has an analytic logarithm in 2, and

hence an analytic square root there. By possibly multiplying this square root by
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a constant of modulus 1, one can always suppose that it takes the value 1 at the
origin. For |z| < 1 we then have (with f_;/, defined as in Exercise 4.4.4)

1
V1-

See, e.g., [204, p. 135] for the latter.
(b) The function arcsin z is well defined since €2 is star-shaped. For z =z €
(—1,1) we take as C, the interval on the real line defined by 0 and . We have

. /‘T ds
arcsinz = ,
0o V1—s2

which indeed coincides with the classical function arcsin of calculus.
(¢) In view of the power series expansion in (a) we have

1 1-3
22 4 4

1-3-5
2 6
- f -1+ + e
22 Fo172(7) 2 2~4Z 2~4~6Z

1 1-3 1-3-5
arcsinz = z + 234+ 5 7

0.3 Yo 45" To.4.6.77 T #ED

(d) We have sin(arcsinz) = x for z € (—1,1). By analytic continuation, this
identity holds in €. O

Solution of Ezxercise 5.8.3. Let v, be for £ = 1,..., N a simple closed path in €,
whose interior contains only the interval [ay, 8¢]. To check the existence of a square
root, it is enough to check that

)
i)

Using the formula (4.2.3) for the logarithmic derivative we have:

A S G |

(=1

z=0, £=1,...,N.

and thus for ¢y € {1,..., N} we have
N

f’(z):(1_1> (1_1)
Yeo f(Z) /Yéo Z—Oégo 2_550 dz—’_Z[Y@ Z_aj Z_BJ dZ

(=1 0
Y2

The first integral on the right side is equal to

1 1 1 1
/ ( - )dz:/ dz—/ dz =2mi — 27 = 0.
veg \Z T Qg 2z — Be, v 7 Qg v 2= PBio

Lo 0
The second integral vanishes thanks to Cauchy’ theorem. Thus the function f has
an analytic square root in the asserted domain. O
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Solution of Exercise 5.8.5. Assume by contradiction that such a function exists.
Then,

2f(2)f'(2) =

in 1 < |z] < 2, and dividing by 27if(z)? on both sides we have

)
L fl(z) 1

2 mi f(z)  2miz’

(5.9.50)

Let _
v y(t) = 1.5, te|0,2n].

Integrating both sides of (5.9.50) on v, and taking into account that
1 !/
. / '(z) dz € Z,
2mi )., f(2)
we obtain that there is an integer NV such that

2N =1,

which is a contradiction. O



Chapter 6

Morera, Liouville, Schwarz, et
les autres: First Applications

Cauchy’s formula is the key to most, if not all, important results in complex
variables, and in particular to the existence of a power series expansion around
each point of analyticity, the maximum modulus principle and the fact that the
zeros of a non-identically vanishing analytic function are isolated. In this chapter
we present exercises on these topics.

6.1 Zeroes of analytic functions

The zeros of a non-identically vanishing analytic function cannot accumulate at
an inner point, but they can of course accumulate at a boundary point of the
domain of analyticity. This is the essence of item (a) in the next exercise. Item (c)
illustrates the fact that one should always be careful with conditions on functions
given in terms of integrals. In relation with this exercise, see also Exercise 6.8.10.

Exercise 6.1.1.

(a) Let f be a function analytic in |z| <1 and such that
/ 1@ 40, wnen. (6.1.1)
lzj=1 (n+ 1)z =1

Show that f(2) =0 in |z]| < 2.
(b) What can be said if (6.1.1) is replaced by

/Z_l ((n +f1()zz)_ 1)2d2 =0, VYneN? (6.1.2)

(c) Assume that f is analytic in 0 < |z| < 2 and satisfies (6.1.1). Is f necessarily
identically equal to 07
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Hint. Look at f(z) =sin 7.
The following exercise appears in [190].

Exercise 6.1.2. Let f be an entire function and assume that for every Maclaurin
erpansion

1) =3 enlz0)(z — 20)",
n=0

there is an n such that ¢, (z0) = 0. Show that f is a polynomial.

Exercise 6.1.3. Let ag, a1, ... be a sequence of complex numbers such that

oo

> lan| < oc. (6.1.3)
n=0
Assume that for all integers k > 2,

o0
an

kn

n=0

—0. (6.1.4)

Show that all the a,, are equal to 0.

Exercise 6.1.4. Find all functions f analytic in the open unit disk and such that
f(,ll) =0 forn=23,....

Exercise 6.1.5 (see, e.g., [75, Exercice 13.03, p. 141]). Same question as in the
previous exercise for each of the following conditions:

! (;) =e ", (6.1.5)

‘f (i)’ <e (6.1.6)

Is there a function analytic in the punctured disk such that (6.1.5) hold? Explain
the difference with the first question.

Exercise 6.1.6. Is there a function analytic in the open unit disk and such that

F(1/(2n) = F1/(2n—1)) = i n=23,..72

Exercise 6.1.7 (see [45, Exercise 11, p. 78]). Let f and g be analytic and not
vanishing in the open unit disk D. Assume that for all n > 2,

G _ g

FY ()

Show that there is a constant ¢ such that f(z) = cg(z) for all z € D.

. (6.1.7)
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Exercise 6.1.8.

(a) Find all functions analytic in a neighborhood of the origin, and for which
there exists ng € N such that

fA/n)+f"(1/n) =0
forn > ny.

(b) Same question for
f@/n) = f"(1/n).

The following exercise considers Exercise 4.1.13 when a and b are analytic in
the given set (2.

Exercise 6.1.9. In Ezercise 4.1.13 we moreover assume that a and b are analytic
in Q. Prove the following claims:

(a) There are at most countably many points z € Q for which
a(z) =b(z) =0, (6.1.8)

and the set of such points has no accumulation points in Q.
(b) There is a point z € Q such that

la(2)] = b(=)] £0. (6.1.9)
(¢) The set Q\ Qg is not connected.
Hint. Use Theorem 15.6.2.

In Exercise 10.2.7 we show that in fact there are uncountably many points
for which (6.1.9) holds.

The properties of the zeroes of analytic functions lead to the following fasci-
nating questions: Given a connected set €2, a set {21, 23, ...} with an accumulation
point in 2, and numbers wy, wo, . .., can we reconstruct a function analytic in
and such that

f(zj):wj,... ]:172,?

More generally, can we reconstruct, if possible in a unique way, an analytic function
from its values at given points? This type of question is called an interpolation
problem. When the points do not accumulate in €2, one can always find such
an [ if no metric structure is imposed on the function. See for instance [189,
Chapitre 15]. In engineering and signal theory, interpolation problems are often set
under additional constraints on the function (for instance, such as being analytic
and bounded by 1 in modulus in the open unit disk). Such questions will be
considered in two special instances in Chapter 11. We will meet simple instances of
the Nevanlinna-Pick and Carathéodory-Fejér interpolation problems in Problems
6.5.9 and 6.5.10. These problems will also be discussed in Section 11.5, and the
sampling theorem in Section 11.2.
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6.2 Morera’s theorem

The following theorem, called Morera’s theorem, is used in particular to prove
that certain functions defined by integrals are analytic; see Theorem 6.2.3. In the
statement, A denotes a triangle defined by points in Q (and, in particular, not on
the boundary of ) and OA denotes the contour defined by the boundary of the
triangle.

Theorem 6.2.1 (Morera’s theorem). Let Q be an open convex subset of C, and let
f be continuous in 2. Assume that

f(z)dz =0, (6.2.1)
OA

for every triangle in Q. Then, f is analytic in 2.

A first, and key, application of this result is:

Theorem 6.2.2. Let (f,)nen be a sequence of functions analytic in the open subset
Q of the complex plane, and converging uniformly on compact subsets of Q to f.
Then, f is analytic in 2.

The proof goes as follows. The function f is continuous since the limit is
uniform on compact sets. Take an open convex subset U of Q). For any triangle in
U, the uniform convergence implies that

nh_}rrgo fn(2)dz = f(z)dz.
0A 0A

By Cauchy’s theorem, faA fn(2)dz = 0 for every n, and we obtain that (6.2.1)
holds, and so f is analytic in U. This ends the proof since 2 can be covered by
open convex sets (for instance, open balls).

Among the other applications of Morera’s theorem we mention the Schwarz
reflection principle (see Exercise 6.3.9 in the next section). Another important ap-
plication is the following result, which gives a useful criterium to prove analyticity
for functions defined by integrals.

Theorem 6.2.3. Let 2 be an open connected set, and let F(z,s) be a function
continuous for (z,s) € Q x [e,d] such that for every s € [c,d] the function z —
F(z,s) is analytic in Q. Then the function

d
G(z):/ F(z,s)ds (6.2.2)

is analytic in €.
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Proof. Since the property is local, we can assume that €2 is convex. The result is
then a consequence of Morera’s theorem and of Theorem 14.5.2. Indeed for every
s € [¢,d] and every triangle A C Q, Cauchy’s theorem gives

/ F(z,s8)dz =0,
oA

where we have denoted by 0A the boundary of the triangle, and hence

/Cd (/6A F(z, s)dz) ds = 0.
/BA </ch(z, s)ds) dz = 0.

Morera’s theorem implies that the function z — fcd F(z,s)ds is analytic in Q. O

By (14.5.1) we have

This last theorem does not give the power series expansion of the function
(6.2.2). For the latter, one needs more (Weierstrass’ theorem, for instance).

The following result is used in particular in Dixon’s proof of the global
Cauchy’s theorem; see [64] and [144, p. 147]. There a closed chain homologous
to 0 is considered. We here consider only the case of a closed contour. The state-
ment of the question speaks of star-shaped domain, but the true setting is that of
simply-connected domains.

Question 6.2.4. Let ) be an open star-shaped domain, and let I' be a closed smooth
curve inside 2. Let f be analytic in Q. Show that the function

F(z):/rg(s,z)ds (6.2.3)
where

-z (6.2.4)

is analytic in .

6.3 Analytic continuation

This notion has already been used earlier in the book. See for instance item (d)
of Exercise 5.8.2, and the discussion following (5.9.9).

For the first exercise, see also Exercise 4.4.13.
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n

Exercise 6.3.1. Define F(z) = — Ezozl(—l)"z (we denote the function F(z) =
n
In(1+ z)).

(a) Show that F is analytic in the open unit disk and that
expF(z)=1+2, for |z|<L1.

(b) Does F' have an analytic extension across a sub-arc of the unit circle?

In a similar way to Exercise 6.3.1, and in view of Exercise 10.3.9, we mention:

Exercise 6.3.2. For x € (—1,1) and o € R define®
(14 2)* = exp(aln(l + x)). (6.3.1)

(1) Show that the function f, defined in (4.4.9) is the analytic extension of
(6.3.1) to D (resp. to C) when o € R\ Ny (resp. o € Np).
(2) Let a € (—1,0). Show that (with the notation (4.4.8))

n « J—
(-1) <n> >0, n=0,1,...

and

i(_n” (3‘) diverges.

and

S

< .
n+1 >

n=0

In the following exercise, the natural boundary means that the function can-
not be continued analytically across the unit circle. We refer to [195, Chapter VI|
for a survey on natural boundaries.

Exercise 6.3.3.

(a) Show that the unit circle is the natural boundary of the series

o oo
| n
g 2™ and g 22",
n=0 n=0

50ne could take o € C; see Remark 6.9.3.
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(b) Does the power series
x _n

Z .
2

n

n=1

have an analytic extension across some sub-arc of the unit circle?

We now want to find all rational functions which send the unit circle onto
itself. Because of a priori possible poles or zeros on the unit circle, we set the
question as follows (see also [42, Example 11.14, p. 367] for instance):

Exercise 6.3.4. Find all rational functions which map an open arc of the unit circle
into the unit circle.

For the next exercise, see [53, p. 109] and see also Exercise 8.4.1.

Exercise 6.3.5.

(a) Prove that for z € C\ {( 1JU 1, )} there exists an analytic square
root to the function 1 — z* such that f(0) =

(b) With f as in (a), show that

am dt 27
/0 L+zsint  f(2) (6:32)

for all z € C\ {(—o0 —1]U[1,00)}.

We already saw (see Exercise 4.1.10) that there does not exist a continuous
square root to the function f(z) = z in the plane. Another proof of a weaker
statement (one requires analyticity rather than continuity) is presented now (see
also Exercise 5.5.23):

Exercise 6.3.6. Let r > 0. Show that there is no analytic square root to the function
zin0<|z| <.

Let Q = C\ (—00,0]. In view of the following exercise, we recall that the
function defined by

Vz = /pe'?, (6.3.3)

where z = pe'® and @ € (—m,7) is an analytic square root of z in €. We also
remark that 1 —z € C\ (—00,0] if and only if z € C\ [1, c0).

Exercise 6.3.7. Let U = C\ [1,00). The function \/1 — z obtained by composition
of the function 1 — z with the square root function (6.3.3) is an analytic extension
in U of the function fy,o defined by (4.4.9) with o = 1/2.

As we have already discussed, Riemann’s removable singularity theorem
states that if f is analytic in B(zo,7) \ {20} and continuous in B(zo,r), then
it is analytic in B(zp,r). The following exercise considers what happens when a
point is replaced by a closed interval:
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Exercise 6.3.8. Let 2 be an open and convex subset of C and let I be a closed
interval in Q2. Let f be continuous in Q and analytic in Q \ I. Show that f is
analytic in 2.

Hint. Use Morera’s theorem (see Theorem 6.2.1).

The next related result is called Schwarz’ reflection principle, and also follows
from Morera’s theorem. It has numerous applications. An important one is the
derivation of the Schwarz—Christoffel formula which gives the conformal mapping
from the open upper half-plane onto the interior of a non-intersecting (but not
necessarily convex) polygon.

Exercise 6.3.9. Let xg € R and f be holomorphic in the open half-disk
Bi(zg,7r) ={2€C; Imz>0 and |z— x| <r}.

Assume that [ is continuous up to the real line and that it takes real values on the
real line. Show that the function

h(z) = f(2), if z€ Bi(z0,7)U (xg—1,20+7),
F(2), if z€ By(z0,7) U (o — 1,20 +7)

is holomorphic in B(xg,r).

Other related exercises, whose proofs require the residue theorem, are Exer-
cise 8.2.4 and 8.5.2. We conclude this section with an exercise which has its im-
portance in multiscale signal processing. Recall that B(0,r) = {z € C; |z| < r}.
See also Exercise 3.4.11 for some related formulas.

Exercise 6.3.10. Let f be analytic in the open unit disk D, and let n € N. The
purpose of this exercise is to show that the formula

1

= . -4
()= 3 fw) (63.4)

weD

w =z
defines a function analytic in D, and expresses its power series expansion at the
origin in terms of the power series expansion of f at the origin. The map f — gn

is called the decimation, or downsampling, operator.

(a) Let g be the analytic square root of order n in D\ (—1,0] and which coincides
with /™ on (0,1). Express g, in terms of q for z € D\ (~1,0].

(b) Using the power expansion of [ at the origin, show that g, has an analytic
extension to the open unit disk.
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6.4 The maximum modulus principle

The first example provides an application of complex variables to a geometrical
question; see [211, p. 401].

Exercise 6.4.1. Given n points Py,..., P, in the plane, show that the product of
their distance to a point in the plane has no local extremum, with the exception of
the points Pj.

If p is a polynomial of degree n, the function z"p(1/z) is also a polynomial
(possibly of lesser degree). This is the idea behind the next two exercises.

Exercise 6.4.2 (see [75]). Let p(z) = 2" + an_12""1 + -+ + ag. Prove that either
p(z) = 2™ or that there exists a point ¢ on the unit circle such that |p(¢)| > 1.

Exercise 6.4.3. Let p be a polynomial of degree n and let, for r > 0,

M (r,p) = sup [p(z)|.

|z|=r

Show that the function r +— M(r,p) is increasing and that the function r —

M(r, . .
(r,p) 18 decreasing.
rn

Exercise 6.4.4. Is there a function analytic in the open unit disk and such that
|f(2)| = el*| there?

Using Exercise 5.5.15 one can prove the following surprising result; it appears
as an exercise (without any hint) in [121, Exercise 4, p. 40]. The proof is given
in [42, Exercise 5.36, p. 146]. We give the exercise and the solution with the
hypothesis that f is analytic in a neighborhood of the closed unit disk. This can
be dispensed with.

Exercise 6.4.5. Let h be analytic in |z| < 1+ € for some € > 0 and assume that h
does not vanish in |z| < 1+ € and is bounded by 1 in modulus in D. Show that

sup |h(2)]? < inf |h(2)].
\Z\§1/5| (2)] |z|§1/7| (2)

Hint. Since h does not vanish in |z| < 1 + ¢, there is a function f analytic there
and such that h = e~/. Since |h(z)| < 1 for z in the open unit disk, we have that
Re f(z) > 0 there. Then apply (5.5.13) to f for appropriate values of R.

6.5 Schwarz’ lemma

Schwarz’ lemma states that if a function f is analytic and contractive in the open
unit disk, and if moreover f(0) = 0, then

|f(2) < z], VzeD. (6.5.1)
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Moreover, equality holds if and only if f(z) = ¢z for some ¢ € T. This lemma is of
utmost importance. It is the key to the Schur algorithm (see [6] for a survey, and
Section 11.5 below), which itself is related to fast algorithms in signal processing.
See [131].

It follows from (6.5.1) that
1£/(0)] < 1. (6.5.2)

Usually, it appears in textbooks after the notion of singularities, since z = 0 is
a removable singularity of the function f(z)/z. A shorter way to prove Schwarz’
lemma is to use Riemann’s Hebbarkeitssatz (see Theorem 5.4.1).

We send to the paper [173] for a survey and history of the Schwarz lemma. As
explained in that paper, considering a function analytic in B(0, R;) and bounded
in modulus by Rs there, we obtain the bound

R
FEIS oIl 2] < R, (6.5.3)

from which one get Liouville’s theorem; see Section 6.8 for the latter.
The next exercise is [45, Exercice 1, p. 171].

Exercise 6.5.1. Let f be a function analytic in the open unit disk, bounded by 1 in
modulus there and vanishing at the origin. Show that the series

> FE"
n=0

converges uniformly in the closed disks |z] < r < 1.

The following exercise gives an extension of (6.5.2), called Pick’s inequality,
to the whole open unit disk. Recall that the functions b, were defined in (1.1.44):

zZ—a

ba(2) aeD.

1—za’

Exercise 6.5.2. Let f be analytic in the open unit disk and bounded by 1 in modulus.

Then,
/ 1—[f(2)7
O

Show that equality holds if and only if f is of the form

vz € D. (6.5.4)

zZ—a

f(z)= = cby(2),

=c
1—za

where ¢ € T and a € D.
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We note that, more generally, for any choice of different complex numbers z;
and zo in D, the matrix

1= f(z1)? f(z1)=f(22)

1—‘21‘2 21—Z22

f(z1)—f(z2) 1—f(z2)?

21—22 1—|z2|?

pP= (6.5.5)

is non-negative. Pick’s inequality is a limiting case of this inequality, by considering
the determinant of P, and letting z; tend to zs. The methods to prove that P is
non-negative are far beyond the scope of this book. See [9] for instance for a survey
and references.

Another application of Schwarz’ lemma is given in [45, Exercice 10, p. 112]
and [42, Exercise 6.5, p. 192]: If f is analytic from the open unit disk into itself
and has two fixed points, then f(z) = z. The result is called Cartan’s theorem. As
a simpler case, solve the following:

Exercise 6.5.3. If f sends D into itself and if

F(0)=0 and f@:;

then f(z) = z.

Exercise 6.5.4. Prove the general case of the preceding question: If f is analytic
from the open unit disk into itself and has two fixved points, then f(z) = z.

Exercise 6.5.5. Let [ be a function analytic from the open unit disk D into itself.
Assume that for some point zy € D it holds that

f(z0) =20 and f'(z) = 1.
Find f.

The case of the boundary is more involved. The first positive result seems to
be due to Burns and Krantz, see [43], but is beyond the scope of this book.

Exercise 6.5.6. Show by a counterexample that the preceding result does not remain
valid when zg 1s on the unit circle. To avoid any problem with boundary values,
assume that [ is analytic in a neighborhood of the closed unit disk; you can look
for a Moebius map.

The following exercise originates with Schur’s celebrated paper [194]. We
denote by S the family of functions analytic in the open unit disk and with values
in the closed unit disk. These functions bear various names, and are in particular
called Schur functions. They are the transfer functions of discrete time-invariant
dissipative systems. See Section 11.4 for more information. Blaschke products (see
(3.7.17)) are special cases of Schur functions.
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Exercise 6.5.7.

(a) Let f €S. Assume that |f(0)] < 1. Show that the function

f(z) = £(0) o

filz) = Z(l_f(o)f(z))’ €D\ {0},
1(0) L
1—[f(0)) 7

is analytic and contractive in the open unit disk.
(b) Let pg € D. Show that the formula

~ pot29(2)
&=y z2pog(2)

describes all functions in S such that f(0) = po when g runs through S.
(¢) Find f'(0) in terms of g(0) and po in (6.5.6). Conclusion?

(6.5.6)

In his 1917 paper [194] Schur associates to f € S a series of functions
f1, f2,... of § via the recursion

fo(Z) = f(Z)7

() = 20 ey SN 68D

f2(0), z=0,

called the Schur algorithm. The recursion stops at rank n if |f,(0)] = 1. This
algorithm, originally developed to solve classical interpolation problems such a
the trigonometric moment problem, has been shown to have numerous applications
in signal processing. In Exercise 11.5.3 in Section 11.5 we will see that the Schur
algorithm ends after a finite number of iterations if and only if f is a finite Blaschke
product.

Remark 6.5.8. It is interesting to note that G. Hamel, at the same time but
independently of Schur, developed a very closely related algorithm (in the words of
Szegd in his review for Zentralblatt MATH, dasselbe Hauptresultat). See [113, 128].

The following two exercises are solved using Exercise 6.5.7, and are (very)
special instances of the Carathéodory—Fejér and Nevanlinna—Pick interpolation
problems. See Section 11.5 for more on these interpolation problems.

Exercise 6.5.9. Given a and b in C, find a necessary and sufficient condition for
f €S to exist such that

F(0)=0 and f'(0)=0b, (6.5.8)

and describe the set of all solutions.
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Exercise 6.5.10. Given two pairs of numbers (z1,w1) and (z2,ws2) in D?, find a
necessary and sufficient condition for a function f € S to exist such that

f(z1) =w1 and  f(22) = wo, (6.5.9)

and describe the set of all solutions.

Exercise 6.5.11. Let f be analytic from D into D and assume that f(a) = f(b) =0
for two different numbers a and b in D. Show that

z—0b
1—2b

zZ—a

If(z)] <

1—za

As a variation on this theme, find a bound on f when f (which is analytic
and map D into itself) vanishes at the point a and at its first N, derivatives at a
and at the point b and at its first N}, derivatives at b.

Exercise 6.5.12. Consider the function (4.4.20) and assume that m(t) > 0 and
that ["m(t)dt = 1. Show that

‘g |z], VzeD.

Exercise 6.5.13.

(a) Let zo be in the open upper half-plane C,. Show that the map B, defined
by (1.1.46),

zZ— 20
B, (z2)= ,
W=
is one-to-one from the closed upper half-plane onto the closed unit disk. It is
one-to-one onto from the real line onto the unit circle and from Cy onto the
open unit disk .

Let f be a function analytic in C4 and bounded by 1 in modulus there.
(b) Assume that f(z0) = 0. Show that

Z— 20

If(z)] < , VzeCy.

zZ— 20

(¢) Assume that f(z0) = f'(20) = 0. Show that

2
s Vz S C+.

zZ — 20

[f(2)] <

zZ— 20

The book of Burckel [42] contains a whole chapter on applications of Schwarz’
lemma (pp. 191-217).
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6.6 Series of analytic functions

Series and infinite products of functions have appeared already in the book, for in-
stance as power series, or as series of complex numbers depending on a parameter.
In the present section we focus on examples of series of analytic functions which
converge uniformly on compact subsets of their common domain of analyticity.
The limit is then an analytic function. See Theorem 6.2.2.

Remark 6.6.1. Uniform convergence on compact subsets defines a topology, which
is moreover metrizable. These aspects are reviewed in Section 10.1.

Exercise 6.6.2. Show that
[sinz| <sinh|z|, ze€C.

Show that, for x € [0,1],
sinhz < z(cosh 1).

o0
Z sin(z"
n=0
converges absolutely in the open unit disk, uniformly on compact sets.

Exercise 6.6.3. Show that the series

Show that the series

n

i 2(z+ 1)~ (z+n-1)
n
n=1
defines an entire function.
See [23, Exercice 1.6, p. 278] for the following problem.
Exercise 6.6.4. Show that the function f defined in FExercise 3.7.8 is entire, and
that

n<n+1)
— 14+
Z 1—q “(1—qm)

Exercise 6.6.5. Show that the domam of convergence of the sum

i e (6.6.1)
n=0

is the open right half-plane, and that the convergence is uniform in every set of
the form Rez > € > 0.

(=1)"=".

Another example of series is given in Exercise 7.2.22, where, using Liouville’s
theorem, one is asked to prove that

1 & 1 1
= t(72).
z+nz_:l(z—n+n> 7 cot(mz)
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6.7 Analytic functions as infinite products

We have already met in Exercise 3.7.16 the representation of sinz as an infinite
product. Note that item (a) of Exercise 6.7.2 is Exercise 3.7.12.

Exercise 6.7.1. Show that the Blaschke products defined in Exercise 3.7.12 are
analytic in the open unit disk.

Exercise 6.7.2.

(a) Show that, for |z| <1,
(1= 2)e =1 < |2/

(b) Given a sequence of non-zero complex numbers z,, n = 1,2, ... such that

Show that the function

- Z Z[Zn
I | — &
n=1 n

is entire and vanishes exactly at the points zy,.

Exercise 6.7.3. Consider the infinite product representation (3.7.25) of sin z:

o0 2
sinz:zH (1— k§ﬂ'2>7 z € C.
k=1

Comparing with the power series expansion of sinwz, prove (1.3.14), that is:

Zk?zﬂé'

k=1

(see (28, p. 233]). Similarly, using the infinite product representation of cosz (see
(3.7.26)), prove that
2

> 1 s
kZ:O Qkr12 " 8" (6.7.1)

Remark 6.7.4. Knowing the value of (1.3.14) and of (6.7.1) is equivalent. Another
proof of (6.7.1) is given after Theorem 11.2.1, and gives a proof of (1.3.14). In [56]
another elementary proof of (6.7.1) can be found, leading to yet another proof of
(1.3.14).
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Remark 6.7.5. We take this opportunity to mention an open problem, consisting
in getting any information, let alone compute explicitly, the Catalan constant

— (—1)F
g (2k +1)2’

_1)k

that is, of the value at z = 2 of Dirichlet beta function 3(z) =Y 7~ (2(k+1)2'

6.8 Liouville’s theorem and the fundamental theorem
of algebra

Liouville’s theorem states that a bounded entire function is constant. We note
that it was first proved by Cauchy; see [42, p. 82]. As an application of Liouville’s
theorem we will prove in Exercise 16.1.11 an important result from functional
analysis. The fundamental theorem of algebra has numerous proofs. One very
short proof, due to C. Fefferman, was outlined in Question 1.5.1. One topological
proof is presented in Section 15.6. Another proof, usually given in complex analysis
classes, uses Liouville’s theorem. We begin this section by recalling this theorem
and this latter proof.

Theorem 6.8.1 (The fundamental theorem of algebra). Fvery non-constant poly-
nomaal has at least one complex root.

Proof. We consider a non-constant polynomial (which we assume monic® without
loss of generality) p(z) = 2" + a,_12"" 1 + -+ + ap, and assume by contradiction
that it does not vanish in C. Then the function 1/p(z) is entire and non-constant.
We will show that it is bounded in modulus, which will lead to a contradiction,
thanks to Liouville’s theorem. For z # 0 we can write

p(z) = 2" (1 +9(2)),

where
is such that lim,_,~ g(z) = 0. Take R > 0 such that

1
2> R = lg(2)] <

Then, using (1.1.38) with z; = 1 and 22 = g(z), we have for |z| > R,

1 1
o) = 12 g0 52

Sthat is, the coefficient of the highest power is equal to 1.
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On the other hand the function |p(1z) | is bounded in |z| < R since it is continuous

there and since |z| < R is compact. It follows that the non-constant entire function
1/p(z) is bounded in modulus. This cannot be, in view of Liouville’s theorem. [

It follows from the previous theorem that a polynomial of degree n > 0
has n roots, counting multiplicities. Let n > 2. The n roots of unity of order n,
2z, = exp (?7*), k= 0,...,n—1 have total sum equal to 0, as follows for instance
from (1.1.54) with z = exp (°7*). See also Exercise 1.2.3. But (1.1.54) will not be

n
useful to solve the following exercise:

Exercise 6.8.2. Let n > 3 and a,b € C. Show that the sum of the roots of the
polynomial equation
M4+az+b=0

is equal to 0.

Remark 6.8.3. Let p(z) = a,2" + a,_12""t + -+ + ag be a polynomial of degree
n, with (possibly repeated) roots 21, ..., z,. We have

p(z) =an(z —21)(z — 22) -+ (2 — zp). (6.8.1)

Comparing the coefficient of 2"~! we get

bz, = — L (6.8.2)
an

For instance, the sum of the roots of the equation
2N g Nl +aN_gzN_2+-~-+ao =0

is equal to 3, independently of N > 3 and of the values of ag,...,an—_2.

kGn—k
an

More generally, the numbers (—1)
metric functions of the roots:

(k=0,...,n—1) express the sym-

kL On—k o
(_1) a - E Ziy "t Ry
n 1<y <ia<--<ip<n
For instance, for £ = 2 one has:

aN—2
2122+ + 212N + 2223+ -+ 222N + -+ AN-12N = .
an

Exercise 6.8.4. Find all entire functions f such that
(a) [f(2)] < M1+ /]2 = il),

(b) [F'(2) < M(L+ /|2,
(©) [f(2)] < M1+ [z —1l),
(d) [f'(2)] < M(1+ |z]),

for some strictly positive number M.
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Exercise 6.8.5. Show that the range of a non-constant entire function is dense
in C.

When in the above exercise, f is not a polynomial, then the function f(1/z)
has an essential singularity at the origin, and a much more precise statement can
be given using Picard’s theorem: f(C) is equal to C or to C\ {w} for some w € C.
The example f(z) = e* illustrates the fact that f(C) can be strictly included in C.

Exercise 6.8.6. Show that an entire function f such that Re f(z) < M for some
M € R is constant.

The following exercise can be found for instance in [150, Exercise 11, p. 123].

Exercise 6.8.7. Find all entire functions f such that
lf(z)=1 for |z|=1. (6.8.3)
The result in the next exercise is called Liouville’s first theorem (when a
general lattice is considered).
Exercise 6.8.8. Show that there are no entire non-constant functions f such that

flz+1) = f(2), (6.8.4)
flz+1) = f(z), VzeC. 6.8.5

Remark. There are biperiodic non-constant meromorphic functions. These are the
elliptic functions. See Exercise 13.1.1.
Exercise 6.8.9. Is there a polynomial P of degree N such that

P
/ (2) 0 n=0.1.....N
lzj=2 (R + 1)z =1

Same question for P such that

P(z)
= =0,...,N.
/IZI_l (22_ 1)n+1 dz O, n O, )

Exercise 6.8.10. Find all polynomials of degree N such that
P
/ ) oZ0 m=01...N (6.8.6)
|z|=r (n + 1)Z -1

forr=3/4 and r = 1/(N + 2) respectively.
Related to these problems see also Exercise 6.1.1.

Exercise 6.8.11. Find all polynomials p and q such that

2

p(2) cos? z 4 q(z)sin® z = 1.
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Exercise 6.8.12 (see [62, Problem 5.6.7, p. 69]). Is there a function [ analytic in
C\ {0} such that

1
|f(z)] > \/|z|’ vz e C\ {0}. (6.8.7)
For other exercises using, or related to, Liouville’s theorem, see for instance

Exercises 6.8.5 and 6.8.7. Finally we note that there exist non-constant entire
functions H which go to 0 along every fixed direction:

lim H(re") =0

T—00

for every 6 € [0,2m). One such function is given by Rof (recall that Ry has been

defined in (5.4.1), with
o0 etz
f(2) :/ y dt.
0

See [28, §12.2, pp. 152-155]. Another, more involved example, is given by the
function
g(z)e™9%),

where g(z) is the analytic extension to the complex plane of the function
1 / e du
21 Joy u—2’

U={2€C;Rez>0 and |Imz|<m}.

where U is the half-strip

See [63, Exercice 5, p. 248], [75, Exercice 10.54, p. 124], [189, Exercice 11, p. 314].

The solution of the following exercise using Rouché’s theorem was shown to
us by Dennis Gulko. See Exercise 7.4.7. What is asked in Exercise 6.8.13 is an
elementary solution without this theorem, but using the fact that the polynomial
has four roots.

Exercise 6.8.13. How many solutions has the equation
A 43224241
in the closed upper half unit disk?

We conclude with a unicity question, first considered in [3]. See [181] for
possible extensions to the case of rational functions.

Question 6.8.14. Let P and @ be two non constant polynomials, with same sets of
preimages of 0 and 1, that is

PO} =@ {0} and PTU{1}=Q"{1}.
Show that P = Q.
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6.9 Solutions

Solution of Ezercise 6.1.1. (a) By Cauchy’s formula, condition (1.6.17) can be

rewritten as )
f < ) =0, Vnel.

n+1
It follows that f = 0 since the points n}rl accumulate at the origin.

(b) Cauchy’s formula now leads to

/ 1 _
f <n—|—1 =0, VYnelN.

It follows that f' =0 and f is constant.

(¢) When we assume that f is analytic only in 0 < |z| < 2, Cauchy’s formula
cannot be used and the preceding argument fails, as is illustrated by the function
f(z) =sin 7. For every a € D it holds that

/ o (6.9.1)
|

z|=1 z—a

To show that (6.9.1) holds, we first rewrite the integral as a line integral

/ U i/zﬂ sin(re™)
l2]=1 2 — @ 0 l—ea

To prove (6.9.1), we write

zt

sin(me , ,
E a"e”"sin(me™ "),

1—e- ”a

and, using Weierstrass’ theorem, we see that

sin(re~) m -

dt "sin(mwe”")dt.
[Ty [T )

Another application of Weierstrass’ theorem leads to

27 ) )

/ e "sin(re”")dt =0, n=0,1,2,.... O
0

Remark 6.9.1. A much quicker proof, but which is beyond the scope of this book,

. sin(me™) | .
goes as follows: The function 1 — eitg 8 the boundary value of the function
—etq
sin(7)
1—z2"1a’

which belongs to the Hardy space Ha(D) (see [190] for the definition) and so the
integral is equal to 0.
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; —it
Remark 6.9.2. The function slln(we_ " )

—e"a
for instance [104] for the definition.

belongs to the Wiener algebra W_. See

Solution of Exercise 6.1.2. First a remark: If there is an integer n such that ¢, (zo)
= 0, then f is a polynomial since

F (20)
Cn(ZQ) = ! .
Assume now by contradiction that f is not a polynomial. Then, for every n the
coefficient ¢, (o) does not vanish identically. Since z — ¢, (z) = f™(z)/n! is an
entire function, its set of zeroes is at most countable (but of course can be empty
or finite). Thus the set

A = {z € C, there exists n € N such that ¢,(z) =0}

is at most countable. On the other hand, this set is equal to C by hypothesis,
which leads to a contradiction. (I

The preceding result is still true for C'°° functions of a real variable. See
[217, pp. 278-279] for two proofs, one involving Baire’s theorem. As mentioned in
Burckel’s book [42, p. 166], the result (proved using Baire’s theorem) originates
with [55], and can be found in the book [66].

Solution of Exercise 6.1.3. Let z be such that |z| < 1. We have |a,2"| < |a,| and
so, in view of (6.1.3), the power series

F(z)= i anz"
n=0

converges absolutely for all z in the open unit disk, and defines an analytic function
there. Condition (6.1.4) reads

F(1/k)=0, k=23,....

Thus the zeroes of F have a limit point in the open unit disk, and so F(z) = 0,
from which we obtain that all the coefficients

F™(0)

nl , nec No,

Ay =

vanish. O

Solution of Ezxercise 6.1.4. Since the zeros accumulate at the point z = 0, the only
function is f(z) = 0. O
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Solution of Exercise 6.1.5. We consider the first case and show by contradiction
that no such function exists. If it exists, we note that it is not identically vanish-
ing, since the values at 1/n are different from 0. From (6.1.5) we obtain f(0) =
lim,, 0 f(1/n) = 0. Thus there is an integer p > 0 and a function ¢ analytic in
the open unit disk such that ¢g(0) # 0 and

f(z) = 2Pg(2). (6.9.2)
Thus
f(1/n)=n"Pg(l/n), n=2,3,....
Since f(1/n) =e™™ we obtain
g(l/n)=nPe™, n=23 ...,
and thus
g(0) = lim nfe™" =0.

But ¢(0) # 0, and thus we obtain a contradiction and there is no function with
the required property.

We now turn to the second case. The function f(z) = 0 answers the question.
We show that it is the only solution. The proof is quite similar as in the first case.
Assume that a solution which is not identically vanishing exists. Condition (6.1.6)
implies that

FO] = Tim [£(1/n)] =0,
so that f(0) = 0 and we have the representation (6.9.2). Thus,

9/l _ -

np -

[f(1/n)] =

and so
lg(1/n)| < nPe™™,

once more leading to ¢g(0) = 0, and hence to a contradiction.

In the last case we cannot assume that f is continuous at the origin. The
function f(z) = e~'/* meets conditions (6.1.5). O

Solution of Exercise 6.1.6. Assume such a function exists. The condition

F(1/(2n)) = i n=2.3.. ..

forces

fz) =2z,
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since both functions coincide at the points 1/2,1/3,. ... Similarly, the second con-
dition forces )
z
Z) =
o=
since both functions coincide at the points 1/2,1/3,.... Hence we obtain a con-
tradiction, and no such function exists. O

Solution of Ezercise 6.1.7. The function h(z) = ﬁég is analytic in the open unit
disk (since g does not vanish there). The derivative of h is

9*(2)
/ /
—M@(ﬂd—ng
fz)  9(2)
Since f does not vanish in D, (6.1.7) expresses that //(}) = 0 for n > 2. Since the
sequence i converges to 0 which is an interior point of D, it follows that h/(z) is
identically equal to 0 and hence h is a constant. (I

The previous exercise is [45, Exercice, 11 p. 78].

Solution of Exercise 6.1.8. (a) The analytic function f -+ f” vanishes at the points
1/n for n > ng and so its zeros accumulate at z = 0. It follows that

f2)+ f(z)=0
in a neighborhood of the origin. Thus
f(z) =acosz +bsinz

for some complex numbers a and b (use analytic continuation from a real neigh-
borhood of the origin to a complex neighborhood of the origin). The formula for
f shows moreover that it extends to an entire function.

In case (b),
f(z) = acoshz + bsinh z. O

Solution of Exercise 6.1.9. We denote by Z(a) and Z(b) the sets of zeros of a and
b, and by Qg = Z(a) N Z(b) the set of points in Q for which (6.1.8) holds. We
first remark the following: The sets of zeros of a and b are at most countable, and
without accumulation points in 2. Otherwise, one of the functions a and b would
be identically vanishing in 2, and one of the sets 2 and Q2_ would be empty. We
now prove the claims of the exercise.

(a) By the above, Qoo = Z(a) N Z(b) is at most countable, and has no
accumulation points in €.
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(b) By Theorem 15.6.2, the set Q\ Qqo is connected. It is open since g is
closed, and hence Q \ Qg is path-connected. See Lemma 15.4.7. Let z; € Q4 and
z_ € Q_, and let C be a path linking z to z_, with parametrization v(t), t € [a, b].
The function

t—l(t) =

is continuous and
l(a) <1 and I(b) > 1.

By continuity, there exists a point ¢ € (a,b) such that I(c) = 1. This point ¢
belongs to Qg \ Qoo-

(c) The set Qg is closed, and so 2\ Qg is open. Assume that Q\ Qg is connected.
Then, it is path-connected, see Lemma 15.4.7, and any pair of points z4 in 4 is
connected by a path inside Q \ Q. But, as above, this implies the existence of a
u where |a(p)] = [b(w)]. This point g is thus in Qg, and this contradicts the fact
that the path lies inside 2\ Q. O

Solution of Exercise 6.3.1. (a) The function F' is analytic in the open unit disk
(this was shown in the proof of Exercise 4.4.13 using a theorem on power series).
The functions exp F'(z) and 1+ z are both analytic in the open unit disk. In calculus
classes one proves (basically, the same proof as the one in Exercise 4.4.13) that

expF(z) =142z, =z€(-1,1).

By analytic continuation this identity extends to the open unit disk.
(b) Let In(z) be the usual analytic extension of In(z) to C\ (—o0,0):

In(z) =Inp+if, z=re?, 6¢c(—mmn).

Then, for z € C\ (—00,0) we have

e(®) = 4,
Thus, for z € C\ (—o0, —1), we have
eln(l-i—z) =1+ 2.

It follows that In(1 4 z) is the analytic extension of F' to C\ (—o0,0). For (b), use
item (b) of the previous exercise. O

Solution of Fzercise 6.3.2. (1) The power series f, restricted to (—1,1) and the
function (6.3.1) have the same value at the origin and solve the same differential

equation, namely
Y@ =" y
1+

Both functions are thus equal in (-1, 1).

(),
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(2) The first claim follows from the definition (4.4.8). Furthermore, from the
previous item we have for x € (—1,1),

ealn(l—x) — Z(_l)n <Z> P

n=0
See (4.4.8) for the definition of (g) The result follows by letting = 1 1.

(3) The proof is similar to that of (2), and will be omitted. O

Remark 6.9.3. The previous exercise also holds for complex o = a + bi provided
we defined for real z € (—1,1)

(1+2)* =exp(aln(l + z))(cos(bln(l 4+ x)) + isin(bln(l + x))).

Solution of Fzercise 6.3.3. For the first function in (a), consider a rational number
p/q. For n > g,

PrreoN
q
and hence
(TeQTrip/q)n! _ Tn!eQ‘n'ip;! _ rnl.
It follows that
o0
pn pn'
lim 7qn' 211 _ Z hm 7qn 21
rT1 b
(6.9.3)
= hmr = 400,
rT1

where the interchange of limit and summation is done using the monotone conver-
gence theorem if you know measure theory, and by direct estimates, omitted here,
if you want an elementary proof. Since the numbers 2™/ are dense on the unit
circle, the function f cannot be continued in any open sub-arc of the unit circle.

For the second function, we first remark that f satisfies the functional equa-
tion
F(2) = =2+ (D).
Therefore

lim £(p)

pT1
does not exist. Since
f(=p) =p+ (0%,
it follows that
lim f(—p)

pT1
does not exist either. Since

flip) = —ip+ f(=p°),
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it then follows that
lim f(i
lim £(ip)
does not exist. The same argument will show that the limit
lim f(pe??
lim f(pe™)
does not exist at the points § = 27T2’fl ,withn=0,1,...and k=0,1,...,2"—1. O

Solution of Exercise 6.3.4. We assume that f is rational and that |f(z)| = 1 when
z € I, where I is some open arc of a circle. Thus,

f(z) = ( =1 when zel. (6.9.4)

By analytic continuation, this equation holds for all complex numbers where both
f(z) and f(1/z) are defined. From (6.9.4) we note that f cannot have a zero or a
pole on the unit circle. Moreover, if w is a zero (resp. a pole) of f different from 0,
then 1/w is a pole (resp. a zero) of f. Let wy,...,wy be the zeros of f different
from 0. The function

f(2)

N
Hn:l bwn (Z)
has at most a zero or a pole at the origin. Therefore there exists M € Z such that
f(2)

M TN bu, (2)

is a constant. This constant is unitary since the function takes unitary values on
I (and in fact is defined on all of T and takes unitary values there). O

Solution of Exercise 6.3.5. We note the following. The left side of (6.3.2) defines
a function analytic in the open unit disk. Indeed, using Weierstrass’ theorem, we
have that for |z] < 1,

/% * Sy /% Sin"” b,
o L+ zsint = 0
On the other hand, for z = a € (—1, 1), the right-hand side is equal to
27
V1—a?

See Exercise 8.4.1 below. Thus both sides of (6.3.2) coincide on the interval
(—=1,1), and by analytic continuation they coincide in the open unit disk. Thus,
the right side is an analytic continuation of the left side. O

Other examples of analytic extensions appear in Exercises 5.7.4 and 5.7.10.
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Solution of Exercise 6.3.6. Assume by contradiction that such a function f exists.
The function f is in particular bounded in a neighborhood of the origin, and thus,
by Riemann’s Hebbarkeitssatz (see Theorem 5.4.1), the function F defined by

Fz) = fz), ifo<|z|<r
o, if2=0

is analytic in B(0,7). The point z = 0 is a zero of F, say of order N > 1. Thus we
have
2NG(2)? =2, z¢€ B(0,r),

where G is analytic in B(0,r) and such that G(0) # 0. We thus get
2N1G(2)?2 =1, 2 € B(0,7).
Setting z = 0 in the above equation we obtain a contradiction. 0

Solution of Ezxercise 6.3.7. It suffices to remark that the two functions coincide on
the real interval (—1, 1) with the function /1 — . O

Solution of Ezercise 6.3.8. Let A be a triangle inside €2, with boundary dA. We
take A to be closed (that is, the interior of the triangle and its boundary). To
check that [\ f(z)dz = 0. Four cases have to be distinguished. More precisely we
need to consider:

(a) INOA #0 and IN A= 0,
which itself is divided into:

(al) I NOA consists of one point.
(a2) I N OA consists of an interval.

(b) TNAA 0 and IN A% 0.
(c) TNOA =0 and In A= 0.
(d) TNOA =0 and IN A% 0.

In the last case, I is in the outside of A, and Morera’s theorem insures that
fBA f(2)dz = 0. In the other cases, the continuity of f insures that we still have
faA f(2)dz = 0. In case (al), the continuity of f insures that the integral of f on
one of the segments of A does not change if one removes one point from that
segment. In cases (b), (c) and (d), we triangularize A in such a way that I N A is
a side of part of the triangles which make the triangularization, and then use the
continuity of f to approximate the integral of f on this segment. O

Solution of Exercise 6.3.9. We remark first that the function h is continuous in
B(zo,7). Let f(z) = u(z,y) + iv(z,y). We note that

f(2) = u(z, —y) —iv(z, —y),
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and it is clear that the functions
U(z,y) =u(z,—y) and V(z,y)=—v(z,—y)

satisfy the Cauchy-Riemann equations when uw and v do. See Exercise 4.2.6 if
need be. Therefore, f(z) is analytic in the image of By (zp,r) under conjugation.
To prove that the function A is holomorphic in B(zg, '), we use Morera’s theorem.
Consider a triangle A in B(xg,r). We want to show that

/ h(z)dz = 0. (6.9.5)
0A

Various cases occur:

(a) The triangle does not intersect the real interval (xg — r,z¢ + 7). Then, the
integral is zero because h is analytic in B(zo,r) \ (xo — 7, 2o + 7).

(b) The triangle intersects (zg — r, o + r) at one point only.
(¢) The triangle intersects (zg — r,zo + r) at two points.

(d) One of the edges is (zg — r, o + 7).

We discuss the case (d). Two nodes, say A and B, of the triangle are on the real
axis. Without loss of generality we may assume that the remaining node, say C,
is in the open upper half-plane, that is in By (xg,r). Let € > 0. The intersection
of the line —ie 4+, = € R with the triangle consists of two points. We denote by
A(€) the one on the interval [A, C] and by B(e) the one on the interval [B, C]. The
integral of h on the triangle defined by A(e), B(e) and C' is equal to 0 since h is
analytic in the open convex set By (zg, ). Furthermore, in view of the continuity
at the points of (zg — r, 20 + ), the integral of f on the quadrilateral defined by
A, B, A(e) and B(e) goes to 0 as € goes to 0. This shows that (6.9.5) holds. Cases
(b) and (c) are treated in a similar way. By Morera’s theorem, h is analytic in
B(zg,7). O

6

Solution of Ezercise 6.3.10. (a) For z = pe’ € D\ (—1,0] we have ¢(z) = p/men .
Let € = e n . We have w" = z if and only if

The formula

expresses that g, is analytic in D\ (-1, 0].
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(b) Let
FE) =3 anem
m=0

be the Taylor expansion of f in D centered at the origin. We have

n—1 oo

gn(2) = ,i S ampmme

j=0 m=0
1 e’} n—1
_ m/n e jim
LS et (30
m=0 7=0
By formula (1.1.17) we have

nil im n, ifm=kn, k€ Ny,
€ =
=0 0, otherwise.

It follows that -
gn(2) = Z apnz”.
k=0

Hence g, has an analytic continuation to D. O

Solution of Ezxercise 6.4.1. We translate the problem in the complex plane. Let
21, .., 2n be the complex numbers corresponding to P, ..., P,. Let P = (z,y) be
in the plane, and let z = x + iy. We have

H(z — z)
(=1

The function [],_,(z — z¢) is a polynomial, and in particular is an entire function.
By the maximum modulus principle, its modulus has no local extrema, besides at
the points zy. (I

n

1P Pel| =
1

=

Solution of Ezxercise 6.4.2. Assume that
Ip(e)| <1 Vo elo,2n],

and consider
q(z) = 2"p(1/z) =1+ an_12+ - +apz".

The function ¢ is also a polynomial and it holds that

max |q(2)] = max|q(z)| = max [e™"p(e”T)[ <1,
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where we used the maximum modulus principle and the hypothesis that |p(e??)| <
1 for all 6 € [0,2x]. But ¢(0) = 1 and so ¢(z) = 1 by the maximum modulus
principle. This forces a,—1 = - = ap = 0 and so p(z) = z™. The converse is
trivial. (]

Solution of Ezercise 6.4.3. Let ry < ro. We have
{z 5 el <mpc{z; [2] <,

and 50 sup|, <, |f(2)| < sup.|<,, |f(2)|. By the maximum modulus principle,

def.
M(r,p) =" sup [p(z)| = sup [p(z)],

|2]=r |z|<r
and hence M (r,p) is increasing.

Let p(2) = ap2"+a,_12""1+---+ag. To prove the second claim, we consider
the function p#(z) given by (5.9.36):

1

Qs z=0.
We have:
M(r,p*) = ISlllp Ip*(2)| = ISlllp el )| = M(r,p% (6.9.6)
and so ) v
M( ,pﬁ> - (:p). (6.9.7)
T T

The function p(z) is a polynomial and so the function z + M (r,p#) is

increasing and so the map z ~— M( ,p!) is decreasing. This concludes the proof,
r
thanks to (6.9.7). O

Solution of Ezercise 6.4.4. Assume by contradiction that such a function f exists.
It does not vanish and |f~!(z)| = e7?l < 1 for 2 € D. But [f(0)] = €° = 1.
The maximum modulus principle implies that f is a constant. But no constant
function can satisfy |f(z)| = el?l for all || < 1. O

Solution of Ezercise 6.4.5. Since h does not vanish in |z| < 1+e, there is a function
f analytic there and such that h = e~7; in particular

h(2)| = e 1),

Since |h(z)| < 1 for z in the open unit disk we have that Re f(z) > 0 there. Since f
is analytic in |z| < 14 € we can use Harnack’s inequalities (as proved in the present
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set of exercises; recall that (5.5.13) is a special case of Harnack’s inequalities). Fix
R <1 and ¢ € [0, 27]. We have then

IR < Re f(Re™) < IR 27].
1+ |R| e f(0) <Ref(Re )_1—|R| e f(0), V¢ e0,2n]
The cases R =1/7 and R = 1/5 lead to

i

iRef(()) <Ref <67 > < ;LRef(()), ¢ € [0, 27,

and
i

§Ref(0) <Ref <e5 ) < ;Ref(0)7 Ve e [0, 27,

In particular,

Re f (e;c) < gRef(O) <9Ref (f) . Wee 0,2,

Thus
sup |h(z)? = inf e 2Ref(2)
|z|:1/5| )l |z|=1/5
< ¢~ 4Ref(0)
< inf e Ref(®)
|2|=1/7
= inf |h(2)],
it [A(z)
and thus, using the maximum modulus principle for A in |z| < 1/5 and 1/h in
|z| < 1/7 we obtain the result. O

Solution of Exercise 6.5.1. By Schwarz’ lemma, we have |f(z)| < |z| in the open
unit disk D. If z is in D so is 2™ for any positive integer n, and so |f(z™)| < |2"|.
Thus for |z| < r we have

S| < e
n=0 n=0

Hence, the series > - f(2") converges absolutely and uniformly in |z| < r for
r < 1. (Il
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We recall that, for a € D, the map

z—a

bo(2) =
(2) 1—za

denotes the elementary Blaschke factor (1.1.44), and that b, maps conformally D

onto itself, with inverse b_,.

Solution of Exercise 6.5.2. If f is a unitary constant, (6.5.4) is trivial. If f is not
a unitary constant, the maximum modulus principle implies that |f(z)| < 1 for
all z € D. Let zp € D. The idea is to reduce the situation to the case where z = 0
using appropriate maps of the form b,. The function

f(b—z(2)) = f(20)
1= f(b—2(2))f(20)

is analytic and contractive in D, and vanishes at the origin. Schwarz’ lemma implies
that

9(z) =

g'(0)] < 1.

An easy computation leads to

1 — |zo|? 1—[f(z0)?
JE@ = o T a(2) ROMI
(1+ 220) (1= f(b—(2))f(20))
Thus,
1 — |zo|?
"(0) = (4 7
TO= 1| payp!
and the result follows. The claim on the case of equality follows from the fact that
¢'(0) has modulus 1 if and only if g(z) = ¢z for some ¢ € T. O

Solution of Exercise 6.5.3. By Schwarz’ lemma we can write f(z) = zg(z) where

¢ is analytic and bounded by 1 in modulus in D. The condition f(1/2) = 1/2 leads
to 9(12/ 2 = ;7 so that g(1/2) = 1, and the maximum modulus principle leads to

g(z)=1. O

Solution of Exercise 6.5.4. Let z; and z9 in D such that f(zy) = 2, for £ = 1,2.
The function

g:b21ofob—217

sends the open unit disk into itself and is such that ¢g(0) = 0. By Schwarz’ lemma,
g(z) = zo(z), where the function o is analytic and bounded by 1 in modulus in
the open unit disk.

The second condition f(z2) = 22 can be rewritten as

f o b—Zl o bzl(ZQ) = Z2,
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and so

bZl ofo b—Zl o bZl (22) = bzl (22)
Thus with w = b,,(22), we have g(w) = w, ie., o(w) = 1. By the maximum
modulus principle, o(z) = 1 and so ¢g(z) = z, meaning that f(z) = 2. O

Solution of Fzercise 6.5.5. The function F' = b, o f ob_., is analytic from DD into
itself and

F(O) = bZo (f(b—zo (0)) = bzo(f(zo)) = bZo (20) =0.

By Schwarz’ lemma,
F(z) = 2G(z2),

where G is analytic and contractive in . Hence

(fob2)(2) = (b-2,)(2G(2))

_ 2G(2) + 20

1+ 2G(2)2°
But L

/ o — 1?0 , .
(Foba) ()= 1 | 2 (0==(2));
and " / L
2G(2)+20 \ 11—z ol .
(1+ZG(Z)20> o (1+ZG(Z)20)2( G'(2) + G(2)).

Hence,

1— |zl 1 — |zo|?
b_. =
(14 z20)? F(b—z0(2)) (14 2G(2)z0)?
Setting z = 0 and using the fact that f/(z9) = 1 we obtain

(2G'(2) + G(2))-

G(Zo) =1.
By the maximum principle, G(z) =1 and so f(z) = z. O
Solution of Exercise 6.5.6. It suffices to take

o=, 7

We have f(1) = f/(1) = 1. O

Solution of Exercise 6.5.7. (a) We assume |f(0)| < 1, and therefore f is not a
constant of modulus 1 (it can be a constant of modulus strictly less than 1), and
therefore |f(z)| < 1 for all z € D. Therefore (see (1.1.41) if needed with f(z)
instead of z and f(0) instead of w),

ney = TG 10

= €D, VzeD.
1= f(0)f(2)
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Since h(0) = 0, it follows from Schwarz’ lemma that the function

h(z) B 0
fi) =4 = MOk (6.9.8)
R(0), z=0

isin S.
(b) Given g € S we have that |zg(z)| < 1 for all z € D. Using (1.1.41) with
zg(z) instead of z and pg instead of w, we see the function (6.5.6)

_po+zg(2)
1&=1y 2pog(2)

isin S. Tt clearly satisfies f(0) = pg. Conversely, if f is a solution, the function f;
defined by (6.9.8) with f(0) = pp belongs to S. Solving f in terms of f; we obtain
(6.5.6) (with f; instead of g). So f is indeed of the form (6.5.6).

(¢) Recall that the derivative of the function

Ly 2T Po
zpo + 1
is given by
5 1- |Po|2
(zpo +1)2
Furthermore

(29(2)) = zg'(2) + g(2).
Hence, the usual rule of differentiation for the composition of two functions leads
to
1—po|?
"(2) = (24 (2) + g(2)) - .
P =@+ 0 o

Thus,

£'(0) = g(0)(1 = |pol*).
It follows that to find f € S with preassigned values of f(0) and f’(0), it suffices
to first solve the problem of finding all f € S such that f(0) is given. If [f(0)| > 1
there are no solutions. If |f(0)] = 1, then f(z) = f(0), and necessarily f’(0) = 0.
Assume now that |f(0)] < 1. Then finding all f (if any) such that f/(0) is given
amounts to find all g € § such that

(0
9(0) = 1{?/)3)?'
£/(0)

1—[pol?
a unique solution if |p1| = 1, and it has an infinity of solutions, described in a way

similar to (6.5.6) if p; € D. O

This problem has no solution if p; def. has modulus greater than 1; it has
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Solution of Ezercise 6.5.9. By Schwarz’ lemma, we have f(0) = 0 if and only if
f(2) = 29(2)

for some g € S. We have
f'(z) = 29'(2) + 9(2),
and therefore
9(0) = f'(0) =b.
If |b| > 1 there is no solution to (6.5.8). If |b| = 1, the maximum modulus principle
implies that g is unique and equal to g(z) = b. Thus the interpolation problem
(6.5.8) has a unique solution, namely f(z) = zb. If |b| < 1, it follows from (6.5.6)
that g is of the form
b+ zh(z
9(2) = )

1+ 2bh(z)
where h varies in S. The solutions of the interpolation problem (6.5.8) are therefore
exactly the functions of the form

b+ zh(z)

Jz) == 1+ zbh(z)’

where h varies in S. O

Solution of Exercise 6.5.10. If |wy| = 1, the only function in & which satisfies
f(z1) = w; is the constant function f(z) = wy. Thus, if wy # wy, the interpolation
problem at hand has no solution, and has a unique solution f(z) = wy if wy = ws.
Assume now |wi| < 1. Then by Exercise 6.5.7, a function f € S satisfies f(z1) = w
if and only if it is of the form

zZ—zZ

Wt 1- 227"
f(z) = L }Zl , gES. (6.9.9)
1
T 1- leg(z)
The condition f(z2) = wy reads
Z9 — %
wit 7 (=)
_ 1— 2129
Wy = 1 + 29 — 21 ( )a
w z
1 1— 21229 2
that is
w9 — W1 1-— Z122
9(z2) = :

1—w1w2 Z9 — 21 ’

As in the previous exercise, three cases are possible depending on the value of

def. W2 — W1 1— 2129

1—’11}1’(1}2 zZ9 — 21 ’
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If |p| > 1 there is no solution. If |p| = 1, the unique solution of the interpolation

problem is
z2—2z1 wog—wp 1— 2129
w1 + :
f(Z)_ 1—22’11—’(0111)2 Z9 — 21
z2—2z1 wog—wy 1—2z129°
1 + w1y .
l—2zz11—wiwy 20 —21

If |p| < 1, in view of Exercise 6.5.7, the set of all solutions g is of the form

wWo — W1 1—z1ZQ+ Z — 2o

1—wiwe 29— 1— 229

9(2) = wo —wy 1 — 2129 2 — 29

1+
1—wiws 29—21 1—22

To conclude it suffices to plug this expression in (6.9.9).

It can be shown that a necessary and sufficient condition for Problem 6.5.9
to have a solution is that the matrix
1— |u/1|2 1—’(1}1’(1}2
1—|21|2 1—2122
1-— wo W1 1-— |’U}2|2
1—2221 1-— |2’2|2

is non-negative. Recall that a hermitian matrix is called non-negative if all its
eigenvalues are greater than or equal to 0. See Definition 16.3.1.

Solution of Ezercise 6.5.11. Recall that

zZ4+a
b-a(2) = 1+ za

The function F(z) = f(b—_q(2)) is analytic in the open unit disk D, and maps D
into itself. Furthermore

By Schwarz’ lemma,
F(z) = 2G(2),

where G is analytic and contractive in the open unit disk. Replacing in this equa-
tion z by b, (z) we obtain

F(bo(2)) = f(b—a(bs(2))) = f(2) on the one hand,
= 0,(2)G(ba(2)) on the other hand,

and so
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where the function g(z) = G(b.(2)) is analytic and contractive in . Furthermore,
g(b) = 0 since f(b) = 0 and a # —b. We reiterate the same argument on g and

obtain
z—0b

z) = h(z
g9(z) = h(2)
for some function h analytic and contractive in . Thus
z—a z—a z—0b
= = h
O S 1O}
and so b ;
z—a || z— z—a || z—
= h < . D
FEN= 1ol L PE= 1t

Solution of Exercise 6.5.12. We have
27 2
1|z
Rep(z) = /O it — Z|2m(t)dt > 0.

Thus the function ()1
_ plE) =
(=) = p(2) +1

is bounded by one in modulus in the open unit disk. The condition

/O% m(t)dt = 1

forces ¢(0) = 1 and so s(0) = 0. It suffices then to apply Schwarz’ lemma to obtain
the result. 0

Solution of Ezxercise 6.5.13. The first claim follows from the identity

z—2012 2Rez(z0—20)  4yyo

1—

Z— 20 |z — 202 oz — 20)?’

where y = Im z and yo = Imzp. See formula (1.1.53) with w = zp and v = z if
need be. The inverse map
Z0 — 220

1-=z
maps then in a one-to-one way the closed unit disk onto the closed upper half-
plane. To prove the second claim, consider the function

() = s = 7 ().

1—=2

B (z) =

20

It is analytic and contractive in the open unit disk. Furthermore, s(0) = f(z9) = 0.
Applying Schwarz’ lemma to s we get

s(z) <[z, zeD.

Replacing in this inequality z by %,,(z), with now z € C, we obtain the claim.
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To prove the last claim, we see now that s(0) = s'(0) = 0. By Schwarz’
lemma, the first condition implies that s(z) = zo(z), where o is analytic and
contractive in the open unit disk. Since

§'(z) = o(z) + z0'(2),

the second condition implies that o(z) = z01(z), where o7 is analytic and con-

tractive in the open unit disk. Thus s(z) = 2201(z), and in particular,

ls(z)] < |z|2, z € D.

Once more replacing in this inequality z by 4,,(z), with now z € C; we obtain
the last claim. (]

Solution of Ezercise 6.6.2. From the power series defining sin z we have

o ( 1)71 2n-+1

Z (2n+1)!

n=0

o0 |2n+1

Z 2n+1

|sinz| = —sinh|z|.

The second claim is an easy calculus exercise. Consider the function
f(x) =xcoshl—sinhz.

Then
f'(z) =coshl—coshz >0 for =z €]0,1].

Thus f is increasing on [0,1] and f(x) > f(0) = 0, that is sinhz < z(cosh1) on
[0,1]. The last claim follows easily from

|sin 2" < |z|" cosh 1
for z € D. (]
Solution of Ezercise 6.6.3. Let

2(z+ 1) (z4+n-—-1)

n = 3 2172,....
fal2) . n
We have
z
n 1+ —n
z+n n n 1
n = . n = . 1 n .
Frt1(2) n+1 <n—|—1> Fn(2) 1_~_1 ( +n> Fn(2)
n
For R > 0 we have
R
1+ 1 —-n
lim 711~<1+ ) =e L
n—»ool+ n
n
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Therefore, for any R > 0 there exists ng(R) € N such that:
2
n>no(R) = |fo41(2)] < . |fn(2)], V|z| <R. (6.9.10)

Since 2/e < 1, it follows that the series > 7, fn(z) converges absolutely and
uniformly on every closed set |z| < R, and its sum is therefore analytic. O

Solution of Exercise 6.6.4. It suffices to notice that the series ¢‘z converges uni-
formly on compact subsets of C. We now turn to the formula for the coefficients
(an)nen of the Taylor series

fz)y=1+ Zanz”
n=1

of f centered at the origin. From formula (3.7.12) (see Exercise 3.7.8) we get (with
apg = 1)

n

q
1—gq

ap = — n On—1, n=12,...,

and hence the result since

1
1+2+~-~+n=7ﬂb(n2+ ) O

Solution of Ezercise 6.6.5. Let z = x + iy. Then

2
_n2 2 1\"
|€nz|:6nw:(ew> s

and the series is absolutely convergent, and hence convergent, ir21 the open right
half-plane. On the other hand, for 2z < 0, the absolute value |[e”" *| = ™™ * does
not go to zero, and hence the sum (6.6.1) cannot be convergent.

For x > ¢ > 0 we have

|e—n2z| S e—’l’Lzé7

and hence the sum is absolutely and uniformly convergent there. 0

Solution of Exercise 6.7.1. From the estimate (3.9.22) it follows that the sequence
of finite products converges uniformly on compact subsets of ). Thus the limit is
an analytic function. O

Solution of Exercise 6.7.2. It suffices to use (3.9.19) with a,, = 1/n. O

Solution of Exercise 6.7.3. Replacing z by imz in the formula (3.7.23) for sinh z

we obtain ,
sinmwz a z
= 11 (1 - k2> . (6.9.11)
k=1
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The infinite product defines an entire function, and it is therefore legitimate to
identity the coefficients of the powers of z on both sides of (6.9.11). The coefficient

of 22 on the left is

71-2

6

On the right the coefficient of 22 is
=1
B Z k2’
k=1

and hence the result. The proof of (6.7.1) is done in the same way, using (3.7.26)
to obtain

2
cosz =1— Z2 + higher-order terms

= 1
=1-—42° + higher-order terms. O
z {;(2k+1)2w2} igher-order ter

Solution of Exercise 6.8.2. The result is a direct application of formula (6.8.2). O

Solution of Exercise 6.8.4. We consider (a). The other cases are treated similarly.
Let

F2) =) falz =)
n=0

be the power expansion of f at the point 4. It has infinite radius of convergence,
and hence

1 f(2) L[ fi+ Re®)
f" B /|z—i—R ( !

. , z = :
271 z—q)ntl 2 Jo Rreint

for every R > 0. Taking into account the bound in (a) we have

dt < dt = .

<
[fol Rn =or Jo Rn Rn

1 % |f(i + Re™)| 1 [*™ M(1++VR) M(1++VR)
- 27r/0

Letting R — oo we get that f,, = 0 for n > 1. Thus, f is a constant, of modulus
less than or equal to M. (I

Solution of Ezxercise 6.8.5. If the given function f is a polynomial, this is clear
from the fundamental theorem of algebra. The image is in fact all of C since the
equation

fz)=w

has at least one solution for all w € C.
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Assume now that f is an arbitrary non-constant entire function, and proceed
by contradiction. There is then a number a and a positive number r such that

|f(z) —a| >r, VzeC,

and in particular

1 1
<, VzeC.
fz)—a| ~r
Hence the function 1/(f(z) — a) is entire and bounded. By Liouville’s theorem it
is constant. This is a contradiction since f itself is not constant. O

Solution of Exercise 6.8.6. The function F(z) = e/(*)=M is entire. But
|F(Z)| — eRef(z)—]\/I <1.

By Liouville’s theorem, F' is a constant function. Thus

and so f'(z2) =0 and f is a constant function. O

Solution of Exercise 6.8.7. We note that functions of the form f(z) = ¢z" where
¢ is a complex number of modulus 1 and n € N answer the question. We show
that these are the only entire functions satisfying (6.8.3). Assume f is an entire
function satisfying (6.8.3). We can always write f(z) = 2" fo(2), where fo is entire
and does not vanish at the origin. Rewriting (6.8.3) as

fo(2)fo(1/2) =1, 2#0, (6.9.12)

we see that

lim fo(2) = 1/f0(0).

By Liouville’s theorem, fj is a constant, which is unitary thanks to (6.9.12), and
this concludes the proof. (I

Solution of Ezrercise 6.8.8. By the periodicity conditions, it is enough to know the
values of the function f in the closed square with corners

(0,0),(0,1),(1,0),(1,1).

In this square, the function is bounded in modulus (by an elementary property of
continuous functions on closed bounded sets). Thus, it is bounded in the complex
plane, and hence constant by Liouville’s theorem. (I
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Solution of Exercise 6.8.9. Assume that such a polynomial exists. By Cauchy’s
formula, the first condition reads

P(1) = P(1)2) = P(1/3) = --- = P(1/(N + 1)) = 0.

Thus P would be a polynomial of degree N with (N + 1) zeroes; this cannot be,
and the only polynomial satisfying the condition is the polynomial P(z) = 0.

In the second case, we have that all the derivatives of P up to order N vanish
at z = 1/2. But, by the Taylor expansion at z = 1/2 and since P has degree N,

N po)
poy =3 P ey,
=0

and so P = 0 (and in particular no polynomial of degree N meets the requirement).
O

Solution of Ezercise 6.8.10. We rewrite the vanishing condition (6.8.6) as

P
/ (Zz dz=0, n=0,1,...,N.
EE

r &=

For r = 3/4, the points é, é,
becomes

,Nil are inside the circle |z| = r, and (6.8.6)
P(1/2) = P(1/3) =--- = P(1/(N + 1)) = 0.

Since P has degree N, these conditions uniquely determine it, up to a multiplica-

tive constant:
1 1
P(z) =K - _ _ )
(2) (Z 2> (Z N+ 1)

For » = 1/(N +2), no point of the form 1/(n+1) with n =0,..., N +1 lies
inside the circle |z| = r, and every polynomial (not only of degree N) answers the
question. 0

Solution of Exercise 6.8.11. Set first z = 27k with k € Z. You get
p(27k) cos? 21k = 1.

Thus
p(27k) =1 keZ,

the polynomial p(z) — 1 has an infinite number of zeros, and so must be equal to
0. So p(z) = 1. To see that ¢(z) = 1, put z = § + k7. O
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Solution of FEzxercise 6.8.12. Assume that such a function exists. Then f does not
vanish in C\ {0} and therefore 1/f is analytic there. Moreover, 1/f is bounded
in a neighborhood of the origin, and hence, by Riemann’s removable singularity
theorem, is analytic in a neighborhood of the origin, and hence the function

1
By =4 fo 270
0, z=0
is entire. It can be written as
h(z) = 2N hy(2),
where N € N and h; is an entire function not vanishing at the origin (and hence
not vanishing in C). From (6.8.7) we get
o] =
f(2)?

and the entire function 22V ~1h2(z) is bounded and hence is equal to a constant,
say K. Thus

AR < |4, zeC,

2N=1p2 () = K.
Setting z = 0 we obtain 0 = 1. Hence, no such function f exists. O
Solution of Ezxercise 6.8.13. The polynomial
p(z) =2t +322 4+ 2+1

has real coefficients, and so its roots are either real or appear in conjugate pairs.
See Exercise 1.5.5. For z = = € (—1,1), we have that « +1 > 0 and hence
2* 4+ 322 + £ + 1 > 0. Furthermore, £1 are not roots of p and hence no roots are
in [—1,1]. Let zp, z0, 21,21 be the roots of p, with 2y and z; in the open upper
half-plane (and a priori possibly equal). We have

p(2) = (2 — 20)(z — 20)(z — 21)(z — 21),

and in particular
ZOR0R1%21 = 1,

that is |z02z1| = 1. It follows that two cases may occur:

(a) 2o or z1 has modulus strictly less than 1. Then p has exactly one solution
in the closed upper half unit disk.
(b) All roots are of modulus 1. Let zp = €% and z; = 1. Then,

p(2) = (2% = 2zcos by + 1)(2% — 2zcos by + 1).
Comparing the coefficients of z and 2% we obtain:
cosp +cosfy =0 and —2(cosfy+ cosbi) =1,

which cannot be. g



Chapter 7

Laurent Expansions, Residues,
Singularities and Applications

Laurent expansions deal with functions analytic in an open ring
ro < |z — 20| <11, (7.0.1)

(ro = 0and m = +o0 are allowed). The result (see Theorem 7.1.1 below) expresses
f as the sum f = fi + f_ of a part f analytic in the disk |z — 29| < r; and of
a part f_ analytic in rg < |z — z0|. When 71 = 400, the function f is entire,
while the function f_(1/z) is entire when ro = 0. The case ro = 0 is of particular
importance. The point zg is then called an isolated singularity of f. At this stage of
a course on complex variables, the student already knows that a function analytic
in a punctured open neighborhood of a point, say zp, and continuous (or even,
bounded) in that neighborhood is analytic in the whole neighborhood. This is
called Riemann’s removable singularity theorem (also known by its German name
Riemann’s Hebbarkeitssatz) and its proof follows from the proof of Cauchy’s the-
orem. The point zg is then called a removable (isolated) singularity. When the
function is analytic in a punctured neighborhood of a point zp, but not assumed
bounded there, two possibilities occur:

(a) We have
lim |f(2)| = +o0. (7.0.2)

Z—rZ0

Then, and only then, zq is a pole.

(b) The limit (7.0.2) does not exist. Note the following: Since f is assumed un-
bounded near zg, |f(z)| will go to infinity via a subsequence, but via other
subsequences the values of f(z) will stay bounded, and the limit will not
exist, or will be finite.
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7.1 Laurent expansions

We recall the theorem on Laurent expansion for functions analytic in a ring. In
the statement, we use the abuse of notation |¢ — zg| = r to denote the path

v(t) = 20 +re, t€[0,27).

Theorem 7.1.1. Let f be a function analytic in ro < |z — 29| < r1. Then, f can be
written as the sum of two functions f(z) = f1(z) + f—(2), where f1 is analytic in
|z — 20| < r1 and f_ is analytic in ro < |z — zo|. We have

fr(2) =) an(z = 20)",
n=0

where the coefficients a, are given by

_ 1! F(© -
" omi /|C—Z(J|—T (¢ = zyntr % =01

with r any number in (0,71), and

e o] bn
EOED DRI

n=1
where the coefficients b, are given by

1

= omi

by / FOK —20)" ¢, n=1,2,... (7.1.1)
[(—z0l=r

with r any number in (rg,00).
When rg = 0, one has the following classification of isolated singular points:

(a) If all the b,, = 0, the point zg is a removable singularity.

(b) If for some N € N, by # 0 and by41 = byt2 = - -+ = 0, the point zg is a pole
of order .

(¢) If b, # 0 for an infinite number of indices, zy is an essential singularity.
Before turning to the exercises it is of interest to hint at a connection with
another mathematical topic. When in Theorem 7.1.1 we have zp = 0 and 1 €

(rp,71) the function f is analytic in a neighborhood of the unit circle. For z = et
the Laurent expansion becomes

o o
f(elt) = § anemt + 5 eizta
n=0 n=1
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and the reader will recognize a Fourier series. In particular, Parseval’s identity
leads to

1 2m ; 0
[ IR = a0l + S + )
n=1

Exercise 7.1.2. Find the Laurent expansions for the following functions in the
indicated domains:

(a) z(zl_l)’0<|z_1|<1"

(b) (22i1)2,0<|z—i|<2;
1 2

() Lsin? 2, 0< 2|

(d) 1;§_Z,O<|z|’.

(@ 2% -2 £0;

() 22(221+1),0<|z|<1.

Exercise 7.1.3. Find the Laurent expansion of the function

eZ

z(224+1)
in the domain 0 < |z| < 1.
Exercise 7.1.4. Represent the function
z+1
z—1
(a) as a Maclaurin series and find its convergence radius;
(b) as a Laurent series in the domain {z: |z| > 1}.

Exercise 7.1.5. Represent the function

1
22(z—1)
in all possible series in powers of z centered at z = 0 and in powers of z — 1
centered at z = 1. Find the domains of convergence of these representations.
Exercise 7.1.6. Check the formula

1 S 471—2
42—22:_2 2n 21> 4.

n=2
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Exercise 7.1.7. Build an analytic square root for the function 1+ 22 in the domains
{z :|z| < 1} and {2 : |z| > 1}, denoted in either case by \/1+ 22, and give the
Laurent expansions of

V14 22

z
in{z:0<|z] <1} and {z: |z] > 1}.
The next exercise is taken from [53, Example 1, p. 77].

Exercise 7.1.8. Show that
1 = 1
cosh | z + :ao+Zan 2"+ , 270,
z —_ FA

where
1

an =
2

2m
/ cos(nt) cosh(2cost)dt, n=0,1,2,....
0

Exercise 7.1.9. Prove the following theorem of Weierstrass: If [ is analytic in
C\{z1,...,2n}, then there are N + 1 entire functions fo,..., fn such that

f(z)=folz)+ [1(1)(z = z21)) + -+ fn(1/(z — 2n)). (7.1.2)

Remarks 7.1.10. When f is rational the functions fy, ..., fy are polynomials, and
(7.1.2) is the partial fraction expansion of f. For an application of Exercise 7.1.9
to the realization theory of rational functions, see Exercise 12.1.2.

Question 7.1.11. Let f(z) = fol (tf;)a dt.

(1) Let tg € [0,1]. Explain why there is only one expansion of [ centered at ty.
(2) Let zo € C\ [0,1]. How may Laurent expansions centered at zy are there?
Compute them.

Exercise 7.1.12. Prove that
1 3 o
cost sint
= dt dt 7.1.3
rey= [ [ (713)
admits a Laurent expansion in the ring 1 < |z| < 2 and compute this expansion.

Exercise 7.1.13. Let zp € C and f as in (7.1.3).
(a) Compute the Laurent expansion of (7.1.3) in |z — zo| > D where

D= max |t— z]
te[0,1]U[2,3]

(b) Give a condition on zy for Laurent expansions centered at zo (possibly degen-
erating to a Taylor expansion) to exist. Compute these as well.



7.2. Singularities 341

Exercise 7.1.14. Find the Laurent expansion of the function (4.4.23) and of its
second derivative in |z| > 1.

¥

Exercise 7.1.15. Let p € N. Show that the function H;Z will have primitives in
z

C\ {0} if and only if p is odd. Give the Laurent expansion centered at the origin

of any of its primitives.

Another interesting example of Laurent expansion is presented in Exercise
7.3.13.

7.2 Singularities

We first recall the following characterization of poles and zeros:

Theorem 7.2.1. Let f be analytic in a punctured neighborhood of the complex num-
ber zo. The following are equivalent:

1. zo is a pole of order N of f.

2. 20 is a zero of order N of 1/f.

3. The limit
lim (2 — 20)Y f(2)

Z— 20

exists, is finite and different from 0.

Exercise 7.2.2. Assume that zo is a zero (resp. a pole) of order N of the function
f, and let M € N. Show that zo is a zero (resp. a pole) of order NM of fM.

In the next exercise we go back to Exercise 5.5.4.

Exercise 7.2.3. Let Q be a star-shaped open set and let C' be a closed simple smooth
curve in . Let zo not belong to the image of C, and let f be analytic in Q. Show
that z = 2y is a removable singularity of the function

f(z) = (2= 20)1'(2)

(z — 20)?

and, using this fact, give another solution of (5.5.4).

h(z) =

Exercise 7.2.4. Show that z = 0 is a removable singularity of the function
1 1
1(z) = tanz sinz’
Exercise 7.2.5. Find the poles and zeros of the function

(cos z — 1)3sin(22) sin(mz)

A RN
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Exercise 7.2.6. What are the singularities of the functions

(z) = ZsEzQZﬁlz)) ’
24 Z —

9(z) = sir(12(ﬂ'zl))7
23(5 — 1)6

hz) = si(n5(7r3 !

Hints. For f, z = 0 is a pole of order 1, z = 1 is a removable singularity (which is
not a zero) and all other integers are poles of order 2.

For g, z = 0 is a removable singularity which is a zero of order 2, z =1 1is a
pole of order 1, and all other integers are poles of order 2.

For h, z = 0 is pole of order 2, z = 1 is a removable singularity which is a
zero of order 1, and all other integers are poles of order 5.

Exercise 7.2.7. What is the point z = 0 for the function

() = sinz?

24

3

Exercise 7.2.8. Nature of z = 0 for the function f(z) = " #.

z

Exercise 7.2.9. Show that the function

. 9y 100
cosel27%") 4 <8s1n(z )>

450

has an essential singularity at the origin.
Exercise 7.2.10. Show that z=0 is an essential singularity of the function cos(e'/?).

Exercise 7.2.11. Let f and g be analytic in a punctured neighborhood of the point
zo and assume that zg is an essential singularity of f and a pole of g. What kind
of singularity is it for any of the functions fg, f/g and f + g.

Exercise 7.2.12. Assume that z = 0 is an essential singularity of f. Show that it
is also an essential singularity of f>.

Exercise 7.2.13. Assume that z = a is a pole of order N of the function f. Show
that it is a pole of order N + 1 of the function f’.

Related to Exercise 7.2.9 we have the following general fact:

Exercise 7.2.14. Assume that f has a pole at the point zy. Show that zy is an
essential singularity of el .
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Exercise 7.2.15. Let f(z) be even and analytic in Q@ = C\{z = m +in; m,n € Z},
and assume that

f(z) = f(z+m+ni) (7.2.1)

for all myn € Z and all z € Q. Assume that the only singular point of f modulo
the lattice Z + iZ is the origin, and that it is a pole of f of order 2. Show that
there exist complex numbers go, g1, g2 and g3 such that go # 0 and

() =g3f>+ g2+ 91 f + g0. (7.2.2)
Hint. The function f has poles at all the points of the lattice
L={m+in; m,neZ}.
For any choice of ag, a1, az, az, the function

q(z) = (f")* = (asf* + az f* + ar f + ao)

is biperiodic, with periods i and 1. Assume there is a choice of the a; such that
z = 0 is a removable singularity of g, and moreover is a zero of q. Then, all
the points of the lattice L are zeros of ¢q. The function g is therefore entire and
biperiodic, and so is a constant (see Exercise 6.8.8).

Recall that oo is an isolated singular point of f(2) if, by definition, 0 is an
isolated singular point of f(1/z).

Exercise 7.2.16. Let f be an entire function and assume that oo is a pole of f.
Find f.

Exercise 7.2.17. Show that the origin is a removable singularity of the function

z
er —1°

Show that there exist numbers Bg, By, ... such that
z B,
o= nz z (7.2.3)

for |z| < 2m. Show that By = 1 and that the recursion

n+1 n+1 n+1
( 0 )Bo+( 1 >B1+~-~—|—< n )Bn:()7 n>1,
holds.

Prove that Bog+1 =0 for k> 1.
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The numbers b, = (—1)(""YBy,, n = 1,2,... are called the Bernoulli num-
bers. As topic of exercises, one can find them in numerous places, for instance
in [75, p. 132]. Bernoulli numbers appear in various places, and particular in the
expressions for the sums

N1 ppp,2%l

> = . (7.2.4)
2

= n* (2p)!

Following [45, pp. 114-115], a proof of (7.2.4) is outlined in the next question.

Question 7.2.18.
(1) Let n € N. Show that

1 o BQn
Res <z2"(ez — 1)70> —(2n)V

where By, By, ... are defined as in (7.2.3), and compute
Res Y € 7\ {0}
i .
(s 1y 2P ) P

(2) Prove (7.2.4) by computing the integral of the function z?n(elz_1) along the
square with vertices +(2k + 1) £ (2k 4+ 1)mi, and letting k — oo.

More generally than (7.2.3) one has:
Exercise 7.2.19. Show that there are polynomials B, (t),n =0,1,... such that

ze'? = B,(t)
- :T;J A e <2 (7.2.5)

Prove that, with By as in the previous exercise,

By(t) = ng <Z> e (7.2.6)

Bpn(t+1) = B, (t) + nt" 1, (7.2.7)
Bl (t) =nBn_1(1). (7.2.8)
The functions B,, appear in quadratic approximation (one step Euler-McLau-
rin formula); for a discussion, see for instance [23, pp. 255-256].
For the formulas in the next two exercises, see for instance [201, p. 153].

Exercise 7.2.20. Let f be analytic in the open unit disk, with power series f(z) =
oo o anz™. Show that the function

O
C(z) = {z Joy155ds, = #0,

agp, z =0,
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is analytic in the open unit disk, and show that its power series erpansion at the

origin 1s equal to
= Z?:o a\ .,
C(z) = E < R (7.2.9)

n=0

The map which to the sequence (a,)nen, associates the sequence

Z;‘Lo aj
- 7.2.10
< n+1 ( )
n&eNp

is called the Cesaro operator. See Question 16.1.9 for more information on this
operator.

We conclude with the following result. We have already proved in fact a
stronger result in Exercise 4.1.10. The strategy here is to argue by contradiction
and to use the power expansion at the origin of a function f satisfying the claim
of the exercise.

Exercise 7.2.21. Show that there is no function analytic in C\ {0} such that
J(2)? = 2.

We conclude this section with the series appearing in Exercise 3.3.2.

Exercise 7.2.22. Show the formulas

j R— 1 1
= t
z+;(z—n+n> 7 cot(mz),

and
2

1 m
Z(z—n)Q -

.92 .
= sin®(7z)

7.3 Residues and the residue theorem

Suppose that, in Theorem 7.1.1, we have ro = 0. The coefficient by,

1
b= F(O)dc, 7.3.1
1 /C_ZO_T © (7.3.1)

27
is called the residue of f at the point zg. We set
b1 = Res(f, 20).

Various formulas are available to compute the residue without computing the
Laurent expansion. We mention in particular the following:
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Proposition 7.3.1. Let f and g be analytic in a neighborhood of the point zy and
assume that zy is a simple zero of g. Then,

/ _ f(Zo)
Res <g,z0> = (o) (7.3.2)

More generally, assume that z is a zero of order N of g, and write
9(2) = (z = 20)Ve(2), (7.3.3)

where c is analytic in a neighborhood of zy and does not vanish at zy. Then formula
(7.3.1) for the residue gives (where r is small enough)

f(C)

Res( Z°> " 2mi /< e —zO)NdC
_ <C> 1)'(20) (7.3.4)

(N —1)!
<f<z><z = ZO)N>(N_1)
— lim 9(2)
z—z0 (N =1)!

where we have used Cauchy’s formula for the derivative. To express (7.3.4) directly
in terms of g we remark that the relation (7.3.3) implies that

gVt (z0) ™ (20)

(N4n) — oal n=0,1,... (7.3.5)
The case N = 2 gives the formula
(2 g®
g9 (z 2
‘ 7?3 s N
Res ( ,zo> =— L (7.3.6)
g

9(0)’
2!
When ¢(z) = 1 we then get from (7.3.4) the formula

f() _ MV (z0)
Res ((z - Zo)N7ZO> = vo1) (7.3.7)

The following formula is a generalization of (5.3.3), and is used implicitly
in the computations of the integrals [, (57)" dz for p € N; see Exercises 5.3.3,
5.3.4, and the discussions after the proofs of these exercises. In the case of a simple
pole it can be found for instance in [45, Lemma 4, p. 105].
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Question 7.3.2. Let 0 be a pole of the function h, and assume that the principal
part in the Laurent expansion of h at the origin has only odd powers. Let c. be the
half-circle of radius €, centered at the origin, and which lies in the upper half-plane,
and with negative orientation. Then

lim h(z)dz = —im Res(h, 0). (7.3.8)
e—0

Ce
Exercise 7.3.3. Compute the residue at the origin of

e*—1

sin? z

Let f be analytic for |z| > R for some R > 0. The residue at infinity is
defined to be

Res(f, ) = —Res(212f(1/z)70).

We note that )
Res(f,0) = — lim f(z)dz. (7.3.9)

271 R—oo |z|=R

Indeed, for any r small enough,

Res(f,00) = —Res(1/22f(1/%2),0)

1 27 . .
=y ; fle™"/rye™" /rdt

1 2m . .
=— f(e™/rye' /rdt

2 0

L[ it\ p it

=— lim f(Re")Re"dt

R—oo 2T J
“ g [ o

Exercise 7.3.4.
(a) Compute the residues of the function

nzn—l

2 —1

)

at its poles, including infinity.
(b) Prove formula (3.3.1)

_ n—1
P DI
Zn—1 z—2z
£=0

where 2g, . ..,zn—1 are the roots of unity of order n.
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Exercise 7.3.5. Let I' be a simple closed contour, and f analytic in and on T', with
the possible exception of a finite number of poles inside I'. Show that

L rfE,
27ri/p ) dz=27—P, (7.3.10)

where Z (resp. P) denotes the number of zeros (resp. poles) of f inside ', counting
multiplicity.

Hint. Apply the residue theorem to ’;, .

Remark 7.3.6. We can now express condition (5.7.2) in terms of zeros and poles
when I' is a smooth Jordan curve: The function f should have the same numbers
of poles and zeros (counting multiplicity) inside I' (of course, these points do not
belong to the domain where the logarithm is looked for). For example consider
four different complex numbers a, b, ¢, d, such that

[a,c] N [b,d] = [a,b] N [c,d] =0,
and let
(z—a)(z—b)
(z—¢)(z—d)’
Then F has an analytic logarithm in C\{[a, ¢] U [b, d]} but not in C\ {[a, b] U [¢, d]}.
A simple closed curve around [a, c], and with [c, d] in its exterior (resp. [b,d], and
with [a, b] in its exterior) encloses one zero and one pole of F, while a simple closed
curve around [a, b] encloses two zeros and no poles of F. The same arguments allow

easily to find (non simply connected) domains in which a rational function, that
is (with obvious notations) a function of the form

[[isi (2 —a)™
1—[;1121(2 =)™

has, or has not, an analytic logarithm.

F(z) =

We now give a small variation on Exercise 7.3.5.

Exercise 7.3.7. Let I be a simple closed contour, and f analytic in and on T', with
the possible exception of a finite number of poles inside I'. Let g be analytic in and

on I'. Compute
1 !
. / IR, (7.3.11)
2mi Jp o f(2)
As a corollary of Exercise 7.3.5 we have the following important result (the
converse statement is the content of Theorem 10.2.2 and of Exercise 10.2.1)

Exercise 7.3.8. Let f analytic in a neighborhood of the point zo, and assume that
2o is a zero of order M > 1 of f. Show that there is no neighborhood of zy where
f is one-to-one.
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For the partial fraction expansion appearing in the following exercise, see the
discussion following Exercise 12.1.2.

Exercise 7.3.9.

(a) Let P be a polynomial of degree n > 2 and let z1,. ..,z be the distinct roots

of P. Let
1 A A
= "+ 7% 4 terms of the form o, (7.3.12)
P(z) z—=z z =z z = zj)
with jo > 2 being the partial fraction expansion of 1/P. Show that
k

> =0 (7.3.13)
=1

(b) Compute
/ dz
e (1990 4+ 1)(2 = 3)
Hint for (a). Compute f|Z|:R Pd(zz) and let R — oo.

More generally we have:

Exercise 7.3.10. Let f be a rational function. The sum of all the residues, included
at infinity, is equal to 0.

The fact that the sum of all the residues in the previous exercise is equal to
0 (or, as a particular case, (7.3.13)) is called the ezactity relation; see [91, p. 173].

Exercise 7.3.11. Compute

2T et — 2

1 27 it )
/ € FZintg LeD nez, (7.3.14)
0

and deduce a proof of formula (5.5.6) for polynomials.

It seems difficult to compute the sum (7.3.15) below by direct methods, that
is, using only real analysis.

Exercise 7.3.12. Compute

= () .

n=0



350 Chapter 7. Laurent Expansions, Residues, Singularities and Applications

Exercise 7.3.12 is taken from [176, Example 8.5, p. 195]. In a similar vein, we
have (see [28, p. 144], [18, Exercise 8.38, p. 261])

()
> 5 = V5. (7.3.16)
n=0
More generally:

Exercise 7.3.13. Show that the sum
2n
>
—~ <

is the Laurent expansion of a function analytic in |C| > 4 and compute the sum in
closed form.

The same method allows us to solve the next exercise. That exercise appears
in [211, p. 328], and is solved there by a completely different method (using the
power series expansion of the real function x — sin(« arcsinz)).

Exercise 7.3.14. Show that
i 2\" (30 _ V3+1
=\ 27 n) 2

We conclude with a question taken from [75, pp. 276-277], and which is
conducive to the computation of sums of inverses of trigonometric functions. See
Remark 1.3.9.

Question 7.3.15 (see [75, Exercice 30.04, p. 276, Exercice 30.05, p. 277]). Let f(z)
be a rational function of cosz and sinz with no poles on the x and y axis, and
going out 0 as Imz — oo. Let 21, ..., zm be the poles of f with real part in (0,27).
Show that for n € N,

- 27k
Z ( N ) ZRes( ) cot QZ,ZU) . (7.3.17)
k=0
As an application, compute the sums

n—1

— 1
Z 2 kﬂ' and Z 1 + COS2 kﬂ' :
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7.4 Rouché’s theorem

Exercise 7.4.1. Let y be a simple closed curve. Using Exercise 7.3.5 prove Rouché’s
theorem: If f and g are analytic in a neighborhood of the interior of v, and if
lf(2)| > |g(2)| on v, then f and f + g have the same number of zeros inside .

Hint. Compute fv (J} B (];Tr?/) .

For a nice application of Rouché’s theorem which is used in the proof of
Riemann’s mapping theorem, see Exercise 10.2.8. See also [45, Exercice 19, p.
116].

Exercise 7.4.2. If f is analytic in |z| < 1.2 and if |f(2)] < 1 on |z| = 1, the
equation f(z) = z" has exactly n solutions in |z| < 1.

Exercise 7.4.3. By using Rouché’s theorem with F(z) = 2* and f(z) = 23 + 1,
show that all the roots of z* + 22 +1 =0 are of modulus less than g (see [84, pp.
302-303]).

The following exercise is also taken from Flanigan’s book [84, p. 303]. It
consists in proving, for analytic functions, a very important theorem of topology,
Brouwer’s theorem, which is in fact true for continuous functions.

Exercise 7.4.4. Let F' be analytic in |z| < 1.2 and map the closed unit disk into
the open unit disk. Show that F has a fized point, i.e., there is z in the open unit
disk such that F(z) = z.

Hint. Apply Rouché’s theorem with f(z) = —2z and g(z) = F(z) + z.
Exercise 7.4.5. How many roots has the equation

2 —32+1=0
in the open unit disk?
Exercise 7.4.6. How many roots has the equation

A4 —4241=0

in the ring 1 < |z] < 37
Exercise 7.4.7. Solve Exercise 6.8.13 using Rouché’s theorem.

Exercise 7.4.8. Prove that for real A\ strictly greater than 1, there is a unique

solution to the equation
A—z _ 1

in the open unit disk.

We conclude with a result which allows to prove the open mapping theorem
(see Theorem 10.2.6 for a statement of the latter).
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Exercise 7.4.9. Let Q2 be an open subset of C, and let f be analytic in Q2. Let zg €
be a zero of order N of f.

(1) Show that there exists ro > 0 with the following property: For every r € (0,rg
there exists € > 0 such that, for every a € B(f(z0),€), the equation f(z) =a
has exactly N solutions.

(2) Show that f(B(zo,7)) contains B(f(z0),€).

7.5 Solutions

Solution of Exercise 7.1.2. We consider only (a) and (e).

(a) We have
1 1
20z-1)  (1+z-1)(z-1)
SPRE) DS CR
n=0

and hence the result.
(e) We write

sinz  sin(z —2+2)

z2—2 z—2
_ sin(z — 2)cos2 + cos(z — 2) sin 2
N z—2
oo (—1)P(z—2)%PH! oo (—1)P(z—2)%F .
ZPZO ( )(2(p+1))! cos2+ Zp:O ( (2(p)l ™ sin2
z—2

and the rest is smooth sailing. (I
Solution of Ezercise 7.1.3. The function Z(ZZZH) is analytic in C\ {0,4, —i}. Thus

the Laurent expansion at the origin converges in 0 < |z| < 1. The point z = 0 is
a simple pole, and so there is only one term corresponding to a negative power
of z in the Laurent expansion. The terms of the expansion can be computed as
follows. For |z| < 1 we have

() ()

p=0
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where we have used (4.4.14), and so, for 0 < |z] < 1,

—1)?
P ( . O
1—|—z Z p%o (j —2p)!

2p<y

Solution of Ezxercise 7.1.4. The MacLaurin series has radius of convergence equal
to 1 since z = 1 is a pole of the function jfl Moreover,

Z+1 2 >
=1- =1-2 n
z—1 1—2 Zz

and hence the result.

In the domain |z| > 1 we have

z—|—171+ 2
z2—1 z—1
1 2
=1
+21—i
1= 1
=1
+zzz"’
n=0
and hence the result. O

Solution of Exercise 7.1.5. There are four possible cases:
2| <1, Jz|>1, |z2—1] <1, and |z—1|>1.

The first and third cases are Taylor expansions. The other two cases are Laurent
expansions. We will only compute the Laurent expansion for the last case. We
have

1 1

2(z—1)  (z—14+1)2(z—-1)
o 1

K]
I R S G VR
C(z—1)3 Z (z —1)2n

"(n+1)
_Z 2_12n+3' -
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Solution of Exercise 7.1.6. It suffices to write

1 1 1[4t — 4
4z—z2:_z2(1—4):_22 (Zze>:_zz“2' s
z =0 £=0
Solution of Exercise 7.1.7. The function f, defined by (4.4.9) with @ = 1/2 is
analytic in the open unit disk. In view of (4.4.10) with & = 8 = 1/2, it satisfies

(fip(2))? =142 =zeD,
and thus
(fi2(z))? =1+42% zeD.
From the power series expansion of f/, (see (4.5.7)), the Laurent expansion of
the function (f/2(2%))/z is equal to
fi/2(22) 1+ 522 - 2%424 + 21436Z +-

z z

11 1, 1.3 .
—Z+2z 9. 47 +2-4-62+ , zeD\{0}.

We now turn to the domain |z| > 1. Writing

1
1+z2:z2(1+ 2),
z

we see that the function g(z) = zf1/2(1/2%) is analytic in |z| > 1 and satisfies
g(2)? = 1+ 22 there. Using again (4.4.10) we get the Laurent expansion
1 1 1-3
1/2%) = — 1. O
Solution of Ezercise 7.1.8. Since the function f(z) = cosh(z+ !) is such that
f(z) = f(1/2), the Laurent expansion at the origin is symmetric:

ap ="b,_1, n=12,...

and so

hz+ ' + i "+ !

cosh | z =a an | 2z ,
z ’ n=1 2"

where )

1 h

an = / o8 (Z+Z)dz, n=20,1,2,....
271 ‘ ‘ 1 Zn+1

But

21

<

27T 0

1 2w
J

271'

cosh(e™ 4 e~ ")e™ " dt

cosh(2 cost) cos(nt)dt
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since, by the change of variable ¢t — ¢t — 7,
1 27 ) 1 s )
cosh(2 cost) sin(nt)dt = (—1)" cosh(2 cost) sin(nt)dt = 0.
21 Jo 2 J_ .

The last equality follows from the fact that the function ¢ — cosh(2 cost) sin(nt)
is odd. O

It is easy to construct similar exercises for the Laurent expansion of exp(z +
1/z), or generally, of g(z + 1/z) for appropriate functions g.

Solution of Ezxercise 7.1.9. Consider the Laurent expansion at one of the singular
points, say z;. There is R; > 0 such that

0o o) b
f(Z)ZZag(Z—Zl)e+Z ‘ 0 |Z—2’1|<R1.
=0 =1 (z=21)

The series Y o, (z_bil),g converges for all z # z;. This last fact implies that the
function

fi(z) = Z bezt
=1
is entire. The function

Fi(z) = f(2) = 1(1/(z = 21))

has a removable singularity at z1. If N = 1, the function F} is entire and the result
is proved. Assume that N > 1. We reiterate the argument just done for f and z;
with now F} and one of the remaining singularities, say z2, to obtain an entire
function fy such that z; is a removable singularity of the function

Fy(2) = Fi(2) = fa(1/(z — 22)) = f(2) ={/1(1/(z — 21)) + f2(1/(z — 22)} .
Reiterating this argument a finite number of times, we obtain the result. 0

For a discussion of the above result, and much more information, see [139, § 7].

Solution of FExercise 7.1.12. The function fol sTdt is analytic in C \ [0, 1] while
the function f;’ sinfdt is analytic in C\ [2,3]. So f admits a Laurent expansion in

the asserted ring. Let 1 < |z| < 2. Then, for every ¢t € [0, 1] we have that |t/z] <1
while |z/t| < 1 for every t € [2,3]. Thus

1 3
cost sint
= dt dt
f(z) /0 t—z + /2 t—z
1 (' cost 3 sint
= — dt dt
z/o 1—t/2 +/2 #(1 = 2/t)

X [V trcostdt S 3

_ 0 n n—1 _:

= — E ot + g z </z t s1ntdt>,
n=0

n=0



356 Chapter 7. Laurent Expansions, Residues, Singularities and Applications

where we have used Weierstrass’ theorem (Theorem 14.4.1) to interchange sums
and integrals. (I
Solution of Exercise 7.1.13.

(a) We write

t—Z_t—ZO—(Z—Zo)__(Z_Z) 1_t—z0 B u:O(z_Zo)u+1
0 zZ— 20

1 1 B 1 __i (t —z0)"

for z such that |z — 29| > D. Plugging this expression in (7.1.3) and using Weier-
strass’ theorem one gets the required expansion.
(b) Let
diy = min |z9 —t| and D;= max |z —{,
tel0,1] te(2,3]
and
dy = min |zg —t| and Ds = max |z — .
te[2,3] te[0,1]
Note that d; or do may be equal to 0 (but not simultaneously). The function
fol ‘;O_Szt dt has a Taylor expansion in B(zp, d;) when d; > 0 and a Laurent expansion
in |z — 29| > D;p. Similarly, the function f; ilfzt dt has a Taylor expansion in
B(zg,d3) when dy > 0 and a Laurent expansion in |z — zg| > Ds. The number of
Laurent expansions centered at zp depends on the respective positions of [dy, D1]
and [da, D2]. A number of cases may occur (in the list below we do not mention
symmetric cases, where the role of the indices 1 and 2 is interchanged):

(a) d1 =0 < Dy < da < Ds. Then, there are Laurent expansions in D < |z] <
dy and |z| > Ds.

(b) di =0 < dy < Dy < Dj. Then, there is a Laurent expansion in |z| > Da.

(¢) di =0 < dy < Dy < Dy. Then, there is a Laurent expansion in |z| > D;.

(d) 0 < dy < D1 < dy < Dy Then, there is Taylor expansion in B(0,d;) and
Laurent expansions in D; < |z| < d2 and |z| > Da.

(e) 0 < dy < dy < Dy < Dy. Then, there is a Taylor expansion in B(0,d;) and
a Laurent expansion in |z| > Da.

(f) 0 < dy < dy < Dy < Dy. Then, there is a Taylor expansion in B(0,d;) and
a Laurent expansion in |z| > D;.

We will leave to the reader the computations of these various expansions. [
Solution of Exercise 7.1.14. For |z| > 1 we have that

[t/z| <1 for te]0,1],
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and therefore,

1
F(Z) = /(; 22 m(t)dt

(1—1t/2)
= 1 1m 3 z ¢
_ 22/0 (1) <§(€+1)(1€/ ))dt
= F
= Z szw
=0
where L
Fg=(€+1)/ t‘m(t)dt, £=0,1,.... O
0

Solution of Ezercise 7.1.15. The function has a primitive if and only if

/ sinzdz _o.
T 2P
By Cauchy’s formula, we have
/Sinzdz = 2m’sm(p_l)(z)\ o
. (p—1) =0

This last number is equal to 0 if and only if p — 1 is even, that is, if and only if p
is odd.

Writing
1)226+1-p

San
_Z 2£+1 ’

we see that the primitives of ** in C\ {0} can be written as

F(z) = K+Z (=1)%a2w KeC O
20+ 1)1(20 —p+2)’ '

Solution of Exercise 7.2.2. Assume that zy is a zero of order N of f. Then, in a
neighborhood V' of zy we have

f(2) = (2 = 20) ¥ h(2),
where h is analytic in V and h(zg) # 0. Thus
M(2) = (2 — 20)"MEM(2), zeV. (7.5.1)

Since hM is analytic in V and h™ (zy) # 0, equation (7.5.1) expresses exactly that
2o is a zero of order NM of fM.

The case of a pole is treated by considering the function 1/f. O
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Solution of Ezxercise 7.2.3. We assume that f is not identically equal to 0 in 2
(the case f(z) =0 is trivial). Let g(z) = f(2) — (2 — 2z0) f'(z). We have g(z) = 0.
Moreover,

9'(2) = f'(2) = f'(2) = (2 = 20) " (2) = = (2 — 20) " (2)-

Hence, ¢'(z0) = 0, and g has a zero of order at least 2 at z = zg. Thus, h(z) =
9(2)/(z — 20)? has a removable singularity at z = 2o, and has an analytic extension
to all of Q. We still call & this extension. By Cauchy’s theorem,

/ h()dz = 0

for every closed path « in 2. When the image of v does not contain zg, this last
integral can be divided into two integrals to obtain

) [,
/7(2—20)2(12 A (2 — 2)? dz =0,

which is exactly (5.5.4). O
Solution of Exercise 7.2.4. We have

The point z = 0 is a removable singularity of z/sin z since

lim "7 =1,
z—0 Zz
(To check this, note that the limit is equal to sin’(0).) It is also a removable
singularity of
cosz—1 =z 23
z 2 Al
This last equation also shows that the origin is a first-order zero of (cosz —1)/z.
Thus z = 0 is a removable singularity of f, and moreover is a zero of order 1 of
this function. O

_'_...7 Z#O.

Solution of Exercise 7.2.5. The various factors composing f vanish at
(i) z =2mk, k € Z (for (cosz — 1)?),

(ii) z = +vkm and z = +ivkr, k=0,1,2,... (for sin(z?)),

(i) 2 =k, k € Z (for sin(wz)),

(iv) z = 2ink, k € Z (for (e — 1)),

(v) z = +i (for (2% +1)).
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The only difficulty is really z = 0, which appears in (i)—(iv). The origin is a zero
of order 2 of the function cosz — 1, a zero of order 2 of the function sin z2 and a
simple zero of the functions sin(7z) and e* — 1. Thus we have

(cosz — 1) = 28¢1(2), sin(2?) = 22ga(2), sin(mz) = 2g3(2), € —1 = zg(2),

where the g; denote functions analytic in a neighborhood of the origin (in fact
they are entire functions) not vanishing at the origin. Thus we can write

2801(2)22g2(2)2g3(2
flz) = 92(94)(2)?Z§llg;( ) = 8(2), (7.5.2)

where g is analytic in a neighborhood of the origin and not vanishing there. Thus,
z = 0 is a removable singularity of f, which moreover is a zero of order 8.

For k = 1,2,..., the derivative of sin(z?) does not vanish at z = +vkr or
z = +iVkr, and thus the corresponding point is a simple zero of f. For k =
+1,42,..., z =k is a simple zero of f and z = 2iwk is a simple pole of f. Finally
z = =+1i are simple poles. We prove only this last assertion. We have

fla)=_"",

z—1i
where
h(z) = (cos z — 1)3sin(2?) .sin(wz)
(e = 1)(z+1)
is analytic in a neighborhood of 7 and does not vanish there. So z = i is a simple
pole. (I

Remark 7.5.1. The function g appearing in (7.5.2) is in fact analytic in |z| < 1.
Explain why.

Solution of Exercise 7.2.6. We will consider only the function h(z). Its (possibly
removable) singularities are at the points where sin 7z vanishes, that is for z € Z.
The integers are therefore either poles or removable singularities (these last ones
may turn out to be zeroes of h). The numerator in the expression for h,

23(z—1)8
h(z) = ,
(=) sin®(7z)

vanishes at z = 0 and z = 1. We therefore distinguish three cases:

(a) z = n with n & {0,1}. Then z is a simple zero of sin 7z and therefore (see
Exercise 7.2.2), it is a zero of order 5 of sin®(7z). Since the numerator of h does
not vanish at these points, they are poles of order 5 of h.

(b) 2 =0. We have

5 1
lim 2%h(z) = lim ( - ) = . #0,

20 2z—0 \sin 7z o

and thus z = 0 is a pole of order 2 of h.
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(¢) z=1. We have

. sinwz
lim =T COSTZ|m1 = — 7.
z—=1 z—1
Therefore,
—1 —1)° 1
fm 2T o BTV £0

z—1 h(2) z—1 sin5(7rz) (—m)b
Thus z = 1 is a pole of order 1 of 1/h, and a removable singularity, which moreover
is a zero of order 1, of h. O

Solution of Ezercise 7.2.7. The function f is analytic in C\ {0}, and therefore has
a Laurent expansion around z = 0 in that set. Using the expansion for sinz we
have

23 + 25
P _
f(z) — 3! 245!
1 1 1 1
223_3"24—5"2’4—”" (7.5.3)
Hence, z = 0 is a pole of order 3. O

Note. The function g(z) = 2°f(z) = ** has a removable singularity at 0 and
9(0)=1#0.
Solution of Ezxercise 7.2.8. Since
2 3

i o=l () =1,

z—0 f(z) 2—0\sinz
the origin is a pole of order 2 of 1/f and hence a zero of order 2 of f.

A different and longer proof would go as follows: The function f is analytic

in C\ {0}, and therefore has a Laurent expansion around z = 0 in that set. Using

the formula
sin® 2z = 3 sinz — 1 sin 3z
! 4

and the power series expansion of sin z we obtain

3 5 2)3 2)°
Z(Z_él + 5 _"'24)_411(3Z_(33!) +(351) _)

f(z) = ;
_ z3+z5i51!(3—35)+-~-
z
11
=224 20 (3-3%)+--.. (7.5.4)

4 5!

Hence z = 0 is a removable singularity for f, which has an analytic extension to
all of C. By abuse of notation we still denote by f this extension. Furthermore
(7.5.4) expresses that z = 0 is a zero of order 2. O
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Solution of Ezercise 7.2.9. The origin is a pole of the function

(8 sizn5(0z2))wo _ <8100 (sinz(QzQ))loo) (2~48)100

sin(

2
since it is a removable singularity of the function zf ) Tt is thus enough to prove

that it is an essential singularity of
2
h(z) = cos el2+2%),

Let z be such that

1
2 _ . 4_ 2 —
z° + 2= In(mn), ie., 2z*—z*(Inmn)+1=0.
Thus
2 (Inmn) + /(In7n)2 — 4.
2
The choice
5 (Inmn)—/(Inmn)? —4 2
zm = =
2 In(7n) + /(In(7n))? — 4

leads to the sequence
V2
Zn =
\/ln(wn) +/(In(mn))% — 4

which goes to 0 as n goes to infinity. Since h(z,) = (—1)", the limit does not exist
and z = 0 is an essential singularity. O

)

Solution of Ezxercise 7.2.10. We will show that the function has no limit as z — 0.

Let 1
= , o n=1,2,....
In(nm)

Then e'/#» = nr and sin(e'/?") = (—1)". This shows that the limit does not exist,
and so z = 0 is an essential singularity. (Il

Zn

Such examples are classical; see for instance [75, p. 187].

Solution of Exercise 7.2.11. We first note that, in a punctured neighborhood of
Zp, we have
h(z)

Z— 20

9(z) = ( v (7.5.5)
where N € N and h is analytic in a neighborhood of zp, and such that h(zg) # 0.
We will now show that, in the three cases, the point 2 is an essential singularity.
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The proof goes by contradiction. Consider first the function fg and assume that
zp is not an essential singularity of fg. Then, in a neighborhood of zy, we have,
for z # 2z,

f(2)g9(2) = H(z)(z — 20)",
where M € Z and H is analytic in a neighborhood of zy, and such that H(zg) # 0.
Taking into account (7.5.5) we have

2 — 2 )MFN
ACRED

f(z) = ;
in a punctured neighborhood of zy. Since H/h is an analytic neighborhood of zy,
the above expression contradicts the fact that zg is an essential singularity of f.

The case of f/g is treated in the same way. We now focus on f+g. Assuming
that zp is not an essential singularity of f + g we have, with the same notation as
above,

h(z) M
JE+ U0 = HEG - 20)
for z in a punctured neighborhood of zy. It follows that
h(z) M
f(z):_(z_ZO)N+H(Z)(Z_ZO) )

and zo will be, depending on M and N, either a pole or a removable singularity
of f, which cannot be by assumption. O

Solution of Exercise 7.2.12. Assume that 0 is a removable singularity of f2. Then,
|f|? would be bounded in a punctured neighborhood of 0, and so |f| would be
bounded in a punctured neighborhood of 0, and thus 0 would be a removable
singularity of f. Assume now that 0 is a pole of f2. Then lim, ¢ |f|*(z) = +o0,
and thus also lim,_,o |f|(z) = 400, that is z = 0 would be a pole of f.

Another phrasing is as follows: Assume by contradiction that 0 is not an
essential singularity of f. Then there exist an integer n € Z and a function g
analytic in a neighborhood of the origin such that g(0) # 0 such that

f2(z) = 2"g(2).

If n > 0 it follows that |f|?, and hence |f|, is bounded near the origin, and thus
z = 0 is a removable singularity of f. If n < 0, the same argument applies to
272" f(2)? = 27"g. Thus z = 0 would be a removable singularity of z="f, and
thus z = 0 would then be a pole of f. O

Solution of Ezxercise 7.2.13. By definition of a pole of order N, we can write in a
punctured neighborhood of z = a,

(7.5.6)



7.5. Solutions 363

where h is analytic in a neighborhood of z = a, and is such that h(a) # 0.
Differentiating both sides of (7.5.6), we obtain

, z—a)h/(z) — Nh(z
= =) -0

This expresses the fact that z = a is pole of order N + 1 of f/, since the function
9(z) = (z — a)h'(2) — Nh(2)
is analytic in a neighborhood of z = a, and is such that g(a) = —Nh(a) #0. O

Solution of Exercise 7.2.14. Without loss of generality we will assume that zg = 0.
There is M € N and g analytic in some neighborhood V' of 0 such that g(0) # 0
and is finite, and

We note that M is uniquely defined by the condition ¢g(0) # 0 and finite. Further-
more,
z29'(2) — Myg(z)
pey =00 TN ev oy

Assume now by contradiction that 0 is not an essential singularity of the function
ef. Then, there exist a unique N € Z and h analytic in some neighborhood of 0,
which may be assumed equal to V', such that h(0) is finite and h(0) # 0 and

efP) = 2Np(z), zeV (7.5.7)
Differentiating both sides of this equation we get
f(2)ef @) = 2Nn!(2) + N2N~1h(2),
and hence

of () — ,M+N 2l (2) + Nh(z)
—Mg(2) + zg'(2)

in a possibly smaller neighborhood of 0. The function

w(z) = zh'(z) + Nh(z)
- —My(2) +29'(2)

is analytic in a neighborhood of the origin, and

This contradicts the uniqueness of the power of z in (7.5.7). (]
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Remark 7.5.2. In a possibly quicker way one can use the logarithmic derivative
(see formula (4.2.3)) to get from (7.5.7)

f'(z) _W(z) N
fz) ") T
and so

SM T Myl T h(z) +

leading to a contradiction since M > 1.

g'(z) _ Mg(z) _W(z) N

Solution of Ezxercise 7.2.15. Since f is odd there are only odd powers in the Lau-
rent expansion at the origin, and we have

o0 o0
o« o @ On opio
= G Yo § (143 ),
n=0 n=0
where o # 0. The above expression is valid for 0 < |z| < 1. Differentiating both

sides we obtain
/ —2a S 2n—1 20 NQn _9p42
fllz)= 5 + E 2nomz =— 1- z .
z «
n=1

NE

3
z
n=1

Moreover,

(f(2) — ap)® = 2‘2 (1 + 30;1 At 30;%6 +g(z))

o 3l
= 67T o
z z

3

+3a%as + ’g(2)

26

where the function g(z) is a convergent power series with powers greater than or
equal to 8, and

=" (120 2% )

40’h(z)

= — 16 + 6
z

where the function h(z) is a convergent power series with powers greater than or
equal to 8. Therefore,

(f'(2)* -

where the function k(z) is a convergent power series with powers greater than or
equal to 2. Thus, the function

()2 -

[0

1 (f(2) —a)® = _20a2a1 — 28aas + k(2),

(&% z

(f(2) — ap)® + 2001 (f(2) — ap) + 28aas
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has a removable singularity at z = 0, which moreover is a zero. In view of the
condition (7.2.1), this function has no pole at the points m + ni and therefore is
entire. Since it is biperiodic, it is a constant (see Exercise 6.8.8) and thus vanishes
identically. (7.2.2) follows by developing

(f(2) — a0)® = £2(2) — 3aof*(2) + 3ag f(2) — af. O

The Weierstrass function (see Exercise 6.8.8) is an example of a function with
the properties of the preceding exercise.

Solution of Ezxercise 7.2.16. f has a power series expansion at the origin

f(z)=fo+ fiz+---
with radius of convergence equal to infinity. The point 0 is a pole of

F(1/2) = fo+ J: TR (7.5.8)

and so there is only a finite number of coefficients in the Taylor series which are
not equal to 0. Thus f is a polynomial. O

We note that the converse statement in the previous result also holds. Every
non-constant polynomial is an entire function with a pole at infinity.

Solution of Exercise 7.2.17. z = 0 is a removable singularity of the function z/
(e — 1) since
1 1
lim = = =1
1

z=0e* =1 lim, 0 ©

The zeros of e* — 1 different from the origin and of smallest modulus are
z = +27i. Thus, the Taylor expansion of f around z = 0 has radius of convergence
R = 27. Since, for z # 0,

z 1
1T L4 gy

<§: (nfl)!) (i % Zn) =1

n=0 n=0

)

we have, for |z| < 2,

We now compare the coefficients in 2™ on both sides of the above equality for
n=20,1,.... We have By = 1. Using the convolution formula for the coefficients
of the product of two power series (see Exercise 4.4.7), we obtain that the nth
coefficient in the power series expansion of the above product is equal to

n

B; B, 1 O <n+1>
= = . B'_
Z 1 ! Z il — ) ! J
j+k:nj'(k+1)' jzoj.(n—i—l il (n+1).j:0 J
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Thus, for n > 1,

3 (” * 1) B, =0,
— J

7=0

The above equation leads in particular to

B + 9 =0, n=1,
By By | By
=0 =2
o T gt =0 m=5
and in particular we have
1 1
By = — By =
1 9 27 ¢
Finally we have that Bs = B; = --- = 0 since the function
z _(I_Z)Zzez+1_1
e —1 2 2er—1
is even. [l

Solution of Ezercise 7.2.19. The function _.* ; has a removable singularity at the
origin, and therefore there are functions Bo( ), B1(t), ... such that (7.2.5) holds in
|z] < 27. Using Cauchy’s formula and Weierstrass’ theorem (see Theorem 14.4.1)
we have

Zetz
B,(t) 1 / e —1 0
o 211 |z|=1

n! zntl

tp 1/
dz
p'27m Hlez—l

—z“’ e
B ' (n—p)!’

p=0 "

since, by definition of the Bernoulli numbers and in view of Cauchy’s formula (for
p < n) and Cauchy’s theorem (for p > n),

1 / Zp—(n+1)dZ: (51;1)71, ifp<n+41,
27T’i || 1 ez—l 0, 1fp2n+1

Equation (7.2.6) follows. The proof of (7.2.7) goes as follows:

Ze(t+l)z
Bu(t+1) 1 / =1,
o 211 |z|=1

n! zntl
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2w Zntl N
Zetz )

1 e —1 1 zet?
27 Jjp=1 2" # 2mi /|Z|_1 a1 ??
By (t A

B, v

n! (n—1)!

and hence the result.

The proof of (7.2.8) involves the interchange of derivation and integral in the
integral
(<)
1 e —1
dz.
omi /|z|_1 gt

By rewriting explicitly this integral as

1 27 eiuetem
27 / (ee™ — 1)einu du
0

one sees that the conditions of Theorem 14.6.1 are in force, and one can write

Z26tz
By(t) 1 / (ez—l)dz
|z|=1

n! 2w zntl

( - )

1 z—1

= / c dz
|z|=1

T 2w Zn
N B,_1(t)
(n—1)1"

and hence B! (t) = nB,_1(t) forn=1,2,.... O

Solution of Ezxercise 7.2.20. The function Jl‘(_sg is analytic in the open unit disk,
and it has a power series expansion centered at the origin, and with radius of
convergence at least 1. See Exercise 4.4.7. Furthermore, since

1 > .
1—527;1'5’ seD,
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formula (4.4.14) from that same exercise, or the formula in Exercise 4.4.9, leads to

) s~y ) on
1—3_;) ;Jaj s".

n

It follows that

£(s) o~ 250
ds = E 2" (7.5.9)
[0,2] 1—s "0 n+1

Therefore the point z = 0 is a removable singularity of the function C(z), and its
power series expansion in the open unit disk is given by (7.5.9). O

Solution of Exercise 7.2.21. Assume by contradiction that such a function exists.
Then, | f(z)|?, and hence |f(z)| is bounded in a neighborhood of the origin. Hence,
z = 0 is a removable singularity of f, and f can be extended to an analytic function
in a neighborhood of the origin by f(0) = 0. Differentiating f(2)? = z at the origin
we obtain

which leads to a contradiction. O

See also [31, p. 140, 2.4.4].

Remark 7.5.3. There is also no function in 1 < |z| < 2 such that f(2)? = z. See
Exercise 5.8.5.

For a related problem, see also Exercise 5.4.3.

Solution of Exercise 7.2.22. We have already seen in Exercise 3.3.2 that the series
converges. From the proof there the convergence is uniform on compact sets, and
hence the series defines an analytic function, with a simple pole with residue 1 at
the points z = 0,1, 2,.... The idea is to check that the function

def. 1| 1 1
= - t
q(z) B + 321 (z . + n) 7 eot(mz)

is entire and bounded. By Liouville’s theorem, it is a constant, which is then
easily computed. The singularities of ¢ consists of Ny. Using formula (7.3.2) for
the residue, we have, for n € Ny,

B cos(mz) _ mcos(mz)

Therefore ¢ has only removable singularities and extends to an entire function,
which we still call g. To show that ¢ is bounded it is enough, by the maximum
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modulus principle, to show that ¢ is uniformly bounded on the boundary of the
squares with nodes

(ﬂii)(z\u;).

It is then readily seen that
lim ¢(z) = 0.
z—0

We will skip the details and refer to [91, p. 189] for more information.

The second formula follows from the first by differentiation. O

Solution of Ezercise 7.3.3. Write
e*—1  z(1+z/2+22/31+--)
sin?z  22(1 —22/3! 4 24/51 4 ... )2
_9(2)
Z b

where
1+2/2422/31+---

9G) = (1 2mig sagmig 2

is analytic in a neighborhood of the origin, and g(0) = 1 # 0. Thus the origin
is a simple pole, and by the formula (7.3.2) to compute residues, the residue is

9(0) = 1.

Another way amounts to rewriting

and using formula (7.3.2) with

e —1 2
f(z): 2 B Z#O, and 9(2)2 < 5 > zZ, 2#07 |
L, z =0, 0, z=0.

Solution of Ezxercise 7.3.4. The function

Zn—l

zn—1
has simple poles at the points

27l
ze=en , £=0,1,...,n—1,
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(that is, at the roots of unity of order n) and takes value 0 at infinity. Therefore
it can be written as

_ n—1
. Z -
2 —1 Z— 2
£=0

By the formula (7.3.2) for computing the residue, we have

n—1 n—1

Res(nz 7,2@):”2 1|_ =1, ¢=0,1,...,n—1,
nzn—1lz=z2

zn—1
and this proves formula (3.3.1). Recall that the residue at infinity is given by
Res(f,00) = —Res (1/22f(1/2),0).

1 1 n
fo <z> - 2(1—zm)’

nzn—l
Res( N 17<>o>:—n7
PO

and we have, in accordance with Exercise 7.3.9, that the sum of all the residues is
equal to 0. (I

Since here

we have

Solution of Ezxercise 7.3.5. Let a be a zero of f with multiplicity n. Then, in some
neighborhood V' of a we have

f(z) = (2 = )"h(z),

where h is analytic in V' and is such that h(a) # 0. Therefore, for z # a, and in a
possibly smaller neighborhood, and using the formula (4.2.3) for the logarithmic
derivative if need be, we have

f'(z) no W)

f(2) “._a " h(z)’

Res (J;7a> =n.

Similarly, let 8 be a pole of f of multiplicity m. Then, in some neighborhood W
of B, we have

(7.5.10)

so that

9(2)
where ¢ is analytic in W and such that g(8) # 0. Therefore, for z # §, and in a
possibly smaller neighborhood, and here too possibly using the formula (4.2.3) for
the logarithmic derivative, we have

FE)_ -m g
fz) T 2=87 g
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Res (?,5) = —m.

The result is obtained by summing on all zeros and poles of f in the interior
of I'. O

so that

Solution of Ezercise 7.3.7. We compute the residues of g(zf){;)(z) at a zero and a
pole of f and use the notation of the solution of the previous exercise. In the case
of a pole a of multiplicity n, and using (7.5.10) we have

f'(2)9(z) _ ng(z) g(2)W (z)
) =7 ) 7 (7.5.11)

analytic in a neigborhood of «

so that, in view of formula (7.3.2) we have

s (79,0 gt

Similarly, in the case of a pole 8 of multiplicity m, we have

F(2)9(2)
Hes ( £(2)

It follows that the integral (7.3.11) is equal to

N M
Z n;g(2;) — Z mjg(w;),

>=—mﬁm~

where we have denoted by z1,...,2zx the zeros of f inside I', and by nq,...,ny
their respective multiplicities, and by wi, ..., wps the poles of f inside I', and by
mi,...,my their respective multiplicities. O

Solution of Ezrercise 7.3.8. By assumption, there exist rg > 0 and a function h
analytic and not vanishing in |z — 29| < 7o such that f(z) = (z — 20)Mh(2). In
particular

fil(z) — M N(z)
f(z)  z—2 + h(z)’

Thus for r € (0,79),

e, v We .
/z—zo|_r f(Z) de = /|z—z0_r Z = Zod * /z—zo_r h(Z) I

=2mM

0 < |z — 20| < ro.
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and so, by Exercise 7.3.5, the equation f(z) = f(z1) has exactly M solutions
(counting multiplicity) for every z1 € B(z, ) since the function

1 f'(z)
b 2mi /z—zo|—r f(Z) - kdz

is continuous and integer-valued in a neighborhood of the origin O

Solution of Ezercise 7.3.9. (a) Multiply both sides of (7.3.12) by z, and let z — oo.
Since deg P > 2 we obtain the desired relation.
(b) The function

1
1z) = (21000 4+ 1) (2 — 3)
has 1000 poles, say z1, . . ., 21000, inside the circle |z| = 2, and one pole outside. By

(7.3.13) we have

1000

" Res(f. 2) = —Res(£,3) = — 000
n=1

31000 4 °

Thus, using the residue theorem and this last expression, we obtain

1000 .
1 211
dz =27 S Res(f, 2,) = —2mi Res(f,3) = — .
/|Z|_2 (21000 T 1)(2’ _ 3) z WZ; es(fuz ) X eS(f ) 31000 +1

O

Solution of Ezercise 7.3.10. We write f as a sum of the form (7.3.12) and of a
polynomial p. For any R > 0 we have (for instance because p has a primitive and
the integration is over a closed path)

/Z_Rp(z)dz =0

and so for R large enough (that is, strictly larger that max;—1 . |z;|) we have

1
2771'/ _ f(z)dz = ZAj.
[z|=R =1
To conclude we let R — oo and use formula (7.3.9). O

Solution of Exercise 7.3.11. We first note that (7.3.14) can be rewritten as

2w 4
1/ e.t+zemtdt: 1 / S+Zs”_1ds.
0

it ;
2m et —z 270 Jjg)=1 8 — 2

For n > 1, Cauchy’s formula applied to the function s — (s+2)s" ! gives the value
22" for the integral. For n < —1 the exactity relation (see Exercise 7.3.10) and
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the residue theorem give the value 0 for the integral since the residue at infinity

is 0. For n = 0 we have
s+z1 1+ 2

s—25 s s—2z

and the residue theorem gives the value 1 for the integral. Thus

1 2 it | 22" n>1,
et +z
/ , eMdt =<1, n=0,
2r Jo et —z
0, n<-1

If follows that, for a polynomial p(z) = ag + - - - + anz¥ we have:

1 /27T eit+z p(eit) +p(62t) dt
2 J, et —z 2

1 /2’T et + 2 (ao+ao+a1e“+~-~aNeiNt+ale‘”+-+aNe_“\”)dt
0

27 et — z 2
N
ag + ag n
= p(z) — i Imp(0). O

Solution of Exercise 7.3.12. From the equality

we see that

Recall now that

unless £+ 1 —k = 1, that is, unless k = £. Then the integral is equal to 2m:. Thus,
1 (T4 2)" "\ 1 dz n
27”,/ e dz—z<k> 27”,/ ek = <€> (7.5.12)
|z=1 k=0 |z=1
For z on the unit circle we have

’(1—!—2)2

< 1.
Tz
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Thus:

2n
Z(n>: 1 Z 1 /|z|_1(1+z) &

™ 2mi ‘ ™ zntl

n=0 n=
fe%s) 1 2\ "
(S (Y] e
1

/ 0
/

_ 7/
N 12| 172'— 1+z)

~ omi /|z|_1 5z — 1 — 22

We apply the residue theorem to compute this last integral. The zeroes of the
equation 5z — 1 — 22 = 0 are z4+ = (54 /21)/2. Thus

1 / dz _ 1 / dz
2mi =1 52 — 1 — 22 210 Jypj=1 (2 — 2-)(2 — 24)

- Resl( (= - z_1>1<z sy )

2o—zr oL

z
dz
2

1
1y _ (1+2) z

and so the sum is equal to 7/\/21:

o
2 <7T;> - \/721 N \/;

1
Z—Z4

compute the last integral. 0

Note that we could also just apply Cauchy’s formula to the function to

Solution of Exercise 7.3.13. We follow the solution of the previous exercise. Take
2

|¢| > 4. Then, (1+Cz) € D for z € T. We have (where we use Weierstrass’ theorem

to go from the first line to the second line):

() _
oo n 1 + Z 2n
Z Cn 27-” Z Cn / ‘ 1 Zn-i—l dZ

n=0
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B 271ri /z_l i <(1 ;Z)2>n dzz

n=0
1 / 1 dz
2w e (142 2
Cz
¢ dz
- 27T’L \z\:l CZ—(1+Z)2
¢ dz

211 |z|=1 (C —2)2— 1 —22.

Consider the equation
2 4+22-0)+1=0.

Its zeros are
(—2£V( -4
z= .
2

We now wish to give an analytic meaning to this expression. More precisely, we
wish to show that there exists an analytic square root to the function ¢ — 4¢ in
|¢| > 4, equal to /a2 — 4x for x real of modulus bigger than 4. Writing

2 _4p— 2 _4>
¢ —4¢ C(l )

we see that the function (fi/2(¢), where the function f;/,, has been defined in
(4.4.9), answers the question. Thus, with

¢—2+Cf1/2(4/¢)

C+ = 5

we have

n

2w Jym ((—2)z—1— 22
¢ dz
270 e — (2= ) (2 =)

We have (_ € D and therefore the above integral is equal to

i <2n) ¢ dz

n=0

1 _ ¢ _ 1
—(z—Cy)(z— C—)7C_> =G fip(4/0) -

We note that we retrieve for ( = 7 and ¢ = 5 the result in Exercise 7.3.12
and formula (7.3.16) respectively.

CRes(
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Solution of Ezercise 7.3.14. From (7.5.12) we have

n _ 1./ (1+2)3ndz.
n 21 Jjy=1 2"

Hence, and using Weierstrass’ theorem to justify the interchange of sum and inte-

gration,

=/ 2\" (3n = /2\"( 1 (1+ z)3"
= d

;(27> <n> ;(27> <2m'/|z|_1 a1
1 / i 2(1+2)3\" dz
s 2w Jigm A\ 272 z
B 1/ 1 dz
_27TZ \z\:

C2(1+2)% 2
1 / 27dz
210 Jy=1 272 = 2(1 + 2)3°
The polynomial p(z) = 27z — 2(1 + 2)? vanishes at z = 2. To find its other two
roots, one can divide it by z — 2 directly; one may also proceed as follows: Write
272 —2(1 4 2)* = 27(2 — 2) — 2((1 + 2)* — 3°)
=27(z—2) —2(1+2—-3)(1 +2)* + (1 + 2)3 + 3?)
=(2—2)(27T—2(1+2)® — 6(1 + 2) — 18)
= (2 —2)(=22% =10z + 1).

In any event the other two zeros of p(z) are

L 5% 3v3
£= 5
The only zero inside the unit circle is
3V3-5
z_ =
2

and the residue of 27/p(z) at this point is equal to

27 27
Hes <p<z> ’ ) T (2 —2)(—4z_ — 10)

_ 27
3\/32_9(—6\/3)
1 VB4l
CV3-1 2

and this ends the proof. (I
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Solution of Ezercise 7.4.1. Since |f(2)| > |g(z)| on ~, we note that the functions f
and f + g do not vanish on =y, and the integrals in the hint given after the exercise
make sense. Following this hint, we write

FE ()@Y, [ @) - ),
L(f(Z)_f(2)+g(Z)>dz_L () +9(2) °

0

where we have divided both numerator and denominator by f2 on the right side.
Thus, using Weierstrass’ theorem,

(G- Tereeeya e [ (3Y o (S (49) )

g
2 £
S (o)

Each of the functions

(?) (?)n n=0,1,2,...

has a primitive. Hence, by Theorem 5.2.1, each of the integrals

A (?)l(’z) (fc%)ndz =0, n=0,1,2,....

f’_(f+9)’> o
/W(f fag ) B0

and f and f + g have the same number of zeros inside v by Exercise 7.3.5 since
they have no poles there. O

Therefore

Solution of Exercise 7.4.2. On the unit circle we have
| = fR) <1=["].

Rouché’s theorem asserts then that the functions 2™ and 2" — f(z) have the same
numbers of zeros in the open unit disk. This concludes the proof since z™ has a
zero of order n at the origin. O
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Solution of Ezercise 7.4.3. For |z| = 3/2 we have

33 35 81

fEI< s +1="g < = FI=1FG)

Rouché’s theorem asserts then that the functions F' and F 4 f have the same
number of zeros in |z| < 3/2. Since F has a zero of order 4 there, the function
F(2) + f(2) = 2* + 2% + 1 has four roots in |z| < 3/2. By the fundamental
theorem of algebra it has altogether four roots in C, and hence all its roots are in
|z] < 3/2. O

Solution of Exercise 7.4.4. With f and F as in the hint we have, for |z| = 1,
[f(2) +9(2)| = [F(2) — 2[ <2 = | (2)],

and hence, by Rouché’s theorem, f and f 4+ g have the same number of zeroes in
the open unit disk. (I

Solution of Ezercise 7.4.5. Take f(z) =1 — 3z and g(z) = z*. We have
[f(2) = 32| =1 =2,

so that
lg(2)| =1 <2< |f(2)].
Thus, f(2) + g(z) = 2* — 32 + 1 has exactly one zero in |z| < 1. O

Solution of Ezercise 7.4.6. Let g(z) = 2* 4+ 2% and f(z) = —4z+ 1. For |z| = 1 we
have

g < el + 12> =2 <3 = 42| =1 < |~ 42+ 1] = |f(2)],

and so the equation z* + 23 — 4z + 1 = 0 has one solution in the open unit disk.
On the other hand, for |z| = 3 we have, with F(z) = z* and G(2) = 2% — 42 + 1,

|G(2)| < |2 +4]2| +1=3%+4-3+1=40 <81 =|F(z)|.

Thus the equation F(z) + G(z) = 0 has four roots in |z| < 3, and hence three
roots in the ring 1 < |z| < 3. O

Solution of Exercise 7.4.7. We follow the solution of Exercise 6.8.13 up to (b). We
then consider f(z) = 322 and g(z) = 2* + z + 1. Then, on |z| = 1.1 we have

l9(2)| < [f(2)],

and so p has two roots inside |z| < 1.1. But under (b), it has four roots there (on
the unit circle), and we obtain a contradiction. (]
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Solution of Evercise 7.4.8. It suffices to apply Rouché’s theorem for f(z) = ze?

and g(z) = e*. Since A > 1 we have, for |z| =1,
9(z)| = leF] < el = e < = |f(2)].

Here we have used that

o0 n o0 n
=[S e ST e 0
n: n:
n=0 n=0

Solution of Ezxercise 7.4.9. To ease the notation we consider the case zg = 0. By
definition of a zero of order N, there exist ro > 0 and h analytic in B(0,79) and
not vanishing there, such that

f(z) =2h(z), =€ B(0,rg).

Let r € (0,70) and let

€= ‘n‘lin |2V h(2)).
We note that ¢ > 0. Let a € B(0, €). Rouché’s theorem applied to f(z) = zVh(z)
and ¢g(z) = —a insures that the equation f(z) = a has exactly N solutions in
B(0,r) since the only zero of f there is z = 0, and it has order N.

The second item is a direct consequence of the first item. (I



Chapter 8

Computations of
Definite Integrals Using
the Residue Theorem

We have seen in Chapter 5 how the fundamental theorem of calculus for line
integrals, or Cauchy’s theorem, allow us to compute (in general real) definite
integrals such as the Fresnel integrals. In that chapter no residues are computed.
The approach in the present chapter is different. The main player is the residue
theorem. There are numerous kinds of definite integrals which one can compute
using this theorem, and in the present chapter we do not try to be exhaustive.

8.1 Integrals on the real line of rational functions

For real values of a and b, item (1) of the first exercise, and the second exercise,
are taken from [75], which is a mine of problems. For item (2) of Exercise 8.1.1, see
also Exercise 3.1.13. Recall that we have denoted by C,. the open right half-plane;
see (1.1.43).

Exercise 8.1.1.

(1) Let a,b e C,. Compute

/ dz
R (@2 4 a2)(a? + )
first for a # b and then for a =b.
© Springer International Publishing AG 2016 381
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(2) Show that for every choice of N and points a1,...,an € C,, the N x N
Hermitian matriz with (£, j)-entry equal to

1
a¢ + a;

is non-negative (see Definition 16.3.1 for the latter).

The integral fR zgf_l is easy to compute. Its generalizations

d d
/ 296 and / v , n=12,...,
R 2"+ 1 r (@2 +1)"

are a bit more difficult.

Exercise 8.1.2. Compute

dx
=1,2,... 8.1.1
[y n=t2e (8.1.1)

24
T o
RIQTL—'—I

and

We note the formula

2P .
/R e i (8.1.2)

for p < m. See [153, p. 313], [200, Exercise 17, p. 188], [211, p. 267] for instance.
These integrals diverge for n < p. For n = p, the right side of (8.1.2) is negative,
while the left side is equal to +oo.

For computing the integral (8.1.1) using another method see [184, p. 236]
and [175, p. 110]. The method in these two books shows in fact that the formula

/OOO d T (8.1.3)

P +1 :psin’;

is valid for any integer p > 2 and not only for even p. See also Exercise 8.3.1 in
the next section. The proof given there works for all integers greater than or equal
to 2 and requires us to compute only one residue. Formula (8.1.3) is even true for
any real p > 1; see [80, equation (9), p. 165], and Exercise 8.3.2 below. We give
another computation of (8.1.3) in Exercise 8.3.3, valid for p € {2,3,4,...}, and
computing p residues.

Question 8.1.3. Interpret (8.1.3) in terms of analytic continuation.
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Exercise 8.1.4. Compute

dx
=1,2,....
/]}R(x2n+1)27 n ) 9

More generally:

Exercise 8.1.5. Using the monotone convergence theorem applied to the series

t
> e €0

p=1

compute the integrals

dx
=3.4,....
/]:R (IQTL + 1)p7 p 37 )

/ de 9
r @2+ 1)

Exercise 8.1.7. Show that

Exercise 8.1.6. Compute

/ xdx 27
r (@2 +z+1)2 33

Exercise 8.1.8. Compute

dx
/R (22 + 1) (z — 20)2(x — 3i)3(x — 40)*

Remark 8.1.9. In fact it is not needed to use the residue theorem to compute
integrals of the form [, 5 8 dz, where p and ¢ are polynomials such that degq >
degp + 2 and assuming moreover that ¢ has no zeros on the real line. It is enough
to use the partial fraction expansion of p/q; see Remarks 7.1.10 for the latter.
More precisely, let aq, ..., an be the distinct zeros of g and, for u =1,..., N, let
a, be the coefficient of the factor m_lau in the partial fraction expansion of p/q
(of course a,, is the residue of p/q at ). In [211, p. 266] on can find the formula

(proved using only the partial fraction expansion)

N

/R p(z) de — in Z e(ay)ay,

q(x) et

where e(ay,) is the sign of the imaginary part of . One gets the same formula as
using the residue theorem, as is verified using the exactity relation (see (7.3.13)
and Exercise 7.3.10).
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8.2 Integrals on the real line of rational functions
multiplied by a trigonometric function

We now compute integrals of the form

/ p(@) sin axdx or/ p(@) cos axdz,
R r ()

where a € R and where p and ¢ are now polynomials with real coefficients, and
still with deg ¢ > degp + 2.

We begin with a simple computation, which has an important consequence.
For the notion of positive definite function, see Definition 16.3.11. The function
e~It=sl appearing in the statement is the covariance function of a Gaussian process
called the Ornstein—Uhlenbeck process.

Exercise 8.2.1.
(1) Compute
eitw
/ 5 dx, teR.
(2) Show that the kernel
ft—s)= e~lt=sl tseR,

is positive definite.
Exercise 8.2.2. Let Cr denote the closed upper half-circle with radius R. Show that

. CcoS z
lim 5 dz
R—o00 Cr ze + 1

exists, and compute its value.

cos ax
Am4+ldm, a>0.

The following exercise is taken from [75, Exercise 13.28, p. 146].

Exercise 8.2.3. Compute

Exercise 8.2.4. Show that the function f defined by

cosu

f(z)= /]R (02 + 1)(u — z)Qdu (8.2.1)

is analytic in CL =Imz > 0 and has an analytic extension to Imz > —1.
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Rational functions p/q which appeared in the previous exercises were such
that degq > degp + 2, and without poles on the real line. We consider now the
case when simple poles are allowed on the real line. Then, the integrals of the

preceding type
/ p(z) eimxdz’
r ¢(2)

where degq > degp + 2, but where now ¢ is allowed to have simple poles on the
real line, can be computed as above, with the principal value taken at the real
poles. Let b € R be a simple pole of ¢q. Let v, be the contour

Ye(t) =b+ee!"D 0,

Then we recall that

S|

(Z) eizmdz — _Tmp(b) eimb.

o / a(2) a(b)

Indeed, write q(z) = (2 — b)h(z), where h(b) # 0. We have
p(z) ™ p(b+ Eei(fr—t)) (mbtmeei™ DY i(r—t)
szd = X . rm mee _ i(r dt
/e q(2) ‘ ¢ /O h(b+ 661(”_t))eel(”—t) € (—i)ee

™ i(m—t )
_ _Z./ p(b+ee ‘( )) pi(mbect ™) 4,
L h(b+ ccitr—)

i p(b) imb
— ’Lﬂ'h(b)e as € — 0.

This last expression can also be rewritten as

— i Res (Z 8 M=, b) . (8.2.2)

Exercise 8.2.5. Compute

/R (x— a;){(xﬁ +1) a€R. (8.2.3)

Not exactly of the form discussed above, but in the same vein, we have:

Exercise 8.2.6. Let p,q € Ng. Compute

/ cos(pzx) — cos(qx) i
3 .

2



386 Chapter 8. Computations of Definite Integrals Using the Residue Theorem

8.3 Integrals of rational functions on a half-line

The integrals alluded to in the title are of the form

/0 " (@)da

where the function r(x) is rational, and the degree of its denominator is larger
than the degree of the numerator by at least 2. We begin with a simple case,
which is a continuation of Exercise 8.1.2.

Exercise 8.3.1. Compute for n =2,3,... the integral

< dx
/O ol (8.3.1)

In fact, it is not more difficult to compute the previous integral when n is
replaced by any real p > 1.

Exercise 8.3.2. Prove that, for any real p > 1,

/ *odr w1
0o TP +1 psin(7)’

The computations in the solutions of the previous two exercises were ad hoc,
and did not indicate a general method to compute integrals on a half-line. We now

describe a general method to tackle such integrals. One considers contours of the
following form: The contour is composed of four parts:

(i) Y1, is the interval
Y,rre(t) =ie+t, telrR]

(ii) 72,R,e is the part of the circle of radius V/R? + ¢2 and center 0, which starts
at ¢ + R and ends at —ie + R.

(iil) 73, R,e is the interval
717T7R75(t) = —ie+ (R +r - t)a le [T7 R]

(iv) ~a,r is the part of the circle of radius V€2 + r2 which connects the points
i€ + r and —ie + r with parametrization

Ya,r,R,e(t) = Ve + 12t te 0,27 — 0],
where 6 € [0,7/2] is such that

tanf = .
r
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One then obtains the following formulas, which appear for instance in [81,
p. 178] (and in most chapters on computations in integrals in complex analysis
books). We leave the proofs as an exercise to the reader.

/0°° r(z)dx = — ZRes(r(s) Ins, z), (8.3.2)

z#0

/ x%r(x)de = 7721_ ZRes(s’lr(s)7 z). (8.3.3)
0 1 — e2iTa =

In these expressions, for
s=pe with 0<6 <2,
we set:
s =exp{a(lnp+i0)} and Ins=Inp+ 6.

As a first application we give yet another computation of the integral (8.3.1),
where n € {2,3,4,...}.

Exercise 8.3.3. Compute (8.3.1) using formula (8.3.2).

We now use formula (8.3.2) to compute the integral appearing in the solution
of Exercise 4.1.8; see (4.5.2) there.

Exercise 8.3.4. Compute, for 6 € (0,27),

/°° du
o u?2—2ucosf+1"

Integrals on (—oo, 0] are treated in a similar way, and the reader will easily
adapt formulas (8.3.2)—(8.3.3). One now takes the determination of the logarithm
with 0 € (—m, ), and we get

0
/ r(z)dr = ZRGS(T(S) Ins, z),

B 70 (8.3.4)

0 .
o 27 o
/ || r(x)dx = e—ira _ gina g Res(s“r(s), 2),

> 270

where
s* = 2 lsl+0) for g€ C\ (—o0,0].

One can also make a real change of variable x — —x to go from one set of formulas
to the other.

As an application we have the following;:
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Exercise 8.3.5. Let o € (0,1). Prove that for z € C\ (—o0, 0],

- 0
S 1
Lo STE / || { - " }dz + cos W;. (8.3.5)

T r—z 2241

We remark the following: Let z = pe'®, where 6 € (=, 7). For a € (0, 1) the

function
z% = p“(cosal + isinab)

is analytic in C\ (—o0,0], and has a positive imaginary part in the open upper
half-plane; when v € (—1,0), it is the function —z® which has a positive imaginary
part in the open upper half-plane. These functions belong therefore to the Pick
class, and admit a representation of the form (5.5.21), multiplied by the constant
iif @ € (0,1) and —i if & € (—1,0). This was verified directly in the preceding
exercise. For a = } we get back the formula in [67, p. 27] (note that v/A should
be v/|A| in the formula there).

The following two examples are taken from [116, p. 418].
Question 8.3.6. Let r € (0,1). Show that

o T
dt = 7 8.3.6
/0 14 t2 2cos (7)) (8:3.6)
o r
dt = 8.3.7
/0 (1+1)? sin(7r) ( )

Remark 8.3.7. It follows from (8.3.6) and (8.3.7) that the functions

s
NEICEAS
2 cos ( o )

(r+s)
sin(m(r + s))

Ki(r,s) = (8.3.8)

Ks(r,s) = (8.3.9)

are positive definite in [0,1/2); see Definition 16.3.11. The first one is moreover
a complete Nevanlinna—Pick kernel, meaning that 1/K; has one positive square.
This can be seen from

il = n (5 (5)eos(5) o () (5)).

See [CAPB2, p. 61 and p. 366] for a discussion of complete Nevanlinna—Pick ker-
nels, and connections with a theorem of Kaluza (see [133] and [114, Theorem 22,
p. 68] for the latter).

Exercise 8.3.8. Compute, for z € C\ (—o0,0],

g(z) = /_OOO {xiz - in— l}dm. (8.3.10)
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A quick solution would be as follows: We have that

g = [ Ooo " d_’”z)y

which in turn is equal to

-1 0 1

! = =
g(z)_x—z—‘x’ 2’

and hence g(z) = Inz, up to an additive constant. This constant is shown to be
equal to 0 by computing ¢(7). Indeed,

0 . 0 .

xi+ 1 1 ™
1) = dr = dr=1_=1Ini.
9(0) /_oo(x_i)(xunx /_oox2+1”” fo T

We leave it to the reader to check this formula using the residue theorem.

We conclude this section with two integrals on [0, c0) which require a dif-
ferent, and simpler approach. To prove them it suffices to differentiate both sides
and see that equality holds. See [32, p. 76]. In the second formula, I" denotes the
Gamma function.

Exercise 8.3.9. Show that, for Rez > 0, the formulas

ln(1+z):/ (1_6—“)6” du, (8.3.11)
0

o @ e s du
z _F(l—a)/o (I—e )uO‘H’ (8.3.12)

where o € (0, 1), hold.

8.4 Integrals of rational expressions of the
trigonometric functions

Exercise 8.4.1. Show that, for a € (—1,1),

2
t 2
/ o (8.4.1)
o l+acost +/1-a2

In relation with the preceding exercise, see also Exercises 6.3.5 and 5.5.7.
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More precisely, an application of Weierstrass’ theorem to (8.4.1) leads to
or /2” dt
V1—a2 Jy 1+acost
27
= Z(—a)”/ cos™ tdt
0
27
= Z a2p/ cos?? tdt,
0

since the integrals corresponding to odd values of n vanish. Hence

2 _OO

V1—a2

On the other hand it is well known that (see, e.g., [204, p. 135])

1 1, 13, 1-3-5
-1 2 4 6 ..
Vioar T Ty a6

27
a’? / cos?P tdt.
0 0

Hence we return to the formula (3.9.6)

27
/ cos? tdt = 2w P ,
0 2%
since, as is shown by an easy induction,

() ooy
220 2.4...(2p)

/27r dt 2
o 1+8cos2t 3

Exercise 8.4.2. Show that

(See [184, p. 217]).

8.5 Other examples

The residue theorem can also be used in numerous other instances to derive for-
mulas. For example, it can be used to sum series of the form

Y fn) and Y (=1)"f(n)
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where f is meromorphic in C, and subject to some supplementary hypothesis. We
present here an example, and prove, without resorting to Poisson’s summation
formula, the formula (see [40, (10), p. 357])

1 1—7?
2 = ESHIN 8.5.1
a%a2+(9—27m)2 1472 —2rcosf’ % ( )

where a and r are real and related by r = e~*. We use the formula (see [36, (7.3),
p. 129])

S fm)=—= > Res(nf(z)cot(rz), ), (8.5.2)

nez 2y, poleof f

where f is a function meromorphic in C, whose poles are not in Z, and such that
the sum ), f(n) converges. We take

1

1z) = a?+ (0 — 2m2)2’

which has two poles, namely z; = 7 and z_ = 9. Using (8.5.2) we see that
the sum is equal to

B {Res (7T a? —|—C?;(7—T22)7Tz)2 ’ Z+> + Res (7T a? +C(();(irz2)m)2 ’ Z‘) }
() )}
_ _41@ {cot <02m> ot (9 —2w>}

1 cos(?%) sin(("_;a.) - cos((";ia) sin( %)
4ia sin( 9—2111) Sin(@-gza)

We now remark that

0+ia\ . 0 —ia B 0—1ia\ . 0 +ia _ _ sin(ia)
cos 5 sin 5 cos 5 sin 5 = —sin(za).

To check this equality, it suffices to note that the derivative of the function on
the left (with respect to ) is identically 0, and hence the function is equal to
its value at the origin. This formula, together with trigonometric equalities and
the connections between trigonometric and hyperbolic functions (see (1.2.14) and
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(1.2.15)) leads to

1 cos( ) sin(?7) — cos(?7) sin( %)
4ia sin( 9—2m) sin( egm)
_ 1 sinia
dia (sin(4))?(cos('y))? — (cos(5))?(sin(y ))?

sinh a

 da ((sin(g))Q(cosh(‘Ql))2 — (cos(g))Q(sinh(g))Q)

sinh a
 4da(cosh®(a/2) — cos?(0/2))
sinh a

2a(cosha — cos @)’
To conclude we note that

1/r — 1—7? 1 1 2
sinha = /r2 "= 2: and cosha = /r2+ "= _;T .
Inserting these formulas in the last equation above we obtain (8.5.1). We refer to

(3.9.15) for a related formula. Using the second formula in (3.9.15) we thus obtain,

when r < 1,
2a = . sin(nd)
=(1— 2 n—1 .
7;ZaQ—F(@—an)Q (L=r )Zr sin 6

We now turn to the computation of the Gaussian integral, promised before
Exercise 5.2.7. We follow [91, Exercise 17, p. 193], [27, p. 15]. The latter quotes
[187] who himself quotes [137]. For another proof using the residue theorem, see
[42, p. 381]. Admittedly we do not provide the motivation for the choice of the
given contour and function.

Exercise 8.5.1. For R > 0, consider the parallelogram T'g with vertices —R, R,
R+ (1+1)\/5 and =R + (14 14)/7. Compute the Gaussian integral using the
residue theorem for the function

_z2

(&

= L estyan (8.5.3)

9(2)

along this contour.

Let f be a function in Ly (R) (or, continuous and bounded on the real line
if you want to avoid measurable functions). Then, the function

F(z) = Q;i/R(J;(ﬁ)gQ (8.5.4)

is analytic in C\ R. We now want to inquire when is F' analytic across the real
axis.
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Exercise 8.5.2. Assume that f is entire, and that f is bounded in the closed upper
half-plane. Then, the function Fy defined by (8.5.4) in C4 has an extension to the

whole of C. Is this extension equal to the restriction F_ of F to the open lower
half-plane C_?

Exercise 8.5.3. Let € > 0 and let f be analytic in the open half-plane Im z > —e,

and assume that - _
Ji 1F(Reat

Rh_r}r(l)o R 0, (8.5.5)
" IRe /(o)
ef(z
d . 8.5.6
L a1 x < 00 ( )

(These conditions hold in particular when f is bounded in the closed upper half-
plane.)

(a) Show that for all z € C it holds that

iy r—z x22+4+1

f(z) =ilm f(i) + L / { ! * }Re f(x)d. (8.5.7)
R
(b) Assume that Re f(z) > 0 on the real line. Show that

Ref(z) >0, zeCy,

and show that the inequality is strict, unless f = 0.

Exercise 8.5.4. Compute for z € C\ R,

1 1 T
g(z)_2m'/R{x—z_x2+1}dz'

8.6 Solutions

Solution of Ezercise 8.1.1. (1) We note that ia and ib are in the open upper half-

plane C,.. Let
1
f(z) = :
(22 +a?)(22 + b?)

We first suppose a # b. Then

dx ) ‘ .
/R (@2 + a2)(2® +b2) 2mi {Res(f,ia) + Res (f,ib)}

2 { ! + ! }
2ia(—a? +b%)  2ib(a® — b?)
7r

ab(a +b)
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Now assume a = b. Then

1 1

= 2 h e = o tiap(e - a2

and we have

Res(f. ia) 1 " 2 | 2 —i
1 = L = — L = — = .
T\ (2 4ia)?) =0 T T (pia)3li=e T T (2i0)8 T dad
Thus,
dz . ) =1 7r
/R (22 + a2)2 = 2mi Res(f,ia) = 27m4a3 = 0g3’ (8.6.1)
which coincides with the formula
7T
ab(a +b)
for a = 0.
(2) Set fo(x) = 2% ,.. We have, for a,b € C,,
I BT (362)
at+b  Jp ' o
Therefore, for N € N, ay,...,ay € C,. and ¢q,...,cy € C we have
N e N N
Z +J _ :/ <Zc¢fae(x)> chfaj(x) dx > 0. (8.6.3)
=1 4T R\ =1 j=1
(]
We remark that (8.6.2) expresses aib as an inner product, and so we can

conclude already from this equation that aib is a positive definite kernel. We

leave it to the student to check that the inequality in (8.6.3) is strict if all the ay
are different and if at least one of the ¢y # 0. Furthermore, the choice a; = £ — %
leads to: For every N the matrix

1 11 1
2 3 1+N
1 11 i
2 3 4 24N
>0, (and not only > 0).
1 1 1
N+l N+2 2N+1

Such a matrix, constant on the anti-diagonals, is an example of a Hankel matrix.
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Solution of Exercise 8.1.2. We will show that the integral is equal to

dx r
= " _. 8.6.4
/]R 2 +1  sinJ ( )

2n

(See [45, Exercice 23, p. 117].) The zeroes of 2*" + 1 are

20
w=expi( | +°7), £=0,1,...,2n—1.
2n 2n

The choices £ =0,...,n — 1 correspond to the zeroes in the upper half-plane and
so, by the residue theorem,

/ de 271 ”5—1 Res 1
= 271 z
k220 1 ~ 220

£=0
{n—l 1
=2midy L }
s 2nz;
n—1 .
. ‘
=-2
i {Z 2n} ,
£=0
where we multiplied the denominator and numerator of the ¢th term by z, and
used 27" = —1 to go from the penultimate line to the last line.
We have
n—1 n—1
Z 2 = e(m‘r)/2n Z(e(m')/n)f
£=0 £=0
_ Gmn)/n
_ im/anl elimm/
1— e(i‘“’)/n
B 2
—2isin(y)’

and hence the result.

The computation of the second integral is done in much the same way: By
the residue theorem,

z2dx N 22
/]R 22 = 271 {ZRes (2'2" n 17,2@)

=0
n—1 2
. z
= 2m { g 5 2€n—1 }
= 2nz

n—1 3
- —2m'{§ ;é }
n

£=0
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Furthermore, we have

n—1 n—1
Z? — 6(3177)/271 2(6(3177)/71)5
=0 =0
3imn)/n
_ e(3i7r)/2n1 — el _ z
1 — e@Bim)/n
_ 2
- —2isin(37)

and hence

2d ™
/ v - (8.6.5)
R

2n = 3
41 sin 5 0

We note the following: Letting n — oo the integral (8.6.4) tends to 2. On the
other hand the functions

1
ful) = x? +1
tend pointwise to the function
1, ze(-1,1),
0, l|z|>1,

and
fn(@) < f(2).

The dominated convergence theorem then allows the interchange of limit and

integral in
d 1 !
lim [ 07 :/ lim dz:/ da = 2.
n—oo Rx”—‘,—l R \—o0 $2”—‘,—1 1

Similarly, (8.6.5) tends to 2/3 as n — oco. This is consistent with

2d 2 1 2
lim f v :/ lim N dx :/ 22dr =
n—oo Jp X n 4] R \ 00 JC2”—|—1 1 3

where here too, the dominated convergence theorem allows us to interchange limit
and integral.

Solution of Exercise 8.1.4. We use the notation of the solution of the previous
exercises. As above we have

/R (z%di e =2 {ni Res ((z2n1+ 1)27%)},

£=0
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but now the points z; are zeros of multiplicity of the denominator. We set g(z) =
(22" +1)? and use formula (7.3.6) to compute the residue. Setting f = 1 in (7.3.6)

we have:

9(3)(%)

es((x%:_l)2,zz> = —(9(2)?2;)>2, te{0,...,n—1}.

g = 2u@y 4 2(uM)?
g® = 2u®u + 6uu.

Since u(z¢) = 0 we obtain

9(2)(20 —9 (2m3n—1)2

= 8n22[2
and
93 (z) =6 (2n(2n —1)2;"7?) - 2nz;" !
= 24n*(2n — 1)2;7%.
Thus,
4n2(2n — 1)
1 23
Re J20 | = — ¢
((zQ” +1)2 e) 16n4z,*
2n—1 1
= — zy.
2n  2n
Since 372 2 = — ;u( 7 ) We obtain

/ 1 d _2n-—1 s 7271—1/ 1 d
R (27 4+ 1)2 YT o nsin(7)  2n  Jp (20 4+ 1) v

2n

Solution of Erercise 8.1.5. Set I, = [, 12,}+1dz. For ¢t € (0,1) we have

s P t

(@ 1) a1t

By Exercise 8.1.2 we have (with the change of variable x — %/1 — tu)

t —2n
/ de =t 2on/1—tI,,
R

2n 41—t

(8.6.6)

(8.6.7)

(8.6.8)
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and the monotone convergence theorem for series of positive functions (see Theo-
rem 17.5.3) gives

th/ x2"+1 dx_/<zpz2n+ )dm

t
= d
/z2”+1— v

1—2n

=t 2y/1—tl,.
Writing

1222/1 P 1+t2n—1+t22n—1 1 2n—1 n
2n 2 2n 2n

o0

_§ : D

= trcp n,
p=1

where the coefficients ¢, ,, are computed as in (4.4.9), we have

1 1
dr = cp dz, =1,2,....
A(x2n+1)p -z Cp, 4x2n+1 £ p

The special case p = 2 is proved in the previous exercise; see (8.6.8). O
Solution of Ezercise 8.1.6. Let

1
)= oy e

We have

d
/R(ﬁfl)n — 2ri Res(f, i).

Let g(z) = (z +14)~"™. We have, for n > 2,

n—2
g (z) = (~1)" D (H(n +E>) (2 )72+,
£=0
and so
L g
Res(f,i) = (n—1)

(—D)" VS (4 0)
(2i)2n=1(n —1)!
LS+ 0)
22n=1(p — 1)’
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Thus
/ de 2w, *(n + ¢)  2m(2n-2)! O
e (@241 22n-l(p— 1) 22n-1((n— 1)1)2
As a check, we note that n = 2 in the above formula leads to the formula
(8.6.1) when a = 1.

Solution of Exercise 8.1.7. Let

T = e gain2 = e osppz— 2y
with
_ —1+iV3
24 = 9 .

The point z; = (—1 +iv/3)/2 is in the open upper half-plane, and we have that

/ ( wdz , = 2miRes (f,24)

R ‘T2+$+1)
I
z
:27”( Z—Z )2) ‘z zZ4

2

= 2m < i 3> | _

(z—2_ (z—2_)3 ) ===+

2

= 2mi 2

(24 —2.)2 (24 —2_)3
= 2mi —1Hiv3) _m . O

(—i3v/3) 3V3
Solution of Ezercise 8.1.8. Let
1

= (24 1) 202 - 3030 — aiyt

We have
dx )
/R (@2 + 1)(z — 20)2(z — 30)%(z — 40)* = 2mi {Res(f,4) + Res (f,2i)

+Res (f,3¢) + Res (f,44)}.

We know by Exercise 7.3.9, that the sum of all the residues of f is equal to 0.
Thus

Res(f,4) + Res (f,2i) + Res (f,3i) + Res (f,4i) = —Res (f, —1)
1
(—2i)(—3i)2(—4i)3(—5i)*
1
T 9.9.43.54°
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and hence

/ dx _ 271 0
R (22 + 1) (2 — 20)2(x — 34)3(x — 44)4  2-9-43.54°

The reader should check directly that the above integral is indeed purely
imaginary without computing it explicitly.

Solution of Exercise 8.2.1. (1) The case t = 0 is clear and can also be obtained
from Exercise 8.1.2 if need be. We now assume ¢ > 0, and define
eitz

1= 4,

The function z — €% is bounded in the closed upper half-plane, and the residue
theorem gives us

—t

/ f(z)dx = 2miRes(f, i) = o = me .
R 21

By symmetry it follows that

eitw
/ 2y 1dx = ﬂ'e_'t‘, teR.
R

(2) We have, for t,s € R,

1 ix(t—s)
emlt=sl = / ©, . dr (8.6.9)
T Jp 241

Thus, for N € N, t1,...,txy € Rand ¢q,...,cy € C we have

N to—t;| _ 1 (Zé\[:lcgeim) (Zj\le Cjemj)
Zcecje £ J :7.[_/ x2+1 dw

£,j=1 R
> 0. 0

As in the case of Exercise 8.1.1, we remark that (8.6.9) expresses e~ /= as
an inner product, and so we can conclude already from this equation that e~!*—*l
is a positive definite kernel, that is e~ I*l is positive definite. Hence, the formula

1 1 eitw
e "= ) dx (8.6.10)
T Jpat+1

is an illustration of Bochner’s theorem. See Theorem 16.3.14 for the latter. It is also
an easy computation of a Fourier transform (see Exercise 13.5.1 for the definition

of the latter): The Fourier transform of the function 1214_1 is equal to e~ "l
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Solution of Ezercise 8.2.2. On the one hand,
cos T e’
dr =R d
/RxQ—i—lx e/Rx2+1z
= Re {27ri Res <226+ 1,2’) }
o1
= Re < 2mi
i)

.
=
On the other hand, the residue theorem applied to the function 2257 in the
closed upper half-circle of radius R > 1 leads to

R -1
hi

/ cos T d:c+/ Cos 2z dz—2mRes cos 2z y :2m,cos' :We+e .

_pa?+1 cn 22+ 1 241

Thus

-1
lim C;SZ dz =7 ete —e 'V = msinh 1. O

Solution of Ezercise 8.2.3. Let g denote the contour made of the interval [—R, R]
and of the half-circle of radius R and centered at the origin and which is in the
upper half-plane. Consider the function f(z) = ¢***/(z* + 1). We have

/f )dx = hm/ f(z)dz:27ri{Res<f,eiI)—&—Res(f,egi”)}.
TR

But for zy a zero of z* + 1 we have

elazo Zoezazo

Res(f, ZO) = 428, = 4 ;

and so the integral is equal to (the real part of)

3im a
—e T eme T —e 4 ew«e 4 Te V2 .
27 < 4 + A ) . (cos(a/\/Q) + sm(a/\/Q)) .

When a = 0, the previous result corresponds to the case n = 2 in Exercise
8.6.4.

Solution of Exercise 8.2.4. We first prove that f is indeed analytic for Imz > 0.
This requires the interchange of an infinite sum and of an integral. The integral
is not on a compact interval, and we cannot use Weierstrass’ theorem (Theorem
14.4.1), and we will use the dominated convergence theorem. Let zy € C4, and let

d = dist (ZQ,R) =Im 20-



402 Chapter 8. Computations of Definite Integrals Using the Residue Theorem

For z € C; such that |z — 2p| < d we have

FTAI L1, VueR

U — 2o

Furthermore,

£() = /]R COS U du

(u?2 4+ 1)(u— 20 — (2 — 20))?
B cos U Oon Z— 29 net "
‘A<u2+1><u—zO>2{§ (u—) }d
= Zan(z — zo)"_l

where

/ cosu J
anp =" u,
r (0 +1)(u — 20)" !

and where the interchange of sum and integral is done using the dominated con-
vergence theorem. The function f admits a power series development around every
point in C,, and is therefore analytic there.

We note that formula (8.2.1) makes sense for Im z > 0 but does not make
sense for z on the real line. The fact that there is an analytic extension to the
asserted set requires us to find another formula for f. We now compute directly f
using the residue theorem. We have

f(z) = ; {/R Wt le)i:u e +/R w2 +;(Z - Z)Qdu} . (8611

Therefore, for z in the open upper half-plane,
eiu eiu
du = 27i { R i
/R<u2+1><u—z>2 ! “{ es(<u2+1><u—z>2”>

eiu
R
v es(<u2+1><u—z)2’z>}
—1 1z (52 iz
+1)—-2
e L e (2 ) —2ze }

= 2mi {21.(1. _ )2 (2241)2

and

e—zu e—zu 6_1
/R (u2 4 1)(u — 72D = TR <<u2 1) )2 ) ™ 9i(z +i)?

From these two formulas we see that the right side of (8.6.11) is analytic in the
band
—1<Imz<1. (8.6.12)
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It follows that the function defined by the right side of (8.2.1) in the upper half-
plane has an analytic extension to Im z > —1 given by the formula

) e ! ie? (22 + 1) — 2ze* el
T o, + + .. .
2i(i — 2)? (22+1)2 2i(z +1)?
in the band (8.6.12). O

Solution of Exercise 8.2.5. Using formula (8.2.2), the integral (8.2.3) is equal, in
the sense of the principal value, to

L ooz o1y = iR ((z—a)?z?ﬂ)’“) *amitte ((z—a)?zul)’i)

+ 27 .

1
(i —a)(2i)

= 5
a®+1
Ta

Toa2+ 1

Solution of Exercise 8.2.6. We take the function

Pz _ plqz

f(Z): 2

z

We integrate f on the contour appearing in Exercise 5.3.2. We obtain
/Rf(x)dx — mi Res(f,0) =0,
but Res(f,0) = i(p — ¢), and hence
/Rf(x)fm:m'i(p—q) =g —p). O

As a verification, let p = 0 and ¢ = 2. We obtain

1—cos2
/ C(;S Tz = 2,
R X

in accordance with Exercise 5.3.3 and (5.9.15). Similarly, the choice p = 0 and

q =1 gives
/ 1—cosx
5 dr = .
R X

Solution of Exercise 8.3.1. We consider the positively oriented contour I'p made
of the three following arcs:
(a) The closed interval [0, R]:

v,r(z) =2z, z€][0,R].



404 Chapter 8. Computations of Definite Integrals Using the Residue Theorem

(b) The arc of circle of radius R and angle varying from 0 to 27"

; 2
72,R(t) = R62t7 te |:07 ;LT:| .

(¢) The interval joining the point Re 7 to the origin:
27mi
vs,r(z) =(R—x)e», x€][0,R].

For R > 1 there is only one zero of z" 4 1 inside the contour, namely z = exp Z:;
Thus the residue theorem applied to f(z) = Zn1+1 and the contour g leads to

2mi

/R dr /"Z’ Rieitdt /R et da orifes( 1T
, — = 27
0 T"+1 o Rmemt 41 o (R—xz)rzn+1 41" n

211

(n—1)in
ne n

. oim
2mie n
"

The change of variable t — R — t and letting R — oo lead to
2mi o dx 2mie 177:
(1 —en ) = — .
o T"+1 n

/ e amier o om o (8.6.13)
o x"+1 n(l—en) nsin

Thus

The dominated convergence theorem shows that

lim R / lim dr = 1.
n—oo Jg "+ 1 0 n—oo "™ + 1

This is also, of course,
lim o
n—oo nsin

Solution of Ezxercise 8.3.2. The solution of the preceding exercise has to be appro-
priately adapted. Let ln z be the function

Inz=1Inr+ 6,

with z = re? € C\ (—o0,0] and 6 € (—x, 7). The function is the restriction

to (0,400) of the function

1
1+4xP

1

1(z) = 1+ exp(plnz)’
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which is analytic in C\ (—o0, 0]. The contour in the preceding exercise has to be
changed, in order to exclude the origin. For 0 < ¢ < R < oo we consider the
positively oriented contour I'c zp made of the four following arcs:

(a) The closed interval [e, R]:
M,e.r(z) =2, x€le R

(b) The arc of circle of radius R and angle varying from 0 to *7*:
- 2
’YQ)R(t) = Re”, te |:O7 ﬂ—:| .
p

(¢) The interval joining the points Re ' and ee s :
vser(z)=(R—z)er, z€[0,R—¢.

(d) The arc of circle of radius € and angle varying from 2}? to 0:
; 2
Yae(t) = e, te { Wﬂ} .
p

For R > 1 there is only one zero of f(z) inside the contour, namely z, = e’
since, with z = pe®?,

f(z2) =0 <= exp(plnz)=-1
— ipf =i(2k+ 1), ke€Z and exp(plnp)=1.

The residue of f at z, is

1 1
Res(f, z,) = = .
:2) = (exp(pn )=z, (p/zexp(plnz))|.—,
But Inz, = i; and so A
e r
Res(f,z,) = — .
(f:2p) )
The residue theorem applied to the contour I'c g, and letting R — oo and € — 0
lead then to the result. O

Solution of Ezercise 8.3.3. By formula (8.3.2), we have:

n—1
i dx ln(z) im . 2kim
= — R n + n
/0 1= es(znwe )

=0
n—1 (m 2kim
= _ ; (i ) (8.6.14)
eiw n—1
n 2kim
= (im + 2kim)e » |
n

k=0
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where the sum begins in fact at ¥ = 1, and where we used formula (7.3.2) to

compute the residue. But
n—1

2kim
E e n = 07
k=0

247

and (see (3.4.14) with z =e™» )

2nim 2(n—1)in

nl 2kim 247 (TL — 1)6 n  —ne n + 1
Z ke » =en - 2im g
k=0 (I—en)

2im

2in N—1—ne" » +1
=ecn - 2in
(1—e"n)?
n

= 2in

e —1
Plugging this expression in the last line in (8.6.14) we obtain:

= . (]

an+1  n? -1 nsin(7)

/Oo dx _27riei5r n T 1
0

Solution of Exercise 8.3.4. We use formula (8.3.2). Then
r(z) = 2® — 2z cosf + 1,

with zeroes equal to ‘
2y = eizﬁ.
See (1.6.24) with zo = €% if need be.
Assume first that 6 # 7. Then

27 — 0

Res (ln(Z) ) i0 0 and ReS(ln(Z)T(Z)’Z_) = 2sinf’

r(z) ) T 2ising "~ 2sing
and hence the integral is equal to
e d —0
/ “ i (8.6.15)
0

u? — 2ucosf+1  sinf’

The case 8 = 7 is treated in the same way; r has now a zero of multiplicity 2, and

Res (ir(l;)q) -1

T—0

sin 6
is extended continuously for § = 7 by taking its value to be equal to 1 at this
point. (I

One sees also that formula
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As a check for (8.6.15), let us put = 7/2. Then, the right side of (8.6.15)
is equal to 7/2. On the other hand, now cos@ = 0, and the left side of (8.6.15) is

equal to
/OO du
o w241 2’

as can be seen from formula (8.6.4) with n = 1 (this formula gives twice the
integral [* 4v)).
Solution of Ezercise 8.3.5. Let

sz+1
(s —2)(s?2+1)’

g(s) =s° s € C\ (—00,0],

where z, viewed as a parameter, also belongs to C\ (—oo, 0]. We have

0 0
1 T zz+1
& —_ d = o d
/_OO 2 {z—z z2—|—1} * /_OO 2 (x —2)(2?2 4+ 1) .

27

= . AR
et _ p—ima { es(g, Z)
+ Res(g,7) + Res (g,—1)} .
By definition of s, we have

iTa iTa
Y% —

i“=e2 and (—)%=e 2,

so that the residues are equal to

2
1
Res(g, z) = 2° ; i ) = z%
imo ZZ + 1 61'7;(1
R ) = 2 = —
SO =e i) 2
—ima —1z + 1 e iga
R —7) = = —
eslg: =) =e 2 iy (Zay) 92

and the right side of the last line above becomes

i
eiﬂ'a _ﬂ—é—iﬂ'oz {Res(g7 Z) + Res(g, Z) + Res (gu _Z)}

. i i«
2w o €32 e 2
- eiﬂa _ e—iﬂa 2= 2 - 2

T o TQ
= . z% — cos ,
sin T 2

and formula (8.3.5) follows. O
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Solution of Ezercise 8.3.8. We take the function

(5) =1 sz+1
=In
IS S(s—z)(SQ—i—l)’
where In s is the principal branch of the logarithm in C\ (—o0, 0], that is
Ins=In|s| +40, where s=|s|e?, 0¢& (—m, n).

We take the following contour, composed of four parts, where 0 < r < R and
€>0:

(i) Y1, is the interval
YirRe(t) =ie+t, te[-R,—r]

(i) va,r,R,e is the part of the circle of radius V€2 + r2 which connects the points
i€ —r and —ie — r with parametrization

VQ,T’,R,é(t) = \/62 + r26it7 te [_93 T+ 0]3
where 6 € [0, 7/2] is such that

€
tanf = .
r

(iil) 73, R,e is the interval
Y3, Re(t) = —ie+ (—r—1t), te[r,R—r].

(iv) 7ya,R.e is the part of the circle of radius v/ R? + €2 and center 0, which starts
at ¢ — R and ends at —ie — R.

By the residue theorem, and letting € and r go to 0 and R go to infinity we
obtain for z # +i:

. sz+1 . sz+1
/(_m,o] (=22 +)™ /<_m,o](_”> (s— )2+
— 27 {Res(g(s), 2) + Res(g(s), —i) + Res (g(s), )}
But . .
it —iz+1 T

Res(g(s), —i) = — 2 (—i—2)(—=2i) Ly

and similarly for the residue at i. Hence

sz+1 ™ ™
ds =1 ;. —1 . =1
/<_oo,o]<s—z><52+1>8 BT T T

first for z # 44, and then to all of C\ (—o0, 0] by analytic continuation. O
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Solution of Exercise 8.3.9. We have

0o —u / oo
1—e? € du| = e~ (tDugy,
( )
0 u 0

e—(z-i—l)u

T2+ 1)‘":0
1
142’

and hence the result. For the second example, we proceed as follows. On the one
hand,

On the other hand,

« o o du /_ a e
(I‘(l—a)/o (1—e )ua“) B I‘(l—a)/o u® du.

To compute this last integral, we first consider the case where z = > 0. Then,
the change of variable zu = v leads to

o C gmru ar®! o
d — —v —ad — a—l.
I'l-—a) /0 ue u I'l-—a) /0 ¢ voarmar

By analytic continuation we have, for all z in the open right half-plane,

o oo e—zu
du =zt
'l —a) /0 yor M

Therefore both sides of (8.3.12) have the same derivative. To check that both sides
coincide in Rez > 0, we check that there is equality for z = 1. The left side is
trivially equal to 1. Using integration by parts we see that the right side is equal to

o 0t L { (L)L

1 o0
+ / e_"u_adu}
@ Jo
a TI'(l-a)

Nlf-—«o) «
=1. ]
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Solution of Exercise 8.4.1. If a = 0 the result is trivial and we assume now a # 0
(so, a € (=1,0)U(0,1)). We have

/2” dt 7/ dz

o l+acost Tiz(l#—g(z—ki))
71/ 2dz
i Jraz?+22+a

B 1 Aa(z—zif?z—af

—1—+/1—a? —1++1—a?
Z1 = and 29 = u .
a

where

The point z; is outside the closed unit disk while the point 25 is inside the open
unit disk; thus the residue theorem (or Cauchy’s formula) leads to

/2” dt _1/ 2dz
o l+acost i Jpa(z—z)(z—2)

1 2
= 2mi . Res ) 22
i a(z — z1)(z — 22)
2
=27
2v/1 — a2
a
a
2
= T O
V1 — a2

Solution of Evercise 8.4.2. Since cost = (2 +1/2)/2 for z = e we have

/2” dt 7/ 1 dz
o 14+8cos?t 1)2’2

zl=1 1+2<z2+2+ )
z

_ / zdz
o |Z|:1 1(224 =+ 522 + 2)
zdz

/|z|_1 2i(22 4 2)(z +i/V2) (2 —i/V/2)

:2m’{Res<2i(22+2)(Z+;/\/2)(Z_i/\/2)’ \;2> .
+Res<2i(z2+2)(2+:/\/2)(2_i/\/2)7_\;2)}
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== \}2 }

= 2m {22(2’2 + 2)(2 + ’L/\/2) Z:\/iQ

+2i(z2 +2)(z —1i/v?2)

27
=
Solution of Ezercise 8.5.1. By the residue theorem

/F g(2)dz = 2miRes(g(z), 20)

with zo = '37/7. We compute the residue using formula (7.3.2) and get:

_z2

e
—(1+ Z‘)\/Qﬂ-e—(1+i)\/2ﬂz ’z:zo
e i
(1 +i)v2n
1—3 1
(1+i)vV2V2r

i
27
Thus, [, g(z)dz = \/m. Remarking that

Res(g(2), 20) =

9(2) = g(z +220) = ™%
we have

2

/ g(z)dz+/ g(z)dz z/ e % dz.
[-R,R] [R+2z0,— R+220] [-R,R]

To conclude it remains to show that

lim g(z)dz = lim g(z)dz = 0.
R=o0 JR, R+220 R—=00 J_R,—Rt2z

We consider only the first integral and take the parametrization
v(t) = R+ 2z0t, t€][0,1].

Then we have
|e_7(t)2| < e_R262|Z“|R+4|Z“‘2, t€[0,1]
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and
|e—’Y(t)(1+i)\/27r| — e~ V2rR  Alzolt

Thus for R large enough we have |e—w(t)(1+i)\/2ﬂ| < ;7 and
|g(’7(t))| < 26_R262‘ZU‘R+4\20\2.

The claim follows then from inequality (5.1.3). O

Solution of Exercise 8.5.2. By the residue theorem we have, for z € C,

Thus the function f’ is an analytic extension to C of the function F. .

For z is the lower half-plane, the function u ( JS“Z))Q is analytic in C,, and

the residue theorem will lead to F_(z) = 0 in C_. Thus the analytic extension of
F, to the lower half-plane will coincide with F_ if and only if f is a constant. O

Solution of Exercise 8.5.3. (a) We consider the contour C'g consisting of the in-
terval [—R, R] (in view of (8.5.6), the definite integral can be computed as a limit
of the integral on the symmetric interval [— R, R]) and of the semi-circle of center
0 and radius R which lies in the upper half-plane C... Let

1 s sz +1
9(8)=f(8){8_z—82+1}:f(s)(s_z)(s—i)(sﬂ‘)’

By the residue theorem we have, for z € C,.,
1
/ f(s) 2+ ds = 2mi {Res(g, z) + Res(g,1)}
Cr (s —2)

= 2mi (f(z) + /(i) (Z'Z—Z;r)(lﬂ))

= om (f(z) - f(2)> .
2
Still for z € C4 and with the same contour we have

iz+1 m,_f(i)
(i—z)(2i)_2 ( 2 )

In view of (8.5.5), the integral on the half-circle goes to 0 as R — oo, and we get

L@, 5t =i (10 - 1),

[ )
xz+1 _ 9 _f@)
AT ( 2)'

el =2mif(e
/CRf(S)(S—Z)(S—i)(S—Fi)dS_2 f(@)
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Taking the conjugate of the second equation, and adding to the first equation side
by side we get

vl =2mi(f(z) —iIm f(¢
/R (@ — 2)(a? 1)(2 Re f(x))dz = 2mi(f(z) — iIm f(4)),
and hence we get (8.5.7)

f@ =itmpi+ [T Re @)

) ) 1 1 x
=¢Im f(i) + m'/R{x—z — +1}(Ref(x))dx7 zeCy.
(b) From the above expression we get

z—2z [ Ref(z)
.6.1
2mi Jg |x—z|2dz’ (8.6.16)

Re f(z) =

and hence Re f(z) > 0 for z € C4. Assume now that for some z € C,, it holds
that Re f(z) = 0. Then, (8.6.16) implies that Re f(x) = 0 on the real line. Hence
f is a unitary constant, as is seen from (8.5.7). O

More generally we have, for z and w off the real line,
Z—w Re f(x
@)+ flw) = 2mi /]R (x — z)JEJ(c Z w) de.
Therefore the kernel
e _ 1 RS,
—i(z — w) 21 Jp (z — 2)(xz — w)
is positive definite in Q = C\ R.

Solution of Exercise 8.5.4. Rewrite
1 T zz+1
r—2 22+1 (z —2)(x+1i)(z—1)
For z € C, we have by the residue theorem

g(2) = Res ((g; - z)?;Iz‘l)(a: —i)t T Z>

#R (et nta—i ™)
- 1 _ 1.
2 2

The function g satisfies the symmetry

g(z) = —g(z), ze€C\R,
and is therefore identically equal to —1/2 in the open lower half-plane. 0
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Chapter 9

Harmonic Functions

The notion of a harmonic function arises from real analysis and appeared before
the notion of an analytic function. In some sense, analytic functions were defined
to study in an efficient way problems related to harmonic functions.

9.1 Harmonic functions

Let f(z) = u(x,y) + iv(x,y) be a function analytic in some open set 2. The
functions v and v admit partial derivatives of all orders, and thus the Cauchy—
Riemann equations

ou ov
6$($7y) - 8y($7y)a
ou ov .
ay(x7y)__ax($7y)a ‘T+Zy€Q7
imply
0%u 9%v
2 O Y) = axay(ﬂmy),
0%u ov

5 = - ) ) +iy € Q.

ay? (z,9) o (z,y), = +iy

The smoothness of v implies that the mixed derivatives are equal; adding these

two equations we get

def. 0%u N 0%u _
ox?2  Oy?

Definition 9.1.1. A real-valued function defined in an open subset of R? is harmonic

if it has continuous partial derivatives of order 2 and if it solves the Laplace

equation in :

Au 0.

Au = 0.

© Springer International Publishing AG 2016 417
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Exercise 9.1.2. Show that the functions
u(x,y) = e’ cosy, (z,y) € R?,
u(z,y) = coszcoshy, (x,y) € R?
u(z,y) =In(@® +¢°), (x,y) € R*\ {(0,0)}

are harmonic.

Exercise 9.1.3. Show that a harmonic function u is locally the real part of an
analytic function, and in particular has partial derivatives of all orders.

Exercise 9.1.4. Let ui(x,y) and uz(x,y) be two real-valued function harmonic in
the open sets 1 and Qo respectively, and assume that the range of the function

6u2 (9’(1,2

is inside Q1. Show that the function

8uz 811,2) (9 1 1)

U(‘T7y) ZU1(8I y 8y

is harmonic in .

Exercise 9.1.5. Given [ analytic and not vanishing in an open set Q. Show that
In|f(2)| is harmonic in Q.

From Exercise 1.2.8 it is clear that the function u(x,y) defined by (9.1.2)
below is harmonic. The point in Exercise 9.1.6 is to provide a direct and different
proof.

Exercise 9.1.6. Show that

sinx

= 9.1.2
@, y) cosx + coshy ( )

is harmonic in
Q={z=z+iy, - r<zx<m and yeR}.

Remark 9.1.7. If u(x, y) is harmonic in a neighborhood of the origin, then u(zx,y)
is the real part of the function

F(z) =2u(z/2, z/2i) — u(0,0). (9.1.3)

This is a well-known formula; see for instance [45]. A good exercise (see Exercise

9.1.9) is to prove this formula for polynomials. The formula does not hold if u(zx, y)

is not defined in a neighborhood of the origin, as one can see with the function

u(z,y) =In(2® + 7).

Exercise 9.1.8. Appl la (9.1.3) ¢ sin &
xercise 9.1.8. Apply formula (9.1.3) to u(z,y) = cosz + coshy’
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Exercise 9.1.9. Prove formula (9.1.3) for a polynomial.

Exercise 9.1.10. Let u(z,y) and v(x,y) admit partial derivatives which are con-
tinuous in an open set ), and assume that u and v satisfy the Cauchy—Riemann
equations in 2. Assume moreover that u? +v? # 0 in Q. Show that the function

uau n ov
Oox Oz
u? 4+ v?2

v

is harmonic in €.

Zeroes of harmonic functions are not isolated (see for instance the sets where
the functions u(z,y) = 2% — y? and In(z? + y?) vanish), but we have:

Exercise 9.1.11. Let u be harmonic in the connected open set Q) and assume that
u vanishes in a set B(zo,r) C 2. Show that u is identically equal to 0 in .

9.2 Harmonic conjugate

Let Q be an open subset of R?, and let u be harmonic in . The function v(z,y) is

called a conjugate harmonic of u if the function f(z) = u(x,y)+iv(x,y) is analytic
in Q.
Exercise 9.2.1. Assume that v is a conjugate harmonic of the harmonic function u

in an open set Q). Let a and b be two real numbers. Show that V (z,y) = bu(z,y) +
av(x,y) is a harmonic conjugate of the function U(z,y) = au(x,y)—bv(z,y) in Q.

Exercise 9.2.2. Assume that u and v are harmonic in an open set Q and that v is
the harmonic conjugate of u in 2. Define functions U and V' by

Ulay) = " @000 cos2u(a, y)o(a, ),
V(z,y) = @) —v(@y)® gip 2u(x, y)v(z,y).

Show that U and V are harmonic in  and that V' is a harmonic conjugate to U
there.

A real-valued function u harmonic in the open set 2 need not have a harmonic
conjugate (see Exercise 9.2.5 below), but we have the following key fact (see also
Exercise 9.1.3):

Exercise 9.2.3. Let u be real-valued and harmonic in the open set Q). Then — g; 18

u

a harmonic conjugate of gz. In other words, the function

Ou _ 0u (9.2.1)

is analytic in
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Remark 9.2.4. One should not confuse the contexts of equations (4.2.6) and (9.2.1).
The first equation gives the derivative of an analytic function. The second formula
defines an analytic function from a given harmonic function; this analytic function
need not have a primitive in Q.

It was proved in Exercise 9.1.3 that a harmonic conjugate always exists lo-
cally, that is, in a neighborhood of a point, but need not exist globally. If it exists,
it is harmonic.

Exercise 9.2.5.

(a) Show that the function In(z%+y?) has no harmonic conjugate in R\ {(0,0)}.
(b) Show that it has a harmonic conjugate in R?\ {(x,0); x < 0}.

We have now the penultimate characterization of simply-connected sets to
be given in these notes.

Definition 9.2.6. A connected open set 2 C R? is simply-connected if every function
harmonic in €2 admits a harmonic conjugate in €.

Strictly speaking, the definition of a simply-connected set does not require
the set to be connected. The existence of a harmonic conjugate has then to be
checked in every connected component of the given set.

Theorem 9.2.7. Let 2 be an open connected subset of C and let u be harmonic in
Q. Then, u has a harmonic conjugate in Q if and only if

ou ou
—_d dy=20 9.2.2
Loy T+ o dy (9.2.2)

for all closed piecewise smooth paths C' in €.

Proof. Assume that v admits a harmonic conjugate, say v, in Q2. Then, the function
f(z) = u(z,y) +iv(x,y) is analytic in Q and its derivative is equal to the function

g(z) = 9 i, . (9.2.3)

So, by Theorem 5.2.1,

/Cg(z)dz = /Cf’(z)dz =0.

Conversely, if (9.2.2) is in force for every closed curve C' inside €, it holds that

ou ou ou ou
/Cg(z)dz ; 8xdcc—|— 8ydy—|—z/c oy x + 8xdy 0,

where we have also used (5.1.12). Hence g has a primitive F'(z) = U(z, y)+iV (z,y)

in €. Since P 5U
frx .
Fiz) = oz " oy’
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we see that, up to a real constant, U = w and hence V is a harmonic conjugate
to u. ([l

In the following exercise, the set 2 is not required to be connected.

Exercise 9.2.8. Let u(x,y) be harmonic in an open set ). Let n,m € Ny such that
n+m > 0. Show that the function

ontmy
Ulz,y) = andym (z,y)

is harmonic in §; prove that U has a harmonic conjugate, and find all functions
f analytic in Q and with real part U.

Exercise 9.2.9. Let f be an entire function and assume that Re f'(z) = 22 — y? +
6xy. The value f(0) is known. Find f.

Exercise 9.2.10. Prove that the function
u(x,y) = ycosysinhx + x siny coshx

is harmonic in R?, and find its harmonic conjugate.

Exercise 9.2.11. Prove formula (9.5.2), which is given in the solution of Exercise
9.2.10.

More generally, one has the following formula for the harmonic conjugate:
Exercise 9.2.12. Let ) be a simply-connected set, and let u be harmonic in €.

(a) Prove that
ou ou
-, d dy=0
c Oy v oz
for every closed contour C.
(b) Fiz a point (x0,y0) € Q. Prove that the function

ou ou
v(z,y) = /Cw —aydx + 8xdy (9.2.4)

is the harmonic conjugate of u (up to an additive constant), where Cy , is
any path connecting (xo,y0) to (x,y).

We recall that the Cauchy-Riemann equations in polar coordinates are
given by

Ou 10v
op  p0oo’
Py 1 du (9.2.5)

dp  pao’
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and that the Laplacian in polar coordinates is given by

9%u  10u 1 9%u

A 0) = .

(9.2.6)

The functions
u(p,0) =Inp and wv(p,0) =20

(0 € (—m, ) for instance, or more generally in an open interval of length 27) are
harmonic since

Inz=1Inp—+i6.

Exercise 9.2.13. Find all functions harmonic in R?\ {(z,0); x < 0} of the form
f(p) and of the form f(0), where f is a real-valued function of class Cs.

Exercise 9.2.14. Show that the function
u(p,0) = pfcosf + psinflnp

is harmonic in Q = R2\ {(z,0); z < 0}, and compute its harmonic conjugate.

9.3 Various

Exercise 9.3.1. Let u be a harmonic function such that u? is also harmonic. Show
that u is constant.

Exercise 9.3.2. Let u and v be harmonic in R? and assume that v is the harmonic
conjugate of u. Assume that

w—3uww?>0 in R
Find u and v.

The preceding exercise relies on the following fact: If u is a function harmonic
in the whole plane and is bounded from above or from below, then u is a constant.

Exercise 9.3.3. Prove the previous claim.

Exercise 9.3.4. Find all functions u harmonic in R? and satisfying

ou
< 0.
3x_0

The next exercise is almost identical to the previous one.

Exercise 9.3.5. Find all functions u harmonic in R? and such that gg > 5.
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Let f be analytic in 2. We saw in Exercise 9.1.5 that In | f] is harmonic in 2
when it does not vanish there. On the other hand, the modulus function |f] is not
harmonic, but subharmonic

Alfl =0,
as illustrated by the examples
Alzf* =4,
and 1
Ar = o T |z]. (9.3.1)
Exercise 9.3.6. Let f be analytic and non-vanishing in the open set Q. Show that
1f'?
Alfl = IR
The case f(z) = 2", n € Z, leads to
Alz|" = n?|z|" 72 (9.3.2)

When replacing f by f? in the preceding exercise, one can remove the hy-
pothesis that f does not vanish, and obtain the formula

Alf2| =4l (9:3.3)

More generally, one has the following formulas (see [75, Exercises 8.41 and
8.42]): Let F be a function of class Cy on R, and let f be analytic in some domain
Q and not vanishing there. Then

FO(|£(2)]) } (934

£ (2)]

The special choice F(t) = t™ and f(z) = z leads to (9.3.2). Furthermore, choosing
F(t) = In(1 + t?) we have

AF(|f(2)]) = 1f' (=) {F(z)(lf(Z)l) +

/(=)

A+ = () T e

PN = p2eplf )] 1 )2 .
AN =29 (s Y IFER, pek
Exercise 9.3.7. Let u be a subharmonic function defined in B(zo, R).
(1) Show that for every r € (0, R) it holds that
27
u(zo,yo) < 9 /0 u(xo + rcost,yo + rsint)dt. (9.3.6)

(2) Prove the strict mazimum principle for subharmonic functions.
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As a corollary of (9.3.6) we have the following result, which expresses the
fact that the Bergman space of the open unit disk is a reproducing kernel Hilbert
space.

Exercise 9.3.8. Let f be a function analytic in the open unit disk and such that

def.
113 [[ 1P dody < .
Show that for every zo € D there exists a number K., > 0 such that

|f(z0)| < K=o - || f]]5- (9.3.7)
Exercise 9.3.9.

(a) Find all harmonic functions of the form u(z,y) = @(x® — y?), where ¢ is of
class Cy on all of R.

(b) Find all harmonic functions of the form u(z,y) = o(y/z).

Exercise 9.3.10. Let ) be an open connected set, and let
u(z,y) = Re(=f(2) + 9(2)),
where f and g are analytic in Q. Show that
A%y = 0. (9.3.8)

Functions which satisfy (9.3.8) are called biharmonic, and appear in mathe-
matical physics, in particular in elasticity. See [33, p. 246], [226].

9.4 The Dirichlet problem

We conclude this chapter with a discussion of the Dirichlet problem.

Definition 9.4.1. Let f be a real-valued piecewise continuous function on the unit
circle T. The Dirichlet problem consists in finding a function w harmonic in the
open unit disk, and equal to f on T, in the sense that

lim u(re) = f(e¥),
r—1

when f is continuous at the point e®.
As is well known, see for instance [101, Theorem 9.14, p. 180], the problem

is solvable, its solution is unique and is given by the formula

2w it
u(z) =Re | / ¢ TZp(et)dt, zeD. (9.4.1)
0

e t
2 et — z

As an application, solve the following exercise (see [148, pp. 355-356]).
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Exercise 9.4.2. Compute the solution of the Dirichlet problem when

i L t e [0,m),

t € [m,2m).

More challenging is the case when one considers the punctured unit disk
D\{0}. Indeed, D\{0} is not simply-connected, as is seen for instance by computing

/ dz
|z|=1/2 % '

Therefore not every function harmonic in D\ {0} has a harmonic conjugate there.
These points are illustrated in the following exercise, taken from [148, pp. 356-357].

Exercise 9.4.3. Find all functions u harmonic in 0 < |z| < 1, continuous on
0 < |z| <1, and vanishing on the unit circle.

9.5 Solutions

Solution of Ezxercise 9.1.2. The first two examples are clear since
e“cosy =Ree® and cosxcoshy = Recos z.

See (1.2.17) if needed for the latter. The third exercise will follow from the general
claim in Exercise 9.1.5, but it is also a good exercise to check directly that In(z? +
y?) is harmonic in R? \ {(0,0)}. See in that respect the discussion after the proof
of Exercise 9.1.5. O

Solution of Ezxercise 9.1.3. Consider the function

ou Ou
g(z) - ox (‘T7y) - Zay (‘Tay)7

so that

def. ou def. ou
Reg(z) = Ul(x,y) = aJc(x,y) and Img(z) = V(x,y) = —ay(w7y)~

We have
ou oV

ox dy
since u is assumed harmonic. Since u has continuous partial derivatives of order
2, we have
Pu  0%u
oxdy  Oydx’
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and in particular
ou oV 0%u

oy Ox - 0xdy’

Therefore U and V satisfy the Cauchy—Riemann equations in 2. They are
moreover differentiable in Q (as functions of (x,y)) since u has continuous partial
derivatives of order 2. Therefore, the Cauchy-Riemann equations imply that g
is C-differentiable in Q. Since 2 is convex, g has a primitive in Q, say f(z) =
Ur(z,y) + iVi(z,y), and

ou ou
G = gy @y =iy [(@y).

Therefore, Uy is equal to u, up to a constant. Choosing this constant to be 0, the
corresponding f is the real part of u in 2. O

Solution of Ezxercise 9.1.4. Since us is harmonic in (25, the function

o 6u2 ,(9’LL2

is analytic there. Let (xg,yo) € Qo, let 29 = xo + iyo, and let W be a convex open
neighborhood of g(zg) in ;. There exists an open neighborhood of (zg,yo) in Qs
such that g(V') € W. In W, the function u; is the real part of an analytic function,
say f. So the function f o g is analytic in V, and its real part

8U2 811,2 >

Ute9) = Re(f o) = (G (2.0~ 0

is harmonic in V. Since all such V' cover all of )5, the function (9.1.1) is harmonic
n QQ. O

Solution of Ezxercise 9.1.5. In any convex open subset U of £ the function f has
an analytic logarithm: There exists a function g analytic in U and such that

f(z)=et? zeU.
Taking absolute value on both sides of the above equality we get
7] = Mo,

Thus the function
In|f(z)| = Reg(2)

is harmonic in U since the real part of g is harmonic there. This ends the proof
since every point of 2 has a convex open neighborhood in 2. ]
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Note that the claim in the preceding exercise can also be proved directly: Let
f = u+iv be analytic in Q, and let T'(z,y) = In(u® + v?). We have

Uy =+ VU,
T w242
and so
T - 2u§ + Uy + 07+ V0 2(uu;,; + v, )?
o u? + v? (u? + v2)?
_ 2“3 + Wlgz + V2 + VUag u?u? + v%0? + 2uvugv,
= —2
u? + v? (u2 + v2)2
Similarly,
2 2
- Quy Uty + vy Fvvyy 5 (uuy + voy)?
v u? 4 v? (u? + v2)?
Uy Uy U vy, B w2 + 0202 + 2uvuy,
u? + 0?2 (u2 4 v2)2

Taking into account that Au = Av = 0 and that, thanks to the Cauchy—Riemann
equations,
Ug Vg + UyVy = 0,

we obtain that AT = 0.

Solution of Exercise 9.1.6. A natural way is to first check that Au = 0 and then
to solve the Cauchy-Riemann equations. We will proceed in a different way. Recall

that
exp(iz) + exp(—iz)

cosh(iz) = 5 = cos 2.
Thus
sin(*%7)
u(z,y) =
(@) cos(*3*) + cosh(%,%)
sin(*37)

B cos(*5%) + cos(#57)

3 z z : z z
Sin 5 COS 5 —+ SIn ; COS §

z z s z s z z z : z s z
COS 5 COS , — SII 5 SIN , 4 COS  COS 5 + SIn ,, SIN 5
: z z : z z
SN 5 COS 5 + SIN 5, COS

z z
2 cos 5 €os 3

: z
; sin 3
z z
2cos;  2cos;

= Retan (;) .

sin
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Here we used that sin(z) = sin(z) and similarly for cos z since the coefficients of
the Maclaurin series of cos z and sin z are real, and thus

tan(z) = tan(z). O
Solution of Ezercise 9.1.8. Using (9.1.3), we have

(2,1) sinx
u(z,y) =
4 cosx + coshy

sin(z/2)
cos(z/2) 4 cosh(z/2i)
sin(z/2)
cos(z/2) + cos(z/2)
= Retan(z/2). O

=2Re

Solution of Exercise 9.1.9. Tt suffices to check the formula for F(z) = z™. Since

2" = (v +iy)"
_ 1)k n 2k, n—2k | ; 1)k n 2k+1, n—2k—1
—kZu)(%)zy +zkz<1><2k+1)x g,
2k<n 2k+1<n

we have to prove that
n _ k n 2k \n—2k
=23 (gp ) 2@ erzar=,
Qkén

that is,
n z"

=2 . (_1)k( 2k > 2n(—1)k’

Qkén

that is, we have to prove that
n—1 __ n
2 = Ek ( ok > (9.5.1)

But from

0" =(1-1)"

2k<n 2k+1<n
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we obtain

k, )
2k<n 2k+1<n
Hence,
n o\ n 2
S ()= X ()%=
2%k<n 2k+1<n
Thus, (9.5.1) holds and this concludes the proof. O

Solution of Ezxercise 9.1.10. From the hypothesis on u and v these functions are
differentiable in 2, and so the function F(z) = u(x,y) + iv(x,y) is analytic in .
Its derivative

ou ou ou Ov
F'(2) = ax(w,y)—lay(%y) = e @Y Tiy (2.9)

€T

is analytic. The function F' does not vanish in §2 since u?+v? # 0 there, and hence
/

the function I is analytic in € and so its real part is harmonic. We have

u(f?u 6vv
Re F _ Oz Oz
F u? +v2
and this ends the proof. (I

One can build a number of exercises based on the same principle. Take F' =
u + iv analytic in © and compute (for instance)
F// F F/

ReF7 Ran ImF”,....

In the computations, note that

0%u 0%u
1" _ o
F(z) = Ox2 Z@x@y’

ou

as follows from formula (4.2.6), since the real part of F' is §*.
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Solution of Ezxercise 9.1.11. The function

0 0

9(2) = aZ(I,y) —ialyL(%y), (z,y) € Q,
is analytic in © and vanishes identically in B(zg,r). Therefore it vanishes identi-
cally in Q. It follows that
ou ou
= = Q.

5 (&Y) oy (x,y) =0, V(z,y) €

Thus w is constant in €, and therefore is identically equal to 0 there since it
vanishes at zg. O

Solution of Exercise 9.2.1. We show that U + ¢V is analytic in Q2. We have
U((E, y) + ZV((E, y) = (au(x7 y) - b’U((E, y)) + z(bu(o@ y) + av(o@ y))
= (a + ib)u(x,y) + (ai — b)v(x,y)
= (a + ib)u(z,y) +i(a+ib)v(z,y)
= (a+ib)(u(z,y) +iv(z, y)),

which ends the proof since by assumption the function f(z) = u(z,y) + iv(x,y) is
analytic in €. O

Solution of Ezercise 9.2.2. Tt is enough to check that the function F(z)=U(z,y)+
iV (x,y) is analytic in Q. By hypothesis, the function f(z) = u(x,y) + iv(x,y) is
analytic in 2. One has
Uz,y) +iV(x,y) = eu(@y)’=v(@9)? g 2u(z, y)v(z,y)
+ iet@v) @) g 2u(z, y)v(z,y)
= eu(@)*~v(@.y)? (cos 2u(x, y)v(z,y) + isin2u(x, y)v(z,y))
_ puey)?—v(@y)? 2iu( y)u(e.y)

— oulzy)?—v(z,y)? +2iu(z,y)v(z,y)

_ e tiv@a)? Z of()?

and so F' is analytic in 2. O
Another (and much longer) proof is by direct computations.

Solution of Ezxercise 9.2.3. It is enough to verify that the pair of functions

Ju Ju
and —
ox oy
satisfy the Cauchy-Riemann equations. The first Cauchy—Riemann equation fol-
lows from Au = 0, and the second from the possibility to interchange partial
derivatives with respect to x and y in view of the assumed smoothness of u. [
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Solution of Ezercise 9.2.5. (a) Assume by contradiction that there is a harmonic
conjugate v. Then, the function

fz) =In(2® +y?) +iv(z,y)
is analytic in C\ {0}. Using formula (4.2.6), we see that its derivative is equal to

2z . 2y 2
/ = — = .
(@) 242 a2y 2

, 2d(¢ .
0= d¢ = = 41,
/4—1 fec /4—1 ¢
which cannot be.

(b) Let 6 € (—m, ) be defined by (1.1.19). Then, v = 26 is such that f(z) =
2Inz. O

Thus

Solution of Ezxercise 9.2.8. We know that w has partial derivatives of all orders,

and so U makes sense. That U is harmonic follows from
n—+m n—+m
AU = A o"Mu 0 (Au) _

dxnoy™ dxnoy™

We note also the following. If m is even: m = 2p for some p € N, then the
harmonicity of u (see (9.5.3) below if needed) implies that

gnt2pry
U(‘Ta y) = (_l)paxn+2p :

Similarly, if m is odd, m = 2p + 1, then
8n+2p+1u
U(x,y) = (=1)" dxn+2rdy’
In the first case,
Ulz,y) = Re(=1)7 f2) (2),

while in the second case,
Ulz,y) = Rei(=1)P fr 2P (2),
since, in view of formula (4.2.6),

0tu 0'u
Vi _ .
f( )(Z)_ ax[(‘ray)_zazg_lay(‘ray)7 £ eN.
When the set Q is connected, V = Im f("2P)(2) or V = Imi(—1)? f("+2r+1) ()
(depending on whether m is even or odd) is, up to a real constant, the harmonic
conjugate of U. When () is not connected, a different constant has to be added to
V on every connected component of (2. O
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Solution of Exercise 9.2.9. We know that
Rez? =22 —y? and Re—iz? = 2zy,

and hence
Re f'(z) = Re(1 — 3i)2>.

Thus
1—3¢
’LZ3

CERN

+ f(0). O

Solution of Exercise 9.2.10. We will find directly an analytic function f with real
part w. This will prove directly that u is indeed harmonic. This method is fine
only if you know ahead that the given function u is harmonic!

We replace the trigonometric and hyperbolic functions by their values in
terms of the exponential functions and get to

e 4 e et —e " e — e et 4+e "
u@y) =y 2 2 e 2 P

y . . I e
_ (ez+1y+em zy_ezy z_e x zy)

4
+ ZZ (efﬂ+iy LT _ gmiytT e—iy—z)
- ‘Z (eF+e*—e?—e %)+ Zz (e +e*—e”—e7)
_ 27 l—izy 4 e zy4—i r e_zx l—izy Le? zy4—i x
= 411 ((zez —ze *) — (ze* — ze‘z)> .
Hence,
u(z,y) = Re i(zez —z2¢7%) = Re 1 (zsinh 2).

The harmonic conjugate of u is given by
1.
v(z,y) = Im  (zsinh 2).
i
Another way is to use the formula for the harmonic conjugate

v(z,y) = /Oy gz (z,t)dt — /Ow ZZ (s,0)ds. (9.5.2)
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0
Solution of Exercise 9.2.11. We compute Y and show that the second Cauchy—

0
Riemann equation holds. We have: v
Ov Y 9%u ou
ax(xuy) _/0 Ox2 ((E,t)dt— 8y(x70)
Y 0% ou

= — t)dt — 0
[ st = 5 (@.0)

ou ou ou

ou

To go from the first line to the second, we used that u is harmonic and hence
0*u 0%u
(]

Solution of Exercise 9.2.12. The function (9.2.3) is analytic in the simply-con-
nected set 2. Therefore the integral of g around any closed path in €2 vanishes.
Let Cy,y be a path connecting (x¢,yo) to (z,y), with parametrization ~(t) =
x(t) +iy(t), t € [a,b]. The integral

f(2) = /C 9(Q)dc

z,y
is independent of the specific choice of C,, and depends only on (xo,yo) and
(z,y). Note that f is analytic in . Furthermore

ou

b
1) = 5G0) = [ (Gta(0.000) = 15 (@0, ) (') + /0.

Taking real and imaginary part we obtain

b
Re f(av1) ~ Re fza,n) = [ (G @(O.0(0) 0+ !

b
ti f(a,3) = floon) = [ (510000 = 5" o050 1)) d
Since p D (e 5 5
OO 2 o) ua)a' 0 + o ol ) 1),

the first equation leads to Re f(z,y) = u(x,y), up to a constant. It follows that
Im f is a harmonic conjugate of u, and the above formula for Im f is just (9.3.3).
O
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Solution of Ezercise 9.2.13. From (9.2.6) we get

1
FP(p) + pf“)(p) =0,
which readily leads to
f(p) =Alnp+ B,

while in the second case, we have
f(0) = A0+ B,
where, in both cases, A and B are arbitrary constants. ([l

Solution of Ezxercise 9.2.14. The first Cauchy—Riemann equation in polar coordi-
nates gives (see (9.2.5))

10v

0 cosf + (1 1)sinf =
cosf + (Inr + 1) sin 90"

and hence
v(r,0) =r(@sind 4 cosf — (Inr + 1) cosd) + k(r).

The unknown k(r) is obtained using the second Cauchy—Riemann equation:
Osinf + cosf — (2+Inr)cos + k'(r) = 0sinf — cos — Inr cos 6.

It follows that k(r) is a constant, say k.
We note that

0

u+iv=r0e"? —irlnre’ = —izlnz. O

Solution of Exercise 9.3.1. We have the formulas
(u?), = 2uzu,
(u2)ww - Q(Uz)2 + Qumm
(u2)y = 2uyu,
(u®)yy = 2(uy)® + 2uyyu.

Thus
A(u2) =2 (ui + uz) + 2ulAu.

From Au = A(u?) = 0 we obtain

2 2 _
Uy + uy = 0.

Hence u, = u, = 0 and u is constant (on the connected components of its
domain of definition). O
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In the preceding exercise, one can replace u? by ¢(u) where ¢(t) is any
function of class Cs (that is, with continuous second derivative), and whose second
derivative is non-zero, at the possible exception of a finite number of points (this
latter can also be relaxed). Indeed,

(p(u)z = uz’ (u),
(p(u)ex = (Uz)QQON(U) + Um(PI(U)v
(p(u )y = uyapl(u),

Hence
Ap(u) = @' (u)Au+ (ul +us) @ (u).

If p(u) and w are both harmonic, we get that
(uz +ul) " (u) =0,
and hence the result if ¢” vanishes at most at a finite number of points. O

Solution of Ezercise 9.3.2. The function f(z) = u(z,y) + iv(z,y) is entire and so
is the function F(z) = f(2)3. We have

Re F(2) = u(z,y)* — 3u(z, y)v(z, y)?.
Consider the entire function G(z) = e~ F(*), Its modulus is
|G(z)] = e ReF(Z) <1 since ReF(z)>0.
By Liouville’s theorem G is constant. Thus
G'(2) = =31 (:)2(:)G(2) = 0.

Thus f/(2)f(2)? = 0. Since the zeros of F are isolated, we get that f’(z) = 0 first
at those points where f(z) # 0 and then on all of C by continuity of f’. Hence
f(2) is a constant and so are u and v. O

Solution of Exercise 9.3.3. We assume that u is bounded from above. The case
where u is bounded from below is treated in the same way after replacing u by
—u.

Since v is harmonic in the whole plane, it has a harmonic conjugate v on R2,
given for instance by formula (9.5.2). Assume that there is M such that

u(z,y) <M, V(z,y) € R%

The function
H(z) = exp(u(z,y) +iv(z,y) — M)
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is entire. It is bounded in the complex plane since
|H(z)] = ev@v) =M <1,

By Liouville’s theorem, H is constant and it follows that its modulus is constant.
Taking the logarithm of H(z) we obtain that u is constant. O

Solution of Exercise 9.3.4. The function G(z) = 1— gg +ig’; is entire and satisfies

ReG(z) > 1.
The function 1/G is thus entire and bounded by 1 in modulus since

1 1

G T (1= 12+ (3

By Liouville’s theorem, the function 1/G is constant and so is G. It follows that

gz is equal to a constant, say A. Thus

u(z,y) = Az + B(y).

Since B(y) is harmonic, we have B(y) = By + C for some real constants B and
C. Thus
u(z,y) = Az + By + C.

Moreover, A < 0 since gg <0. O

Solution of Ezercise 9.3.5. The function gg is also harmonic in the plane and thus
has a harmonic conjugate, say ¢(x,y), such that

f2) = O +it(e,)

is entire. We have that | f(z)| > 5 since 9* > 5. So the function f does not vanish in
the complex plane, and 1/ f is bounded in modulus by 1/5. By Liouville’s theorem,
1/f, and hence f, is constant. Thus gg is a constant, and we have

u(z,y) = Az + B(y),

with A > 5. Since Au = 0, it follows that B(y) = By + C for some arbitrary real
constants B and C. O

Solution of Ezercise 9.3.6. Let |f| = v/u? 4 v2 be the modulus of f. Then a direct
computation shows that

olfl  uug +vv,
Ox I

92| f| B U2 4+ 02+ Uy + V0 (Ut + v0,)?

02 £ AR
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and similarly for the second derivative of |f| with respect to y,

32|J2“| _ U2 4 U 4 Uty + Uy,  (uuy —|—z;uvy)2. (9.5.4)
9y /] |/

Since Au = Av = 0, adding (9.5.4) and the equation preceding (9.5.4) leads to:

|1 (u2 +ul + 03 4+ 0)) — (utg +v0)? — (uuy + vvy)?

Mk

Furthermore, the formula for the derivative and the Cauchy—Riemann equations
lead to

Alfl =

ui—&-uz—kvi—&-vi =2[f'1* and |ff')? = (uuy +vv.)? + (vuy, +vv,)?,
and hence the formula for A|f]. O
Note that f(z) = z leads to (9.3.1).

Solution of Exercise 9.3.7. (1) We define for r € (0, R) the function

1

F(r) = 2w

2m
/ u(xo + 7 cost,yo + rsint)dt.
0

We have

27
0
F’(r):2 / (costau(zo+rc0st,yo+rsint)
m™Jo xr

. Ou .
—|—s1nt(9 (xo + 7cost,yo + rsint) |dt
)

:/mew+Qmm@7
T
with

1 Ou 1 Ou
P(l’7y) = _27_[_ 6:1/ (‘TO + rZ, Yo + Ty) and Q(zay) = 21 O (‘TO + T, Yo + Ty)

Using Green’s theorem, we have that

1
F'(r)= /(Au)(zo + 7z, yo + ry)dzdy > 0.
2w D
Thus
1 27
u(zo,yo) = F(0) < F(r) = 5 / u(xo + rcost,yo + rsint)dt.
T Jo
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We note that this last equation can be rewritten as
2
/ (u(xo,yo) — u(xo + rcost,yo + rsint))dt < 0. (9.5.5)
0

(2) Let u be a subharmonic function in an open connected set §2, and let
(z0,y0) be a local maximum of w. Thus, there exists R > 0 such that, for all
r € (0,R) and all ¢ € [0, 27],

u(zo,yo) > u(xo + rcost, yo + rsint).
Together with (9.5.5), this leads to
u(zo, yo) = u(xo + rcost,yo + rsint), Vre (0,R) and te€|[0,2n].

If now u is bounded in 2, the preceding argument shows that the set of points
where the maximum is attained is open. But the set where it is not attained is
also open; since 2 is connected and the first set is not empty, v is a constant. [

Solution of Evercise 9.3.8. Consider r such that B(zo, R) C D. Since |f(2)?| is
subharmonic (see formula (9.3.3)), it follows from the preceding exercise that

1 271' .
|f(zo)2| < 271_/ | f (o +rcost7yo+r51nt)2|dt.
0

Therefore, for ro < R,

2 70 1 70 2
g)|f(z0)2| = / |f(20)%|rdr < 5 / </ |f(xo +7cost,yo + rsint)2|dt> rdr
0 0

T Jo
1 // i
= | (2)["dzdy
27T B(ZU,T(J)

<I£5,

where we have used the formula for the change of variable in the double integral
to go from the first to the second line. O

Remark 9.5.1. The preceding proof holds for more general domains. In the case
of the disk, another proof would go as follows: Let f(z) = >~ janz". Then

1z =3 ol
= n+1
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and therefore

f(20)] < ZlanIIZOI”

= Z \/n + 1|Zo|n
oo | |2 1/2 /o 1/2
an 2n
< <Z n+1) (Z“H 1)| 2| )
n=0 n=0
1
- 1— |ZO|2 ||f||57
where we have used the Cauchy—Schwarz inequality and the equality
St Dofr= Lo
— (1 — [20[?)

Definition 9.5.2. The space of functions analytic in the open unit disk for which
| /]l is finite is a Hilbert space called the Bergman space.

The inequality (9.3.7) expresses that the Bergman space is a reproducing
kernel Hilbert space; its reproducing kernel is (1_;")2.

Solution of Ezercise 9.3.9. In case (a) we have

Uy (2, y) = 2w (2 y2)7

g (2,y) = 2¢' (a® — y°) + 42%¢" (2% — ¢?),
uy(2,y) = —231<P (z? yQ),

gy (2,y) = =2¢' (2 — y°) + 4y°" (2 — o).

Thus
Au = 4(2? + y?)" (2% — i),

and so ¢(t) = At + B for some real constants A and B and so
u(z,y) = A(2® —y?) + B.
In case (b),
)
ur(,y) = = 5 ¢'(y/2),

2
Ug (2, y) = 2y ¢'(y/x) + 490"(31/96)7

uy(z,y) = ;@’(y/w%

uy(,5) = 0" (/).
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Thus
. 2y, 2 1" _
Au=0 < zap(y/x)Jr((y/w) +1)¢"(y/x) = 0.
Thus
2t (t) + (82 + 1)¢" (t) = 0,
that is

o(t) = Aarctant + B. O

Solution of Exercise 9.3.10. Recall that A = 40.0,, where the operators 0, and
0. have been defined in (4.2.15). We have

az(zf) = [+ 20.f,

and therefore

0% (2f) = 20.f + 20% f.
So, taking into account that
Af =40,0,f =0,

we have

0:(9%(2f)) = 0,
and in particular A% f = 0, and so also A%2Re f = 0. O

Solution of Exercise 9.4.2. Using formula (9.4.1) we have
1 [Tel 4z 1 [*Teit 4z
=R . dt — . dt
ulz) e(27‘1'/0 et —z 27r/7T et —z )
1 [ s .
=R 1+2 neTimh ) dt
(o o)
1 21 St
n ,—int
“or /ﬂ 1+2 7; z"e dt
1 o ™ ) 2 )
Re 2" (/ e_mtdt—/ e_mtdt>
R S L |
= R n
T e;z —in

B i 4r?P+ 1 gin(2p + 1)0 0
N 2p+1)m '

p=0
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Solution of Ezxercise 9.4.3. Let u be a solution. It will have a harmonic conjugate
if and only if equality (9.2.2)

B ou ou
c Oy ox

holds for all closed curve C' in Q. The integral (9.2.2) depends only on the homology
class of the curve, and needs to be checked only for the circle of radius 1/2. Set

ou ou

H = - Y
=172 Oy Ox

where by |z| = 1/2 we mean the curve

A(t) = 62 ., telo,2n]
Since
dIn(z? + y?) Oln(z? + y?) 2y 2z

— dx + dy = / — dx + dy

/z—1/2 dy dx zj=172 22+ Y? x? +y?
=4,
Theorem 9.2.7 insures that the function
H 2 2
Ulz,y) = u(r,y) — (2" +y°) (9.5.6)

47

has a harmonic conjugate in D\ {0}. The function u satisfies the boundary condi-
tion on the unit circle if and only if U does, and so the problem is reduced to the
case where a harmonic conjugate exists. Let V' be a harmonic conjugate of U. The
function F(z) = U(x,y) + iV (z,y) is analytic in 0 < |z| < 1 and therefore has a
Laurent expansion of the form

o0 o0 b
_ n n
F(z) = E anz" + E Jiy
n=0 n=1
where the series
o0
E anz"
n=0
converges in |z| < 1, and the series

0o b,
D

n=1
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converges in C\ {0}, and is in particular continuous on the unit circle. The function
U is continuous in 0 < |z| <1 if and only if

oo
Re E anz"
n=0

is continuous in 0 < |z| < 1. Writing U(e’*) = 0 leads to

Re {Z ane™ + Z bne_i"t} =0.
n=0 n=1
It follows that Reag = 0 and
anp = —by, n=12,....

Solutions u(z,y) are therefore of the form

Z_ In(z* + y*) + Re {h(z) - h(l/z)} ,

where h is an arbitrary entire function, and H is an arbitrary real number. 0



Chapter 10

Conformal Mappings

Riemann’s mapping theorem asserts that a simply-connected domain different
from C is conformally equivalent to the open unit disk: There exists an analytic
bijection from 2 onto D (that the inverse is itself analytic is automatic; see Exercise
10.2.4). In this chapter we closely follow Chapters 5 and 6 of [45] and present some
related exercises. The chapter is smaller than the previous ones, but is certainly of
key importance in the theory of analytic functions. To quote [195, p. 1], Riemann’s
theorem is one of those results one would like to present in a one-semester intro-
ductory course in complex variables, but often does not for lack of sufficient time.
The proof requires also some topology, which is not always known by students of
a first complex variable course.

10.1 Uniform convergence on compact sets

The proof of Riemann’s theorem is not constructive, and uses deep properties of
the topology of the space of functions analytic in an open set. We review here
some of these properties. The solutions of the following two questions will not be
given here.

Question 10.1.1. Let €2 be an open connected subset of C. Show that there exists an
increasing sequence (Kp)nen of compact subsets of Q with the following property:
Given any compact subset K of C1, there exists N € N such that

N
K C UKn.

n=1
Question 10.1.2. Let Q and (K )nen be as in the previous exercise. Show that (see
© Springer International Publishing AG 2016 443
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45, (3.3), p. 149])

A(f.9) =Y, min(1, max (=) - (=) (10.1.1)

n=1
defines a metric on the space A(Q) of functions analytic in €.

Convergence of a sequence in the metric (10.1.1) is equivalent to uniform
convergence on every compact subspace of €. The space A(Q2) endowed with this
metric has a key property: A subset of A(Q) is compact if and only if it is both
closed and bounded. Locally convex Hausdorff barreled topological vector spaces
for which this property holds are called Montel spaces. See, e.g., [214, Definition
34.2, p. 356]. We also refer to [CAPB2], where some of these definitions and con-
cepts are reviewed. Bounded here does not mean boundedness with respect to the
metric, but boundedness in a topological vector space. Recall:

Definition 10.1.3. Let V' denote a topological vector space on the complex numbers
or on the real numbers. The set U C V is called bounded if for every neighborhood
W of the origin there exists A > 0 such that

U C \W.

The above characterization of compact sets is the key in the proof of Rie-
mann’s theorem. We refer to [109] for a thorough study of the metric spaces where
(sequential) compactness is equivalent to being closed and bounded.

10.2 One-to-oneness

It is an important fact that an analytic function is one-to-one in a neighborhood
of a point where its derivative does not vanish. For the following exercise, see [148,
p. 372].

Exercise 10.2.1. Let f be analytic in a convex open set 0 and assume that Re f'(2)
> 0 in Q. Show that f is one-to-one in €.

Note that an analytic function which is one-to-one on an open set {2 is said
to be univalent in that set. As a corollary of this exercise we get the following very
important result. For the converse statement, namely that when f’(z9) = 0 there
is no neighborhood of zy in which the function is one-to-one, see Exercise 7.3.8.

Theorem 10.2.2. An analytic function is univalent in a neighborhood of any point
where its derivative does not vanish.

Indeed, if f'(z9) # 0, then at least one of the numbers Re f’(z¢) and Im f”(z0)
is not zero. Without loss of generality we may assume that Re f/(zg) > 0 (otherwise
replace f by —f or +if depending on the case). By continuity, Re f’(z) > 0 in
an open disk around zp. We can then apply the precedent result since a disk is in
particular convex.
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Exercise 10.2.3. Give a solution of FEzxercise 5.2.9 using Exercise 10.2.1.

We note the following:
o0
fl(z)=1+ Z nanz"" 1,
n=2
and in particular

If'() = 1-

o0

E nanz" !
n=2
o0

>1-Y nlanl[z["

n=2
oo

21—2n|an|>07 Vz e D.

n=2

Thus, by Theorem 10.2.2, f is one-to-one in a neighborhood of every point in D.
This is a local result. We want a direct solution of a global result: f is one-to-one
in D.

Exercise 10.2.4. Assume that the analytic function f is one-to-one in Q. Show
that the formula (see, e.g., [42, p. 180])

9(z) = ! /fsf/(s) ds, (10.2.1)

- 2mi (s)—z
where v is a closed simple contour, defines the inverse of f inside 7.
Formula (10.2.1) shows in particular that f~! is analytic.

We now consider the case where the derivative vanishes at a given point. It is
no loss of generality to assume that the function itself also vanishes at that point.

Exercise 10.2.5. Let f be analytic in the open subset Q) and assume that zg €
is a zero of order N of f. Show that there is a function g which is analytic and
one-to-one in some open neighborhood U C 2 of zy and such that

fz)=9(x)", zeU. (10.2.2)

With the preceding exercises at hand we can state the following key result,
called the open mapping theorem (see also Exercise 7.4.9).

Theorem 10.2.6. Let Q be an open subset of C and let f be analytic in Q. Then,
f(Q) is an open subset of C.
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Proof. Take first a point w € 2 where f'(w) # 0. By Exercise 10.2.4 the function
f is one-to-one in an open neighborhood U of w, with analytic inverse. The inverse
hof f,

h: f(U)— U,

is in particular continuous, and therefore
fU)=h7HU) C f()

is an open neighborhood of f(w) which lies inside f(€Q). If f/(w) = 0, we first
remark that for any N € N the map z +— 2" maps open balls into open balls, and
therefore open sets into open sets. Write f in the form (10.2.2). There is an open
neighborhood U of w where ¢(z) is one-to-one. By the above argument, g(U) is
open, and so is f(U) = g(U)N. O

Exercise 10.2.7. In the notation and hypothesis of Exercise 6.1.9, show that the
set Qo contains uncountably many points.

We conclude this section with an important fact on univalent functions, which
comes into play in the proof of Riemann’s mapping theorem. See [45, Proposition
2.2, p. 147, p. 191].

Exercise 10.2.8. Let Q be open and connected, and let (s,)nen be a sequence of
functions univalent in €, which converge uniformly on compact subsets of Q). The
limit is then either a constant or univalent.

10.3 Conformal mappings

Simply-connected sets have already been characterized in a number of ways. Geo-
metrically, Riemann’s mapping theorem expresses the following characterization:

Definition 10.3.1. A connected open subset Q of C which is different from C is
simply-connected if it is conformally equivalent to the open unit disk.

Question 10.3.2. Show that any open disk is conformally equivalent to any open
half-plane.

We recall that the Blaschke factors (1.1.44), possibly multiplied by a constant
of modulus 1,
z—a
ple)=c
are the only conformal mappings from the open unit disk onto itself. Taking into
account this fact allows to solve the following exercise.
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Exercise 10.3.3.
(1) Show that the conformal maps from the open upper half-plane C onto itself
are exactly the Moebius maps which can be written in the form
az+b
()O(Z) - cz + da
where a, b, c,d are real and such that ad — bc = 1.
(2) Show that any two points in C, can be related by such a conformal map.
The proof of Riemann’s mapping theorem (see for instance H. Cartan’s [45])
uses the fact that a connected open subset €2 of the complex plane is simply con-
nected if and only if every non-vanishing function analytic in 2 admits an analytic
logarithm. The proof can be divided into three steps (and here, we follow [45]):
(a) Reduce to the case where Q@ C D and 0 € Q.

(b) Show that the existence of a conformal map is equivalent to the solution of
a maximum problem.

(¢) Show that the maximum problem has a solution.

Steps (a) and (b) use, each once only once, the assumed existence of an
analytic logarithm. Step (c) uses topology tools which are somewhat beyond the
scope of the present book. The content of the following question is Step (b).

Question 10.3.4. Let Q) be an open subset of D, containing the origin, and with the
property that every non vanishing function analytic in Q has an analytic logarithm.
Let M denote the set of univalent functions from Q into D such that f(0) = 0.
Show that the range of f is D if and only if

|£/(0)] = max|g(0)].
Hints: One direction is relatively easy, and uses the Schwarz lemma. For the other
direction, proceed by contradiction, and use Theorem 5.7.6 (see [45]).
Question 10.3.5. Show that tan z is a conformal map from the strip
Ly ={(z,y);xz € (—n/4,7/4) and y € R}
onto the open unit disk.

Exercise 10.3.6. Find a conformal map between the open right half-plane and the
quarter-plane

{(z,9); 0 <z <lyl}.

Exercise 10.3.7. Let D denote the open unit disk and Cy denote the open upper
half-plane. Show that the map
z—i(22+1)

wlz) = z4i(224+1)
is a conformal mapping from Dy = DNC4 onto D. What happens on the boundary?
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Exercise 10.3.8 (see [75, Exercice 35.33, p. 329]). Let a € (0,7/2) and define
. 1
Da:{ze(C;|z:tzcota|< . }
sin «

Show that the map

1—=

142 20 _
C(Z) — ( ) L

11z 2o
(1) +1
is conformal from D onto D, and that its inverse is given by
2a

()" -
o=

14z \ ™
()" 1
The following exercise can be found for instance in [53, p. 203], [168, Exercise

2, p. 196], and [18, §10.4.4, pp. 308-311]. We follow the solution of that latter
reference. In the statement the function v/1 — s is defined via (4.4.9).

Exercise 10.3.9. Show that the map

ds
z c(z) = (10.3.1)
) /[o,z] V15t

is conformal from D onto a square.

Hint. Following [18, §10.4.4, pp. 308-311] we suggest to solve the exercise along
the steps below:

Step 1: Show that the map ¢ extends continuously to the closed unit disk,
and that (see [18, p. 310])
du

V/2sin(2u)’ be [0, W} : (10.3.2)

0
() =M +¢'7 /
0 4

for some constant M > 0.

Step 2: Show that the image of the unit circle is the boundary of a square.
Exercise 3.5.7 plays an important role in this step. It is also useful to note that

c(iz) =ic(z), zeD. (10.3.3)

Step 3: Compute fl <) g,

2mi J|z|=1 c(z)
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10.4 Solutions

Solution of Ezxercise 10.2.1. Let z; and 29 be in €. Since (2 is convex, the closed
interval
[21722] = {Zl +t(22 — 21); te [0, 1]} c Q.

By the fundamental theorem of calculus for analytic functions,

f(z2) — f(z) = / f'()dz

[21,22]

= (22 — 21)/0 f'(z1 +t(zg — 21))dt

= (22 — 21) {Re (/01 (21 +t(z2 — zl))dt>

+iIm (/01 f'(z1 4+ t(22 — zl))dt> } .

Since Re f'(z) > 0 in Q we have

Re ( /0 P+t — zl))dt> > 0. (10.4.2)

It follows from (10.4.2) that

f(z2) = f(z1) = (22 — 21) {Re (/01 flz+t(z2 — 21))dt>

+iTm (/01 (o1 4tz — zl))dt> }

that f(Zl) 7é f(ZQ) if Z1 7& zZ9. O
Solution of Ezercise 10.2.3. We have, for z € D,

(10.4.1)

o0 o0 o0
Ref'(z)=1- ReZnanz”_l >1-— Znanz”_l >1-— Z nlay| > 0.
n=2 n=2 n=2
It suffices then to apply the previous exercise. ([l

Solution of Ezxercise 10.2.4. We have, for zq inside 7,

1 sf'(s) 1
oo = / il
S — 20
sf'(s)
f(s) = f(20)
S — 20 s=z0
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Solution of Ezxercise 10.2.5. By definition of a zero of order N we can write in
some neighborhood W C Q of zy,

f(z) = (2 = 20) ¥ h(2),

where h is analytic in W and does not vanish there. We can always assume W to
be convex (for instance, W may be chosen to be an open disk with center zy and
small enough radius). Then, the function h has an analytic logarithm in W, and
therefore also an analytic root of order N: There is a function hg analytic in W
and such that

h(z) = ho(2)N, zeW.

We therefore have f(z) = ((z — 20)ho(2))Y, 2z € W. The function g(z) = (z —
z0)ho(z) is analytic in W. It is one-to-one in a neighborhood U C W of 2, since

9'(2)]s=20 = ((z = 20)h(2) + ho(2)) |2=2, = ho(20) # 0. U
The following solution is taken from [10, pp. 4-5].

Solution of Exercise 10.2.7. We use the notation of Exercises 4.1.13 and 6.1.9. We
know from Exercise 6.1.9 that there is a point u € § such that

la(p)] = [b(w)| # 0.
The map

is analytic in the open set Q\ Z(a). The image (2 \ Z(a)) is an open set, and
therefore there exists an » > 0 such that

B(o(p),r) Co(Q\ Z(a)).

The image o(€2\ Z(a)) contains in particular an arc of a circle, and the claim
follows. g

Solution of Exercise 10.2.8. We first remark that the limit function s is indeed
analytic, since the convergence is uniform on compact subsets of 2. Assume that
s is not a constant, but that there are two points a; and as in §2 such that

s(a1) = s(az) e

The function s(z) — ¢ has isolated zeroes (since it is not a constant), and therefore
we can find two closed neighborhoods

B.(ar,p1) ={2€Q; |z —a1| < p1}

and
Be(az, p2) = {2 € Q; |z — a2 < p1},
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with p; and po strictly positive, such that

Bc(a1, p1) N Be(az, p2) =0,

and such that

s(z) —c#0,
both in B.(a1,p1) \ {a1} and in B.(az, p2) \ {az}. Set
me= min |[s(z)—¢|, £=1,2.
jae—zl=pe

We have that m; > 0 and my > 0. Furthermore, since the neighborhoods
B.(a1, p1) and B.(as, p2) are compact, there exists N € N such that

n> N = Vz € B.(a1,p1) UBc(az,p2), |sn(z)—s(z)| <me, £=1,2.
Thus, for all z € B.(ag, pe), £ = 1,2, we have
[sn(2) — s(2)| < me < s(z) —¢|.

From Rouché’s theorem (see Exercise 7.4.1), we have that s,(z) — ¢ vanishes
in Bc(ag, pe) for £ = 1,2, contradicting the fact that the s, are univalent since

Be(a1, p1) N Be(az, p2) = 0. 0
Solution of Ezxercise 10.3.3.
(1) The map ¢(z) = 7% sends conformally C. onto D. It follows that the con-

formal maps of C onto itself are, in terms of matrices, of the form

i Nk ke (0 1\ 1 [i(k(1—w) 4+ (1—u)  E(14u)— (1+u)

—i 1 w1l )\—=i1) 20\ —k(1—u)+(1—u) i(k(1+u)+(1+u)).
with k € T agnd u e D. Let k = e with # € R. Dividing the entries of the above
matrix by e’z /1 — |u|2 we obtain the matrix

1 Reeig(l—u)) Im(elg(1+u))
< 2(1—u)) Re(e’?(1+u ) , (10.4.3)

V1= Juf? \ ~Tm(e’ (1+u))
which is of the required form. Conversely for any ¢(z) = gjj:g where a,b, ¢, d are

real and such that ad — bc = 1 we have

Im z

fm (=) = lcz + dJ?

and so ¢ sends C, onto itself.

(2) The result is a direct consequence of Exercise 2.3.5. (]
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Remark 10.4.1. When u = 0 the matrix (10.4.3) becomes

cos(§)  sin(9)
(— sin() cos(%)) '

Solution of Ezxercise 10.3.6. The open right half-plane C,. consists of the complex

numbers z = re withr > 0and ¢t € (=3, 7). The map /z = J/ret? is a conformal
map from C, onto the quarter-plane, with inverse map z2. (|

1—
Solution of Exercise 10.3.7. The map G(z) = 1 +z is conformal from the open

right half-plane C, = {z =2 +iy € C; 2 > 0} onto D. It is therefore enough to
check that G~ o is conformal from D, onto the right half-plane. But G=1(z) =

1—
i and so
14z )
1
G lop(z) = i * .
z
Let us write 5
1 1
wz)=i® T =y <z+ ) . (10.4.4)
z z

We now proceed in a number of steps.
Step 1: ¢ is one-to-one from Dy onto its range.

Indeed, assume that 1)(z1) = 1(z2). Then, in view of (10.4.4),

21— 29 + 1 — 1 =0,
Z1 z9
that is 1
(21 — 2z2)(1 — 2122) = 0.
Thus z1 = 29 or z1 = 1 . Since we assume that both z; and 29 belong to D4 we

22
have z1 = 2o.

Step 2: The range of v is inside C,..
Indeed, with z = x + iy,

v =i(@rm+ 570)

2 + 92

1 T
= — 1)+ .
y(z2+y2 )+Z(z2+y2+x>

But for z € D4 we have

y >0 and > 1,

22 + y?
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and so

that is Re(z) > 0.
Step 3: v is onto C,..
Indeed, for w such that Rew > 0 consider the equation 1(z) = w. We have
22 tizw+1= 0,

and thus the product of the two roots of this second degree equation is equal to 1.
Since, in view of the previous step,

1
0 < Rew = —1
< hew y(xQ—l—y? ),

we see that one of them is in D,. O
Solution of Ezercise 10.3.8. We proceed in a number of steps:

(1) The map

1+2z
—> =
s =,
is conformal from D onto the open right half-plane, with inverse ¢=1(z) =
z—1
z+1"°

This follows from
14z  1+z _1—|[z

l—2z 11—z “1—2z7
(2) Let z =re' withr >0 and t € (—m,x). The map
25 pa(2) = 220 = r2aelzat (10.4.5)
is conformal from the domain
Cra={2€C;0<z< (tana)ly|}
onto the open right half-plane.

This is because z € C,., if and only if it is of the form z = re’® where 0 € (—a, ).
m™ T ) .

Under the map (10.4.5) the angle has now range (-7, 7§

(3) The map = (z) = i;} is conformal from C, o onto Dy,.

We note that the boundary of C,. , consists of the two rays re™*®, with r € [0, c0).

We first check that this boundary is sent onto the boundary of D,. We consider
the ray re*®. The other one is treated in the same way. Let therefore

re'® — 1 r?—1 . 2rsin «

x+zy:re“"+1 - r2+1+2rcosoz+lr2+1+27’cosa
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be in the image of this ray under ¢~1. We have

1 2r+(1+7%)cosa

+cota = | .
4 sina 2+ 14 2rcosa

Thus
r? —1 2+ 1 2r + (1 +7r%) cosa 2
2+ 14 2rcosa sin?a \ 124+ 142rcosa
(2 =1)%sinfa+ (1 + 1)2cos® a + 4r? + 4r(r? 4+ 1) cos
(sin? @) (r2 + 1 + 27 cos )2

| + iy +icotal® = (

1
~ sin®a’
and similarly when « is replaced by —a. Since the image of z = 1 under ¢! is
z = 0 we conclude that ¥~! is conformal from Cro onto D,. The claim on the
inverse of ¢ follows from the fact that ¢ = =1 o p, 0% (where p,, is defined by

(10.4.5)). O

Solution of Ezxercise 10.3.9.
Step 1: Let ag, a1, o, ... be defined by

1 o0
J1 = Zanz", z € D.
—z

n=0

For z € D we have

ds ! z
c(z) = = dt
(2) /[o,z] V1— st /0 V1 — 244
o0 1
= Zanz4”+l/ tindt
n=0 0

(where one can use, for instance, the dominated convergence theorem to inter-
change the sum and the integral)

o0 4n+1
Qnz
= E " , z€D
n+1
n=0
The coefficients ag, aq, ... satisfy (3.5.9), and so this last expression defines a

function analytic in D (namely, ¢(z)) and continuous in the closed unit disk D. By
Exercise 3.5.7, we have for 0 € [0, 27]

0 o0 )
c(e”)y=M +i/0 <Z oznei(4”+1)“> du, where M = ; norl'

n=0
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To conclude the first step we show that

- 37
el

. i(An+1)u _ ( 77)
) ape = , uw€e (0, . 10.4.6
nZ:o V/2sin(2u) 4 ( )

To that purpose, let ¢ € (0,1). By Theorem 3.5.1 the sum > > a,t"e*™ con-
verges for u € (0, 7). By Theorem 3.5.4, and for such u, we have:

oo 0o
iet™ lim E antne4znu — jetu E ane4znu.
t—1
n=0

te(0,1) n=0
On the other hand,

0 - iu
i E o tnei(4n+1)u _ e
" V1 — thetiu’
n=0

Consider the polar decomposition

iel’u.

V1 — thedin pr(w)et® ),
with 6;(u) € (0, 7). We have
1
u) =
pe(u) V1 — thediu|
_ 1
/1 + 18 — 2t4 cos(4u)
1 1

7 /2 — 2 cos(4u) - V/2sin(2u)”

as t — 1. Moreover,
2iu .
2 2i6,(u) _ € —1?
u)e = = ,
pe(u) 1 — ttediv 2 8in(2u)

as t — 1, and so limy_ 20, (u) = °J.

Step 2: It follows from (10.3.2) that ¢ maps [0, }] into a closed interval. On
the other hand, the formula (10.3.3)

ds ! 1zdt
c(iz) = / = o o=ic(z), zeD,
0,iz) V1 — s 0 /1—(iz)4

still holds on the boundary using radial limits since lim ,_; : c(re

re(0,1

6 € [0,27]\ {()7 0 32”,27r}, and shows that the image of [7, 7] is an interval of the

) exists for
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same length, rotated by 7/2 in the trigonometric sense. The same holds for the
other two quadrants, and the image of the unit circle is a square.

Step 3: Let w € D and let r € (Jwl|,1). By Exercise 7.3.5

1 d(z)
2mi /|z|_r e(z) — wdz

is equal to the number of solutions of the equation ¢(z) = w in B(0, ). The function

’
c

w 2}”. f|z|:r c(zgz_)w dz takes integer values and is continuous. It is constant on
open connected sets, and so equal to its value at w = 0. On the other hand, by
the dominated convergence theorem

/ /
lim ?(z) dz = / ¢ (Z)dz
r—1 |z|=r C(Z) |z|=1 C(Z)
To conclude, note that, by definition of the winding number,
/
1,/ () g, 21, O
270 J)2j=1 c(2)

Remark 10.4.2. A variation of the preceding arguments will show that the appli-

cation p
S

o) = [ )

0.z (1—s")n

maps conformally the open unit disk onto the interior of a regular polygon with
n sides, the length of the side being equal to

or T (1—2 1 r(l-1))?
mra-g)) o r-7)
See [168, Exercise 4, p. 196], [195, Example 5.1, p. 48].
Using Legendre’s duplication formula (see, e.g., [53, p. 212], [146, (1.2.3) p. 3])

VaT(2z) = 22710 (2)0 (z + ;) (10.4.8)

it is readily seen that both expressions in (10.4.7) coincide. Indeed, it is equivalent

to prove that
2 11 1
\/WF(I— >:2—ir( - )F(l— > (10.4.9)
n 2 n n

which is (10.4.8) with z =} — !.

n

Remark 10.4.3. We will not discuss here the Schwarz—Christoffel formula (see,
e.g., [168, Chapter 5, §6, p. 189], [195, p. 42]), which allows to build conformal
maps onto certain polygons.



Chapter 11

A Taste of Linear System
Theory and Signal Processing

In the present chapter, we briefly discuss some links between the theory of analytic
functions and the theory of linear systems. We refer to the books [89], [117], [170],
[171], [178] for more information. The reader should be aware that more recent
advances in linear system theory, in the setting of several complex variables, non-
commuting variables, or stochastic setting, to name a few, require much more
involved tools. Still it is necessary to master the elementary setting outlined here
before going to these more advanced areas.

We recall that we denote by La(R) and La(—F, F') the Lebesgue spaces of
functions measurable and square summable with respect to the Lebesgue measure,
on R and on (—F, F) respectively.

11.1 Continuous signals

A continuous signal of finite energy is modeled by a continuous complex-valued
function f defined on the real line, and its energy will be by definition

JECIRE
R

The integral is a Riemann integral, but the fact that we consider f with this norm
forces us to consider measurable functions and the Lebesgue space La(R). See
Chapter 17 for a brief review of these notions.

The spectrum of the signal f is by definition its inverse Fourier transform
(13.5.3):
1

flu) = 27T/]Rei“tf(t)dh
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so that
— —itu [ du.
1) = [ ey

The above expression is the decomposition of f along frequencies (technically,
it would be better to have 27wu rather than w for frequencies, but we will stick
to the present definition of the Fourier transform). We are interested in signals
which have spectrum with finite support. It then follows that the signal itself is
the restriction on the real line of an entire function. If the spectrum has support
in the closed interval [—F, F], the signal can be written as

1 —itu
ft) = o F /[_F)F]e "o (u)du, (11.1.1)

where m € Lo (—F, F') denotes the spectrum. The representation (11.1.1) expresses
that the signal f is built from frequencies in a bounded domain (that is, f is a
band limited signal). This is a characteristic of physical systems. The factor 2} is
a normalization to have nicer formulas in the sequel. We recognize with (11.1.1) a
function similar to the ones appearing in Exercises 3.4.13 and 4.2.14. In particular,
f is the restriction to the real line of the entire function

1 ,
f(z)= / e 'm(u)du, =z e C.
= gp [, ¢ m

Besides being entire, this function has a special property:

Exercise 11.1.1. Show that there exists K > 0 such that
|f(z)| < KeF1l vz ec. (11.1.2)

Entire functions which admit a bound of the form (11.1.2) are called of
exponential type, and the smallest F' in (11.1.2) is the exponential type of the
function. That every entire function which admits a bound of the form (11.1.2)
can be written as (11.1.1) with m € Ly (—F, F) is a deep result, called the Paley—
Wiener theorem. See for instance [71, §3.3, p. 158], [72, §2.2, p. 28]. Here we
restrict

m € Ly(—F,F) C Ly(~F, F)

because we want an underlying Hilbert space structure.

To summarize, physical considerations in modeling signals (having a band
limited spectrum) make it natural to consider a very special class of entire functions
(entire functions of exponential type).

11.2 Sampling

Since the function f in (11.1.1) has an analytic extension to the whole complex
plane, one can ask the question of reconstructing f from a discrete set of values.
From an engineering point of view this is an important issue. The surprising answer
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to this question is a result called the sampling theorem, which we present in this
section; see Theorem 11.2.1. The sampling theorem has a long history, and we
refer to the paper [159] for a historical account. We mention that a version of
the sampling theorem already appears in the 1915 paper [220] of E.T. Whittaker.
We refer to the papers of Claude Shannon [196], [197]. This last paper refers in
particular to the 1935 book [221, Ch. TV] of J.M. Whittaker for an earlier version
of the sampling theorem. See also [26, p. 258].

We note that there is no need of analytic functions to prove the sampling
theorem. On the other hand, the result is somewhat of a mystery to students who
have no background in analytic functions.

We consider Lo (—F, F') with the normalized inner product (17.7.3)

1
(m,n) = oF /(_F)F) m(t)n(t)dt.

Theorem 11.2.1. Let m € Lyo(—F,F), with F € (0,00), and let f be defined by

(11.1.1)
1 .
t) = / e~ Mm(u)du.
2F (—F,F)
Then (Ft )
mn\ sin(Ft —nm
() o
ne”z
where the limit is pointwise, and uniformly on compact subsets of C (with t € C).
Finally
7T ™ |2
£)|2dt = A 11.2.2
JUCRES ST (11.22)
ne”z
For instance consider the choice F' = 2 and
1 —-1,1
iy = {1 wE LD
0, wel[-2,2]\[-1,1].
Then int
sin
fy ="y

and (11.2.2) becomes

i4<s1nt> Z‘f (wn)‘
( )™
(s

keNy

w1 1
2 <4+2Z (2k +1)2 7r2>'

kEeNg
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Using Exercise 5.3.3, this leads to (6.7.1)

= o -
= (2k+1) 8

Exercise 11.2.2. Glive a direct proof of (6.7.1) taking into account (1.3.14).

To prove Theorem 11.2.1 we use the expansion of an Lo(—F, F) function
along an orthogonal basis. To characterize functions which admit a representation
(11.1.1) is a more delicate matter, and uses the Phragmén—Lindeldf principle (we
will not recall its definition here). See [72, p. 28] for more information.

Exercise 11.2.3. The space Hp of functions of the form

&=, / m(u)e” " du, m € Ly(—F,F), (11.2.3)
2F ) _p
with norm
[fl#e = ImllLa-Fr) (11.2.4)
is the reproducing kernel Hilbert space of entire functions with reproducing kernel
Kp(z,w) = SIHJE_‘Z‘Z__FIZ:U), z,w € C.

In view of the isometry property (13.5.2) of the Fourier transform, we see
that the space Hp defined in the preceding exercise is in fact, up to a unitary
constant, isometrically included in Ly (R, dx). More precisely, we have

m(t
sy ="20.
and so 9
£ 11 () = 2;Hm”%2(—F,F)'
Thus

171 = i —r )
2F
gl T e

Exercise 11.2.4. Prove formula (11.2.1).

11.3 Time-invariant causal linear systems

A linear continuous operator T,
u e LQ(R) — Tu € LQ(R)

from Ly(R) into itself, is called a linear system when one views the elements of
L>(R) as signals with finite energy. The function w is then called the input signal
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and the function Tw is called the output signal. The (linear) system is called
dissipative if the norm of the operator is less than or equal to 1:

Vu € Le(R),  [[TullLym® < llullL.m):-

It will be called causal if the following property holds for every ¢ € R: If the
input function u has support (—oo,t), then the output function has also support
in (—o0,t).

We are in particular interested in operators which have a kernel representa-
tion in the form

Tf(t) z/Rk(t, s)f(s)ds, (11.3.1)

or as convolution operators

TF(t) = /Rk(t — ) f(s)ds, (11.3.2)

when the kernel k(t, s) is required to depend only on the difference ¢ — s.

Not every continuous linear operator from Lo (R) admits such a representa-
tion. To ensure such a representation for every continuous operator, one has to
restrict the domain to a set of test functions and extend the range to the dual
space of distributions. Continuity is then understood with respect to the topology
of the Schwartz space and of its dual, and Schwartz’ kernel theorem insures then
a counterpart of (11.3.1) with a distribution k(¢,s). This is a fascinating line of
research (see [109], [110] for instance for the background of the kernel theorem,
and Zemanian’s book [227] for applications to the theory of linear systems). Here
we are interested in a simpler kind of linear systems, namely systems y = Tu

given by
(L())(2) = h(2)(L(u))(z)
where L denotes the Laplace transform. Such systems are time-invariant and char-
acterized by a convolution in continuous time.
Exercise 11.3.1. Let (A, B,C, D) € CN*N x CN*P x CI*N x CI*P, and consider
the equations
2/ (t) = Ax(t) + Bu(t),

y(t) = Ca(t) + Du(t), t>0 (11.3.3)

where the functions x,u and y are respectively CN-valued, CP-valued and CI-
valued. Assume that £(0) = 0 and that the Laplace transform L(u) has a positive
azis of convergence. Show that the function L(y) has a positive azis of convergence

and that
(L(y)(2) = h(z)(L(u))(2), (11.3.4)

where
h(z) =D+ C(zIx — A)"'B. (11.3.5)
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The equations (11.3.4) are called state space equations, and the vector z(t)
is called the state at time t. The expression (11.3.5) is called a realization of the
rational matrix-valued function h. See Chapter 11 for more on this notion.

11.4 Discrete signals and systems

A discrete signal will be a sequence (uy, )nen, of complex numbers, indexed by Ny
(or sometimes by Z). Its z-transform is the power series

o0
n=0

The energy of the signal is its /> norm

o0
Jalle, = (z w),
n=0

and we see that the space of signals of finite energy is nothing else than the Hardy
space Ha (D). See Definition 5.6.11 for the latter. It is therefore reasonable to think
that function theory in Ha(ID) should have implications, and applications, in signal
theory.

A bounded linear system will be a linear bounded operator from /5 into itself.
It translates into a linear bounded operator T' from Hy (D) into itself. The linear
system will be called dissipative if it is moreover a contraction

[Tullt1,m) < Jullf,m), Yu € Ha(D).

An important class of linear systems is defined by multiplication operators: The
input sequence (up)nen, and the output sequence (y,)nen, are related by

y(z) = h(z)u(z), (11.4.1)

where h(z) = Y7 hpz™ is convergent in D. Therefore, (yn)nen, is the convolution
of (hn)nen, and (un)nen,- See (4.4.14) for the latter. The function h is called the
transfer function of the system, and its Taylor coefficients at the origin are called
the impulse response.

Not every h will lead to a bounded operator. We have:

Theorem 11.4.1. The relation (11.4.1) defines a bounded linear operator from
H>(D) into itself if and only if h is analytic and bounded in the open unit disk.
It defines a dissipative linear operator from Ha(D) into itself if and only if h is
analytic and contractive in the open unit disk.
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The proof of Theorem 11.4.1 relies on the characterization (5.6.7) of the
space Ha(D). If s is analytic and contractive in the open unit disk, then for every
f € Hy(D) and every r € (0,1)

s(re) £ (e < [ F(re™)?,
and thus

27 27
/ Is(reit) £ (reit) 2dt < / |f(reit) 2dt.
0 0

It follows that ||sf||a,m) < ||f|lt.m). We refer for instance to [6] for a proof of
the converse statement.

Functions analytic and contractive (in modulus) in the open unit disk played
an important role in Section 6.4 and were called there Schur functions.

The preceding discussion focused on scalar-valued signals and systems, but
one can also consider the matrix-valued case. Then for a sequence (uy,)nen, of CV
vectors, the series

Un1
) ) U2
Z upz" = Z ) z"
n=0 n=0 :
Un N
with
Un1
Un2
Unp = .
UnN

is a column vector with each entry being a scalar power series. The radius of
convergence of this series is by definition the smallest of the radiuses of convergence
of the N power series

o0
Zunjz”, j=1,...,N.
n=0

See also Exercise 12.2.4.

11.5 The Schur algorithm

In Section 6.5 we have first met the recursion (6.5.7)

fo(Z) = f(z)u

fal2) = fa(0) . 2eD\ {0},

fn+1(2) = Z(l_fn(o)fn(z)) n=20,1,...
f2(0), z=0,
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where f is analytic and contractive in the open unit disk. The coefficients p,, =
frn(0) are called the Schur coefficients, or reflection coefficients of the function f.

The Schur algorithm allows to solve in an iterative way classical interpolation
problems such as:

Problem 11.5.1 (The Carathéodory—Fejér interpolation problem). Given numbers
ap, - ..,an, find all (if any) Schur functions f such that

(n)
! '(O)Zan, n=0,...,N.
n!

Problem 11.5.2 (The Nevanlinna—Pick interpolation problem). Given N pairs of
numbers (z1,w1), ..., (zn,wy) in D2, find all (if any) Schur functions f such that

f(zn):wn7 n:17...,N.

Exercise 11.5.3. Let f € S. Then, show that the Schur algorithm applied to f ends
after a finite number of times (N > 0) if and only if f is a finite Blaschke product,
or a unitary constant (this being the case when N = 0).

For instance, if
z—a z—0

=1 a1
then
z—c
fiz) = 1—zc

where ¢ is given by (1.1.47),

_ (I=la)b+ (1~ [b])a
1 — |abl? ’

and

Indeed, we have for z # 0,

z—a z—=b
L' 1-za1—2b
2 _ i z—b

l—zal-zb

1(z—a)(z—=0) —ab(l — za)(1 — 2b)

2 (1= 2za)(1—2b) —ab(z —a)(z —b)
1 2%2(1—ab]?) — z(a+b— ab(a + b))
21 —|ab]? — z(a+b) + ab(z(a + b) + ab)

zZ—cC

ab
fi(z) =

1—cz’



11.5. The Schur algorithm 465

and
z—c+
c
R O _12(1_|C|2)_
f2(2)_z z=¢c 2z 1—|c? =1
1+c¢
1—zc

Theorem 11.5.4. Let f(z) = Y.~ fn2" be a power series converging in a neigh-
borhood of the origin. Then, f is analytic and contractive in the open unit disk if
and only if either:

(a) Applying the Schur algorithm to f, we have
|fn(0)] <1, V¥n €Ny,

or

(b) f(0) has modulus 1 (and then f is a unitary constant), or the numbers f,(0)
are strictly contractive up to a finite rank, say No, and fn,+1(2) is a unitary
constant.

In view of the following question, we recall the notation (2.3.4)

az+b
cz+d’

M_<g g).

Question 11.5.5. Let us assume that the Schur function [ in the recursion (6.5.7)
1s such that

where

fn(0)) <1, n=0,1,...,N.

Then, setting
pn:fn(o); n=0,1,...,N,

and using the notation (2.3.4) show that

f(2) = Thary ) (fv+1(2)) (11.5.1)

where

My (z) :f[o (pln pf) <g 0). (11.5.2)

Assume that |p,| < 1, n = 0,1,.... The infinite product limy_ oo My(2)
diverges for every point z, with the possible exception of z = 1. A related infinite
product, which plays a key role in the theory, converges on the unit circle:
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Exercise 11.5.6. Assume that |p,| <1, n=0,1,..., and that, moreover

o0
Z |pn| < oo
n=0

Then, for every z of modulus 1, the limit

-N-1
lim Mpy(z) (Z 0 (1)>

N—oo
exists.

The following result gives four equivalent characterizations of Schur func-
tions. The first one is on the level of a first complex variable course, while the
second, third and fourth characterizations require (easy) functional analysis tools.
These last three characterizations are much more conducive to defining counter-
parts of Schur functions for the extensions of linear system theory mentioned in
the introduction of the chapter.

Theorem 11.5.7. Let f be a function defined in the open unit disk. The following
are equivalent:

(1) f is analytic and contractive in the open unit disk.
(2) The kernel

1—z2w
is positive definite in the open unit disk.

(3) There exist a Hilbert space H and a coisometric operator matriz

A B
(C D) : HeC —HBC,

such that
f(z2) =D+ 20(Iy — 2A)"'B.

(4) The Taylor coefficients of [ are of the form

£ = D, n =20,
" lCAMIB, n=1,2,...

where A, B,C, D are as in (3).
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11.6 Solutions

Solution of Ezxercise 11.1.1. Let
1 .
fz)= / e "*m(u)du.
2F Ji-rr)

Using (1.2.5) we have _
|ezzt| < €|Z|F.

Therefore, using the Cauchy—Schwarz inequality (16.1.5), we have

@I [ il
2)| < m(u)|du
2F J—pp
el#IF / () 1/2 / y 1/2
< m(u U U
2F \Ji=rp) (—F,F)
= Kel#lF
with
K f(_F,F) |m(u)|2du)l/2 -
= OO’
V2F
since m € Ly(—F, F). O

Solution of Ezercise 11.2.2. We have

n=1 1 k=0
I 1 « 1
B 4Zn2 +Z (2k +1)2
n=1 k=0
Taking into account (1.3.14) we have
i 1 _ 72 172 _ w2 0
—(2k+1)2 6 46 8

Solution of Ezxercise 11.2.3. From the estimate in the previous exercise we see that
the integral (11.2.3) is well defined for every z € C. The function is entire. For
continuous m this follows from the same arguments as for Exercise 4.4.19. As
explained after the proof of that exercise for the interval (0, 1), the statement is
still true for functions m € Lo(—F, F).

Let now f € Hp be such that f(z) = 0. Then, the choice z = "7 gives

/ m(u)eiwf;m du=0, VYneZ.
(_F)F)
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But the functions ,

falu)y=e 7, nek, (11.6.1)

form an orthonormal basis of Lo (—F, F) (see Exercise 17.7.5). It follows that m = 0
(as an element of Ly(—F, F)). Therefore (11.2.4) indeed defines a norm, and Hp
is a Hilbert space since Lo(—F, F') is a Hilbert space. Let for z,w € C,

1 : . sin(Fz — Fw
Kr(z,w) = QF/( o e " du = }(7z—Fw )

Then for f € Hp and w € C we have that
1 —iw
f@) =y [ et = (50 Kr ). 0
2F J-rr

Solution of Exercise 11.2.4. Take m € Ly(—F, F'). Then

1 _imsn imun
m(u) = Z <2F /(—F,F) m(s)e ds) e

nez

where the limit is in the norm of Ly(—F, F). By Parseval’s equality, this sum
becomes n o

)= K ( ) : 11.6.2

0=31 (") ke (57 (11.6.2)

where the equality is in the norm of Hp. Let z € C and e, (u) = e**“. Using the
continuity of the inner product or Parseval equality we have with f,, asin (11.6.1)

<m76Z>L2(—F,F) = Z<m, fn>L2(—F7F)<fm6Z>L2(—F7F)-

nez
In other words . .
f(z):Zf(F)Kp(z,F), 2eC. (11.6.3)
nez
Here the convergence is pointwise, and uniform on bounded sets since the kernel
is bounded on bounded sets. (]

Equation (11.6.3) can also be obtained directly from (11.6.2) since conver-
gence in norm implies pointwise convergence in a reproducing kernel Hilbert space
(see Exercise 16.3.13).

Solution of Ezxercise 11.3.3. It suffices to apply the Laplace transform on both
sides of the state space equations. (Il

Note that the transfer function is analytic at infinity. In the discrete case,
the transfer function is analytic at the origin. See Exercise 12.2.4.
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Solution of Ezrercise 11.5.3. Suppose that f is not a unitary constant and that the
Schur algorithm ends after a finite number of steps. Then, there is an N € Ny such
that

fa(0)eD, n=0,1,2,...,N,

and fy11(z) is a unitary constant. Formula (11.5.2) leads to

f(2) = Thry () (fN+1)-

For |z| = 1, the Moebius transform with matrix

1 pn z 0
pn 1 0 1
sends the unit circle onto itself, and so does T}y, (-). Therefore, the function f is

unitary on the unit circle. It follows from Exercise 6.3.4 that f is a finite Blaschke
product, that is

f(z) = ez" ][ bw.(2), (11.6.4)

where |¢| = 1, L, M € Ny and the factors b,,, are defined by (1.1.44), with w,, # 0.

Conversely, assume that f is a finite Blaschke product. We show that applying
the Schur algorithm to f we obtain a finite Blaschke product with one less factor.
If L > 0in (11.6.4) this is clear. Assume now L = 0, and set

M M
p(z) =c H(z —wy,) and q(z)= H(l — Wy 2). (11.6.5)
n=1 n=1
We have
p(2)q(0) — p(0)q(2) p(z) — p(0)q(2)
o -

The coefficient of the power 2 in the polynomial p(z) — p(0)q(2) is equal to
M M M
¢ <1 - H(—wn)H(—wn)> =c (1 -11 |wn|2> £ 0.
n=1 n=1 n=1

Thus the polynomial p(z) — p(0)g(z) has degree M. It vanishes at the origin, and
so the function
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defines a polynomial of degree M — 1 (with value at the origin equal to p’(0) —
p(0)¢’(0)). The coefficient of the power 2™ in the polynomial q(z) is equal to

Hiil(—wn). Therefore, the coefficient of the power 2z in the polynomial

is equal to
M
[I(-wa) —ep(0)=0
n=1
Therefore,

deg(q(z) — p(2)p(0)) < M — 1.

We want to show that deg f1 = M — 1. Since f; is unitary on the unit circle, it
will then follow that f; is also a finite Blaschke product (see Exercise 6.3.4), but
with one less factor.

To check that deg f1 = M — 1, we will show that the polynomials

p(2) — p(0)q(2)

z

and  ¢(2) = p(2)p(0)
have no common zeros. Since q(z) —p(2)p(0) has value 1— |p(0)|?
it is enough to check that the polynomials

p(z) —=p(0)g(z) and q(z) — p(2)p(0)

> 0 at the origin,

have no common zeros. If z5 € C is such that

p(20) = p(0)q(20) and q(20) = p(20)p(0), (11.6.6)

we obtain
p(20)(1 = [p(0)[*) = 0,

and hence p(zp) = 0, and hence, by (11.6.6), we also have ¢(z9) = 0. But this
is not possible since, by (11.6.5), p and ¢ have no common zero. It follows that
deg fr = M — 1. O

Solution of Exercise 11.5.6. Set

We have

(g (1)> M (2) (Z_g_l ?) =f[0 Sn(2). (11.6.7)
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Furthermore,
(1 0 0 2"pn\
Sn(2) (0 1) * (z_"pn 0 >_I2+A"(Z)’
with
_ 0 2" pn
With

1Alee = max |ai;|
we have, for |z] =1,
[An(2)llco = pn-

Therefore -
Z [ An(2)loo
n=0

converges for every point on the unit circle. Since all norms are equivalent in
C?%2 (see (16.1.2) for the definition of equivalent norms), we have that the infinite
product (11.6.7) also converges in view of Theorem 3.7.3, O
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Rational Functions

Complex-valued rational functions are by definition functions which are meromor-
phic on the Riemann sphere, or equivalently, which are quotient of polynomials.
They form thus a class of a priori very simple objects, where the notions of de-
gree, zeros, poles, and factorization are quite obvious. An important place where
rational functions appear besides pure mathematics is linear system theory. They
are then transfer functions of certain classes of linear systems. Even in the scalar
case, some problems for rational functions are far from obvious, as is illustrated
by the following multipoint interpolation problem (see [12] and Section 12.3):

Given complex numbers w1, ..., wyN,a1,-..,ayx and b, describe the set of all
rational functions r(z) with no poles at the points w1, ...,wy and such that

N
> anr(w,) =b. (12.0.1)
n=1

A CP*%-yalued function R will be called rational if each of its entries is
rational, or, equivalently, if it can be written in one of the forms

P(z)

o(z) Pi(2) ' Py(2), or Ps(2)Pi(2)7},

where P, P> and P3 are CP*?-valued polynomials, p is a scalar non-identically van-
ishing polynomial, and P; and P, are respectively CP*P-valued and C?*9-valued
polynomials with non-identically vanishing determinant. The exercises presented
in this chapter pertain mainly to the theory of matrix-valued rational functions,
and in particular to the above questions. The situation is much more involved
than in the scalar case. For instance, what are the correct definitions of degree,
zero, pole, and factorization? The literature is vast, and we refer in particular to
[130] for a thorough survey of the main definitions, properties, and applications of
matrix-valued rational functions.
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12.1 First properties

Recall that a function f is said to be meromorphic in an open set € if its singular
points in €2, if any, are poles. Equivalently, f is a quotient of two functions analytic
in Q (the proof is trivial when there are a finite number of poles, and otherwise
involves an infinite product to factor out the poles of f). We will say that f is
meromorphic in the extended complex plane P if moreover, the point co is also
a pole or a removable singularity of f, that is, if z = 0 is a pole or a removable
singularity of the function f(1/z).

Exercise 12.1.1. Let ¢ be a (non-trivial) Moebius map. Then, f is rational if and
only if f oy is rational.

Exercise 12.1.2. A function f is meromorphic in P if and only if it is rational,
that is, if and only if it is a quotient of two polynomials.

The following theorem gathers various equivalent characterizations of a
matrix-valued rational function with no pole at the origin. Some of the various
equivalences are proved as exercises in the sequel. In the statement, Ry denotes
the backward-shift operator; see (4.2.26).

Theorem 12.1.3. Let r be CP*4-valued function, analytic in a neighborhood of the
origin, and with power series expansion r(z) = ag + a1z + -+ there. Then the
following are equivalent:

(1) r is a rational function (or more precisely, r is the restriction to the given
neighborhood of a rational function).

(2) r can be written in the form
r(z) = D+ 20(I — zA)™'B, (12.1.1)

where D = r(0) and A, B,C are matrices of appropriate dimensions.

(3) There exist matrices A, B,C of appropriate dimensions such that
a, =CA" 'B, n=1,2,....

(4) The linear span of the functions Rore, Rarc, . .. is finite-dimensional, when c
runs through C9.

Equation (12.1.1) is called a realization of the rational function r, and already
appeared in the previous chapter; see (11.3.5) there. One also denotes a realization

by the block matrix
A B
(C’ D) . (12.1.2)

Such realizations have numerous applications in fields such as the theory of linear
systems and optimal control. See [30], [68], [132].
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We note that an expression of the form (12.1.1) is highly non-unique. If
(12.1.2) is a realization of the (say, CP*9-valued) rational function r, so is

(0 2)(e o) (s 7)

for any invertible matrix 7. When the size of A is minimal, this is the only degree
of freedom.

In Exercise 12.1.5, which gives a characterization of a rational function with
no pole at the origin, we do not assume a priori that the power series ag+aiz+---
has a strictly positive radius of convergence. One part of the proof uses item (3)
in the previous theorem and the Cayley—Hamilton theorem, see for instance [143,
Theorem 3.1, p. 561] for the case of matrices with entries in a commutative ring.
We recall this theorem just before the statement of the exercise. The other part
of the proof involves elementary results in the theory of difference equations, and
we refer the reader to the book [73] for more information on the subject.

Theorem 12.1.4 (Cayley—Hamilton). Let A € CM*M " and let p(z) = det(21y—A).
Then p is a monic polynomial of degree M (that is, with coefficient of 2™ equal
to 1) which satisfies p(A) = 0.

The polynomial p in the Cayley—Hamilton theorem is called the characteristic
polynomial.

Exercise 12.1.5. Let ag, a1, ... be a sequence of matrices in CP*2. Then there exists
a rational function with power series expansion

r(z) =ap+aiz+---

at the origin if and only there exist M € N and complex numbers cq,...,cpr—1
such that

ap+4n FCM—10M4n—1+ - F+coan =0, n=0,1,.... (1213)

In the previous exercise, one can ask what happens if one is given only a
finite sequence of matrices, say ag,...,ay. There is always a rational function
which answers the question, namely the matrix-polynomial p(z) = ag+a1z+---+
anz, but one may ask for the set of all solutions under additional constraints,
for instance being contractive in the open unit disk, or having a real positive part
there.

Rational functions form a field, which is denoted by C(X). The next “sim-
plest” field of analytic functions is the field of elliptic functions; see Section 13.1.
For the time being we just recall:

Theorem 12.1.6. Let f be a meromorphic function such that

f(z+1)=f(z+1i), VzeC where f is defined.
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Let p be the Weierstrass function (defined below by (13.1.3)). Then, there are two
rational functions r1 and ro such that

f(z) =ri(p(2)) + ¢’ (2)ra(p(2)). (12.1.4)

12.2 Realizations of rational functions

As a corollary of the proof of Exercise 12.1.2 we have the partial fraction represen-
tation of a rational function (see for instance [168, p. 116]): A function is rational
if and only if it is of the form

N
f2) =323

n=1 j=1

ke
- :432 ) +p(2), (12.2.5)

where p is a polynomial (corresponding to the pole at infinity) and where the A;
are complex numbers, with Ag, # 0 when there are finite poles. The order of the
pole z,, is by definition k,,. From this result one gets (after the change of variable
z — 1/z) the second item, in the scalar case, of Theorem 12.1.3. We note that
(12.1.1) is called a realization centered at the origin, while (12.2.6) is called a
realization centered at infinity.

Exercise 12.2.1. Show that a function r analytic at oo is rational if and only if it
can be written as
r(z) =D+ C(zIy — A)"'B, (12.2.6)

where D = r(oc0), N € N, C is a row vector with N components, B is a column
vector with N components and A is an N x N matriz..

Hint for Exercise 12.2.1. First prove that, for any w € C, the function z_lw admits

a realization. Next, for 1 and 75 two rational functions analytic at infinity, with
realizations
rj(z) = Dj + Cj(2In; — A;)7'Bj, j=1.2,
prove the following two formulas:
r1(2)ra(z) = D + C(zIy — A)™'B, (12.2.7)

where N = N1 + Ny, D = D1D5 and

B1D2 A1 Blc’g
C:(Cl Dloz), B:<B2> and A:(O A2>,

and
r1(2) +72(2) = D + C(zIy — A)7'B, (12.2.8)

where N = N1+ Ny, D = Dy + Dy and

B A0
C=(Cr (), B_(B;> and A=<01 A2>.

Conclude by using the partial fraction expansion of r.
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A maybe easier proof of the realization theorem, still using (12.2.5) is based
on the formula given in Exercise 12.2.2 below. We leave to the student to work
out the details of the modified proof. Before stating Exercise 12.2.2 we recall that
a Jordan cell is an n X n matrix of the form

w 1 0 0 0
0w 1 0 0
0 0 w 1 0
Jw)=1": , (12.2.9)
0 -~ 0 0 w 1
0 0 00 w

where w € C (for N = 1 one sets J(w) = w). For completeness, we also recall that
any N x N matrix with complex entries is similar to a block matrix with Jordan
cells as block entries.

Exercise 12.2.2. Let w € C. Show that

1 _ -1
(z—w)n C(zI, — J(w))"" B, (12.2.10)
where J(w) is given by (12.2.9) and
0
0
C=(1 0 -+ 0 0), and B=|:
0
1

We now present another realization of a rational function, called the backward
shift realization, and which plays an important role in linear system theory. See
for instance [94].

Exercise 12.2.3. Let r be a CP*?-vyalued rational function, and let « be a point of
analyticity of r (meaning that r is analytic in some open neighborhood of ).

(1) Show that the linear span M of the functions
z—= Ryre, n=12..., ceCY

is finite-dimensional, say of dimension N.

) @) — @)

(2) Define operators
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by
Af = Rof, Bec=Rare, Cf=f(a), Dc=r(a)c.

Show that
r(z) =7(a) + (2 — a)C(Ipm — (2 — @) A) "' B. (12.2.11)

When the rational function r is analytic in a neighborhood of the origin, one

can put @ =0 in (12.2.11), and one then looks at realization of the form (12.1.1),
that is,

r(z) =D+ 20(Iy — 2zA)"'B. (12.2.12)

When A is invertible, one can rewrite (12.2.12) as
r(z)=D—-CA'B-CA Y (2Iy —A"))"1A7!B,
which is of the form (12.2.6).

Formula (12.2.12) gives links with the theory of linear systems (see Chapter
11 for more information on these) and the notion of state space equations. The
equations in the next exercise are called state space equations. They define a
special, but very important, class of not necessarily bounded linear systems. The
vector x,, in the equation (12.2.13) is called the state of the system at time n.

Exercise 12.2.4. Let (A, B,C, D) € CNXN x CNXP x CI*N x CI*P, and consider
the equations

Tpy1 = Az, + Buy,
o (12.2.13)
ynzcxn"‘Dun, n:071,...
where, forn=0,1,...,
z, €CY, wu,ecCP and vy, < CY.

Assume that xg = 0. Assume that the series u(z) has a positive radius of conver-
gence. Show that the series y(z) has a positive radius of convergence and that

y(2) = h(z)u(z), (12.2.14)
where
h(z) = D+ 2C(Ix — 2A) "' B.
When are the entries of h in Ho(D) ?
Exercise 12.2.5. Let w € D and let by, be the associated Blaschke factor (1.1.44):

zZ—w
by(z) = .
() 1—zw
Find a realization of by, of the form (12.2.12). Find a realization of by, buws, * - buy
where wy,ws, ..., wy € D.
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More generally, and as suggested by our colleague Prof. Izchak Lewkowicz:
Exercise 12.2.6. Let N € N, w € D and let by, be the associated Blaschke factor
(1.1.44). Find a realization of b, (zV),
2N —w
12N’

Exercise 12.2.7. Let r(z) = D+C(zIx — A)~' B be a realization of the CP*P-yalued
rational function r, assumed analytic and invertible at infinity. Show that

r(z)"' =D =D 'C(2Iy — A*)"'BD™!

b (2Y)

is a realization of r— with
A*=A-BD™'C.

Motivated by electrical engineering applications, it is of interest to relate the
properties of the matrix
A B
(¢ )

and of the associated rational function r. See for instance the discussion after
the proof of Exercise 12.2.5. We also mention the positive real lemma, which has
numerous applications in electrical engineering (see for instance [76]):

Theorem 12.2.8 (The positive real lemma). Let r be a rational CP*P-valued func-
tion analytic in a neighborhood of infinity, and let r(2) = D+ C(zIx — A)"1B be
a minimal realization of r. Then, the following are equivalent:

(a) Rer(iy) > 0, Vy € R such that r(iy) exists,

and

(b) There exists an invertible Hermitian matriz H such that

H 0\(A B A B\ (H 0

(0 3) @0 (0 5)=r
12.3 Multipoint interpolation

The purpose of this section is to present a decomposition theorems for rational
functions, and the implication to a family of interpolation problems, called multi-
point interpolation problems. The section is based on [12].

Exercise 12.3.1. Let p be a polynomial of degree N, and let r be a rational function
analytic in neighborhoods of the zeros of p. Show that there exist uniquely deter-
mined rational functions r1,...,rn, analytic in a neighborhood of the origin and
such that

N
r(z) =Y 27 r(p(2)). (12.3.1)

j=1
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Hint. Assume first that the zeros of p are simple. The solution involves then a
Vandermonde determinant. In the case of non simple zeroes one uses a generalized
Vandermonde determinant. The hypothesis that the zeros of p are not poles of r
can be removed, but makes some arguments easier.

Exercise 12.3.2. Given N pairwise different points wi,...,wny and numbers
ai,...,any not all equal to 0, and ¢ € C, find all rational functions r analytic
in neighborhoods of w1, ..., wyx and such that

N
Z anr(w,) = c. (12.3.2)
n=1

Hint. Use the decomposition (12.3.1) with p(z) = Hfj:l(z — wWy,).

Problem 12.3.3. Let p be a polynomial of degree N. Let o and [ be such that
the roots wy (@), ..., wy(a) and wi(B),...,wn(B) of the equations p(z) = a and
p(z) = B are all distinct (w, () # wy(B) for u,v =1,...,N), and define

N
(or) = SO § g w23

p(z) —a 2= pl(w,(@)(z — wu(a))’

for a function analytic in neighborhood of the points wi(a),...,wy (@), and simi-

(p)

larly for Ry . Then the resolvent equation

R® — RY = (a - B)RWRY

holds.
Exercise 12.3.4. Let f(z) = p(zﬁ_)\, and let o #= \. Then,
1
R =— : 12.3.4
(RPN == f) (12.3.4

12.4 Solutions

Solution of Ezxercise 12.1.1. The result holds because the composition of a poly-
nomial with a Moebius map is a rational function, and since the inverse of an
invertible Moebius map is a Moebius map. (I

Solution of Fzercise 12.1.2. In the proof of Exercise 7.1.9 (Weierstrass’ theorem),
the entire functions fi,..., fx are now polynomials since the points z; are poles
of f. The function fj is also a polynomial since it is the principal part of f(1/2)
at the origin, and f(1/z) has (at most) a pole at the origin. It follows that f is
rational. The converse statement is clear. O
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Solution of Erercise 12.1.5. Since r is rational it admits a realization and there
are matrices A, B, C such that a,, = CA" !B for n = 1,2,.... Let p(z) = 2™ +
cm—12M~1 4+ ..+ ¢1 A+ ¢y denote the characteristic polynomial of the matrix A.
We have

AM Lo AT el Aol =0,

and thus, forn =1,2,...
AMAFRTL ey g AMIT2 4 b e A+ A" = 0. (12.4.5)

Multiplying this equation on the left by C' and on the right by B we obtain (12.1.3).

Conversely, any solution of the difference equation (12.1.3) corresponds to a
series f(z) = >~ anz™ with a positive radius of convergence. Equation (12.1.3)
leads to

z)—a Z)—ap— a1z
ol B0 T R
z z
f(z)—ao— - —apy_12M"Y  f(z)—ag—- —apuzM B
+cv-1 Y + LM =0,
from which we get that f is rational. O

The proofs of the following exercises involve matrix computations, which are
elementary, but to which most second (or even third year students) have not been
exposed.

Solution of Ezxercise 12.2.1. We follow the steps given in the hint, and proceed in
a number of steps.

Step 1: The function ' admits a realization centered at infinity.
zZ—w

Indeed, it suffices to take N =1 and
A=w, C=B=1, and D=0.

Step 2: We prove (12.2.7):
With the notation after the statement of the exercise we have

r1(2)ra(2) = (D1 + C1(2In, — A1) 7 B1) (D + Oy (21, — As) "' By)
= DDy + Cy(2In, — A1) 'B1Ds
+ D1Co(zIy, — Ay) "' By
+ Cy (2N, — A1) B1Cy (21N, — As) !By

BlD2>

=D1Dy + (Cl chg) X < B,
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where

X — (ZINl —Al)_l (ZINl —Al)_lBlcg(ZIN2 —Ag)_l
o 0 (ZIN2 —Ag)_l ’

Computing

0 ZINZ_AQ

% (ZINl — Al)_l (ZINl — Al)_lBlcQ(ZIN2 — AQ)_l
0 (ZIN2 — AQ)_l

= INH-Nza

(ZINl — Al —Bng >

we conclude the proof. Note that the proof is for matrix-valued functions.
Step 3: We prove (12.2.8):

Since (12.2.7) has been proved for matrix-valued functions, (12.2.8) is seen to be
a special case of (12.2.7) by writing

ri(2) +1a(2) = (r(2) f,,)( I )

ra(2)
where 1 and ro are CP*%-valued.
Step 4: The result follows then from the partial fraction expansion (12.2.5).

Indeed, there is no polynomial term p(z) in (12.2.5) since we assume analyticity at
infinity. It suffices to apply the preceding steps to obtain a realization for each term
of the form (Z_lz ); and hence, to obtain a realization for the sum (12.2.5). O

Solution of Ezxercise 12.2.2. Let J denote the matrix

0 1 0 0 0
0 O 1 0 0
0 0 0 10

Thus



12.4. Solutions 483

Note that .J is nilpotent: J” = 0,,x5. Therefore

(2n = J(w)) ™ = ((z —w) I = )"

=(z—w)! (In - Z_Jw>_l

4 J J2 Jn—l
=(z —w) I, + + o Tt -
z—w (z—w) (z —w)"
The entry in the right upper corner of this matrix is (z_lw)n, and the realization
(12.2.10) follows. O

It follows from the previous exercise that every term of the form (Z_lw)n

admits a realization. Using (12.2.5) and (12.2.8) we obtain the realization theorem
for all rational functions analytic at infinity.

Solution of Ezxercise 12.2.3.
(1) The first claim follows from the partial fraction decomposition and from the

formula” o
(re(( ) ==X (12.4.6)

v=0

(2) By construction the operator A sends M into itself and the operator B
sends CY into M. Let now h € M and let z € C such that (Ix — (z — @)A) is
invertible. Here we view z as a parameter, and we denote by A\ the variable on
which depend the functions in M. Set

9= (I~ (z—a)A) b

Thus
h=(Im— (2 —a)A)g,

that is, pointwise,

9(A) —g(a)
h(A) =g(A\) — (2 —
) =90 = (=) " "
Thus
oo 9(2) —g(a)
he) =gz - (- ) 0
=g(a)
=C(Im — (2 —a)A)"g.
We obtain the realization by applying the above to h = Bc (I

7of course it is much quicker to rewrite the left side of (12.4.6) as R (sz)u .
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Remark 12.4.1. The point evaluation formula
g(a) =C(Im — (z—a)A) g (12.4.7)
plays an important role in the theory of reproducing kernel spaces.

Solution of Exercise 12.2.4. We divide the proof into two steps.

Step 1: The (vector-valued) power series

o0
z(z) = Z Tp2"
n=0

has a strictly positive radius of convergence.

A priori (z) may converge only at the origin. We have
z(z) —z(0 =
G0 _$
n=0

It therefore follows from the first equation in (12.2.13) that

x(z) — z(0)

; = Ax(z) + Bu(z),

and so
2(2) = 2(0) + z(Iy — zA) "' Bu(z). (12.4.8)

This formula for z(z) shows that it has a strictly positive radius of convergence
since u(z) has a strictly positive radius of convergence.

Step 2: Assume x(0) = 0. The series y(z) is given by (12.2.14):

Indeed, the second equation in (12.2.13) leads to

Z ynz" =C Z Tn2" + D Z Up 2.
n=0 n=0 n=0
Taking into account (12.4.8) we obtain
y(2) = 2C(Ix — zA) "' Bu(z) + Du(z) = h(2)u(z),

with h(z) = D + 2C(Ixy — zA)~'B. This matrix-valued function will have its
entries in Hy(D) if and only if all its entries have no poles in the closed unit disk.
A sufficient, but in general not necessary, condition will be that the spectrum of
A is in the open unit disk. O
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Solution of Exercise 12.2.5. We write

zZ—w
bw(z): 1—zw
z—w
=—-w+ +w
1—zw
s FA =)
1—zw

So, a realization of b,, is given by

<é [B)> = <¢1 ﬁ}|w|2 \/1__le2>- (12.4.9)

For two points, formula (12.2.7) gives the realization

w1 \/1—|w1|2\/1—|w2|2 | —’LUQ\/1—|’LU1|2
A B _ 0 wo | \/1 - |’U}2|2
cC D) — — - —
\/1 - |’LU1|2 _wl\/1 - |w2|2 | w1 W
(12.4.10)
We leave it to the interested student to develop the formula for N > 2. O

We note that the realizations (12.4.9) and (12.4.10) are unitary. This is no
coincidence. Any rational function analytic at the origin, without poles in the open
unit disk and unitary on the unit circle admits a unitary realization centered at
the origin. See [100], and see also [11] for the case of poles inside the disk.

Solution of Evercise 12.2.6. We first assume w # 0. Then, b, (zV) is analytic at
infinity, and by, (c0) = —1/w. We consider the realization of the type (12.2.6). Let
20,...,2n—1 be the roots of order N of 1/w. The z; are simple poles of b, (zV),
with residues computed by formula (7.3.2),

N

2N —w
Res(bw(2V),2,) =
( ( ) ]) _szv_lw
1 p—
= “’_N zj (since z)) = 1/w)
1—|w? .
=7 Nuw zj, Jj=0,...,N—1
and thus
1 1—|w|2N_1 2j
bw N — _ _ J
(%) w N Zz—zj
7=0

=D+ C(zIxn — A)7'B,
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with D = —i}, and as possible choice of A, B and C the matrices

zo 0 0 .- 0

0 z 0 - 0 :
A= : | ecVN, B= eCcN!
0 0 0 .
0 0 0 2n-1
and 5
1—
C=- N|’:}U| (Zo zZ1 vt ZN_1) S (CNXN.
Since the z; # 0, we can look for a realization of the form (12.2.12). We obtain
11— |w]? =g
b'u) N — _ _ J
(=) w Nuw Z zZ— zj
7=0
1 1-|wr &S 1
SR DI
w Nw 4~1-72
7=0 Zj
1 1—jw? 1—|w?={ 1
- -1
w + w + Nw Z 1—- 7
7=0 Zj
N-1
1— |w|? 1 1
7=0 Zj

which is of the form (12.2.12), with now D = —w, and as possible choice of A, B
and C' the matrices

%t 0 0 0
21 1
0 = 0 0 1
A= . c (CNXN B = c (CNXl
0 0 0 :
0 0 0 zyt
and wf?
1—|w _ _ _
C= Nuw (25" 27t o zyph) eV,
Finally, the case w = 0 is obtained by setting w = 0 and replacing z by 1/z in
(12.2.10). O

Solution of Exercise 12.2.7. We assume that r is CP*P-valued. We have
(D+C(zIy — A)'B)Y(D™t =D *C(zIy — A*)"'BD™)
=1, C(zIy — A*)"'BD™!
+C(zIy — A)'BD™!
—C(zIy —A)"'BD7'C(2Iy — A*)"'BD™!.
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Taking into account that
BD7'C=A—- A" = (zIy — AX) — (zIn — A), (12.4.11)
we have
C(zIy — A" 'BD'C(2Iy — A*)*BD™!
=C(zIy — A {(zIn — A*) = (zIy — A)} (zIy — A*)"'BD™!
=C(zIx —A)'BD™' -~ C(zIxy — A*)"'BD™.
Substituting this formula in the formula above (12.4.11) we obtain the result. O

The previous exercise can also be solved using the following well-known result:

Proposition 12.4.2. Let U and V' be two matrices, respectively in CP*? and CI*P.
Then, I, — UV 1is invertible if and only if I, — VU is invertible, and one has

(I, -UV) ' =1,+UI, - VU)'V. (12.4.12)
It suffices to write
r(z) = DI, + 2D *C(Ix — 2A) "' B)
and apply formula (12.4.12) to
U=—-2D7'C and V = (Iy—2A4)"'B.

As for (12.4.12) it is proved in the following way: Assume first that I, — VU is
invertible. We have

(I, UV, +U(I, - VU)"*V)=1,-UV +U(I, - VU)"'V
-Uvu(l, - VU) 'V.
But
~-UVU(I,-VU)"'V =(U{I,-VU)-U)(I,-VU)"'V=UV-U(I,-VU)" 'V,
and hence
(I, -UV)(I, +U(I, - VU)"'V) = I,.
This concludes the proof of (12.4.12) since the claim is symmetric in U and V.

Solution of Exercise 12.3.1. We will only consider the case where the zeros of p
are simple, and write p(z) = Hszl(z — 21), with zp # 2 for k # . We first show
that (12.3.1), if it exists, is unique. To that purpose, assume that we have

N

> A (p(2)), (12.4.13)

j=1

0
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and plug in this expression z = z; for £k =1,..., N. We obtain
N .
0= #""r(0), k=1....N,
j=1
that is
1 1 1
Z1 z9 ZN
2 2 2
(r1(0) 72(0) --- rn(0)) ]| ~ Z3 N o=@© 0 - 0).
2 -1 zév_l ZN_l

The Vandermonde matrix

1 1 1
Z1 z9 ZN
Z{V_l zéle zﬁ_l
is invertible, and so 71 (0) = r2(0) = --- = ry(0) = 0. Writing r;(z) = zs;(z) for

j=1,..., we have from (12.4.13)

N
0= sz_lsj(p(z))7 (12.4.14)
j=1

and the same argument shows that
81(0) == SN(O) =0.
Iterating we get that the functions 71,72, ..., 7y vanish identically.

To prove existence we do not use the analyticity hypothesis of the given func-
tion r at the zeros of p, and take advantage of the partial fraction decomposition
(12.2.5) of a rational function, and prove that the decomposition holds for poly-
nomials, for functions of the form ' (a € C), and that if two functions admit a
decomposition (12.3.1) so do their sum and their product. More precisely, for the
monomial z/ with j < N, the decomposition (12.3.1) is trivial: 7; =1 and 7, =0
for k € {0,..., N} \ {j}. For the monomial 2% the division

2N =anp(z) +an_12V T+t ag
leads to the decomposition (12.3.1) with

ri(z)=a;, j=2,...,N and ri(z)=oanz.
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1

For the rational function  ~ we write
1 1 p(2) R 1
= Ca.i? ,
z—a pz)-pla) z-a = 7 —p(a)
where the numbers ¢, 9, ..., Cq,n—1 are defined by

p E C Z
a
zZ—a J

Hence 7;(z) = Zf‘;’(ja) forj=1,...,N.

That the sum of two functions admitting a decomposition (12.3.1) also admits
such a decomposition is trivial. For the case of the product it is enough to consider
two functions of the form

r(z) = 2"tu(p(2)) and  s(z) = 2"s.(p(2)),

where u,v € {0,...,N — 1} and ¢, and s, are rational. But,

r(2)s(2) = 2", (p(2)) 50 (p(2))-
Let

N-1
=) ()
j=0

be the corresponding decomposition of 2“1 (which is very simple when u+v < N).

We obtain
N—

r(p(2)s(p(2)) = ) 2 (rj(p(2))tu(p(2))50(p(2))) -

Jj=0

=

The proof for a general rational function analytic in neighborhoods of the zeros of
p follows from combining these various results. O

Solution of Ezxercise 12.3.2. Let r be a solution, which we write in the form
(12.3.1) with p(z) = [I2_; (2 — wy). Condition (12.3.2) gives

N N
Zanr(wn) = Z Zuﬂ Lri(

(e

Il
M= Mz

<.
I
—



490 Chapter 12. Rational Functions

where we have set

N
& = Zanwﬂ_l, j=1,...,N.
n=1

The multipoint interpolation condition (12.3.1) reduces thus to a one point, but
tangential interpolation condition

&1 r1(2)
§'R(0) =c, where £=| : and R(z) = :
&N v (2)
Let (assuming & # 0)
_ &
P=le

We leave to the reader to check that a CN-valued rational function R satisfies
&*R(0) = ¢ if and only if it can be written as

R(z) = €+ (In — P+ 2P) G(2),

where G is an arbitrary CV-valued rational function without a pole at the origin.
The description of the set of functions r follows. O

Solution of Ezercise 12.3.4. We have

1
N
® £)(z) = ! - plud)
(BPDE = () 0o - a) ™ 22 Pl - unle)

U= \_:\’a_/
1 1 1 1 R 1
Ta-Ap(z)—a  a—Ap(z)—A a—A;p’(wu(a))(z—wu(a))
_ 1
T op(r)-«
1
A O



Chapter 13

Special Functions and
Transforms

In this short chapter we present some exercises on elliptic functions and on the
Mellin transform. We also briefly discuss some aspects of the Fourier transform
pertaining to the Bargmann transform.

13.1 Elliptic functions

The first exercise is taken from the book of Choquet on topology [46, p. 315],
[47, p. 299]. The purpose of the exercise is to build a meromorphic bi-periodic
function on C (thus it has a lattice of periods). Such functions are called elliptic.
For more on elliptic functions expressed as infinite products, see for instance [167,
pp. 286-290]. See also Exercise 7.2.15.

Exercise 13.1.1. Let k € C with |k| > 1.

(a) Show that the infinite product

converges for all z # —k*, £ =1,2,....
(b) Show that
P(kz) = (14 2)P(2).

(c) Set S(z) = P(2)P(1/2)(1 + z). Show that S(kz) = kzS(z).

© Springer International Publishing AG 2016 491
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(d) Let ay,...,an,b1,...,by, be distinct points in C such that
a1y = by by (13.1.1)

S(a1z) - S(anz)
S(b1z) -+ S(bnz)
(e) Set G(z) = M(e*). What can be said about G ¢

and let M (z) = . Show that M(kz) = M(z).

Remark 13.1.2. An additive analog of (13.1.1) comes into play in Exercise 13.3.3.
See equation (13.3.2) there.

Exercise 13.1.3. Using Fxercise 3.6.2, show that the function

1 1 L
p(z) = 2T Z (z—(p+ig)?  (p+iq)?

is analytic in C\ Z +iZ.

The function p is called the Weierstrass function (associated to the lattice
C\ Z +iZ). Tt has only poles and satisfies

p(z +1) = p(z +1i) = p(2),

and hence is an elliptic function. It follows as a consequence of Exercise 7.2.15
that the function g satisfies a differential equation of the form

(©')* = gop® + g19° + g2 + g5
for complex numbers go, g1, g2 and g3 such that go # 0.

The function p is closely related to the function ¥ appearing in Exercise
13.2.1. See [162, p. 25].

Question 13.1.4.
(1) Find the decomposition (12.1.4) for f(z) = ¢"(z).
(2) Compare the decompositions (12.1.4) for a general elliptic function and its
derivative.

In contrast with the case of rational functions we have:

Question 13.1.5. Show that the composition of two (non-trivial) elliptic functions
is not elliptic.

13.2 The 9 function

Exercise 13.2.1. Let 7 € C be such that ImT > 0. Show that the function

19(2 7_) _ Z eiwn27+27rinz
b)

nez
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is entire (as a function of z), and that it satisfies

Iz +1,7) =9(2,71), (13.2.1)
Iz +71,7) = e TTEEY(2, 7). (13.2.2)

Show that .
9 ( "2”,7> = 0. (13.2.3)

The function ¥ is called the theta function with characteristic 7. See [162]
for a thorough study of these functions and of their applications.

In Exercise 13.2.2 we now show that HQ'T is the only zero of ¢ modulo Z+71Z.
Exercise 13.2.2. Show that the zeros of the function
19<277_) _ Z ein27+2ﬂ'inz
nez

are
1+7

9 +m+Tn, n,meZ.

13.3 An application to periodic entire functions
Exercise 13.3.1. Let [ be an entire function and assume that

flz+1) = f(2).
Show that there is a function g analytic in C\ {0} such that
f(z) = g(e*™).
Show that there exist complex numbers c,,n € Z such that
f(2) = ene®™,
nez

where the convergence is uniform on every closed strip inside every closed hori-
zontal strip.

Exercise 13.3.2. Let 7 € C be such that Im 7T > 0. Apply the previous result to find
all entire functions f such that, for some pre-assigned complex numbers a and b,

flz+1) = f(2),

13.3.1
J(z+7) = e f(2), a3

See [162, pp. 2-3].
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Exercise 13.3.3. Let f be a non-identically vanishing entire function satisfying the
conditions (13.3.1), and let a1, ...,an,b1,...,byx be complex numbers such that

N

N
> an=> b (13.3.2)
n=1 n=1

Show that the function

is elliptic.

13.4 The T function and the Mellin transform

The Mellin transform is defined by the formula
(M) = [ e (13.4.1)
0

for appropriate functions f defined on (0,00), and where for ¢ > 0 and z € C

we set
7 = ezlnt

We refer to [50, Chapitre II] for more information. The case f(t) = ¢! leads to
the important Gamma function (see (3.1.11)

F(z):/ t*~te~tdt.
0

In the following exercise, the convergence of the integral (3.1.11) is stud-
ied. In Exercise 13.4.2 we will see that the function I'" defined in the following
exercise is in fact analytic in Rez > 0 (and in fact by analytic continuation, in

Cc\{0,-1,-2,.. .}

Exercise 13.4.1. Show that the integral (3.1.11) converges for every z such that
Rez > 0. Show that, for real x > 0, it holds that

T(z+1) = al (). (13.4.2)

We now turn to a proof of the analyticity of the Gamma function (see (3.1.11)
and the previous exercise).

Exercise 13.4.2. Show that the I function

1"(2):/ t*~letdt
0

is analytic in Re z > 0.
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Hint. Consider compact sets of the form
K={(z,y);m<ax<Mand —R<y<R},

with m > 0 and R > 0. Show that the series of functions
In(z) = / t*le7tdt, n=1,2,...,
1/n

converges uniformly on K to I'.

Exercise 13.4.3. Let I denote the Gamma function defined by (3.1.11). Show that

nln®
T'(z)= 1l R 0. 13.4.3
(2) nglgoz(z—kl)-“(z—kny €z = ( )

Hint (See for instance [23, Exercise 2.6.2, p. 119].). Apply the dominated conver-
gence theorem (see Theorem 17.5.2) to the series of functions

Fo) = 1) (1= 1) 6

n

where we have denoted by 1jg ,)(t) the indicator function of the interval [0, n]:

1, ift e€[0,n],
Lo (t) =
(. ]() {0, otherwise.
Exercise 13.4.4 (see [50, pp. 49-50]).
. 42 .

(a) Show that the Mellin transform of e=* is equal to JT'(z/2).
(b) Show that the Mellin transforms of cost and sint are respectively

Tz

I'(z) cos 5 and T'(z)sin 7;27 with Rez € (0,1).

In the following exercise implicit is the hypothesis that there exist real num-
bers ¢1 and ¢z such that [ u® =1 f;(u)|du < oo for j =1,2.

Exercise 13.4.5. Let f1 and fa2 be functions with Mellin transforms Fi and F»
respectively.

(1) Show that the Mellin transform of the function

/000 fi(u) fa(t/u) d; (13.4.4)

8 FlFQ.
(2) compute (13.4.4) when f1(u) = fa(u) =e ™.
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13.5 The Fourier transform

The Fourier transform is defined by
Fo) = / e~ f(z)dx, (13.5.1)
R

first for functions in Lj(R,dz). In general F will not belong to L2(R,dx). The
Fourier transform maps the Schwartz space of rapidly vanishing smooth functions
onto itself in an isometric way up to a multiplicative constant, and extends, up to
a multiplicative constant, to an isometry from Ly (R, dz) onto itself:

1~
1P heaeitn) = gy Wiy (13.5.2)

Note that fis not, in general, a function but rather an equivalence class of func-
tions. Furthermore, the Fourier transform of an arbitrary element f € Lo(R, dz)
is not given directly by formula (13.5.1) (which will not make sense in general),
but is defined in terms of limits. Its inverse is given by the formula

, 1

fz) = 27T/Re“xf()\)d/\, (13.5.3)

and we have

1
||f||L2(JR,dz):\/27r||f||L2(lR,dx)~ (13.5.4)

As an illustration of the preceding inversion formula, consider the function

glx) = 121“ . Tts Fourier transform was computed to be h()\) = me~I*l. See (8.6.10).

Thus, from (13.5.3),

1

h(z) = o /R e h(N)dX

1 00 . 0 )

= { / e e dA + / eAerA}
2 0 —00

1 -1 . 1

T2 liz—1 dx+41

= g(x).

We follow [206, pp. 42-43] for the next exercise.

Exercise 13.5.1. For R > 0, consider the closed contour

YR = 71,R T V2,R +V3,R + V4,R,

defined as follows:
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R].

v1,r 18 the interval

(R
(ii) ~yo,r is the interval [R, R + iyl
ii [R+ iy, —R + iy].
(iv) ~a,r is the interval [—-R + iy, —R).

_z2

)
)
(iil) vs,r is the interval
)
)

By computing the integral of the function e along this rectangle and using
the value of the Gaussian integral (5.2.6), show that, for y € R,

/ e e 2t = /e V. (13.5.5)
R

(2) Using (13.5.5) compute the even moments (5.2.7).

We now discuss some aspects of the theory of Hermite functions. More ex-
ercises and details can be found in [CAPB2]. By making the change of variables
2z + V/2z and t +— /2t, and a normalization we first rewrite (5.6.4) as

2tz—12 _ S Hy(2) ,,
e =y ot (13.5.6)
n=0
We have -
Hy(2) = (~1)"e (6—22) 7 (13.5.7)

. - _2 2 (42 S .
as is seen by writing e?*~*" = ¢* e~ (*=%)" and considering the Taylor expansion

centered at t = 0 of the function ¢ s e~ (=2,

Question 13.5.2. Prove that
/ e H, (u)Hpp (u)du = /72016 .- (13.5.8)
R

Hint. Denoting by ay,,, the left side of (13.5.8) compute, using (13.5.6), the gen-
erating function

The functions ng, 71, ... with

M (z) = =0,1,... (13.5.9)

Yman/2y/n)’
are called the Hermite functions. They belong to the Schwartz space, and form an
orthonormal basis of Lo (R, dz).

z

The map which to 7, associates the function \/Z' extends to a unitary oper-

ator from Lo (R, dx) onto the Fock space. It is called the Bargmann transform.
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Question 13.5.3. The Bargmann transform can be written as
1
F&) = /R‘f{_“22+“2)+“ 220} f (u)du.

We conclude by mentioning that

77/;:(—2')”%7 n=0,1,....

13.6 Solutions

Solution of Exercise 13.1.1. Since |k| > 1 the series with general term z/k™ is
absolutely convergent for any z € C. Thus, by Theorem 3.7.1, the infinite prod-
uct converges for every z not equal to —k™, n = 1,2,... (and the corresponding
function, extended to be 0 at these points, is entire).

To prove (b) we write

P(kz) = ﬁ <1+ Z:) 1] (1+ knz_l)

We now turn to (c). From (b) we have P(k/z) = (1 + 1/2)P(1/z), and
replacing z by kz in the above expression,
kz

1+ kzP(l/Z)'

P(1/z) = (1 + k:1z> P(1/kz) and hence P(1/kz)=

Thus
S(kz) = P(kz)P(1/k2)(1 + kz)

= (14 2)P(:)P(1/2), j“_zkz

=(1+2)P(2)P(1/2)kz
= kzS(z).

(d) Using (c) we have

(1+k2)

S(arkz)---S(ankz)
S(b1kz) -+ S(bpkz)
kai1zS(a1z) -+ - kanzS(anz)
kb1zS(b1z) -« - kbpzS(bnz)

ai---Qan
M(Z)blmb = M(z)

M(kz) =

since we assumed aj - --a, = by ---by,.
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(e) Let w € C be such that k = expw. Since |k| > 1 the numbers w and 27i are
linearly independent over Z. We cannot find m and n such that mw + 2mwin = 0.
Indeed, if there are such m and n, then €™ = e 2™ = 1 and so k™ = 1
contradicting the assumption |k| > 1. Moreover, we have

G(z 4+ mw + n2mi) = M (e* Tty — M (e#Tm) = M(k™e?) = M(e?) = G(2)

where we used (d) with e* in place of z. Thus, G(z) is bi-periodic since w and 27
are linearly independent over Z. O

Solution of Ezxercise 13.1.3. It follows from the proof of Exercise 3.6.2 that the
convergence of the family of functions is uniform on compact sets, and therefore
the limit is analytic. ]

Solution of Ezxercise 13.2.1. Let L > 0. We have, with z = x + 1y,

2 . 2 _ 2
T TH+2Tinz n”ImT | e 27y <e ™ ImT | 627r|n\L

le |=e
for |y| < L. We now show that the series converge uniformly in every band of the
form |[Imz| < L, L > 0. For L fixed, there exists ng € N such that

2rL mlmT
In| >no — | | <
n 2

Thus for |n| > ng we have

.2 . 2 _ _nZximr
mn T+2minz n-ImT e 2mny S e P

le =€
Therefore the series converge uniformly on each band of the asserted form, and
is an entire function of z.

2minz

(13.2.1) follows from the periodicity of the exponentials e
(13.2.2) is proved as follows:

. Equality

. 2 .
19(2 + 7 7_) _ E eimn T4+2imn(z+7)
ne”z
. 2 .
= E e/ H2m)H2ming o and, completing the square,
ne”z
— E eiﬂ‘r(n+l)2+27rinz—i7r7'
nez
— e—iﬂ'T—2ﬂ'iz . E eiTrT(n+1)2+2ﬂ'i(n+1)z
ne”z
—i7rT—27rizq9(

=e Z,7T).
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We now prove (13.2.3). Using (13.2.2) with z = '7 we obtain
1 1-—
19< —;_T,T>_19( 2T+T,T>
— mimT—2mi' T g L—7
c ( T

. 1—
=e Y < 5 T,T) , and, using (13.2.1),

:—19<1;T—17T>
—19(1;7—,7>7

and hence the result since 9 is an even function of z. O

Solution of Exercise 13.2.2. We already know from Exercise 13.2.1 that 9 vanishes
at the point 1;”, and hence, because of (13.2.1) and (13.2.2) at all the points

147

9 +m+T1n, m,neEZ.

The entire function ¥(z, 7) may vanish a priori for some points on the paral-
lelogram with nodes 0, 1, 7 and 1+ 7. By making a small translation by a complex
number a, we obtain a parallelogram P,, with nodes a,1+a, 7+ a, 147+ a, which
still contains H;, but on which ¢ does not vanish. We have

/ / /
/ ﬁ(z,T)dZ:/ 19(Z7T)dz+/ ﬁ(z,T)dZ
- 19(23 T) la,1+a] 19(23 T) [14-a,1+74a] 19(23 T)
/ /
+/ ) (27T)d2+/ 9 (Z,T)dz
[14-a+7,a+47] 19(23 T) la+7,a] 19(27 T)

since ¢ has period 1 with respect to z (see (13.2.1)), the function %, is also periodic
with period 1 with respect to z and we have

/ / /
[ e | T V()
la+T,a] 7.9(2, T) [14a,1+7+a] 7.9(2, T) [14+a+7,14+a] 7.9(2, T)

Thus the second and fourth integrals on the right side of (13.6.1) cancel each other.
We now compare the first and the third integral, taking into account (13.2.2). Using
for instance the property (4.2.3) of the logarithmic derivative, (13.2.2) leads to

(13.6.1)

Y(z+1,1)  V(z71) -
= — 2.

Hz+7,7) I(z,7)
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It follows that
/ ’
/ ﬁ(z,T)dZ:/ ﬂ(z+T,T)dZ
[14+a+T7,a+7] 19(2, T) [14-a,a] 19(2 + 7, T)
’
(T e
[1+a,a] 19(27 T)
/
:—/ 19(27T)dz—|—2m'.
la,14a]

Thus the first and the third integral in (13.6.1) sum up to 27, and so

1 ¥ (z,7T)

dz = 1.
27t Jpg 9(2,7) N

Since ¢ is entire, it follows from (7.3.5) that “2’7 is the only zero of ¥ in P,, and
hence the result. O
Solution of Ezercise 13.3.1. We define a function g in C\ (—o0, 0] by

9(¢) =f(

Inp+ 0
211

) . with ¢=pe?, e (—=m,m).

For ¢ = €?™ and 2 in the strip |z| < 1/2 we have

9(e*™) = f(2).

The function g is analytic in C\ (—o0, 0]. Take z < 0 to be a point on the negative

axis. We have | )
. nx 4+ m
lim g(<):f< . )

(—ax 271
Im (>0
and | )
nr-—am
li = .
fim 9(C) =1 < 2mi )
Im (<0

The fact that f is periodic with period 1 leads to the continuity of g on (—o0,0).
Using Morera’s theorem we conclude that ¢ is analytic in C\ {0}, and therefore
has a Laurent expansion, which converges uniformly in every ring of the form
r < |¢] < R (r and R are strictly positive numbers such that r < R):

Q(C) = Z cn(
nez
Thus,
1) = g(e¥%) = 3 cemn,
nez
where by analytic continuation, z is arbitrary in C, and where the convergence is
uniform in every closed horizontal strip. ]
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For more on the subject, see for instance [42, Exercise 11.10, p. 365], [75, Ex-
ercice 34.10, p. 307], [193, pp. 106-107]. As an application of the previous exercise,
prove the following result (see [193, (2.23-12) and (2.23-13), p. 108]):

1 {—i(l +23°%° 2mnz) Imz >0,

tanmz | i(1+230° e 2™%) Imz < 0.

Solution of Ezercise 13.3.2. We follow [162, pp. 3-4]. In view of Exercise 13.3.1 we
look for f, not identically vanishing, and of the form

f(z) = ca(r)e®™me. (13.6.2)
nez

The condition
flz+71)=e"Tf(2)

Z Cn(T)e%rin(z-i-‘r) _ 6az-i—b Z Cn (T)eQTrinz.

newz neZ

leads to

Replacing z by z + 1 in this expression we obtain (since we assume f # 0)

e’ =1

9

that is, a = 2miky for some ko € Z. Comparing the coefficient of €27"* we have

Cn (7_) = Cnky (T)e—2ﬂ-in~reb = Cnky (T)eb+27rn Im Te—2ﬂin Rcr.

When kg > 0, the coefficients ¢, (7) go exponentially fast in modulus to infinity,
and the series (13.6.2) diverges. We leave it to the student to consider the cases
ko =0 and ko < 0. O

Solution of Ezxercise 13.3.3. The function ¢ is meromorphic in the plane since it
is the quotient of two entire functions. Since f has period 1, all the functions
f(z —ay) and f(z — b,) have also period 1, and so has the function ¢q. We now
show, using the second equality in (13.3.1), that ¢ has also period 7. We have

N
fz+71—ay,
aetr)= l_Ilf((Z+T—bn))
N

Tp e )
= ea(z_b")+bf(z —bp)

eaNz—a(Zf:1 an)+Nb
T paNz—a(XN_, by)+Nb q(2)
= q(2),

in view of (13.3.2). O
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The student will recognize in (13.3.2) a condition similar to (13.1.1) in Ex-
ercise 13.1.1.

Solution of Exercise 13.4.1. Let z = x + iy. We have

|tz—1| _ |e{(z—1)lnt}| _ e(m—l)lnt — tw—l.

The integral fol t*=1dt converges for x > 0, and so the integral fol t*~le~tdt con-
verges absolutely for Rez > 0. As for the convergence at infinity of the integral

(3.1.11)
/ t*~tetdt,
0

we proceed as follows (the same argument will be used later in the solution of
Exercise 13.4.2): Write

pr=ly—t _ e{((w—l) It —l)t}.

For a given x > 0, there exists M > 0 such that

Int 1
tzM:>‘(x—1)n <.
t 2
Then,
Int Int 1
-1 —1< —1 —-1< -
@-" — 1= -1,
and we have - -
/ tm_le_tdtg/ e 2dt < oo.
M M
Finally, equation (13.4.2) is proved by integration by parts. (Il

Solution of Exercise 13.4.2. We follow the method given in the hint after the ex-
ercise. By Theorem 6.2.3 each of the functions I';, is analytic in Re z > 1. Further-
more, for z € K we have

/ h tz-le—tdt’ = / M-ty / T gy
n - n n

For a given M there exists ng such that

M—-1)Int 1
(O =t _

t>ng=—=0< ,
2 o / 9

and therefore, for n > ny,

o0 o0 +
/ tz_le_tdt’ < / e 2dt -0, as n— oo.
n n
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Similarly, still for z =z + iy € K, we have

1/n 1/n
/ tz—le—tdt < / e(m—l)lntdt
0 0

1/n
= / " ldt
0

1 1
<

nm® ~ m-nm’

It follows that, for n > ny,

Rl 1
e 2dt +
m

IT(2) - T(2)] < /

. mm
n n

uniformly in K (and in fact uniformly in the band m < z < M), and so I is
analytic as the uniform limit on compact sets of analytic functions. O

Solution of Ezercise 13.4.3. We follow [23, p. 119]. In view of (1.2.6), we have
that, for every t € [0, 00),

lim f,(t) = e "> 1,

n—0o0

Moreover, in view of item (a) in Exercise 3.2.6,

t n
|fa(t)] < <1 - ) t7h < el
n

The dominated convergence theorem (see Theorem 17.5.2) leads to

lim Oofn(t)dt:/oo(lim Falt))dt

o0
= / e P tat
0

=T(z).

It remains to show that

" t\" nln?
1— T — .
/0 ( n) 2(z+1)-(2+n)
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As suggested in [23] this is done by repeated integration by parts. Indeed, we have
" t\" n " "t
/ <1— ) >~ dt = / <1— ) dt
0 n n Jo n z

_ n n—2 z+1
_ n(n —1) / L t t it
n? 0 n z(z+1)

nn—1)---2 /" et (n=1)
nn—1 0 #2(z4+1)--(24+n-1)
n! ntn

n®z(z+1)---(z+n—1)(z+n)
nln®

:z(z+1)~-~(z+n)' =

Solution of Ezercise 13.4.4. (a) The first equality follows directly from the change
of variable t = \/u. Indeed,

/ e‘tQtz_ldtZ/ ey st M :F(Q).
0 0 2\/U 2

(b) The other two integrals are computed using Cauchy’s theorem as follows.
Consider the function of the complex variable s defined by

f(S) — eis—&-(z—l)lns’
where In s is the principal branch of the logarithm in C\ (—o0, 0], that is
Ins=1Inp+ b,

where s = pe?® with 6 € (—m, 7). We consider the closed path consisting of the
following four parts:

(i) The interval [r, R], with 0 < r < R < 0.

(ii) The arc of circle Cr parametrized by

Yr(u) = Re™, wu € [0, ;T} .

(iii) The interval [iR, ir].

(iv) The arc of circle ¢, parametrized by
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By Cauchy’s theorem, the integral of f on this closed path is equal to 0. On the
other hand,

R oo
f(s)ds :/ et dt —>/ ett* L,
r 0

as r — 0 and R — oo, and, with the parametrization v(t) = it, with ¢ € [R, 7],

/ f(s)ds =/ e~ tHEmDUnt+is) gy
[iR,ir] R

R
_ _ei(z—l)’zr / e_ttz_lidt
r

[ R]

- R
= —e_zge”g/ et idt
T
— —e¥21(2)
asr — 0 and R — co. We now show that

lim/ f(s)ds=0 and lim f(s)ds =0. (13.6.3)

r—0 R—o0 Cr

The first of these limits is computed as follows:

/C s

/2 )
iw . s
_ _/ eire +(z—1)(lnr+1u)rzezudu
0

/2
< eltmzls / eIy dy (13.6.4)
0
< ™ FelImz|]
— 0,
as r — 0. In the computation we have used that, with z = x + iy,

|e(z—1)(lnr+iu)| o= e(w—l)lnr—yu < rwe\lmz|g7

since e ¥* < elvlv < elt™m21%  In computing the limit (13.6.4) we have used that
x > 0. To show that the second limit goes to 0 we make use of the fact that x < 1.
Making use of (5.9.5) and of (13.6.4) with R instead of r we have

/c J(syas

as R — oo since x < 1. Therefore we have

o0 . .
/ ettt = 2 T(2).
0

P T
§e|Imz|2 RIR—>O7
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Take first z = = real. Comparing the real and imaginary parts of this equality we
obtain the asserted formulas for # > 0. They extend to complex z with = € (0,1)
by analytic extension. ([l

Solution of Ezxercise 13.4.5.
(1) To compute the integral

[T ([ awne )

we make the change of variable (u,t) — (u,uv). The Jacobian matrix (see (4.2.7))

is equal to
1 0
J(u,v) = <v u) .

and det J(u,v) = wu. Thus, by the theorem on change of variables for double
integrals, we can write:

[T ([ ane ! Ya= [T [T utea
_ </0°° uz—lfl(u)du> (/0“ vz_lfQ(v)dv> |

where the various interchanges of integrals are done using the dominated conver-
gence theorem.

(2) In the case f1(u) = fa(u) = e~ we have:

o d
= / e~ Vity) vv (with the change of variable u = v/tv)
0

= e~2Vteoshag, (with the change of variable v = %)
= 2K,(2V1),
with -
Ko(z) = / e-reoshagy, (13.6.5)
0

O

Remark 13.6.1. The function K defined in (13.6.5) is the K Bessel function of
order 0. See, e.g., [50, p. 7 and p. 50]. We have

/Ootz_12K0(2\/t)dt = (T'(2))% (13.6.6)

0
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Setting z = n + 1 in the previous expression gives

/ t"2Ko(2Vt)dt = (n!)?. (13.6.7)
0

This fact is used in [13, 16] to study (and in particular give a geometric character-
ization of the elements of) the reproducing kernel Hilbert space with reproducing
kernel

Solution of Ezxercise 13.5.1.

(1) For y = 0, (13.5.5) is the value of the Gaussian integral, which we assume
known. See the discussion after (5.2.6). The integral under consideration is an
even function of y, and we take y > 0. We give to I'p the positive orientation.
We then have the following parametrizations for the components of T'r (we do not
stress the dependence on y in the notation):

1.r(t) =t, te€[-R,R|

Yo,r(t) = R+it, te€l0,y],

v3,r(t) = —t+1iy, te€[-R,R],
Ya,r(t) = —R+i(y—1), te[0,y]

. _2 . . . .
Since e~*" is defined by a power series centered at the origin, and converging in

all of C, it has a primitive in C and we can write
/ e *dz=0, VR>0,
T'r

that is,

/ e‘zzdz—k/ e‘zzdz—k/ e—ZdeJr/ e *dz=0, VR>0. (13.6.8)
Y1,R Y2,R V3, R Y4,R

We have
2 Y 2 . 2
/ e *dz| = / e~ (FT+2Rti—t )idt‘
Y2,R 0
< /?! e B+ gy
0
_R2 Y t2
=e e dt — 0 as R — cc.
0
Similarly,
Rlim e~ dz = 0.
— 00

Y4,R
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Therefore letting R — oo in (13.6.8) and using the value of the Gaussian integral
we obtain

e_yz/e_tzdt:e_yQ\/W:/e_th_Mydt. (13.6.9)
R R

See for instance [206, p. 43].

(2) Using the dominated convergence theorem and the power series expansion
of e=2Y we rewrite (13.6.9) as

Jr <§(_l)uy;"> - 2 (_ii!y)n </R e‘tQt”dt> :

The odd moments vanish. Setting n = 2u in the equality above and comparing
the coefficient of %" we obtain the even moments:

\/w(_ull)u = (_1)(;;!2)% (/R e_t2t2“dt> . ou=0,1,...

and hence
(2u)!

ey (13.6.10)

/ e g =/
R
Remark 13.6.2. The right side of (13.6.10) can be rewritten as

— 1\
7_l_(2u nn
2u

Vv

where nll =n(n —2)(n —3)---.
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Chapter 14

Some Useful Theorems

In this chapter we collect a number of results from real analysis, which are useful
to solve the exercises. The results presented are along one main theme: How to
interchange two operations in analysis (for instance order of integration in a dou-
ble integral, integration of a function depending on a parameter and derivation
with respect to this parameter,...). Most, if not all, of the results, can be proved
by elementary methods, but are also special cases of general theorems from the
theory of integration (such as the dominated convergence theorem, Fubini’s the-
orem,. .. ). Some aspects of this theory are reviewed in Chapter 17. Finally, note
that we consider complex-valued functions. The results are easily derived in the
complex case from their real counterparts. In fact, they are sometimes still valid
for functions and sequences with values in a Banach space or a Banach algebra,
but a discussion of this latter point is far outside the framework of this book.

14.1 Differentiable functions of two real variables

We here recall the definition of a differentiable function of two real variables. The
case of functions with domain and range inside Banach spaces is given in Section
16.1. See Definition 16.1.13.

Definition 14.1.1. A real-valued function ¢(z,y) defined in a neighborhood of the
point (zg, yo) € R? is said to be differentiable at (zo, yo) if there exist real numbers
a and b such that

t —t —a(x — @) — by —
xlgg (,y) — t(zo,Yo) ;(37 o) . (Y — %) —0 (14.1.1)
Y=o’ V(& —20)% + (y — vo)
It is well known that a necessary (but in no way sufficient) condition for
differentiability at the point (zg,yo) is that ¢ has first-order partial derivatives at
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this point. The numbers a and b are unique and equal to

ot ot
a= ax(ﬂb"oayo) and b= ay(wmyo)

Differentiability can be written in an equivalent way as follows: The function
t admits first-order partial derivatives at the point (xg,yo) and there exists a
function E(x,y) such that

ot ot
t =t — —
(z,y) = t(zo,y0) + (= Io)ax(zoayo)+(y yo)ay(l’o,yo) (14.1.2)
+ /(@ = 20)? + (y — y0)*E(, y)
and
L E(z,y) = 0.
Y—Yo
The function E(x,y) is uniquely defined, and is equal to
t(z,y) — t(zo, o) — (z — 20) 5% (20, o) — (¥ — Yo) 5 (x0, y
Ble.y) = (z,y) — t(zo,y0) — (z — 20) 5, (T0,Y0) — (¥ — Yo) 5, (zo 0). (14.13)

V(@ = 20)% + (y = yo0)?
Condition (14.1.2) is often more convenient that (14.1.1) to work with.

The following classical counter-example shows that continuity of the function
and existence of partial derivatives at a given point do not imply differentiability
at that point.

Example 14.1.2. Let

T

o) - miy if (x,9) # (0,0),
’ 07

if (z,y) = (0,0).
Then, t is continuous at the point (0,0), but is not differentiable there.

Discussion. The continuity at the origin follows from the inequality

22 + 42
2 _\/z2+y2

Va2 + y? 2

The partial derivatives at the origin exist and are equal to 0, as follows from

[t(z,y)| < (z,y) # (0,0).

Hw,0)=1(0,0) _ . H0.y) = #(0,0)
T Y

0.
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On the other hand, ¢ is not differentiable at the origin since
t(xz,y) —£(0,0) = t2(0,0)x — ,(0,0)y _ =y
Va2 + y? a2+ y?
This last expression vanishes for = or y equal to 0, and is equal to 1/2 for x = y.

Therefore, it has no limit as (z,y) — (0,0).

In Example 14.1.2 the partial derivatives are not continuous at the point
(0,0). A sufficient condition for differentiability is given in the next theorem:

Theorem 14.1.3. Assume that the function t admits partial derivatives in a neigh-
borhood of (xo,y0) and that they are continuous at the point (zo,yo). Then, t is
differentiable at the point (zo,yo).

See for instance [45, p. 67] for a discussion.

14.2 Cauchy’s multiplication theorem

The following result is due to Cauchy. It is also called the Cauchy multiplication
theorem. Equality (14.2.2) can be obtained under weaker notations; these are then
results due to Mertens and Abel; see [112, p. 199]. First some notation: For a
sequence a = (@ )nen, We set

@)l =) lanl.
n=0

Furthermore, if b = (b )nen, is another sequence, the convolution, or the Cauchy
product, of the sequences a and b is the sequence defined by

(axb)y, = i b,
m=0

The convolution of two sequences has appeared a number of times in the book, in
particular in the setting of discrete signals, see Section 11.4.

Theorem 14.2.1. Let a = (an)nen, and b = (bp)nen, be two sequences of numbers
such that ||a||l1 and ||b||1 are both finite. Then

l|a*bl[x < lallx - [|b]|1, (14.2.1)

i ( y apbn—p> = <i an> <§: bn> : (14.2.2)

and
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Proof. Inequality (14.2.1) follows from (14.2.2) since

n
lenl <D lag - lbn—j1,
j=0

and hence, for N € Ny,

N N n N N
D oleal <30 agl-Ibasl = lagl | D bl
n=0 j=0 n=j

n=0 j=0

N o)
< gl [ Iba (14.2.3)
=0 n=j

_ éw @J"’”')S gw @Jw)-

It follows in particular that the series (¢p)nen, converges absolutely. To compute
its sum, we will first assume that > - a, # 0; by replacing a,, by

An,
Z;O:o ap’

we may consider the case where

i a, = 1.
n=0

Set cn = >, apbyn—p. Then

noJ
co+-~-+cn:ZZapbj_p

n—p (14.2.4)

g apBp_p
p=0

aoB, +a1Bp_1 + - -+ + apBo,

where

P
B,=> b, p=01,...,n
=0
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We have -
1Byl <> Ibjl, Vp €N,
=0

Let B = Z;io b;, and fix a ng € N. We have, for n > ny,

co4--4¢y —B=agBy+a1By_1+ - +a,By— <Z am>B (14.2.5)
m=0

no n [e'e]
= Zaj(Bn_j — B) + Z (ljBn_j - B Z Q;
j=0 j=no+1 j=no+1

Given € > 0 choose ng such that

o0

Z la;| < e

j=no+1

and
n>nyg = |B,— B|<e.

Let M be such that |B,| < M for all n € Ny, and take n > 2ng. Then n — j > ng
in (14.2.5), and we obtain

lco4 -+ cn— B| <e Z|aj| + (M +|B|)e,
=0

and hence the result.

Assume now that Z;io aj = 0. We want to show that

i Cj = 0.
j=0

We replace ag by ag + 7 for some 1 # 0. We denote by ¢’ the convolution of this
modified sequence and of b. We have now

co = (ap + n)bo,
¢y = (ap + n)by + aibo,

By (14.2.3) the series ¢, and hence the series ¢/, converges absolutely. Furthermore,

icﬁl =7 (ibn> +icn.
n=0 n=0 n=0
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From the first part of the proof we have
D =
n=0
Therefore ) ° ¢, = 0, that is, (14.2.2) also holds in the present case. O

14.3 Summable families

Let J denote some set. Recall that a family (a;);es of complex numbers indexed
by j € J is called summable if there exists a complex number L such that for
every € > 0 there exists a finite subset Jy C J with the following property: For
any finite subset J; O Joy,

— E aj| <e€.
JEJ1

In the present book, the concept of summable family is of importance in particular
in the definition of the Weierstrass function p. See Exercises 3.6.2 and 13.1.3.

Typically, the set of indices is equal to J = N2. In this case we have:

Theorem 14.3.1. Let (a¢k)ekenz be a sequence indexed by N2, and assume that

Z <Z |a4k|> < oo.

£=0

Then
Sl

and the family (al,k)(z,k)eNg is summable. Moreover, its limit can be computed
using any ordering of the indices. In particular,

L= g (g am> = Z <Z ag k) (14.3.1)

k=0

This result can be used to prove that the function

satisfies (1.2.4):
et =P 2 e C
) .
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Indeed, define

l k—4
21 g :
fk>/¢
ap=14 0 k=0 "0
0, otherwise.

This family satisfies the condition of the theorem since
SYLS |Zl| 2"
> { S| =33
¢=0 (k=0
_ Z |zl| {Z |2 }
— Z |Z£'| eIZQI
=0

= elalel?2l < oo,

The same computation without the absolute values leads to

and hence e*1e?? = e*11%2,

The example (see [63, p. 97])
if 0 £k
0 ifl=k

where ¢ and k belong to Ny, illustrates what can happen when less stringent
hypotheses are set on the family. We check that

Z(g@ :_z@m) ‘o

£=0 k=0
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As proposed in [63, p. 97], we first show that

> -3
E Atk = 42 (14.3.2)
k=1

for £ > 1. Indeed, writing

L1
02—k 20\ l+k L=k

for any integers N, £ such that N > ¢, we have®
N N+L
1 1 1 1
= - - . 14.3.
Zazk %{ ¢ 2€+ k} (14.3.3)
k=1 k=N—(+1

We first consider the case N = ¢+ 1; (14.3.3) becomes

41 1 1 1 2@—‘,—11
Zaék:Qﬁ{_f_Qg—'_Zk}. (14.3.4)

To prove (14.3.4) we write:

{+1 l+1

1 1 1
;‘”’“:Z% <€—k+€+k>

k=1

Tor 1t 1T Tt o1 T

20+1
1 1 1 1
= — — —+ E s
20 2 k

where the canceling terms 21€ — 21€ and ; — ; are added since ayy = 0 and since

the sum begins at k = 1. Note also that the terms | and | cancel each other.

1 1 1 1 1 1}

8For instance, for £ = 5 and N = 8 we have
1 1+1+1+1+1+1
as =
P 014 "6 37 278
—H—l—1 1+1 1+1 1+1
9 1 2 12 3 13)’

and the sum in brackets is equal to: —1/5 —1/10 + Zi3:4 1/k.
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For a given ¢ we now prove (14.3.3) for all N > ¢ by induction as follows.
Assuming the formula true at rank N we have at rank N + 1:

1 1 1 N+1+4 1 71 1 1 N+€+11
20y e 2wt 2 h(Ta) e wt 2k

k=N+1—£+1 k=N—(+2
1 1
2 ¢
1
TN+1- (TN +14+4)

1 N+¢ 1
vt 3 i)
Using the induction hypothesis at rank N this last sum is equal to:

k=N—(+1

N+1

N
Z gk + 2 Z Ak
k=1

which proves the induction hypothesis at rank N + 1.
Letting N — oo we obtain (14.3.2). Thus,

> (Zaek> =Zaoz«+2{aeo+2m}
=0 k=0 /=1 k=1
2 &K/ 3
- +ZZ (€2 - 4£2>

=1

_ T
6 46 ’

The result follows since apy = —ag.

Other counterexamples may be found in [115, pp. 124-127]. For instance (see
[115, 7.25, p. 125]), the family

1, if £ =k,

1 .
Utk =4 = op_r- ifl <k,
0, it 6>k,

where £, p € Ny, is such that the series

0
E 773
k=0

converges for every ¢ € Ny, and the series

0
E 773
£=0
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converges for every k € Ny. Furthermore, both the series

Zzagk and Z Zagk

—0 k=0 k=0 ¢=0

~

converge, but we have:

ZZaek:2 and ZZGMZO.

=0 k=0 k=0 £=0

14.4 Welerstrass’ theorem

In this section we present theorems on interchanging limit and integral. The first
result is quite easy to prove. The second, albeit a particular case of the first, seems
more useful and is called the Weierstrass theorem.

Theorem 14.4.1. Let (fn)nen, be a sequence of functions continuous on a finite
closed interval [a,b] and converging uniformly to a function f. Then

b

b
lim fn(x)dx:/ (nh_{rgo fn(x))d.

n— oo

We note that, in view of the uniform convergence, lim,,_,~, f, is continuous on
[a, b] and so the integral on the right side exists. Since a uniform limit of Riemann
integrable functions is still Riemann integrable, continuity may be weakened to
Riemann integrability in the above theorem. A counterpart of Theorem 14.4.1
without uniform convergence is not possible since the pointwise limit of continuous
functions need not be Riemann integrable (but see Theorem 17.1.3 below and the
related discussion there). One has then to resort to Lebesgue integration. See
Chapter 17. See also the discussion after the following theorem.

Theorem 14.4.2. Let [a,b] C R, and let (fn)nen, be a sequence of continuous func-
tions from [a,b] into C. Assume that there exists a sequence of numbers (My)nen,
such that

max |fn(z)| < M,, and M, < oo. 14.4.1
nie | () > (14.4.1)

n=0

b oo 0o b
[ e =" [t (14.4.2)
@ n=0 n=0"%

The hypothesis insures that the function

Then

x5 Y ful) (14.4.3)
n=0
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is continuous, as a uniform limit of functions continuous on the interval [a,d]. In
particular the integral on the left-hand side of (14.4.2) makes sense. As in The-
orem 14.4.1 the functions f,, may be assumed Riemann integrable. The function
z Y. fo(x) is Riemann integrable, and Theorem 14.4.2 still holds. The func-
tion (14.4.3) is in fact Lebesgue integrable. If one leaves the realm of the Riemann
integral and goes to the setting of measurable functions and of the Lebesgue inte-
gral, much more general theorems hold; in particular Theorems 14.4.1 and 14.4.2
are special cases of the Lebesgue dominated convergence theorem; see Theorems
17.5.2 and 17.5.4 respectively.

14.5 Weak forms of Fubini’s theorem

Fubini’s theorem, that is, interchanging order of integration in double integrals,
appears in particular when one proves analyticity using Morera’s theorem. The
general result involves measure theory. We here give two versions of this theorem,
both set in the framework of continuous (rather than measurable) functions.

Theorem 14.5.1. Let f(t,s) be a complex-valued function continuous for t,s €
[a,b] X [e,d]. Then

/ab </cdf(t7s)ds> dt = /Cd </abf(t, s)dt) ds.

Either integral then coincides with the double integral

// f(t,s)dtds,
la,b] x[c,d]

see any course on advanced calculus for a definition of the latter.

As a corollary we have the following result, which is used in particular in the
proof of Theorem 6.2.3.

Theorem 14.5.2. Let 2 be an open connected set, and let F(z,s) be a function
continuous in (z,s) € Q x [e,d]. Let v : [a,b] — Q be a path in Q. Then

L </Cd F(z, s)ds) dz = /Cd (L F(z7s)dz> ds. (14.5.1)

Theorem 14.5.1 cannot be used to study for instance the Gamma function
(3.1.11). For such cases, we will need the following result (see also the Majorant
criterion in [188, p. 48], which can be easily obtained from Theorem 14.5.3)):
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Theorem 14.5.3. Let f(t,s) be a continuous function on R x R, and assume that

/]R (/R £, s)|ds> dt < oo. (14.5.2)
[ ([ iresiar) as <.

and the double integral ffRz f(t, s)dtds converges and can be computed as

/W f(t,S)dtdsz/R</Rf(t,s)ds> dt:/ﬂg(/kf(t,s)@ ds.

14.6 Interchanging integration and derivation

Then,

Interchanging integration and derivation occurs in particular when studying func-
tions defined by integrals. We mention two useful results.

Theorem 14.6.1. Let f(t,s) be a continuous function on [a,b] X (¢,d) and as-
sume that g{: exists and is continuous on [a,b] X (¢,d). Then, the function g(s) =

b f(t,s)dt is differentiable with respect to s and
I p

b
g’(s):/ g‘z(t, s)dt.

See for instance [63, (8.22.2) p. 179].

The case where [a, b] in the previous Theorem is replaced by [0, 00) (or more
generally, by a non compact interval) is more involved. A proof of the following
theorem uses the dominated convergence theorem (see Theorem 17.5.2 for the
latter).

Theorem 14.6.2. Let f(t, s) be a continuous function on [a,c0) X (¢,d) and assume
that g§ exists and is continuous on [0,00) x (¢,d). Let sg € (¢,d) and let (hp)nen
be a sequence of numbers with limit 0 and such that so + hy, € (¢,d) for allm € N.
Assume that there is a function g(t) such that

f(t, 80+ hn) — f(t,50)
I

<g(t), n=1,2,..., and / g(t)dt < oo.
0

Then, the function g(s) = fooo f(t,s)dt is differentiable with respect to s at the
point sg and

'(50) = t, so)dt.

g'(s0) ; 5 (1r50)
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14.7 Interchanging sum or products and limit

The following result, due to Tannery (see [120, Appendix] for a discussion and
applications), is useful for instance to prove that

I AN
Jim (14 N) —¢*, zeC. (14.7.1)
It is also used in Exercise 3.7.16.

Theorem 14.7.1. Let (¢un)n,N=1,... be a doubly indexed sequence of complex num-
bers with the following properties:

(1) for every N € N, the limit

. def.
lim ¢,y = ¢p
N —o00

exists, and
(2) there is a sequence (dy)n=1,... of positive numbers such that

o0
lenn| < d, and Zdn < 00.
n=1

Then, it holds that

A direct proof of this fact is done as follows. Fix € > 0. We first note that
the series Y | ¢, is absolutely convergent since

Nli_1>nm|an| = |A}i_r>nooan| =len| <dn, n=1,2,....

Since |¢,n| < d,,, there exists ng such that, for all N € N,

o0

n>nyg — Z lenn| < e

n=ngo

The important point is that ng does not depend on N. Since Y~ | |¢, | is absolutely
convergent, we can suppose that ng is also chosen such that

o0

Z len] < e

n=no+1

We now write

no 00

e’} e’} e’}
doenn =) =D (ean =)+ D ew— D en
n=1 n=1

n=1 n=no+1 n=no+1
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and choose Ny such that, for all n € {1,...,no},
N > Ny = |ecan —cn| <e.

Thus for N > Ny, we have

o0 o0
D v =D en
n=1 n=1
and this concludes the proof. For a related discussion, see for instance [112, pp.

198-199] and [53, pp. 207-209]. We can also view this theorem as a consequence
of the dominated convergence theorem (see Theorem 17.5.2), with the measure

< (no + 2)67

p{int=1, n=1,2,....
In the case of (14.7.1) we have (see [112, p. 200])
’I‘L—l(l _ Y4

n =1 NI on=1,2,...,

con =1 and ¢,y ==z
n!

(note that ¢,y = 0 for n > N), and the conditions of the theorem are readily seen

to hold, with
n 2 n
Cn:z and dn:(|z|) .
n! n!
We denote by In(1 + z) the function analytic in the open unit disk which takes
value 1 at the origin and such that

exp(In(l4+2)) =142, =zeD.
See Exercises 4.4.13 and 6.3.1 for the latter. Using the bounds

|;| §|ln(1+z)|§3|22|, for |2 <1/2,

(see [5, p. 192] and Exercise 4.4.13), we deduce easily the following result from
Theorem 14.7.1.

Theorem 14.7.2. Let (ann)n,N=1,... be a doubly indezed sequence of complex num-
bers, with the following properties: For every N € N it holds that:

o0

n=1
and
(2) the limit
. def.
lim a,ny = ap
N—oo

exists, and
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(3) there exists a sequence of positive numbers d,, such that

lann| < d, and Zd” < 0.

n=1

Then, the product T[]~ (1 + a,) converges absolutely, and we have

oo

lim (I+ann) =

N —o0

2

1+ ay).

n=1 n=1

Proof. Using the estimates (4.4.18), we see that one of the series

iln(1+an1\;) and iam\r,
n=1 n=1

converges absolutely if and only if the other converges absolutely, and similarly

for the series - -
Z In(1+a,) and Z .
n=1 n=1

Using Theorem 14.7.1 we see that

N —oc0 —

lim Z In(1+4 ann) = Z In(1 + ay).
n=1 n=1
The result follows since

H?:1(1+an1v): - {oo In(1 + any) — 3 In(l1+a )} U
Mo+ an) — P2 Py



Chapter 15

Some Topology

Topology intervenes in complex variables at various levels. First of all analytic
functions are defined in open sets. Connectedness plays a key role in the proof of
the uniqueness theorem for analytic functions. The space of functions analytic in
an open set is endowed with the topology of uniform convergence on compact sets.
This makes this set a metrizable space, and its underlying structure stresses the
role of compactness, and plays a key role in the proof of Riemann’s theorem on
conformal equivalence of open simply-connected sets (different from C itself) with
the open unit disk

15.1 Point topology

Definition 15.1.1. Let E be a non-empty set. A family O C P(E) is called a
topology if:
1. § and E belong to O.
2. O is closed under finite intersection.
3. O is closed under arbitrary union.
A space F endowed with a topology is called a topological space, and the

elements of O are called open. A set F C F is called closed if E\ F is open. A
subset A C E is a topological space when endowed with its induced topology

OA={AN0;0€0}.

Every subfamily M C P(FE) generates a topology O(M) with the property that
it is contained in any other topology containing M. More precisely,

om= [] o
MCO,
O topology
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Of special importance are the notions of Hausdorff, compact, connected, and of
arc-connected spaces and sets. A topological space (E, O) is called Hausdorff if for
every pair of different points x1, 29 € F there exist non-intersecting open sets O
and O such that 1 € O1 and x5 € Os. It is called compact if it is Hausdorff and
if every open covering of E admits a finite sub-covering. It is called sequentially
compact if every infinite sequence of points admits a convergent subsequence. In
general, sequential compactness is not related to compactness (for a counterex-
ample, see [205, pp. 125-126]), but the two notions are equivalent in the case of
metric spaces; see Definition 15.1.4 below. The topological space (F, Q) is called
connected if it cannot be written in a non-trivial way as a union of two open sets.
A subset A of a topological space is said to be connected if it is connected for its
induced topology Oy4.

A function f from a topological space (E1,O;) into a topological space
(B2, Os) is continuous if

YO, C 02, f_l(Og) € 0.

An important fact used in Section 15.6 is:
Theorem 15.1.2. The continuous image of a connected set is connected.

The following application of the previous theorem is taken, together with its
solution, from [38, Exercise 18.9, p. 127].

Exercise 15.1.3. Describe the connected subsets of R and show that there is no
continuous function f such that

f(@Q) CR\Q,
fR\Q) Cc Q.

Hint. The result is striking for Q, but the rational numbers could be replaced by
any countable subset of the real numbers, and the proof would be the same.

(15.1.1)

We also recall:
Definition 15.1.4. A metric on a space F is a map
d: ExE—[0,00)
with the following properties: For all z,y, z € E it holds that:
(a) d(z,y) =0 <= x=uy.

(b) d(z,y) = d(y,z).
(¢) d(z,y) < d(z,2) +d(z,y).

A pair (E,d) where d is a metric is called a metric space.

Inequality (c) is called the triangle inequality.
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Exercise 15.1.5. Let || - ||gs denote the Euclidean norm in R3,

I (u, v, w)||gs = Vu? + 0% + w?, (u,v,w) € R,

Show that the function

d(z,w) = [l¢™'(2) — o~ (w)]|gs (15.1.2)
2|z—w|
VIRl swel,
2|w
= = 15.1.3
1wl z=o00 and w € C, ( )
0, z=w = 00,

where @ is defined by (2.1.2) and (2.1.3), is a metric on the Riemann sphere.

Hilbert and Banach spaces are important cases of metric spaces. The space
of functions analytic in an open set {2 with the topology of uniform convergence
on compact sets is a metric space which is not a Banach space; see Section 10.1.

A metric defines a topology in a natural way, namely the topology generated
by the sets

B(x,p) ={y € E, d(z,y) < p}.

Exercise 15.1.6. Let R with the (usual) topology defined by the absolute value. Show
that open sets are countable unions of disjoint intervals.

Exercise 15.1.7 (see [190, p. 7]). Let [—o0, +o0] denote the real line to which have
been added two points denoted by too (and which do not belong to R). Define a
set O to be open if it is empty or if it is a (not necessarily disjoint) union of sets
of the following forms:

(i) O open in R.
(ii)) {—o0} U (=00, a) where a € R.
(iii) {400} U (b, 00).
Show that this defines a topology. Is [—o0, 00] Hausdorff with this topology?

The absolute value defines a metric on R, and hence a topology. The interval
[0,1] is endowed with the induced topology. The space F is called arc-connected
if for every two points @ and b in E there is a continuous map

~v:[0,1]—FE

such that v(0) = a and (1) = .
Exercise 15.1.8. The set C\ {0} is arc-connected.
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15.2 Compact spaces

We first recall the following fact:

Theorem 15.2.1. Let f be a continuous map from a compact space E into a Haus-
dorff space F. Then, f(E) is compact in the induced topology.

Exercise 15.2.2. Show that the space [—00, 00| defined in Exercise 15.1.7 is compact
with the topology defined there.

The following exercise deals with the Cantor set. See [23, p. 79].

Exercise 15.2.3. Let
12
U f—
0 (37 3> 9

Up = U <3—”—1+i§§,2-3—"—1+zg’;>.
k=1

(517"'7671)6{012}” k=1

and forn > 1,

Let
C =101\ {J Un.
neNp
Show that C' is compact, not countable, but that the total length of the U, is equal
to 1.

We have recalled in Section 10.1 that the space A(£2) of functions analytic in
an open connected set €2, endowed with uniform convergence on compact subsets,
is a metric space. A family F in A(2) is called normal if from every infinite
sequence one can extract a convergence subsequence. One does not require that
the limit belongs to F. The limit always belongs to F if and only if F is sequentially
compact.

15.3 Compactification

We have seen that [—oo, 0] endowed with the topology defined in Exercise 15.1.7
(which contains the natural topology of R) is compact. When we consider the
Riemann sphere, we get a compactification of the complex plane by adding one
point. More generally, given a locally compact space (X, T ), add an element w not
belonging to X, and let X=XuU {w}. In the application in this book, X = C and
T is the usual topology of the plane, and w, the point at infinity, is denoted by oco.

Let 7 C P(X) be defined as follows:
AeT, or,

AeT «— A:)?\K, where K C X is compact, or,
A=X.
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Theorem 15.3.1. The family of sets T defines a Hausdorff topology on )A(, and X
endowed with this topology is compact. Furthermore, the identity is bi-continuous
from (X,T) onto X C X.

The reader can find for instance in [39, Corollaire, p. IX.21] a necessary and
sufficient condition for X to be metrizable: X is metrizable if and only if X is
metrizable and countable at infinity.

For this section, see also [2, Exercice 17, p. 51].

15.4 Plane topology

We now specialize some of the previous definitions in the setting of the plane.

Definition 15.4.1. Let zg € C and r > 0. The set
B(zp,r)={2€C : |z—2| <71} (15.4.1)

is called the open disk with center zg and radius r.

The set
B(zp,r) ={2€C : |z— 2| <r} (15.4.2)

is called the closed disk with center zg and radius 7.

Definition 15.4.2. A subset €2 of the complex plane is said to be open if the following
condition holds:

Vz €, 3Ir >0 such that B(z,r) C Q.

In particular, every open disk is open in the sense of Definition 15.4.2.

The set
C\ (—00,0]

is open, but the set
C\ (—00,0) (15.4.3)

is not. A set will be closed if its complement is open. Another and more direct
characterization can be given in terms of limits. Of course there are sets which are
neither open nor closed, for instance C\ [—1,0).

Definition 15.4.3. A subset V of the complex plane is called a neighborhood of the
point zy € C if there is r > 0 such that

B(z,7) C V.

Neighborhoods of infinity are defined as follows:
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Definition 15.4.4. A subset of the complex plane is called a neighborhood of infinity
if it contains a set of the form

{z |2l > R}

for some R > 0.
A set Q € C will be said to be bounded if
Qc B(0,R)

for some R > 0. Neighborhoods of infinity are example of sets which are not
bounded.

The distance of a point z to a set A is defined to be
d(z,A) = alg£|z —al,
and the closure of the set A is
A = {z € C, such that d(z,A) = 0}.
The boundary of the set A is
0A=AN(C\A).

In C, sets which are both closed and bounded have a special property: They
are compact.

The notion of a simply-connected set plays an important role in solving
global problems in complex variables. Star-shaped sets and convex sets form two
very important examples of simply-connected sets, and will be sufficient for most
applications.

Definition 15.4.5. A subset 2 of the complex plane is called star-shaped if there is
a point zg € (2 with the property

Vz e, [z0,2] C Q.
For z; and 2z in R? we denote by [21, 22] the interval with endpoints z1 and zs:
[21,20] = {z1 + t(z2 — 21);t € [0,1]}.
Definition 15.4.6. A subset 2 of the complex plane is called convez if

Vz,we Q, [z,w] CQ.
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A convex set is in particular star-shaped. One can take any point zg € €2 in
Definition 15.4.5. This example also shows that zp is in general not unique. The
set @ = C\ (—0o0,0] is an important example of a star-shaped set which is not
convex. In this case one can take zy = xg for any zg > 0.

Another important result is Jordan’s curve theorem. Take a circle in the
plane. It is geometrically clear that it divides the plane into two open parts, one
bounded (the unit disk), and one unbounded. Jordan’s curve theorem asserts that
this result is true for any closed simple curve. See for instance [95, p. 68], [118,
Chapter 3].

Lemma 15.4.7. An arc-connected subset of R? is connected. For open sets of R?
the two notions are equivalent.

For a counterexample when the set is not open, take for instance the graph
of the function sin(1/x) together with the closed interval with end points (0, —1)
and (0, 1).

15.5 Some points of algebraic topology

Algebraic topology pops up in the theory of one complex variable as soon as one
wants to make precise how two contours are close to each other. Two fundamental
notions are used, homotopy and homology.

To characterize simply-connected domains in terms of homology or homotopy,
one needs to be able to compute homology or homotopy groups of an open subset
of the complex plane.

Let © be a domain which is not simply-connected. Then, not every analytic
function will have a primitive in €2, and not every non-vanishing analytic function
will have an analytic logarithm. It is important to know a minimal (in a sense to
be made precise) set of closed curves for which the conditions

= res 1'(z) z =
/Cf(z)dz—() (resp.) /cf(z)d 0

ensure the existence of a primitive in €2, or respectively, of an analytic logarithm
for a given function f.

A case of importance is the disk with p holes, defined as follows (see for
instance [102, §5.6, p. 45]): Consider p + 1 Jordan curves Cy,...,C,, and assume
that the interiors of C1,...,C), do not intersect, and are all in the interior of Cj.
The homology group of this set is generated by Jordan curves, say Di,...,D),
such that C; C D; fori=1,...,p, and D,ND; = () for i # j, while the homotopy
group is the free group with p generators (see, e.g., [102, p. 96]).
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15.6 A proof of the fundamental theorem of algebra

The following proof of the fundamental theorem of algebra was given to the author
as an exam problem in the winter of 1974-1975 in the classe de mathématiques
spéciales by Professor Maurice Crestey at the Lycée Louis-le-Grand, in Paris. The
topological facts used in the solution have been reviewed in Section 15.1. In view
of the identification between the complex numbers and R? we denote the points of
R? by the letters z, z1, 2o, . . .. We also note that here the derivative of a polynomial
is defined algebraically via (") = nz"~! for n > 1 and not using the notion of
C-differentiability.

(1) Let 20, ..., 2y be a finite set of points in R?. Prove that R?\ {zo,...,2x} is
arc-connected.

(2) Let f be a continuous function from R? into itself such that, for some Ry > 0,
VR >Ry, 3Ir>0 suchthat: |z] >r=|f(z)| > R. (15.6.1)

Show that the image of a closed set under f is a closed set. Show that every
non-constant polynomial satisfies (15.6.1).

(3) Let @ € C[X] be a non-constant polynomial with Q’(0) = 0:

Q(X)=qo+ @X*+ - +qvX¥,

and define 1
p= . (15.6.2)
L+ 20l hlal
Define a sequence of complex numbers by:
ug =0, u1 = Q(uo), ..., ur+1 = Que),.... (15.6.3)
Show that
lo] < p* = || <p, VL>0. (15.6.4)

Assuming |qo| < p?, show that (us)een, is a Cauchy sequence and that its
limit u satisfies

u=Q(u).

(4) Let P € C[X] be a non-constant polynomial. Let zp € C be such that
P’(zp) # 0. Show that for w close enough to P(zg) the equation P(zp+2) = w
admits at least one solution.

(5) Let

A=Ran P, and B={P(z),z€C, P'(z) #0}.

Using the topological properties of A and B, show that A = C. In particular
0 € A, and the equation P(z) = 0 has at least one solution. It follows
then from the factor theorem (see Exercise 1.5.2) that P has n roots, where
n = deg P.
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Solution. (1) Take two points w; and wo in R?\ {z0,...,2n}, and consider the
interval [wy,w2]. If none of the points z; belongs to this interval, we take this
interval to join wy and wsy. Let now jo be such that z;, belongs to [w1, ws]. There
exists € > 0 such that the closed disk with center z;, and radius e contains no
other points zg, k # jo. We replace the intersection

[wi,we] N {]z — 2j,| < €} (15.6.5)
by one of the half-circles of the circle |z — zj,| = € which join the endpoints of
(15.6.5). Repeating this construction for all the points z; € [w1, wa] we construct
a continuous curve which lies in R?\ {zo, ..., 2x}, and connects w; and ws.

(2) We first recall the following: R? is a complete metric space, and in a
complete metric space, a set is closed if and only if it is complete; see [47, Corollaire,
p. 83]. Let E be a closed subset of R?, and let (2,)nen be a sequence of elements
in E such that (f(zn))nen is a Cauchy sequence in f(E). In particular (f(z,))nen
converges to a point in R? and thus is bounded:

M = sup |f(zn)] < .
neN

Apply (15.6.1) to R = max(Rg, M + 1). There exists r > 0 such that
2| >r = [f(z)| > M +1,

and in particular all |z,| < r since sup, oy |f(2n)| = M. Therefore the sequence
(zn)nen has a converging subsequence, say (zn, )ken, which converges to a point,
say w. Since FE is closed, w € E. Since f is continuous,

im f(zn,) = f(w) € f(E).

k— o0

Since the sequence (f(z,))nen converges, its limit is equal to the limit of any of
its subsequence, and so

lim f(zn) = f(w) € f(E),

n— oo

and so f(F) is closed. Let now
p(z) =po+ - +pnz"

be a non-constant polynomial, with py # 0. For z # 0 we have
p(z) = pnzN (1 +7(2))

where

r(2) 2N N1 z

_ 1 (po p1 pN—1)
PN '
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Let rg be such that
|z] > ro = |r(2)] < 1/2,

and let Ry be defined by

N
ro = 20" (15.6.6)
P
For |z| > r¢ we have
o - 2V
p(z)] > P

from which (15.6.1) follows with Ry as in (15.6.6) and

()
r= .
|PN|

(3) We prove (15.6.4) by induction. For £ = 0 the result is clear. Assume that
the assumption holds at rank ¢. Then

N

[ues1| < lgo| + Z el g
k=2

N
<2+ bl (since |go| < p* and |ue| < p)
k=2

N
=p’ {1 + Zp’“‘QIQkI}
k=2
N
§p2{1+2|qk|} (since |p| < 1)
k=2

N
< {1+ 3 maf -
k=2

Hence
[ues1] < p.

Assuming that |go| < p?, we now show that (u¢)een, is a Cauchy sequence.
We first remark that, for £ > 2,

k-1
Zuiulg:ll_j < kpk_l < kp. (15.6.7)
§=0

We have
w1 — | = |Qug) — Qug—1)| =
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But we have

k—1
uf —uf_y| = e —wea |- | ujup=y | < fup — uga| - Ep,
=0

where we have used (15.6.7). Thus, with

N N
ok
sz{zqu;cl}z SisoMal
k=2

L+ Y00l klaxl

we have
N

Z (]lc(ulec - ulg—l)

k=2

|UZ+1 — Ug| = < K|uz — UZ_1|. (15.6.8)

Since @ is not a constant, we have K # 0 and (ug)een, is a Cauchy sequence.
Indeed, it follows from (15.6.8) that

|U[+1—U@|SK€+1|U1—U0|7 620717

and, for £,m € Ny,

m-+£

[tptmt1 — we] < Z [tup+1 — wgl
k=t

(K€+m+1 —+ . —|—Ke+1)|u1 — Up
K€|’LL1 —’LLO|
- 1-K

IN

Let u = limy_ o ug. Since @ is a continuous function we have
lim Q(ur) = Q(u),
£— 00
and hence v = Q(u) in view of (15.6.3).
(4) The equation P(zp + z) = w can be rewritten as
Qz) ==
where the polynomial @ defined by

w+ 2P'(20) — P(z0 + 2)

Q(Z) = P/(Zo)

is such that Q'(0) = 0. Let
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where N is the degree of P. Note that

=" 50

and that the coefficients ¢a,...,q, do not depend on w. Let p be defined as in
(15.6.2). For w close enough to P(zy) we have

lao(w)] < p?,
and hence, by (3), the equation Q(z) = z has a solution. Thus, for such w, the
equation P(zp + z) = w has also a solution.

(5) We first assume that the equation P’(z) = 0 has solutions. These form a
finite set, say zg,...,2p. The set

C\{P(z0),...,P(zm)}

is open, as the complement of a finite set. By (1), it is arc-connected, and therefore
connected. In view of (2), the set A = Ran P is closed, and hence C \ A is open.
In view of (4), the set

B=A\{P(z0), ..., Plzar)}
is open. We have
C\{P(20),..., P(zm)} = (C\ A) U (A\{P(20),---, P(2m)})-
Since €\ {P(z0), ..., P(zar)} is connected, we have that
A=C or A={P(z),...,P(za)}.

This last possibility is excluded since A is connected (recall that the continuous
image of a connected set is connected). Thus A = C.

Assume now that the equation P’(z) = 0 has no solution. The set A is then
closed thanks to (2) and open thanks to (4). Since A # () and since C is connected,
we have that A = C. O

Remark 15.6.1. Rather than assuming in the last stage of the proof that P'(z) =0
has no solution we can proceed by induction. Since every polynomial of degree 2°
has a root and is the derivative of a polynomial of degree 3, we get that every
polynomial of degree 3 has roots. By induction we get that since every polynomial
of degree n has a root and is the derivative of a polynomial of degree n + 1, every
polynomial of degree n 4+ 1 has a root. So every polynomial has a root.

We remark that the first claim in the problem is a special case of the following
result (see [42, Theorem 1.24, p. 27)):

9We could also begin with polynomials of degree 3 or 4.
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Theorem 15.6.2. Let Q be an open connected subset of C and let A C  without
limit points in Q. Then, Q\ A is connected.

Remark 15.6.3. It is interesting to compare the analytic tools used in the above
proof and the ones used in Question 1.5.1.

15.7 Solutions

Solution of Ezercise 15.1.3. We follow [38, p. 228], and proceed by contradiction.
In view of (15.1.1) the image f(R) is not reduced to a point. It is connected. Since
connected subsets of R are intervals, and f(R) has more than one point, f(R) is
an interval not reduced to a point, and hence is not countable. By (15.1.1), f(R)
is countable, and hence we obtain a contradiction. (I

Solution of Exercise 15.1.5. The map ¢ is one-to-one and onto between C U {oco}
and R?, and therefore

dz,w) =0 <= ¢ '(2)=¢p ' (w) <= z=w.
Furthermore,
d(z,w) = llo7'(2) = ¢ (w)llre = o™ (W) — 97 (2)lre = d(w, 2)
and, for z1, 29, 20 € Sy, we have
d(21,23) = [lp™ (21) — 97 ! (23)l|ms

< o™ (=) =7 (z2)llrs + 9™ (22) — ¢ (23) ||
= d(Zl7 22) =+ d(Zg, 23).

Therefore d defines a metric. We show that it is given by (15.1.3). Let z = a + @b
and w = ¢ + id be the cartesian forms of z and w. We have for z,w € C:

dewp=( 20 _ 2 2+ 26 2d \?
O\ 22 T4 |w)? L+ 22 1+ |w?

2 2 ? . =P-1 _ 4 2
AU T (smee (53 =1-1%)
_4{a2+b2+1+02+d2+1_ 2ac + 2bd
oL@+ EP? At fw)? A [P+ [wl?)

2
_(1+|Z|2)(1+|w|2)}
:4{ 1 N 1 B 2ac + 2bd B 2 }
T+ 22 T+ w4 [P)A+ wP) 1+ 221+ [w]?)
4]z —w|?
(1+ 221 + |[wf?)’
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which is formula (15.1.2) for complex numbers z and w. The case where z or w is
the point at infinity is treated in the same way. (I

Solution of Exercise 15.1.6. Let O be an open subset of the real line. Every z € O
is contained in an open interval contained in O:

Ve € O, e, >0, (x—€z,x+¢€;) CO.

We define an equivalence class in O as follows:  and y will be said to be equivalent
if they are in a common open interval which is included in O. We have indeed an
equivalence relation, and each equivalence class is an open interval. O is the union
of the equivalent classes. Since two equivalent classes do not intersect, we can
associate to each of them a different rational number, and so the union is at most
countable. O

Solution of Exercise 15.1.7. We show that the topology is Hausdorff. Take two
points a and b in [—o00, co] with a # b. If both a and b are in R, they are included
in two disjoint intervals of R, open in the usual topology of R. These intervals are
also open in the topology of [—00, 00]. Assume now that a = —oo and b € R. Let
¢, d, e be real numbers such that ¢ < d < b < e. Then

—o0 € {—o0} U (—00,¢) and b€ (d,e),

and therefore —oo and b are in disjoint open subsets of [—o0o, oo]. The case of a real
point and oo is treated in the same way. Assume now that a = —oo and b = oo
and let ¢ € R. Then

—o0 € {—o0} U (—00,¢) and oo € {00} U (¢, 0),
and so a and b are in disjoint open subsets of [—oo, 0. (]

In Exercise 15.2.2 we show that [—o0, co] endowed with the topology O is a
compact space.

Solution of Exercise 15.1.8. Take two given different points z; and z3 in C\ {0}.
If the origin does not belong to the interval [z1, 25|, the two points are connected
by [z1, 22]. Suppose now that 0 € [z1, 22]. Take any triangle with one side equal
to [z1, 22], and let z3 be its third vertex. The path built from the intervals [z1, 23]
and [z3, 22 lies in C\ {0}, and so the set is arc-connected. O

Solution of Exercise 15.2.2. Let (O;);cs be an open covering of [—o0, 0o], indexed
by the set J. There are indices j; and js such that —oo € O;, and oo € Oj,. If
[—00,00] = Oy, UO,,, we have already a finite sub-covering of [—oco, c0]. Assume
now that O;, UO;, C [—00,00]. The set O;, contains a set of the form {—oco} U
(—00,a1), while the set O;, contains a set of the form {oco} U (a2, c0). We have
a1 < ag since Oj, U Oj, ¢ [—00,00]. Let ¢ and d be real numbers such that

¢ < ar < ay < d. The set [c,d] is compact in R, and (O; \ {—o00,00}),ecs is a
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covering of [¢,d] made of open sets of R. There is therefore a finite sub-cover of

[, d], N

[e.d) € [J (03, \ {=00,00}).

n=3

and therefore, as a subset of [—o0, o0,

N

e,d] | O;,.

n=3
Thus Uiv:?) 0;,, together with O;, and O;, gives a finite sub-cover of [—o0, c0].
Therefore, [—00, 00] is compact. O

Solution of Exercise 15.2.3. Each of the sets U, is open and so is the union |J U,,.

neNy
Therefore R \ | U, is closed in R and so is

neNy

C=10,1n J Un.

neNy

Since [0, 1] is compact it follows that C is also compact (since it is closed and
bounded in R, or, if you prefer, since it is a closed subset of a compact).

Each U, is itself the disjoint union of 2" open intervals, each of Lebesgue
measure 2/3" L. It follows that

(e o) e o) 2’)1
ZO/\(Un) = 2—‘6 g1 =1

Hence, C has Lebesgue measure 0. We will leave it to the student to check that
C' is the set of points in [0, 1] which have a triadic expansion containing only 0’s
and 2’s. For instance,

1 = 2
3223n+160. O
n=2

We refer to [38, Ch. 23] for a discussion of the Cantor set.

Remark 15.7.1. The exercise shows in fact that the Cantor set C' has measure 0.
It is also of the first category, meaning that it is a countable union of nowhere
dense sets. In general the two notions, being of measure zero and being of first
category, are quite different. See Remark 17.1.2.



Chapter 16

Some Functional Analysis
Essentials

In the previous chapters we have tried to illustrate via various exercises some
connections between the theory of functions of a complex variable and functional
analysis. In the present chapter we review some of the notions which have been
used.

16.1 Hilbert and Banach spaces

Let V be a vector space on C. We recall that a norm is a map from V into [0, 00),
often denoted by a symbol such as || - ||y, and with the following properties:

(a) For every u € V and A € C,
Aullv = AL [[u]lv-
(b) For every u,v € V,

[lu+vllv < lullv + |jv]lv (triangle inequality).

(c) Let w € V. Then
lully =0 <= u=0.

A norm defines a metric via the formula
d(u,v) = |jlu —vly. (16.1.1)

The space V is called a Banach space if it is complete in the corresponding topol-
ogy. In the above definition, one can replace the complex numbers by the real

© Springer International Publishing AG 2016 545
D. Alpay, A Complex Analysis Problem Book,
DOI 10.1007/978-3-319-42181-0_16



546 Chapter 16. Some Functional Analysis Essentials

numbers and consider a vector space over the real numbers. The simplest Banach
space over R is certainly R itself, endowed with norm the absolute value. Similarly,
the simplest Banach space over the complex numbers is C itself, still with norm
the absolute value. The following example is a classical exercise in calculus classes,
and we will skip its proof.

Question 16.1.1. The space of complex-valued continuous functions defined on [0, 1]
with the supremum norm

T = max |z(f

el = max o)

is a Banach space.

The space in the next exercise is denoted by H.. It corresponds to the limit
case p = oo in (5.6.9).

Exercise 16.1.2. The space of functions analytic in the open unit disk with the
supremum norm

[flloc = sup|f(z)]
z€D
is a Banach space.

Two norms || - ||; and || - ||2 on a vector space V are called equivalent if there
exist two strictly positive numbers m and M such that

mlolly < |vll2 < M|vll;, Vo€V (16.1.2)

We use in a number of places in this book the fact that all norms are equivalent
in a finite-dimensional vector space. See for instance the proof of Exercise 11.5.6.

An inner product on V is a map [-,-] from V x V into C with the following
properties:

(a) For every u,v,w €V and A\, u € C,
Pt + v 0] = A, w] + g, .

(b) For every u,v eV,

(c) For every u € V,
[u,u] >0, (16.1.3)

and
(d) There is equality in (16.1.3) if and only if u = 0.
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In other words, [-,] is a non-degenerate positive sesquilinear form. If only
conditions (a), (b) and (c) are in force, the sesquilinear form is called a degenerate
inner product. For instance, for a non-negative matrix M € CP*P  the map

[e,d] =d"Mec (16.1.4)

defines an inner product on CP if and only if M is strictly positive. Otherwise,
(16.1.4) defines a degenerate inner product. Recall the Cauchy—Schwarz inequality

0]l < Vlwsu] - Vo], Vv eV, (16.1.5)
which holds for any possibly degenerate inner product. See Remark 16.3.3 for a
quick proof. See Exercise 16.3.4 for an example.

Given a (non-degenerate) inner product [-, -], the map

lull = /[, ]

defines a norm on V, and hence a metric via the formula (16.1.1). This metric
induces in turn a topology on V.

Definition 16.1.3. The vector space V endowed with the inner product [+, -] is called
a pre-Hilbert space. 1t is called a Hilbert space if it is complete when endowed with
the topology induced by the associated norm.

Exercise 16.1.4. Show that the set of complex-valued continuous functions contin-
uous on [0, 1] endowed with the inner product

[o,y] = /0 2By ()t (16.1.6)

is a pre-Hilbert space. Show that it is not complete.

One application of integration theory will be to have an explicit description
of the completion of the pre-Hilbert space appearing in Exercise 16.1.4.

Question 16.1.5. Show that the space {2 of square summable sequences z= (zn)nen,
endowed with the inner product

o0
(z,W)p, = Zznwn
n=0

is a Hilbert space.

We have already encountered in this work important examples of Hilbert
spaces, whose elements are functions analytic in some open subset of the complex
plane. For instance, the Hardy space (see Definition 5.6.11), the Fock space (see
Definition 5.6.13), and the Bergman space (see Definition 9.5.2).
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Two elements u and v in a pre-Hilbert space are called orthogonal if
[u,v] =0,

and two sets in a pre-Hilbert space are called orthogonal if every element of the
first set is orthogonal to every element of the second set.

Let X be a subset (and in particular, X is not necessarily a linear space) of
the Hilbert space H. We denote by X+ the set of elements orthogonal to all the
elements of H,

Xt ={heH;[z,h)=0Vxec X}.

We note that X is a closed subspace of . A key fact in the geometry of Hilbert
spaces is:

Theorem 16.1.6. Let M C H be a closed subspace of the Hilbert space H. Then,
every element h € H can be written in a unique way as

h=m+n,
where m € M andn € M+

A linear map (the term linear operator is also used in this context) T from
the Hilbert space H; into the Hilbert space Hs is said to be continuous if it is
continuous with respect to the topologies induced by the respective norms of H;
and Ho. Continuity is equivalent to the existence of a K > 0 such that

||Th1||';.t2 < K||h1||H17 Yhi € H;. (1617)

This last condition means that the operator T is bounded. The smallest K in
(16.1.7) is called the norm of the operator. The Fourier transform, which is an
important example of a bounded operator (between appropriate spaces), has been
presented in Section 13.5.

We will denote by L(H1,H2) the space of continuous linear operators from
the Hilbert space H; into the Hilbert space Ha, and set L(H) = L(H, H).

Theorem 16.1.7.
(a) Let T € L(Ha,Hs) and U € L(H1, Hz). Then
TU € L(Hy, H3) and [|TU| < [T - [U]].
(b) Let T € L(H,H). Then, for every n € N,
| < 17"
Question 16.1.8. Show that the backward-shift operator
T (20,21, 22,---) = (21, 22,...)

is bounded from {y into itself.
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In the next question, see [189, Exercice 14, p. 70] for a hint on how to show
that the Cesaro operator is bounded. For a proof that its norm is equal to 2, see
[201, Theorem 1, p. 154].

Question 16.1.9. Show that the Cesaro operator defined in (7.2.10)

Z?:O aj
n+1
n&eNp

is bounded from o into itself, and that its norm is equal to 2.

When the Hilbert space is finite-dimensional, say of dimension N, an operator
T is really a matrix and the eigenvalues are exactly the numbers z for which T'— 21
is not invertible. For arbitrary Hilbert spaces one has the following definition:

Definition 16.1.10. Let H be a Hilbert space, and let T be a (not necessarily
continuous) linear operator from # into itself. The spectrum of T is the set of
numbers for which 7' — z [ is not boundedly invertible. The resolvent set of T is
the complement of the spectrum.

The resolvent set is denoted by p(7') and the spectrum by o(7'). We have for
continuous operators:

Exercise 16.1.11. Let (H, [-,-]u) be a Hilbert space, and let T be a linear continuous
operator from H into itself. Then o(T) # (.

Bounded linear operator with values in C have an important characterization,
described in the following theorem.

Theorem 16.1.12 (Riesz’ representation theorem). Let (H,[,-]%) be a Hilbert space.
For every g € H, the map

h o [h, gla (16.1.8)

is continuous, and conversely every linear map ¢ from the Hilbert space H into C
is of the form (16.1.8) for a uniquely defined hy, € H. Furthermore

el = [1hll3-

In this expression, |||l denotes the operator norm of ¢, that is

le(h)]
[l = sup :
new [[hllw
h#£0

We conclude with the definition of differentiable functions.
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Definition 16.1.13. Let B; and By be two Banach spaces, with respective norms
[I-|lx and || - ||2, and let © be an open subset of By. The function f from  into By
is differentiable at the point by € By if there exists a bounded linear operator dfs,
from B into Bs (called the differential of f at by), such that

iy 1 (01 +h) = f(b1) = dfy, (R)]]2

=0. 16.1.9
h—0 17l ( )

Remark 16.1.14. When By = By = C the differential is a complex number, while
it is (identified with a) matrix in R?*2 when By = By = R?. See (4.2.4) for the first
case and (14.1.1) applied to the real and imaginary parts of the given function for
the second case. In that last case, the function is C-differentiable if and only if this
matrix is of the form (1.1.2), that is, if and only if it corresponds to a complex
number.

16.2 Countably normed spaces

The set of functions analytic in an (say connected) open set ) is a countably
normed space, when endowed with the family of norms

1710 = mmax £(2)],

where (K, )nen is an increasing family of compact sets, such that K,, CK, 41 (the
interior of K1) and whose union is ).

Exercise 16.2.1. Let V be a wvector space on R or C, endowed with a countable
number of norms || - ||n, n =1,2,..., such that

[zl < lzlle <--- <lzfln < @llppr <---, Vo eV,

(a) Describe the smallest topology for which all these norms are continuous.
(b) Let T be this topology. Show that (V,T) is metrizable, with the metric

=1 o=yl
d(x, = , Sy € V.
D=2 g1 eyl B

16.3 Reproducing kernel Hilbert spaces

We begin with a definition:

Definition 16.3.1. A matrix A € C"*™ is called non-negative (or positive) if

c*Ac>0, VeeC™ (16.3.1)
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In other words, if A = (ag,j)¢,j=1,....n it is required that

.....

Z ceciapj > 0. (16.3.2)

£,j=1

In particular, ¢*Ac = ¢*A*¢, and the polarization identity
d*Be = Zz c+i*d)*B(c+i*d), BeC™", (16.3.3)

with B = A — A* implies that a positive matrix is Hermitian: A = A*. The
polarization identity is proved by a direct and simple computation as follows:

3 3
Z (c+i*d)*B(c +i*d) = Z (i*c* + d*)B(c + i*d)
1

3.
:d*Bc—|—§:k:0Z c* Bc—|—2k OZ c*Bd

4 4
+ Z%O ikd*Bd
= d*Be.
We will use the notation
A>0

to say that a matrix is positive.
The following result is well known:
Proposition 16.3.2. Let A € C"*". The following are equivalent:
(1) A>o0.

(2) A= A* and all its eigenvalues (which are real since A is assumed Hermitian)
are positive or equal to 0.

(3) A admits a positive square Toot

A= B? where BeC"™" and B>0.
(4) A admits a factorization
A=cCrC (16.3.4)
for some matriz C € CP*™,

Remark 16.3.3. The determinant of a positive matrix is greater or equal to 0.
This allows to give a quick proof of the Cauchy—Schwarz inequality. Indeed, in the
notation of (16.1.5), let A, u € C. The inequality

[Au~+ po, du+ po] >0
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0w b ()=

Since this inequality holds for all A, u € C, the matrix
o) ool
[u, 0] [v,0]) =

Computing its determinant leads to the Cauchy—Schwarz inequality.

can be rewritten as

Exercise 16.3.4. Let A € C"*™ be a positive matriz. Show that (see [185, Exercice
8.4.11, 1°fc, p. 303]; the author took the result from an exercises sheet from his
student times at the Lycée Louis-le-Grand)

(c*A%c)? < (c*Ac)(c*A%c), ceC™ (16.3.5)
Hint. Consider C™ endowed with the inner product
[c,d]a =d*Aec, c¢,de C".

Remark 16.3.5. Inequality (16.3.5) is trivial for diagonal matrices, and can also be
proved using the diagonalization of a positive matrix (that is, the spectral theorem
for such matrices). The spectral theorem for Hermitian operators in Hilbert space
allows to extend (16.3.5) to the Hilbert space setting. The reader might want to
prove the following inequality, which is due to Heinz (in a slightly weaker form;
see [116, p. 421]) and Kato (see [134]), and contains (16.3.5) as a (very) special
case. The results of Heinz and Kato are in the setting of unbounded operators.

Question 16.3.6. Let C, D, Q be C™"*™ and such that C and D are positive and
1Qcll < [[Defl, and [[Q%¢|| < |[Cc|, Ve e C™
Then,
|c*Qd|* < (¢*D*¢)(d*C?*%'d), ¢,d€C™ and te]0,1]. (16.3.6)

See also [54, p. 655] for a discussion. Inequality (16.3.5) corresponds to the
choices c =d, C = D = @ = A? and t = 1/4 (see the previous proposition for the
notion of positive square root of a positive matrix).

Given two positive matrices A and B in C"*™, the notation A < B means
that the matrix B — A is positive.

Exercise 16.3.7. Let A be a positive matriz. Show that A?> < A if and only if A is
a contraction.

The product of two positive matrices need not be Hermitian, let alone posi-
tive. But there are two important operations which preserve positivity.
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Exercise 16.3.8.

(1) Let A = (arj)e,j=1,..n and B = (bsj)ej=1,...n be two positive matrices in
C™*"™. Then the matriz defined by

(A~B)g7j :agyjbgyj, f,] = 1,...,71,

18 positive.

(2) Let A € CP*P and B € C?*9 be two positive matrices of possibly different
sizes. Then, the matriz A ® B € CPI*P4 defined by

allB algB cee alpB

ang aggB cee ang
A®B = . )

ap1B  apB -+ apyB

18 positive.

The matrix A - B is called the Schur (or Hadamard) product of A and B,
while A ® B is their tensor product.

The following exercise is inspired by the notion of Markov product of two
positive definite functions appearing in Marek Bozejko’s paper [41].

Exercise 16.3.9. Let A, B € C™"*"™ be positive contractions. Then the matrix

<BAA ABB> (16.3.7)

1S positive.

A Hilbert space H of functions defined on a set € is called a reproducing
kernel Hilbert space if, for every w € €, the linear functional

[ fw)

is continuous. By the Riesz representation theorem (see Theorem 16.1.12), there
exists a uniquely determined element k,, € H such that

[fs kw] = f(w).

The function k,, is called the reproducing kernel of H. It is a function defined on
Q and we will use the notation
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Exercise 16.3.10. Show that the reproducing kernel has the following properties:

(a) For every z,w € (Q,
k(z,w) = k(w, 2).

(b) For every N € N, every c1,...,cy € C and every w,...,wy € €,

N
Z cjcok(we, wj) > 0. (16.3.8)
£,j=1

Equivalent to (16.3.8) is to say that, for every N € N, all the N x N matrices
with (¢, j) entry k(we, w;) are positive.
Definition 16.3.11. A function defined on a set €2 and for which (16.3.8) holds for all
possible choices of N, cy,...,cn,ws, ..., wy is called a positive definite kernel. We
will also say positive definite function. When €2 is a subset of the complex numbers,

the function f(z) is called positive definite if the associated kernel f(z — w) is
positive definite.

It is easy to check that the sum of two positive definite kernels is still positive
definite. It is a bit more difficult to show that the product of two positive definite
kernels is still positive definite. One uses then the result presented in Exercise
16.3.8.

Exercise 16.3.12.

(a) Show that the function cos z is positive definite on C.
(b) Show that the function (3.7.11)

1)

H cos(

n=1 P

Question 16.3.13. In a reproducing kernel Hilbert space, convergence in norm im-
plies pointwise convergence.

is positive definite on R.

Bochner’s theorem characterizes positive definite functions on the real line.
It has far-reaching generalizations due to L. Schwartz and R. Minlos. We refer the
student to [110] for these. See also Remark 17.9.2.

Theorem 16.3.14 (Bochner’s theorem). A function f defined on the real line and
continuous at the origin is positive definite if and only if it is of the form

f(t) = / ¢ dp(),

where dp is a positive measure on the real line such that p(R) < co.

See Exercise 8.2.1 for an illustration.
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There is a one-to-one correspondence between positive definite kernels on the
set €2 and reproducing kernel Hilbert spaces of functions in 2. This fundamental
result originates with the works of Moore and Aronszajn. See [24].

Elements of a reproducing kernel Hilbert space can be characterized as fol-
lows:

Theorem 16.3.15. Let H(K) be a reproducing kernel Hilbert space of functions
defined in a set Q, with reproducing kernel K(z,w). The function f belongs to
H(K) if and only if there exists a number M > 0 such that the kernel

f(2)f(w)
M2
is positive definite in Q. The smallest such M is equal to the norm of f in H(K).

K(z,w) —

With this result, we propose the following exercise:
Exercise 16.3.16. Let |v| < 1 and let b,(z) = =" , the associated Blaschke factor

1—vz’

(1.1.44). Define, for f analytic in the open unit disk,

@ = VP ). (16.3.9)

1—wz
Prove that T, (f) belongs to the Hardy space Ha(D) when f does.

We refer to Exercise 2.3.9 for a characterization of the Moebius transforms
which map D into itself. We send the reader to [14] for more on the above exercise
and its relations to multiscale systems.

Finally we mention the connections between the analyticity of the kernel and
of the elements of the associated reproducing kernel Hilbert space.

Theorem 16.3.17. Let ) be an open subset of C and let K (z,w) be positive definite
in Q. Assume that for every w € 2, the function z — K(z,w) is analytic in Q.
Then, the elements of H(K) are analytic in 2.

We mention that any reproducing kernel Hilbert space of functions analytic
in Q C C can be given a new inner product for which point evaluations are not
bounded for w in a dense subset of Q. See [65], and [15] for an illustration in the
case of the Hardy space.

16.4 Solutions

Solution of Exercise 16.1.2. We will not prove that || - ||« indeed defines a norm,
and focus on the completeness of the space. Let (f,)nen be a Cauchy sequence
with respect to the norm || - [|oo:

Ve >0, 3N €N, n,m > N = sup |fn(2) — fm(2)] <e. (16.4.1)
z€D
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In particular, for every r € (0,1) we have that

Ve >0, 3N € N, n,mZN:>|mlix|fn(z)—fm(z)| <e.

It follows that for every z € D, the pointwise limit f(z) = lim, o fn(z) exists
and that the limit function is analytic in D (recall that a series of functions which
converges uniformly on compact sets is analytic). Take ¢ = 1 and let m — oo in
(16.4.1). We have that

sup [ fn(2) = f(2)| < 1,

zeD

and so
sup | f(2)] < 1+ || flloc
z€D

and the limit f € Ho,. With e arbitrary, letting m — oo in (16.4.1) we finally
obtain that

lim ||f_fn||oo:07
n— o0
and so H, is complete. O

Solution of Exercise 16.1.4. We leave the proof that (16.1.6) is an inner product
to the reader. Consider the function

1, te0,1/2),
x(t)_{o, te1/2,1].

It is easily approximated by continuous functions in the inner product induced by
(16.1.6). Take for instance the functions

1, tel0,1/2),
ru(t)=q-nt+1+75, te[1/2,1/2+1/n],

0, tell/241/n,1],
forn =2,3,.... Then

1 , 1

t) — x,(t))“dt = — 0
| @t —anoypa=

as n — 0o, but z is not continuous. (I

The real question is the following: Consider the set of, say real-valued, func-
tions R[0, 1] which are Riemann integrable on [0, 1] and say that x,y € R[0, 1] are
equivalent, © ~ y, if

A(ﬂﬂ—y@fﬁ=0
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That R[0,1]/ ~ endowed with (16.1.4) is a pre-Hilbert space is quite clear, but the
question is to show that is not complete. This can be seen, in a somewhat indirect
way, as follows (we refer the reader to Chapter 17 for some of the facts used in
the discussion). We know that a Riemann integrable function (say, on [0,1]) is
Lebesgue integrable with respect to the Lebesgue measure on [0, 1]. So we have a
natural isometric inclusion from R[0, 1]/ ~ into L[0, 1]. Since R]0, 1]/ ~ contains
continuous functions and since these are dense in L3 |0, 1] (see Theorem 17.8.1),
we obtain that the closure of R[0,1]/ ~ is Ly[0,1]. The inclusion is strict since
there are functions which are Lebesgue integrable, but not Riemann integrable.

Solution of Ezercise 16.1.11. We assume that T is such that o(7') = () and proceed
in a number of steps to obtain a contradiction.

Step 1: Let z € C and let u € C be such that

1

=2l T = ul) e <

Then,
(T = wlyy) ™ = (T = 250) "l < 2lu— 2| - (T = ulz) 2.
This comes from the resolvent identity
(T = 2L) ™t = (T —wly) ™ = (2 = w)(T = 2I3) (T — wly) ™,

since

(T — i)™ — (T 25) ™ = (u— 2)(T — ulyy) (T — 230)"!
= (u—2)(T — uly) 2Ty + (v — 2)(T — uly) ")t

Step 2: For every h € H the function
2 an(2) = (T — 2In) " h, hly
is entire, and its derivative is given by the formula
2y (2) = (T — 2I3) " *h, hln.
Indeed, we have

an(2) —ap(w) (T = 2l) " by Bl — (T — wlz) "' hy hly

Z—w Z—w

(T = 21) ™! = (T — wlh) ™ )h, hln

zZ—w

= [(T — 2I3) (T — wly) " h, hla,
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where we have used the resolvent identity. Therefore

xp(2) — zp(w)

— (T = 2I3) "%, B
= (T = 25)™M(T — wh) ™" = (T = 2I3)"?)h, ks,
and we conclude by using the inequality proved in Step 1.

Step 3: The function xj is bounded.
We first note that, for |z| > ||T|| we have

(z2Iy —T)" ' = Z(IH - Z)_l

so that, for |z| > 2||T||, we have

. I Al
(213 = T) |3 <
|2 HZ:O |2|™
_ 1
lz| = 1Tl 3,
1
< .
7|2

The function a, is also bounded by continuity in |z| < 2||T||. So x, is constant by
Liouville’s theorem. Since it goes to 0 at infinity, it would be identically equal to
0, and we obtain a contradiction with the premise of the proof. (|

Solution of Exercise 16.2.1. We follow [109].

(a) A basis of open neighborhoods of the origin is given by the sets of the
form

N {z:lzln, < e}, (16.4.2)
=1

where m varies in N, nq,...,n, € N, and €1, ..., €, are all strictly positive num-
bers. We remark that any such neighborhood contains the set

{z; |#llno < €0},

where M = max{ni,...,n,} and e = min{ey,..., e}
(b) We set, for r > 0,

Bq(0,r) ={x € V;d(0,z) <r}.
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In view of the preceding remark, it is enough to show that
(i) for every M € N and € > 0 there exists > 0 such that

Ba(0,r) C {z;|lzla <€},
and
(ii) that, conversely, for every r > 0 there exists M and e as above such that
{z;||z||pm < €} C Ba(0,7). (16.4.3)
We first prove (i): Let us take 7 such that r2™ < 1. The condition

oo

1 T
ngﬂnng:n =
n=1 n
implies in particular that
N [ 1ps
<,
2M 1 + ||zl m
or equivalently
s <, "
x .
M= oM

This last expression will be less than € as soon as

oM €

r .
1+e€

We now prove (ii). Consider a ball B4(0,r). Since the distance is bounded
by 1, it is enough to consider the case r < 1. Let M € N be such that

=1
> on < ;
n=M+1

u

Since the norms are increasing and since the function u — |

moreover have that

is increasing, we

M
Lzl (E410% <1 1 )
< XL+t :
D gy lzlln = 1+ zflar  \2 9

n=1

Choose € > 0 such that

€ 1 4y 1 - r
1+e€ 2 2M 2
Then, for ||z||ar < € we have that
1 1
B < e ><r_
1+ [l
For such €, (16.4.3) is in force. O
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Solution of Ezercise 16.3.4. The sesquilinear form [c¢,d]4 defines a (possibly de-
generate) inner product, and the Cauchy—Schwarz inequality holds there:

lle,d]al® < [c,c]a-[d,d]a, ¢,deC™
The result is obtained by setting d = Ac in this inequality O

Solution of Exercise 16.3.7. Write now A = U*DU, where U is unitary and D is
a diagonal matrix with entries the eigenvalues of A. Then A% < A holds if and
only if D? < D holds, that is if and only if every eigenvalue, say \, of A satisfies
A? < . This last condition holds if and only if A € [0,1]. The result follows. [

Solution of Exercise 16.3.8. By linearity, it is enough to prove the claims for rank
1 positive matrices since every non-negative matrix A € C™*™ can be written as
a sum of such matrices:

N
A= Zuju;‘7 u; € C™.

j=1

We begin with (1). Let thus A = aa* and B = bb* where a,b € C". We write

aq bl
a9 b2
a=| . and b= | .
an b,
Then
(aa™)ex = agar, and  (bb*)p g =beby, Ck=1,...,n,
and so

((aa™) - (b0%))y p = asbearby, Lk=1,....n.

It follows that (aa™) - (bb*) = cc*, with

arby
azbo

Gnbn,
We now turn to (2). We now take a € CP and b € C?. We show that

aa* @bb* = (a®b)(a®b)* (16.4.4)
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from which the positivity of aa* @ bb* will follow. To prove (16.4.4) we note

a1a1bb*  ajaxbb* .- aia,bb”
aza1bb*  azazxbb* .- axa,bb*
(aa™) ® (bb") =
apai1bb* apazbb* - apa,bb*
= ((a ®b)(a1b*) (a®b)(axd®) -+ (a® b)(apb*))
=(a®b)(a®b)". O

Solution of Exercise 16.3.9. Writing

A AB\ (I, A\ [A—ABA 0\ /(L 0
BA B /) \0 I, 0 B A I,)’
and since B > 0, we see that (16.3.7) is positive if and only if A — ABA > 0. But

B < I, and so
ABA < A% < A,

where we have used the fact that A is also a contraction and Exercise 16.3.7 to
obtain the second inequality. Hence A — ABA > 0. O

Solution of Ezercise 16.3.10. (a) For every z,w € ) we have
[kw, k2] = kw(2) = k(z,w) and [k., ky] = k. (w) = k(w, 2)

and
[kun kz] = [kza kw]

The result follows.
(b) Let f =YY cjku,. We have [f, f] > 0. Therefore,

0<[f f]

N
= Z [cjkwj ) cfkwe]

£,j=1

N
= Z cjcok(we, wy). O
£,j=1

Solution of Exercise 16.3.12. It suffices to write
cos(z — w) = (cos z)(cosw) + (sin z)(sin w)
and to notice that both the kernels
(cosz)(cosw) and (sinz)(sinw)

are positive definite in C. O
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Solution of Ezercise 16.3.16. We follow [14], and divide the proof into a number
of steps:

Step 1: The formula

1 —by(2)by(w) 1—|v?
= 16.4.5
1—zw (1—=20)(1 —wv) ( )
holds, where z,w are in the domain of definition of b,.
This is just formula (1.1.51).

Step 2: A function f defined in D is analytic there and belongs to Hao(D),
with || flla,m) < 1, if and only if the kernel
1
1—z2w

—f(2)f(w) (16.4.6)

is positive definite in D.

This follows from Theorem 16.3.15 since Hy (D) is the reproducing kernel Hilbert

space with reproducing kernel 1_1zw.

Step 3: Compute
1

:l—zw

for z,w € D.
Using (16.4.5) we can write:
1— |v|?
(1- bv(z)bv(u;))(l — 20)(1 — wv)
TR {CYE) FONCE)
1—vf?
(1= 20)(1 —wv)

1
X { 1 — by(2)by (w) - f(bv(z))f(bv(w))} )

Az, w) =

The kernel

1
— f(by(2) f(by(w
L~ by ()b u0) f (0o (2) f (by(w))
is positive definite in I since the kernel (16.4.6) is positive definite there. It follows
that A(z,w) is positive definite in the open unit disk. By Step 2 the function T, (f)
belongs to Ha(D) and has norm less than or equal to 1. Hence the operator T, is
a contraction from Hy(D) into itself. O



Chapter 17

A Brief Survey of Integration

In this chapter we briefly review some notions and results related to integration.
We in particular discuss the following topics:

1. Algebras and o-algebras.

2. Measurable functions.

3. Measures.

4. The main convergence theorems.

5. Complete measures.

Although we use in this book integration theory only on the real line, we have
chosen to present the essentials of the general theory. We recommend to the in-
terested student the books of Rudin [190] and of Folland [85] for a complete, but
relatively short, discussion of integration. The industrious might want to look at
the series of books of Bourbaki on integration.

17.1 Introduction

Students who begin to learn complex analysis usually have only a knowledge of the
Riemann integral, and not of the general theory of integration. This is certainly
good enough to define large families of functions via integrals (see for instance
Exercises 4.4.19 and 4.4.20). But Riemann integrable functions do not have nice
properties with respect to limits, as is illustrated in the following exercise.

Exercise 17.1.1. Give an example of a uniformly bounded sequence of functions
(fn)nen which are Riemann integrable on the interval [0, 1], which converge point-
wise, but whose pointwise limit is not Riemann integrable.

Remark 17.1.2. In fact, a pointwise limit of continuous functions of a real variable
(that is, a Baire function of class 1) need not be Riemann integrable either. We refer
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to [105, p. 40], [136, Theorem 23.18, p. 185], [174, Theorem 7.3, p. 32 and Theorem
7.4, p. 33] for a characterization of pointwise limits of continuous functions. In the
setting of a Polish space, the result, due to Hahn, states that the set of pointwise
convergence is a F,5 set. A proof, in the setting of metric spaces, can be found
in [142, pp. 63-67]. In the case of domain of definition equal to R, and when the
functions are continuous on a dense set of points, these are the functions whose set
of points of discontinuity is of first category. Recall that this means that the set is a
countable union of nowhere dense sets (that is, of sets whose closure has an empty
interior). On the other hand, a function, say defined and bounded on a compact
interval, is Riemann integrable if and only if its set of points of discontinuity has
Lebesgue measure 0 (see, e.g., [174, Theorem 7.5, p. 33]).

It is therefore difficult to have a general theorem which allows interchanging
limit and integration for Riemann integrable functions. As explained in the papers
[151], [169], maybe the first example of such a result is Arzeld’s bounded (or
dominated) convergence theorem, appearing in [25], and which reads as follows
(see [106, p. 144], [151, Theorem A, p. 970]):

Theorem 17.1.3. Let f1, fo, ... be a uniformly bounded sequence of Riemann inte-
grable functions on the interval [a,b], converging pointwise to the function f, and
assume that f is also Riemann integrable. Then,

lim b £ (t) — fal(t)|dt = 0. (17.1.1)

We refer to [151] for a proof, and also mention the papers [106], [210] for
related discussions and results.

Another, and easier, such result is Weierstrass’ theorem (see Theorem 14.4.1),
but the hypothesis of uniform convergence in that theorem is very strong (one can
also consider only Riemann integrable functions; see [106, Theorem 1]). Further-
more, Weierstrass’ theorem concerns only continuous functions with compact sup-
port. A number of interesting examples, such as the Gamma function, are defined
in terms of integrals of continuous functions on an infinite interval.

The above discussion gives a first motivation to go beyond the Riemann inte-
gral. Another, and related, motivation is as follows. The space of, say continuous,
complex-valued functions defined on a compact interval [a, b], and endowed with
the metric

b 1/2
d(f,g) = < / £(®) —g<t>|2dt> (17.1.2)

is not complete. See Exercise 16.1.4, and the discussion after the proof of this
exercise. From the general theory of metric spaces we know that it is isometrically
included in a complete metric space, unique up to an isometry of metric spaces.
For the problems at hand in signal processing and in the theory of linear systems,



17.2. o-algebras and measures 565

this abstract completion is not too useful. It is more appropriate to consider the
Lebesgue spaces La(a,b). The construction of these spaces is one of the keystones
of the integration theory which we review briefly in this chapter. For engineers,
the Lebesgue space Lo(R,dx) plays a fundamental role, and models the space
of signals with finite energy. These are of course not the only motivation and
advantages of modern integration theory. A third, and very important, motivation
to introduce measure theory in the study of analytic functions, is the study of
boundary behaviour of a function. For instance, and this is quite beyond the
scope of the present book, a function (say f) which is analytic and bounded in
the open unit disk admits almost everywhere radial (and in fact non-tangential)
boundary values. For radial limit, this means that, at the possible exception of a
subset of [0, 27] of Lebesgue measure zero, the limit

. 0
lim f (re”)

exists.

Another very important fact, not touched upon here, is Riesz’ theorem on
the dual of the space of continuous functions on a locally compact Hausdorff space.
The space C[0, 1], endowed with the maximum norm

x = max |x(t
oo = mace Ja(0)

is a Banach space, and it is a natural question to ask what is its dual, that is, to
describe the set of its linear continuous functionals. For instance

1
o(z) = x(0), and o(z) = /0 x(t)x,(t)dt

where z, € Cy[0,1] are such functionals. But the description of all functionals
requires measure theory. See for instance [189, Théoreme 6.19, p. 126]. See also [85,
pp. 57-58] for a discussion of the advantages of Lebesgue’s theory of integration.

17.2 o-algebras and measures
Definition 17.2.1. Let E be a (non-empty) set. A family A C P(E) is called an
algebra if it satisfies the following:

1. The empty set @) belongs to A.

2. A is closed under complementation: If A € A then E\ A € A.

3. A is closed under finite union: If (A,)"_; is a sequence of elements of A,
then

N
U4 A
n=1
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It is called a o-algebra if it is closed under countable union: If (A, ),en is a sequence
of sets belonging to A, then
JAne A

neN

A key feature in the definition of a o-algebra is that one considers countable
unions, and not arbitrary unions. Recall that, in the definition of a topology,
arbitrary unions come into play. See Definition 15.1.1. A couple (E,.A) where A
is a o-algebra of subsets of F is called a measurable space.

Question 17.2.2.

(a) The intersection of any family of o-algebras is a o-algebra.

(b) Any subset F C P(E) generates a o-algebra o(F) which contains F and is
manimal in the following sense: If A is another o-algebra which contains F,
then, o(F) C A.

When in the previous exercise F is a topological space and one takes for F
the family O of open sets, the o-algebra generated by O is called the o-algebra of
Borel sets of E.

Exercise 17.2.3. Let R be endowed with its usual topology (defined by the absolute
value). Show that Q is a Borel set.

Definition 17.2.4. Let (E1, A1) and (B, A2) be two measurable spaces. A function
f from Ej into F, is called measurable if

VA€ Az, f7HA) € A

Question 17.2.5. Assume in Definition 17.2.4 that Es is a topological space with
topology Oz, and that Ay is the associated o-algebra of Borel sets. Show that a
function f from E1 into Es is measurable if and only if

YO € O, f_l(O) € A.

In real analysis, a pointwise limit does not keep any reasonable property
of functions (and in particular, and as already noted, does not keep Riemann
integrability). A key fact which links the definition of a o-algebra and sequences
of measurable functions is presented in the following exercise.

Question 17.2.6. Let [—00, 00| and its topology be as in Exercise 15.1.7. Let ( fn)nen
be a sequence of measurable functions from (E1, A1) with values in [—o0, 0], and
assume that the pointwise limit

lim f,(x)

n— oo

exists in [—o0, 00| for every x. Then, the function lim,, o f, is measurable.
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Similar results hold for sup, inf, liminf and lim sup.

Question 17.2.7. Let (E, A) be a measurable set, and let Ay, ..., An be measurable
sets which are pairwise disjoint and such that

N
E=]J4;.
j=1

(a) Let f1,...,fn € C. Show that the function
N
fle) = fila, (17.2.1)
j=1

is measurable from E into the complex numbers.
(b) Assume now that the numbers f; are real or equal to £oo. Show that the
function (17.2.1) is measurable from E into the topological space [—o00, 0]

Functions of the form (17.2.1) are called simple functions. A key result that
allows us to proceed is the following (see [189, Théoréme 1.17, p. 15]): A measurable
function with values in [0,00] is the increasing limit of measurable functions of
the form (17.2.1). See the discussion after the definition (17.3.2) of the Lebesgue
integral.

Exercise 17.2.8. Show that the Dirichlet function

P70, ifreR\Q,

is a measurable simple function.

(17.2.2)

17.3 Positive measures and integrals

Given an algebra A, a pre-measure (see [85, p. 30]) is a function from A into [0, 00|
with the following properties:

1. There exists an element A € A such that u(A) < oo.

2. For any countable union A;, As,... of pairwise disjoint elements of A such
that
o0
U 4n € A,
n=1
we have

K <U An) ZU(An)-

n=1
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A positive measure on a g-algebra A is a map
p: A—[0,0]
with the following properties:

1. There exists an element A € A such that p(A) < cc.
2. For any countable union A1, As, ... of pairwise disjoint elements of A we have

M <U An) = ZU(An)-

The measure is called a Borel measure if A is the sigma-algebra generated
by a topology. A triple (E, A, ) where (E, A) is a measurable space and p is a
positive measure on A is called a measured space. All measures considered in this
chapter are positive, and we will use the term measure for positive measure in the
remaining of the chapter.

Question 17.3.1. Let (E, A, 1) be a measured space, and let (A, )nen be a decreasing
sequence of measurable sets. Assume that p(A1) < co. Show that

Is the claim still true if we do not assume that p(Ay) < co?

The integral of a function of the form (17.2.1) is defined by

N
[ £ S fuca). (17.3.1)
B =

The representation (17.2.1) is not unique, but it is easy to see that the right side
of (17.3.1) does not depend on the given representation of f.

Exercise 17.3.2. Consider the Dirichlet function (17.2.2) restricted to [0, 1]. Show
that it is a measurable simple function and compute its integral.

The integral [ g fdp is defined to be

/fdu: sup /sd,u. (17.3.2)
E s<f JE

s simple

An important fact is that, given any measurable function from (F,.A) into [0, oo},
there exists an increasing sequence of simple functions (f,)nen which converges
pointwise to f. It is in particular used to show that the integral is additive, and
to prove the version of the monotone convergence theorem for series of functions
(see Theorem 17.5.3 below for the latter). See for instance [190, p. 22].
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Exercise 17.3.3. Let (E, A, du) be a measured space, and let f be a measurable
function with values in [0, 0], such that fE fdu = 0. Show that the set of points
where [ 1is strictly positive is measurable and has measure equal to 0.

17.4 Functions with values in [—o0, 00]

Let f be a measurable function from the measured space (E, A, du) into [—o0, 00].
Then, |f] is also measurable, and, by the previous section, one can define

[ 11dn € 0,01
E
In the case of functions with values in [—o0, 0c], one restricts oneself to functions
for which
/ | fldp < oo,
E

and one defines

/Efd” = ; {[Eﬂfl + f)du [E<|f| - f)du}.

17.5 The main theorems

Theorem 17.5.1 (The monotone convergence theorem). Let (E,A,du) be a mea-
sured space, and let (Fy,)nen be an increasing family of measurable functions with
values in [0, 00]. Then

lim | F,(z)du(x) = / (lim F,(z))du(z). (17.5.1)

E n—0o0

Theorem 17.5.2 (The dominated convergence theorem). Let (E,.A,du) be a mea-
sured space, and let (Fy,)nen be a family of measurable functions with values in
[—00, 00| such that:
(a) The limit
F(z) = lim F,(x)

n—oo
exists for all x € F.

(b) There exists a measurable function G such that
|Fo(2)] < G(z), Vze€E,

and

/ G(z)du(z) < 0.
E
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Then, F' is integrable and
lim F / F(x)du(x (17.5.2)
n—oo

These two theorems have been used in the text for a number of exercises. See
for instance Exercises 3.5.7, 4.2.16 and 5.6.14. They allow us to simplify proofs
even in the case of continuous functions. See for instance Exercise 17.6.3 below.
It is often convenient to present them in terms of series of functions rather than
sequences of functions. One then has:

Theorem 17.5.3 (The monotone convergence theorem for series). Let (E, A, du) be
a measured space, and let (fn)nen be a series of measurable functions with values
in [0,00]. Then

Z/fn )dp(x /(an ) (17.5.3)

Theorem 17.5.4 (The dominated convergence theorem for series). Let (E, A, du)
be a measured space, and let (fn)nen be a family of measurable functions with
values in [—00,00] such that there exists a measurable function g such that

Z|fﬂ |<g )a VI€E7

and

| sta)duta) < .
E
Then, f =" [ is integrable and

/f )dp(x /(an ) (17.5.4)

We conclude this section with the following exercise, pertaining to infinite-

dimensional analysis. See also the remark after the solution. We note that, in the

. . . lall® . . o
notation of the exercise, the function f(a) =e~ 2 is positive definite since

T Lo A L
fla=b)=e" 2 e'%e” 2 | abelyp.

Exercise 17.5.5. Consider the space {ar of sequences a = (an)nen of real numbers

such that ||al|* = Y07 | a2 < co. Show that there is no positive Borel measure P

on la g such that
a 2 .
e :/ a0 dp(p), (17.5.5)
L2

where (a,b) denotes the inner product in l .
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17.6 Carathéodory’s theorem and
the Lebesgue measure

We now discuss the following problem: Let E be a set, and suppose that we are
given a family of elements F of P(E), and an additive function p on F. Can we
extend p to a measure on the o-algebra generated by F. For instance, is there a
Borel measure on R such that

ula,b) =b—a (17.6.1)

for all finite open intervals (a,b)? Cases of importance are when F is an algebra,
or when FE is an infinite product of spaces and F is the algebra of cylinders. In
case of an algebra, the main theorem is as follows (see for instance [212, Théoréme
fondamental, p. 27], and for a more general statement, [85, Theorem 1.14, p. 31]).

Theorem 17.6.1. Assume that the measure p on the algebra A is o-finite. Then,
there is a unique extension of u to the o-algebra generated by A.

The existence of a unique measure, called the Lebesgue measure, satisfying
(17.6.1) follows from the previous result.

Theorem 17.6.2. Let f be Riemann-integrable on the interval [a,b]. Then, f is
Lebesgue integrable and the two integrals coincide.

We will use the notation La[a, b], or La(a, b), for the Lebesgue space of square
integrable functions with respect to the Lebesgue measure.

As we have already pointed out, measure and integration theory allow us to
simplify proofs of results already in the case of a Riemann integrable function. As
an example, we have:

Exercise 17.6.3. Let f be a continuous function on R such that the (generalized)

Riemann integral
/ |f()|dt < oo.
R

F(x) :/Re_”tf(t)dt

Show that the function

is continuous on R.

The function F' is the Fourier transform of f. See Section 13.5.

17.7 Completion of measures

Let (E,A,du) be a measured space, and let f be a measurable function defined
on E and with values in [0, oo]. Assume that

/f )dp(z
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This equality is equivalent to the fact that the set of points where f(x) > 0 or is
equal to +oo has measure 0 (see Exercise 17.3.3), but it does not imply that f is
equal to the zero function. One says that the set of points where f does not vanish
is negligible. More generally, a (possibly non-measurable) subset X of F is called
negligible if there exists a measurable set A such that

XCA and u(A)=0.

The measure is said to be complete if all negligible sets are measurable. Clearly,
every countable set is negligible for the Lebesgue measure on the real line, but
there are also negligible sets which are not countable, as is illustrated by the next
question.

Question 17.7.1. The Cantor set (see Exercise 15.2.3) is negligible for the Lebesgue
measure.

Theorem 17.7.2. Let (E, A,du) be a measured space. The family A* of subsets U
of E for which there exist A, B € A such that

AcCcUcCB, wuB-A4)=0

is a o-algebra. The formula
p(U) = p(A)
defines a complete measure which extends .

Let (E, A,du) be a measured space. Two measurable functions f and g are
said to be equivalent if they differ on a set of measure 0. We note that the monotone
convergence theorem and the dominated convergence theorem have also versions
in which instead of functions one considers equivalence classes of functions. We
leave to the reader the formulation of these results.

Given two equivalent measurable functions f and g we have
[ 1r@Pdut) = [ lg@)Paua)
E E

where the integral is possibly equal to +00. We denote by J?the equivalence class
of the function f.

Definition 17.7.3. The space Lo(E, A, du) is the space of equivalence classes of
measurable functions such that

7112 def. e
1713 [ 1f@Pduta) <. s . (17.71)
Theorem 17.7.4. The space Lo(E, A, du) endowed with the sesquilinear form
(7.9 = [ f@g()dutz)
E

is a Hilbert space.
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Question 17.7.5. Show that the functions

—imtn

fat)=e 7, nel, (17.7.2)

form an orthonormal basis of Lo(—F, F'), with the normalized inner product

o) = g [, S0 (7.1.3

17.8 Density results

The following theorem implies that the closure of the continuous functions on a
compact interval [a, b] of the real line, endowed with the norm (17.1.2), is indeed
the space La[a, b]. See also the discussion after the proof of Exercise 16.1.4 in the
preceding chapter.

Theorem 17.8.1 (see [189, Théoreme 3.14, p. 66]). Let E be a locally compact
Hausdorff space, let A be a o-algebra of E which contains the Borel sets of F,
and let o be a positive Borel measure on A. Then, the continuous functions with
compact support are dense in Lo(E, A, dpu).

Quite often it is important to consider rational functions rather than contin-
uous functions. This is illustrated in the following exercise (recall that T denotes
the unit circle).

Exercise 17.8.2. Let du be a positive and finite Borel measure on [0,27]. Assume
that f € Lo([0,27], du) is such that

2w

f(t_fd"(t) =0, VzeC\T.
0 ev —z
Show that f = 0.

Similarly, but we will not present the proof here, if du is a positive Borel
measure on the real line such that (5.5.20) holds:

du(t
/ 2#( ) - oo,
rt?+1
then the linear span of the functions of the form Z_l
dense in Lo(du).

»» Where w spans C\ R, is

17.9 Solutions

For the convenience of the reader we recall the definition of a Riemann integrable

function. Let [a, b] be a compact interval. The function f bounded on [a, b] is said

to be Riemann integrable with integral I def. f; f(t)dt if for every € > 0 there
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exists § > 0 with the following property: For every subdivision

a=ag<ag <ay<az<---<ap_1<a,=>b with | nax lar — ar—1] < 4,
=L...n

and any choice of numbers & € [ag—_1,ax] (with k =1,...,n),

NE

I— J(&k)(ar —ap—1)| <e.

e
Il

1

The expression

NE

f(&k)(ak — ak—1)

e
Il

1
is called a Riemann sum.

Solution of Exercise 17.1.1. We consider the Dirichlet function (see (17.2.2)) re-
stricted to [0, 1]. It is well known, and easily seen by computing Riemann sums,
that this function is not integrable in the sense of Riemann. Indeed, for any sub-
division 0 = ag < a1 < ag < -+ < ap—1 < a, = 1 the choice of rational & leads
to

D ) ek —ak) =1,

k=1
while the choice of irrational & leads to

Z f(&)(ar —ax—1) = 0.
k=1

On the other hand, let (g, )nen be an enumeration of the rational numbers in [0, 1],

and let
1, ifze {(J1,~-~an}ﬂ
I pu—
() {O, otherwise.

Each ¢n is Riemann integrable and we have
lim o (2) = p(), @€ 0,1] O
N—00

Remark 17.9.1. The above example already appears in [106], where the reader
can also find an example of a sequence of Riemann integrable functions, with
a pointwise limit which is Riemann integrable, but for which limit and integral
cannot be interchanged.

Solution of Ezxercise 17.2.3. Remark first that any singleton is closed, and hence
measurable. Let now {¢,,n € N} be a bijection between N and Q. Since

Q= U {QR}a
n=1

it follows that Q is measurable. [l
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We remark that the set Q is neither closed nor open in R.

Solution of Exercise 17.2.8. We have

o(x) = 1Ip\g(z) = 1 1p\g(x) + 0 Ip\g(x),

and hence @ is a measurable step function since Q (and hence R \ Q) is measurable
in view of Exercise 17.2.3. O

Solution of Exercise 17.3.2. We first note that every singleton has Lebesgue mea-
sure zero since, for z € R,

{ﬂ:ﬁ@-i,wi).

In particular every countable set has Lebesgue measure zero, and so

u(0,1]NnQ) = 0.

Therefore we have
n(0,1]N R\ Q) =1,
and the integral is equal to 1. O

Solution of Exercise 17.3.3. For n € N let

En:{er;f(x)e [;,oo}}

The set E,, is measurable. Furthermore, we claim that u(E,) = 0. Indeed, assume
that u(E,) # 0 (and in particular the case u(E,) = oo is not excluded). There
exists M > 0 such that u(E,) > M. Thus

w(En) M

Y

>0,

0= /Ef(x)d,u(x) > :L/ElE"dM(x) >

which is impossible.

The set of points where f(x) # 0 is |J, ¢y En and hence has measure 0 since

u(lJ B < Y (B =0, u

neN n=1

Solution of FEzercise 17.5.5. We first note the following. The space ¢5 r is a Hilbert
space, and for every a € {5 g the function b — e @) is continuous, and hence is
measurable with respect to the Borel sigma-algebra. In particular, the integral on
the right side of (17.5.5) will make sense as soon as P is a finite Borel measure.
We proceed by contradiction to prove that no such measure exists. Assume that
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P exists such that (17.5.5) holds. Setting @ = 0 in (17.5.5) we see that P is
a probability measure. Let, for n € N, e(™) denote the element of ly r with all
entries equal to 0, besides the nth one, equal to 1, and set a = e(™ in (17.5.5). We

have
e h = / e D ap(p) = / endP(b).

eQYR ZZ,]R
For every b = (bp)nen € lo R,
lim b,, = 0.

n— oo

Since |e?~| < 1, the dominated convergence theorem with f,,(b) = = and f(b) =
g(b) =1 leads to

ez z/ ei<e(n)’b>dP(b)

lor

= lim [ "0 qp)
n—0o00 lox

- / lim e 9 qp(b)
4

n—oo
2,R

:A dP(b) =1,

since such a P would be a probability measure. We thus obtain a contradiction. [

Remark 17.9.2. Let . denote the set of sequences of real numbers (a,)nen such
that

o0
Z:nQpaip<oo7 p=0,1,2,....
n=1

Then, . is a nuclear Fréchet space, with dual the space .#’ of real sequences such
that

o0
> “n*a,* < oo

n=1

for some p € Ny. The Bochner—Minlos theorem asserts that there is a Borel mea-
sure on .’ such that .
e = / e qp(b),

where the brackets denote the duality between . and its dual. The argument in
the proof of the preceding exercise cannot be applied since

lim (b,e™) —£ 0

n— oo

in general for b € .. See for instance [122, Appendix A].
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Solution of Ezercise 17.6.3. Let x € R and let (z,,)nen be a sequence of real num-
bers such that lim,,_,oc £, = . Set

fult)y =7 f(1), neN,

and
g(t) = |f )]
The functions f,, and g belong to L (R, dz) and we have

lim f,(t) =e ™' f(t), VteR.

n— oo

Furthermore
Ifa(t)] < g(t), VteR.

The dominated convergence theorem allows us to conclude that

n—oo

lim F(z,) = lim [ fo(t)dt = / (Lim fu(t))dt = F(z),

and F' is continuous at the point x. (I

Solution of Exercise 17.8.2. We first remark that for every z € C\ T the function

1
t—
et — z
is bounded,

1 .
1 < Jimp if |z <1,

) < A )
et —z g df |z] > 1,

and hence belongs to Lo ([0, 27],du). Let z be in the open unit disk. Using the
dominated convergence theorem for series with

falt) = 2" f(He L = 0,1,

and SO
t) =
we have

TE@)dp(t) [T f()e dp(t)

0 ettt — z 0 1 —e ity
27 o0
= [ e (Z(a%”) ault)
n=0

00 27 )
=> 2" /0 F(@)e™ D gy (t).
n=0
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This power series is identically equal to 0 in D, and therefore

2
F@e ), n=0,1,....
0

Take now |z| > 1. Another application of the dominated convergence theorem for
series of functions gives:

Tf@dpt) 12T f(du(t)

0 ettt — z z )y z7let—1
1 ’r - it ,—1\n
-/ PO )

= —n—1 o int
:_;z /0 F()e™ du(t).

This power series is in fact a Laurent expansion in |z| > 1 and identically equal
to 0 there, and therefore

27
f®e™du(t), n=0,1,....
0
It follows that f is orthogonal to all trigonometric polynomials. Since every contin-
uous function on [0, 27| (with same values at 0 and 27) can be approximated in the
supremum norm by trigonometric polynomials (see for instance [189, Théoreme
4.25, p. 87]), it follows that f is orthogonal to all continuous functions. By Theorem
17.8.1, we have f =0, p-a.e. O
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complex number
arc length line integral, 211

area computation, 231

absolute value, 13
conjugate, 12

formula for the argument, 16
backward-shift operator, 221, 548

Bernoulli numbers, 344
Bernoulli’s lemma, 117
Bessel function, 168
biharmonic functions, 424

modulus, 13

polar representation, 13
purely imaginary, 12
roots of order n, 14, 15

Blaschke factor, 19, 71 concatenation, 210
Blaschke product, 120, 303 confinement lemma, 30
Bohr’s inequality, 225 conformal, 159
Borel sets, 566 conjugate harmonic, 419
Borel’s theorem, 233 continuous arc, 209
bounds continuous logarithm, 156, 178
for the function 1 — cos z, 121 continuous square root, 155, 156, 177
for the function In(1 + z), 526 contour (closed), 211
for Weierstrass factors, 120 convolution, 5, 169, 462, 515
Brouwer’s theorem, 156, 351 and power series, 105

example, 197
Cantor set, 532, 543, 572 operator, 461
Cartan’s theorem, 303
cartesian form, 79
Catalan constant, 308
Catalan numbers, 96
Cauchy multiplication theorem, 515

cross-ratio, 72
curve, 209

decimation operator, 300

Cauchy product, 169, 515 derivative
Cauchy—Goursat theorem, 217 formula, 158
Cauchy—Riemann equations, 16, 158 logarithmic derivative, 157
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elliptic function, 112, 491, 494
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of exponential type, 458
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essential singularity, 338
Euler products, 119
FEuler’s Gamma function, 98
exactity relation, 349
example
function with analytic square root but
no analytic logarithm, 236, 239
exponential function
calculus definition, 22
complex, 22
extended complex plane, 65

factor theorem, 31, 536
Fibonacci numbers, 170
finite Blaschke product, 19
fixed point, 351
Fourier series, 339
Fresnel integral, 215
Fubini’s theorem, 523
function
Carathéodory, 174
defined by an integral, 340
Hermite, 497
logarithm, 160
measurable, 566
of Dirichlet, 574
Riemann integrable, 573
with analytic square root but no
analytic logarithm, 236, 239
fundamental theorem of algebra
proof using Liouville’s theorem, 308
topological proof, 536

Gamma function, 494
Legendre’s duplication formula, 456
Gaussian integral, 216
computation using the residue
theorem, 392

Index

Hadamard product, 553
Hankel matrix, 394
Hardy space, 221, 231, 462
Helly’s theorem, 224
Herglotz representation theorem
disk case, 174, 224
half-plane case, 227
Hermite functions, 497
Hermite polynomials, 230
holomorphic function, 151
hyperbolic functions, 24

impulse response, 5

index, 212

infinite product, 70, 113, 307
for sin z and cos z, 121
for sinh z and cosh z, 121

inner product, 546
degenerate, 547

integration by parts, 215

interpolation problem, 295

interval, 534

isolated singularity, 337

Jacobian matrix, 158, 279
Jordan cell, 477

Jordan curve, 209

Jordan’s curve theorem, 535
Jordan’s lemma, 213, 259

Laplacian, 163
(in polar coordinates), 422
Laurent expansion, 338
of a function defined by an integral,
340
Lebesgue measure, 571
Legendre’s duplication formula, 456
line integral
arc length, 211
Liouville’s theorem, 25, 308
application (spectrum of a bounded
operator), 558
application to the fundamental
theorem of algebra, 308
first, 310
logarithm, 160
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matrix
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complete, 572
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monodromy theorem, 156
Morera’s theorem, 300

natural boundary, 104, 298
Newton’s binomial formula, 28, 35, 50
Newton—Leibniz formula, 214
norm, 545
equivalent, 546
normal family, 532

one-to-oneness, 231

lack of, near a multiple zero, 348
open mapping theorem, 445
operator

bounded, 548

continuous, 548

norm, 548
Ornstein—Uhlenbeck process, 384

partial fraction expansion, 349
path, 209
Pick class, 388
Pick’s inequality, 302
piecewise smooth arc, 210
point at infinity, 532
polarization identity, 551
pole, 338
polynomial
characteristic, 475
positive definite function
definition, 554
example, 384
positive definite kernel
definition, 554
example, 41, 394, 554
positive matrix, 550
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positive real lemma, 479
power series

of arcsin, 291

decimation, 300

of (14 2)“, 168

product, 169

radius of convergence, 103
primitive, 214, 535
projective line, 68

Raabe’s convergence test, 104
radius of convergence
formula, 102
special cases, 103
rational function
realization, 474
partial fraction representation, 476
unitary on the unit circle, 299
realization
of a Blaschke factor, 485
of a product and of a sum, 476
of the function (z — w)™", 477
of the inverse function, 479
reflection coefficients, 464
removable singularity, 337, 338
reproducing kernel Hilbert space, 231,
232, 439
residue
at a finite point, 345
at infinity, 347
formula, 345
resolvent identity, 221
resolvent set, 549
Riemann sum, 574
Riemann’s Hebbarkeitssatz, 302, 337
Riesz’ representation theorem, 549
roots of unity, 74
exercise, 23
Rouché’s theorem, 351

sampling theorem, 459

Schur algorithm, 304

Schur coefficients
definition, 464
example, 464
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Schur product, 553 monotone convergence, 569
Schwarz reflection principle, 300 open mapping, 445
Schwarz’ lemma, 301 Paley—Wiener, 458
set Riemann’s, on removable singularities,

compact, 530 337

connected, 530 Tannery, 525

negligible, 572 Weierstrass, 340

sequentially compact, 530 theta function, 493

simply-connected, 67, 214, 446 topology, 529

star-shaped, 67 transfer function, 5, 462
signal transform

band limited, 458 Fourier, 496, 571

energy, 5 inverse Fourier, 457
simple functions, 567 triangle inequality
space in C, 19

Banach. 545 for metric spaces, 530

Bergma’n 439 trigonometric

Fock 2327 functions, 24

)

Hausdorff, 530 moment, 204

Hilbert, 547 ) )

Lebesgue La[a, b], 571 univalent function, 444
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measurable, 566 .

measured. 568 Weierstrass

metric 5?;0 factor, 120

Montei 444 function, 365, 492

product theorem, 120

sigma function, 122

theorem, 340, 480
winding number, 212

topological, 529
spectrum, 549
star-shaped, 235, 534
state space equations, 478
stationary second-order process, 174
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metric, 66
projection, 66
Stirling’s formula, 126
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theorem
Arzeld’s bounded (or dominated)
convergence, 564
Bochner, 554
Cartan, 303
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