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Abstract Inthis paper we consider algebras of functions that are constant on the sets
of a partition. We describe the crossed product algebras of the mentioned algebras
with Z. We show that the function algebra is isomorphic to the algebra of all functions
on some set. We also describe the commutant of the function algebra and finish by
giving an example of piece-wise constant functions on a real line.
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1 Introduction

An important direction of investigation for any class of non-commutative algebras
and rings, is the description of commutative subalgebras and commutative subrings.
This is because such a description allows one to relate representation theory, non-
commutative properties, graded structures, ideals and subalgebras, homological and
other properties of non-commutative algebras to spectral theory, duality, algebraic
geometry and topology naturally associated with commutative algebras. In represen-
tation theory, for example, semi-direct products or crossed products play a central
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role in the construction and classification of representations using the method of
induced representations. When a non-commutative algebra is given, one looks for
a subalgebra such that its representations can be studied and classified more easily
and such that the whole algebra can be decomposed as a crossed product of this
subalgebra by a suitable action.

When one has found a way to present a non-commutative algebra as a crossed
product of a commutative subalgebra by some action on it, then it is important to
know whether the subalgebra is maximal commutative, or if not, to find a maximal
commutative subalgebra containing the given subalgebra. This maximality of a com-
mutative subalgebra and related properties of the action are intimately related to the
description and classification of representations of the non-commutative algebra.

Some work has been done in this direction [2, 4, 6] where the interplay between
topological dynamics of the action on one had and the algebraic property of the
commutative subalgebra in the C*—crossed product algebra C(X) x Z being max-
imal commutative on the other hand are considered. In [4], an explicit description
of the (unique) maximal commutative subalgebra containing a subalgebra A of CX
is given. In [3], properties of commutative subrings and ideals in non-commutative
algebraic crossed products by arbitrary groups are investigated and a description of
the commutant of the base coefficient subring in the crossed product ring is given.
More results on commutants in crossed products and dynamical systems can be found
in [1, 5] and the references therein.

In this article, we take a slightly different approach. We consider algebras of func-
tions that are constant on the sets of a partition, describe the crossed product algebras
of the mentioned algebras with Z and show that the function algebra is isomorphic
to the algebra of all functions on some set. We also describe the commutant of the
function algebra and finish by giving an example of piece-wise constant functions
on a real line.

2 Definitions and a Preliminary Result

Let A be any commutative algebra. Using the notation in [4], we let ¢ : A — A be
any algebra automorphism on A and define

Axy Z:={f:7Z— A: f(n) =0 except for a finite number of n}.

It can be proved that A X, Z is an associative C—algebra with respect to point-wise
addition, scalar multiplication and multiplication defined by twisted convolution, *
as follows;

(f*9)m) = fR9 (g n k),

keZ

where /% denotes the k—fold composition of 1 with itself for positive k and we use
the obvious definition for £ < 0.
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Definition 1 A x 7 as described above is called the crossed product algebra of
A and Z under .

A useful and convenient way of working with A X, Z, is to write elements f, g €
A xy Zinthe form f =" , f,6"and g = >, _, gn8™ where f, = f(n), gn =

g(m) and
1, ifk=
Sy =1 T
0, ifk #n.

Then addition and scalar multiplication are canonically defined and multiplication
is determined by the relation

(fu8") % (gmd"™) = fu¥r" (gm)8" ™", (1
where m,n € Z and f,, g € A.

Definition 2 By the commutant A" of A in A X, Z we mean
A ={feAx,Z: fg=gf forevery g € A}.

It has been proven [4] that the commutant A’ is commutative and thus, is the
unique maximal commutative subalgebra containing A. For any f, g € A Xy, Z,

thatis, f =2, , fud"andg =2 _, g.8", then fg = gf if and only if

Vr: an¢n(gr—m) = ng¢m(.fr—tn)-

nez mez

Now let X be any set and A an algebra of complex valued functions on X. Let
o : X — X beany bijection such that A is invariant under o and o ~!, that s for every
heA, hoo e Aandhoo~! € A. Then (X, o) is a discrete dynamical system and
o induces an automorphism ¢ : A — A defined by,

6(f)=foo .

Our goal is to describe the commutant of A in the crossed product algebra A x5 Z
for the case where A is the algebra of functions that are constant on the sets of a
partition. First we have the following results.

Definition 3 For any nonzero n € Z, we set
Seph(X)={xeX|3dheA : hix)#c"(h)(x)}. 2)

The following theorem has been proven in [4].

Theorem 1 The unique maximal commutative subalgebra of A X 7 that contains
A is precisely the set of elements



78 J. Richter et al.
A= [Z fud" | foralln € Z: fulsep, x) = 0] : 3)
nez

We observe that since 6 (f) = f oo !, then
() =6(foo h=(foo Hoo™ = foo,

and hence foreveryn € Z,6"(f) = f o o~". Therefore, by taking X = R and A as
the algebra of constant functions on X we have: for every x € X and every h € A,

6" (h)(x) :=hoo™"(x) =h(c™"(x)) = h(x),

since A is a constant function. It follows that in this case Sep”; (X) = . Therefore
in this case, A’ = A x5 Z.

3 Algebra of Piece-Wise Constant Functions

Let X be any set, J a countable set and P = {X; : j € J} be a partition of X; that
isX =U,e;X, where X, #@and X, N X,, =@ ifr £ r'.
Let A be the algebra of piece-wise constant complex-valued functions on X. That
is
A={heC¥: forevery j € J: h(X;) = {c;}}.

Let o0 : X — X be a bijection on X. The lemma below gives the necessary and
sufficient conditions for (X, o) to be a dynamical system.

Lemma 1 The following are equivalent.

1. The algebra A is invariant under ¢ and o~
2. Foreveryi € J there exists j € J such that o (X;) = X ;.

Proof We recall that the algebra A is invariant under o if and only if for every
heA, hoo e A.

Obviously, if for every i € J there exists a unique j € J such that o(X;) = X
then

Jo
(hoo)(X;) = h(o(X;)) = h(X;) = {c;}.

Thus hoo € A.
Conversely, suppose A is invariant under o but 2. does not hold. Let x;, x5 €
X; and X,, X,» € P such that 6 (x;) € X, and 0(x2) € X,. Let h : X — C be the

function defined by
1 if X,
hx) = { ifx €

0 otherwise.
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Thenh € A.Buthoo(x;) =1and h oo (x;) = 0. Thus i ¢ A, which contradicts
the assumption. O

The following lemma asserts that any bijection o, : X — X that preserves the
structure of a partition essentially produces the same algebra of functions.

Lemma?2 LetPy ={X; : je J}andP, ={Y; : j € J} be partitions of the sets
X and Y respectively, and let

Ax ={h e CX : forevery j e J: h(X;) ={c;}},

and
Ay ={h € C" : forevery j € J: h(Y;) = {d;}}.

Then Ax is isomorphic to Ay.

Proof Choose points x; € X and y; € Y suchthatx; € X;ifandonlyify; € Y; Vi €
J and let i : Ax — Ay be a function defined by

uw(H) = fx)ifyeY;, Yjeld. 4

It is enough to prove that w is an algebra isomorphism.

o letf,ge Axandletw, B € C. Thenify € Y, theny € Y; forsomei € J, there-
fore,

plef + Bg)(y) = (af + Bg)(x:)
=oaf(x;)+ Bg(x;)
=an(f)(y)+ Br(g) )

= lan(f) + Bur(@I1y).

Therefore p is linear since y was arbitrary.
e Forevery f,ge Ayandy e Y (y € 1)),

n(fe)(y) = (fg)(xi)
= f(xi)g(x:)
= u(HMrEQ)
= [(HHrn@1y).
Thus p is a multiplicative homomorphism.
e Now, suppose f, g € Ax such that f # g. Then there exists i € J such that
f(xi) # g(x;), x; € X;. Therefore, if y € 17,

w(H) = fx) #gxi) = u(gy.
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Therefore  is injective.
e Finally, suppose & € Ay and let f € Ay be defined by f(x) =h(y;). If y e Y,
then y € Y; for some i € J, and hence,

h(y) =h(Qi) = f(x) = fx) = pu(fH).

It follows that p is onto and hence an algebra isomorphism.
O

Theorem 2 Let Py = {X;: j € J}and P, = {Y;: j € J} be partitions of two sets
X and Y and Ax and Ay be algebras of functions that are constant on the sets of the
partitions Py and P, respectively. Letoy: X — X ando,: Y — Y be bijections such
that A is invariant under o (and Ufl) and Ay is invariant under oy (and o, Y and
that o1(X;) = X; whenever 02(Y;) =Y foralli, j € J. Suppose 5y : Ax — Ay is
the automorphism on Ay induced by oy, and o, : Ay — Ay is the automorphism
on Ay induced by o,. Then

0720/1,:#0071. (5)

where w is given by (4). Moreover, for every n € 7,
6" opn=poa". (6)
Proof Lety € X such that y € ¥; for some i € J. Then for every f € A,

(G20 W(F)() = (uf) 005 ' ()
= (uf) (o5 ' (»)

= f(o] ' (x))

= (f ooy H(x)

= u(foa;Hy)

= plai (HIY)

= [ o G1(H ().

Since y is arbitrary, we have
(020)(f ) = pooi(f)
for every f € A. And since f is arbitrary,
00 [l = Lo 0].

Now from (5), we have

GHlop=cr0(Gon) =co(nod)) = (Gou)od =(Lod])od =pod



Crossed Product Algebras for Piece-Wise Constant Functions 81

Therefore the relation (6) holds for n = 2.
Now suppose the relation (6) holds for k. Then:

k

AMopu=do0@ op)=do(nod¥)=(Ron od* =(nod)od* =pod .

Therefore, from the induction principle,
6" opu=poao". O

Remark 1 From Theorem 2 above, we get two nice results. The firstis thatif P; = P,
are partitions of X and o}, 0, : X — X are bijections on X which preserve the
structure of the partition, they will give rise to the same automorphism. That is,
suppose Py = {X; : j € J} is a partition of X and 01,0, : X — X are bijections
on X such that, if 01 (X;) = X, then 0o (X;) = X, foralli, j € J. Lets : A — A
be the automorphism on induced by o, that is, for every & € A,

G(h)y=hoo !,

Then for every [ € A,
o1(f) = a2 (f).

This is given by the fact that if P} = P,, then in (5), we can take u = id.
The second is the following important theorem.

Theorem 3 Let Py ={X;: j € JYand P, ={Y;: j € J} be partitions of two sets
X and Y and Ax and Ay be algebras of functions that are constant on the sets of the
partitions Py and P, respectively. Letoy: X — X andoy: Y — Y be bijections such
that Ay is invariant under o (and (71_]) and Ay is invariant under o, (and 02_1) and
that o1(X;) = X whenever o»(Y;) =Y foralli, j € J. Suppose 51 : Ax — Ax is
the automorphism on Ay induced by o1, and o, : Ay — Ay is the automorphism
on Ay induced by 0,. Then the crossed product algebras A X 7 and A Xg, Z are
isomorphic.

Proof We need to construct the an isomorphism between the crossed product algebras
Ax Xg Z and Ay x4 Z. Using the notation in [4], we let f := znez fn6" be an
element in Ay X4 Z. Define a function u : Ay X5 Z — Ay Xg, Z be defined by

i (Z fmST) =D u(f)3, (7)

nez nez

where p is defined in (4). Then, since p is an algebra isomorphism, it is enough
to prove that /i is multiplicative. To this end, we let f :=>" _, f,8] and g :=
> ez &md|" be arbitrary elementsin Ay X4 Z, then we prove that [t is multiplicative
on the generators f,6] and g,,67" respectively. Using (1) we have
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A(C£u8) % (8n8) = A f 61" (gm)STT™)
= w(f 61" (gm))5 "

= [ (f) (G (fru))185 "

= w(f)&" (1 (fu))85T" by (6)

= (fu8) * A(fudD).

Therefore /i is multiplicative on the generators f,8" and since w is linear, it is
multiplicative on the elements f = > _, f,6" € Ax X5 Z. O

Remark 2 In Lemma 1 we proved the necessary and sufficient condition on a bijec-
tiono : X — X such that the algebra Ay is invariant under o, thatis, forevery i € J
there exists j € J such that o (X;) = X; where the X; form a partition for X. From
this, it can be shown that A is isomorphic to C’, where by C’ we denote the space of
complex sequences indexed by J. This can be done by constructing an isomorphism
between Ay and C’ via o as follows.

Let T : J — J be a map such that 7(i) = j is equivalent to o (X;) = X for all
i, j € J. Then 7 is a bijection that plays the same role as 0, in Lemma 2. Therefore,
using the same Lemma, we deduce that the algebra A is isomorphic to C”. In Theo-
rem 3, we have shown a method of constructing an isomorphism between the crossed
product algebras Ay x4 Z and Ay x4, Z, when Ax and Ay are isomorphic. It fol-
lows that the crossed product algebra Ay x5, Z is isomorphic to C’ x; Z, where T
follows the same definition as &.

In the next section we describe the commutant of our algebra Ay in the crossed
product algebra Ax x5 Z.

3.1 Maximal Commutative Subalgebra

We take the same partition P = U< ; X ; and a bijection o : X — X such that for all
i € J, there exists j € J such that o (X;) = X ;. For k € Z., let

Cy = {x € X | k is the smallest positive integer such that x, ak(x) €eX; (8

for some j € J}.

According to Theorem 1, the unique maximal commutative subalgebra of A x5 Z
that contains A is precisely the set of elements

A’:[ancS”lforallneZ: fn'SL’p:’q(X)EO]a (9)

nez
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where Sep”; (X) is given by (2). We have the following theorem which gives the
description of Sep’; (X) in this case and is crucial in the description if the maximal
commutative subalgebra.

Theorem 4 Let o : X — X be a bijection on X as given above, ¢ : Ax — Ax be
the automorphism on Ay induced by o and Cy be given by (8). Then for everyn € Z,

Sepy () =1lJGucst, (10)
ktn

where
Coo=1{X; €P : o"(X;) # X; Vk > 1}.

Proof 1. If n =0 (mod k) and x € X; € Cy, the we can write n = mk for some
m € Z. Then, since 0¥(X;) = X; it follows that o *(X;) = X; and therefore
forevery h € A,

6" (h)(x) = 6" (h)(x) = (ho o ™) (x) = h(o "™ (x)) = h(x),

since x and 0 " (x) € X forallm € Z.
2. If n #£0 (mod k), we can write n = mk 4+ j where m, j € Z with 1 < j < k.
It follows that for every x € X; € Cy,

6" (h)(x) = 6" (h) (x)
= (hoo ™) (x)
= h(oc ™" (x))

=67 (h)(x).
But & is the smallest integer such that ok (X ;) = X . Therefore since j < k,
&7 (h)(x) # h(x).
Hence

Sep’ (X) ={x € X |3h € A:h(x) #6"(h)(x)}

- Ui xee X} ifn=0 (mod k),
{Uj:x,ecX;} ifn#0 (mod k),

and if x € C, then obviously x € Sep”; for every n > 1, or simply

Sep’y (R) = | J Cr U C.
kin
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From the above theorem, the description of the maximal commutative subalgebra
in A x5 Z can be done as follows.

Theorem 5 Let Ay be the algebra of piece-wise constant functions f : X — C,
o : X = X any bijectionon X, 6 : Ax — Ax the automorphism on A induced by
o and Cy be as described above. Then the unique maximal commutative subalgebra
of Ax X Z that contains Ay is given by

.A/ = Z Z aj, Xxjn 8"

neZ : kin \ ju€J

Proof From (9) we have that the unique maximal commutative subalgebra of Ax x5
Z that contains Ay is precisely the set of elements

A = {ana" |foralln € Z: fulsep, (x) 50],

nez

and from (2),

Sep’y(R) = Cr. (11)
kin

Combining the two results and using the definition of 4, € Ay as

hn = E aanXjn,

Jn€J

we get

A = Z Z aj, xx, o

neZ : kln \ ju€J
O

It can be observed from the results in Theorem 4 that it is possible to have
Sep”y (X) = X for all n € Z. For example, suppose J is infinite and let o : X — X
be a bijection such that o (X ;) = X4, forevery j € J. Then it is easily seen that in
in this case Sep’, (X) = X. However, this is not possible if J is finite since in this
case o acts like a permutation on a finite group. In the following section, we treat one
such a case. We let X = R and Ay be the algebra of piece-wise constant functions
on R with N fixed jump points, where N > 1 is an integer. In order to work in the
setting described before, we treat jump points as intervals of zero length. Then R is
partitioned into 2N + 1 sub-intervals.
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4 Algebra of Piece-Wise Constant Functions on the Real
Line with N Fixed Jump Points

Let A be the algebra of piece-wise constant functions f : R — R with Nfixed jumps

at points t1, tp, ..., ty. Partition R into N + 1 intervals Iy, I, ..., [y where I, =
1ty tyr1[ With tg = —o0 and ty4; = 0o. By looking at jump points as intervals of
zero length, we can write R = U1, where I, is as described above fora =0, 1,... N

and I, = {t,} if « > N. Then for every i € A we have

2N
h(x) =D aux1, (x), (12)
a=0

where x;, is the characteristic function of /,. As in the preceding section, we let
o : R — R be any bijection on R and let 6 : A — A be the automorphism on A
induced by o. Then we have the following lemma which gives the necessary and
sufficient conditions for (R, o) to be a discrete dynamical system.

Lemma 3 The algebra A is invariant under both o and o~ if and only if the
following conditions hold.

1. o (and o~") maps the each jump pointt,,, k = 1, ..., N onto another jump point.
2. o maps every interval I,, o = 0, 1, ... N bijectively onto any of the other inter-
vals I(), I[ e IN.

Proof Obviously, if the two conditions hold, then A is invariant under o. So we
suppose that A is invariant under o and prove that the two conditions must hold.

1. Suppose o (ty) =ty ¢ {t1,t2, ..., ty} forsome k € {1,2, ..., N}. Then, since o
is onto, there exists xo € R such that o (xg) = f;, that is, there exists a non jump
point that is mapped onto a jump point. We show that this is not possible.

Let
1 if x =1
hoy =] "=
0 otherwise.

Then h € A. But

0 otherwise, 0 otherwise.

hoa(x):[l if o(x) =1, 2[1 it x = xo,

Therefore h o o ¢ A which is a contradiction, implying that o does not map a
non jump point onto a jump point, proving the first condition.
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2. Consider the bijection o : R — R defined by

x if x £t ore,

o(x) =11, ifx=t, (13)
n ifx=t,
where t,; € I and t,: € Iy forsomek € {1,2,..., N}. Then o is a bijection that

permutes the jump points. Let 4 € A. Then using (12) and for the o in Eq.(13)
above, we have:
h(x) if x #1, ort,
o(x) ={a1 ifx=t,

a  ifx=1.

Therefore, h o o has jumps at points ¢, .. ., ty, t,;, t,: implying that h o o ¢ A.
O

The following theorem gives the description of Sep”; (R) for any n € Z.

Theorem 6 Let A be an algebra of piece-wise constant functions with N fixed jumps
atpointsty, ..., ty, o0 : R — R be any bijection on R such that A is invariant under
o and let 6 : A — A be the automorphism on A induced by o. Let

Cy = {x € R | k is the smallest positive integer such that x, o*(x) € I, (14)
for somea =0,...2N}.

Then for everyn € 7,

Sep’y (R) = | Cu. (15)
kin
Proof See Theorem 4 and observe that C, = ¢/ in this case. O

Example 1 Let A be the algebra of piece-wise constant functions with 4—fixed jump
points atty, f, 3, t4. Partition R into five subintervals Iy, .. ., Is where I, =]z, ty41[
with fy = —o0 and t5 = 0.

Let 0 : R — R be a bijection such that o (ly) = I;, o(l}) = L, o(l) = Iy,
o(I3) = Iy and o (I;) = I5. It follows that o3 (ly) = Iy, o>(I;) = I} and 6> (L) =
L.Buto/(I,) #I,fora =0,1,2and 1 < j < 3.

Alsoo?(l3) = Is, 02(I) = I buto/ (1) # I, if j £ 0 (mod 2) witha = 3, 4.
Therefore:

Sep” (R) = {x e R|3h € A: h(x) # 6" (h)(x)}
=R\ {{LUILJU{te: o*(t0) =, k=1,2,3,4)}ifn=0 (mod 2)
={lbULUDLYU{te: 02(te) 1, k=1,2,3,4}ifn=0 (mod 2),
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and

Sep (R) = {x e R|Th € A: h(x) # 6" (h)(x)}
=R\ {lU{LULU{te: 0>(t) =te, k=1,2,3,4}ifn=0 (mod 3)
={LUIJU{te: o) # 4, k=1,2,3,4}ifn=0 (mod 3).

From these results we have the following theorem.

Theorem 7 Let A be the algebra of piece-wise constant functions f : R — R with
N fixed jumps at points ty, ta, . . ., ty. Partition Rinto N + 1 intervals Iy, Iy, . .., Iy
where I, =]ty, tor1[Withty = —occandtyy = ocoand Iy = {ty}for N +1 < M <
2N. Let 0 : R — R be any bijection on R such that A is invariant under o and let
o : A — A be the automorphism on A induced by o. Let

Cr = {x € R | k is the smallest positive integer such that x, Gk(x) el, (16)
for somea =0,...2N}.

Then the unique maximal commutative subalgebra of A X 7Z that contains A is
given by

2N
A = z (Z aanxlw”)B"

nez : kln \o, =0

Proof From (9) we have that the unique maximal commutative subalgebraof A x; Z
that contains A is precisely the set of elements

A = Ianan |foralln € Z: fylsepr x) = o] ,

nez

and from (11),

Sep™, (R) = U Cy.
kin

Combining the two results and using the definition of , € A as
2N
hn = Z Ao, X1y, 5
a,=0

we get

2N
A = Z (z aanx,nn)ﬁn

neZ : kln \o,=0
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5 Some Examples

In this section we give some examples of how our results hold for well known simple
cases. We treat two cases of piece-wise constant functions on the real line; those with
one fixed jump point and those with two fixed jump points.

5.1 Piece-Wise Constant Functions with One Jump Point

Let A be the collection of all piece-wise constant functions on the real line with one
fixed jump point #y. Following the methods in the previous section R is partitioned
into three intervals Iy = (—o0, ty), I} = (ty, 00) and I, = {ty}. Then we can write

heAas
2

h = Z%XI.X =aoxr, +aixrn +axxp. (17
a=0

Leto : R — Rbe any bijection on R and let ¢ be the automorphism on A induced
by o. Note that by the first part of Lemma 3, invariance of the algebra A implies that
o (ty) = to. It follows therefore that o (ly) = Iy or o (ly) = I;. We treat these two
cases below.

5.1.1 O’(Io) = Io

In this case (and by bijectivity of o), we have that o (/) = I; and since o (fy) = 1y,
then foreveryx e R, h e Aandn € Z

G"h(x) = hoo"(x) = h(x),

since x and o " (x) will lie in the same interval. Therefore, all intervals I,, o =
0, 1, 2 belong to C; and hence

Seply(R) = J G = 0.
kin

Therefore, the maximal commutative subalgebra will be given by

A = [ana" |foralln € Z: fulsep, x) = 0]

nez

= A x5 7.
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5.1.2 O'(I()) = I]

In this case (and by bijectivity of o), we have that o (/) = Iy and since o (fy) = fy,
then for every x € R, h € A and n € Z such that 2 | n we have

0"h(x) :=hoo "(x) = h(x),

since x and o ~"(x) will lie in the same interval. And for odd n, 6" (h)(x) = h(x) if
and only if x = #(. Therefore, we have,

Ci={lalo() = I} =D,

and
Cr={l,|0°(y) =L} =L UI.
Therefore,
C, ifk=1,
Sep” (R) =| | ¢, =
Pa®) g" [@ ifk = 2.

Therefore, the maximal commutative subalgebra will be given by

2
A = Z (Z aanxla”)é”

neZ : kln \o,=0

2
- E Ay, X1, 5"
neZ : 2ln \a=0

- Z(ao‘mXIO +armxn + a2v’71X12)82m + Z (aZ,th) 62m+]] .

mez mez

5.2 Piece-Wise Constant Functions with Two Jump Points

Let A be the collection of all piece-wise constant functions on the real line with
two fixed jump points at 7y and #;. Following the methods in the previous section R
is partitioned into intervals Iy =] — oo, o[, I} =lto, il I =]t1, 00[, I3 = {tp}
and I = {#;}. Then we can write h € A as

4
h:Zaaxla. (18)
a=0
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Leto : R — Rbe any bijection on R and let & be the automorphism on A induced
by o. Note that by the first part of Lemma 3, invariance of the algebra A implies that
o(ty) =ty (and o (t;) = t;) or o (ty) = t; (in which case o (t;) = ty). Below we give
a description for the maximal commutative subalgebra of A x; Z for different types
of 0.

521 oy)=1I1,foralla =0,...,4
This case is similar to the one in Sect. 5.1.1 in the sense that, foreveryx e R, h € A
andn € Z

6"h(x) :==hoo"(x) = h(x),

since x and o " (x) will lie in the same interval. Therefore, all intervals I,, a =
0, ..., 4 belong to C; and hence

Sepy(R) = J Cc = 0.
kin

Therefore, the maximal commutative subalgebra will be given by

A = [ana" |foralln € Z: fulsep, x) = 0]

nez
=A A& 7.
522 ol =1, o(})=Iyando(l) = I,, « =2,3,4

In this case (and by bijectivity of o), we have that o (1;) = Iy and therefore for every
x €R, h € Aandn € Z such that 2 | n we have

0"h(x) :=hoo "(x) = h(x),

since x and o 7" (x) will lie in the same interval. And for odd n, 6" (h)(x) = h(x) if
and only if x € I, U I3 U I. Therefore, we have,

C, = {Iot | o(ly) = Ia} =LULUI,

and
Co={I,|0*(Iy) =I,} = b U I.

Therefore,
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Sepu®) = | J Cv =

[C2 ifk=1,
kin

¢ ifk=2.

It follows that for n € Z such that 2 | n, the maximal commutative subalgebra
will be given by

2N
Al = Z (Z aanXIa,,)‘Sn

neZ : kln \a,=0

> (% aanxzw)f?”

nez : 2ln \a,=0

4
= z (Z aa,m)(,a)(szm.

meZ \a=0

And for odd n, we have

A/z = Z(aZ.mXb + a3 m X1 + a4,mX14)8n-

n

Therefore, the commutant A’ is given by:

4
‘A = {Z(Z aa,le‘,)Szm + Z(almXIg + a3,mXI3 + a4,le4)82m+]] .

meZ \a=0 mez

Similar results can be obtained for the following cases

. O'(I()) = 11, O’(Il) = ](), (7(13) = 14, 0’(14) = 13 and (7(12) = ]2.
o) =h, o(b)=Ilando(,) =1, a=1,3,4.

. O'(I()) = 12, 0‘(12) = 10, 0‘(13) = 14 0'(14) = 13 and 0'(11) = 11.
. 0(11)212, 0’(12)211 al’ldO'(Ia)ZIa 0[20,3,4.

. O’(I]) = 12, 0(12) = 11, 0'(13) = 14, 0'(14) = 13 and O'(I()) = I().

[ O I S R

Since in all these cases, 62(I,) = I,, « =0, ..., 4.

523 oUy)=L,o)=1L,0()=Ijando(l,) =1,, « =3,4
In this case, using similar methods we have,

Ci={lyloly) =1} =ULUl, C;=4/,
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and
Cy={ly | 0°(y) =I,} = UL UDL.

Therefore,

ifk #3,
Seply(R) = | J €k = [ T
pr if k = 3.

It follows that for n € Z such that 3 | n, the maximal commutative subalgebra
will be given by

Al = Z (Z aanxla”)S”

nez : kin

|2 (az%m)

neZ : 3ln
meZ
If 3 t n, then
Ay =D (a3 n X1, + danxi)8".
Therefore:
e iz(zamx, )53"’ DY }
meZ \a=0

524 oy =h,0) =5, c(h)=hando(l3) =13, o(Iy) =15
In this case, using similar methods we have,
Ci=0, Cra=LUlI,

and
Cy={l,|0°Uy) =I,} =L UL UL.

Therefore,
R\ C; ifk =3,
SepyR) = JCe = {R\C, ifk =2,
K R itk =1.
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It follows that for n € Z such that 3 | n, the maximal commutative subalgebra
will be given by

2N
A/l = z Z aan len Sn

neZ : kln \o,=0

2N
Z Z A, X1,, 8"

neZ : 3ln \o,=0

= Z (aO,mXI() +aimxn + a2,mX12) 5.

mez

If 2 | n, then
b= (@mxs, + asmx1)8™",

meZ

and for all other values of n, A’ = A. Hence:

A = Z (@0mx1, + @vmxn, + a2mxn) 8" + Z(aS,mXI3 + g x1,)87"

mez mez
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