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of Generalized Multivalued F-Contraction
Mappings in Ordered Metric Spaces
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Abstract In this paper, we study the existence of common fixed points of family
of multivalued mappings satisfying generalized F-contractive conditions in ordered
metric spaces. These results establish some of the general common fixed point the-
orems for family of multivalued maps.
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1 Introduction and Preliminaries

Markin [16] initiated the study of fixed points for multivalued nonexpansive and
contractive maps. Later, a useful and interesting fixed point theory for such maps
was developed. Later, a rich and interesting fixed point theory for such multival-
ued maps was developed; see, for instance [6, 7, 9-11, 14, 15, 18-20, 23]. The
theory of multivalued maps has various applications in convex optimization, dynam-
ical systems, commutative algebra, differential equations and economics. Recently,
Wardowski [25] introduced a new contraction called F-contraction and proved a
fixed point result as a generalization of the Banach contraction principle. Abbas et
al. [3] obtained common fixed point results by employed the F-contraction condi-
tion. Further in this direction, Abbas et al. [4] introduced a notion of generalized
F-contraction mapping and employed there results to obtain a fixed point of a gener-
alized nonexpansive mappings on star shaped subsets of normed linear spaces. Minak
et al. [17] proved some fixed point results for Ciric type generalized F'-contractions
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on complete metric spaces. Recently, [S5] established some fixed point results for
multivalued F-contraction maps on complete metrics spaces.

The aim of this paper is to prove common fixed points theorems for family of
multivalued generalized F'-contraction mappings without using any commutativity
condition in partially ordered metric space. These results extend and unify various
comparable results in the literature [12, 13, 21, 22].

We begin with some basic known definitions and results which will be used in the
sequel. Throughout this article, N, R, R denote the set of natural numbers, the set
of positive real numbers and the set of real numbers, respectively.

Let F be the collection of all mappings F : RT™ — R that satisfy the following
conditions:

(Fy) F is strictly increasing, that is, for all @, b € R™ such that a < b implies that

F(a) < F(b).
(F,) For every sequence {a,} of positive real numbers, lim a, =0 and lim
n—oo n—oo
F (a,) = —oo are equivalent.

(F3) There exists A € (0, 1) such that linol+ a*F(A) =0.

Definition 20.1 ([25])Let (X, d) beametricspaceand F € [ . Amapping f : X —
X is said to be an F'-contraction on X if there exists T > 0 such thatd(fx, fy) > 0
implies that

forall x,y € X.
Wardowski [25] gave the following result.

Theorem 20.1 Let (X, d) be a complete metric space and mapping f : X — X be
and F —contraction. Then there exists a unique x in X such that x = fx. Moreover,
for any xo € X, the iterative sequence x,+1 = f (x,) converges to x.

Kannan [12] has proved a fixed point theorem for a single valued self mapping 7' of
a metric space X satisfying the property

d(Tx,Ty) < h{d(x,Tx) +d(y, Ty)}

for all x, y in X and for a fixed where i € [0, %).
Ciric [8] considered a mapping 7 : X — X satisfying the following contractive
condition:

d(Tx,Ty) < gmax{d(x,y),d(x,Tx),d(y, Ty),d(x,Ty),d(y, Tx)},

where ¢ € [0, 1). He proved the existence of a fixed point when X is a T-orbitally
complete metric space.

Latif and Beg [13] extended mappings considered by Kannan to multivalued map-
pings and introduced the notion of a K-multivalued mapping. Rus [21] coined the
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term R-multivalued mapping, which is a generalization of a K-multivalued map-
ping (see also, [2]). Abbas and Rhoades [1] studied common fixed point problems
for multivalued mappings and introduced the notion of generalized R-multivalued
mappings which in turn generalizes R-multivalued mappings.

Let (X, d) be a metric space. Denote by P(X) be the family of all nonempty
subsets of X, and by P (X) the family of all nonempty closed subsets of X.

A point x in X is called fixed point of a multivalued mapping 7 : X — P, (X)
provided x € Tx. The collection of all fixed point of T is denoted by Fix(T).

Recall that, a map 7' : X — P, (X) is said to be upper semicontinuous, if for
x, € X and y, € Tx, with x, = xg and y, — yo, implies yyo € Txq (see [24]).

Definition 20.2 Let X be a nonempty set. Then (X, d, <) is called partially ordered
metric space if and only if d is a metric on a partially ordered set (X, <).

We define Ay, A, € X x X as follows:

Ar={(x,y) e X x X 1x =<y},
Ay ={(x,y) e X x X 1x =<y}

Definition 20.3 A subset I of a partially ordered set X is said to be well-ordered if
every two elements of I" are comparable.

2 Common Fixed Point Theorems

In this section, we obtain common fixed point theorems for family of multivalued
mappings. We begin with the following result.

Theorem 20.2 Let (X, d, <) be an ordered complete metric space and {T;}_, :
X — P, (X) be family of multivalued mappings. Suppose that for every (x,y) € A,
and u, € T;(x), there exists u, € Tiy1(y) fori € {1,2,...,m} (with T, = T\ by
convention) such that, (i, uy) € A, implies

T+ F(d(uxa u),)) < F(M(x,y;uyx, uy)), (D

where T is a positive real number and

(x, uy) +d (y, uy) ]

d
M(xa yv MX,M_V)ZmaX d(xv y)vd(xaux)ad(y’uy)’ 2

Then the following statements hold:

(i) Fix(T)) #0 forany i € {1,2,...,m} if and only if Fix(T}) = Fix(T») =
o= Fix(Ty,) # 0.
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(ii) Fix(T\) = Fix(T») = --- = Fix(T,) # 0 provided that any one T; fori €
{1,2,...,m} is upper semicontinuous.
(iii) N, Fix(T;) is well-ordered if and only if N}, Fix(T;) is singleton set.

Proof To prove (i), let x* € Ty (x*) for any k € {1,2,...,m}. Assume that x* ¢
Tii1 (x*), then there exists an x € T, (x*) with (x*, x) € A, such that

T+ F (d(x*,x)) < F(M(x*, x*; x*, x)),

where

d *’ d *’ *
M(x*, x*; x*, x) = max {d(x*, x*), d(x*, x*), d(x, x¥), @70 +d x)]

2
=d(x, x"),

implies that
T+ F (d(x*,x)) < Fd(x*, x)),

a contradiction as t > 0. Thus x* = x. Thus x* € Ty (x*) and so Fix(Ty) C
Fix(Ty41). Similarly, we obtain that Fix(Tyy;) € Fix(T;4+2) and continuing this
way, we get Fix(T)) = Fix(T,) = --- = Fix(T}). The converse is straightforward.

To prove (ii), suppose that xg is an arbitrary point of X. If xo € Tj, (xo) for any
ko € {1, 2, ..., m}, then by using (i), the proof is finished. So we assume that x ¢
Ty, (xo) for any ko € {1,2,...,m}. Now fori € {1, 2, ..., m}, if x; € T;(xp), then
there exists x, € T;,1(x1) with (x1, x) € A, such that

T+ F (d(x1, x2)) < F(M(xo, x1; X1, X2)),

where

d(xo, d(xy,
M(xo, x1: x1, x2) =max[d(xo,xl),d(xo,xl),d(xl,xz), (x0, x2) + (s ’“)]

2
d(xo, x2)

= max [d(xo,xl),d(xl,xz), >

= max{d (xg, x1), d(x1, x2)}.
Now, if M (xq, x1; X1, x2) = d(x1, x) then
T+ F (d(x1, x2)) < F(d(x1, x2)),
a contradiction as T > 0. Therefore M (xq, x1; x1, X2) = d(xg, x1) and we have
T+ F (d(x1,x2)) < F (d(x0, x1)) .

Next for this x, € T;4+1 (x1) , there exists x3 € T;12(x3) with (x3, x3) € A, such that
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T+ F (d(x2, x3)) < F(M(x1, X2; X2, X3)),

where

d(xy, d(xs,
M(xl,xz;xz,x3)=max[d(xl,xz),d(xl,x2>,d(x2,x3), (r1, %3) + d (%2 m}

2
= max{d(x;, x2), d(x2, x3)}.

Now, if M (x1, x2; x2, x3) = d(x2, x3) then
T+ F (d(x2, x3)) < F(d(x2, x3)),
a contradiction as T > 0. Therefore M (x1, x; X3, x3) = d(x1, x») and we have
T+ F (d(x2,x3)) < F (d(x1,x2)) .

Continuing this process, for xz, € T;(x2,_1), there exist x2,41 € T4 (x2,) with
(X2, X2nt1) € A, such that

T+ F (d(x2, Xon41)) < F (M (X20-1, X203 X2n, X2041))

where

M(XZn—l s X2ns X2n, x2n+1) = max [d(XZn—l 5 x2n)a d(x2n—1 5 x2n)a d(x2na x2n+1)a

d(x2n—l ) x2n+l) + d(x2n’ x2n) ]
2

d(x2n—lvx2n+l)]

= [d(x2nlvx2n)s d (X2, X2n41), >

= d(xZn—l s in),

that is,
T+ F (d(x2, X2n41)) < F (d(x24—-1, X2)) .

Similarly, for x,41 € Tit1(x2,), there exist x2,42 € Tit2 (x2441) such that for
(X2n+41, X2n42) € Ao implies

T+ F (d(Xon41, X2n42)) < F (d(X20, X2n41)) -

Hence, we obtain a sequence {x,} in X such that for x, € T;(x,—1), there exist
Xn+1 € Tiq1 (x,) with (x,,, x,41) € Ay such that

T+ F(d(Xn, Xp41)) = F (d(xn-1, X)) -
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Therefore

F (d(xn—l’ xn)) —Tt=<F (d(xn—Zs xn—l)) -2t

F(d(xm er—l)) =<
< - = F(d(xo,x1)) —nt. 2

From (2), we obtain lim F (d(x,, x,4+1)) = —oo that together with (F,) gives
n—0oQ

lim d(x,, x,+1) = 0.
n— o0

From (F3), there exists A € (0, 1) such that
lim [d(xna xn-&-l)]xF (d(xnv xn+l)) =0.
n—o00

From (2), we have

[d (X, Xt DT F (d (s Xn11)) — [d (X, XDV F (d (X0, Xnt1))
< —nt[d(x,, x,11)]* < 0.

On taking limit as n — 0o we obtain

lim n[d(x,,, )Cn+1)])L =0.
n— 00

Hence lim n%d(xn, Xn+1) = 0 and there exists n; € Nsuch thatn%d(xn, Xnt1) <
n—0oQ
1 for all n > n;. So we have

1
nl/n

d(xn’ -xn-H) =<
for all n > n;. Now consider m, n € N such that m > n > n;, we have
d (Xn, xm) < d (-xn’ xn+1) + d (xn+1a xn+2) +-+ d (-xmfls xm)

— 1
= Z ilre
i=n

By the convergence of the series Zfil i,%, we getd (x,, x,,) = Oasn,m — oo.
Therefore {x,} is a Cauchy sequence in X. Since X is complete, there exists an
element x* € X such that x, — x* asn — o0.

Now, if T; is upper semicontinuous for any i € {1, 2, ..., m}, then as x,, € X,
Xon+1 € T; (x2,) with xp, — x* and xp,41 — x* as n — oo implies that x* €
T; (x*). Thus from (i), we getx* € T\ x*) =T, (x*) = --- =T, (x¥).

Finally to prove (iii), suppose the set N/_, Fix (T;) is a well-ordered. We are to
show that N?"_ | Fix (T;) is singleton. Assume on contrary that there exist # and v such
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thatu,v € N’ Fix (T;) but u # v. As (u,v) € A, so for (u,, v,) € A, implies

T4+ F(du,v)) < F(Mu,v;u,v))

= F(max [d(u, V), d(u, u),dv,v), d(u,v) —;—d (v, u) ])

= F(d(u,v)),

acontradiction as T > 0. Hence u = v. Conversely, if N/, Fix (T;) is singleton, then
it follows that N/, Fix (T;) is a well-ordered. O

The following corollary extends and generalizes Theorem 4.1 of [13] and Theorem
3.4 of [21] for two maps in ordered metric spaces.

Corollary 20.1 Let (X, d, <) be an ordered complete metric space and Ty, T :
X — P, (X) be two multivalued mappings. Suppose that for every (x,y) € A, and
uy € T;(x), there exists u, € T;(y) fori, j € {1,2} withi # j such that, (u,,u,) €
Ay implies

T+ F (d(uy,uy)) < F(M(x, y; uy, uy)), A3)

where T is a positive real number and

(x, uy) +d (y,uy) ]

d
M(x,y; uy, uy) = max [d(x,y),d(x,ux),d(y,uy), 2

Then the following statements hold:

(1) Fix(T;) # @ foranyi € {1,2} ifand only if Fix(T)) = Fix(T;) # 0.

(2) Fix(Ty) = Fix(Ty) # @ provided that Ty or T, is upper semicontinuous.

(3) Fix(Ty) N Fix(T,) iswell-orderedifand only if Fix(Ty) N Fix(T5) is singleton
set.

Example 20.1 LetX = {x, = w :n €{l,2,3,...}}endow with usual order < .

Let

A ={(x,y):x <y where x,y € X} and
Ay ={(x,y):x <y where x,y € X}.

Define T, 15 : X — P.;(X) as follows:
Ty (x) = {x1} for x € X,

Tz(X)Z[

{xl} , X = X1
{x1, %01}, x=x,, for n>1.
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Take F (¢) =Ina + o, @ > 0 and T = 1. For a Euclidean metric d on X, and
(ux, uy) € A,, we consider the following cases:

(1) If x =x1,y = x,, for m > 1, then for u, = x; € T} (x), there exists u, =
Xm—1 € Tp (y), such that

A, )t M ) < (1, et =0

_mz—m—2 o
- 2
2
m-+m-—2 _,
- =
2
:e’ld(x,y)

<e'M (x, Vi Uy, uy) .

(ii) If x =x,, y = xp41 withn > 1, then for u, = x; € T (x) , there exists u, =
X,—1 € T» (y), such that

3 ) d(ruy)+d(y)
d(umuy)ed(ux.uy) M (x.yiug.uy) Aty uy) —[ ==

IA

d(uy, uy)e

I’lz —n—2 _mo
2

=—-"%e
2
n? +4n 1
<
5 ¢
_ |:d (x, uy) +d (y, ux)i|
2

<e'M (x, ¥ Uy, uy) .

(iii) Whenx = x,, y = x,, withm > n > 1, thenforu, = x; € T} (x), there exists
uy = x,—1 € T (y), such that

d(l/lx, uv)ed(ux,ur\,)—M(x,y;ux,uy) < d(l/tx, uV)ed(uv,(,uy)—d(x,ux)
2

n-—n-—2 _,
= —%¢
2
n4+n-2 -
< ——¢
2
=e'd (x, uy)

< e 'M (x, Vi Uy, uy) .

Now we show that for x, y € X, u, € T> (x); there exists u, € T; (y) such that
(ux, uy) € A and (3) of Corollary 20.1 is satisfied. For this, we consider the fol-
lowing cases:
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1) If x =x,, y=x; with n > 1, we have for u, = x,_; € T» (x), there exists
uy =x1 € T (y), such that

d(u,, uy)ed(ux,uy)—M(x,y;ux,uy) < d(u,, uv)ed(ux,uy)—d(x,y)

n—n-=2 “n
=— ¢
2
n4+n-2 1
< — ¢
2

=e_ld(x,y)

< e 'M (x, Vi Uy, uy) .

(i) In case x = x,, y = x,,, with m > n > 1, then for u, = x,_; € T» (x), there
exists uy, = x; € T> (y), such that

d(u,, uV)ed(ux,u_v)—M(x,y;uﬂuv) < d(u,, uy)ed(ux,uy)—d(y,uy)

n—n—-2 ,

2
n-—n—m<°—m
e

2
m24+m-—2 -1
< e
2
:e"d(y,uy)

< e 'M (x, Vi Uy, uy) .

Hence all the conditions of Corollary 20.1 are satisfied. Moreover, x; = 1 is the
unique common fixed point of 77 and T, with Fix(T) = Fix(T»).

The following result generalizes Theorem 3.4 of [21] and Theorem 3.4 of [22].

Theorem 20.3 Let (X, d, <) be an ordered complete metric space and {T;}_, :

X — P, (X) be family of multivalued mappings. Suppose that for every (x,y) € A,
and u, € T;(x), there exists u, € Tiy1(y) fori € {1,2,...,m} (with T, = T\ by
convention) such that, (i, uy) € A, implies

f+F(d(u,h uy)) = F(Mz(x, Vi Ux, uy))’ (4)
where T is a positive real number and
Mo(x, y;ux, uy) = ad(x, y) + Bd(x, ux) + yd(y, uy) + 81d (x, uy) + 82d (v, ux)

anda, B,y,61,8, > 0,8 <& witha + B+ y + 81 + 8 < 1. Then the following
statements hold.:

(I) Fix(T;) # 0 for any i € {1,2,...,m} if and only if Fix(T\) = Fix(T») =
o= Fix(Ty) # 0.
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(II) Fix(T\) = Fix(T») = --- = Fix(T,) # 0 provided that any one T; fori €
{1,2,...,m} is upper semicontinuous.
(1) N, Fix(T;) is well-ordered if and only if N/L | Fix(T;) is singleton set.

Proof To prove (I), let x* € Ti.(x*) for any k € {1, 2, ..., m}. Assume that x* ¢
Tis1 (x*), then there exists an x € Ty4 (x*) with (x*, x) € A, such that

T4+ F (d(x*,x)) < F(My(x*, x*; x*, x)),
where

My(x*, x*; x*, x) = ad(x*, x*) + Bd (x*, x*) + yd(x, x*)
+ 81d (x*, x) + 8d (x*, x*)
= (y +8)d(x, x%),

implies that

T4 F (d(x*, 0) < F((y +8)d(x", x)
< F(d(&x*,x)),

a contradiction as t > 0. Thus x* = x. Thus x* € Ty (x*) and so Fix(Ty) C
Fix(Ty41). Similarly, we obtain that Fix(T;y;) € Fix(Ty4+2) and continuing this
way, we get Fix(T)) = Fix(T,) = --- = Fix(T). The converse is straightforward.

To prove (II), suppose that xq is an arbitrary point of X. If xo € T}, (xo) for
any ko € {1, 2, ..., m}, then by using (I), the proof is finishes. So we assume that
xo & T, (xo) forany kg € {1,2,...,m}. Now fori € {1, 2, ..., m}, if x; € T;(xo¢),
then there exists x, € T;1(x;) with (x1, x2) € A, such that

T+ F (d(x1, x2)) < F(My(xo, x1; X1, X2)),
where

My (xo, x15 X1, X2) = ad(xg, x1) + Bd(xo, x1) + yd(x1, x2)
+ 81d(x0, x2) + d2d (x1, x1)
< (a+ B +8)d(xo, x1) + (y +8)d(x1, x2).

Now, if d(xg, x1) < d(x1, x»), then we have

T+ F(d(x1,x2) < F((a + B+ y +281)d(x1, x2))
< F(d(x1, x2)),

a contradiction. Therefore

T+ F (d(x1,x2)) < F (d(x0, x1)) .
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Next for this x, € T;4+1 (x1), there exists x3 € T;1»(x3) with (x2, x3) € A, such that
T+ F (d(x2, x3)) < F(Ma(x1, x2; X2, X3)),

where

M (x1, x2; X2, X3) = ad(x1, x2) + Bd(x1, x2) + yd(x2, X3)
+ 81d(x1, x3) + 82d (x2, x2)
< (@4 B +8)d(x1, x2) + (y + 81)d(x2, x3).

Now, if d(x1, x2) < d(x2, x3) then

T+ F(d(x2,x3)) < F((a + B+ y +281)d(x2, x3))
< F(d(x2,x3)),

a contradiction as T > 0. Therefore
T+ F (d(x2,x3)) < F (d(x1, x2)) .

Continuing this process, for x,, € T;(x2,_1), there exist x2,41 € Ti41 (x2,) with
(X211, X2n+1) € Aj such that

T+ F (d(x2,, X2n41)) < F (Ma(X20—1, X2u} X2, X2n41)) »
where

Mo (X201, X2n; Xons Xont1) = od (X2u—1, X20) + Bd (X201, X24) + yd(X24, X2011)
+ 81d(x2n—1, Xon41) + 82d (X24, X21)
< (a+B+81)dxo—1,x0) + (¥ +81) d(x2n, X2n41)
< d(x2p—1, X2n),

that is,
T+ F (d(x2, X2n41)) < F (d (X201, X2)) .

Similarly, for x2,+1 € T;4+1(x2,), there exist xp,42 € Tiy2 (x2,41) such that for
(X2n+1, X2n42) € Ay implies

T+ F (d(X2041, X2n42)) < F (d(x2,, X2041)) -

Hence, we obtain a sequence {x,} in X such that for x, € T;(x,_;), there exist
Xn+1 € Tiv1 (x,) with (x,,, x,41) € A, such that

T+ F(d(xp, Xuq1)) < F (d(xp-1, X)) .
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Therefore

F (d(xn’ er—l)) F (d(xn—l’ xn)) —Tt=<F (d(xn—Zs xn—l)) -2t

=<
<. < F(d(xo, x1)) — nt. (&)

From (4), we obtain lim F (d(x,, x,+1)) = —oo that together with (F,) gives
n—0oQ

lim d(x,, x,+1) = 0.
n—o00
Follows the arguments those in proof of Theorem 20.2, {x,,} is a Cauchy sequence
in X. Since X is complete, there exists an element x* € X such that x, — x* as
n— oo.

Now, if T; is upper semicontinuous for any i € {1, 2, ..., m}, then as x,, € X,
Xont1 € T; (x2,) Wwith xp, = x™ and xp,41 — x* as n — oo implies that x* €
T; (x*) . Thus from (I), we get x* € T} (x*) =T, (x*) = --- = T, (x™).

Finally to prove (III), suppose the set N/, Fix (T;) is a well-ordered. We are to
show that N"_, Fix (T;) is singleton. Assume on contrary that there exist # and v such
thatu,v e N, Fix (T;) butu #v. As (u,v) € Ay, so for (u,,v,) € A, implies

T+ F(du,v) < F(My(u,v;u,v)),

where
My(u,v;u,v) = adu,v) + Bd, u) + yd(v,v)
4+ 81d (u, v) + 8od (v, u)
== ((X+(S] +52)d(x,}’)7
that is,

T+ F(du,v) < F((a+68 +8)d(x,y))
< Fdu,v),

acontradictionas T > 0. Hence u = v. Conversely, if N/"_, Fix (T;) is singleton, then
it follows that N/, Fix (T;) is a well-ordered. [l

The following corollary extends Theorem 3.1 of [21], in the case of family of
mappings in ordered metric space.

Corollary 20.2 Let (X, d, <) be an ordered complete metric space and {T;}_, :
X — P, (X) be family of multivalued mappings. Suppose that for every (x, y) € A,
and u, € T;(x), there exists u, € Tiy1(y) fori € {1,2,...,m} (with T, = T\ by
convention) such that, (uy, u,) € A, implies

T+ F (d(ug, uy)) < Flad (x,y) + Bd(x, u) + yd(y, uy))), (6)
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where T is a positive real number and o, B, y > 0 with «, B,y < 1. Then the con-
clusions obtained in Theorem 20.3 remains true.

The following corollary extends Theorem 4.1 of [13].

Corollary 20.3 Let (X, d, <) be an ordered complete metric space and {T;}!, :
X — P, (X) be family of multivalued mappings. Suppose that for every (x, y) € Ay
and uy € T;(x), there exists uy, € Ti1(y) fori € {1,2,...,m} (with T,y =Ty by
convention) such that, (uy, u,) € A, implies

T+ F (due, uy)) < F(hld(x, uy) +d(y, uy)]), (N

where T is a positive real number and h € [0, %]. Then the conclusions obtained in
Theorem 20.3 remain true.

Corollary 20.4 Let (X, d, <) be an ordered complete metric space and {T;}., :
X — P, (X) be family of multivalued mappings. Suppose that for every (x,y) € A,
and u, € T;(x), there exists u, € Tiy1(y) fori € {1,2,...,m} (with T, = T\ by
convention) such that, (uy, u,) € A, implies

T+ F (dug,uy)) < Fd(x, ), ®)

where T is a positive real number. Then the conclusions obtained in Theorem 20.3
remain true.

The above corollary extends Theorem 4.1 of [13].

3 Conclusion

Recently many results appeared in the literature giving the problems related to the
common fixed point for multivalued maps. In this paper we obtained the results for
existence of common fixed points of family of maps that satisfying generalized F-
contractions in ordered structured metric spaces. We presented some examples to
show the validity of established results.
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