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Abstract In analogy to extremal principles in physics, we introduce the Principle
of Least Revenue for treating market equilibria. It postulates that equilibrium prices
minimize the total excessive revenue of market’s participants. As a consequence, the
necessary optimality conditions describe the clearance of markets, i.e. at equilibrium
prices supply meets demand. It is crucial for our approach that the potential function
of total excessive revenue be convex. This facilitates structural and algorithmic
analysis of market equilibria by using convex optimization techniques. In particular,
results on existence, uniqueness, and efficiency of market equilibria follow easily.
The market decentralization fits into our approach by the introduction of trades
or auctions. For that, Duality Theory of convex optimization applies. The com-
putability of market equilibria is ensured by applying quasi-monotone subgradient
methods for minimizing nonsmooth convex objective—total excessive revenue of
the market’s participants. We give an explicit implementable algorithm for finding
market equilibria which corresponds to real-life activities of market’s participants.

Keywords Principle of least revenue ¢ Computation of market equilibrium ¢ Price
adjustment ¢ Convex optimization ¢ Subgradient methods ¢ Decentralization of
prices ¢ Unintentional optimization

1 Introduction

We start with a celebrated quotation of Leonhard Euler (1744): “Nothing in the
world takes place without optimization, and there is no doubt that all aspects of
the world that have a rational basis can be explained by optimization methods.”
Rephrasing this in modern terms, the laws of nature can be derived by using extremal
(or variational) principles. Indeed, the laws are often first-order necessary optimality
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conditions for minimizing (or maximizing) a properly chosen potential function.
To illustrate this idea, let us consider the Newton law

mi = F, (1)

where r(7) is the particle’s position at time #, F’ the acting force, and m the particle’s
mass. The goal of classical mechanics is to solve this differential equation for
various forces: gravity, electromagnetism, friction, etc. For conservative forces
(gravity, electrostatics, but not friction), the force can be expressed as

F=-VV, 2

where the potential energy V(r) depends on the particle’s position. For this case, let
us define the potential function called action:

1 ml‘,.Z
A E / (T - V(r)) dt. 3)

The action represents the difference between the kinetic and potential energy of a
particle. The integrand in (3) is called Lagrangian

=2
def mr

Now, the Principle of Least Action says:

The true path taken by the particle is an extremum of the action.

In fact, it is an easy exercise from the calculus of variations to show that an
extremum of the action satisfies the Newton law. Note that Newton law comes from
the first-order variation of the action. Second derivative of the trajectory appears just
because of the integration by parts. So, Newton law for conservative forces can be
viewed as a first-order potential system. The least action principle (or Lagrangian
method) became extremely fruitful in all of physics, not just mechanics. Many
fundamental laws of physics can be expressed in terms of a least action principle,
e.g. electromagnetism, optics, special and general relativity, particle physics etc.
(see [1]). Recently in [21], the principle of least action has been applied to supply
chains linking variation in production to variation in net-inventory.

From the optimization perspective, the introduction of extremal principles
highlights the algorithmic aspects of laws. Instead of solving the law’s systems of
equations, we may consider iterative schemes for minimizing the corresponding
potential function. Of course, regarding physical laws it sounds like a philosophical
paradox: who minimizes the action, and by using what method? However, having
in mind the application of extremal principles in social sciences, this point of
view could be valuable. Namely, optimization methods for minimizing a potential
function provide behavioral dynamics. They explain how a social system eventually
arrives at a state which is described by the corresponding law. Although, Isaac
Newton remarked in 1720: “I can calculate the motion of heavenly bodies, but not
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the madness of people,”—we pursue exactly this goal, at least in some particular
economic setting. It will turn out that the economic behavior of people is not as mad
as it may look like.

In this paper we introduce and exploit extremal principles for the economic law
of supply and demand. The latter says that at a competitive market supply meets
demand at an appropriate price, i.e.

Y owe=) & 4)
k i

where y; is kth producer’s and X; is ith consumer’s bundle of goods, respectively. It
is also common to refer to (4) as the market clearing condition. Here, ¥, € Si(p) is
kth producer’s supply operator, and X; € D;(p) is ith consumer’s demand operator
at a price p. Hence, the law of supply and demand can be equivalently written as an
inclusion problem

0 Sip) =D Dilp). )
k i

Solutions of (5) are called equilibrium prices. Together with corresponding produc-
tion and consumption bundles, they form market equilibrium (e.g., [8]).

The role of prices in balancing supply and demand is well-known in economics
since Adam Smith. As Milton Friedman pointed out in [2]: “Adam Smith’s flash
of genius was his recognition that the prices ...in a free market could coordinate
the activity of millions of people, each seeking his own interest, in such a way as
to make everyone better off.” Mathematically, this coordination may be explained
by the fact that prices act as dual or Lagrange multipliers for the market clearance.
In accordance with the latter, our main assumption states that supply and demand
operators can be expressed as convex subdifferentials:

Sk(p) = 9ék(p),  Di(p) = —06i(p). (6)

&1 (p) is kth producer’s excessive profit, and &;(p) ith consumer’s excessive wealth.
Note that the subdifferentiability assumption (6) has the same mathematical mean-
ing as the assumption of dealing with a conservative force (2). Let us define the
potential function called total excessive revenue:

def

P E S G0+ 60). %
k i

In our framework, the total excessive revenue represents the Lagrangian w.r.t. the
market clearance. Now, we are ready to state the Principle of Least Revenue:

Equilibrium prices minimize the total excessive revenue of market’s participants.

In fact, the first-order necessary optimality conditions for minimizing the total
excessive revenue give us the law of supply and demand (5). The latter is due to
the subdifferentiability assumption (6). Further, it is crucial for our approach that
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the potential function of total excessive revenue is convex. This opens up for struc-
tural and algorithmic analysis of market equilibria by using convex optimization
techniques. E.g., the Walrasian titonnement, as suggested in [19], states that prices
change proportionally to the excess demand, i.e.

P €D Dip) =Y Sip).
i k

Under assumption (6) the Walrasian titonnement becomes a subgradient system

pe—dEQp).

Its discretized version is

plt + 1] = plf] = AV E (plt) ,

with time ¢, step-sizes h[f], and excess supplies V& (p[t]) € 0& (p[t]). This
corresponds to the standard subgradient scheme for the convex minimization
of &. In absence of assumption (6), the Walrasian titonnement is fraught with
severe problems. These relate, on one side, to communication, implementation,
interpretation, organization and, on the other side, to stability and definiteness, see
e.g. [8] for details.

The paper is organized as follows. In Sect.2 we describe the excessive revenue
model for a competitive market from [14]. We show that the least revenue principle
applies to the excessive revenue model. Based on this fact, existence, uniqueness
and efficiency results for market equilibrium follow. In order to minimize the total
excessive revenue, quasi-monotone subgradient methods for nonsmooth convex
minimization from [13] are presented in Sect. 3. They guarantee the best possible
rate of convergence for the whole sequence of test points rather than of their
averages. This fact allows us to prevent uncontrollable jumps of the function values
at some iterations. Moreover, the sequence of record values does not enter the com-
plexity bound. This is crucial for the applicability of quasi-monotone subgradient
methods in our economic setting. Indeed, the values of the total excessive revenue
are not available to market’s participants. By using quasi-monotone subgradient
methods, we explain in Sect. 4 how equilibrium prices can be successively adjusted.
For that, we concentrate on

* the regulation design: regulator settles and updates prices which are taken by
producers and consumers;

* the trade design: producers settle and update their individual prices, and con-
sumers buy at the lowest purchase price;

* the auction design: consumers settle and update their individual prices, and
producers sell at the highest offer price.
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Notation. Our notation is quite standard. We denote by R” the space of n-
dimensional column vectors x = (x(V), ..., x™)7, and by R", the set of all vectors
with nonnegative components. For x and y from R", we introduce the standard scalar
product and the Hadamard product

n
() = a0, oy = (y0)., e
i=1

Finally, a4 denotes the positive part of the real value a € R: a;x = max{a, 0}.
T
For x = (xV, ... x")7T e R” we denote x; = (xg),...,ng)) . For vectors

pi,-...,px € R", denote by ; n11in1< pr € R" the vector with coordinates

.....

()
. . 0
= , =1,...,n.
(k:llll,l.?.ka) g P "

For the vectors py,...,p; € R", we denote by rr}ax pi € R" the vector with
=10

coordinates

2 Excessive Revenue Model

Let us present the excessive revenue model of competitive market from [14].

2.1 Producers and Consumers

Consider a market with K producers, which are able to produce n different goods.
Given a vector of prices p € R”, the kth producer forms the supply operator Sy (p)
of production bundles y; € R, . For that, the kth producer maximizes the profit with
respect to the variable cost, subsequently trying to cover the fixed cost. Namely,

* Producer k € {1,..., K} chooses first the tentative production bundle y, € R,
by solving the profit maximization problem:

7 (p) £ max (p, ye) — cx () ¥
V€%

Here, %, C R, is the production set, assumed to be nonempty, compact and
convex. The producer’s yield is (p,y;). The variable cost of producing yj is
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denoted by ci(yx). We assume that ¢ is a convex function on R”, . Clearly, the
profit m;(p) is convex in p as the maximum of linear functions. By %;*(p) we
denote the set of optimal solutions of (8), i.e. yx € %;*(p). Note that the profit
maximization problem (8) appears already in Marshallian partial equilibrium
analysis, see e.g. [8].

¢ Secondly, the kth producer compares the profit m;(p) with the fixed cost of
maintaining the technological set %, denoted by xy = (%) € R4. The
latter can include the interest paid to the bank, different charges for renting the
equipment, land use, etc. By this comparison, a participation level oy = ax(p) €
[0, 1] of kth producer is properly adjusted:

def | 1, if me(p) > Ky,

%P =0 0 if () < ke

€))

In case ;. (p) = ki, o (p) € [0, 1] is not unique and may vary. We call producers’
participation levels satisfying the relation (9) proper.
* Finally, the supply operator S : R”, = R" of kth producer is given by

Sic(p) € {5k = won | o = ex(p) and i € %X (p) ). (10)
Here, the production bundles are

~ def
Yk = Ok Yk,

where o = oy (p) is the proper participation level of the kth producer, and y; €
%.* (p) is the tentative production.

Let I consumers be active at the market. The ith consumer has to decide on the
consumption bundle ; € R’ . These consumption bundles form the demand D;(p),
given the price p € R’,. The ith consumer minimizes the expenditure with an aim
to guarantee the desirable utility level. Then he tries to cover this expenditure by the
available wealth. Namely,

e Consumer i € {1,...,I} decides first on the tentative consumption bundle x; €
R’ by minimizing expenditure:

ei(p) & min (p,x;) = min (p,x;), (11
xi €X; X € Zi
ui(x;) > u;

where the ith consumption set is

def
2= {xi € Xilui(x) > u;} .
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Here, X; C R’ is assumed to be nonempty, compact and convex. By u; :
X; — R, we denote the utility function of the ith consumer, assumed to be
concave. The utility level u; € R, is desirable by ith consumer. The consumer’s
expenditure ¢;(p) is concave in p as the minimum of linear functions. By Z;* (p)
we denote the set of optimal solutions of (11),i.e. x; € Z;*(p). The minimization
of expenditure in (11) is well-known in economics as a dual problem for
utility maximization. The desirable utility level u; mainly reflects the consumer’s
standards on qualities of goods. In [18] the agent who faces the expenditure
minimization problem (11) is called the dual consumer. The dual consumer
usually acts on regular basis, thus, generating the flows of consumption. We also
refer to [5, Chap. 10] and [7] for more details on the dual theory of consumption.
The compactness assumption on X; refers to the fact that the consumption is
bounded. Naturally, there are physical limits to what people can consume in
order to satisfy their basic needs. The unbounded desire for wealth is not an
issue here, since the wealth w; is a primitive in our model (see below and confer
the discussion on this assumption in [17]).

* Secondly, the ith consumer compares the expenditure ¢;(p) with the available
wealth w; € R The latter can include the budget, salary and rent payments, etc.
By this comparison, a participation level 8; = B;(p) € [0, 1] of ith consumer is
properly adjusted:

def | 1, if e;(p) < wy,

IBl(p) B 0, if e[(p) > wi. (12)

In case ¢;(p) = w;, Bi(p) € [0, 1] is not unique and may vary. We call consumers’
participation levels satisfying the relation (12) proper.
* Finally, the demand operator D; : R, = ", of ith consumer is given by

def (~ *
Di(p) = {& = Bix; | Bi = Bi(p) and x; € Z7*(p) } . (13)
Here, the consumption bundles are

~ def
Xi = lgixi»

where B; = B;(p) is the proper participation level of the ith consumer, and x; €
Z* (p) is the tentative consumption.

For the sake of convenient navigation along the text, we list model’s data and
variables:

There are two non-standard ingredients in our model which need to be explained
and thoroughly justified. The first concerns the expenditure minimization prob-
lem (11) with the given level u; of desirable utility. The second deals with the proper
adjustment of participation levels o and f; in (9) and (12), respectively.

(1) Expenditure minimization and responsible consumer
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Data Variables

s Production set P Prices

ci(+) | Variable cost function | y; Tentative production bundle
Kk Fixed cost o Producer’s participation level
X Consumption set Vi ] oy, | Production bundle

u;(+) | Utility function X; Tentative consumption bundle
u; Utility level Bi Consumer’s participation level
w; Available wealth X &f Bix; | Consumption bundle

The minimization of expenditure in (11) is well-known in economics as a dual
problem for utility maximization (e.g. [8]):

vi(p, w;) L ax u;(x). (14)
X € X;
(p.xi) < wi

Namely, under some technical assumptions if x; solves (14) then it also solves (11)
with u; = v;(p, w;). Conversely, if x; solves (11) then it also solves (14) with w; =
(p, x;). In our setting the desirable utility level y; is given, thus, it is a primitive of
the model. It mainly reflects the consumer’s standards on qualities of life. Hence, it
does not explicitly depend on the wealth w; as in the classical setting. Note that we
model wealth effects by subsequent comparison of w; with expenditure ¢;(p) rather
than by the usual budget constraint (p, x;) < w; as in (14) (cf. also the discussion in
(2) below). The introduction of desirable utility levels u; as primitives is the main
departure from the usual consumption model (14). This is the crucial point in our
market modeling which postulates in the sense that consumer’s objectives become
monetary, hence transferable. As we shall see in Sect. 2.3 below, this fact implies
that supply and demand operators can be expressed as convex subdifferentials, i.e.
assumption (6) be valid.

Now, let us explain why in some interesting situations the desirable utility level
u; is explicitly available to consumers. For many daily goods there are physical
standards to be satisfied. They constitute the so-called minimum standards of life.
Additionally, some consumers often accept standards imposed by the society, e.g.
through advertisement, their friends or family members. E.g., it became evident
that some consumers use to shrink their usual consumption motivated by ecological
reasons. Also experienced consumers, who go shopping in a supermarket say on
a weekly basis, know the standards of their living. Overall, we may think of
a responsible consumer who does care about the own expenditure. Namely, the
consumer is not willing to spend more than necessary to satisfy the given standards.
Thus, such a consumer tries to minimize the expenditure while guaranteeing the
standards.

(2) Adjustment of participation levels and long-term behavior
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Note that there is evidence from behavioral economics that consumer’s choices
need not be consistent with the maximization of a preference relation (see [9] and
references therein). The reason for that is usually referred to as consumers’ bounded
rationality. Classic examples include status-quo biases, attraction, compromise and
framing effects, temptation and self-control, consideration sets, and choice overload.
Due to the proposed approach, the demand operator is consistent with the long-term
behavior of responsible consumers. In our model, the production and consumption
bundles, the consumer’s wealths, and producers’ costs are considered as constant
flows. This means that we get the same amount of corresponding objects in each
standard interval of time (say, 1 week). Thus, our economy can be seen as stationary.
If the income of a person or a firm during this interval is greater than the expenses,
then he/she can ensure a constant rate of growth of the own capital. In this profitable
case, we have: oi(p) = Bi(p) = 1, i.e. producers and consumers implement
their tentative bundles. If the income is strictly less than expenses, then the
producer/consumer must leave the market sooner or later, i.e. ax(p) = Bi(p) = 0.
This is true both for producers (bankruptcy), and for consumers (emigration from
this market). We refer to those agents as being bankrupt. If the regular income is
equal to the regular expenses, then tentative production and consumption bundles
may shrink due to participation levels o (p), B;(p). In this marginal case, producers
and consumers usually have a(p), B;(p) € (0, 1). With probability one they neither
fully participate in economic activities nor quit the market. In what follows, we give
a behavioral explanation on how «(p), 8:(p) are adjusted. Note that marginal agents
reach their break-even point at current prices p, hence, they make neither a profit nor
a loss. For a marginal producer it means that the corresponding profit is equal to the
fixed costs: m(p) = k. Net saving of a marginal consumer is zero, i.e. the own
wealth is equal to the minimal possible expenditure: w; = ¢;(p). Hence, for p = p
the break-even point will be mainly shifted either to profitability or bankruptcy. This
reflects the existence of poverty in the society. Marginal producers face at nearby
prices p ~ p

either m(p) > Kkx or m(p) < ki,
and marginal consumers face
either w; > ¢e;(p) or w; <ei(p).

Hence, sometimes marginal producers/consumers can implement their tentative
bundles, i.e.

ar() =1, Bi(p) =1,

and sometimes it is not possible, i.e.
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The particular 0-1 values of a(p) and B;(p) depend on the individual history
of successes and failures for producers and consumers, respectively. To be more
concrete, let us consider some price adjustment process p(z) — p with discrete time
t — oo. Now, the participation levels oy (p), B;(p) can be viewed as frequencies of
agents’ successful and failed attempts. Indeed, by averaging and taking the limit we
obtain the participation levels:

1 < 1<
P Zak(ﬁ(s)) — ax(p), - Zﬂi(f?(s)) — Bi(p) fort — oo.
s=1 s=1

This interpretation of participation levels as frequencies is based on the long-term
behavior of the agents. Our analysis of the price adjustment process from Sect. 4
confirms this interpretation. Namely, the limits above actually define o (p), B:(p) as
frequencies obtained during the price adjustment.

Let us address the question why marginal agents do not quit the market although
they eventually implement only a share of their tentative production/consumption
bundles. As a consequence marginal producers do not fully exploit their available
capacities and cannot cover the fixed costs. Marginal consumers do not spend all
their available wealths and cannot reach the desirable levels of utility. Nevertheless,
these agents stay at the market since they actually do not know that they are
marginal. During the price adjustment, the only available information is their
individual history of successes and failures while attempting to produce and to
consume. With above notation, at time ¢ they know a 0-1 sequence of a(p(s)) and
Bi(p(s)), s = 1,...,t This particular history depends on many factors, as their luck,
current prices, particular actions of other agents, etc. From time to time, marginal
agents succeed to implement their tentative production/consumption bundles, but
occasionally they fail. This unsure market environment causes marginal agents to
temporally reduce consumption and to wait for “fair prices”. Such a behavior is
typical for poor people, and we can treat their fractional participation levels o (p)
and B;(p) as a measure of poverty. A hidden, but very important, consequence of
this marginal behavior is a possibility to clear the market as we shall see in Sect. 2.2.
We conclude that the marginal agents play a crucial role in our approach to market
modeling.

Overall, the participation levels a(p), B:(p) are indicators of economic viability.
These items account for most important, but non-standard features of our market
model. Their inclusion is one of the chief novelties of the paper.

2.2 Equilibrium Market Flows

In accordance to the previous notations, we eventually say that the market flow

F = (Gr = ez, . Gi = Bx)))
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is defined by the triple (p, F, y). Here, p € R} is the vector of prices,

K 1
((yk)k lv(xt i= 1 1_[ 1_[%
k=1 i=1

is the tentative market flow, and

y = (@)= (Biizy) € [0, 1

is the proper system of participation levels (w.r.t. p and F), i.e.

o) =

l’if (p7yk>_ck(yk)>lckv ﬂ_ l,if (p,-xi) <Wi,
0,if (p.yk) — ) <k~ ' L 0.if (p.xi) > wi

Now we define the partial market equilibrium in the standard way.

Definition 1 (Market Equilibrium). We say that p* € R" is the equilibrium price
if there exists a market flow

= - K -
Fr= (61 =i, G = Brad)iz,) € Hsk<p> HD(p)
satisfying the market clearing condition
K I K I
pr=0, Y F-D X =0 <p*,Z§,’;—Z%;‘>=0. (15)
k=1 i=1 k=1 i=1

In this case, F* is called the equilibrium market flow. Setting

Y= ((O‘:)f=1 ’ (ﬂ;k)f=1) ’

we call (p*, y*,F*) the market equilibrium.

The market clearing condition (15) states that the consumption never exceeds the
production, and the markets of goods with positive prices (p) > 0) are perfectly
cleared:

K I A
Z ~*(j) Z;C;‘(/)
k=1 i=1
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2.3 Principle of Least Revenue

Given a vector of prices p € R” , producers maximize their profits and consumers
minimize their expenditures. Afterwards, both properly adjust their participation
levels by comparing the profits with the fixed costs, in case of producers, or by
comparing the expenditures with the wealths, in case of consumers. Exactly the
same behavior can be obtained by maximizing their excessive profits and excessive
wealths, respectively.
The excessive profit of the kth producer is set as
&(p) E (re(p) — k)4 = max ((p.y) — cx (%) — ki) (16)

Yk € %

Using the substitution y;, = oy, we obtain

6(p) = (m(p) — ki) = afrelﬁ)xu o (m(p) — ki) =

max o ((p,yk> — ck(yk) — Kk) = max (p,j/k) — O Ck G)k/oek) — UK.
a, €10,1] ar €1[0,1]
Yk € % Yk € %

Note that the maximization problem

(p) = max (p,yr) — axcr (/o) — ke
o €10,1]
Vi € ax%

is convex, and its set of optimal solutions consists of proper participation levels
oy and production bundles y;. Moreover, & (p) is convex in p as the maximum of
linear functions. Hence, the convex subdifferential of the excessive profit & gives
the supply Sy of the kth producer, i.e.

3k (p) = Si(p). A7)

The latter follows e.g. from [22, Theorem 2.4.18] on the convex subdifferential of a
max-type function.
Analogously, we define the excessive wealth of the ith consumer as follows:

&EP)E wi—eip))y = max (w;— (p,xi) - (18)

xi € Zi
Using the substitution X; = f;x;, we obtain

&i(p) = wi—ei(p))y = ﬁfrel%{cl]ﬁi (wi —ei(p)) =

max f; (w;— (p,x;)) = max Bw;,— (p,X;).
Bi€[0,1] Bi€[0,1]
x;i € Z; X € BiZi
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Note that X; € §;Z; means
X; € BiX; and u; (X;/Bi) > u;.

In particular, the so-called perspective function B;u; (x;/B;) is jointly concave in
(X, Bi), e.g. [4]. The maximization problem

&ip) = max fiw; — (p,Xi)
Bielo.1]
%€ pi2;

is convex, and its set of optimal solutions consists of proper participation levels §;
and consumption bundles X;. Moreover, &;(p) is convex in p as the maximum of
linear functions. Hence, the convex subdifferential of the excessive wealth &; gives
the opposite demand D; of the ith consumer, i.e.

d&i(p) = —=Di(p). (19)

The latter follows also from [22, Theorem 2.4.18].
Overall, we define the fotal excessive revenue as the sum of excessive profits and
excessive wealths:

K 1
EPYE D EP) + Y EP). (20)
k=1 i=1

Note that function &(-) is convex since it is a sum of convex functions. Moreover,
its convex subdifferential represents the excess supply due to (17) and (19).

Remark 1 (Homogeneous Case). For the homogeneous case we can give yet
another explanation why marginal producers and consumers still stay at the market.
Let us assume the homogeneity of the kth producer’s cost function ¢ (), and the
homogeneity of the fixed cost kx(-), i.e.

k(@?) = ak (%), o €]0,1].
Then,

&) = max (P, y) — ek Ok) — kr (k).

a €[0,1], % € %%

For a marginal producer with &;(p) = 0, this means that his activity, even within
the maximal technological set %} does not generate any profit. The situation is not
changing if the production activities (the set %) will be proportionally reduced by
a factor o € [0, 1]. Thus, it is natural to admit that in this marginal situation the
producer can work with a reduced technological set ;% by producing y; € o;%.
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By doing so, he cannot cover the share (1 — o)k of the fixed cost. However, his
unused capacities amounting to (1 — ax)%; can be eventually exploited at other
markets.

Now, we assume the homogeneity of the ith consumer’s utility function u;(-), and
that X; = R’ . Then,

&(p) = max Biwi — (p, i) .
Bi€l01], x>0
u; (X;) > Biw;

If the excessive wealth of a consumer is zero, then again, there is no special reason
to allocate all the wealth w; to this expensive market. The consumer can admit to
spend here only a part of it, namely 8;w; with some §; € [0, 1], which is sufficient to
guarantee the share B;u; of his desirable utility level. Note that this does not change
the zero level of the excessive wealth. The remaining part (1 — §8;)w; of the wealth
can be used then at other markets. O

By application of [15, Theorem 23.8] on the subdifferential of the sum of convex
functions, we obtain:

Theorem 1 (Excess Supply and Total Excessive Revenue). Forp € R, it holds:

K 1
160 =Y Sip) = Y Dilp).
k=1 i=1

Proof. We apply [15, Theorem 23.8] on the subdifferential of the sum of convex
functions in order to obtain

K 1
BE(p) = ) 06k(p) = D i (p).
k=1 i=1

Together with (17) and (19) the assertion follows. O
Theorem 1 allows us to characterize equilibrium prices as minimizers of &.

Theorem 2 (Principle of Least Revenue). p € R’ is a system of equilibrium
prices if and only if it solves the following convex minimization problem:

min &(p). @P)

n
pe]R+

Proof. 1. Assume that p* € R”" is an equilibrium prices. Then, in view of
Definition 1, there exists an equilibrium market flow

K I
F* = ((5’;:)2;1 , (5%*);1) € l_[Sk(P*) X l_[Di(P*),
k=1 i=1
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satisfying the market clearing condition
K 1 K 1
pao S-ywse (- Yw) -0
k=1 i=1 k=1 i=1

Denote {* = Zszl Ve — Zle X;. In view of Theorem 1, {* € d& (p*). Since &
is convex in p, for all p € R’} we have:

Ep) —EP™) = (§%.p—p) = ({{".p) = 0.

Thus, p* minimizes the total excessive revenue.
2. Assume that p* € R’ is optimal for the minimization problem (P). Then there
exists £* € d&(p*) such that

(¢*.p—p*) =0, forallpeRR].

Considering p = 0 and p = 2p*, we conclude that (¢*, p*) = 0. Consequently,
¢* € R’,. Again due to Theorem 1, there exists a market flow

K 1
P = (69)i- 61y ) € [Ts:0m < T2,
k=1 i=1

such that
K I
= -
k=1 i=1

Hence, F* satisfies the market clearing condition, meaning that it is actually an
equilibrium market flow. In view of Definition 1, p* is an equilibrium price. O

2.4 Existence

Theorem 2 says that equilibrium prices correspond to optimal solutions for the
minimization problem:

min &(p). P)
pE]R'_',’_

This is the key to provide existence results for equilibrium prices. We denote by P*
the set of equilibrium prices. Let us introduce productive markets, at which the set
of equilibrium prices P* turns out to be nonempty and bounded.
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Definition 2 (Productive Market). A market is called productive if there exist
subsets of producers .# C {1,...,K} and consumers .¥ C {l,...,L}, such that
the corresponding production and consumption flows

(Fiher - Gilier) € [[ %< [ %

kex’ i€Z

establish positive balances for goods:

PRI @1

kex i€Z

The market productivity means that there are some producers who can oversup-
ply some consumers’ needs.

Theorem 3 (Existence and Boundedness of Equilibrium Prices). At the produc-
tive markets, the set of equilibrium prices P* is nonempty and bounded.

Proof. Due to Theorem 2, equilibrium prices in P* form the set of optimal solutions
of the minimization problem (P). We show that the latter set is bounded. For that,
it is sufficient to prove that the level sets of function &(-) are bounded. Denote

£€= ) ¥ — ) X.Forallp e R’ we have
ket i€Z

&(p)

K L
k; [7(p) — il + ; wi —ei(p)]+

> > [7(p) — K]y + > i —ei(p)]+
ke ey

> > () —ke+ 2 wi—eilp)
ke iew

> Y (p ) —aGr) — ki) + D0 (wi — (p, %;)
ke e

=Y (ke + () + X wi+ (E.p).

kext’ i€Z

Since § > 0, the intersection of the level sets of function & with R”, is bounded.
As a direct consequence of Theorem 2, we state the following result.

Theorem 4 (Convexity of Equilibrium Prices). The set of equilibrium prices P*
is convex.

Further, we formulate additional assumptions in order to guarantee that our
market indeed works, i.e. the equilibrium prices do not vanish. Due to Theorem 2,
we need to ensure that the optimal solution p* of the minimization problem (P) is
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not at the origin. For that, we introduce the following condition rejecting the Zero-
Cost Production (ZCP):

If apkr + ey G}k/ak) = 0 with y; € ;% and o, € [0, 1], then y, = 0. 22)

This condition is automatically satisfied for x; > 0. If k; = 0, then (22) implies that
for the kth producer there is no nonzero production plan with zero production cost.
Recall that

&(p) = max (p,yx) — axck (Gi/on) — ok, (23)
o, €10,1]
Yk €

Therefore, condition (22) implies that d&;(0) = {0}. Note that y, = O if ¢xy = 0
in (23), hence, the term o, (V¢ /y) is set to vanish in this case.
Assume now that the wealth w; of ith consumer is positive. Since

&i(p) = max [Bw; — (p,xi),
Bi€l0,1]
X € BiZi

we conclude that 0&;(0) = —Z;. Thus, we have proved the following statement.

Lemma 1. Let all producers satisfy ZCP-condition, and the wealths of all con-
sumers be positive. Then,

0£(0) = — i Z:. 24)

i=1

Corollary 1 (Nonzero Equilibrium Prices). Existence of a consumer with
nonzero life standard is sufficient for having p* # 0.

Proof. Indeed, assume that p* = 0. In view of the first-order optimality conditions
for (P), there exists £* € d&°(0) such that

(§*.p) =0 Vp=o.

L
Hence, £* = — )" x} > 0 for some x}" € 2. Therefore, all x; = 0, implying zero
i=1
life standards for all consumers.
It is interesting that the last statement is formulated only in terms of consumption
standards. This confirms the primary role of demand in generating supply.
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2.5 Efficiency

Let us present the first welfare theorem for equilibrium market flow. We are going to
prove that any equilibrium market flow is efficient in the sense of Pareto optimality.
This means that no producers or consumers can improve the gain (excessive profits
and excessive wealths, respectively) without worsening the gain of some others. Let
us start from the definition of feasible market flows.

We recall that for a given vector of prices p € R’} and a tentative market flow

K L
F= <{yk}kK=1 ) {xi},{‘=1) € 1_[ P x l_[ i,
k=1 i=1
the system of participation levels y = ({ak}kK:] ,{ﬁi}f:,) € [0,1]¥+E is called

proper (with respect to & and F) if it satisfies the following conditions:

o = { 1, if (pvyk) —Ck()’k) > Kk,
0, if {p, y) — cx (k) < k.

b = 1, if (p,x;) < w;,
"0, if (pox) > w;

Such a triple (p, F, y) defines a real market flow
F= (‘@k = yiee K = ,BiXi}iL=1> :
Definition 3 (Feasible Market Flow). The real market flow
F= (6wl k).

defined by the triple (p, F, y), is called feasible if it satisfies the market clearing
condition:

Note that an equilibrium market flow is in particular feasible.

Definition 4 (Pareto Optimal Market Flow). A feasible market flow F, defined
by the triple

(rF = (D0 tati)) . y).
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is called Pareto optimal if there is no feasible market flow F’ defined by another
triple

K L
(pl’F/ = <{y;c}k=l ’ {x;}i=l> ’V/)
such that all inequalities

(P V) — a0 — )+ = (P i) — ) — k) +.k=1...K,
(25)

Wi = {p' XD+ = Wi = (p,xi) 4, i=1...L,

are satisfied, and at least one of them is strict.

Note that we define Pareto optimality with respect to excessive profits and
excessive wealths. In our model they play a role of objective functions of the agents.

Theorem 5 (Efficiency of Equilibrium Market Flows). Any equilibrium market
flow is Pareto optimal.

Proof. Using notation of Definition 4, let F* be the equilibrium market flow defined
by the triple (p*, F*, y*). Assume that the inequalities (25) are all valid for some
feasible market flow F’ defined by the triple (p’, F’, y’). And let at least one of these
inequalities be strict. For p € R and F € £ dof ]_[kK:1 Y x ]_[lL: | %, define the
function

K L
e(p. F) =Y ((p. 1) — k) = k)4 + Y_(wi — (p. i)+

k=1 i=1

In view of our assumption, ¢(p’, F') > ¢(p*, F*). Since p* is an equilibrium price,
in view of Theorem 2 and definitions (16), (18) we have:

* F*) =mi F) = ing(p, F) > ming(p, F).
(™. FY) rggr‘yeagw(p ) rgleagrggwp )_r;lzlgw(p )

It remains to note that the market clearance condition for the flow F’ is exactly the
necessary and sufficient characterization of point p’ as the optimal solution to the
latter minimization problem. Therefore, ¢ (p*, F*) > ¢(p/, F’), a contradiction.

In view of Theorem 2, equilibrium prices minimize the total excessive revenue.
Let us prove a very intuitive result that its optimal value is equal to the difference of
the real consumers’ wealths and the real producers’ costs.

Theorem 6 (Total Excessive Revenue of the Market). Let p* be an equilibrium
price, and

Fr = ((&,’: = WZYZ)kK=1 ) (551* = IBz‘*x;ﬁ)l[':l)
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be an equilibrium market flow defined by the triple (p*, F*, y*). Then,

1 K
EP*) =) Brwi— Y af(c0) + ) = 0.

i=1 k=1

Proof. It holds:

£ = X (") - ) — i)y + X (= ),
= Yo ("ot =) ) + 1 A7 (= ()

K I
<p Zakyk Zﬁi*xi*>—Za,f(ck(y,f)—i-/{k)—l—;ﬂ?‘wl*

i=1

In view of the market clearance condition, we have

<p Zakyk iﬂ;*xlf">=0~

i=1
This gives us the desired expression for optimal value of &. It is nonnegative since
all terms in its definition (20) are nonnegative.

Note that the nonnegative value
I K
EP*) =Y Biwi— 3 o (eey) + ki) (26)
i=1 k=1

represents the total rate of accumulation of the capital within the market. In
general, equilibrium prices, market flows, and participation levels are not unique.

def .
Nevertheless, all of them ensure the same value of &* = & (p*). We call it the roral
excessive revenue of the market.

2.6 Welfare Maximization

In order to state the adjoint problem for (P), we set

def ~ def

{/3}, 1,x—{xz}z 1

def th
“i{“k}k 1Y =

{yk}k 1B =

K K ! !
gﬁfn%(,a@gnak%»%gnf%’ﬁ% (léfnﬂi%'

k=1 k=1 i=1 i=1
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Here, «,  represent participation levels, and y, X represent production and
consumption bundles, respectively. Moreover, %/, 8.2  represent production and
consumption sets given the participation levels «, §, respectively.

The feasible set of the adjoint problem is formed by participation levels and
corresponding production and consumption bundles, i.e.

a2 @59

(@,y) € [0, 1] x a%
B.3) e0, 1) xp2 % '

Note that the set A is convex. Further, the following market feasibility constraint
needs to be satisfied:

K 1
Yow=) E @7)

k=1 i=1

meaning that the aggregate consumption does not exceed the aggregate production.
The objective function of the adjoint problem is

1 K
~ ~y def ~
D (0,5, 8,5 = Y Biwi— Y cwcr (/) + s,

i=1 k=1

expressing the difference between the aggregate wealth spent for consumption and
producers’ costs. Finally, we consider the welfare maximization problem

K 1
max G (@.5.8.%) | Y Fu= D & } : (A)
k=1 i=1

(..8.%) € &

In (A) the central authority assigns production and consumption bundles, as well
as agents’ participation levels. Moreover, it maximizes the welfare of the society
while ensuring the market feasibility. In order to state (A), the central authority
needs to know agents’ cost and utility functions, production and consumption
sets, etc. Obviously, this information about the agents is hardly observable to the
central authority. Consequently, it cannot be justified in general that the welfare
maximization problem is tackled directly. Nevertheless, note that the prices of
goods play the role of Lagrange or dual multipliers for the market feasibility
constraint (27), cf. already [3, 16] for similar interpretations. Hence, due to the
duality theory of convex programming, the welfare maximization (A) is the adjoint
problem for (P).

Theorem 7 (Adjoint for (P)). The welfare maximization (A) is adjoint for the total
revenue minimization (P):

min &(p) = max

: ® (e.5. B.5)
PeR; (@5.8.5) € o

i=1

K i
fok > Zii § :
=1
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We note that the productivity of the market from Definition 2 implies the standard
Slater condition for the adjoint problem (A).

We emphasize that the adjoint problem (A) of the welfare maximization can
hardly be solved directly. In order to construct its feasible set .27 and its objective
function @, a central authority should acquire the knowledge on producers’ costs
and their production sets, on consumers’ utility functions and their consumption
sets. It is clear that this is implementable only within a planned economy. Even in
this case, as we know e.g. from the history of communistic countries, producers
and consumers are reluctant to report their market constants to the authority. In fact,
they feel rather antagonistic about each other and about the authority, thus, trying
to keep their information private. In turn, our approach concentrates on the total
revenue minimization problem (P). By doing so, we explain how the free market
provides a welfare maximizing solution by a decentralized price adjustment. Here,
producers and consumers report only their individual supplies and demands to each
other while trading or auctioning. There is no need in a central authority, since the
price updates are performed by producers, in case of trade, and by consumers, in
case of auction. Finally, the price adjustment balances agents’ antagonistic behavior
leading to a market equilibrium.

3 Quasi-Monotone Subgradient Method

We first present quasi-monotone subgradient methods for nonsmooth convex mini-
mization from [13]. For that, we consider the following minimization problem:

< minf (), (28)

where X C R” is a closed convex set with nonempty interior intX, and f is a
convex function on R". Moreover, let f be representable as a maximum of concave
functions, i.e.

fx) = max D(a) + ¢(x,a), (29

where A C R™ is a compact convex set, (-, a) is a convex function on R” for every
a € A, and @, ¢(x, -) are concave functions on R™ for every x € X. Denote by a(x)
one of the optimal solutions of the maximization problem in (29). Then,

V() € Vo(x, ax)) (30)
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denotes a subgradient of f at x. This formula follows from the result on the
subdifferential of a max-type function, e.g. [22, Theorem 2.4.18]. Recall that for
an arbitrary subgradient Vf(x) at x € X of a convex function f we have:

fO) =f) +(Vf(x).y—x), yeX. (€2
Using the representation (29), we also have:
f* = minf(x) = min max [®(a) + ¢(x, a)] = max [@(a) ~+ min ¢(x, a)] .
x€X x€X a€A a€A x€X

The latter maximization problem

max [Cb(a) + I;’él)r(l o(x, a)] (32)

is called adjoint for (28) with the adjoint variable a € A.
For the set X, we assume to be known a prox-function d(x).

Definition 5. 4 : X — R is called a prox-function for X if the following holds:

* d(x) > 0 forall x € X and d(x[0]) = O for certain x[0] € X;
* d is strongly convex on X with convexity parameter one:

1
d(y) =z d(x) + (Vd(),y —x) + lly = x| xyeX, (33)

where || - || is a norm on R".
¢ Auxiliary minimization problem

glei;g {(z, x) + xd(x)} (34)

is easily solvable for z € R”, y > 0.

As a simple consequence of Definition 5, we have for x € X:
1 1
d(x) z d(x[0]) + (VA([0]). x —x[0]) + ~lx — x[0]))% = 5 Il = (0] [N CR)

For a sequence of positive parameters {y[]},~,, we consider the following
iteration:
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Quasi-monotone Subgradient Method
1. Take a current subgradient Vf(x[f]) = V,e(x[f], a(x[1])).

2. Accumulate subgradients z[¢f] = z[t — 1] + Vf(x[#]), z[-1] = 0. (SM)

3. Compute the forecast x*[f] = arg Ini)I(l {(zlt], x) + x[fld(x)} .
xXe

r+1
4. Update by combining x[t + 1] = L)c[t] +

x [
t+2 t+2

Note that from (SM) we have

t 1 t N
Z[1] ; Vi), x[t+ 1] . (x[O] + ;x [r]) .
Next Lemma 2 is crucial for the convergence analysis of the quasi-monotone sub-
gradient method (SM). It estimates the dual gap for the minimization problem (28)
and its adjoint problem (32) evaluated at the historical averages.
For that, we define the penalty term §, and the remainder term p,, t > 0, as
follows:

def . xl1]
8(a) = min {cp(x, a) + Py 1d(x) , €A,
wof 1 o 1 2
= \Y , —1] = x[0].
P D IV A= 0
Here, || - ||+ is the conjugate norm to || - ||, i.e.
def n
Islle & max (5.0 < el < 1}, s € R (36)

Further, we define the average adjoint state

1 t
a[t] déf t—l—_l Q(X[r])a [ 0.
r=0

Note that a[t] € A, since A is convex.

Lemma 2 is motivated by the estimate sequence technique (e.g., Sect.2.2.1 in
[10]) and is due to [13]. For the readers’ convenience its proof is postponed to
Appendix.
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Lemma 2. Let the sequence {x[t]},~, be generated by (SM) with nondecreasing
parameters

xle+1]1=xlf], =0 (37)
Then, for all t > 0 it holds:

J&[t]) — @(alt]) + 8i(ald) =< pr. (38)

We apply the quasi-monotone subgradient method (SM) in the following
setup (S1)—(S3). Let X = R", be equipped with the Euclidean prox-function

d(x) déf%Z(x@)z, xeX=R,. (SD)

J=1

Note that the corresponding norm in Definition 5 and its conjugate according to (36)
are

n n

P = 3 (0) L iz =) (s9)

J=1 J=1

Further, we assume that ¢ is linear w.r.t. x:

p(x.a) ==Y xVni(a). (S2)
=1
where 1 = (hj(-),j =1,...,n), are convex functions on R™. Then, the adjoint
problem (32) takes the form
f*= max {®(a) |ha) <0, j=1,....n}. (39)
acA

The maximization problem (39) is assumed to satisfy the Slater condition (e.g.,
[15]), i.e.

there exists a € A such that ij(a) < Oforallj=1,...,n. (S3)
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Under (S1)—(S3) we have in (SM):

V() = —haGd).
2 = =) h(ax[r])).

r=0
a1 1
= ey = o (; h(a(x[r]))) )
Here, the forecast x™[¢] is chosen to be proportional to the historical infeasibility.
Now we are ready to proceed with the convergence analysis of the method (SM)
under (S1)—(S3). Next Lemma 3 estimates the dual gap for the minimization
problem (28) and its adjoint problem (39) evaluated at the historical averages.

Lemma 3. Let the sequence {x[t]},, be generated by (SM) under (S1)~(S3) with
nondecreasing parameters
xlt+ 1] = x[d. 1=0.
Then, for all t > 0 it holds:
P~ +C1 A% <relD @@l + 55 iy (el <Co iy Yl 557 (40)

with positive constants Cy, Cy > 0.

The proof of Lemma 3 is postponed to Appendix. For the precise dependence of
constants C; and C; on the market’s data see (75) and (76) in Appendix.

In order for (SM) to converge, the parameters {y[]},., need to be properly
chosen. Next Lemma 4 identifies successful adjustment strategies of parameters.
Namely, the parameters monotonically increase over time, but by decreasing
increments.

Lemma 4. Let nondecreasing parameters satisfy

x[f = xlt—=11—0, x[f] — oo. 41)
Then,
{ |- 1
Ao 3 —0. 42)
t+1 t+1r=0)([r—1]

Moreover, the best achievable order of convergence in (42) is O (j)

For the proof of Lemma 4 see Appendix.
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Remark 2. As in the proof of Lemma 4, nondecreasing parameters can be written
in the cumulative form:

t

a0 =Y "+ x-1]

r=0
with increments ([f] > 0. Then, the convergence condition (41) means that
increments tend to zero and sum up to infinity, i.e.

o

(] = 0. Y uff] = 0.

=0

The latter coincides with the usual condition imposed on the step-sizes of the
subgradient method for nonsmooth convex minimization (e.g., [10]). However, in
our setting ¢[¢] play the role of incremental step-sizes. This gives rise to suppose that
the parameters y[f] can be formed by incremental learning (cf. [20]). In fact, the
parameter y|[f] increases over time, however, by decreasing increments ¢[t]. |

Now, we are ready to prove the main convergence result for (SM) under (S1)-
(S3).

Theorem 8 (Convergence of (SM)). Let the sequence {x[t]}~, be generated

by (SM) under (S1)—(S3) with nondecreasing parameters satisfying
xltl—xlt—1—0, x[f] — oc.

Then, {x[t]},5, converges to the solution set of the minimization problem (28).

Moreover; the average adjoint states {alt]},~, converge to the solution set of its

adjoint problem (39). The achievable rate of convergence is of the order O (JL;)
Proof. From Lemma 3 we obtain:

FelD—F*+C1 2 <pal) @@l + S5 S0 (h(al) <Co oy Yo 77y

This inequality is composed by the objective function f of the primal problem (28),
computed at the current iterates x[t], objective function @ of its adjoint problem (39),

computed at historical averages a[t], and the quadratic penalty Zj';l (hj(a[t]))i_ for
violation of the constraints:

hial]) <0, j=1,....n
Due to the choice of parameters y[t], Lemma 4 provides:

i - 1
M—>0, and Z — 0.
t+1 t+1 xlr—1]

r=0

Hence, the assertion follows. a

Now, we turn our attention to the case of constant and linear parameters.
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Remark 3 (Constant Parameters). Let the constant parameters be applied in (SM).
Let ¢ > 0 denote the tolerance for convergence of x[f] towards a solution of the
primal problem (28), and a[f] towards a solution of its adjoint problem (39). Our
goal is to indicate the number of steps 7(¢) and the parameters y(¢), in order to
guarantee the tolerance ¢ for this primal-adjoint process. For that, we apply constant
confidence parameters y[t] = y to obtain

Xl x 12’:1 1
t+1 41 ”*1¢0XV_1]_X'

Recalling (40), the order of convergence for the primal-adjoint process is

x 1
max ,— ¢ -
t+1 y

0 =0(5).xe=0(z).

x(&) 1)
“L@+r}®}_mﬂ

Choosing

we have

a

Remark 4 (Linear Growth of Parameters). Let us define the parameters in (SM) as
follows

1l = (t+ Do,

where 0 > 0 can be seen as a growth rate of parameters. For the forecast we have
then:

1
X[ = (; — Z h(a(x[r] ))) )

Here, the forecast x™ [¢] is formed proportional to the average infeasibility. We turn
our attention to the convergence of (SM) for this case. Recalling (40), the order of
convergence for the primal-adjoint process is

11 ‘1
P 1 - )
max{aa t+1< +§r)}
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or equivalently,

1 Int
max o, — - .
o t+1

Thus, the primal-adjoint process converges up to a residuum O (o). O

4 Decentralization of Prices

Theorem 2 reveals the origin of equilibrium prices at the market. Namely, in order
to reach an equilibrium price one needs to solve the minimization problem:

min &(p). @)

n
pe]R+

Our goal is to explain how agents can efficiently tackle this nonsmooth convex
minimization problem by successively updating prices. This can be implemented
by introducing various price designs. In this paper, we focus on

* the regulation design: regulator settles and updates prices which are taken by
producers and consumers;

e the trade design: producers settle and update their individual prices, and con-
sumers buy at the lowest purchase price;

* the auction design: consumers settle and update their individual prices, and
producers sell at the highest offer price.

4.1 Regulation

It is crucial for our approach that the updates of prices correspond to subgradient-
type methods for solving (P). Due to Theorem 1, the subgradients V& (p) represent
the excess supply, i.e.

K 1
VEP) =Y yi— Y xi. wherey € Si(p).x: € Di(p). 43)
k=1

i=1

It can be seen from (43) that the subgradients of & are not known to individual
agents. Indeed, V& (p) represents the aggregate excess supply. For getting access
to its value, one would assume the existence of a market regulator who collects
the information about agents’ production and consumption bundles, and aggregates
them over the whole market. Here, the full information about production and
consumption over the market must be available to the regulator. Besides, the prices
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need to be updated by the latter, thus, leading to the price regulation. Clearly, these
assumptions can be justified within a centrally planned economy. This allows to
suppose that the regulator uses the subgradients V& (p) for updating prices. In what
follows, the quasi-monotone subgradient method for solving (P) from Sect.3 is
applied to this end.

Let the regulator choose a sequence of positive confidence parameters { x[]},- .
We consider the following iteration: -

Price Regulation (REG)

1. Regulator determines the aggregated excess supply V& (p[f]):

(a) kth producer computes an optimal tentative production bundle

(Pl € 27 (plt)).

and participation level

L, if m(plt]) > ki,

Pl = o 4 () < ki,

indicating whether y; (p[f]) is implemented.
The production bundle is a (p[f])yr(p[f]), i-e. either y(p[f]) or zero.
(b) ith consumer computes an optimal tentative consumption bundle

xi(pli]) € 27" (ple)).

and participation level

1, if e;(p[t]) < wi,

Aol = { 0, if e;(plt]) < wy,

indicating whether x;(p[t]) is implemented.
The consumption bundle is S;(p[f])x;(plt]), i.e. either x;(p[t]) or zero.
(c) regulator observes the current excess supplies

K I
VEP) =Y apypl) — Y Biplxi(pli)). (44)
k=1 i=1
2. Regulator accumulates the excess supplies

dqf] = 2t — 1] + VEPI). 2[~1] = o. 45)
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3. Regulator computes the price forecast w.r.t. the confidence parameter y[f]:

+(i)[ ] ;(/‘) (
PO =
xl

where ¢V are positive scaling coefficients.
4. Regulator updates

=), . j=1....n (46)

t+1 1
t+ 1= —pld+ —pTIt 47
ple+ 1= Sopll + 0" 47)
by combining the previous price with the forecast. O

First, we give an interpretation for the price forecast (46). Recall that z¢'[f]
represents the aggregated excess supply for good j accumulated up to time 7. If
D[] > 0, ie. supply exceeds demand, then p*?[f] = 0 for good j. In case
of zV[f] < 0, the price forecast pT@[f] is proportional to the accumulated and
aggregated excess demand with positive scaling coefficients V). Here, x[f] plays the
role of a confidence parameter. Namely, y[t]’s express to which extent the regulator
takes into account the excess demands while forecasting prices.

Secondly, let us interpret the price update (47). Due to the latter, the next price
is a convex combination of the previous price and the price forecast. With time
advancing, the proportion of the previous price becomes nearly one, but the fraction
of the forecast vanishes. Hence, we conclude that our price update corresponds to
a behavior of an experienced regulator. Such regulator credits the experience much
more than the current forecast. Further, from (47) we have

pv+11=;1}5<pmy+§jp+v0. 8)
r=0

The latter means that the prices generated by (REG) can be viewed as historical
averages of preceding forecasts. This averaging pattern is also quite natural to
assume for regulator’s behavior while adjusting prices. Moreover, as it will be shown
later, this price adjustment based on averaging successively leads to equilibrium
prices.

Along with the prices {(pi[t],....pk[t])},>o generated by method (TRA), we
consider the corresponding historical averages of participation levels:

ol = Zwmm il = Zﬁwm

Note that oy [f] € [0, 1] is the frequency of successful production attempts by kth
producer up to time 7. Analogously, B;[tf] € [0, 1] is the frequency of successful
consumption attempts by ith consumer up to time ¢. We denote by

yI = (el ) & (el (BIAY-)
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the system of average participation levels. The historical averages of production and
consumption bundles are defined as follows:

MW@ETZWWMMWW %mgﬁjiﬁ@WMWD

Due to convexity, yx[f] € ax[t]% and X;[t] € B;[t] Z;. We denote by

~ ~rq = def (- -

Fl) = Gl 5() & (Geldii, . Gl )
the average market flow. Overall, the sequence

(aft], 0], L] x[1]) € &7, 1=0,
is feasible for the adjoint problem (A).
Now, we are ready to prove the main convergence result for (REG).

Theorem 9 (Convergence of Price Regulation). Ar a productive market, let the
regulator apply in (REG) nondecreasing confidence parameters satisfying

= x[t=1—0, x[t] > oo.

Then, the sequence of prices, average participation levels, and the average market

Sflow
(ple]. y[1. Flr))

converges toward the set of market equilibria. The achievable rate of convergence

is of the order O (%)

Proof. The iteration scheme (REG) is a variant of the quasi-monotone subgradient
method (SM). Hence, we may obtain the convergence for (REG) by means of
Theorem 8. For that, let us discuss the applicability of conditions (S1)—(S3).

On (S1): The price forecast (57) can be derived by means of the Euclidean prox-
function for R", :

dp) < 1 Z ;U) ()"

In fact, for z[f] € R", x[f] > 0 we consider the minimization problem as from
step 3. in (SM):

min {(z[1]. p) + x[1]d(p)} .
p€R+
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Its unique solution is the price forecast (46) as from step 3. in (REG):

. é‘(i) ) )
ptOu = m (—ZU)[I])+, j=1....n

On (S2): It follows from Theorem 7 that the total excessive revenue is repre-
sentable as a maximum of concave functions:

&p)= max @ (a3, 6.5 +¢((P.y.%),
(ay,Br)ed

where
K 1
0 (5.5 = <p,zyk—zx,»>.
k=1 i=1

Note that ¢ is linear w.r.t. p. In particular, due to Theorem 7, the adjoint problem
for the total revenue minimization (P) is the welfare maximization (A).

On (S3): The welfare maximization problem (A) satisfies the Slater condition in
view of the market productivity (cf. Definition 2).

Overall, we apply Theorem 8 to deduce that p[t] converges toward the solution

set of (P), and (y 1], F[t]) converges toward the solution set of (A) by order O <\Lﬁ)

In view of the duality from Theorem 7, the assertion follows. a

4.2 Trade

Aiming to avoid the assumption of price regulation, we decentralize prices by
introducing the trade design:

kth producer settles and updates individual prices p;, and consumers buy at the lowest

Recall that for vectors py,...,px € R”, we denote by . nllin pr € R" the vector
=1..K

with coordinates

)
. . ) .
min = min , =1,...,n.
(k=l ..... ka) it PE
The trade design incorporates the feature of Bertrand competition, namely, that
consumers search for lowest prices, e.g. [8]. Following the framework of Bertrand
competition, we assume that consumers are able to undertake global price search

across the producers.
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For the trade design, the total excessive revenue depends on the producers’ prices
(Pr)i_, as follows:

zf(pl,...,pK)de&(mee”( min, i) =

we% - = xeZi\  \k=1..

I
Z max P yk) — i) ¢ + ;)Elne%é (Wi - <k=11111HKPk,xi>)+ . (49)

The decentralization of prices makes the corresponding subdifferential information
about excess demands available to producers. In fact, note that the total excessive
revenue & from (49) is convex in the variables (pk)kK:l. Let us obtain an expression
for its convex subgradients V,, &(py, ..., pk) W.I.t. pi:

1
Vo EPro..p) =5k — Y pao¥. k=1.. K, (50)
i=1

(n)
where [y o x; = (,ul(’) l(’)) . Here, y; € Si(pr) is the supply of kth producer w.r.t.
=1

.....

(Lia)tey € M (p1, ..., pK)

where

K
ZMU)Z

Olfp(’);é mm p

ji=1,..., ,k—l,...,K

def

M(p1,....px) = { (mie; € 0.1 W

Note that ;Lg;) can be interpreted as the share of ith consumer’s demand from kth

producer for good j. Indeed, the shares /L Y for good j sum up to 1 over all producers

k = 1,...,K. Moreover, the share /le) vanishes if the kth producer’s price p(’)

exceeds the lowest purchase price o nllm Di Y for good j.

We claim that the subdifferential information in (50) is known to kth producer.
First, note that y; is kth producer’s production. Despite of the fact that the shares 1,
and the demands X; cannot be estimated by kth producer, their aggregated product
Zle ik 0 X; is perfectly available to him. Indeed, Zle ik o X; forms the bundle of



Algorithmic Principle of Least Revenue for Finding Market Equilibria 415

goods demanded by all consumers from kth producer. Altogether, the subgradients
Vo & (p1, ..., pk) represent the individual excess of kth producer’s supply over all
consumers’ demands. Overall, we obtain:

Theorem 10 (Producers’ Excess Supply and Total Excessive Revenue).

.....

I
0, EP1,....PK) =Sk(pk)_;ﬂik°Di (kznllinka), k=1,...,K,
with demand shares (/,L[k)kK=1 eM(pi,....px).-

Due to Theorem 10, the subdifferential of &(py, .. ., pg) is completely available
to kth producer. This fact suggests to adjust prices by solving the minimization
problem

min  &p1,...,px). (PD)
G]Rj_

Note that the minimization problem (PD) is stated w.r.t. the decentralized producers’
prices (pk)kkzl, while previously in (P) one minimizes over the common prices p.

We relate the minimization problem (PD) to (P). For that, let us call function
f(x), x € R", nondecreasing (nonincreasing) in x if f(x) > f(y) (f(x) < f(y)) for
any x = y.

Lemma 5 (Decentralization I). Let function of K + 1 vector variables

F(po,pl,...,p](), kaRn,k=0,...,K,

be (a) nonincreasing in po, and (b) nondecreasing in all other variables py, k =
1,...,K. Then,

min  F| min pg,pi,...,px | = min F(p,...,p).
Plo.PKERY k=1.....K PERY

a)

i F i e, =
min 3 (kznlnnKPk,Pl» PK)

pi.-.pkERY \k=1,...,
. b)
min _ AF(p,p1.....px) |[pk = p.k=1,... . K} =
PPk ERY
min F(p,...,p).
pERﬂ_

ad

Next Theorem 11 states that the minimization of the total excessive revenue
remains invariant under the trade design.
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Theorem 11 (Total Revenue and Trade). Problems (P) and (PD) are equiva-

lent, i.e.
min  &(py,...,px) = min &(p). (5D
pl....pKERY pERY
Moreover,
(i) if(pk),{(:1 solves (PD), then k_rrllinka solves (P),
(it) if p solves (P), then (p,...,p) solves (PD).
Proof. We set
K I
def
F(po.pr.....px) =Y 6 () + Y & (o).
k=1 i=1
Note that F is nonincreasing in pg, and nondecreasing in py, k = 1, ..., K. Applying
Lemma 5 and in view of
F( :minka,pu ,pK) =&/p1,....px), F(p,....p) = &),
(51) holds.
Let (po)X_, solve (PD). Then,
49

min &(p) < g( min pk) < &P1,...,PK)-

pGR'jr k=1,..K
By using (51), k_rrllinka solves (P).

Now, let p solvé (P). Then,
min i EWP1y...,px) <EWP,...,p) = EP),

Pliseens, p](GRJr

By using (51), (p, ..., p) solves (PD). O

Further, we show that the welfare maximization problem (A) turns out to be
adjoint not only for (P), but also for (PD). The proof of this fact uses the following

Lemma 6.
Lemma 6. Fory,,x € R, k=1,...,K, the inequality

K

Z)’k =X

k=1

is equivalent to

(52)

(53)
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Proof. (i) Let (52) be satisfied. For p; € erp k=1,...,K, we have

..........

The first mequahty is due to y; € R”, , and rrlnn Pk =pr.k=1,...,K. The

.....

,,,,,

(i1) Let (53) be satisfied. Setting there pk R” , We get

<p,2xk> (p.y) forallp e R,.

Hence, (52) is fulfilled. O

The welfare maximization (A) remains adjoint for the total revenue minimiza-
tion (PD) under the trade design.

Theorem 12 (Adjoint for (PD)). The welfare maximization (A) is adjoint for the
total revenue minimization (PD):

min  &p1,...,px) =
R

K 1
max @ (a,y,8,%) Z 223@}. (54)
(a,y,.%) € & k=1 i=1
Proof.
min  &(p1,...,px) =
p],....pKE]R"

pr.PKERY (0.5, 8.%) € o/

K
= min max D (a,y,8,%) + Z (Prs i) — < min pk, Zx,>

max D (a5, B.%) + m Z(pk,yk < manpk,Zx,>

(@5.8.%) € PropgERY = TN N =1

1
8
[
bl
S
?
<
=
a3
‘c?
T
<
z
%
/\
=)
5
"B
i*
3
\/

Sl for all p; € R +,k =1,...,

Applying Lemma 6, we get the assertion (54). O
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We describe how producers may efficiently adjust their individual prices (pk)f= 1
to arrive at an equilibrium price. This price adjustment corresponds to the quasi-
monotone subgradient method from Sect. 3. It is applied to the minimization of the

Y. Nesterov and V. Shikhman

total excessive revenue (PD) under the trade design.

Let kth producer choose a sequence of positive confidence parameters { x[t]},(.

k=1,...,K. We consider the following iteration:

Pricing via Trade

1. Producers determine their current excess supplies V,, & (p1[1], . . .. px[f]):

(a)

(b)

(©)

kth producer computes an optimal tentative production bundle

e(pelt]) € 25 (pel]).

and participation level

1, if ﬂk(pk[l]) > K,

%P =3 0 it 7 oelt]) < ke,

indicating whether y, (py[f]) is implemented.
The production bundle is o (pi[f])yr (Pr[]), i-e. either y(pi[t]) or zero.
ith consumer identifies the lowest purchase prices

computes an optimal tentative consumption bundle

xi(pl) € 27 (pli)),

and participation level

1, 1fe,(p[t]) <w,

Biplt]) = 0, if ¢;(p[1]) < wi.

indicating whether x;(p[t]) is implemented.
The consumption bundle is S;(p[f])x;(p[t]), i.e. either x;(p[f]) or zero.
ith consumer decides on demand shares

(maliz € M (ild, ... pild])

and demands from kth producer the bundle

wirlt] o Biplt)x:(ple]), k=1,....K.
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(d) kth producer computes the current excess supply

1
Vo Pt . pxl]) = ewlpelDye(pels]) = paclt] © Bipl)xi(pl).-

i=1
(55)
2. kth producer accumulates the excess supplies

wlt] = zlt =11+ V, E(pilt. .. .. pxlt]).  z[-1] = 0. (56)

3. kth producer computes the price forecast w.r.t. the confidence parameter y[¢]:
0 & (o
=t (=) . =1, (57)
1l +
where ¢ ,Y) are positive scaling coefficients.

4. kth producer updates

pili+ 1= S+ — i (59

by combining the previous individual price with the forecast. O

Along with the prices {(p1[f],...,pk[t])},>o generated by method (TRA), we
consider the corresponding historical averages of participation levels:

wll & —= Yl piln HIZﬂMD
r=0

Note that oy [f] € [0, 1] is the frequency of successful production attempts by kth
producer up to time z. Analogously, B;[tf] € [0, 1] is the frequency of successful
consumption attempts by ith consumer up to time ¢. We denote by

71 = @I, i) & (tenldlf, . BN, )

the system of average participation levels. The historical averages of production and
consumption bundles are defined as follows:

def def

yelr] = t—l—_l Zak(Pk[V])Yk(Pk[r]) Xl = t—l—_l Z,B (plr)xi(plr])-

Due to convexity, y¢[f] € a[t]% and X;[f] € B;[t] Z;. We denote by

Fli = Gl 5 = (el - Gl )
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the average market flow. Overall, the sequence
(c[d, ¥4, ). X[1]) € 7, 120,
is feasible for the adjoint problem (A).
Now, we are ready to prove the main convergence result for (TRA).

Theorem 13 (Convergence of Pricing via Trade). At a productive market, let
producers apply in (TRA) nondecreasing confidence parameters satisfying

xcltl = xxlt =1 —0, ] > 00, k=1,...,K

Then, the sequence of lowest purchase prices, average participation levels, and the
average market flow

,,,,,

converges toward the set of market equilibria. The achievable rate of convergence

is of the order O (%)

Proof. The iteration scheme (TRA) is a variant of the quasi-monotone subgradient

method (SM). Hence, we may obtain the convergence for (TRA) by means of
Theorem 8. For that, let us discuss the applicability of conditions (S1)—(S3).

On (S1): The price forecast (57) can be derived by means of the Euclidean prox-
functions for R" :

dk(p)deflz; (). k=1.....K.
j=1

In fact, for z;[f] € R”, yx[f] > O we consider the minimization problem as from
step 3. in (SM):

PP ERY

K
min {Z (1], pe) + xiltlde(pi)
k=1

Its unique solution is the price forecast (57) as from step 3. in (TRA):

+() g 0)
t| = = (-2 [t , j=1,...,.n,k=1,... K.
0=t (=), n

On (S2): It follows from Theorem 12 that the total excessive revenue is
representable as a maximum of concave functions:

&EWpi,...,pg) = max D@ (a,y,6,%X)+¢P1,....Pk. ), %),
(a.y,8.X)€
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where

K 1
¢ (pr.....px.5.5) = ; (P 5e) = <k=n]nnkpk, Zsc,->.

""" i=1

Although ¢ is not linear w.r.t. (py, ..., pg), but it is partially linear, i.e.

K 1
0. P 5 = <p,2yk - in>.
k=1 i=1

The partial linearity of ¢ suffices for the analogous convergence analysis as
in Sect.3 (see [11] for details). In particular, due to Theorem 12, the adjoint
problem for the total revenue minimization (PD) remains unchanged under the
trade design, i.e. it is the welfare maximization (A).

On (S3): The welfare maximization problem (A) satisfies the Slater condition in
view of the market productivity (cf. Definition 2).

Overall, we apply Theorem 8 to deduce that the sequence (pk[t])kK=1 converges
toward the solution set of (PD), and ()/ [], F [t]) converges toward the solution set

of (A) by order O (j) Due to Theorem 11, \ _nllinK pilt] converges toward the

solution set of (P). In view of the duality from Theorem 12, the assertion follows.
O

.....

4.3 Auction

Analogously, we proceed with the auction design:
ith consumer settles and updates his individual prices p;, and producers sell at the highest

Recall that for vectors py,...,p; € R", we denote by n}ax pi € R" the vector with
i=1,...

.....

coordinates

0]
) = W i=1
(iinl?.).(,lp') X P et

.....

The auction design incorporates the dominant aspect in auction theory that highest
bidders are first served [6]. Following the auction framework, we assume that
producers are able to undertake global price search across the consumers.
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Here, the total excessive revenue depends on the consumers’ prices (pl-)f-:1 as
follows:

Epre...on =D & (iir}axlpi) +Y &) =
k=1 N 7 i=1
K I
ma. max p;, — + ma. i — pi, xi . 59
Pyt yke‘d); (< X p yk> Ck()’k))+ ;ME% (W (P * ))+ ( )

The decentralization of prices makes the corresponding subdifferential information
about excess demands available to consumers. In fact, note that the total revenue
& from (59) is convex in the variables (pi)l(:l. Let us obtain an expression for its
convex subgradients V,,, & (p1, ..., pr) W.rt. p;:

K
VpE i)=Y Awofi—%. k=1... K. (60)
k=1

where A oy, = (/\f,’()y,((’)) . Here, X; € D;(p;) is the demand of ith consumer w.r.t.
=1

(Aik),{:] eL(pi,....p1),

where

Z)L(’)_l

)L 0 1fp(’) # n}axlpl@

.....

def

L(pi,....pn) = { )2, €0, 1™

j=1,...,ni=1,...,1

Note that Ag;) can be interpreted as the share of kth producer’s supply to ith consumer
for good j. Indeed, the shares )Lg? for good j sum up to 1 over all consumers i =
1,...,I. Moreover, the share )tm vanishes if the ith consumer’s price pl@ is less than
the hlghest offer pnce max p ) for good j.

We claim that the subdlfferentlal information in (50) is known to ith consumer.
First, note that x; is his consumption bundle. Despite of the fact that the shares A
and the supplies y; cannot be estimated by ith consumer, their aggregated product
2115:1 Aix o i is perfectly available to him. Indeed, Zszl Ak o ¥ forms the bundle
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of goods supplied by all producers to ith consumer. Altogether, the subgradients
V. &(p1, ..., pr) represent the individual excess of ith consumer’s supply over his
demands.

Theorem 14 (Consumers’ Excess Supply and Total Excessive Revenue).

K
OpEPr,-...p) = ;M o Sk (iggﬁpz) —Di(p), i=1....1
with supply shares ()Lik)l{:l eL(pi,....pr).

Due to Theorem 14, the subdifferential of & (p1, ..., p;) is completely available
to ith consumer. This fact suggests to adjust prices by solving the minimization
problem

min  &p1,...,pr). (PA)
e]Rj_

Note that the minimization problem (PA) is stated w.r.t. the decentralized con-
sumers’ prices (pi),’-:l, while previously in (P) one minimizes over the common
prices p.

We relate the minimization problem (PA) to (P). For that, let us call function
f(x), x € R", nondecreasing (nonincreasing) in x if f(x) > f(y) (f(x) < f(y)) for
any x > y.

Lemma 7 (Decentralization II). Let function of I 4+ 1 vector variables

G(po.pi,....p1), pieRi=0,...1

be (a) nondecreasing in po, and (b) nonincreasing in all other variables p;, i =
1,...,1. Then,

min G ('E}axlp,-,pl, .. ,p,) = min G(p,...,p).
PlseeasP, 1€R+ =1,..., pe]RJr

Proof. Indeed,

. a)
min G| max p;,p1,...,pr| =
Dloeees ple]R’_',’_ i=1,...,1

. . b)
min_ {G(p,p1,....p) |pi=p,i=1,...1}=
p-p1.-.pr €ERY

min G(p,...,p).

n

pER+
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Next Theorem 15 states that the minimization of the total excessive revenue

remains invariant under the auction design.

Theorem 15 (Total Revenue and Auction). Problems (P) and (PA) are equiva-

lent, i.e.

min  &(p1,...,p;) = min &(p). 61)

PlseesD. IER{'F pERl
Moreover,
(i) if (pi)i—, solves (PA), then max_p; solves (P)
(it) if p solves (P), then (p,...,p) ,sblves (PA).
Proof. We set
& I
G(po.p1s---p) = D & (po) + D & (pi) -
k=1 i=1
Note that G is nondecreasing in pg, and nonincreasing in p;, i = 1, ..., 1. Applying
Lemma 7 and in view of
G(i;naxlpivplv 7p1) = éa(plv ap[), G(ps~ 9p) :@@(p)»
(61) holds.
Let (p;)i_, solve (PA). Then,
39
min &(p) < & ( max pi) < &@p1,...,p1).
pERﬁr i=1,..., 1
By using (61), ‘Lt}ax[pk solves (P).
Now, let p solvé“’(P). Then,
min_ &@p1,....p) <EP,....p) = EPp),
Pliseens, D, 1€R+

By using (61), (p, ..., p) solves (PA). O

Further, we show that the welfare maximization problem (A) turns out to be
adjoint not only for (P), but also for (PA). The proof of this fact uses the following

Lemma 8.

Lemma 8. Forx;,yeR",i=1,...,1, the inequality

(62)
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is equivalent to

.....

1
> (pixi) §<max Py >foralzp,-em,i= ..., (63)

Proof. (i) Let (62) be satisfied. For p; € Ri, i=1,...,1, wehave

The first 1nequahty is due to x; € R” 4 and p; < max p,, i=1,...,1. The

(i1) Let (63) be satisfied. Setting there p, p e R" , we get

<p,2x,> (p.y) forallp e RY.

Hence, (62) is fulfilled. O

Theorem 16 (Adjoint for (PA)). The welfare maximization (A) is adjoint for the
total revenue minimization (PA):

min = Epi1,...,p1) = max

. _ma P (.3, B. %)
P1a-pIERY (@,5,8,%) € &

K I
PRI } -
k=1 i=1

(64)
Proof. We obtain:

min = Epi,...,p;) =
P1oPrERY

K

I
= min max @ (a,y, B,X) + < max p;, Zyk> - Z (pi, Xi)
i=1

prPI€RY (0.5.8.%) € o —

.....

K I
= max @ (a,y,B,X) + min i <Arr}axlp,', Zi}k> — Z (pi> Xi)

(@.5,8,) € o PPl €RY D\ =1

I
=  max D (a,y, B, %) ; {pi-3a) = < o P Zyk>

@y.pred forallp; e R, i=1,...,

Applying Lemma 8, we get the assertion (64). O
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Analogously, we describe how consumers may efficiently adjust their individual
prices (p,»)f:1 to arrive at an equilibrium price. This price adjustment also corre-
sponds to the quasi-monotone subgradient method from Sect. 3. It is applied to the
minimization of the total excessive revenue (PA) under the auction design.

Let ith producer choose a sequence of positive confidence parameters { x;[]},-.

i =1,...,1. We consider the following iteration:
Pricing via Auction (AUC)
1. Consumers determine their current excess supplies V,,,&(pi[t], . . .. pi[t]):

(a) ith consumer computes an optimal tentative consumption bundle

xi(pilf]) € 27" (pil]).
and participation level

l, ifei(pi[t]) <w,

Bi(pili]) = 0, if e;(p[t]) < wi,

indicating whether x;(p;[f]) is implemented.
The consumption bundle is 8;(p;[f])x;(p:[f]), i.e. either x;(p;[¢]) or zero.
(b) kth producer identifies the highest offer prices

.....

and computes an optimal tentative production bundle

Ye(pli]) € 2 (pleD),

and participation level

L if m(plt]) = K

a(plf]) = 0, if T (p[t]) < ki,

indicating whether y; (p[#]) is implemented.
The production bundle is o (p[t])yr (p[t]), i.e. either yi(p[f]) or zero.
(c) kth producer decides on supply shares

QalDizy € L(pald). ... pild]) .

and supplies to ith consumer the bundle

Aie[t] o ar(p[t)yi (plt])-
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(d) ith consumer computes the current excess supply
K
V& (pilt], ..., pilt]) = Zlik[f]OOlk(P[l])yk(l?[f])—,Bi(Pi[f])Xi(Pi[f])- (65)
k=1
2. ith consumer accumulates the excess supplies
] = zlt =1+ Vi E(paldl. ... pild). - z[=1]=0. (66)

3. ith consumer computes the price forecast w.r.t. the confidence parameter y;[t]:

0)
P9 = él‘[](—z?>[z])+, i=1,....n, (67)

where Ci(j) are positive scaling coefficients.
4. ith consumer updates

+
r+1] = ; Fe 68
pli+ 1= —=pili+ ——p (69)
by combining the previous individual price with the forecast. O

Along with the prices {(pi[t])},>0, i = 1, ..., I, generated by method (AUC), we
consider the corresponding historical averages of participation levels:

def

=1 Zak(p[r]) Bill = t+—125 pilr).

Note that a[f] € [0, 1] is the frequency of successful production attempts by kth
producer up to time 7. Analogously, B;[t] € [0, 1] is the frequency of successful
consumption attempts by ith consumer up to time . We denote by

vl = (@l B & (toulyie, (BN, )

the system of average participation levels. The historical averages of production and
consumption bundles are defined as follows:

def

def
Vilt] = =

Zak@[rbyk(p[r]) %] = z+_1 Z Bi(pilr)xi(pilr]).

r+1
Due to convexity, yx[f] € ax[t]% and X;[t] € B;[t] Z;. We denote by

Flil = Gl 5 = (Gels - )
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the average market flow. Overall, the sequence
(c[d, ¥4, ). X[1]) € 7, 120,

is feasible for the adjoint problem (A).
Now, we are ready to prove the main convergence result for (AUC).

Theorem 17 (Convergence of Pricing via Auction). At a productive market, let
consumers apply in (AUC) nondecreasing confidence parameters satisfying

xilfl— xilt =11 —0, yi[f] > 00, i=1,...,1

Then, the sequence of highest offer prices, average participation levels, and the
average market flow

converges toward the set of market equilibria. The achievable rate of convergence

is of the order O (%)

Proof. The iteration scheme (AUC) is a variant of the quasi-monotone subgradient

method (SM). Hence, we may obtain the convergence for (AUC) by means of
Theorem 8. For that, let us discuss the applicability of conditions (S1)—(S3).

On (S1): The price forecast (67) can be derived by means of the Euclidean prox-
functions for R" :

d(p)deflng)(p@)z, i=1,... I
j=15i

In fact, for z;[f] € R", y;[t] > 0 we consider the minimization problem as from
step 3. in (SM):

Plaeeey N ]E]R

I
min {Z zilt], pi) + xilfld; (l)z)} .

i=1
Its unique solution is the price forecast (67) as from step 3. in (AUC):
. Y ‘
PO = 2 (—zl@[z]) L j=1,...mi=1,.. L
xilt] +

On (S2): It follows from Theorem 16 that the total excessive revenue is
representable as a maximum of concave functions:

EWpiy...,p) = max D (o, y,8,%)+ ¢ p1,...,p1y,X),
(a.y,8.X)€
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where

Although ¢ is not linear w.r.t. (py, ..., py), butit is partially linear, i.e.

K 1
0P 5 = <p,2yk - in>.
k=1 i=1

The partial linearity of ¢ suffices for the analogous convergence analysis as in
Sect. 3 (see [12] for details). In particular, due to Theorem 16, the adjoint problem
for the total revenue minimization (PA) remains unchanged under the auction
design, i.e. it is the welfare maximization (A).

On (S3): The welfare maximization problem (A) satisfies the Slater condition in
view of the market productivity (cf. Definition 2).

Overall, we apply Theorem 8 to deduce that the sequence (p; [t]) _, converges
toward the solution set of (PA), and (y[t] F [t]) converges toward the solution set

of (A) by order O ( J) Due to Theorem 15, n}ax pilt] converges toward the

solution set of (P). In view of the duality from Theorem 16, the assertion follows.
O

5 Conclusions

We presented the excessive revenue model of a competitive market. Its crucial
advantage is that it can be written in potential form. The convex potential is the
total excessive revenue of market’s participants. Equilibrium prices, which balance
supply and demand, arise as the minimizers of the total excessive revenue. The latter
constitutes the least revenue principle in analogy to extremal principles in physics.
The least revenue principle allowed us to efficiently adjust prices by application
of Convex Analysis. For that, we used quasi-monotone methods for nonsmooth
convex minimization of the total excessive revenue. They represent implementable
behavioral schemes for the real-life activities of producers and consumers due to the
trade or auction. Thus, the main features of our price adjustment are as follows:

* Reliability refers to the fact that the price adjustment leads to equilibrium prices,
and corresponding supply equals demand on average.

* Computability of price adjustment means that we can guarantee the convergence
of the proposed price adjustment mechanisms at an explicitly stated (nonasymp-
totic) rate, which in fact is the best convergence rate achievable in large-scale
nonsmooth convex minimization.
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* Decentralization explains how market participants can successively update prices
by themselves via trade or auction rather than by relying on a central authority.

Acknowledgements The authors would like to thank the referees for their precise and constructive
remarks.

Appendix

Proof of Lemma 2:. We define the average linearization terms £, and v, for f:

6@ E Y FGl) + (VG x — fr]) |

r=0
v min{6 + £ld@)} .

First, we show by induction that for all # > 0 it holds:

£l — ;f—l <o 69)

Let us assume that condition (69) is valid for some ¢ > 0. Then,

Vg1 = fxnel)l(l () + f (1) + (Ve + 1)), x — x[t + 1]) + [t + 1]d(x)}

37
S min 1,00 + ([0d() + £ G+ 1D + (VG4 1)x -+ 1)

33 . 1 2
=" mip -+ 300 e = WP 0+ 1D+ 9760+ = e+ 1)

©9 )+ DfGl) — ( + Dy

= | 5l =2 )+ £ Gl + 1D+ (VAL 1) x =l + 1)
S (t+ D [F(t + 1)) + (V[ + 10),x[1] — x[z 4+ 1)] = (£ + 1)py
e | 4l =) Al 1D+ (TG Dx =l 1)

Since (¢t + 2)x[t + 1] = (¢ + 1)x[tf] + xT[¢], we obtain

Vi1 =+ 2f (et + 1) = (1 + Dpy
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. + 1 + 2
+min (VA + 1) x =" [1) + S0 [x = 1]

1
> (t+2)f (xft + 1)) — (t + Dy — 34 IVt + 13-

= (2l + 1)~ (+ Dpisa.
It remains to note that
35
Yo = min {f(<[0]) + (V/(<[0]). x — 0]} + 20} = F0]) — o

Vi

Now, we relate the term r

N from (69) to the adjoint problem (32). It holds due

to convexity of ¢(-,a), a € A:

SO + (VG x = x[r]) =

DY g (axlr]) + ¢ Gl alelr]) + (Vag Gl aGelr)) .x — 20r])

< @ (a(x[r]) + ¢ (x. alx[r])) .

Hence, we obtain due to concavity of @ and ¢(x, -), x € X:

6 <)@ (@Gl + ¢ (v all) < (¢ + D [@ (al]) + ¢ (xal])] -

r=0

Finally, we get

Yy . 17 _ _
1 s ® (alt]) + min %90 (x,alf]) + md(X) = @ (a[f]) = &(alf]).  (70)
Altogether, (69) and (70) provide the formula (38). O

The following result on the quadratic penalty for the maximization problem (39)
will be needed.

Lemma 9. Under (S1)—(S3) it holds for k > 0:

a€A j=1

max {cp(a) -2y (hj(a))i} S
j=1

where x* solves the minimization problem (28).
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Proof. Let a* be an optimal solution of (39). Due to the Slater condition, there exist

some Lagrange multipliers x*?), j = 1,...,n such that
<V<P(a*) - Zx*U)th(a*), a* — a> >0, forallac€A, (71)
j=1
0 >0, hi(a*) <0, Zx*(’)h (@) =0. (72)
=
Note that the vector of Lagrange multipliers x* = (x*?,j = 1,...,n) solves the

minimization problem (28). Due to the concavity of @ and the convexity of 4;,
j=1,...,n,itholds for all a € A:

P(a) < P(a*) + (VP(a"),a—a"), (73)
hi(a) = hi(a*) + (Vhj(@*),a — a*). (74)
We estimate
73 71 L
2@ 2 0@+ (Vo@)a—a’) =+ Y0 (Via).a - a”)
Jj=1
74 noo
w0 (@) — at) B g +Zx*(’)h (@), acA.
Jj=1 j=1

Hence,
mai P(a) — g Z (hj(a))i_ <f* + maX Z [x*(j)hj(a) - g (h.i(a))i_]
a€ =

<f* +Zmax Z[ *Dp, — — ) ]

b; € R

ad

Proof of Lemma 3:. First, we estimate the penalty term §; and the remainder term
p1, t = 0 under (S1)—(S3). It holds:
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$(ali)) = —mm{ cali) + A ae )}

n

. i ] 1 .
=~ min T e + A >
t+1 o )
=~ FZ](hj<a[r1>)+,
— 1 . 1 2
P = Z 2= |l

— 1 - . 7 2
e ; 20— 1] ;("1(“[ D)

1 1
C2t+lZ

— ylr =11

IA

The latter inequality follows due to the compactness of the adjoint set A and the
convexity of h;, j = 1,...,n with

1 n
€, = 5 max 21: (h(@))’ . (75)
=

Substituting into (38), we get the right-hand side of (40):

t

1 1
falih = tale) [] Z (stat). i ; ar=1r

Now, we estimate this dual gap from below by using

@(a[t])——z (yal)y, = max | o - ; (hy(@)’y
Lemma9 X[t]
= I TEEN
where
_ 15 0
=1 ;x (76)

and x* is a solution of the minimization problem (28).
Finally, we get the left-hand side of (40)

Al

£l — Blald]) + —— Z (i)}, = FQld) —f* - Pt
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Proof 0fLemma4 Since y[tf] — x[t — 1] — 0, it holds by averaging that

t+12){r] x[r — 1] = 0. Thus,

1 1 1
= t+1;x[r]—x[r—l]+w—1x[—l]—>0-

t

1 1 1
From y[t] — oo we have — — 0, and also by averaging, -0
A 111 yaveraging. 155 o]

The convergence of the order O ( J) can be achieved in (42) by choosing x[f] =
O(4/1). In fact, we obtain:

t

1 1 1 1 1 |
t—i-l;)([r—l] S (X[—l] +m)+r+_1;ﬁ'

1 1
Immediately, we see that -~ (— + —) — 0 as of the order O (). Note
& x[=11 x[0] )

that for a convex univariate function £(r), r € R, and integer bounds a, b, we have

b+1/2
k0 = | eous an
r=a a—1/2
Hence, we get
+1/2
d an e
t+1 Z JrT o+l / f
1-1/2
2 t+l/2
_[—i—_lﬁ 12 (\/["‘1/ \/1/2)—>0
Here, the order of convergence is 0( J) By assuming x[{] = O(J/1), the
t t
convergence U = L — 0 is also of the order O (L) O
t+1  t+1 Vi
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