Multiplication and Composition in Weighted
Modulation Spaces
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Abstract We study the existence of the product of two weighted modulation spaces.
For this purpose, we discuss two different strategies. The more simple one allows
transparent proofs in various situations. However, our second method allows a closer
look onto associated norm inequalities under restrictions in the Fourier image. This
will give us the opportunity to treat the boundedness of composition operators.
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1 Introduction

Since modulation spaces have been introduced by Feichtinger [7] they have become
canonical for both time-frequency and phase-space analysis. However, in recent
time modulation spaces have been found useful also in connection with
linear and nonlinear partial differential equations, see e.g., Wang et al. [35-38],
Ruzhansky et al. [26], or Bourdaud et al. [5]. Investigations of partial differential
equations require partly different tools than used in time-frequency and phase-space
analysis. In particular, Fourier multipliers, pointwise multiplication and composition
of functions need to be studied. In our contribution, we will concentrate on pointwise
multiplication and composition of functions. Already Feichtinger [7] was aware of
the importance of pointwise multiplication in modulation spaces. In the meanwhile
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several authors have studied this problem, we refer, e.g., to [6, 13, 29, 30, 32]. In
Sect.3, we will give a survey about the known results. Therefore, we will discuss
two different proof strategies. The more simple one, due to Toft [30, 32] and Sugi-
moto et al. [29], allows transparent proofs in various situations, in particular one can
deal with those situations where the modulation spaces form algebras with respect
to pointwise multiplication. As a consequence, Sugimoto et al. [29] are able to deal
with composition operators on modulation spaces induced by analytic functions. Our
second method, much more complicated, allows a closer look onto associated norm
inequalities under restrictions in the Fourier image. This will give us the possibility to
discuss the boundedness of composition operators on weighted modulation spaces
based on a technique which goes back to Bourdaud [3], see also Bourdaud et al.
[5] and Reich et al. [23]. Our approach will allow to deal with the boundedness of
nonlinear operators 7y : g — f o g without assuming f to be analytic. However, as
the case of M3 , shows, our sufficient conditions are not very close to the necessary
conditions. There is still a certain gap.

The paper is organized as follows. In Sect. 2, we collect what is needed about the
weighted modulation spaces we are interested in. The next section is devoted to the
study of pointwise multiplication. In particular, we are interested in embeddings of
the type

My, - My, — My,
where 51, 52, p and g are given and we are asking for an optimal s¢. These results will
be applied to problems around the regularity of composition of functions in Sect. 4.
For convenience of the reader we also recall what is known in the more general
situation
lewh ’ M;fz,qz - M;()q ’

Special attention will be paid to the algebra property. Here, the known sufficient
conditions are supplemented by necessary conditions, see Theorem 3.5. Also only
partly new is our main result in Sect. 3 stated in Theorem 3.22. Here we investigate
multiplication of distributions (possibly singular) with regular functions (which are
not assumed to be C*°). Partly we have found necessary and sufficient conditions
also in this more general situation. Finally, Sect. 4 deals with composition operators.
As direct consequences of the obtained results for pointwise multiplication we can
deal with the mappings g +— gz, £ > 2,see Sect.4.1. In Sect. 4.4, we shall investigate
g +— fog,where f is not assumed to be analytic. Sufficient conditions, either in
terms of a decay for F f or in terms of regularity of f, are given.

Notation

We introduce some basic notation. As usual, N denotes the natural numbers,
Ny := NU {0}, Z the integers and R the real numbers, C refers to the complex num-
bers. For a real number a, we put a; := max(a, 0). For x € R” we use ||x] :=
max;_i,.. ., |x;|. Many times we shall use the abbreviation (§) := (1 + |§|2)%,
e R
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The symbols c, ¢, ¢2, ..., C, Cy, Cy, ... denote positive constants which are
independent of the main parameters involved but whose values may differ from
line to line. The notation a < b is equivalent to @ < Cb with a positive constant C.
Moreover, by writing a < b we meana < b < a.

Let X and Y be two Banach spaces. Then the symbol X < Y indicates that
the embedding is continuous. By £(X, Y) we denote the collection of all linear
and continuous operators which map X into Y. By C3°(R") the set of compactly
supported infinitely differentiable functions f : R” — C is denoted. Let S(R") be
the Schwartz space of all complex-valued rapidly decreasing infinitely differentiable
functions on R". The topological dual, the class of tempered distributions, is denoted
by S’ (R") (equipped with the weak topology). The Fourier transform on S(R") is
given by

Fo(&) = 2m)™/? / e Cp)dx, EeR".

R~

The inverse transformation is denoted by F~'. We use both notations also for the
transformations defined on S’ (R").

Convention. If not otherwise stated all functions will be considered on the Euclid-
ean n-space R". Therefore R” will be omitted in notation.

2 Basics on Modulation Spaces

2.1 Definitions

A general reference for definition and properties of weighted modulation spaces is
Grochenig’s monograph [10, Chap. 11].

Definition 2.1 Let ¢ € S be nontrivial. Then the short-time Fourier transform of a
function f with respect to ¢ is defined as

Vyf(x, &) =Q@2m)~: /R F)ps —x)e " Cds  (x,£ eR").

The function ¢ is usually called the window function. For f € &’ the short-time
Fourier transform V4 f is a continuous function of at most polynomial growth on
R?", see [10, Theorem 11.2.3].

Definition 2.2 Let1 < p, g < 00.Let ¢ € S be a fixed window and assume s € R.
Then the weighted modulation space M, , is the collection of all f € &’ such that

s, = ([ ([ oo i) ) <oc

(with obvious modifications if p = oo and/or g = 00).
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Formally these spaces M, , depend on the window ¢. However, for different
windows ¢, ¢, the resulting spaces coincide as sets and the norms are equivalent,
see [10, Proposition 11.3.2]. For that reason we do not indicate the window in the
notation (we do not distinguish spaces which differ only by an equivalent norm).

Remark 2.3 (i) General references with respect to weighted modulation spaces are
Feichtinger [7], Grochenig [10, Chap. 11], Gol’dman [9], Guo et al. [11], Toft [30—
32], Triebel [34] and Wang et al. [38] to mention only a few.

(i) There is an important special case. In case of p = g = 2 we obtain M; , = H*
in the sense of equivalent norms, see Feichtinger [7], Grochenig [10, Proposi-
tion 11.3.1]. Here H* is nothing but the standard Sobolev space built on L,, at
least for s € N. In general H* is the collection of all f € &’ such that

12
£l = (/Rn“ + P IFF©PdE) " < oo

For us of great use will be another alternative approach to the spaces M, ,. This
will be more close to the standard techniques used in connection with Besov spaces
We shall use the so-called frequency-uniform decomposition, see e.g., Wang [37].
Therefore, let p : R” +— [0, 1] be a Schwartz function which is compactly supported
in the cube

={eR":-1<&<1,i=1,...,n}.

Moreover, we assume

pEO=1 it &= 2.

With pp (&) = p(€ — k), & e R, k € Z", it follows

D @ =1 forall {eR".

keZn

Finally, we define

0© =n@( T ©) . EeR. ke,

keZ"

The following properties are obvious:

0 <or(€) <1lforall ¢ e R

suppor C Oy i={(eR": =1 <& -k <1,i=1,...,n};

> ox(©) = 1forall € R;

keZn"

There exists a constant C > 0 such that o4 (§) > C if max;—;_, & — ki| <
e For all m € N there exist positive constants C,, such that for |o| < m

1.
2’
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sup sup [D%0y ()| = Cp .
keZ" {eRr

We shall call the mapping
Ouf =F o ©OFfO1(), kel', fe§,

frequency-uniform decomposition operator.
As it is well-known there is an equivalent description of the modulation spaces
by means of the frequency-uniform decomposition operators.

Proposition 2.4 Let 1 < p, g < oo and assume s € R. Then the weighted modula-
tion space M, , consists of all tempered distributions f € S’ such that

1y, = (20101, < o0

keZM
Furthermore, the norms | fllm;, and || f |}, are equivalent.
P Pq

We refer to Feichtinger [7] or Wang and Hudzik [37]. In what follows, we shall
work with both characterizations. In general, we shall use the same notation || - ||as;
for both norms.

Lemma 2.5 (i) The modulation space M, , is a Banach space.

(it) M}, , is independent of the choice of the window p € Cg° inthe sense of equivalent
norms.

(iti) My, , is continuously embedded into S

(iv) My, , has the Fatou property, i.e., if (fu),—; C My, , is a sequence such that
fm — [ (weak convergence in S') and

sup || fon llar;, < 00,
meN

then f € M, , follows and

1 lary, < Sup Il fon llasy, < 0.
meN

Proof For (1), (i), (iii) we refer to [10].
We comment on a proof of (iv). Therefore, we follow [8] and work with the norm
Il - I3 - From the assumption, we obtain that for all k € Z" and x € R",

F M or Fful(x) = Q)™ fru(x — ) (o%) = fx —)op) = F ' op Ff1(x)
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as m — oo. Fatou’s lemma yields

> ([1F o Frirar)’
k=N IR

1 o Ffal@)lPdx )"

An obvious monotonicity argument completes the proof. |

2.2 Embeddings

Obviously the spaces M), , are monotone in s and ¢. But they are also monotone
with respect to p. To show this we recall Nikol’skij’s inequality, see e.g., Nikol’skij

[21, 3.4] or Triebel [33, 1.3.2].

Lemma 2.6 Let1 < p < q < oo and f be an integrable function with supp F f C
B(y, r), i.e., the support of the Fourier transform of f is contained in a ball with
radius r > 0 and center in 'y € R". Then it holds

1_1
Ifllz, < Cr"o 2l e,

with a constant C > 0 independent of r and y.

This implies [|Ug fllz, < c Uk fllz, if p < g with ¢ independent of k and f
which results in the following corollary (by using the norm || - [I};: ).
p-q

Corollary 2.7 Letsy > s, po < p and qo < q. Then the following embeddings hold
and are continuous:

S0 X s s
>
My, —> M, M, , M,
and
s s
[N .
Mpqqo Mpqq ’

i.e, forall p,q, 1 < p,q < oo, we have
Mi, — M;’q > M, -

Of some importance are embeddings with respect to different metrics. To find
sufficient conditions is not difficult when working with || - ||3,; . A bit more tricky
r.q
are the necessity parts. We refer to the recent paper by Guo et al. [11].
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Proposition 2.8 Let sy, 51 € Rand 1 < py, py < o0. Then

M;[()J,qo - M;ll,ﬂh
holds if and only if either
e po < piand sy — s, >n(q—1] — qio)

e or po < p1, So =51 and qo = q1.

Remark 2.9 Embeddings of modulation spaces are treated at various places, we refer
to Feichtinger [7], Wang and Hudzik [37], Cordero and Nicola [6], Iwabuchi [13]
and Guo et al. [11].

The weighted modulation spaces M, , cannot distinguish between boundedness
and continuity (as Besov spaces). Let C,,;, denote the class of all uniformly continuous
and bounded functions f : R" — Cequipped with the supremumnorm. If /' € M}, ,
is a regular distribution it is determined (as a function) almost everywhere. We shall
say that f is a continuous function if there is one continuous function g which equals
f almost everywhere.

Corollary 2.10 Let s e R and 1 < p,q < 0o. Then the following assertions are

equivalent:
A .
M];’q — Lo,
Mp,q — Cub;
; 0 .
M, — M,
eithers > 0and g = 1 ors > n/q’.

Proof We shall work with || - |I3,s .
P.q

Step 1. Sufficiency. By Proposition 2.8 it will be enough to show Mgo,l — Cup.
From the definition of MY, | it follows that

> Oif(x)

keZ"

is pointwise convergent (for all x € R"). Furthermore, since [, f € C*°, there is a
continuous representative in the equivalence class f, given by >, ;. O f(x). In
what follows, we shall work with this representative. Boundedness of f € MQ, | is
obvious, we have

FOI=1D T I f g, -

keZr

It remains to prove uniform continuity. For fixed € > 0 we choose N such that

DTSl <2/2.

1k|>N



110 M. Reich and W. Sickel

In case |k| < N we observe that

O f ) =L fDI = NV ) Iz lx =yl -
It follows from [33, Theorem 1.3.1] that

IV e, = e MO f) e

with a constant ¢ independent of f and k. Here M denotes the Hardy—Littlewood
maximal function. In the quoted reference, the assumption U, f € Sisused. A closer
look at the proof shows that Oy f € L{° satisfying

IO f)ldx <ex A+ kDY, keZ",
Ok

for some N € N is sufficient. Since [, f € Lo this is obvious. Consequently we
obtain

L f ) =L fOD = et (MU f) g Ix =yl <= et 10 f ol 1x =yl

<l flliglx—yl,
where in the last step we used the standard convolution inequality || g * & ||, <

g, Il f L., - Thisimplies uniform continuity of [ f and therefore OfZ\k\gN Ui f-
In particular, we find

F@ = O = | DO @) = Ouf ()

keZn
< DGO+ T f DD + e ll fll lx =yl D1
|k|>N [k|=N

Setolfll lx=yICN+D".
Choosing § = (¢ || f I, 2N + 1)")~! & we arrive at
IfG)—fl<2e if  |x—yl<od.
Step 2. Necessity. Let ¢) € S be a real-valued function such that ¢)(0) = 1 and

supp Fp C {¢: max il <€} with e <1/2.
j=1,...n

We define f by
FFE© = > axFoE—k).

keZ"
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Clearly, '
Ocf () =are™ o(x), keZ'.

Substep 2.1. Let s = 0 and 1 < p < oo. The above arguments imply f € Mg,q if
and only if (ax)x € £4. On the other hand,

fO) =@ D ape™ 2.1)

keZr
which implies that f is unbounded in 0 if >, ;. ax = 0o. Choosing

L [Kilog@+ k)T i ki eN, k= (ki,0,... 0);
=10 otherwise;
then f € M)\ Loo, g > 1, follows.

Substep 2.2. Let 1 < p < oo and g = o0o. Then we choose a; := (k)~". It follows
f €My but f(0) = +oo.
Substep2.3.Letl < p < 00,1 < g < ooands = n/q’. Then, withd > 0, we choose

o | (R Qoglk)™ i (k| > 0
7o otherwise.

It follows

<=

” f ”M;/,}I/ = ||1/)||L,, Z <k)—nq+nq/q/ (10g<k))_(1+6)

|k|>0

1
q

= ¥llL, Z(k)*" Iog(k))" 1+ | < 0o

k|>0
On the other hand, we have

FO) =" (k)™ (og(k))~ 1+ = 0o

|k|>0
if (14 9)/g < 1. Hence, for choosing § = g — 1 the claim follows. |

Remark 2.11 Sufficient conditions for embeddings of modulation spaces into spaces
of continuous functions can be found at several places, in particular in Feichtinger’s
original paper [7]. We did not find references for the necessity.
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3 Pointwise Multiplication in Modulation Spaces

We are interested in embeddings of the type

51 . 52 S0
My - Mpg = Mpy.
where s1, 57, p and g are given and we are asking for an optimal s¢. These results will
be applied in connection with our investigations on the regularity of compositions
of functions in Sect.4. However, several times we shall deal with the slightly more
general problem

1 1 1
M51 _MSZ C—)MJO, —_ = — 4+ —.
Pig P2.q pa P p
In view of Corollary 2.7 this always yields
Msl .MSZ ;)MSU, 1<L+L
pr.q P2.9 p-q p - D1 D2

For convenience of the reader we also recall what is known in the more general
situation

S1 S S0
. —> .
MPIJII Mpz,qz Mp-,q

At first we shall deal with the algebra property. Afterwards we turn to the existence
of the product in more general situations.

3.1 On the Algebra Property

The main aim consists in giving necessary and sufficient conditions for the embedding
M, - M »q < My, .. To prepare this we recall a nice identity due to Toft [30], see
also Sugimoto et al. [29].

Loc

Lemma 3.1 Let g, ¢, € S benontrivial. Let f, g € L5 such that there existc > 0
and M > 0 with

/ fQP +lg)Pdx <c A+ kDY, keZ".
Ok
For all x, ¢ € R" the following identity takes place

Vi o (f)(x, ) = 2m) "2 / Vo (F)(x, & = m) Vi, (g) (x, m) dny - 3.1)
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Proof The main tool will be the Plancherel identity. Observe, that for any fixed

x € R” the functions f(¢) 1 (t — x), g(¢) p2(t — x) belong to L, and therefore their
Fourier transforms as well. For brevity we put

I 1=/Vp1(f)(x,€—n) Vo (@) (x,n)dn.

Applying the Plancherel identity, we conclude

I = / F(f @) pi(t —x) e ) (=) F(g(t) pa(t — x))(—n) dn

= /f(tm(t —x)e ¥ g(t) pa(t — x))dt

= / f0) M) 1t = x) ot —x) ™" dt
= 20" Vo (fO) (X, ©) .
The proof is complete. |

Remark 3.2 It is clear that the assertion does not extend very much. For example, if
g€ ij’c for some p < 2 then the above claim is not true. We may take

f(x) =gx) =) |x|"*, xeR",

where 7 is a smooth and compactly supported cut-off function s.t. 1)(0) = 1. Then
f - g is not longer a distribution, i.e., the integral

Vor oo (fO)(x, &) = 2m) 2 /R () g(s) (s —x) (s — x) e ds

does not make sense in general.

In [29, 30], the identity (3.1) is applied either in case f,g € S or f, g € L.
Here, we shall apply it in the wider context of Lemma 3.1.

Lemma 3.3 Let 1 < p,q < 0o and assume M, — Mc?o,l' Then there exists a
constant ¢ such that

1 - gl < e (W f e, glhan, + 1 Fllag, W gl,)

Pq

holds for all f, g € M, .

Proof The main idea in the proof consists in the fact that the modulation space can
be characterized by different window functions. Since M2, | <> Lo, we know that
f, g satisfy the conditions in Lemma 3.1. Hence
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I glu, = {/ [/ ‘sz(f -8, &) ‘pdx]q/p(@-wczg}l/q (3.2)
<{[[[ ][] vereng=mVeser.man|'ax]" rrae) .

We split the integration with respect to 7 into two parts

Qe:={n:1E—nl=mn} and Te:={n:[E—nl<nl}, {€R". (3.3)

It follows
I - glly, <2 (A+B),

where
A= {/[/‘/Q V‘Pf(x’g_n)(1+|§_"7|2)S/2Vgpg()€,77)d’l7‘pdx:lq/pdg}l/q
a3
and

B = {/ [/ ’/r Vof(x,&—mn) Vegx,n) (1+ |77|2)S/2dn‘pdx]q/pd§}l/q.
¢

We continue by applying the generalized Minkowski inequality, see [18, Theo-
rem 2.4]. This yields

as [{[[ [ weroe=me—m vigeenrax] ae) " an

< [ (sop vosteoml) { [ [ [ werone=mie—nrrar]" ac)™ ay

=1 gl I £ Ly, -

Analogously one can prove

B<I Sl lglus, -
The proof is complete. |

Remark 3.4 (i) We proved a bit more than stated. In fact, we have shown

17 - g, =2 (1 £l gl + 10 Flle, gl )

X P4 P4

But here one has to notice that the norm on the left-hand side is generated by the
window (2, whereas the norms on the right-hand side are generated by the window ¢.
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(ii) Lemma 3.3 has been proved by Sugimoto et al. [29]. For partial results with a
different proof we refer to Feichtinger [7].

Next, we turn to necessary and sufficient conditions for the algebra property.

Theorem 3.5 Let 1 < p,q < oo ands € R. Then My, , is an algebra with respect
to pointwise multiplication if and only if either s > O and g = 1 ors > n/q’.

Remark 3.6 (i) By Corollary 2.10 the Theorem 3.5 can be reformulated as

M, , isanalgebra < M, > L
This is in some sense natural because otherwise one could increase local singu-

larities by pointwise multiplication.

(i) Theorem 3.5 has a partial counterpart for Besov spaces. Here one knows that

B, , is an algebra if and only if B}, < L and s > 0. We refer to Peetre [22,

Theorem 11, p. 147], Triebel [33, Theorem 2.8.3] (sufficiency) and to [25, Theo-

rem 4.6.4/1] (necessity).

To prepare the proof, we need the following lemma which is of interest for its
own.

Lemma 3.7 Letl < p,q < oocands € R. Let f € S’ and let there exists a constant
¢ > 0 such that

If - gllag

. <cliglu

pq

holds forall g € S. Then f € Lo, follows.

Proof Let T¢(g):=f - g, g€ S. Let Ajlj,yq denote the closure of S in M, .
Hence, there is a unique extension of 7, to a continuous operator belonging to
E([\;I[S,’ ».¢)- Next we employ duality. We fix p, g ands (1 < p,g <00, s € R).
Let (g, h) denote the standard dual pairing on S’ x S. Then

lglli=sup{lg. | : heS, Ihly, =1

is an equivalent norm on M? g S€C Feichtinger [7] or Toft [30]. In view of this
equivalent norm our assumption on 7 implies E(M a ;s )- Next we continue
by complex interpolation. Let 0 < ® < 1. Itis known that

[MS MS‘) ]

1’ q P91’ P2:92

if1 < p1,q1 <00,1 =< pa,q2 <00,51,5 € Rand

1
s=(1—-0)s; +0s,, ;:: + =, — .= + 2
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see Feichtinger [7]. Thanks to the interpolation property of the complex method we

conclude
Ty € LIV}, My iz [V} 0 M 1)

Because of ]\;[;’q =M, ,if max(p, q) < oo we find
T, e z:(Mgz, Mg,z) - E(Lz, Lz) .

But this implies f € L.

Proof of Theorem 3.5.
Step 1. Sufficiency is covered by Lemma 3.3.

Step 2. Necessityincase 1 < p, g < ocands € R. In view of Lemma 3.7 the embed-

1 s s s 1 1 s
ding My, , - M}, , — M, implies M}, , C Loo.

Step 3. To treat the remaining cases max(p, g) = oo we argue by using explicit

counterexamples.

Substep 3.1. Let | < p <o00,s =0and 1 < g < oco. We assume that Mp’q 1s an

algebra. This implies the existence of a constant ¢ > 0 such that
I F - glls, <cll £ llwg, 18 llus,
holds for all f, ¢ € M} . Let
o0
fO) =9 D ae®™,  x=(x,....x)€eR",

k=1

be as in (2.1). Then, as shown above,

Il [lag

pPq

= [1¥llz, Iaklle,
follows. Let
N
Sy (x) = (x) Zakeikx‘, x=(x1,...,x,) €R", NeN,.
k=1

Obviously fy € S. We assume that

supp Fp C {¢: iir}axn il <€} with € <1/4.

(3.4)



Multiplication and Composition in Weighted Modulation Spaces 117

Then, because of

2N m—1
2 .
fN(x) . fN(X) = ’(/1 (_x) Z( ay amfk) imx .
m=2 k=1
we conclude
2N m—1 p 1/q
2
15+ Sy, = 1020, (2| Zaand")
m=2 k=1

Inequality (3.4) implies

(%)i ‘q)l/q< I3, (il |q)2/q
Ag Ay —k =cC ay .
" 19211, \ &

m=2 k=I

Clearly, in case g > 1 this is impossible in this generality. Explicit counterexam-
ples are given by
a =k if 1<q<o0

and
(lk=1 if q = 00.

Incase 1 < g < 0o (3.4) yields
I fw - fullug, < N'7V9and | fi 3 < (log N)7.
For g = oo we obtain
Ifv - fyllmg,, <N and || fy II?% =1.

For N — oo we find a contradiction in both situations.

Substep 3.2.Let1 < p < 00,g =occand0 < s < n. We argue as in Substep 3.1 and
assume M, . is an algebra with respect to pointwise multiplication. This leads to
the existence of a constant ¢ > 0 such that

I gl < el f oy 18 llasy

holds for all f, ¢ € M, .. We choose

f) =gk = fv(x) :=1(x) z ap e, xeR",

lklloc=N
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and obtain
s1q 1/q
I g, = W, (D e k17
lkllo <N
) q 1/q
I Sy, =12, (> | > akamk\) .
Imlloo<2N ki [Iklloo <N

llm—klloo =N

In case s < n we choose a; := 1 for all k and obtain
. ) N n+s 2 - 2s
Ify - vl < N and [ fw Iy < N7

This yields a contradiction if s < n. For s = n we consider a; := (k)™" for all k.
This yields
logN < Ify - fuly, —and || falliy, =1

yielding a contradiction as well.

Substep 3.3. Let s <0 and 1 < p, g < co. We choose a; := (k)2 for all k and
obtain

N3lsl+ntn/q S | fv - fN”M;# and Il fv ”%W;q ~ N2sl+2n/q

For N — oo this implies |s| +n < n/q. Since |s| > O this is impossible. The
proof is complete. u

Corollary 3.8 Let1 < p,q <ooands = 0. Then My, , N ngl is an algebra with
respect to pointwise multiplication and there exist a constant ¢ such that

17 - g, < e (I il gl + 1 Fllag, gl )

holds for all f, g € My, , N Mgo,l'
Proof The same arguments as in Lemma 3.3 apply. |

Remark 3.9 Corollary 3.8 has a counterpart for Besov spaces. Here, one knows
that B;ﬁq N Ly is an algebra if 1 < p,q < oo and s > 0. We refer to Peetre [22,
Theorem 11, p. 147] and to [25, Theorem 4.6.4/2].

3.2 More General Products of Functions

Here, we consider the problem
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51 A s
. —> .
MPMIl MPzJi MP,(I

As a first result, we mention a generalization of Lemma 3.3.

Lemma3.10 Let 1 < py, pr,qg <ooands > 0. We put 1/p := (1/p1) + (1/p»).
If p € [1, 00], then there exists a constant ¢ such that

P4 P24 P14

17 g, = (I F g, Wl + 1 £l el )

holds for all f € M5,  NMY | andall g € M5, N MY .

Proof We argue similar as above but using Holder’s inequality with respect to p

before applying the generalized Minkowski inequality. |
Remark 3.11 Observe that M) |, M9, | <> M, | <> Lo.

Lemma3.12 Let 1 < py, pr,qg <ooand s <0. We put 1/p := (1/p1) + (1/p»).
If p € [1, o], then there exists a constant ¢ such that

1 - gl <l f lge 18 s, (3.5)
holds forall f € M lfl‘,l’ 8 € My, , such that g satisfies g € LY and
lg@)[*dx < C (1+ kD, (3.6)
Ok

for some C > 0 and M > 0 independent of k € 7.

Proof Point of departure is the formula (3.2). Instead of the splitting in (3.3) we use
now the elementary inequality

L+l <2+ 67 (1 + 1§ =)
which implies
A+ €72 <2M2 A+ 16 =P (1 + ).
This leads to the estimate

IS - g llag

P4

S {/[/‘/fo(x,f—n) (€ — )" V,g(x.m) (mxdn‘pdx]q/pdﬁ}l/q
= {/ [/‘/wa(x,T) () Vg, € —7) (€= 7)° dT‘I’dx]q/p dg}l/q.
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We continue by applying the generalized Minkowski inequality and Holder’s
inequality (with respect to p) and obtain

If - g,
1/
5/{/[IIV¢f(x,T) (T)'“||Lm IV,g(x, & —1) <§—T)SIIL,,2]qd§} ““

< / Ve £ e ) ()L, d7 gl

SIS g, 118 o

pa

Remark 3.13 Observe that M lf] ‘,1 — M‘Oil,l < L. In addition we would like to
mention that the constant ¢ in (3.5) does not depend on the constant C in (3.6).

We recall a final result of Cordero and Nicola [6] concentrating on s = 0. These

0 0 0
authors study Mp]’q1 . MPM2 — Mp’q.

Proposition 3.14 Let 1 < py, p2.q1, g2 < 0. Then Mgl,q] . Mgmz N MIO,,q
holds if and only if

1 1 1 1 1 1
- <—4+— and 14+-<—+—.
p P P2 9 91 9

Remark 3.15 (i) Proposition 3.14 shows thatin case s = 0 in Lemma 3.12 we proved
an optimal estimate.

(i1) Necessity of the restrictions in Proposition 3.14 is shown by studying products of
Gaussian functions. For extensions of Proposition 3.14 to the case of products with
more than two factors we refer to Guo et al. [11] and Toft [30].

3.3 Products of a Distribution with a Function

Up to now, we considered only products of either L.,-functions or LS""—functions
with L-functions. But now we turn to the product of a distribution with a function
which is not assumed to be C*°. This requires a definition.

The Definition of the Product in S’
Let ¢ € S be a function in C§° such that 1)(£) = 1 in a neighbourhood of the origin.
We define ' '

S f@) =F ' WQIOFFOIx), j=0,1,....

The Paley-Wiener theorem tells us that S/ f is anentire analytic function of expo-
nential type. Hence, if f, g € &' the products S/ f - §/g makes sense for any j.
Further,
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lim F ' Q7 FFEI) = f  (convergence in S)
j—o00

forany f € S'.
Definition 3.16 Let f, g € S’. We define

f-g=lim §/f-S/g
J]—> 00

whenever the limit on the right-hand side exists in S’. We call f - g the product of f
and g.

Remark 3.17 In defining the product we followed a usual practice, see e.g., [22],
[33, 2.8], [14, 15] and [25, 4.2]. For basic properties of this notion, we refer to [14,
15] and [25, 4.2].

Theorem 3.18 Let1 < py, pr,qg <occands <0.Weput1/p := (1/p1) + (1/p2).
If p € [1, 00], then there exists a constant ¢ such that

I gl =cllfllyer 18 M, ,)

P4

holds for all f € le]‘,l and g € M, ..

Proof We have to show that the limit of (S/f - S/g); exists in S’. The remain-
ing assertions, lim; o S/ f - S/g € M, , and the norm estimates will follow by
employing the Fatou property, see Lemmas 2.5 and 3.12.

Step 1. Let 1 < g < oo. We have

lim |S7f = fllug, =0 forall feM;,.
Jj—o0 ’

P4
In addition it is easily seen that

sup 187 fllas, < IF "l | f llasg (3.7)

jeN, me

holds for all f € M f, 7 Hence, we conclude by means of Lemma 3.12

IS*f S¥g — S/ £ STgllu

p.q
< 18" f = ST f) S*gllay, + 187 f (S*'g = S Dllus,

< c (18 gy, 1 S"F =87 f a1 8 = ST lary,, 1087 f gz )

P2:4

the convergence of (Skf - Skg)in M ;“ p and therefore in S’, see Lemma 2.5.

Step 2. Let ¢ = oo and suppose p = 1. Let 1, ¥* € C§° be functions such that
Y& =1,1€ < 1,9 =0if || > 3/2and *(€) = 1, [£] < 6. Then checking the
Fourier support of the product S* f S*¢ and using linearity of F we conclude



122 M. Reich and W. Sickel
(s°f S = 5/ F S5 0)
= (878 =577 8T FUW @O — v QFR@IC)).
For brevity we put
hy=S"fSe—8/fSig and  hy:=F @*Q) - v Q) Fp©I().

hy, hy are smooth functions with compactly supported Fourier transform. Hence,

hy = Zthl and  h, = Zthz,

kel kel

where I, I, are finite subsets of Z". This allows us to rewrite <Skf Skg —SifSig,

<p> as follows

(s°f $'g =5/ F g0} = 3. 3" | D) Dia(o) dx

kel tel,

=Z Z /thl(x)ljghz(x)dx.

lel, kely: QxNQ¢#D
Application of Holder’s inequality yields
(8% s =577 57, ¢)| =27 sup (00 I Oy N, (D201 0ch2 )
keZn

Lezr
< 28 lhag, o Ph2 Dags - (3.8)

P10

By means of Lemma 3.12 and (3.7) we know that

P2:9

k k j j
Whillag, =115 S"e=S"fS¢glluy
<ciosup 187 My, 1157 g
JjeNy el
< eallglg, I F e

On the other hand, if j < k, a standard Fourier multiplier argument yields

Tha s, = IF @525 — 0 @IV FRO1C) Iy,
<C D (0710w,

A2/ <|t|<B 2k
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for appropriate positive constants A, B, C independent of j, k and . Since p € S C

M, *, we conclude that the right-hand side tends to 0 if j — oc. This finally proves

(s'rs'g—sfSig gl <e i k= o).

Hence (S* f S¥g); is weakly convergent in S’. Now, Lemma 3.12 yields the claim
also for g = oo.
Step 3. Let ¢ = oo and suppose 1 < p < oco. We employ (3.8) with p; = oo and
p>» = 1 and afterwards Proposition 2.8. It follows
(%7 5" =517 578, 0)| = 2 Wil W g

<cilthyllmg, 1 ha Ny -

Now we can argue as in Step 2. |

Remark 3.19 For a partial result concerning Theorem 3.18 we refer to
Feichtinger [7].

3.4 One Example

We consider the Dirac ¢ distribution. Since
Fé) =Q@Qm™?, ¢eR",

it is easily seen that J € Mg,oo for all p. Also not difficult to see is that M ?, oo 1s the
smallest space of type M, , to which § belongs to. Theorem 3.18 yields

I Sl < el I Il

p.oo

with some ¢ independent of f € Mgo’l. With other words, we can multiply § with a
modulation space M,  if this space is embedded into C,y, see Corollary 2.10. This
looks reasonable.

3.5 The Second Method

Finally, we would like to investigate also the cases min(sy, so) < n/q’. For deal-
ing with this special situation we turn to a different method which will allow a
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better localization in the Fourier image. Therefore we shall work with the frequency-
uniform decomposition (o). Recall that suppoy C Oy :={{ e R" : =1 <& —
ki <1,i=1,...,n}. For brevity we put

fi) = F on©F fOIx),  xeR", keZ".

Then, at least formally, we have the following representation of the product f - g
as
f-g= Z S~ 8-

k,lez"

In what follows we shall study bounds for related partial sums.

Lemma 3.20 Letl < py, pr» < 00,1 < g <ooandsy, s1,5 € R.Deﬁnepby% =

% + i. If pe[l,o00], 0 <sg<min(sy,s2) and s, +s; —sg > n/q’, then there
exists a constant ¢ such that

1D firaillagy, < cllflg, gz,

P
k,leZn

holds for all f, g € S’ such that supp F f and supp Fg are compact. The constant ¢
is independent from supp F f and supp F g, respectively.

Proof Later on, we shall use the same strategy of proof as below in slightly different
situations. For this reason and later use we shall take care of all constants showing
up in our estimates below.

Step 1. Preparations. Determining the Fourier support of f; - g; we see that

supp F(f; - &) = supp (F f; * Fg1)
ClleR" i+l —2<&<ji+Li+2,i=1,...,n}.

Hence, the term f’l(ok}"(fj - g)) vanishes if ||k — (j + )|l > 3. In addition,

since supp F f and supp Fg are compact, the sum Y iiezn fi - & 1s afinite sum. We
obtain '

ka(f'g)zakf(ij'gz)zﬂkf< z fj'g/)

J.lezr J,lez",
ki—=3<ji+li <ki+3,
i=1

=L Z Z o F(frt- &) -

reZ’, lezr
ki 73<r, <k;i+3,

i=l1,..., n
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Consequently

|7 o r o), = D 2 NF T oFfr-8))le,

rez”, leZn
ki—=3<ri<k;+3,
i=1,..., n

(1= k] Z ZHJ—'_](ok}'(ﬁf(sz)'gl))||Lp-

teZ", lez’
—3<1;<3,
i=l1,..., n

Step 2. Norm estimates. These preparations yield the following estimates

(™17 (7 )Y, )

keZ"

1
q

IA

14
(Z(kw[ > Zufl(akf(ﬁ_(,_k)-gn)nL,,_)

keZr teZ, el
—3<t1;<3,
i=1,...n

T
> (ZU«)W [Zufl(akf(ﬁ_u_k)-gl>)||L,, ) :

teZ!", keZ" leZ" .
—3<t1;<3,
i=l1,..., n

IA

Observe

IF " oxF (fr—a-t) - &) llr = @m) " PIF o) * (fimai - 8 Iz,
<O ™NF o llu |l fima-n - &1L,
= Qo) "PIF ool | frmat - &1 i, »

where we used Young’s inequality. We put ¢; := (271) /2| F ¢ ||1,. This implies

( >N F o F(f - ) II%p) !

keZr

N
<a D (Z(MW |:Z I fi—a-0) 'gl||L,,i| ) :

te?Z”, keZr leZr
—3<t1;<3,
i=l,..., n
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We continue by using Holder’s inequality to get

1

( D RN F o F(f - ) II%,,) ’
keZr

AN
<o max (Zuw {Z I fian L, ||gz||LmD

_3<r,<3, \kezZn =/
i=1,...n

with ¢; := ¢; 5". Since sy > 0 elementary calculations yield

[ X 1 fi-a-olle,, Il |

lez"

<20 > k=Dl fisa-nllL, I8z,

le7",
[1=II—k]

42 D" Nl fma—n L, DL, -

leZ",
[[=k|=<|I|

Both parts of this right-hand side will be estimated separately. We put

Stk = > k=D ficaplle, O 181l k=17 @)

lez",
[l1=<|l—k|

Soki= D k=Dl ficamille, O gl k=17 1.

lez",
[I=kl=[]

Withg+$=1weﬁnd

[j=l—k] .
Stk = D AN fisile, gk,
jezr,
[j+kI=Ij]
S\ ST : 52 q Va
= (2 WMl G+ 02 gisll,,)?)
JjezZ",
[j+kI=I]]
1
x (3 )
jEZ",

Lj+kl=l1j]
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Substep 2.1. Our assumptions sy < sy, s2 > 0 and s; + 55 — 59 > n/q’ imply
1

(> [urisnm ) < (Do) e < oo,

Jjez", mez"
[j+kI=1jl

Inserting this in our previous estimate we obtain

1/q
1/q ) S
(Xsts) " =e (Z > D i G+ k>‘2q||gj+k||i,,z)

=
kezZnr kezr  jerZ',
[j+kI=1/]
1
o\ 5 q . 529 q !
<es | Do Lo DG+ gkl
jezr kezr

Because of 1 4+ |j|> < 14 8n + |j — t|*> we know

.
max  sup L <(1+8n)"? =¢cs < 00.
12", jeqr (J— )"
—3<t;<3,
i=1,...n
This implies
/a
(Z $4) " < eseilghg, I (3.9)
EZ”

where c3, ¢4 are independent of f, g and .

Substep 2.2. Because of 0 < sg < s1, So < s and s1 + s, — 59 > n/q’ we con-
clude

(> |w-n <l>5°‘°‘2q)“17’5(2< )oo-- *2”)% = o5 < 00.

rez, Pt
[1=k=||

’

This leads to the estimate
/4
(3 s2,) " < eseo gl 1, (3.10)
keZr

with some constants ¢ independent from f and g. Combining the inequalities (3.9)
and (3.10) we have proved the claim. |

Remark 3.21 Some basic ideas of the above proof are taken over from [5], see also
[23].

Of course the above method of proof works as well for g = 1. Butall spaces M), |,
s > 0, are algebras.
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Theorem 3.22 Let 1 < p, p1, pp <00 and so, 51,5 € R. Let 1/p < (1/p1)+
(1/p2), 1 <q <00, 0 <59 <min(sy, s7) and s; + s — g > n/q’. There exists a
constant ¢ such that

18, < clf N, gl

P4 Piq P24

holds for all f € M}, and all g € M3, .

Proof We only comment on the case 1/p = (1/p;) + (1/p2), see Corollary 2.7. It
will be enough to prove the weak convergence of (S f - S¥g); in S’. The claimed
estimate will then follow from Lemma 3.20. We employ the method and the notation
used in proof of Theorem 3.18 (Steps 2 and 3). There we have proved

(%7 5 = ST £ STg.0)| = 1l gy, 12 g

with ¢; independent of f, g, k and j. By means of Lemma 3.20 we know the uniform
boundedness of || & || M, ink and j. The estimate of || /5 || o can be done as above.
It follows

12 Ly < €

if j, k > jo(e). This guarantees the weak convergence of (S f - S¥g); in S'. |
Our sufficient conditions are not far away from necessary conditions.

Lemma 3.23 Let1 < py, p2, p, g < coandsy, 1, s2 € R. Suppose that there exists
a constant ¢ such that

17 g las, < clflu, gl (3.11)
holds forall f, g € S.
(1) It follows sy < min(sy, $2), 51 + $2 > 0 and sy + s, — 5o > n/q’.
) Ifl < pp=p <ooandl < g < oo, theneitherq = lands; > 0orl < g < 00
and sy > n/q’.

Proof Part (ii) is an immediate consequence of Lemma 3.7. Concerning the proof
of (i) we shall work with the same test functions as used in Step 2 of the proof of
Corollary 2.10, see (2.1).

Step 1. We choose ay := 6 ¢, k € Z", for a fixed given £ € Z" and put by := b0,
k € Z". Then we define

f) =)™ and  g(x) = Y(x).

‘We obtain
1F Uy, - gla, = I0L,, 191, (0
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as well as

If - gl = 1020, (€)%

r.q

Hence, (3.11) implies so < s;. Interchanging the roles of f and g leads to the
conclusion sg < s5.
Step 2. Let £ € 7" be fixed. We choose ay. := 0 ¢, k € 7", and by := 0y ¢, k € 7.
Then we define

f) =@ ™  and  g(x) = p(x)e .

It follows

1 ary, - I8lagg, = 10y, 0L, (€0

P14 P2:9

as well as

LS - gllag, = 147, -

Hence, (3.11) implies s; + s, > 0.
Step 3. Let €1, €2 > 0. These two numbers will be chosen such that

min(s; +¢y+n/q,so +er+n/q) >0 and so+ex+e+n>0.

We choose ay, := (k)*', k € Z", and by := (k)2, k € Z". Then we define

O =00 D we™  and  g() =00 D bee™.

[klloe=N lklloo=N

By means of the same arguments as used in Substep 3.1 of the proof of Theorem
3.5, we conclude

1 Wy, = NEEEand gy, < N

In addition, we have

> ] 3 an)”

oo <2N & kloo<N
lm oo < Im—klloo <N

> %( Z <m>(é‘o+€2)¢]‘ z (k)" K

)l/q
lmlleo<N ki klloo<limlloc/2

1/q
> C ( Z <m)(80+€z+61+n)61>

Imlleo<N

I 8l x(

2 C2 NS0+52+E1 +n+n/q
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for some C;, C, independent of N, see Substep 3.2 of the proof of Theorem 3.5. The
inequality (3.11) yields

sot+er+er+n+n/g<s +e+n/qg+s,+e+n/q

which proves the claim. |

The duality argument used in the proof of Lemma 3.7 allows to treat the case
So < 0.

Theorem 3.24 Let 1 < p, p;, p» <00 and sy,s1,52 € R. Let 1/p < (1/py) +
(1/p2), 1 <qg <00,8 <5, <0,0=<s51+5ands| + s, — sy > n/q. There exists
a constant ¢ such that

IF gl < clf e gl
P1-q :

pq

holds for all f € M, . andall g € M3} .

Remark 3.25 Theorems 3.18 and 3.24 have some overlap.

3.6 Some Further Remarks to the Literature

Here, we recall results of Iwabuchi [13] and Toft et al. [32]. As Cordero and Nicola

. . . s e 5
[6] also Iwabuchi considered the more general situation M S M e M o

This greater flexibility with respect to the tripel g, g1, g» allows to treat cases not
covered by Theorems 3.22, 3.24.

Proposition 3.26 (Iwabuchi [13])
Let1 < p,p1,pp <00, 1<q,q1,q» <ooand0 < sy <n/q.
W 1fqg=q,

1 1 1 1 S0
<—4— and 1+——( + )=_, (3.12)
then there exists a constant ¢ such that

IS -8 llym = cllflimg,, gl

P22

holds for all f € Mgu,ql and all g € Mgz’qz.
(ii) Assume g > max(q, q2) and (3.12). Then, there exists a constant ¢ such that

-8, = cllfllae, N8l

Pq P1:91 P2:92

holds for all f € M3, and all g € M3 _ .
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Remark 3.27 Letustake g = q; = ¢». Then (3.12) reads as so = n/q’. In combina-
tion with 0 < sp < n/q this yields 1 < g < 2. Hence, (i) reads as

18y < €1 Ny, 18 1Iaag,, -

P14

whereas (ii) gives
18 e < € 1F Ny 11810 -

Toft et al. [32] also consider the situation M;‘] " - M ;22 P —> M f;f g Recall, M ;;f p
denotes the closure of S in M ;;{ e
Proposition 3.28 (Toft et al. [32])
Let1 < p, p1, p2,q,q1, 92 < 00 and 59, 51,52 € R.
(i) We suppose

1 1 .
(@) 144 -4 —L <1,

(b)) 0<1+;— = <1/2
(c) so < min(sy, 52);
(d) si+s5>0;
(e) sl—i-sz—so—n(l—i—é—q—l]—qiz) >0;
f) sl—l—sz—so—n(l—i—é—q—l]—qlz) >Oif1+é—$—ql2>0andeithers1
or sy or —sy equals n (1 + é - ql] — qlz)
Then there exists a constant ¢ such that
1 F g las, < clf s, Iglhas, (3.13)

holds for all f € MS‘ andall g € MS2
@ii) If (3.13) holdsfor all f,ges, then (c) (d) and (e) follow.

Remark 3.29 Again we consider the case ¢ = q; = ¢». Then (b) implies 1 < g <2
and (e) reads as s; + 5o — so — n/q’ > 0. Hence, if we restrict us to 1 < g <2,
Proposition 3.28 is slightly more general than Theorem 3.22 and Theorem 3.24.
However, for our purpose, see the next section on composition of functions, Theorem
3.22 is already sufficient. Let us mention that Proposition 4.5 below, which is nothing
but a modification of Lemma 3.20, is of central importance for the applications to
composition operators we have in mind.

3.7 An Important Special Case

We consider M ,. A simple argument, based on the frequency-uniform decomposi-
tion yields M; , = H* in the sense of equivalent norms, see Remark 2.3. For these
Sobolev spaces H* almost all is known.
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e H° is an algebra with respect to pointwise multiplication if and only if s > n/2,
see Strichartz [28], Triebel [33, 2.8] or [25, Theorem 4.6.4/1]. This coincides with
Theorem 3.5.

e Let E be a Banach space of functions. By M (E) we denote the set of all pointwise
multipliers of E, i.e., the set of all f such that T, defined as T (g) = f - g, maps
E into E. We equip M (E) with the norm || f || as(gy := 1T || c(£)- For a description
of M(H*) one needs the classes H*¢. Here H**°° denotes the collection of all
distributions f € &’ suchthat f - ¢ € H*forallp € Ci°.Incases > n/2itholds

M(H®) = {f € H™ | s = sup ¢ =X fllus < oo}

in the sense of equivalent norms. Here ¢/ is a smooth nontrivial cut-off function
supported around the origin. For all this we refer to Strichartz [28].

e Incase 0 <s < n/2 also characterizations of M (H*) are known, this time more
complicated, based on capacities. For all details we refer to the monograph of
Maz’ya and Shaposnikova [20, Theorem 3.2.2, pp. 86].

e Now we concentrate on the situation described in Theorem 3.22 incase 0 < s < 3.
As it is well-known, there exists a constant ¢ such that

I f - & Mz < c Nl fllas 18Nl s

holds for all f, g € H®, see e.g., [25, Theorem 4.5.2]. In Theorem 3.22 we proved
that for any € > 0 there exists a constant c. such that

1 F g llypnne < e I f e g

holds for all f, g € H*. We conjecture that M 123-11/ >~ and H*»~"/2 are incompa-
rable.

4 Composition of Functions

There are some attempts to investigate composition of functions in the framework
of modulation spaces, i.e., we consider the operator

Tr: g+ fog, geM,,, 4.1)
and ask for mapping properties. Of course, we used the symbol T, before with a
different meaning, but we hope that will not cause problems. Within Sect.4 T will

have the meaning as in (4.1). Based on pointwise multiplication one can treat f to
be a polynomial or even the more general case of f being an entire function.
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4.1 Polynomials

‘We consider the case
m
f(Z)Z=Zan€, ze€C,
(=1

where m € Nym > 2,anda, € C, € =1, ..., m. For brevity we denote the associ-
ated composition operator by 7,,. In addition we need the abbreviation

tu(s) i =s+m—1D(s—n/q), m=273,....

Theorem 4.1 Let1 < p,g <occandm e N, m > 2.
(i) Let either s > 0 and g =1 or s > n/q’. Then T,, maps M, . into itself: There
exists a constant ¢ such that

m

-1

1 Twg Iy, <cliglu, D laclllg lago |
(=1

holds for all g € M, .
(i) Letl <qg <00,0<s <n/q andt,(s) > 0.If p € [m, 0] andt < t,/(s), then
there exists a constant ¢ such that

m
L
I Tg Nagy,,., < ¢ D lacl gy,
(=1

holds for all g € M, .
(iii) Let g = 1 and s > 0. If p € [m, 00], then there exists a constant ¢ such that

p/m1 —

m
¢
1 Tng s, <c D lacl 181,
=1

holds for all g € M, .

Proof Step 1. Both parts, (i) and (ii), can be proved by induction based on Theorem
3.5 or Theorem 3.22. We concentrate on the proof of (ii). Let m = 2. Then by
assumption #,(s) = 2s —n/q’ > 0. Hence, we may apply Theorem 3.22 with p; =
p2 = p and 51 = s, and obtain

2
I8~ Ilar:

2
<
Ly = N8l

forany t < 2s —n/q’ = t,(s). Now we assume that part (ii) is correct for all natural
numbers in the interval [2, m]. We split the product g”*! into the two factors g™
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and g. By assumption g" € Mz’,/m’q for any ¢t < t,(s). We put s1 =t = f,,(s) — €,

sy =8, pp = p/m and p, = p, where we assume that € > 0 is sufficiently small.
This guarantees

n n n
s1+sz——/:s+(m—1)(s——,)—5+s——/:tm+1(s)—5>0.
q q q
Hence, we may choose sy by

so < min(sy, §2, tp1(8) — €) = tuy1(s) — €.

Since ¢ > 0 is arbitrary, any value < 7,,.1(s) becomes admissible for s5. An
application of Theorem 3.22 yields

m
. 5 < _
18" llurs, . =l gmlla gl -
Step 2. Part (iii) is an immediate consequence of Lemma 3.10. [ |

Remark 4.2 For the case s = 0 we refer to Cordero, Nicola [6], Toft [30] and Guo
etal. [11].

4.2 Entire Functions

We consider the case of f being an entire analytic function on C, i.e.,

f@) :=Zaezz, zeC,
=0

where a; € C, £ € Ny. Clearly, we need to assume f(0) = ap = 0. Otherwise Tg
will not have global integrability properties. Let

o]

for) = lart.  r>0.

=1

Theorem 4.3 Let 1 < p,q < coand let either s > 0and g = 1 ors > n/q’. Let f
be an entire function satisfying f(0) = 0. Then Ty maps M, , into itself. There exist
two constants a, b, independent of f, such that

1 Trg s, <a fo® 1l g llas;,)

Pq

holds for all g € My, ,.
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Proof The constant ¢ in Theorem 4.1 (i) depends on m. To clarify the dependence
on m we proceed by induction. Let c¢; be the best constant in the inequality

<ci(ll gl

pq

I g1 - g2 llas

pq

g2l =+ 11 g2 Nl

pq

gl ). (42)

see Lemma 3.3. Further, let ¢, be the best constant in the inequality

lgr-g2llun, <eallgnlum N8l (43)

see also Lemma 3.3. By ¢3 we denote max(l, ¢y, ¢). Our induction hypothesis
consists in: the inequality

m

—1 —1
18" g, = 3 g sy, g 1!

P-q

holds for all g € M;,q and all m > 2. This follows easily from (4.2) and (4.3). Next
we need the best constant, denoted by c4, in the inequality

lglu, <csllgl,. ge€M,.
This proves that
-1 -1
8" lasy, < ™ mel ™ g, @4

holds for all g € M;’q and all m > 2. Hence

o0
-1 —1
1 Tyg Ny, < D lamles ™ mey =" g I,

m=1

l o0
= — D lanlm(esealigllu,)" -
X —
Since
Supml/'" — 3]/3
meN
the claimed estimate follows. |

Remark 4.4 Theorem 4.3 is essentially known, see e.g., Sugimoto et al. [29] or
Bhimani [1].
4.3 One Example

The following example has been considered at various places. Let f(z) :=e* — 1,
z € C. For appropriate constants a, b > 0 it follows that
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et =1, < ae”l0 (4.5)

holds forall g € My, .
It will be essential for our approach to non-analytic composition results that we
can improve this estimate.

4.4 Non-analytic Superposition Operators

There is a famous classical result by Katznelson [17] (in the periodic case) and by
Helson, Kahane, Katznelson, Rudin [12] (nonperiodic case) which says that only
analytic functions operate on the Wiener algebra 4. More exactly, the operator
Ty: u+> f(u) maps A into A if and only if f(0) =0 and f is analytic. Here,
A is the collection of all u € C such that Fu € L. Moreover, a similar result is
obtained for particular standard modulation spaces. Bhimani and Ratnakumar [2],
see also Bhimani [1], proved that Ty maps M ; into M ; if and only if f(0) =0
and f is analytic. Therefore, the existence of non-analytic superposition results for
weighted modulation spaces is a priori not so clear.

We shall concentrate on the algebra case. Our first aim consists in deriving a better
estimate than (4.5).

To proceed we need some preparations. An essential tool in proving our main
result will be a certain subalgebra property. Therefore, we consider the following
decomposition of the phase space. Let R > 0 and € = (¢y, ..., €,) be fixed with
€; €{0,1},j =1,...,n. Then adecomposition of R" into (2" + 1) parts is given by

Pri={¢eR": || <R j=1,....n

and
Pr(e) :={§{ eR": sign(§;) =(=DY, j=1,...,n}\ Pz.

For given p, ¢, s, € = (€1, ..., €¢,) and R > 0 we introduce the spaces

M, (e, R):={f €M, : suppF [ C Pr(e)}.

Proposition 4.5 Let 1 < py, p» <00, 1 < g <00 and sy, 51, 52 € R. Define p by
11—) = ﬁ + i Let R > 2. If p € [1, 00], 59 < min(sy, s2), 1,52 > 0and s; + s, —

so > n/q’, then there exists a constant ¢ such that

IS - gllay, <c(R—=2)T ==y £l gy

P14 P29

holds forall f € My (¢, R) andallg € My} (¢, R). The constant ¢ is independent
from R > 2 and e.
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Proof In order to show the subalgebra property we follow the same steps as in
the proof of Lemma 3.20. We start with some almost trivial observations. Let f €

M;, (e, R)and g € M}, (¢, R). By

supp (F f * Fg) C{§{+mn: & €suppFf,n € supp Fg}

we have supp F(fg) C Pr(e). Let
Pie) = {k €7 |klow>R—1, sign(k;)= (-1, j= 1n}

Hence, if supp ox N Pr(e) # ¥, then k € Pj(e) follows. Now we continue as in
proof of Lemma 3.20, Step 2, and obtain

1

(> weF @F o))

ke P (e)
1
q q
—1
= 2 (Z <k>m[ > F (crkf<ﬁ_a_k>-gz>)||L,,])
teZ”, kePj(e) tezn:
—3<1;<3, 1=l+k,I€P ()
i=1,....,n
This implies

1

( Z <k)W||f*‘(okF(f~g))lli,,);

kePji(e)
1
S 4 g
<a > Z(k)""[ > ||ft7<171<>'81||L,,]
€2 kB e
—3<1;<3,
i=1,..., n
1
q q
S
<o max (0 3 el e, ]
S o i,

with ¢, and ¢ as above. We put

Stki= > k=D fimamplle, 2 8l,, k= 1% (1)
leZ: t—1+k,lePg(e),

[l1=l—k]|

Ski= 2 k=DM W fimamll, O g, k=D~ 00,
1€Z": 1—1+k,1€P}(e),
[I=kI=<Il]
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Holder’s inequality leads to

. i 1/q
Staw = (20 WD M fiilley, G+ N8jall,,)*)
JEZ",
|j+kI=Ijl]

< (02 wrE)
JEZM1—j, j+kePi(e)
lj+kI=ljl

Our assumptions so < sy, s2 >0 and s; + 5, —so > n/q’ and j+k € Pj(e)
imply

(32 g +n]) = (X o)

JEZ", mePy(e)

[J+kI=I]]
/ 1/q'
< (2*" a+ |x|2)(507S17Sz)q /2 dx)
llxlloo>R—-2

1 !
[ )
N |x|>R-2

n Vo'
< ( 2 ) & (R - 2)—[(51+S2—so)—"/f1'] .
T \(s1+ 852 —S0)g —n
, g Va . . , .
With ¢3 := ((—,) we insert this in our previous estimate and obtain

S1+52—50)qg'—n

(X st)"

<c3 (R — 2)—[(.Y1+~&‘2—So)—n/q’]
keZ"
1/q
x (Z DN G+ k>3”||g,»+k||‘1p2)
kezZr  jerZ',
|j+kI=<1/]
< c3cq (R —2) 1m0/ ol o ) £l e

P24 P1a

Here, c3, ¢4 are independent of f, g, € and R. For the second sum the estimate

1/q _ N
(Dost0) " = es(R—2y om0 ld gy f il
keZn

follows by analogous computations. The proof is complete. |

Of course, the above arguments have a counterpart in case ¢’ = oo.
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Proposition 4.6 Let1 < p, p» < 00,q = landsy, s> € R. Deﬁnepby% = # +

é. Let R > 2. If p € [1, 0], 51,52 > 0 and sy := min(sy, $3), then there exists a
constant ¢ such that

If -8l < R=27F2 7 fllys Nglye
P P, P2,

holds forall f € M)\ (e, R) and all g € M, | (e, R). The constant c is independent
from R > 2 and e.

As a consequence of Nikol’kij’s inequality, see Lemma 2.6, Proposotion4.5 (with
so = s1 = s and p; = p, p» = 00) and Corollary 2.7 we obtain the following.

Proposition4.7 Let1 < p < ocoand R > 2.
(i) Let 1 < g <oocands > n/q'. Then there exists a constant ¢ such that

1f gl <cR=27C flluy, gl

p.q p.q
holds for all f, g € M, (¢, R). The constant c is independent from R > 2 and e.
(ii) Let ¢ = 1 and s > 0. Then there exists a constant ¢ such that

IS glla, =c(R=2)71fllmg

Pl

lgllar,

holds for all f, g € M}, | (€, R). The constant c is independent from R > 2 and e.

Note that in the following, we assume every function to be real-valued unless it is
explicitly stated that complex-valued functions are allowed. To make this more clear
we switch from g € My,  tou € M, .

Next we have to recall some assertions from harmonic analysis. The first one
concerns a standard estimate of Fourier multipliers, see e.g., [33, Theorem1.5.2].

Lemma 4.8 Let 1 <r < oo and assume that s > n/2. Then there exists a constant
¢ > 0 such that

IF ¢ Fl( )L, < clidlus lgll,
holds forall g € L, and all € H®.
The next lemma is taken from [5].

Lemma 4.9 Let N € N and suppose ay, ay, . .., ay to be complex numbers. Then,
it holds

N
ayay-..cay—1=> > (@ —1-...(a;—D.

=1 j=(r i),
0<ji<..<ji<N

In our approach the next estimate will be fundamental.
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Proposition4.10 Let 1 < p <00, 1 < g <ocoand s > n/q’. Then there exists a
positive constant C such that

=)

s "/fl
le™ — Ulpsy, < C llulgy,

(s+n/q)(1+
(14 el )

pq
holds for all real-valued u € M, ,

Proof This proof follows ideas developed in [5], but see also [23].
Step 1. Let u be a nontrivial function in M, , satisfying supp Fu C Pg for some
R>2.

First we consider the Taylor expansion

resulting in the norm estimate

= (iu)! — (iu)!
P H Z Al HMs + H Z 1Al HMJ :
=1 ’ b I=r+1 pea

|| iu

— Uiy
For brevity we put

5:(un’ ii (iu)
S] = H H and SZ = H H ’
=1 M I=r+1 i Mi.q

The natural number r will be chosen later on. Next we employ the algebra property,
in particular the estimate (4.4) with C; := 2 c3 ¢4. We obtain

1 (@ ||M ||M )
&<24MM_—

I=r+1 l r41
Now we choose r as a function of |ju]| M, and distinguish two cases:

L. Cyllullpg, > 1. Assume that

3C lullus, <r <3Cy ullag, +1 (4.6)

and recall Stirling’s formula /! = T'(l 4+ 1) > I'e~'</27l. Thus, we get
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> (C ) 00 ! .
I=r+1 i =r+1 ! 3/ J2nl
> (5 =5
-) <
S 3 3—e
2. Cillullyg, < 1.Tt follows
00 I 00
(Ci llullng,) 1
> e = Cillulg, X g = Crellulg,.
I=r+1 . =1

Both together can be summarized as

$ =Gy llullys,,  Cr = max (e, ;)
- e Ci(3—e)

r

To estimate S; we check the support of Fu’ and find
r N N 1
si=[X 5], = (Zeln(Z5)
=1 pa kezr =1 r
r . I
3 W)

keZ", =1
—Rr—'1<k,ﬂ<Rr+l,

q )ql
L,

1

< sq iu q \¢
=( X wUme-niL) + 5.
keZ",
—Rr—1<k;<Rr+1,
i=l,...n

Concerning S, we proceed as above. To estimate the first part we observe that

Cy:=sup |oxllg = log g < 00,
keZr

see Lemma 4.8. Furthermore, cos, sin are Lipschitz continuous and consequently we
get
[Ck(e™ =Dz, < Cslle™ =1,
< Cs(llcosu —cosO| ., + || sinu —sin0].,)
<2Cs|lu—0|y,-
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This implies
1
j q
(X waoke-nig,)
keZ",
—Rr—1<kij<Rr+1,
i=1,...,n
1
sq\4
2Glul, (Y w)"
keZ",
—Rr—1<k;j<Rr+1,
i=1,...,n
Clearly,

S s / o dx
| x loo<Rr+1

keZl",
—Rr—1<k;<Rr+1,
i=1,..., n

< / (x)°7 dx
|x|<y/n(Rr+1)

/2 Jn(Rr+1)
<2—— (17" dr
['(n/2) Jo
7.‘_n/2 s
Rr +2))"™4
T(/2) n+sq (Vn(Rr +2)
To simplify notation we define
n/2 1 s 1/
c4:=(2 i \/ﬁ*‘q) .
'(n/2) n+sq

In addition we shall use in case 1 < g < oo
A /d
lulr < Csllully, . Cs:= (D 0077)

keZ"

which follows from Holder’s inequality and in case g = 1
lullr < Nullps

Pl

as a consequence of triangle inequality. Summarizing we have found

e = Uy, = (2C2+2 max(Cs, 1) C4 Cx (Rr + 24 ullyy,
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Next we apply (4.6) which results in

in s+n/q
e = sy, = Collullasy, (1+ Rlulasy,) @.7)

valid for all u € M, , satisfying supp Fu C Pg and with positive constant C¢ not
depending on u and R > 2.

Step 2. This time we consideru € M, | withoutany restriction on the Fourier support.
Here we need the restriction 1 < p < oo. For those p the characteristic functions x
of cubes are Fourier multipliers in L” by the famous Riesz Theorem and therefore
alsoin M, . In addition we shall make use of the fact that the norm of the operator
f + F~'x F f does not depend on the size of the cube. Below we shall denote this
norm by C7 = C7(p). We refer to Lizorkin [19] for all details. For decomposing u
on the phase space we introduce functions x g . and xg, that is, the characteristic
functions of the sets Pg(€) and Pg, respectively. By defining

uc(x) = F ' xre(©) Fu®lx), xeR",
up(x) = F ' xr(€) Fu(©lx), xeR",

We can rewrite u as

u(x) = uo(x) + D uc(x), (4.8)
eel
where I is the setof all e = (¢q,...,¢,) withe; € {0, 1}, j =1, ..., n. Hence

leellary, < luollary, + D lucllary,

eel

and
max (lluollus, el ) < Cr s, -

Due to the representation (4.8) and using an appropriate enumeration Lemma 4.9

leads to
2141

1= > (M=) (¢ =),

=1 0<ji<..<ji<2"

The algebra property, in particular the estimate (4.4) with C| := 2 c3 ¢4, yields

2"+1
] -1 . iu
”g”‘ _ 1||M;)q < E Cl E ||gl“/1 — 1”M;M/ e ||gl'4,/1 — 1||M,°,q
I=1 0<ji<..<ji<2"

4.9)
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By Proposition 4.7 and (4.7) it follows

pq

s—n/q —
A
MA C

R -2y /. _yenid’
B2 (e oMb/ 2 ), (4.10)

c

as well as
in s+n/q
le™ = sy, < CoCylullug, (14 RCallullgg,) o @1D)

where we used the Fourier multiplier assertion mentioned at the beginning of this
step. The final step in our proof is to choose the number R as a function of ||u|| M,
such that (4.10) and (4.11) will be approximately of the same size.

Substep 2.1. Let ||u||M; i 1. We choose R = 3. Then (4.9) combined with (4.10)
and (4.11) results in the estimate

iu
le™ — iy, < Cs llullay, -

where Cg does not depend on u.
Substep 2.2. Let ”“”M;,q > 1. We choose R > 3 such that

(R =27 = Jlull, -

Now (4.9), combined with (4.10) and (4.11), results in

/)
, (4.12)

s—n /1,

iu (s+n/q)(1+
e = Uy, < Collullag, (1+ s, )

Pa
with a constant Cy independent of u. |

Remark 4.11 The restriction of p to the interval (1, co) is caused by our decom-
position technique, see Step 2 of the preceding proof. We do not know whether
Proposition 4.10 extends to p = 1 and/or p = o0

Next, we need again a technical lemma.

Lemmad.12 Letl < p<oo, 1 <g <ocoands >n/q

(i) The mapping u — e — 1 is locally Lipschitz continuous (considered as a map-
ping of M, , into My, ).

(ii) Assume u € My, , to be fixed and define a function g : R — M, . by g =
"< _ 1. Then the function g is continuous.
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Proof Local Lipschitz continuity follows from the identity
et —elV = (e — 1) (™ — 1)+ (' —1), (4.13)

the algebra property of M, , and Proposition 4.10.
To prove the continuity of g we also employ the identity (4.13). The claim follows
by using the algebra property and Proposition 4.10. |

Now we are in position to prove the main result of this section.

Theorem 4.13 Let]l < p < 00,1 <q <ooands > n/q’. Let  be a complex mea-
sure on R such that

o0
L= / (14 [ OO0 =) d|pl€) < oo (4.14)

o0

and such that p(R) = 0. Furthermore, assume that the function f is the inverse
Fourier transform of |1. Then f is a continuous function and the composition operator
Ty :u v foumaps My, , into M, .

Proof Equation (4.14) yields fRn d|ul(€) < oo. Thus, p is a finite measure and
1(R) = 0 makes sense. Now we define the inverse Fourier transform of

1 )
f@) = E - e du(f).

Moreover, since

(s —I—n/q)(l + A%n/q/) >n

we conclude that fR &) |d|p|(€) < oo, j=1,...,n+1, which implies f €
C™*!. Due to u(R) = 0 we can also write f as follows:

1 .
= — i _ 1) d .
=7 /IR @ — 1) du(e)

Since p is a complex measure we can split it up into real part y, and imaginary part
1i, where each of them is a signed measure. Without loss of generality we proceed
our computations only with the positive real measure 1. For all measurable sets E
we have it (E) < |ul(E).

Let u € M3, and define the function g(§) = ¢ — 1 analogously to Lemma
4.12. Then g is Bochner integrable because of its continuity and taking into account
that the measure p is finite. Therefore we obtain the Bochner integral

|- = [ soare©

oo —00
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with values in M}, . By applying Minkowski inequality it follows

e nar

Using the abbreviation ||u|| := ||u]| M3, Proposition 4.10 together with equation
(4.14) yields

/I5u||>1Heiu(.)f -1 M;, d|pl(€)

1+ Gsn/) (14 =) T+ (sn/q) 1+ =1
< c’ | u ”M‘ /4 / €] (s+n/@)(1+ =7 )d|’u,|(§)
Ellul=1

< Q.

o0 .
/ e 1], dlulc©).
00 sq

In a similar way the remaining part |£] < 1/|lu]| of the integral can be treated.
The same estimates also hold for the measures p,, uj’ and y; . Thus, the result is
obtained by

V27 f () Iy,

| [ e0aw - [ eoaw i [ s@ant-i [ e an]

s/ ||g(§)||M;[,d|uf|+/ G

P4

s
P

+ / g lluss, dlpit| + / 18y, dlp; |,

o0 —0Q

where every integral on the right-hand side is finite. Thus, the statement is
proved. |

A bit more transparent sufficient conditions can be obtained by using Szasz the-
orem, see Peetre [22, pp. 9-11] and [27, Proposition 1.7.5]. By B';_ q(R) we denote
the Besov spaces on R, see e.g., [33] or [25] for details.

Lemma 4.14 Lett > 0 and suppose | € B’H/2

f is a regular distribution and

(R). Then the Fourier transform of

/ A+ EPPIFFO1dE < eI flyn,

Jfollows with some c independent of f.

Based on Lemma 4.14 and Theorem 4.13 one obtains the next result.

Corollary 4.15 Let 1 < p <00, | <g <occand s >n/q'. Let f € By |(R) for
some
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3
t25+(s+n/Q)(l+s——n/q’)

and suppose f(0) = 0. Then the composition operator Ty : u + f ou maps real-
valued functions in M), , boundedly into M, ,.

Proof Boundedness of Ty follows from Proposition 4.10, the proof of Theorem 4.13
and Lemma 4.14. |

Remark 4.16 Let t > 0 be given. A function f: R — R, m-times continuously
differentiable, compactly supported and satisfying f” € Lip « for some « € (0, 1],
belongs to B) | (R) if t < m + av.

4.5 One Example

Ruzhansky, Sugimoto, and Wang [26] suggested to study the operator T,, associated
to fo(t) :=11t|%, t € R, with a > 0. This function belongs locally to the Besov
space B;fj;é“”’(R), 1 < p < oo, see [25, Lemma 2.3.1/1] for a related case. Let
Y € C§(R) be a smooth cut-off function such that 1(x) = 1 if [x| < 1. Then the
function

far(®) :=9@/N) - fut), teR,

belongs to Byt ™/” forany p,1 < p < oo, andany A > 0. Applying Corollary 4.15

and B
ux) lu()|* = farx)), xeR", XN:i=ulr,.

we find the following.

Corollary 4.17 Letl < p < 00,1 < g <ooands > n/q’. Let a be a positive real
number such that

(s+n/q)(l+s_;n/q/) <.

Then the composition operator T, : u +— u |u|® maps real-valued functions in
M, , boundedly into M, .

4.6 The Special Case p =q =2

Finally, we will have a look onto the special case M5 , = H*, s > n/2.In Bourdaud,
Moussai, S. [4] the set of functions f such that Ty : g — f o g maps H® into itself
has been characterized.

Proposition 4.18 Lers > % max(n, 3). For a Borel measurable function f : R —

R the composition operator Ty acts on H ifand only if f(0) = Oand f € HS¢(R).
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Concerning our example T, treated above this yields the following: 7, maps H*
into itself if and only if & > s — 3/2 (instead of a > s + 5 + ?Z /g as required in
Corollary 4.17).

Corollary 4.15 and Corollary 4.17 may be understood as first results about suffi-
cient conditions, not more.

4.7 A Final Remark

The method employed here has been used before in connection with composition
operators on Gevrey-modulation spaces and modulation spaces of ultradifferentiable
functions, see Bourdaud [3], Bourdaud et al. [5], Reich et al. [5], and Reich [24], for
Hormander-type spaces B, ; we refer to Jornet and Oliaro [16]. It would be desirable
to develop this method more systematically.
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