Dynamical Aspects of a Hybrid System
Describing Intermittent Androgen
Suppression Therapy of Prostate Cancer
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Abstract We consider a mathematical model describing Intermittent Androgen
Suppression therapy (IAS therapy) of prostate cancer. The system has a hybrid struc-
ture, i.e., the system consists of two different systems by the medium of an unknown
binary function denoting the treatment state. In this paper, we shall prove that the
hybrid system has a unique solution with the property that the binary function keeps
on changing its value. In the clinical point of view, the result asserts that one can plan
the TAS therapy for each prostate cancer patient, provided that the tumor satisfies a
certain condition.

Keywords Parabolic comparison principle - Indirectly controlled parameter

1 Introduction

Prostate cancer is one of the diseases of male. By the fact that prostate cells proliferate
by amale hormone so-called androgen, it is expected that prostate tumors are sensitive
to androgen suppression. Huggins and Hodges [10] demonstrated the validity of the
androgen deprivation. Since then, the hormonal therapy has been a major therapy
of prostate cancer. The therapy aims to induce apoptosis of prostate cancer cells
under the androgen suppressed condition. For instance, the androgen suppressed
condition can be kept by medicating a patient continuously [22], and the therapy is
called Continuous Androgen Suppression therapy (CAS therapy). However, during
several years of the CAS therapy, the relapse of prostate tumor often occurs. More
precisely, the relapse means that the prostate tumor mutates to androgen independent
tumor. Then the CAS therapy is not effective in treating the tumor [5]. The fact was
also verified mathematically by [13, 14]. It is known that there exist Androgen-
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Dependent cells (AD cells) and Androgen-Independent cells (Al cells) in prostate
tumors. Al cells are considered as one of the causes of the relapse. For, AD cells can
not proliferate under the androgen suppressed condition, whereas Al cells are not
sensitive to androgen suppression and can still proliferate under the androgen poor
condition [2, 18]. Thus the relapse of prostate tumors is caused by progression to
androgen independent cancer due to emergence of Al cells.

In order to prevent or delay the relapse of prostate tumors, Intermittent Androgen
Suppression therapy (IAS therapy) was proposed and has been studied clinically
by many researchers (e.g., see [1, 3, 19], and the references therein). In contrast to
the CAS therapy, the IAS therapy does not aim to exterminate prostate cancer. We
mention the typical feature of the clinical phenomenon. Since prostate cancer cells
produce large amount of Prostate-Specific Antigen, the PSA is regarded as a good
biomarker of prostate cancer [21], and the plan of IAS therapy is based on the level:

(F) In the IAS therapy, the medication is stopped when the serum PSA level falls
enough, and resumed when the serum PSA level rises enough.

Indeed, if one can optimally plan the TAS therapy, then the size of tumor remains in
an appropriate range by way of on and off of the medication. In order to comprehend
qualitative property of prostate tumors under the IAS therapy, several mathematical
models were proposed and have been studied in the mathematical literature, for
instance, ODE models ([9, 11, 12, 20], and references therein) and PDE models [8,
15, 23-25]. Due to (F), an unknown binary function, denoting the treatment state,
appears in the models. The discontinuity of the binary function is the difficulty in
mathematical analysis on the models. To the best of our knowledge, there is no result
dealing with switching phenomena of the binary function in the PDE models.

The purpose of this paper is to prove the existence of a solution with the switching
property for the PDE model introduced by Tao et al. [23]:

d
d—j(t) = —y(at) —a.) — ya,S(t) in R,

du(p,t) = L, Rulp, 1) = F,(u(p, 1), w(p,1),a®)) in I,
8tW(p’ t) - Ds/p(vﬂ R)W(p’ t) == Fw(u(pv t)a W(IO’ t)v a(t)) in IOOa

v(p, 1) = 12 /p F,(u(r, 1), w(r, 1), a(t))r* dr in Is,
dR ’ . (IAS)
E(r) =v(l,t)R(t) in R,

in R+,
1—>0 when R()=ry and R'(¢) <O,

0,1 (0, )lpefo,1y= 3,w(0, Dlpeio,y=0, v(0,1) =0, in Ry,
[ (@, u,w, R, S)|i=0 = (a0, uo(p), wo(p), Ro, So) in 1,

S(I)Z{o—n when R(t)=r, and R'(t) >0,
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where I = (0,1),R, ={t e R|t > 0}, [oo = I x R, and

D 1 ) 1 )
L, Ry = W;Mﬁ 9,91 + pv(1,1)0,0 — pap[p v(p,Del, (1)
F, = fila)u — couw, F, = fLla)w—couw, F,=F,+F,. 2)

The unknowns a, u, w, v, R, and S denote respectively the androgen concentration, the
volume fraction of AD cells, the volume fraction of Al cells, the advection velocity
of the cancer cells, the radius of the tumor, and the treatment state. Here S = 0 and
S = 1 correspond to the medication state and the non-medication state, respectively.
The authors of [23] assumed that the prostate tumor is radially symmetric and densely
packed by AD and Al cells. Moreover they regarded the tumor as a three dimensional
sphere. Thus the unknowns u, w, and v are radially symmetric functions defined on
the unit ball By = {x € R3 | |x| < 1}, i.e., p = |x|. The unknown S(¢) is governed
by R(t), for they formulated the serum PSA level as the radius of the tumor. Although
the condition on S in (IAS) is a concise form, the precise form is expressed as follows:
S(t) € {0, 1} and

lim R'(z) >0, lim R(t)=r;, and lim (1) =0,
{0,1}\11?15(1) it v ot ohe
Tt

S(t)= lim R' (1) <0, lim R(t)=ry, and lim S(r)=1,
™t ™t ™t

lign S(1) otherwise.
1t

The parameters a,, y, c1, ¢2, Fo, and r| denote the normal androgen concentration, the
reaction velocity, the effective competition coefficient from AD to Al cells, and from
Al to AD cells, the lower and upper thresholds, respectively. The given functions
f1:10,a,]1— Rand £, : [0, a, ] — R describe the net growth rate of AD and Al
cells, respectively. Although the typical form of f; were given by [23], we deal with
general f; satisfying several conditions, which are stated later.

In [23], it was shown that, for each initial data uo € Wg(l ), there exists a short
time solution u € W,%*l(l x (0, T)) of (IAS). However, the result is not sufficient
to construct a “switching solution”. For, if (u, w, v, R, a, S) is a switching solution
of (IAS), then (IAS) must be solvable at least locally in time for each “initial data”
(u,w, R, a, $)ly=, where ¢; is a switching time. Nevertheless, the result in [23]
does not ensure the solvability.

The existence of switching solutions of (IAS) is a mathematically outstanding
question. We are interested in the following mathematical problem:

Problem 1.1 Does there exist a switching solution of (IAS) with appropriate thresh-
olds 0 < rg < r; < co? Moreover, what is the dynamical aspect of the solution?

We consider the initial data (ug, wo, Ro, ao, So) satisfying the following:

[uo, wo € C2(By), ,110(0) ] pefo.1) = 9pW0 () pefo.1) =0, )

uy >0, wo>0, up+wo=1, Ro>0, 0<ap<a, S {01},
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where @ € (0, 1). Let f; and f satisfy

{ﬁm9>0,fﬂD<Q freC'q0.an, fi=0 in [0.al) o

£0)>0, freC((0,a.]), f,<0 in [0,a]

‘We note that (A0) is a natural assumption in the clinical point of view, and typical f;
and f>, which were given in [23], also satisfy (A0). In order to comprehend the role
of f; and ¢;, we classify asymptotic behavior of non-switching solutions of (IAS) in
terms of f; and ¢; under (AO) (see Theorems 3.2-3.5). Following the results obtained
by Theorems 3.2-3.5, we impose (A0) and the following assumptions on f; and ¢;:

fi(a) = falas) —c1 > 0; (A1)
J1(0) — f2(0) + 2 > 0. (A2)

From now on, let Q7 := By x (0, T ). We denote by C*****+#((Q) the Holder
space on Q7, where k € NU {0},0 <o < 1,and 0 < B < 1 (for the precise defin-
ition, see [16]).

Then we give an affirmative answer to Problem 1.1:

Theorem 1.1 Let f; and c; satisfy (AO)~(A2). Let (uo, wo, Ro, ao, So) satisfy (3),
ug > 0in By, and Sy = 0. Then, there exists a pair (ro, 1) with 0 <ry <r; < 00
such that the system (1AS) has a unique solution (u, w, v, R, a, S) in the class
u,we CHEHRQ ), ve CFU2([0,1) x R NCH([0, 1) x Ry),
R e C'(R,), aeC(R,).

Moreover, the following hold:

(1) There exists a strictly monotone increasing divergent sequence {tj}j?ozo with
to = 0 such thata € C'(( tj,tjy1)) and

0 i hi, by s .
sy =0 Loyt forany jeNU{0}:
I in [©ji1,0j42),

(i1) There exist positive constants C; < C, such that
Ci <R(t) <Cy forany t>0.
‘We mention the mathematical contributions of Theorem 1.1 and a feature of the

system (IAS). The system is composed of two different systems (SO) and (S1) by the
medium of the binary function S(¢), where (S0) and (S1) respectively denote (IAS)
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with S(#) = 0 and S(¢) = 1. Generally the system with such structure is called hybrid
system. Regarding (S0), the assumption (A1) implies that R(¢) diverges to infinity
as t — oo (see Theorem 3.4). On the other hand, regarding (S1), we can show that
the assumption (A2) implies the following: (i) R(¢) diverges to infinity as r — oco
if uy is sufficiently small (Theorem 3.2); (ii) R(¢) converges to 0 as t — oo if uy is
sufficiently close to 1 (Theorem 3.3). It is natural to ask whether a solution R(¢) of
(IAS) is bounded or not. One of the contributions of the present paper is to show
how to determine thresholds 0 < ry < r; < oo such that (IAS) with the thresholds
has a bounded solution with infinite opportunities of switching. Furthermore, due to
the discontinuity of S(#), it is expected that the switching solution is not so smooth.
However, Theorem 1.1 indicates that the switching solution gains its regularity with
the aid of the “indirectly controlled parameter” a(t). The other contribution of this
paper is to mathematically clarify the immanent structure of the hybrid system (IAS).

We mention the clinical contribution of Theorem 1.1. Although one can expect
that the system (IAS) gives us how to optimally plan the IAS therapy for each prostate
cancer patient, it is not trivial matter. To do so, first we have to prove the existence
of admissible thresholds for each patient. Moreover, if the admissible threshold is
not unique, then we investigate the optimality of the admissible thresholds. Here, we
say that the thresholds is admissible for a prostate cancer patient, if for the initial
data (IAS) with the thresholds has a switching solution. Although [23] indicated
that the problem, even the existence, is difficult to analyze mathematically, they
numerically showed that (i) the TAS therapy fails for unsuitable thresholds, more
precisely, the radius of tumor diverges to infinity after several times of switching
opportunities, and while, (ii) the IAS therapy succeeds for suitable thresholds, i.e.,
the radius of tumor remains in a bounded range by way of infinitely many times
of switching opportunities. One of the clinical contribution of Theorem 1.1 is to
prove the existence of admissible thresholds for each patients, provided that (A0)—
(A2) are fulfilled. Moreover, Theorem 1.1 also implies that the IAS therapy has an
advantage over the CAS therapy for some patients. Indeed, Theorem 3.2 gives an
instance showing a failure of the CAS therapy, whereas Theorem 1.1 asserts that the
patient can be treated successfully by the IAS therapy. The fact is an example that
switching strategy under the IAS therapy is able to be a successful strategy. On the
other hand, the pair of admissible thresholds given by Theorem 1.1 is not uniquely
determined. Thus, in order to optimally plan the IAS therapy, we have to investigate
its optimality. However the optimality of the admissible thresholds is an outstanding
problem.

The paper is organized as follows: In Sect. 2, we give a modified system of (IAS)
and reduce the system to a simple hybrid system. Making use of the modified system,
we prove the short time existence of the solution to (IAS). In Sect.3, we show the
existence of the non-switching solution of (IAS) for any finite time. Moreover, we
classify the asymptotic behaviors of the non-switching solutions in terms of f; and ;.
In Sect. 4, we prove Theorem 1.1, i.e., we show the existence of a switching solution
of (IAS) and give its property.
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2 Short Time Existence

The main purpose of this section is to show the short time existence of the solution of
(TAS). As [23] mentioned, it is difficult to prove that (IAS) has a short time solution
in the Holder space (see Remark 4.1 in [23]). The difficulty rises from the singularity
of v/p at p = 0. Indeed, the singularity prevents us from applying the Schauder
estimate. To overcome the difficulty, first we consider a modified hybrid system.
More precisely, we replace the “boundary condition”

v(0,) =0 in Ry 4)

by

v(p, 1) _ 1FV(M(O, t),w(0,1),a)) in Ry.
,0 p=0 3

Then the modified hybrid system is expressed as follows:

da .
— (0 =—y(a(t) —a) — ya., () in R,
dup,t) — L, Ru(p,t) = F,(u(p, 1), w(p,1),a(t)) in I,
8[W(,0,t)_$(v, R)W(,O,t) :Fw(u(p,t),W(,O,t),a([)) in (oo}
P
v(p,t):iz/ Fo(u(r, 1), w(r, 1), a(t))r* dr in I,
P~ Jo
() = 0— 1 when R(t)=r; and R'(¢t) >0, in R,
1—-0 when R(t)=ry and R'(¢) <0,
o1 (p, 1)l pefo,1y = ,w(0, 1)l pefo,3=0 in Ry,
1
MEDN .0, w(0. 0. a0)) in R,
p lo=0 3
(a,u,w, R, S)|;=0 = (ao, uo(p), wo(p), Ro, So) in [

To begin with, we show that u + w is invariant under (mIAS).

Lemma 2.1 Let (1o, wo, Ro, ag, So) be an initial data satisfying (3). Assume that
(u,w, v, R, a, S) is a solution of (mIAS) withu, w € C***17%2(Qr) and S(t) = Sy
in[0,T). Thenu+w=1inB; x[0,T).

Proof Setting V := u 4+ w, we reduce (mIAS) to the following system:
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(da )
E(t) = —y(a(t) —as) — ya.So in Ry,
1

alv(p’t)_g(v’ R)V(pst)zﬁap[pzv(p’t)] in IOOa
v(p, 1) = iz/p Fy(u(r, t), w(r, 1), a(t))r*dr in I,

IR p* Jo 6)
— () =v(1,)R(1) in Ry,

a V(p 1)

3,V (p, Dlpeto.=0, = —F (0, 1),w(0, 1),a(t)), in R,
V(p,0) =1, a(0) —ao, R(O) Ry, in 1.

In the derivation of the second equation in (5), we used the fact F,, + F,, = F, and
the equation on v. We shall prove that V = 1 in B; x [0, T'). The second equation
in (5) is written as

oV =2 _av_* Vo r(V = D} +v(1, t)x - V, V 2(v 1 (6
WV=—=sAV - — -V u(V - v(l,)x -V, V — —w(V —
R(1)? Jo o

in terms of the three-dimensional Cartesian coordinates, where p = |x|. In what
follows, we use V and A instead of V, and A, respectively, if there is no fear of
confusion. First, we observe from (6) that

d
TNV = 1) = IV = D2 — /(V—l)— V{n(V - D} dx

RG )2

(V=1Dv(,t)x - VVdx —2/ —(V — l)zdx = Ji+ L+ J3+ Js
B, P

B

We start with an estimate of J; . Since it follows from the third and fourth equations
in (5) that

t
R(t) = Roexp [/ v(l, s)ds ]5 RoeT
0
we have

Ji<— R22T

2
”V(V 1)||L2(Bl)7
where « is a positive constant given by

3k = |l fil@u + fala)w — (c1 + c2)uwll~g;)-

We turn to J,. By the relation
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v
9,V = —2; + fila@®)u + fala(@))w — (c1 + c2)uw,
the integral J, is reduced to

12:4/ K|V_1|2dx—2 (V—I)Zx~Vde
B, P B o

=2 [ {fila@®)u+ frla®)w — (c1 + c)uw}|V — 1]* dx.
By

Observing that

e |
0

and using Holder’s inequality and Young’s inequality, we find
Bl < elV(V = DIy + C@IV = 122

Regarding J3 and J4, the same argument as in the estimate of J, asserts that

|51 < elV(V = DllTap) + CEOIV = Tagpy  1Jal <26V = 1725,

Thus, letting ¢ > 0 small enough, we obtain

d 2 2
E”V - 1||L2(Bl) =< C”V - 1||L2(Bl)'

1 14
= / i@ + fola)w — (1 + couwl dr < k.
0

)

Since V (-, 0) = 1, applying Gronwall’s inequality to (7), we obtain the conclusion.

Here we reduce the system (mIAS) to the following hybrid system:

da .
E(t):—y(a(t)—a*)—ya*S(t) in Ry,
8tu(:0»t)_$,(va R)u(,o,t):P(u(p,t),a(t)) in IOOa
1 e
v(p, 1) = _2/ F(u(r, 1), a(t))r*dr in I,
P~ Jo
dR
E(I)ZV(IJ)R(I) in Ry,
S@) = 0— 1 when R(#)=r; and R'(r) >0, in R,.
1—-0 when R(#)=ry and R'(¢) <O,
v(p, 1) 1 .
dpu(p, l)|p€{0_,} =0, p e §F(u(0, 1),a)), in Ry,
[a(0) = ao, u(p,0) =uo(p), R(O)=Ro, SO) =S, in I,

O

(P)
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where

1
R(1)? ﬁap[ﬂ’zapﬁl)] —[(p,t) — pv(1,)]0,0, (8)

P(u,a) ={fi(a) — frla) —c1 + (c1 + cuu(l —u),
F(u,a) = filau+{f2(a) — (c1 + c)u} (1 —u).

&' (v, R)p =

The reduction is justified as follows:

Lemma 2.2 The system (mIAS) is equivalent to (P).

Proof If (u, w, v, R, a, S) satisfies (mIAS), then Lemma 2.1 implies that u +w = 1.
Using w = 1 — u, we can reduce (mIAS) to (P). On the other hand, if («, v, R, a, §)
satisfies (P), then, setting w := 1 — u, we obtain (mIAS) from (P). O

In order to prove the short time existence of a solution to (mIAS), we first consider
the following system, which is formally derived from (P) provided S(¢) = S.

(d
) = =y (@) —a) — ya.Sy in R,
du(p,t) — L' (v, Ryu(p, t) = P(u(p,1),a(t)) in I,

P
v(p,r):iz/ F(u(r,1),a(t))r’ dr in I,
AR p=Jo (PSo)
E(I) =v(l,t)R(t) in Ry,

v(p, 1) 1 .

pu(p, 0| 01y = 0. o | 3F @O0, a@), in Ry,
a(0) = ag, u(p,0) =ue(p), RO)= Ry, in 1.

Lemma 2.3 Let (ug, Ry, ag, So) satisfy (3). Then there exists T > 0 such that the
system (PSy) has a unique solution (u, v, R, a) in the class

CIT3(Q ) x (CH3([0, 1) x (0, T)NCH0, 1) x (0, T ))) x (C((0, T)))™.

Proof We shall prove Lemma 2.3 by the contraction mapping principle. Let us define
a metric space (X, || - |lx) as follows:

Xy = {u e C*3(Qr) | ux. 1) = ullx|. 1), ul—o = uo. lullx < M},

where |[ulx = |ullceer(p,). We will take the constants 7 > 0 and M > 0 appropri-
ately, later.

Step 1: We shall construct a mapping ¥ : Xy — Xy. Letu € Xy,. For u(p, t), let
us define (v(p, t), R(t)) as the solution of the following system:
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v(p, 1) = iz/p Fu(r,t),a(®)r*dr in I x[0,T),
dR P~ Jo '
—(t) =v(1,1)R(1) in (0,7),
dt ©)
Y00 L e, 0. at) in [0.T),
p=0 3
R(0) = Ry

For (v, R) defined by (9), let ii(x, t) = iu(|x|, t) = ti(p, t) denote the solution of

dit(p, 1) — L' (v, R)it(p, 1) = P(u(p,t),a()) in I x(0,T),
0, (0, 1) = 0,u(1,1) =0 in (0,7), (10)
u(p,0) =uo(p) in 1.

If we consider the problem as an initial-boundary value problem for a one dimensional
parabolic equation, the parabolic equation has a singularity at p = 0. In order to
eliminate the singularity, we rewrite the problem in terms of the three dimensional
Cartesian coordinate as follows:

3,i(|x], 1)+ [ AL R ] x - Vii(lx], 1)
x|
R(t)zA”(M 1)+ P(u(|x], 1), a(t)) in QOr, an
8, (0, 1) = 8,ii(1,1) = 0 in (0.7).
u(|x], 0) = uo(lx|) in Bj.

We prove that # € X, by applying the Schauder estimate to (11). Since u € X,
it is clear that F (u, a) € C**/>(Qr), P(u, a) € C**/*(Q7), and

1
v(l, 1) =/ F(u(r,t),a@)r*dr € C2((0,T)). (12)
0

Moreover, since R(t) >0 in [0,7), the fact (12) implies 1/R(t)?> € C*/?
((0,T)). In the following, we will show

v(p, 1) e
V(p, 1) = p € C*%(Qr). (13)
(1) Letusfix p € (0, 1) arbitrarily. Since now ¥ satisfies, forany0 <7 <s < T,

1 p
V(p.s) =V (p,1) = ;/O {Fu(r,s),a(s)) — Fu(r, 1), a@)}r dr, (14)

we estimate the integrand. It follows from u € X, that
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|F(u(r,s),a(s)) — Fu(r, 1), a(t))] 15)

2
= C(M) {Iu(n s) —u(r, )| + Z | fi(a(s)) — fi(a(t))l}

i=1

2
SCMD[MM—H5+§]ﬁw@D—ﬁmeI

i=1
Furthermore, the mean value theorem implies
|fila(s)) — fila@)| = Cls —t| for i=1,2,
where C = C(f;, ax, y). Combining the estimate with (15), we find
|F(u(r,s),a(s)) — Fu(r, 1), a@)| < C(M)|s —1]3.
Consequently, we deduce from (14) that
7 (p.5) = ¥ (p.D] < C(M)|s — 1%

(i) Let p = 0. Then by the same argument as in (i), we see that
1 «
|70, 5) = 7(0,0)| = §|F(u(0, 8),a(s)) — F(u(0,1),a(®)] < C(M)|s —t]>

foranyO <t <s <T.
(iii) Fix 0 < ¢ < T arbitrarily. Then, for any 0 < p < o < 1, it holds that

= %/ {F(u(r,t),a(t)) — F(u,1), a(t))}r2 dr
p
1 1 L 2
+ (—3 — —3)/ {F(u(r,t),a()) — F(u0,1),a(t))}r dr.
o P 0
Since u € X, we observe that
[Fu(p,t),a)) — Fw,1),a@))| < C(M)|u(p,t) —u, )| < C(M)p°.
Therefore we obtain
1 [ea p3 _0_3 14
V(0. 1) — ¥ (p. 1) < C(M)_S/ P2 dr 4 C(M) ( rz ‘/ ta g,
o’ J, o-p 0
o3 — p
0—370(

= com | = canlo - o
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(iv) Letus fix 0 < ¢t < T arbitrarily. The same argument as in (iii) implies that

1 P
P o) = 7.0 = COons |1 ar < oyt torany pe(0.1),
o~ Jo

From (i)—(iv), we conclude (13). Hence, by virtue of (11) we can apply the Schauder
estimate (Theorem 5.3, [16]) to (10):

|l czvorsarioy < C (IPllx + lluollcreacs)) < CM) + Cllugllczea(s,).
On the other hand, it follows from the mean value theorem that
Il — uollx < max {T, T"'"2} ||illcrratror oy)- (16)
Therefore, for T < 1, we obtain

~ 17% ~
lillx < T 72|l crrarrerrgpy + llugllc2ve(py)

< T'"H{C(M) + Cllugllc2+a(s} + lluollczr(sy)-
Consequently, for M := 1+ |Jugl|c2+e(p,), setting T < 1 small enough as
T'"3{C(M) + Cllugll 2o} < 1, (17)

we deduce that # € X ;. We define a mapping ¥ : Xy — Xy as ¥ (u) = u.

Step 2: We show that ¥ is a contraction mapping. Let u; € Xj. We denote by
(vi(p, t), R;(t)) the solution of (9) with u = u;, where i = 1, 2. For u; := ¥ (u;),
set U := ii; — uip. By a simple calculation, we see that U satisfies

wU(p, 1) — L' (v2, R)U(p, 1) = G(uy,up) in I x(0,T),
9,U0,1) =0,U(1,1) =0 in (0,7),
U(p,0)=0 in I,

where G (u1, uy) is given by
Gur, uz) ={L'(v1, R)) — £ (v, Ry)}ity + {P(ur) — P(u2)}.
Adopting a similar argument as in Step 1, we find G (u;, uy) € C*%/*(Qr) and
G (ur, uz)llx < C(T, ug, Ro)llur — uz||x.
Then the Schauder estimate asserts that

||U||C2+Et.l+a/2(QT) < C(T, Uuop, Ro)”bt] — u2||X.
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By the fact that U (|x|, 0) = 0 in B; and a similar argument as in (16), it holds that
19 @) = @)llx = IUIIx < T2 |Ullezarvarioyy < T2 Clluy — uallx,

where C = C(T, ug, Ry). Thus, letting T small enoughas T'~%/2C < 1, we conclude
that ¥ is a contraction mapping. Then Banach’s fixed point theorem indicates that
there exists u € X, uniquely such that ¥ (u) = u. By the definition of ¥, u is a
unique solution of (PSy) on [0, 7). Moreover, we infer from the above argument
that u € C2te14e/2(Q ).

Finally we prove thatv € C'**%/2([0,1) x (0, T)) N C'([0,1) x (0, T)).By
a direct calculation, we have v € C([0, T ); H'(I)). Combining the fact with
the Sobolev embedding theorem H'(I) — C%!/2(I), we obtain v e C([0,T);
c%'2(1)), in particularv € C (I x [0, T)). Thus it follows from the continuity that

v(0,1) = li{%v(p, t) =0 forany re[0,T). (18)
P

Then, along the same line as in [23], we see thatv € C'([0,1) x (0, T)). Moreover,
applying the same argument as in (13) to

—% /p Fu(r, 1), a@®)r*dr + Fu(p, 1), a(t)) if p >0,
apv(p’ t) = 1 P~ Jo

§F(u(0, t),a(t)) if p=0,

we find v € C'**/2([0, 1) x (0, T)). This completes the proof. ]

Theorem 2.1 Let (ug, wo, Ry, ag, So) satisfy (3). Then there exists T > 0 such that
the system (I1AS) has a unique solution (u,w, v, R, a, S) with S(t) = So in [0, T)
in the class
u,we C**%3(07), R,aeC'((0,T)), (19
ve CHi([0,1) x (0,T)NCY[0,1) x (0,T)).

Proof Let (u, v, R, a) be the solution of (PSy). According to Lemma?2.3, we see that
the solution (u, v, R, a) belongs to the class

CHeT2(Qr) x (CH5([0, 1) x (0, THNCL0, 1)x (0, T)) x (C((0, T)))>

for some T' > 0. To begin with, we prove the existence of a short time solution to (P).
If there exists 77 € (0, T ] such that R(f) = Ry in [0, T} ), then (u, v, R, a, S) with
S(t) = S is a solution of (P), for the fact that dR/dt = 0 in (0, 77 ) implies that
S(t) does not switch in (0, 7} ). On the other hand, if there exists no such 77, there
exists 7, € (0, T ] such that R(¢) ¢ {rg, 1} in (0, T2 ), for R(¢) is continuous. Then
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itis clear that (u, v, R, a, S) with S(¢) = S, satisfies (P) in (0, 75 ). Thus we see that
(u,v, R, a, S) with §(¢t) = S is a solution of (P) in (0, T*) for some T* € (0, T ].

We show the uniqueness. Let (uy, vi, Ry, a;, S1) # (42, v2, Ry, az, S») be solu-
tions of (P) satisfying (19). Along the same line as above, we see that Sy (1) = S»(1) =
So in [0, T) for some T € (0, T*]. Then the uniqueness of the solution of (PSy)
leads a contradiction.

Thanks to Lemma?2.2, we observe that (mIAS) has a unique solution. Moreover, it
follows from (18) that the solution satisfies (IAS). Finally we show the uniqueness of
solutions of (IAS). Suppose that (u;, w;, v;, R;, a;, So) are solutions of (IAS) in the
class (19), where i = 1, 2. Then, by the proof of Lemma2.2, we observe that (IAS)
is reduced to (P) replaced the condition on v/p by (4). It is clear that a; (1) = a(¢)
in[0,7T).SetU := u; — u,. Then it follows from Step 2 in the proof of Lemma?2.3
that

||U||C2+”'H%(QT) < C”U”Cu (20)

5on;

Moreover, we find

1-£ 11—
U] e < T75 U asanvg g,y < CT' 2 U]

o) = 1)

3(0r)"

Letting 7 be small enough such that CT'~*/2 < 1, we observe from (21) that
[|U || ceerr = 0. Combining the fact with (20), we obtain the conclusion. O

In order to prove u, w € [0, 1] in By x [0, T ), we apply a parabolic compar-
ison principle to (IAS). Using (u, v, R, a, S), which is the solution of (P) in Q7
constructed by Theorem 2.1, we define the operator

P, C*N (B x (0,T)NC(B; x[0,T)) — C(B; x (0,T))
as follows:
Pz =0z7—-L"(v,R)z— P(z,a), Pz:=0z7—2L"v,R)z+ P -2z a).

Regarding the operator ZZ;, the following parabolic comparison principle holds:
Lemma 2.4 Assume that 7, € C>'(B; x (0, T))NC(B; x [0, T)) satisfy

Piz> ¢ in B x(0,T),
avzzavf on aBl X(O9T)7
7>¢ in By x {t =0)}.

Thenzz{inB_lx [0,T).

Proof Since the proof of Lemma?2.3 implies that the coefficients in the operator
£ (v, R) are bounded, we can prove Lemma?2.4 along the standard argument (e.g.,
see [4, 17]). |
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By virtue of Lemma?2.4, one can verify 0 <u < land0 <w < I:

Lemma 2.5 Let (u,w,v, R, a,S) lza solution of (1AS) obtained by Theorem?2.1.
Then,0 <u<land0<w<1inB; x[0,T).

We close this section with a property of certain quantities of u and w.

Lemma 2.6 Let us define

1 1
U(t) = 7 R3 (1) / wp D do. | vity = / u(p. 1P dp.
0 1 Ol
W(t) := 47 R3(1) / w(p, H)p*dp, Va(t) := / w(p, )p*dp.
0 0
Then U, W, Vi, and V, satisfy
dU 3 ! 2 2
— () =47R (t)/ cup, 1)?p*dp + { fi(a®)) — 1)U (1), (22)
0

dw !
L =m0 / caw(p. 2 p%dp + (fola(t) — )W (D), (23)
0

dj(t) < gla)Vi(t) +3{—g(a(®)) + c1 + 2} Vi (1)?, 24)
dt > {g(a(r)) — c1}Vi(t) = 3{g(a®)) — c1}Vi(1)?,
dﬁ(t) < —gaM)Va(t) + 3{g(a(t)) + c1 + c2} V2 (1)?, 25)
dt > —{g(a(®) + 2} Va(1) + 3{g(a(®)) + 2} V2 (1)*,
respectively, where g is a function defined by
8(2) = fi(2) — f2(2). (26)

Proof The Eqgs. (22) and (23) were obtained by [23]. We shall show (24) and (25).
It follows from Jensen’s inequality and Lemma?2.5 that

1 1
30 < / w(p, 0202 dp < Vi(t), 3Va(t)? < / wip, 1202 dp < Va(t). (27)
0 0

Combining (27) with the same argument as in [23], we obtain the conclusion. O

Remark 2.1 The function g denotes the difference of net growth rate of AD cells
and Al cells. We employ the notation frequently in the rest of the paper.
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3 Asymptotic Behavior of Non-switching Solutions

We devote this section to investigating the asymptotic behavior of “non-switching”
solutions of (IAS). To begin with, we shall show the long time existence of the
non-switching solutions of (IAS).

Theorem 3.1 Let (1o, wg, Ro, ag, So) satisfy (3) and Sy = 1. Then the system (IAS)
with ro = 0 has a unique solution (u, w,v, R, a, S) with S(t) = 1in [0, c0) in the
class

u,we C*e43(0,), R,aeC'(Ry),
ve Ct3([0,1) x R))NCH([0,1) x Ry).

Proof Tt follows from Theorem 2.1 that (IAS) with ro = 0 has a unique solution with
S(t) = 1in Q7 for some T > 0. Since

R(t):Roexp[/tv(l,s)ds],
0

we observe from the continuity of the solution that R(¢) is positive, i.e. S(t) = 1,
while the solution exists. Thus, by a standard argument (e.g., see [6]), we prove that
the solution can be extended beyond for any 7' > 0. Indeed, if there exists T>0
such that the solution can not be extended beyond T, then the proof of Theorem 2.1
implies that

lu(-, Ollcrapy —> 00 as 1 T. 28)
On the other hand, since u is a solution of (PSy) on [0, T ), it holds that
luC, Dllcroy < lullarer o) < CCT) + luollereqy).  (29)

Since (29) contradicts (28), we obtain the conclusion. m]

Remark 3.1 The system (IAS) with ry = 0 and Sy = 1 describes a tumor growth
under the CAS therapy.

Corollary 3.1 Let (ug, wo, Ry, ag, So) satisfy (3) and Sy = 0. Then the system (IAS)
with ri = 0o has a unique solution (u, w, v, R, a, S) with S(t) = 0in [0, 00) in the
class
u,we CHeT(0y), R.aeC'(Ry),
ve C2([0,1) x Ry))YNCHO0, 1) x Ry).
In the following, we classify the asymptotic behavior of non-switching solutions

obtained by Theorem 3.1 and Corollary 3.1. Recalling Lemma?2.2 and Theorem 2.1,
we may consider (P) instead of (IAS).
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If ug is trivial, i.e., ug = 0 or ug = 1, then Lemma?2.4 asserts that u is also trivial
in Q7. Thus it is sufficient to consider the initial data (u¢, Ry, ao, So) satisfying

{ o € CT(By),  d,u0(0) = dpug(1) =0, 0<up <1, ©

uop(p) #0, uo(p) #1, 0<ap<a., Ry>0, S e€{0,1},

where 0 < a < 1. Regarding f; and c;, we assume (A0) throughout this section.
From now on, for a function 4 : [0, a, ] - R, we define |||~ by

17lloc := sup [|h(z)]. (30)

z€[0,a4 ]

First we consider the asymptotic behavior of solutions to (P) with § = 1.

Theorem 3.2 Let ry = 0. Let (ug, Ry, ag, So) satisfy (IC) and Sy = 1. Assume that
either of two assumptions holds

i) g(0) +c <0;

(i) g0)+cy > 0and

! 1 —2(0) ao
2d ————————¢ ——1g'lec |- 31
/0140(,0)0 R S pert ] R AN 31

Then the solution (u, v, R, a, S) of (P) satisfies R(t) — oo ast — o0.

Proof To begin with, we note that S(#) = 1 under (P) with ro = 0 and Sy = 1.
We prove the case (i). Since S = 1 yields the monotonicity of a(¢), especially that
of f;(a(t)), from the assumptions (A0O) and (i), we find s; > 0 such that

fita@®) <0, fola()) >0, —g(a(®)) —c, >0 forany t > s;.

Recalling that uy £ 1 yields V,(¢) > O for any ¢ > 0 and setting \72(t) =1/ Va(1),
we observe from (25) that

dv: .
d_tz(t) = {gla®)) + c2}Va (1) — 3{g(a(r)) + c2}. (32)
Applying Gronwall’s inequality to (32), we have
Va(0) < 34 (V2(0) = 3) exp [/0 (g@() +e2}ds |-
Since

{g(a(S))+Cz}dS=/]{g(a(S))+Cz}dS+/ {gla(s)) + ca}ds
0 0 51

< (glag) + c2)s1 — {—g(a(s1))) — 2}t —s1) > —00 as t — oo,
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one can verify that lim sup,_, \72(t) < g On the other hand, since w §~1 yields
Va2(t) > 3in[0, 0o ), we find liminf,_, o, Vo(t) > 3. Thus wehavelim,_, o, V5(t) =3
and then

Iw(, 1) = Ul g,y — 0 as ¢ — oo. (33)

By way of u +w = 1, it follows from (33) that for any ¢ with

O<e< & 34)
—80) tc+e
there exists 7; > s; such that
l(-, )l poocp,) < & forany t> Ti. 35)
In what follows, let ¢+ > T. Since R satisfies
T ‘
R(t) = Roexp[/ v(l, s)ds ]exp [/ (1, s)ds ] (36)
0 T

it is sufficient to estimate the integrals in the right-hand side of (36). We observe
from the continuity of v(1, -) that

T
/ v(l,s)ds > —CT,;
0

for some C > 0. Moreover, we obtain

t t 1
/ v(l,s)ds =/ / F(u(p,s),a(s))pzdpds
T] T] 0

r ol
> [ [ 1-t-g@) +er+ e+ flaminip? dpds
7, Jo
1
> 3{—(—g(0) +c1+ e+ falals))}@ —Th).
Hence, it follows from (34) and (35) that lim inf,_, ., R(t) = oo.
Next we turn to the case (ii). By the assumption (A0O) and the monotonicity of
fi(a(-)), there exists s, > 0 such that

frla(®) >0, gla®)) <0, forany t > s,.

Recalling V;(¢) > 0in [0, 0o ) and setting \71 (t) == 1/Vi(¢), we reduce (24) to
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dv, ~
d_tl(t) > —ga®)Vy = 3{~gla®) + ¢ + ).
Since it follows from the same argument as in (i) that
t
i) 2 e Heed [ 360 e - ) [ b as 4 o | 6D
0

we estimate the integral in the right-hand side of (37). Noting that a(-) is monotone
decreasing, we use the change of variable a(s) = z, and then

t 1 a(t) 1 a(t) 0
/gmmm——;/ %?ﬁ:—;/ [%;+()]z (38)
0 ap ap

©) al)
< g Y —||g||oo,
Y ap

where z € (0, ap ). Combining (37) with (38), we obtain

[0

Vi(t) >< a(r) )gT[ 3(g(0) — ¢ — 6‘2)/000( % ) "ds +171(0)e—”7ollg’\\oo ]

0)%-4&mw + )
—<a ) [ g_g(o)c1 =

4V (0)e 718 ] .

ao

Under (A0) and (31), the inequality implies that Vl — ooast — oo,le., Vi(t) —> 0
as t — oo. Thus for any ¢ with

0<e< frla(sz)) ’ (39)
—g0) +c¢i + 2

there exists 7» > s, such that
lu(, Ollp~p,) <& forany ¢ > Tp. 40)

By virtue of (39) and (40), we have
t t 1
/ v(l, s)ds > / / (—(=g(0) +¢1 + o) + fr(a(T2)}p dp ds
T 7, Jo

1
2 F1=(=8O) + c1 + ) + folals))}(t — To).

Thus we see that lim inf,_, ., R(#) = oo along the same line as in (i). O
Next we give the asymptotic behavior of solutions to (P) with ro = 0 and Sy = 1.

Theorem 3.3 Let ry = 0. Let (1o, Ro, ag, So) satisfy (IC) and Sy = 1. Assume that
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g0)+c>0 41
and

min up(p) > 1 — 80+

_ = (42)
pel0,1] g0) +c1 +2¢;

Then the solution (u,v, R, a, S) of (P) satisfies R(t) — 0 ast — oo.

Proof Recalling that § = 1 under (P) with ry = 0 and Sy = 1, and using (A0), we
find s3 > 0O such that

fila(®)) <0 forany t > s3. (43)

Let w be the solution of the following initial value problem:

dw
d—v:(t) = —{g(@(®) + c2}w(0) + {g(a(®) + c1 + 22} (1)*,

w0)=1- pg[l(l)fll]uo(p)-
Then Lemma 2.4 asserts that
0 <w(p,t) <w() forany (p,1) €[0,1]x[0,00), (44)

i.e., w is a supersolution of w. Since wy # 0, the relation (44) implies w(¢) > O for
any t > 0. Setting w := 1/w, we see that w is expressed by

‘
w= ef(f{g(a(s))ﬂz}dxli —/{g(a(s)) +oc + 262}6*.f(f{g(a(r))+62}drds + _L ] .
0 w(0)

Here we have
4 s
/ (8(a(s)) + c1 + 2ca)e” hlg@trreldr g
0
t t
= /{g(a(s)) + ey)e htsa@raldr g oy CZ)/ e~ higa@)+ealdr g
0 0

t
< _e—jo{g(a(r))+cz}dr + 1 + (Cl +02)/ e—{g(o)-‘rCz}S ds
0

ato (1 — o leOrely < 80) +c1 +2c;

1+ ————
80) +c2 80) +c2

Since it follows from (41) that

lim inf exp [/ {gla(s)) + 2} ds ] > lim inf exp [(g(0) 4 ¢2)t] = o0,
—00 0 1—>00
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we observe from (42) that lim;_, o, w () = 00, 1.e., lim,_, o, w(t) = 0, where we used
the positivity of w. With the aid of (44), for any ¢ with

—fila(s3))
—g(0)

0<e< , (45)

there exists 753 > s3 such that
Iw(-, )l L=p,) <& forany > T;.

Recalling u = 1 — w and using the same argument as in the proof of Theorem 3.2 (i),
we can verify that

R(t) < Rpe Treli 1904 < RooCTs exp[ {—gla(s)w + fi(a(s))}ds ]
T3

1
< RoeT exp| (=g (0)e + fi(s2)}(t = ) |-

Then (45) yields lim sup,_, ., R(t) = 0. O

We turn to the case of (P) with r; = oo and Sy = 0. We note that (P) with r; = oo
and Sy = 0 describes the behavior of prostate tumor under non-medication.

Theorem 3.4 Letry = oo. Let (ug, Ry, ag, So) satisfy (IC) and Sy = 0. We suppose
that one of the following assumptions holds

1) filay) —c1 >0; (1) folay) —cr > 0; (i) g(ay) —cp > 0;

(iv) —g(a) +c1 >0, fr(a,) >0, and

—g(ay) + ¢
max < ) 46
pe[O,l]uO(Io) —g(ay) +2c1 4+ 2 (46)
(v) g(ay) +cr > 0and
min up(p) > 1 - —S@ITE o [ Ly ]
pel0,1] glay) + ¢y +2c 14 = I

Then the solution (u,v, R, a, S) of (P) satisfies R(t) — oo ast — o0.

Proof We prove the case (i). Remark that S = 0 yields the monotonicity of a(t),
especially that of f;(a(t)). Under the assumption (i), we find s4 > O such that
fi(a(t)) — c; > O for any t > s4. Since it follows from (22) that

W= @) e forany 120,
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making use of Gronwall’s inequality and the monotonicity of fi(a(-)), we find

v 2 UGoen| [ (i) - a)ds |
> U(sg)exp[{fi(a(sy)) —c1}(t —s4)] forany 1> sy.

Consequently we see that

4
liminf -7 R*(¢) = liminf {U(t) + W ()} > liminf U (t) = oco.
t—o00 3 t—00 t—00
Regarding the other cases, we obtain the conclusion along the same line as in the
proof of Theorem 3.2. O

By the same argument as in the proof of Theorem 3.3, we obtain the following:

Theorem 3.5 Letr; = oo. Let (1, Ry, ag, So) satisfy IC) and Sy = 0. Assume that
—g(ay) +c1 >0, fala,) <O, 47)

and (46). Then the solution (u, v, R, a, S) of (P) satisfies R(t) — Q0 ast — oo.

4 Proof of the Main Theorem

The purpose of this section is to prove the existence of a switching solution of (IAS)
and investigate its property under the assumption (A0)—(A2). Here we note that (A1)
and (A2) are written as g(a,) —c; > 0 and g(0) 4+ ¢, > 0, respectively, where g
was defined by (26). For this purpose, we may deal with (P) instead of (IAS), for
the solution of (P) constructed in Sect. 2 also satisfies (IAS). In the following, we fix
(uo, Ry, ag, So) satisfying (IC), ug > 0, and Sy = 0, arbitrarily.

To begin with, we shall study the behavior of solutions of (P) with § = 0. More
precisely, for each “initial data” (i, ﬁo, ap), we consider the following system:

[ da ) .

E(t) = —y(a(t) — a) in Ry,

dii(p, 1) — L', Rii(p, 1) = P(ii(p, 1), a(t)) in I,

o

(.0 = 5 [ P aodr in ..
~ P~ Jo

7 ) (PO)

CrO=71.0R0 in Ry,
y v(p, 1) 1 . .

dpt(p, ’)|pe{0,1} =0, e ~0=0: 55(”(0’ 1,a(t)), in Ry,

|2(0) = ap, u(p,0) =1uo(p), R(O) = Ro, in I,
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where the operator ¢’ was defined by (8). We characterize the time variable in terms
of the solution a(-) to (PO). Recalling that f; is monotone, we define a function
70 : (0, fi(as) — fi(ao) 1 — [0, 00) as

w(e) =a" ' (f (fila) —e)), (48)
where a~! and ffl denote the inverse functions of a and fj, respectively. Note that,

since a(t) 1 a, ast — 00, ¢ | 0 is equivalent to 7p(g) — oo.
From now on, we will follow the notation || - || defined in (30).

Lemma 4.1 Assume that there exist constants A € (0, 1) andk € (0, a,) such that
(g, Ro, ag) satisfies (IC) and the following :

,,L?(if‘l ] ug(p) > A; (49)
ag < k. (50)
Then there exists a strictly monotone increasing continuous function
Io(es A, ) 2 (0, fila) — f1(0) ] — Ry
with Th(e; A, k) | 0as e | 0 such that the solution of (PO) satisfies
(-, () — Ulpw(p,) = Toles A, k) in (0, fi(a) — fi(ao) 1.
Proof Let us consider
w_ —(g@a@) — el —wyw,

dt (51)
w(0) =1— min uy(p).
pel0,1]

By way of LemmaZ2.4, one can easily verify that w is a supersolution of 1 — .
Solving (51) and setting t = 74(¢), we find

To(e)
ome) =1+ @0 - Dexp[ [ (e —eilas |

where w = 1/w. From the change of variable a(s) = z, we have

0(e) ) — ela ) —
/ {g(a(s»—cl}ds:—;/ (D8] g A (s
0 a

T — Ay T — Ay
a(ro(e)) —ao , , gla,) —c a, — aop
> g e + log ——
1 a, — a(to(e))
. Qs gla,) — ¢y log a, — dop

~ g e + ) ,
y 8 e a, — a(n(e)
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where we used (A1) in the last inequality. Therefore, using (49) and (50), we define
the required function Iy(g; A, k) as follows:

7 — 2 g' ax — K 1T
(10 (e)) 5[ 1+ Ae 58 ( P T ) ] —: T(e: A, ).

This completes the proof. O
Lemma 4.2 Under the same assumpti'on as in Lemmad4.1, there exists a constant
€1 € (0, fi(ay)), independent of (i, Ry, do), such that the solution of (P0) satisfies

dR
E(‘[O(S)) >0 forany €€ (0,¢e1].

Proof Since dR/dt is written by

dR - - 1
Z(t) =R()v(l,1) = R(t)/O F(i(p,1),a)p*dp, (53)

we observe that the sign of d R /dt is determined by that of the integral in (53). In
particular, we focus on the sign of F. From 8Z2F (z,a) =2(c1 + ¢3) > 0, we find
F(z,a) > F(l,a) + 0;F(1,)(z = 1) (54)
>F(l,a)+ 9. F(l,a)(z—1) =1 y(z;) in [0,1)x[0,asl,
where we used the monotonicity of 9,F(l,«) = g(e) —c; — ¢, in the second

inequality. Here, noting the positivity of 9, F (1, a,), we denote by zo(«) the zero
point of y(z; o) given by

—F, o) +0.F(, a,)

Z0(@) = 0. F (1, ay)
Since (48) yields that
F(l,a(t(¢))) = fi(ax) —e >0 forany e € (0, fi(as)), (55)
we see that
20@(mE) < 1, y(1,a(r(e) > 0, forall ee (0, fi(a)).  (56)

Then, for each ¢ € (0, fi(a,) ), we observe from (56) that y(z, a(zo(g))) > 0 for all
z € [zo(a(zp(e))), 1]. Combining the fact with (54)—(55), we infer that

F(z,a(wo(e))) > 0 forall z € [zo(a(ro(e))), 1], if € € (0, fi(as)). (57)
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In order to complete the proof of Lemma4.2, it is sufficient to prove the claim:
there exists a constant £; € (0, fi(ay)), independent of (&g, Ry, ap), such that the
solution (i, v, R, a) of (PO) satisfies

pg[l(i)nl]ﬂ(p, a(to(e))) = zo(a(ro(e))) forany e € (0,¢;].

Indeed, combining the claim with (57), we clearly obtain the conclusion. We shall
show the claim by way of Lemma4.1. Since zo(a(to(f1(as))) = 1 and

zo(a(to(e))) | zolay) <1, 1 —1Ty(e; A, k)11, as €0,

from the monotonicity of zo(a(zo(¢))) and 1 — I'y(e; A, k), we find a constant &, €
(0, fi(ay)) uniquely, independent of (ig, Ry, ao), such that

1 —TIy(e; A k) > zo(a(rp(e))) forany e € (0,8 ]. (58)

Recalling (50) implies that f; (k) > f)(ap) andsetting e; := min{&, fi(a,) — f1(x)},
we observe from (58) and Lemma4.1 that

rr[l(i)nl]zl(p,&(ro(S))) > 1—Ty(e; A, k) = zo(a(ro(e))) forany e € (0, ]
PELL,

Then the claim holds true and we have completed the proof. O

Lemma 4.3 Let (i1, ﬁo, ao) = (ug, Ro, ap). Then there exist monotone decreasing
functions M~ and M defined on (0, fi(a,) — f1(0) ] such that the solution of (PO)
satisfies

Roexp M~ (¢) < R(to(e)) < RyexpM* () in (0, fi(a,) — fi(ap)l, (59

where the second inequality is strict for any € € (0, fi(as) — fi(ao)). Moreover,
M~ and M satisfy the following :

—00 <M~ (e) <M¥(e) <00 in (0, fi(ay) — f1(0)]; (60)
liﬂ)lM_(é‘) = oo0. (61)

Proof Since R (to(e)) is given by

_ 70(¢)
Rene) = Roexp| [ 5(19)ds ] in (0, fi@) = fila) . (@)
0
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we will estimate the integral in (62). To this aim, setting w = 1 — iz, we decompose
the integral as follows:

T0(e) T0(8) 1 5 2
/0 V(1,8)ds = (¢ +cz)/o /0 w*p“ dods (63)
o) 1 5 1 [
_/0 /0 [g(a(s))+c1—|—cz]w,o d,ods+§/0 Sia@s)ds =1y + I + I3.

First we construct M ~. Regarding I, it follows from Jensen’s inequality that

T0(e) 1 2 70(€)
L= +Cz/ / Bpdp) ds = 9@ W(s)ds.  (64)
3 0 0 27 Jo

Employing a differential inequality in (25), we see that 7 satisfies

1

W (s) > - . (65)
1+ (%0) - 1) exp [ [118(a(x)) + ca} dr]

Furthermore, the same argument as in (52) yields

[ te@ +ear < £ 10 7, G0, (66)
0
where
T (@) = 2L (67)
ax — 22

Hence, combining (64) with (65)—(66), we have

L= +CZ/OW)[ 1+ % 1] TG ]_zds — 1.

27
Changing the variable

glax)+cp

1 " slax)tey
n=1+ (m - 1) Tao(a(s)) 7

and setting

glax)+cp

1 1 -
No ‘= m, Ne = 1+ (W - 1) %Q(Q(IO(S))) v
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we can define M| : (0, fi(a.) — fi(ap) ] — R as follows:

oo d =11
I =C, "o |:10g no(me —1) _}

w —Dn>~ ne(no—1) o
=—C1 [log[% + (1 = ) Tuy @) | +1 - %]
(*) )

>~ €1 [log [1 4+ (1 = %) Z w7 |+ 1= %] = My o),

where C; = (¢ + ¢2)/(27(g(a,) + ¢2)), and
1
26 =3 [ .9 o, U= 2O, ko= maxlan. SO} (69)
0

Regarding I, it follows from w = 1 — i that

To(e)
L= _W—Clm/ (1 — % (s)) ds.
3 0
Using (24) and the same calculation as in (66), we have

7o) = [1+ @ 0 Tuae) ]

Then, by the same argument as in the derivation of M|, we obtain

1_0(8) 1 B _5( *) |
L _gla)tcato / (%" 1) Tu(@ts)) T ds
3 0 14+ (%= DT as)”
L@ Rt G Tk (- ) Tt
3 glay) —c
lga)+ci+ae -
_o T TN =M .
> 3 @) —o og % 5 (e)

It follows from the same argument as in (52) that

» 1 a(to(e)) .
=" l(z T8 16 T (roe))) — 5 / F1G)dz (69)

fl3 log T, (a(zo(e))) — ;;”fl/”oo =: M; (¢e),

where 7 € (ag, a,). Setting M~ (¢) = Z?:] M (¢) and recalling (48), we see that
M~ is well-defined on (0, fi(a.) — fi(ao) ].
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We shall derive M. Since w = 1 — & < 1, the same argument as in M, yields

c1+ e

70 (e) T (€)
I < (c1 + ) / wo? dpds = / (1—%(s))ds
0 0 0

1 ¢ +c - _ glax)—cy
—y e log [ % + (1 — U) T @) 7|
3g(‘1>i<)_cl

1 ¢ci+c

—_—— " Nos WYy =: M (5).

3t — o e = MiE)

Regarding I,, we have

80+t [0

3 W(s)ds <0 =: M (e).
0

Eliminating the negative term from the first line in (69), we find

f13(36/l*) log Z,,(a(wo(e))) < fl log To(a(ro(e))) =: M5 (e),

where the first inequality is followed from the monotonicity of f}, and it is strict
for any ¢ € (0, fi(as) — fi(ap)). Setting Mt (g) := Z?:l Mf(e), we observe that
M™(¢) is well-defined on (0, f(a) — fi(ao) ].

From the definition of M~ and M, we see that (59) and (61) hold true. Moreover,
thanks to a(ty(e)) = ffl(fl (ay) — €), we infer that M~ and M+ can be extended
on (0, fi(as) — f1(0) ] and (60) holds. This completes the proof. m|

Lemma 4.4 Ler M* R (0, fi(ay) — f1(0)] = R be the functions constructed by
Lemma 4.3. Let (ug, Ry, ap) satisfy
1 1
[ ot ap = [ uatorta. (70)
0 0

ap < Ko, (71)
and (IC), where K is defined by (68). Then the solution of (P0) satisfies
Roexp M~ (e) < R(w0(e)) < Roexp M™(e) in (0, fi(ay) — fi@)1.  (72)

where the second inequality is strict for any ¢ € (0, fi(as) — fi(ao))-

Proof In the same manner as in the proof of Lemma4.3, we see that (59) replaced
(M=, M, ag) by (M~, M*, dy) holds true, where M~ and M™ are respectively
determined by M~ and M, replaced (ug, ap) by (itg, do). Since (70) and (71) imply
that



Dynamical Aspects of a Hybrid System Describing IAS Therapy 219

1

1
Uy = 3/ iig(p)p* dp = 3/ uo(p)p* dp = %
0 0

and
T (@) < Tgo(a) < Tp(a) forany o €[0,ay],
we find
M*(e) < M*(e), M (&)= M (e), in (0, fi(a)— f1(0)].
Thus we obtain (72). O

In order to investigate the behavior of solutions of (P) with S = 1, for each “initial
data” (g, Ry, ap), we consider the following system:

%(t) = —ya() in Ry,
dii(p, 1) — L' ¥, Rii(p, 1) = P(i(p, 1), a(t)) in I,
P

Wo.1) = / Fa(r, 1), a(n)r* dr in I,

— P Jo
dR - (PD)
d—t(t) =51, )R(@) in Ry,

- v(p, ) | - )
apu(pﬂt)’pe{o’l} :O7 0 ~:0: 55(1'{(07 t)aa(t))a m R+7
|a(0) = ao, u(p,0) =1uo(p), RO) = Ro, in I.

We characterize the time variable in terms of the solution a(-) to (P1). Following the
same manner as in (48) and recalling the monotonicity of f;, we define a function
71 : (0, fi(ao) — f1(0)] — [0,00) as

@) =a ' (fi " (f10) + ). (73)
Since a(t) | Oast — 00,8 | 0is equivalent to 7;(8) — 0.
Lemma 4.5 Let (itg, Ry, do) satisfy (IC) and

L. g0+
min - s8re  _q_c, 74
AT I  T ap—— y $ 74)

Then the solution (u, v, R, a) of (P1) satisfies

pg[l(i)fluﬁ(p,n (6)) > pg{iﬁ]ﬁo(p) in (0, fi(a) — f1(0)].
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Proof Recalling that (A2) and (74) respectively correspond to (41) and (42), we can
construct the supersolution w of w = 1 — i along the same argument as in the proof
of Theorem 3.3. Using the change of variable a(¢) = z, we have

1 ~ 8(0)+cy

(1 (6)) <[i+[L——][“—° : r:n(a)
LG LwO G AL A0 +0)

foranyé € (0, fi(ap) — f1(0)]. Thenu := 1 — I'} isasubsolution of &. In particular,
the monotonicity of I (-) gives us the conclusion. O

Next we construct an analogue of Lemma4.2 for (P1). To this aim, we note that

Fz @) = (1 +e) (2 — K*(@)” = (e + ) K* (@) + for(@),

where
K*(@) := M (75)
2(cy +¢2)
Lemma 4.6 Let (i1, ﬁo, ap) satisfy (IC), (74), and the following :
min io(p) > K*(0); (76)
pel0,1]
ao > f77'(0). (77)

Then the solution (u, v, R, a) of (P1) satisfies

dR
—-(@®) <0 forany §&(0,~£i(0).

Proof In order to verify the sign of dﬁ/dt, we use a similar way in Lemma4.2, i.e.,
focus on the sign of F'(u, a). First we note that (77) is equivalent to f(ap) > O.
Recalling the relation (0, — f1(0)) C (0, fi(ap) — f1(0) ], we find
F(1,a(n1(8))) = fita(r1(8)) = f1i(0)+8 <0 in (0, —f1(0)). (78)
Since (A2) implies K*(0) < 1, the monotonicity of K*(-) and (78) asserts that
F(z,a) <0 forany z € [K*(0),1]x (0, —£1(0)). (79)

By virtue of (74), we can apply Lemma4.5 to the solution i and then (76) implies
that
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min #(p, 11(8)) = min #g(p) = K*(0) forany & e (0, fi(a) — f1(0)].
pel0,1] pel0,1]

(80)
Therefore we have completed the proof. O
Lemma 4.7 Let (iig, Ry, do) satisfy
in io(p) > 1 1C (81)
pton O =T e
ao = fi”(0), (82)

and (IC). Then there exist monotone increasing functions L™ and L™ defined on the
interval (0, fi(a,) — f1(0) ], independent of (g, Ry, ap), such that the solution of
(P1) satisfies

RoexpL™(8) < R(r1(8)) < Ryexp L¥(8) in (0, fi(d@) — f1(0)],  (83)

in particular, the first inequality in (83) is strict in (0, fi(ap) — f1(0)). Moreover,
L~ and L™ satisfy the following :

—00 < L7(8) < LT(8) <00 in (0, fi(a) — fi(0)]; (84)
15%1 L*(8) = —oo0. (85)

Proof Along the same line as in the proof of Lemma4.3, we will estimate the fol-
lowing:

ae) pl
L+L+5:= (C1+Cz)/ / W2 p*dp
0 0
71(8) 1 B _ 1 71(8) _
- / / (g(a(s)) +c1 +c)wp dpds + 3/ fia(s)) ds,
0 0 0

where w = 1 — u. First, since I; > 0, we set L} (§) = 0. Using the supersolution w
of w constructed in the proof of Theorem 3.3 and its estimate, we observe from (81)
that

71(8)
L= _w / 7(s) ds (86)
0
71(8) s
> —WQ/ exp [—/ {g(&(t’))—l—cz}dt’} ds.
0 0

Since the change of variable a(t’) = s’ yields
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s 0 =~
- / (@) + ey dr’ < SOF2 1o 1O
0 Y ao
the inequality (86) is reduced to
0 |, = 8O +ey
Izz_g(a*)J;quCng/ (aES)) T s
0 ao

. _Cegla)+ato a(ri(8)) )f

-3 g0+ I_( as }Z:LZ_((S)'

Moreover, we find

- a(ti(8 1 [%
= =0©,,dmé) 1 / FlG)dz 87)
3y ao 3y Jawey
- - f1(0) 1og“(f‘(8)) — L3 5),
3)/ Ay

where Z € (0, ag). The last inequality is followed from the monotonicity of f;, and it
isstrict forany § € (0, fi(ap) — f1(0)).Setting L~ (8) := Z?zl L; () andrecalling
(73), we observe that L™ is well-defined on (0, fi(ap) — f1(0) 1.

Next, we derive L. By a similar argument as in the derivation of L5, we obtain

() 71(8) ~ 28Oty
n<9Te 02/ (o) ds < 4 C2/ (42 4
3 0 3 “Jo ao
<G _ato ),
6 g(0)+c1+2¢

Since I, < 0, we set L;r(éS) = 0. From the first equality in (87), we have

—HO)  a@m@) | a0y
I3 < 3 log ffl(o)+3y||f,||oo—.L3(5).

Setting LT (8) := Z?zl L7 (8), we see that L™ is well-defined on (0, fi(d) —
S10) 1.

From the definitions of L~ and L™, it is clear that (83), (84), and (85) hold true.
We have completed the proof. O

We are in the position to prove Theorem 1.1.

Proof of Theorem 1.1. To begin with, we prove the existence of switching solution
of (IAS). The key of the proof is how to determine the appropriate thresholds r
and r;. We divide the proof of the existence into 4 steps. Finally we shall prove a
boundedness of the switching solution and its regularity.

Step 1: Fix ry € (0, co) arbitrarily. Let r; satisfy
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ri = roexp [—L™ (= f1(0))], (88)

where remark that L~ (— f;(0)) < 0. We claim the following: if (i, Eo, do) satisfies

1 ~
min iio(p) > w :=max{K*(0), 1 — =C,}, Ro=r1, do > f;'(0), (89)
pel0,1] 2

and (IC), then there exists 8; € (0, — f1(0) ) such that the solution of (P1) satisfies

- dR
R(71(B1)) = ro, E(ﬁ(ﬂﬂ) <0. (90)
Let 8 := fi(aop) — f1(0), i.e., a(t;(8p)) = ap. Remark that the third inequality
in (89) yields 6y > — f1(0). Since (89) allows us to apply Lemma4.7, there exists
B1 € (0, 8o ) such that
R(ti(B))) =ro and R(t1(8)) >ro forany &€ (B8]

Moreover, we infer from (89) that Lemma4.6 implies that

Li—lf(rl((S)) <0 forany § € (0,—f(0)).

Therefore it is sufficient to prove that f; < — f1(0). Then B is nothing but the
required constant 8;. Combining the relation (83) with (88), we have

ro=R(t1(B])) > riexp L™ (B)) = roexp [L™(B}) — L™ (— f1(0))].

Then the monotonicity of L~ yields 8] < — £ (0).

Step 2: We shall show that, there exists e € (0, fi(as) — f1(0)) such that for any
ro € (0,00)and ry > ry exp[M*(s’{)], the following holds: if (ig, Ry, dop) satisfies

1
pg[l(i)nl]ﬂo(ﬂ)z%=3/ uo(p)p*dp. Ro=ro. a < fi'(0). (O
> 0

and (IC), then there exists B, € (0, €] ) such that the solution of (PO) satisfies

~ dR
R(t9(B2)) =11, E(To(ﬂz)) > 0. (92)

Let g9 := fi(a.) — fi(ap), i.e., a(to(ey)) = dp. Remark that &y > f(a,) by the
third inequality in (91). By Lemma4.4, there exists a constant 85 € (0, &9 ) such that

R(t(B))) =r1 and R(to(e)) <r, forany e (B} el (93)
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We define €] as &) in Lemma4.2 with A = %4 and « = fl_l(O), i.e.,
1 — Io(efs %, fi71(0)) = 20(f " (filas) — D). (94)

Then Lemma4.2 asserts that e} € (0, f(a.)) and

dR
E(TO(S)) >0 forany e € (0,1

Thus it is sufficient to prove that 8; € (0, &} ). Then B} is nothing but the required
constant 3. Letting r| satisfy

roexpM™T(e}) <ry, (95)

we show that 8 € (0, 7). Indeed, since the relation (72) in Lemma4.4 holds true,
we observe from (95) that

roexp Mt (e}) < ri = R(to(B3)) < roexp M (B)).

Then the monotonicity of M clearly yields e} > f;.

Step 3: We shall prove that, there exists &5 € (0, fi(ax) — f1(0)) such that for
any ro € (0,00) and r; > Ryexp M*(sg‘), the following holds: if (&g, Ry, ap) =
(1o, Ro, ap), then there exists By € (0, &; ) such that the solution of (PO) satisfies the
following:

_ dR
R(to(Bo)) =11, E(TO(’%)) > 0; (96)
pg[l(i)}ll]ﬁ(p, 70(B0)) = max{w, %), a(to(Bo)) > £ (0). 7

Setting €, as &; in Lemma4.2 with A = min,¢[¢,14o(p) and k = ay, we have
dR 3 o
E(TO(S)) >0 forany €€ (0,&;] with & € (0, fi(a,)).

By way of the function I} defined by

Iy (e) == Ty (e min{ min uo(p), @}, max{ap. o,

we define &, as follows:

1 =I5 (&) = max{w, %, 1 — Iy (fi(a) — f1(0))}. (98)
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From now on, we set &j := min{é;, &,} and let r; satisfy r; > Ryoexp M +(8E§). Let
g = filas) — fi(ao), i.e., a(to(gy)) = ao. With the aid of Lemma4.3, we find a
constant B, € (0, g;) such that (93) holds for ) = . Noting that the latter relation
in (97)is equivalentto 8, < fi(a.) andrecallingej < &; < fi(a,), wehave B < &.
The same argument as in Step 2 implies that

Roexp M (ef) < r1 = R(to(B})) < Roexp MT(8y),

where the last inequality is followed from Lemma4.3. Then the monotonicity of M+
gives us the required relation. Finally we prove the former relation in (97). Thanks
to the monotonicity of I, we observe from Lemma4.1 that, for any € € [ B, &1,

min #(p, 7o(e)) = 1 — Io(e; min uo(p), ap) = 1 — Iy (e) = max{w, %}.
pel0,1] pel0,1]

Therefore B is nothing but the required constant Sy.

Step 4: We shall prove that, for a suitable pair of theresholds (rg, ), the system (P)
has a unique solution with the property (i) in Theorem 1.1. Fix ry € (0, oo) and let
ry satisfy

r| > max {Ro exp M (g}), roexp M (e}), ro exp [—Lf(—fl (0))]} ) (99)

We note that (99) yields max{rq, Ry} < ri, for Mt is positivein (0, fi(a,) — f1(0)].

With the aid of §tep 3, there exist By € (0, &;) and a unique solution (i, 7, R ,a)
of (P0) with (itg, Ro, do) = (uo, Ro, ap) such that (96) and (97) hold. Since By is
uniquely determined, setting (u, v, R, a) = (u, v, R, a) in I x [0,1 ], we observe
from (96) and the proof of Theorem 3.1 that (u, v, R, a, S) is a unique solution of
(P)in I x [0, 19(By) ) such that S(r) = 0in [0, 7, ) and S(¢) switches from O to 1 at
t1, where t| := 70(Bo)-

Since (96)—(97) asserts that (89) holds for (i, Ro, ap) = (u, R, a)|i=y,, it follows
from Step 1 that there exist 8; € (0, — f1(0) ) and a unique solution (it1, vy, Ry, a;)
of (P1), with (&1, ﬁo, dp) = (u, R, a)|,—, , satisfying (90). Since , is uniquely deter-
mined, setting (u, v, R, a) = (uy, vy, El,él) inl x[f1,b]and S¢) = lin[#1, 1),
we deduce from (90) and the proof of Theorem3.1 that (u, v, R, a, S) is a unique
solution of (P) in Ix[0,5) satisfying the following: S(r) =1 in [#1,%); S(?)
switches from 1 to O at t,, where 1, is the tiLne determined by 7;(8;).

Here we claim that (91) holds for (1o, Ro, do) = (u, R, a)|,—,. Since (96)—(97)
implies that min,epo,17u(p, t1) > max{w, %}, we infer from Lemma4.5 that

min u(p, ) > max{w, %).
pel0,1]

Thus the claim holds true. Then it follows from Step 2 Lhat there exist B, € (0, €])
and a unique solution (it2, V2, Ry, az) of (P0), with (itg, R, ap) = (u, R, a)|;,, sat-
isfying (92). Thanks to the uniqueness of §,, setting
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(,v, R, a) = (il2, 2, Ra, @) in I x[t2,15],

where 3 is the time determined by ty(8,), we deduce from the same argument as
above that (u, v, R, a, S) is a unique solution of (P) in I x [0, #3) satisfying the
following: S(t) = 1l in [, t3); S(¢) switches from O to 1 at #3.

In order to apply Step 1 again, we verify that u(-, #3) satisfies the first property in
(89). Combining Lemma4.4 with (99), we see that

Roexp M*(e5) < ri = Ry(t0(B2)) < roexp M" (B2) < Roexp M*(B2).  (100)

and then the monotonicity of M yields &§ > f,. Recalling the monotonicity of IG
and using Lemma4.1, we have for any ¢ € [ B,, & |

min_u(p, 7(e)) > 1 — o(e; max{w, %}, f; ' (0))
pel0,1]
>1—-TIy(e) =1 — Iy () = max{w, %}.

Thus Step 1 is applicable again. Therefore we can construct inductively a solution
of (P) with the property (i) in Theorem 1.1.

Step 5: We prove the property (ii) in Theorem1.1. Using the sequence {7;}72,
2j+1y00

obtained by Step 4, we inductively define sequences {eéj 720> (89" 1720, and
{Bj ;?‘;0. Let 88 = fi(ay) — fi(ap),i.e., ro(sg) =19 = 0. Set
Bo = fila.) — fila(®)). (101)

By the definition of 7y, the relation (101) is equivalent to a(to(Bo)) = a(t;). We set

8 := fi(a) — £1(0) — Bo.

The definitions of 7y and 1 yield a(t; (85)) = a(19(Bp)). Since a(-) is monotone in
[0, #; 1, it holds that 7(Bo) = #; = 71(8}). Next we set

Bi = fila()) — f1(0); (102)
&5 = fi(a) — f1(0) = Br. (103)
Then, from (102) and (103), we find a(zi(B1)) = a(t) and a(zo(£3)) = a(zri(B1)).

The monotonicity of a(-) in [ #;, t, ] gives us the relation 71 (8;) = 10(83). Along the

. . 27 2741 .
same manner as above, we define inductively 80" , 80’ + , and B; for each j > 2 as
follows:

fila(tjz) — f1(0)  if j is odd,
55771 = fil@) — f1(0) = Boja, e = fila) — Fi(0) = By,

B = Ifl(a*) — fila(tj41)) if j is even,
j=
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We note that the monotonicity of a(-) in [¢;, ;1 | implies 7o(B,;) = T (8§j +l) and
T1(Brj+1) = W0 (8(2)j+2) for each j € N U {0}. Then, it follows from the definitions of
the sequences that, for any j € N U {0},

R(to(B2j)) =11, R(wo(e)) <r1 and S(ro(e)) =0, on (B, e’ I; (104)

R (B2j11)) =70, R(Ti(8) >rg and S(ri(8) =1, on (Baj11,8, " 1.
(105)

We give the lower and upper bounds of R when § = 0, i.e., for the case of (104).
We note that, for the case of j = 0, it clearly follows from Lemma4.3 that

Roexp M~ (fi(ax) — fi(ap)) < R(wo(e)) <ri on (o, ], (106)

where the first inequality was obtained by the monotonicity of M ~. For any j € N,
we observe from Lemma4.3 that

o €Xp M‘(sé'j) <rpexpM~(e) < R(tp(e)) <ri on (B, sé‘j 1. (107)

Here, by (105) and Lemma4.7, we find log (ro/r1) < L™ (B2j—1). Since LT (8) is
monotone and diverges to —oo as § |, 0, there exists Se (0, B2j—11, independent
of j,such thatL*(S) = log(ro/r1). Thus, setting & := fi(a,) — f1(0) — §, we obtain

fila) =2 = fi0)+8 < fi0) + Bojo1 = filan) — &y, ie. &=e’. (108)
Since j € N is arbitral, we observe from (107) and (108) that
roexp M~ (&) < R(to()) <r1 on (faj,e;’1 forany j eN. (109)
In particular, we see that
ro = R(to(eg’)) = roexp M~ (eg’) = roexp M~ (2). (110)

Next, we derive the lower and upper bounds of R when S = 1, i.e., for the case
of (105). For any j € N U {0}, we observe from (105) and Lemma4.7 that

ro < R(1i(8)) < riexp LT(8) < riexp LY (53" on (Bajrr, 87 1, (111)

where the last inequality was followed from the monotonicity of L™. Here, it fol-
lows from (104) and Lemma4.3 that M~ (B8;;) < log(r;/ min{Ry, ro}). Since M~ (&)
is monotone and diverges to oo as ¢ | 0, there exists € € (0, B; ], independent
of j, such that M~ (g) = log(r;/ min{Ry, ro}). Setting 8= Silay) — [fl 0) — &, we
deduce from a similar argument as in (108) that the relation § > 83’ *! holds. Com-
bining the fact with (111), we have
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ro < R(i(8)) <riexpL*(8) on (Bajp1.80 "] forany j e NU{0}. (112)
In particular, we see that

r=R@G™)) < rexp LTS < riexp L), (113)

Consequently, by virtue of (106), (109)—(110), and (112)—(113), we conclude that
the property (ii) in Theorem 1.1 holds for

Ci = min{Ryexp M~ (fi(ax) — fi(ao)), roexp M~ (8)}, Co=riexpL*(3).

Step 6: Finally we prove the regularity of the switching solution constructed by the
above arguments. The equation of a implies

| %20 |= s —a) — yau SOl < 2ya, in 10,00\ 112

Fix j € N arbitrarily. Then, for any # and s with#;_; <t <t; <s < t;1, we have
la(®) —a(s)| < la(?) —a(t))| + |a(t;) —a(s)| (114)

=| Lo 1= uit | S |1y st = dyane — s,

where 7 € (7,1;) and 7, € (1}, 5). Since j is arbitrary, we see thata € C*!'(R,).
We consider the following initial boundary problem:

[8,ii(p, 1) — L', R)ii = P(ii(p, 1), a(t)) in I,
P

b(p, 1) = %/ F(@(r, 1), a(t))r’dr in I,

- 0
o =sa.nkw n R, (P
0,i0,1) = 0,i(1,0 =0, ~| =Lp@©.n,a0) in Ry,

B P 1p=0 3

L#£(p, 0) = uo(p), R(0) = Ry, in 1.

Since a € C*!'(R,), the proofs of Lemma2.3 and Theorem3.1 indicate that ()
has a unique solution (i, v, R) in the class

CTIF3 (000) x (CTT*2([0,1) x Ry N CH([0, 1) x Ry)) x C'(Ry).

Recalling that («, v, R), which i§ obtained by Step 4, also satisfies (&), we observe
from the uniqueness that (i, v, R) = (u, v, R) in Q. We obtain the conclusion. [
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