Optimal Kernel Selection for Density Estimation

Matthieu Lerasle, Nelo Molter Magalhaes, and Patricia Reynaud-Bouret

Abstract We provide new general kernel selection rules thanks to penalized least-
squares criteria. We derive optimal oracle inequalities using adequate concentration
tools. We also investigate the problem of minimal penalty as described in Birgé and
Massart (2007, Probab. Theory Relat. Fields, 138(1-2):33-73).
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1 Introduction

Concentration inequalities are central in the analysis of adaptive nonparametric
statistics. They lead to sharp penalized criteria for model selection [20], to select
bandwidths and even approximation kernels for Parzen’s estimators in high dimen-
sion [17], to aggregate estimators [24] and to properly calibrate thresholds [9].

In the present work, we are interested in the selection of a general kernel
estimator based on a least-squares density estimation approach. The problem has
been considered in L'-loss by Devroye and Lugosi [8]. Other methods combining
log-likelihood and roughness/smoothness penalties have also been proposed in [10—
12]. However these estimators are usually quite difficult to compute in practice.
We propose here to minimize penalized least-squares criteria and obtain from them
more easily computable estimators. Sharp concentration inequalities for U-statistics
[1, 16, 18] control the variance term of the kernel estimators, whose asymptotic
behavior has been precisely described, for instance in [7, 21, 22]. We derive from
these bounds (see Proposition 4.1) a penalization method to select a kernel which
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satisfies an asymptotically optimal oracle inequality, i.e. with leading constant
asymptotically equal to 1.

In the spirit of [14], we use an extended definition of kernels that allows to
deal simultaneously with classical collections of estimators as projection estimators,
weighted projection estimators, or Parzen’s estimators. This method can be used for
example to select an optimal model in model selection (in accordance with [20])
or to select an optimal bandwidth together with an optimal approximation kernel
among a finite collection of Parzen’s estimators. In this sense, our method deals,
in particular, with the same problem as that of Goldenshluger and Lepski [17] and
we establish in this framework that a leading constant 1 in the oracle inequality is
indeed possible.

Another main consequence of concentration inequalities is to prove the existence
of a minimal level of penalty, under which no oracle inequalities can hold. Birgé and
Massart shed light on this phenomenon in a Gaussian setting for model selection [5].
Moreover in this setting, they prove that the optimal penalty is twice the minimal
one. In addition, there is a sharp phase transition in the dimension of the selected
models leading to an estimate of the optimal penalty in their case (which is known
up to a multiplicative constant). Indeed, starting from the idea that in many models
the optimal penalty is twice the minimal one (this is the slope heuristic), Arlot and
Massart [3] propose to detect the minimal penalty by the phase transition and to
apply the “x2” rule (this is the slope algorithm). They prove that this algorithm
works at least in some regression settings.

In the present work, we also show that minimal penalties exist in the density
estimation setting. In particular, we exhibit a sharp “phase transition” of the behavior
of the selected estimator around this minimal penalty. The analysis of this last result
is not standard however. First, the “slope heuristic” of [5] only holds in particular
cases as the selection of projection estimators, see also [19]. As in the selection of a
linear estimator in a regression setting [2], the heuristic can sometimes be corrected:
for example for the selection of a bandwidth when the approximation kernel is
fixed. In general since there is no simple relation between the minimal penalty and
the optimal one, the slope algorithm of [3] shall only be used with care for kernel
selection. Surprisingly our work reveals that the minimal penalty can be negative.
In this case, minimizing an unpenalized criterion leads to oracle estimators. To our
knowledge, such phenomenon has only been noticed previously in a very particular
classification setting [13]. We illustrate all of these different behaviors by means of
a simulation study.

In Sect. 2, after fixing the main notation, providing some examples and defining
the framework, we explain our goal, describe what we mean by an oracle inequality
and state the exponential inequalities that we shall need. Then we derive optimal
penalties in Sect.3 and study the problem of minimal penalties in Sect.4. All
of these results are illustrated for our three main examples : projection kernels,
approximation kernels and weighted projection kernels. In Sect. 5, some simulations
are performed in the approximation kernel case. The main proofs are detailed in
Sect. 6 and technical results are discussed in the appendix.
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2 Kernel Selection for Least-Squares Density Estimation

2.1 Setting

LetX,Y,Xi,...,X, denote i.i.d. random variables taking values in the measurable
space (X, X, i), with common distribution P. Assume P has density s with respect
to 1 and s is uniformly bounded. Hence, s belongs to [?, where, for anyp > 1,

=1t X—>R, st [t} := / [P du < oo}

Moreover, ||| = |||, and {(-,-) denote respectively the L?-norm and the
associated inner product and ||-|| o, is the supremum norm. We systematically use xV
y and x Ay for max(x, y) and min(x, y) respectively, and denote |A| the cardinality of
the set A. Recall that x4 = xV 0 and, foranyy € R, [y| = sup{n € N s.t. n < y}.

Let {k},cx denote a collection of symmetric functions  : X? — R indexed by
some given finite set XC such that

sup / k(ey)du(y) v sup [k(x.y)] < oo .
xeX X (X,y)EXz

A function £ satisfying these assumptions is called a kernel, in the sequel. A kernel
k is associated with an estimator §; of s defined for any x € X by

Se(x) = %Zk(Xi,x) )
i=1

Our aim is to select a “good” §; in the family {Sx, k € KC}. Our results are expressed
in terms of a constant I" > 1 such that for all k € K,

sup / key)?du(y) v sup [k(xy)| < T | @.1)
X

xeX (x,y)EX?

This condition plays the same role as [ |k(x,y)|s(y)di(y) < oo, the milder
condition used in [8] when working with L'-losses. Before describing the method,
let us give three examples of such estimators that are used for density estimation,
and see how they can naturally be associated to some kernels. Section A of the
appendix gives the computations leading to the corresponding I"’s.

Example 1 (Projection Estimators) Projection estimators are among the most clas-
sical density estimators. Given a linear subspace S C L?, the projection estimator
on S is defined by

n

2
A . 2

= - — - t(X;
Ss argrgsn{ [l2]] " E (X3)

i=1
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Let S be a family of linear subspaces S of L?. For any S € S, let (¢¢)¢ez, denote an
orthonormal basis of S. The projection estimator §g can be computed and is equal to

=) (%ZW(XI')) P -

LeTs i=1

It is therefore easy to see that it is the estimator associated to the projection kernel
ks defined for any x and y in X by

ks(r.y) := Y oe®)ee(y) -

LeTg

Notice that ks actually depends on the basis (¢¢)cez, even if Sg does not. In the
sequel, we always assume that some orthonormal basis (¢¢)¢ez, is given with S.
Given a finite collection S of linear subspaces of L?, one can choose the following
constant I" in (2.1) for the collection (ks)ses

1
F=1v-sup sup [f]% - (2.2)
1 ses fes Ifll=1

Example 2 (Parzen’s Estimators) Given a bounded symmetric integrable function
K : R — R such that fR K(u)du = 1 and a bandwidth & > 0, the Parzen estimator
is defined by

1 « x—X;
VxeR, 3 =—)>Y K d
X Sk.n(x) wh Z ( h )

i=1

It can also naturally be seen as a kernel estimator, associated to the function kg j,
defined for any x and y in R by

b = Lk (22)

We shall call the function kx j, an approximation or Parzen kernel.
Given a finite collection of pairs (K, ) € #, one can choose I' = 1 in (2.1) if,

b Koo 1K1
- n

forany (K,h) e H . 2.3)

weighted kernel projection estlmator of s is defined by

p
3‘w Z Z(pL(X) (pl .
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These estimators are used to derive very sharp adaptive results. In particular,
Pinsker’s estimators are weighted kernel projection estimators (see for example
[23]). When w € {0, 1}", we recover a classical projection estimator. A weighted
projection estimator is associated to the weighted projection kernel defined for any
x and y in X by

P
ko (,3) = wigi(X)@i(y) -
i=1
Given any finite collection VV of weights, one can choose in (2.1)

1 u )
F=1v (ZsupZ(pi(x) ) . (2.4)

x€X i=1

2.2 Oracle Inequalities and Penalized Criterion

The goal is to estimate s in the best possible way using a finite collection of kernel
estimators (5)rexc. In other words, the purpose is to select among (5;)reic an esti-

mator fv,; from the data such that

. 2. . . .
5 — s“ is as close as possible to infyexc |5k — s||2.
More precisely our aim is to select k such that, with high probability,

N 2 . N
S =" = Cu jnf 15— )" + Ro (2.5)

where C,, > 1 is the leading constant and R, > 0 is usually a remaining term. In
this case, 5; is said to satisfy an oracle inequality, as long as R, is small compared
to infrex |5k — s||2 and C, is a bounded sequence. This means that the selected
estimator does as well as the best estimator in the family up to some multiplicative
constant. The best case one can expect is to get C, close to 1. This is why, when
C, —n—>o0 1, the corresponding oracle inequality is called asymptotically optimal.
To do so, we study minimizers of penalized least-squares criteria. Note that in our
three examples choosing k € K amounts to choosing the smoothing parameter, that
is respectively to choosing Ses, (I? iz) e Horwe W.
Let P, denote the empirical measure, that is, for any real valued function ¢,

n

P,(1) = %ZI(X,-) .

i=1

For any 1 € L2, let also P(f) := [ 1(x)s(x)du(x) .
The least-squares contrast is defined, for any ¢ € L?, by

y(@) = ||1]|> =21 .
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Then for any given function pen : K — R, the least-squares penalized criterion is
defined by

Cpen(k) = Pny(g‘k) + Pen(k) . (2.6)

Finally the selected keKis given by any minimizer of Cpen(k), that is,

k € arg ?él/lcl {Cpen (k) } . 2.7
As Py(t) = ||t —s|* — ||s||*, it is equivalent to minimize |5 — s||* or Py(5¢). As

our goal is to select §; satisfying an oracle inequality, an ideal penalty pen,y should
satisfy Cpen,, (k) = Py (5x), i.e. criterion (2.6) with

penyy (k) := (P — Pp)y(5i) = 2(Pu — P)(50) .

To identify the main quantities of interest, let us introduce some notation and
develop pen;,(k). For all k € IC, let

sp(x) = /};k(y,x)s(y)du(y) =E[kX,x)], VxeX ,

and

n

U= (kX0 X)) — (X)) — se(X) + E[k(X, Y)])
i#j=1

Because those quantities are fundamental in the sequel, let us also define O (x) =
Ag(x, x) where for (x,y) € X2

M) = [ KDk 8)
Denoting
forallx € X, yi(x) = k(x,x) ,
the ideal penalty is then equal to

penjg(k) = 2(Py — P)(Sk — st) + 2(Pn — P)si

Pyi—P P,—P U 2
22( 2= Psi | ( )Xk+_§+(1__)(Pn_p)sk) , (2.9)
n n n n
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The main point is that by using concentration inequalities, we obtain:

Py, — P
pen,, (k) ~ 2 (M)

n

The term Psi/n depends on s which is unknown. Fortunately, it can be easily
controlled as detailed in the sequel. Therefore one can hope that the choice

P
pen(k) = Zﬂ
n
is convenient. In general, this choice still depends on the unknown density s but it
can be easily estimated in a data-driven way by

Py
pen(k) = 2i .

The goal of Sect. 3 is to prove this heuristic and to show that 2Py, /n and 2P, xi/n
are optimal choices for the penalty, that is, they lead to an asymptotically optimal
oracle inequality.

2.3 Concentration Tools

To derive sharp oracle inequalities, we only need two fundamental concentration
tools, namely a weak Bernstein’s inequality and the concentration bounds for
degenerate U-statistics of order two. We cite them here under their most suitable
form for our purpose.

A Weak Bernstein’s Inequality

Proposition 2.1 For any bounded real valued function f and any Xy, ..., X, i.i.d.
with distribution P, for any u > 0,

Pr (P, — P)f > ,lzp(f)” + ”f!;"" < exp(—u) .

The proof is straightforward and can be derived from either Bennett’s or Bernstein’s
inequality [6].

Concentration of Degenerate U-Statistics of Order 2

Proposition 2.2 Let X, X,,...X, be iid. random variables defined on a Polish

space X equipped with its Borel o-algebra and let («ﬁJ)1<i;éj<n denote bounded
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real valued symmetric measurable functions defined on X2, such that for any i # j,

ﬁj Zﬁl and
Vijst1<i#j<n, E [fi.j(x,X)] =0 foraexinX . (2.10)

Let U be the following totally degenerate U-statistic of order 2,

Y FiXn X))

I<i#j<n
Let A be an upper bound of lfiJ-(x, y) | foranyi,j,x,y and

i—1

B?> = max | sup Z]E [£i7(x. X))?]. sup Z E[fi;(Xi.0)?]

LxEX jteX i=j+1

> E[fi(X.X)]

I<i#j<n

D= sup E Z Jii(Xi, Xpai(X)bi(X;) |

(a.b)eA 1<i<j<n

n—1
where A = { (a,b), s.t. E[Za(X)2:| <I,E Zb(X)2 <1
i=1 j=2
Then there exists some absolute constant k > 0 such that for any u > 0, with
probability larger than 1 —2.7e™",

U <k (CNu+ Du+ Bu’> + Ad?) .

The present result is a simplification of Theorem 3.4.8 in [15], which provides
explicit constants for any variables defined on a Polish space. It is mainly inspired
by Houdré and Reynaud-Bouret [18], where the result therein has been stated only
for real variables. This inequality actually dates back to Giné et al. [16]. This result
has been further generalized by Adamczak to U-statistics of any order [1], though
the constants are not explicit.

3 Optimal Penalties for Kernel Selection

The main aim of this section is to show that 2P y;/n is a theoretical optimal penalty
for kernel selection, which means that if pen(k) is close to 2Px,/n, the selected
kernel k satisfies an asymptotically optimal oracle inequality.
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3.1 Main Assumptions

To express our results in a simple form, a positive constant Y is assumed to control,
for any k and k" in C, all the following quantities.

(T(1 + [Islloo)) V sup [lse]> < Y, (3.11)
ke
P(xi) < TnPO; , (3.12)
sk = st llog < XV VY sp —sell . (3.13)
E[AX.Y)*] < YPO; , (3.14)
sup E[Ac(X.x)*] < Tn . (3.15)
xeX

v} i=sup PP < TV /YPO; , (3.16)

t€By

where By is the set of functions 7 that can be written 7(x) = [ a(z)k(z, x)du(z) for
some a € L? with ||a| < 1.

These assumptions may seem very intricate. They are actually fulfilled by our
three main examples under very mild conditions (see Sect. 3.3).

3.2 The Optimal Penalty Theorem

In the sequel, [ denotes a positive absolute constant whose value may change from
line to line and if there are indices such as [y, it means that this is a positive function
of 6 and only 6 whose value may change from line to line.

Theorem 3.1 If Assumptions (3.11)-(3.16) hold, then, for any x > }, with
probability larger than 1 — O|K|?e™, for any 6 € (0, 1), any minimizer k of the
penalized criterion (2.6) satisfies the following inequality

Vkek,  (1-40) s —%|" < (1 +48) s — 8 + (pen(k) = 2%)
~ P)(f( sz
- (pen(k) - 7) +05- . GID

Assume moreover that there exists C > 0,8 > § > 0 and r > 0 such that for any
x > 1, with probability larger than 1 — Ce™, for any k € K,

PO Tx2
Fro— . 38
n

PO Y2 2P
6 — D% _Or—2 < pen(k) — = L& <8/ — 1)
n n n

n
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Then for all 8 € (0,1) and all x > 1, the following holds with probability at least
1—0(C + |K]P)e™,

SA1)—560 R . R 1\ YTa?
( ) Hs—s,;”z§k1é1£||s—sk||2+lj(r+§)— .

G V1) +@E+68)0

n

Let us make some remarks.
» First, this is an oracle inequality (see (2.5)) with leading constant C, and
remaining term R, given by

§vi 44 68M0 Yx?
:( vh+@+9) and Rn:DC,,(r+9_3)—x,

" EAl)y—50 n

as long as

— 6 is small enough for C, to be positive,
— xis large enough for the probability to be large and
— nis large enough for R, to be negligible.

Typically, r,8,8’,0 and Y are bounded w.r.t. n and x has to be of the order of
log(|XC| Vv n) for the remainder to be negligible. In particular, C may grow with n
as long as (i) log(|K| v n)? remains negligible with respect to n and (ii) Y does
not depend on n.

o Ifpen(k) = 2Pyi/n, thatisif § = 8 = 1 and r = C = 0in (3.18), the estimator
5; satisfies an asymptotically optimal oracle inequality i.e. C,, —,—c0 1 since 0
can be chosen as close to 0 as desired. Take for instance, § = (logn)~.

* In general Py; depends on the unknown s and this last penalty cannot be used in
practice. Fortunately, its empirical counterpart pen(k) = 2P, xx/n satisfies (3.18)
withd =1-6,8 =1+6,r =1/0 and C = 2|K]| for any 6 € (0,1) and
in particular & = (logn)~! (see (6.34) in Proposition B.1). Hence, the estimator
5; selected with this choice of penalty also satisfies an asymptotically optimal
oracle inequality, by the same argument.

* Finally, we only get an oracle inequality when § > 0, that is when pen(k) is larger
than (2P yy — P®y)/n up to some residual term. We discuss the necessity of this
condition in Sect. 4.

3.3 Main Examples

This section shows that Theorem 3.1 can be applied in the examples. In addition, it
provides the computation of 2P y;/n in some specific cases of special interest.

Example 1 (Continued)



Optimal Kernel Selection for Density Estimation 435

Proposition 3.2 Let {ks,S € S} be a collection of projection kernels. Assump-
tions (3.11), (3.12), (3.14), (3.15) and (3.16) hold for any T > I'(1 + ||5|| o), Where
I" is given by (2.2). In addition, Assumption (3.13) is satisfied under either of the
following classical assumptions (see [20, Chap.7]):

VS, S €S, either S C S orS' C S, (3.19)

or

VSeS, ISkslloe <

| =

(3.20)

These particular projection kernels satisfy for all (x, y) € X?

A (xy) = /X ks, ks (v, 2)dn2)

= Y eew /X PP AR (R) = ks(x,)

(ij)eT?

In particular, O, = )i = Y ez, @? and 2Py, — POy, = Pyig.

Moreover, it appears that the function ®y, is constant in some linear spaces §
of interest (see [19] for more details). Let us mention one particular case studied
further on in the sequel. Suppose S is a collection of regular histogram spaces S on
X, that is, any S € S is a space of piecewise constant functions on a partition Zg
of X such that u(i) = 1/Ds for any i in Zs. Assumption (3.20) is satisfied for this
collection as soon as ¥ > 2||s The family (¢;)iez,, where ¢; = /Dsl; is an
orthonormal basis of S and

loo-

XkSZZ%z:Ds .

€Ly

Hence, Py, = Ds and 2Dg/n can actually be used as a penalty to ensure that the
selected estimator satisfies an asymptotically optimal oracle inequality. Moreover,
in this example it is actually necessary to choose a penalty larger than Dg/n to get
an oracle inequality (see [19] or Sect. 4 for more details).

Example 2 (Continued)

Proposition 3.3 Let {kg, (K, h) € H} be a collection of approximation kernels.
Assumptions (3.11)—(3.16) hold with I" = 1, for any

K()] ) }
Y > max VI14+2]s K ,
2 { Y (12051 IKIE)

as soon as (2.3) is satisfied.
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These approximation kernels satisfy, for all x € R,

K©)

K (0) = kg p(x,x) = P

1 X—y\? K|
@kK_h(x)zAkK.h(x,x)zﬁ/RK( - )dy— o

Therefore, the optimal penalty 2Py, ,/n = 2K(0)/(nh) can be computed in
practice and yields an asymptotically optimal selection criterion. Surprisingly, the
lower bound 2Py, ,/n — POy, /n = (2K(0) — |IK||*)/(nh) can be negative if
|K||* > 2K(0) and even if K(0) > 0, which is usually the case for Parzen kernels. In
this case, a minimizer of (2.6) satisfies an oracle inequality, even if this criterion is
not penalized. This remarkable fact is illustrated in the simulation study in Sect. 5.

Example 3 (Continued)

Proposition 3.4 Let {k,,,w € W} be a collection of weighted projection kernels.
Assumption (3.11) is valid for T > TI'(1 + ||s||s), where I is given by (2.4).
Moreover (3.11) and (2.1) imply (3.12)—(3.16).

For these weighted projection kernels, for all x € X

P P
Yk, () = Zwiqoi(x)z, hence Pyy, = Zwinof and
i=1

i=1

P
@kw(x) = Z WinQDi(pj/

p
| o) = Y Wi <, (1)
ij=1 i=1

In this case, the optimal penalty 2Py, /n has to be estimated in general. However,
in the following example it can still be directly computed.
Let X = [0, 1], let u be the Lebesgue measure. Let g9 = 1 and, for any j > 1,

@2j1(x) = V2cosQmjx),  @y(x) = V2sin(2mjx) .

Consider some odd p and a family of weights W = {w;,i =0,...,p} such that,
foranyw € Wandanyi = 1,...,p/2, wy—1 = wy; = 17;. In this case, the values
of the functions of interest do not depend on x

p/2 p/2

2 : 2 2 : 2
ka = Wo + Tj’ ®kw = WO + Tj :

J=1 J=1

In particular, this family includes Pinsker’s and Tikhonov’s weights.
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4 Minimal Penalties for Kernel Selection

The purpose of this section is to see whether the lower bound pen,;, (k) := 2Py —
P®y)/n is sharp in Theorem 3.1. To do so we first need the following result which
links ||s — 5¢|| to deterministic quantities, thanks to concentration tools.

4.1 Bias-Variance Decomposition with High Probability

Proposition 4.1 Assume {k},c is a finite collection of kernels satisfying Assump-
tions (3.11)—(3.16). For all x > 1, for all n in (0, 1], with probability larger than
1 -0 |e™

. PO Y2
s =8> < A+ p— +O0— ,
n nn

PO R T2
— <+ s =& +0— .
n nn

Moreover, for all x > 1 and for all n in (0, 1), with probability larger than 1 —
O|Cle™, forall k € IC, each of the following inequalities hold

. POy Tx?

Is =5 = 4 (s s+ 22 ) 4+ D7
n n’n

P@k N sz
s = sull® + == < 1+ 0) s = &l* + O—— .
n n’n

This means that not only in expectation but also with high probability can the term
s — Sk ||2 be decomposed in a bias term ||s — s¢||* and a “variance” term POy /n. The
bias term measures the capacity of the kernel k to approximate s whereas POy /n is
the price to pay for replacing s; by its empirical version ;. In this sense, PO;/n
measures the complexity of the kernel k in a way which is completely adapted to
our problem of density estimation. Even if it does not seem like a natural measure
of complexity at first glance, note that in the previous examples, it is indeed always
linked to a natural complexity. When dealing with regular histograms defined on
[0, 1], POy, is the dimension of the considered space S, whereas for approximation
kernels P®y, , is proportional to the inverse of the considered bandwidth 4.
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4.2 Some General Results About the Minimal Penalty

In this section, we assume that we are in the asymptotic regime where the number
of observations n — oo. In particular, the asymptotic notations refers to this regime.

From now on, the family X = I, may depend on n as long as both I and
T remain absolute constants that do not depend on it. Indeed, on the previous
examples, this seems a reasonable regime. Since K, now depends on 7, our selected
k = k, also depends on .

To prove that the lower bound pen,;, (k) is sharp, we need to show that the
estimator chosen by minimizing (2.6) with a penalty smaller than pen,;, does not
satisfy an oracle inequality. This is only possible if the ||s — ka||2 ’s are not of the
same order and if they are larger than the remaining term O(r 4+ 0~3)Yx?/n. From
an asymptotic point of view, we rewrite this thanks to Proposition 4.1 as for all
n > 1, there exist ko , and &, in /C, such that

PO PO 1 T2
2+ bl > ”s ~ Skon ”2+ nk‘)-” >0 (r + _) n @21

93

s = s, |+ —==

n
where a, > b, means that b,/a, —,-. 0. More explicitly, denoting by o(1) a
sequence only depending on n and tending to O as n tends to infinity and whose
value may change from line to line, one assumes that there exists c; and cg positive
constants such that for all n > 1, there exist ko, and k; , in /C,, such that

PO PO
s = st0, " + =2 < e 0(1) (||s = s |” + Tk) (4.22)
1 n 3 PO
M < cgo(l) (”s — Sko., ||2 + %) _ (4.23)

We put a log-cube factor in the remaining term to allow some choices of 6 =
0, = nso0o 0and r = r, =, 500 +00.

But (4.22) and (4.23) (or (4.21)) are not sufficient. Indeed, the following result
explains what happens when the bias terms are always the leading terms.

Corollary 4.2 Let (KC,)n>1 be a sequence of finite collections of kernels k satisfying
Assumptions (3.11)—(3.16) for a positive constant Y independent of n and such that

2
lls — sl

: 4.24
POy (529

1 .
o= Cp 0(1)k1€nlcfn

for some positive constant cy.
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Assume that there exist real numbers of any sign §' > § and a sequence (r,)y>1
of nonnegative real numbers such that, for all n > 1, with probability larger than
1 —0O/n?, forallk € K,

8P—®k O rn log(n Vv |K,|)?
n

2Py — PO,

PO rylog(n Vv |KC,|)?
< pen(k) — A LDk <y T b Oy o8OV IKD”

n

Then, with probability larger than 1 — O/n?,

2

H s — :?\f(” =
2
(14 Osrx.ep o(1) inf [ls = §l|* + Os5r.x (ra + logn) Loge v IR :
keky n
The proof easily follows by taking & = (logn)~' in (3.17), n = 2 for instance
in Proposition 4.1 and by using Assumption (4.24) and the bounds on pen(k).
This result shows that the estimator sk satisfies an asymptotically optimal oracle
inequality when condition (4.24) holds, whatever the values of § and §’ even when
they are negative. This proves that the lower bound pen,;, is not sharp in this case.
Therefore, we have to assume that at least one bias ||s — s¢||* is negligible with
respect to POy/n. Actually, to conclude, we assume that this happens for ki,
in (4.21).

Theorem 4.3 Let (K,),>1 be a sequence of finite collections of kernels satisfying
Assumptions (3.11)—(3.16), with Y not depending on n. Each IC,, is also assumed to
satisfy (4.22) and (4.23) with a kernel ky ,, € IC;, in (4.22) such that

s — sk, H2 <c 0(1) O, , (4.25)

for some fixed positive constant c. Suppose that there exist § > §' > 0 and a
sequence (1y)n>1 of nonnegative real numbers such that r, < Olog(|IC,| V n) and
such that for all n > 1, with probability larger than 1 — On™2, for all k € K,,

2Py — PO PO 2 log(|1/C, | Vv n)?
Xk k — 8 . k — DS,S/,TM S pen(k)

PO, rolog(|KC,| v n)?
sy Y ——————— .

n n n

(4.26)
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Then, with probability larger than 1 — (O/n?, the following holds

/

)
P@f(n > (E 4+ Os.6" Yeococr 0(1)) POy, and 4.27)

2 4 . )
Y > (E + DS,S’,T,C,CS,CR 0(1)) ”S — Ski,

> s =5,

2 . A 12
> inf ||s — . 4.2
Z inf s — Sl (4.28)

By (4.28), under the conditions of Theorem 4.3, the estimator 3“;(” cannot satisfy
an oracle inequality, hence, the lower bound (2Py; — P®;)/n in Theorem 3.1 is
sharp. This shows that (2P y; — P®y)/n is a minimal penalty in the sense of [5] for
kernel selection. When

2Py — PO, PO,
+ K

n

pen(k) = ;
the complexity P@;{n presents a sharp phase transition when « becomes positive.
Indeed, when « < 0 it follows from (4.27) that the complexity P@,;n is asymptoti-
cally larger than P®y, ,. But on the other hand, as a consequence of Theorem 3.1,
when k > 0, this complexity becomes smaller than

PO
Oen inf (||s—sk||2 + —k) < O (n Hs—sko” ? +P®k0,,)
kEK, n ’ ’

< O (n Hs — Sk

g P@,qﬂ) <OPOy,, .

4.3 Examples

Example 1 (Continued) Let S = S, be the collection of spaces of regular
histograms on [0, 1] with dimensions {1,...,n} and let S = 8, be the selected
space thanks to the penalized criterion. Recall that, for any S € S,,, the orthonormal
basis is defined by ¢; = /Ds1; and POy, = Ds. Assume that s is a-Holderian, with
a € (0, 1] with ¢-Holderian norm L. It is well known (see for instance Section 1.3.3.
of [4]) that the bias is bounded above by

2 _
||S—Sks|| < DLDsza .
In particular, if Dg, = n,

PO
5= s [P = O 1= 220 = 0
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Thus, (4.25) holds for kernel ks, . Moreover, if Dg, = | 4/n],

log(n Vv |S,|)? D 1 1
LTI s+ 2 <00 (4 2 )
n n n Jn

D
< s s [P+ =
n
Hence, (4.21) holds with ky, = ks, and k1, = ks,. Therefore, Theorem 4.3 and
Theorem 3.1 apply in this example. If pen(ks) = (1—8)Ds/n, the dimension Dy >
Sn
Osn and 5~ is not consistent and does not satisfy an oracle inequality. On the other

Sn
hand, if pen(ks) = (1 + 8)Ds/n,
Dy =Ows (n'™*+ /n) < Ds, =n

and 5, satisfies an oracle inequality which implies that, with probability larger
Sll
than 1 — O/n?,

2

S =S~ | < Ogpen2/CetD

Sn

by taking Ds ~ n'/@*+D Tt achieves the minimax rate of convergence over the
class of o-Holderian functions.
From Theorem 3.1, the penalty pen(ks) = 2Ds/n provides an estimator 5y~ that

achieves an asymptotically optimal oracle inequality. Therefore the optimal pzlnalty
is equal to 2 times the minimal one. In particular, the slope heuristics of [5] holds in
this example, as already noticed in [19].

Finally to illustrate Corollary 4.2, let us take s(x) = 2x and the collection
of regular histograms with dimension in {1,..., [##]}, with B < 1/3. Simple
calculations show that

2
Ils — sl > DDS_3 >0 ¥ >l
s

Hence (4.24) applies and the penalized estimator with penalty pen(ks) =~ § %
always satisfies an oracle inequality even if § = 0 or § < 0. This was actually
expected since it is likely to choose the largest dimension which is also the oracle
choice in this case.

Example 2 (Continued) Let K be a fixed function, let H = H,, denote the following
grid of bandwidths

_ | Koo KT

l

H / i=1,...,n
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and let i = h, be the selected bandwidth. Assume as before that s is a density on
[0, 1] that belongs to the Nikol’ski class A («, L) with & € (0,1] and L > 0. By
Proposition 1.5 in [25], if K satisfies [ |u|* |[K(u)|du < oo

2
HS — Sky.s “ < Da’K!Lhza .
In particular, when iy = ||K|| o IK]|l; /7,

PO, _  IKIP

_ 2 —2a
s = Sk, |” = Dagrn™ < n Kl Kl

On the other hand, for ko = ||K ||, [K]l, / | v/7].

||2 P®kK,h0

(logn v [Ha))?
< HS = Sk
n n

< Ogker (i + L) < Hs—sk “2 +

= o, I’la \/ﬁ K.hy
Hence, (4.21) and (4.25) hold with kernels ko, = kk 5, and k;, = kg 5, . Therefore,
Theorems 4.3 and 3.1 apply in this example If for some 8 > 0 we set pen(kg ) =
(2K (0) — |K||* — 8 |IK||*)/ (nh), then Iy < Osxn" and §; i is not consistent and
does not satlsfy an oracle inequality. On ‘the other hand, 1f pen(kK ) = 2K(0) —
IKI* + 8 [IK|[*)/ (nh), then

P ®k[<.h]

n

By > Osxr (n'~ + «/ﬁ)_l > Osxrn'
and Sk s, satisfies an oracle inequality which implies that, with probability larger
than 1 — O/n?,

2
HS_Sk H < Oggpsn /@t

for h = ||K||o |IK|l, / [n"/?**D | € H. In particular it achieves the minimax rate
of convergence over the class N («, L). Finally, if pen(kgx ) = 2K(0)/(nh), Sk,
achieves an asymptotically optimal oracle inequality, thanks to Theorem 3.1.

The minimal penalty is therefore

2K(©O) — IK|I*

en, i, (kg ) = s
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In this case, the optimal penalty pen,, (kx,) = 2K(0)/(nh) derived from Theo-

rem 3.1 is not twice the minimal one, but one still has, if 2K(0) # ||K||*,

opt

2K(0)
penopt(kKJ’l) 2K(0) _ ||K||2 penmln(kK,h) >
even if they can be of opposite sign depending on K. This type of nontrivial
relationship between optimal and minimal penalty has already been underlined in
[2] in regression framework for selecting linear estimators.

Note that if one allows two kernel functions K| and K, in the family of kernels
such that 2K, (0) # ||K, ||, 2K2(0) # ||K>||* and

2K, (0) 2K,(0)
2K (0) — |Ki > " 2Kx(0) — |K>|*

then there is no absolute constant multiplicative factor linking the minimal penalty
and the optimal one.

5 Small Simulation Study

In this section we illustrate on simulated data Theorems 3.1 and 4.3. We focus on
approximation kernels only, since projection kernels have been already discussed in
[19].

We observe an n = 100 i.i.d. sample of standard gaussian distribution. For a
fixed parameter a > 0 we consider the family of kernels

1 x—y . [
kK"’h(x’y)_ZK“<T) with hE’H—{E,l—l,...,SO} ,
1 a—a)? G+a)?
where forx e R, K,(x) = ——— e 2 +e 2
) 242w (

In particular the kernel estimator with a = 0 is the classical Gaussian kernel
estimator. Moreover

2

2 1 —a
exp (—%) and ||Ka||2 = :—j_ .
3

1
K.(0) =
V2
Thus, depending on the value of a, the minimal penalty (2K,(0) — || K, ||2) /(nh) may
be negative. We study the behavior of the penalized criterion

Cpen (kk,n) = Pﬂ)/(gkka.h) + pen(kk,.1)
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with penalties of the form

2K,(0) — |Kall>  IKal)?
+ K s
nh nh

pen (kg, ) = (5.29)
for different values of k (k = —1,0,1) and a (a = 0,1.5,2,3). On Fig. 1 are
represented the selected estimates by the optimal penalty 2K,(0)/(nh) for the
different values of a and on Fig. 2 one sees the evolution of the different penalized
criteria as a function of 1/h. The contrast curves for a = 0 are classical on
Fig.2. Without penalization, the criterion decreases and leads to the selection of
the smallest bandwidth. At the minimal penalty, the curve is flat and at the optimal
penalty one selects a meaningful bandwidth as shown on Fig. 1.

0
S| —true density
< | a=0
S
---—a=1.5
o | —-a=2
S
= a=3
3
o
S
; ~
< -
S
T T T T T
4 2 0 2 4

Fig. 1 Selected approximation kernel estimators when the penalty is the optimal one, i.e.
2K4(0)/ (nh)

a=0 a=15 =2 =3
o g e}
(S =1
al o ! i<}
" / T «
’° o 3 <
/ < ;
7 o ;. v
o /- ' K S &
< e < S
."’
I o
3 @
= —~ 3 1 —
-:I -CI N -‘:I N
z < <
c S c @4
[} 0 @ [T
Q QS 1 Q
O o - O 4
< 4
o <
< 4
T <
by
Null penalt <
— Nullpenalty _— Null penalty L4 — Null penalty [=} Null penalty
© kappa=-1 Q| kappa=-1 L kappa=-1 =2 kappa=-1
21 - kappazo ] kappa=0 kappa=0 7 kappa=0
7 -=-- kappa=1 e—-- kappa=1 S kappa=1 s kappa=1
— T — T T T T — T e L
0 20 40 60 80 0 20 40 60 80 0 20 40 60 80 0 20 40 60 80
1/h 1/h 1/h 1/h

Fig. 2 Behavior of P,,y(@kkavh) (solid blue line) and Cpe, (kKa,h) as a function of 1/h, which is
proportional to the complexity POy, ,
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a=0 a=1.5 a=2 a=3
o J o o o
wn w0 w w
o o J o o
< < < <
= < o 2 J = < 4 = <2 4
IS g e g ° S
Q. o o o
© ] ] [V
= = = =
< < < <
- g < Q4 - Q4 - 9
o o o o
I
o 4 o A o o
41012 3 45 1012 3 45 1012 3 45 4012 3 45
kappa kappa kappa kappa

Fig. 3 Behavior of 1/ h, which is proportional to the complexity POy, ,, for the estimator selected
by the criterion whose penalty is given by (5.29), as a function of k

When a > 0, despite the choice of those unusual kernels, the reconstructions on
Fig. 1 for the optimal penalty are also meaningful. However when a = 2 ora = 3,
the criterion with minimal penalty is smaller than the unpenalized criterion, meaning
that minimizing the latter criterion leads by Theorem 3.1 to an oracle inequality. In
our simulation, when a = 3, the curves for the optimal criterion and the unpenalized
one are so close that the same estimator is selected by both methods.

Finally Fig.3 shows that there is indeed in all cases a sharp phase transition
around « = 0O i.e. at the minimal penalty for the complexity of the selected estimate.

6 Proofs

6.1 Proof of Theorem 3.1

The starting point to prove the oracle inequality is to notice that any minimizer k of
Cpen satisfies

* < lls = 3 + (pen(k) — peng(k)) — (pen (k) — peny (%))

Is =5
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Using the expression of the ideal penalty (2.9) we find

. P ~ Py,
|7 < ||s—sk||2 + (pen(k) Xk) - (pen(k) — %)

P =se) | 2(1—%)(P — P)(s; — 50)

n

2(Pn—P)(X;;—Xk) +2U;;—Uk
n n2 '

(6.30)

By Proposition B.1 (see the appendix), for all x > 1, for all 8 in (0, 1), with
probability larger than 1 — (7.4|K| + 2|K|?)e™%,

Js =57 = b= u1? + (pentdy =224 ) = (pen (1) 2728

n

On
2 2 Y x?
+ (1——)9“s—s;{“2+ (1——)9||s—sk||2+lj—x
n n On
PO, PO, 2
+6>P—®"+6?—+|:|;r +9P—®"+9— DTG—X
n

Hence

2 . . Py
2 < lis =82 + (pen(k) Xk) - (pen(k) -sz)

0; PO, T
+29[| :|+29|:||s—sk|| +T} Lo

On

This bound holds using (3.11)-(3.13) only. Now by Proposition 4.1 applied with
n = 1, we have for all x > 1, for all 8 € (0, 1), with probability larger than
1 —(16.8|K| + 2|K|?)e ™,

. P A Py,
I < ||s—sk||2 + (pen(k) Xk) (pen(k) — %)

TZ
On

+49 |

This gives the first part of the theorem.
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For the second part, by the condition (3.18) on the penalty, we find for all x > 1,
for all 8 in (0, 1), with probability larger than 1 — (C + 16.8|K| + 2|K|*)e™,

2
=

(1—40) |s—5

1

A PO® PO; Tx2
(1440) ||s = 5> + (8" — 1)+Tk +1 —5)+7" +0 (r+ 5) =

n

By Proposition 4.1 applied with n = 6, we have with probability larger than 1 —
(C +262|K| + 2|K|?)e™,

2<(1440) |Is—&)> + (& = D (1 + 0) s — &
1\ T2
)

(1—40) ”s—:v,;

+(1=8)4+(1+6)[s—35

2+D(r+ ,
n

that is

(GAD)—0@E+1=8)) |s—5&]
1

n

o 1
< (VD +O6E+E —1)2) s =3l +0 (r+ E)
Hence, because 1 < [(8' V1) + 4+ (8 —1)1)0] < (8 v 1)+ (4480, we obtain

the desired result.

6.2 Proof of Proposition 4.1

First, let us denote for all x € X

Fay) = E[AXK.D]. &)= / (k(r.3) — 560) i) |

and

n

Upy = Z (Ar(Xi, X)) — Fax(X;) — Fax(X)) + E[A(X. Y)]) .
ii=1

Some easy computations then provide the following useful equality

R 1 1
sk = 31> = =Pulic + < Uax -
n n
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We need only treat the terms on the right-hand side, thanks to the probability tools
of Sect.2.3. Applying Proposition 2.1, we get, for any x > 1, with probability larger

than 1 — 2 || e™™,
2x X
|(Pn = P)G| </ —P§ + [8ilos x :
n 3n

One can then check the following link between {; and ©;

P = / (k) — 5:(0) ) sO)dp(du() = POy — lsell® .

Next, by (2.1) and (3.11)
641c = sup / (k(y.2) — E [k(X.0)])* dpu(2)
Y€

< 4sup/k(y,x)2du(x) <4Yn .
yeX

In particular, since & > 0,
PG = |1Gilloo PG < 4TnPO; .

It follows from these computations and from (3.11) that there exists an absolute
constant [J such that, for any x > 1, with probability larger than 1 — 2 |K| e™*, for
any 6 € (0, 1),

Y
Pl — PO| < PO, + DTX .

We now need to control the term Uy ;. From Proposition 2.2, for any x > 1, with
probability larger than 1 — 5.4 || e,

|Uaxl _ O
n? ~ n?

(CVx+Dx+ BX? + Ax*) .

By (2.1), (3.11) and Cauchy-Schwarz inequality,

A =4 sup /k(x, 2)k(y, 2)du(z) < 4sup/k(x, 2)%du(z) <4Yn .
(x,y)EX2 XEX

In addition, by (3.15), B? < 16 sup,cx E[Ax(X,x)*] < 16Yn .
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Moreover, applying the Assumption (3.14),
C < ) E[AX:.X)*] = PE[AX.Y)*] < n®TPO; .
i#j=1

Finally, applying the Cauchy-Schwarz inequality and proceeding as for C?, the
quantity used to define D can be bounded above as follows:

n—1 n
E| Y Y aX)bi(X)AuXi, X)) | < nVE[A(X, Y)*] < ny/TPO; .
i=1 j=i+1

Hence for any x > 1, with probability larger than 1 — 5.4 || e™*,

[Unkl POy DT_)62 ‘

forany 6 € (0, 1), <0—
n? n On
Therefore, for all 8 € (0, 1),
PO PO Yx?
15 — s = —%| <20% 4 o2 |
n n On

and the first part of the result follows by choosing 8 = n/2. Concerning the two
remaining inequalities appearing in the proposition, we begin by developing the
loss. Forall k € IC

155 — sl = 115 — sell® 4 llse — s> + 2(5 — sk, 5% — 5) -

Then, forall x € X
Far(x) — si(x) = / s(y) / k(x. 2)k(z. y)dp(2)dp(y) — / s(2)k(z, x)dp(2)
= [ ([ somerane) s ) ke
— [ (50 = 5D ke (@) -
Moreover, since PFa; = ||s||, we find

(Sk — Sk sx —5) = / (3:) (5:(0) = 500)) dpe () + E [s(X)] = lsil)?

% Z / (k(x, X;) (s (x) — s(x))) dp(x) + P(sy — Fax)
i=1
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= % Z (Fax(X;) = sx(Xi)) + P(sx — Fax)

= (P, — P)(Fax —si) -

This expression motivates us to apply again Proposition 2.1 to this term. We find
by (2.1), (3.11) and Cauchy-Schwarz inequality

sup Fa4 () — (0 = s — s sup / bte) = k(Z)' % du(2)

< fls — sl \/sup / k(. 22du(@) < |Is = sell VX .

Moreover,

2
P(Fax—s0)" < s = sl P( / Mk(.,ddu(z})

< Ils — sell? v

Thus by (3.16), for any 6,u > 0,

2P (Fay — 1) x o5+ (Y Vv J/TPO;)x
n - , 260n
Tx u PO, T x2
<0 lls = sl +9_ (5 n +169un)

Hence, for any 6 € (0, 1) and x > 1, taking u = 62

2P (Fay— ¢ )° PO T
2P Fai =907 g (o2 PO g X2
n n 63n

By Proposition 2.1, for all 6 in (0, 1) , for all x > 0 with probability larger than
1 —2|K|e”™,

R 2P (Far— i) x X
2|(sk—sk,sk—s)|52\/%+2|ls—sk” Tny-

® Y x?
<30 (”S_Sk” + _k) +D9Tn
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Putting together all of the above, one concludes that for all € in (0, 1), for all x > 1,
with probability larger than 1 — 9.4|KC|e™

R P® Y2
13 — 512 = [lse — slI> < 36 [|s — e + (1 + 40) — + O——
n 63n
and
R PO, P® Y2
8¢ = sl? = flse — 5|2 = —36 (ns—sku + —) (a-0% ot

Choosing, 8 = 1/4 leads to the second part of the result.

6.3 Proof of Theorem 4.3

It follows from (3.17) (applied with § = O(logn)~! and x = Olog(n Vv |K,|)) and
Assumption (4.26) that with probability larger than 1 —n~2 we have for any k € K
andanyn > 2

2 O O PO
(1+—)||sk—s|| —(1+8)( )—"
log logn n

PO; log(|1C,| Vv n)?
) POy

s;{n—s

+(1+5)(1+£ 6.31)

logn

Applying this inequality with k = k;, and using Proposition 4.1 with n =

2
O(logn)~'/3 and x = Olog(|K,| v n) as a lower bound for HS“;(” — SH and as an

upper bound for ||3k1,n — s,
than 1 — On 2,

we obtain asymptotically that with probability larger

P@l';n 2 ,
=801+ 0y o(1)—== = (14 0(1)) |}se,,, —s|” = &' + Oy

log(|Ca| v n)?*

+ Os.sr.x
By Assumption (4.25), | sk, — H <co(h)? kl” and by (4.22),
(log(Ku| v m))* @/qn

rCs 0(1)——=
n
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This gives (4.27). In addition, starting with the event where (6.31) holds and using
Proposition 4.1, we also have with probability larger than 1 — On ™2,

P®kl.rz
n

Sl’;n — S

2
< (1 + i) 5., —s||2 -(1+8)
logn

log(|KC| v n)*

2
5 —sH + Uss
" n

+ (1448 (1+0(1))

Since ||§kl_n — s||2 o~ [)@%, this leads to

(=8 + 05 o(1)) [ —s|* <
log(|1K,| v n)?

— (8 + Oy o(1) [, = s + Dir.r ———

This leads to (4.28) by (4.21).
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Appendix 1: Proofs for the Examples

Computation of the Constant I for the Three Examples

We have to show for each family {k}, <, (see (2.8) and (2.1)) that there exists a
constant I' > 1 such that for all k € KC

sup |®r(x)| <Tn, and sup |k(x,y)| <Tn .
xeX (r.y)€X2

Example 1 (Projection Kernels) First, notice that from Cauchy-Schwarz inequality

we have for all (x,y) € X? |ks(x, )| < /xxs(X) x4 (¥) and by orthonormality, for
any (x,x') € X2,

Ay = Y aWg) /X oGO ) = ks(x.x') .
(ij))E€T?

In particular, for any x € X, O (x) = y,(x). Hence, projection kernels satisty (2.1)
for T = 1V n~!supges |l xxs |- We conclude by writing

ksl = sup D @ix)> = sup  sup [ Y aigpi(x)

xeX i€ (ai)iez Szt xeX i€
Yiezg ai=1
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For f € S we have || f|* = Y.z (f @i)*. Hence with a; = (f, ¢i),

2
Itkslloo = sup (£l -
resfl=1

Example 2 (Approximation Kernels) First, sup(, yyexz [kx.n(x, )| < ||K||o /B Sec-
ond, since K € L!

1 x=y\2 . KIP 1K) IKI
Ot = s [ K (552 = 1L < ML=l

Now K € L' and [ K(u)du = 1 implies ||K||; > 1, hence (2.1) holds with T" = 1 if
one assumes that i > | K || || K|, /n.

Example 3 (Weighted Projection Kernels) For all x € X

P p
0,00 = 3 wigi(Owg (o) /X GG = 3 Wi )?

ij=1 i=1
From Cauchy-Schwarz inequality, for any (x,y) € X2,

[k (6, V)| = v Ok, () O, () -

We thus find that k,, verifies (2.1) with T > 1V n7 ! sup,.eyy [| O, [l oo - Since w; < 1
we find the announced result which is independent of W.

Proof of Proposition 3.2

Since ||sis )| < [Is]I* < ||5]loo» We find that (3.11) only requires Y > T'(1 4 ||s]|o)-
Assumption (3.12) holds: this follows from Y > I" and

E [ xtsX)?] < 2kslloo Prtas < TnPOy
Now for proving Assumption (3.14), we write

E[Ax(X.Y)*] = E[ks(X.Y)*] = /X E [ks(X,x)* ] s(x)dp(x)

sl 3 E[6:00(0] / () ()

X
(i))€T}

= ”s”ooP@ks < TP@kS .
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In the same way, Assumption (3.15) follows from |s||,o I' < Y. Suppose (3.19)
holds with § = § + §’ so that the basis (¢;)iez of S’ is included in the one (¢;)ie7
of . Since || xisll,, < I'n we have

@ =51, ) = Y (Po) @ = [ Y (Pg)’ D gi)?

JENAVS FENAVA FENAVA

ks |52 < |55 — s | VT

Hence, (3.13) holds in this case. Assuming (3.20) implies that (3.13) holds since

= ||Sk5 - Sks/

<7T.

||sks kg oo = ”skS”oo + Hsks’ 00

Finally for (3.16), for any a € L,

/X ks (e )dp ) = 3 (@ )giy) = Tls(a) -

i€Z

is the orthogonal projection of a onto S. Therefore, By, is the unit ball in S for the
L2-norm and, for any 7 € By, E[#(X)?] < [Islloo 121> < lIsllee -

Proof of Proposition 3.3

First, since | K|, > 1

sl = [ ([ S@)%K<x;y)dy)zdx
=/X(/Xs(x+hz)l<(z)dz)2dx
< 1Kt [ ([ mo o )

< 1K [ sty

drdz < ||sl|oo K17 -
Hence, Assumption (3.11) holds if T > 1 + ||s|/» ||K||%. Now, we have

P < nP®

K(0)2 K(0)? K(0)?
P( 2 ): 22) —p kK.h(—z)—n kK.h% ,
IK[|" A 1K 1K 0o 1Ky
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so it is sufficient to have Y > |K(0)|/ ||K||* (since |[K(0)| < |IK]| o) to ensure (3.12).
Moreover, for any & € H and any x € X,

1 —
s = [ 500K (57 ) v = [ sto+ K@z = Islo 1K

Therefore, Assumption (3.13) holds for T > 2 ||s||, || K||,- Then on one hand

| = [ ()

/ ‘ )K(u) du
|K|| Kl 1K
=7 o;l ! < P®k1<.h AN .

And on the other hand

X=y

EHAkK,h(X,X)H < %/};2 )K( —u)K(u))du s(y)dy

= [ KK @)t b0 =) < sl 1K1

Therefore,

sup E[Akk‘h(X,x)z] < sup |AkKh(x y)| sup E[\AkKh(X x)|]
xeX (x.y)EX?

< (PO, An) lslloo KT
and E[Ag, (X, 7)?] < supex E[Ak,X.0?] < [IslloollK||;POs, . Hence
Assumption (3.14) and (3.15) hold when T > ||s|| ||K||% Finally let us prove

that Assumption (3.16) is satisfied. Let ¢ € By, , and a € L? be such that |ja| = 1

and 1(y) = [y a(x);K (52)dx for all y € X. Then the following follows from
Cauchy-Schwarz inequality

f()’)f%\//xa(x)zdx\//;gl((x; dx<”—5}_|l| .

Thus for any t € By, ,

PP < [l (I ) = f Isll = sl y/POre, = [ TPOK, -
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We conclude that all the assumptions hold if

T = (KO IKIP) v (1425l IKIE) -

Proof of Proposition 3.4

Let us define for convenience ®(x) := >, ¢i(x)%, s0 > 1vn~! || ®|| . Then we
have for these kernels: ®(x) > yxi, (x) > Oy, (x) for all x € X. Moreover, denoting
by I1s the orthogonal projection of s onto the linear span of (¢;);=|

bl

p
2 2 2 2 2
s, 17 =D wi (Pei)” < ITLs|1* < (Il < lIslloo -

i=1

Assumption (3.11) holds for this family if T > I'(1 + ||s||5,)- We prove in what
follows that all the remaining assumptions are valid using only (2.1) and (3.11).

First, it follows from Cauchy-Schwarz inequality that, for any x € X, yi, (x)? <
D (x) Oy, (x). Assumption (3.12) is then automatically satisfied from the definition
of I'

E[ )k, X)*] < | ®@llo POK, < TnPOy, .

Now let w and w’ be any two vectors in [0, 1]7, we have

P

P
Sk, = Zwi(P%)@h Sk, = Sk, = Z(Wi —w) (Ppi) ¢i .

i=1 i=1

Hence ||S/<w — Sk, ’ = L (wi—w))? (Pg;)* and, by Cauchy-Schwarz inequality,

for any x € X,

Vo) < s, — s, | VT .

Assumption (3.13) follows using (3.11). Concerning Assumptions (3.14) and (3.15),
let us first notice that by orthonormality, for any (x, x) € X2,

|5k, () = s, ()] < [k, — v,

p
A, (x5, X) = Y wieimei)

i=1
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Therefore, Assumption (3.15) holds since

2
BlaLo’] = [ (Zw wl(y)%(X)) SOMR()

i=1

<lslos Y whnZeie) /X GO 0)

I<ij<p
P
4 2
= [I5lloe Y wiei@)? < [Isllo @) < |15l T -
i=1

Assumption (3.14) also holds from similar computations:

P 2
E[ A, (X, ¥)*] = /X E (Zwiz(pi(X)goi(x)) s(x)dp(x)
i=1

<lsle 3 w2 [0i(00(0)] /X P00 ()

I<ij=<p

= lIslloo PO, -

We finish with the proof of (3.16). Let us prove that By, = &, where

p p
gkw = { t= Zwitigo,-, S.t. ZZ‘IZ < 1}
i=1 i=1

First, notice that any ¢ € By, can be written

p
| a3 = Y wla o)
i=1

Then, consider some ¢ € &, . By definition, there exists a collection (#;);=1__
2

thatt = >0 witig,and Y 0_ 7 < 1.Ifa =Y "_ tigs, |al|” = Y0, 2 < 1 and

(a, ;) = t;, hence t € By,,. Conversely, for t € By, there exists some function a €

L? such that ||a||2 <l,andt = Z{;l wi{a, @i)@i. Since (¢;)i=1,...p is an orthonormal

system, one can take a = Y - (a, ¢;)¢;. With t; = (a, qo,) we find [la||* = Y0, 7

and 7 € &,. Forany r € By, = &, t]> = Y0, w?? < Y7_ # < 1. Hence

2
P22 < isllo 121" < lislloo -
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Appendix 2: Concentration of the Residual Terms

The following proposition gathers the concentration bounds of the remaining terms
appearing in (6.30).

Proposition B.1 Let {k},.ic denote a finite collection of kernels satisfying (2.1)
and suppose that Assumptions (3.11)—(3.13) hold. Then

V0 € (0,1), )§9Hs—s];

P(s; — s 27
2M 0y — s+ 2 . (6.32)
n On

For any x > 1, with probability larger than 1 — 2 |IC|2 e, for any (k, k') € K2, for
any 8 € (0, 1),

Y2
2P = P)sc =) 0 (s —swl + s =5l ) + D5 - . (6.33)

For any x > 1, with probability larger than 1 — 2 |KC| e™, for any k € K,

T
V6 e (O.1).  [2(P.—P)yl < 6PO+ DO (6.34)
For any x > 1, with probability larger than 1 — 5.4 |K| e™, for any k € K,
21U PO Tx?
VO € (0, 1), U _ gPOx | o1 (6.35)

n? n On

Proof First for (6.32), notice that, by (3.13), for any 6 € (0, 1)

P(sy — sx) sz —SkHoo 2 0 T
2 kn k 52 k " f;(TV(Zn||Sk—S]2H2+§))

2+£<9“s—s,;

27
< 240 s —seft+ o
On

On

=5 lse—s;

Then, by Proposition 2.1, with probability larger than 1 — |K|* e,

2P (s — sp )2 — sy
for any (k,K) € K2, (P, — P)(sx —5¢) < 1/ (s"ns") * s ;”; loox

Since by 3.11) P (s = s1)* < lIslloo lIsk = sl < Y lls = s>

2P (sp —sw )? 0 27
(s —sp)’x <P+ x
4 On

n
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Moreover, by (3.13) W < % |lsx — sk/||2 + D%z . Hence, for x > 1, with
probability larger than 1 — |IC|2 e
T2

6
(Pu—P)(sk—sw) < = |lsk — s>+ O
2 On

Tx?
<6 (lls=selP + ls =il ) + O5—

which gives (6.33). Now, using again Proposition 2.1, with probability larger than
1 —|K|e ™, forany k € K,

2P (yx)?
o Py < (| PO Inleor
n 3n

By (2.1) and (3.11), for any k € K, || xklloo < SUp(yex2 [k(x,y)| <Tn <Tn .

Concerning (6.34), we get by (3.12), P)(,% < YTnP®,, hence, for any x > 1 we have
with probability larger than 1 — || e™

1 1
P, —P)yy < 0PO -+ —= | Tx.
( )Xk = k+(3+20) x
For (6.35), we apply Proposition 2.2 to obtain with probability larger than 1 —
2.7|K| e, forany k € IC,
v, 0O

= =<
n? ~ n?

(C\/)_c+Dx+Bx3/2 +Ax2) ,
where A, B, C, D are defined accordingly to Proposition 2.2. Let us evaluate all these
terms. First, A < 4sup, ex2 |k(x,y)| = 4Tn by (2.1) and (3.11). Next, C? <
On’E [k(X. Y)* | < On? ||s|| o POr < On*Y POy .

Using (2.1), we find B? < 4nsup,cx [ k(x,y)2s()dpu(y) < 4n|lslloo T -

By (3.11), we consequently have B> < 4Yn. Finally, using Cauchy-Schwarz
inequality and proceeding as for C2,

n—1 n
E| Y Y aX)bXpk(X,, X)) | < nyE[KX,Y)?] < ny/TPO .
i=1 j=i+1

Hence, D < n+/YP®,; which gives (6.35).
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