Stable Discontinuous Galerkin FEM Without
Penalty Parameters

Lorenz John, Michael Neilan, and Iain Smears

Abstract We propose a modified local discontinuous Galerkin (LDG) method for
second—order elliptic problems that does not require extrinsic penalization to ensure
stability. Stability is instead achieved by showing a discrete Poincaré—Friedrichs
inequality for the discrete gradient that employs a lifting of the jumps with one
polynomial degree higher than the scalar approximation space. Our analysis covers
rather general simplicial meshes with the possibility of hanging nodes.

1 Introduction

It is well-known that the local discontinuous Galerkin (LDG) method for second—
order elliptic problems can be formulated, in part, by replacing the differential
operators in the variational formulation by their discrete counterparts [3-5]. For
example, on the space of discontinuous piecewise polynomials of degree at most &,
the discrete gradient operator is composed of the element-wise gradient corrected
by a lifting of the jumps into the space of piecewise polynomial vector fields. The
original formulation of the LDG method [3] employs liftings of same polynomial
degree k as the scalar finite element space, while liftings of order k— 1 have also been
considered, see the textbook [5] and the references therein. Part of the motivation
for these choices of the order of the lifting is the correspondence to the order of
the element-wise gradient and reasons of ease of implementation. However, unlike
the continuous gradient acting on the space Hé, the discrete gradient operators with
liftings of order k — 1 or k fail to satisfy a discrete Poincaré—Friedrichs inequality.
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Therefore, the LDG method requires additional penalization with user—defined
penalty parameters to ensure stability.

In this note, we construct a modified LDG method with guaranteed stability
without the need for extrinsic penalization. This result is obtained by simply
increasing the polynomial degree of the lifting operator to order k+ 1 and exploiting
properties of the piecewise Raviart—-Thomas—Nédélec finite element space. Our
analysis covers the case of meshes with hanging nodes under a mild condition of
face regularity which we introduce in this work. We recall that the order of the lifting
in the LDG method does not alter the dimension or stencil of the resulting stiffness
matrix. As a result, the proposed method has a negligible increase of computational
cost and inherits the advantages of the standard LDG method in terms of locality
and conservativity.

The rest of the paper is organized as follows. In Sect. 2 we give the notation used
throughout the manuscript and state some preliminary results. We define the lifted
gradient operator with increased polynomial degree in Sect. 3 and show that the L?
norm of this operator is equivalent to a discrete H' norm on piecewise polynomial
spaces. We establish by means of a counterexample that the increased polynomial
degree is necessary to obtain this stability estimate in Sect. 4. In Sect. 5 we propose
and study the modified LDG method in the context of the Poisson equation.

2 Notation

Let 2 C RY, d € {2,3}, be a bounded polytopal domain with Lipschitz boundary
082. Let {9 }i~0 be a shape- and contact-regular sequence of simplicial meshes on
£2, as defined in [5, Definition 1.38]. For each element K € .7, let hg := diam K,
with h = maxge g, hg for each mesh .7,. We define the faces of the mesh as in [5,
Definition 1.16], and we collect all interior and boundary faces in the sets .%; and
ﬂ‘hb , respectively, and let .%), = 3‘\;, U f,’f denote the skeleton of .7},. In particular,
F e 35;, if F has positive (d — 1)-dimensional Hausdorff measure and if F = dK; N
0K, for two distinct mesh elements K; and K. For an element K € .7},, we denote
Z (K) the set of faces of K, i.e. E € .# (K) if E is the closed convex hull of d vertices
of the simplex K. Note that on a mesh with hanging nodes, a mesh face may be a
proper subset of an element face, see Fig. 1, hence the notions of mesh faces and
element faces do not need to coincide. In this work, the meshes are allowed to have
hanging nodes, provided that they satisfy the following notion of face regularity.

Definition 1 A face F € % is called regular with respect to the element K if
F € % (K). We say that the mesh .7}, is face regular if every face of ., is a regular
face with respect to at least one element of .7,.

Figure 1 illustrates the notion of face regularity with two examples. We remark
that any matching mesh is face regular. On a face regular mesh, any boundary face
is necessarily regular with respect to the element to which it belongs. It appears that
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Fig. 1 Face regularity of meshes: the mesh on the left has interior faces ﬂ}’, = {F, ,»}?:1, each of
which is regular to at least one element in the sense of Definition 1, even though F, and F3; fail to
be regular with respect to the element K, since F, and F3 are only proper subsets of the elemental
face F, U F3. Since all boundary faces are also regular, the mesh on the left is face regular in the
sense of Definition 1, whereas the mesh on the right is not: the mesh face F; fails to be regular
with respect to any element of the mesh

meshes of practical interest are most likely to be face regular, so this restriction is
rather mild in practice.

For integrable functions ¢ defined piecewise on either 7, or %, we use the
convention

/¢dx Z/qu /qbds—Z/qbds

Keg, FeZ,

For the integer k > 1, we define the discontinuous finite element spaces Vj,x
as the space of real-valued piecewise-polynomials of degree at most k on .7}, and
X 1x+1 the space of vector-valued piecewise-polynomials of degree at most k + 1
on .7,. We define the mesh-dependent norm ||-||1 , on Vj; by

lonllin = D IVonlage + 3 ||[[vhﬂ||Lz(F) Vi € Vi, )
Keg, Feﬁh

where hp := diam F for each face F € %,
We shall also make use of the (local) Raviart—-Thomas—Nédélec space [7] defined
by

RIN; 11 (K) := P (K) ® Pu(K)x C Pry1(K),

where %% (K) is the space of vector-valued polynomials of degree at most k on K,
and 22, (K) is the space of real-valued homogeneous polynomials of degree k on K.
We recall that T, € RTN4(K) is uniquely determined by the moments |, x Thpy dx
and fE(‘th -ng)vyds forall u, € Z;—1(K) and v, € F(E) for each E € Z(K),
where ng denotes a unit normal vector of E. We also recall that if all facial moments
of 7, vanish on an elemental face E, then T - ng vanishes identically on E.
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For a face F € ., belonging to an element Ky, we define the jump and average
operators by

l . .
s (W, + wlg,) .  ifF e,

Wllr = Wik = Wk » whlr:

. . . b
Wllr = wlg, » Wi lr = wlg ifFe%,,

where w is a sufficiently regular scalar or vector-valued function, and in the case
where F € f,ﬁ, Ky is such that F = 0Ky N 0Ky, Here, the labelling is chosen so
that ny is outward pointing with respect to Kex: and inward pointing with respect
to Kin. Let ¢ € L?(.%,), then the lifting operators r,: L*(%,) — X ji+1 and
rn: L2(Fy) — Vi are defined by

/rh(¢)'0hdx=/ ¢ {0, -np}ds Voune Xpit1, (2a)
2 Fn

/ (@) vy dx = / ¢ {un} ds Y € Vig. (2b)
2 F

For quantities a and b, we write a < b if and only if there is a positive constant
C such that a < Cb, where C is independent of the quantities of interest, such as
the element sizes, but possibly dependent on the shape-regularity parameters and

polynomial degrees.

3 Stability of Lifted Gradients

We define the lifted gradient Gj,: Vi — X' j 441 by

Gn(vn) = Vv —rp([un]) Yo € Vi, 3)

where V), denotes the element-wise gradient operator. We note that Gy, is usually
defined with a lifting using polynomial degrees k or k — 1, see for instance [5].
However, as we shall see, by increasing the polynomial degree of the lifting to k41,
we obtain the following key stability result.

Theorem 2 Let {9,}~0 denote a shape regular, contact regular and face regular
sequence of simplicial meshes on §2. Let the norm ||-||1., be defined by (1) and let
the lifted gradient operator Gy, be defined by (3). Then, we have

lunllin S NGu(un)lliz@y < llunllin Y un € Vi “4)
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Proof The upper bound |Gy, (up) |22y < llunlli.x is standard and we refer the reader
to [5, Sec. 4.3] for a proof. To show the lower bound, consider an arbitrary u;, € V.
Since Gj,(uy) € X541, we have

Jo Gn(up) - T dx

G (un)llz2(2) = sup ,
Th€X pi+1\{0} ”Th”LZ(Q)
with the supremum being achieved by the choice T, = Gj(uy). Therefore, to

show (4), it is sufficient to construct a T € X', 44+ such that

2, < / Gulun) - 4 dx, 5)
2
lTnllz) < Nunllin- (6)

Let tx € RTN+1(K) be defined by

/rK'ILthZ/VMh “mpdx Vo, € P (K), (7a)
K K

_fE hlg [[Mhﬂ vhds ifE € jh,

(7b)
it E ¢ F,

/(TK'I!E) vhds =
E

where (7b) holds for all v, € Z(E), for each element face E € .% (K). In particular,
if the element face E € %, i.e. E is also a mesh face, then we require that np agrees
with the choice of unit normal used to define the jump and average operators. If
E ¢ %, then Tk - ng vanishes identically on E, and the orientation of ng on the left-
hand side of (7b) does not matter. The global vector field 7, € ¥4, is defined
element-wise by 7,|x = Tk.

Since the mesh .7, is assumed to be face regular, for every F € %, there exists
an element K € .7, and an elemental face E € % (K) such that E = F; then E
satisfies the first condition in (7b). Therefore, the facts that {z; - nr} |r and [u,]|r
both belong to Z(F) together with (7b) imply that for each F € %, one of only
three situations may arise:

1. F is a boundary face and hence F € .% (K). In this case, we have {7, - np}|r =
—h [un]|F.

2. F is an interior face which is regular with respect to both elements to which it
belongs. In this case, we have {T, - nr} |r = —hz'[us]|r.

3. F is an interior face which is regular with respect to only one of the elements
to which it belongs. In this case, we have {t; -nr}|r = —;h;l[[uh]HF, since
Th|g - nF = 0 for the element K" with respect to which F is not regular.
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Therefore, since 7, € X', x+1, the definition of the lifting operator in (2a) implies
that

/;Gh(uh)"thdx: Z /KVuh~thdx— Z /F{rh-np}[[uh]]ds

Ke g, Fe%),
1 1
2 2
> 3 WVl + 5 D, Moz,
Ke g, FeZ, F
>l

where the second line follows from (7) and from the fact that Vu,|, € Z—1(K)
for each K € 7. Hence (5) is satisfied, and we now verify (6). A classical scaling
argument using the Piola transformation [2, p. 59] yields

S Th mydx

lTnllzg) <
i €P—1(K)\{0} ”I'l'h”Lz(K)

W2 [ (zh - ng)vnd
+ Z sup e Je(@nne)vads VK e .

EeZ (k) WEPL(E)\(0} lvall2 &)

Therefore, it follows from (7) that, for each K € .7},

ltnlwy S IVlZo ey + Y ellhr Tund 172 ®)
FEF (K)NTF),
Summing (8) over all elements therefore implies (6). O

4 Counterexample to Stability for Equal-Order Liftings

Theorem 2 shows the stability of the lifted gradient operator G; provided that the
lifting operator rj, has polynomial degree k+ 1. In this section, we verify by means of
a counterexample that the stability estimate does not generally hold for lower-order
liftings, including in particular the case of equal-order liftings, which are commonly
used in practice; our example simplifies a similar counterexample in [1].

Example Let 2 = (—1, 1), and consider the finite element space V), defined on
a criss-cross mesh with four triangles, as depicted in Fig. 2, using piecewise linear
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Fig. 2 Counterexample of
Sect. 4: the domain K3
2 = (—1,1)? and the
criss-cross mesh .7,
considered in the example

Ky K

K,

polynomials, i.e. k = 1. Let u, € V), be the piecewise linear function defined by

2
Mh|K1:y+3v uh|K2:x_3v
2
uplg; = =y + 3 uplg, = —x — 3

Direct calculations show that {u;}|r = 0 on all interior faces F € 9‘,’;, and that
/ «undx = 0 for all elements K € .7,. Consequently, if the lifting operator 7 is
defined in (2a) with the polynomial degree k£ 4 1 replaced by k, and if Gh(uh) =
Viuup — Fr(Jun])) denotes the equal-order lifted gradient, then we have for all 7, €
X1,

/Qéh(“h)‘rhdx: Z /Kthh-Tth— Z /F{Th'nF}[[Mhﬂds

KG%, FELQ[,
= — Z / uh(Vh'th)dx—i— Z /{uh}[[rh'nl:]] ds = 0.
ke, *K FEF| r

Since Gy, (up) € Xpa, we deduce that G, (uy) = 0, and thus it is found that no bound
of the form [lup|[1.n < ||Gn(un)ll2(s) is possible. O

S A Modified LDG Method Without Penalty Parameters

As an application of Theorem 2, consider the discretization of the homogeneous
Dirichlet boundary-value problem of the Poisson equation by a modified LDG
method [3, 4] as follows. For f € L*(£2), let u € H}(£2) be the unique solution
of

/Vu-Vvdx:/fvdx Y e Hy(R2). ©)
2 2

Let the bilinear form aj: Vi x x Vi — R be defined by

ap(up, vp) = / Gr(up) - Gp(vp)dx Y uy, vy € Vig, (10)
2
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where the lifted gradient operator G, was defined in (3). The bilinear form ay(-, )
defines a modified LDG method for (9): find u;, € V, such that

an(up, vy) = /fvhdx Vv, € Vig. (11)
2

It follows from Theorem 2 that a;(-, -) is uniformly stable with respect to the norm
Ill1.., and thus (11) is well-posed for each h. Moreover, the discrete Poincaré
inequality [5] implies that [lupllin < || fllz2(e) for all i, so that the numerical
solutions u;, are uniformly bounded with respect to the mesh-dependent norms
IIl1..- The a priori error analysis for the numerical method defined by (11) may
be developed following the frameworks of [3, 5, 6], although for reasons of space
we do not present the arguments here.

An interesting feature of the modified LDG method (11) is that it does not
require any additional stabilization, such as added penalty terms of the form
S 7, ne [un][va] ds for some user-defined parameter 0. The absence of such penalty
terms enables us to show the following discrete conservation property. We define
the lifted divergence Dy: X' x+1 — Vi by

Dy(oy) =divyo, —rm([on-nr]), on€ Xpptr, (12)

where div; denotes the element-wise divergence operator, and where r, is the
scalar lifting operator defined in (2b). We note that we have the integration-by-parts
identity

/ 0, Gy(vp)dx = —/ Dy(op)vpdx Yv, € Vg, 04 € hptr, (13)
2 @

which should be compared with the analogous continuous identity between the
spaces H((£2) and H(div, £2). Therefore, the numerical scheme (11) can be
equivalently expressed in the strong form

—/ Dh(Gh(uh)) vhdx = / fvh dx, (14)
2 2
which implies that the numerical solution u;, € Vj; solves

— Dy(Gy(uy)) = IIff, (15)

in the pointwise sense on each element K, where H,’ff denotes the element-wise
L?-projection of f into Vj,x. Although we have shown here how the lifted gradient
operator G, of degree k + 1 may be used to achieve a stable discretization of
the Poisson equation, it is by no means restricted to this model problem, as the
lifted gradients may be used to discretize the second-order terms of more general
differential operators.
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6 Conclusions

In this article, we studied an intrinsically stable modified LDG method without
additional parameter dependent penalization. For this, we showed that increasing the
degree of the lifting operator by one order leads to stability of the discrete gradient
operator on face regular meshes with hanging nodes.
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