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theory of invariant rings, and connections between the Noether number and the
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1 Introduction

The goal of this paper is to deepen the links between the areas in the title. Invariant
theory is concerned with the study of group actions on algebras, and in the present
article we entirely concentrate on actions of finite groups on polynomial algebras via
linear substitution of the variables.

K. Cziszter - M. Domokos ()
MTA Alfréd Rényi Institute of Mathematics, Redltanoda u. 13—15, Budapest 1053, Hungary
e-mail: domokos.matyas @renyi.mta.hu

K. Cziszter
e-mail: cziszter.kalman @ gmail.com

A. Geroldinger

Institute for Mathematics and Scientific Computing, University of Graz, NAWI Graz,
Heinrichstra3e 36, 8010 Graz, Austria

e-mail: alfred.geroldinger @uni-graz.at

© Springer International Publishing Switzerland 2016 43
S. Chapman et al. (eds.), Multiplicative Ideal Theory and Factorization Theory,

Springer Proceedings in Mathematics & Statistics 170,

DOI 10.1007/978-3-319-38855-7_3



44 K. Cziszter et al.

To begin with, let us briefly sketch the already existing links between the men-
tioned areas. For a finite-dimensional vector space V over a field IF and a finite group
G < GL(V), let F[V]° c F[V] denote the ring of invariants. Since E. Noether we
know that F[V]¢ c F[V]is an integral ring extension and that F[VI°isa finitely
generated F-algebra. In particular, F[V]€ is an integrally closed noetherian domain
and hence a Krull domain. Benson [4] and Nakajima [58] determined its class group.
Krull domains (their ideal theory and their class groups) are a central topic in mul-
tiplicative ideal theory (see the monographs [46, 51] and the recent survey [52]). B.
Schmid [73] observed that the Noether number of a finite abelian group G equals the
Davenport constant of G (a constant of central importance in zero-sum theory) and
this established a first link between invariant theory and arithmetic combinatorics.
Moreover, ideal and factorization theory of Krull domains are most closely linked
with zero-sum theory via transfer homomorphisms (see [37, 40] and Sect. 3.2).

These links serve as our starting point. It is well known that a domain R is a Krull
domain if and only if its monoid R*® of nonzero elements is a Krull monoid if and only
if R (resp. R®) has a divisor theory. To start with Krull monoids, a monoid H is Krull
if and only if its associated reduced monoid H/H* is Krull, and every Krull monoid
H is a direct product H* x Hy where H is isomorphic to H/H*. A reduced Krull
monoid is uniquely determined (up to isomorphism) by its characteristic (roughly
speaking by its class group € (H) and the distribution of the prime divisors in its
classes; see the end of Sect. 4.2). By definition of the class group, a Krull monoid H
is factorial if and only if ¥’ (H) is trivial. Information on the subset ¢ (H)* C € (H)
of classes containing prime divisors is the crucial ingredient to understand the arith-
metic of H, and hence in order to study the arithmetic of Krull monoids the first
and most important issue is to determine 6 (H)*. By far the best understood set-
ting in factorization theory are Krull monoids with finite class groups where every
class contains a prime divisor. Indeed, there has been an abundance of work on them
and we refer the reader to the survey by W.A. Schmid in this proceedings [77]. A
canonical method to obtain information on ¢’ (H)* is to identify explicitly a divisor
theory for H. A divisor theory of a monoid (or a domain) H is a divisibility pre-
serving homomorphism from H to a free abelian monoid which satisfies a certain
minimality property (Sect.2.1). The concept of a divisor theory stems from alge-
braic number theory and it has found far-reaching generalizations in multiplicative
ideal theory [51]. Indeed, divisor-theoretic tools, together with ideal-theoretic and
valuation-theoretic ones, constitute a highly developed machinery for the structural
description of monoids and domains.

All the above-mentioned concepts and problems from multiplicative ideal theory
are studied for the ring of invariants. Theorem 4.5 (in Sect. 4.2) provides an explicit
divisor theory of the ring of invariants R = F[V]¢. The divisibility preserving homo-
morphism from R® goes into a free abelian monoid which can be naturally described
in the language of invariant theory, and the associated canonical transfer homomor-
phism 6: R®* — Z(%(R)*) from the multiplicative monoid of the ring R onto the
monoid of zero-sum sequences over the class group of R also has a natural invariant
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theoretic interpretation. In addition to recovering the result of Benson and Nakajima
on the class group € (F[V]%) (our treatment is essentially self-contained), we gain
further information on the multiplicative structure of R, and we pose the problem to
determine its characteristic (Problem 1). In particular, whenever we can show—for
a given ring of invariants—that every class contains at least one prime divisor, then
all results of factorization theory (obtained for Krull monoids with finite class group
and prime divisors in all classes) apply to the ring of invariants.

In Sect.4.3 we specialize to abelian groups whose order is not divisible by the
characteristic of F. The Noether number B(G) is the supremum over all finite dimen-
sional G-modules V of the maximal degree of an element in a minimal homogeneous
generating system of F[V]°, and the Davenport constant D(G) is the maximal length
of a minimal zero-sum sequence over G. We start with a result on the structural con-
nection between F[V]° and the monoid of zero-sum sequences over G, that lies
behind the equality 8(G) = D(G). Clearly, the idea here is well known (as far as we
know, it was first used by B. Schmid [73], see also [24]). The benefit of the detailed
presentation as given in Proposition 4.7 is twofold. First, the past 20 years have seen
great progress in zero-sum theory (see Sect. 3.4 for a sample of results) and Proposi-
tion 4.7 allows to carry over all results on the structure of (long) minimal zero-sum
sequences to the structure of G-invariant monomials. Second, we observe that the
submonoid MY of R® consisting of the invariant monomials is again a Krull monoid,
and restricting the transfer homomorphism 6: R®* — (% (R)*) (mentioned in the
above paragraph) to M we obtain essentially the canonical transfer homomorphism
MS — (€ (MC)*). This turns out to be rather close to the transfer homomorphism
V:MC — % (6) into the monoid of zero-sum sequences over the character group
of G (see Proposition 4.7), which is responsible for the equality §(G) = D(G). The
precise statement is given in Proposition 4.9, which explains how the transfer homo-
morphism i (existing only for abelian groups) relates to the more general transfer
homomorphism 6 from the above paragraph which exists for an arbitrary finite group.
In Proposition 4.9 we point out that every class of € (F[V]%) contains a prime divisor
which contributes to Problem 1.

Let now G be a finite non-abelian group. Until recently, the precise value of the
Noether number B(G) was known only for the dihedral groups and very few small
groups (such as As). In the last couple of years the first two authors have determined
the precise value of the Noether number for groups having a cyclic subgroup of
index two and for non-abelian groups of order 3p [10, 12, 13]. In this work results
on zero-sum sequences over finite abelian groups (for example, information on the
structure of long minimal zero-sum sequences and on the kth Davenport constants)
were successfully applied. Moreover, a decisive step was the introduction of the
kth Noether numbers, a concept inspired by the kth Davenport constants of abelian
groups. The significance of this concept is that it furnishes some reduction lemmas
(listed in Sect. 5.1) by which the ordinary Noether number of a group can be bounded
via structural reduction in the group.

The concept of the kth Davenport constants D;(G) has been introduced by
Halter-Koch [50] for abelian groups in order to study the asymptotic behavior
of arithmetical counting functions in rings of integers of algebraic number fields
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(see [40, Theorem 9.1.8], [67, Theorem 1]). They have been further studied in [15,
30]. In the last years the third author and Grynkiewicz [39, 48] studied the (small
and the large) Davenport constant of non-abelian groups, and among others deter-
mined their precise values for groups having a cyclic subgroup of index two. It can
be observed that for these groups the Noether number is between the small and the
large Davenport constant.

This motivated a new and more abstract view at the Davenport constants, namely
kth Davenport constants of BF-monoids (Sect.2.5). The goal is to relate the Noether
number with Davenport constants of suitable monoids as a generalization of the
equation 8(G) = D(G) in the abelian case. Indeed, the kth Davenport constant D (G)
of an abelian group G is recovered as our kth Davenport constant of the monoid Z(G)
of zero-sum sequences over G.

We apply the new concept of the kth Davenport constants to two classes of BF-
monoids. First, to the monoid A(G, V) associated to a G-module V in Sect.4.4
(when G is abelian we recover the monoid MY of G-invariant monomials from
Sect.4.3), whose Davenport constants provide a lower bound for the corresponding
Noether numbers (see Proposition 4.12). Second, we study the monoid of product-
one sequences over finite groups (Sects. 3.1 and 3.3). We derive a variety of features
of the kth Davenport constants of the monoid of product-one sequences over G
and observe that they are strikingly similar to the corresponding features of the kth
Noether numbers (see Sect. 5.1 for a comparison).

We pose a problem on the relationship between Noether numbers and Davenport
constants of non-abelian groups (Problem 2) and we illustrate the efficiency of the
above methods by Examples 5.2-5.4 (appearing for the first time), where the explicit
value of Noether numbers and Davenport constants of some non-abelian groups are
determined.

Throughout this paper, let G be a finite group, F be a field, and V be a finite
dimensional F-vector space endowed with a linear action of G.

2 Multiplicative Ideal Theory: Krull Monoids, C-Monoids,
and Class Groups

We denote by N the set of positive integers, and we put Ny = N U {0}. For every
n € N, we denote by C, a cyclic group with n elements. For real numbers a, b € R,
weset[a, bl ={x e Z:a <x <b}.If A, Bare sets, we writc A C B to mean that A
is contained in B but may be equal to B. In Sects.2.1-2.4 we gather basic material
on Krull monoids and C-monoids. In Sect.2.5 we introduce a new concept, namely
Davenport constants of BF-monoids.
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2.1 Monoids and Domains: Ideal Theoretic and Divisor
Theoretic Concepts

Our notation and terminology follows [40, 51] (note that the monoids in [51] do con-
tain a zero-element, whereas the monoids in [40] and in the present manuscript do not
contain a zero-element). By a monoid, we mean a commutative, cancellative semi-
group with unit element. Then the multiplicative semigroup R®* = R\ {0} of nonzero
elements of a domain is a monoid. Following the philosophy of multiplicative ideal
theory we describe the arithmetic and the theory of divisorial ideals of domains by
means of their multiplicative monoids. Thus we start with monoids.
Let H be a multiplicatively written monoid. An element u € H is called

e invertible if there is an element v € H with uv = 1.

e irreducible (or an atom) if u is not invertible and, for all @, b € H, u = ab implies
a is invertible or b is invertible.

e prime if u is not invertible and, for all a, b € H, u | ab implies u | a or u | b.

We denote by .7 (H) the set of atoms of H, by H* the group of invertible elements,
and by H,.q = {aH* : a € H} the associated reduced monoid of H. We say that H is
reduced if |[H*| = 1. We denote by q(H) a quotient group of H with H C q(H), and
for a prime element p € H,letv,: q(H) — Z be the p-adic valuation. Each monoid
homomorphism ¢: H — D induces a group homomorphism q(H): q(H) — q(D).
Forasubset Hy C H, we denote by [Hy] C H the submonoid generated by Hy, and by
(Ho) < q(H) the subgroup generated by Hy. We denote by H= {x eqH): x" e
H for some n € N} the root closure of H, and byH = {x € q(H) : there exists ¢ €
H such that cx” € H foralln e N } the complete integral closure of H. Both H and
H are monoids, and we have H C H C H C q(H). We say that H is root closed
(completely integrally closed resp.) if H = HH = H resp.). For a set P, we denote
by .7 (P) the free abelian monoid with basis P. Then every a € .% (P) has a unique
representation in the form

a= H 7@ where v,(a) € Ny and v, (a) = 0 for almost all p € P.
peP

The monoid H is said to be

e atomic if every a € H\H* is a product of finitely many atoms of H.

e factorialifeverya € H\H* is aproduct of finitely many primes of H (equivalently,
H = H* x % (P) where P is a set of representatives of primes of F).

e finitely generated if H = [E] for some finite subset E C H.

If H = H* x % (P)isfactorialand a € H, then |a| = Zpep V,(a) € Nyis called the
length of a. If H is reduced, then it is finitely generated if and only if it is atomic and
o7/ (H) is finite. Since every prime is an atom, every factorial monoid is atomic. For
every non-unita € H,
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Ly (a) = L(a) = {k € N: a may be written as a product of k atoms} C N

denotes the set of lengths of a. For convenience, we set L(a) = {0} fora € H*. We
say that H is a BF-monoid if it is atomic and all sets of lengths are finite. A monoid
homomorphism ¢: H — D is said to be

e a divisor homomorphism if ¢ (a) | ¢ (b) implies thata | b foralla, b € H.

e cofinal if for every o € D there is an a € H such that o | ¢ (a).

e adivisortheory (for H)if D = % (P) for some set P, ¢ is a divisor homomorphism,
and for every p € P, there exists a finite nonempty subset X C H satisfying p =
ged (p(X)).

Obviously, every divisor theory is cofinal. Let H C D be a submonoid. Then H C D
is called

e saturated if the embedding H < D is a divisor homomorphism.
e divisor closedifa € H,b € D and b |a implies b € H.
e cofinal if the embedding H < D is cofinal.

It is easy to verify that H < D is a divisor homomorphism if and only if H =
q(H) N D, and if this holds, then H* = D* N H. If H C D is divisor closed, then
H C D is saturated.

For subsets A, B C q(H), we denote by (A:B) = {x € q(H): xB C A},byA~! =
(H:A),and by A, = (A~")~'. A subset a C H is called an s-ideal of H if aH = a.
A subset X C q(H) is called a fractional v-ideal (or a fractional divisorial ideal) if
there is a ¢ € H such that cX C H and X, = X. We denote by .%,(H) the set of all
fractional v-ideals and by .#, (H) the set of all v-ideals of H. Furthermore, .#*(H) is
the monoid of v-invertible v-ideals (with v-multiplication) and .7, (H)* = q(.%,* (H))
is its quotient group of fractional invertible v-ideals. The monoid H is completely
integrally closed if and only if every nonempty v-ideal of H is v-invertible, and H is
called v-noetherian if it satisfies the ACC (ascending chain condition) on v-ideals. If
H is v-noetherian, then H is a BF-monoid. We denote by X (H) the set of all minimal
nonempty prime s-ideals of H.

The map 9: H — .7 (H), defined by d(a) = aH for each a € H, is a cofinal
divisor homomorphism. Thus, if 7 = {aH : a € H}is the monoid of principal ideals
of H, then ¢ C .#(H) is saturated and cofinal.

2.2 Class Groups and Class Semigroups

Let ¢: H — D be a monoid homomorphism. The group €' (¢) = q(D)/q(¢(H)) is
called the class group of ¢. For a € q(D), we denote by [al, = aq(¢(H)) € € (¢)
the class containing a. We use additive notation for ¢’(¢) and so [1], is the zero
element of &' ().
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Suppose that H C D and that ¢ = (H < D). Then %' (¢) = q(D)/q(H), and for
a € D we set [a], = [alp/y = aq(H). Then

D/H = {lalp/n: a € D} C € (p)

is a submonoid with quotient group q(D/H) = % (¢). It is easy to check that D/H is
agroup if and only if H C D is cofinal. In particular, if D/H is finite or if q(D) /q(H)
is a torsion group, then D/H = q(D)/q(H). Let H be amonoid. Then ¢ C .#(H)
is saturated and cofinal, and

¢ (H) = I (H) /A = F,(H)" |q(H)

is the v-class group of H.

We will also need the concept of class semigroups which are a refinement of
ordinary class groups in commutative algebra. Let D be a monoid and H C D a
submonoid. Two elements y, y € D are called H-equivalent,ify '"H N D =y 'H N
D. H-equivalence is a congruence relation on D. For y € D, let [y]5 denote the
congruence class of y, and let

¢(H,D) ={[ylh:ye D} and €*(H,D)={[yl5:ye (D\D*)U{l}}.

Then € (H, D) is a semigroup with unit element [1]2 (called the class semigroup
of H in D) and €¢*(H, D) C ¢ (H, D) is a subsemigroup (called the reduced class
semigroup of H in D). The map

0:%(H,D) — D/H, defined by 0([a]2) = lalp/y foralla € D,

is an epimorphism, and it is an isomorphism if and only if H C D is saturated.

2.3  Krull Monoids and Krull Domains

Theorem 2.1 Let H be a monoid. Then, the following statements are equivalent:

(a) H is v-noetherian and completely integrally closed,

(b) 3: H— ZF(H) is a divisor theory.

(c) H has a divisor theory.

(d) There is a divisor homomorphism ¢ : H — D into a factorial monoid D.
(e) Hieq is a saturated submonoid of a free abelian monoid.

If H satisfies these conditions, then H is called a Krull monoid.
Proof See [40, Theorem 2.4.8] or [51, Chap. 22].

Let H be a Krull monoid. Then .#(H) is free abelian with basis X(H). Let
p € X(H). Then v, denotes the p-adic valuation of .%#,(H)*. For x € q(H), we
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set Vp(x) =Vp(xH) and we call v, the p-adic valuation of H. Then v: H —
N(()x(H)), defined by V(a) = (V, (a))pex(H) is a divisor theory and H = {x € q(H):
Vp(x) > Oforallp € X(H)}.

If op: H— D = .%(P) is a divisor theory, then there is an isomorphism @ :
JF(H) — D such that @ o d = ¢, and it induces an isomorphism D C,(H) —
€ (¢). Let D = .% (P) be such that H,.q <> D is a divisor theory. Then D and P are
uniquely determined by H,

%(H) = %(Hred) = D/Hred

is called the (divisor) class group of H, and its elements are called the classes of H.
By definition, every class g € ¥’ (H) is a subset of q(D) and P N g is the set of prime
divisors lying in g. We denote by €' (H)* = {[plp/u,.: p € P} C € (H) the subset of

classes containing prime divisors (for more details we refer to the discussion after
Definition 2.4.9 in [40]).

Proposition 2.2 Let H be a Krull monoid, and let ¢ : H — D = % (P) be a divisor
homomorphism.

1. There is a submonoid Cy C € (p) and an epimorphism Cy — 6, (H).

2. Suppose that H C D is saturated and that Q(D)/q(H) is a torsion group. We
set Dy = {gcdp(X): X C H finite}, and for p € P define e(p) = min{v,(h): h €
H with v,(h) > 0}.

(a) Dy is a free abelian monoid with basis {p°P : p € P).
(b) The embedding H — Dy is a divisor theory for H.

Proof 1. follows from [40, Theorem 2.4.8], and 2. from [74, Lemma 3.2].

Let R be a domain with quotient field K. Then R®* = R\{0} is a monoid, and
all notions defined for monoids so far will be applied for domains. To mention a
couple of explicit examples, we denote by (R) the quotient field of R and we have
q(R) = q(R*) U {0}, and for the complete integral closure we have R=R"U {0}
(where R is the integral closure of R in its quotient field). We denote by X (R) the set
of all minimal nonzero prime ideals of R, by .7, (R) the set of divisorial ideals of R, by
J¥(R) the set of v-invertible divisorial ideals of R, and by .%, (R) the set of fractional
divisorial ideals of R. Equipped with v-multiplication, .%,(R) is a semigroup, and
the map

1*: Z,(R) — Z,(R*), definedby ar> a\{0},

is a semigroup isomorphism mapping .#,(R) onto .%,(R*) and fractional principal
ideals of R onto fractional principal ideals of R®. Thus R satisfies the ACC on divisorial
ideals of R if and only if R® satisfies the ACC on divisorial ideals of R®. Furthermore,
R is completely integrally closed if and only if R® is completely integrally closed. A
domain R is a Krull domain if it is completely integrally closed and satisfies the ACC
on divisorial ideals of R, and thus R is a Krull domain if and only if R® is a Krull
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monoid. If R is a Krull domain, we set €’ (R) = € (R*). The group .%,(R)* is the
group of v-invertible fractional ideals and the set .Z,"(R) = .%,(R)* N .%,(R) of all
v-invertible v-ideals of R is a monoid with quotient group .%, (R) *. The embedding of
the nonzero principal ideals J# (R) — .#,"(R) is a cofinal divisor homomorphism,
and the factor group

¢(R) = Z,(R)*/{aR: a € K*} = I (R)/ A (R)

is called the v-class group of R. The map (* induces isomorphisms .%,(R)* —
F(R*, F*R) = F*(R*), and €,(R) — %,(R*), and in the sequel we shall
identify these monoids and groups.

The above correspondence between domains and their monoids of non-zero ele-
ments can be extended to commutative rings with zero-divisors and their monoids of
regular elements [45, Theorem 3.5], and there is an analogue for prime Goldie rings
[38, Proposition 5.1].

Examples 2.3 1. (Domains) As mentioned above, the multiplicative monoid R® of a
domain R is a Krull monoid if and only if R is a Krull domain. Thus Property (a) in
Theorem 2.1 implies that a noetherian domain is Krull if and only if it is normal (i.e.
integrally closed in its field of fractions). In particular, rings of invariants are Krull,
as we shall see in Theorem 4.1.

2. (Submonoids of domains) Regular congruence submonoids of Krull domains
are Krull [40, Proposition 2.11.6].

3. (Monoids of modules) Let R be a (possibly noncommutative) ring and let 4" be a
class of finitely generated (right) R-modules which is closed under finite direct-sums,
direct summands, and isomorphisms. Then the set ¥'(%’) of isomorphism classes of
modules is a commutative semigroup with operation induced by the direct sum. If the
endomorphism ring of each module in ¢’ is semilocal, then ¥ (%) is a Krull monoid
[19, Theorem 3.4]. For more information we refer to [1, 20, 21].

4. (Monoids of product-one sequences) In Theorem 3.2 we will characterize the
monoids of product-one sequences which are Krull.

2.4 C-Monoids and C-Domains

A monoid H is called a C-monoid if it is a submonoid of a factorial monoid F' such
that H N F* = H* and the reduced class semigroup ¢*(H, F) is finite. A domain
is called a C-domain if R® is a C-monoid.

Proposition 2.4 Let F be a factorial monoid and H C F a submonoid such that
HNF*=H*

1. IfH is aC- monmd then H is v-noetherian with (H : H ) # @, and the complete
integral closure H is a Krull monoid with finite class group %(H ).
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2. Suppose that F/F* is finitely generated, say F = F* X [py, ..., ps] with pair-
wise nonassociated prime elements py, . . ., ps. Then, the following statements are
equivalent:

(a) Hisa C-monoid defined in F.

(b) There exist some o € N and a subgroup W < F* such that (F*:W)|«,
W(H\H™) C H, and for all j € [1, 5] and a € pj'F we have a € H if and
only if pfa € H.

Proof For 1., see [40, Theorems 2.9.11 and 2.9.13] and for 2. see [40, Theo-
rems 2.9.7].

Examples 2.5 1. (Krull monoids) A Krull monoid is a C-monoid if and only if the
class group is finite [40, Theorem 2.9.12].

2. (Domains) Let R be a domain. Necessary conditions for R being a C-domain are
given in Proposition 2.4. Thus suppose that R is a Mori domain (i.e., a v-noetherian
domain) with nonzero conductor | = (R:R) and suppose that €(R) is finite. If R/
is finite, then R is a C-domain by [40, Theorem 2.11.9]. This result generalizes to
rings with zero-divisors [45], and in special cases we know that R is a C-domain if
and only if R/f is finite [69].

3. (Congruence monoids) Let R be Krull domain with finite class group %' (R) and
H C R acongruence monoid such that R/f is finite where § is an ideal of definition
for H. If R is noetherian or f is divisorial, then H is a C-monoid [40, Theorem 2.11.8].
For a survey on arithmetical congruence monoids see [2].

4. In Sect.3.1 we shall prove that monoids of product-one sequences are C-
monoids (Theorem 3.2), and we will meet C-monoids again in Proposition 4.11
dealing with the monoid #(G, V).

Finitely generated monoids allow simple characterizations when they are Krull or
when they are C-monoids. We summarize these characterizations in the next lemma.

Proposition 2.6 Let H be a monoid such that Hq is finitely generated.

1. Then H is v-noetherian with (H : H) #= 0, H=H, H/HX is finitely generated,
and H is a Krull monoid. In particular, H is a Krull monoid if and only if H = .

2. H is a C-monoid if and only if CK(H) is finite.

3. Suppose that H is a submonoid of a factorial monoid F = F* x % (P). Then, the
following statements are equivalent:

a. H is a C-monoid defined in F, F* /H* is a torsion group, and for everyp € P
there is an a € H such that v,(a) > 0.
b. Foreverya € F, there is ann, € Nwitha™ € H.

If (a) and (b) hold, then P is finite and H = H = q(H) N F C F is saturated and
cofinal.

Proof 1. follows from [40, 2.7.9-2.7.13], and 2. follows from [41, Proposition 4.8].
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3.(a)= (b) For every p € P,wesetd, = gcd (Vp (H )), and by assumption we have
d, > 0. Weset Py = {p :p € P} andFO F* x 7 (Py). By [40, Theorem 2.9.11],
H is a C-monoid defined in F and there is a divisor theory 9: H— Z(Py). By
construction of Fy, it is sufficient to prove the assertion for all @ € Fy. Since F* /H*
is a torsion group, it is sufficient to prove the assertion for all a € . F (Py). Leta e
F(Py). Since %(H) is finite, there is an n, € N such that a" ¢ H. Since H = H
there is an n;, € N such that (a" aYla € H.

b)= (a) For every p €P there isann, e N such that p”ﬁ € H whence Vv, (p") =
n, > 0. Clearly, we have H C F = F,and hence H C q(H) NF =q(H) N F.Since
for each a € F there is an n, € Ny with a™ € H, we infer that Q(H) N F C H=
H and hence H = q(H) N F. Furthermore, H C F and HCF are cofinal, and
q(F)/q(H) = F/H is a torsion group. Clearly, Q(H) N F C F is saturated, and thus
H is Krull. Since H* = H N F* and H* = H* N H, it follows that H* = H N F*
and then we obtain that F* /H* is a torsion group.

By 1., I"-?/H>< is finitely generated, say 1";7/HX ={uH*, ..., u,H*},and set Py =
{p € P: pdivides u; - - - - - u, in F}. Then Py is finite, and we assert that Py = P.
If there would exist some p € P\Py, then there is an n, € N such that p™ € H,
and hence p"»H* is a product of u;H*, ..., u,H>, a contradiction. Therefore P is
finite, F//F* is a finitely generated monoid, q(F)/F* is a finitely generated group,
and therefore q(F)/q(H)F* is a finitely generated torsion group and thus finite.
Since ¢ : H—F— F/F* is adivisor homomorphism and % (¢) = q(F)/q(H)F*,
Proposition 2.2.1 implies that & (f]) is an epimorphic image of a submonoid of
q(F)/q(H)F* and thus %(ﬁ ) is finite. Thus 2. implies that A is a C-monoid (indeed,
Property 2.(b) of Proposition 2.4 holds and hence H is a C-monoid defined in F).

2.5 Davenport Constants of BF-Monoids

Let H be a BF-monoid. For every k € N, we study the sets
My(H)={aeH: maxL(a) <k} and #(H)={a € H: maxL(a) = k}.

A monoid homomorphism |- |: H — (Np, +) will be called a degree function on
H. In this section, we study abstract monoids having a degree function. The results
will be applied in particular to monoids of product-one sequences and to monoids
AB(G, V) (see Sects.3.3 and 4.4). In all our applications the monoid H will be a
submonoid of a factorial monoid F and if not stated otherwise the degree function
on H will be the restriction of the length function on F.

If : H — B is a homomorphism and H and B have degree functions, then we
say that 6 is degree preserving if |a|y = |0(a)|p for alla € H. Suppose we are given
a degree function on H and k € N, then

Di(H) = sup{lal: a € #(H)} € Ny U {00}
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is called the large kth Davenport constant of H (with respect to | - |). Clearly,
M (H)y=</(H)UH*. WecallD(H) =D (H) = sup{|a|: a € &/ (H)} € Ny U {oo}
the Davenport constant of H. For every k € N, we have .#(H) C M+1(H),
Di(H) < Dyy1(H), and Dy (H) < kD(H). Furthermore, we have |u| = O for every
unit u € H*. Therefore, the degree function on H induces automatically a degree
function | - | : Hreqg — (Np, +), and so the kth Davenport constant of H..q is defined.
Obviously we have Dy (H) = Dy (Hyeq). Let €(H) denote the smallest £ € Ny U {oo}
with the following property:

There is a K € Ny such that every a € H with |a| > K is divisible by an element
b e H\H* with |b| < ¢.

Clearly, e(H) < D(H).

Proposition 2.7 Let H be aBF-monoidand| - |: H — (Ny, +) be adegree function.

1. If Hyq is finitely generated, then the sets M (Hyeq) are finite and Dy (H) < oo for
everyk € N.

2. If D(H) < oo, then there exist constants Dy, Ky € Ny such that Dy (H) =
ke(H) + Dy for all k > Ky.

3. If D(H) < oo, thenthe map N — Q, k — % is nonincreasing.

4. Suppose that H has a prime element. Then

Di(H) = max{|a|: a € A (H)} < kD(H)
and
kD(H) = max{|al: a € H, minL(a) <k} = max{lal: a € H, k € L(a)}.

Proof 1. Suppose that H,q is finitely generated. Then .7 (Hq) is finite whence
My (H) is finite for every k € N. It follows that D(H) < oo and Dy (H) < kD(H) <
oo forall k € N.

2. Suppose that D(H) < oo and note that e(H) < D(H). Let f(H) € Ny be the
smallest K € Ny such thatevery a € H with |a] > K is divisible by an elementb € H
with |b| < e(H). We define A = {a € &/ (H): |a| = e(H)}. Let k € N and continue
with the following assertion.

A. Thereexistay, ..., a; € Asuchthata, ...a; € #;(H).In particular, D, (H) >
lay ...ar| = ke(H).

Proof of A. Assume to the contrary that forall ay, ..., a; € A the producta; ...ay is
divisible by an atom u € <7 (H) with |u| < e(H). We set K = f(H) + (k — 1)e(H)
and choose a € H with |a| > K. Then a can be written in the form a = a; ...a;b
where ay, ..., a;,b € H and |a;| < e(H) forall i € [1, k]. If there is some i € [1, k]
with |a;| < e(H),thena;isadivisorof a with |a;| < €(H). Otherwise,a;, ...,a; € A
and by our assumption the producta; . . . a; and hence a has a divisor of degree strictly
smaller than e(H). This is a contradiction to the definition of e(H). [(Proof of A)
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Now letk > f(H)/e(H) — 1. Then A implies that Dy (H) + e(H) > (k + 1)e(H) >
f(H). Let a € H with |a| > Dy(H) 4+ e(H). Then, by definition of f(H), there are
b, ¢ € H suchthata = bc with |¢| < e(H) and hence |b| > Dy (H). This implies that
max L(b) > k, whence max L(a) > k + 1 and a ¢ .#.,(H). Therefore, we obtain
that Dy (H) < Dy(H) + e(H) and thus

0 < Dyy1(H) — (k+ De(H) = Dy(H) — ke(H).

Since a non-increasing sequence of nonnegative integers stabilizes, the assertion
follows.

3. Suppose that D(H) < co. Let k € N, a € #1(H) with |a] = Dy (H),
and set / = maxL(a). Then [ <k + 1. If [ <k, then a € .#;(H) and Dy, (H) >
Dy (H) > |a| = Dy41(H) whence Dy (H) = Dy (H). Suppose that/ = k 4+ 1. We set
a=aj...aq wWithay, ..., a4 € of (H)and |a;| > --- > |ak+1| whence |ags1] <
(la1] + - - - + |ax|) /k. It follows that

Dipi(H) _ lail+---+laen] _ |l +-- -+ lal _ Di(H)
k+1 k+1 - k Tk

3

where the last inequality holds because a; . ..a; € 4 (H).
4. Let p € H be a prime element. We assert that

Di(H) < max{|a|: a€ H, maxL(a) = k}. (%)
Indeed, if a € .#(H) and max L(a) = [ < k, then ap*~! € .#(H) and
la| < lap*™'| < max{lal: a € H, maxL(a) = k},
and hence () follows. Next, we assert that
max{lal: a € H, minL(a) < k} < kD(H). (%)
Leta € HwithminL(a) =1 < k,saya = u; ...u;, whereuy, ..., u; € o/ (H). Then

la| = |uy| + -+ - + |uy| < ID(H) < kD(H), and thus (xx) follows. Using () and ()
we infer that

Di(H) < max{|a|: a€ H, maxL(a) = k} < max{lal: a€ H, maxL(a) < k}
= Dy(H) < max{|a|: a € H, minL(a) <k}

and that
kD(H) = max{la|: a € H, k € L(a)} < max{|a|: a € H, minL(a) < k} < kD(H).

Let F be a factorial monoid and H C F a submonoid such that H* = H N F*.
Then H is a BF-monoid by [40, Corollary 1.3.3]. For k € N, let . (H) denote the
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set of all a € F such that a is not divisible by a product of k non-units of H. The
restriction of the usual length function | - |: F — Ny on F (introduced in Sect.2.1)
gives a degree function on H. We define the small kth Davenport constant d; (H) as

di(H) = supflal: a € 4 (H)} € Ny U {o0}. (D

In other words, 1 + di(H) is the smallest integer ¢ € N such that every a € F of
length |a| > ¢ is divisible by a product of k& non-units of H. We call d(H) = d,(H)
the small Davenport constant of H. Clearly we have . (H) C .’ _,(H) hence
di(H) < diy 1 (H).

Furthermore, let n(H) denote the smallest integer £ € N U {oo} such that every
a € F with |a| > ¢ has a divisor b € H\H* with |b| € [1, €(H)]. For p € &7 (F)
denote by o, the smallest integer £ € N U {oo} such that p® € H. Clearly, we have
op < n(H) forallp € &/ (F).

Proposition 2.8 Let F = F* x % (P) be a factorial monoid and H C F a sub-
monoid such that H* = HN F*, and let k € N.

1. If for every a € F there is a prime p € F such that ap € H, then 1 + d,(H) <
Dy (H).

2. Suppose that H..q is finitely generated and that for every a € F thereisann, € H
such that a** € H. Then H is a C-monoid and we have

(a) e(H)=max{o,: p € P}andn(H) < oo.
(b) di(H) + 1 > ke(H) and there exist constants dy € Z_1, ky € Ny such that
dy(H) = ke(H) + dy for all k > ky.

Proof 1.Leta € . (H) such that |a| = d;(H). We choose a prime p € F such that
ap € H. Take any factorization ap = u;y . ..u, where u; € o/ (H). We may assume
that p|u; in F. Then uy ...uy |a in F, and hence, £ — 1 < k. Thus, it follows that
ap € M (H) and Dy (H) > |ap| = la| + 1 > di(H) + 1.

2.(a) By Proposition 2.6.3, H is a C-monoid, P is finite and hence e(H) < oo.
If p € P, then p* € o/ (H) and by the minimality of o,, p° does not have a divisor
b € H\H” such that |b| < 0,. Thus, it follows that €(H) > max{o,: p € P}. For the
reverse inequality, note that by Proposition 2.4.2 there exists an @ € N such that for
allp € Pand all a € p“F we have a € H if and only if p“a € H. Since any multiple
of « has the same property, we may assume that « is divisible by o, forall p € P. Let
b € H with |b| > |P|(2a — 1). Then, there exists a p € P such that b € p>**F N H.
Hence b is divisible in H by p®, implying in turn that p% € o7 (H) divides b in H.
Therefore, we obtain that €(H) < max{o,: p € P}.

Ifa € F with |a| > Zpep(op — 1), then there is a p € P such that p® divides a in

F,and thus n(H) < 1+ Zpe,,(op — 1.

2.(b)Letp € Pwitho(p) = e(H). Thenp*”»~! € .4 (H)and |p*~| = ke(H) —
1, showing the inequality d;(H) + 1 > ke(H) for all k € N. Now let k € N be such
that 1 + dy(H) + e(H) > n(H), and leta € F with |a| > dy(H) + e(H) + 1. Then,
by definition of n(H), there are b € F and ¢ € H\H* such that a = bc with |c| <
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e(H) and |b| > d;(H). This implies that b is divisible by a product of k non-units of
H whence a is divisible by a product of k 4+ 1 non-units of H. Therefore, it follows
that 1 + dy(H) < d;(H) + €(H) + 1 and hence

0 <dir1(H) —ke(H) <dy(H) — (k— 1)e(H) for all sufficiently large k.

Since a nonincreasing sequence of nonnegative integers stabilizes, the assertion
follows.

3 Arithmetic Combinatorics: Zero-Sum Results
with a Focus on Davenport Constants

This section is devoted to Zero-Sum Theory, a vivid subfield of Arithmetic Combi-
natorics (see [32, 37, 49]). In Sect. 3.1 we give an algebraic study of the monoid of
product-one sequences over finite but not necessarily abelian groups. In Sect. 3.2 we
put together well-known material on transfer homomorphisms used in Sects. 4.2 and
4.3. In Sects. 3.3 and 3.4 we consider the kth Davenport constants of finite groups.
In particular, we gather results which will be needed in Sect. 5.2 and results having
relevance in invariant theory by Proposition 4.7.

3.1 The Monoid of Product-One Sequences

LetGy C GbeasubsetandletG’' = [G, G] = (g~'h~'gh: g, h € G) denote the com-
mutator subgroup of G. A sequence over Gy means a finite sequence of terms from G
which is unordered and repetition of terms is allowed, and it will be considered as an
element of the free abelian monoid .7 (G). In order to distinguish between the group
operation in G and the operation in .# (Gy), we use the symbol - for the multipli-
cation in .% (Gy), hence .% (Gy) = (fi (Gy), -)—this coincides with the convention
in the monographs [40, 49]—and we denote multiplication in G by juxtaposition of
elements. To clarify this, if Sy, S, € .%(Gy) and g1, g2 € Gy, then S| - S, € F(Gy)
has length |Si| + |Sz], S1 - g1 € #(Gy) has length [S;|+ 1, g1 - g2 € F(Gy) is a
sequence of length 2, but g,g» is an element of G. Furthermore, in order to avoid
confusion between exponentiation in G and exponentiation in .% (Gy), we use brack-
ets for the exponentiation in .7 (Gy). So for g € Gy, S € .F(Gy), and k € Ny, we
have

L Z i (k] — kKl _—g..... 3
gl =g ge #(G) with g% =k, and S S S e F(G).
k k
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Now let
S=gi-----ge=[]8",
8€Go
be asequence over Gy (in this notation, we tacitly assume that ¢ € Npand g, ..., g, €

Gy). Then [S| = £ = 0 if and only if S = 1 #(g,) is the identity element in .Z (G),
and then S will also be called the rivial sequence. The elements in .7 (Go)\{1 #G,)}
are called nontrivial sequences. We use all notions of divisibility theory in general
free abelian monoids. Thus, for an element g € Gy, we refer to V,(S) as the multi-
plicity of g in S. A divisor T of § will also be called a subsequence of S. We call
supp(S) = {g1, ..., &} C Gy the support of S. When G is written multiplicatively
(with unit element 15 € G), we use

7 (S) = {grq1)--- & € G: T apermutation of [1, £]} C G

to denote the set of products of S (if |S| = 0, we use the convention that 7 (S) =
{16}). Clearly, 7 (S) is contained in a G’-coset. When G is written additively with
commutative operation, we likewise let

o) =g1+--+g€G

denote the sum of S. Furthermore, we denote by

I(S) ={o(): T|Sand 1 #T}C G and I1(S) = | Jn(T) CG.
T|S
1£T

the subsequence sums and subsequence products of S. The sequence S is called

e a product-one sequence if 16 € w(S),
e product-one free if 1 ¢ I1(S).

Every map of finite groups ¢ : G; — G, extends to a homomorphism ¢ : .7 (Gy)
— Z(G,) where ¢(S) = @(g1) -+ - ¢(g¢). If ¢ is a group homomorphism, then
©(S) is a product-one sequence if and only if 7 (S) N Ker(¢) # . We denote by

H(Go) =S € F(Gop): 16 € m(S)}

the set of all product-one sequences over Gy, and clearly Z(Gy) C Z (Gy) is a sub-
monoid. We will use all concepts introduced in Sect. 2.5 for the monoid A(Gy) with
the degree function stemming from the length function on the free abelian monoid
F(Gyp). For all notations *(H) introduced for a monoid H we write—as usual—
x(Gy) instead of *(Z(Gy)). In particular, for k € N, we set #;(Gy) = #;.(B(Gy)),
Di(Go) = Di(#(Go)), 1(Go) = n(#(Go)), €(Go) = e(#(Gy)), and so on. By
Proposition 2.8.2(a), €(Gy) = max{ord(g): g € Go}. Note that .Z;*(Gy) is the set
of all product-one free sequences over Gy. In particular,
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D(Gyp) = sup{|S|: S € & (Gp)} € N U {o0}
is the large Davenport constant of Gy, and
d(Go) = sup{|S|: S € .Z#(Gy) is product-one free} € Ny U {oo}

is the small Davenport constant of Gy. Their study will be the focus of the Sects. 3.3
and 3.4.

Lemma 3.1 Let Gy C G be a subset.

1. B(Gy) C Z(Gy) is a reduced finitely generated submonoid, <7 (Gy) is finite, and
D(Gy) < |G|. Furthermore, 4 (Gy) is finite and Dy (Gy) < oo for all k € N.
2. Let S € .Z#(G) be product-one free.

a. If gy € n(S), then ggl - S € J(G). In particular, d(G) + 1 < D(G).
b. If |S| = d(G), then I1(S) = G\{lg} and hence
d(G) = max{|S|: S € Z(G) with I1(S) = G\{l5}}.

3. If G is cyclic, then d(G) + 1 = D(G) = |G]|.

Proof 1. We assert that for every U € o/ (G) we have |U| < |G|. Then ./ (Gy) C
o7 (G) is finite and D(Gy) < D(G) < |G|. As already mentioned, B(Gy) C % (Gp)
is a submonoid, and clearly #(Gy)* = {12y} Since .#(Gy) is factorial and
B(Gy)* = B(Gy) N F(Gy)*, B(Gyp) is atomic by [40, Corollary 1.3.3]. This
means that B(Gy) = [/ (Gy) U B(Gp)*], and thus, Z(G) is finitely generated.
Since A(Gy) is reduced and finitely generated, the sets .#;(Gy) are finite by
Proposition?2.7.

Now letU € B(G),sayU =gy -+-- - g¢ with g1g2 ... g0 = 1. We suppose that
¢ > |G| and show that U ¢ 7 (G). Consider the set

M={gi1g...gi:iell, L]}

Since £ > |G|, there are i,j € [1,£] with i <j and g(...g =g1...g. Then
8i+1-..8 = lgandthus g, ... gigj+1 ... 8¢ = 1g whichimplies that U is the product
of two nontrivial product-one subsequences.

2.(a) If go € m(S), then S can be written as S =gy +--- - g¢ such that gy =
g1 - - - 8¢, which implies that gal SRR g € A (G).

2.(b) If S is product-one free with |S| = d(G), and if there would be an i €
G\{IT1(S) U {15}},then T = h~' . § would be product-one free of length |T| = |S| +
1 > d(G), a contradiction. Thus every product-one free sequence S of length |S| =
d(G) satisfies IT1(S) = G\{lg}. If S is a sequence with I7(S) = G\{l¢}, then S is
product-one free and hence |S| < d(G).

3. Clearly, the assertion holds for |G| = 1. Suppose that G is cyclic of order n > 2,
and let g € G with ord(g) = n. Then g"~! is product-one free, and thus 1. and 2.
imply that n < 14+ d(G) < D(G) < n.
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The next result gathers the algebraic properties of monoids of product-one
sequences and highlights the difference between the abelian and the non-abelian
case.

Theorem 3.2 Let Gy C G be a subset and let G’ denote the commutator subgroup
of (Go).

1. B(Gy) C F(Gy) is cofinal and B(Gy) is afinitely generated C-monoid. gj’(\G/o) =
B(Gy) is a finitely generated Krull monoid, the embedding B(Gy) — 7 (Gy) is
a cofinal divisor homomorphism with class group .7 (Gy)/ % (Gy), and the map

&: F(Go)/B(Gy) —> (Go)/G
[S1z Gy 26y +—> &G’ forany g e m(S)

is a group epimorphism. Suppose that Gy = G. Then @ is an isomorphism, every
class of ‘ﬁ(m) contains a prime divisor, and if |G| # 2, then % — Z(G)
is a divisor theory.

2. The following statements are equivalent:

(a) PB(Gy) is a Krull monoid.
(b) B(Gy) is root closed.
(c) B(Gy) C F(Gy) is saturated.

3. B(G) is a Krull monoid if and only if G is abelian.
4. AB(G) is factorial if and only if |G| < 2.

Proof 1. (Gy) is finitely generated by Lemma 3.1. If n = lcm{ord(g): g € Gy},

then ST € (Gy) for each S € Z(Gy). Thus B(Gy) C F(Gy) and %/'(G\O) s
Z (Gy) are cofinal, % (Gy)/AB(Gy) is a group and

F(Go)/B(Go) = 4(F(Go)) /A(2(Gy)) = q(F (Gy)) /a(Z(Go))

is the class group of the embedding m) — .7 (Gp). All statements on the struc-
ture of A(Gy) and %’7(?@ follow from Proposition 2.6.3, and it remains to show the
assertions on @.

Let S,S € #(Gy), g € 7(S), g € n(§’), and B € B(Gy). Then 7 (S) C gCG,
78 Cg¢gG, n(B)yCc G, and n(S-B) C gG'. We use the abbreviation
[S1 = [S1#(Gy)/(Gy)» and note that [S] = [S'] if and only if there are C, C' € ZB(Gy)
suchthat S - C=5".C.

In order to show that @ is well-defined, suppose that [S] = [$'] and that S - C =
S . C' with C,C" € B(Gy). Then 7(S-C) =n(§" - C') C gG'Ng'G’, and hence
gG' = g'G’. In order to show that @ is surjective, let g € (Gy) be given. Clearly,
there is an S € .7 (Gy) such that g € 7 (S) whence @ ([S]) = ¢G'.
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Suppose that Gy = G. First, we show that @ is injective. Let S, S’ € .7 (G) with
g€ n(S),g €n(S)suchthat gG’' = ¢'G’. Thentherearek € N, ay, by, ..., a;, by €
G such that

k
g " =] b aiby).
i=1

We define T =[], (a;" - b7 - @ - b;) and obtain that
S (S -¢g'-T)=8-(-g7"-T) e Z).

Since 1 € 7(T) and gg'~' € 7 (T), it follows that 1 € 7(S'- g~ - T)and 1 € 7(S -
g~ - T) which implies that [S] = [5'].

If |G| < 2, then 4. will show that Z(G) is factorial and clearly the trivial class
contains a prime divisor. Suppose that |G| > 3. In order to show that% — Z(G)
is a divisor theory, let g € G\{l¢} be given. Then there is an h € G\{g~', 15},
U=g-g' €/ (G CHAG). U=g-h-(h'g") € #(G) C BG), and g =
ged g (U, U'). Thus % — .Z(G) is a divisor theory.

Let S € % (G) with g € (S). Then g € .%(G) is a prime divisor and we show
that [g] = [S]. Indeed, if g = 15,then S € HB(G), 1 € HB(G),S - 1 = g - S whence
[g] = [S].Iford(g) = n > 2, then g™ € B(G), S - g" ! € B(G),S-g"W =g-S-
g" " whence [S] = [g].

2. (a) = (b) Every Krull monoid is completely integrally closed and hence root
closed.

(b) = (¢) Let S, T € B(Gy) with T|S in F(Gy), say S =T - U where U =
SIS g € Z(Gy). If n= lcm(ord(gl), ceh ord(gg)), then (70-11. §)i* = ylinl
€ B(Gy). Since HB(Gy) is root closed, this implies that U = T!=1 . § € Z(Gy) and
hence T | S in (Gy).

(¢) = (a) Since .#(Gy) is free abelian, Z(Gy) is Krull by Theorem 2.1.

3. If G is a abelian, then it is obvious that 28(G) C .% (G) is saturated, and thus
Z(G) is a Krull monoid by 2. Suppose that G is not abelian. Then there are g, h € G
with gh # hg. Thenghg™' #h,S=g-h-g~ ' - (ghg™) ' e B(G), T =g-g ' e
PB(G) divides S in Z(G) but TI-1 . § = i . (ghg~")~" does not have product-one.
Thus B(G) C % (G) is not saturated and hence A(G) is not Krull by 2.

4. If G = {0}, then B(G) = Z(G) is factorial. If G = {0, g}, then &/ (G) =
{0, g!?"}, each atom is a prime, and Z(G) is factorial. Conversely, suppose that (G)
is factorial. Then Z(G) is a Krull monoid by [40, Corollary 2.3.13], and hence G is
abelian by 3. Suppose that |G| > 3. We show that Z(G) is not factorial. If there is an
elementg € Gwithord(g) =n > 3,thenU = g"l, —-U = ()", W =(—g) - g €
&7 (G),and U - (—U) = W™ Suppose thereisno g € G withord(g) > 3. Then there
areep, e; € Gwithord(e;) = ord(e;) = 2ande; +e; # 0. ThenU =¢e; - e; - (e] +
), Wy = Wy = el Wy = (e 4+ ) € 7(G), and U = Wy - W, - W

For a subset Gy C G, the monoid % (G) may be Krull or just seminormal but it
need not be Krull. We provide examples for both situations.
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Proposition 3.3 Let Gy C G be a subset satisfying the following property P:

P. For each two elements g, h € Gy, (h) C (g, h) is normal or (g) C (g, h) is
normal.

Then B(Gy) is a Krull monoid if and only if (Gy) is abelian.

Proof If (Gy) is a abelian, then it is obvious that Z(Gy) C % (Gy) is saturated, and
thus #(Gy) is Krull by Theorem 3.2.2.

Conversely, suppose that A(Gy) is Krull and that Gy satisfies Property P. In
order to show that (Gy) is abelian, it is sufficient to prove that gh = hg for each two
elements g, h € Gy.Letg, h € Gy be given such that (h) C (g, h) isnormal, ord(g)
m, ord(h) = n, and assume to the contrary that ghg™! # h. Since g(h)g~' = (h), it
follows that ghg™! = h" forsome v € [2, n — 1]. Thus ghg”'h" "V =landS =g -
he gl gl e B(Gy). Clearly, T = g™ e %(Gy) but § - TI-1 = pln—v+1l ¢
HB(Gy). Thus B(Gy) C F (Gy) is not saturated, a contradiction.

Proposition 3.4 Let G = D», be the dihedral group, say G = (a,b) = {1,a,...,
' b,ab, ..., a" b}, where ord(a) = n > 2, ord(b) = 2, and set Gy = {ab, b}.
Then, B(Gy) is a Krull monoid if and only if n is even.

Proof Clearly, we have ord(ab) = ord(b) = 2 and (Gy) = G. Suppose that n is odd
and consider the sequence S = (ab)"™ - b, Since ((ab)b)'Z = 1, it follows that S is a
product-one sequence. Obviously, S| = (ab)""~!1 . p"=11 ¢ B(Gy) and S, = (ab) -
b ¢ B(Gy). Since S = 8§y - Sy, it follows that B(G) C % (Gy) is not saturated, and
hence #(Gy) is not Krull by Theorem 3.2.2.

Suppose that n is even. Then <7 (Gy) = {(ab)'?!, b1?!} and Z(Gy) = {(ab)!"! -
b ¢, m € Nyeven}. This description of Z(G) implies immediately that Z(G,) C
7 (Gy) is saturated, and hence A(G) is Krull by Theorem 3.2.2.

Remark (Seminormality of 9(Gy)) A monoid H is called seminormal if for all
x € q(H) with x2,x3 € Hitfollows thatx € H. Thus, by definition, every root closed
monoid is seminormal.

1.Letn =3 mod 4and G = D,, the dihedral group,say G = (a, b) = {1, aq, ...,
a™ ', b, ab, ..., a""'b}, where ord(a) = n, ord(b) = 2, and
d“bd'b = d*7! forallk,[ € Z.

We consider the sequence

s=d7]. 0 c 26,

Sl (a["T"] beal®]. -b) - (b-b)and SP' =a" . (a [=].5. ol ] +b) - b
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are both in #(G) whence S € (%2(G)), but obviously S ¢ %(G). Thus Z({a, b})
and A(G) are not seminormal.
2.LletG=Hg ={E,I,J,K,—E, —I,—J, —K} be the quaternion group with the
relations
IJ=—-JI=K, JK=—-KJ=1, and KI=—-IK =1,

and set Gy = {I, J}. By Theorem 3.2, Z(G) is not Krull and by Proposition 3.3,
P (Gy) is not Krull. However, we assert that 2(Gy) is seminormal.

First, we are going to derive an explicit description of #(Gy). Since E =
(—E)(—E) = (KK)(II) = )))){D), it follows that U = I .J2 ¢ B(Gy).
Assume that U = U, - U, with Uy, U, € &/ (Gy) and |U;| < |U,|. Then |U,| €
{2, 3}, but U does not have a subsequence with product one and length two or
three. Thus U € @/ (Gy) and similarly we obtain that I©! . JI¥ € &7 (Gy). Since
D(Gp) < D(G) = 6, it is easy to check that

A (Go) = (W, J141 (121, ji21 plé1 g1 pi2l, gidly
This implies that
B(Go) = {I™M . JU: g =1 =0o0rk, 1 € Ny are both even with k + [ > 4}.

In order to show that Z(Gy) is seminormal, let x € q(#(Gy)) be given such
that x™1, xB1 € %(G,). We have to show that x € Z(Gy). Since x™!, xB € #(Gy) C
F (Gp) and .Z (Gy) is seminormal, it follows that x € .7 (Gy). If x = I'¥ with k € Ny,
then 1% € B(Gy) implies that 4 | 3k, hence 4 | k, and thus x € #(Gy). Similarly,
if x = JW € B(Gy) with | € Ny, then x € Z(Gy). It remains to consider the case
x = 1M . J1 with k, I € N. Since xP3 = [BK . B3I ¢ (Gy), it follows that k, [ are
both even, and thus x € % (Gy). Therefore, (Gy) is seminormal.

3.2 Transfer Homomorphisms

A well-established strategy for investigating the arithmetic of a given monoid H is
to construct a transfer homomorphism 6 : H — B, where B is a simpler monoid than
H and the transfer homomorphism 6 allows to shift arithmetical results from B back
to the (original, more complicated) monoid H. We will use transfer homomorphisms
in Sect. 4 in order to show that properties of the monoid of G-invariant monomials
can be studied in a monoid of zero-sum sequences (see Propositions 4.7 and 4.9).

Definition 3.5 A monoid homomorphism 6: H — B is called a transfer homo-
morphism if it has the following properties:

(T1) B=6(H)B* and 6~1(B*) = H*.
(T2) IfueH, b,ceB and 6(u) = bc, then there exist v, w € H such that
u=vw, 6(v)B* = bB* and 6(w)B* = cB*.
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We will use the simple fact that, if 6 : H — B and §’: B — B’ are transfer homo-
morphisms, then their composition 6" 0 6 : H — B’ is a transfer homomorphism too.
The next proposition summarizes key properties of transfer homomorphisms.

Proposition 3.6 Let 0: H — B be a transfer homomorphism and a € H.

1. ais an atom of H if and only if 6 (a) is an atom of B.
2. Ly(a) = LB(Q(a)), whence G(J/Zk(H)) = #(B) and G’I(L%/k(B)) = .M. (H).
3. If 0 is degree preserving, then Dy(H) = Dy (B) for all k € N.

Proof 1. and 2. follow from [40, Proposition 3.2.3]. In order to prove 3., note that
for all k € N we have

Di(H) = supflaly: a € 4 (H)} = sup{|0(a)|p: 6(a) € 4 (B)}
= sup{|b|p: b € A (B)} = Dir(B).

The first examples of transfer homomorphisms in the literature start from a Krull
monoid to its associated monoid of zero-sum sequences which is a Krull monoid
having a combinatorial flavor. These ideas were generalized widely, and there are
transfer homomorphisms from weakly Krull monoids to (simpler) weakly Krull
monoids (having a combinatorial flavor) and the same is true for C-monoids.

Proposition 3.7 Let H be a Krullmonoid, ¢ : H — .7 (P) be a cofinal divisor homo-
morphism with class group G = € (@), and let G* C G denote the set of classes con-
taining prime divisors. Let 6: .F(P) — Z(G*) denote the unique homomorphism
defined by g(p) = [plforallp € P, and set 6 = 6o ¢: H—> 2B(G*).

1. 0 is a transfer homomorphism.

2. Fora € H, we set |a| = |¢p(a)| and for S € HB(G*) we set |S| = |S| 7. Then
la| = 10(a)| foralla € H, 0 (4 (H)) = A (G*) and 0~ (M} (G*)) = 4 (H)
forallk € N. Furthermore, €(H) = e(G*), n(H) = n(G*), andDy(H) = D;(G*)
forallk e N.

Proof 1. follows from [40, Sect.3.4]. By definition, we have |a| = |0(a)| for all
a € H. Thus, the assertions on Dy (H) follow from Proposition 2.7, and the remaining
statements can be derived in a similar way.

The above transfer homomorphism 0 : H — Z(G*) constitutes the link between
the arithmetic of Krull monoids on the one side and zero-sum theory on the other side.
In this way, methods from Arithmetic Combinatorics can be used to obtain precise
results for arithmetical invariants describing the arithmetic of H. For an overview of
this interplay see [37].

There is a variety of transfer homomorphisms from monoids of zero-sum
sequences to monoids of zero-sum sequences in order to simplify specific struc-
tural features of the involved subsets of groups. Below we present a simple example
of such a transfer homomorphism which we will meet again in Proposition 4.9
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(for more of this nature we refer to [74] and to [40, Theorem 6.7.11]). Let G be
abelian and let Gy C G be a subset. For g € Gy we define

e(Go, &) = ged ({v4(B): B € AB(Gy)}),
and it is easy to check that (for details see [43, Lemma 3.4])

e(Go, 8) = ged ((vg(A): A € 7 (Go)))
= min ({Vg(A): Vg(A) > 0,A € o/ (Gy)})
= min ({V4(B): V4(B) > 0, B € B(Gy)})
= min ({k € N: kg € (Go\{g})}) = ged ({k € N: kg € (Go\(g})})-

Proposition 3.8 Let G be abelian and Gy, G, Gy C G be subsets such that Gy =
G W Gy. For g € Gy we set e(g) = e(Gy, g) and we define G = {e(g)g: g € G|} U
G;. Then, the map

0: B(Gy) —> B(Gy)
B = H g[vg(B>] — H(e(g)g)[vg(B)/e(g)] H g[vg(B)]

2€Gy g€G g€Gy
is a transfer homomorphism.

Proof Clearly, 6 is a surjective homomorphism satisfying 6 =1 (1 #G,) = {1 # Gy }-
In order to verify property (T2) of Definition 3.5, let B € #(Gy) and Ci, C, € Z(Gy)
be such that 6(B) = C; - C,. We have to show that there are By, B, € %#(Gy) such
that B = B; + By, 8(B}) = C}, and 6(B;) = C,. This can be checked easily.

3.3 The kth Davenport Constants: The General Case

Let Gyp C G be a subset, and k € N. Recall that (G) = max{ord(g): g € G}. If G
is nilpotent, then G is the direct sum of its p-Sylow subgroups and hence e(G) =
Iem{ord(g): g € G} = exp(G). Let

e E(Gy) be the smallest integer £ € N such that every sequence S € .7 (Gy) of length
|S| > € has a product-one subsequence of length |G|.

e S(Gy) denote the smallest integer £ € N such that every sequence S € .#(Gy) of
length |S| > ¢ has a product-one subsequence of length e(G).

The Davenport constants, together with the Erd6s—Ginzburg—Ziv constant s(G),
the constants n(G) and E(G), are the most classical zero-sum invariants whose study
(in the abelian setting) goes back to the early 1960s. The kth Davenport constants
Dy (G) were introduced by Halter-Koch [50] and further studied in [40, Sect.6.1]
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and [30] (all this work is done in the abelian setting). First results in the non-abelian
setting were achieved in [15].

If G is abelian, then W. Gao proved that E(G) = |G| 4+ d(G). For cyclic groups
this is the Theorem of Erd6s—Ginzburg—Ziv which dates back to 1961 [40, Proposi-
tion 5.7.9]. W. Gao and J. Zhuang conjectured that the above equality holds true for
all finite groups [82, Conjecture 2], and their conjecture has been verified in a variety
of special cases [3, 33, 34, 53]. For more in the non-abelian setting see [79, 80].

We verify two simple properties occurring in the assumptions of Propositions 2.7
and 2.8.

o If S € Z#(G) and gy € 7 (S), then h:gg1 € Gisaprimein .#(G)and h-S €
B(G).
e Clearly, 15 € #(G) is a prime element of Z(G).

Therefore, all properties proved in Propositions 2.7 and 2.8 for Dy (H) and d; (H) hold
for the constants Dy (G) and d;(G) (the linearity properties as given in Propositions
2.7.2 and 2.8.2.(b) were first proved by Freeze and W.A. Schmid in case of abelian
groups G [30]). We continue with properties which are more specific.

Proposition 3.9 Let H < G be a subgroup, N <G be a normal subgroup, and
k,€ e N.

1. di(N) +de(G/N) < diye—1(G).

2. di(G) < dg,w)+1(G/N).

3. di(G)+1 <[G:H|(d(H) +1).

4. di(G) + 1 < k(d(G) + D).

5. Di(G) < [G:H]|Dy(H).

Proof 1.LetS = (g/N)+---- (g;N) € A (G/N) with |S| = s = d;(G/N) and let
T=hg«---- hy € A (N)witht = di(N). We consider the sequence W =g « - - - +
gsohye---e h, € #(G) and suppose that it is divisible by Sy «--- - SqgeTpe---e
T, where S;, Tj € Z(G)\{1.7 @)}, supp(S) N {g1, ..., &} #Vand Ty ---- - Ty|hy -

---+h, forall i € [1,a] and all j € [1, b]. For i € [1, a], let S; € Z(G/N) denote
the sequence obtained from S; by replacing each g, by g,N and by omitting the
elements of S; whichliein {#,, ..., i;}. ThenS), ..., S, € Z(G/N)\{1 ) }andS$) -
ceee S_a | S whencea < £ — 1. By construction, we have b < k — 1 whence a + b <
k+e—1,We i, (G),and |W|=s+1t=di(N)+d(G/N) < dp1-1(G).

2. We set m = dg,(v)+1(G/N) + 1. By (1), we have to show that every sequence
S over G of length |S| > m is divisible by a product of k nontrivial product-
one sequences. Let f: G — G/N denote the canonical epimorphism and let S €
Z (G) be a sequence of length |S| > m. By definition of m, there exist sequences
Sty Sqa+1 such that Sy----- Savy+1 1S and £(Sy), ..., f(Sq,y+1) are
product-one sequences over G/N. Thus, for each v € [1, dy(N) + 1], there are
elements i, € N such that h, € 7(S,). Then T =hy - --- - hg,(Vy+1 1S a sequence
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over N, and it has k nontrivial product-one subsequences 71, ..., T whose prod-
uct Ty« -+ Ty divides T. Therefore we obtain k nontrivial product-one sequences
whose product divides S.

3. We set m = [G: H] and start with the following assertion.
A. If S € Z(G) with |S| > m, then IT(S) NH # .

Proof of A. Let S =gy +---- gn € 7 (G) with |S| = n > m. We consider the left
cosets g1 H, g1g2H, ..., g1 ...gnH.If one of these cosets equals H, then we are done.
If this is not the case, then there are k, £ € [1, m] with k < £ such that g;...gH =
81---8k8k+1 - - - 8¢H which implies that gg4;...g, € H. O(Proof of A)

Now let S € .% (G) be a sequence of length |S| = [G: H](dy(H) + 1). We have to
show that S is divisible by a product of k nontrivial product-one sequences. By A, there

are dy(H) + 1 sequences Si, ..., Sq,m)+1 and elements hy, ..., hq,)+1 € H such
that Sy - --- - Sa,+1 | S and h, € 7 (S,) foreach v € [1, dy(H) + 1]. By definition,
the sequence hy - -- - - hg,my+1 € F (H) is divisible by a product of k nontrivial

product-one sequences. Therefore S is divisible by a product of k nontrivial product-
one sequences.

4. Let S € .%#(G) be a sequence of length |S| = k(d(G) + 1). Then S may be
writtenas aproductS = Sy + - - Sy where Sy, ..., Sy € #(G)with|S,| = d(G) + 1
for every v € [1, k]. Then each S, is divisible by a nontrivial product-one sequence
T,, and hence, S is divisible by 7} « - - - - Ty. Thus by (1) we infer that d;(G) + 1 <
k(d(G) + 1).

S.LetA=gy----- gt € B(G) with gy ...g¢ =1 and £ > [G : H]Dy(H). We
show that £ > Dy(G). We set d = Dy(H) and consider the left H-cosets C; =
g1...gH foreachj € [1, £]. By the pigeonhole principle there exist 1 <ij < --- <
igy1 <€ suchthat C;, =--- =C;,,,. We set hy = g; 41 ...8i,, foreachs e [l,d]
and hgy1 = 8iyy+1---8¢81---8i—1. Clearly hy, ..., hgyy € H, and g;---g, =1
implies A ---hgy; =1 whence hy«---- hgy1 € $B(H). The inequality d + 1 >
D (H) implies that Ay « -+ -« hgpy = Sy -+ Sk+1, where lg(H) # S; € #(H) for
i €[1,k+ 1].LetT; € .%(G) denote the sequence obtained from S; by replacing each
occurrence of iy by g; 41+ ---+ g, fors € [1,d]and hgyy by giy 41+ g8
coregi_1.ThenTy, ..., Tiy1 € B(G)andA =g+ -+ -+ ge=Tp+---- T}y 1, which
implies that £ > Dy (G).

Much more is known for the classical Davenport constants D;(G) = D(G) and
d; (G) = d(G). We start with metacyclic groups of index two. The following result
was proved in [39, Theorem 1.1].

Theorem 3.10 Suppose that G has a cyclic, index 2 subgroup. Then

|G| — 1 if G is cyclic

D(G) =d(G) +1G| and d(G) = %IGI if G is noncyclic,

where G' = [G, G] is the commutator subgroup of G.
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The next result gathers upper bounds for the large Davenport constant (for d(G)
see [36]).

Theorem 3.11 Let G' = [G, G] denote the commutator subgroup of G.

1. D(G) = d(G) +2|G'| — 1, and equality holds if and only if G is abelian.

2. If G is a non-abelian p-group, then D(G) < %IGL

3. IfGis non-abelian of order pq, where p, q are primes withp < g, then D(G) = 2¢q
andd(G) =qg+p — 2.

4. If N « G is a normal subgroup with G/N = C, ® C, for some prime p, then

1
d(G) = (dWN)+2)p -2 < I—)IGI +p-2

5. If G is noncyclic and p is the smallest prime dividing |G|, then D(G) < %|G|.
6. If G is neither cyclic nor isomorphic to a dihedral group of order 2n with odd n,
then D(G) < 3|G|.

Proof All results can be found in [48]: see Lemma 4.2, Theorems 3.1, 4.1, 5.1, 7.1,
7.2, and Corollary 5.7.

Corollary 3.12 The following statements are equivalent:
(a) G is cyclic or isomorphic to a dihedral group of order 2n for some odd n > 3.

(b) D(G) =GI.

Proof If G is not as in (a), then D(G) < %|G| by Theorem 3.11.6. If G is cyclic,
then D(G) = |G| by Lemma 3.1.3. If G is dihedral of order 2n for some odd n >
3, then the commutator subgroup G’ of G has order n and hence D(G) = |G| by
Theorem 3.10.

3.4 The kth Davenport Constants: The Abelian Case

Throughout this subsection, all groups are abelian and will be written additively.
Wehave G=C,, &---®C,,,withr e Npand 1 <n;| ... |n, r(G) =risthe
rank of G and n, = exp(G) is the exponent of G. We define

d*(G) = Z(ni —1).
i=1

If G = {0}, then r = 0 = d*(G). An s-tuple (ey, . .., e,) of elements of G\ {0} is said
tobe a basis of Gif G = (e;) ® - - - D (e;). First, we provide a lower bound for the
Davenport constants.
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Lemma 3.13 Let G be abelian.
1. Dr(G) = 1+ di(G) for every k € N.
2. d*(G) + (k — 1) exp(G) < di(G).

Proof 1.Letk € N. By Proposition 2.8.1, we have 1 + d;(G) < Di(G). Obviously,
the map

V1 (G — A (G\({1), givenby ¥(S) = (=0 (5)) - S,

is surjective and we have [ (S)| = 1+ |S| for every S € .#;'(G). Therefore, we
have 1 4+ d;(G) = Dy (G).

2. Suppose that G=C, ®--- D C,,, with re Ny and 1 <n| ... |n. If
(e1, ..., e.) is a basis of G with ord(e;) = n; forall i € [1, r], then

,
S = e£n,.(k71)] Heani*IJ
i=1

is not divisible by a product of k nontrivial zero-sum sequences whence d*(G) +
(k — 1) exp(G) = IS] = di(G).

We continue with a result on the kth Davenport constant which refines the more
general results in Sect. 2.5. It provides an explicit formula for d; (G) in terms of d(G)
(see [40, Theorem 6.1.5]).

Theorem 3.14 Let G be abelian, exp(G) = n, and k € N.
1. Let H < G be a subgroup such that G = H & C,. Then

d(H) +kn — 1 < di(G) < (k — Dn + max{d(G), n(G) —n — 1}.

In particular, if d(G) = d(H) +n — 1 and n(G) < d(G) + n+ 1, then d;(G) =
d(G) + (k — Dn.

2. If r(G) <2, then di(G) = d(G) + (k — Dn.

3. If Gisap-group and D(G) < 2n — 1, then di(G) = d(G) + (k — Dn.

For the rest of this section, we focus on the classical Davenport constant D(G).
By Lemma 3.13.2, there is the crucial inequality

d*(G) < d(G).

We continue with a list of groups for which equality holds. The list is incomplete
but the remaining groups for which d*(G) = d(G) is known are of a similar special
nature as those listed in Theorem 3.15.3 (see [76] for a more detailed discussion).
In particular, it is still open whether equality holds for all groups of rank three (see
[76, Sect.4.1]) or for all groups of the form G = C,, (see [47]).



70 K. Cziszter et al.

Theorem 3.15 We have d*(G) = d(G) in each of the following cases:

1. G is a p-group or has rank r(G) < 2.

2. G=K & Cyy wherek,m e N, p € P a prime, m a power ofpand K < G is a
p-subgroup with d(K) < m — 1.

3. G= C,zn &® C,y wherem € {2,3,4,6} andn € N.

Proof For 1. see [40] (in particular, Theorems 5.5.9 and 5.8.3) for proofs and histor-
ical comments. For 2. see [37, Corollary 4.2.13], and 3. can be found in [5] and [76,
Theorem 4.1].

There are infinite series of groups G with d*(G) < d(G). However, the true rea-
son for the phenomenon d*(G) < d(G) is not understood. Here is a simple obser-
vation. Suppose that G =C,,, @ --- ® C,, with 1 <n| ... |n,, I C[1,r], and let
G = @i Cy,. It d*(G") < d(G'), then d*(G) < d(G). For series of groups G which
have rank four and five and satisfy d*(G) < d(G) we refer to [42, 44]. A standing
conjecture for an upper bound on D(G) states that d(G) < d*(G) + r(G). However,
the available results are much weaker [6], [40, Theorem 5.5.5].

The remainder of this subsection is devoted to inverse problems with respect to
the Davenport constant. Thus the objective is to study the structure of zero-sum free
sequences S whose lengths |S| are close to the maximal possible value d(G).

If G is cyclic of order n > 2, then an easy exercise shows that § is zero-sum free
of length |S| = d(G) if and only if S = g!"~!! for some g € G with ord(g) = n. After
many contributions since the 1980s, S. Savchev and F. Chen could finally prove a
(sharp) structural result. In order to formulate it we need some more terminology. If
g € G is a nonzero element of order ord(g) = n and

S=(mg) - (n¢g), where £e€Ny and ny,...,n; €[1,n],

we define n n
nl ... ne
ISllg = ——.

Obviously, S has sum zero if and only if ||S]|, € Ny, and the index of S is defined as
ind(S) = min{||S|l,: g € G with G = (g)} € Qxo.

Theorem 3.16 Let G be cyclic of order |G| =n > 3.

1. If S is a zero-sum free sequence over G of length |S| > (n + 1)/2, then there exist
g € Gwith ord(g) = n and integers 1 = my, ..., ms € [1, n — 1] such that

e S=(mg) .- (ms18)
o mp+ - +mg < nand X(S) ={vg: v e[l,m +~~-—|—m‘5‘]}.

2. IfU € J(G) has length |U| = | 5] + 2, then ind(U) = 1.
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Proof 1. See [71] for the original paper. For the history of the problem and a proof
in the present terminology see [37, Chap. 5.1] or [49, Chap. 11].

2. This is a simple consequence of the first part (see [37, Theorem 5.1.8]).

The above result was generalized to groups of the form G = C, @ Cy, by S.
Savchev and F. Chen [72]. Not much is known about the number of all minimal
zero-sum sequences of a given group. However, the above result allows to give a
formula for the number of minimal zero-sum sequences of length £ > | 7] + 2 (this
formula was first proved by Ponomarenko [66] for £ > 2n/3).

Corollary 3.17 Let G be cyclic oforder |G| = n > 3, andlet{ € [L%J + 2, n] Then

the number of minimal zero-sum sequences U € < (G) of length £ equals @ (n)p;(n),
where ® (n) = |(Z/nZ)*| is Euler’s Phi function and p(n) is the number of integer
partitions of n into £ summands.

Proof Clearly, every generating element ¢ € G and every integer partition n =
my + - - - + my gives rise to a minimal zero-sum sequence U = (m;g) + - - - + (meg).
Conversely, if U € o7 (G) is of length |U| = ¢, then Theorem 3.16.2 implies that
there is an element g € G with ord(g) = n such that

U=@mg): - (meg) where my,...,my € [l,n—1]withn =m; + --- + my.

(%)
Since G has precisely @ (n) generating elements, it remains to show that for every
U € o7(G) of length |U| = ¢ there is precisely one generating element g € G with
IUllg = 1.Let U be as in (), and assume to the contrary that there area € [2,n — 1]
with ged(a, n) = L and m}, ..., m; € [1, n] such that m} + - - - + mj, = n and

U= (m(ag)) - (m}(ag)).
Letd € [2,n — 1] be such that aa’ = 1 (mod n). Since

n=my+ -+ mp = Vg(U) + aVeg (U) + 2(8 — Vg (U) — Vg (U))
=20 —V,(U) + (@ — 2)V4(U) and

n=my+ -+ my = adV(U) 4+ Vag (U) +2(£ — Vo (U) = Vo (U))
=20+ (d — 2)Vg(U) — Vye (U),

it follows that

(a—Dn=n+ (a—2)n
> 20— Vg(U) + (a — Z)Vag(U) +(a—2)2¢ + ((1, - 2)Vg(U) - Vag(U))
= (a— 120+ ((a—2)(d —2) — DV (U),
whence a =2,d = "er—l ord =2,a= % because ¢ > 5] + 2. By symmetry,
we may assume that a = 2. Then V,(U) > 20 —n > 2|_§J +4 —n > 3, and thus
n=>avy,(U) > 3%, a contradiction.
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The structure of all minimal zero-sum sequences of maximal length D(G) has
been completely determined for rank two groups [31, 35, 68, 75], for groups of the
form G = C, & C; @ Cy, withn > 2 [76, Theorem 3.13], and for groups of the form
G = C;‘ @ C,, with n > 70 [8, Theorems 5.8 and 5.9].

4 Multiplicative Ideal Theory of Invariant Rings

After gathering basic material from invariant theory in Sect.4.1 we construct an
explicit divisor theory for the algebra of polynomial invariants of a finite group (see
Sect.4.2). In Sect.4.3 we present a detailed study of the abelian case as outlined in
the Introduction. In Sect.4.4 we associate a BF-monoid to a G-module whose kth
Davenport constant is a lower bound for the kth Noether number.

4.1 Basics of Invariant Theory

Let n = dimp(V) and let p: G — GL(n, F) be a group homomorphism. Consider
the action of G on the polynomial ring F[xi, ..., x,] via F-algebra automorphisms
induced by g-xj = >, p(g™! )jix;. Taking a slightly more abstract point of depar-
ture, we suppose that V is a G-module (i.e., we suppose that V is endowed with
an action of G via linear transformations). Choosing a basis of V, V is identified
with ", the group GL(n, IF) is identified with the group GL(V) of invertible linear
transformations of V, and F[V] = F[x, ..., x,] can be thought of as the symmetric
algebra of V*, the dual G-module of V, in which (xi, ..., x,) is a basis dual to the
standard basis in V. The action on V* is given by (g - x)(v) = x(p(g~")v), where
g € G,x € V*, v € V. Note that, if I is infinite, then F[V] is the algebra of polyno-
mial functions V — T, and the action of G on [F[ V] is the usual action on functions
V — F induced by the action of G on V via p. Denote by F(V) the quotient field

of F[ V1], and extend the G-action on F[V] to F(V) by
g.f_' _8h gy fi.fr eF[V] andg € G.
Lo g f

We define
F(V)C ={f e F(V): g-f =fforallg e G} CF(V) and F[V]® =F(V)°NF[V].

Then F(V)¢ C F(V) is a subfield and F[V]® C F[V] is an F-subalgebra of F[V],
called the ring of polynomial invariants of G (the group homomorphism p : G —
GL (V) giving the G-action on V is usually suppressed from the notation). Since every
element of F(V) can be written in the form fu‘{1 with f; € F[V] and f> € F[V]°,
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it follows that F(V)¢ is the quotient field of F[V]¢. Next, we summarize some
well-known ring theoretical properties of F[V]“ going back to E. Noether [64].

Theorem 4.1 Let all notations be as above.

1. F[V]I6 c F[V]isan integral ring extension and F[V1© is normal.

2. F[V] is a finitely generated F[V1%-module, and F[V1° is a finitely generated
F-algebra (hence in particular a noetherian domain).

3. F[VIC is a Krull domain with Krull dimension dimp (V).

Proof 1. To show that F[V]¢ is normal, consider an element f € F(V)¢ which is
integral over F[V]°. Then f is integral over F[V] as well, and since F[V] is normal,
it follows that f € F[V]NF(V)¢ = F[V]°.

To show that F[V]9 c F[V] is an integral ring extension, consider an element
f € F[V] and the polynomial

oy = [[(X — gf) e FIVIIX]. (2)

geG

The coefficients of @, are the elementary symmetric functions (up to sign) evaluated
at (gf)gec» and hence, they are in F[V]°. Thus f is a root of a monic polynomial
with coefficients in F[V1°.

2. For i € [1, n], we consider the polynomials @,,(X) (cf. (2)), and denote by
A C F[V]¢ C F[V] the F-algebra generated by the coefficients of Dy, ..., D, . By
definition, A is a finitely generated F-algebra, and hence, a noetherian domain. Since
X1, ..., X, areintegral over A, F[V] = A[xy, ..., x,,] is afinitely generated (and hence
noetherian) A-module. Therefore, the A-submodule F[V]¢ is a finitely generated A-
module, and hence, a finitely generated F-algebra.

3.By 1. and 2., F[V]€ is a normal noetherian domain, and hence a Krull domain
by Theorem 2.1.2. Since F[V]¢ C F[V] is an integral ring extension, the Theo-
rem of Cohen—Seidenberg implies that their Krull dimensions coincide, and hence
dim(F[V]%) = dim(F[V]) = dimp(V).

The algebra F[V] is graded in the standard way (namely, deg(x;) =--- =
deg(x,) = 1), and the subalgebra F[V]¢ is generated by homogeneous elements.
For [F-subspaces S, T C F[V] we write ST for the F-subspace in F[V'] spanned by
all the products st (s € S, t € T), and write Sk = §...S (with k factors). The factor
algebra of F[V] by the ideal generated by IF[V]SE is usually called the algebra of
coinvariants. It inherits the grading of IF[ V] and is finite dimensional.

Definition 4.2 Letk € N.

1. Let Bi(G, V) be the top degree of the factor space IE"[V]E/(F[V]?F)"“, where
F[V1¢ is the maximal ideal of F[V ]¢ spanned by the positive degree homogeneous
elements. We call
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B (G) = sup{B(G, W) : W is a G-module over [}

the kth Noether number of G.
2. Letb(G, V) denote the top degree of the factor algebra F[V]/(F[V1)*F[ V] and
set
bi(G) = sup{br(G, W) : W is a G-module over [F}.

In the special case k = 1 we set
B(G, V) = p1(G, V), B(G) = Bi1(G), b(G, V) =bi(G, V), and b(G) = b1 (G),

and B(G) is the Noether number of G. If {f1, ..., f»} and {hy, ..., h;} are two min-
imal homogeneous generating sets of F[V Y, then m = [ and, after renumbering if
necessary, deg(f;) = deg(h;) for all i € [1, m] [61, Proposition 6.19]. Therefore by
the Graded Nakayama Lemma [61, Proposition 8.31] we have

B(G, V) = max{deg(f;): i € [1, m]},

where {f1, ..., f} is a minimal homogeneous generating set of F[V]C. Again by the
Graded Nakayama Lemma, b(G, V) is the maximal degree of a generator in aminimal
system of homogeneous generators of F[V] as an F[V]°-module. If char(F) { |G,
then by [11, Corollary 3.2] we have

Bi(G) =b(G)+1 and B(G,V) <b(G,V)+1, (3)

where the second inequality can be strict. If G is abelian, then B (G, V) and by (G, V)
will be interpreted as kth Davenport constants (see Proposition 4.7).

The regular G-module Vi, has a basis {e, : g € G} labeled by the group elements,
and the group action is given by g - e, = ey, for g, h € G. More conceptually, one can
identify Vi, with the space of F-valued functions on G, on which G acts linearly via
the action induced by the left multiplication action of G on itself. In this interpretation,
the basis element e, is the characteristic function of the set {g} C G. It was proved in
[73] that, if char(IF) = 0, then B(G) = B(G, Vie). If I is algebraically closed, each
irreducible G-module occurs in Vi, as a direct summand with multiplicity equal to
its dimension.

Theorem 4.3 1. [fchar(F) 1 |G|, then B(G) < |G|.
2. Ifchar(F) | |G|, then B(G) = oo.

Proof 1. The case char(F) = 0 was proved by E. Noether [63] in 1916, and her
argument works as well when the characteristic of I is greater than |G|. The general
case was shown independently by P. Fleischmann [25] and J. Fogarty [28] (see also
[62, Theorem 2.3.3] and [56]. For 2. see [70].

Bounding the Noether number has always been an objective of invariant theory
(for recent surveys we refer to [60, 81]; degree bounds are discussed in [10, 17, 26,
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54, 78]; see [ 16] for algorithmic aspects). Moreover, the main motivation to introduce
the kth Noether numbers B, (G) [11-13] was to bound the ordinary Noether number
B(G) via structural reduction (see Sect.5.1).

4.2 The Divisor Theory of Invariant Rings

Let G € GL(V) and x € Hom(G, F*). Then
F[VI* ={f e F[V]: g-f = x(g)f forall g € G}
denotes the space of relative invariants of weight x, and we set

FIVIe™ = ) FIvIox
x€Hom(G,F*)

Clearly, we have F[V]¢ c F[V]9™ c F[V], and to simplify notation, we set
H = (FIVIO\{0Drea, D = FIVI“\{0Drea, and E = F[VI\{ODrea-

Since F[V] is a factorial domain with F*® as its set of units, E = .7 (P) is the free
abelian monoid generated by P = {F*f: f € F[V]is irreducible}. The action of G
on F[V] is via F-algebra automorphisms, so it induces a permutation action of G
on E and P. Denote by P/G the set of G-orbits in P. We shall identify P/G with
a subset of E as follows: assign to the G-orbit {f}, ..., f.} the element f| ...f, € E
(here fi, ..., f, € P are distinct).

We say that a nonidentity element g € G C GL(V) is a pseudoreflection if a
hyperplane in V is fixed pointwise by g, and g is not unipotent (this latter condition
holds automatically if char (IF) does not divide |G|, since then a nonidentity unipotent
transformation cannot have finite order). We denote by Hom’(G, F*) < Hom(G, F*)
the subgroup of the character group consisting of the characters that contain all
pseudoreflections in their kernels. For each p € P, choose a representative p € F[V]
in the associate class p = F*p. We have X(F[V]) = {pF[V]: p € P} because F[V]
is factorial. We set V; = V,,: Q(F[V]*) = F(V)* — Z, and for a subset X C F(V)
we write V,(X) = inf{v,(f): f € X\{0}}. The ramification index of the prime ideal
PF[V] over F[V1C is e(p) = v,(F[VIN F[V]1°). The ramification index e(p) can
be expressed in terms of the inertia subgroup

I,={geG:g-f—fepF[V] forall feF[V]}.
Since V* is a G-stable subspace in F[V], the inertia subgroup /, acts trivially on

V*/(V* N pF[V]). On the other hand I, acts faithfully on V*. So if I, is nontriv-
ial, then V* NpF[V] # 0, implying p € V*. Clearly I, must act trivially on the
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hyperplane ¥ (p) = {v € V: p(v) = 0}, and hence acts via multiplication by a char-
acter 8, € Hom(/,, F*) on the one-dimensional factor space V/ 7 (p). So ker(8,) is
a normal subgroup of /, (necessarily unipotent hence trivial if char(F) { |G|) and
I, = ker(8,)Z decomposes as a semi-direct product of ker(8,) and a cyclic subgroup
Z consisting of pseudoreflections fixing pointwise ¥ (p). So Z = I,/ ker(8,,) is iso-
morphic to a finite subgroup of [F*.

The next Lemma 4.4 is extracted from Nakajima’s paper [58].

Lemma 4.4

1. We have the equality e(p) = |Z|.
2. V,(F[V]9%) < e(p) for all x € Hom(G, F*).
3. V,(F[V]9%) = 0 for all x € Hom’(G, F*).

Proof 1. By [59, 9.6, Proposition (i)], we have that e(p) = Vv, (pF[V] NF[V]»),
the ramification index of the prime ideal pIF[V'] over the subring of I,-invariants.
Thus, if 1, is trivial, then e(p) = 1, and of course |Z| = 1. If I, is nontrivial, then
as it was explained above, p is a linear form, which is a relative I,-invariant with
weight 8;1 ,hence p¥#! is an I,-invariant, implying v, pF[V] N F[V]") < |Z|. On the
other hand F[V ] is contained in F[V]%, and the algebra of invariants of the cyclic
group Z fixing pointwise the hyperplane 7 (p) is generated by p'! and a subspace of
V* complementary to Fp. Thus v, pF[VINF[V]?) > v, pF[VINF[V]%) = |Z],
implying in turn that e(p) = |Z|.

2.Takeanh € F[V]¢ withe(p) = v, (h). Note thatv, (h) = v, (h) and v, (F[V] %)
= p(]F[V]G*X) holds forallg € G - p, since F[V]% % is a G-stable subset in F[V]. Set
S = {é:f e F[V], teF[V]®\pF[V]}. This is a G-stable subring in q(F[V]) con-
taining F[V]. Consider $* = SN q(F[V])*, where qF[V])* = {s € q(F[V]): g -
s = x(g)s forall g € G}. Then v,(§*) = Vq(IF[V]G*X) for all g € G - p, since for
any denominator ¢ of an element f; of § we have v, () = 0. Now suppose that
contrary to our statement we have e(p) < vp(]F[V]G’X), and hence v, (h) < v,(5%)
for all ¢ € G - p. In particular this means that F[V]9* # {0}. Then v,(h~'S*) > 0
holds for all ¢ € G - p. Now S is a Krull domain with X(S) = {¢S: ¢ € G - p}, thus
h=18% C § (see the discussion after Theorem 2.1), implying that SX C AS. Clearly
hS N S* = hS*, so we conclude in turn that S* C ASX. Iterating this we deduce
{0} # S* C N%2,h"S, a contradiction.

3. It is well known that F[V]%% = {0} (see the proof of A4. below). Write v =
V,,(IF[V]G’X). Take f € F[V]9% with V,(f) = v, say f = p"h, where h € [F[V]. Note
that both f and p are relative invariants of ,, hence so is h. Therefore g - h € F*h,
and p |ppvy (g - A — h) for all g € I,, implying that & is an I,-invariant. Any x €
Hom?(G, F*) contains I, in its kernel (the unipotent normal subgroup ker(§,) of 1,
has nonon-trivial characters atall, and Z = I,/ ker(8,) consists of pseudoreflections).
Thus f is I-invariant as well. Therefore p is I,-invariant, so its weight 6, is trivial.
Consequently, the order |Z]| of §, in Hom(/,, IF*) divides v. We have e(p) = |Z]| by
1., and on the other hand v < e(p) by 2., forcing v = 0.
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For arelative invariant f, we denote by w(f) the weight of f. This induces a homo-
morphismw: D — Hom(G, [F*) assigning to[F*f € D the weight w(f) of the relative
invariant f. Clearly, w extends to a group homomorphism w: q(D) — Hom(G, F°).
The kernel of w consists of elements of the form (F*A)~'F*f, where f, h € F[V]¢*
for some character x. Now f/h belongs to F(V)©, which is the field of fractions
of F[V1Y, so there exist fi, hy € F[V]¢ with f/h = f, /h;, implying (F*h)~'F*f =
(F'hl)‘llF'fl € q(H). Thus ker(w) = q(H). Therefore, w induces a monomorphism
w: q(D)/q(H) — Hom(G, F°).

Theorem 4.5 Let G C GL(V), H = (F[V]°\{0)req, and D = (F[V %N\ {0}) eq.

1. The embeddings F[V]°\{0} < F[V]G*rel\{()} i) F[V]® are cofinal divisor

homomorphisms.

2. D is factorial, P/G C E is the set of prime elements in D, and € (¢) is a torsion
group.

3. The monoid Dy = {gcd,(X): X C H finite} C D is free abelian with basis
(¢°9: g € P/G)}, where e(q) = min{v,(h): g |[p h € H}, and the embedding
H — Dy is a divisor theory.

4. We have Dy = {f € D: w(f) € Hom®(G, F*)} and W gy /qa) - € [F[V1°) =
q(Dy)/q(H) — Hom®(G, F*) is an isomorphism.

Theorem 4.5 immediately implies the following corollary which can be found in
Benson’s book [4, Theorem 3.9.2] and which goes back to Nakajima [58] (see also
[27] for a discussion of this theorem).

Corollary 4.6 (Benson-Nakajima) The class group of F[V1° is isomorphic to
Hom’(G, F*), the subgroup of the character group consisting of the characters that
contain all pseudoreflections in their kernels.

Proof (of Theorem 4.5) 1. Since F[V]¢ =F(V)° NF[V], the embedding v o
¢: F[V]° — F[V] is a divisor homomorphism, and hence ¢ is a divisor homo-
morphism. Furthermore, if the quotient of two relative invariants lies in F[V'], then
it is a relative invariant whence v is a divisor homomorphism. In order to show that
the embeddings are cofinal, let0 # f € F[V]be given. Then f* = ngGgf e F[V]¢
and f | f*, so the embedding ¥ o ¢ is cofinal and hence ¢ and v are cofinal.

2. Suppose that {f}, ..., f,} C F[V] represents a G-orbit in P. Then g - (f; ...f.)
is a non-zero scalar multiple of f; ... f,, hence f; ...f, € F[V19 ™. This shows that
P/G C Eisinfact contained in D. Conversely, take an irreducible element F*f in the
monoid D (so f is a relative invariant). Take any irreducible divisor f; of f in F[V].
Since g - f € F°f, the polynomial g - f] is also the divisor of f. Denoting by fi, ..., f;
polynomials representing the G-orbit of F*f; in P, we conclude that f; . . . f, divides f
in F[V], hence F°f; . ..f, divides F°f in D as well, so F*f; .. .f, = F*f. This implies
that D is the submonoid of E = .% (P) generated by P/G.

In order to show that %’ (¢) is a torsion group, let f € D be given. We have to find
anm € Nsuchthatf™ € H. Clearly, this holds with m being the order in Hom(G, F*)
of the weight of the relative invariant corresponding to f.
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3. Since % (p) is a torsion group, Proposition 2.2 implies that the embedding
H < Dy is a divisor theory, and that Dy is free abelian with basis {¢°? : ¢ € P/G},
where e(q) = min{v,(h): q |p h € H} (note thatif g € P/G is the G-orbitof p € P,
then v, (1) = v, (h), where the latter is the exponent of p in h € E = .7 (P)).

4. It remains to prove the following three assertions.

Al. Dy ={f € D: w(f) € Hom"(G, F*)}.
A2. w(Dy) = Hom’(G, F*).
A3. w |q(D0)/q(H) : Q(D())/Q(H) — w(Dy) is an iSOHlOI‘phiSHl.

Proof of A1. Set D° = {f € D: w(f) € Hom®(G, F*)}. We show first Dy C D°. Let
x be a character of G, and assume that x (g) 7~ 1 for some pseudoreflection g € G.
Let f be a relative invariant with w(f) = x. Then for any v with gv = v we have
FfO) =f(g"v) = (g ) = x(g)f v), hence f(v) =0. So [ [rrvy f, where [ is a
nonzero linear form on V that vanishes on the reflecting hyperplane of g. Denot-
ing by I =1, ..., representatives of the G-orbit of F*/, we find that the rela-
tive invariant ¢ = [; ... [, divides f. Thus gcdp{f € D | w(f) = x} # 1. Now sup-
pose that for some F*k € Dy we have that w(k) does not belong to Hom’(G, F*).
By definition of Dy there exist Ay, ..., h, € D with gedpy(hy, ..., h,) =1 and
khy, ..., kh, € H.Clearly w(h;) = w(k)™' ¢ Hom®(G, F*), hence by the above con-
siderations gcd, (hy, ..., h,) # 1, a contradiction.

Next we show D° C Dy. Let d be an element in the monoid D°. By Lemma 4.4.3
for any prime divisor p € P of d there exists an &, € D such that w(h,) = w(d)™!
and p {g h,. Denote by m > 1 the order of w(d) in the group of characters. Clearly
d" € H and dh, € H. Moreover, gcdp(d",dh, :p € P, plgd)=d.

Proof of A2. The statement follows from A1, as soon as we show that F[V]%x £
0 for all x € Hom(G, F*). For any character x € Hom(G, F*) the group G =
G/ ker(x) is isomorphic to a cyclic subgroup of [F*, hence its order is not divisible by
char(IF). Moreover, G acts faithfully on the field 7 = F(V)*"0, with T¢ = F(V).
By the Normal Basis Theorem, T as a G-module over T is isomorphic to the regular
representation of G, hence contains the representation x as a summand with mul-
tiplicity 1. This shows in particular that 7¢ contains a relative invariant of weight
x. Multiplying this by an appropriate element of 7¢ NF[V] = F[V]® we get an
element of F[V]9%. So all characters of G occur as the weight of a relative invariant
in F[V].

Proof of A3. Since w: q(D)/q(H) — Hom(G, F*®) is a monomorphism, the
map W |qwmy)/qi) : ADo)/A(H) — w(q(Dy)) is an isomorphism. Note finally that
w(q(Do)) = qw(Dy)) = w(Dy).

As already mentioned, not only the class group but also the distribution of prime
divisors in the classes is crucial for the arithmetic of the domain. Moreover, the class
group together with the distribution of prime divisors in the classes are characteristic
(up to units) for the domain. For a precise formulation we need one more definition.

Let H be a Krull monoid, Hy.q < % (£?) a divisor theory, and let G be an abelian
group and () g be a family of cardinal numbers. We say that H has characteristic
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(G, (mg)4eq) if there is a group isomorphism @ : G — ¢'(H) such that m, = | &2 N
@(g)|. Two reduced Krull monoids are isomorphic if and only if they have the same
characteristic [40, Theorem 2.5.4]. We pose the following problem.

Problem 1 Let G be a finite group, I be a field, and V be a finite dimensional
F-vector space endowed with a linear action of G. Determine the characteristic of
F[V]C.

Let all assumptions be as in Problem 1 and suppose further that G acts trivially
on one variable. Then F[V]¢ is a polynomial ring in this variable and hence every
class contains a prime divisor by [29, Theorem 14.3].

4.3 The Abelian Case

Throughout this subsection, suppose that G is abelian, F is algebraically closed,
and char(F) 1 |G].

The assumption on algebraic closedness is not too restrictive, since for any field
IF the set F[V]¢ spans the ring of invariants over the algebraic closure F as a vector
space over F. The assumption on the characteristic guarantees that every G-module is
completely reducible (i.e., is the direct sum of irreducible G-modules). The dual space

V* has a basis {xi, ..., x,} consisting of G- e1genvectors whence g - x; = Xi( (g)x;
foralli e [1, n]/gvhere Xls -y Xn € Hom(G F*). We set G= Hom(G, F*), GV =
{x1,..., xn} C G,andnotethatG = G.Recall that acompletely reducible H-module

W (for a not necessarily abelian group H) is called multiplicity free if it is the direct
sum of pairwise non-isomorphic irreducible H-modules. In our case V is multiplicity
free if and only if the characters yi, ..., x, are pairwise distinct.

It was B. Schmid [73, Sect. 2] who first formulated a correspondence between a
minimal generating system of IF[V]¢ and minimal product-one sequences over the
character group (see also [24]). The next proposition describes in detail the structural
interplay. In particular, Proposition 4.7.2 shows that all (direct and inverse) results on
minimal zero-sum sequences over 6‘/ (see Sects. 3.3 and 3.4) carry over to o7 (MY).

Proposition 4£ LetM C Flxy, ..., x,] be the multiplicative monoid of monomials,
v M — F(Gy) be the unique monoid homomorphism defined by v (x;) = x; for
alli € [1, n], and let MS C M denote the submonoid of G-invariant monomials.

1. F[V1C has M€ as an F-vector space basis, and F[V1° is minimally generated as
an F-algebra by o/ (M©).

2. The homomorphism ¥ : M — f(/G\V) and its restriction V| yo: M® — %(6‘/)

are degree-preserving transfer homomorphisms. Moreover, M© is a reduced

finitely generated Krull monoid, and o/ (M%) = ! (%(6”).

Y | po is an isomorphism if and only if V is a multiplicity free G-module.

4. B(G, V) =Dy (M%) = Di(Gy) and Br(G) = Di(G) forall k € N.

w



80 K. Cziszter et al.

Proof 1. Each monomial spans a G-stable subspace in F[V'], hence a polynomial is
G-invariant if and only if all its monomials are G-invariant, so M spans F[V]¢. The
elements of MY are linearly independent, therefore F[V]C can be identified with the
monoid algebra of M G over IF, which shows the second statement.

2.M and (?;V) are free abelian monoids and ¥ maps primes onto primes. Thus
VM- ZF (GV) is a surjective degree-preserving monoid homomorphismanditis a
transfer homomorphism. Letr: F (G) — Gbe the monoid homomorphism defined
by m(x) = x forall x € G. Then ker(m) = %(G). Taking into account that for a
monomial m € M G acts on the space Fm via the character (1 (m)), we conclude
that for a monomial m € M we have that m € MY if and only if ¥ (m) € 93(@\/).
This implies that the restriction ¥ | y¢ of the transfer homomorphism v is also a
transfer homomorphism. Therefore M is generated by .« (M) = ' (o (6V)).
Since &/ (av) is finite, and v has finite fibers, we conclude that the monoid M G is
finitely generated. Since M is factorial and F[V1°¢ c F[V] is saturated by Theorem
4.5, it follows that

MNagM® c MNFVINQEF[VI®) c MNF[V]® =Mm©

whence MS C M is saturated and thus M is a Krull monoid.

3. V is amultiplicity free G-module if and only if xy, ..., x, are pairwise distinct.
Since y: M — 3“(6‘/) maps the primes xi, . . ., x,, of M onto the primes x, ..., X»
of F (6V) ¥ is an isomorphism if and only if i, ..., x, are pairwise distinct.

4. Letk € N andMG MO\{1}. ThenMG\(MG)k+1 M(M©). Since 1 | o :
MC — B@Gy) is degree -preserving transfer homomorphism, Proposition 3.6.3
implies that D;(MS) = Di(Gy). Since F[V]C is spanned by MO, FIVIEH ! is
spanned by (Mf)k“. Therefore, the top degree of a homogeneous G-invariant not
contained in (IE"[V]E)"+1 coincides with the maximal degree of a monomial in
Mf_\(Mf)"Jrl = M (M%). Thus Bx(G, V) = Dy(M). For the kth Noether number
Br(G) we have

Bi(G) = sup{Br(G, W) : W is a G-module over F}
= sup{Dk(aw) : W is a G-module over F} = Dk(a)

o~

because for the regular representation Ve, we have EVmg =G.

Recalling the notation of Theorem 4.5, we have

H=F[V]I°\{0Drea and Do={ged(X): X C H finite} C D = (F[V]°™\{0})eq.
D

Furthermore, M C F[V] = F[xy, ..., x,] is the monoid of monomials, M® = M N
F[V]°, and we can view M as a submonoid of H and then M = M N H. Since
M C H is saturated, M = q(M) N H, and
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aM)/qMC) = qM)/qM NH) = qM)/(@Q(M) N q(H))
= q(M)q(H)/q(H) C q(D)/q(H),

we consider q(M)/q(M°) as a subset of q(D)/q(H).

Proposition 4.8 Let all notation be as above and set My = M N D

1. My C Dy is divisor closed whence My is free abelian, and </ (My) =M N
o (Do) = (x50, .., xetny,

2. We have e(x;) = min{k € N: Xik e(xlj#i})

3. Hom(p(G), F*) is generated by {xf(xl), coey XSO and ]F[x‘f(x‘), Rl
F[V19, where G, denotes the subgroup of p(G) generated by the pseudoreflec-
tions in p(G).

4. The embedding M® — M, is a divisor theory,

W lqoay)/qure) - € (M) = q(Mo)/q(M®) — Hom(p(G), F*)

is an isomorphism, and w(€ (MP)*) = {x°™, ..., xco).

Proof 1. If the product of two polynomials in F[V] has a single non-zero term,
then both polynomials must have only one non-zero term. Thus, if ab € M for some
a, b € D, then both a and b belong to M. Hence M C D is divisor closed implying
that My C Dy is divisor-closed. Therefore <7 (M) = M N <7 (Dy).

By Theorem 4.5.3, <7 (Dy) = {¢°?: q € </ (D)}. The divisor closedness of M
in D implies that if ¢°? € M, then g € M N ./ (D) = o/ (M) = {x1, ..., X,}. Thus
M N o/ (Dy) = (X, ... xeowy,

2. Fori € [1, n], we have

e(x;) =min{vy (h): x; |p h,h € H} = min{v,,(m): x; |p m,m € MG},

where the second equality holds because for all # € H we have V,,(h) = min

{Vy,(m): m ranges over the monomials of 4}. Note that a monomial m = []}_, x{"
lies in M€ if and only if []_, Xi[“"] is a product-one sequence over G if and only
i.f;(l.‘f')}z [Tz % - Thus min{v,, (m): x; [p m,m € M®} = minfk € N: x} € (x; |
Jj#1)}.

3. By Theorem 4.5.4, Hom’(p(G), F*) = w(Dy) and hence Hom’(p(G), F*)
is generated by w(</(Dy)). Thus by 1., it remains to show that (w(<7(Dy))) =
(w(e/ (My))). Since &7 (My) C o7 (Dy), it follows that (w(7 (Dy))) D (w( (My))).
To show the reverse inclusion, let a € o7 (Dy). For any monomial m occurring in a,
we have w(m) = w(a). By Theorem 4.5.4, Dy = {f € D: w(f) € Homo(,o(G), F*)}
whence m € M N Dy = My and clearly w(m) € (w(</(M))).

Recall that each monomial in F[V] spans a G-invariant subspace. Thus f € F[V]
is Gy-invariant if and only if all monomials of f are G-invariant. Furthermore, a
monomial m is G -invariant if and only if w(m) contains G in its kernel; equivalently
(by the characterization of Dy) m € M N Dy = M. Thus F[V]°" is generated by
a7 (M) and hence the assertion follows from 1.
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4. Since M C D, My C Dy and M® C H are divisor closed and since the embed-
ding H C Dy is a divisor theory (Theorem 4.5.4), M® < M, is a divisor homo-
morphism into a free abelian monoid. Let m € My. Then m € Dy and there is a
finite subset Y C H such thatm = gedp (V). Let X C Do N M = M be the set of all
monomials occurring in some y € Y. Then m = gedp, (X) = gedy,, (X), where the
last equality holds because My C Dy is divisor closed.

Restricting the isomorphism

W lqDo)/qH) € (FIV1°) = q(Do)/q(H) — Hom’(p(G), F*)
from Theorem 4.5, we obtain a monomorphism

W lgoay quee): €M) = d(Mo)/qM®) — Hom"(p(G), F*).
By 1. and 3., the image contains the generating set { xe(m, ey X200} of the group

Hom’ (p(G), F*) and hence the above monomorphism is an isomorphism. The last
statement follows from 1. by wW(€ (M%)*) = w(</ (My)).

Proposition 4.9 Let M C F[xy, ..., x,] be the multiplicative monoid of monomials,
and M® C M the submonoid of G-invariant monomials.

1. Every class of € (F[V1°) contains a prime divisor:
2. We have the following commutative diagram of monoid homomorphisms

H HB(6 (H)) - B(Hom"(p(G), F*))
BGy) w2
2 \MG
0>
MC B(EM)*)

where

e 0, and 0, are transfer homomorphisms of Krull monoids as given in Proposi-
tion 3.7.

e w) is the extension to the monoid of product-one sequences of the group
isomorphism W |qpy)/q) given in Theorem 4.5.4

e W, is the extension to the monoid of product-one sequences of the restriction
to € (MC)* of the group isomorphism w lqo) /qme) given in Proposition 4.8

e  is given in Proposition 4.7.

o v will be defined below (indeed, v is a transfer homomorphism as given in
Proposition 3.8).

3. If@v = G, then every class of € (M) contains a prime divisor.
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Proof 1. By Proposition 4.7.1, F[V ]9 is the monoid algebra of MY over F. Thus, by
[7, Theorem 8], every class of F[V]¢ contains a prime divisor.

2. In order to show that the diagram is commutative, we fix an m € MC. We
consider the divisor theory MY < M, from Proposition 4.8 and factorize m in M,
say m = [, (xf(x"))a’ where a, ..., a, € Ny. Since w(x{™) = x™ for all i €

[1, n], it follows that
(W2 0 62)(m) = (}{“)lal. ... (x)lal ¢ B(Hom® (p(G), F*)).

Next we view m as an element in H and consider the divisor theory H < Dj. Since
My C Dy is divisorclosed, m = [i_, (x{“")* is a factorization of m in Dy. Therefore
(w1 060))(m) = (w0 6)(m).

By definition of v, we infer that

Iﬁ(m) — Xl[e()ﬂ)al] R X'Ee(x,,)a,,]'

We define a partition of E;V = G U Gy, where G, = {x;: x; = x; for some distinct
i,j €[1,n]} and G; = Gy\G,. Let v: B(Gy) — BHom®(p(G), F*)) be defined
as in Proposition 3.8 (with respect to the partition Gy = G; W G,). By Proposition
4.8.2, e(x;) = 1 if x; € Gy, and e(x;) equals the number e(y;) in Proposition 3.8 if
Xxi € Gi. Therefore it follows that

v(y(m)) = (Xf(x]))[a'J ..... (X;(Xu))[a”]’

and hence the diagram commutes.

3. In a finite abelian group all elements are contained in the subgroup generated
by the other elements, with the only exception of the generator of a 2-element group.
Therefore unless G is the 2-element group and the non-trivial character occurs with
multiplicity one in the sequence xj « - - -« Xn- all the e(x;) = 1 by Proposition 4.8.3,
and the elements x; are all prime in My, so they represent all the divisor classes, as
i varies in [1, n]. In the missing case we have F[V]° = F[x, ..., x,_1, x2] (after a
renumbering of the variables if necessary), hence both class groups are trivial, and
x1 and x% are prime elements in the unique class.

Thus Proposition 4.9.1 gives a partial answer to Problem 1. Using that notation it
states that m, > 1 for all g € € (F[V]°).

Example 4.10 The set € (M)* may be a proper subset of €' (M), and consequently
the monoid homomorphism v : %(@;) — %(Homo(,o(G), [F*)) is not surjective in
general.

1. Indeed, let G be cyclic of order 3, g € G with ord(g) = 3, and the action on
F[xy, x2, x3]is given by g - x; = wx;, where w is a primitive cubic root of 1. Then x; =
X2 = X3 = X, 50 e(x1) = e(xz) = e(x3) = 1, implying W(€'(M®)*) = {x} (each of
the x; is a prime element in the class x), whereas W(€' (M%) = {x, x>, x> = 1},
the 3-element group. Thus Z(Gy) = {x¥: k € Ny}, and v(Z(Gy)) is the free
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abelian monoid .% ({x*}) generated by x> = 1 € G. The polynomials x> 4 x,x3 and
xf + x%x3 are irreducible, they are relative invariants of weight x2 and x>, so they
represent prime elements of Dy in the remaining classes x> and x3 = 1.

2. To provide an example with a multiplicity free module, let G be cyclic
of order 5, g € G with ord(g) = 5, and the action on F[xj, x;, x3] is given by
g X = wX|, §-X» = WXy, g - X3 = wx3, Where w is a primitive fifth root of 1.
Then setting x = x;, we have x» = x2, x3 = x> and W(% (M%) = (x) is the 5-
element group, so V is multiplicity free. Still we have e(x;) = e(x;) = e(x3) = 1,
so w(E(MS)*) = {x, x*, x>} (and x1, x,, x3 are the prime elements of M, in these
classes). The remaining classes x* and x> = 1 contain the prime elements of Dy
represented by x3 + x1x3 and x; + xx3.

4.4 A Monoid Associated with G-Modules

Throughout this subsection, suppose that char(F) 1 |G|.

In this subsection, we discuss a monoid associated with representations of not nec-
essarily abelian groups which in the case of abelian groups recovers the monoid of
G-invariant monomials. Decompose V into the direct sum of G-modules:

V=Vi®---0V, 4)

and denote by p;: G — GL(V;) the corresponding group homomorphisms. Then (4)
induces a decomposition of F[V] into multihomogeneous components as follows.
The coordinate ring F[V] is the symmetric algebra Sym(V*) = .2, Sym”"(V*).
Writing F[V], = Sym® (V]) ® ... ® Sym® (V) we have Sym"(V*) = ®y=n
F[V]4, and hence F[V] = @uen;F[V],. The summands F[V], are G-submodules
in F[V], and F[V],F[V], C F[V]wts, so F[V] is a Njj-graded algebra. Moreover,
F[V]C is spanned by its multihomogeneous components F[V]¢ = F[V]° N F[V],.
For f € F[V], we call a the multidegree of f. We are in the position to define

A(G, V) ={a € Nj: F[V]J # {0}} )

the set of multidegrees of multihomogeneous G-invariants. We give precise informa-
tion on A(G, V) in terms of quantities associated to the direct summands V; of V.
Fori € [1, r] denote by c¢; the greatest common divisor of the elements of A(G, V;),
and F; the Frobenius number of the numerical semigroup A(G, V;) C Ny, so F; is
the minimal positive integer N such that Z(G, V;) contains N + kc; for all k € Nj.

Proposition 4.11

1. #(G, V) C Ny is a reduced finitely generated C-monoid.
2. Foreachi € [1,r]and all a € N, satisfying a; > b(G, V;) + F; we have
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ae B(G,V) ifandonlyif cie;+ae B(G,V). (6)

3. Foreachi € [1, r] we have ¢; = |p;(G) NF*idy,|.

Proof 1. Take a, b € (G, V), so there exist non-zero f € IF[V]aG and h € ]F[V]f.
Now 0 # fh € IF[V]((;_,,, hence a + b € A(G, V). This shows that Z(G, V) is a
submonoid of Ny. Moreover, the multidegrees of a multihomogeneous F-algebra
generating system of F[V]¢ clearly generate the monoid %(G, V). Thus (G, V)
is finitely generated by Theorem 4.1.

To show that Z(G, V) is also a C-monoid, recall that by Proposition 2.6.3 a
finitely generated submonoid H of Nj is a C-monoid if and only if each standard
basis element ¢; € Nj has a multiple in 4. Now this condition holds for Z(G, V),
since by Theorem4.1.2F[V;]¢ C F[V]° contains ahomogeneous element of positive
degree for each i € [1, r].

2. By symmetry it is sufficient to verify (6) in the case i = 1. Suppose a €
(G, V), so there is a non-zero G-invariant f € Sym® (V) @ --- ® Sym® (V).
Decompose Sym*! (V) = @j W; into a direct sum of irreducible G-modules. This
gives a direct sum decomposition Sym* (V) ® --- ® Sym* (V) = @j(Wj ®
Sym®(Vy) ® - - - ® Sym® (V¥)). It follows that Sym® (V") contains an irreducible
G-module direct summand W such that W ® Sym®(V;) ® - - - ® Sym“ (V) con-
tains a non-zero G-invariant. By definition of (G, V|) we know that F[V;] is gen-
erated as an F[V;]% module by its homogeneous components of degree < b(G, V).
Therefore, there exists a d < b(G, V) such that the degree d homogeneous compo-
nent of F[V] contains a G-submodule U = W, and a; € d + %4(G, V). Now for
any homogeneous 4 € F[V;]° we have hU ® Sym®?(V)) ® --- ® Sym* (V¥)) C
F[V](+deg(hy.ar.....a,y contains a non-zero G-invariant, since it is isomorphic to
W @ Sym® (V) ® - - - ® Sym® (V). It follows that (k,az,...,a,) € B(G,V)
for all k € d + A(G, V}), in particular, for all k € {d + Fy,d + Fy +c¢1,d + F1 +
26‘1 e }

3.Leti € [1, r], and to simplify notation set W = V;, ¢ = ¢;, and ¢ = p;. Recall
that F[W]* = F[W]? for some finite subgroups A, B C GL(W) implies that A =
B. Indeed, the condition implies equality F(W)A = F(W)? of the corresponding
quotient fields, and so both A and B are the Galois groups of the field extension F(W)
over F(W)4 = F(W)Z, implying A = B. Now denote by Z C GL(W) the subgroup
of scalar transformations Z = {widy : @ = 1}, so Z is a central cyclic subgroup of
GL (W) of order c. Clearly every homogeneous element of F[ W] whose degree is a
multiple of ¢ is invariant under Z. It follows that FIW]° c F[W%, hence denoting by
G the subgroup ¢ (G)Z of GL(W), we have F[W ¢ = F[WC. It follows that ¢ (G) =
G,ie.Z C ¢(G), and so ¢ = |Z| divides the order of ¢ (G) N F*idy . Conversely, if
Aidy belongs to p(G), then every element of F[W]¢ must be invariant under the
scalar transformation Aidy, whence all homogeneous components of F[W]C have
degree divisible by the order of A, so the order of the cyclic group ¢ (G) N F*idy
must divide c.

In general Z(G, V) is not a Krull monoid. To provide an example, consider the
two-dimensional irreducible representation V' of the symmetric group Sz = Dg. Its
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ring of polynomial invariants is generated by an element of degree 2 and 3, hence
B(G, V) =(2,3) C (Ng, +), which is not Krull.

Proposition 4.12 For every k € N we have Dy (A(G, V)) < B (G, V).

Proof Let k € N. Take a € #(G, V) such that |a| > B¢(G, V). By (5) a multi-
homogeneous invariant f € F[V]¢ exists. As deg(f) = |al > B(G, V) it follows
that f = Zf/:l fi1 ... fixs1 for some non-zero multihomogeneous invariants f; ; of
positive degree. Denoting by a;; € Nj the multidegree of f;;, we have that a =
a1+ -+ a1, where0 # a;j € (G, V). This shows thatalla € Z(G, V) with
lal > Bx(G, V) factor into the product of more than k atoms, implying the desired
inequality.

Remarks 1.Let G be abelian and suppose that IF is algebraically closed. Then we may
take in (4) a decomposition of V into the direct sum of 1-dimensional submodules
and so V/*, is spanned by a variable x; as in Sect.4.3. Then F[V], is spanned by
the monomial x{" - - -x% and a € (G, V) holds if and only if the corresponding
monomial is G-invariant. So in this case Z(G, V) can be naturally identified with
MC and the transfer homomorphism v | 3¢ of Proposition 4.7 can be thought of as
a transfer homomorphism A(G, V) — ,%'(E;V), which is an isomorphism if V is
multiplicity free. However, this transfer homomorphism does not seem to have an
analogues for non-abelian G (i.e., the study of Z(G, V) can not be reduced to the
multiplicity free case), as it is shown by the example below.

2. The binary tetrahedral group G = A4 = SL;(IF3) of order 24 has a two-
dimensional complex irreducible representation V such that F[V]° is minimally
generated by elements of degree 6, 8, 12 (see for example [4, Appendix A]), hence
B(G,V)={0,6,8,12, 14,16, 18, ...}. On the other hand under this representa-
tion G is mapped into the special linear group of V, so on V @ V the function

. X
maping ((x1, x2), (1, y2)) — det xl Y1
2 Y2

implying that (1, 1) € #A(G, V @ V). This shows that the transfer homomorphism
T: N(z) — Ny, (a1, @) — a; + a, does not map A(G,V @ V) into B(G, V), as
(1,1)=2 ¢ B(G, V).

is a G-invariant of multidegree (1, 1),

Recall that the multigraded Hilbert series of F[V1° in r indeterminates 7 =
(Ty,...,T,) is

HEFVI®, T) =D dime(F[VI)T{" - T, and hence

aeNj
AB(G, V) ={a e Nj: thecoefficient of 7% in H(F[V1°, T)is nonzero }.
By this observation Proposition 4.12 can be used for finding lower bounds on the

Noether number B(G, V), thanks to the following classical result of Molien (see for
example [4, Theorem 2.5.2]):
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Proposition 4.13 Given a G-module V.=V, @ ... ® V, over C, let p;(g) € GL(V;)
be the linear transformation defining the action of g € G on V;. Then we have

1 ! 1
HC[VI®,T) = — )
(VI 1) |G|;Edet(id%_0i(g)'n)

Example 4.14 (see pp. 54-55 in [62]) Consider the alternating group As and its 3-
dimensional representation over C? as the group of symmetries of an icosahedron.
The Hilbert series then equals

1+77
(1—T2)(1 = TO(1 —T)

whence it is easily seen that (As, C*) = (2, 6, 10, 15) and consequently B(As) >
D(Z%(As, C*)) = 15. Note that this lower bound is stronger than what we could get
from B(G) > maxycg B(H), since B(H) < |H| < 12 for any proper subgroup H
OfAs.

5 Constants from Invariant Theory and Their
Counterparts in Arithmetic Combinatorics

In Sect.5.1 we compare known reduction lemmas for the Noether number with
reduction lemmas for the Davenport constants achieved in previous sections. We
demonstrate how to use them to determine the precise value of Noether numbers and
Davenport constants in new examples. In Sect. 5.2 we consider an invariant theoretic
analogue of the constant n(G) (for the definition of 1(G) see the discussions before
Proposition 2.8 and Lemma 3.1).

Throughout this section, suppose that char(F) 1 |G]|.

5.1 The Noether Number Versus the Davenport Constant

In the non-abelian case no structural connection (like Proposition 4.7) is known
between the G-invariant polynomials and the product-one sequences over G. Nev-
ertheless, a variety of features of the kth Noether numbers and the kth Davenport
constants are strikingly similar, and we offer a detailed comparison.

Recall that Si(G) =b(G)+1 ((3)) and that di(G)+ 1 < Di(G)
(Proposition 2.8.1).



88 K. Cziszter et al.

1. The inequalities

(@ Br(G) =kB(G) (b) d(G)+1=kd(G)+1) () Di(G) =kD(G)
(7

2. Reduction lemma for normal subgroups N < G:
(@) Br(G) < Bpun(N) (b) dk(G) < dg,w)+1(G/N) (®)
3. Reduction lemma for arbitrary subgroups H < G withindex [ = [G : H]:

(@) Br(G) < Bu(H) < 1B (H) (b) di(G) + 1 < I(d(H) + 1) (c) Di(G) < IDr(H)
)

4. Supra-additivity: for a normal subgroup N < G we have
(@) brir—1(G) = bi(N) + b,(G/N) if G/N is abelian (10)
(b) ditr—1(G) = di(N) +d,(G/N)
5. Monotonicity: for an arbitrary subgroup H < G we have
(@) Br(G) = B(H) (b)) di(G) = di(H) () Di(G) = De(H) (11)

6. Almost linearity in k: there are positive constants C, C’, C”, ko, k|, k; depending
only on G such that

(@) Be(G) = ko (G) + C for all k > ko if char(F) = 0 (b) di(G) = ke(G) + C’

12)
forall k > k), and (c) D¢(G) = ke(G) + C” forall k > k{
7. The following functions are nonincreasing in k:
(@) Br(G)/k if char(F) =0 (b) Di(G)/k (13)

The inequality (7) (a) is observed in [12], (b) is shown in Proposition 3.9.4,
whereas (c) is observed in the beginning of Sect.2.5.

For the proof of (8) (a) see [12, Lemma 1.5] and for part (b) see Proposition 3.9.2.
Note that the roles of N and G/N are swapped in the formulas (a) respectively (b),
but in the abelian case they amount to the same.

The first inequality in part (a) of (9) is proved in [12, Corollary 1.11] for cases
when (i) char(F) = 0 or char(F) > [G : H]; (ii) H is normal in G and char(F) {
[G : H]; (iii) char(IF) does not divide |G]. It is conjectured, however that it holds in
fact whenever char(F) 1 [G : H] (see [55]). By [11, Lemma 4.3], we have B (H) <



The Interplay of Invariant Theory with Multiplicative Ideal Theory ... 89

1B, (H) for all positive integers k, [, implying the second inequality in part (a). Parts
(b) and (c) of (9) appear in Proposition 3.9 (3. and 5.).

Part (a) of (10) appears in [13, Theorem 4.3 and Remark 4.4] while part (b) is
proved in Proposition 3.9.1.

Parts (b) and (c) of (11) are immediate from the definitions, while part (a) fol-
lows from an argument of B. Schmid [73, Proposition 5.1] which also shows that
B (G, Indf,V) > Br(H, V) forall k > 1 (see [13, Lemma 4.1]).

Part (a) of (12) is proved in [11, Proposition 4.5] (the constant o (G) will be
discussed in Sect.5.2, and for (12) (b) and (c) we refer to Proposition 2.7.2 and
Proposition 2.8.2.

Part (a) of (13) is proved in [11, Sect.4] and for (13) (b) we refer to Proposi-
tion 2.7.3.

Furthermore, for a normal subgroup N < G we have

(@) B(G) = B(G/N)B(N) (b) D(G) =DW)D(G/N), (14

where in (b) we assume that N N G’ = {1}. Here part (a) is originally due to B.
Schmid [73, Lemma 3.1] and it is an immediate consequence of (7) (a) and (8) (a)
while part (b) is proven in [39, Theorem 3.3].

The above reduction lemmas on the Noether numbers are key tools in the proof
of the following theorem.

Theorem 5.1 Letk € N.

1. Br(Ag) =4k + 2 and ﬁ(A~4) = 12, where Ay is the alternating group of degree 4
and Ay is the binary tetrahedral group.

2. If G is a non-cyclic group with a cyclic subgroup of index two, then

2 if G = Dicyy, m > 1;

1 otherwise.

1
Br(G) = EIGIk + [

where Dicay, = (a, b : a® = 1,b* = a™, bab™" = a™ ') is the dicyclic group.

1
B(G) > 3 |G| ifand only if G has a cyclic subgroup of index at most two or

G is isomorphic to C3 ® C3, Co & C2 ® Ca, Ay or Ag

Proof For 1. see [12, Theorem 3.4 and Corollary 3.6], for 2. see [13, Theorem 10.3],
and 3. can be found in [12, Theorem 1.1].

It is worthwhile to compare Theorem 5.1.3 with the statement from [65] asserting
thatd(G) < % |G| unless G has a cyclic subgroup of index at most two. If G is abelian,
then Lemma 3.13 and Proposition 4.7 imply d(G) + 1 = 8(G) = D(G). Combining
Theorems 3.10 and 5.1 we obtain that all groups G having a cyclic subgroup of index
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at most two satisfy the inequality d(G) + 1 < B(G) < D(G). Moreover, for these
groups B(G) = d(G) + 1, except for the dicyclic groups, where 8(G) = d(G) + 2.
On the other hand, it was shown in [14] that for the Heisenberg group H,; of order
27 we have D(H»7) < B(Hyy).

Problem 2 Study the relationship between the invariants d(G), 8(G), and D(G).
In particular,

e Characterize the groups G satisfying d(G) + 1 < B(G).
e Characterize the groups G satisfying 8(G) < D(G).

In the following examples we demonstrate how the reduction results presented at
the beginning of this section do work. This allows us to determine Noether numbers
and Davenport constants of non-abelian groups, for which they were not known
before.

Example 5.2 Let p, g be primes such thatg | p — 1.

1. Consider the non-abelian semi-direct product G = C, x C,. A conjecture
attributed to Pawale [81] states that B(C, x C;) = p + g — 1 and many subsequent
research was done in this direction [12, 17]. Currently it is fully proved only for
the cases ¢ = 2 in [73] and g = 3 in [10] whereas for arbitrary ¢ we have only
upper bounds in [12], proved using known results related to the Olson constant of
the cyclic group of order p. Theorem 3.11.3 implies that d(G) + 1 =p + ¢ — 1 and
hence d(G) + 1 coincides with the conjectured value for 8(G).

2. In view of the great difficulties related to Pawale’s conjecture it is quite remark-
able that we can determine the exact value of the Noether number for the non-abelian
semi-direct product C,, x C,. Indeed, this group contains an index p subgroup iso-
morphic to C; & C,, hence B(Cyy X Cy) < B,(C, @ Cy) by (9). By Proposition 4.7
4. wehave 8,(C, ® C,) = D,(C, ® C,), and finally, D,(C, ® C,) = pq + g — 1 by
Theorem 3.14. Thus we have (C,, % C,;) < pq + g — 1. The reverse inequality also
holds, since B(C,, x C,) contains a normal subgroup N = C,, with G/N = C,, so
by (10) and (3) we have B(C,; x Cy) > B(Cpy) + B(Cy) — 1 = pg+ g — 1. So we
have B(Cyy X Cy) =pg+q — 1.

Next we determine the small Davenport constant of this group. Since C,, is a
normal subgroup and the corresponding factor group is C,, we have by Proposi-
tion 3.9.1 that d(C,; x C,) = d(Cpy) + d(C,) = p 4 g — 2. The reverse inequality
d(Cyy x Cy) < p+ g —2 follows from Theorem 3.11.4, since C,, x C, contains
also anormal subgroup N = C,, suchthat G/N = C, ® C,. Consequently, by Lemma
3.1.2.(a) we have

D(Cpy xCyp) =d(Cpg xCp) +1=pg+q—1.
Example 5.3 The symmetric group S4 has a normal subgroup N = C, @ C, such

that S4/N = Dg. We know that 8(Dg) = 4 (say by Theorem 5.1 2.). Thus by (8) and
Theorem 3.14 we have 8(S4) < Bgpn)(C2 ® C2) =Dy(C, B C) =2-4+1=09.
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Now let V be the standard 4-dimensional permutation representation of S4 and
sign : S4 — {Z£1} the sign character. It is not difficult to prove the algebra isomor-
phismF[V ® sign]S4 = ]F[V]fgm ) A4]F[V](S)“‘ld where Ay is the Vandermonde deter-
minant in 4 variables, F[V]3_ is the span of the even degree homogeneous compo-
nents of F[V]%, and ]F[V](S);‘l . 18 the span of the odd degree homogeneous components
of F[V]%. Moreover, the algebra ]F[V]fgen ® AﬂF[V]ijM is easily seen to be mini-
mally generated by o5, (712, 0103, 04, 032, 0144, 03 A4, where o; is the ith elementary
symmetric polynomial. As aresult f(Ss, V ® sign) = deg(0344) =3+ (3) = 9.So0
we conclude that 8(S4) = 9 (and not 10, as it is claimed on p. 14 of [57]).

Example 5.4 Let G be the group generated by the complex Pauli matrices

01 0 —i 1 0

1 0)° i 0)° 0 —-1)°
This is a pseudoreflection group, hence the ring of invariants on V = C? is generated
by two elements, namely C[x, y]¢ = C[x* 4 y*, x*y?]. Moreover, b(G, V) is the sum
of the degrees of the generators minus dim (V') (again because G is a pseudoreflection
group, see [9]),s0b(G, V) = 6.Itfollows by (3) that B(G) = b(G) + 1 > b(G, V) +
1=17.

On the other hand, G is a non-abelian semi-direct product(Cs & C,) % C,. There-

fore G has a normal subgroup N such that N = G/N = C, & C; and thus

B(G) < Bpocy)(C2® C) =D3(Cr @ Cr) =T7.

So we conclude that 8(G) = 7.

5.2 The Constants o (G, V) and n(G, V)

Definition 5.5 1. Let o (G, V) denote the smallestd € Ny U {oo} such that F[V]¢
is a finitely generated module over a subring IF[f1, . . ., f,] such that max{deg(f;) : i
€ [1, r]} = d. We define o (G) = sup{o (G, W): W is a G-module}.

2. LetS C F[V]° be the F-subalgebra of F[V ] generated by its elements of degree

at most o (G, V). Then n(G, V) denotes the maximal degree of generators of
IF[V]E as an S-module.

One motivation to study o (G, V) and (G, V) is that by a straightforward induc-
tion argument [11, Sect.4] we have

Br(G, V) = (k — Do (G, V) +n(G, V).

By [11, Proposition 6.2], 0 (C, x C,) = p (this is also true in characteristic ¢, see
[18, Proposition 4.5]).
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If F is algebraically closed, then, by Hilbert’s Nullstellensatz, o (G, V) is the
smallest d such that there exist homogeneous invariants of degree at most d whose
common zero locus is the origin. It is shown in Lemmas 5.1, 5.4 and 5.6 of [11]
(some extensions to the modular case and for linear algebraic groups are given in
[18]) that

e 0(G) <o(G/N)a(N)ifN <G,
e 0(H)<0(G)<[G:Hlo(H)ifH < G;
e 0(G) = max{o (G, V): V is an irreducible G-module}.

Proposition 5.6 Let G be abelian.

1. 0(G) =exp(G) = e(G).
2. n(G) = sup{n(G, W): W is a G-module}.

Proof For 1.see[11, Corollary 5.3]. To prove 2.,let T € ﬁ(a) with |[T| = n(G) — 1
such that 7" has no product-one subsequence U with |U| € [1, e(G)]. Let V be the
regular representation of G, and denote by S the subalgebra of F[ V] generated by its
elements of degree at most 0 (G) = €(G). Now ¥ : M — & (6) is an isomorphism
(see the proof of Proposition 4.7.3.). Thus ¥~ !(T) € M is not divisible by a G-
invariant monomial of degree smaller than €(G). Since both S and F[ V] are spanned
by monomials, it follows that ¢ ~'(T) € M is not contained in the S-submodule of
IF[V]JGr generated by elements of degree less than deg(yr ‘/1\(T)). This shows that for
the regular representation V of G we have (G, V) > n(G).

On the other hand let W be an arbitrary G-module, and m € M a monomial with
deg(m) > n(G). Then 1 (m) has a product-one subsequence with length at most
e(G) = 0(G), hence m is divisible by a G-invariant monomial of length at most
o (G) (see the beginning of the proof of Proposition 4.7.2). This shows the inequality
n(G, W) < n(a). Taking into account the isomorphism G = G we are done.

For the state of the art on 1(G) (in the abelian case) we refer to [22, 23], [40,
Theorem 5.8.3]. Proposition 5.6 inspires the following problem.

Problem 3 Let G be a finite non-abelian group. Is sup{n(G, W): W is a G-module}
finite? Is it related to n(A(G)) (see Sects.2.5 and 3.1)?
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