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Abstract. We consider fuzzy functional dependencies (FFDs) which
can exist between attributes in possibilistic databases. The degree of FFD
is evaluated by two numbers from the unit interval which correspond to
possibility and necessity measures. The notion of FFD is defined with the
use of the extended Godel implication operator. For such dependencies
we present inference rules as a fuzzy extension of Armstrong’s axioms.
We show that they form a sound and complete system.
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1 Introduction

Conventional database systems are designed with the assumption of precision
of information collected in them. The problem becomes more complex if our
knowledge of the fragment of reality to be modeled is imperfect. In such cases one
has to apply tools for describing uncertain or imprecise information [7,8]. One
of them is the theory of possibility [1,3]. In the possibilistic database framework
attribute values are represented by means of possibility distributions. Each value
z of an attribute X is assigned with a number 7 x (z) from the unit interval which
expresses the possibility degree of its occurrence. Different ways of determination
of the possibility degree have been described in [4].

One of the most important notions of the database theory is the concept of
functional dependency (FD). The classical definition of functional dependency
X—Y between attributes X and Y of a relation scheme R is based on the
assumption that the equality of attribute values may be evaluated formally with
the use of two-valued logic. The existence of X —Y means that X-values uniquely
determine Y-values. If attribute values are imprecise one can say about a certain
degree of the dependency X—Y. It contains the information to what extent X
determines Y. In possibilistic databases closeness of compared values can be
evaluated by means of possibility and necessity measures.

Since the notion of FD plays an important role in the design process [5],
its fuzzy extension has attracted a lot of attention. Hence, different approaches
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concerning fuzzy functional dependencies (FFDs) have been described in pro-
fessional literature. A number of different definitions emerged [2,6,9,10]. In the
paper we extend the definition given by Chen [2]. According to [2] the degree of
the fuzzy functional dependency is evaluated by means of the possibility mea-
sure. The necessity measure is not used. The equality degree equals the maximum
value 1 when the two possibility distributions have the maximum degree 1 at
the same element. Thus applying of the possibility measure for evaluation of the
equality of two imprecise values expressed by possibility distributions is not suf-
ficient. In the paper evaluation of closeness of imprecise values is made by means
of both possibility and necessity measures. The notion of FFD is defined with
the use of the extended Godel implication operator [9]. For such dependencies
we will present inference system based on the well known set of Armstrong’s
axioms which is an important property of FDs in classical databases.

The paper is organized as follows. In the next section we discuss the basic
notions dealing with fuzzy functional dependencies in possibilistic databases
and formulate the extended inference rules. Section 3 discusses properties of the
extended Godel implication operator. In Sect.4 we proved the soundness and
completeness of the inference rules.

2 Fuzzy Functional Dependencies in Possiblistic
Databases

Let r be a relation of the scheme R(U) where U denotes a set of attributes,
U = {X1,Xo,..,X,}. Let DOM(X;) denotes a domain of X;. Let us assume
that attribute values are given by means of normal possibility distributions:

t(X) = {Wt(Xi)(x)/gc rx € DOM(X;)}, SupxeDOM(Xi)Wt(Xi)(l") =1, (1)

where t is a tuple of 7 and 7y (x,)(x) is a possibility degree of ¢(X;) = x. The
possibility distribution takes the form: {mx(x1)/z1, 7x (z2)/22, ..., 7x (Tn)/Tn},
where z; € DOM(X). At least one value must be completely possible i.e. its
possibility degree equals 1. This requirement is referred to as the normalization
condition. Let t; and ¢ be tuples of r. The degrees of possibility and necessity
that t1(X;) = t2(X;), denoted by Pos and Nec, respectively, are as follows:

POS(Htl(Xi) = HtQ(qu)) = Supwmin(wh(xi)(x)’Wtz(Xi)(x))’

Nec(Iy, (x,) = i, (x,)) = 1 = sup,,min(my, (x,)(2), 7y x,) (v). (2)
The closeness degree of t1(X;) and ¢2(X;), denoted by =(t1(X;),t2(X;)), is
expressed by two numbers ~(t1(X;),t2(X;)) v and ~(t1(X;),t2(X;)); from the
unit interval which correspond to necessity and possibility measures. Thus ~
(tl(XZ)ﬂfz(Xz)) = (N (tl(Xz)7t2(Xz))N; ~ (tl(Xl)ﬂfg(Xz))H) For identical val-
ues of ¢1(X;) and t2(X;) we have =(t1(X;), t2(X;)) = (1,1). Otherwise,

~ (t1(X5), t2(Xy)) v = Nec(Ily, (x,) = iy x,)),
~ (t1(X5), t2(Xy))r = Pos(Iy, (x,) = I1,(x,))- (3)
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For estimation of tuple closeness, denoted by =.(t1(X),t2(X)) = (=c(t1(X),
t2(X))n, =c(t1(X),t2(X)) 1), one must consider all the components X; of X
(X; € X) and apply the operation min:

e (t1(X), t2(X)) N = min; = ((t1(X;), t2(Xi)) N,
e (t1(X),t2(X))r = min; = ((t1(X5), t2(X3)) 1, (4)

In order to evaluate the degree of a fuzzy functional dependency by means
of both possibility and necessity measures we will apply the following extension
of the Gédel implication operator Ig(a,b) = (Ig(a,b)n,Ic(a,b)m), a = (an,am),
b= (bn,bm), an, am, by, bir € [0,1] where

1 lf arr S bH
by otherwise,

Ig(a,b)r = { (5)

1 if an S bNandaH S bH

Ig(a,b)y =< by ifay <by and apg > by (6)
by otherwise.

Definition 1. Let R(U) be a relation scheme where U = {X1, X2, ... ,Xpn}.
Let X and Y be subsets of U: X, Y C U. Y is functionally dependent on X in
0 = (On,0m) degree,0n .0 € [0,1], denoted by X —¢ Y, if and only if for every
relation v of R the following conditions are met:

ming, erl (t1(X) = t2(X), t1(Y) =c t2(Y))n > O,
ming, erd (01(X) = t2(X),t1(Y) =c t2(Y)) ;1 > 011, (7)

where =, is the closeness measure (4) and I is the following implicator:

I. if t1(X) and t2(X) are identical
Io otherwise,

) = { ®
where 1. is the classical implication operator and I is the extended Gédel impli-
cator.

Like in classical relational databases one can formulate the following inference
rules known as extended Armstrong’s axioms:

AL: YCX = X —p Y forall §
A2: X —-gY = XZ -9 YZ
A3: X =, Y ANY =372 =X —,7Z, ~= (min(an,l~), min(am, fr))

where 0 = (On,057), o = (an,an), 8= By, Br) and v = (v, vrr) are pairs of
numbers belonging to the unit interval [0, 1].
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3 Properties of the Extended Godel Implicator

In order to prove the correctness of the inference rules for fuzzy functional depen-
dencies (7) we will first show certain properties of the implicator /.

Theorem 1. Let a = (an,an), o’ = (ay,a), b= (bn,bm), b = (by, b)), c=
(en,em), a= (an,an), 8= (Bn,Bu), v = (yn,vmr) and 0 = (On,011) be pairs
of numbers belonging to the unit interval [0,1]. The implicator Ig satisfies the
following conditions:

Pl: ay <by Nag <bg = Ig(a,7 b) = (]., 1),

P2: I(;(a,b)N > 0N A Ig(a,b)n >0 = Ig(a’,b’)N > 0N A Ig(a/,b/)n >0 for
a’y = min(ay,cn), ay = min(ap,crp), by = min(by,cn), by = min(by,crr),

P3: Ig(ab)y > an A Ig(ab); > ag A Igbe)y > 0By A Ig(be)y > Bn =
Ig(a,c)y > v~ N g(a,c) ;> v for yn = min(an,Bn),yn = min(am,Bm).

Proof.

P1: This condition directly follows from the definition of I¢.

P2: Let Ig(a,b)N Z 9]\{ and Ig(a,b)ﬂ Z 91]. If Ig(a,b) = (1,1) then an S bN
and ajy < byr. It follows that oy < ¥y and a’y < b}y and so Ig(a’b') = (1,1). If
Ig(ab) # (1,1) we must prove P2 for different cases of a, b and c. If ¢y < ap,
e < am, ey <byandeg <bpgthenad =V =c=Ig(a'b)=(1,1).Ifcy > ap,
e > am, ey > by and ¢y > byy then (of = a and V' =b) = Ig(a’,b) = Ig(a,b).

I. Let ay > by and aj > byy. Thus Ig(a,b) = b.

1. any > by > ey and (ag > cg > bygorag > ¢ip > bpy). ay=cn, dg=cm, by=
en, Wp=br. If byy = cpr then Ig(a',b) = (1,1), otherwise Ig(a’,b') = (bz,bm)-

2. ay >by >cyand ¢y > ag > by
(ZEV = CN, a’H =aj, b?\/ = CN, b/H =bg = Ig(a/,b/) = (bH,bH).

3. (ay >ceny >byorany >cy >by)and ag > byy > cpp. ay=cn, dp=cp, by=
by, Vy=cp. If ¢y = by then Ig(a’,b') = (1,1), otherwise Ig(a’,b') = (by,1).

4. (ay > ey > by oray > ey >by) and (ag > ¢yp > by or aip > e > byy)
ay =cn, dp =cm, by =by, UV =bng. If (exy >by and ¢y > bpy) then
Ig(a'b') = b. If (ey > by and ¢y = byy) then Ig(a’b') = (bn,1). If (ey =
by and cip > byy) then Ig(a’,b') = (bir,br). If (ey = by and ¢y = byy) then
Ig(a' b)) = (1,1).

5. (any >ceny >byoray >cen >by)and eyp > a > byy. ay=cn, dp=a, Vy=
by, Vp=b. If ey > by then Ig(a’,b') = b, otherwise Ig(a’,b") = (b,bm)-

6. cy >an >by and af > by > cpy
ay =ay, dy =ci, by =bn, Vg =cp = Ig(d b)) = (by,1).

7. ey >any >byand (ap >cpg > bgorag > cp >bp). ay=an, dp=cn, by=
by, Vp=bi. If c;p > by then Ig(a’,b') = b, otherwise Ig(a’, b') = (bn,1).

II. Let ay > by and ajy < by . Thus Ig(a,b) = (by,1).

1. ay >by >cy and by > cp > app
ay =cn, dg =an, by =cn, Vg =cnp = Ig(d V) = (1,1).



Inference Rules for Fuzzy Functional Dependencies in Possibilistic Databases 185

any >by >cyand e > b > apg

ay =cn, dy =am, by =cn, Uy =bg = Ig(d V) = (1,1).

(ay >en >byorany > ey >by)and by > ag > cpp. ay=cn, dp=cp, by=
bN, b/H:CH. If CN = bN then Ig(a’,b’) = (1,1), otherwise Ig(a’,b’) = (bN,l).
(CLN >cy >byoray > ey > bN) and by > ¢ > ag. CL?VZCN, a’H—an, bg\,:
by, by=ci. If cy = by then Ig(a’,b') = (1,1), otherwise Ig(a’,b’) = (by,1).
(ay >ceny > byoray > ey >by)and cg > by > apr. aly=cn, dg=ar, by=
by, Vip=b. If ¢y = by then Ig(a’,b') = (1,1), otherwise Ig(a’,b') = (by,1).
cy > ay >byand by > ag > ey

ay =ay, dy =ci, by =bn, Uy =cp = Ig(d W) = (by,1).

cy > any >byand by > cp > app

ay =an, dy =am, by =bn, Vg =cp = Ig(d W) = (bn,1).

III. Let ay <by and ajy > by . Thus Ig(a,b) = (bir,brr).

1.

2.

by > any > ey and (ag > e > byporag > cip > bp). ay=cn, dy=cm, by=
en, Vg=br. If ¢;y = by then Ig(a’,b') = (1,1), otherwise Ig(a’,b') = (bz,br).
by >an >cy and ¢y > ap > by

a@v = CN, (l/H =ar, b;\f = CN, b/H =byg = Ig(a/,b/) = (bH7bH)~

by > ey > any and ajg > b > ey

ay =an, dy =cp, Uy =cn, by =cp = Ig(d' V) = (1,1).

by >en >ayand (ap > cg > biporag > e >bp). ay=an, dg=c, by=

en, Wp=br. If ¢;y = by then Ig(a',b') = (1,1), otherwise Ig(a’,b') = (byz,bmr).

.by>cy >any and cp > ag > by

CLEV =an, a’n =ay, b?\f = CN, blH = bU = Ig(a/,b/) = (bn,b]j).

cy > by >ay and ap > b > e

ay =an, dg =ci, by =bn, Uy =cp = Ig(d V) = (1,1).

en > by >an and (ag > cyp > b orag > e > byp). ay=an, dg=cm, by=
by, bp=br. If ¢y = by then Ig(a',b) = (1,1), otherwise Ig(a’,b') = (bz,bm)-

P3: Let = (min(Ig(a,b)n,Iq(b,¢)n), min(Ig(a,b) g, lc(b,c)m)).

If ay < en and ag < ep then Ig(a,c) = (1,1). If ay < by and ayg < by then
Ig(a,b) = (1,1) = 6 = Ig(b,c). Since the components of I are decreasing in the
first argument [9], we obtain Ig(a,c)y > 0y and Ig(a,c)g > 0. i by < en and
b < cpr then Ig(bye) = (1,1) = 6 = Ig(a,b). Since the components of I are
increasing in the second argument [9], we obtain Ig(a,c)y > Oy and Ig(a,c)
> 0. Otherwise, we must prove P3 for different cases of a, b and c.

I

1.

Let ay > by and ajr > byy. Thus Ig(a,b) = b.

ay >by >cny and ajp > by > e Ig(a,c) = c.

If (by > cny and by > cpp) then Ig(be) = ¢ If (by >cn and by = cpp)
then Ig(b,c) = (en,1). If (by =cn and b > c¢pr) then Ig(b,e) = (cm,cm)-
If (by = cn and by = ¢pr) then Ig(b,e) = (1,1). Thus in all cases § = ¢ =
Ig(a,c) = 6.
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II.

.ay >by >cyand by > e > an. Ig(a,c)
)

ay > by > cny and (ajg > ¢y > by or agg > ¢ip > byy).

Ig(a,C)N = CN and Ig(a,c)n Z Crr. Ig(b,C)N Z CN and IG(b, C)H = 1.

Thus 0 = (cn,b) = (Ig(a,c)y = On and Ig(a,c)g > 05).

ay >by >cy and ¢y > apg > bp. Ig(a,c):(cN,l). Ig(b,C)NZCN.
Ig(b, C)H:].. Thus QZ(CN,bH) = (IG(a,c)N:GN and IG((I,C)H>9H).
(ay > ey > by orany > cy > by) and air > by > ¢y

Ig(a,C)N Z CN. IG((I,C)H =Cy7- IfbH > crr then Ig(b,c) = (CH,CH). IfbH = Cy7
then Ig(b,c) = (1,1). Thus 6 = (by,cn) = (Ig(a,c)ny > Oy and Ig(a,c)p =
O11).

ey > an >by and ajp > by > e Ig(a,c) = (ciycnm).

If by > e then Ig(b,e) = (em,err) and if by = ey then Ig(b,c) = (1,1). Thus
0 = (by,er) = (Ig(a,e)y > Oy and Ig(a,c)g = 057).

Let ay > by and ajr < by . Thus Ig(a,b) = (bn,1).

.ay >by >cyand by > ag > cn. Ig(a,c)y = ey and Ig(a,¢)ir > e

If (by > en and by > cpp) then Ig(b,c) = c= 0 = c = (Ig(a,c)y = Oy and
Ig(a,c)n > 917) If (bN >cny and by = CH> then Ig(b, C) = (CN,l) =0 =
(en,1). If by = ¢y then ajy = ¢ip = Ig(a,c) = (en,1) = 0. If (by = ¢y and
b > cpr) then Ig(b,¢) = (ci.cm) = 0 = ¢ = (Ig(a, )y = 0y and Ig(a,c)n
> 0p). If b=c then (Ig(b,c) = (1,1) and Ig(a,c) = (en,1)) = 6 = (en,1)
= Ig(a,c) = 6.

= (CN,l).
Ig(b,C)N >ceny = 0Oy =cy = I(;(CL,C N =0x.
an >by > cy and ey > by > apr. Ig(a,c) = (en,1).
If by > ey then Ig(b,c) = (en,1) = 0 = (en,l) = Ig(a,c) = 0.
If by = ey then Ig(b,c) = (1,1) = 0 = (cn,1) = Ig(a,c) = 0.
(ay >eny > by orany > ey >by)and by > ag > ey
Ig(a,C)N > CN and IG((I,C)U > cq. Ig(b,C)N =1= 91\/ = bN = IG((Z,C)N >
On.If by > cpy then Ig(b,C)H =cg=0g=cqg=> Ig(a,C)H >0 . Ifbg =cpp
then Ig(be)r = 1= 0 = 1. If by = ¢py then ay = cp = Ig(a,c)p =1 =
O .
(any >cy > byorany >cy >by) and by > e > apy
Ig(a,e)y > ey and Ig(a,c)g = 1. Ig(be)y =1 = Oy = by = Ig(a,c)y >
On .
ey > any >by and by > ag > epp. I(a,c)y > e and I(a,c)p > epp.
I(b,C)N >cq = 0y =by = I(G,C)N > 6On. If by > ¢y then Ig(b,C)H = Cy7
=07 =cqg = Ig(a,c)n > 0. If by = ¢ then Ig(b,c)n =1l=0g=11f
b = ¢y then ag =cp = Ig(a,C)H =1=0p.

ITI. Let ay < by and ajy > by . Thus Ig(a,b) = (b,bm).

1.

by >an > cy and ajp > by > ¢y

If ay > ¢y then Ig(a,c) = ¢, otherwise Ig(a,c) = (cm,crm).

If (by > cen and by > cpr) then Ig(b,c) =c= 0 = ¢ = (Ig(a,c)y = Oy and
Ig(a,e)p =0p). If (by > en and by = ¢pr) then Ig(b,¢) = (en,l) = 0 =
¢ = (Ig(a,c)y > 0n and Ig(a,c)g =0). If (by = cy and by > cjr) then
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Ig(b,c) = (emyerr) = 60 = (cmyem). If by = en then ay = ey = Ig(a,c) =

(crrsem) = 0. If b= ¢ then Ig(b,e) = (1,1) = 0 = (cp,err) = Ig(a,c) = 0.
2. by >an >cy and (ajg > ¢ > by or ag > ¢ip > byy)

Ig(a,c)y > ey and Ig(a,c)p > en. Ig(b,c)n = 1.

If by > cy then Ig(b,¢) = (en,1) = 0 = (en,br) = (Ig(a,¢)n > On and

Ig(a,c)n > 917) If by=cyn then Ig(b,c) = (1,1) =0 = (bn,bﬂ). If by=cn

then ay=cy = Ig(a,c)ny > cp = (Ig(a,c)y > On and Ig(a,c)g > 05).

3. by >any > cy and ¢ > ag > by, IG(CL,C)N > ¢y and I(;(a,c)n =1.
Ig(b,c)p = 1. If by > ey then Ig(b,¢) = (en,l) = 0 = (en,bir) = (Ig(a,¢)n
>0y and Ig(a,c)g > 0p). If by=cy then Ig(b,c) = (1,1) = 0 = (bir,bir).
If by=cy then ay=cy = Ig(a,c)y = 1 = (Ig(a,c)y > Oy and Ig(a,c)n
> 917)

4. by > ey > any and a;p > by > cpy. IG(CL,C) = (CH,CH).

If (by > en and by > cpp) then Ig(b,c) =c= 0 = c = (Ig(a,c)y > Oy and
Ig(a,c)p = 05p). If (by > en and by = cpp) then Ig(b,c) = (en,1l) = 0 =
¢ = (Ig(a,c)y > 0N and Ig(a,c)p = 0p). If (by = ey and by > cpr) then
Ig(byc) = (e, er) = 0 = (em,en) = Ig(a,c) = 0. If b= ¢ then Ig(b,c) =
(1,1) = 0 = (cmyem) = Ig(a,c) = 6.

5 by >cn >any and (ag >cpg > by or ag >cp >by) U ag > ¢ then
Ig(a,c)=(ccrm). It ag=cp then Ig(a,c)=(1,1). If by >cny then
Ig(b,e)=(en,1) = 0=(cn,b) = (Ig(a,c)ny > 0y and Ig(a,c)p > 0). If
by=cn then Ig(b,c)=(1,1) = 0=(b,b;r) = (Ig(a,c)y > O0n and Ig(a,c)n
> 0p7).

6. cy >by >an and af > by > cpy. IG(CL,C) = (CH,CH).

If by > cpr then Ig(b,e) = (crmyem) = 0 = (cmycrn) = Ig(a, ¢) = 6.
If by = ¢pr then Ig(bye) = (1,1) = 0 = (em,crr) = Ig(a,c) = 0. O

Moreover, the extended Godel implicator has the following properties [9]:

P4: any < ag\, Nag < a'H = Ig(a,b)N > Ig(a/,b)N A Ig(a,b)n > Ig(a/,b)n,
P5: by > b;\/' ANbg > b/H = Ig(a,b)N > Ig(a,b,)]v A IG((Z, b)H > Ig(a,b/)n,
P6: IG(].,b)N = bN and Ig(Lb)U = bH,

P7: Ig(a, b)N Z bN and Ig(a,b)]] Z br[,

P8: Ig(a,Ig(b,c))n = Ig(b,Ig(a,c))n and Ig(a, Ig(b,¢)) g = Ig(b, Ig(a,c))m.

4 Soundness and Completeness of the Inference Rules

The set of extended Armstrong’s axioms can be used to derive new fuzzy func-
tional dependencies implied by a given set of FFDs. Let F' be a set of FFDs
(7) with respect to the relation scheme R (U). Let us denote by F* the set of
all FFDs which can be derived from F' by means of the extended Armstrong’s
axioms:

F+:{X—>9K0:(0N,9H)SF':X—WY}. (9)

Theorem 2. The extended Armstrong’s axioms are sound.
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Proof. Let F be a set of FFDs for the relation scheme R(U). Let ¢; and t5 be
tuples of r, where r is relation of R(U). Let X, Y, Z C U.

Let a = =, (t1(X),t2(X)), b = =. (t1(Y),t2(Y)), c = = (t1(2),t2(2)).

AlL: If Y C X then by (4) ay < by and ajy < byy. Since I satisfies P1, we get
Ig(a,b) = (1,1) and so

Io(=c (L1(X), 12(X)), =c (1(Y), t2(Y)))v =1 = O,
Io(=c (L(X), t2(X)), =c (t1(Y), £2(Y)))r = 1 > 011

A2: Since X —¢ Y holds, we have Ig(a,b)ny > 0n and Ig(a,b)g > 0. Let
a == (t1(X2),t2(X2Z)) and V' = =, (t1(Y Z),t2(Y Z)). From (4) we get afy =
min(ay,cn), @y = min(ap,cry) and by = min(by,cn), by = min(by,cpr). Since
I satisfies P2, we obtain Ig(a’,b' )y > 0y and Ig(a’,b')r > 07 and so

Ig(=c (t1(X2),12(X2Z)),=c (L1(YZ),t2(Y Z)))n > O,
Ig(=c (t1(X2),t2(XZ)),=c (t1(YZ),t2(Y Z))) g > 011
Thus, if X —gY € FT then XZ -y YZ € FT.
A3: Since X —, Y and Y —3 Z hold, we have: Ig(a,b)y > an, Ic(a,b)g > an

and Ig(b,c)y > On, Ig(b,c)r > Br. By P3 we obtain Ig(a,c)y > yn and
Ig(a,¢)ir > v, where yn = min(ay, Oy) and v = min(a7, Br7) and so

Ig(=c (t1(X),t2(X)),=¢ (t:1(2),t2(2)))n = I,
Ia(=c (t1(X), t2(X)), =c (t1(2),t2(Z))) 1 > V-

Thus, if X -, Y € Ft andY —3 Z € F* then X —., Z € F' for y=(min(ax,
BN ), min(ag, Bir))- U

The following rules result from Armstrong’s axioms:
DI:X -, Y ANX -3 Z = X —,\YZ for v = (min(ay, fn), min(am, B))

Proof. By A2 we have X —,Y = X —,XY and X —3Z = XY —3ZY. Then
by A3 we obtain X -, XY A XY —3YZ = X —,YZ for v = (min(an,0n),
min(a,08r)). |

D2:X o Y AWY —3 Z = XW —, Z for v = (min(ay, fn), min(am, Bi))

Proof. By A2 we have X —,Y = XW —,YW. Then by A3 we obtain XW —,,
YW AWY —3Z = XW —,Z for v = (min(an,8y), min(am,0r)). O

D3: X -, YANZCY =X —,Z7

Proof. By Al we have ZCY = Y —, Z for every o = (an,aq), an,aq €
[0,1]. Then by A3 we obtain X —, Y AY -, Z= X —, Z. O

D4:X—>QY:X—>5onrﬁN§aNandﬁngan

Proof. By Al we have Y —yY for every 0=(0n,017), On,01 € [0,1]. Then by A3
we obtain X —o,Y A Y —¢Y = X —3Y for f=(min(ay,0n),min(am,0)). O
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The closure of a set of attributes X C U with respect to the set ' of FFDs,
denoted by X}, is defined as a set of triples (A,0n,05), where A€ U, Oy =
sup{a: X =g A€ Ft} and 0 = sup{B: X — (43 A€ F}. The set of
attributes occurring in X will be denoted by DOM(X}):

DOM(X#) = {A: (A,0n,01) € X}}.

Lemma 1. Let F be a set of FFDs defined over a relation scheme R(U). Let
XY CU andY = {Ay, Az, ..., Ay}, A; € U. Then X — gy 0,) Y is deduced by
means of the extended Armstrong’s axioms if and only if Vi(A;,0; n,0i11) € X;,
where 91"]\] Z 9N and 9,‘717 Z 917.

Proof.

Necessity: If X — g, ,0,) Y is deduced by means of the extended Armstrong’s
axioms then by D3 we obtain X — (g ¢,) Ai for i = 1, 2,...;k. Thus there exist
0;.n > 0y and 0; ;7 > 0j7 such that (A4;,6; v,0;.7) € X}' (definition of X}')
Sufficiency: If (A;,0; n,0i11) € X; where 6; y > 0y and 6, ;7 > 0 for i =
1, 2,...k, then X — g,  0.;) Ai € FT. By D1 we obtain X — g, 9,) Y, where
91\[ = mini(Gi)N) and 917 = mini(€i7n). U

Theorem 3. The extended Armstrong’s axioms are complete.

Proof. In order to prove the theorem we will show that if X — g, ¢,) Y ¢ F,
then it is possible to construct a relation where all FFDs in F' are satisfied
and X —(gy,0,) Y does not hold, which means that X — g, ¢,,) ¥ cannot be
derived from F'. Let F be a set of FFDs for relation scheme R(U). Suppose that
X H(QN,QH) Y ¢ F+. Let X = {Xl,XQ,...,Xk} and DOM(X;L_) = {Xl,XQ, ceey
Xk, A1, Ag, ..., A} Let us construct a relation r of the scheme R(U), U =
{DOM( X}%), By, Ba, ..., By }, consisting of two tuples ¢; and ¢, such that:

t(X) =12(X) =1,
tl(Ai) = C;, tQ(AZ‘) =d; for A;€ DOM(X;) -X, i=1,2,...1
t1(B;)) =0, t2(B;))=1 for B; €eU—-DOM(X}), i=12,...,m

where ¢; and d; are possibility distributions with degrees of closeness ¢; x and
¢i,7- Let ¢o, v = min;¢; y and ¢o, 7 = min;¢; 7.

We will show that each FFD V—(, W € F holds in r. One should
consider only the case when V C DOM(X}) and W C DOM(X})—-X. (If V
¢ DOM(X}) then t1(V) # t2(V) and so V—(y,1)W. Similarly, if W C X then
t1(W) = ta(W) and so V— 1yW. Suppose that V' C DOM(X}) and W C U
— DOM(X}). Degrees of closeness of t1(W) and t2(W) are equal to 0. By
Lemma 1 we obtain X— g, ¢,V € F. Since V—(y, )W € F we have
X—=(pn,pm) W € F, where ¢y = min(¢o,n,vn) and @7 = min(¢o, 17, vrr). Thus
W C DOM(X}): a contradiction.)
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Suppose that there exists V—(,, )W € F, which does not hold in r. Let
V C DOM(X{), V=X = {A,,,Apy, .., Ap }, W CDOM(XS) — X and W =
{As,, Asys vy As, }, where p1, Doy ..., Dry 81, S2, ., St € {1,2,...,1}. Let ¢y vy = min;
Gp, Ny Ov,m = minggy,, 7 and ¢w y = minggs, N, Odw,p = min;d,, ;7. Thus,
=c (t1(V),t2(V)) = (¢v,n,dv,ir) and =, (t, (W), t2(W)) = (dw,N, dw,mr)- If
V= (yxym)W does not hold in r, then ¢y, x < min(yn, ¢v,n) or ¢w,;r < min(yr,
ov.r). Thus, ¢p, N > dw N Or ¢p, 1 > dw, i for every p;. By Lemma 1 we obtain
X—>(¢V1N7¢V7H)V € F*. Since V_)(’YN»'YH)W € F we have X—>(wN7¢H)W S F+,
where ¢ = min(¢y n,yn) and Yy = min(év 7, vr). Since W C DOM(X;E)
— X then (As,,¢s; N, ¢s,.11) € Xi for every s;. According to the definition
of X;-T, ¢s;, v and ¢, ;7 are upper bounds. Thus, conditions ¢, v > ¢w,n or
¢p,, i1 > ¢w,ir for every p; are not satisfied. We obtained a contradiction. Thus,
V= (yn,vm)W holds in 7.

Now we prove that X — gy 0, Y ¢ F does not hold in r. We should con-
sider only the case when Y C DOM(X}). (If Y ¢ DOM(X}) then =, (t1(Y),
t2(Y))nv = =c (t1(Y),t2(Y))r = 0 and so X —(g,.,9,,) Y does not hold). Let
Y - {Al,AQ, ...,Al}. Let ¢Y,N = miniqﬁi,N and ¢Y,H S minid)i,n. By Lemma ]_7
it follows that X — g, 0,)Y holds in r for ¢y,ny > 0n and ¢y, > 057 and
X —(on,0m) Y € F* which is a contradiction to the assumption. O

Ezample 1. Let us consider relation scheme R(A,B,C,D) with the following set
Of FFDSZ F = { ABC _)(0,0‘8)D7 BCD —>(0.571)A, ACD —>(1’1)B, ABD _)(0‘8,1)
O, A —>(0’0.7)C7 A —>(1)1)l)7 B —>(0’0‘6)AC } By D2 we obtain: AB—>(0’0.7)D,
AD*)(O,OA7)B7 AOH(LUB7 ABH(O.S,l)C and BH(O,OAG)D' Since A*)(I,I)D =
AB—1,1)D (by A2 and D3) and AB— 1 1)D = AB—,.7yD (by D4) we con-
clude that AB— (g ,0.7)D is redundant. Similarly ABC' —(0,0.8yD, ACD — 1 1)B,
ABD —g.8,1) C are also redundant. By D3 we have B— (g 9.6)A and B—(0,0.6)C-
Thus Fm = {BCD —>(0'571) A,AD —>(0’0.7) B, AC —(1,1) B,AB —>(0.8,1) C,A —
(070.7)0, A *)(171) D7 B *)(070.6) A, B *)(0,0.6) C, B 4’(0,0.6) D} is a minimal set of
FFDs for the scheme R.

5 Conclusions

The paper deals with data dependencies in possibilistic databases. We applied
and extended the definition of fuzzy functional dependency which was formu-
lated by Chen [2]. Its level is evaluated by measures of possibility and necessity.
For FFDs we have established inference rules which are an extension of Arm-
strong’s axioms for conventional databases and showed that they form a sound
and complete system. Similar results may be expected for other approaches. The
obtained results could be generalized when using t-norms. Another line of future
work is an extension of the presented considerations by taking into account
unknown and inapplicable (missing) values.
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