
Chapter 5
Validating Return-Generating Models

Marshall E. Blume, Mustafa N. Gültekin, and N. Bülent Gültekin

Return-generating models and the assessment of conditional expected returns
underlie many important applications in finance. Jensen’s (1969) measures of
investment performance, as well as those based upon the Ross’ (1976) Arbitrage
Pricing Theory (APT), compare the realized return of a portfolio to a benchmark
return. The benchmark return is an expected return conditional on some set of
publicly available information. The assessment of a conditional expected return
requires the specification of some stochastic process to characterize realized returns.
Likewise, studies of the effect of an announcement of an unanticipated event often
measure this effect by the difference between the realized return at the time of
the announcement and some conditional expected return. Again, this measurement
requires the specification of some stochastic process.

An assumption underlying many studies is that the market model, or more
generally a model with one factor common to all securities, generates realized
returns. In such a one-factor model, realized returns are the sum of an asset’s
response to a stochastic factor common to all assets and a factor unique to the
individual asset. In the last decade, there has been much interest in models with more
than one common stochastic factor, using either pre-specified factors, like Fama and
French (1993) 3-factor model, or factors identified through factor analysis or similar
multivariate techniques.1

1Factor analysis and similar factor analytic techniques have on occasion played an important role
in the analysis of returns on common stocks and other types of financial assets. Farrar (1962)
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A typical way to use a return-generating model is to estimate the model with
data from one period of time and then employ the estimated model to calculate
conditional expected returns in a different period of time—often the immediately
following period. Implicit in this use of a model is the assumption that the
underlying model is stationary over time. In fact, it is highly unlikely that any
economic model, except for the most trivial, is stationary over time. The question
is not whether a model is stationary, but rather the degree of sensitivity to non-
stationarity since the accuracy of a predictive model hinges upon the “degree” of
non-stationarity.

This paper will explore the effects of such non-stationarities upon the accuracy
of conditional expectations assessed for time periods following the estimation
period. To this end, this paper will assess the relative accuracy of the conditional
expectations of various commonly used models with data different from those used
in estimating the models. In psychometrics, evaluating the accuracy of a model in
terms of how it is used is termed the validation of a model.

The principal finding of this paper is that, when the criterion of accuracy is
the mean-squared forecast error, multi-factor models estimated with factor analytic
techniques provide more accurate out-of-sample forecasts than the Fama–French
3-factor model and the usual market model. The predictive accuracy of the market
model itself depends critically on the choice of the index—equal-weighted or
value-weighted. The paper also examines one model that includes the pre-specified
macro variables that Chen et al. (1986) have used in a prior study. The empirical
evidence indicates that a model based solely upon these macro variables provides
less accurate forecasts than the usual market model. Overall, the multi-factor models
provide the most accurate forecasts of those models examined.

The organization of the paper is as follows. The first section describes the
design of the empirical tests and proposes the mean-squared error of the forecasts
as a natural statistic to analyze in the context of performance measurement and
announcement studies. The second section examines various factor models to
validate the number of required factors. The third section compares the accuracy

may have been the first to use factor analysis in conjunction with principal component analysis to
assign securities into homogeneous correlation groups. King (1966) used factor analysis to evaluate
the role of market and industry factors in explaining stock returns. These two studies sparked
an interest in multi-index models, and a rich body of empirical work soon emerged. Examples
include Elton and Gruber (1971, 1973), Meyer (1973), Farrell (1974), and Livingston (1977),
among others. The major goal of these earlier studies was to establish the smallest number of
“indexes” needed to construct efficient sets.

Factor models have been used in the tests of arbitrage pricing theory and its variants. See, for
example, Rosenberg (1974), Rosenberg and Marathe (1979), Roll and Ross (1980), Chen (1983),
Brown and Weinstein (1983), Dhrymes et al. (1984), Dhrymes et al. (1985a,b), Gültekin and
Rogalski (1985), and Cho et al. (1984), to cite a few from the large literature. A four-factor model
constructed with the Dhrymes, Friend, Gültekin, and Gültekin (1985b) methodology was used in
conjuction with the Bloch, Guerard, Markowitz, Todd, and Xu (1993) stock selection model to
construct efficient portfolios in the U.S., See Guerard, Gültekin, and Stone (1997).
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of factor analytic models to the usual market model and those using pre-specified
macro variables. The final section contains concluding remarks.2

5.1 The Design of the Experiment

The analysis in this paper for the most part follows a two-step procedure. The
first step assumes the validity of specific return-generating models and utilizes one
sample of data to estimate the parameters of these models. The second step uses
data in a subsequent period to validate the estimated models.

5.1.1 The Validation Criterion

There are numerous ways to validate a statistical model. The specific method of
validating a model hinges upon how a researcher plans to use the model. The
focus of this paper is on the use of return-generating functions in performance
evaluation studies and in analysis of the reaction of stock prices to unanticipated

2A prior and related paper is that of Conway and Reinganum (1988). The primary purpose of their
paper is to assess the adequacy of the likelihood ratio test to determine the number of factors.
They use as their validation criterion the accuracy of the implied variance–covariance matrix from
a factor model estimated on one sample with the estimated variance–covariance matrix from a
different sample in contrast to the focus of this paper on the mean-squared forecast error of the
conditional predictions. These two validation criteria are clearly related, but the one used in this
paper addresses directly the way in which researchers use return-generating models in event studies
and performance evaluation. The reader is referred to Chen (1988) and Stambaugh (1988) for a
further discussion of the differences in these two methods of validation.

Additionally, this study shows that the number of factors and the variance–covariance matrix
of returns vary substantially over time, even over the July 1962–December 1972 time period that
Conway and Reinganum examine. This study explicitly adjusts summary statistics for these non-
stationarities.

There is also a significant difference in the selection of the estimation and validation period
between this study and that of Conway and Reinganum. For the most part, Conway and Reinganum
break their sample into even and odd days, using one set of days to estimate the model and the other
to validate the model. This is appropriate under their assumption that the underlying variance–
covariance matrix is stationary over time. They do present one analysis using the first five years to
estimate a model and the second five years to validate it. This is closer to the spirit of this paper, but
it still does not parallel as closely the usage of return-generating models in studies of events and
performance evaluation where the prediction period is usually much shorter than the estimation
period.

Finally, a major purpose of this study is to compare factor models with estimated factors, factor
models with pre-specified factors, and variants of the usual market model, which was not a goal of
Conway and Reinganum.
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events, frequently termed “event” or “CAR” (cumulative average residual) studies.
A measure consistent with these uses is the mean-squared forecast error.3

In his seminal article, Jensen (1969) proposes a measure of investment perfor-
mance that relies upon the validity of the Capital Asset Pricing Model (CAPM)
and, with the additional assumption of a one-factor generating model, shows
how to estimate this measure with a least-squares regression. Implicit in least-
squares regression is the objective of minimizing squared deviations.4 Connor
and Korajczyk (1988) show that Jensen’s intuition generalizes to the APT and a
multi-factor model. Similarly, event or CAR studies compare realized returns to
conditional predicted returns, and then test the significance of the residuals using
t-tests, which again use a metric based on mean-squared errors.

5.1.2 Conditional Expectations

The first part of this section develops the formulas for assessing conditional
expected returns, assuming that the return-generating process for securities is jointly
normal, stationary, and independent over time and that the parameters of the joint
distribution are known. The second part incorporates factor models into the formulas
and interprets factor models as placing restrictions on the estimated covariance
matrix.

In the formulas developed following notation is used; ri is the return on asset i
less its unconditional expectation, �ii is the variance of the return on asset i, and �ij

is the covariance between the returns of asset i and asset j; there are N assets.
Under normality, the expectation of ri conditional on the returns of the remaining

.N �1/ assets is a linear function of these remaining returns. Specifically, if Ri is the
vector of returns with the return of asset i deleted, the conditional expected return is
given by

EŒrijRi� D
X

k¤i

wkrk ; (5.1)

where wk are weights appropriate to asset k. From normal theory, the weights
themselves are given by

3Other uses would suggest different criteria. An index arbitrageur might want to use a return-
generating model to construct a portfolio of a limited number of stocks to mimic the S&P 500
index. In this case, a natural way to evaluate a model is to use the estimated model to form a
portfolio of securities that maximizes the correlation of its return with the S&P 500 and at the
same time matches the variance of the S&P 500. One way to validate such a model is to compare
in a subsequent period the profits from an arbitrage strategy using the mimicking portfolio with
those using all 500 stocks.
4A Bayesian justification of the use of a mean-squared error rests upon an investor loss function.
If an investor’s loss function is quadratic, the natural measure of loss is the mean-squared error.
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Wi D .†i/�1Ci (5.2)

where Wi is a column vector of the .N � 1/ weights, Ci is a column vector of the
covariances of the returns of asset i with respect to each of the other .N � 1/ assets,
and †i is a square matrix with dimension .N � 1/ obtained by deleting the ith row
and ith column of the full covariance matrix of all N securities.

The weights, given by (5.2), have the important property that they minimize the
variance of ri conditional on Ri.5 This is not a surprising result since these weights
are nothing more than the expected value of the estimated coefficients of a regression
of ri on the returns of the remaining .N � 1/ assets. The essence of least-squares
regression is to minimize mean-squared errors.

Thus, the process of estimating a least-squares regression can be viewed as
consisting of two steps: First, estimate the covariance matrix of the dependent and
independent variables. Second, use this estimated matrix to estimate the regression
coefficients, which can then be used as the weights in Eq. (5.1). Viewing a regression
this way helps clarify the role of factor models in forming conditional expectations.

Using a factor model to assess conditional expected returns is similar to a
regression but with an important exception: Factor models place restrictions on
the structure of the covariance matrix of returns, whereas the usual least-squares
regression places no restrictions on this matrix. To develop these restrictions,
consider the factor model:

rit D
KX

kD1

�ikfkt C �it ; (5.3)

where K is the number of factors, �ik is the so-called factor loading of asset i on
factor k, fkt is the score or value of factor k during interval t, and �it is a mean-zero
independent disturbance. The expected value of fkt is zero, and it is scaled so that
�.fkt/ is 1.0. In addition, estimation of a factor model requires some assumption
about the covariances between the different factors. The usual assumption, which is
also made in this paper, is that Cov.fkt; fjt/ D 0; k ¤ j.

From (5.3), the variance of the return of asset i is

5The vector of weights Wi are those that minimize

E.ri � WiRi/2;

which can be rewritten as

�2.ri/ � Wi0 Ci C Wi0 †iWi:

Minimizing this expression with respect to Wi yields Eq. (5.2) above.
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�2.rit/ D
KX

kD1

�2
ik C �2.�it/ ; (5.4)

and the covariance between the returns of assets i and j is

Cov.rit; rjt/ D
KX

kD1

�ik�jk : (5.5)

Within the estimation period and within the class of linear estimators, estimates
of the conditional expected returns for asset i that place no restrictions on the
estimated covariance matrix will mathematically produce the minimum mean-
squared errors. However, outside the estimation period, there is no guarantee that
such an unrestricted estimate of the covariance matrix will yield the minimum
mean-squared errors, or even the minimum expected mean-squared errors. If the
restrictions that factor models impose on the covariance matrix are valid, it is
possible that calculating conditional expected returns using a covariance matrix
estimated with restrictions will yield lesser mean-squared errors in the prediction
period than using an unrestricted estimate.

Non-stationarities complicate the story. Without restrictions, an estimate of the
covariance matrix may “discover” non-existent relations among the returns. With
restrictions, an estimate of the covariance matrix may be less prone to discover
non-existent relations. In turn, it is possible that restrictions, even if not perfectly
true, may improve the accuracy of conditional expectations out of the estimation
period. Validating various models with different data from those used in estimating
the models provides some insight into these two issues: restrictions on the estimated
covariance matrix and the effect of non-stationarities.

5.2 The Experiment

The first part of this section describes the data. The second and third parts analyze
the conditional expected returns, or predictions, based upon these models. The
fourth part examines the impact of a January seasonal on the factor results. The
fifth part decomposes the mean-squared forecast errors into the sources of the errors.
The final part compares the predictions of factor models and standard market models
with models that use prespecified macro variables of Chen et al. (1986).

5.2.1 Data

The empirical analyses use monthly returns of 82 sets of size-ranked portfolios
of NYSE stocks constructed from the CRSP file. The first set consists of all
securities in the CRSP files with complete data for the six years 1926 through 1931.
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These securities were ranked by their market value as of December 1930 and then
partitioned into twenty size-ranked portfolios with as close to an equal number of
securities as possible. This process was repeated year by year to 2012. The sixth
year in each set will be used to identify the set, so that the first set is the 1931 set
and the last set is the 2013 set. The total number of securities used in the analysis
starts at 361 for the 1931 set, increases to 763 for the 1949 set, and then gradually
reaches 1790 for the 2012 set. In anticipation of the validation tests, the first five
years of each data set will be used to estimate a model, and the sixth year will be
used to validate the model.

An analysis of the basic data discloses dramatic changes in the variability of the
returns of the portfolios over time. The variability is greatest in the 1930s, but even
in the later years, the variability does change somewhat from one year to the next
(Fig. 5.1). For most years, the smaller portfolios display greater variability in returns
than the larger portfolios.6 These changes in variability make summary measures of
mean-squared errors misleading without some adjustment for these changes, and
such adjustments will be made as discussed below.

For the Fama–French 3-factor model we use the data provided by Kenneth
French.7 The factors Rm � Rf , SMB, and HML are constructed from six size/book-
to-market benchmark portfolios that do not include hold ranges and do not incur
transaction costs.

1. Rm � Rf , the excess return on the market, is the value-weighted return on
all NYSE, AMEX, and NASDAQ stocks (from CRSP) minus the one-month
Treasury bill rate (from Ibbotson Associates).

2. SMB (Small Minus Big) is the average return on three small portfolios minus the
average return on three big portfolios, SMB D 1=3.SmallValueCSmallNeutralC
SmallGrowth/ � 1=3.BigValue C BigNeutral C BigGrowth/.

3. HML (High Minus Low) is the average return on two value portfolios minus the
average return on two growth portfolios, HML D 1=2.SmallValue CBigValue/�
1=2.SmallGrowth C BigGrowth/.

5.2.2 Factor Models

We use the maximum likelihood method to estimate the factor models; the usual
way to assess the number of required factors is to rerun the procedure, successively
increasing the number of factors until the �2 test for the goodness of fit developed by

6Interestingly, there is little change over time in the relative size of the portfolio consisting of the
largest stocks, even though the market value of all of the portfolios increased almost tenfold from
1930 through 2012. In 1930, the market value of the portfolio with the largest companies is 51 %
of the total market value of all twenty portfolios. By 2012, this number is 43 %.
7The data is publicly available from: http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/
data_library.html.

http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html
http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html
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Fig. 5.1 Portfolio return volatility and number of factors. This figure shows the unconditional
standard deviation of returns of the smallest and the largest capitalization portfolios and the
adequacy of a k-factor model that generates the monthly stock returns on twenty-size ranked
portfolios based on Bartlett’s chi-squared test at 5X level of significance. Standard deviation and
number of factors are estimated every year using the observations from the previous five years.
Returns are monthly and measured as percentage changes

Bartlett (1954) indicates that the number of factors is sufficient. To use this criterion,
one must specify the level of significance, often arbitrarily set at 1 or 5 %. The
level of significance is important since there is a direct relation between the level
of significance and the number of significant factors. However, there is no direct
relation between this arbitrary level of significance and the criterion of minimizing
the mean-squared errors in the forecast period.

To address the arbitrariness of setting a particular level of significance, this paper
replicated the analysis for three levels of significance: 5, 10, and 20 %. For reasons
to be discussed, the general nature of the results is the same whichever level of
significance is used. To conserve space, the text presents only the results that use a
significance level set at 5 %.

The number of required factors varies over time (Fig. 5.1). More factors are
required at the beginning and the end of the 1930–2012 period than in the mid-part.
Further analysis of the required number of factors reveals a positive relation between
the number of factors and the variability of returns during the estimation period.8

8The Spearman’s rank correlation between number of factors and the standard deviation of the
equally weighted market portfolio over the sample period is 0.563, which is significant at any
conventional level.
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A rationale for this finding is that during periods of relatively low volatility, most
of the volatility is firm-specific and it is difficult to identify the common factors.
In more volatile times, the common factors are relatively more important than the
firm-specific factors, making it easier to identify them.

The changing number of factors over times is strongly suggestive that the factor
models are non-stationary. We conducted a series of simple Chow F-tests to formally
test for stationarity.9 We do not report these tests for brevity. The results confirm that
the F-test rejects stationarity more often than could be attributed to chance and the
�2 statistics are consistent with this impression.10

Since there appear to be significant non-stationarities in these factor models,
validating the model with data different from those used in estimating the model
is a useful tool in gaining insight into the usefulness of the model. As mentioned
above, the process of validation used in this paper involves calculating conditional
expectations following the estimation periods using Eqs. (5.1) and (5.2) and then
analyzing the forecast errors.

The magnitudes of the mean-squared errors vary substantially over time and with
portfolio size. Like the variability of the monthly returns, average mean-squared
errors vary substantially for each twelve-month predictive period as a function of
both time and the number of factors.11 In view of this substantial variation, any
summary measure of these mean-squared errors over time or portfolio size would
be misleading without some form of scaling or normalization.

The scale factor used in this study is the mean-squared error associated with a
naive forecast. The naive forecast is the average return for each portfolio in the
estimation period, that is, an estimate of the unconditional expectation. An analysis
of the scaled mean-squared errors shows that this normalization removes a large
portion of the time trends in the annual mean-squared errors over time for a given
portfolio size. However, substantial differences still remain among the size-ranked

9For alternative tests of non-stationarities and exploration of span of stationarity, see Hsu (1982,
1984).
10The stationarity test utilizes an F-statistic as proposed by Chow (1960). Although the Chow F-
test was originally developed for linear regressions, it can be applied in a similar way to factor
models. Specifically, estimate the factor model on the ten-year period consisting of the first five
years 1926–1930 of the 1931 data set and the first five years 1931–1935 of the 1936 data set and
then reestimate the factor model on the first half of the data and then on the second half, and so
on. If the factor models are non-stationary, the fit of the estimated models in either half of the
data will tend to be better than for the models estimated over the entire period. Specifically, if the
factor model is stationary, the variances of the disturbances, �it in (5.3), should be the same for all
three models. The test of equality of sample variances is an F-test. Under the null hypothesis that
the model is stationary and if the F-statistics are independent across portfolios, the probabilities
of the F-statistics should be uniformly distributed. A �2-test rejects this hypothesis of an uniform
distribution.
11For example, the average mean-squared errors for a twelve-month period ranged from 0.412 in
1944 to 26.931 in 1933 for the largest portfolio and from 1.446 in 1977 to 377.605 in 1935 for the
smallest portfolio.
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Fig. 5.2 Scaled mean squared forecast errors for factor models This figure shows the mean
squared forecast errors scaled by the naive forecasts for size ranked portfolios. Portfolio 1 contains
the smallest firms and portfolio 20 contains the largest firms. Scaled MSFE are averaged over the
period 1931 to 2013

portfolios. As a consequence, the following tables and figures present summary
statistics aggregated over time but not across portfolios of different sizes.

The validation of the factor models confirms the inferences based upon the �2

criterion that more than one factor is needed to represent the stochastic process
generating returns for size-ranked portfolios. As one moves from a one-factor to
a two-factor model, the mean-squared errors drop dramatically for both large and
small portfolios, while there is little change for the mid-size (Fig. 5.2 and Table 5.1).
As one moves to the three- or possibly four-factor model, the mean-squared errors
for the large and small portfolios drop further, though only slightly. In addition, the
minimum mean-squared error for the mid-size portfolios tends to occur with fewer
factors than for the large or small portfolios. While we observe similar patterns for
the Fama–French 3-factor model the mean-squared errors are consistently between
two-factor and three-factor models.

The mean-squared errors in the forecast period for the factor models selected by
the �2 criterion are slightly greater than the mean-squared errors associated with
the best performing factor model in the forecast period for each portfolio size. The
behavior of the mean-squared errors as a function of the number of factors leads
to the conjecture that the arbitrary selection of two or three factors for mid-size
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portfolios and three or four factors for the largest and smallest portfolios leads to
lesser mean-squared errors than using the standard �2 test.

The �2 criterion yields little difference in the mean-squared errors among
different levels of commonly used significance, because any criterion that points
to two to five factors leads to similar mean-squared errors. With a significance level
of 5 %, the median number of factors over the 82 estimation periods is 4; with a
significance level of 10 %, the median number is also 4; and with a significance
level of 20 %, the median number is 3.

For comparison with the predictions in the forecast period, Table 5.1 also
contains the average mean-squared errors for the conditional expectations within the
estimation period. In contrast to the predictions in the validation period, the average
mean-squared errors decrease monotonically for each portfolio as the number of
factors increases from one to five. On the surface, this result suggests that the
greater the number of factors the better. However, the validation of the models with
additional data shows that there is little difference between models with anywhere
from two to five factors.

5.2.3 The Market Model

If more than one factor in the process generates returns, the mean-squared errors
from factor models should be smaller than those from the usual market model, given
by

ri D ˇirm C �i (5.6)

where rm is the return on a market index, again with all returns measured from
their unconditional expectations. The measure of the market is alternatively a value-
weighted or an equally weighted index of NYSE stocks. The associated covariance
matrix for the market model is

"
�2.ri/ ˇi�

2.rm/

ˇi�
2.rm/ �2.rm/

#
(5.7)

Applying Eq. (5.2) yields the conditional expectation E.rijrm/ as ŒCov.ri; rm/=

�2.rm/�rm, the usual conditional forecast for the market model. It should be noted
that asset i is included in the market portfolio, and thus the conditional forecast of
ri is partially conditioned by itself, a fact of importance in explaining the behavior
of the mean-squared errors for the portfolio with the largest companies.

As with the factor models, there is substantial evidence of non-stationarity in the
market models using either the equally weighted index or the value-weighted index.
In view of this possible non-stationarity, it is appropriate to validate either variant
of the market model with subsequent data. Generally, the mean-squared errors for
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Fig. 5.3 Scaled mean squared forecast errors for the market model and the factor model. This
figure compares the mean squared forecast errors scaled by the naive forecasts for market model
and the factor model for size ranked portfolios. For market model equally and value weighted New
York Stock Exchange index are used. Choice of factor model is based upon the chi–square tests of
factor analysis. Scaled forecast errors are averaged over the period 1931–2012

the market model are greater than those for the factor models (Fig. 5.3). The glaring
exception is the largest portfolio using a value-weighted index. Since the stocks in
the largest portfolio represent an extremely large proportion of a value-weighted
index of NYSE stocks and since this index is used to forecast the returns of this
portfolio, this result is not surprising. Except for the largest five portfolios, the
mean-squared errors associated with the equal-weighted index are less than those
associated with the value-weighted index.

5.2.4 A January Seasonal

A large body of literature shows that the distribution of stock returns in January is
different from the distribution of stock returns in other months. Keim (1983) found
significant differences in the returns of small and large stocks in January. Tinic and
West (1984) showed that virtually all of the relation between returns and betas in
tests of the Capital Asset Pricing Model is due to a January seasonal. Gültekin and
Gültekin (1987) demonstrated that the same is true for the two-stage tests of the
Arbitrage Pricing Model.
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Likewise, the factor models estimated in this paper display a January seasonal
in the mean-squared errors. For every size portfolio, the mean-squared errors for
January are uniformly greater than those for the other months of the year. In the
case of the smallest portfolio, the mean-squared errors for January are over three
times as great as the mean-squared errors for the remaining months.

This January seasonal raises the question of whether the better forecasting
characteristics of a multi-factor model may be due solely to the returns in January.
To answer this question, we reestimated the factor models excluding the January
returns in each estimation period. According to the �2 criterion at a level of 5 %, the
median number of required factors drops from four to three.

Even with January excluded, the minimum scaled mean-squared forecast errors
still tend to occur with more than one factor (Table 5.2). For the forecast errors for
February through December, two-factor models yield smaller scaled mean-squared
errors than one-factor models in all cases except one mid-size portfolio. Although
January was excluded in the estimating period, the estimated models still can be
used to forecast January returns. For these January returns, two-factor models yield
smaller scaled mean-squared errors than one-factor models in all but four cases.
Thus, the presence of more than one factor is not due just to a January seasonal.12

5.2.5 Biases and Inefficiencies

Theil’s decomposition shows that most of the mean-squared forecast error is
random, except for the smallest portfolio, regardless of which forecasting model
is used (Table 5.3).13 The random component almost always accounts for over 90 %
of the mean-squared forecast errors, and frequently accounts for over 95 % for all
but the smallest portfolio.

Still, some differences among the various models warrant mention. The biases
associated with the market model using an equal-weighted index of NYSE stocks
are smallest for the mid-size portfolios and increase as the size of the stocks in the
portfolio becomes more extreme—either larger or smaller. The largest bias, 7.6 %,
is associated with the smallest portfolio. The biases for the market model using a
value-weighted portfolio of NYSE stocks are similar for the mid-size portfolios

12To determine the importance of a January seasonal, we replicated the early analysis including,
in addition to the returns on the twenty portfolios, a variable with a value of 1.0 for the months of
January and 0.0 otherwise. According to the �2 criterion at a level of 5 %, the median number of
required factors is four as before. However, there is virtually no improvement in the mean-squared
errors. Again the number of factors that minimize the mean-squared error is less for the mid-size
portfolios than the large or small portfolios.

Although there is a January seasonal, directly incorporating such a variable does not improve
the mean-squared errors. The returns themselves already capture this seasonal. Thus, a January
seasonal of itself does not account for the presence of more than one factor.
13See Theil (1966), and Mincer and Zarnovitz (1969) for details.
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(not reported in the tables). However, the biases are substantially larger for the
large portfolios than for the smallest portfolios.14 The behavior of the biases for
the one-factor model is similar. With two or more factors, the biases are minimal
with the exception of the smallest portfolio. But even for the smallest portfolio, the
percentage biases for a five-factor model (as well as a two-, three-, or four-factor
model) are nearly half of those for either the market or a one-factor model.

For all the models, the forecast errors for the small portfolios display the greatest
inefficiency. As the number of factors increases to two or more, the inefficiency
of the forecasts declines markedly. Again, the multi-factor models’ forecasting
characteristics are better than either the market model or a one-factor model.

5.2.6 Macroeconomic Variables

A growing body of research uses prespecified macroeconomic variables to estimate
conditional moments of stock returns. Prespecifying macroeconomic variables
overcomes one of the major difficulties of factor analysis: how to associate the
estimated factors with observable and economically meaningful variables. As an
example, Chen et al. (1986) used some directly observable macroeconomic variables
as proxies for factors in the two-stage tests of the multi-factor pricing models in a
way analogous to the use of instrumental variables in regression models.

Models incorporating macroeconomic variables can be validated in much the
same way as validating the market model. Estimate the model using one set of data
and validate it with a different set. For each portfolio, a regression of a time series of
returns on the macro variables provides the estimated model. As before, all variables
are measured from their unconditional means as estimated in the estimation period,
and the validation of the estimated models uses data from the 12 months following
the estimation period.

Chen, Roll, and Ross provide a detailed discussion of the selection of their macro
variables. Their final list of variables is the following:

1. the equal- or value-weighted NYSE index
2. the monthly growth rate of the industrial production index, measured as

log.IPItC1=IPIt/, where IPIt is the industrial production index for the month
t

3. unanticipated inflation, measured as the difference between the realized inflation
for the month t and the monthly T-Bill rate at the beginning of the month (see
Fama and Gibbons (1984) for details)

4. the change in the term structure, measured by the difference between the return
of a portfolio of long-term government bonds and the T-Bill rate

14The percentage biases are 9.6, 15.6, and 16.3 % for portfolios 18, 19, and 20, respectively, and
3.0 % for the smallest portfolio.
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5. changing risk premia, measured by the return on BAA rated non-convertible
corporate bonds less the return on a portfolio of long-term government bonds

The validation tests in this section use these same variables. Since the industrial
production data are available only after 1946 and the estimation period requires
five years of data, the first forecast year is 1952 and the last 2013. For comparison
purposes, some of the earlier analyses have been replicated for these years.15

The validation process suggests that the macro variables by themselves have no
forecasting power (Table 5.4), with the scaled mean-squared errors in the validation
period ranging from 1.134 to 1.271. Since these statistics have been scaled by the
mean-squared errors of the naive forecasts, a statistic greater than one indicates that
the naive forecasts are more accurate than those using just the macro variables.
Within the estimation period, the macro variables by themselves do have some
explanatory power, with the scaled mean-squared errors ranging from 0.577 to
0.909. These two results imply that the regression in the estimation period found a
relation that was not there, or that any relation in the estimation was not sufficiently
stationary to provide forecasting power, or some combination of the two.

Adding either the equal-weighted or value-weighted index of NYSE stocks to the
macro variables leads to a substantial reduction in the scaled mean-squared errors
for every portfolio. As an example, the average scaled mean-squared errors for the
largest portfolio is 1.160 with just the macro variables, but drops to 0.461 with the
addition of the equal-weighted index. Even more accurate are the forecasts that drop
the macro variables and include just a stock market index, suggesting that the macro
variables merely add noise to the forecasts. Again, the multi-factor models generally
yield smaller scaled mean-squared errors than either version of the market model.

5.3 Conclusions

The goal of this paper was to validate various stochastic return-generating models
on data different from those used in estimating the models. The specific models ana-
lyzed were factor models, the traditional market model, and models incorporating
prespecified macroeconomic variables. The principal conclusion of this paper is that
factor models with two to five factors yield more accurate predictions than either the
traditional market model or a one-factor model.

A model that included the prespecified macroeconomic variables used by Chen
et al. (1986) had no predictive power. Thus, at least for the macro economic variables
considered here, there is no gain to adding these variables to the traditional market
model. But importantly, the predictions of a multi-factor model were more accurate
than the market model.

Acknowledgements We thank Craig MacKinlay and Jennifer Conrad for their careful and
thoughtful comments.

15The stationarity tests again tend to reject stationarity.
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Table 5.4 Comparison of scaled mean-squared forecast errors using macroeconomic variables,
market model and factor model

Forecast periods 1952–2013

Portfolio
size (1)

Macro
variables
(2)

Macro &
equal-weighted
index (3)

Equal-weighted
index (4)

Macro &
value-weighted
index (5)

Value
weighted
index (6)

Optimal
factor
model
(7)

1-small 1.247 0.386 0.334 0.759 0.625 0.204

2 1.222 0.218 0.203 0.590 0.489 0.124

3 1.227 0.175 0.157 0.520 0.425 0.108

4 1.195 0.150 0.132 0.489 0.394 0.096

5 1.202 0.117 0.104 0.443 0.370 0.091

6 1.226 0.132 0.108 0.469 0.368 0.100

7 1.271 0.132 0.096 0.460 0.328 0.103

8 1.213 0.129 0.100 0.389 0.318 0.110

9 1.215 0.093 0.069 0.335 0.253 0.075

10 1.198 0.099 0.085 0.340 0.276 0.085

11 1.181 0.098 0.083 0.285 0.229 0.079

12 1.212 0.101 0.081 0.248 0.175 0.069

13 1.214 0.098 0.088 0.214 0.165 0.070

14 1.187 0.131 0.119 0.220 0.167 0.091

15 1.134 0.158 0.132 0.187 0.155 0.088

16 1.175 0.171 0.148 0.182 0.137 0.079

17 1.140 0.191 0.158 0.144 0.120 0.081

18 1.172 0.251 0.226 0.146 0.115 0.087

19 1.160 0.282 0.248 0.118 0.101 0.083

20-large 1.160 0.461 0.391 0.116 0.097 0.168

This table compares MSFE produced by four forecasting models. The first model uses a set of
macro economic variables to make conditional forecasts (column 2). The second model includes
market return as an additional exogenous variable to macro economic variables (column 3 for
equally weighted NYSE index and column 5 for value weighted NYSE index). The third model
forecasts are conditional on market returns (column 4 for equal weighted NYSE index and column
6 for value weighted NYSE index). The fourth model uses the optimal factor model based on the
Bartlett’s chi-square test during estimation period (column 7)
Model Parameters are re-estimated every year using the previous 5 years’ data, estimation period;
forecasts and forecast errors are estimated for the next 12 months. The procedure is repeated by
updating the parameter estimates of the models every year as a 5-year moving window. The first
estimation period is from 1947 to 1951 with the corresponding forecast year being 1952. Last year
of forecasts is 2013. Forecast errors for the year are scaled by the root mean squared naive forecast
error. Naive forecast for a year is defined as the mean portfolio returns over the estimation period.
Mean squared forecast errors are the average of squared forecast errors for the period from 1952
to 2013
The macro variable are

1. Unanticipated inflation.
2. Monthly growth rate of industrial production.
3. Yield differential between BAA rated corporate bonds and long-term government bonds.
4. Yield differential between long-term government bonds and T-Bills.

The indexes are for all NYSE stocks
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