Chapter 4

Robust 772, Switching Control of Polytopic
Parameter-Varying Systems via Dynamic
Output Feedback

Chengzhi Yuan, Chang Duan, and Fen Wu

Abstract The problem of designing a globally optimal robust output-feedback
controller for time-varying polytopic uncertain systems is a well-known non-convex
optimization problem. In this paper, new sufficient conditions for robust .73, output-
feedback control synthesis are proposed in terms of a special type of bilinear matrix
inequalities (BMIs), which can be solved effectively using linear matrix inequality
(LMI) optimization plus a line search. In order to reduce the conservatism of robust
output-feedback control methods based on single quadratic Lyapunov function,
we utilize multiple Lyapunov functions. The associated robust output-feedback
controller is constructed as a switching-type full-order dynamic output-feedback
controller, consisting of a family of linear subcontrollers and a min-switching
logic. The proposed approach features the important property of computational
efficiency with stringent performance. Its effectiveness and advantages have been
demonstrated through numerical studies.

Keywords Parameter-varying system ¢ Switched control ¢ Robust control

4.1 Introduction

During the past decades, a great deal of attention was devoted to the study of systems
with time-varying parametric uncertainties, due to their theoretical importance in
control theory and widespread applications in practical engineering problems. Both
issues of stability and control design for these types of systems have been examined
extensively in the literature (see, e.g., [1-5] and the references therein). A typical
robust control strategy is to construct a single linear time-invariant (LTI) controller

C. Yuan (0<) * E. Wu

Department of Mechanical and Aerospace Engineering, North Carolina State University,
Raleigh, NC, USA

e-mail: cyuan2 @ncsu.edu; fwu@eos.ncsu.edu

C. Duan
Department of Mechanical Engineering, Prairie View A&M University, Prairie View, TX, USA
e-mail: chduan@pvamu.edu

© Springer International Publishing Switzerland 2016 53
Q. Zhang et al., Automotive Air Conditioning, DOI 10.1007/978-3-319-33590-2_4


mailto:cyuan2@ncsu.edu
mailto:fwu@eos.ncsu.edu
mailto:chduan@pvamu.edu

54 C. Yuan et al.

for norm-bounded uncertain systems using a single quadratic Lyapunov function
[4, 6]. Some classical works along this line are worth to be mentioned. Different
tools for both robustness analysis and controller design for systems subject to
structured uncertainties can be found in [4, 7-9], while [2, 10—12] considered similar
problems for systems with unstructured uncertainties. One potential drawback of
these classical methods lies in the conservatism due to the use of a single quadratic
Lyapunov function. In recent years, more advanced robust control approaches were
proposed to achieve better controlled performance. In particular, originated from
the pioneering works [13, 14], different switching-type robust controllers have been
proposed for various systems with different types of uncertainties, such as [15, 16]
on linear fractional transformation (LFT) systems and [7, 17] for polytopic uncertain
systems, both of which utilized the multiple Lyapunov function technique from the
switching control context [18]. A comprehensive review of the literature on robust
control of uncertain systems, including some recent results from either deterministic
or probabilistic perspective, can be found in [5].

Different from the state-feedback control case, the problem of designing a
robust output-feedback controller for linear uncertain systems is known to be
difficult. The main source of difficulty stems from the non-convex nature of the
problem itself. Specifically, the associated robust control synthesis problem is
typically represented as a bilinear matrix inequality (BMI) optimization problem
for most design objectives. This type of non-convex optimization problems is NP-
hard, even under the single quadratic Lyapunov function framework (see, e.g.,
[4, 6, 19-21]). Various approaches have been reported to tackle the non-convexity
issue. Some rely on heuristic optimization algorithms to attain a locally optimal
solution [19, 22], which could be very involved and time-consuming; some resort
to certain mathematical relaxations to arrive at a convex synthesis condition but of
more conservatism [20]. As such, developing an effective robust output-feedback
control synthesis framework that simultaneously renders stringent performance and
computational efficacy is urgently desirable but still remains as an open problem.

In this paper, we propose a new robust switching output-feedback (RSOF) control
scheme for a class of polytopic parameter-varying uncertain systems. Different
from the classical robust output-feedback control techniques, the proposed RSOF
controller consists of a family of full-order dynamic LTI subcontrollers and a min-
switching logic that governs the switching among them, which therefore results
in a switched closed-loop system with time-varying polytopic uncertainties. The
basic idea applied here for switching stability analysis and controller design is
borrowed from the switching control literature (see, for instance, [17, 18, 23-28]).
In particular, motivated by the methodologies from [17] on switched state-feedback
control of polytopic uncertain systems, [29] on asynchronous switching output-
feedback controller synthesis, and [30] on stabilization of switched linear systems
via min-switching control, we will first derive the analysis conditions for robust
Ho stability of the resulting switched closed loop by using piecewise switched
Lyapunov functions. Then, based on the analysis conditions, the associated robust
switching control synthesis problem is formulated as a special type of BMIs,
which can be solved effectively in terms of LMIs plus a line search. The proposed
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switching control design scheme advances existing methods for robust output-
feedback control synthesis in two important ways: better achievable controlled
performance in terms of %%, criterion due to the adoption of piecewise switched
Lyapunov functions; reduced computational complexity by solving a convex LMI-
based optimization coupled with a single line search. Numerical examples are given
to illustrate the effectiveness and advantages of the proposed design approach.

The rest of the paper is organized as follows. The problem statement and the form
of RSOF controller are presented in Sect. 4.2. Sections 4.3 and 4.4 contain the main
results of this paper including the robust analysis and control synthesis conditions,
respectively. Simulation results are provided in Sect.4.5. Conclusions are finally
drawn in Sect. 4.6.

Notation R stands for the set of real numbers and R for the positive real
numbers. The set of non-negative integers is denoted by Ny. R™" is the set of
real m x n matrices, and R” represents the set of real n x 1 vectors. The transpose
of a real matrix M is denoted by M”. The Hermitian operator He{-} is defined
as He{M} = M + M" for real matrices. The identity matrix of any dimension
is denoted by 1. S" and §'| are used to denote the set of real symmetric n X n
matrices and positive definite matrices, respectively. If M € S", then M > 0
(M > 0) indicates that M is a positive definite (positive semi-definite) matrix
and M < 0 (M < 0) denotes a negative definite (negative semi-definite) matrix.
A block diagonal matrix with matrices Xi,X5,...,X, on its main diagonal is
denoted by diag{Xi, X»,...,X,}. Furthermore, we use the symbol  in LMIs to
denote entries that follow from symmetry. For x € R”, its norm is defined as
x|l := (x"x)"/2. The space of square integrable functions is denoted by .%5, that
is, for any u € %, |lull :== (Jfy~° uT(t)u(t)dt)l/2 < oo. For two integers k; < k,
we denote I[ki, kp] = {ki, ki + 1,...,ky}. The set of Metzler matrices .# consists
of all matrices IT € RV*V with elements 7j;, such that 7r; > 0 for all i,j € I[1, N]
with i # j and Z;v=1 m;; = 0 for all i € I[1, N].

4.2 Problem Statement

Consider the following linear system with uncertain time-varying parameters:

Xp (1) Ap(E(0) Bpi(§(1) Bp(§(1) | [ x(0)
e(n) | = | CuE®) Dpii(§(0) Dpia(§(n) | | d(0) 4.1
y(0) Cp2(5(®) Dy (§(1) Dpoa(§(1)) ] Lu(®)

where the vectors x, € R™,u € R™,d € R™,y € R™, and e € R denote the
plant state, control input, exogenous disturbance, measurement output, and error
(performance) output, respectively. The system matrices are uncertain and time-
varying, they are given by the convex combination
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Ap(E(D) Bu(E@) Bp(5(D) Np Api Bpii B,
Cp1(6(1) Dpii(§(1)) Dpi2(§(9) | = Z §() | Cp1i Dp11,i Dp1a,; 4.2)
Cp2(§(1)) Dpa1(§(1)) Dpaa(§(2)) i=1 Cp2i Dpat1,i Dy

where the constant matrices at the polytope vertex, i.e., (A, Bp1.i, Bp2.is Cp1,is Dpit.is
Dp12i, Cpais Dpot i, Dppo i) for all i € 1[1, N,], are known for controller design. The
vector £(1) = [£1(1) ... &v,(0]" € R represents the time-varying parametric
uncertainty which is not measurable in real time, and belongs to the unitary simplex
A defined by

Np
A={1eR%: Y A =1,4>0 Viclll.N)] (4.3)

i=1

To ease the notation and whenever the context is clear, the explicit time dependence
of vector £(¢) € A will be dropped. Furthermore, for simplicity of presentation, we
have the following assumptions regarding system (4.1):

Assumption 1. (A, ;, By.i, C0;) is stabilizable and detectable for any i € I[1, N,].

Assumption 2. Matrices (By2i, Cp2i,Dp12i) = (Bp2, Cpo,Dp12) are constant
matrices, and Dy ; = 0 for all i € I[1, Np].

We stress that these two assumptions are made without losing any generality.
Assumption 1 is necessary to guarantee the existence of an output-feedback sta-
bilizing controller from y to u for each subsystem of (4.1) on the polytope vertices.
In the second assumption, D,3,; = 0 can be relaxed using the well-known loop
transformation technique [4], while the assumptions on matrices (Bps i, Cp2.i» Dp12.i)
can also be satisfied by adding stable pre- and post-filters to the input and output
channels, respectively [31]. An illustrative example will be given in Sect.4.5
(Example 1) to show how to satisfy this assumption.

Keeping in mind that the time-varying uncertainty £ € A is not available for
feedback control use, the objective of this work is to design an RSOF control
law such that the overall closed-loop system is asymptotically stable and achieves
certain performance level from the disturbance d to the error output e for all
uncertain parameter £ € A.

To fulfill this objective, we will construct the following dynamic RSOF
controller:

[ic(t)] _ [Ac,m(r» Baa(xc(r»} [xc(f)] 4.4
u(r) Ceo(xt)) Deoey] LY(®

where x. € R’ is the controller state with its dimension n. to be determined.
o (x.(t)) is a switching rule of controller that selects a particular sequence of
LTI subcontrollers among N, available ones defined by (A.;, B.j, C.j, D.;) with
Jj € I[1,N,]. Its value is determined by the min-switching strategy as shown in



4 Robust .75, Switching Control of Polytopic Parameter-Varying Systems. . . 57

Fig.4.1, where j, is the current active controller index, and x; := [x) x[]".

Matrices Pj, € S”“Jr”“ are positive definite. The matrices P; together with matrices
(Acj, Bej, CF Jj»De J) (Vj € I[1, N,]) of compatible dimensions are subject to design.

The closed-loop system formed by interconnecting the controlled plant (4.1) and
the RSOF controller (4.4) can be written in the following switched polytopic form:

J'Ccl(l):| [Acl.go B, Ea:| [xcl(l)]
_ |4 (4.5)
|: €(f) Ccl,fa cléo d(t)
where x,; = [x] x[]" and
Acl,‘g’a — |: p(‘i:) + B 2Dc UCpZ Bp2Cc cri| i

Bc,a Cp2 Ac,o

Bty = |:BP1(‘§) + B172DC.UDP21(E):|
okt Bc,aDpZI (S) '

Ccl.éu = [Cp] (S) + Dplch,an2 DplZCcﬁo] s
Dego = Dp11(§) + Dp12DesDpoi (£).

Moreover, we define for all i,j € I[1, N,],

| Api + BpD.;jCp BpCe | Bp1i + Bp2De jDpon i
AC[ ij = s Bclij -
BCJ'CpZ Ac.j Bc.ij21.i

Cetij = [Cpri + Dp1aDejCpa Dp12Cej] s Detij = Dpivi + Dp12DeDpo i

Then, we have

Ny
clé] E El cliijs LZS/ E Et cl,ijs
Np Np

clSj ZEZ cl,ijs clS] ZE: cl,ij-

for all j € I[1, N,].
In this paper, the robust 7%, control problem will be considered. More precise
descriptions about this problem is given as follows:

Problem 4.1. Given the uncertain system (4.1). The robust 7%, control design
objective is to determine matrices (A.;, Bcj, Ccj, Dcj, Pj) subject to (4.4) and the
switching strategy in Fig. 4.1, such that the switched closed-loop system in (4.5)
is robustly asymptotically stable and achieves a minimal worst-case %%, norm Yoo
defined by
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Stay at current active controller jq

Switch to controller

. _ . T
Jatl = arg mlniel[],Np] xclB' Xel
Set jg =jq+1

Fig. 4.1 Min-switching strategy

max Sup “6”2 )/
-
€A alhzo 1d]l2

(4.6)

With respect to the %%, control problem, the following sections will be devoted
to studying the robust stability property of the switched closed-loop system (4.5)
under the min-switching logic in Fig. 4.1, and subsequently deriving computation-
ally tractable conditions for the RSOF controller synthesis.

4.3 Robust Analysis via Min-Switching

In this section, we will first present the analysis conditions for robust .7%%,
performance of the time-varying switched polytopic system (4.5) by using multi-
ple quadratic Lyapunov functions and parameter-dependent Metzler matrix [23].
Specifically, we will utilize the parameter-dependent Metzler matrix IT(§) : A —
RM*N» with elements given by

) Tk i#
O G- i= “r

where 7; > 0 forall j € I[1, N,]. It can be easily verified through the same arguments
as in [23] that [1(§) € # forall £ € A.
Then, we have the following theorem summarize the .7/%, analysis conditions:

Theorem 4.1. Given a scalar Yo, € Ry, the RSOF controller (4.4) with the min-
switching strategy as shown in Fig. 4.1 globally asymptotically stabilizes the time-
varying polytopic uncertain system (4.1) and renders an 7% performance level less
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than yeo, if there exist matrices P; € Sﬁf”", and scalars t; > 0 such that

He{PjAd,,-j} + ‘C](Pl — Pj) * *

BcTij —y2I * | <0 (4.8)
Cerij Dy —I

hold for all i, j € I[1, Np].

Proof. Consider the closed-loop system (4.5), we define the following piecewise
Lyapunov function:

V(xer) = xPj e 4.9)

where P; € S’f”’" and j, € I[1,N,] are the current active subcontroller index

determined by the min-switching strategy in Fig.4.1. Then, multiplying &; to both
sides of inequality (4.8) and summing up from i = 1 to i = N, it yields

N,
HelPAqgt + 1) 2, &E(Pi—P)

B, P; —y21 = | <0 (4.10)
Cergj Dyg —I

We first examine the stability property for the closed-loop system (4.5) with
d = 0. In light of the definition in (4.7), the min-switching strategy in Fig. 4.1, and
since 7;, § > 0 (Vi,j € I[1,N,]), we have

Np Np Np
7, Z Exl)(Pi — Py )xo = Z 7y, (E)x!Pixcr > Z i, )X Pixa =0 (4.11)
i=1

i=1 i=1
Therefore, the (1, 1) element of condition (4.10) ensures

V(xd) ES le(AL’%ij =+ ijAC[,gjq)xC[ <0

for x; # 0. Let 1, denote the time when the controller switched out from
Jqth subcontroller and t,‘f be the time when the controller switched to the next
subcontroller. Then, at 1, condition xCTle el < minjey(i N ] xCTlPixd must be violated,
that is,

. T — — T — -
ieflf[ll{llbp] X (1) Pixa(t)) < xg ()P xa(t,)

Since the min-switching strategy determines j,; = arg miniel[l,Np] xCTlP,-xc[, that is,

T+ Y — i T -
X (17 )Py Xalty) = ielllf[ll{fl}]p]xcz(tq YPixa(t))



60 C. Yuan et al.

Then, we have x,(t7)P;, | xai(t]) < xl)(;)Pj,x!,(t;), which implies V(x(£])) <
V(xa(t,)), and V(x.) thus satisfies the monotonically non-increasing condition.
According to the Theorem 2.3 in [32], the switched system (4.5) is globally
asymptotically stable.

Now, we examine the closed-loop 5%, performance. Through Schur comple-
ment, condition (4.10) with (4.11) gives

HE{PjAC] Ej} * CTZE
! + ¢ls) CCI, i Dd‘ < O
|: BLT-l,g:_/'Pj —yiol Dch.gj [ & E/]

Multiplying [x/, d”] from the left of the above condition and its transpose to the
right, it yields

V(xcl) +ele— )/gode <0

Integrating both sides of the above condition from + = 0 to co and taking into
account that under zero initial condition V(x.;(0)) = 0 and V(x(c0)) > 0, we can
conclude that ez < Yoolld]|2-

Remark 4.1. Compared with classical results on robust stability analysis of linear
parameter-varying (LPV) systems [4], we have adopted a piecewise switched
Lyapunov function instead of using a single quadratic Lyapunov function, which
is motivated from the context of switching control [18, 23]. The resulting conditions
Theorem 4.1 for %%, control improve classical results in the sense that quadratic
stability of each system matrix A.;; with i,j € I[1,N,] and i # j is not necessarily
required to guarantee feasibility.

4.4 RSOF Controller Synthesis

Based on the analysis results in the previous section, we are in the position to
study the %% control synthesis problem for the RSOF controller (4.4). The RSOF
control synthesis problem requires the determination of the coefficient matrices
(Acj, Bej, Cej, D) in the controller dynamics (4.4) and P; with respect to the min-
switching strategy in Fig. 4.1, for all j € I[1, N,]. However, since the plant state x,
is not always available for feedback control use, and in order to make the switching
logic in Fig.4.1 implementable, we will specify the Lyapunov matrices with a
prescribed structure so as to structurally incorporate switching rules that depend
only on available information, i.e.,

S N
P = |:NT XJ , (4.12)
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where § € ST,N € R™, and X; € S, for all j € I[1,N,]. We aim to
derive computationally tractable conditions, such that all these controller coefficient
matrices can be jointly synthesized through convex optimization. To this end, we
first introduce the following lemma, which is useful in the subsequent derivation for
our main results.

Lemma 4.1. Given a symmetric matrix 1y and matrices 1y, T, with compatible

T;Tl 8:| < 0 holds if and only if the following

condition holds for some positive number €.
ETTT1 *
Y — 1
0 [ i| * <0

o ir'n
[6 T] Tz] —el

dimensions, condition Ty + |:

4.13)

Proof. Through Schur complement, condition (4.13) is equivalent to

eYTY, * YT, * 0
T, — | 1 =7 0.
0 [ 0 %TZTTJ+[T2TT1 1yry, °F vy 0] <

Then, using this lemma and the analysis results in Theorem 4.1, we have the
following theorem solve the robust 7%, control synthesis problem in terms of
matrix inequalities.

Theorem 4.2. Given tunable scalars t; > 0, if there exist positive definite matrices
R;, Se S’_’,f, symmetric matrices Tj; € S™, rectangular matrices AC j € R f?c j €
Ry C, j € R P, j € R™*" and positive scalars €, Yoo € Ry such that for
alli,j € I[1, N,), the following conditions hold:

He{A,R; + BpC.j} + 1T — 2R; + &l N
Acj+eAy; + C,D! B, He{SAp; + BejCp} + &l
éB],;+ DpTZl,iDZ;['B})-Z Bl S+ DgzlvchT-‘;
Cp1iR; + Dp12C €Cp1; + Dp12DejCpo
R; (Api = App)'S
* * *
* * *
-y * *x | <O, (4.14)
€Dy + DplZDc,ijZI,i =1 x
0 0 —él
Tj+R; * x R
R Rix|=0, L; S] > 0. (4.15)
el élS
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Then, the time-varying polytopic uncertain system (4.1) is globally asymptotically
stabilized by the RSOF controller (4.{ ) of order n. = n,, and the closed-loop %
performance level is less than Yy, = V%" under the min-switching strategy with the
condition in Fig. 4.1 replaced by

xCTijC < min xCTX,-xC, (4.16)
i€I[1,N,]

where X; = —NTRij_T, M;N T—=p —R;S, and S = }23’ Furthermore, the coefficient
matrices of the RSOF controller are given by

~ N -1
Acj Boj| _ [eN €SBy [Aej— ESALR; By MT 0 @
CejDe; 0 I Ce, Dej| | CoRiel| '

forall j € I[1,N,].

Proof. According to Theorem 4.1, and using the partitions in (4.12), we define for
all j € I[1, N,],

R 1 IS
such that P,Z,; = Z, and M;N" = I — R;S, which implies X; = —NTRJ-MJ._T.
Moreover, we specify
~ R; €I - I €S
Zij=1|1 , = , 4.19
L |:MJ.T 0} 2 [0 éNT] 19
which gives P;Z;; = Z,. The definition of & > 0 will be given later. Based on
condition (4.15), it can be verified that ZlTijZI j= |:If; 63{} > 0,1in turn, P; > 0 as
: €

7, j is nonsingular. ~
Then, by performing congruence transformation with matrix diag{Z, ;, €I,1} on
condition (4.8), we obtain the following results:

ZIPAiZ1j = ZFAuiZij = | - Ap’ifej BpCey  Edpit BpDeCro ;
Jr el ’ ch + GS(A[,J‘ —A‘,,J)Rj SA[,,,' + BCJCpZ

eB!, i1 = eBly 7o = |eBLy + Dy DI BE, BY S+ DLy, BT
CL.LUZJ - [CplyiRj + DplzécJ éCpl + Dplzb&jCPQ] )

22,2 _ 52
Eyoo_yoo’

(4.20)
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where

Acj = &SApR; + €SBaD. jCpoR; + ENB.jCpoR; + ESByCe M + eNA M,

o3>

cj = S\BpZDCJ + gzNBL-J',

Cej = DejCpR; + Ce;M] .

>

cj — gDcJ, A§ = AZS.
421)

On the other hand, we have

2P~ Py, = 7, [

. (X — X AMT
: 0 0 } Z1j=|:M,(X, XM o}

0X;—X; 0 0

Since M;N" = I — R;S, it can be shown that X; = N (S — R;")"'N > 0. Using the
matrix inversion lemma [4], and through algebraic manipulations, we obtain

Mi(X; —X)M] =S =R+ R =S HR =S H'®R —57"). (4.22)
Moreover, through Schur complement, condition (4.15) implies

T;>S'—R+®R -SSR -S"H'"R -5

which together with (4.22) concludes that T; (MJ-(X,- - XJ-)MJ-T) < 1;Tj;. Therefore,
after the congruence transformation, condition (4.15) can be deduced. Moreover,
condition (4.8) becomes

0 0
Yo + [éS(Ap,,- —A, ,-)} <0. (4.23)
0 v Rj 0
where
TO =
He{Ap’iRj =+ széaj} + ‘L’jTij * * *
Acj+ éA;i + CZZDCTJBZZ He{SA,; + B.;jCp} * *
@B;Y;I.i + DZZI.:'DZ;['B;YJ-Z B;l,iS + D,le,,-BcTJ _%ol *

CoriR; + DyiaCe; €Cp1i + Dp12DjCp2 €Dp11 i + DplZﬁcJDpZI,i =1

Then, by setting ¥ = R;, V> = [é(Ap,i —Ap,j)TS O], invoking Lemma 4.1, to
guarantee the satisfaction of condition (4.23), it is equivalent to have the following
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condition for some positive number € =

P

[ He{A,.R; + B»C.;} .
+‘C!TU — €RjRj

Acj+ €AT, + CT,DT BT % HetSApi + BejCpo}
¢ N p

. o _A3S(Ap.,i _AAPJ) (Ap,iA_ p.j)TS
éB],; + D;Zl.iDcT}[BZZ Bl S+ D,fz;,chT.,-
Co1iRj + Dp12Ce €Cp1,i + Dp12D;Cpp
L GRj g(Ap.i —APJ')TS
* *
* *
—)7501 * x | <O,
€Dy + DplZﬁcJDpZI,i =1 *
0 0 —el

Consequently, perform congruence transformation with matrix diag{l, 1,1, 1, €I} on
the above condition, and based on the fact that —Z’ W~1Z < —ZT — Z + W holds for
any pair of W > 0 and Z, we have —eR;R; < —2R; + él and —&3S(A,; — A, ;) (Ap; —
Ap _J-)TS < —He{.SA‘(Ap,,- —A, )} + €l This yields exactly condition (4.14). Moreover,
the controller formula (4.17) can be verified by inverting the relations in (4.21).

Due to the product of scalar variables 7; and matrix variables T};, condition (4.14)
in Theorem 4.2 is non-convex by nature. For this special type of BMIs, one can
resort to LMI optimization technique coupled with a multi-dimensional search over
the scalar variables. When the number of N, is large, a possible way to reduce
computational cost of the synthesis problem is by enforcing 7; = v > 0 for all
J € I[1, N,]. Although the resulting conditions are more conservative, they can be
solved relatively easier via LMI optimization with a single line search parameter.
The following corollary formally presents this result for the robust 7%, control
problem.

Corollary 4.1. Given a tunable scalar t > 0, the result of Theorem 4.2 remains
valid whenever inequalities (4.14) are replaced by

He{Ay iR + BpCoj} + tTy — 2R; + &l *
Acj+éAl + CLDT Bl He{SA,; + B.;jCp} + €l
éB],; + D;Zl.ibcT;[BIY;Z B[{LiSA + D,fz;,if?f.j
Cpl’,’Rj + D,,IZCC,_,- @Cpl,i + DplzDL.Jsz

R; (Api—Ap)"S
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* *
* *
-2l * = | <O.
€Dy + Dp12ﬁcJDp21,i I *
0 0 —el
(4.24)

foralli,jeI[l,Ny].

The results of Theorem 4.2 and Corollary 4.1 then can be used to pose the
following optimization problem for the robust 7%, control problem, such that the
RSOF controller that renders the closed loop a suboptimal 75, performance level
can be designed. As mentioned above, this type of optimization problem can be
solved through a line search over t with LMIs.

.. min oo
Rj,S,Tij,ACJ.BL»_J'.CL-J.DL-J,Q,I, Vi.jEI[l.N[,] (425)
s.t. (4.15) and (4.24).

4.5 Numerical Examples

In this section, two examples will be used to illustrate the design procedure and
effectiveness of the proposed RSOF control scheme. The first example aims to
design a robust output-feedback 7%, controller for a system with sensor outages.
Moreover, it will be demonstrated via the second example that the proposed design
scheme based on using a piecewise switched Lyapunov function is indeed capable
of rendering a better .%5-gain performance for the closed-loop system than that
obtained under the single quadratic Lyapunov function framework.

Example 1. Consider a fourth order two-input two-output system subject to sensor
outages, which is borrowed from [33] and also considered in [20]. The system can
be described as the following polytopic uncertain system:

x(1) = Ax(t) + Bid(1) + Bou(t)
G: 4 e(t) = Cix(t) + D11d(t) + Dyou(r) (4.26)
y(1) = Co(§(1)x(2) + Dy1d(1)

where



66 C. Yuan et al.

21 1 11,007

300 2010

A B, B, -1 0 —2-3[1100
Ci DyDp|=|-2-12 -1001
Cy(§) Dy 0 1 0—-101000
¢, 0 0 0000

| 0 0 ¢ 0000 ]

where two unknown parameters ¢; and ¢, both take values from {0, 1}. Specifically,
¢i = 0 with i = 1,2 indicates the ith measurement experiences an outage. We
assume as in [33] and [20] that there always exists at least one measurement working
for feedback control use, i.e., ¢ and ¢, will not be simultaneously equal to zero. This
will results in a polytope of N, = 3 vertices with

0000 1000 1000
= . = . = . 427
Cz1 [0 01 0} C2z [0 00 0] €23 [0 01 0} (427

To apply the proposed RSOF control scheme to solve the 7%, control problem,
we observe that the output matrix C(€) does not satisfy Assumption 2. Neverthe-
less, following the methodology from [31], the original plant can be transformed
to a new system that fits into the proposed design framework by concatenating a
stable LTI filter to the measurement channel (as depicted in Fig.4.2). The state-
space model of the LTI filter is chosen as

X, A, B, | [ x,
o: [3]=[e 3]0
! |:y G 0Ly
where x, € R" is the filter state, and y € R™ is the filtered output that will serve

as the controller input. Then, the resulting augmented system can be written in the
form of (4.1) with

Fig. 4.2 Augmented system r—— - - - a
structure (Example 1) | Gaug |
d . €
| G o
| L
Lo |
u ]
RSOF <
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A 0 B B,
Api = , By = , Bp= ,
" |:Byc2.i Ay:| s |:ByD21:| v |: 0 ]

Guug :
aug Cpi =[C10]. Dyii =Dy, Dpip =D,

(4.28)

Cp = [0 Cy] s Dp1 =0, Dpp=0.

For controller synthesis, we specify the filter with

[A_\, B}} _ [—10012 I

C, 0] | 100 0]

Therefore, based on the augmented system data, we solve the optimization prob-
lem (4.25) to yield a suboptimal value of y», = 1.7415, which significantly
improves those obtained by using the methods in [33] and [20] for all scenarios
discussed therein (see Tables 1 and 2 in [20]). Furthermore, the corresponding
RSOF controller in the form of (4.4) contains three subcontrollers with the order
n.=4+2=6.

With the synthesized RSOF controller, we run the time-domain simulation by
applying a pulse disturbance input of magnitude 1 starting from # = 0 and ending
at t = 1sec The closed-loop responses, including four plant states (Fig. 4.3a), the
uncertain time-varying vector £(r) (Fig.4.3b), two control inputs (Fig.4.3c), and
the controller switching signals (Fig. 4.3d), are presented. According to (4.27), in
Fig.4.3b, £(f) = [1 0 0]” corresponds to the case of sensor failure on y;, while
£(1) = [0 1 0]T is with respect to the case when the second output y, fails. As
can be seen, for this simulation study, only one output measurement is available
at each time instant. Nevertheless, from Fig. 4.3a, c, it is observed that in spite of
the sensor outages, the designed RSOF controller is still capable of stabilizing the
overall closed-loop system with reasonable control input efforts.

Example 2. This example aims to further demonstrate the effectiveness and advan-
tages of the proposed switching control scheme based on piecewise switched
Lyapunov functions. We consider a two-disk 7%, control problem as discussed in
[34]. The uncertain dynamics of the two-disk model is given in the following form:

[x1(2) |

(1) 0 0 10 00 07|x0

)'Cz(l‘) 0 0 0 1 0 0 O x3([)

T,: @ |=|,nO-5% 3w —w O w0 |[xO
x4(1) 2 O =g 0 — 0 0 S| u)

(1) 0 1 0 0 0 0 0]|d

| da(?)
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Fig. 4.3 #5 RSOF control (Example 1). (a) Plant states, (b) uncertain parameter & (¢), (¢) control
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Fig. 4.4 Weighted open-loop plant interconnection of the two-disk problem [34] (Example 2)

with My, = 1,M, = 0.5,b = 1,k = 200 and two uncertain parameters p; () €
[0, 9], p2(2) € [0, 25] yielding a polytope of N, = 4 vertices. For robust 7%, control
synthesis, we adopt the same performance weighting functions as in [34] to form a
weighted open-loop plant as depicted in Fig. 4.4, where the weighting functions are

specified as
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0.3 1.2 0.1
W, (s) = L W, (s) = L
s+ 0.04 0.01s + 125
s+ 0.4

Wals) = 0.00001,  Wals) = gommrs.

The actuator dynamics is assumed to be Act(s) = m.

Based on such a system setup, we solve the optimization problem (4.25) with
7 = 1. The RSOF control synthesis yields a suboptimal .%, gain Yo, = 1.1139. To
demonstrate the effectiveness of the proposed RSOF control approach, this result is
compared with that obtained by using u-type synthesis method [4, 6]. Specifically, a
robust controller consisting of a single LTI output-feedback control law is designed
by using a single quadratic Lyapunov function. It should be pointed out that the
robust output-feedback control synthesis problem is known to be non-convex. For
fairness of comparison, we utilize a global optimization technique, namely the
Branch and Bound algorithm [22], to yield a globally optimal solution. After
extensive search over the solution space, we are able to obtain the corresponding
global optima as ys = 1.55, which is larger than our result by 28.14%. The gain
of performance can be attributed to the adoption of piecewise switched Lyapunov
functions in the proposed design framework. Further comparisons are conducted
through time-domain simulations. The closed-loop system responses with a step
reference input by using, respectively, the single LTI controller and the proposed
RSOF controller are plotted in Fig.4.5. As can be seen from Fig. 4.5a, consistent
with the calculated 7%, norm, the RSOF controller indeed outperforms the LTI
controller with less overshoot, faster settling time, less steady-state error, as well as
less control efforts (see Fig. 4.5b) during the transient period.

4.6 Conclusions

A new RSOF control scheme has been proposed for a class of linear systems with
time-varying polytopic uncertainties. The proposed RSOF controller is constructed
in a switching fashion, which consists of a set of linear dynamic output-feedback
controllers and a switching rule (namely the min-switching strategy) that governs
the switching among them. The novelty of the proposed control design scheme lies
in that: (1) no online measurements of the uncertain time-varying parameters are
required for controller implementation; (2) the robust control synthesis conditions
are cast as a special type of BMIs, which can be solved via LMI optimization
plus a line search; (3) owing to the use of piecewise switched Lyapunov functions,
better controlled performance can be achieved comparing with those obtained by
using a single quadratic Lyapunov function. The effectiveness and advantages of the
proposed control design scheme have been demonstrated through numerical studies.
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Fig. 4.5 Step response of the two-disk system (Example 2). (a) Tracking output, (b) control input
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