Basket Option Pricing and Implied
Correlation in a One-Factor Lévy Model

Daniél Linders and Wim Schoutens

Abstract In this paper we employ a one-factor Lévy model to determine basket
option prices. More precisely, basket option prices are determined by replacing the
distribution of the real basket with an appropriate approximation. For the approximate
basket we determine the underlying characteristic function and hence we can derive
the related basket option prices by using the Carr—Madan formula. We consider a
three-moments-matching method. Numerical examples illustrate the accuracy of our
approximations; several Lévy models are calibrated to market data and basket option
prices are determined. In the last part we show how our newly designed basket option
pricing formula can be used to define implied Lévy correlation by matching model
and market prices for basket options. Our main finding is that the implied Lévy
correlation smile is flatter than its Gaussian counterpart. Furthermore, if (near) at-
the-money option prices are used, the corresponding implied Gaussian correlation
estimate is a good proxy for the implied Lévy correlation.

Keywords Basket option * Implied correlation -+ One-factor Lévy model - Variance-
Gamma

1 Introduction

Nowadays, an increased volume of multi-asset derivatives is traded. An example of
such a derivative is a basket option. The basic version of such a multivariate product
has the same characteristics as a vanilla option, but now the underlying is a basket of
stocks instead of a single stock. The pricing of these derivatives is not a trivial task
because it requires a model that jointly describes the stock prices involved.
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Stock price models based on the lognormal model proposed in Black and Scholes
[6] are popular choices from a computational point of view; however, they are not
capable of capturing the skewness and kurtosis observed for log returns of stocks
and indices. The class of Lévy processes provides a much better fit for the observed
log returns and, consequently, the pricing of options and other derivatives in a Lévy
setting is much more reliable. In this paper we consider the problem of pricing
multi-asset derivatives in a multivariate Lévy model.

The most straightforward extension of the univariate Black and Scholes model is
based on the Gaussian copula model, also called the multivariate Black and Scholes
model. In this framework, the stocks composing the basket at a given point in time
are assumed to be lognormally distributed and a Gaussian copula is connecting these
marginals. Even in this simple setting, the price of a basket option is not given in a
closed form and has to be approximated; see e.g. Hull and White [23], Brooks et al.
[8], Milevsky and Posner [39], Rubinstein [42], Deelstra et al. [18], Carmona and
Durrleman [12] and Linders [29], among others. However, the normality assumption
for the marginals used in this pricing framework is too restrictive. Indeed, in Linders
and Schoutens [30] it is shown that calibrating the Gaussian copula model to mar-
ket data can lead to non-meaningful parameter values. This dysfunctioning of the
Gaussian copula model is typically observed in distressed periods. In this paper we
extend the classical Gaussian pricing framework in order to overcome this problem.

Several extensions of the Gaussian copula model are proposed in the literature.
For example, Luciano and Schoutens [32] introduce a multivariate Variance Gamma
model where dependence is modeled through a common jump component. This
model was generalized in Semeraro [44], Luciano and Semeraro [33], and Guil-
laume [21]. A stochastic correlation model was considered in Fonseca et al. [19].
A framework for modeling dependence in finance using copulas was described in
Cherubini et al. [14]. The pricing of basket options in these advanced multivariate
stock price models is not a straightforward task. There are several attempts to derive
closed form approximations for the price of a basket option in a non-Gaussian world.
In Linders and Stassen [31], approximate basket option prices in a multivariate Vari-
ance Gamma model are derived, whereas Xu and Zheng [48, 49] consider a local
volatility jump diffusion model. McWilliams [38] derives approximations for the
basket option price in a stochastic delay model. Upper and lower bounds for basket
option prices in a general class of stock price models with known joint characteristic
function of the logreturns are derived in Caldana et al. [10].

In this paper we start from the one-factor Lévy model introduced in Albrecher
et al. [1] to build a multivariate stock price model with correlated Lévy marginals.
Stock prices are assumed to be driven by an idiosyncratic and a systematic factor.
The idea of using a common market factor is not new in the literature and goes back
to Vasicek [47]. Conditional on the common (or market) factor, the stock prices are
independent. We show that our model generalizes the Gaussian model (with single
correlation). Indeed, the idiosyncratic and systematic components are constructed
from a Lévy process. Employing a Brownian motion in that construction delivers the
Gaussian copula model, but other Lévy models arise by employing different Lévy
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processes like VG, NIG, Meixner, etc. As a result, this new one-factor Lévy model
is more flexible and can capture other types of dependence.

The correlation is by construction always positive and, moreover, we assume
a single correlation. Stocks can, in reality, be negatively correlated and correla-
tions between different stocks will differ. From a tractability point of view, however,
reporting a single correlation number is often preferred over n(n — 1)/2 pairwise
correlations. The single correlation can be interpreted as a mean level of correlation
and provides information about the general dependence among the stocks compos-
ing the basket. Such a single correlation appears, for example, in the construction of
a correlation swap. Therefore, our framework may have applications in the pricing
of such correlation products. Furthermore, calibrating a full correlation matrix may
require an unrealistically large amount of data if the index consists of many stocks.

In the first part of this paper, we consider the problem of finding accurate approx-
imations for the price of a basket option in the one-factor Lévy model. In order to
value a basket option, the distribution of this basket has to be determined. However,
the basket is a weighted sum of dependent stock prices and its distribution function
is in general unknown or too complex to work with. Our valuation formula for the
basket option is based on a moment-matching approximation. To be more precise,
the (unknown) basket distribution is replaced by a shifted random variable having
the same first three moments than the original basket. This idea was first proposed in
Brigo et al. [7], where the Gaussian copula model was considered. Numerical exam-
ples illustrating the accuracy and the sensitivity of the approximation are provided.

In the second part of the paper we show how the well-established notions of
implied volatility and implied correlation can be generalized in our multivariate
Lévy model. We assume that a finite number of options, written on the basket and
the components, are traded. The prices of these derivatives are observable and will
be used to calibrate the parameters of our stock price model. An advantage of our
modeling framework is that each stock is described by a volatility parameter and that
the marginal parameters can be calibrated separately from the correlation parameter.
We give numerical examples to show how to use the vanilla option curves to determine
an implied Lévy volatility for each stock based on a Normal, VG, NIG, and Meixner
process and determine basket option prices for different choices of the correlation
parameter.

An implied Lévy correlation estimate arises when we tune the single correla-
tion parameter such that the model price exactly hits the market price of a basket
option for a given strike. We determine implied correlation levels for the stocks
composing the Dow Jones Industrial Average in a Gaussian and a Variance Gamma
setting. We observe that implied correlation depends on the strike and in the VG
model, this implied Lévy correlation smile is flatter than in the Gaussian copula
model. The standard technique to price non-traded basket options (or other multi-
asset derivatives) is by interpolating on the implied correlation curve. It is shown in
Linders and Schoutens [30] that in the Gaussian copula model, this technique can
sometimes lead to non-meaningful correlation values. We show that the Lévy ver-
sion of the implied correlation solves this problem (at least to some extent). Several
papers consider the problem of measuring implied correlation between stock prices;
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see e.g. Fonseca et al. [19], Tavin [46], Ballotta et al. [4], and Austing [2]. Our
approach is different in that we determine implied correlation estimates in the one-
factor Lévy model using multi-asset derivatives consisting of many assets (30 assets
for the Dow Jones). When considering multi-asset derivatives with a low dimension,
determining the model prices of these multi-asset derivatives becomes much more
tractable. A related paper is Linders and Stassen [31], where the authors also use
high-dimensional multi-asset derivative prices for calibrating a multivariate stock
price model. However, whereas the current paper models the stock returns using
correlated Lévy distributions, the cited paper uses time-changed Brownian motions
with a common time change.

2 The One-Factor Lévy Model

We consider a market where n stocks are traded. The price level of stock j at some
future time #, 0 <t < T is denoted by S;(¢). Dividends are assumed to be paid
continuously and the dividend yield of stock j is constant and deterministic over
time. We denote this dividend yield by g;. The current time is = 0. We fix a future
time 7 and we always consider the random variables S;(T") denoting the time-T prices
of the different stocks involved. The price level of a basket of stocks at time T is
denoted by S(T) and given by

S(T) = w;Si(T),
j=1

where w; > 0 are weights which are fixed upfront. In case the basket represents the
price of the Dow Jones, the weights are all equal. If this single weight is denoted by
w, then 1/w is referred to as the Dow Jones Divisor.! The pay-off of a basket option
with strike K and maturity T is given by (S(T) — K),, where (x); = max(x, 0).
The price of this basket option is denoted by C[K, T]. We assume that the market
is arbitrage-free and that there exists a risk-neutral pricing measure Q such that the
basket option price C[K, T] can be expressed as the discounted risk-neutral expected
value. In this pricing formula, discounting is performed using the risk-free interest
rate r, which is, for simplicity, assumed to be deterministic and constant over time.
Throughout the paper, we always assume that all expectations we encounter are
well-defined and finite.

"More information and the current value of the Dow Jones Divisor can be found here: http://www.
djindexes.com.


http://www.djindexes.com
http://www.djindexes.com

Basket Option Pricing and Implied Correlation in a One-Factor Lévy Model 339

2.1 The Model

The most straightforward way to model dependent stock prices is to use a Black
and Scholes model for the marginals and connect them with a Gaussian copula. A
crucial (and simplifying) assumption in this approach is the normality assumption. It
is well-known that log returns do not pass the test for normality. Indeed, log returns
exhibit a skewed and leptokurtic distribution which cannot be captured by a normal
distribution; see e.g. Schoutens [43].

We generalize the Gaussian copula approach by allowing the risk factors to be
distributed according to any infinitely divisible distribution with known characteristic
function. This larger class of distributions increases the flexibility to find a more
realistic distribution for the log returns. In Albrecher et al. [ 1] a similar framework was
considered for pricing CDO tranches; see also Baxter [5]. The Variance Gamma case
was considered in Moosbrucker [40, 41], whereas Guillaume et al. [22] consider the
pricing of CDO-squared tranches in this one-factor Lévy model. A unified approach
for these CIID models (conditionally independent and identically distributed) is given
in Mai et al. [36].

Consider an infinitely divisible distribution for which the characteristic function
is denoted by ¢. A stochastic process X can be built using this distribution. Such a
process is called a Lévy process with mother distribution having the characteristic
function ¢. The Lévy process X = {X(¢)|t > 0} based on this infinitely divisible dis-
tribution starts at zero and has independent and stationary increments. Furthermore,
for s, t > 0 the characteristic function of the increment X (f + s) — X (¢) is ¢°.

Assume that the random variable L has an infinitely divisible distribution and
denote its characteristic function by ¢;. Consider the Lé&vy process
X = {X(¢)|t € [0, 1]} based on the distribution L. We assume that the process is stan-
dardized,i.e. E[X(1)] = Oand Var[X(1)] = 1. One can then show that Var[X (¢)] = ¢,
for t > 0. Define also a series of independent and standardized processes X; =
{X;()lt € [0, 11}, forj = 1,2, ..., n. The process X; is based on an infinitely divis-
ible distribution L; with characteristic function oL Furthermore, the processes
X1, X2, ..., X, are independent from X. Take p € [0, 1]. The r.v. A; is defined by

A=Xp)+X(1—-p) j=12... .n (1)

In this construction, X (o) and X;(1 — p) are random variables having the characteris-

tic function ¢; and ¢ L_p , respectively. Denote the characteristic function of A; by ¢4, .
Because the processes X and X; are independent and standardized, we immediately
find that

E[A;]] =0, Var[A;]]=1 and ¢4 (1) = qbf(t)qbzf_p(t), forj=1,2,...,n. (2

Note that if X and X; are both Lévy processes based on the same mother distribution

L, we obtain the equality A; i1
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The parameter p describes the correlation between A; and A;, if i # j. Indeed, it
was proven in Albrecher et al. [1] thatin case A;,j = 1,2, ..., n is defined by (1),
we have that

Corr [A;, Aj] = p. 3)
We model the stock price levels S;(T') at time T forj =1, 2, ..., n as follows
Si(T) = S;(O)esT+oVTh - j=1.2 ... ,n, (4)

where 1; € Rand o; > 0. Note thatin this setting, each time-T stock price is modeled
as the exponential of a Lévy process. Furthermore, a drift 11; and a volatility parameter
o; are added to match the characteristics of stock j. Our model, which we will call the
one-factor Lévy model, can be considered as a generalization of the Gaussian model.
Indeed, instead of a normal distribution, we allow for a Lévy distribution, while the
Gaussian copula is generalized to a Lévy-based copula.? This model can also, at
least to some extent, be considered as a generalization to the multidimensional case
of the model proposed in Corcuera et al. [17] and the parameter o; in (4) can then
be interpreted as the Lévy space (implied) volatility of stock j. The idea of building
a multivariate asset model by taking a linear combination of a systematic and an
idiosyncratic process can also be found in Kawai [26] and Ballotta and Bonfiglioli

[3].

2.2 The Risk-Neutral Stock Price Processes

If we take

1 .
W= (r =) — = log ¢y (<ioT) 5)

we find that
E[S;(T)] = " 97S;(0), j=1,2,...,n.

From expression (5) we conclude that the risk-neutral dynamics of the stocks in the
one-factor Lévy model are given by

S;(T) = S;(0)e 4 T+aTh i1 2 n, 6)

where w; = log ¢, (—icrjﬁ ) /T. We always assume wj; to be finite. The first three

moments of S;(7T) can be expressed in terms of the characteristic function ¢,,. By

2The Lévy-based copula refers to the copula between the r.v.’s A1, Ap, . . ., A, and is different from
the Lévy copula introduced in Kallsen and Tankov [25].
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the martingale property, we have that E [S;(T)] = S;(0)e" %", The risk-neutral
variance Var [Sj(T)] can be written as follows

Var[;(7)] = 502207 (27, (~20;vT) — 1)
The second and third moment of S;(T) are given by:
oy, (—120,VT)
¢4, (—icr«/T)2 ’
on (—i3qjﬁ )

E [$;(1)*] = ELS;(T) P —
Pa; (—iﬁjﬁ)

E[S;(T)*] = E[S;(T)]?

We always assume that these quantities are finite. If the process X; has mother distrib-
ution L, we can replace ¢4, by ¢ in expression (5) and in the formulas for E [S j(T)z]
and E [Sj(T)3]. From here on, we always assume that all Lévy processes are built on
the same mother distribution. However, all results remain to hold in the more general
case.

3 A Three-Moments-Matching Approximation

In order to price a basket option, one has to know the distribution of the random sum
S(T), which is a weighted sum of dependent random variables. This distribution is in
most situations unknown or too cumbersome to work with. Therefore, we search for
a new random variable which is sufficiently ‘close’ to the original random variable,
but which is more attractive to work with. More concretely, we introduce in this
section a new approach for approximating C[K, T] by replacing the sum S(7') with
an appropriate random variable S(7') which has a simpler structure, but for which
the first three moments coincide with the first three moments of the original basket
S(T). This moment-matching approach was also considered in Brigo et al. [7] for
the multivariate Black and Scholes model.

Consider the Lévy process Y = {Y(¢) | 0 < ¢ < 1} with infinitely divisible distri-
bution L. Furthermore, we define the random variable A as

A=Y().
In this case, the characteristic function of A is given by ¢,.. The sum S(7') is a weighted

sum of dependent random variables and its cdf is unknown. We approximate the sum
S(T) by S(T), defined by
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S(T) =5(T) + A, (7)

where A € R and
S(T) = S(0) exp {(/:L — )T+ 5ﬁA} : (8)

The parameter & € R determines the drift and & > 0 is the volatility parameter.
These parameters, as well as the shifting parameter A, are determined such that the
first three moments of S(7') coincide with the corresponding moments of the real
basket S(7'). The parameter w, defined as follows

o= %logqﬁL (—i&ﬁ) ,

is assumed to be finite.

3.1 Matching the First Three Moments

The first three moments of the basket S(T") are denoted by m,, my, and mj respectively.
In the following lemma, we express the moments m, my, and mj3 in terms of the
characteristic function ¢, and the marginal parameters. A proof of this lemma is
provided in the appendix.

Lemma 1 Consider the one-factor Lévy model (6) with infinitely divisible mother
distribution L. The first two moments m, and m; of the basket S(T) can be expressed
as follows

my = > wE[S;(T)], ©)
j=1
g o1 (i +o0vT)  \"
my = wiwiE [S;(T)] E[Si(T)] (10)
2 I e Vo e o ey
where

e ifi# ks
Pik =11, ifj = k.

The third moment ms of the basket S(T) is given by
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= Z z Z wiww,E [Sj(T)] E Sk (TIE[S(T)]

_ _¢L (—i(oj + ok + o) ﬁ)p
oL (_iajﬁ) oL (—iUk«/T) oL ( 101\/_)

Aj ki, (11)

where
(¢L( io; ) (fiakﬁ) b (fia,«/?))lfp, ifj £k k#landj #1;
(61 (<itoy + 00vT) g (~ioT)) " =k AL
Ajgi = (¢L( /(ak+al)ﬁ) ( io ))l_p, ifj £k k=1
(61 (~ite; +o0VT) ¢ ( /akf))1 ’ ifi=Lk £
¢L(—i(rrj+ak+al) ) ifi=k=1L
In Sect. 2.2 we derived the first three moments for each stockj,j = 1, 2, .. ., n. Taking

into account the similarity between the price S;(T") defined in (6) and the approx1mate
r.v. S(T), defined in (8), we can determine the first three moments of S(7):

E[S(T)] = S(0)e*” =: &,

) L (-iz&ﬁ
E[S(T)*] =E[S(D)] > = £,

o (-i&ﬁ)

_ Y /3 (—i35ﬁ
E[ST]=E[SD] ———5 = &8

oL ( i T)

These expressions can now be used to determine the first three moments of the
approximate r.v. S(7):

E[SD] =E[S(MD)] + 1,
E[S(T)*] = E[S(T)*] + A% + 2AE [S(1)].
E[S(T)*] = E[S(1)*] + 4 + 3A°E [S(D) ] + 3AE [S(1)?] .

Determining the parameters jt, o and the shifting parameter A by matching the first
three moments, results in the following set of equations

mp =§&+ A,
my = 5205 +2%+ 2)1E,
my = E3B + A3 + 312 + 3A&%a.
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These equations can be recast in the following set of equations

)":ml_sv
52:’"2_’”%
a—1"

I’f’lz—m% 32 3
0= —1 (/3+2—3O()+3m1m2—2m1—m3.
o —

Remember that « and 8 are defined by
1 (—i25‘ ﬁ)
‘¢ =—7>
2
o (—i& ﬁ)

o (—i3aﬁ)

d g= >
oL (—i& «/T)

Solving the third equation results in the parameter o. Note that this equation does
not always have a solution. This issue was also discussed in Brigo et al. [7] for the
Gaussian copula case. However, in our numerical studies we did not encounter any
numerical problems. If we know &, we can also determine & and A from the first two
equations. Next, the drift ;& can be determined from

-1, &
H=T%%50)

3.2 Approximate Basket Option Pricing

The price of a basket option with strike K and maturity 7 is denoted by C[K, T']. This
unknown price is approximated in this section by C¥™[K, T], which is defined as

CMMK T] =R [(S(T) —K) +] .
Using expression (7) for S(T), the price C¥M[K, T can be expressed as
CYMK T] = 'TE [(S(T) — (K — A))+] .

Note that the distribution of S(T') is also depending on the choice of A. In order to
determine the price CMM[K T1, we should be able to price an option written on S(T),
with a shifted strike K — A. Determining the approximation C¥M[K, T using the
Carr-Madan formula requires knowledge about the characteristic function ¢y, 5.,
of log S(T):

Progsy() = E [ei” log g(r)] :



Basket Option Pricing and Implied Correlation in a One-Factor Lévy Model 345

Using expression (8) we find that

Brogsiry @) =B [exp fiu (log $(0) + (2 - &)T +5T4)}].

The characteristic function of A is ¢, from which we find that

Brog 51 (1) = exp {iu (10g S(0) + (i — )T)} 1. (uaﬁ) .

Note that nowhere in this section we used the assumption that the basket weights
wj are strictly positive. Therefore, the three-moments-matching approach proposed
in this section can also be used to price, e.g. spread options. However, for pricing
spread options, alternative methods exist; see e.g. Carmona and Durrleman [11],
Hurd and Zhou [24] and Caldana and Fusai [9].

3.3 The FFT Method and Basket Option Pricing

Consider the random variable X. In this section we show that if the characteristic
function ¢y x of this r.v. X is known, one can approximate the discounted stop-loss
premium

e "E[X - K),].

for any K > 0.
Leto > 0 and assume that E [X““] exists and is finite. It was proven in Carr and
Madan [13] that the price e 7 E [(X - K) +] can be expressed as follows

e ¥ log(K)

+00
—/ exp {—ivlog(K)} g(v)dv, (12)
0

e "E[X -K),]= -

where

e_rrd)logX (v — (e + D))
a?4+a—v2+iRa+ v’

gv) = (13)

The approximation C¥M[K, T] was introduced in Sect. 3 and the random variable
X now denotes the moment-matching approximation S(T) = S(T) + . The approx-
imation CMM[K, T can then be determined as the option price written on S(7) and
with shifted strike price K — A.



346

Table 1 Overview of infinitely divisible distributions

D. Linders and W. Schoutens

Gaussian Variance Gamma
Parameters nweR o >0 w,0 eR,o,v>0
Notation N (1, 0o VG(o,v,0, 1)
@ (u) elunt30%us et (1 —iubv + u2(72v/2)71/U
Mean “w w4+
Variance o2 025 4 v6?
Standardized version | .47(0, 1) VG(ko, v, k6, —IKG)

where Kk = ————
Vo2462,v

Normal Inverse Gaussian

Meixner

Parameters «,86>0,€(—a,a),u € R «,8>0,€(—m,m),t €R
Notation NIG(«, B, 8, 1) MX(a, B, 8, 1)
iuu—&(«/mz7(ﬁ+iu)27\/a27/320) ) 0s(8/2) 28
(b(u) € elk (cosh?()ostufiﬂ)ﬂ))
Mean uw+ B w4+ adtan(B/2)
aZ_ﬂZU
Variance 25 (2 — g2 cos2(8/2)a248/2

Standardized version

2B .
NIG (O{, B, (052 _ ﬁ2)3/2, *(az(;zﬂz)ﬂ) MX (O{, 8, 2 cos (2)’ 7512(#}))

a?,

4 Examples and Numerical Illustrations

The Gaussian copula model with equicorrelation is a member of our class of one-
factor Lévy models. In this section we discuss how to build the Gaussian, Variance
Gamma, Normal Inverse Gaussian, and Meixner models. However, the reader is
invited to construct one-factor Lévy models based on other Lévy-based distributions;
e.g. CGMY, Generalized hyperbolic, etc. distributions.

Table 1 summarizes the Gaussian, Variance Gamma, Normal Inverse Gaussian,
and the Meixner distributions, which are all infinitely divisible. In the last row, it is
shown how to construct a standardized version for each of these distributions. We
assume that L is distributed according to one of these standardized distributions.
Hence, L has zero mean and unit variance. Furthermore, the characteristic function
¢, of L is given in closed form. We can then define the Lévy processes X and
X;,j=1,2,...,n based on the mother distribution L. The random variables A;,
j=1,2,...,n, are modeled using expression (1).
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Table 2 Basket option prices in the one-factor VG model with S1(0) = 40, S»(0) = 50, S3(0) =
60, S4(0) =70,and p =0

K (C"™[K,T] [ CMMIK, T) ' Length CI
01 =02;00=0.2;03=0.2;04 =0.2

50 6.5748 6.5676 4.27E-03
55 2.4363 2.4781 3.05E-03
60 0.2651 0.2280 9.29E-04
o1 =0.5,00 =0.5;03 =0.5;04 = 0.5

55 4.1046 4.2089 6.31E-03
60 1.7774 1.7976 4.13E-03
65 0.5474 0.4637 2.16E-03
01 =0.8;00=0.8;03 =0.8;,04 =0.8

60 3.2417 3.3371 7.16E-03
65 1.6806 1.6429 5.08E-03
70 0.7581 0.6375 3.30E-03
o] = 0.6; o) = 1.2; 03 = 0.3; 04 = 0.9

55 5.5067 5.6719 9.44E-03
60 3.2266 3.3305 7.31E-03
65 1.6972 1.6750 5.26E-03
70 0.7889 0.6830 3.52E-03

4.1 Variance Gamma

Although pricing basket option under a normality assumption is tractable from a
computational point of view, it introduces a high degree of model risk; see e.g. Leoni
and Schoutens [28]. The Variance Gamma distribution has already been proposed as
a more flexible alternative to the Brownian setting; see e.g. Madan and Seneta [34]
and Madan et al. [35].

We consider two numerical examples where L has a Variance Gamma distri-
bution with parameters ¢ = 0.5695, v = 0.75,0 = —0.9492, u = 0.9492. Table2
contains the numerical values for the first illustration, where a four-basket option pay-

ing (% Z;zl S;(T) - K ) at time 7 is considered. We use the following parameter

values:r = 6%, T = O.Sjrp = 0and S;(0) =40, S2(0) = 50, S3(0) = 60, S4(0) =
70. These parameter values are also used in Sect.5 of Korn and Zeytun [27]. We
denote by C"“[K, T] the corresponding Monte Carlo estimate for the price C[K, T1].
Here, 107 number of simulations are used. The approximation of the basket option
price C[K, T] using the moment-matching approach outlined in Sect.3 is denoted
by CMM[K, T]. A comparison between the empirical density and the approximate
density is provided in Fig. 1.

In the second example, we consider the basket S (T) = wiX; (T) + w2 X2 (T),
written on two non-dividend paying stocks. We use as parameter values the ones
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also used in Sect.7 of Deelstra et al. [18], hence » = 5 %, X; (0) = X, (0) = 100,
and w; = wy = 0.5. Table3 gives numerical values for these basket options. Note
that strike prices are expressed in terms of forward moneyness. A basket strike
price K has forward moneyness equal to K/E [S]. We can conclude that the three-
moments-matching approximation gives acceptable results. For far out-of-the-money
call options, the approximation is not always able to closely approximate the real
basket option price.

We also investigate the sensitivity with respect to the Variance Gamma parameters
o, v, and 6 and to the correlation parameter p. We consider a basket option consisting
of 3 stocks, i.e. n = 3. From Tables 2 and 3, we observe that the error is the biggest
in case we consider different marginal volatilities and the option under consideration
is an out-of-the-money basket call. Therefore, we put oy = 0.2, 0, = 0.4, 03 = 0.6
and we determine the prices C"°[K, T] and C¥M[K, T for K = 105.13. The other
parameter values are: r = 0.05, p = 0.5, w; =wy, = w3 = 1/3and T = 1. The first
panel of Fig.2 shows the relative error for varying o. The second panel of Fig.2
shows the relative error in function of v. The sensitivity with respect to 6 is shown
in the third panel of Fig. 2. Finally, the fourth panel of Fig. 2 shows the relative error
in function of p.

The numerical results show that the approximations do not always manage to
closely approximate the true basket option price. Especially when some of the
volatilities deviate substantially from the other ones, the accuracy of the approxi-
mation deteriorates. The dysfunctioning of the moment-matching approximation in
the Gaussian copula model was already reported in Brigo et al. [7]. However, in
order to calibrate the Lévy copula model to available option data, the availability of
a basket option pricing formula which can be evaluated in a fast way, is of crucial
importance. Table 4 shows the CPU times? for the one-factor VG model for different
basket dimensions. The calculation time of approximate basket option prices when
100 stocks are involved is less than one second. Therefore, the moment-matching
approximation is a good candidate for calibrating the one-factor Lévy model.

4.2 Pricing Basket Options

In this subsection we explain how to determine the price of a basket option in a
realistic situation where option prices of the components of the basket are available
and used to calibrate the marginal parameters. In our example, the basket under
consideration consists of 2 major stock market indices (n = 2), the S&P500 and the
Nasdagq:

Basket = w;S&P 500 + w;,Nasdagq.

The pricing date is February 19, 2009 and we determine prices for the Normal, VG,
NIG, and Meixner case. The details of the basket are listed in Table 5. The weights

3The numerical illustrations are performed on an Intel Core i7, 2.70 GHz.
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Fig.1 Probability density function of the real basket (solid line) and the approximate basket (dashed

line). The basket option consists of 4 stocksand r = 0.06, p = 0,7 = 1/2,w] = wp = w3 = wyq =
%. All volatility parameters are equal to o
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Fig. 2 Relative error in the one-factor VG model for the three-moments-matching approximation.
The basket option consists of 3 stocks and r =0.05, p =0.5,T = 1,01 =0.2,00 =0.4,03 =

0.6, w; =w) =w3 = % The strike price is K = 105.13. In the benchmark model, the VG para-
meters are 0 = 0.57,v =0.75,60 = —0.95, u = 0.95

wy and wy are chosen such that the initial price S(0) of the basket is equal to 100.
The maturity of the basket option is equal to 30 days.

The S&P 500 and Nasdaq option curves are denoted by C; and C,, respec-
tively. These option curves are only partially known. The traded strikes for curve
C;j are denoted by K; j, i = 1,2, ..., N;, where N; > 1. If the volatilities o1 and o,
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Table 3 Basket option prices in the one-factor VG model with r = 0.05, w; = wy = 0.5, X1 (0) =
X2(0) =100 and 61 = o

T P o C"™[K,T] |CMM[K,T] |Length CI

K=11564|1 0.3 0.2 1.3995 1.3113 4.08E-03
0.4 5.5724 5.6267 1.26E-02

0.7 0.2 1.8963 1.8706 4.96E-03

0.4 6.9451 7.0095 1.47E-02

K =127.803 0.3 0.2 4.4427 4.4565 1.14E-02
0.4 11.3138 11.5920 2.77E-02

0.7 0.2 5.6002 5.6368 1.34E-02

0.4 13.7444 13.9336 3.23E-02

K =105.13 |1 0.3 0.2 5.5312 5.5965 8.78E-03
0.4 10.1471 10.3515 1.73E-02

0.7 0.2 6.327 6.3731 9.74E-03

0.4 11.7163 11.8379 1.95E-02

K =116.18 |3 0.3 0.2 8.9833 9.1489 1.66E-02
0.4 15.8784 16.2498 3.27E-02

0.7 0.2 10.3513 10.4528 1.86E-02

0.4 18.4042 18.6214 3.73E-02

K =94.61 |1 0.3 0.2 12.3514 12.4371 1.29E-02
0.4 16.213 16.4493 2.17E-02

0.7 0.2 13.0696 13.1269 1.40E-02

0.4 17.7431 17.8690 2.40E-02

K =104.57 |3 0.3 0.2 15.1888 15.3869 2.15E-02
0.4 21.3994 21.7592 3.76E-02

0.7 0.2 16.5069 16.6232 2.36E-02

0.4 23.8489 24.0507 4.23E-02

and the characteristic function ¢, of the mother distribution L are known, we can
determine the model price of an option on asset j with strike K and maturity 7. This
price is denoted by C;"”de’ [K,T; ©, 0j], where & denotes the vector containing the
model parameters of L. Given the systematic component, the stocks are independent.
Therefore, we can use the observed option curves C; and C; to calibrate the model
parameters as follows:

Algorithm 1 (Determining the parameters © and o; of the one-factor Lévy model)
Step 1: Choose a parameter vector ©.

Step 2: For each stockj =1, 2, ..., n, determine the volatility o; as follows:

. 1 N; ‘ijodel [Kl
0; = argmin —
o .

T =1

T;0,0] - ClK]
Ci[Ki,]

J?
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Table4 The CPU time (in seconds) for the one-factor VG model for increasing basket dimension n

n CPU TIMES
Moment Matching
5 0.1991
10 0.1994
20 0.1922
30 0.2043
40 0.2335
50 0.2888
60 0.3705
70 0.4789
80 0.5909
90 0.6862
100 0.8680

The following parameters are used: » = 0.05,7 =1, p = 0.5, w; = %, 0j =04,q;=0,5;0) =
100, forj =1, 2, ..., n. The basket strike is K = 105.13

Table 5 Input data for the basket option

Date Feb 19, 2009
Maturity March 21, 2009

S&P 500 Nasdaq
Forward 7717.76 1116.72
Weights 0.06419 0.0428

Step 3: Determine the total error:

"y N ‘ijOdel[Ki,jv T; ©, 0j] — Cj[K; ;]
error = Z - Z
j=1 i=1 '

Repeat these three steps until the parameter vector @ is found for which
the total error is minimal. The corresponding volatilities o1, 03, ..., 0, are
called the implied Lévy volatilities.

Only a limited number of option quotes is required to calibrate the one-factor Lévy
model. Indeed, the parameter vector ® can be determined using all available option
quotes. Additional, one volatility parameter has to be determined for each stock.
However, other methodologies for determining & exist. For example, one can fix the
parameter @ upfront, as is shown in Sect.5.2. In such a situation, only one implied
Lévy volatility has to be calibrated for each stock.

The calibrated parameters together with the calibration error are listed in Table 6.
Note that the relative error in the VG, Meixner, and NIG case is significantly smaller
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Table 6 One-factor Lévy models: Calibrated model parameters

Model Calibration | Model Parameters Volatilities
error (%)

Normal 10.89 Wnormal Cnormal o1 02

0 1 0.2821 0.2734
VG 2.83 ovG VWG Ovg

0.3477 0.49322 —0.3919 0.3716 0.3628
Meixner 2.81 A Meixner Buteixner

1.1689 —1.6761 0.3799 0.3709
NIG 2.89 UNIG Bnic

2.2768 —1.4951 0.3863 0.3772

Table 7 Basket option prices for the basket given in Table 5

) K CBLS[K, T] CVG[K, T] CMeixner[K’ T] CN[G[K, T]
0.1 90 10.1783 10.7380 10.7893 10.8087
95 5.9457 6.7092 6.7482 6.7418
100 2.8401 3.4755 3.4843 3.4642
105 1.0724 1.3375 1.3381 1.3374
110 0.3158 0.3613 0.3690 0.3766
120 0.0133 0.0198 0.0204 0.0197
0.5 90 10.3557 11.1445 11.2037 11.2169
95 6.3160 7.2359 7.2754 7.2605
100 3.3139 4.0376 4.0436 4.0154
105 1.4699 1.7870 1.7798 1.7706
110 0.5480 0.5857 0.5907 0.5980
120 0.0461 0.0419 0.0421 0.0415
0.8 90 10.5000 11.4203 11.4837 11.4932
95 6.5745 7.5871 7.6280 7.6091
100 3.6292 4.4229 4.4287 4.3970
105 1.7462 2.1247 2.1149 2.1010
110 0.7301 0.7923 0.7954 0.8015
120 0.0852 0.0726 0.0726 0.0723

The time to maturity is 30 days

than in the normal case. Using the calibrated parameters for the mother distribution
L together with the volatility parameters o and o,, we can determine basket option
prices in the different model settings. Note that here and in the sequel of the paper,
we always use the three-moments-matching approximation for determining basket
option prices. We put T = 30 days and consider the cases where the correlation
parameter p is given by 0.1, 0.5, and 0.8. The corresponding basket option prices are
listed in Table 7. One can observe from the table that each model generates a different
basket option price, i.e. there is model risk. However, the difference between the
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Fig. 3 Implied market and model volatilities for February 19, 2009 for the S&P 500 (left) and the
Nasdagq (right), with time to maturity 30 days

Gaussian and the non-Gaussian models is much more pronounced than the difference
within the non-Gaussian models. We also find that using normally distributed log
returns, one underestimates the basket option prices. Indeed, the basket option prices
CVY[K, T], CMexmer (K T] and CNU[K, T are larger than CE[K, T. In the next
section, however, we encounter situations where the Gaussian basket option price
is larger than the corresponding VG price for out-of-the-money options. The reason
for this behavior is that marginal log returns in the non-Gaussian situations are
negatively skewed, whereas these distributions are symmetric in the Gaussian case.
This skewness results in a lower probability of ending in the money for options with
a sufficiently large strike (Fig. 3).

5 Implied Lévy Correlation

In Sect. 4.2 we showed how the basket option formulas can be used to obtain basket
option prices in the Lévy copula model. The parameter vector ® describing the
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mother distribution L and the implied Lévy volatility parameters o; can be calibrated
using the observed vanilla option curves Cj[K, T of the stocks composing the basket
S(T); see Algorithm 1. In this section we show how an implied Lévy correlation
estimate p can be obtained if in addition to the vanilla options, market prices for a
basket option are also available.

We assume that S(T) represents the time-T price of a stock market index. Exam-
ples of such stock market indices are the Dow Jones, S&P 500, EUROSTOXX 50,
and so on. Furthermore, options on S(7) are traded and their prices are observable
for a finite number of strikes. In this situation, pricing these index options is not a
real issue; we denote the market price of an index option with maturity 7 and strike
K by C[K, T]. Assume now that the stocks composing the index can be described by
the one-factor Lévy model (6). If the parameter vector & and the marginal volatil-
ity vector ¢ = (o1, 02, ..., 0,) are determined using Algorithm 1, the model price
Crodel[K T, g, 0, p] for the basket option only depends on the choice of the cor-
relation p. An implied correlation estimate for p arises when we match the model
price with the observed index option price.

Definition 1 (Implied Lévy correlation) Consider the one-factor Lévy model defined
in (6). The implied Lévy correlation of the index S(T) with moneyness m =
S(T)/S(0), denoted by p [r], is defined by the following equation:

c"[K,T;a,0,plrl] = CIK, T], (14)

where o contains the marginal implied volatilities and ® is the parameter vector
of L.

Determining an implied correlation estimate p [K/S(0)] requires an inversion of the
pricing formula p — C"™%![K, T; o, @, p]. However, the basket option price is not
given in a closed form and determining this price using Monte Carlo simulation
would result in a slow procedure. If we determine Crmodel [k T g, ©, p] using the
three-moments-matching approach, implied correlations can be determined in a fast
and efficient way. The idea of determining implied correlation estimates based on an
approximate basket option pricing formula was already proposed in Chicago Board
Options Exchange [15], Cont and Deguest [16], Linders and Schoutens [30], and
Linders and Stassen [31].

Note that in case we take L to be the standard normal distribution, p[] is an
implied Gaussian correlation; see e.g. Chicago Board Options Exchange [15] and
Skintzi and Refenes [45]. Equation (14) can be considered as a generalization of the
implied Gaussian correlation. Indeed, instead of determining the single correlation
parameter in a multivariate model with normal log returns and a Gaussian copula,
we can now extend the model to the situation where the log returns follow a Lévy
distribution. A similar idea was proposed in Garcia et al. [20] and further studied in
Masol and Schoutens [37]. In these papers, Lévy base correlation is defined using
CDS and CDO prices.

The proposed methodology for determining implied correlation estimates can
also be applied to other multi-asset derivatives. For example, implied correlation
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estimates can be extracted from traded spread options [46], best-of basket options
[19], and quanto options [4]. Implied correlation estimates based on various multi-
asset products are discussed in Austing [2].

5.1 Variance Gamma

In order to illustrate the proposed methodology for determining implied Lévy corre-
lation estimates, we use the Dow Jones Industrial Average (DJ). The DJ is composed
of 30 underlying stocks and for each underlying we have a finite number of option
prices to which we can calibrate the parameter vector ® and the Lévy volatility para-
meters o;. Using the available vanilla option data for June 20, 2008, we will work out
the Gaussian and the Variance Gamma case.* Note that options on components of the
Dow Jones are of American type. In the sequel, we assume that the American option
price is a good proxy for the corresponding European option price. This assumption
is justified because we use short term and out-of-the-money options.

The single volatility parameter o; is determined for stock j by minimizing the rel-
ative error between the model and the market vanilla option prices; see Algorithm 1.

Assuming a normal distribution for L, this volatility parameter is denoted by UjBLS,

whereas the notation ajVG, j=1,2,...,nis used for the VG model. For June 20,
2008, the parameter vector ® for the VG copula model is given in Table 9 and the
implied volatilities are listed in Table8. Figure4 shows the model (Gaussian and
VG) and market prices for General Electric and IBM, both members of the Dow
Jones, based on the implied volatility parameters listed in Table 8. We observe that
the Variance Gamma copula model is more suitable in capturing the dynamics of the
components of the Dow Jones than the Gaussian copula model.

Given the volatility parameters for the Variance Gamma case and the normal case,
listed in Table 8, the implied correlation defined by Eq. (14) can be determined based
on the available Dow Jones index options on June 20, 2008. For a given index strike K,
the moneyness r is defined as w = K/S(0). The implied Gaussian correlation (also
called Black and Scholes correlation) is denoted by o5 [] and the corresponding
implied Lévy correlation, based on a VG distribution, is denoted by p" ¢ [ ]. In order
to match the vanilla option curves more closely, we take into account the implied
volatility smile and use a volatility parameter with moneyness 7 for each stock j,
which we denote by o;[7]. For a detailed and step-by-step plan for the calculation
of these volatility parameters, we refer to Linders and Schoutens [30].

Figure 5 shows that both the implied Black and Scholes and implied Lévy cor-
relation depend on the moneyness . However, for low strikes, we observe that
pV"C ] < pBS [n], whereas the opposite inequality holds for large strikes, making
the implied Lévy correlation curve less steep than its Black and Scholes counterpart.
In Linders and Schoutens [30], the authors discuss the shortcomings of the implied
Black and Scholes correlation and show that implied Black and Scholes correlations

4 All data used for calibration are extracted from an internal database of the KU Leuven.
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Table8 Implied Variance Gamma volatilities ajVG and implied Black and Scholes volatilities o;

for June 20, 2008

D. Linders and W. Schoutens

BLS

Stock O‘jVG UjBLS

Alcoa Incorporated 0.6509 0.5743
American Express Company | 0.4923 0.4477
American International Group | 0.5488 0.4849
Bank of America 0.6003 0.5482
Boeing Corporation 0.3259 0.2927
Caterpillar 0.3009 0.2671
JP Morgan 0.5023 0.4448
Chevron 0.3252 0.3062
Citigroup 0.6429 0.5684
Coca Cola Company 0.2559 0.2343
Walt Disney Company 0.3157 0.2810
DuPont 0.2739 0.2438
Exxon Mobile 0.2938 0.2609
General Electric 0.3698 0.3300
General Motors 0.9148 0.8092
Hewlet—Packard 0.3035 0.2704
Home Depot 0.3604 0.3255
Intel 0.4281 0.3839
IBM 0.2874 0.2509
Johnson & Johnson 0.1741 0.1592
McDonald’s 0.2508 0.2235
Merck & Company 0.3181 0.2896
Microsoft 0.3453 0.3068
3M 0.2435 0.2202
Pfizer 0.2779 0.2572
Procter & Gamble 0.1870 0.1671
AT&T 0.3013 0.2688
United Technologies 0.2721 0.2434
Verizon 0.3116 0.2847
‘Wal-Mart Stores 0.2701 0.2397

can become larger than one for low strike prices. Our more general approach and
using the implied Lévy correlation solves this problem at least to some extent. Indeed,
the region where the implied correlation stays below 1 is much larger for the flatter
implied Lévy correlation curve than for its Black and Scholes counterpart. We also
observe that near the at-the-money strikes, VG and Black and Scholes correlation
estimates are comparable, which may be a sign that in this region, the use of implied
Black and Scholes correlation (as defined in Linders and Schoutens [30]) is justi-
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Table 9 Calibrated VG parameters for different trading days

VG Parameters

S(0) T (days) o v 0
March 25, 125.33 25 0.2981 0.5741 —0.1827
2008
April 18, 2008 | 128.49 29 0.3606 0.5247 —-0.2102
June 20, 2008 | 118.43 29 0.3587 0.4683 —0.1879
July 18,2008 |114.97 29 0.2639 0.5222 —0.1641
August 20, 114.17 31 0.2467 0.3770 —0.1887
2008
Exxon Mobile: Option prices Exxon Mobile: Implied Volatilities
4 0.44
O Market O Market
Variance Gamma 0.42 Variance Gamma |
3 x  Black & Scholes ||
Q 0.4 °
2 Q 0.38 o
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Fig. 4 Option prices and implied volatilities (model and market) for Exxon Mobile and IBM on
June 20, 2008 based on the parameters listed in Table 8. The time to maturity is 30 days

fied. Figure 7 shows implied correlation curves for March, April, July and August,
2008. In all these situations, the time to maturity is close to 30 days. The calibrated
parameters for each trading day are listed in Table9.

We determine the implied correlation p"C[m] such that model and market
quote for an index option with moneyness m = K /S(0) coincide. However, the
model price is determined using the three-moments-matching approximation and
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may deviate from the real model price. Indeed, we determine p"C[x] such that
C"™[K,T; 0,0, plr]] = CIK, T]. In order to test if the implied correlation esti-
mate obtained is accurate, we determine the model price C™ [K ,T,0,0,p [n]]
using Monte Carlo simulation, where we plug in the volatility parameters and the
implied correlation parameters. The results are listed in Table 10 and shown in Fig. 6.
We observe that model and market prices are not exactly equal, but the error is still
acceptable.

5.2 Double Exponential

In the previous subsection, we showed that the Lévy copula model allows for deter-
mining robust implied correlation estimates. However, calibrating this model can
be a computational challenging task. Indeed, in case we deal with the Dow Jones
Industrial Average, there are 30 underlying stocks and each stock has approximately
5 traded option prices. Calibrating the parameter vector ® and the volatility para-
meters o; has to be done simultaneously. This contrasts sharply with the Gaussian
copula model, where the calibration can be done stock per stock.

In this subsection we consider a model with the computational attractive calibra-
tion property of the Gaussian copula model, but without imposing any normality
assumption on the marginal log returns. To be more precise, given the convincing
arguments exposed in Fig.7 we would like to keep L a VG(o, v, 0, ) distribution.
However, we do not calibrate the parameter vector ® = (o, v, 6, ) to the vanilla
option curves, but we fix these parameters upfront as follows

u=0, 6=0, v=1 and o =1.
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Table 10 Market quotes for Dow Jones Index options for different basket strikes on June 20, 2008

Basket strikes Market call prices Implied VG VG call prices
correlation
94 24.45 0.8633 24.4608
95 23.45 0.8253 23.4794
96 22.475 0.786 22.4899
97 21.475 0.7358 21.4887
98 20.5 0.7062 20.5303
99 19.5 0.6757 19.5308
100 18.525 0.6546 18.5551
101 17.55 0.6203 17.5705
102 16.575 0.6101 16.6062
103 15.6 0.5778 15.6313
104 14.65 0.5668 14.6954
105 13.675 0.5386 13.7209
106 12.725 0.5266 12.7672
107 11.8 0.5164 11.8280
108 10.85 0.4973 10.8922
109 9.95 0.4989 9.9961
110 9.05 0.484 9.0813
111 8.2 0.4809 8.2202
112 7.35 0.4719 7.3519
113 6.525 0.4656 6.5193
114 5.7 0.4527 5.6755
115 4.95 0.4467 4.8908
116 4.225 0.4389 4.1554
117 3.575 0.4344 3.4788
118 2.935 0.4162 2.8118
119 2.375 0.4068 2.2337
120 1.88 0.3976 1.7227
121 1.435 0.3798 1.2977
122 1.065 0.3636 0.9549
123 0.765 0.3399 0.6906
124 0.52 0.3147 0.4793
125 0.36 0.3029 0.3517
126 0.22 0.2702 0.2321
127 0.125 0.2357 0.1479

For each price we find the corresponding implied correlation and the model price using a one-factor
Variance Gamma model with parameters listed in Table 9
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Fig. 6 Dow Jones option prices: Market prices (circles) and the model prices using a one-factor

Variance Gamma model and the implied VG correlation smile (crosses) for June 20, 2008
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Fig. 7 Implied correlation smile for the Dow Jones, based on a Gaussian (dots) and a one-factor
Variance Gamma model (crosses) for different trading days



Basket Option Pricing and Implied Correlation in a One-Factor Lévy Model 361

In this setting, L is a standardized distribution and its characteristic function ¢, is
given by

1
()= ——, uek.
1 u
2

From its characteristic function, we see that L has a Standard Double Exponential
distribution, also called Laplace distribution, and its pdf f; is given by

V2
—¢
2

=

Jul
2

5

fo(w) =

The Standard Double Exponential distribution is symmetric and centered around
zero, while it has variance 1. Note, however, that it is straightforward to generalize
this distribution such that it has center x and variance o>. Moreover, the kurtosis of
this Double Exponential distribution is 6.

By using the Double Exponential distribution instead of the more general
Variance Gamma distribution, some flexibility is lost for modeling the marginals.
However, the Double Exponential distribution is still a much better distribution for
modeling the stock returns than the normal distribution. Moreover, in this simplified
setting, the only parameters to be calibrated are the marginal volatility parameters,
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Fig. 8 Implied correlation smiles in the one-factor Variance Gamma and the Double Exponential
model
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which we denote by o, and the correlation parameter p”*. Similar to the Gaussian

copula model, calibrating the volatility parameter ojDE only requires the option curve
of stock j. As a result, the time to calibrate the Double Exponential copula model is
comparable to its Gaussian counterpart and much shorter than the general Variance
Gamma copula model.

Consider the DJ on March 25, 2008. The time to maturity is 25 days. We deter-
mine the implied marginal volatility parameter for each stock in a one-factor Vari-
ance Gamma model and a Double Exponential framework. Given this information,
we can determine the prices CY6[K, T] and CPE[K, T for a basket option in a
Variance-Gamma and a Double Exponential model, respectively. Figure 8 shows the
implied Variance Gamma and the Double Exponential correlations. We observe that
the implied correlation based on a one-factor VG model is larger than its Double
Exponential counterpart for a moneyness bigger than one, whereas both implied
correlation estimates are relatively close to each other in the other situation.

6 Conclusion

In this paper we introduced a one-factor Lévy model and we proposed a three-
moments-matching approximation for pricing basket options. Well-known
distributions like the Normal, Variance Gamma, NIG, Meixner, etc., can be used in
this one-factor Lévy model. We calibrate these different models to market data and
determine basket option prices for the different model settings. Our newly designed
(approximate) basket option pricing formula can be used to define implied Lévy
correlation. The one-factor Lévy model provides a flexible framework for deriving
implied correlation estimates in different model settings. Indeed, by employing a
Brownian motion and a Variance Gamma process in our model, we can determine
Gaussian and VG-implied correlation estimates, respectively. We observe that the
VG implied correlation is an improvement of the Gaussian-implied correlation.
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Appendix: Proof of Lemma 1

The proof for expression (9) is straightforward.
Starting from the multinomial theorem, we can write the second moment m, as
follows

my = E[wi1S1(T) + w2S2(T) + ... w,S,(T))?]

—E > 2 [T (wis;)”

i .. i)
i dinobig=2 172 n

Jj=1

Considering the cases (i, = 0), (i, = 1) and (i, = 2) separately, we find
2
n—1 n—1

my =B | [ D wiSi(T) | +2waSu(T) D wiS;(T) +wiSy(T)
j=1

j=1

Continuing recursively gives

my = > > wwE [S{(T)S(T)]. (15)
j=1 k=1
We then find that
my =" > wiwiSj(0)S¢(0)
j=1 k=1
x E [exp {(Zr —q; — qr — wj — )T + (0;4; + GkAk)ﬁ”
E [S;(T)] E [S(T)]

n n
=22 v

3 oo () 0 LT

In the last step, we used the Expression w; = log ¢y, (iaj vT ) /T.1f we use expression

(1) to decompose A; and Ay in the common component X (o) and the independent
components X;(1 — p) and X; (1 — p), we find the following expression for m,

NN, EISOIE[SD)]
2 E’; ’ k¢L(i‘7jﬁ)¢L(iokﬁ)E[

e(frj+ak>X<p>errjﬁ><,-<1fp)eakﬁxku—p)} .

The r.v. X(p) is independent from X;(1 — p) and X; (1 — p). Furthermore, the char-
acteristic function of X(p) is ¢;, which results in
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o~ E [S;(T)] E [Si(T)] , »
= » ¢v (—i(oj + oVT
" ,; ; W]Wk oL (—idjﬁ) oL (—iakﬁ) ‘ ( KRG )

< E [ea,ﬁxf<1—p>eakﬁxk<1—p>] .

Ifj # k, X;(1 — p) and X (1 — p) are i.i.d. with characteristic function ¢z_p, which
gives the following expression for m;:

n n ¢L (—i(O'j + O'k)ﬁ)
= Wi E [S;(T) | E [Si(T)]
D Py s poy i

If j = k, we find that
E [e"fﬁxf’('_")e"kﬁxk“_p)] =¢L (—i (07 + 0%) ﬁ) ,
which gives

n n ¢L (—l(Oj +Uk)ﬁ)
my = wwiE |S:(T) | E [Si(T)] .
: ,;; B LSDIELS: o1 (~io/T) ou (~ionV'T)

This proves expression (10) for m;.
We can write mj3 as follows

r 3

my; =E Z w;S;(T)
j=1

2
=E Z w;S;(T) Z wiSi(T)
j=1 =1

Using expression (15), we find the following Expression for mj:

n

my =E | [ DD wwiSi(D)Se(t) | D wiSi(T)
=1

j=1 k=1

= >3 > wwwE [S(T)S«(DSI(T)] .

j=1 k=1 I=1
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Similar calculations as for m, result in

my=> > > wwwE[S; (D] ESi(DIELS/(T)]

j=1 k=1 I=1
o1 (-it0 + o+ o0vT) .
oL <_iajﬁ) oL (_iUkﬁ) oL (—icrlﬁ) Phb

X

where

Ajxi=E [emﬁx,u—p)eakﬁxk(l—p)ea,ﬁx,(l—p)] )

Differentiating between the situations =k =1), =k, k#1), G #k, k=1,
G#k,k#Llj=Dand (j #k #1,j # 1), we find expression (11).
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