Chapter 9
Dynamic String-Averaging Proximal Point
Algorithm

In a Hilbert space, we study the convergence of a dynamic string-averaging proximal
point method to a common zero of a finite family of maximal monotone operators
under the presence of computational errors. We show that the algorithm generates a
good approximate solution, if the sequence of computational errors is bounded from
above by a constant. Moreover, for a known computational error, we find out what
an approximate solution can be obtained and how many iterates one needs for this.

9.1 Preliminaries and Main Results

Let (X, (-,-)) be a Hilbert space equipped with an inner product (-, -) which induces
the complete norm || - ||.
For each x € X and each nonempty set A C X put

d(x,A) = inf{|x—y| : y € A}.
For each x € X and each r > 0O set
Blx,r):={eX: |x—y| <r}

Denote by Card(A) the cardinality of a set A. The sum over an empty set is assumed
to be zero.

Recall (see Sect.8.1) that a multifunction 7 : X — 2% is called a monotone
operator if

(z—Z,w=w) >0 Vz,Z,ww e€X

such that w € T(z) and w' € T(Z).
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320 9 Dynamic String-Averaging Proximal Point Algorithm

It is called maximal monotone if, in addition, the graph
{zw) eXxX: weT(2)}
is not properly contained in the graph of any other monotone operator 7’ : X — 2%,

Let T : X — 2X be a maximal monotone operator. Then (see Sect. 8.1) for each
z € X and each ¢ > 0, there is a unique u € X such that

z€ I + cT)(u),

where I : X — X is the identity operator (Ix = x for all x € X).
The operator

Peri=(I+cT)™! 9.1)

is therefore single-valued from all of X onto X (where c is any positive number). It
is also nonexpansive:

1Per(z) = Per(@)]| < llz—2/| forallz,2" € X 9.2)
and
P.7(z) = zif and only if 0 € T(z) 9.3)
(see Sect. 8.1).
Set
F(T)={z€eX: 0€T()}. (9.4)

Let £; be a finite set of maximal monotone operators T : X — 2X and £, be a
finite set of mappings T : X — X. We suppose that the set £; U £; is nonempty.
(Note that one of the sets £; or £, may be empty.)

Letc € (0,1]andletc = 1,if £, = @.

We suppose that

F(T) # @forany T € L, 9.5)

and that foreach T € L,
Fix(T) :={z€X: T(z) =z} # 0., 9.6)
lz=xI* = llz = T + €llx = T I 9.7

for all x € X and all z € Fix(7T).
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Suppose that
F = (Nreg, F(T)) N (Nge,Fix(Q)) # 0. 9.8)
Lete > 0. Forany T € L set
F(T)={xeX: T(x)NB(0,¢) # 0} (9.9)
and for any T € £, put
Fix(T) ={x e X: ||T(x) — x| <e€}. (9.10)
Set
Fe=(Nregix € X d(x, F(T)) < €})
N(Ngerc,{x € X : d(x,Fix.(Q)) < €}). 9.11)
LetA > Oandlet A = coand A~! = 0, if £; = 0. Set
L=LyU{P.r: TeL, cell ool 9.12)

Next we describe the dynamic string-averaging method with variable strings and
weights.

By a mapping vector, we a mean a vector 7 = (T4, ..., T},) such that T; € £ for
alli=1,...,p.
For a mapping vector T = (T}, ..., T,) set
p(I) =q. PIT] =T,---T. (9.13)
It is easy to see that for each mapping vector T = (T4, ..., T}),
P[T](x) = xforallx € F, (9.14)
IPIT](x) = PITIDI = |(x) = PITIOD | =< [lx =y (9.15)

for every x € F and every y € X.
Denote by M the collection of all pairs (§2, w), where £2 is a finite set of mapping
vectors and

w: 2 — (0.00) be such that Y~ w(T) = 1. (9.16)
Te

Let (£2,w) € M. Define

Pg,(x) =Y w(DP[T](x). x € X. 9.17)
TeS?
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It is not difficult to see that
Pgo.w(x) =xforallx € F,
1P2w(®) — Paw = Ix—PonwO)l < llx—yl

forallx € Fandall y € X.

(9.18)
(9.19)

The dynamic string-averaging method with variable strings and variable weights

can now be described by the following algorithm.

Initialization: select an arbitrary xy € X.
Iterative step: given a current iteration vector x; pick a pair

($2k+1, wit1) € M

and calculate the next iteration vector x4 by
X1 = P g (0.
Fix a number
A € (0,Card(L U £5)7")

and natural numbers N and g satisfying

q > Card(L, U L,).
Denote by M the set of all (£2, w) € M such that

p(T) <q forall T € $2,
w(T) > Aforall T € §2.

Denote by R the set of all sequences
{(Q,‘, Wi)},‘oil C M*

such that the following properties hold:

(P1) for each integer j > 1 and each S € L, there exist k € {j, ..

T = (Ti,...,Tyr)) € §24 such that

S e {T[, ey Tp(T)};

(P2) for each integer j > 1 and each § € L there exist k € {j, ...

T = (Ti,...,Tyr)) € §2x and ¢ > A such that

Pc.S (S] {Tl, ey T[,(T)}.

(9.20)

9.21)

9.22)
(9.23)

LjHFN-—1,

7J+N_1}’
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In order to state our main results we need the following definitions.
Let§ > 0,x € XandletT = (T1,..., Ty) be a mapping vector. Define

Ao(x,T,8) = {(y,A) € X xR' : there is a sequence {y; f(z% C X such that

yo =xandforalli =1,...,p(1),

lyi = T;(yim)|l <6,
Y = Yp(1)»
A =max{lly;—yi—1ll : i=1,....p(T)}}. (9.24)

Let§ > 0, x € X and let (£2, w) € M. Define
A(x, (2,w),8) = {(y,A) € X xR : there exist
(7, A1) € Ao(x, T, 68), T € £2 such that

ly=Y_ w(Dyr| <68, A =max{Ar: T € Q}}. (9.25)
TeR

In this chapter we prove the following two results.

Theorem 9.1. Let M > 0 satisfy

B(O,M)NF # @, (9.26)
8 > 0 satisfy
§ < (2gN)~!, (9.27)
a natural number ny satisfy
no = M*~ '@+ )7 eM +H7IEN) T (9.28)
€0 = (64A7'8(q + 1)(2M + 4)4N)'/?¢71/2, (9.29)
and let
€1 = (@ + (N + 4)eg max{A~" 1}. (9.30)
Assume that
{(Q2i.w)}Z) € R, 9.31)

Xo € B(0, M) and {x;}2, C X, {Ai}2, C [0, 00) (9.32)



324 9 Dynamic String-Averaging Proximal Point Algorithm

satisfy for each natural number i,
(xi, Ai) € A(xi—1, (£2i, wi), 6). (9.33)
Then there exists an integer q € [0, ng] such that
lxill <3M +1,i=0,...,gN, (9.34)
Ai<en,i=gN+1,....,(q+ DN. (9.35)
Moreover, if an integer q > 0 satisfies (9.35), then for each i = gN, ..., (q + 1)N,
x; € F,
and
Ix — x;l < (@ + DNeo

foreachi,je {gN,...,(qg+ 1)N}.

Note that in Theorem 9.1 § is the computational error made by our computer
system, we obtain a point of the set F ¢, and in order to obtain this point we need
noN iterations. It is not difficult to see that €, = ¢;8'/? and ny = [c»(§7'], where
c1 and ¢, are positive constants depending on M.

Theorem 9.2. Let M, € > 0 satisfy

B(O,M)NF # 0. (9.36)

Assume that
{(2;,w)}Z, e R, (9.37)
X0 € BO,M), {x;}2, C X, {A:}2, C[0,00) (9.38)

satisfy for each natural number i,
(Xi, A.,) € A(Xi_l s (.Qi, Wl'), 0) (939)
Then

Card({i € {0,1,...}: x; € F.}) < ANM*c'A7'e2(N + 1)°3%.
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9.2 Proof of Theorem 9.1

By (9.26) there exists
z€ B(OLM)NF.
Let £ > 0 be an integer. By (9.33),
(k15 Akt1) € AQk, (%41, Wit1), 6).

By (9.25) and (9.41) there exist

(}’k,T’Ak,T) € AO(X](, T7 8)’ T € Qk"rl

such that
s = Y- wir (Myerll <8,
TER 41
Akrr =max{dr: T € 11}
Let

T = (T], ey Tp(T)) € Qk—i—l'
It follows from (9.24) and (9.42) that there exists a finite sequence
(k.T)\p(T)
i iz ©X

such that

(k,.T kT
Yo ) = Xies y;,(T)) = Y&,T»

||yfk’T) — T,»(yff’lT))H < § for eachintegeri = 1,...,p(T),
Air = max{[y"” —yEPN i =1 (),
Let
T =(T,....Ty1) € $21+1,
ie{l,...,p(T}.

By (9.12), (9.37), (9.40), (9.48) and Lemma 8.19,

kT kT - kT k,T
lz =y D12 = 1z = iED 12 + eyl — D) 1%
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(9.40)

(9.41)

(9.42)

(9.43)

(9.44)

(9.45)
(9.46)
(9.47)

(9.48)

(9.49)
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Relations (9.46) and (9.49) imply that
lz= "Il < 2= TOED + ITOED) ="l
<llz—y&P) + 6. (9.50)
In view of (9.22), (9.45), and (9.50), foralli = 1,...,p(7),
=50 < Nz =l + 88 < 1z — xell + 6. (9.51)
It follows from (9.45) and (9.51) that
lz = yerll < llz = xll + g8. (9.52)

By (9.16), (9.43), (9.52) and the convexity of the norm || - ||,

le—xesil <lz= D> wirtDyerl + 1Y wert (Dyer — xierl

TEQk+1 TEQ+1
< > wenDlz =yl +8 < lz—xll + @+ DS. 9.53)
TE€ER41
In view (9.32) and (9.40),
[lxo —z|| <2M. (9.54)

Assume that a nonnegative integer s satisfies for each integer k € [0, s],
max{d;: i=kN+1,...,(k+ )N} > &. (9.55)

We prove the following auxiliary result.

Lemma 9.3. Assume that an integer k € [0, 5] satisfies

gy —zll <2M (9.56)
and that
iel0,N—1]. (9.57)
Then
it — 2l < g — 217 + 8@ + DEM +2) (9.58)

and if Ay iy > €0, then

2 2 —1 4 2=
it — 2l° = Iy — 2ll” < —87' Agge. (9.59)
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Proof. In view of (9.27), (9.53), (9.56), and (9.57),

17 — 2l oy — 2l < oy =zl + @+ D@+ 18

<2M+N(@G+ 1)§ <2M + 1. (9.60)
By (9.53) and (9.60),
”ka+i+1 - Z||2 - ||ka+i - Z||2
(”ka+1’+1 —z| - ||xk1¥/+i - Z||)(||ka+i+1 -z + ”ka-'ri -z
<é8(g+ 1)(4M +2)
and (9.58) holds.
Assume that
Aiair1 > €o- (9.61)
In view of (9.53),
ey — zll = [l —zll +i(g + DS. (9.62)

Relations (9.52) and (9.62) imply that for each T € £,5,,, .

lz— ykN+i,T|| <lz— ka+i|| + 0. (9.63)
It follows from (9.27), (9.56), (9.57), (9.62), and (9.63) that for each T € §2;5.,,;,
lz— )’kN+i.T||2 —llz— ka+i||2
= (lz = Yiwgirll =z = X4 DUz = yiegir | + 2 = x54:1D
= ¢8Iz — x4l + 99)
< 38Q2llz — xyll + 2i(g + 1)8 + gd)
< gé(4M + (g + 1)8(2i + 1))
< g8(4M + 2(g + 1)8N) < g8(4M + 2). (9.64)

In view of (9.44) and (9.61) there exists
S=(S1,---,S5) € Lipit1 (9.65)
such that

€0 < Aygit1 = Mivtis- (9.66)
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By (9.47) and (9.66), there exists
Jo€{l,....p(9)}
such that
€0 < Myyss = IV —yEH) (9.67)

By (9.27), (9.45), (9.51), (9.53), (9.56), and (9.57), for each j € {1,....p(S)},

k. .S k. .S -
2=y I Yz = YN < 2 — gl + 38, (9.68)
o =y <z =y ST g5, (9.69)
KN+i,S kN+i,S
lz = y N2z = NS 2
kN+z S +l S kN+l S kN+i,S
(lz = y* ) — flz = YS9y (2 = YV 1z — yE T
< 8Q2llz = xpy4ill + 2g0)
< 82llz — x|l + 2(g + 1)8i +235)
<8(@M +2(q+ 1)8G + 1)) < §(4M + 2). (9.70)
In view of (9.49),
kN+i,S
Iz — YUV 2
kKN—+1i,S - kN+i,S kN+i,S
> 2= S, XN 4 ey s oIy 2, 9.71)
It follows from (9.29), (9.46), (9.67) that
kN+zS) kN+i,S
Iy FD s, N |
KN-+i,S kN+i,S kN+i,S kN+i,S
> [y VS NS NS g, (V)
> €) — 8> 60/2. 9.72)
Relations (9.71) and (9.72) imply that
kN+i,S - (kN+i.S
Iz =y VN2 22 /4 > ||z — 5, XV 2, (9.73)

In view of (9.73),

KN+i,S KN+i,S
Iz = S R < llz =y )L (9.74)
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By (9.46), (9.53), (9.56), (9.68), and (9.74),

(KN+i,5) 2 (kN+ SN2

lz = YN N2 =z = 85, Gy )|
kN+S kN+S

= (lz =y = llz = S, 62 )1

(kN+i.S

kN+S
(llz = YIS 4+ 1z = 85, I ) )

< Y — 5 6V 21z — x| + 236)
< 8|z — x5l + 2i(@ + 1)8 + 238)
< 8(4M + 2N(g + 1)8) < 6(4M + 2). (9.75)

In view of (9.73) and (9.75),

2 =y <z = 85, 6 E TP 4 $4M + 2)
< llz =y VD2 —aed /4 + 5(4M + 2). (9.76)
It follows from (9.22), (9.45), (9.70), and (9.76) that

2 2
lz = x7+ill” = 1z = Vigsisl

(kzv+ S) 12 (kN+i,8) |2
=z =y N2 = Nz = yis
& (k. ) (kN )
N+i,S 2 kN+i,5) 12
= 2=y = e =y )2
j=1

kN+i,S kN+i,S .
= Sty O <z =y e g1, p(9))\ Gioh
kN+i,S kN+i,S
YNEEI2 — g — yiN 92

+llz —
> —8(4M + 2)(p(S) — 1) + c€l /4 — 8(4M + 2)
> Cej /4 — §(4M + 2)q. 9.77)

By (9.16), (9.23), (9.64), (9.65), (9.77) and the convexity of the function || - ||,

2
Iz — Z Wii+i+1 DYl
TE€F4i+1

2
< Y Wi Dz = Yz
TE€2F4i+1

= Z{szv+i+1(T)||Z —)’kN+i,T||2 0 T € Qiqip \SH
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AW i1 Oz = Vewpisl’
=< Z{Wkﬁ+[+1(T)(”Z — Xl
+q8(4M +2)) : T € 45441 \ 1S}}
Wi ) (12 = 41> — C€5/4 + 8(4M + 2)g)
< llz = x4l1> + Z8(4M + 2) — Ace/4. (9.78)

By (9.29), (9.53), (9.56), (9.57), and (9.78),

lz= Y Wit DYegirll < Iz = x4l
TEL{+i+1
<|lz— x5l +i@+ DS <2M + 8(g + )(N — 1). (9.79)

In view of (9.79),

Iz = X5
<llz— Z Wittt DV irl
TEQF it

+I Z Widtitt (DYiv+i1 = Xiivtis |
TE€Q74i+1

<2M+68(G+ 1)(N—1) +36. (9.80)

It follows from (9.27), (9.43), (9.79), and (9.80) that

2 2
Iz = Xew it 17 = llz— Z Wit 1 (D7l
TE€LF+it1
= (lz =%zl = lz= D Wewwirt DYirirl)
TELFit1

X(Iz = Xyqip  + Nz — Z Wid+it1 (DYiv+irl)
TER+it

< — . Wavrin DYsir| (M +2) <8(4M +2).  (9.81)
TEN 4i41

By (9.29), (9.78), and (9.81),

Iz =Xl < llz= Y Weggirt DYegirll + 5@4M +2)
TEQN4it
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< llz = xgyill> + @ + DM + 2) — Acel/4

< llz = xipil® — Acey /8.

Lemma 9.3 is proved.

Lemma 9.4. Assume that an integer k € [0, 5] satisfies
Iy — 2l =< 2M.

Then
ey — 2lI* = 1% ety — z|I* = Aceg/16.

Proof. By Lemma 9.3, for all i € [0, N — 1],

IXeirin — 2P < g — 207 + 8@ + 1)(4M + 2).

In view of (9.55), there exists

joef0,....N—1}

such that

Mijo+1 > €0-

Lemma 9.3, (9.29), (9.82), (9.83), and (9.84) imply that

2 2
ey — 2l” = ||x(k+1)N —z|

N—
2
Z X+ — = i — 2l

> —(N—18@G+ DM +2) + 8 'Aele > 167 Aele

Lemma 9.4 is proved.

By (9.54) and Lemma 9.4 applied by induction, for all integers k = O, . .

2 2 —1 -
[xey — zll” = IXgq 1w — zll” = 167" Aege,

[*grny — 2l < gy — 2l < 2M.

It follows fgom (9.27), (9.53), and (9.86) that for all integers k = O,...,

i=0,...,N,
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(9.82)

(9.83)

(9.84)

S,

(9.85)
(9.86)

s and all

¥4 = 2l < vy = 2ll +i8@ + 1) < |z — 2l + N8@ + 1) < 2M + 1.
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Together with (9.40) this implies that forall i = 0, ..., (s + )N,
lxi —z|l <2M + 1, ||xi]| <3M + 1. (9.87)
Relations (9.54) and (9.85) imply that
AM? > |lxo — 2l = llxo — 2zl = gy — 2l
N
=Y (s — 217 = Ixgrns — 2l = 167 (s + DA€,
k=0
s+ 1 <64M>A™'e e
Thus we have shown that the following property holds:
(P3) if an integer s > 0 and for each integer k € [0,s], (9.55) holds, then

(see (9.87))

s < 64MP AT g2 — 1,
Il <3M +1, k=0,....(s+ DN.

Property (P3), (9.28), (9.29), and (9.55) imply that there exists an integer
q € 40,...,np} such that for each integer k satisfying 0 < k < ¢,

max{d;: i=kN+1,...,(k+ )N} > €,
max{d;: i=gN+1,...,(g+ DN} < &.

By property (P3), (9.40), (9.54), (9.55), the choice of g and the inequalities above,
)l <3M +1, k=0,...,gN.
Assume that g > 0 is an integer and that
Ai<en.i=qgN+1,....(g+ N. (9.88)

In view of (9.44), (9.47), and (9.88), for each j € {gN,...,(¢ + )N — 1}, each
T=(Ty,....Tyr) € 241 and eachi € {1,...,p(T)},

Aj+1 < €, Ajr < €o, (9.89)

Iy Y =97 < . (9.90)

By (9.22), (9.45), and (9.90), for each j € {gN,...,(¢ + )N — 1}, each T =
(T1,....Tyr)) € 2j41andeachi € {1,...,p(T)},
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ji.T . _

Iy =yl < €oi < €oq. 9.91)

% = yjrll < €0g. (9.92)

It follows from (9.29), (9.46), and (9.91) that for each j € {gN, ..., (g + 1)N — 1},
eachT = (T, ..., Tyr) € 2541 andeachi € {1,...,p(T)} that

=T, < 15—y D1+ I =T D) | < €0g+8 < eo(@+1).  (9.93)

By_ (9.16), (9.29)_, (9.43), (9.92) and the convexity of the norm, for each j €

1 =50 < g = D wirtDyirl + 11 Y- win(Dyjr — x]
TE€8Qj+1 T2t

<8+ > wiDllyr —xill <8+ €g < €@+ ). (9.94)
T2

In view of (9.91) and (9.93), for each j € {gN,....(qg + 1)N — 1}, each
T = (T], ey Tp(r)) € ‘Qj+1 and each i € {1, . ,p(T)},

Iy = oD < EY =5l + g = LoD < €z + 1. (9.95)
Relation (9.94) implies that for all j;, j, € {gN, ..., (g + )N},
%, — x5, || < €N(g + 1). (9.96)
Let
Qe L,. 9.97)

Property (P1), (9.31) and (9.97) imply that there exist j € {gN, ..., (g + )N — 1},
T=(Ty,....Tym) € 2j31and s € {1,...,p(T)} such that

Q=T. 9.98)
In view of (9.95) and (9.98),
YT € Fixe 341 (Q). (9.99)

By (9.91) and (9.99),

. N -
d(x;. Fixey2501)(Q) < |15 — || < €0
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Together with (9.30) and (9.96) this implies that for all i € {gN, ..., (g + 1)N},
d(x;, Fixe,0341(Q) < €@+ DV + 1) < ¢ (9.100)

forall Q € L,.
Let

Q€L (9.101)

Property (P2), (9.31) and (9.101) imply that there existj € {gN, ..., (g+ 1)N —1},
T=(T,....Tyr) € 211,

se{l,....p(T)}, c> A (9.102)

such that
Po.=T,. (9.103)
By (9.95) and (9.101)—(9.103),

Iy = Po VD)) < €0(2G + 1). (9.104)

Set
£ =Py ")) (9.105)
In view of (9.1) and (9.105),
y € U+ c0)®),
W — & € cQ(®),
OV —8) € ). (9.106)

It follows from (9.29), (9.30), (9.46), (9.90), (9.102), (9.103), and (9.105) that

Iet o8 — &)l < 271D =30+ 1y8D —£)])

= 27" (eo + Y97 = T8 < A7 (eo + 8) < 227"y < €. (9.107)
By (9.106) and (9.107),
£ € Fe (0). (9.108)
In view of (9.104), (9.105) and (9.108),

dOyP" F.(0) < €(q+1). (9.109)
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It follows from (9.91) and (9.109) that

d(xj. Fe,(Q)) = Iy = yI 0| + YT Fe (0))

<e€0q+e(2g+1) =€(3g+1).
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Together with (9.30) and (9.96) this implies that for all i € {gN, ..., (g + 1)N},

d(xi,Fo (Q) < €@+ DN +4) < &
for all Q € £;. This implies that
x; € F, foralli e {gN.,...,(q+ )N}

Theorem 9.1 is proved.

9.3 Proof of Theorem 9.2

Set
Yo = (N + 1)7'g~" min{1, A}.
By (9.36) there exists
z€B(O,M)NF.
Let k > 0 be an integer. By (9.39),
(X1, A1) € Alxk, ($2%41, Wit1), 0).
By (9.25) and (9.112) there exists

Okt Aer) € Ao(xk, T.0), T € 2441

such that
et = Y wirt(Dyer,
TERy+1
Akrr =max{dgr: T € 11}
Let

T = (T],...,TP(T)) € Qk—i—l'

(9.110)

9.111)

9.112)

(9.113)

9.114)

(9.115)



336 9 Dynamic String-Averaging Proximal Point Algorithm

It follows from (9.24) and (9.113) that there exists {yl(k T }p "« X such that

W = 34 = e, 9.116)
y(k = T(y(k T)) for each integeri = 1,...,p(7T), (9.117)
iy = max{[ly{" = yEP| i =0, p(D)}. (9.118)

Let

= (T,....Tyr)) € 41,
icll,... p(T)). (9.119)

By (9.12), (9.37), (9.111), (9.119), (9.117) and Lemma 8.19,
Iz =y DI = 2= ToEDIP + ely®D = ToED))1?

“P

= [lz—y* P2 + eyt -y D) (9.120)

It follows from (9.116), (9.118), and (9.120) that

e =l = llz = yirll? = e =y 12— flz = &0 P
p(T)
=2 (e =3I = =5 "1P)
j=1
p(T)
3&2 o =R = @ @120

By (9.16), (9.23), (9.114), (9.121), (9.145) and the convexity of the function | - ||?,

lz =21 l® = llz— Z w1 (Dyer?

TGQk+1
< > wenDlz—yirl’
TE€Q2i+
< Y wint(Dlz— x> = éA3 )
T€2kt
<llz—xl>=¢A Y Al <llz—xel® —cAri,,. (9.122)

TES+1



9.3 Proof of Theorem 9.2

In view of (9.38), (9.111), and (9.122), for each natural number n,

M2 = Nz =xol® 2 lz = xol* = lz = x|

2
= Z[nz—x,n llz = i1 1]

> Y eAA}, = eAypCard({i € {0.....n— 1} : Aip1 = yo}).

Since the relation above holds for any natural number n we conclude that

Card({i € {0, 1,...} 1 Xt > yo}) < 4M*c'A™ly;?

Set

E=1{ke{0,1,...}: thereisanintegeri € [k.k+ N — 1]

such that A;41 > yo}.
By (9.123) and (9.124),

Card(E) < 4M2NE_1A_1y_2
< 4MNe ' AT e 28 (N + 1)*(min{1, AN

Assume that an integer g > 0 satisfies

q¢E.

In view of (9.124) and (9.126),

A1 <yoforallke{q,...,q+ N —1}.
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(9.123)

(9.124)

(9.125)

(9.126)

(9.127)

It follows from (9.22), (9.115)—(9.118), (9.127), and the convexity of the norm that
foreachk € {q.....q + N —1},each T = (T1,...,.Tpr)) € $2k+1 and each

jed{l,...,p(D)},
kT kT kT kT
vo > Iy = yEDI = IyED = ORI

al

e =y 1l = yEP 1 < vod < e

Xk = X1l < gvo-
Relation (9.130) implies that for each k1, k> € {g,...,q + N},

||xkl _xkz” = VONZI‘

(9.128)
(9.129)
(9.130)

(9.131)
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Let

Qe L.
Property (P1) and (9.132) imply that there exist

kel{g,....q+N—=1}, T=(T1,...,Tyr) € 241, s€{l,...,p(T)}

such that

Q0=T.
In view of (9.128), (9.133), and (9.134),

v € Fix, ().

By (9.129), (9.133), and (9.135),

d (k. Fixyy (Q)) < b = 7571 < y0d.
It follows from (9.110), (9.131), (9.133), and (9.136) that
d(xy, Fixy, (Q)) < g — x|l + d(x, Fixy, (Q)) < Ngyo + qvo
and
d(xy, Fixc(Q)) < e forall Q € L.
Let

QE[:].

Property (P2), (9.37), and (9.138) imply that there exist

(9.132)

(9.133)

(9.134)

(9.135)

(9.136)

(9.137)

(9.138)

kE{q,...,q—FN—l}, T=(T1,...,Tp(7'))€.9k+1, SG{l,...,p(T)}, Czi

such that

By (9.117), (9.128), (9.139), and (9.140),

k. T kT kT kT
vo > YD = 1,65 = IyED = Po &I

(9.139)

(9.140)

(9.141)
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By (9.1), (9.117), (9.139), and (9.140),

YV € (1 + c@) D). (9.142)
In view of (9.142),

WD = Y& e oy,

O =) € 00D (9.143)

It follows from (9.110), (9.128), (9.139), and (9.143) that
e OED = E) | = 3y,

YD € F5-1, (Q) C F(Q). (9.144)

In view of (9.129), (9.139), and (9.144),
d(x, F(Q)) < |lxe — &P < gyo. (9.145)
By (9.111), (9.131), and (9.145),

d(xg, Fe(Q)) = |lxg — xill + d(xi, Fe(Q))
< %0gN + 04,
d(xg, Fe(Q)) < eforall Q € L.

Together with (9.137) this implies that
x, € F..

Theorem 9.2 is proved. O
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