
Chapter 10
Convex Feasibility Problems

We use subgradient projection algorithms for solving convex feasibility problems.
We show that almost all iterates, generated by a subgradient projection algorithm
in a Hilbert space, are approximate solutions. Moreover, we obtain an estimate of
the number of iterates which are not approximate solutions. In a finite-dimensional
case, we study the behavior of the subgradient projection algorithm in the presence
of computational errors. Provided computational errors are bounded, we prove that
our subgradient projection algorithm generates a good approximate solution after a
certain number of iterates.

10.1 Iterative Methods in Infinite-Dimensional Spaces

Let .X; h�; �i/ be a Hilbert space with an inner product h�; �i, which induces a
complete norm k � k. For each x 2 X and each nonempty set A � X put

d.x; A/ WD inffjjx � yjj W y 2 Ag:

For each x 2 X and each r > 0 set

B.x; r/ D fy 2 X W jjx � yjj � rg:

It is well known that the following proposition holds (see Fact 1.5 and Lemma 2.4
of [7]).

Proposition 10.1. Let C be a nonempty, closed and convex subset of X. Then, for
each x 2 X, there is a unique point PC.x/ 2 C satisfying

kx � PC.x/k D d.x; C/:

© Springer International Publishing Switzerland 2016
A. Zaslavski, Approximate Solutions of Common Fixed-Point Problems, Springer
Optimization and Its Applications 112, DOI 10.1007/978-3-319-33255-0_10

341



342 10 Convex Feasibility Problems

Moreover, kPC.x/ � PC.y/k � kx � yk for all x; y 2 X and, for each x 2 X and each
z 2 C,

hz � PC.x/; x � PC.x/i � 0;

kz � PC.x/k2 C kx � PC.x/k2 � kz � xk2: (10.1)

Let f W X ! R1 be a continuous and convex function such that

fx 2 X W f .x/ � 0g 6D ;: (10.2)

Let y0 2 X. Then the set

@f .y0/ WD fl 2 X W f .y/ � f .y0/ � hl; y � y0i for all y 2 Xg (10.3)

is the subdifferential of f at the point y0 [72, 77]. For any l 2 @f .y0/, in view
of (10.3),

fx 2 X W f .x/ � 0g � fx 2 X W f .y0/ C hl; x � y0i � 0g: (10.4)

It is well known that the following lemma holds (see Lemma 7.3 of [7]).

Lemma 10.2. Let y0 2 X, f .y0/ > 0, l 2 @f .y0/ and let

D WD fx 2 X W f .y0/ C hl; x � y0i � 0g:

Then l 6D 0 and PD.y0/ D y0 � f .y0/klk�2l:

Denote by N the set of all nonnegative integers. Let m be a natural number,
I D f1; : : : ; mg and fi W X ! R1, i 2 I, be convex and continuous functions. For
each i 2 I set

Ci WD fx 2 X W fi.x/ � 0g;
C WD \i2ICi D \i2Ifx 2 X W fi.x/ � 0g:

Suppose that

C 6D ;:

A point x 2 C is called a solution of our feasibility problem. For a given � > 0, a
point x 2 X is called an �-approximate solution of the feasibility problem if fi.x/ �
� for all i 2 I: We apply the subgradient projection method in order to obtain a good
approximative solution of the feasibility problem.

Consider a natural number Np � m. Denote by S the set of all mappings S W N ! I

such that the following property holds:



10.1 Iterative Methods in Infinite-Dimensional Spaces 343

(P1) For each integer N 2 N and each i 2 I, there is n 2 fN; : : : ; N C Np � 1g
such that S.n/ D i.

We want to find approximate solutions of the inclusion x 2 C. In order to meet
this goal we apply algorithms generated by S 2 S.

For each x 2 X, each number � � 0 and each i 2 I set

Ai.x; �/ WD fxg if fi.x/ � � (10.5)

and, in view of Lemma 10.2,

Ai.x; �/ WD x � fi.x/fklk�2l W l 2 @fi.x/g if fi.x/ > �: (10.6)

We associate with any S 2 S the algorithm which generates, for any starting point
x0 2 X, a sequence fxng1

nD0 � X such that, for each integer n � 0,

xnC1 2 AS.n/.xn; 0/:

Note that by Lemma 10.2 the sequence fxng1
nD0 is well defined, and that for each

integer n � 0, if fS.n/.xn/ > 0, then xnC1 D PDn.xn/; where

Dn D fx 2 X W f .xn/ C hln; x � xni � 0g and ln 2 @fS.n/.xn/:

We will prove the following result (Theorem 10.3) which shows that, for the
subgradient projection method considered in the chapter, almost all iterates are good
approximate solutions. Denote by Card.A/ the cardinality of the set A.

Theorem 10.3. Let

b > 0; � 2 .0; 1�; � > 0; � 2 Œ0; ��; (10.7)

c 2 B.0; b/ \ C; (10.8)

jfi.u/ � fi.v/j � �ku � vk; u; v 2 B.0; 3b C 1/; i 2 I; (10.9)

let a positive number �0 satisfy

�0 � ���1 (10.10)

and let a natural number n0 satisfy

4Np��2
0 b2 � n0: (10.11)

Assume that

S 2 S; x0 2 B.0; b/; (10.12)
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and that for each integer n � 0,

xnC1 2 AS.n/.xn; �/: (10.13)

Then

kxnk � 3b for all integers n � 0 (10.14)

and

Card.fN 2 N W maxfkxnC1�xnk W n D N; : : : ; NCNp�1g > �0g/ � n0: (10.15)

Moreover, if an integer N � 0 satisfies

kxnC1 � xnk � �0; n D N; : : : ; N C Np � 1;

then, for all integers n; m 2 fN; : : : ; N C Npg, kxn � xmk � Np�0 and for all integers
n D N; : : : ; N C Np and each i 2 I, fi.xn/ � �.Np C 1/:

Theorem 10.3 was obtained in [96].

10.2 Proof of Theorem 10.3

By (10.5), (10.6), and (10.13), there exists a sequence flng1
nD0 � X such that

xnC1 D xn if fS.n/.xn/ � � (10.16)

and

if fS.n/.xn/ > �; then ln 2 @fS.n/.xn/ and

xnC1 D xn � fS.n/.xn/klnk�2ln: (10.17)

By (10.16), (10.17), (10.8), (10.12), (10.4), Lemma 10.2, and Proposition 10.1
for all integers n � 0,

kc � xnC1k � kc � xnk � 2b; (10.18)

kxnk � 3b for all integers n � 0: (10.19)

Assume that an integer N � 0 and that

kxnC1 � xnk � �0 for n D N; : : : ; N C Np � 1: (10.20)
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This implies that for all n; m 2 fN; : : : ; N C Npg,

kxn � xmk � Np�0: (10.21)

Let i 2 I. By (P1), there is m 2 fN; : : : ; N C Np � 1g such that

S.m/ D i: (10.22)

We show that

fi.xm/ D fS.m/.xm/ � �: (10.23)

Assume the contrary. Then

fi.xm/ > �: (10.24)

By (10.20), (10.24), (10.7), (10.16), (10.17), and (10.22),

�0 � kxmC1 � xmk D kfS.m/.xm/klmk�2lmk > �klmk�1: (10.25)

By (10.24), (10.22), (10.16), (10.17), and (10.7), lm 2 @fS.m/.xm/. Combined
with (10.19) and (10.9) this implies that

klmk � �: (10.26)

In view of (10.25) and (10.26), �0 > ���1: This inequality contradicts (10.10). This
contradiction proves (10.23).

Let n 2 fN; : : : ; N C Npg. It follows from (10.22), (10.23), (10.19), (10.9), (10.21),
and (10.10) that

fi.xn/ � fS.m/.xm/ C jfS.m/.xn/ � fS.m/.xm/j
� � C �kxn � xmk � � C �Np�0 � �.Np C 1/

and

fi.xn/ � �.Np C 1/ for n D N; : : : ; N C Np; (10.27)

for all integers i 2 I.
Thus we have shown that the following property holds:
(P2) if an integer N � 0 and (10.20) holds, then (10.27) is valid for all i 2 I.
Set

E1 D fn 2 N W kxn � xnC1k � �0g; (10.28)

E2 D N n E1; (10.29)

E3 D fn 2 N W fn; : : : ; n C Np � 1g \ E2 6D ;g: (10.30)
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By (10.18), (10.29), (10.28), (10.16), (10.17), (10.8), Lemma 10.2, and Proposi-
tion 10.1 (see (10.1)), for any natural number n,

4b2 � kc � x0k2 � kc � x0k2 � kc � xnk2

D
n�1X

mD0

Œkc � xmk2 � kc � xmC1k2� �
X

m2E2\Œ0;n�1�

Œkc � xmk2 � kc � xmC1k2�

�
X

m2E2\Œ0;n�1�

kxm � xmC1k2 � �2
0 Card.E2 \ Œ0; n � 1�/

and

Card.E2 \ Œ0; n � 1�/ � 4��2
0 b2:

Since the inequality above holds for any natural number n, we conclude that

Card.E2/ � 4��2
0 b2: (10.31)

By (10.31), (10.30), and (10.11),

Card.E3/ � Card.E2/Np � 4��2
0 b2 Np � n0:

This completes the proof of Theorem 10.3. ut

10.3 Iterative Methods in Finite-Dimensional Spaces

We use all the notation and the definitions introduced in Sect. 10.1 and suppose that
all the assumptions made in Sect. 10.1 hold. In this section, we suppose that the
space X is finite-dimensional. The results presented in the section were obtained in
[96].

We prove the following result, which describes the asymptotic behavior of the
subgradient projection method without computational errors.

Theorem 10.4. Let b > 0, � 2 .0; 1� and

c 2 B.0; b/ \ C: (10.32)

Then there exist a natural number n0 and �0 2 .0; �� such that the following
assertion holds.

Assume that

� 2 Œ0; �0�; S 2 S; x0 2 B.0; b/ (10.33)
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and that, for each integer n � 0,

xnC1 2 AS.n/.xn; �/: (10.34)

Then kxnk � 3b for all integers n � 0;

fi.xn/ � � for all i 2 I and all integers n � n0

and d.xn; C/ � � for all integers n � n0:

Theorem 10.4 is proved in Sect. 10.5.
For each x 2 X, each ı � 0, each Qı � 0 and each i 2 I set

Ai.x; Qı; ı/ WD fxg if fi.x/ � Qı; (10.35)

and, if fi.x/ > Qı, then set

Ai.x; Qı; ı/ WD fx � fi.x/klk�2l W l 2 @fi.x/ C B.0; ı/; l 6D 0g C B.0; ı/: (10.36)

The following theorem is one of our main results of this chapter. It describes the
behavior of iterates under the presence of computational errors which occur in the
calculations of subgradients as well in the calculations of iterates themselves.

Theorem 10.5. Let b > 0, � 2 .0; 1�, (10.32) hold and let

ci 2 B.0; b/ and fi.ci/ < 0; i 2 I: (10.37)

Then, there exist a natural number n0 and ı > 0 such that the following assertion
holds.

Assume that

Qın 2 Œ0; ı�; n 2 N ; S 2 S; x0 2 B.0; b/; (10.38)

and that, for each integer n � 0,

xnC1 2 AS.n/.xn; Qın; ı/: (10.39)

Then kxnk � 3b C 1; n D 0; : : : ; n0; d.xn0 ; C/ � � and fi.xn0 / � � for all i 2 I:

This result is proved in Sect. 10.6. Theorem 10.5 easily implies the following
result.

Theorem 10.6. Let b > 0, � 2 .0; 1�, (10.32), and (10.37) hold and let a natural
number n0 and ı > 0 be given, as guaranteed by Theorem 10.5.

Assume that (10.38) holds, for each integer n � 0, (10.39) holds and that a
sequence fxng1

nD0 � B.0; b/. Then, for all integers n � n0,

d.xn; C/ � � and fi.xn/ � � for all i 2 I:

Theorem 10.6 easily implies the following result.
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Theorem 10.7. Let b > 0, (10.32) and (10.37) hold, fıng1
nD0 be a sequence of

positive numbers such that limn!1 ın D 0 and let � 2 .0; 1�. Then there exists a
natural number n� such that the following assertion holds.

Assume that Qın 2 Œ0; ın� for all n 2 N , S 2 S; fxng1
nD0 � B.0; b/ and that, for

each integer n � 0,

xnC1 2 AS.n/.xn; Qın; ın/:

Then, for all integers n � n� , d.xn; C/ � � and fi.xn/ � � for all i 2 I:

In the last two theorems we consider the case when the set C is bounded.

Theorem 10.8. Suppose that the set C is bounded, (10.32) and (10.37) hold with
b > 0 and b0; � > 0. Then there exist a natural number n0 and ı > 0 such that the
following assertion holds.

Assume that

Qın 2 Œ0; ı�; n 2 N ; S 2 S; (10.40)

x0 2 B.0; b0/ (10.41)

and that, for each integer n � 0,

xnC1 2 AS.n/.xn; Qın; ı/: (10.42)

Then, for all integers n � n0, d.xn; C/ � � and fi.xn/ � � for all i 2 I:

Proof. We may assume without any loss of generality that

b0 > supfkzk W z 2 Cg C 4; b0 > kcik; i 2 I; b > 3b0 C 1 and � < 1: (10.43)

By Theorem 10.5, there exist a natural number n1 and ı1 > 0 such that the following
property holds:

(P3) for each Qın 2 Œ0; ı1�, n 2 N , each S 2 S, each fxng1
nD0 � X such that

kx0k � b0 and that, for each integer n � 0,

xnC1 2 AS.n/.xn; Qın; ı1/;

we have kxnk � 3b0 C 1, n D 0; : : : ; n1 and d.xn1 ; C/ � �:

By Theorem 10.6, there exist a natural number n0 and ı 2 .0; ı1/ such that the
following property holds:

(P4) if (10.38) holds and if for each integer n � 0, (10.39) holds and if fxng1
nD0 �

B.0; b/, then for all integers n � n0,

d.xn; C/ � � and fi.xn/ � � for all i 2 I: (10.44)
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Assume that Qın 2 Œ0; ı�, n 2 N , S 2 S, fxng1
nD0 � X, (10.41) holds and (10.42)

holds for each integer n � 0. By (P3), (10.41)–(10.43) and the inequality ı < ı1,

kxnn1k � b0; n 2 N and kxnk � 3b0 C 1; n 2 N : (10.45)

By (10.45), (10.43), (10.41), (10.42), and (P4), (10.44) holds for all integers n � n0.
This completes the proof of Theorem 10.8. ut

Theorems 10.7 and 10.8 easily imply the following result.

Theorem 10.9. Let (10.32) and (10.37) hold with b > 0 and the set C be bounded.
Then there exists ı > 0 such that the following assertion holds.

Assume that a sequence fıng1
nD0 � Œ0; ı� satisfy limn!1 ın D 0 and let � > 0.

Then there exists a natural number n� such that, for each Qın 2 Œ0; ın�; n 2 N , each
S 2 S and each fxng1

nD0 � X which satisfies kx0k � b and

xnC1 2 AS.n/.xn; Qın; ın/ for each integer n � 0;

the following relations hold:

d.xn; C/ � � and fi.xn/ � � for all i 2 I and all integers n � n�:

10.4 Auxiliary Results

We use the notation and the definitions introduced in Sect. 10.3 and suppose that all
the assumptions made there hold.

Lemma 10.10. Let M > 0, �1 > 0. Then there exists �2 > 0 such that, for each
x 2 B.0; M/ satisfying fi.x/ � �2, i 2 I, the inequality d.x; C/ � �1 holds.

Proof. Assume the contrary. Then, for any natural number n, there is xn 2 B.0; M/

such that

fi.xn/ � 1=n; i 2 I and d.xn; C/ > �1: (10.46)

Extracting a subsequence and re-indexing, if necessary, we may assume without any
loss of generality that there is x D limn!1 xn. It is easy to see that x 2 B.0; M/,
fi.x/ � 0 for all i 2 I and x 2 C. Clearly,

d.xn; C/ � kxn � xk < �1=2

for all sufficiently large natural numbers n. This contradicts (10.46). The contradic-
tion we have reached completes the proof of Lemma 10.10. ut
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10.5 Proof of Theorem 10.4

Since the functions fi; i 2 I are convex [50], there exists � > 0 such that

jfi.u/ � fi.v/j � �ku � vk for all u; v 2 B.0; 3b C 1/; i 2 I: (10.47)

Choose a positive number �1 < � such that

��1 < �: (10.48)

By Lemma 10.10, there exists �2 2 .0; �/ such that the following property holds:
(P5) for each y 2 B.0; 3b C 1/ satisfying fi.y/ � �2, i 2 I we have d.y; C/ < �1.
Choose a positive number �0 such that

�0 < �1 and �0.Np C 1/ < �2: (10.49)

By (10.47) and Theorem 10.3 (with � D �0/, there exists a natural number n0 such
that the following property holds:

(P6) Let � 2 Œ0; �0�, S 2 S, x0 2 B.0; b/ and let for each integer n � 0,

xnC1 2 AS.n/.xn; �/:

Then

kxnk � 3b for all integers n � 0; (10.50)

and there is an integer q 2 Œ0; n0� such that

fi.xq/ � �0.Np C 1/; i 2 I: (10.51)

Assume that (10.33) holds and that (10.34) holds for each integer n � 0. Together
with (P6) this implies that (10.50) holds and that there is an integer q 2 Œ0; n0� such
that (10.51) holds. By (10.49) and (10.51), fi.xq/ � �2 for all i 2 I: Together with
(P5) and (10.51), this implies that d.xq; C/ < �1 and that there is Qz 2 X such that

Qz 2 C and kxq � Qzk < �1: (10.52)

By (10.52), (10.33), (10.34), (10.5), (10.6), (10.4). Lemma 10.2, and Proposi-
tion 10.1 (see (10.1)),

kxn � Qzk < �1 < � for all integers n � q: (10.53)

In view of (10.53) and (10.50), kQzk � 3bC1: Together with (10.52), (10.47), (10.53),
(10.50), and (10.48), this implies that for all integers n � n0 and all i 2 I,

fi.xn/ � fi.Qz/ C jfi.xn/ � fi.Qz/j � �kxn � Qzk < ��1 < �:

This completes the proof of Theorem 10.4. ut
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10.6 Proof of Theorem 10.5

Put

r D minf�fi.ci/ W i 2 Ig: (10.54)

By (10.54) and (10.37),

r > 0: (10.55)

Since the functions fi; i 2 I are convex [50], there exists � > 0 such that

jfi.u/ � fi.v/j � �ku � vk for all u; v 2 B.0; 3b C 2/; i 2 I; (10.56)

jfi.u/j � � for all u 2 B.0; 3b C 2/; i 2 I: (10.57)

By Theorem 10.4, there exist a natural number n0 and N�0 2 .0; �� such that the
following property holds:

(P7) If � 2 Œ0; N�0�; S 2 S; x0 2 B.0; b/ and, if for each integer n � 0,

xnC1 2 AS.n/.xn; �/;

then

kxnk � 3b for all integers n � 0; (10.58)

fi.xn/ � �=4 for all i 2 I and all integers n � n0; (10.59)

d.xn; C/ � �=4 for all integers n � n0: (10.60)

By (10.56), for each u 2 B.0; 3b C 1/, all i 2 I and each g 2 @fi.u/,

kgk � �: (10.61)

Let

u 2 B.0; 3b C 1/; i 2 I; fi.u/ > 0; g 2 @fi.u/: (10.62)

By (10.62), (10.54), (10.55), and (10.37),

�r � fi.ci/ > fi.ci/ � fi.u/ � hg; ci � ui � �kgk.4b C 1/

and

kgk > r.4b C 1/�1: (10.63)
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We have shown that the following property holds:
(P8) if u 2 B.0; 3b C 1/, i 2 I, fi.u/ > 0 and if g 2 X satisfies

d.g; @fi.u// � r.4b C 1/�14�1;

then kgk > r.4b C 1/�12�1:

For each � � 0 denote by M� the set of all sequences fxng1
nD0 � X for which

kx0k � b, and there exist Q�n 2 Œ0; ��; n 2 N ; S 2 S such that, for each integer
n � 0,

xnC1 2 AS.n/.xn; Q�n; �/:

By induction we show that for all m D 0; : : : ; n0 the following assertion holds.
(A) For each � > 0 there exists ı > 0 such that, for each fxng1

nD0 2 Mı , there is
fyng1

nD0 2 M0 such that kyn � xnk � �; n D 0; : : : ; m:

Clearly, for m D 0 this assertion holds. Assume that assertion (A) holds for
m D q where q 2 Œ0; n0 � 1� is an integer. We show that (A) holds for m D q C 1.
Since (A) holds for m D q, it follows from (P7) and (10.58) that there is �0 > 0

such that

�0 < 2�1 and �0 < 4�1r.4b C 1/�1 (10.64)

and that, for each fyng1
nD0 2 M�0 ,

kynk � 3b C 1=2; n D 0; : : : ; q: (10.65)

Assume that assertion (A) does not hold for m D q C 1. Then there exists � > 0

such that for each natural number j there is

fx.j/
n g1

nD0 2 M�0=j (10.66)

such that

maxfkyn � x.j/
n k W n D 0; : : : ; q C 1g > � for each fyng1

nD0 2 M0: (10.67)

By (10.66) and the choice of �0 (see (10.65)), for all natural numbers j,

kx.j/
n k � 3b C 1=2; n D 0; : : : ; q: (10.68)

By the definition of M� , � � 0, (10.36), (10.37), and (10.66), for each integer j � 1

there is

Q�j;n 2 Œ0; �0=j�; n 2 N ; Sj 2 S; fg.j/
n g1

nD0 � X (10.69)
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such that, for each integer n 2 f0; : : : ; q C 1g satisfying fSj.n/.x
.j/
n / > Q�j;n;

g.j/
n 6D 0 and d.g.j/

n ; @fSj.n/.x
.j/
n // � �0=j; (10.70)

kx.j/
nC1 � .x.j/

n � fSj.n/.x
.j/
n /kg.j/

n k�2g.j/
n /k � �0=j (10.71)

and that, for each integer n 2 f0; : : : ; q C 1g satisfying fSj.n/.x
.j/
n / � Q�j;n;

g.j/
n D 0; x.j/

nC1 D x.j/
n : (10.72)

Extracting a subsequence and re-indexing, if necessary, we may assume that

Sj.n/ D S1.n/ for all natural numbers j and all n 2 N : (10.73)

Put

S.n/ D S1.n/; n 2 N : (10.74)

By (10.74), (10.73), (10.70), (10.68), (10.64), (P8), and (10.61), for all j D 1; 2; : : :

and all n D 0; : : : ; q,

if fS.n/.x
.j/
n / > Q�j;n; then 2�1.4b C 1/�1r � kg.j/

n k � � C 1: (10.75)

Assume that j is a natural number. We estimate kx.j/
qC1k. If fS.q/.x

.j/
q / � Q�j;q; then, in

view of (10.74), (10.72), and (10.68),

kx.j/
qC1k D kx.j/

q k � 3b C 2�1: (10.76)

If fS.q/.x
.j/
q / > Q�j;q; then by (10.70), (10.71), (10.74), (10.64), (10.68), (10.57),

and (10.75),

kx.j/
qC1k � �0j�1 C kx.j/

q � fS.q/.x
.j/
q /kg.j/

q k�2g.j/
q k

� 1 C 3b C 2�1 C �kg.j/
q k�1 � 3=2 C 3b C 2�.4b C 1/r�1:

Thus for all j D 1; 2; : : : ,

kx.j/
qC1k � 3=2 C 3b C 2�.4b C 1/r�1: (10.77)

By (10.77) and (10.68), extracting a subsequence and re-indexing, if necessary, we
may assume without any loss of generality that for any n 2 f0; : : : ; q C 1g there is

yn D lim
j!1 x.j/

n (10.78)
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and that for any n 2 f0; : : : ; q C 1g one of the following cases holds:

fS.n/.x
.j/
n / � Q�j;n for all natural numbers j; (10.79)

fS.n/.x
.j/
n / > Q�j;n for all natural numbers j: (10.80)

For all n D 0; 1; 2; : : : ; q C 1 and all j D 1; 2; : : : choose Qg.j/
n 2 X as follows:

Qg.j/
n D 0 if fS.n/.x

.j/
n / � Q�j;n; (10.81)

if fS.n/.x
.j/
n / > Q�j;n; then Qg.j/

n 2 @fS.n/.x
.j/
n /; kQg.j/

n � g.j/
n k � 2�0j�1: (10.82)

In view (10.69)–(10.74), Qg.j/
n , n D 0; 1; 2; : : : ; q C 1, j D 1; 2; : : : are well-defined.

Set

E D fn 2 f0; : : : ; qg W fS.n/.x
.j/
n / > Q�j;n for all j D 1; 2; : : : g: (10.83)

By (10.75), (10.83), (10.79), and (10.80), extracting a subsequence and re-indexing,
if necessary, we may assume without any loss of generality that, for each n 2 E
there is

gn D lim
j!1 g.j/

n : (10.84)

For each n 2 f0; : : : ; q C 1g n E set

gn D 0: (10.85)

Let n 2 f0; : : : ; qg. There are two cases:

fS.n/.yn/ > 0I (10.86)

fS.n/.yn/ � 0: (10.87)

Consider the case (10.86). By (10.78), we may assume without any loss of generality
that

fS.n/.x
.j/
n / > 2�1fS.n/.yn/ > 0 for all natural numbers j: (10.88)

Then, in view of (10.69)–(10.72) and (10.88) for all sufficiently large natural
numbers j,

kx.j/
nC1 � .x.j/

n � fS.n/.x
.j/
n /kg.j/

n k�2g.j/
n /k � �0=j: (10.89)

By (10.78)–(10.80), (10.88), (10.82), and (10.84) for each u 2 X,



10.6 Proof of Theorem 10.5 355

fS.n/.u/ � fS.n/.yn/ D lim
j!1.fS.n/.u/ � fS.n/.x

.j/
n //

� lim
j!1hQg.j/

n ; u � x.j/
n i D hgn; u � yni

and

gn 2 @fS.n/.yn/: (10.90)

By (10.78), (10.89), (10.84), (10.75), (10.88), (10.79), and (10.80),

ynC1 D lim
j!1 x.j/

nC1

D lim
j!1Œx.j/

n � fS.n/.x
.j/
n /kg.j/

n k�2g.j/
n �

D yn � fS.n/.yn/kgnk�2gn: (10.91)

Consider the case (10.87). If n 62 E, then by (10.78)–(10.80), (10.83),
and (10.69)–(10.72), x.j/

nC1 D x.j/
n for all natural numbers j and

ynC1 D lim
j!1 x.j/

nC1 D lim
j!1 x.j/

n D yn: (10.92)

Assume that

n 2 E: (10.93)

By (10.83) and (10.93), for each natural numbers j,

fS.n/.x
.j/
n / > Q�j;n: (10.94)

By (10.87), (10.94), (10.78), and (10.69),

fS.n/.yn/ D 0; lim
j!1 fS.n/.x

.j/
n / D 0: (10.95)

By (10.78), (10.94), (10.69)–(10.72), (10.74), (10.95), and (10.75),

ynC1 D lim
j!1 x.j/

nC1 D lim
j!1Œx.j/

n � fS.n/.x
.j/
n /kg.j/

n k�2g.j/
n �

D lim
j!1 x.j/

n � Œ lim
j!1 fS.n/.x

.j/
n /kg.j/

n k�2g.j/
n /� D lim

j!1 x.j/
n D yn:

Thus in both cases (10.87) implies that

ynC1 D yn: (10.96)
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Thus (10.86) implies (10.90), (10.91), and (10.87) implies (10.96). Clearly, there
are yn 2 X for all integers n � q C 1 such that fyng1

nD0 2 M0. By (10.78), for all

sufficiently large natural numbers j, we have kx.j/
n � ynk < �=2, n D 0; 1; : : : ; q C 1:

This contradicts (10.67). The contradiction we have reached proves that assertion
(A) holds with m D q C 1. Thus by induction we have shown that assertion (A)
holds with m D n0.

Fix a positive number �1 such that

�1 < �=4; �1 < 1=2; �1 < .�=2/��1: (10.97)

By (A) with m D n0, there is ı > 0 such that, for each fxng1
nD0 2 Mı there is

fyng1
nD0 � M0 for which

kyn � xnk � �1; n D 0; : : : ; n0: (10.98)

Let

fxng1
nD0 2 Mı: (10.99)

By (10.99) and the choice of ı there is

fyng1
nD0 2 M0 (10.100)

such that (10.98) holds. By (10.100), (P7), and the definition of M0,

kynk � 3b for all integers n � 0; (10.101)

fi.yn0 / � �=4; i 2 I; (10.102)

d.yn0 ; C/ � �=4: (10.103)

By (10.98), (10.103), and (10.97),

d.xn0 ; C/ � kxn0 � yn0k C d.yn0 ; C/ < �=2: (10.104)

By (10.101), (10.98), and (10.97),

kxnk � 3b C 1=2; n D 0; : : : ; n0: (10.105)

By (10.102), (10.101), (10.105), (10.56), (10.98), and (10.97), for any i 2 I,

fi.xn0 / � fi.yn0 / C jfi.xn0 / � fi.yn0 /j � �=4 C �kxn0 � yn0k
� �=4 C �1� < �=2 C �=4:

Theorem 10.5 is proved. ut
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10.7 Dynamic String-Averaging Methods
in Infinite-Dimensional Spaces

Let .X; h�; �i/ be a Hilbert space with an inner product h�; �i, which induces a
complete norm k � k. For each x 2 X and each nonempty set A � X put

d.x; A/ WD inffkjx � yk W y 2 Ag:

For each x 2 X and each r > 0 set

B.x; r/ D fy 2 X W kx � yk � rg:

We use the notation, definitions, and assumptions introduced in Sect. 10.1.
Let f W X ! R1 be a continuous and convex function such that

fx 2 X W f .x/ � 0g 6D ;: (10.106)

Let y0 2 X. Recall that the set

@f .y0/ WD fl 2 X W f .y/ � f .y0/ � hl; y � y0i for all y 2 Xg (10.107)

is the subdifferential of f at the point y0 [72, 77]. For any g 2 @f .y0/, in view
of (10.107),

fx 2 X W f .x/ � 0g � fx 2 X W f .y0/ C hg; x � y0i � 0g: (10.108)

Let m be a natural number and fi W X ! R1, i D 1; : : : ; m, be convex and
continuous functions. For each i 2 f1; : : : ; mg set

Ci WD fx 2 X W fi.x/ � 0g; (10.109)

C WD \m
iD1Ci D \m

iD1fx 2 X W fi.x/ � 0g: (10.110)

Suppose that

C 6D ;:

A point x 2 C is called a solution of our feasibility problem. For a given � > 0, a
point x 2 X is called an �-approximate solution of the feasibility problem if fi.x/ � �

for all i D 1; : : : :m. We apply the dynamic string-averaging subgradient projection
method in order to obtain a good approximative solution of the feasibility problem.

Denote by N the set of all nonnegative integers.
By an index vector, we mean a vector t D .t1; : : : ; tp/ such that ti 2 f1; : : : ; mg

for all i D 1; : : : ; p.
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For an index vector t D .t1; : : : ; tq/ set

p.t/ D q: (10.111)

Denote by M the collection of all pairs .˝; w/, where ˝ is a finite set of index
vectors and

w W ˝ ! .0; 1/ be such that
X

t2˝

w.t/ D 1: (10.112)

Fix a number

� 2 .0; m�1� (10.113)

and an integer

Nq � m: (10.114)

Denote by M� the set of all .˝; w/ 2 M such that

p.t/ � Nq for all t 2 ˝; (10.115)

w.t/ � � for all t 2 ˝: (10.116)

Fix a natural number NN.
For each x 2 X, each number � � 0 and each i 2 f1; : : : ; mg set

Ai.x; �/ WD fxg if fi.x/ � � (10.117)

and, in view of Lemma 10.2,

Ai.x; �/ D x � fi.x/fkgk�2g W g 2 @fi.x/g if fi.x/ > �: (10.118)

Let � � 0, x 2 X and let t D .t1; : : : ; tp.t// be an index vector. Define

A0.t; x; �/ D f.y; �/ 2 X � R1 W there is a sequence fyigp.t/
iD0 � X such that

y0 D x; (10.119)

for each i D 1; : : : ; p.t/;

yi 2 Ati.yi�1; �/; (10.120)

y D yp.t/; (10.121)

� D maxfkyi � yi�1k W i D 1; : : : ; p.t/gg: (10.122)
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Let � � 0, x 2 X and let .˝; w/ 2 M. Define

A.x; .˝; w/; �/ D f.y; �/ 2 X � R1 W there exist

.yt; �t/ 2 A0.t; x; �/; t 2 ˝ such that

y D
X

t2˝

w.t/yt; (10.123)

� D maxf�t W t 2 ˝gg: (10.124)

Denote by Card.A/ the cardinality of a set A. Suppose that the sum over empty
set is zero.

Theorem 10.11. Let

M0 > 0; � 2 .0; 1/; M1 > 0; � 2 Œ0; ��; (10.125)

B.0; M0/ \ C 6D ;; (10.126)

jfi.u/ � fi.v/j � M1ku � vk; u; v 2 B.0; 3M0 C 1/; i 2 f1; : : : ; mg; (10.127)

�0 2 .0; �M�1
1 � (10.128)

and let a natural number n0 satisfy

n0 � 4M2
0��2

0 ��1 NN: (10.129)

Assume that

f.˝i; wi/g1
iD1 � M�; (10.130)

satisfies for each natural number j,

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/; (10.131)

x0 2 B.0; M0/; (10.132)

fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/ (10.133)

satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; �/: (10.134)

Then

kxik � 3M0 for all integers i � 0 (10.135)
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and

Card.fn 2 N W maxf�i W i D n C 1; : : : ; n C NNg > �0g/ � n0: (10.136)

Moreover, if an integer n � 0 satisfies

�i � �0; i D n C 1; : : : ; n C NN; (10.137)

then, for all integers i; j 2 fn; : : : ; n C NNg, kxi � xjk � NN Nq�0 and for all integers
j 2 fn; : : : ; n C NNg and each s 2 f1; : : : ; mg,

fs.xj/ � �.Nq. NN C 1/ C 1/:

10.8 Proof of Theorem 10.11

Let n be a natural number. In view of (10.134),

.xn; �n/ 2 A.xn�1; .˝n; wn/; �/: (10.138)

By (10.124) and (10.124), for any t 2 ˝n there exists

.yn;t; �n;t/ 2 A0.t; xn�1; �/ (10.139)

such that

xn D
X

t2˝n

wn.t/yn;t; (10.140)

�n D maxf�n;t W t 2 ˝ng: (10.141)

Let

t D .t1; : : : ; tp.t// 2 ˝n: (10.142)

By (10.119), (10.139), and (10.142), there is a sequence fyn;t;igp.t/
iD0 � X such that

yn;t;0 D xn�1; (10.143)

yn;t;i 2 Ati.yn;t;i�1; �/; i D 1; : : : ; p.t/; (10.144)

yn;t D yn;t;p.t/; (10.145)

�n;t D maxfkyn;t;i � yn;t;i�1k W i D 1; : : : ; p.t/g: (10.146)
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In view of (10.126), there exists

z 2 B.0; M0/ \ C: (10.147)

Let n be a natural number,

t D .t1; : : : ; tp.t// 2 ˝n; i D 1; : : : ; p.t/: (10.148)

By (10.117), (10.118), and (10.144), the following properties hold:
(P1) if fti.yn;t;i�1/ � � , then yn;t;i D yn;t;i�1;
(P2) if fti.yn;t;i�1/ > � , then there is

gn;t;i 2 @fti.yn;t;i�1/ (10.149)

such that

yn;t;i D yn;t;i�1 � fti.yn;t;i�1/kgn;t;ik�2gn;t;i: (10.150)

If (P1) holds, the we set gn;t;i D 0. Set

Dn;t;i D fx 2 X W fti.yn;t;i�1/ C hgn;t;i; x � yn;t;i�1i � 0g: (10.151)

Clearly, if fti.yn;t;i�1/ � � , then

kz � yn;t;ik D kz � yn;t;i�1k: (10.152)

Assume that

fti.yn;t;i�1/ > �:

Property (P2), Lemma 10.2 and (10.149)–(10.151) imply that

gn;t;i 6D 0;

yn;t;i D PDn;t;i.yn;t;i�1/: (10.153)

It follows from (10.108), (10.110), (10.147), (10.149), and (10.151) that

z 2 C � fx 2 X W fti.x/ � 0g � Dn;t;i: (10.154)

Proposition 10.1, (10.151), and (10.153) imply that

kz � yn;t;ik2 C kyn;t;i � yn;t;i�1k2 � kz � yn;t;i�1k2: (10.155)

Thus we have shown that the following property holds:
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(P3) if fti.yn;t;i�1/ > � , then (10.155) holds.
In view of (10.152) and (10.153),

kz � yn;t;ik � kz � yn;t;i�1k for all t D 1; : : : ; p.t/: (10.156)

By (10.143), (10.147), and (10.156), for all i D 1; : : : ; p.t/,

kyn;t;ik � kyn;t;i � zk C kzk
� kyn;t;0 � zk C M0 � kxn�1 � zk C M0: (10.157)

It follows from (10.143), (10.145), and (10.156) that

kz � xn�1k D kz � yn;t;0k � kz � yn;t;p.t/k D kz � yn;tk (10.158)

for all t 2 ˝n. By (10.112), (10.140), (10.158) and the convexity of the norm,

kz � xnk D kz �
X

t2˝n

wn.t/yn;tk

�
X

t2˝n

wn.t/kz � yn;tk � kz � xn�1k:

Thus

kz � xnk � kz � xn�1k for all integers n � 1: (10.159)

In view of (10.132) and (10.147),

kz � x0k � 2M0: (10.160)

It follows from (10.159) and (10.160) that

kz � xnk � 2M0 for all integers n � 0: (10.161)

By (10.157) and (10.161), for all natural numbers n, all t 2 ˝n and all i 2
f1; : : : ; p.t/g,

kyn;t;ik � M0 C kxn�1 � zk � 3M0: (10.162)

Relations (10.132) and (10.161) that

kxnk � 3M0 for all n 2 N : (10.163)

Assume that n � 0 is an integer such that

�k � �0; k D n C 1; : : : ; n C NN: (10.164)
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In view of (10.141), (10.146), and (10.164), for each k 2 fn C 1; : : : ; n C NNg, each
t D .t1; : : : ; tp.t// 2 ˝kC1 and each i 2 f1; : : : ; p.t/g;

kyk;t;i � yk;t;i�1k � �0: (10.165)

By (10.115), (10.143), and (10.165), for each k 2 fn C 1; : : : ; n C NNg, each t D
.t1; : : : ; tp.t// 2 ˝kC1 and each i 2 f1; : : : ; p.t/g;

kxk�1 � yk;t;ik � Nq�0: (10.166)

Relations (10.112), (10.140), (10.145), and (10.166) imply that

kxk�1 � xkk � Nq�0: (10.167)

It follows from (10.164) and (10.167) that for all k; m 2 fn; : : : ; n C NNg

kxk � xmk � NN Nq�0: (10.168)

Let

s 2 f1; : : : ; mg:

By (10.131), there exist

k 2 fn C 1; : : : ; n C NNg; t D .t1; : : : ; tp.t// 2 ˝k (10.169)

such that

s 2 ft1; : : : ; tp.t/g: (10.170)

In view of (10.170), there is i 2 f1; : : : ; p.t/g such that

s D ti:

We show that

fs.yk;t;i�1/ � �: (10.171)

Assume the contrary. Then by (10.125),

fti.yk;t;i�1/ > � � �: (10.172)

Property (P2), (10.150), (10.165), (10.169), and (10.172) imply that

�0 � kyk;t;i � yk;t;i�1k
D kfti.yk;t;i�1/kgk;t;ik�2gk;t;ik > kgk;t;ik�1�: (10.173)
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It follows from (10.143), (10.162), (10.163), and (10.169) that

kyk;t;i�1k � 3M0: (10.174)

By (10.127), (10.149), and (10.174),

kgk;t;ik � M1: (10.175)

In view of (10.173) and (10.175),

�0 > �M�1
1 :

This contradicts (10.128). The contradiction we have reached proves (10.171).
Relations (10.143), (10.162), (10.163), (10.166), and (10.169) imply that

kyk;t;i�1k � 3M0; kxk�1k � 3M0; (10.176)

kxk�1 � yk;t;i�1k � Nq�0: (10.177)

By (10.127), (10.128), (10.170), (10.171), (10.176), and (10.177),

jfs.xk�1/ � fs.yk;t;i�1/j � M1 Nq�0;

fs.xk�1/ � fs.yk;t;i�1/ C M1 Nq�0 � �.Nq C 1/: (10.178)

Let j 2 fn; : : : ; n C NNg. In view of (10.168) and (10.169),

kxj � xk�1k � NN Nq�0: (10.179)

It follows from (10.127), (10.128), (10.163), (10.178), and (10.179) that

fs.xj/ � fs.xk�1/ C M1
NN Nq�0

� �.Nq C 1/ C NN Nq� � �.Nq. NN C 1/ C 1/ (10.180)

for all s 2 f1; : : : ; mg.
Set

E1 D fn 2 N W �nC1 � �0g; (10.181)

E2 D N n E1; (10.182)

E3 D fn 2 N W fn; : : : ; n C NN � 1g \ E2g 6D ;: (10.183)

Let

n 2 E2: (10.184)
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In view of (10.181), (10.182), and (10.184),

�nC1 > �0: (10.185)

By (10.112), (10.140) and the convexity of the function k � k2,

kz � xnk2 � kz � xnC1k2

D kz � xnk2 � kz �
X

t2˝nC1

wnC1.t/ynC1;tk2

� kz � xnk2 �
X

t2˝nC1

wnC1.t/kz � ynC1;tk2: (10.186)

In view of (10.141) and (10.185), there exists

Ot 2 ˝nC1 (10.187)

such that

�0 < �nC1 D �nC1;Ot: (10.188)

It follows from (10.112), (10.143), (10.145), (10.156), (10.186), and (10.187) that

kz � xnk2 � kz � xnC1k2

�
X

t2˝nC1

wnC1.t/Œkz � xnk2 � kz � ynC1;tk2�

D
X

t2˝nC1

wnC1.t/Œkz � ynC1;t;0k2 � kz � ynC1;t;p.t/k2�

� wnC1.Ot/Œkz � ynC1;Ot;0k2 � kz � ynC1;Ot;p.Ot/k2�: (10.189)

Property (P3), (10.116), (10.152), (10.155), (10.156), and (10.189) imply that

kz � xnk2 � kz � xnC1k2

� �Œkz � ynC1;Ot;0k2 � kz � ynC1;Ot;p.Ot/k2�

� �

p.Ot/X

iD1

Œkz � ynC1;Ot;i�1k2 � kz � ynC1;Ot;ik2�

� �

p.Ot/X

iD1

kynC1;Ot;i�1 � ynC1;Ot;ik2: (10.190)
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By (10.146), (10.188), and (10.190),

kz � xnk2 � kz � xnC1k2 � ��2
0 for all t 2 E2: (10.191)

In view of (10.159), (10.160), and (10.191), for any natural number n,

4M2 � kz � x0k2 � kz � x0k2 � kz � xnC1k2

nX

iD0

Œkz � xik2 � kz � xiC1k2�

�
X

fkz � xik2 � kz � xiC1k2 W i 2 Œ0; n� \ E2g
� Card.Œ0; n� \ E2/��2

0;

Card.Œ0; n� \ E2/ � 4M2
0.��2

0/�1:

Since the inequality above holds for any natural number n,

Card.E2/ � 4M2
0.��2

0/�1:

In view of the relation above, (10.129) and (10.183),

Card.E3/ � NNCard.E2/ � 4M2
0.��2

0/�1 NN � n0:

This completes the proof of Theorem 10.11. ut

10.9 Dynamic String-Averaging Methods
in Finite-Dimensional Spaces

We use the notation, definitions, and assumptions introduced in Sects. 10.1 and 10.7.
Suppose that the space X is finite-dimensional. We prove the following result.

Theorem 10.12. Let M0 > 0; � 2 .0; 1/,

B.0; M0/ \ C 6D ;; (10.192)

Then there exist a natural number n0 and �0 2 .0; �/ such that the following
assertion holds.

Assume that

� 2 Œ0; �0�; (10.193)

f.˝i; wi/g1
iD1 � M�; (10.194)
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satisfies for each natural number j,

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/; (10.195)

x0 2 B.0; M0/; (10.196)

fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/ (10.197)

satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; �/: (10.198)

Then

kxik � 3M0 for all integers i � 0;

fi.xn/ � � for all i 2 f1; : : : ; mg and all integers n � n0;

d.xn; C/ � � for all integers n � n0:

10.10 Proof of Theorem 10.12

Since the functions fi; i 2 f1; : : : ; mg are convex [50], there exists M1 > 0 such that

jfi.u/�fi.v/j � M1ku�vk for all u; v 2 B.0; 3M0C1/; i 2 f1; : : : ; mg: (10.199)

Choose a positive number

�1 < minf�; M�1
1 �g: (10.200)

By Lemma 10.10, there exists �2 2 .0; �/ such that the following property holds:
(P4) for each y 2 B.0; 3M0 C 1/ satisfying fi.y/ � �2, i 2 f1; : : : ; mg, the

inequality d.y; C/ � �1=2 holds.
Choose a positive number �0 such that

�0 < �1 and . NN C 1/�0.Nq C 1/ < �2: (10.201)

By (10.199) and Theorem 10.11 (with � D �0/, there exists a natural number n0

such that the following property holds:
(P5) let � 2 Œ0; �0�,

f.˝i; wi/g1
iD1 � M�;

for each natural number j, (10.195) hold,

x0 2 B.0; M0/;

fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/;
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for each natural number i (10.198) hold. Then

kxnk � 3M0 for all integers n � 0 (10.202)

and there exists an integer q 2 Œ0; n0� such that

fi.xq/ � �0.Nq. NN C 1/ C 1/; i 2 f1; : : : ; mg: (10.203)

Let

� 2 Œ0; �0�; f.˝i; wi/g1
iD1 � M�; (10.204)

for each natural number j, (10.195) holds, (10.196) is true,

fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/

and for each natural number i (10.198) holds. Property (P5), (10.196), (10.198),
and (10.204) imply that (10.202) holds and there exists an integer q 2 Œ0; n0� such
that (10.203) holds. It follows from (10.201) to (10.203) and (P4) that

d.xq; C/ � 2�1�1: (10.205)

In view of (10.205), there exists Qz 2 X such that

Qz 2 C; kxq � Qzk < �1: (10.206)

Proposition 10.1, Lemma 10.2, (10.119), (10.124), (10.198), (10.200), and (10.206)
imply that

kxn � Qzk � kxq � Qzk < �1 < �: (10.207)

By (10.200), (10.202), and (10.206),

kQzk � 3M0 C 1: (10.208)

In view of (10.124), (10.199), (10.200), (10.202), (10.206), and (10.208), for all
integers n � n0 and all i 2 f1; : : : ; mg,

fi.xn/ � fi.Qz/ C jfi.xn/ � fi.Qz/j
� M1kxn � Qzk < M1�1 < �:

Theorem 10.12 is proved. ut
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10.11 Problems in Finite-Dimensional Spaces
with Computational Errors

We use all the notation, definitions, and assumptions introduced in Sects. 10.7
and 10.9. In particular, we assume that the space X is finite-dimensional.

For each x 2 X, each � � 0, each N� � 0 and each i 2 f1; : : : ; mg set

Ai.x; N�; �/ WD fxg if fi.x/ � N� (10.209)

and if fi.x/ > N�, then set

Ai.x; N�; �/ D fx�fi.x/kgk�2g W g 2 @fi.x/CB.0; �/; g 6D 0gCB.0; �/: (10.210)

Let x 2 X and let t D .t1; : : : ; tp.t// be an index vector, � � 0, N� � 0. Define

A0.t; x; N�; �/ D f.y; �/ 2 X � R1 W there is a sequence fyigp.t/
iD0 � X such that

y0 D x; (10.211)

for each i D 1; : : : ; p.t/;

yi 2 Ati.yi�1; N�; �/; (10.212)

y D yp.t/; (10.213)

� D maxfkyi � yi�1k W i D 1; : : : ; p.t/gg: (10.214)

Let x 2 X, .˝; w/ 2 M, � � 0, N� � 0. Define

A.x; .˝; w/; N�; �/ D f.y; �/ 2 X � R1 W there exist

.yt; �t/ 2 A0.t; x; N�; �/; t 2 ˝ such that

ky �
X

t2˝

w.t/ytk � �; � D maxf�t W t 2 ˝gg: (10.215)

We prove the following result.

Theorem 10.13. Let M0 > 0; � 2 .0; 1/;

B.0; M0/ \ C 6D ;; (10.216)

fz 2 X W fi.z/ < 0g \ B.0; M0/ 6D ; for all i D 1; : : : ; m: (10.217)

Then there exist a natural number n0 and ı > 0 such that the following assertion
holds.
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Assume that

Qın 2 Œ0; ı�; n 2 N n f0g; (10.218)

f.˝i; wi/g1
iD1 � M�; (10.219)

satisfies for each natural number j,

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/; (10.220)

x0 2 B.0; M0/; (10.221)

fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/ (10.222)

and that for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; Qıi; ı/: (10.223)

Then

kxnk � 3M0 C 1 for all integers n D 0; : : : ; n0;

d.xn0 ; C/ � �;

fi.xn0 / � �; i 2 f1; : : : ; mg:

10.12 Proof of Theorem 10.13

In view of (10.217), for each i 2 f1; : : : ; mg, there exists

zi 2 B.0; M0/ (10.224)

such that

fi.zi/ < 0: (10.225)

Set

r D minf�fi.zi/ W i 2 f1; : : : ; mgg: (10.226)

By (10.225) and (10.226),

r > 0: (10.227)
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Since the functions fi; i D 1; : : : ; m are convex [50], there exists � > 0 such that

jfi.u/ � fi.v/j � �ku � vk for all u; v 2 B.0; 3M0 C 2/; i D 1; : : : ; m;

(10.228)

jfi.u/j � � for all u 2 B.0; 3M0 C 2/; i D 1; : : : ; m: (10.229)

By Theorem 10.12, there exist a natural number n0 and N�0 2 .0; �/ such that the
following property holds:

(P6) For each � 2 Œ0; Q��; each

f.˝i; wi/g1
iD1 � M�

satisfying (10.220) for all integers j � 1, each pair of sequences

fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/

which satisfy

x0 2 B.0; M0/; (10.230)

.xi; �i/ 2 A.xi�1; .˝i; wi/; �/ for all natural numbers i (10.231)

we have

kxnk � 3M0 for all integers n � 0; (10.232)

fi.xn/ � �=4 for all i 2 f1; : : : ; mg and all integers n � n0; (10.233)

d.xn; C/ � �=4 for all integers n � n0: (10.234)

By the choice of � (see (10.228)), for each u 2 B.0; 3M0 C1/, all i 2 f1; : : : ; mg,

@fi.u/ � B.0; �/: (10.235)

We show that the following property holds:
(P7) for each M � M0, each i 2 f1; : : : ; mg, each u 2 B.0; 3M C 1/ satisfying

fi.u/ > 0 and each g 2 X which satisfies

d.g; @fi.u// � r.4M C 1/�14�1;

we have

kgk > r.M C 1/�12�1:

Let

M � M0; u 2 B.0; 3M C 1/; i 2 f1; : : : ; mg; fi.u/ > 0 (10.236)
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and let g 2 X satisfy (10.235). Let

� 2 @fi.u/: (10.237)

By (10.224), (10.226), (10.236), and (10.237),

�r � fi.zi/ > fi.zi/ � fi.u/ � h�; zi � ui
� �k�kkzi � uk � �k�k.4M C 1/;

k�k � r.4M C 1/�1

and

@fi.u/ � f� 2 X W k�k � r.4M C 1/�1g:
Together with (10.235) this implies that

kgk > 2�1r.4M C 1/�1:

Thus (P7) holds.
Property (P7) implies that the following property holds:
(P8) let M � M0, i 2 f1; : : : ; mg, u 2 B.0; 3M C 1/ satisfy fi.u/ > 0, g 2 X

satisfy

d.g; @fi.u// � r.4M C 1/�14�1

and

u0 2 u � fi.u/kgk�2g C B.0; 1/:

Then

ku0k � 3M C 2 C 2.4M C 1/r�1fi.u/:

For each � � 0 denote by K� the set of all sequences fxng1
nD1 � X such that

kx0k � M0

and there exist f�ig1
iD1 � Œ0; 1/,

Q�n 2 Œ0; ��; n 2 N n f0g; (10.238)

f.˝i; wi/g1
iD1 � M�; (10.239)

satisfying (10.220) such that

.xi; �i/ 2 A.xi�1; .˝i; wi/; Q�i; �/ for all integers i � 1: (10.240)
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By induction we show that for all m D 0; : : : ; n0 the following assertion holds.
(A) For each � > 0 there exists ı > 0 such that, for each fxng1

nD0 2 Kı , there is
fyng1

nD0 2 K0 such that kyn � xnk � �; n D 0; : : : ; m:

Clearly, for m D 0 this assertion holds. Assume that assertion (A) holds for
m D q where q 2 Œ0; n0 � 1� is an integer. We show that (A) holds for m D q C 1.
Set

M1 D .M0 C 1/.1 C r�1/ (10.241)

and for each integer i � 1 set

MiC1 D 18.Mi C 1/.1 C r�1/.1 C supfjfs.h/j W
h 2 B.0; 3Mi C 1/; s D 1; : : : ; mg/: (10.242)

Since (A) holds for m D q, it follows from (P8) that there is �0 > 0 such that

�0 < 2�1 and �0 < 4�1r.4Mq C 1/�1 (10.243)

and that, for each fyng1
nD0 2 K�0 ,

kynk � 3M0 C 1=2; n D 0; : : : ; q: (10.244)

Assume that assertion (A) does not hold for m D q C 1. Then there exists � > 0

such that for each natural number j there is

fx.j/
n g1

nD0 2 K�0=j (10.245)

such that

maxfkyn � x.j/
n k W n D 0; : : : ; q C 1g > � for each fyng1

nD0 2 K0: (10.246)

By (10.245) and the choice of �0 (see (10.244)), for all natural numbers j,

kx.j/
n k � 3M0 C 1=2; n D 0; : : : ; q: (10.247)

By the definition of K� , � � 0, for each integer j � 1 there exist

f�.j/
i g1

iD1 � Œ0; 1/; (10.248)

Q�j;n 2 Œ0; �0=j�; n 2 N n f0g; (10.249)

f.˝.j/
i ; w.j/

i /g1
iD1 � M� (10.250)
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such that for each natural number s,

f1; : : : ; mg � [sC NN�1
iDs .[

t2˝
.j/
i

ft1; : : : ; tp.t/g/; (10.251)

.x.j/
i ; �

.j/
i / 2 A.x.j/

i�1; .˝
.j/
i ; w.j/

i /; Q�j;i; �0=j/ (10.252)

for all integers i � 1.
In view of (10.115) and (10.150), extracting a subsequence and re-indexing if

necessary, we may assume that

˝
.j/
i D ˝

.1/
i for all pairs of natural numbers i; j: (10.253)

Set

˝i D ˝
.1/
i for all natural numbers i: (10.254)

Let j be a natural number. By (10.215) and (10.252), for each natural number s there
exist

.y.j;s/
t ; �

.j;s/
t / 2 A0.t; x.j/

s�1; Q�j;s; �0=j/; t 2 ˝s (10.255)

such that

�.j/
s D maxf�.j;s/

t W t 2 ˝sg; (10.256)

kx.j/
s �

X

t2˝s

w.j/
s .t/y.j;s/

t k � �0=j: (10.257)

By (10.211)–(10.214) and (10.255), for each natural number s and each

t 2 ˝s; (10.258)

there exists finite a sequence

fy.j;s/
t;i gp.t/

iD0 � X (10.259)

such that

y.j;s/
t;0 D x.j/

s�1; (10.260)

for each i D 1; : : : ; p.t/;

y.j;s/
t;i 2 Ati.y

.j;s/
t;i�1; Q�j;s; �0=j/; (10.261)

y.j;s/
t D y.j;s/

t;p.t/; (10.262)

�
.j;s/
t D maxfky.j;s/

t;i � y.j;s/
t;i�1k W i D 1; : : : ; p.t/g: (10.263)
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By (10.209), (10.210), and (10.261), for each natural number s, each t D
.t1; : : : ; tp.t// 2 ˝s and each i 2 f1; : : : ; p.t/g, if

fti.y
.j;s/
t;i�1/ � Q�j;s; (10.264)

then

y.j;s/
t;i D y.j;s/

t;i�1I (10.265)

if

fti.y
.j;s/
t;i�1/ > Q�j;s;

then there exists

g.j;s/
t;i 2 @fti.y

.j;s/
t;i�1/ C B.0; �0=j/ n f0g (10.266)

such that

y.j;s/
t;i 2 y.j;s/

t;i�1 � fti.y
.j;s/
t;i�1/kg.j;s/

t;i k�2g.j;s/
t;i C B.0; �0=j/: (10.267)

For each natural number s, each t D .t1; : : : ; tp.t/ 2 ˝s and each i 2 f1; : : : ; p.t/g
satisfying (10.264) set

g.j;s/
t;i D 0: (10.268)

Let s be a natural number such that

s � q C 1 and t D .t1; : : : ; tp.t// 2 ˝s: (10.269)

By induction we show that for all i D 1; : : : ; p.t/,

ky.j;s/
t;i k � 3Mi C 1: (10.270)

In view of (10.247) and (10.260), (10.270) holds for i D 0.
Assume that an integer i 2 f1; : : : ; p.t/g satisfies

ky.j;s/
t;i�1k � 3Mi�1 C 1: (10.271)

If (10.264) is true, then by (10.242), (10.265), and (10.271),

ky.j;s/
t;i k D ky.j;s/

t;i�1k � 3Mi�1 C 1 � 3Mi C 1: (10.272)

Assume that

fti.y
.j;s/
t;i�1/ > Q�j;s: (10.273)
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By (10.273), there exists g.j;s/
t;i satisfying (10.266) such that y.j;s/

t;i satisfies (10.267).
It follows from (10.241), (10.242), (10.243), (10.267), (10.271), (10.273), and (P8)
that

ky.j;s/
t;i k � 3Mi�1 C 2 C 2.4Mi�1 C 1/r�1 supfjfti.	/j W

	 2 B.0; 3Mi�1 C 1/g � Mi:

Thus (10.270) holds for all i D 0; : : : ; p.t/. Hence

ky.j;s/
t;i k � 3Mi C 1 � 3Mq C 1 (10.274)

for all natural numbers j, each natural number s � qC1, each t D .t1; : : : ; tp.t// 2 ˝s

and all i D 0; : : : ; p.t/.
Since the functions fi; i D 1; : : : ; m are Lipschitz on bounded subsets of Rn it

follows from (10.214), (10.266), and (10.268) and property (P8) that there exists a
constant QM > 0 such that

kg.j;s/
t;i k � QM (10.275)

for all natural numbers j, each natural number s � qC1, each t D .t1; : : : ; tp.t// 2 ˝s

and all i D 1; : : : ; p.t/.
By (10.247), (10.274), and (10.275), extracting a subsequence and re-indexing, if

necessary, we may assume without any loss of generality that for any s 2 f0; : : : ; qg
there is

xs D lim
j!1 x.j/

s (10.276)

and that for every natural number s � q C 1 and every t D .t1; : : : ; tp.t// 2 ˝s there
exist

y.s/
t;i D lim

j!1 y.j;s/
t;i for all i D 0; : : : ; p.t/; (10.277)

g.s/
t;i D lim

j!1 g.j;s/
t;i ; i D 1; : : : ; p.t/; (10.278)

for all integers s � 1 and all t 2 ˝s there exists

ws.t/ D lim
j!1 w.j/

s .t/: (10.279)

For each natural number s � q C 1 and each t 2 ˝s set

y.s/
t D y.s/

t;p.t/: (10.280)
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In view of (10.112), (10.116), and (10.279), for each integer s � 1,
X

t2˝s

ws.t/ D 1; (10.281)

ws.t/ � �; t 2 ˝s; (10.282)

f.˝s; ws/ W s D 1; 2; : : : g � M�: (10.283)

By (10.245) and (10.276),

kx0k � M0: (10.284)

Assume that

s 2 f0; : : : ; qg: (10.285)

It follows from (10.257), (10.276), (10.278), (10.279), and (10.280) that

xs �
X

t2˝s

ws.t/y
.s/
t

D lim
j!1 x.j/

s �
X

t2˝s

lim
j!1 w.j/

s .t/ lim
j!1 y.j;s/

t;p.t/

D lim
j!1Œx.j/

s �
X

t2˝s

w.j/
s .t/y.j;s/

t � D 0 (10.286)

for all s 2 f0; : : : ; qg.
Let

s 2 f0; : : : ; q C 1g (10.287)

and

t D .t1; : : : ; tp.t// 2 ˝s: (10.288)

In view of (10.260) and (10.276), if

s � 1; (10.289)

then

xs�1 D lim
j!1 x.j/

s�1 D lim
j!1 y.j;s/

t;0 D y.s/
t;0 : (10.290)
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Let

i 2 f1; : : : ; p.t/g: (10.291)

There are two cases:

fti.y
.s/
t;i�1/ > 0I (10.292)

fti.y
.s/
ti�1

/ � 0: (10.293)

Assume that (10.292) holds. By (10.249), (10.266), (10.267), (10.277),
and (10.292), for all sufficiently large natural numbers j,

fti.y
.j;s/
t;i�1/ > 2�1fti.y

.s/
t;i�1/ > �0=j � Q�j;s (10.294)

and

ky.j;s/
t;i � y.j;s/

t;i�1 C fti.y
.j;s/
t;i�1/kg.j;s/

t;i k�2g.j;s/
t;i k � �0=j: (10.295)

By (10.266), (10.277), (10.278), and (10.294), for each u 2 X,

fti.u/ � fti.y
.s/
t;i�1/ D lim

j!1.fti.u/ � fti.y
.j;s/
t;i�1//

� lim
j!1hg.j;s/

t;i ; u � y.j;s/
t;i�1i � hg.s/

t;i ; u � y.s/
t;i�1i;

g.s/
t;i 2 @fti.y

.s/
t;i�1/: (10.296)

It follows from (10.266), (10.274), (10.277), (10.278), (10.293)–(10.295), and (P7)
that

y.s/
t;i D lim

j!1 y.j;s/
t;i

D lim
j!1Œy.j;s/

t;i�1 C fti.y
.j;s/
t;i�1/kg.j;s/

t;i k�2g.j;s/
t;i �

D y.s/
t;i�1 C kg.s/

t;i k�2g.s/
t;i fti.y

.s/
t;i�1/: (10.297)

Assume that (10.293) holds. There are two cases:

fti.y
.j;s/
t;i�1/ < Q�j;i�1 for infinitely many integers j � 1; (10.298)

fti.y
.j;s/
t;i�1/ < Q�j;i�1 only for finite numbers of integers j � 1: (10.299)

If (10.298) holds, then by (10.264), (10.265), and (10.277),

y.s/
t;i D lim

j!1 y.j;s/
t;i D lim

j!1 y.j;s/
t;i�1 D y.s/

t;i�1:
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Assume that (10.299) holds. Then there exists j0 2 N n f0g such that

fti.y
.j;s/
t;i�1/ � Q�j;i�1 for all integers j � j0: (10.300)

By (10.277), (10.293), and (10.300),

fti.y
.s/
t;i�1/ D 0: (10.301)

It follows from (10.267), (10.277), (10.300), and (10.301) that

y.s/
t;i D lim

j!1 y.j;s/
t;i

D lim
j!1Œy.j;s/

t;i�1 C kg.j;s/
t;i k�2g.j;s/

t;i fti.y
.j;s/
t;i�1/� D y.j;s/

t;i�1:

Thus

y.s/
t;i D y.s/

t;i�1 (10.302)

in both cases.
Set

xqC1 D
X

t2˝qC1

wqC1.t/y.qC1/
t : (10.303)

In view of (10.257), (10.262), (10.277), (10.279), (10.280), and (10.303),

xqC1 D lim
j!1 x.j/

qC1:

Clearly, there exist xs 2 X for all integers s > q C 1 such that fxig1
iD0 2 K0. For all

sufficiently large natural numbers j,

kx.j/
n � xnk < �=2; n D 0; : : : ; q C 1:

This contradicts (10.246). The contradiction we have reached proves that (A) holds
for m D q C 1. By induction we showed that (A) holds for m D n0.

Fix a positive number �1 such that

�1 � �=4; �1 � ��1�=4:

By (A) with m D n0 there is ı > 0 such that for each fxng1
nD0 2 Kı , there is

fyng1
nD0 2 K0 such that

kyn � xnk � �1; n D 0; : : : ; n0: (10.304)
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Let fxng1
nD0 2 Kı: By the choice of ı, there is

fyng1
nD0 2 K0 (10.305)

such that (10.304) hold. Property (P6) and (10.305) imply that

kynk � 3M0 for all integers n � 0; (10.306)

fi.yn/ � �=4 for all i 2 f1; : : : ; mg and all integers n � n0; (10.307)

d.xn; C/ � �=4 for all integers n � n0: (10.308)

In view of (10.304)–(10.308),

d.xn0 ; C/ � kxn0 � yn0k C d.yn0 ; C/ � �=2;

kxnk � 3M0 C 2�1; n D 0; : : : ; n0: (10.309)

By (10.228), (10.304), (10.306), (10.307), (10.309) and the inequalities

�1 � �=4; �1 � ��1�=4;

for all i 2 f1; : : : ; mg,

fi.xn0 / � fi.yn0 / C jfi.xn0 / � fi.yn0 /j � �=4 C �kxn0 � yn0k < �:

Theorem 10.13 is proved. ut

10.13 Extensions

Theorem 10.13 implies the following result.

Theorem 10.14. Let M0 > 0; � 2 .0; 1/;

B.0; M0/ \ C 6D ;;

fz 2 X W fi.z/ < 0g \ B.0; M0/ 6D ; for all i D 1; : : : ; m:

Let a natural number n0 and ı > 0 be as guaranteed by Theorem 10.13. Assume
that (10.218)–(10.223) hold and fxng1

iD1 � B.0; M0/. Then for all integers n � n0;

d.xn; C/ � �;

fi.xn/ � �; i 2 f1; : : : ; mg:

Theorem 10.14 easily implies the following result.
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Theorem 10.15. Let M0 > 0;

B.0; M0/ \ C 6D ;;

fz 2 X W fi.z/ < 0g \ B.0; M0/ 6D ; for all i D 1; : : : ; m;

fıng1
nD0 � .0; 1/, limn!1 ın D 0, � 2 .0; 1/. Then there exist a natural number n�

such that the following assertion holds.
Assume that

Qın 2 Œ0; ın�; n 2 N n f0g;
(10.219)–(10.222) hold,

fxig1
iD0 � B.0; M0/

for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; Qıi; ıi/:

Then for all integers n � n� ,

d.xn; C/ � �;

fi.xn/ � �; i 2 f1; : : : ; mg:

Theorem 10.16. Suppose that the set C is bounded, M0 > 0;

B.0; M0/ \ C 6D ;;

fz 2 X W fi.z/ < 0g \ B.0; M0/ 6D ; for all i D 1; : : : ; m;

M1 > 0; � 2 .0; 1/. Then there exist a natural number n0 and ı > 0 such that the
following assertion holds.

Assume that

Qın 2 Œ0; ı�; n 2 N n f0g; (10.310)

f.˝i; wi/g1
iD1 � M�; (10.311)

satisfies (10.220) for each natural number j,

x0 2 B.0; M1/; (10.312)

fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/ (10.313)

satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; Qıi; ı/: (10.314)
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Then for all integers n � n0;

d.xn; C/ � �;

fi.xn0 / � �; i 2 f1; : : : ; mg:

Proof. For each i 2 f1; : : : ; mg, there exists zi 2 X such that

zi 2 B.0; M0/; fi.zi/ < 0:

We may assume without loss of generality that

M1 > supfkzk W z 2 Cg C 4; (10.315)

M0 > 3M1 C 1: (10.316)

By Theorem 10.13, there exist a natural number n1 and �1 > 0 such that the
following assertion holds.

(i) for each

Qın 2 Œ0; �1�; n 2 N n f0g;

each

f.˝i; wi/g1
iD1 � M�;

satisfying (10.220) for each natural number j, each

x0 2 B.0; M1/;

each pair of sequences

fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/

satisfying for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; Qıi; �1/

we have

kxik � 3M1 C 1 for all integers i D 0; : : : ; n1;

d.xn1 ; C/ � �:

By Theorem 10.14, there exist a natural number n0 and ı 2 .0; �1/ such that the
following property hold:
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(ii) for each

Qın 2 Œ0; ı�; n 2 N n f0g;

each

f.˝i; wi/g1
iD1 � M�

satisfying (10.220) for each natural number j and (10.221)–(10.223), and each

fxng1
nD0 � B.0; M0/;

for all integers n � n0 we have

d.xn; C/ � �;

fi.xn/ � �; i 2 f1; : : : ; mg:

Assume that (10.310) and (10.311) hold, for all integers j � 1 (10.220) is true
and that (10.312), (10.313) hold. By (i) and (10.315), (10.314) is true for all integers
i � 1,

kxnn1k � M1; n 2 N ; kxnk � 3M1 C 1; n 2 N : (10.317)

In view of property (ii), (10.316), and (10.317), for all integers n � n0,

d.xn; C/ � �;

fi.xn/ � �; i 2 f1; : : : ; mg:

This completes the proof of Theorem 10.16. ut
Theorem 10.16 implies the following result.

Theorem 10.17. Let M0 > 0; the set C be bounded,

fz 2 X W fi.z/ < 0g 6D ; for all i D 1; : : : ; m:

Then there exists ı > 0 such that the following assertion holds.
Assume that

fıng1
nD0 � .0; ı/; lim

n!1 ın D 0; � > 0:

Then there exists a natural number n� such that for each Qın 2 Œ0; ın�, n 2 N n f0g,
each

f.˝i; wi/g1
iD1 � M�
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satisfying (10.220) for each natural number j, each

x0 2 B.0; M0/;

each fxig1
iD1 � X, each f�ig1

iD1 � Œ0; 1/ satisfying for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; Qıi; ıi/;

the inequalities

d.xn; C/ � �;

fi.xn/ � �; i 2 f1; : : : ; mg

hold for all integers n � n�:
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