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Preface

The book is devoted to the study of approximate solutions of common fixed point
problems and convex feasibility problems in the presence of computational errors.
A convex feasibility problem seeks to find a point which belongs to the inter-
section of a given finite family of subsets of a Hilbert space. This problem is
a special case of a common fixed point problem which examines how to find a
common fixed point of a finite family of self-mappings of a Hilbert space. The
study of these problems has recently become a rapidly growing area of research.
This is not only due to theoretical achievements in this area but also because of
numerous applications to engineering and, in particular, to computed tomography
and radiation therapy planning.

We present a number of results on the convergence behavior of algorithms,
which are known as important tools for solving convex feasibility problems and
common fixed point problems. According to the results known in the literature, these
algorithms should converge to a solution. In this book, we study these algorithms
taking into account computational errors which always present in practice. In this
case, the convergence to a solution does not take place.

Moreover, we show that our algorithms generate a good approximate solution, if
computational errors are bounded from above by a small positive constant. Clearly,
in practice, it is sufficient to find a good approximate solution instead of constructing
a minimizing sequence. On the other hand, practice, computations induce numerical
errors, and if one uses methods in order to solve minimization problems, these
methods usually provide only approximate solutions of the problems. Our main goal
is, for a known computational error, to find out what an approximate solution can be
obtained and how many iterates one needs for this.

The monograph contains twelve chapters. Chapter 1 is an introduction. In
Chap. 2, we study dynamic string-averaging methods for common fixed point
problems in a Hilbert space. Its results are a generalization of the results for the
convex feasibility problems obtained in our recent paper in the journal Journal
of Nonlinear and Convex Analysis. In Chap. 3, using iterative methods, we study
common fixed point problems in metric spaces. In Chap. 4, approximate solutions
of these problems are obtained by dynamic string-averaging methods in normed
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spaces. Dynamic string methods, for common fixed point problems in a metric
space, are introduced and studied in Chap. 5. Common fixed point problems, in the
spaces with distances of the Bregman type, are analyzed in Chap. 6. The results
of Chaps. 3–6 are new. Chapter 7 is devoted to the study of the convergence of an
abstract version of the algorithm which is called in the literature as component-
averaged row projections or CARP. In Chap. 8, which is based on our recent paper
published in the journal Nonlinear Analysis, we study a proximal algorithm for
finding a common zero of a family of maximal monotone operators. In Chap. 9, we
extend the results of Chap. 8 for a dynamic string-averaging version of the proximal
algorithm. The results of Chaps. 7 and 9 are new. In Chaps. 10–12, subgradient
projection algorithms for convex feasibility problems are studied for finite and
infinite Hilbert spaces. The results of these chapters concerning iterative methods
were obtained in our recent papers published in the Journal on Optimization Theory
and Applications and in the Journal of Approximation Theory, while the results on
their dynamic string-averaging versions are new.

Rishon LeZion, Israel Alexander J. Zaslavski
November 16, 2015
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Chapter 1
Introduction

In this book we study approximate solutions of common fixed point problems and
of convex feasibility problems in the presence of computational errors. A convex
feasibility problem is to find a point which belongs to the intersection of a given
finite family of subsets of a Hilbert space. This problem is a special case of a
common fixed point problem which is to find a common fixed point of a finite
family of nonlinear mappings in a Hilbert space. Our goal is to obtain a good
approximate solution of the problem in the presence of computational errors. We
show that the algorithm generates a good approximate solution, if the sequence of
computational errors is bounded from above by a constant. In this section we discuss
several algorithms which are studied in the book.

1.1 Common Fixed Point Problems in a Hilbert Space

In Chap. 2 we study the convergence of dynamic string-averaging methods which
were introduced for solving a convex feasibility problem, when a given collection
of sets is divided into blocks and the algorithms operate in such a manner that all
the blocks are processed in parallel. Iterative methods for solving common fixed
point problems is a special case of dynamic string-averaging methods with only one
block. Iterative methods and dynamic string-averaging methods are important tools
for solving common fixed point problems in a Hilbert space [1, 3, 5–7, 10, 12, 13,
15, 16, 22, 23, 26, 27, 30–35, 37–41, 43, 45–49, 52–54, 67, 74, 75, 84, 85, 89, 95].

Let .X; h�; �i/ be a Hilbert space with an inner product h�; �i which induces a
complete norm k � k.

For each x 2 X and each nonempty set E � X put

d.x; E/ D inffkx � yk W y 2 Eg:

© Springer International Publishing Switzerland 2016
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2 1 Introduction

For every point x 2 X and every positive number r > 0 set

B.x; r/ D fy 2 X W kx � yk � rg:
Suppose that m is a natural number, Nc 2 .0; 1/, Pi W X ! X, i D 1; : : : ; m, for

every integer i 2 f1; : : : ; mg,

Fix.Pi/ WD fz 2 X W Pi.z/ D zg 6D ;

and that the inequality

kz � xk2 � kz � Pi.x/k2 C Nckx � Pi.x/k2

holds for every integer i 2 f1; : : : ; mg, every point x 2 X, and every point z 2
Fix.Pi/. Set

F D \m
iD1Fix.Pi/:

For every positive number � and every integer i 2 f1; : : : ; mg set

F�.Pi/ D fx 2 X W kx � Pi.x/k � �g;
QF�.Pi/ D F�.Pi/ C B.0; �/;

F� D \m
iD1F�.Pi/

and

QF� D \m
iD1

QF�.Pi/

A point belonging to the set F is a solution of our common fixed point problem
while a point which belongs to the set QF� is its �-approximate solution.

In Chap. 2 we obtain a good approximative solution of the common fixed point
problem applying a dynamic string-averaging method with variable strings and
weights which is described below.

By an index vector, we a mean a vector t D .t1; : : : ; tp/ such that ti 2 f1; : : : ; mg
for all i D 1; : : : ; p.

For an index vector t D .t1; : : : ; tq/ set

p.t/ D q; PŒt� D Ptq � � � Pt1 :

It is not difficult to see that for each index vector t

PŒt�.x/ D x for all x 2 F;

kPŒt�.x/ � PŒt�.y/k D kx � PŒt�.y/k � kx � yk
for every point x 2 F and every point y 2 X.
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Denote by M the collection of all pairs .˝; w/, where ˝ is a finite set of index
vectors and

w W ˝ ! .0; 1/ satisfies
X

t2˝

w.t/ D 1:

Let .˝; w/ 2 M. Define

P˝;w.x/ D
X

t2˝

w.t/PŒt�.x/; x 2 X:

It is easy to see that

P˝;w.x/ D x for all x 2 F;

kP˝;w.x/ � P˝;w.y/k D kx � P˝;w.y/k � kx � yk

for every point x 2 F and every point y 2 X.
The dynamic string-averaging method with variable strings and variable weights

can now be described by the following algorithm.
Initialization: select an arbitrary point x0 2 X.
Iterative step: given a current iteration vector xk pick a pair

.˝kC1; wkC1/ 2 M

and calculate the next iteration vector xkC1 by

xkC1 D P˝kC1;wkC1
.xk/:

Fix a number

� 2 .0; m�1�

and an integer

Nq � m:

Denote by M� the set of all .˝; w/ 2 M such that

p.t/ � Nq for all t 2 ˝;

w.t/ � � for all t 2 ˝:

Fix a natural number NN.
In the studies of the common fixed point problem the goal is to find a point x 2 F.

In order to meet this goal we apply an algorithm generated by

f.˝i; wi/g1
iD1 � M�



4 1 Introduction

such that for each natural number j,

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/:

This algorithm generates, for any starting point x0 2 X, a sequence fxkg1
kD0 � X,

where

xkC1 D P˝kC1;wkC1
.xk/:

According to the results known in the literature, this sequence should converge
to an element of F. In Chap. 2, we study the behavior of the sequences generated
by f.˝i; wi/g1

iD1 taking into account computational errors which always present in
practice. These computational errors are bounded from above by a small constant
depending only on our computer system which is denoted by ı. This computational
error ı presents in all calculations which we do using our computer system. For
example, if x 2 X and i 2 f1; : : : ; mg and we need to calculate Pi.x/, then using our
computer system we obtain a point y 2 X satisfying

ky � Pi.x/k � ı:

If k is a natural number, yi 2 X, i D 1; : : : ; k, ˛i > 0, i D 1; : : : ; k satisfyingPk
iD1 ˛i D 1 and if need to calculate

Pk
iD1 ˛iyi, then by using our computer system

we obtain a point y 2 X satisfying

ky �
kX

iD1

˛iyik � ı:

Surely, in this situation one cannot expect that the sequence of iterates generated by
our algorithm converges to the set F. Our goal is to understand what approximate
solutions of the common fixed point problem can be obtained.

In Chap. 2 we prove Theorem 2.1, which shows that in the presence of computa-
tional errors bounded from above by a constant ı, an �-approximate solution can be
obtained after n NN iterations of the algorithm. Note that � D c1ı1=2 and n D bc2ı�1c,
where c1 and c2 are positive constants which do not depend on ı and buc denotes
the integer part of u.

1.2 Proximal Point Algorithm

Proximal point method is an important tool in solving optimization problems
[4, 42, 44, 56, 59, 61, 68, 69, 78, 88]. It is also used for solving variational inequalities
with monotone operators [2, 8, 11, 17–21, 25, 57, 60, 62–64, 79, 82, 83, 91, 92]
which is an important topic of nonlinear analysis and optimization [9, 14, 28, 29,
36, 51, 55, 58, 65, 66, 80, 81, 86, 87, 90]. In Chap. 8 we study the convergence of
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an iterative proximal point method to a common zero of a finite family of maximal
monotone operators in a Hilbert space, under the presence of computational errors.
Most results known in the literature establish the convergence of proximal point
methods, when computational errors are summable. In Chap. 8, the convergence
of the method is proved for nonsummable computational errors. We show that the
proximal point method generates a good approximate solution, if the sequence of
computational errors is bounded from above by a constant. Moreover, for a known
computational error, we find out what an approximate solution can be obtained and
how many iterates one needs for this.

Let .X; h�; �i/ be a Hilbert space equipped with an inner product h�; �i which
induces the norm k � k.

A multifunction T W X ! 2X is called a monotone operator if and only if

hz � z0; w � w0i � 0 8z; z0; w; w0 2 X

such that w 2 T.z/ and w0 2 T.z0/:

It is called maximal monotone if, in addition, the graph

f.z; w/ 2 X � X W w 2 T.z/g

is not properly contained in the graph of any other monotone operator T 0 W X ! 2X .
A fundamental problem consists in determining an element z such that 0 2 T.z/. For
example, if T is the subdifferential @f of a lower semicontinuous convex function
f W X ! .�1; 1�, which is not identically infinity, then T is maximal monotone
(see [71, 73]), and the relation 0 2 T.z/ means that z is a minimizer of f .

Let T W X ! 2X be a maximal monotone operator. The proximal point algorithm
generates, for any given sequence of positive real numbers and any starting point
in the space, a sequence of points and the goal is to show the convergence of this
sequence. Note that in a general infinite-dimensional Hilbert space this convergence
is usually weak. The proximal algorithm for solving the inclusion 0 2 T.z/ is based
on the fact established by Minty [70], who showed that, for each z 2 X and each
c > 0, there is a unique u 2 X such that

z 2 .I C cT/.u/;

where I W X ! X is the identity operator (Ix D x for all x 2 X).
The operator

Pc;T WD .I C cT/�1

is therefore single-valued from all of X onto X (where c is any positive number). It
is also nonexpansive:

kPc;T.z/ � Pc;T.z0/k � kz � z0k for all z; z0 2 X
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and

Pc;T.z/ D z if and only if 0 2 T.z/:

Following the terminology of Moreau [73] Pc;T is called the proximal mapping
associated with cT .

The proximal point algorithm generates, for any given sequence fckg1
kD0 of

positive real numbers and any starting point z0 2 X, a sequence fzkg1
kD0 � X, where

zkC1 WD Pck ;T.zk/; k D 0; 1; : : :

It is not difficult to see that the

graph.T/ WD f.x; w/ 2 X � X W w 2 T.x/g

is closed in the norm topology of X � X.
Set

F.T/ D fz 2 X W 0 2 T.z/g:

Usually algorithms considering in the literature generate sequences which
converge weakly to an element of F.T/. In Chap. 8, for a given � > 0, we are
interested to find a point x for which there is y 2 T.x/ such that kyk � �. This point
x is considered as an �-approximate solution.

For every point x 2 X and every nonempty set A � X define

d.x; A/ WD inffkx � yk W y 2 Ag:

For every point x 2 X and every positive number r put

B.x; r/ D fy 2 X W kx � yk � rg:

We denote by Card.A/ the cardinality of the set A.
We apply the proximal point algorithm in order to obtain a good approximation

of a point which is a common zero of a finite family of maximal monotone operators
and a common fixed point of a finite family of quasi-nonexpansive operators.

Let L1 be a finite set of maximal monotone operators T W X ! 2X and L2 be a
finite set of mappings T W X ! X. We suppose that the set L1 [ L2 is nonempty.
(Note that one of the sets L1 or L2 may be empty.)

Let Nc 2 .0; 1� and let Nc D 1, if L2 D ;.
We suppose that

F.T/ 6D ; for any T 2 L1
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and that for every mapping T 2 L2,

Fix.T/ WD fz 2 X W T.z/ D zg 6D ;;

kz � xk2 � kz � T.x/k2 C Nckx � T.x/k2

for all x 2 X and all z 2 Fix.T/:

Let N� > 0 and let N� D 1 and N��1 D 0, if L1 D ;. Let a natural number

l � Card.L1 [ L2/:

Denote by R the set of all mappings

S W f0; 1; 2; : : : g ! L2 [ fPc;T W T 2 L1; c 2 Œ N�; 1/g
such that the following properties hold:

(P1) for every nonnegative integer p and every mapping T 2 L2 there exists an
integer i 2 fp; : : : ; p C l � 1g satisfying S.i/ D T;

(P2) for every nonnegative integer p and every monotone operator T 2 L1 there
exist an integer i 2 fp; : : : ; pCl�1g and a number c � N� satisfying that S.i/ D Pc;T .

Suppose that

F WD .\T2L1F.T// \ .\Q2L2Fix.Q// 6D ;:

Let � > 0. For every monotone operator T 2 L1 define

F�.T/ D fx 2 X W T.x/ \ B.0; �/ 6D ;g

and for every mapping T 2 L2 set

Fix�.T/ D fx 2 X W kT.x/ � xk � �g:

Define

F� D .\T2L1F�.T// \ .\Q2L2Fix�.Q//;

QF� D .\T2L1fx 2 X W d.x; F�.T// � �g/
\.\Q2L2fx 2 X W d.x; Fix�.Q// � �g/:

We are interested to find solutions of the inclusion x 2 F. In order to meet
this goal we apply algorithms generated by mappings S 2 R. More precisely,
we associate with every mapping S 2 R the algorithm which generates, for every
starting point x0 2 X, a sequence of points fxkg1

kD0 � X such that

xkC1 WD ŒS.k/�.xk/; k D 0; 1; : : : :
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According to the results known in the literature, this sequence should converge
weakly to a point of the set F. In Chap. 8, we study the behavior of the sequences
generated by mappings S 2 R taking into account computational errors which
are always present in practice. Namely, in practice the algorithm associate with
a mapping S 2 R generates a sequence of points fxkg1

kD0 such that for every
nonnegative integer k the inequality

kxkC1 � ŒS.k/�.xk/k � ı

holds with a positive constant ı which depends only on our computer system.
Surely, in this situation one cannot expect that the sequence fxkg1

kD0 converges to
the set F. Our goal is to understand what subset of X attracts all sequences fxkg1

kD0

generated by algorithms associated with mappings S 2 R. The main result of
Chap. 8 (Theorem 8.1) shows that this subset of X is the set QF� with some � > 0

depending on ı.
In this result ı is the computational error made by our computer system, we

obtain a point of the set QF� and in order to obtain this point we need n0l iterations.
Note that � D c1ı1=2 and n0 D bc2ı�1c, where c1 and c2 are positive constants
which do not depend on ı.

1.3 Subgradient Projection Algorithms

In Chap. 10 we use subgradient projection algorithms for solving convex feasibility
problems. We show that almost all iterates, generated by a subgradient projection
algorithm in a Hilbert space, are approximate solutions. Moreover, we obtain an
estimate of the number of iterates which are not approximate solutions. In a finite-
dimensional case, we study the behavior of the subgradient projection algorithm in
the presence of computational errors. Provided computational errors are bounded,
we prove that our subgradient projection algorithm generates a good approximate
solution after a certain number of iterates.

Let .X; h�; �i/ be a Hilbert space with an inner product h�; �i, which induces a
complete norm k � k. For each x 2 X and each nonempty set A � X put

d.x; A/ WD inffkx � yk W y 2 Ag:
For each x 2 X and each r > 0 set

B.x; r/ D fy 2 X W kx � yk � rg:
It is well known (see Fact 1.5 and Lemma 2.4 of [7]) that for each nonempty,

closed, and convex subset C of X and for each x 2 X, there is a unique point PC.x/ 2
C satisfying

kx � PC.x/k D d.x; C/:
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Let f W X ! R1 be a continuous and convex function such that

fx 2 X W f .x/ � 0g 6D ;:

Let y0 2 X. Then the set

@f .y0/ WD fl 2 X W f .y/ � f .y0/ � hl; y � y0i for all y 2 Xg

is the subdifferential of f at the point y0 [72, 77]. It is not difficult to see that for any
l 2 @f .y0/,

fx 2 X W f .x/ � 0g � fx 2 X W f .y0/ C hl; x � y0i � 0g:

It is well known that the following lemma holds (see Lemma 7.3 of [7]).

Lemma 1.1. Let y0 2 X, f .y0/ > 0, l 2 @f .y0/ and let

D WD fx 2 X W f .y0/ C hl; x � y0i � 0g:

Then l 6D 0 and PD.y0/ D y0 � f .y0/klk�2l.

Denote by N the set of all nonnegative integers. Let m be a natural number,
I D f1; : : : ; mg and fi W X ! R1, i 2 I, be convex and continuous functions. For
each i 2 I set

Ci WD fx 2 X W fi.x/ � 0g;
C WD \i2ICi D \i2Ifx 2 X W fi.x/ � 0g:

Suppose that

C 6D ;:

A point x 2 C is called a solution of our feasibility problem. For a given � > 0,
a point x 2 X is called an �-approximate solution of the feasibility problem if
fi.x/ � � for all i 2 I. We apply the subgradient projection method in order to obtain
a good approximative solution of the feasibility problem.

Consider a natural number Np � m. Denote by S the set of all mappings S W N ! I

such that the following property holds:
(P1) For each integer N 2 N and each i 2 I, there is n 2 fN; : : : ; N C Np � 1g

such that S.n/ D i.
We want to find approximate solutions of the inclusion x 2 C. In order to meet

this goal we apply algorithms generated by S 2 S.
For each x 2 X, each number � � 0 and each i 2 I set

Ai.x; �/ WD fxg if fi.x/ � �
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and

Ai.x; �/ WD x � fi.x/fklk�2l W l 2 @fi.x/g if fi.x/ > �:

We associate with any S 2 S the algorithm which generates, for any starting point
x0 2 X, a sequence fxng1

nD0 � X such that, for each integer n � 0,

xnC1 2 AS.n/.xn; 0/:

It is not difficult to see that the sequence fxng1
nD0 is well defined, and that for each

integer n � 0, if fS.n/.xn/ > 0, then xnC1 D PDn.xn/; where

Dn D fx 2 X W f .xn/ C hln; x � xni � 0g and ln 2 @fS.n/.xn/:

In Chap. 10 we prove the following result which shows that, for the subgradient
projection method considered in the chapter, almost all iterates are good approxi-
mate solutions. Denote by Card.A/ the cardinality of the set A.

Theorem 1.2. Let

b > 0; � 2 .0; 1�; � > 0; � 2 Œ0; ��;

c 2 B.0; b/ \ C;

jfi.u/ � fi.v/j � �ku � vk; u; v 2 B.0; 3b C 1/; i 2 I;

let a positive number �0 satisfy

�0 � ���1

and let a natural number n0 satisfy

4Np��2
0 b2 � n0:

Assume that

S 2 S; x0 2 B.0; b/;

and that for each integer n � 0,

xnC1 2 AS.n/.xn; �/:

Then

kxnk � 3b for all integers n � 0



1.3 Subgradient Projection Algorithms 11

and

Card.fN 2 N W maxfkxnC1 � xnk W n D N; : : : ; N C Np � 1g > �0g/ � n0:

Moreover, if an integer N � 0 satisfies

kxnC1 � xnk � �0; n D N; : : : ; N C Np � 1;

then, for all integers n; m 2 fN; : : : ; N C Npg, kxn � xmk � Np�0 and for all integers
n D N; : : : ; N C Np and each i 2 I, fi.xn/ � �.Np C 1/.



Chapter 2
Dynamic String-Averaging Methods
in Hilbert Spaces

In this chapter we study the convergence of dynamic string-averaging methods
for solving common fixed point problems in a Hilbert space. Our main goal is to
obtain an approximate solution of the problem in the presence of computational
errors. We show that our dynamic string-averaging algorithm generates a good
approximate solution, if the sequence of computational errors is bounded from
above by a constant. Moreover, for a known computational error, we find out what
an approximate solution can be obtained and how many iterates one needs for this.

2.1 Preliminaries and the Main Result

Let .X; h�; �i/ be a Hilbert space with an inner product h�; �i which induces a complete
norm k � k.

For each x 2 X and each nonempty set E � X put

d.x; E/ D inffkx � yk W y 2 Eg:
For every point x 2 X and every positive number r > 0 set

B.x; r/ D fy 2 X W kx � yk � rg:
Suppose that m is a natural number, Nc 2 .0; 1/, Pi W X ! X, i D 1; : : : ; m, for

every integer i 2 f1; : : : ; mg,

Fix.Pi/ WD fz 2 X W Pi.z/ D zg 6D ; (2.1)

and that the inequality

kz � xk2 � kz � Pi.x/k2 C Nckx � Pi.x/k2 (2.2)

© Springer International Publishing Switzerland 2016
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holds for every integer i 2 f1; : : : ; mg, every point x 2 X and every point z 2 Fix.Pi/.
Set

F D \m
iD1Fix.Pi/: (2.3)

For every positive number � and every integer i 2 f1; : : : ; mg set

F�.Pi/ D fx 2 X W kx � Pi.x/k � �g; (2.4)

QF�.Pi/ D F�.Pi/ C B.0; �/; (2.5)

F� D \m
iD1F�.Pi/ (2.6)

and

QF� D \m
iD1

QF�.Pi/ (2.7)

A point belonging to the set F is a solution of our common fixed point problem
while a point which belongs to the set QF� is its �-approximate solution.

We apply a dynamic string-averaging method with variable strings and weights in
order to obtain a good approximative solution of the common fixed point problem.

Next we describe the dynamic string-averaging method with variable strings and
weights.

By an index vector, we mean a vector t D .t1; : : : ; tp/ such that ti 2 f1; : : : ; mg
for all i D 1; : : : ; p.

For an index vector t D .t1; : : : ; tq/ set

p.t/ D q; PŒt� D Ptq � � � Pt1 : (2.8)

It is not difficult to see that for each index vector t

PŒt�.x/ D x for all x 2 F; (2.9)

kPŒt�.x/ � PŒt�.y/k D kx � PŒt�.y/k � kx � yk (2.10)

for every point x 2 F and every point y 2 X.
Denote by M the collection of all pairs .˝; w/, where ˝ is a finite set of index

vectors and

w W ˝ ! .0; 1/ satisfies
X

t2˝

w.t/ D 1: (2.11)

Let .˝; w/ 2 M. Define

P˝;w.x/ D
X

t2˝

w.t/PŒt�.x/; x 2 X: (2.12)
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It is easy to see that

P˝;w.x/ D x for all x 2 F; (2.13)

kP˝;w.x/ � P˝;w.y/k D kx � P˝;w.y/k � kx � yk (2.14)

for every point x 2 F and every point y 2 X:

The dynamic string-averaging method with variable strings and variable weights
can now be described by the following algorithm.

Initialization: select an arbitrary point x0 2 X.
Iterative step: given a current iteration vector xk pick a pair

.˝kC1; wkC1/ 2 M

and calculate the next iteration vector xkC1 by

xkC1 D P˝kC1;wkC1
.xk/:

Fix a number

� 2 .0; m�1� (2.15)

and an integer

Nq � m: (2.16)

Denote by M� the set of all .˝; w/ 2 M such that

p.t/ � Nq for all t 2 ˝; (2.17)

w.t/ � � for all t 2 ˝: (2.18)

Fix a natural number NN.
In the studies of the common fixed point problem the goal is to find a point x 2 F.

In order to meet this goal we apply an algorithm generated by

f.˝i; wi/g1
iD1 � M�

such that for each natural number j,

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/:

This algorithm generates, for any starting point x0 2 X, a sequence fxkg1
kD0 � X,

where

xkC1 D P˝kC1;wkC1
.xk/:
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According to the results known in the literature, this sequence should converge
to an element of F. In this chapter, we study the behavior of the sequences generated
by f.˝i; wi/g1

iD1 taking into account computational errors which always present in
practice. These computational errors are bounded from above by a small constant
depending only on our computer system which is denoted by ı. This computational
error ı presents in all calculations which we do using our computer system. For
example, if x 2 X and i 2 f1; : : : ; mg and we need to calculate Pi.x/, then using our
computer system we obtain a point y 2 X satisfying

ky � Pi.x/k � ı:

If k is a natural number, yi 2 X, i D 1; : : : ; k, ˛i > 0, i D 1; : : : ; k satisfyingPk
iD1 ˛i D 1 and if need to calculate

Pk
iD1 ˛iyi, then by using our computer system

we obtain a point y 2 X satisfying

ky �
kX

iD1

˛iyik � ı:

Surely, in this situation one cannot expect that the sequence of iterates generated by
our algorithm converges to the set F. Our goal is to understand what approximate
solutions of the common fixed point problem can be obtained.

We prove the following result (Theorem 2.1), which shows that in the presence
of computational errors bounded from above by a constant ı, an �1-approximate
solution can be obtained after .n0 � 1/ NN iterations of the algorithm, where �1 and n0

are constants depending on ı (see (2.23) and (2.24)).
In order to state Theorem 2.1 we need the following definitions.
Let ı � 0, x 2 X and let t D .t1; : : : ; tp.t// be an index vector. Define

A0.x; t; ı/ D f.y; �/ 2 X � R1 W there is a sequence fyigp.t/
iD0 � X such that

y0 D x and for all i D 1; : : : ; p.t/;

kyi � Pti.yi�1/k � ı;

y D yp.t/;

� D maxfkyi � yi�1k W i D 1; : : : ; p.t/gg: (2.19)

Let ı � 0, x 2 X and let .˝; w/ 2 M. Define

A.x; .˝; w/; ı/ D f.y; �/ 2 X � R1 W there exist

.yt; �t/ 2 A0.x; t; ı/; t 2 ˝ such that

ky �
X

t2˝

w.t/ytk � ı; � D maxf�t W t 2 ˝gg: (2.20)

Denote by Card.A/ the cardinality of a set A. Suppose that the sum over empty
set is zero.
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Theorem 2.1. Let M > 0 satisfy

B.0; M/ \ F 6D ;; (2.21)

ı > 0 satisfy

ı � .2Nq NN/�1; (2.22)

a natural number n0 satisfy

n0 � 1 C 4M2ı�1.Nq C 1/�1.2M C 4/�1.4 NN/�1 (2.23)

and let

�1 D Nc�1=2.Nq C 1/. NN C 2/.64��1ı.Nq C 1/.2M C 4/4 NN/1=2: (2.24)

Assume that

f.˝i; wi/g1
iD1 � M�

satisfies for each natural number j

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/; (2.25)

x0 2 B.0; M/ and fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/ (2.26)

satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; ı/: (2.27)

Then there exists an integer q 2 Œ0; n0 � 1� such that

kxik � 3M C 1; i D 0; : : : ; q NN; (2.28)

�i � .64��1ı.Nq C 1/.2M C 4/4 NN Nc�1/1=2; (2.29)

i D q NN C 1; : : : ; .q C 1/ NN:

Moreover, if an integer q 2 Œ0; n0 � 1� satisfies (2.29), then for each i D q NN; : : : ;

.q C 1/ NN;

xi 2 QF�1

and

kxi � xjk � .Nq C 1/ NN.64��1ı.Nq C 1/.2M C 4/4 NN Nc�1/1=2 (2.30)

for each i; j 2 fq NN; : : : ; .q C 1/ NNg.
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Theorem 2.1 is proved in Sect. 2.2. It provides the estimations for the constants
�1 and n0, which follow from (2.23) and (2.24). Note that �1 D c1ı1=2 and n0 D
bc2ı�1cC1, where c1 and c2 are positive constants depending on M and buc denotes
the integer part of u.

Let ı > 0 satisfy (2.22) and a natural number n0 satisfy (2.23). Assume that we
apply an algorithm associated with

f.˝i; wi/g1
iD1 � M�

which satisfies (2.25) for each natural number j, under the presence of computational
errors bounded from above by a constant ı and that our goal is to find an �1-
approximate solution with �1 defined by (2.24). Theorem 2.1 also answers an
important question: how we can find an iteration number k for which xk is an �1-
approximate solution of the common fixed point problem. By Theorem 2.1 we need
just to find the smallest integer q 2 Œ0; : : : ; n0 � 1� satisfying (2.29).

Note that Theorem 2.1 is a generalization of the main result of [98] obtained for
the convex feasibility problem.

2.2 Proof of Theorem 2.1

By (2.21) there exists a point

z 2 B.0; M/ \ F: (2.31)

Fix a positive number

�0 D .64��1ı.Nq C 1/.2M C 4/4 NN Nc�1/1=2: (2.32)

Assume that a nonnegative integer s satisfies for each integer k 2 Œ0; s�,

maxf�i W i D k NN C 1; : : : ; .k C 1/ NNg > �0: (2.33)

By (2.26) and (2.31),

kx0 � zk � 2M: (2.34)

Assume that an integer k 2 Œ0; s� satisfies

kxk NN � zk � 2M: (2.35)

We prove the following auxiliary result.

Lemma 2.2. Assume that an integer

i 2 Œ0; NN � 1� (2.36)
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satisfies

kxk NNCi � zk � 2M C iı.Nq C 1/: (2.37)

Then

kxk NNCiC1 � zk � ı.Nq C 1/ C kxk NNCi � zk (2.38)

and

kxk NNCiC1 � zk2 � kxk NNCi � zk2 C ı.Nq C 1/.4M C 3/: (2.39)

If �k NNCiC1 > �0, then

kxk NNCiC1 � zk2 � kxk NNCi � zk2 � �32�1��2
0 Nc: (2.40)

Proof. In view of (2.37),

.xk NNCiC1; �k NNCiC1/ 2 A.xk NNCi; .˝k NNCiC1; wk NNCiC1/; ı/: (2.41)

By (2.20) and (2.41) there exists vectors

.yt; ˛t/ 2 A0.xk NNCi; t; ı/; t 2 ˝k NNCiC1 (2.42)

such that

kxk NNCiC1 �
X

t2˝k NNCiC1

wk NNCiC1.t/ytk � ı; (2.43)

�k NNCiC1 D maxf˛t W t 2 ˝k NNCiC1g: (2.44)

It follows from (2.19) and (2.42) that for each index vector t D .t1; : : : ; tp.t// 2
˝k NNCiC1 there exists a finite sequence fy.t/

i gp.t/
iD0 � X such that

y.t/
0 D xk NNCi; y.t/

p.t/ D yt; (2.45)

ky.t/
j � Ptj.y

.t/
j�1/k � ı for each integer j D 1; : : : ; p.t/; (2.46)

˛t D maxfky.t/
iC1 � y.t/

i k W i D 0; : : : ; p.t/ � 1g: (2.47)

Let

t D .t1; : : : ; tp.t// 2 ˝k NNCiC1

be an index vector and let

j 2 f1; : : : ; p.t/g: (2.48)
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By (2.2), (2.3), and (2.31),

kz � Ptj.y
.t/
j�1/k2 C NckPtj.y

.t/
j�1/ � y.t/

j�1k2 � kz � y.t/
j�1k2: (2.49)

It follows from (2.1), (2.3), (2.31), (2.46), and (2.48) that

kz � y.t/
j k2 D kz � Ptj.y

.t/
j�1/ C Ptj.y

.t/
j�1/ � y.t/

j k2

� kz � Ptj.y
.t/
j�1/k2 C kPtj.y

.t/
j�1/ � y.t/

j k2

C2kz � Ptj.y
.t/
j�1/kkPtj.y

.t/
j�1/ � y.t/

j k
� kz � Ptj.y

.t/
j�1/k2 C ı2 C 2ıkz � Ptj.y

.t/
j�1/k

� kz � Ptj.y
.t/
j�1/k2 C ı2 C 2ıkz � y.t/

j�1k: (2.50)

By (2.49) and (2.50),

kz � y.t/
j k2 � kz � y.t/

j�1k2 � kPtj.y
.t/
j�1/ � y.t/

j�1k2 Nc
Cı2 C 2ıkz � y.t/

j�1k: (2.51)

In view of (2.51),

kz � y.t/
j k � kz � y.t/

j�1k C ı: (2.52)

Thus we have shown that the following property holds:
(P1) for each index vector t D .t1; : : : ; tp.t// 2 ˝k NNCiC1 and each integer j 2

f1; : : : ; p.t/g relations (2.51) and (2.52) hold.
By property (P1), (2.17), (2.45), and (2.52), for each index vector t 2 ˝k NNCiC1

and each integer j 2 f1; : : : ; p.t/g,

kz � y.t/
j k � kz � y.t/

0 k C ıj D kz � xk NNCik C ıj

� kz � xk NNCik C ı Nq: (2.53)

It follows from (2.37) and (2.53) that for every index vector t 2 ˝k NNCiC1 and every
integer j 2 f1; : : : ; p.t/g,

kz � y.t/
j k � 2M C .1 C Nq/iı C ı Nq � 2M C ı.Nq.i C 1/ C i/: (2.54)

By (2.22), (2.36), (2.37), (2.45), and (2.54) the following property holds:
(P2) for every index vector t 2 ˝k NNCiC1 and every j 2 f0; 1; : : : ; p.t/g,

kz � y.t/
j k � 2M C 2ı Nq NN � 2M C 1: (2.55)
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In view of (2.45) and (2.53) for every index vector t 2 ˝k NNCiC1,

kz � ytk D kz � y.t/
p.t/k � kz � xk NNCik C ı Nq: (2.56)

By (2.11), (2.43), and (2.56),

kxk NNCiC1 � zk � kxk NNCiC1 �
X

t2˝k NNCiC1

wk NNCiC1.t/ytk

Ck
X

t2˝k NNCiC1

wk NNCiC1.t/yt � zk

� ı C
X

t2˝k NNCiC1

wk NNCiC1.t/kyt � zk � ı C kxk NNCi � zk C ı Nq;

kxk NNCiC1 � zk � ı.Nq C 1/ C kxk NNCi � zk

and (2.38) is true.
It follows from (2.22), (2.36), (2.37), and (2.38) that

kxk NNCiC1 � zk2 � kxk NNCi � zk2 C ı2.Nq C 1/2 C 2ı.Nq C 1/kxk NNCi � zk
� kxk NNCi � zk2 C ı2.Nq C 1/2 C 2ı.Nq C 1/.2M C 1/

� kxk NNCi � zk2 C ı.Nq C 1/.4M C 3/:

Thus (2.39) is true.
Assume that

�k NNCiC1 > �0: (2.57)

In view of (2.44) there exists an index vector

s D .s1; : : : ; sp.s// 2 ˝k NNCiC1 (2.58)

such that

˛s D �k NNCiC1 > �0: (2.59)

By (2.47), (2.58), and (2.59), there exists an integer

j0 2 f1; : : : ; p.s/g (2.60)

such that

ky.s/
j0

� y.s/
j0�1k D ˛s > �0: (2.61)
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By properties (P1), (P2), (2.36), (2.37), and (2.51) applied with t D s, j D j0 we
have

kz � y.s/
j0

k2 � kz � y.s/
j0�1k2 � kPsj0

.y.s/
j0�1/ � y.s/

j0�1k2 Nc
Cı2 C 2ı.2M C 1/

� kz � y.s/
j0�1k2 � kPsj0

.y.s/
j0�1/ � y.s/

j0�1k2 Nc C 2ı.2M C 2/: (2.62)

In view of (2.46) and (2.61),

kPsj0
.y.s/

j0�1/ � y.s/
j0�1k � ky.s/

j0
� y.s/

j0�1k � ky.s/
j0

� Psj0
.y.s/

j0�1/k > �0 � ı: (2.63)

By (2.62) and (2.63),

kz � y.s/
j0

k2 � kz � y.s/
j0�1k2 � Nc.�0 � ı/2 C 2ı.2M C 2/: (2.64)

In view of property (P2), applied with t D s for all integers j 2 f0; 1; : : : ; p.s/g we
have

kz � y.s/
j k � 2M C 1: (2.65)

It follows from property (P1), (2.52) with t D s and (2.65) that for all integers
j 2 f1; : : : ; p.s/g we have

kz � y.s/
j k2 � kz � y.s/

j�1k2 C ı2 C 2ıkz � y.s/
j�1k

� kz � y.s/
j�1k2 C 2ı.2M C 2/: (2.66)

By (2.17), (2.45), (2.60), (2.64), and (2.66),

kz � xk NNCik2 � kz � ysk2

D
p.s/X

iD1

Œkz � y.s/
i�1k2 � kz � y.s/

i k2�

� Nc.�0 � ı/2 � 2ı.2M C 2/ � 2ı.2M C 2/Nq
� Nc.�0 � ı/2 � 2ı.2M C 2/.Nq C 1/: (2.67)

By properties (P1), (P2), and (2.52), for every index vector t 2 ˝k NNCiC1 and every
integer j 2 f1; : : : ; p.t/g we have

kz � y.t/
j k2 � kz � y.t/

j�1k2 C ı2 C 2ıkz � y.t/
j�1k

� kz � y.t/
j�1k2 C 2ı.2M C 2/;

kz � y.t/
j�1k2 � kz � y.t/

j k2 � �2ı.2M C 2/: (2.68)
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In view of (2.17), (2.45), and (2.68), for every index vector t 2 ˝k NNCiC1,

kz � xk NNCik2 � kz � ytk2

D
p.t/X

iD1

Œkz � y.t/
i�1k2 � kz � y.t/

i k2� � �2Nqı.2M C 2/: (2.69)

Since the function u ! ku � zk2, u 2 X is convex it follows from (2.11) and (2.58)
that

k
X

t2˝k NNCiC1

wk NNCiC1.t/yt � zk2

�
X

t2˝k NNCiC1

wk NNCiC1.t/kyt � zk2

D kz � xk NNCik2 C
X

t2˝k NNCiC1

wk NNCiC1.t/Œkyt � zk2 � kz � xk NNCik2�

� kz � xk NNCik2 C wk NNCiC1.s/Œkys � zk2 � kz � xk NNCik2�

C
X

fwk NNCiC1.t/Œkyt � zk2 � kz � xk NNCik2� W t 2 ˝k NNCiC1 n fsgg: (2.70)

It follows from (2.11), (2.18), (2.32), (2.67), (2.69), and (2.70) that

k
X

t2˝k NNCiC1

wk NNCiC1.t/yt � zk2

� wk NNCiC1.s/Œ�.�0 � ı/2 Nc C 2ı.2M C 2/.Nq C 1/�

C2Nqı.2M C 2/ C kz � xk NNCik2

� kz � xk NNCik2 C 2Nqı.2M C 2/

�wk NNCiC1.s/Œ4�1�2
0 Nc � 2ı.2M C 2/.Nq C 1/�

� kz � xk NNCik2 C 2ı Nq.2M C 2/ � �.4�1�2
0 Nc � 2ı.M C 2/.Nq C 1//: (2.71)

In view of (2.32) and (2.71) we have

k
X

t2˝k NNCiC1

wk NNCiC1.t/yt � zk2 � kxk NNCi � zk2

� 2ı.2M C 2/Nq � 8�1��2
0 Nc � �16�1��2

0 Nc: (2.72)

In view of (2.11), (2.43), and (2.72),
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kxk NNCiC1 � zk2

D kxk NNCiC1 �
X

t2˝k NNCiC1

wk NNCiC1.t/yt C
X

t2˝k NNCiC1

wk NNCiC1.t/yt � zk2

� kxk NNCiC1 �
X

t2˝k NNCiC1

wk NNCiC1.t/ytk2 C k
X

t2˝k NNCiC1

wk NNCiC1.t/yt � zk2

C2kxk NNCiC1 �
X

t2˝k NNCiC1

wk NNCiC1.t/ytkk
X

t2˝k NNCiC1

wk NNCiC1.t/yt � zk

� ı2 � 16�1 Nc��2
0 C kxk NNCi � zk2

C2ık
X

t2˝k NNCiC1

wk NNCiC1.t/yt � zk

� ı2 � 16�1�Nc�2
0 C kxk NNCi � zk2

C2ı maxfkyt � zk W t 2 ˝k NNCiC1g: (2.73)

In view of (2.32), (2.45), (2.73), and property (P2) we have

kxk NNCiC1 � zk2 � kxk NNCi � zk2

� ı2 � 16�1��2
0 Nc C 2ı.2M C 1/

� �16��2
0 Nc C 2ı.2M C 2/ � �32�1��2

0 Nc:

This completes the proof of Lemma 2.2. ut
It follows from (2.35), Lemma 2.2 applied by induction and (2.22) that for all

integers i D 0; : : : ; NN � 1,

kxk NNCiC1 � zk � kxk NNCi � zk C ı.Nq C 1/;

kxk NNCiC1 � zk � 2M C ı.Nq C 1/.i C 1/ � 2M C ı.Nq C 1/ NN � 2M C 1; (2.74)

kxk NNCi � zk � 2M C 1; i D 0; : : : ; NN: (2.75)

By (2.32), (2.33), (2.35), (2.74), and Lemma 2.2 we have

kx.kC1/ NN � zk2 � kxk NN � zk2

D
NN�1X

iD0

Œkxk NNCiC1 � zk2 � kxk NNCi � zk2�

� �32�1��2
0 Nc C NNı.Nq C 1/.4M C 3/ � �64�1��2

0 Nc:

Thus we have shown that the following property holds:
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(P3) if an integer k 2 Œ0; s� satisfies kxk NN � zk � 2M, then

kxj � zk � 2M C 1; j D k NN; : : : ; .k C 1/ NN;

kx.kC1/ NN � zk2 � kxk NN � zk2 � �64�1��2
0 Nc: (2.76)

In view of (2.34) and property (P3) we have

kxj � zk � 2M C 1; j D 0; : : : ; .s C 1/ NN (2.77)

and (2.76) is true for every integer k D 0; : : : ; s.
By (2.34) and (2.76),

64�1 Nc��2
0.s C 1/ �

sX

kD0

Œkxk NN � zk2 � kx.kC1/ NN � zk2�

D kx0 � zk2 � kx.sC1/ NN � zk2 � kx0 � zk2 � 4M2;

s C 1 � 256M2��1��2
0 Nc�1:

Thus we have shown that the following property holds:
(P4) If an integer s � 0 and for every integer k 2 Œ0; s� relation (2.33) holds, then

s � 256M2��1��2
0 Nc�1 � 1;

kxj � zk � 2M C 1; j D 0; : : : ; .s C 1/ NN;

kxk NN � zk � 2M; k D 0; : : : ; s C 1:

By property (P4), (2.23), and (2.32), there exists an integer q 2 Œ0; n0 � 1� such that
for every integer k satisfying 0 � k < q,

maxf�i W i D k NN C 1; : : : ; .k C 1/ NNg > �0;

maxf�i W i D q NN C 1; : : : ; .q C 1/ NNg � �0:

In view of (2.31), (2.34), property (P4), and the choice of q we have

kxq NN � zk � 2M;

kxj � zk � 2M C 1; j D 0; : : : ; q NN;

kxjk � 3M C 1; j D 0; : : : ; q NN:

Assume that an integer q 2 Œ0; n0 � 1� satisfies

�i � �0; i D q NN C 1; : : : ; .q C 1/ NN: (2.78)
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Let

j 2 fq NN; : : : ; .q C 1/ NN � 1g: (2.79)

It follows from (2.27) and (2.79),

.xjC1; �jC1/ 2 A.xj; .˝jC1; wjC1/; ı/: (2.80)

By (2.20), (2.78), and (2.80), there exist vectors

.y.j/
t ; ˛

.j/
t / 2 A0.xj; t; ı/; t 2 ˝jC1 (2.81)

such that

kxjC1 �
X

t2˝jC1

wjC1.t/y.j/
t k � ı; (2.82)

maxf˛.j/
t W t 2 ˝jC1g � �0: (2.83)

It follows from (2.19), (2.81), and (2.83) that for every index vector t D
.t1; : : : ; tp.t// 2 ˝jC1 there exists a finite sequence fy.t;j/

i gp.t/
iD0 � X such that

y.t;j/
0 D xj; (2.84)

for every integer i D 1; : : : ; p.t/,

ky.t;j/
i � Pti.y

.t;j/
i�1/k � ı; (2.85)

y.t;j/
p.t/ D y.j/

t ; (2.86)

�0 � ˛
.j/
t D maxfky.t;j/

i � y.t;j/
i�1k W i D 1; : : : ; p.t/g: (2.87)

By (2.17), (2.84), (2.86), and (2.87), for every index vector t 2 ˝jC1 and every
integer i D 1; : : : ; p.t/ we have

kxj � y.t;j/
i k � i�0 � �0 Nq; (2.88)

kxj � y.j/
t k � �0 Nq: (2.89)

In view of (2.85) and (2.88) for every index vector t D .t1; : : : ; tp.t// 2 ˝jC1 and
every integer i D 1; : : : ; p.t/,

kxj � Pti.y
.t;j/
i�1/k

� kxj � y.t;j/
i k C ky.t;j/

i � Pti.y
.t;j/
i�1/k � �0 Nq C ı: (2.90)
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It follows from (2.11), (2.82), and (2.89) that

kxjC1 � xjk � kxjC1 �
X

t2˝jC1

wjC1.t/y.j/
t k

Ck
X

t2˝jC1

wjC1.t/y.j/
t � xjk

� ı C
X

t2˝jC1

wjC1.t/ky.j/
t � xjk � ı C �0 Nq:

Combined with (2.32) this implies that

kxjC1 � xjk � �0.Nq C 1/: (2.91)

By (2.32), (2.84), (2.88), and (2.90), for every index vector t D .t1; : : : ; tp.t// 2 ˝jC1

and every integer i D 1; : : : ; p.t/ we have

ky.t;j/
i�1�Pti.y

.t;j/
i�1/k � ky.t;j/

i�1�xjkCkxj�Pti.y
.t;j/
i�1/k � 2�0 NqCı � �0.2NqC1/: (2.92)

In view of (2.84), (2.88), and (2.92), for every index vector t D .t1; : : : ; tp.t// 2 ˝jC1

and every integer i D 1; : : : ; p.t/,

xj 2 QF�0.2NqC1/.Pti/:

Therefore

xj 2 \f\p.t/
iD1

QF�0.2NqC1/.Pti/ W t D .t1; : : : ; tp.t// 2 ˝jC1g: (2.93)

It is clear that (2.91) and (2.93) are true for all integers j D q NN; : : : ; .q C 1/ NN � 1:

In view of (2.91), for every pair of integers j1; j2 2 fq NN; : : : ; .q C 1/ NNg,

kxj1 � xj2k � �0.Nq C 1/ NN: (2.94)

Let s 2 f1; : : : ; mg. By (2.25), there exist an integer j 2 fq NN; : : : ; .q C 1/ NN � 1g and
an index vector t D .t1; : : : ; tp.t// 2 ˝jC1 such that

s 2 ft1; : : : ; tp.t/g:

Together with (2.93) this implies that

xj 2 QF�0.2NqC1/.Ps/: (2.95)

It follows from (2.94) and (2.95) that for every integer i 2 fq NN; : : : ; .q C 1/ NNg we
have

xi 2 QF�0.NqC1/. NNC2/.Ps/:
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Since the inclusion above holds for every integer s 2 f1; : : : ; mg we conclude that
for each i 2 fq NN; : : : ; .q C 1/ NNg,

xi 2 QF�0.NqC1/. NNC2/ D QF�1 :

This completes the proof of Theorem 2.1. ut

2.3 Asymptotic Behavior of Inexact Iterates

We use all the notation, definitions, and assumptions introduced in Sect. 2.1. It is
not difficult to see that the following result holds.

Proposition 2.3. Assume that for every i 2 f1; : : : ; mg,

Pi.X/ D Fix.Pi/:

Then for every i 2 f1; : : : ; mg and every � > 0,

F�.Pi/ � Fix.Pi/ C B.0; �/;

QF�.Pi/ � F2�.Pi/;

QF� � F2�:

Remark 2.4. If Pi.X/ D Fix.Pi/ for every i 2 f1; : : : ; mg, then in view of
Proposition 2.3, we can easily obtain a version of Theorem 2.1, where in its
conclusion the relation xi 2 QF�1 is replaced by the inclusion xi 2 F2�1 :

Proposition 2.5. Assume that for every i 2 f1; : : : ; mg, every x 2 X and every
y 2 X,

kPi.x/ � Pi.y/k � kx � yk: (2.96)

Then for every i 2 f1; : : : ; mg and every � > 0,

QF�.Pi/ � F3�.Pi/;

QF� � F3�:

Proof. Let i 2 f1; : : : ; mg, � > 0 and x 2 QF�.Pi/. Then there exists

y 2 F�.Pi/ (2.97)

such that

ky � xk � �: (2.98)
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By (2.96)–(2.98),

kx � Pi.x/k � kx � yk C ky � Pi.y/k C kPi.y/ � Pi.x/k
� � C � C ky � xk � 3�

and x 2 F3�.Pi/. Proposition 2.5 is proved. ut
Remark 2.6. If (2.96) holds for all x; y 2 X and all i 2 f1; : : : ; mg, then we can
easily obtain a version of Theorem 2.1, where in its conclusion the relation xi 2 QF�1

is replaced by the inclusion xi 2 F3�1 :

For each z 2 R1 set

bzc D maxfi W i is an integer and i � zg:

For each M; ı > 0 set

�.ı; M/ D Nc�1=2.Nq C 1/. NN C 2/.64��1ı.Nq C 1/.2M C 4/4 NN/1=2; (2.99)

n.ı; M/ D b2 C 4M2ı�1.Nq C 1/�1.2M C 4/�1.4 NN/�1c: (2.100)

Theorem 2.7. Suppose that N� 2 .0; 1/, NM > 0,

QF N� � B.0; NM/ and F 6D ;: (2.101)

Let M > NM and ı > 0 satisfy

ı � .2Nq NN/�1 and �.ı; M/ < N�: (2.102)

Assume that

f.˝i; wi/g1
iD1 � M�

satisfies for each natural number j

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/;

x0 2 B.0; M/ and fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/

satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; ı/:

Then

kxik � 3M C 1 for all integers i � 0
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and there exists a strictly increasing sequence of integers fqpg1
pD0 such that

0 � q0 � n.ı; M/ � 1;

1 � qpC1 � qp � n.ı; M/ for all integers p � 0

and that for each integer p � 0 and each i D qp NN; : : : ; .qp C 1/ NN,

xi 2 QF�.ı;M/:

We can prove Theorem 2.7 applying by induction Theorem 2.1 and using (2.101)
and (2.102).

Remark 2.8. Note that the set QF N� is bounded if there exists an integer j 2 f1; : : : ; mg
such that the set Fj.X/ is bounded.

Assume that C1; : : : ; Cm � X and \m
iD1Ci 6D ;. We say that the family of sets

fC1; : : : ; Cmg has a bounded regularity property [7] if for each � > 0 and each
M > 0 there exists ı > 0 such that if x 2 B.0; M/ satisfies d.x; Ci/ � ı for all
i D 1; : : : ; m, then d.x; \m

iD1Ci/ � �.

Theorem 2.9. Suppose that

Pi.X/ D Fix.Pi/; i D 1; : : : ; m;

the family of sets fFix.Pi/; i D 1; : : : ; mg has the bounded regularity property,
M > 0 satisfies

B.0; M/ \ F 6D ;

and that �0 2 .0; 1/. Let �1 2 .0; �0/ be such that the following property holds:

(i) if z 2 B.0; 3M C 2/ satisfies d.x; Fix.Pi// � 2�1 for all i D 1; : : : ; m, then
d.z; F/ � �0.

Let ı > 0 satisfy

ı � .2Nq NN/�1 and �.ı; M/ � �1:

Assume that

f.˝i; wi/g1
iD1 � M�

satisfies for each natural number j

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/;

x0 2 B.0; M/ and fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/
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satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; ı/:

Then there exists an integer q 2 Œ0; n.ı; M/ � 1� such that

kxik � 3M C 1; i D 0; : : : ; q NN; (2.103)

�i � .64��1ı.Nq C 1/.2M C 4/4 NN Nc�1/1=2; (2.104)

i D q NN C 1; : : : ; .q C 1/ NN:

Moreover, if an integer q 2 Œ0; n.ı; M/ � 1� satisfies (2.103) and (2.104), then for
each i D q NN; : : : ; .q C 1/ NN;

d.xi; F/ � �0 (2.105)

and

kxi � xjk � �.ı; M/ for each i; j 2 fq NN; : : : ; .q C 1/ NNg: (2.106)

Proof. By Theorem 2.1, there exists an integer q 2 Œ0; n.ı; M/�1� such that (2.103)
and (2.104) hold.

Assume that an integer q 2 Œ0; n.ı; M/ � 1� satisfies (2.103) and (2.104). By
Theorem 2.1, (2.106) holds and

xi 2 QF�1 ; i D q NN; : : : ; .q C 1/ NN:

Together with Proposition 2.3 this implies that for all i D q NN; : : : ; .q C 1/ NN;

xi 2 QF�1 � F2�1 � \m
jD1.Fix.Pi/ C B.0; 2�1//: (2.107)

In view of (2.103) and (2.106), for all i D q NN; : : : ; .q C 1/ NN,

kxik � �.ı; M/ C kxq NNk � 3M C 1 C �.ı; M/ � 3M C 2: (2.108)

By (2.107), (2.108), property (i), and the choice of �1, for all i D q NN; : : : ; .q C 1/ NN,

d.xi; F/ � �0:

Theorem 2.9 is proved. ut
Applying by induction Theorem 2.9 we obtain the following result.

Theorem 2.10. Suppose that

Pi.X/ D Fix.Pi/; i D 1; : : : ; m;
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the family of sets fFix.Pi/; i D 1; : : : ; mg has the bounded regularity property,
NM > 0 satisfies

F � B.0; NM/;

M > NM C 1 and that �0 2 .0; 1/. Let �1 2 .0; �0/ be such that the following property
holds:

if z 2 B.0; 3M C 2/ satisfies d.z; Fix.Pi// � 2�1 for all i D 1; : : : ; m, then
d.z; F/ � �0.

Let ı > 0 satisfy

ı � .2Nq NN/�1 and �.ı; M/ � �1:

Assume that

f.˝i; wi/g1
iD1 � M�

satisfies for each natural number j

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/;

x0 2 B.0; M/ and fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/

satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; ı/:

Then

kxik � 3M C 1 for all integers i � 0

and there exists a strictly increasing sequence of integers fqpg1
pD0 such that

0 � q0 � n.ı; M/ � 1;

1 � qpC1 � qp � n.ı; M/ for all integers p � 0

and that for each integer p � 0 and each i D qp NN; : : : ; .qp C 1/ NN,

d.xi; F/ � �0:

The following result is proved in Sect. 2.4.

Theorem 2.11. Suppose that

Pi.X/ D Fix.Pi/; i D 1; : : : ; m;



2.4 Proof of Theorem 2.11 33

the family of sets fFix.Pi/; i D 1; : : : ; mg has the bounded regularity property,
F 6D ;, NM > 0 satisfies

F � B.0; NM/;

M > NM C 1 and that �0 2 .0; 1/. Let �1 2 .0; �0=2/ be such that the following
property holds:

(ii) if z 2 B.0; 3M C 2/ satisfies d.z; Fix.Pi// � 2�1 for all i D 1; : : : ; m, then
d.z; F/ � �0=2.

Let ı0 > 0 satisfy

ı0 � .2Nq NN/�1 and �.ı0; M/ � �1 (2.109)

and let a positive number ı satisfy

ı < ı0 and ın.ı0; M/ NN.Nq C 1/ < �0=2: (2.110)

Assume that

f.˝i; wi/g1
iD1 � M�

satisfies for each natural number j

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/;

x0 2 B.0; M/ and fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/

satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; ı/:

Then

kxik � 3M C 1 for all integers i � 0

and for each integer i � .n.ı0; M/ � 1/ NN,

d.xi; F/ � �0:

2.4 Proof of Theorem 2.11

By Theorem 2.10,

kxik � 3M C 1 for all integers i � 0
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and there exists a strictly increasing sequence of integers fqpg1
pD0 such that

0 � q0 � n.ı0; M/ � 1; (2.111)

1 � qpC1 � qp � n.ı0; M/ for all integers p � 0 (2.112)

and that for each integer p � 0 and each i D qp NN; : : : ; .qp C 1/ NN,

d.xi; F/ � �0=2: (2.113)

Assume that an integer p � 0 and that an integer i satisfies

.qp C 1/ NN � i < qpC1
NN (2.114)

and

d.xi; F/ � �0=2 C .i � .qp C 1/ NN/ı.Nq C 1/: (2.115)

(Note that in view of (2.113), inequality (2.115) is true for i D .qp C 1/ NN.)
Let � > 0. By (2.115), there exists z 2 X such that

z 2 F;

kxi � zk < �0=2 C .i � .qp C 1/ NN/ı.Nq C 1/ C �: (2.116)

Set

�1 D �0=2 C .i � .qp C 1/ NN/ı.Nq C 1/ C �: (2.117)

The inclusion

.xiC1; �iC1/ 2 A.xi; .˝iC1; wiC1/; ı/ (2.118)

is true. By (2.20) and (2.118) there exists

.yt; ˛t/ 2 A0.xi; t; ı/; t 2 ˝iC1 (2.119)

such that

kxiC1 �
X

t2˝iC1

wiC1.t/ytk � ı; (2.120)

�iC1 D maxf˛t W t 2 ˝iC1g: (2.121)
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It follows from (2.19) and (2.119) that for each t D .t1; : : : ; tp.t// 2 ˝iC1 there exists

a finite sequence fy.t/
j gp.t/

jD0 � X such that

y.t/
0 D xi; y.t/

p.t/ D yt; (2.122)

ky.t/
j � Ptj.y

.t/
j�1/k � ı for each integer j D 1; : : : ; p.t/; (2.123)

˛t D maxfky.t/
jC1 � y.t/

j k W j D 0; : : : ; p.t/ � 1g: (2.124)

Let

t D .t1; : : : ; tp.t// 2 ˝iC1:

By (2.116), (2.117), and (2.122),

kz � y.t/
0 k D kz � xik � �1: (2.125)

Assume that an integer i satisfies 0 � i < p.t/ and

kz � y.t/
i k � �1 C iı: (2.126)

(Note that in view of (2.125), inequality (2.126) is true for i D 0.)
By (2.2), (2.116), (2.123), and (2.126),

kz � y.t/
iC1k � kz � PtiC1

.y.t/
i /k C kPtiC1

.y.t/
i / � y.t/

iC1k
� kz � y.t/

i k C ı � �1 C .i C 1/ı:

Thus we have shown by induction that (2.126) holds for all i D 0; : : : ; p.t/.
Combined with (2.17) and (2.122) this implies that

kz � ytk D kz � y.t/
p.t/k � �1 C p.t/ı � �1 C Nqı (2.127)

for every t D .t1; : : : ; tp.t// 2 ˝iC1:

It follows from (2.11), (2.117), (2.120), and (2.127) that

kz � xiC1k � kz �
X

t2˝iC1

wiC1.t/ytk C k
X

t2˝iC1

wiC1.t/yt � xiC1k

�
X

t2˝iC1

wiC1.t/kz � ytk C ı � �1 C Nqı C ı

� �0=2 C .i � .qp C 1/ NN/ı.Nq C 1/ C .Nq C 1/ı C �:
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Since � is any positive number we conclude that

kz � xiC1k � �0=2 C .i C 1 � .qp C 1/ NN/ı.Nq C 1/:

Thus we have shown by induction that (2.115) holds for all i D .qp C
1/ NN; : : : ; qpC1

NN: Combined with (2.110), (2.111), (2.112), and (2.113) this implies
that for each integer i � .n.ı0; M/ � 1/ NN,

d.xi; F/ � �0=2 C n.ı0; M/ NNı.Nq C 1/ < �0:

Theorem 2.11 is proved. ut

2.5 Auxiliary Results

We use the notation, definitions, and assumptions introduced in Sects. 2.1 and 2.3.

Proposition 2.12. Let

Pi.X/ D Fix.Pi/; i D 1; : : : ; m;

M > 0 satisfy

F \ B.0; M/ 6D ;;

r > 0 and k be a natural number. Assume that

f.˝i; wi/g1
iD1 � M�

satisfies for each natural number j

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/;

x0 2 B.0; M/ (2.128)

and

fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/

satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; r/:

Then for all integers i D 0; : : : ; k,

kxik � 3M C k.Nq C 1/r:
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Proof. Fix

z 2 F \ B.0; M/: (2.129)

By (2.128) and (2.129),

kz � x0k � 2M: (2.130)

We show that for all i D 0; : : : ; k,

kz � xik � 2M C i.Nq C 1/r: (2.131)

In view of (2.130), inequality (2.131) holds for i D 0. Assume that an integer i
satisfies 0 � i < k and that (2.131) holds.

The inclusion

.xiC1; �iC1/ 2 A.xi; .˝iC1; wiC1/; r/ (2.132)

is true. By (2.20) and (2.132) there exist

.yt; ˛t/ 2 A0.xi; t; r/; t 2 ˝iC1 (2.133)

such that

kxiC1 �
X

t2˝iC1

wiC1.t/ytk � r; (2.134)

�iC1 D maxf˛t W t 2 ˝iC1g: (2.135)

It follows from (2.19) and (2.133) that for each t D .t1; : : : ; tp.t// 2 ˝iC1 there exists

a finite sequence fy.t/
j gp.t/

jD0 � X such that

y.t/
0 D xi; y.t/

p.t/ D yt; (2.136)

ky.t/
j � Ptj.y

.t/
j�1/k � r for each integer j D 1; : : : ; p.t/; (2.137)

˛t D maxfky.t/
jC1 � y.t/

j k W j D 0; : : : ; p.t/ � 1g: (2.138)

Let

t D .t1; : : : ; tp.t// 2 ˝iC1:

We show that for all j D 0; : : : ; p.t/,

kz � y.t/
j k � kz � xik C jr: (2.139)

Note that in view of (2.136), inequality (2.139) is true for j D 0.
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Assume that an integer j satisfies 0 � j < p.t/ and that (2.139) holds.
By (2.2), (2.129), (2.137), and (2.139),

kz � y.t/
jC1k � kz � PtjC1

.y.t/
j /k C kPtjC1

.y.t/
j / � y.t/

jC1k
� kz � y.t/

j k C r � kz � xik C .j C 1/r:

Thus we have shown by induction that (2.139) holds for all j D 0; : : : ; p.t/.
Combined with (2.17) and (2.136) this implies that

kz � ytk D kz � xik C p.t/r � kz � xik C Nqr (2.140)

for all t D .t1; : : : ; tp.t// 2 ˝iC1: It follows from (2.11), (2.134), and (2.140) that

kz � xiC1k � kz �
X

t2˝iC1

wiC1.t/ytk C k
X

t2˝iC1

wiC1.t/yt � xiC1k

�
X

t2˝iC1

wiC1.t/kz � ytk C r � kz � xik C Nqr C r:

Combined with (2.31) this implies that

kz � xiC1k � kz � xik C Nqr C r � 2M C r.Nq C 1/.i C 1/:

Thus we have shown by induction that (2.131) holds for all i D 0; : : : ; k. Together
with (2.129) this implies that for all i D 0; : : : ; k,

kxik � 3M C .Nq C 1/kr:

Proposition 2.12 is proved. ut
Proposition 2.13. Let

Pi.X/ D Fix.Pi/; i D 1; : : : ; m;

F 6D ;, r > 0 and NM > 0 satisfy

F � B.0; NM/:

Suppose that

f.˝i; wi/g1
iD1 � M�

satisfies for each natural number j the following properties:
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(a)

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/I

(b) there exists i.j/ 2 fj; : : : ; j C NN � 1g such that for each

t D .t1; : : : ; tp.t// 2 ˝i.j/

there exists s 2 ft1; : : : ; tp.t/g for which

Ps.X/ � B.0; NM/:

Assume that

fxig1
iD0 � X; f�ig1

iD1 � Œ0; 1/

satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; r/:

Then for all integers i � NN,

kxik � 6 NM C r.Nq C 1/. NN C 3/ C 3r:

Proof. Fix

z 2 F \ B.0; NM/: (2.141)

Assume that p � 0 is an integer. By property (b) there is Qi 2 fp C 1; : : : ; p C NNg
such that the following property holds:

(c) for each t D .t1; : : : ; tp.t// 2 Q̋i there exists s 2 ft1; : : : ; tp.t/g for which

Ps.X/ � B.0; NM/:

The inclusion

.xQi; �Qi/ 2 A.xQi�1; . Q̋i; wQi/; r/: (2.142)

is true. By (2.20) and (2.142) there exist

.yt; ˛t/ 2 A0.xQi�1; t; r/; t 2 Q̋i (2.143)
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such that

kxQi �
X

t2 Q̋i

wQi.t/ytk � r; (2.144)

�Qi D maxf˛t W t 2 Q̋ig: (2.145)

It follows from (2.19) and (2.143) that for each t D .t1; : : : ; tp.t// 2 Q̋i there exists

a finite sequence fy.t/
j gp.t/

jD0 � X such that

y.t/
0 D xQi�1; y.t/

p.t/ D yt; (2.146)

ky.t/
j � Ptj.y

.t/
j�1/k � r for each integer j D 1; : : : ; p.t/; (2.147)

˛t D maxfky.t/
jC1 � y.t/

j k W j D 0; : : : ; p.t/ � 1g: (2.148)

Let

t D .t1; : : : ; tp.t// 2 Q̋i:

In view of property (c), there exists Qj 2 ft1; : : : ; tp.t/g such that

PtQj.X/ � B.0; NM/: (2.149)

By (2.147),

ky.t/
Qj � PtQj.y

.t/
Qj�1

/k � r: (2.150)

Relations (2.149) and (2.150) imply that

ky.t/
Qj k � NM C r: (2.151)

It follows from (2.141) and (2.51) that

kz � y.t/
Qj k � 2 NM C r: (2.152)

Assume that an integer j satisfies

Qj � j < p.t/

and

kz � y.t/
j k � 2 NM C r C .j � Qj/r: (2.153)
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(Note that in view of (2.152), inequality (2.153) is true for j D Qj.)
By (2.2), (2.14), (2.147), and (2.153),

kz � y.t/
jC1k � kz � PtjC1

.y.t/
j /k C kPtjC1

.y.t/
j / � y.t/

jC1k
� kz � y.t/

j k C r � 2 NM C r C .j C 1 � Qj/r:

Thus we have shown by induction that (2.153) holds for all j D Qj; : : : ; p.t/. Together
with (2.17) and (2.146) this implies that

kz � ytk D kz � y.t/
p.t/k � 2 NM C r C .p.t/ � Qj/r � 2 NM C r C r Nq;

kz � ytk � 2 NM C r.Nq C 1/ for all t 2 Q̋i: (2.154)

By (2.11), (2.144), and (2.154),

kxQi � zk � kxQi �
X

t2 Q̋i

wQi.t/ytk C k
X

t2 Q̋i

wQi.t/yt � zk

� r C
X

t2 Q̋i

wQi.t/kyt � zk � r C 2 NM C r.Nq C 1/:

Thus we have shown that the following property holds:
for each integer p � 0 there exists Qi 2 fp C 1; : : : ; p C NNg such that

kxQi � zk � 2 NM C r.Nq C 2/:

This property implies that there exists a strictly increasing sequence of natural
numbers fpig1

iD1 such that

1 � p1 � NN;

1 � piC1 � pi � NN for all integers i � 1

and that

kxpi � zk � 2 NM C r.Nq C 2/ for all integers i � 1:

Applying Proposition 2.12 we obtain that for all integers i � NN,

kxik � 6 NM C r.Nq C 1/. NN C 3/r C 3r:

Proposition 2.13 is proved. ut
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2.6 A Convergence Result

We use the notation, definitions, and assumptions introduced in Sects. 2.1 and 2.3.
We prove the following convergence result under the assumption that the computa-
tion errors tend to zero.

Theorem 2.14. Suppose that

Pi.X/ D Fix.Pi/; i D 1; : : : ; m;

F 6D ;, the family fFix.Pi/ W i D 1; : : : ; mg has the bounded regularity property,
� > 0, NM > 0 satisfy

F � B.0; NM/

and that a sequence fıig1
iD1 � .0; 1/ satisfies

lim
i!1 ıi D 0: (2.155)

Then there exist a natural number k1 such that the following assertion holds.
Let

f.˝i; wi/g1
iD1 � M�

satisfy for each natural number j the following properties:
(P5)

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/I

(P6) there exists i.j/ 2 fj; : : : ; j C NN � 1g such that for each t D .t1; : : : ; tp.t// 2
˝i.j/ there exists s 2 ft1; : : : ; tp.t/g for which

Ps.X/ � B.0; NM/:

Assume that

fxig1
iD0 � X; f�ig1

iD1 � Œ0; 1/

satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; ıi/:

Then for all integers i � k1,

d.xi; F/ � �:

Proof. Set

r D maxfıi W i D 1; 2; : : : g: (2.156)
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By Theorem 2.11, there exists Nı 2 .0; 1/ such that the following property holds:
(P7) for each

f.˝i; wi/g1
iD1 � M�

which satisfies for each natural number j

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/;

each

x0 2 B.0; 6 NM C r.Nq C 1/. NN C 3/ C 3r/

and each pair of sequences fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/ which satisfies for each
natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; Nı/

we have

d.xi; F/ � �

for each integer i � NNn. Nı; 6 NM C r.Nq C 1/. NN C 3/ C 3r/: By (2.155), there is an
integer k0 � 1 such that

ıi � Nı for all integers i � k0: (2.157)

Assume that

f.˝i; wi/g1
iD1 � M�

satisfies for each natural number j properties (P5) and (P6) and that

fxig1
iD0 � X; f�ig1

iD1 � Œ0; 1/

satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; ıi/: (2.158)

By (2.156), (2.158), properties (P5) and (P6), and Proposition 2.13,

kxik � 6 NM C r.Nq C 1/. NN C 3/ C 3r for all integers i � NN: (2.159)

It follows from (2.157), (2.159), and property (P7) that

d.xi; F/ � �

for all integers i � NN C k0 C NNn. Nı; 6 NM C r.Nq C 1/. NN C 3/ C 3r/: Theorem 2.14 is
proved. ut
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2.7 Asymptotic Behavior of Exact Iterates

We use the notation, definitions, and assumptions introduced in Sects. 2.1 and 2.3.

Theorem 2.15. Let M > 0 satisfy

B.0; M/ \ F 6D ;
and let � > 0: Assume that

f.˝i; wi/g1
iD1 � M� (2.160)

satisfies for every natural number j

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/; (2.161)

x0 2 B.0; M/ (2.162)

and fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/ satisfy for every natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; 0/:

Then

Card.fi 2 f0; 1; : : : g W xi 62 QF�g/ � NN.4M2 Nc�1��1��2. NN C 1/2 Nq2 C 1/ C 1:

Proof. Fix a point

z 2 B.0; M/ \ F: (2.163)

Set

�0 D �. NN C 1/�1 Nq�1: (2.164)

Let i � 0 be an integer. The inclusion

.xiC1; �iC1/ 2 A.xi; .˝iC1; wiC1/; 0/ (2.165)

is true. By (2.20) and (2.165) there exist vectors

.yt; ˛t/ 2 A0.xi; t; 0/; t 2 ˝iC1 (2.166)

such that

xiC1 D
X

t2˝iC1

wiC1.t/yt; (2.167)

�iC1 D maxf˛t W t 2 ˝iC1g: (2.168)
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It follows from (2.19) and (2.166) that for every t D .t1; : : : ; tp.t// 2 ˝iC1 there

exists a finite sequence fy.t/
j gp.t/

jD0 � X such that

y.t/
0 D xi; y.t/

p.t/ D yt; (2.169)

y.t/
j D Ptj.y

.t/
j�1/ for each integer j D 1; : : : ; p.t/; (2.170)

˛t D maxfky.t/
jC1 � y.t/

j k W j D 0; : : : ; p.t/ � 1g: (2.171)

Let

t D .t1; : : : ; tp.t// 2 ˝iC1:

By (2.2), (2.163) and (2.170), for every integer j satisfying 0 � j < p.t/, we have

kz � y.t/
j k2 � kz � y.t/

jC1k2 D kz � y.t/
j k2 � kz � PtjC1

.y.t/
j /k2

� Ncky.t/
j � y.t/

jC1k2: (2.172)

In view of (2.17), (2.169) and (2.172),

kz � xik2 � kz � ytk2 D kz � y.t/
0 k2 � kz � y.t/

p.t/k2

D
p.t/�1X

jD0

.kz � y.t/
j k2 � kz � y.t/

jC1k2/

� Nc
p.t/�1X

jD0

ky.t/
j � y.t/

jC1k2 � Nc˛2
t : (2.173)

It follows from (2.11), (2.18), (2.167), (2.168), and (2.173) that

kz � xiC1k2 D kz �
X

t2˝iC1

wiC1.t/ytk2 �
X

t2˝iC1

kz � ytk2wiC1.t/

�
X

t2˝iC1

wiC1.t/.kz � xik2 � Nc˛2
t /

� kz � xik2 � Nc�
X

t2˝iC1

˛2
t � kz � xik2 � Nc��2

iC1:

Thus

kz � xiC1k2 � kz � xik2 � Nc��2
iC1 for all integers i � 0: (2.174)
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By (2.162), (2.163), and (2.174), for each natural number n,

4M2 � kz � x0k2 � kz � x0k2 � kz � xnk2 D
n�1X

iD0

.kz � xik2 � kz � xiC1k2/

�
n�1X

iD0

Nc��2
iC1 � Nc��2

0 Card.fi 2 f1; : : : ; ng W �i � �0g/:

Since the relation above holds for every natural number n we conclude that

Card.fi 2 f1; 2; : : : ; g W �i � �0g/ � 4M2 Nc�1��1��2
0 C 1: (2.175)

Assume that an integer i � 1 and �i < �0. The inclusion

.xi; �i/ 2 A.xi�1; .˝i; wi/; 0/ (2.176)

is true. By (2.20) and (2.176) there exist vectors

.yt; ˛t/ 2 A0.xi�1; t; 0/; t 2 ˝i (2.177)

such that

xi D
X

t2˝i

wi.t/yt; (2.178)

�i D maxf˛t W t 2 ˝ig: (2.179)

It follows from (2.19) and (2.177) that for every t D .t1; : : : ; tp.t// 2 ˝i there exists

a finite sequence fy.t/
j gp.t/

jD0 � X such that

y.t/
0 D xi�1; y.t/

p.t/ D yt; (2.180)

y.t/
j D Ptj.y

.t/
j�1/ for each integer j D 1; : : : ; p.t/; (2.181)

˛t D maxfky.t/
jC1 � y.t/

j k W j D 0; : : : ; p.t/ � 1g: (2.182)

Let

t D .t1; : : : ; tp.t// 2 ˝i

be an index vector. By (2.179), (2.181), (2.182) and the inequality �i < �0, for every
j D 0; : : : ; p.t/ � 1,

y.t/
j 2 F�0.PtjC1

/: (2.183)
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It follows from (2.17), (2.179), (2.180), (2.182), (2.183), and the inequality �i < �0

that for every integer j D 0; : : : ; p.t/ we have

kxi�1 � y.t/
j k � j�i � Nq�0

and if j < p.t/, then

xi�1 2 QF Nq�0.PtjC1/:

Therefore

xi�1 2 QF Nq�0.Ps/ for all s D 1; : : : ; p.t/ (2.184)

and

kxi�1 � ytk � Nq�0 (2.185)

for all t 2 ˝i. In view of (2.185),

xi�1 2 \f QF Nq�0.Ps/ W s 2 [t2˝ift1; : : : ; tp.t/gg: (2.186)

It follows from (2.11), (2.178), and (2.185) that

kxi�1 � xik D kxi�1 �
X

t2˝i

wi.t/ytk

�
X

t2˝i

wi.t/kxi�1 � ytk � �0 Nq: (2.187)

Set

E0 D fi 2 f1; 2; : : : g W �i � �0g: (2.188)

By (2.175), (2.186), (2.187), and (2.188),

Card.E0/ � 4M2 Nc�1��1��2
0 C 1 (2.189)

and the following property holds:
(P8) if an integer i � 1 satisfies the inequality �i < �0, then

xi�1 2 QF Nq�0.Ps/; s 2 [t2˝ift1; : : : ; tp.t/g; (2.190)

kxi�1 � xik � �0 Nq: (2.191)

Set

E1 D fi 2 f1; 2; : : : g W Œi; i C NN � 1� \ E0 6D ;g: (2.192)
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By (2.164), (2.189), and (2.191) we have

Card.E1/ � NN.4M2 Nc�1��1��2
0 C 1/

� NN.4M2 Nc�1��1 Nq2. NN C 1/2��2 C 1/: (2.193)

Assume that a natural number j 62 E1. In view of (2.192),

fj; : : : ; j C NN � 1g \ E0 D ;:

Together with (2.188) this implies that for every integer i 2 fj; : : : ; j C NN � 1g,
the inequality �i < �0 is true and (2.190) and (2.191) hold. In view of (2.191)
which holds for every integer i 2 fj; : : : ; j C NN � 1g and for every pair of integers
i1; i2 2 fj � 1; : : : ; j C NN � 1g we have

kxi1 � xi2k � �0
NN Nq: (2.194)

By (2.161), (2.194), and (2.190) which holds for each i 2 fj; : : : ; j C NN � 1g,

xj 2 QF Nq�0. NNC1/.Ps/; s 2 [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/ D f1; : : : ; mg:

Together with (2.164) this implies that

xj 2 QF�

for all j 2 f1; 2; : : : ; g n E1. Theorem 2.15 is proved. ut
Note that Theorem 2.15 is a generalization of the main result of [93] obtained for

the convex feasibility problem.



Chapter 3
Iterative Methods in Metric Spaces

In this chapter we study the convergence of iterative methods for solving common
fixed point problems in a metric space. Our main goal is to obtain an approximate
solution of the problem in the presence of computational errors. We show that
the iterative method generates a good approximate solution, if the sequence of
computational errors is bounded from above by a constant. Moreover, for a known
computational error, we find out what an approximate solution can be obtained and
how many iterates one needs for this.

3.1 The First Problem

Let .X; d/ be a metric space. For each x 2 X and each nonempty set E � X put

d.x; E/ D inffd.x; y/ W y 2 Eg:

For each x 2 X and each r > 0 set

B.x; r/ D fy 2 X W d.x; y/ � rg:

Suppose that m is a natural number, Nc 2 .0; 1/, Pi W X ! X, i D 1; : : : ; m, for
every i 2 f1; : : : ; mg,

Fix.Pi/ WD fz 2 X W Pi.z/ D zg 6D ; (3.1)

and that the inequality

d.z; x/2 � d.z; Pi.x//2 C Ncd.x; Pi.x//2 (3.2)

© Springer International Publishing Switzerland 2016
A. Zaslavski, Approximate Solutions of Common Fixed-Point Problems, Springer
Optimization and Its Applications 112, DOI 10.1007/978-3-319-33255-0_3
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holds for every i 2 f1; : : : ; mg, every x 2 X and every z 2 Fix.Pi/. Set

F D \m
iD1Fix.Pi/: (3.3)

For every � > 0 and every i 2 f1; : : : ; mg put

F�.Pi/ D fx 2 X W d.x; Pi.x// � �g; (3.4)

QF�.Pi/ D fy 2 X W d.y; F�.Pi// � �g; (3.5)

F� D \m
iD1F�.Pi/ (3.6)

and

QF� D \m
iD1

QF�.Pi/: (3.7)

A point belonging to the set F is a solution of our common fixed point problem
while a point which belongs to the set QF� is its �-approximate solution.

Fix � 2 X and a natural number NN.
Denote by R the set of all mappings r W f1; 2; : : : ; g ! f1; : : : ; mg such that for

each integer j,

f1; : : : ; mg � fr.j/; : : : ; r.j C NN � 1/g: (3.8)

Every r 2 R generates the following algorithm:
Initialization: select an arbitrary x0 2 X.
Iterative step: given a current iteration point xk calculate the next iteration point

xkC1 by

xkC1 D Pr.kC1/.xk/:

Denote by Card.A/ the cardinality of a set A. Suppose that the sum over empty
set is zero.

Recall that for each z 2 R1,

bzc D maxfi W i is an integer and i � zg:

In Sect. 3.2 we prove the following result.

Theorem 3.1. Let M > 0 satisfy

B.�; M/ \ F 6D ;; (3.9)

ı > 0 satisfy

ı � NN�1; (3.10)
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a natural number n0 satisfy

n0 � 1 C b4M2ı�1.2M C 1/�1 NN�1c (3.11)

and let

�1 D . NN C 1/.32.2M C 1/ NN Nc�1ı/1=2: (3.12)

Assume that

r 2 R; (3.13)

x0 2 B.�; M/ and fxig1
iD1 � X (3.14)

satisfy for each natural number i,

d.xi; Pr.i/.xi�1// � ı: (3.15)

Then there exists an integer q 2 Œ0; n0 � 1� such that

xi 2 B.�; 3M C 1/; i D 0; : : : ; q NN; (3.16)

d.xi; xi�1/ � .32.2M C 1/ NN Nc�1ı/1=2;

i D q NN C 1; : : : ; .q C 1/ NN: (3.17)

Moreover, if an integer q 2 Œ0; n0 � 1� satisfies (3.1), then for each i D q NN; : : : ;

.q C 1/ NN;

xi 2 QF�1 : (3.18)

Note that in Theorem 3.1 ı is the computational error made by our computer
system, we obtain a point of the set QF�1 and in order to obtain this point we need
.n0 � 1/ NN iterations. It is not difficult to see that �1 D c1ı1=2 and n0 D bc2ı�1c C 1,
where c1 and c2 are positive constants depending on M.

Applying by induction Theorem 3.1 and using (3.19) and (3.20) we can prove
the following result.

Theorem 3.2. Suppose that N� 2 .0; 1/, NM > 0,

QF N� � B.�; NM/ and F 6D ;: (3.19)

Let � 2 .0; N�/, M > NM, ı > 0 satisfy

ı � NN�1 and . NN C 1/.16.2M C 1/ NN Nc�1ı/1=2 < � (3.20)
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and let

n0 � 1 C b2M2ı�1.2M C 1/�1 NN�1c:

Assume that

r 2 R;

x0 2 B.�; M/ and fxig1
iD1 � X

satisfy for each natural number i,

d.xi; Pr.i/.xi�1// � ı:

Then

xi 2 B.�; 3M C 1/ for all integers i � 0

and there exists a strictly increasing sequence of integers fqpg1
pD0 such that

0 � q0 � n0;

1 � qpC1 � qp � n0 for all integers p � 0

and that for each integer p � 0 and each i D qp NN; : : : ; .qp C 1/ NN,

xi 2 QF�:

The next theorem was obtained in [99].

Theorem 3.3. Let M > 0 satisfy

B.�; M/ \ F 6D ;;

� > 0;

r 2 R; (3.21)

x0 2 B.�; M/

and let fxig1
iD1 � X satisfy for each natural number i,

xi D Pr.i/.xi�1/: (3.22)

Then

Card.fi 2 f0; 1; : : : g W xi 62 QF�g/ � 4 NN3M2 Nc�1��2:
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3.2 Proof of Theorem 3.1

By (3.9) there exists

z 2 B.�; M/ \ F: (3.23)

Fix a positive number

�0 D .32.2M C 1/ NN Nc�1ı/1=2: (3.24)

Assume that a nonnegative integer s satisfies for each integer k 2 Œ0; s�,

maxfd.xi; xi�1/ W i D k NN C 1; : : : ; .k C 1/ NNg > �0: (3.25)

By (3.14) and (3.23),

d.x0; z/ � 2M: (3.26)

Assume that an integer k 2 Œ0; s� satisfies

d.xk NN ; z/ � 2M: (3.27)

We prove the following auxiliary result.

Lemma 3.4. Assume that an integer

i 2 Œ0; NN � 1� (3.28)

satisfies

d.xk NNCi; z/ � 2M C iı: (3.29)

Then

d.xk NNCiC1; z/ � d.xk NNCi; z/ C ı (3.30)

and

d.xk NNCiC1; z/2 � d.xk NNCi; z/2 C 2ı.2M C 1/: (3.31)

If d.xk NNCiC1; xk NNCi/ > �0, then

d.xk NNCiC1; z/2 � d.xk NNCi; z/2 � �8�1�2
0 Nc: (3.32)
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Proof. In view of (3.15),

d.xk NNCiC1; Pr.k NNCiC1/.xk NNCi// � ı: (3.33)

By (3.2), (3.23), and (3.33),

d.z; xk NNCiC1/2

� .d.z; Pr.k NNCiC1/.xk NNCi// C d.Pr.k NNCiC1/.xk NNCi/; xk NNCiC1//2

� .d.z; xk NNCi/ C ı/2: (3.34)

Clearly, (3.34) implies (3.30). It follows from (3.10), (3.28), (3.29), and (3.34) that

d.z; xk NNCiC1/2 � d.z; xk NNCi/
2 C ı2 C 2ıd.z; xk NNCi/

� d.z; xk NNCi/
2 C 2ı.d.z; xk NNCi/ C ı/

� d.z; xk NNCi/
2 C 2ı.2M C .i C 1/ı/

� d.z; xk NNCi/
2 C 2ı.2M C NNı/

� d.z; xk NNCi/
2 C 2ı.2M C 1/:

Thus (3.31) is true.
Assume that

d.xk NNCiC1; xk NNCi/ > �0: (3.35)

By (3.2), (3.23), and (3.33),

d.z; xk NNCiC1/2

� .d.z; Pr.k NNCiC1/.xk NNCi// C d.Pr.k NNCiC1/.xk NNCi/; xk NNCiC1//2

� .d.z; Pr.k NNCiC1/.xk NNCi///
2 C ı2 C 2ıd.z; Pr.k NNCiC1/.xk NNCi//

� d.z; xk NNCi/
2 � Ncd.xk NNCi; Pr.k NNCiC1/.xk NNCi//

2 C 2ıd.z; xk NNCi/ C ı2: (3.36)

Relations (3.33) and (3.35) imply that

d.xk NNCi; Pr.k NNCiC1/.xk NNCi//

� d.xk NNCi; xk NNCiC1/ � d.xk NNCiC1; Pr.k NNCiC1/.xk NNCi// > �0 � ı:

By (3.10), (3.24), (3.28), (3.29), (3.36) and the equation above,
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d.z; xk NNCiC1/2 � d.z; xk NNCi/
2 � Nc.�0 � ı/2 C 2ı.2M C ı.i C 1//

� d.z; xk NNCi/
2 � Nc.�0 � ı/2 C 2ı.2M C 1/

� d.z; xk NNCi/
2 � 4�1 Nc�2

0 C 2ı.2M C 1/

� d.z; xk NNCi/
2 � 8�1 Nc�2

0:

Thus (3.32) holds. This completes the proof of Lemma 3.4. ut
It follows from (3.10), (3.27), and Lemma 3.4 applied by induction that for all

i D 0; : : : ; NN � 1,

d.z; xk NNCiC1/ � d.z; xk NNCi/ C ı;

d.z; xk NNCiC1/ � 2M C ı.i C 1/ � 2M C ı NN � 2M C 1; (3.37)

d.z; xk NNCi/ � 2M C 1; i D 0; : : : ; NN:

Relations (3.25), (3.27), (3.31), (3.37) and Lemma 3.4 imply that

d.z; x.kC1/ NN/2 � d.z; xk NN/2 D
NN�1X

iD0

.d.z; xk NNCiC1/2 � d.z; xk NNCi/
2/

� �8�1 Nc�2
0 C 2ı NN.2M C 1/ � �16�1 Nc�2

0:

Thus we have shown that the following property holds:
(P1) if an integer k 2 Œ0; s� satisfies d.z; xk NN/ � 2M, then

d.z; xj/ � 2M C 1; i D k NN; : : : ; .k C 1/ NN; (3.38)

d.x.kC1/ NN ; z/2 � d.xk NN ; z/2 � �16�1 Nc�2
0: (3.39)

By (3.26) and property (P1),

d.xj; z/ � 2M C 1; j D 0; : : : ; .s C 1/ NN; (3.40)

and (3.39) holds for all k D 0; : : : ; s. In view (3.26) and (3.39),

16�1 Nc�2
0.s C 1/ �

sX

kD0

.d.xk NN ; z/2 � d.x.kC1/ NN ; z/2/

D d.x0; z/2 � d.x.sC1/ NN ; z/2 � d.x0; z/2 � 4M2;

s C 1 � 64M2 Nc�1��2
0 :

Thus we have shown that the following property holds:
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(P2) If an integer s � 0 and for each integer k 2 Œ0; s� (3.25) holds, then

s � 64M2 Nc�1��2
0 � 1;

d.xj; z/ � 2M C 1; j D 0; : : : ; .s C 1/ NN;

d.xk NN ; z/ � 2M; k D 0; : : : ; .s C 1/:

Property (P2), (3.11), and (3.24) imply that there exists an integer q 2 Œ0; n0 � 1�

such that for each integer k satisfying 0 � k < q,

maxfd.xi; xi�1/ W i D k NN C 1; : : : ; .k C 1/ NNg > �0I
maxfd.xi; xi�1/ W i D q NN C 1; : : : ; .q C 1/ NNg � �0:

By (3.16), (3.23), property (P2), and the choice of q,

d.xq NN ; z/ � 2M;

d.xj; z/ � 2M C 1; j D 0; : : : ; q NN;

d.xj; �/ � 3M C 1; j D 0; : : : ; q NN:

Assume that an integer q 2 Œ0; n0 � 1� satisfies

d.xi; xi�1/ � �0; i D q NN C 1; : : : ; .q C 1/ NN: (3.41)

In view of (3.15), (3.24), and (3.41), for all i D q NN C 1; : : : ; .q C 1/ NN;

d.xi�1; Pr.i/.xi�1// � d.xi�1; xi/ C d.xi; Pr.i/.xi�1// � �0 C ı < 2�0: (3.42)

Let

i 2 fq NN; : : : ; .q C 1/ NNg; (3.43)

s 2 f1; : : : ; mg: (3.44)

Relations (3.8) and (3.44) imply that there exists

j 2 fq NN C 1; : : : ; .q C 1/ NNg (3.45)

such that

s D r.j/: (3.46)

By (3.42), (3.45), and (3.46),

d.xj�1; Ps.xj�1// D d.xj�1; Pr.j/.xj�1// < 2�0: (3.47)
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In view of (3.41), (3.43), and (3.45),

d.xi; xj�1/ � NN�0:

Together with (3.47) this implies that

xi 2 QF. NNC1/�0
.Ps/:

Since the inclusion above holds for all s 2 f1; : : : ; mg we conclude
(see (3.12), (3.24)) that

xi 2 QF. NNC1/�0
D QF�1

for all i 2 fq NN; : : : ; .q C 1/ NNg: Theorem 3.1 is proved. ut

3.3 Proof of Theorem 3.3

Fix

z 2 B.�; M/ \ F: (3.48)

Set

�0 D � NN�1: (3.49)

Let i � 0 be an integer. By (3.22),

xiC1 D Pr.iC1/.xi/: (3.50)

Relations (3.2), (3.48), and (3.50) imply that

d.z; xi/
2 � d.z; xiC1/2 � Ncd.xi; xiC1/2: (3.51)

It follows from (3.14), (3.48), and (3.51) that for each natural number n,

4M2 � d.z; x0/2 � d.z; x0/2 � d.z; xn/2

D
n�1X

iD0

Œd.z; xi/
2 � d.z; xiC1/2�

�
n�1X

iD0

Ncd.xi; xiC1/2

� Nc�2
0 Card.fi 2 f0; : : : ; n � 1g W d.xi; xiC1/ � �0g/:
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Since the relation above holds for every natural number n we conclude that

Card.fi 2 f0; 1; : : : g W d.xi; xiC1/ � �0g/ � 4M2 Nc�1��2
0 : (3.52)

Set

E0 D fi 2 f0; 1; : : : g W d.xi; xiC1/ � �0g: (3.53)

In view of (3.52) and (3.53),

Card.E0/ � 4M2 Nc�1��2
0 : (3.54)

Set

E1 D fi 2 f0; 1; : : : g W Œi; i C NN � 1� \ E0 6D ;g: (3.55)

By (3.54) and (3.55),

Card.E1/ � NNCard.E0/ � 4 NNM2 Nc�1��2
0 : (3.56)

Let a nonnegative integer j satisfies

j 62 E1:

Then in view of (3.22), (3.53), and (3.55),

Œj; j C NN � 1� \ E0 D ;

and for each i 2 fj; : : : ; j C NN � 1g,

d.xi; Pr.iC1/.xi// D d.xi; xiC1/ < �0: (3.57)

This implies that for each pair of integers i1; i2 2 fj; : : : ; j C NNg,

d.xi1 ; xi2 / < NN�0: (3.58)

Let

i 2 fj; : : : ; j C NNg; s 2 f1; : : : ; mg: (3.59)

By (3.8), there is

j0 2 fj C 1; : : : ; j C NNg (3.60)

such that

s D r.j0/: (3.61)
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It follows from (3.57), (3.60), and (3.61) that

d.xj0�1; Ps.xj0�1// D d.xj0�1; Pr.j0/.xj0�1// < �0:

Together with (3.49) and (3.58)–(3.60) this implies that

xj 2 QF NN�0
.Ps/ D QF�.Ps/:

Since the inclusion above holds for every s 2 f1; : : : ; mg we conclude that

xj 2 QF�

for all nonnegative integers j satisfying j 62 E1. This completes the proof of
Theorem 3.3. ut

3.4 The Second Problem

Let .X; d/ be a metric space. Recall that for each x 2 X and each r > 0,

B.x; r/ D fy 2 X W d.x; y/ � rg:
For each x 2 X and each nonempty set E � X,

d.x; E/ D inffd.x; y/ W y 2 Eg:
Fix � 2 X. Suppose that m is a natural number, Pi W X ! X, i D 1; : : : ; m, for

every i 2 f1; : : : ; mg,

Fix.Pi/ WD fz 2 X W Pi.z/ D zg 6D ;:

Set

F D \m
iD1Fix.Pi/: (3.62)

For every � > 0 and every i 2 f1; : : : ; mg put

F�.Pi/ D fx 2 X W d.x; Pi.x// � �g;
QF�.Pi/ D fy 2 X W d.y; F�.Pi// � �g; (3.63)

F� D \m
iD1F�.Pi/; QF� D \m

iD1
QF�.Pi/: (3.64)

Suppose that

F 6D ;: (3.65)

and that the following assumption holds:
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(A1) For each M > 0 and each � > 0 there exists ı > 0 such that for each
i 2 f1; : : : ; mg, each

z 2 B.�; M/ \ Fix.Pi/

and each x 2 B.�; M/ satisfying d.x; Pi.x// � � ,

d.z; Pi.x// � d.z; x/ � ı:

Fix a natural number NN.
Denote by R the set of all mappings r W f1; 2; : : : ; g ! f1; : : : ; mg such that for

each integer j,

f1; : : : ; mg � fr.j/; : : : ; r.j C NN � 1/g: (3.66)

In Sect. 3.5 we prove the following result.

Theorem 3.5. Let M > 0 satisfy

B.�; M/ \ F 6D ;; � 2 .0; 1/; �0 D �. NN C 1/�1; (3.67)

� 2 .0; 1/ and let the following property hold:
(P1) for each i 2 f1; : : : ; mg, each

z 2 B.�; 3M C 1/ \ Fix.Pi/

and each x 2 B.�; 3M C 1/ satisfying d.x; Pi.x// � �0=2,

d.z; Pi.x// � d.z; x/ � �:

Let

n0 D b4��1Mc C 1; (3.68)

0 < ı < minf�0=2; �.2 NN/�1g: (3.69)

Assume that

r 2 R; (3.70)

x0 2 B.�; M/ and fxig1
iD1 � X (3.71)

satisfy for each natural number i,

d.xi; Pr.i/.xi�1// � ı: (3.72)
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Then there exists an integer q 2 Œ0; n0 � 1� such that

xi 2 B.�; 3M C 1/; i D 0; : : : ; q NN; (3.73)

d.xi; xi�1/ � �0; i D q NN C 1; : : : ; .q C 1/ NN: (3.74)

Moreover, if an integer q 2 Œ0; n0 � 1� satisfies (3.74), then for each i D q NN; : : : ;

.q C 1/ NN;

xi 2 QF�:

Note that the existence of � 2 .0; 1/ in the statement of Theorem 3.5 follows
from assumption (A1).

Applying by induction Theorem 3.5 and using (3.75) we can prove the following
result.

Theorem 3.6. Suppose that N� 2 .0; 1/, NM > 0,

QF N� � B.�; NM/; � 2 .0; N�/; M > NM; �0 D �. NN C 1/�1; (3.75)

� 2 .0; 1/ and let property (P1) (see Theorem 3.5) hold. Let

n0 D b4��1Mc C 1;

0 < ı < minf�0=2; �.2 NN/�1g:
Assume that

r 2 R;

x0 2 B.�; M/ and fxig1
iD1 � X

satisfy for each natural number i,

d.xi; Pr.i/.xi�1// � ı:

Then

xi 2 B.�; 3M C 1/ for all integers i � 0

and there exists a strictly increasing sequence of integers fqpg1
pD0 such that

0 � q0 � n0;

1 � qpC1 � qp � n0 for all integers p � 0

and that for each integer p � 0 and each i D qp NN; : : : ; .qp C 1/ NN,

xi 2 QF�:

The following theorem is proved in Sect. 3.6.
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Theorem 3.7. Let M > 0 satisfy

B.�; M/ \ F 6D ;;

� > 0. Then there exists a constant Q > 0 such that for each r 2 R, each sequence
fxig1

iD0 � X which satisfies

x0 2 B.�; M/

and

xi D Pr.i/.xi�1/

for all natural numbers i, the following inequality holds:

Card.fi 2 f0; 1; : : : g W xi 62 QF�g/ � Q:

Assume that C1; : : : ; Cm � X and \m
iD1Ci 6D ;. We say that the family of sets

fC1; : : : ; Cmg has a bounded regularity property [7] if for each � > 0 and each
M > 0 there exists ı > 0 such that if x 2 B.�; M/ satisfies d.x; Ci/ � ı for all
i D 1; : : : ; m, then d.x; \m

iD1Ci/ � �.
Theorem 3.5 implies the following result.

Theorem 3.8. Suppose that

Pi.X/ D Fix.Pi/; i D 1; : : : ; m;

the family of sets fFix.Pi/; i D 1; : : : ; mg has the bounded regularity property,
M > 0 satisfies

B.�; M/ \ F 6D ;:

Then there exist ı > 0 and a natural number n0 such that for each r 2 R; each x0 2
B.�; M/ and each sequence fxig1

iD1 � X which satisfies for each natural number i,

d.xi; Pr.i/.xi�1// � ı;

there exists an integer q 2 Œ0; n0 � 1� such that

xi 2 B.�; 3M C 2/; i D 0; : : : ; .q C 1/ NN;

d.xi; F/ � �; i D q NN; : : : ; .q C 1/ NN:

Applying by induction Theorem 3.8 we can prove the following result.
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Proposition 3.9. Suppose that

Pi.X/ D Fix.Pi/; i D 1; : : : ; m;

the family of sets fFix.Pi/; i D 1; : : : ; mg has the bounded regularity property,
NM > 0 satisfies

F � B.�; NM/; M > NM C 1; � 2 .0; 1/:

Then there exist ı > 0 and a natural number n0 such that for each r 2 R; each x0 2
B.�; M/ and each sequence fxig1

iD1 � X which satisfies for each natural number i,

d.xi; Pr.i/.xi�1// � ı;

the inclusion xi 2 B.�; 3M C2/ holds for all integers i � 0 and there exists a strictly
increasing sequence of integers fqpg1

pD0 such that

0 � q0 � n0;

1 � qpC1 � qp � n0 for all integers p � 0

and that for each integer p � 0 and each i D .qp � 1/ NN; : : : ; qp NN,

d.xi; F/ � �:

The following two results are deduced from Proposition 3.9.

Theorem 3.10. Suppose that

Pi.X/ D Fix.Pi/; i D 1; : : : ; m;

the family of sets fFix.Pi/; i D 1; : : : ; mg has the bounded regularity property,
NM > 0 satisfies

F � B.�; NM/; M > NM C 1; � 2 .0; 1/:

Then there exist ı > 0 and a natural number n0 such that for each r 2 R; each x0 2
B.�; M/ and each sequence fxig1

iD1 � X which satisfies for each natural number i,

d.xi; Pr.i/.xi�1// � ı;

the inclusion xi 2 B.�; 3M C 2/ holds for all integers i � 0 and

d.xi; F/ � � for all integers i � n0
NN:
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Theorem 3.11. Suppose that

Pi.X/ D Fix.Pi/; i D 1; : : : ; m;

the family of sets fFix.Pi/; i D 1; : : : ; mg has the bounded regularity property, there
exists s0 2 f1; : : : ; mg such that the set Ps0 .X/ is bounded, � > 0 and that a sequence
fıig1

iD1 � .0; 1/ satisfies

lim
i!1 ıi D 0: (3.76)

Then there exists a natural number n� such that for each r 2 R and each sequence
fxig1

iD0 � X which satisfies for each natural number i,

d.xi; Pr.i/.xi�1// � ıi

the inequality

d.xi; F/ � � holds for all integers i � n�:

Note that Theorems 3.21 and 3.22 are generalizations of Theorems 3.10 and
3.11, respectively. They are stated in Sect. 3.8 and proved in Sects. 3.11 and 3.12
respectively.

Example 3.12. Let Nc 2 .0; 1/ and for every i 2 f1; : : : ; mg,

d.z; x/2 � d.z; Pi.x//2 C Ncd.x; Pi.x//2

for all x 2 X and all z 2 Fix.Pi/: (3.77)

We claim that (A1) holds.
Let M > 0; � > 0 and i 2 f1; : : : ; mg;

z 2 B.�; M/ \ Fix.Pi/; (3.78)

x 2 B.�; M/; d.x; Pi.x// � �: (3.79)

By (3.77)–(3.79),

Nc�2 � Ncd.x; Pi.x//2 � d.z; x/2 � d.z; Pi.x//2

D .d.z; x/ � d.z; Pi.x///.d.z; x/ C d.z; Pi.x///

� 2.d.z; x/ � d.z; Pi.x///d.z; x/

� 4M.d.z; x/ � d.z; Pi.x///:

d.z; x/ � d.z; Pi.x// � .4M/�1 Nc�2

and (A1) holds with ı D .4M/�1 Nc�2:
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Example 3.13. Assume that every bounded closed subset of X is compact, map-
pings Pi, i D 1; : : : ; m are continuous and that for every i 2 f1; : : : ; mg, every
z 2 Fix.Pi/ and every x 2 X n Fix.Pi/,

d.z; Pi.x// < d.z; x/: (3.80)

We claim that (A1) hods.
Let M > 0; � > 0 and j 2 f1; : : : ; mg: In order to meet our goal it is sufficient to

show that there exists ı > 0 such that

d.z; Pj.x// � d.z; x/ � ı

for each

z 2 B.�; M/ \ Fix.Pj/

and each x 2 B.�; M/ satisfying d.x; Pj.x// � �:

Assume the contrary. Then there exist sequences

fzkg1
kD1 � B.�; M/ \ Fix.Pj/ and fxkg1

kD1 � B.�; M/

such that

d.xk; Pj.xk// � � for all natural numbers k;

lim
k!1.d.zk; xk/ � d.zk; Pj.xk// D 0:

Extracting a subsequence and re-indexing, if necessary, we may assume without loss
of generality that there exist

x D lim
k!1 xk; z D lim

k!1 zk:

It is not difficult to see that

d.x; Pj.x// D lim
k!1 d.xk; Pj.xk// � �;

d.z; Pj.z// D lim
k!1 d.zk; Pj.zk// D 0;

d.z; x/ � d.z; Pj.x// D lim
k!1.d.zk; xk/ � d.zk; Pj.xk/// D 0:

Thus

z 2 Fix.Pj/; x 62 Fix.Pj/; d.z; x/ D d.z; Pj.x//:

This contradicts (3.80). The contradiction we have reached that (A1) holds.
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3.5 Proof of Theorem 3.5

By (3.67) there exists

z 2 B.�; M/ \ F: (3.81)

Assume that a nonnegative integer s satisfies for each integer k 2 Œ0; s�,

maxfd.xi; xi�1/ W i D k NN C 1; : : : ; .k C 1/ NNg > �0: (3.82)

By (3.71) and (3.81),

d.x0; z/ � 2M: (3.83)

Assume that an integer k 2 Œ0; s� satisfies

d.xk NN ; z/ � 2M: (3.84)

We prove the following auxiliary result.

Lemma 3.14. Assume that an integer

i 2 Œ0; NN � 1� (3.85)

satisfies

d.xk NNCi; z/ � 2M C iı: (3.86)

Then

d.xk NNCiC1; z/ � d.xk NNCi; z/ C ı (3.87)

and if

d.xk NNCiC1; xk NNCi/ > �0; (3.88)

then

d.xk NNCiC1; z/ � d.xk NNCi; z/ � � C ı: (3.89)

Proof. In view of (3.72), (3.81), and (A1),

d.xk NNCiC1; z/ � d.xk NNCiC1; Pr.k NNCiC1/.xk NNCi// C d.Pr.k NNCiC1/.xk NNCi/; z/

� ı C d.xk NNCi; z/

and (3.87) holds.
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Assume that (3.88) holds. By (3.72),

d.xk NNCiC1; z/ � d.xk NNCiC1; Pr.k NNCiC1/.xk NNCi// C d.Pr.k NNCiC1/.xk NNCi/; z/

� ı C d.Pr.k NNCiC1/.xk NNCi/; z/: (3.90)

It follows from (3.70), (3.72), and (3.88) that

d.xk NNCi; Pr.k NNCiC1/.xk NNCi//

� d.xk NNCi; xk NNCiC1/ � d.Pr.k NNCiC1/.xk NNCi/; xk NNCiC1/

� �0 � ı � 2�1�0: (3.91)

In view of (3.81), (3.85), (3.86), and (3.96),

d.xk NNCi; z/ � 2M C 1; (3.92)

d.�; xk NNCi/ � 3M C 1: (3.93)

By (3.81), (3.91), (3.93), and property (P1),

d.z; Pr.k NNCiC1/.xk NNCi// � d.z; xk NNCi/ � �: (3.94)

Relations (3.72) and (3.94) imply that

d.z; xk NNCiC1/ � ı C d.Pr.k NNCiC1/.xk NNCi/; z/ � d.z; xk NNCi/ � � C ı:

This completes the proof of Lemma 3.14. ut
It follows from (3.69), (3.84), (3.85), and Lemma 3.14 applied by induction that

for all i D 0; : : : ; NN � 1,

d.z; xk NNCiC1/ � d.z; xk NNCi/ C ı; (3.95)

d.z; xk NNCiC1/ � 2M C ı.i C 1/ � 2M C ı NN � 2M C 1; (3.96)

d.z; xk NNCi/ � 2M C 1; i D 0; : : : ; NN: (3.97)

Relations (3.69), (3.82), (3.84), (3.96), and Lemma 3.14 imply that

d.z; x.kC1/ NN/ � d.z; xk NN/ D
NN�1X

iD0

.d.z; xk NNCiC1/ � d.z; xk NNCi//

� ı. NN � 1/ � � C ı � �� C ı NN � ��=2:

Thus we have shown that the following property holds:
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(P2) if an integer k 2 Œ0; s� satisfies d.z; xk NN/ � 2M, then

d.z; xj/ � 2M C 1; i D k NN; : : : ; .k C 1/ NN;

d.x.kC1/ NN ; z/ � d.xk NN ; z/ � ��=2: (3.98)

By (3.83) and property (P2),

d.xj; z/ � 2M C 1; j D 0; : : : ; .s C 1/ NN

and (3.98) holds for all k D 0; : : : ; s. In view (3.71), (3.81), and (3.98) holding for
all k D 0; : : : ; s,

�.�=2/.s C 1/ �
sX

kD0

.d.xk NN ; z/ � d.x.kC1/ NN ; z//

D d.x0; z/ � d.x.sC1/ NN ; z/ � d.x0; z/ � 2M;

s C 1 � 4��1M:

Thus we have shown that the following property holds:
(P3) If an integer s � 0 and for each integer k 2 Œ0; s�, (3.82) holds, then

s � 4��1M � 1;

d.xj; z/ � 2M C 1; j D 0; : : : ; .s C 1/ NN;

d.xk NN ; z/ � 2M; k D 0; : : : ; .s C 1/:

Property (P3) imply that there exists an integer q 2 Œ0; n0 � 1� such that for each
integer k satisfying 0 � k < q,

maxfd.xi; xi�1/ W i D k NN C 1; : : : ; .k C 1/ NNg > �0I
maxfd.xi; xi�1/ W i D q NN C 1; : : : ; .q C 1/ NNg � �0:

By (3.81), property (P3), and the choice of q,

d.xq NN ; z/ � 2M;

d.xj; z/ � 2M C 1; j D 0; : : : ; q NN;

d.xj; �/ � 3M C 1; j D 0; : : : ; q NN:

Assume that an integer q 2 Œ0; n0 � 1� satisfies

d.xi; xi�1/ � �0; i D q NN C 1; : : : ; .q C 1/ NN: (3.99)
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In view of (3.69), (3.72), and (3.99), for all i D q NN C 1; : : : ; .q C 1/ NN;

d.xi�1; Pr.i/.xi�1// � d.xi�1; xi/ C d.xi; Pr.i/.xi�1// � �0 C ı < 2�0: (3.100)

Let

i 2 fq NN; : : : ; .q C 1/ NNg; (3.101)

s 2 f1; : : : ; mg: (3.102)

Relations (3.66) and (3.102) imply that there exists

j 2 fq NN C 1; : : : ; .q C 1/ NNg (3.103)

such that

s D r.j/: (3.104)

By (3.100), (3.103), and (3.104),

d.xj�1; Ps.xj�1// D d.xj�1; Pr.j/.xj�1// < 2�0: (3.105)

In view of (3.67), (3.99), (3.103), and (3.104),

d.xi; xj�1/ � NN�0 � �:

Together with (3.67) and (3.105) this implies that

xi 2 QF�.Ps/:

Since the inclusion above holds for all s 2 f1; : : : ; mg we conclude that

xi 2 QF�

for all i 2 fq NN; : : : ; .q C 1/ NNg: Theorem 3.5 is proved. ut

3.6 Proof of Theorem 3.7

Fix

z 2 B.�; M/ \ F: (3.106)

Set

�0 D � NN�1: (3.107)

By (A1), there exists � 2 .0; 1/ such that the following property holds:
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(P4) for each i 2 f1; : : : ; mg, each

	 2 B.�; 3M C 1/ \ Fix.Pi/

and each x 2 B.�; 3M C 1/ satisfying d.x; Pi.x// � �0=2,

d.	; Pi.x// � d.	; x/ � �:

Set

Q D 1 C b2 NNM��1c: (3.108)

Assume that

r 2 R; (3.109)

x0 2 B.�; M/ (3.110)

and let fxig1
iD1 � X satisfy for each natural number i,

xi D Pr.i/.xi�1/: (3.111)

In view of (3.106) and (3.110),

d.z; x0/ � 2M: (3.112)

By (3.106), (3.111), and (A1),

d.z; xiC1/ � d.z; xi/; i D 0; 1; : : : : (3.113)

Relations (3.106) and (3.113) imply that

d.z; xi/ � 2M; i D 0; 1; : : : : (3.114)

Set

E0 D fi 2 f0; 1; : : : g W d.xi; xiC1/ � �0=2g: (3.115)

Let n be a natural number. By (3.112) and (A1),

2M � d.z; x0/ � d.z; x0/ � d.z; xn/

D
n�1X

iD0

.d.z; xi/ � d.z; xiC1//

�
X

fd.z; xi/ � d.z; xiC1/ W i 2 f0; : : : ; n � 1g; d.xi; xiC1/ � 2�1�0g: (3.116)
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If i 2 f0; : : : ; n � 1g satisfies d.xi; xiC1/ � 2�1�0, then in view of (3.111),

d.xi; Pr.iC1/.xi// � 2�1�0

and in view of (3.106), (3.111), (3.114), and (P4),

d.z; xi/ � � � d.z; Pr.iC1/.xi// D d.z; xiC1/:

Together with (3.116) this implies that

2M �
X

fd.z; xi/ � d.z; xiC1/ W i 2 f0; : : : ; n � 1g; d.xi; xiC1/ � 2�1�0g
� �Card.E0 \ Œ0; n � 1�/:

Since the relation above holds for every natural number n we conclude that

Card.E0/ � 2M��1: (3.117)

Set

E1 D fi 2 f0; 1; : : : g W Œi; i C NN � 1� \ E0 6D ;g: (3.118)

By (3.108), (3.117), and (3.118),

Card.E1/ � NNCard.E0/ � 2 NNM��1 � Q: (3.119)

Let a nonnegative integer j satisfies

j 62 E1:

Then in view of (3.111), (3.115), and (3.118),

Œj; j C NN � 1� \ E0 D ;

and for each i 2 fj; : : : ; j C NN � 1g,

d.xi; Pr.iC1/.xi// D d.xi; xiC1/ < �0=2: (3.120)

In view of (3.120), for each pair of integers i1; i2 2 fj; : : : ; j C NNg,

d.xi1 ; xi2 / < NN�0=2: (3.121)

Let

i 2 fj; : : : ; j C NNg; s 2 f1; : : : ; mg: (3.122)
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By (3.66) and (3.122), there is

j0 2 fj C 1; : : : ; j C NNg (3.123)

such that

s D r.j0/: (3.124)

It follows from (3.120), (3.123), and (3.124) that

d.xj0�1; Ps.xj0�1// D d.xj0�1; Pr.j0/.xj0�1// < �0=2:

Together with (3.107) and (3.121) and (3.123) this implies that

xj 2 QF NN�0=2.Ps/ � QF�.Ps/:

Since the inclusion above holds for every s 2 f1; : : : ; mg we conclude that

xj 2 QF�

for all nonnegative integers j satisfying j 62 E1. This completes the proof of
Theorem 3.7. ut

3.7 The Third Problem

Let .X; d/ be a metric space. Recall that for each x 2 X and each r > 0,

B.x; r/ D fy 2 X W d.x; y/ � rg:

For each x 2 X and each nonempty set E � X,

d.x; E/ D inffd.x; y/ W y 2 Eg:

Fix � 2 X. Suppose that m is a natural number, Ci � X, i D 1; : : : ; m be
nonempty closed sets and that

C WD \m
iD1Ci 6D ;: (3.125)

Assume that mappings Pi W X ! X, i D 1; : : : ; m and that for every i 2 f1; : : : ; mg,

Pi.x/ D x for all x 2 Ci: (3.126)

Suppose that the following assumption holds:
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(A2) For each M > 0 and each � > 0 there exists ı > 0 such that for each
i 2 f1; : : : ; mg, each x 2 B.�; M/ satisfying d.x; Ci/ � � and each

z 2 B.�; M/ \ Ci;

we have

d.Pi.x/; z/ � d.x; z/ � ı:

Fix a natural number NN.
Denote by R the set of all mappings r W f1; 2; : : : ; g ! f1; : : : ; mg such that for

each integer j,

f1; : : : ; mg � fr.j/; : : : ; r.j C NN � 1/g: (3.127)

In Sect. 3.8 we prove the following result.

Theorem 3.15. Let M > 0 satisfy

B.�; M/ \ C 6D ;; (3.128)

� 2 .0; 1/,

�0 D �.3 NN C 1/�1; (3.129)

� 2 .0; 1/ and let the following property hold:
(P5) for each i 2 f1; : : : ; mg, each

z 2 B.�; 3M C 1/ \ Ci

and each x 2 B.�; 3M C 1/ satisfying d.x; Ci/ � �0=2,

d.z; Pi.x// � d.z; x/ � �:

Let

n0 D b4��1Mc C 1; (3.130)

0 < ı � minf�0=4; �.2 NN/�1g: (3.131)

Assume that

r 2 R; (3.132)

x0 2 B.�; M/ and fxig1
iD1 � X (3.133)
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satisfy for each natural number i,

d.xi; Pr.i/.xi�1// � ı: (3.134)

Then there exists an integer q 2 Œ0; n0 � 1� such that

xi 2 B.�; 3M C 1/; i D 0; : : : ; q NN; (3.135)

d.xi�1; Cr.i// � �0; i D q NN C 1; : : : ; .q C 1/ NN: (3.136)

Moreover, if an integer q 2 Œ0; n0 � 1� satisfies (3.136), then for each i D
q NN; : : : ; .q C 1/ NN;

d.xi; Cs/ � �; s D 1; : : : ; m:

Note that the existence of � 2 .0; 1/ in the statement of Theorem 3.15 follows
from assumption (A2).

In Sect. 3.9 we prove the following result.

Theorem 3.16. Let M > 0 satisfy

B.�; M/ \ C 6D ;; (3.137)

� 2 .0; 1/,

�1 2 .0; �.2 NN/�1/ (3.138)

and let the following property hold:
(P6) for each i 2 f1; : : : ; mg, each

z 2 B.�; 3M C 1/ \ Ci

and each x 2 B.�; 3M C 2/ satisfying d.x; Ci/ � �0=2,

d.z; Pi.x// � d.z; x/ � 2�1:

Let � 2 .0; �1/ and the following property hold:
(P7) for each i 2 f1; : : : ; mg, each

z 2 B.�; 3M C 1/ \ Ci

and each x 2 B.�; 3M C 1/ satisfying d.x; Ci/ � �1=4,

d.z; Pi.x// � d.z; x/ � �: (3.139)
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Let

n0 D b4��1Mc C 1; (3.140)

0 < ı � minf�1=4; �.2 NN/�1g: (3.141)

Assume that

r 2 R; (3.142)

x0 2 B.�; M/ and fxig1
iD1 � X (3.143)

satisfy for each natural number i,

d.xi; Pr.i/.xi�1// � ı: (3.144)

Then there exists an integer q 2 Œ0; n0 � 1� such that

xi 2 B.�; 3M C 1/; i D 0; : : : ; q NN; (3.145)

d.xi�1; xi/ � �1; i D q NN C 1; : : : ; .q C 1/ NN: (3.146)

Moreover, if an integer q 2 Œ0; n0 � 1� satisfies (3.145) and (3.146), then for each
i D q NN; : : : ; .q C 1/ NN;

d.xi; Cs/ � �; s D 1; : : : ; m:

Note that the existence of �1; � 2 .0; 1/ in the statement of Theorem 3.16 follows
from assumption (A2).

Applying by induction Theorem 3.15 we can prove the following result.

Theorem 3.17. Suppose that N� 2 .0; 1/, NM > 0,

fx 2 X W d.x; Cs/ � N�; s D 1; : : : ; mg � B.�; NM/; � 2 .0; N�/; �0 D �.3 NN C 1/�1;

� 2 .0; 1/ and let property (P5) (see Theorem 3.15) hold. Let

n0 D b4��1Mc C 1;

0 < ı � minf�0=4; �.2 NN/�1g:

Assume that

r 2 R;

x0 2 B.�; M/ and fxig1
iD1 � X
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satisfy for each natural number i,

d.xi; Pr.i/.xi�1// � ı:

Then

xi 2 B.�; 3M C 1/ for all integers i � 0

and there exists a strictly increasing sequence of integers fqpg1
pD0 such that

0 � q0 � n0;

1 � qpC1 � qp � n0 for all integers p � 0

and that for each integer p � 0 and each i D qp NN; : : : ; .qp C 1/ NN,

d.xi; Cs/ � �; s D 1; : : : ; m:

The next result is proved in Sect. 3.10..

Theorem 3.18. Let M > 0 satisfy

B.�; M/ \ C 6D ;;

� > 0. Then there exists a constant Q > 0 such that for each r 2 R, each sequence
fxig1

iD0 � X which satisfies

x0 2 B.�; M/

and

xi D Pr.i/.xi�1/

for all natural numbers i,

Card.fi 2 f0; 1; : : : g W maxfd.xi; Cs/ W s D 1; : : : ; mg > �g/ � Q:

Theorem 3.16 implies the following result.

Theorem 3.19. Suppose that the family of sets fCi; i D 1; : : : ; mg has the bounded
regularity property, � > 0 and that M > 0 satisfies

B.�; M/ \ C 6D ;:

Then there exist ı > 0 and a natural number n0 such that for each r 2 R; each x0 2
B.�; M/ and each sequence fxig1

iD1 � X which satisfies for each natural number i,

d.xi; Pr.i/.xi�1// � ı;
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there exists an integer q 2 Œ0; n0 � 1� such that

xi 2 B.�; 3M C 2/; i D 0; : : : ; .q C 1/ NN;

d.xi; C/ � �; i D q NN; : : : ; .q C 1/ NN:

Applying by induction Theorem 3.19 we can prove the following result.

Proposition 3.20. Suppose that the family of sets fCi; i D 1; : : : ; mg has the
bounded regularity property, NM > 0 satisfies

C � B.�; NM/; M > NM C 1; � 2 .0; 1/:

Then there exist ı > 0 and a natural number n0 such that for each r 2 R; each x0 2
B.�; M/ and each sequence fxig1

iD1 � X which satisfies for each natural number i,

d.xi; Pr.i/.xi�1// � ı

the inclusion xi 2 B.�; 3M C2/ holds for all integers i � 0 and there exists a strictly
increasing sequence of integers fqpg1

pD0 such that

0 � q0 � n0;

1 � qpC1 � qp � n0 for all integers p � 0

and that for each integer p � 0 and each i D .qp � 1/ NN; : : : ; qp NN,

d.xi; C/ � �:

The following result is proved in Sect. 3.11.

Theorem 3.21. Suppose that the family of sets fCi; i D 1; : : : ; mg has the bounded
regularity property, NM > 0 satisfies

C � B.�; NM/; M > NM C 1; � 2 .0; 1/:

Then there exist ı > 0 and a natural number n0 such that for each r 2 R; each x0 2
B.�; M/ and each sequence fxig1

iD1 � X which satisfies for each natural number i,

d.xi; Pr.i/.xi�1// � ı;

the inclusion xi 2 B.�; 3M C 2/ holds for all integers i � 0 and

d.xi; C/ � � for all integers i � n0
NN:

The following result is proved in Sect. 3.12.
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Theorem 3.22. Suppose that the family of sets fCi; i D 1; : : : ; mg has the bounded
regularity property, there exists s0 2 f1; : : : ; mg such that the set Ps0 .X/ is bounded,
� > 0 and that a sequence fıig1

iD1 � .0; 1/ satisfies

lim
i!1 ıi D 0: (3.147)

Then there exists a natural number n� such that for each r 2 R and each sequence
fxig1

iD0 � X which satisfies for each natural number i,

d.xi; Pr.i/.xi�1// � ıi;

the inequality

d.xi; C/ � �

holds for all integers i � n�:

Example 3.23. Assume that Pi.X/ D Ci, i 2 f1; : : : ; mg. We show that in this case
(A2) follows from (A1).

Assume that (A1) holds, M > 0 � > 0 and that ı > 0 is as guaranteed by (A1).
Let

i 2 f1; : : : ; mg ; z 2 B.�; M/ \ Ci; x 2 B.�; M/;

d.x; Ci/ � �: (3.148)

Since Pi.x/ 2 Ci, it follows from (3.148) that

d.x; Pi.x// � �: (3.149)

By (3.149), (A1) and the choice of ı,

d.z; Pi.x// � d.z; x/ � ı:

Thus (A2) holds.
Assume that Pi.X/ D Ci, i 2 f1; : : : ; mg, Nc 2 .0; 1/ and that for every i 2

f1; : : : ; mg,

d.z; x/2 � d.z; Pi.x//2 C Ncd.x; Pi.x//2

for all x 2 X and all z 2 Ci:

In view of Example 3.12, (A1) holds. Therefore (A2) holds too.

Example 3.24. Assume that every bounded closed subset of X is compact, map-
pings Pi, i D 1; : : : ; m are continuous and that for every i 2 f1; : : : ; mg, every
z 2 Ci and every x 2 X n Ci,

d.z; Pi.x/// < d.z; x/: (3.150)

We claim that (A2) hods.
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Let M > 0; � > 0 and j 2 f1; : : : ; mg: In order to meet our goal it is sufficient to
show that there exists ı > 0 such that

d.z; Pj.x// � d.z; x/ � ı

for each

z 2 B.�; M/ \ Cj

and each x 2 B.�; M/ satisfying d.x; Cj/ � �:

Assume the contrary. Then there exist sequences

fzkg1
kD1 � B.�; M/ \ Cj and fxkg1

kD1 � B.�; M/

such that for all natural numbers k,

d.xk; Cj/ � �;

lim
k!1.d.zk; xk/ � d.zk; Pj.xk/// D 0:

Extracting a subsequence and re-indexing, if necessary, we may assume without loss
of generality that there exist

x D lim
k!1 xk; z D lim

k!1 zk:

It is not difficult to see that

z 2 Cj;

d.x; Cj/ � lim inf
k!1 d.xk; Cj/ � �;

d.z; x/ D lim
k!1 d.zk; xk/;

d.z; Pj.z// D lim
k!1 d.zk; Pj.xk//;

d.z; x/ � d.z; Pj.x// D lim
k!1.d.zk; xk/ � d.zk; Pj.xk/// D 0:

This contradicts (3.150). The contradiction we have reached proves that (A2) holds.

In view of Example 3.23, Theorem 3.10 is a particular case of Theorem 3.21 and
Theorem 3.11 is a particular case of Theorem 3.22.
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3.8 Proof of Theorem 3.5

By (3.128) there exists

z 2 B.�; M/ \ C: (3.151)

Assume that a nonnegative integer s satisfies for each integer k 2 Œ0; s�,

maxfd.xi�1; Cr.i// W i D k NN C 1; : : : ; .k C 1/ NNg > �0: (3.152)

By (3.143) and (3.151),

d.x0; z/ � 2M: (3.153)

Assume that an integer k 2 Œ0; s� satisfies

d.xk NN ; z/ � 2M: (3.154)

We prove the following auxiliary result.

Lemma 3.25. Assume that an integer

i 2 Œ0; NN � 1� (3.155)

satisfies

d.xk NNCi; z/ � 2M C iı: (3.156)

Then

d.xk NNCiC1; z/ � d.xk NNCi; z/ C ı (3.157)

and if

d.xk NNCi; Cr.k NNCiC1/ > �0; (3.158)

then

d.xk NNCiC1; z/ � d.xk NNCi; z/ � � C ı: (3.159)

Proof. In view of (3.144), (3.151), and (A2),

d.xk NNCiC1; z/ � d.xk NNCiC1; Pr.k NNCiC1/.xk NNCi// C d.Pr.k NNCiC1/.xk NNCi/; z/

� ı C d.xk NNCi; z/

and (3.157) holds.
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Assume that (3.158) holds. It follows from (3.132), (3.151), (3.155), and (3.156)
that

d.xk NNCi; �/ � d.xk NNCi; z/ C d.z; �/ � 2M C NNı C M � 3M C 1: (3.160)

By (3.151), (3.158), (3.160), and property (P5),

d.z; Pr.k NNCiC1/.xk NNCi// � d.z; xk NNCi/ � �: (3.161)

Relations (3.134) and (3.161) imply that

d.z; xk NNCiC1/ � d.z; Pr.k NNCiC1/.xk NNCi// C d.Pr.k NNCiC1/.xk NNCi/; xk NNCiC1/

� d.z; xk NNCi/ � � C ı:

Thus (3.159) holds. This completes the proof of Lemma 3.25. ut
It follows from (3.131), (3.132), (3.154), and Lemma 3.25 applied by induction

that for all i D 0; : : : ; NN � 1,

d.z; xk NNCiC1/ � d.z; xk NNCi/ C ı;

d.z; xk NNCiC1/ � 2M C ı.i C 1/ � 2M C ı NN � 2M C 1; (3.162)

d.z; xk NNCi/ � 2M C 1; i D 0; : : : ; NN: (3.163)

Relations (3.131), (3.152), (3.154), (3.162), and Lemma 3.25 imply that

d.z; x.kC1/ NN/ � d.z; xk NN/ D
NN�1X

iD0

.d.z; xk NNCiC1/ � d.z; xk NN C i//

� ı. NN � 1/ � � C ı � �� C ı NN � ��=2:

Thus we have shown that the following property holds:
(P8) if an integer k 2 Œ0; s� satisfies d.z; xk NN/ � 2M, then

d.z; xj/ � 2M C 1; j D k NN; : : : ; .k C 1/ NN;

d.z; x.kC1/ NN/ � d.z; xk NN/ � ��=2: (3.164)

By (3.153) and property (P8),

d.xj; z/ � 2M C 1; j D 0; : : : ; .s C 1/ NN

and (3.164) holds for all k D 0; : : : ; s. In view (3.153) and (3.164) holding for all
k D 0; : : : ; s,
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.s C 1/�=2 �
sX

kD0

.d.xk NN ; z/ � d.x.kC1/ NN ; z//

D d.x0; z/ � d.x.sC1/ NN ; z/ � d.x0; z/ � 2M;

s C 1 � 4��1M:

Thus we have shown that the following property holds:
(P9) If an integer s � 0 and for each integer k 2 Œ0; s�, (3.152) holds, then

s � 4��1M � 1;

d.xj; z/ � 2M C 1; j D 0; : : : ; .s C 1/ NN;

d.xk NN ; z/ � 2M; k D 0; : : : ; .s C 1/:

Property (P9) implies that there exists an integer q 2 Œ0; n0 �1� such that for each
integer k satisfying 0 � k < q,

maxfd.xi�1; Cr.i// W i D k NN C 1; : : : ; .k C 1/ NNg > �0I
maxfd.xi�1; Cr.i// W i D q NN C 1; : : : ; .q C 1/ NNg � �0:

By (3.151), property (P9), and the choice of q,

d.xq NN ; z/ � 2M;

d.xj; z/ � 2M C 1; j D 0; : : : ; q NN;

d.xj; �/ � 3M C 1; j D 0; : : : ; q NN:

Assume that an integer q 2 Œ0; n0 � 1� satisfies

d.xi�1; Cr.i// � �0; i D q NN C 1; : : : ; .q C 1/ NN: (3.165)

Let i 2 fq NN C 1; : : : ; .q C 1/ NNg; ˛ > 0: In view of (3.165), there exists

	 2 Cr.i/ (3.166)

such that

d.xi�1; 	/ < d.xi�1; Cr.i// C ˛ < �0 C ˛: (3.167)

By (3.134), (3.166), (3.167), and (A2),

d.xi; 	/ � d.xi; Pr.i/.xi�1// C d.Pr.i/.xi�1/; 	/

� ı C d.xi�1; 	/ � ı C �0 C ˛:
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Together with (3.131) and (3.167) this implies that

d.xi�1; xi/ � 2�0 C 2˛ C ı:

Since ˛ is any positive number we conclude that

d.xi�1; xi/ � 3�0 (3.168)

for every i 2 fq NN C 1; : : : ; .q C 1/ NNg. By (3.168), for each i1; i2 2 fq NN; : : : ;

.q C 1/ NNg,

d.xi1 ; xi2 / � 3 NN�0: (3.169)

Let

s 2 f1; : : : ; mg; i 2 fq NN; : : : ; .q C 1/ NNg; (3.170)

Relations (3.127) and (3.170) imply that there exists

j 2 fq NN C 1; : : : ; .q C 1/ NNg (3.171)

such that

s D r.j/: (3.172)

By (3.165), (3.171), and (3.172),

d.xj�1; Cs/ � �0:

Together with (3.129) and (3.169)–(3.171) this implies that

d.xi; Cs/ � d.xi; xj�1/ C d.xj�1; Cs/ � �0.3 NN C 1/ � �

for all s 2 f1; : : : ; mg and all i 2 fq NN; : : : ; .q C 1/ NNg: Theorem 3.15 is proved. ut

3.9 Proof of Theorem 3.16

By (3.137) there exists

z 2 B.�; M/ \ C: (3.173)

Assume that a nonnegative integer s satisfies for each integer k 2 Œ0; s�,

maxfd.xi�1; xi/ W i D k NN C 1; : : : ; .k C 1/ NNg > �1: (3.174)
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By (3.143) and (3.173),

d.x0; z/ � 2M: (3.175)

Assume that an integer k 2 Œ0; s� satisfies

d.xk NN ; z/ � 2M: (3.176)

We prove the following auxiliary result.

Lemma 3.26. Assume that an integer

i 2 Œ0; NN � 1� (3.177)

satisfies

d.xk NNCi; z/ � 2M C iı: (3.178)

Then

d.xk NNCiC1; z/ � d.xk NNCi; z/ C ı (3.179)

and if

d.xk NNCi; xk NNCiC1/ > �1; (3.180)

then

d.z; xk NNCiC1/ � d.z; xk NNCi/ � � C ı: (3.181)

Proof. In view of (3.144), (3.173), and (A2),

d.xk NNCiC1; z/ � d.xk NNCiC1; Pr.k NNCiC1/.xk NNCi// C d.Pr.k NNCiC1/.xk NNCi/; z/

� ı C d.xk NNCi; z/

and (3.179) holds.
Assume that (3.180) holds. It follows from (3.141) and (3.177)–(3.179) that

d.xk NNCiC1; z/; d.xk NNCi; z/ � 2M C 1: (3.182)

Relations (3.173) and (3.182) imply that

xk NNCi; xk NNCiC1 2 B.�; 3M C 1/: (3.183)

We show that

d.xk NNCi; Cr.k NNCiC1// � �1=4: (3.184)
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Assume the contrary. Then there exists

	 2 Cr.k NNCiC1/ (3.185)

such that

d.xk NNCi; 	/ < �1=4: (3.186)

By (3.144), (3.185), (3.186), and (A2),

d.xk NNCiC1; 	/ � d.xk NNCiC1; Pr.k NNCiC1/.xk NNCi// C d.Pr.k NNCiC1/.xk NNCi/; 	/

� ı C d.xk NNCi; 	/ < �1=4 C ı: (3.187)

Relations (3.141), (3.186), and (3.187) imply that

d.xk NNCi; xk NNCiC1/ � d.xk NNCi; 	/ C d.	; xk NNCiC1/ < �1=2 C ı < �1:

This contradicts (3.180). The contradiction we have reached proves (3.184).
By (3.173), (3.183), (3.184), and property (P7),

d.z; Pr.k NNCiC1/.xk NNCi// � d.z; xk NNCi/ � �: (3.188)

In view of (3.144) and (3.188),

d.z; xk NNCiC1/ � d.z; Pr.k NNCiC1/.xk NNCi// C d.Pr.k NNCiC1/.xk NNCi/; xk NNCiC1/

� d.z; xk NNCi/ � � C ı:

Thus (3.181) holds. This completes the proof of Lemma 3.26. ut
It follows from (3.141), (3.170), and Lemma 3.26 applied by induction that for

all i D 0; : : : ; NN � 1,

d.z; xk NNCiC1/ � d.z; xk NNCi/ C ı;

d.z; xk NNCiC1/ � 2M C ı.i C 1/ � 2M C ı NN � 2M C 1; (3.189)

d.z; xk NNCi/ � 2M C 1; i D 0; : : : ; NN: (3.190)

Relations (3.141), (3.174), (3.176), (3.189), and Lemma 3.26 imply that

d.z; x.kC1/ NN/ � d.z; xk NN/ D
NN�1X

iD0

.d.z; xk NNCiC1/ � d.z; xk NN C i//

� ı. NN � 1/ � � C ı � �� C ı NN � ��=2:
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Thus we have shown that the following property holds:
(P10) if an integer k 2 Œ0; s� satisfies d.z; xk NN/ � 2M, then

d.z; xj/ � 2M C 1; j D k NN; : : : ; .k C 1/ NN;

d.z; x.kC1/ NN/ � d.z; xk NN/ � ��=2: (3.191)

By (3.175) and property (P10),

d.xj; z/ � 2M C 1; j D 0; : : : ; .s C 1/ NN

and (3.191) holds for all k D 0; : : : ; s. In view (3.175) and (3.191) holding for all
k D 0; : : : ; s,

.s C 1/�=2 �
sX

kD0

.d.xk NN ; z/ � d.x.kC1/ NN ; z//

D d.x0; z/ � d.x.sC1/ NN ; z/ � d.x0; z/ � 2M;

s C 1 � 4��1M:

Thus we have shown that the following property holds:
(P11) If an integer s � 0 and for each integer k 2 Œ0; s�, (3.174) holds, then

s � 4��1M � 1;

d.xj; z/ � 2M C 1; j D 0; : : : ; .s C 1/ NN;

d.xk NN ; z/ � 2M; k D 0; : : : ; .s C 1/:

Property (P11) and (3.140) imply that there exists an integer q 2 Œ0; n0 � 1� such
that for each integer k satisfying 0 � k < q,

maxfd.xi�1; xi/ W i D k NN C 1; : : : ; .k C 1/ NNg > �1;

maxfd.xi�1; xi/ W i D q NN C 1; : : : ; .q C 1/ NNg � �1:

By (3.173), property (P11), and the choice of q,

d.xq NN ; z/ � 2M;

d.xj; z/ � 2M C 1; j D 0; : : : ; q NN;

d.xj; �/ � 3M C 1; j D 0; : : : ; q NN: (3.192)

Assume that an integer q 2 Œ0; n0 � 1� satisfies (3.192) and

d.xi�1; xi/ � �1; i D q NN C 1; : : : ; .q C 1/ NN: (3.193)
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By (3.193), for each i1; i2 2 fq NN; : : : ; .q C 1/ NNg,

d.xi1 ; xi2 / � NN�1: (3.194)

We show that for all i 2 fq NN C 1; : : : ; .q C 1/ NNg,

d.xi�1; Cr.i// � �=2: (3.195)

Assume the contrary. Then there exists

i 2 fq NN C 1; : : : ; .q C 1/ NNg (3.196)

such that

d.xi�1; Cr.i// > �=2: (3.197)

Relations (3.194) and (3.196) imply that

d.xi�1; xq NN/ � NN�1: (3.198)

By (3.138), (3.192), and (3.198),

d.xi�1; �/ � 3M C 2: (3.199)

By (3.173), (3.197), (3.199), and property (P6),

d.Pr.i/.xi�1/; z/ � d.xi�1; z/ � 2�1: (3.200)

It follows from (3.144), (3.193), (3.196), and (3.200) that

d.xi; z/ � d.xi; Pr.i/.xi�1// C d.Pr.i/.xi�1/; z/

� ı C d.xi�1; z/ � 2�1;

2�1 � ı � d.xi�1; z/ � d.xi; z/ � d.xi�1; xi/ � �1;

�1 � ı:

This contradicts (3.141). The contradiction we have reached proves that

d.xi�1; Cr.i// � �=2; i 2 fq NN C 1; : : : ; .q C 1/ NNg: (3.201)

Let

s 2 f1; : : : ; mg; i 2 fq NN; : : : ; .q C 1/ NNg; (3.202)
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Relations (3.127) and (3.202) imply that there exists

j 2 fq NN C 1; : : : ; .q C 1/ NNg (3.203)

such that

s D r.j/: (3.204)

By (3.201), (3.203), and (3.204),

d.xj�1; Cs/ � �=2:

Together with (3.138), (3.194), (3.202), and (3.203) this implies that

d.xi; Cs/ � d.xi; xj�1/ C d.xj�1; Cs/ � �=2 C NN�1 � �

for all s 2 f1; : : : ; mg and all i 2 fq NN; : : : ; .q C 1/ NNg: Theorem 3.16 is proved. ut

3.10 Proof of Theorem 3.18

Fix

z 2 B.�; M/ \ C: (3.205)

Set

�0 D �. NN C 1/�1: (3.206)

By (3.205) and (A2), there exists � 2 .0; 1/ such that the following property holds:
(P12) for each i 2 f1; : : : ; mg, each

z 2 B.�; 3M C 1/ \ Ci

and each x 2 B.�; 3M C 1/ satisfying d.x; Ci/ � �0=2,

d.z; Pi.x// � d.z; x/ � �:

Set

Q D 1 C b2 NNM��1c: (3.207)

Assume that

r 2 R; (3.208)

x0 2 B.�; M/ (3.209)
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and let fxig1
iD1 � X satisfy for each natural number i,

xi D Pr.i/.xi�1/: (3.210)

In view of (3.205) and (3.209),

d.z; x0/ � d.z; �/ C d.�; x0/ � 2M: (3.211)

By (3.205), (3.210), and (A2), for all integers i � 0,

d.z; xiC1/ D d.z; Pr.iC1/.xi// � d.z; xi/: (3.212)

Relations (3.205), (3.211), and (3.212) imply that

d.z; xi/ � 2M; d.xi; �/ � 3M; i D 0; 1; : : : : (3.213)

Set

E0 D fi 2 f0; 1; : : : g W d.xi; Cr.iC1// � �0=2g: (3.214)

Relations (3.205), (3.213), (3.214), and property (P12) imply that for each i 2 E0,

d.z; Pr.iC1/.xi// � d.z; xi/ � �: (3.215)

It follows from (3.210) and (3.215) that for all i 2 E0,

d.z; xiC1/ D d.z; Pr.iC1/.xi// � d.z; xi/ � �: (3.216)

Let n be a natural number. By (3.211), (3.212), (3.216), and (A2),

2M � d.z; x0/ � d.z; x0/ � d.z; xn/

D
n�1X

iD0

.d.z; xi/ � d.z; xiC1//

�
X

fd.z; xi/ � d.z; xiC1/ W i 2 E0 \ f0; : : : ; n � 1gg � �Card.E0 \ Œ0; n � 1�/:

Since the relation above holds for every natural number n we conclude that

Card.E0/ � 2M��1: (3.217)

Set

E1 D fi 2 f0; 1; : : : g W Œi; i C NN � 1� \ E0 6D ;g: (3.218)



90 3 Iterative Methods in Metric Spaces

By (3.207), (3.217), and (3.218),

Card.E1/ � NNCard.E0/ � 2 NNM��1 � Q: (3.219)

Let a nonnegative integer j satisfies

j 62 E1:

Then in view of (3.214) and (3.218),

Œj; j C NN � 1� \ E0 D ;: (3.220)

By (3.220), for each i 2 fj; : : : ; j C NN � 1g,

d.xi; Cr.iC1// < �0=2: (3.221)

Let

i 2 fj; : : : ; j C NN � 1g: (3.222)

In view of (3.221) and (3.222), there exists

	 2 Cr.iC1/ (3.223)

such that

d.xi; 	/ < �0=2: (3.224)

By (3.205), (3.210), (3.224), and (A2),

d.xiC1; 	/ � d.Pr.iC1/.xi/; 	/ � d.xi; 	/ < �0=2: (3.225)

Relations (3.224) and (3.225) imply that

d.xi; xiC1/ < �0: (3.226)

This implies that for each pair of integers i1; i2 2 fj; : : : ; j C NNg,

d.xi1 ; xi2 / < NN�0: (3.227)

Let

i 2 fj; : : : ; j C NNg; s 2 f1; : : : ; mg: (3.228)

In view of (3.127), there is

j0 2 fj C 1; : : : ; j C NNg (3.229)
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such that

s D r.j0/: (3.230)

It follows from (3.221), (3.229), and (3.230) that

d.xj0�1; Cs/ D d.xj0�1; Cr.j0// < �0=2: (3.231)

By (3.206), (3.227), (3.229), and (3.231) this implies that

d.xj; Cs/ < . NN C 1/�0 � �

for every s 2 f1; : : : ; mg and all nonnegative integers j 6D E1. This completes the
proof of Theorem 3.18. ut

3.11 Proof of Theorem 3.21

By Proposition 3.20, there exist ı0 2 .0; �/ and a natural number n0 such that the
following property holds:

(P13) for each r 2 R; each x0 2 B.�; M/ and each sequence fxig1
iD1 � X which

satisfies for each natural number i,

d.xi; Pr.i/.xi�1// � ı0

we have

xi 2 B.�; 3M C 2/ for all integers i � 0

and there exists a strictly increasing sequence of integers fqpg1
pD0 such that

0 � q0 � n0;

1 � qpC1 � qp � n0 for all integers p � 0 (3.232)

and that for each integer p � 0 and each i D .qp � 1/ NN; : : : ; qp NN,

d.xi; C/ � �=2: (3.233)

Set

ı D ı0.4n0
NN/�1: (3.234)

Assume that

r 2 R; x0 2 B.�; M/; fxig1
iD1 � X (3.235)
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satisfy for each natural number i,

d.xi; Pr.i/.xi�1// � ı: (3.236)

In view of (3.234) and (3.235),

xi 2 B.�; 3M C 2/ for all integers i � 0

and there exists a strictly increasing sequence of integers fqpg1
pD0 such that (3.232)

is true and (3.233) holds for all integers p � 0 and all i D .qp � 1/ NN; : : : ; qp NN.
Let p � 0 be an integer. By (3.233),

d.xqp NN ; C/ � �=2:

There exists a point z such that

z 2 C and d.xqp NN ; z/ � 3�=4: (3.237)

We show that for all integers i 2 f0; : : : ; .qpC1 � qp/ NNg,

d.xqp NNCi; z/ � 3�=4 C iı: (3.238)

In view of (3.237), (3.238) is true for i D 0.
Assume that

i 2 f0; : : : ; .qpC1 � qp/ NNg; i < .qpC1 � qp/ NN

and that (3.238) holds. By (3.236)–(3.238) and (A2),

d.z; xqp NNCiC1/

� d.z; Pr.qp NNCiC1/.xqp NNCi// C d.Pr.qp NNCiC1/.xqp NNCi/; xqp NNCiC1/

� d.z; xqp NNCi/ C ı � .3=4/� C .i C 1/ı:

Thus we have shown by induction that (3.238) holds for all i D 0; : : : ; .qpC1 �
qp/ NN. Together with (3.232) and (3.234) this implies that for all integers i 2
f0; : : : ; .qpC1 � qp/ NNg,

d.xqp NNCi; z/ � 3�=4 C NNn0ı � �:

Combined with (3.232) this implies that

d.xi; C/ � �

for integers i � n0
NN: This completes the proof of Theorem 3.21. ut
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3.12 Proof of Theorem 3.22

There exists NM > 1 such that

Ps0 .X/ � B.�; NM � 1/: (3.239)

By Theorem 3.21, there exist ı 2 .0; 1/ and a natural number n0 such that the
following property holds:

(P14) for each r 2 R; each x0 2 B.�; NM/ and each sequence fxig1
iD1 � X which

satisfies for each natural number i,

d.xi; Pr.i/.xi�1// � ı

we have

d.xi; C/ � � for all integers i � n0:

By (3.147), there exists a natural number k1 such that

ıi � ı for each integer i � k1: (3.240)

Set

n� D k1 C NN C n0: (3.241)

Let

r 2 R (3.242)

and fxig1
iD0 � X satisfy for each natural number i,

d.xi; Pr.i/.xi�1// � ıi: (3.243)

By (3.127), there exists

j0 2 fk1; : : : ; k1 C NNg (3.244)

such that

s0 D r.j0/: (3.245)

Relations (3.240), (3.243), and (3.244) imply that

d.xj0 ; Pr.j0/.xj0�1// � ıj0 � ı < 1: (3.246)
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It follows from (3.245) and (3.246) that

Pr.j0/.xj0�1/ 2 B.�; NM � 1/:

Together with (3.246) this implies that

xj0 2 B.�; NM/:

By the inclusion above, (3.240), (3.242), (3.243), and property (P14), for all integers
i � j0 C n0,

d.xi; C/ � �: (3.247)

In view of (3.241) and (3.244), inequality (3.247) holds for all integers i � n� .
Theorem 3.22 is proved. ut

3.13 Generic Properties

Let X be a normed space equipped with the norm k�k and d.x; y/ D kx�yk, x; y 2 X.
We use the notation and definitions of Sect. 3.7.

Let D � X be a nonempty set. Denote by MD the set of all mappings T W X ! X
such that

T.z/ D z for all z 2 D; (3.248)

kT.x/ � zk � kx � zk for all x 2 X and all z 2 D: (3.249)

Denote by MD;c the set of all continuous mappings T 2 MD and denote by MD;n

the set of all mappings T 2 MD

kT.x/ � T.y/k � kx � yk for all x; y 2 X: (3.250)

The set MD is equipped with the uniformity which has the base

E.M; �/ D f.T1; T2/ 2 MD W kT1.x/ � T2.x/k � �

for all x 2 B.0; M/g;

where M; � > 0. It is not difficult to see that the uniform space MD is metrizable
and complete and that MD;c and MD;n are its closed subsets. We consider the
topological (uniform) subspaces MD;c, MD;n � MD equipped with the relative
topology (uniformity).

A mapping T W X ! X is called .D/-quasi-contractive if (3.248) is true and the
following property holds:
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(P15) For each M > 0 and each r > 0 there exists ı > 0 such that for each
x 2 B.0; M/ satisfying d.x; D/ � r and each z 2 B.0; M/ \ D; we have

kT.x/ � zk � kx � zk � ı:

Theorem 3.27. Let a uniform space A be either MD or MD;c or MD;n. Suppose
that there exists a .D/-quasi-contractive mapping T� 2 A. Then there exists a set
F � A which is a countable intersection of open everywhere dense subsets of A
such that every element of F is .D/-quasi-contractive.

Proof. Let T 2 A and � 2 .0; 1/. Define

T� .x/ D .1 � �/T.x/ C �T�.x/; x 2 X: (3.251)

Clearly,

T� .z/ D z for all z 2 D: (3.252)

By (3.249) and (3.251), for each x 2 X and each z 2 D,

kT� .x/ � zk D k.1 � �/T.x/ C �T�.x/ � zk
� .1 � �/kT.x/ � zk C �kT�.x/ � zk � kx � zk: (3.253)

Thus T� 2 MD. It is not difficult to see that T� 2 A and that for each T 2 A,

T� ! T as � ! 0C:

Thus

fT� W T 2 A; � 2 .0; 1/g

is an everywhere dense subset of A.
Let T 2 A, � 2 .0; 1/ and k � 1 be an integer. Since the mapping T� is .D/-

quasi-contractive there exists ık > 0 such that the following property holds:
(P16) for each x 2 B.0; k/ satisfying d.x; D/ � 1=k and each z 2 B.0; k/ \ D; we

have

kT�.x/ � zk � kx � zk � ık: (3.254)

Assume that

x 2 B.0; k/; d.x; D/ � k�1; z 2 B.0; k/ \ D: (3.255)

In view of (3.255) and property (P16), relation (3.254) holds. By (3.249), (3.251),
and (3.254),
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kT� .x/ � zk D k.1 � �/T.x/ C �T�.x/ � zk
� .1 � �/kT.x/ � zk C �kT�.x/ � zk

� .1 � �/kx � zk C �.kx � zk � ık/ D kx � zk � �ık: (3.256)

Denote by U.T; �; k/ an open neighborhood of T� in A such that

kS.x/ � T� .x/k � 2�1�ık for all x 2 B.0; k/: (3.257)

Assume that x; z 2 X satisfy (3.255). We have shown that (3.256) holds. By (3.255)–
(3.257), for each S 2 U.T; �; k/,

kS.x/ � zk � kS.x/ � T� .x/k C kT� .x/ � zk � kz � xk � �ık C 2�1�ık:

Thus we have shown that the following property holds:
(P17) for each S 2 U.T; �; k/, each x; z 2 X satisfying (3.255),

kS.x/ � zk � kz � xk � �ık=2:

Set

F D \1
kD1 [ fU.T; �; k/ W T 2 A; � 2 .0; 1/g: (3.258)

It is not difficult to see that F is a countable intersection of open everywhere dense
subsets of A.

Assume that

S 2 F : (3.259)

We show that the mapping S is .D/-quasi-contractive.
Let r; M > 0. Choose a natural number k such that

k > M; k > r�1: (3.260)

By (3.258) and (3.259), there exist Tk 2 A and �k 2 .0; 1/ such that

S 2 U.Tk; �k; k/: (3.261)

Let

x 2 B.0; M/; d.x; D/ � r; z 2 B.0; M/ \ D: (3.262)

In view of (3.260) and (3.262),

x 2 B.0; k/; d.x; D/ � k�1; z 2 B.0; k/ \ D: (3.263)
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By (3.261), (3.263), property (P17),

kS.x/ � zk � kz � xk � �kık=2:

Thus the mapping S is .D/-quasi-contractive. Theorem 3.27 is proved. ut
Assume that C1; : : : ; Cm are nonempty subsets of X, A D A1�� � ��Am, where for

each i 2 f1; : : : ; mg, Ai is either MCi or MCi;c or MCi;n. The space A is equipped
with the product topology.

Assume that for every i 2 f1; : : : ; mg, the space Ai contains a .Ci/-quasi-
contractive mapping. Theorem 3.27 implies that there exists a set F � A which is
a countable intersection of open everywhere dense subsets of A such that for every
.T1; : : : ; Tm/ 2 F , Ti is .Ci/-quasi-contractive for all i D 1; : : : ; m, and therefore
.T1; : : : ; Tm/ satisfies (A2).

Example 3.28. Let X be a Hilbert space, D � X be a nonempty closed convex set.
Then for each x 2 X there exists a unique point PD.x/ 2 D which satisfies

kx � PD.x/k D inffkx � yk W y 2 Dg

and PD is .D/-quasi-contractive.



Chapter 4
Dynamic String-Averaging Methods
in Normed Spaces

In this chapter we study the convergence of dynamic string-averaging methods for
solving common fixed point problems in a normed space. Our main goal is to obtain
an approximate solution of the problem in the presence of computational errors. We
show that our dynamic string-averaging algorithm generates a good approximate
solution, if the sequence of computational errors is bounded from above by a
constant.

4.1 Preliminaries and the First Problem

Let .X; k � k/ be a normed space. For each x 2 X and each nonempty set E � X put

d.x; E/ D inffkx � yk W y 2 Eg:

For each x 2 X and each r > 0 set

B.x; r/ D fy 2 X W kx � yk � rg:

Suppose that m is a natural number, Pi W X ! X, i D 1; : : : ; m, for every
i 2 f1; : : : ; mg,

Fix.Pi/ WD fz 2 X W Pi.z/ D zg 6D ;:

Set

F D \m
iD1Fix.Pi/: (4.1)
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For every � > 0 and every i 2 f1; : : : ; mg put

F�.Pi/ D fx 2 X W kx � Pi.x/k � �g; (4.2)

QF�.Pi/ D fy 2 X W d.y; F�.Pi// � �g;
F� D \m

iD1F�.Pi/; QF� D \m
iD1

QF�.Pi/: (4.3)

A point belonging to the set F is a solution of our common fixed point problem
while a point which belongs to the set QF� is its �-approximate solution.

We apply a dynamic string-averaging method with variable strings and weights in
order to obtain a good approximative solution of the common fixed point problem.

Suppose that

F 6D ;: (4.4)

and that the following assumption holds.
(A1) For each M > 0 and each � > 0 there exists ı > 0 such that for each

i 2 f1; : : : ; mg, each

z 2 B.0; M/ \ Fix.Pi/

and each x 2 B.0; M/ satisfying kx � Pi.x/k � � ,

kz � Pi.x/k � kz � xk � ı:

The results of this section are a generalization of results of Sect. 3.4 for dynamic
string-averaging methods.

Next we describe the dynamic string-averaging method with variable strings and
weights.

By an index vector, we mean a vector t D .t1; : : : ; tp/ such that ti 2 f1; : : : ; mg
for all i D 1; : : : ; p.

For an index vector t D .t1; : : : ; tq/ set

p.t/ D q; PŒt� D Ptq � � � Pt1 : (4.5)

It is easy to see that for each index vector t

PŒt�.x/ D x for all x 2 F; (4.6)

kPŒt�.x/ � PŒt�.y/k D k.x/ � PŒt�.y/k � kx � yk (4.7)

for every x 2 F and every y 2 X.
Denote by M the collection of all pairs .˝; w/, where ˝ is a finite set of index

vectors and

w W ˝ ! .0; 1/ be such that
X

t2˝

w.t/ D 1: (4.8)
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Let .˝; w/ 2 M. Define

P˝;w.x/ D
X

t2˝

w.t/PŒt�.x/; x 2 X: (4.9)

It is not difficult to see that

P˝;w.x/ D x for all x 2 F; (4.10)

kP˝;w.x/ � P˝;w.y/k D kx � P˝;w.y/k � kx � yk (4.11)

for all x 2 F and all y 2 X:

The dynamic string-averaging method with variable strings and variable weights
can now be described by the following algorithm (see Chap. 2).

Initialization: select an arbitrary x0 2 X.
Iterative step: given a current iteration vector xk pick a pair

.˝kC1; wkC1/ 2 M

and calculate the next iteration vector xkC1 by

xkC1 D P˝kC1;wkC1
.xk/:

Fix a number

� 2 .0; m�1� (4.12)

and an integer

Nq � m: (4.13)

Denote by M� the set of all .˝; w/ 2 M such that

p.t/ � Nq for all t 2 ˝; (4.14)

w.t/ � � for all t 2 ˝: (4.15)

Fix a natural number NN.
In the studies of the common fixed point problem the goal is to find a point x 2 F.

In order to meet this goal we apply an algorithm generated by

f.˝i; wi/g1
iD1 � M�

such that for each natural number j,

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/:
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This algorithm generates, for any starting point x0 2 X, a sequence fxkg1
kD0 � X,

where

xkC1 D P˝kC1;wkC1
.xk/; k D 0; 1; : : : :

In order to state the main result of this section we need the following definitions.
Let ı � 0, x 2 X and let t D .t1; : : : ; tp.t// be an index vector. Define

A0.x; t; ı/ D f.y; �/ 2 X � R1 W there is a sequence fyigp.t/
iD0 � X such that

y0 D x and for all i D 1; : : : ; p.t/;

kyi � Pti.yi�1/k � ı;

y D yp.t/;

� D maxfkyi � yi�1k W i D 1; : : : ; p.t/gg: (4.16)

Let ı � 0, x 2 X and let .˝; w/ 2 M. Define

A.x; .˝; w/; ı/ D f.y; �/ 2 X � R1 W there exist

.yt; �t/ 2 A0.x; t; ı/; t 2 ˝ such that

ky �
X

t2˝

w.t/ytk � ı; � D maxf�t W t 2 ˝gg: (4.17)

Denote by Card.A/ the cardinality of a set A. Suppose that the sum over empty
set is zero. The following result is proved in Sect. 4.2.

Theorem 4.1. Let M > 0 satisfy

B.0; M/ \ F 6D ;; (4.18)

� 2 .0; 1/,

�0 D �. NN C 2/�1.Nq C 1/�1 (4.19)

and let � 2 .0; �0� be such that the following property holds:
(P1) for each i 2 f1; : : : ; mg, each

z 2 B.0; 3M C 1/ \ Fix.Pi/

and each x 2 B.0; 3M C 1/ satisfying kx � Pi.x/k � �0=2,

kz � Pi.x/k � kz � xk � �:

Let

n0 D b4M.��/�1c C 1; (4.20)
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and ı > 0 satisfy

ı � .2.Nq C 1/ NN/�1��: (4.21)

Assume that

f.˝i; wi/g1
iD1 � M� (4.22)

satisfies for each natural number j

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/; (4.23)

x0 2 B.0; M/ and fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/ (4.24)

satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; ı/: (4.25)

Then there exists an integer q 2 Œ0; n0 � 1� such that

kxik � 3M C 1; i D 0; : : : ; q NN; (4.26)

�i � �0; i D q NN C 1; : : : ; .q C 1/ NN: (4.27)

Moreover, if an integer q 2 Œ0; n0 � 1� satisfies (4.27), then for each i D q NN; : : : ;

.q C 1/ NN;

xi 2 QF�

and

kxi � xjk � �0.Nq C 1/ NN � �

for each i; j 2 fq NN; : : : ; .q C 1/ NNg.

Theorem 4.2. Suppose that N� 2 .0; 1/, NM > 0,

QF N� � B.0; NM/: (4.28)

Let � 2 .0; 1/; M > NM, �0 satisfies (4.19), � 2 .0; �0� be such that property (P1)
(see Theorem 4.1) holds, a natural number n0 satisfy (4.20) and a positive number
ı satisfy (4.21).

Assume that

f.˝i; wi/g1
iD1 � M�
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satisfies for each natural number j

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/;

x0 2 B.0; M/ and fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/

satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; ı/:

Then

kxik � 3M C 1 for all integers i � 0

and there exists a strictly increasing sequence of integers fqpg1
pD0 such that

0 � q0 � n0;

1 � qpC1 � qp � n0 for all integers p � 0

and that for each integer p � 0 and each i D .qp � 1/ NN; : : : ; qp NN,

xi 2 QF�:

Theorem 4.2 is proved applying by induction Theorem 4.1 and using (4.28). The
next result is proved in Sect. 4.3.

Theorem 4.3. Let M > 0 satisfy

B.0; M/ \ F 6D ;

and let � 2 .0; 1/. Then there exists a constant Q > 0 such that for each

f.˝i; wi/g1
iD1 � M�

which satisfies for each natural number j,

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/;

each x0 2 B.0; M/ and each pair of sequences fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/

satisfying for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; 0/

the inequality

Card.fi 2 f0; 1; : : : g W xi 62 QF�g/ � Q

holds.



4.2 Proof of Theorem 4.1 105

4.2 Proof of Theorem 4.1

By (4.18) there exists

z 2 B.0; M/ \ F: (4.29)

Assume that a nonnegative integer s satisfies for each integer k 2 Œ0; s�,

maxf�i W i D k NN C 1; : : : ; .k C 1/ NNg > �0: (4.30)

By (4.24) and (4.29),

kx0 � zk � 2M: (4.31)

Assume that an integer k 2 Œ0; s� satisfies

kxk NN � zk � 2M: (4.32)

We prove the following auxiliary result.

Lemma 4.4. Assume that an integer

i 2 Œ0; NN � 1� (4.33)

satisfies

kxk NNCi � zk � 2M C iı.Nq C 1/: (4.34)

Then

kxk NNCiC1 � zk � kxk NNCi � zk C ı.Nq C 1/ (4.35)

and if �k NNCiC1 > �0, then

kxk NNCiC1 � zk � kxk NNCi � zk � ��� C ı.Nq C 1/: (4.36)

Proof. In view of (4.25),

.xk NNCiC1; �k NNCiC1/ 2 A.xk NNCi; .˝k NNCiC1; wk NNCiC1/; ı/: (4.37)

By (4.17) and (4.37) there exist

.yt; ˛t/ 2 A0.xk NNCi; t; ı/; t 2 ˝k NNCiC1 (4.38)

such that

kxk NNCiC1 �
X

t2˝k NNCiC1

wk NNCiC1.t/ytk � ı; (4.39)

�k NNCiC1 D maxf˛t W t 2 ˝k NNCiC1g: (4.40)
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It follows from (4.16) and (4.38) that for each t D .t1; : : : ; tp.t// 2 ˝k NNCiC1 there

exists a finite sequence fy.t/
i gp.t/

iD0 � X such that

y.t/
0 D xk NNCi; y.t/

p.t/ D yt; (4.41)

ky.t/
j � Ptj.y

.t/
j�1/k � ı for each integer j D 1; : : : ; p.t/; (4.42)

˛t D maxfky.t/
iC1 � y.t/

i k W i D 0; : : : ; p.t/ � 1g: (4.43)

Let

t D .t1; : : : ; tp.t// 2 ˝k NNCiC1

and

j 2 f1; : : : ; p.t/g: (4.44)

It follows from (4.29), (4.42) and (A1) that

kz � y.t/
j k � kz � Ptj.y

.t/
j�1/k C kPtj.y

.t/
j�1/ � y.t/

j k
� kz � y.t/

j�1k C ı:

Thus we have shown that the following property holds:
(P2) for each t D .t1; : : : ; tp.t// 2 ˝k NNCiC1 and each j 2 f1; : : : ; p.t/g,

kz � y.t/
j k � kz � y.t/

j�1k C ı:

By (P2), (4.14), and (4.41), the following property holds:
(P3) for each t D .t1; : : : ; tp.t// 2 ˝k NNCiC1,

kz � ytk D kz � y.t/
p.t/k � kz � y.t/

0 k C p.t/ı � kxk NNCi � zk C Nqı:

It follows from (4.8), (4.39), and property (P3) that

kz � xk NNCiC1k � kz �
X

t2˝k NNCiC1

wk NNCiC1.t/ytk

Ck
X

t2˝k NNCiC1

wk NNCiC1.t/yt � xk NNCiC1k

�
X

t2˝k NNCiC1

wk NNCiC1.t/kz � ytk C ı

� kz � xk NNCik C .Nq C 1/ı

and (4.35) holds.
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Assume that

�k NNCiC1 > �0: (4.45)

In view of (4.40) and (4.45) there exists

s D .s1; : : : ; sp.s// 2 ˝k NNCiC1 (4.46)

such that

˛s D �k NNCiC1 > �0: (4.47)

By (4.43) and (4.47), there exists

j0 2 f1; : : : ; p.s/g (4.48)

such that

ky.s/
j0

� y.s/
j0�1k D ˛s > �0: (4.49)

In view of (4.21), (4.42), and (4.49),

ky.s/
j0�1�Psj0

.y.s/
j0�1/k � ky.s/

j0�1�y.s/
j0

k�ky.s/
j0

�Psj0
.y.s/

j0�1/k > �0�ı � �0=2: (4.50)

By (4.14), (4.21), (4.29), (4.32), (4.33), (4.41), and property (P2), for each i 2
f0; 1; : : : ; p.s/g,

ky.s/
i k � ky.s/

i � zk C kzk � M C ky.s/
i � zk

� M C ky.s/
0 � zk C iı � M C kxk NNCi � zk C Nqı

� 3M C .Nq C 1/ı.i C 1/ � 3M C ı.Nq C 1/ NN � 3M C 1:

Thus

ky.s/
j0�1k � 3M C 1: (4.51)

It follows from (4.29), (4.50), (4.51), and property (P1) that

kz � Psj0
.y.s/

j0�1/k � kz � y.s/
j0�1k � �: (4.52)

Relations (4.42) and (4.52) imply that

kz � y.s/
j0

k � kz � Psj0
.y.s/

j0�1/k C kPsj0
.y.s/

j0�1/ � y.s/
j0

k
� kz � y.s/

j0�1k � � C ı: (4.53)
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By (4.14), (4.41), (4.48), (4.53), and property (P2),

kz � ysk � kz � xk NNCik D kz � y.s/
p.s/k � kz � y.s/

0 k

D
p.s/�1X

iD0

Œkz � y.s/
iC1k � kz � y.s/

i k�

� ı.p.s/ � 1/ � � C ı D �� C ıp.s/ � � C ı Nq:

Thus

kz � ysk � kz � xk NNCik � � C ı Nq: (4.54)

It follows from (4.8), (4.15), (4.39), (4.46), (4.54), and property (P3) that

kz � xk NNCiC1k � kz �
X

t2˝k NNCiC1

wk NNCiC1.t/ytk

Ck
X

t2˝k NNCiC1

wk NNCiC1.t/yt � xk NNCiC1k

�
X

t2˝k NNCiC1

wk NNCiC1.t/kz � ytk C ı

D ı C
X

fwk NNCiC1.t/kz � ytk W t 2 ˝k NNCiC1 n fsgg C wk NNCiC1.s/kz � ysk

� ı C
X

fwk NNCiC1.t/.kxk NNCi � zk C Nqı/ W t 2 ˝k NNCiC1 n fsgg
Cwk NNCiC1.s/.kz � xk NNCik � � C ı Nq/

� kz � xk NNCik C .Nq C 1/ı � wk NNCiC1.s/�

� kz � xk NNCik C .Nq C 1/ı � ��:

Thus (4.36) holds. Lemma 4.4 is proved. ut
It follows from (4.21), (4.32), and Lemma 4.4 applied by induction that for all

i D 0; : : : ; NN � 1,

kxk NNCiC1 � zk � kxk NNCi � zk C ı.Nq C 1/;

kxk NNCiC1 � zk � 2M C ı.Nq C 1/.i C 1/ � 2M C ı.Nq C 1/ NN � 2M C 1; (4.55)

kxk NNCi � zk � 2M C 1; i D 0; : : : ; NN: (4.56)

By (4.21), (4.30), and Lemma 4.4,

kx.kC1/ NN � zk � kxk NN � zk

D
NN�1X

iD0

Œkxk NNCiC1 � zk � kxk NNCi � zk�

� ı.Nq C 1/. NN � 1/ � �� C ı.Nq C 1/ D NNı.Nq C 1/ � �� � ���=2:
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Thus we have shown that the following property holds:
(P4) if an integer k 2 Œ0; s� satisfies kxk NN � zk � 2M, then

kxj � zk � 2M C 1; j D k NN; : : : ; .k C 1/ NN;

kx.kC1/ NN � zk � kxk NN � zk � ���=2: (4.57)

In view of (4.31) and property (P4),

kxj � zk � 2M C 1; j D 0; : : : ; .s C 1/ NN (4.58)

and (4.57) holds for all k D 0; : : : ; s.
By (4.31) and (4.57) holding for all k D 0; : : : ; s,

2�1��.s C 1/ �
sX

kD0

Œkxk NN � zk � kx.kC1/ NN � zk�

D kx0 � zk � kx.sC1/ NN � zk � kx0 � zk � 2M;

s C 1 � 4M.��/�1:

Thus we have shown that the following property holds:
(P5) If an integer s � 0 and for each integer k 2 Œ0; s� relation (4.30) holds, then

s � 4M.��/�1 � 1;

kxj � zk � 2M C 1; j D 0; : : : ; .s C 1/ NN;

kxk NN � zk � 2M; k D 0; : : : ; s C 1:

By (P5), (4.20), and (4.30), there exists an integer q 2 Œ0; n0 � 1� such that for each
integer k satisfying 0 � k < q,

maxf�i W i D k NN C 1; : : : ; .k C 1/ NNg > �0;

maxf�i W i D q NN C 1; : : : ; .q C 1/ NNg � �0:

In view of (4.29), (P5) and the choice of q,

kxq NN � zk � 2M;

kxj � zk � 2M C 1; j D 0; : : : ; q NN;

kxjk � 3M C 1; j D 0; : : : ; q NN:

Assume that an integer q 2 Œ0; n0 � 1� satisfies

�i � �0; i D q NN C 1; : : : ; .q C 1/ NN: (4.59)
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Let

j 2 fq NN; : : : ; .q C 1/ NN � 1g: (4.60)

It follows from (4.25) and (4.60) that

.xjC1; �jC1/ 2 A.xj; .˝jC1; wjC1/; ı/: (4.61)

By (4.17), (4.59), (4.60), and (4.61), there exist

.y.j/
t ; ˛

.j/
t / 2 A0.xj; t; ı/; t 2 ˝jC1 (4.62)

such that

kxjC1 �
X

t2˝jC1

wjC1.t/y.j/
t k � ı; (4.63)

�0 � �jC1 D maxf˛.j/
t W t 2 ˝jC1g: (4.64)

It follows from (4.16), (4.62), and (4.64) that for each t D .t1; : : : ; tp.t// 2 ˝jC1

there exists a finite sequence fy.t;j/
i gp.t/

iD0 � X such that

y.t;j/
0 D xj; (4.65)

for each integer i D 1; : : : ; p.t/,

ky.t;j/
i � Pti.y

.t;j/
i�1/k � ı; (4.66)

y.t;j/
p.t/ D y.j/

t ; (4.67)

�0 � ˛
.j/
t D maxfky.t;j/

i � y.t;j/
i�1k W i D 1; : : : ; p.t/g: (4.68)

By (4.14), (4.65), (4.67), and (4.68), for each t 2 ˝jC1 and each integer
i D 1; : : : ; p.t/,

kxj � y.t;j/
i k � i�0 � �0 Nq; (4.69)

kxj � y.j/
t k � �0 Nq: (4.70)

In view of (4.66) and (4.69), for each t D .t1; : : : ; tp.t// 2 ˝jC1 and each
i D 1; : : : ; p.t/,

kxj � Pti.y
.t;j/
i�1/k

� kxj � y.t;j/
i k C ky.t;j/

i � Pti.y
.t;j/
i�1/k � �0 Nq C ı: (4.71)
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It follows from (4.8), (4.63), and (4.70) that

kxjC1 � xjk � kxjC1 �
X

t2˝jC1

wjC1.t/y.j/
t k

Ck
X

t2˝jC1

wjC1.t/y.j/
t � xjk

� ı C
X

t2˝jC1

wjC1.t/ky.j/
t � xjk � ı C �0 Nq:

Combined with (4.21) this implies that

kxjC1 � xjk � �0.Nq C 1/: (4.72)

By (4.19), (4.21), (4.65), (4.69), and (4.71), for each t D .t1; : : : ; tp.t// 2 ˝jC1 and
each i D 1; : : : ; p.t/,

ky.t;j/
i�1�Pti.y

.t;j/
i�1/k � ky.t;j/

i�1�xjkCkxj�Pti.y
.t;j/
i�1/k � 2�0 NqCı � �0.2NqC1/: (4.73)

In view of (4.69) and (4.73), for each t D .t1; : : : ; tp.t// 2 ˝jC1 and each
i D 1; : : : ; p.t/,

xj 2 QF�0.2NqC1/.Pti/:

Therefore

xj 2 \f\p.t/
iD1

QF�0.2NqC1/.Pti/ W t D .t1; : : : ; tp.t// 2 ˝jC1g: (4.74)

Clearly, (4.72) and (4.74) hold for all j D q NN; : : : ; .q C 1/ NN � 1: In view of (4.72),
for all j1; j2 2 fq NN; : : : ; .q C 1/ NNg,

kxj1 � xj2k � �0.Nq C 1/ NN: (4.75)

Let s 2 f1; : : : ; mg. By (4.23), there exist j 2 fq NN; : : : ; .q C 1/ NN � 1g and
t D .t1; : : : ; tp.t// 2 ˝jC1 such that

s 2 ft1; : : : ; tp.t/g:

Together with (4.74) this implies that

xj 2 QF�0.2NqC1/.Ps/: (4.76)
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It follows from (4.75) and (4.76) that for each i 2 fq NN; : : : ; .q C 1/ NNg,

xi 2 QF�0.NqC1/. NNC2/.Ps/:

Since the inclusion above holds for every s 2 f1; : : : ; mg we conclude that for each
i 2 fq NN; : : : ; .q C 1/ NNg,

xi 2 QF�0.NqC1/. NNC2/ D QF�

(see (4.19)). This completes the proof of Theorem 4.1. ut

4.3 Proof of Theorem 4.3

Fix

z 2 B.0; M/ \ F: (4.77)

Set

�0 D �. NN Nq/�1: (4.78)

By (A1), there exists � 2 .0; 1/ such that the following property holds:
(P6) for each i 2 f1; : : : ; mg, each

	 2 B.0; 3M C 1/ \ Fix.Pi/

and each x 2 B.0; 3M C 1/ satisfying kx � Pi.x/k � �0=2,

kz � Pi.x/k � kz � xk � �:

Set

Q D 1 C b2 NNM.��/�1c: (4.79)

Assume that

f.˝i; wi/g1
iD1 � M� (4.80)

satisfies for each natural number j

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/; (4.81)

x0 2 B.0; M/ (4.82)
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and fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/ satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; 0/: (4.83)

By (4.16), (4.17) and the relation above, for each integer i � 0,

xiC1 D P˝iC1;wiC1
.xi/: (4.84)

In view of (4.77) and (4.82),

kx0 � zk � 2M:

It follows from (4.11), (4.77), (4.84) and the relation above that for every integer
i � 0,

kxiC1 � zk � kxi � zk � kx0 � zk � 2M; kxiC1k � 3M: (4.85)

Set

E0 D fi 2 f0; 1; 2; : : : g W �iC1 � �0=2g: (4.86)

Let i � 0 be an integer. By (4.17) and (4.83) there exist

.yt; ˛t/ 2 A0.xi; t; 0/; t 2 ˝iC1 (4.87)

such that

xiC1 D
X

t2˝iC1

wiC1.t/yt; (4.88)

�iC1 D maxf˛t W t 2 ˝iC1g: (4.89)

It follows from (4.16) and (4.87) that for each t D .t1; : : : ; tp.t// 2 ˝iC1 there exists

a finite sequence fy.t/
j gp.t/

jD0 � X such that

y.t/
0 D xi; y.t/

p.t/ D yt;

y.t/
j D Ptj.y

.t/
j�1/ for each integer j D 1; : : : ; p.t/;

˛t D maxfky.t/
jC1 � y.t/

j k W j D 0; : : : ; p.t/ � 1g: (4.90)

Let

t D .t1; : : : ; tp.t// 2 ˝iC1:
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By (4.77), (4.90), and (A1), for each integer j D 1; : : : ; p.t/,

ky.t/
j � zk D kPtj.y

.t/
j�1/ � zk � ky.t/

j�1 � zk;

ky.t/
j � zk � ky.t/

0 � zk D kxi � zk; kyt � zk � kxi � zk: (4.91)

Assume that

˛t � �0=2:

By (4.90) and the relation above, there exists j0 2 f1; : : : ; p.t/g such that

ky.t/
j0

� y.t/
j0�1k � �0=2:

Relations (4.90) and the inequality above imply that

kPtj0
.y.t/

j0�1/ � y.t/
j0�1k � �0=2:

In view of (4.77), (4.83), (4.90), (4.91),

ky.t/
j0�1k � 3M:

It follows from (4.77), (4.90), the relations above and property (P6) that

kz � y.t/
j0

k D kz � Ptj0
.y.t/

j0�1/k � kz � y.t/
j0�1k � �: (4.92)

By (4.90) and (4.91),

kz � xik � kz � ytk D kz � y.t/
0 k � kz � y.t/

p.t/k

D
p.t/�1X

iD0

.kz � y.t/
i k � kz � y.t/

iC1k/

� kz � y.t/
j0�1k � kz � y.t/

j0
k � �:

Thus we have shown that for each t D .t1; : : : ; tp.t// 2 ˝iC1,

kyt � zk � kxi � zk; (4.93)

if ˛t � �0=2; then kz � xik � kz � ytk C �: (4.94)

Assume that an integer

i 2 E0: (4.95)



4.3 Proof of Theorem 4.3 115

In view of (4.86) and (4.95),

�iC1 � �0=2: (4.96)

It follows from (4.89) and (4.96) that there exists

s D .s1; : : : ; sp.s// 2 ˝iC1 (4.97)

such that

˛s D �iC1 � �0=2: (4.98)

Relations (4.94), (4.97), and (4.98) imply that

kz � xik � � � kz � ysk: (4.99)

By (4.8), (4.15), (4.88), (4.93), and (4.99),

kz � xiC1k � kz �
X

t2˝iC1

wiC1.t/ytk

�
X

t2˝iC1

wiC1.t/kz � ytk

C
X

fwiC1.t/kz � ytk W t 2 ˝iC1 n fsgg C wiC1.s/kz � ysk

�
X

fwiC1.t/kxi � zk W t 2 ˝iC1 n fsgg C wiC1.s/.kz � xik � �/

� kz � xik � ��:

Thus we have shown that the following property holds:
(P7) for each integer i 2 E0,

kz � xiC1k � kz � xik � ��:

Let n be a natural number. By (4.83), (4.84), and property (P7),

2M � kz � x0k � kz � x0k � kz � xnk D
n�1X

iD0

.kz � xik � kz � xiC1k/

�
X

fkz � xik � kz � xiC1k W i 2 f0; : : : ; n � 1g \ E0g
� Card.E0 \ f0; : : : ; n � 1g/��;

Card.E0 \ f0; : : : ; n � 1g/ � 2M.��/�1:
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Since the relation above holds for every natural number n we conclude that

Card.E0/ � 2M.��/�1: (4.100)

Assume that an integer i � 1 and

�iC1 < �0=2: (4.101)

In view of (4.83), the inclusion

.xiC1; �iC1/ 2 A.xi; .˝iC1; wiC1/; 0/ (4.102)

is true. By (4.17) and (4.102) there exist

.yt; ˛t/ 2 A0.xi; t; 0/; t 2 ˝iC1 (4.103)

such that

xiC1 D
X

t2˝iC1

wiC1.t/yt; (4.104)

�iC1 D maxf˛t W t 2 ˝iC1g: (4.105)

It follows from (4.16) and (4.103) that for each t D .t1; : : : ; tp.t// 2 ˝iC1 there exists

a finite sequence fy.t/
j gp.t/

jD0 � X such that

y.t/
0 D xi; y.t/

p.t/ D yt; (4.106)

y.t/
j D Ptj.y

.t/
j�1/ for each integer j D 1; : : : ; p.t/; (4.107)

˛t D maxfky.t/
jC1 � y.t/

j k W j D 0; : : : ; p.t/ � 1g: (4.108)

Let

t D .t1; : : : ; tp.t// 2 ˝iC1: (4.109)

By (4.101), (4.105), (4.107), (4.108), and (4.109), for each j D 0; : : : ; p.t/ � 1,

y.t/
j 2 F�0=2.PtjC1

/: (4.110)

It follows from (4.101), (4.105), (4.106), (4.108), (4.109), and (4.114) that for each
j D 0; : : : ; p.t/,

kxi � y.t/
j k � j�iC1 � Nq�0=2; kxi � ytk � Nq�0=2: (4.111)



4.3 Proof of Theorem 4.3 117

In view of (4.110) and (4.111), for each j D 0; : : : ; p.t/ satisfying j < p.t/,

xi 2 QF Nq�0=2.PtjC1
/:

Therefore

xi 2 QF Nq�0=2.Pts/ for all s D 1; : : : ; p.t/ (4.112)

and

kxi � ytk � Nq�0=2 (4.113)

for all t D .t1; : : : ; tp.t// 2 ˝iC1. In view of (4.112),

xi 2 \f QF Nq�0=2.Ps/ W s 2 [t2˝iC1
ft1; : : : ; tp.t/gg: (4.114)

It follows from (4.8), (4.104), and (4.113) that

kxi � xiC1k D kxi �
X

t2˝iC1

wiC1.t/ytk

�
X

t2˝iC1

wiC1.t/kxi � ytk � Nq�0=2:

Thus we have shown that the following property holds:
(P8) if an integer i � 0 satisfies �iC1 < �0=2, then (4.114) holds and

kxiC1 � xik � Nq�0=2: (4.115)

Set

E1 D fi 2 f0; 1; 2; : : : g W Œi; i C NN � 1� \ E0 6D ;g: (4.116)

By (4.79), (4.100), and (4.116),

Card.E1/ � NNCard.E0/ � 2M NN.��/�1 � Q: (4.117)

Assume that a nonnegative integer j 62 E1. In view of (4.116),

fj; : : : ; j C NN � 1g \ E0 D ;:

Together with (4.86) and property (P8) this implies that for each i 2 fj; : : : ; j C
NN � 1g, the inequality �iC1 < �0=2 is true and (4.114) and (4.115) hold. In view
of (4.115) which holds for each i 2 fj; : : : ; j C NN � 1g, for every pair of integers
i1; i2 2 fj; : : : ; j C NNg,
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kxi1 � xi2k � NN Nq�0=2: (4.118)

By (4.81), (4.114), and (4.118),

xj 2 QF Nq NN�0
.Ps/; s 2 [jC NN�1

iDj .[t2˝iC1
ft1; : : : ; tp.t/g/ D f1; : : : ; mg;

xj 2 QF�

for all j 2 f1; 2; : : : ; g n E1. Theorem 4.3 is proved. ut

4.4 The Second Problem

We use the notation of Sect. 4.1. Let .X; k � k/ be a normed space. Suppose that m is
a natural number, Ci � X, i D 1; : : : ; m be nonempty closed sets,

C WD \m
iD1Ci 6D ;: (4.119)

Assume that Pi W X ! X, i D 1; : : : ; m, for every i 2 f1; : : : ; mg,

Pi.x/ D x for all x 2 Ci: (4.120)

Suppose that the following assumptions hold.
(A2) For each M > 0 and each � > 0 there exists ı > 0 such that for each

i 2 f1; : : : ; mg, each x 2 B.0; M/ satisfying d.x; Ci/ � � and each z 2 B.0; M/ \ Ci;

kz � Pi.x/k � kz � xk � ı:

The results of this section are a generalization of results of Sect. 3.7 for string-
averaging methods.

Next we describe the dynamic string-averaging method with variable strings and
weights.

By an index vector, we a mean a vector t D .t1; : : : ; tp/ such that ti 2 f1; : : : ; mg
for all i D 1; : : : ; p.

For an index vector t D .t1; : : : ; tq/ set

p.t/ D q; PŒt� D Ptq � � � Pt1 : (4.121)

It is easy to see that for each index vector t

PŒt�.x/ D x for all x 2 C; (4.122)

kPŒt�.x/ � PŒt�.y/k D k.x/ � PŒt�.y/k � kx � yk (4.123)

for every x 2 C and every y 2 X.
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Denote by M the collection of all pairs .˝; w/, where ˝ is a finite set of index
vectors and

w W ˝ ! .0; 1/ be such that
X

t2˝

w.t/ D 1: (4.124)

Let .˝; w/ 2 M. Define

P˝;w.x/ D
X

t2˝

w.t/PŒt�.x/; x 2 X: (4.125)

It is not difficult to see that

P˝;w.x/ D x for all x 2 C; (4.126)

kP˝;w.x/ � P˝;w.y/k D kx � P˝;w.y/k � kx � yk (4.127)

for all x 2 C and all y 2 X:

The dynamic string-averaging method with variable strings and variable weights
can now be described by the following algorithm (see Chap. 2).

Initialization: select an arbitrary x0 2 X.
Iterative step: given a current iteration vector xk pick a pair

.˝kC1; wkC1/ 2 M

and calculate the next iteration vector xkC1 by

xkC1 D P˝kC1;wkC1
.xk/:

Fix a number

� 2 .0; m�1� (4.128)

and an integer

Nq � m: (4.129)

Denote by M� the set of all .˝; w/ 2 M such that

p.t/ � Nq for all t 2 ˝; (4.130)

w.t/ � � for all t 2 ˝: (4.131)

Fix a natural number NN.
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In the studies of the common fixed point problem the goal is to find a point x 2 F.
In order to meet this goal we apply an algorithm generated by

f.˝i; wi/g1
iD1 � M�

such that for each natural number j,

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/:

This algorithm generates, for any starting point x0 2 X, a sequence fxkg1
kD0 � X,

where

xkC1 D P˝kC1;wkC1
.xk/:

In order to state the main result of this section we need the following definitions.
Let ı � 0, x 2 X and let t D .t1; : : : ; tp.t// be an index vector. Define

A0.x; t; ı/ D f.y; �; 
/ 2 X � R1 � R1 W
there is a sequence fyigp.t/

iD0 � X such that

y0 D x and for all i D 1; : : : ; p.t/;

kyi � Pti.yi�1/k � ı;

y D yp.t/;

� D maxfkyi � yi�1k W i D 1; : : : ; p.t/g;

 D maxfd.yi�1; Cti/ W i D 1; : : : ; p.t/gg: (4.132)

Let ı � 0, x 2 X and let .˝; w/ 2 M�. Define

A.x; .˝; w/; ı/ D f.y; �; 
/ 2 X � R1 � R1 W there exist

.yt; �t; 
t/ 2 A0.x; t; ı/; t 2 ˝ such that

ky �
X

t2˝

w.t/ytk � ı;

� D maxf�t W t 2 ˝g;

 D maxf
t W t 2 ˝gg: (4.133)

Denote by Card.A/ the cardinality of a set A. Suppose that the sum over empty
set is zero. The following result is proved in Sect. 4.5.

Theorem 4.5. Let M > 0 satisfy

B.0; M/ \ C 6D ;; (4.134)
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� 2 .0; 1/,

�0 D �. NN C 1/�1.3Nq C 1/�1 (4.135)

and let � 2 .0; �0/ be such that the following property holds:
(P9) for each i 2 f1; : : : ; mg, each

z 2 B.0; 3M C 1/ \ Ci

and each x 2 B.0; 3M C 1/ satisfying d.x; Ci/ � �0=2,

kz � Pi.x/k � kz � xk � �:

Let

n0 D b4M.��/�1c C 1; (4.136)

and ı > 0 satisfy

ı � .2.Nq C 1/ NN/�1��: (4.137)

Assume that

f.˝i; wi/g1
iD1 � M� (4.138)

satisfies for each natural number j

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/; (4.139)

x0 2 B.0; M/ and fxig1
iD1 � X; f�ig1

iD1; f
ig1
iD1 � Œ0; 1/ (4.140)

satisfy for each natural number i,

.xi; �i; 
i/ 2 A.xi�1; .˝i; wi/; ı/: (4.141)

Then there exists an integer q 2 Œ0; n0 � 1� such that

kxik � 3M C 1; i D 0; : : : ; q NN; (4.142)


i � �0; i D q NN C 1; : : : ; .q C 1/ NN: (4.143)

Moreover, if an integer q 2 Œ0; n0 � 1� satisfies (4.143), then for each
i D q NN; : : : ; .q C 1/ NN;

d.xi; Cs/ � � for all s D 1; : : : ; m
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and

kxi � xjk � �

for each i; j 2 fq NN; : : : ; .q C 1/ NNg.

Note that � in Theorem 4.5 exists by (A2).
The next theorem is proved in Sect. 4.6.

Theorem 4.6. Let M > 0 satisfy

B.0; M/ \ C 6D ;; (4.144)

� 2 .0; 1/ and

�1 2 .0; �.2 NN C 2/�1.Nq C 1/�1� (4.145)

be such that the following property holds:
(P10) for each i 2 f1; : : : ; mg, each

z 2 B.0; 3M C 1/ \ Ci

and each x 2 B.0; 3M C 2/ satisfying d.x; Ci/ � �=2,

kz � Pi.x/k � kz � xk � 2�1:

Let � 2 .0; �1/ be such that the following property holds:
(P11) for each i 2 f1; : : : ; mg, each

z 2 B.0; 3M C 1/ \ Ci

and each x 2 B.0; 3M C 1/ satisfying d.x; Ci/ � �1=4,

kz � Pi.x/k � kz � xk � �:

Let

n0 D b4M.��/�1c C 1 (4.146)

and ı > 0 satisfy

ı � .2.Nq C 1/ NN/�1��: (4.147)

Assume that

f.˝i; wi/g1
iD1 � M� (4.148)
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satisfies for each natural number j

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/; (4.149)

x0 2 B.0; M/ and fxig1
iD1 � X; f�ig1

iD1; f
ig1
iD1 � Œ0; 1/ (4.150)

satisfy for each natural number i,

.xi; �i; 
i/ 2 A.xi�1; .˝i; wi/; ı/: (4.151)

Then there exists an integer q 2 Œ0; n0 � 1� such that

kxik � 3M C 1; i D 0; : : : ; q NN; (4.152)

�i � �1; i D q NN C 1; : : : ; .q C 1/ NN: (4.153)

Moreover, if an integer q 2 Œ0; n0 � 1� satisfies (4.152) and (4.153), then for each
i D q NN; : : : ; .q C 1/ NN;

d.xi; Cs/ � � for all s D 1; : : : ; m

and

kxi � xjk � �

for each i; j 2 fq NN; : : : ; .q C 1/ NNg.

Note that �1; � in Theorem 4.6 exists by (A2).
Applying by induction Theorem 4.5 we obtain the following result.

Theorem 4.7. Suppose that N� 2 .0; 1/, NM > 0,

fx 2 X W d.x; Cs/ � N�; s D 1; : : : ; mg � B.0; NM/;

� 2 .0; N�/; �0 D �.N Nq/�1, and let � 2 .0; �0/ be such that property (P9) (see
Theorem 4.5) holds,

n0 D b4M.��/�1c C 1;

and ı > 0 satisfy

ı � .2.Nq C 1/ NN/�1��:

Assume that

f.˝i; wi/g1
iD1 � M�
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satisfies for each natural number j

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/;

x0 2 B.0; M/ and fxig1
iD1 � X; f�ig1

iD1; f
ig1
iD1 � Œ0; 1/

satisfy for each natural number i,

.xi; �i; 
i/ 2 A.xi�1; .˝i; wi/; ı/:

Then

kxik � 3M C 1 for all integers i � 0

and there exists a strictly increasing sequence of integers fqpg1
pD0 such that

0 � q0 � n0;

1 � qpC1 � qp � n0 for all integers p � 0

and that for each integer p � 0 and each i D .qp � 1/ NN; : : : ; qp NN,

d.xi; Cs/ � �; s D 1; : : : ; m:

The next result is proved in Sect. 4.7.

Theorem 4.8. Let M > 0 satisfy

B.0; M/ \ C 6D ;

and let � > 0. Then there exists a constant Q > 0 such that for each

f.˝i; wi/g1
iD1 � M�

which satisfies for each natural number j,

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/;

each x0 2 B.0; M/ and each triplet of sequences

fxig1
iD1 � X; f�ig1

iD1; f
ig1
iD1 � Œ0; 1/

satisfying for each natural number i,

.xi; �i; 
i/ 2 A.xi�1; .˝i; wi/; 0/
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the inequality

Card.fi 2 f0; 1; : : : g W maxfd.xi; Cs/ W s D 1; : : : ; mg > �g/ � Q

holds.

Theorem 4.6 implies the following result.

Theorem 4.9. Suppose that the family of sets fCi; i D 1; : : : ; mg has the bounded
regularity property, M > 0 satisfies

B.0; M/ \ C 6D ;
and that � 2 .0; 1/. Then there exist ı > 0 and a natural number n0 such that for
each

f.˝i; wi/g1
iD1 � M�

satisfying for each natural number j

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/;

each x0 2 B.0; M/ each fxig1
iD1 � X and each pair of sequences

f�ig1
iD1; f
ig1

iD1 � Œ0; 1/

satisfying for each natural number i,

.xi; �i; 
i/ 2 A.xi�1; .˝i; wi/; ı/

there exists an integer q 2 Œ1; n0� such that

kxik � 3M C 1; i D 0; : : : ; q NN;

d.xi; C/ � �

for each i D .q � 1/ NN; : : : ; q/ NN:

Applying by induction Theorem 4.9 we obtain the following result.

Proposition 4.10. Suppose that the family of sets fCi; i D 1; : : : ; mg has the
bounded regularity property, NM > 0 satisfies

C � B.0; NM/;

M > NM C 1 and that � 2 .0; 1/. Then there exist ı > 0 and a natural number n0

such that for each

f.˝i; wi/g1
iD1 � M�



126 4 Dynamic String-Averaging Methods in Normed Spaces

satisfying for each natural number j

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/;

each x0 2 B.0; M/, each fxig1
iD1 � X and each pair of sequences

f�ig1
iD1; f
ig1

iD1 � Œ0; 1/

satisfying for each natural number i,

.xi; �i; 
i/ 2 A.xi�1; .˝i; wi/; ı/;

the inequality kxik � 3M C 2 holds for all integers i � 0 and there exists a strictly
increasing sequence of integers fqpg1

pD0 such that

1 � q0 � n0;

1 � qpC1 � qp � n0 for all integers p � 0

and that for each integer p � 0 and each i D .qp � 1/ NN; : : : ; qp NN,

d.xi; C/ � �:

The following result is proved analogously to Theorem 2.11, by using Proposi-
tion 4.10.

Theorem 4.11. Suppose that the family of sets fCi; i D 1; : : : ; mg has the bounded
regularity property, NM > 0 satisfies

C � B.0; NM/;

M > NM C 1 and that � 2 .0; 1/. Then there exist ı > 0 and a natural number n0

such that for each

f.˝i; wi/g1
iD1 � M�

satisfying for each natural number j

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/;

each x0 2 B.0; M/, each fxig1
iD1 � X and each pair of sequences

f�ig1
iD1; f
ig1

iD1 � Œ0; 1/
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satisfying for each natural number i,

.xi; �i; 
i/ 2 A.xi�1; .˝i; wi/; ı/;

the inequality kxik � 3M C 2 holds for all integers i � 0 and

d.xi; C/ � �

for all integers i � n0
NN:

The next result is easily deduced from Theorem 4.11.

Theorem 4.12. Suppose that the family fCi W i D 1; : : : ; mg has the bounded
regularity property, NM > 0 satisfy

C � B.0; NM/

and that a sequence fıig1
iD1 � .0; 1/ satisfies

lim
i!1 ıi D 0

and that � > 0: Then there exist a natural number k1 such that the following
assertion holds.

Assume that

f.˝i; wi/g1
iD1 � M�

satisfies for each natural number j the following properties:

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/I

there exists i.j/ 2 fj; : : : ; j C NN � 1g such that for each t D .t1; : : : ; tp.t// 2 ˝i.j/

there exists s 2 ft1; : : : ; tp.t/g for which

Ps.X/ � B.0; NM/:

Then for each each fxig1
iD0 � X and each pair of sequences

f�ig1
iD1; f
ig1

iD1 � Œ0; 1/

satisfying for each natural number i,

.xi; �i; 
i/ 2 A.xi�1; .˝i; wi/; ı/;

the inequality d.xi; C/ � � holds for all integers i � k1.
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4.5 Proof of Theorem 4.5

By (4.134) there exists

z 2 B.0; M/ \ C: (4.154)

Assume that a nonnegative integer s satisfies for each integer k 2 Œ0; s�,

maxf
i W i D k NN C 1; : : : ; .k C 1/ NNg > �0: (4.155)

By (4.140) and (4.154),

kx0 � zk � 2M: (4.156)

Assume that an integer k 2 Œ0; s� satisfies

kxk NN � zk � 2M: (4.157)

We prove the following auxiliary result.

Lemma 4.13. Assume that an integer

i 2 Œ0; NN � 1� (4.158)

satisfies

kxk NNCi � zk � 2M C iı.Nq C 1/: (4.159)

Then

kxk NNCiC1 � zk � kxk NNCi � zk C ı.Nq C 1/ (4.160)

and if


k NNCiC1 > �0; (4.161)

then

kxk NNCiC1 � zk � kxk NNCi � zk � �� C ı.Nq C 1/: (4.162)

Proof. In view of (4.141),

.xk NNCiC1; �k NNCiC1; 
k NNCiC1/ 2 A.xk NNCi; .˝k NNCiC1; wk NNCiC1/; ı/: (4.163)



4.5 Proof of Theorem 4.5 129

By (4.133) and (4.163) there exist

.yt; ˛t; ˇt/ 2 A0.xk NNCi; t; ı/; t 2 ˝k NNCiC1 (4.164)

such that

kxk NNCiC1 �
X

t2˝k NNCiC1

wk NNCiC1.t/ytk � ı; (4.165)

�k NNCiC1 D maxf˛t W t 2 ˝k NNCiC1g; (4.166)


k NNCiC1 D maxfˇt W t 2 ˝k NNCiC1g: (4.167)

It follows from (4.132) and (4.164) that for each t D .t1; : : : ; tp.t// 2 ˝k NNCiC1 there

exists a finite sequence fy.t/
i gp.t/

iD0 � X such that

y.t/
0 D xk NNCi; (4.168)

y.t/
p.t/ D yt; (4.169)

ky.t/
j � Ptj.y

.t/
j�1/k � ı for each integer j D 1; : : : ; p.t/; (4.170)

˛t D maxfky.t/
iC1 � y.t/

i k W i D 0; : : : ; p.t/ � 1g; (4.171)

ˇt D maxfd.y.t/
i ; CtiC1

/ W i D 0; : : : ; p.t/ � 1g: (4.172)

Let

t D .t1; : : : ; tp.t// 2 ˝k NNCiC1 (4.173)

and

j 2 f1; : : : ; p.t/g: (4.174)

It follows from (4.154), (4.170), and (A2) that

kz � y.t/
j k � kz � Ptj.y

.t/
j�1/k C kPtj.y

.t/
j�1/ � y.t/

j k
� kz � y.t/

j�1k C ı: (4.175)

Thus we have shown that for each t D .t1; : : : ; tp.t// 2 ˝k NNCiC1 and each j 2
f1; : : : ; p.t/g,

kz � y.t/
j k � kz � y.t/

j�1k C ı: (4.176)

By (4.130), (4.168), (4.16), and (4.176), for each

t D .t1; : : : ; tp.t// 2 ˝k NNCiC1; (4.177)
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kz � ytk D kz � y.t/
p.t/k � kz � y.t/

0 k C p.t/ı � kxk NNCiC1 � zk C Nqı: (4.178)

It follows from (4.124), (4.165), and (4.178) that

kz � xk NNCiC1k � kz �
X

t2˝k NNCiC1

wk NNCiC1.t/ytk

Ck
X

t2˝k NNCiC1

wk NNCiC1.t/yt � xk NNCiC1k

�
X

t2˝k NNCiC1

wk NNCiC1.t/kz � ytk C ı

� kz � xk NNCik C .Nq C 1/ı

and (4.160) holds.
Assume that


k NNCiC1 > �0: (4.179)

In view of (4.167) and (4.179) there exists

s D .s1; : : : ; sp.s// 2 ˝k NNCiC1 (4.180)

such that

ˇs D 
k NNCiC1 > �0: (4.181)

By (4.172), (4.180), and (4.181), there exists

j0 2 f1; : : : ; p.s/g (4.182)

such that

d.y.s/
j0�1; Csj0

/ D ˇs > �0: (4.183)

In view of (4.130), (4.137), (4.154), (4.158), (4.159), (4.168), (4.169), (4.176),
(4.180), and (4.182),

ky.s/
j0�1k � ky.s/

j0�1 � zk C kzk
� M C ky.s/

0 � zk C p.s/ı � M C kxk NNCi � zk C Nqı

� 3M C .Nq C 1/ı.i C 1/ � 3M C ı.Nq C 1/ NN � 3M C 1: (4.184)
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By (4.154), (4.182), (4.183), (4.184), and property (P9),

kz � Psj0
.y.s/

j0�1/k � kz � y.s/
j0�1k � �: (4.185)

Relations (4.170) and (4.185) imply that

kz � y.s/
j0

k � kz � Psj0
.y.s/

j0�1/k C kPsj0
.y.s/

j0�1/ � y.s/
j0

k
� kz � y.s/

j0�1k � � C ı: (4.186)

By (4.130), (4.168), (4.169), (4.176), (4.180), (4.182), and (4.186),

kz � ysk � kz � xk NNCik D kz � y.s/
p.s/k � kz � y.s/

0 k

D
p.s�1/X

iD0

Œkz � y.s/
iC1k � kz � y.s/

i k�

� ı.p.s/ � 1/ � � C ı D �� C ıp.s/ � �� C ı Nq:

Thus

kz � ysk � kz � xk NNCik � � C ı Nq: (4.187)

It follows from (4.124), (4.131), (4.165), (4.178), (4.180), and (4.187) that

kz � xk NNCiC1k � kz �
X

t2˝k NNCiC1

wk NNCiC1.t/ytk

Ck
X

t2˝k NNCiC1

wk NNCiC1.t/yt � xk NNCiC1k

�
X

t2˝k NNCiC1

wk NNCiC1.t/kz � ytk C ı

D ı C
X

fwk NNCiC1.t/kz � ytk W t 2 ˝k NNCiC1 n fsgg C wk NNCiC1.s/kz � ysk

� ı C
X

fwk NNCiC1.t/.kxk NNCi � zk C Nqı/ W t 2 ˝k NNCiC1 n fsgg
Cwk NNCiC1.s/.kz � xk NNCik � � C ı Nq/

� kz � xk NNCik C .Nq C 1/ı � wk NNCiC1.s/�

� kz � xk NNCik C .Nq C 1/ı � ��:

Thus (4.162) holds. Lemma 4.13 is proved. ut
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It follows from (4.137), (4.157), and Lemma 4.13 applied by induction that for
all i D 0; : : : ; NN � 1,

kxk NNCiC1 � zk � kxk NNCi � zk C ı.Nq C 1/; (4.188)

kxk NNCiC1 � zk � 2M C ı.Nq C 1/.i C 1/ � 2M C ı.Nq C 1/ NN � 2M C 1;

(4.189)

kxk NNCi � zk � 2M C 1; i D 0; : : : ; NN: (4.190)

By (4.137), (4.155), (4.188), and Lemma 4.13,

kx.kC1/ NN � zk � kxk NN � zk

D
NN�1X

iD0

Œkxk NNCiC1 � zk � kxk NNCi � zk�

� ı.Nq C 1/. NN � 1/ � �� C ı.Nq C 1/ D NNı.Nq C 1/ � �� � ���=2:

Thus we have shown that the following property holds:
(P12) if an integer k 2 Œ0; s� satisfies kxk NN � zk � 2M, then

kxj � zk � 2M C 1; j D k NN; : : : ; .k C 1/ NN;

kx.kC1/ NN � zk � kxk NN � zk � ���=2: (4.191)

In view of (4.156) and property (P12),

kxj � zk � 2M C 1; j D 0; : : : ; .s C 1/ NN (4.192)

and (4.191) holds for all k D 0; : : : ; s.
By (4.156) and (4.191) holding for all k D 0; : : : ; s,

2�1��.s C 1/ �
sX

kD0

Œkxk NN � zk � kx.kC1/ NN � zk�

D kx0 � zk � kx.sC1/ NN � zk � kx0 � zk � 2M;

s C 1 � 4M.��/�1:

Thus we have shown that the following property holds:
(P13) If an integer s � 0 and for each integer k 2 Œ0; s� relation (4.155) holds,

then

s � 4M.��/�1 � 1;

kxj � zk � 2M C 1; j D 0; : : : ; .s C 1/ NN;

kxk NN � zk � 2M; k D 0; : : : ; s C 1:
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By (P13) and (4.136), there exists an integer q 2 Œ0; n0 �1� such that for each integer
k satisfying 0 � k < q,

maxf
i W i D k NN C 1; : : : ; .k C 1/ NNg > �0;

maxf
i W i D q NN C 1; : : : ; .q C 1/ NNg � �0:

In view of (4.154), (P13) and the choice of q,

kxq NN � zk � 2M;

kxj � zk � 2M C 1; j D 0; : : : ; q NN;

kxjk � 3M C 1; j D 0; : : : ; q NN:

Assume that an integer q 2 Œ0; n0 � 1� satisfies


i � �0; i D q NN C 1; : : : ; .q C 1/ NN: (4.193)

Let

j 2 fq NN; : : : ; .q C 1/ NN � 1g: (4.194)

It follows from (4.141) and (4.194) that,

.xjC1; �jC1; 
jC1/ 2 A.xj; .˝jC1; wjC1/; ı/: (4.195)

By (4.133), (4.194), and (4.195), there exist

.y.j/
t ; ˛

.j/
t ; ˇ

.j/
t / 2 A0.xj; t; ı/; t 2 ˝jC1 (4.196)

such that

kxjC1 �
X

t2˝jC1

wjC1.t/y.j/
t k � ı; (4.197)

�jC1 D maxf˛.j/
t W t 2 ˝jC1g; 
jC1 D maxfˇ.j/

t W t 2 ˝jC1g: (4.198)

In view of (4.193), (4.194), and (4.198),

maxfˇ.j/
t W t 2 ˝jC1g � �0: (4.199)

It follows from (4.132) and (4.196) that for each t D .t1; : : : ; tp.t// 2 ˝jC1 there

exists a finite sequence fy.t;j/
i gp.t/

iD0 � X such that

y.t;j/
0 D xj; y.t;j/

p.t/ D y.j/
t ; (4.200)
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for each integer i D 1; : : : ; p.t/,

ky.t;j/
i � Pti.y

.t;j/
i�1/k � ı; (4.201)

˛
.j/
t D maxfky.t;j/

iC1 � y.t;j/
i k W i D 0; : : : ; p.t/ � 1g; (4.202)

ˇ
.j/
t D maxfd.y.t;j/

i ; CtiC1
/ W i D 0; : : : ; p.t/ � 1g: (4.203)

By (4.199) and (4.203), for each t 2 ˝jC1,

maxfd.y.t;j/
i ; CtiC1

/ W i D 0; : : : ; p.t/ � 1g � �0: (4.204)

Fix � > 0. Let

t D .t1; : : : ; tp.t// 2 ˝jC1 (4.205)

and

j 2 f0; : : : ; p.t/ � 1g: (4.206)

In view of (4.204), (4.205), and (4.206), there exists

	 2 CtiC1
(4.207)

such that

ky.t;j/
i � 	k < �0 C �: (4.208)

Relations (4.154), (4.164), and (A2) imply that

k	 � PtiC1
.y.t;j/

i /k < �0 C �: (4.209)

It follows from (4.137), (4.201), (4.208), and (4.209) that

ky.t;j/
i � y.t;j/

iC1k � ky.t;j/
i � 	k C k	 � PtiC1

.y.t;j/
i /k

CkPtiC1
.y.t;j/

i / � y.t;j/
iC1k � 2�0 C 2� C ı � 3�0 C 2�:

Since � is any positive number we conclude that

ky.t;j/
i � y.t;j/

iC1k � 3�0: (4.210)

By (4.130), (4.206), and (4.210), for each i1; i2 2 f0; : : : ; p.t/g,

ky.t;j/
i1

� y.t;j/
i2

k � 3�0.p.t/ � 3�0 Nq: (4.211)
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It follows from (4.200), (4.204), and (4.211) that for each i D 1; : : : ; p.t/,

d.xj; Cti/ � �0.3Nq C 1/; (4.212)

d.y.j/
t ; Cti/ � �0.3Nq C 1/; (4.213)

kxj � y.j/
t k � �0.3Nq/: (4.214)

In view of (4.13), (4.124), (4.137), (4.197), and (4.214),

kxj � xjC1k � kxj �
X

t2˝jC1

wjC1.t/y.j/
t k

Ck
X

t2˝jC1

wjC1.t/y.j/
t � xjC1k

�
X

t2˝jC1

wjC1.t/kxj � y.j/
t k C ı � �0.3Nq/ C ı � �0.3Nq C 1/:

Thus we have shown that for each j 2 fq NN; : : : ; .q C 1/ NN � 1g,

kxj � xjC1k � �0.3Nq C 1/; (4.215)

d.xj; Cti/ � �0.3Nq C 1/ for each t 2 ˝jC1 and each i 2 f1; : : : ; p.t/g: (4.216)

Relations (4.135) and (4.215) imply that for all j1; j2 2 fq NN; : : : ; .q C 1/ NNg,

kxj1 � xj2k � �0.3Nq C 1/ NN � �: (4.217)

Let s 2 f1; : : : ; mg. By (4.139), there exist

j 2 fq NN; : : : ; .q C 1/ NN � 1g (4.218)

and t D .t1; : : : ; tp.t// 2 ˝jC1 such that

s 2 ft1; : : : ; tp.t/g:
In view of (4.216),

d.xj; Cs/ � �0.3Nq C 1/:

Together with (4.135), (4.217), and (4.218) this implies that for each i 2
fq NN; : : : ; .q C 1/ NNg and each s 2 f1; : : : ; mg,

d.xi; Cs/ � �0.3Nq C 1/. NN C 1/ D �:

This completes the proof of Theorem 4.5. ut
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4.6 Proof of Theorem 4.6

By (4.144) there exists

z 2 B.0; M/ \ C: (4.219)

Assume that a nonnegative integer s satisfies for each integer k 2 Œ0; s�,

maxf�i W i D k NN C 1; : : : ; .k C 1/ NNg > �1: (4.220)

By (4.150) and (4.219),

kx0 � zk � 2M: (4.221)

Assume that an integer k 2 Œ0; s� satisfies

kxk NN � zk � 2M: (4.222)

We prove the following auxiliary result.

Lemma 4.14. Assume that an integer

i 2 Œ0; NN � 1� (4.223)

satisfies

kxk NNCi � zk � 2M C iı.Nq C 1/: (4.224)

Then

kxk NNCiC1 � zk � kxk NNCi � zk C ı.Nq C 1/ (4.225)

and if �k NNCiC1 > �1, then

kxk NNCiC1 � zk � kxk NNCi � zk � �� C ı.Nq C 1/: (4.226)

Proof. In view of (4.151),

.xk NNCiC1; �k NNCiC1; 
k NNCiC1/ 2 A.xk NNCi; .˝k NNCiC1; wk NNCiC1/; ı/: (4.227)

By (4.133) and (4.227) there exist

.yt; ˛t; ˇt/ 2 A0.xk NNCi; t; ı/; t 2 ˝k NNCiC1 (4.228)
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such that

kxk NNCiC1 �
X

t2˝k NNCiC1

wk NNCiC1.t/ytk � ı; (4.229)

�k NNCiC1 D maxf˛t W t 2 ˝k NNCiC1g; (4.230)


k NNCiC1 D maxfˇt W t 2 ˝k NNCiC1g: (4.231)

It follows from (4.132) and (4.228) that for each t D .t1; : : : ; tp.t// 2 ˝k NNCiC1 there

exists a finite sequence fy.t/
i gp.t/

iD0 � X such that

y.t/
0 D xk NNCi; y.t/

p.t/ D yt; (4.232)

ky.t/
j � Ptj.y

.t/
j�1/k � ı for each integer j D 1; : : : ; p.t/; (4.233)

˛t D maxfky.t/
jC1 � y.t/

j k W j D 0; : : : ; p.t/ � 1g; (4.234)

ˇt D maxfd.y.t/
j ; CtjC1

/ W j D 0; : : : ; p.t/ � 1g: (4.235)

Let

t D .t1; : : : ; tp.t// 2 ˝k NNCiC1

and

j 2 f1; : : : ; p.t/g:

It follows from (4.133), (4.219), and (A2) that

kz � y.t/
j k � kz � Ptj.y

.t/
j�1/k C kPtj.y

.t/
j�1/ � y.t/

j k
� kz � y.t/

j�1k C ı:

Thus we have shown that for each t D .t1; : : : ; tp.t// 2 ˝k NNCiC1 and each j 2
f1; : : : ; p.t/g,

kz � y.t/
j k � kz � y.t/

j�1k C ı: (4.236)

By (4.130), (4.222), (4.232), and (4.236), for each t D .t1; : : : ; tp.t// 2 ˝k NNCiC1 and
each j 2 f0; 1; : : : ; p.t/g,

kz � y.t/
j k � kz � y.t/

0 k C jı � kxk NNCi � zk C Nqı: (4.237)
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By (4.232) and (4.237), for each t D .t1; : : : ; tp.t// 2 ˝k NNCiC1,

kz � ytk D kz � y.t/
p.t/k � kxk NNCi � zk C Nqı: (4.238)

It follows from (4.124), (4.229), and (4.238) that

kz � xk NNCiC1k � kz �
X

t2˝k NNCiC1

wk NNCiC1.t/ytk

Ck
X

t2˝k NNCiC1

wk NNCiC1.t/yt � xk NNCiC1k

�
X

t2˝k NNCiC1

wk NNCiC1.t/kz � ytk C ı

� kz � xk NNCik C .Nq C 1/ı

and (4.225) holds.
Assume that

�k NNCiC1 > �1: (4.239)

In view of (4.230) and (4.239) there exists

s D .s1; : : : ; sp.s// 2 ˝k NNCiC1 (4.240)

such that

˛s D �k NNCiC1 > �1: (4.241)

By (4.234), (4.240), and (4.241), there exists

j0 2 f1; : : : ; p.s/g

such that

ky.s/
j0�1 � y.s/

j0
k D ˛s > �1: (4.242)

In view of (4.147), (4.223), (4.224), and (4.225),

xk NNCi; xk NNCiC1 2 B.0; 3M C 1/:

In view of (4.147), (4.219), (4.223), (4.224), (4.237), and (4.240),

y.s/
j0�1; y.s/

j0
2 B.0; 3M C 1/: (4.243)
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We show that

d.y.s/
j0�1; Csj0

/ � �1=4: (4.244)

Assume the contrary. Then there exists

	 2 Csj0
(4.245)

such that

ky.s/
j0�1 � 	k < �1=4: (4.246)

Relations (4.233), (4.245), (4.246), and (A2) imply that

ky.s/
j0

� 	k � ky.s/
j0

� Psj0
.y.s/

j0�1/k C kPsj0
.y.s/

j0�1/ � 	k
� ı C ky.s/

j0�1 � 	k < �1=4 C ı: (4.247)

It follows from (4.147), (4.246), and (4.247) that

ky.s/
j0�1 � y.s/

j0
k � ky.s/

j0�1 � 	k C k	 � y.s/
j0

k < �1=2 C ı < �1:

This contradicts (4.242). The contradiction we have reached proves (4.244).
By (4.219), (4.243), (4.244), and property (P1),

kz � Psj0
.y.s/

j0�1/k � kz � y.s/
j0�1k � �:

The relations above and (4.233) imply that

kz � y.s/
j0

k � kz � Psj0
.y.s/

j0�1/k C kPsj0
.y.s/

j0�1/ � y.s/
j0

k
� kz � y.s/

j0�1k � � C ı: (4.248)

By (4.130), (4.232), (4.236), (4.248),

kz � xk NNCik � kz � ysk D kz � y.s/
0 k � kz � y.s/

p.s/k

D
p.s/�1X

iD0

Œkz � y.s/
i k � kz � y.s/

iC1k�

X
fkz � y.s/

i k�kz � y.s/
iC1k W i 2 f0; : : : ; p � 1gnfj0 � 1gg C kz � y.s/

j0�1k�kz � y.s/
j0

k
� �ı.p.s/ � 1/ C � � ı D � � ıp.s/ � � � ı Nq: (4.249)
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It follows from (4.124), (4.131), (4.229), (4.238), (4.240), and (4.249) that

kz � xk NNCiC1k � kz �
X

t2˝k NNCiC1

wk NNCiC1.t/ytk

Ck
X

t2˝k NNCiC1

wk NNCiC1.t/yt � xk NNCiC1k

�
X

t2˝k NNCiC1

wk NNCiC1.t/kz � ytk C ı

D ı C
X

fwk NNCiC1.t/kz � ytk W t 2 ˝k NNCiC1 n fsgg C wk NNCiC1.s/kz � ysk

� ı C
X

fwk NNCiC1.t/.kxk NNCi � zk C Nqı/ W t 2 ˝k NNCiC1 n fsgg
Cwk NNCiC1.s/.kz � xk NNCik � � C ı Nq/

� kz � xk NNCik C .Nq C 1/ı � wk NNCiC1.s/�

� kz � xk NNCik C .Nq C 1/ı � ��:

Thus (4.226) holds. Lemma 4.14 is proved. ut
It follows from (4.137), (4.222), and Lemma 4.14 applied by induction that for

all i D 0; : : : ; NN � 1,

kxk NNCiC1 � zk � kxk NNCi � zk C ı.Nq C 1/; (4.250)

kxk NNCiC1 � zk � 2M C ı.Nq C 1/.i C 1/ � 2M C ı.Nq C 1/ NN � 2M C 1;

(4.251)

kxk NNCi � zk � 2M C 1; i D 0; : : : ; NN: (4.252)

By (4.137), (4.220), (4.250), and Lemma 4.14,

kx.kC1/ NN � zk � kxk NN � zk

D
NN�1X

iD0

Œkxk NNCiC1 � zk � kxk NNCi � zk�

� ı.Nq C 1/. NN � 1/ � �� C ı.Nq C 1/ D NNı.Nq C 1/ � �� � ���=2:

Thus we have shown that the following property holds:
(P14) if an integer k 2 Œ0; s� satisfies kxk NN � zk � 2M, then

kxj � zk � 2M C 1; j D k NN; : : : ; .k C 1/ NN;

kx.kC1/ NN � zk � kxk NN � zk � ���=2: (4.253)
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In view of (4.221) and property (P14),

kxj � zk � 2M C 1; j D 0; : : : ; .s C 1/ NN (4.254)

and (4.253) holds for all k D 0; : : : ; s.
By (4.253) holding for all k D 0; : : : ; s and (4.221),

2�1��.s C 1/ �
sX

kD0

Œkxk NN � zk � kx.kC1/ NN � zk�

D kx0 � zk � kx.sC1/ NN � zk � kx0 � zk � 2M;

s C 1 � 4M.��/�1:

Thus we have shown that the following property holds:
(P15) If an integer s � 0 and for each integer k 2 Œ0; s� relation (4.220) holds,

then

s � 4M.��/�1 � 1;

kxj � zk � 2M C 1; j D 0; : : : ; .s C 1/ NN;

kxk NN � zk � 2M; k D 0; : : : ; s C 1:

By (P15) and (4.146), there exists an integer q 2 Œ0; n0 �1� such that for each integer
k satisfying 0 � k < q,

maxf�i W i D k NN C 1; : : : ; .k C 1/ NNg > �1;

maxf�i W i D q NN C 1; : : : ; .q C 1/ NNg � �1:

In view of (4.219), (P15) and the choice of q,

kxq NN � zk � 2M;

kxj � zk � 2M C 1; j D 0; : : : ; q NN;

kxjk � 3M C 1; j D 0; : : : ; q NN:

Assume that an integer q 2 Œ0; n0 � 1� satisfies

kxik � 3M C 1; i D 0; : : : ; q NN; (4.255)

�i � �1; i D q NN C 1; : : : ; .q C 1/ NN: (4.256)

Let

j 2 fq NN; : : : ; .q C 1/ NN � 1g: (4.257)
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It follows from (4.151),

.xjC1; �jC1; 
jC1/ 2 A.xj; .˝jC1; wjC1/; ı/: (4.258)

By (4.133) and (4.258), there exist

.y.j/
t ; ˛

.j/
t ; ˇ

.j/
t / 2 A0.xj; t; ı/; t 2 ˝jC1 (4.259)

such that

kxjC1 �
X

t2˝jC1

wjC1.t/y.j/
t k � ı; (4.260)

�jC1 D maxf˛.j/
t W t 2 ˝jC1g; (4.261)


jC1 D maxfˇ.j/
t W t 2 ˝jC1g: (4.262)

In view of (4.256), (4.257), and (4.261),

˛
.j/
t � �1; t 2 ˝jC1: (4.263)

It follows from (4.132) and (4.259) that for each t D .t1; : : : ; tp.t// 2 ˝jC1 there

exists a finite sequence fy.t;j/
i gp.t/

iD0 � X such that

y.t;j/
0 D xj; (4.264)

for each integer i D 1; : : : ; p.t/,

ky.t;j/
i � Pti.y

.t;j/
i�1/k � ı; (4.265)

y.t;j/
p.t/ D y.j/

t ; (4.266)

˛
.j/
t D maxfky.t;j/

i � y.t;j/
i�1k W i D 1; : : : ; p.t/g � �1; (4.267)

ˇt D maxfd.y.t;j/
i ; CtiC1

/ W i D 0; : : : ; p.t/ � 1g: (4.268)

By (4.129), (4.264), (4.266), and (4.267), for each t 2 ˝jC1 and each
i D 0; : : : ; p.t/,

kxj � y.t;j/
i k � i�1 � Nq�1;

kxj � y.j/
t k � Nq�1:

Thus we have shown that for each j 2 fq NN; : : : ; .q C 1/ NN � 1g each t 2 ˝jC1 and
each i D 0; : : : ; p.t/,
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kxj � y.t;j/
i k � Nq�1; kxj � y.j/

t k � Nq�1: (4.269)

In view of (4.124), (4.147), (4.260), and (4.269), for each j 2 fq NN; : : : ; .qC1/ NN�1g,

kxj � xjC1k � kxj �
X

t2˝jC1

wjC1.t/y.j/
t k

Ck
X

t2˝jC1

wjC1.t/y.j/
t � xjC1k

�
X

t2˝jC1

wjC1.t/kxj � y.j/
t k C ı � �1 Nq C ı � �1.Nq C 1/: (4.270)

By (4.255) and (4.270), for each j1; j2 2 fq NN; : : : ; .q C 1/ NNg,

kxj1 � xj2k � NN�1.Nq C 1/: (4.271)

Relations (4.145) and (4.271) imply that

kxjk � 3M C 3=2; j 2 fq NN; : : : ; .q C 1/ NNg: (4.272)

Assume that

j 2 fq NN; : : : ; .q C 1/ NN � 1g; (4.273)

t D .t1; : : : ; tp.t// 2 ˝jC1; (4.274)

i 2 f1; : : : ; p.t/g: (4.275)

We show that

d.y.t;j/
i�1; Cti/ � �=2:

Assume the contrary. Then

d.y.t;j/
i�1; Cti/ > �=2: (4.276)

It follows from (4.145), (4.269), and (4.272)–(4.275) that

ky.t;j/
i�1k � kxjk C Nq�1 � 3M C 2: (4.277)

By (4.219), (4.276), and (4.277),

kz � Pti.y
.t;j/
i�1/k � kz � y.t;j/

i�1k � 2�1: (4.278)
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In view of (4.265) and (4.278),

kz � y.t;j/
i k � kz � Pti.y

.t;j/
i�1/k C kPti.y

.t;j/
i�1/ � y.t;j/

i k
� kz � y.t;j/

i�1k � 2�1 C ı:

The relation above and (4.267) imply that

2�1 � ı � kz � y.t;j/
i�1k � kz � y.t;j/

i k � ky.t;j/
i�1 � y.t;j/

i k � �1;

�1 � ı:

This contradicts (4.147). The contradiction we have reached proves that

d.y.t;j/
i�1; Cti/ � �=2 for each j 2 fq NN; : : : ; .q C 1/ NN � 1g;

each t D .t1; : : : ; tp.t// 2 ˝jC1 and each i 2 f1; : : : ; p.t/g. Together with (4.269) this
implies that

d.xj; Cti/ � �1 Nq C �=2 (4.279)

for each j 2 fq NN; : : : ; .q C 1/ NN � 1g; each t D .t1; : : : ; tp.t// 2 ˝jC1 and each
i 2 f1; : : : ; p.t/g.

Let s 2 f1; : : : ; p.t/g. By (4.149), there exist j 2 fq NN; : : : ; .q C 1/ NN � 1g and
t D .t1; : : : ; tp.t// 2 ˝jC1 such that

s 2 ft1; : : : ; tp.t/g:

Together with (4.279) this implies that

d.xj; Cs/ � �1 Nq C �=2:

Combined with (4.145) and (4.271) this implies that for each i 2 fq NN; : : : ; .qC1/ NNg,

d.xi; Cs/ � NN.Nq C 1/�1 C �1 Nq C �=2 � �=2 C �1. NN C 1/.Nq C 1/ � �

for every s 2 f1; : : : ; mg. Therefore Theorem 4.6 is proved. ut

4.7 Proof of Theorem 4.8

Fix

z 2 B.0; M/ \ C: (4.280)
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Set

�0 D �. NN C 1/�1.Nq C 1/�1: (4.281)

By (A2), there exists � 2 .0; �0/ such that the following property holds:
(P16) for each i 2 f1; : : : ; mg, each

	 2 B.0; 3M C 1/ \ Ci

and each x 2 B.0; 3M C 1/ satisfying d.x; Ci/ � �0=2,

k	 � Pi.x/k � k	 � xk � �:

Set

Q D 1 C b2 NNM.��/�1c: (4.282)

Assume that

f.˝i; wi/g1
iD1 � M� (4.283)

satisfies for each natural number j

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/; (4.284)

x0 2 B.0; M/ (4.285)

and fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/, f
ig1
iD1 � Œ0; 1/ satisfy for each natural

number i,

.xi; �i; 
i/ 2 A.xi�1; .˝i; wi/; 0/: (4.286)

By (4.125), (4.132), (4.133), and (4.286), for each integer i � 0,

xiC1 D P˝iC1;wiC1
.xi/: (4.287)

In view of (4.280) and (4.285),

kx0 � zk � 2M: (4.288)

It follows from (4.127), (4.280), (4.287), and (4.288) that

kxiC1 � zk � kxi � zk; (4.289)

kz � xik � 2M for all integers i � 0: (4.290)
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Set

E0 D fi 2 f0; 1; 2; : : : g W 
i � �0=2g: (4.291)

Let i � 0 be an integer. By (4.133) and (4.286) there exist

.yt; ˛t; ˇt/ 2 A0.xi; t; 0/; t 2 ˝iC1 (4.292)

such that

xiC1 D
X

t2˝iC1

wiC1.t/yt; (4.293)

�iC1 D maxf˛t W t 2 ˝iC1g; (4.294)


iC1 D maxfˇt W t 2 ˝iC1g: (4.295)

It follows from (4.132) and (4.292) that for each t D .t1; : : : ; tp.t// 2 ˝iC1 there

exists a finite sequence fy.t/
j gp.t/

jD0 � X such that

y.t/
0 D xi; y.t/

p.t/ D yt; (4.296)

y.t/
j D Ptj.y

.t/
j�1/ for each integer j D 1; : : : ; p.t/; (4.297)

˛t D maxfky.t/
jC1 � y.t/

j k W j D 0; : : : ; p.t/ � 1g; (4.298)

ˇt D maxfd.y.t/
j ; CtjC1

/ W j D 0; : : : ; p.t/ � 1g: (4.299)

Let

t D .t1; : : : ; tp.t// 2 ˝iC1:

By (4.280), (4.290), (4.296), (4.297), and (A2), for each integer j D 1; : : : ; p.t/,

ky.t/
j � zk D kPtj.y

.t/
j�1/ � zk � ky.t/

j�1 � zk; (4.300)

ky.t/
j � zk � ky.t/

0 � zk D kxi � zk; (4.301)

kyt � zk � kxi � zk; (4.302)

ky.t/
j k � 3M; kytk � 3M: (4.303)

Assume that

ˇt � �0=2: (4.304)
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By (4.299) and (4.304), there exists j0 2 f1; : : : ; p.t/g such that

d.y.t/
j0�1; Ctj0

/ � �0=2: (4.305)

Relations (4.280), (4.285), (4.296), (4.297), (4.303), (4.305), and (P16) imply that

kz � y.t/
j0

k D kz � Ptj0
.y.t/

j0�1/k � kz � y.t/
j0�1k � �: (4.306)

By (4.296), (4.300), and (4.306),

kz � xik � kz � ytk D kz � y.t/
0 k � kz � y.t/

p.t/k

D
p.t/X

iD1

.kz � y.t/
i�1k � kz � y.t/

i k/

� kz � y.t/
j0�1k � kz � y.t/

j0
k � �:

Thus we have shown (see (4.302)) that for each t D .t1; : : : ; tp.t// 2 ˝iC1,

kyt � zk � kxi � zk; (4.307)

if ˇt � �0=2; then kz � xik � kz � ytk C �: (4.308)

It follow from (4.124), (4.293), and (4.307) that

kz � xiC1k D kz �
X

t2˝iC1

wiC1.t/ytk

�
X

t2˝iC1

wiC1.t/kz � xik D kz � xik: (4.309)

Assume that an integer

i 2 E0:

In view of the inclusion above and (4.291),


iC1 � �0=2: (4.310)

It follows from (4.295) and (4.310) that there exist

s D .s1; : : : ; sp.s// 2 ˝iC1

such that


iC1 D ˇs � �0=2: (4.311)
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Relations (4.308) and (4.311) imply that

kz � xik � � � kz � ysk: (4.312)

By (4.124), (4.131), (4.293), and (4.312),

kz � xiC1k � kz �
X

t2˝iC1

wiC1.t/ytk

�
X

t2˝iC1

wiC1.t/kz � ytk

�
X

fwiC1.t/kxi � zk W t 2 ˝iC1 n fsgg C wiC1.s/.kz � xik � �/

� kz � xik � ��:

Thus we have shown that the following property holds:
(P17) for each integer i 2 E0,

kz � xiC1k � kz � xik � ��:

Let n be a natural number. By (4.288) and (4.309),

2M � kz � x0k � kz � x0k � kz � xnk D
n�1X

iD0

.kz � xik � kz � xiC1k/

�
X

fkz � xik � kz � xiC1k W i 2 f0; : : : ; n � 1g \ E0g
� ��Card.E0 \ f0; : : : ; n � 1g/;

Card.E0 \ f0; : : : ; n � 1g/ � 2M.��/�1:

Since the relation above holds for every natural number n we conclude that

Card.E0/ � 2M.��/�1: (4.313)

Assume that an integer i � 0 satisfies

i 62 E0: (4.314)

Relations (4.291) and (4.314) imply that


iC1 < �0=2: (4.315)
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In view of (4.133) and (4.286), there exist

.yt; ˛t; ˇt/ 2 A0.xi; t; 0/; t 2 ˝iC1 (4.316)

such that (4.293)–(4.295) hold. It follows from (4.132) and (4.316) that for each
t D .t1; : : : ; tp.t// 2 ˝iC1 there exists a finite sequence fy.t/

j gp.t/
jD0 � X such

that (4.296)–(4.299) are true. Let

t D .t1; : : : ; tp.t// 2 ˝iC1: (4.317)

By (4.137), (4.295), and (4.315),

ˇt < �0=2: (4.318)

Relations (4.299) and (4.318) imply that for each j D 0; : : : ; p.t/ � 1,

d.y.t/
j ; CtjC1

/ < �0=2: (4.319)

Let

j 2 f0; : : : ; p.t/ � 1g: (4.320)

In view of (4.319) and (4.320), there exists

	 2 CtjC1
(4.321)

such that

ky.t/
j � 	k < �0=2: (4.322)

It follows from (4.297), (4.320)–(4.322), and (A2) that

k	 � y.t/
jC1k D k	 � PtjC1

.y.t/
j /k � k	 � y.t/

j k < �0=2: (4.323)

By (4.322) and (4.323),

ky.t/
j � y.t/

jC1k < �0: (4.324)

In view of (4.130) and (4.324), for each j1; j2 2 f0; : : : ; p.t/g,

ky.t/
j1

� y.t/
j2

k < �0 Nq: (4.325)

It follows from (4.296) and (4.325) that for each j 2 f0; : : : ; p.t/g,

kxi � y.t/
j k < Nq�0; kxi � ytk < Nq�0: (4.326)
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Relations (4.319) and (4.326), for each j 2 f0; : : : ; p.t/ � 1g,

d.xi; CtjC1
/ � �0 Nq C �0=2:

Thus we have shown that for each t D .t1; : : : ; tp.t// 2 ˝iC1,

d.xi; Ctj/ � �0 Nq C �0=2; j D 1; : : : ; p.t/; (4.327)

kxi � ytk � Nq�0: (4.328)

It follows from (4.124), (4.293), and (4.328) that

kxi � xiC1k D kxi �
X

t2˝iC1

wiC1.t/ytk

�
X

t2˝iC1

wiC1.t/kxi � ytk � Nq�0: (4.329)

Thus we have shown that the following property holds:
(P18) if a nonnegative integer i 62 E0, then for each t D .t1; : : : ; tp.t// 2

˝iC1, (4.327)–(4.329) hold.
Set

E1 D fi 2 f0; 1; 2; : : : g W Œi; i C NN � 1� \ E0 6D ;g: (4.330)

By (4.282), (4.313), and (4.330),

Card.E1/ � NNCard.E0/ � 2M NN.��/�1 � Q: (4.331)

Assume that a nonnegative integer j 62 E1. In view of (4.330),

fj; : : : ; j C NN � 1g \ E0 6D ;: (4.332)

It follows from (4.329), (4.332), and property (P18) that for each i 2 fj; : : : ; j C
NN � 1g,

kxi � xiC1k � �0 Nq;

d.xi; Cs/ < �0 Nq C �0=2 (4.333)

for each t D .t1; : : : ; tp.t// 2 ˝iC1 and each s 2 ft1; : : : ; tp.t/g and

kxj � xik � NN�0 Nq: (4.334)
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Let s 2 f1; : : : ; mg. By (4.284), there exist i 2 fj; : : : ; j C NN � 1g and t D
.t1; : : : ; tp.t// 2 ˝iC1 such that s 2 ft1; : : : ; tp.t/g. Together with (4.281), (4.333),
and (4.324) this implies that

d.xi; Cs/ < �0 Nq C �0=2

and

d.xj; Cs/ < �0 Nq C �0=2 C NN Nq�0 < �

for all s D 1; : : : ; m. Theorem 4.8 is proved. ut



Chapter 5
Dynamic String-Maximum Methods
in Metric Spaces

In this chapter we study the convergence of dynamic string-maximum methods
for solving common fixed point problems in a metric space. Our main goal is to
obtain an approximate solution of the problem in the presence of computational
errors. We show that our dynamic string-maximum algorithm generates a good
approximate solution, if the sequence of computational errors is bounded from
above by a constant. Moreover, for a known computational error, we find out what
an approximate solution can be obtained and how many iterates one needs for this.

5.1 Preliminaries and Main Results

Let .X; d/ be a metric space. For each x 2 X and each nonempty set E � X put

d.x; E/ D inffd.x; y/ W y 2 Eg:

For each x 2 X and each r > 0 set

B.x; r/ D fy 2 X W d.x; y/ � rg:

Suppose that m is a natural number, Pi W X ! X, i D 1; : : : ; m are self-mappings
of X and that for every i 2 f1; : : : ; mg,

Fix.Pi/ WD fz 2 X W Pi.z/ D zg 6D ;: (5.1)

We suppose that

d.z; x/ � d.z; Pi.x// (5.2)

© Springer International Publishing Switzerland 2016
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for every i 2 f1; : : : ; mg, every x 2 X, and every z 2 Fix.Pi/. For every � > 0 and
every i 2 f1; : : : ; mg put

F�.Pi/ D fx 2 X W d.x; Pi.x// � �g; (5.3)

QF�.Pi/ D fy 2 X W B.y; �/ \ F�.Pi/ 6D ;g; (5.4)

F� D \m
iD1F�.Pi/ (5.5)

and

QF� D \m
iD1

QF�.Pi/ (5.6)

A point belonging to the set F is a solution of our common fixed point problem
while a point which belongs to the set QF� is its �-approximate solution.

Fix � 2 X.
We apply a dynamic string method with variable strings in order to obtain a good

approximative solution of the common fixed point problem. Next we describe the
dynamic string method with variable strings.

By an index vector, we a mean a vector t D .t1; : : : ; tp/ such that ti 2 f1; : : : ; mg
for all i D 1; : : : ; p.

For an index vector t D .t1; : : : ; tq/ set

p.t/ D q; PŒt� D Ptq � � � Pt1 : (5.7)

Denote by M the collection of all finite sets ˝ of index vectors such that

[ fft1; : : : ; tp.t/g W t D ft1; : : : ; tp.t/g 2 ˝g D f1; : : : ; mg: (5.8)

Fix an integer

Nq � m (5.9)

and denote by M� the set of all ˝ 2 M such that

p.t/ � Nq for all t 2 ˝: (5.10)

The dynamic string-maximum method with variable strings can now be described
by the following algorithm.

Initialization: select an arbitrary x0 2 X.
Iterative step: given a current iteration vector xk pick

˝kC1 2 M�;

calculate

PŒt�.xk/; t 2 ˝kC1
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and choose

xkC1 2 fPŒt�.xk/ W t 2 ˝kC1g

such that

d.xk; xkC1/ � d.xk; PŒt�.xk//; t 2 ˝kC1:

In order to state the main result of this section we need the following definitions.
Let ı � 0, x 2 X and let t D .t1; : : : ; tp.t// be an index vector. Define

A0.x; t; ı/ D f.y; �/ 2 X � R1 W there is a sequence fyigp.t/
iD0 � X such that

y0 D x and for all i D 1; : : : ; p.t/;

d.yi; Pti.yi�1// � ı;

y D yp.t/;

� D maxfd.yi; yi�1/ W i D 1; : : : ; p.t/gg: (5.11)

Let ı � 0, x 2 X and let ˝ 2 M�. Define

A.x; ˝; ı/ D f.y; �/ 2 X � R1 W there exist

.yt; �t/ 2 A0.x; t; ı/; t 2 ˝ such that

.y; �/ 2 f.yt; �t/ W y 2 ˝g;
� � �t; t 2 ˝tg: (5.12)

Denote by Card.A/ the cardinality of a set A. Suppose that the sum over empty
set is zero.

In Sect. 5.3 we prove the following result.

Theorem 5.1. Suppose that Nc 2 .0; 1/ and that

d.z; x/2 � d.z; Pi.x//2 C Ncd.x; Pi.x//2 (5.13)

for every i 2 f1; : : : ; mg, every x 2 X and every z 2 Fix.Pi/. Let M > 0,

ı0; ı1 2 .0; .3Nq/�1/; z 2 B.0; M/ (5.14)

satisfy

B.z; ı0/ \ Fix.Pi/ 6D ; for all i D 1; : : : ; m; (5.15)

�0 D ..8ı1 C 16ı0/Nc�1.2M C 1/Nq/1=2; (5.16)
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a natural number n0 satisfy

n0 � 8M2��2
0 Nc�1: (5.17)

Assume that

f˝ig1
iD1 � M�; (5.18)

x0 2 B.�; M/ (5.19)

and fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/ satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; ˝i; ı1/: (5.20)

Then there exists an integer q 2 Œ0; n0� such that

xi 2 B.�; 3M/; i D 0; : : : ; q;

�qC1 � �0: (5.21)

Moreover, if an integer q � 0 satisfies �qC1 � �0; then

xq 2 QF�0.NqC2/:

Note that in Theorem 5.1 ı1 is the computational error made by our computer
system, we obtain a point of the set QF�0.NqC2/ and in order to obtain this point we need
n0 iterations. It is not difficult to see that �0 D c1.ı0 C ı1/1=2 and n0 D bc2.ı0 C
ı1/�1c C 1, where c1 and c2 are positive constants depending on M.

The next theorem is proved in Sect. 5.4.

Theorem 5.2. Suppose that Nc 2 .0; 1/ and that

d.z; x/2 � d.z; Pi.x//2 C Ncd.x; Pi.x//2 (5.22)

for every i 2 f1; : : : ; mg, every x 2 X and every z 2 Fix.Pi/. Let M > 0 be such that
the following property holds:

for each ı > 0 there exists zı 2 B.�; M/ for which

B.zı; ı/ \ Fixp.Pi/ 6D ; for all i D 1; : : : ; m:

Assume that � > 0,

f˝ig1
iD1 � M�; (5.23)

x0 2 B.�; M/ (5.24)
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and fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/ satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; ˝i; 0/: (5.25)

Then

Card.fi 2 f0; 1; : : : g W xi 62 QF�g/ � ��2.Nq C 1/2 Nc�1.4M2 C 1/:

The following result is proved in Sect. 5.5.

Theorem 5.3. Suppose that for each � > 0 and each � > 0 there exists � > 0

such that the following assumption holds:
(A1) for each i 2 f1; : : : ; mg, each

z 2 B.�; �/ \ Fix.Pi/

and each x 2 B.�; �/ satisfying d.x; Pi.x// � �,

d.z; Pi.x// � d.z; x/ � �:

Suppose that NM > 0 and that for each � > 0 there exists z� 2 B.�; NM/ for which

B.z� ; �/ \ Fix.Pi/ 6D ; for all i D 1; : : : ; m:

Let M > NM, � 2 .0; 1/;

�0 D �.Nq C 2/�1 (5.26)

and let �0 2 .0; 1/ be such that (A1) holds with

� D 3M C 1; � D �0=2; � D �0:

Let an integer

n0 � 8M��1
0 ; (5.27)

0 < ı < minf12�1 Nq�1�0; 4�1�0g: (5.28)

Assume that

f˝ig1
iD1 � M�; (5.29)

x0 2 B.�; M/ (5.30)

and fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/ satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; ˝i; ı/: (5.31)
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Then there exists an integer q 2 Œ0; n0� such that

d.xk; �/ � 3M; k D 0; : : : ; q;

�qC1 � �0:

Moreover, if an integer q � 0 satisfies �qC1 � �0; then

xq 2 QF�:

Theorem 5.4. Suppose that for each � > 0 and each � > 0 there exists � > 0

such that (A1) holds.
Suppose that M > 0 and that the following property holds:
for each ı > 0 there exists zı 2 B.�; M/ for which

B.zı; ı/ \ Fix.Pi/ 6D ; for all i D 1; : : : ; m:

Let � > 0. Then there exist Q > 0 such that for each f˝ig1
iD1 � M�; each

x0 2 B.�; M/; each fxig1
iD1 � X and each f�ig1

iD1 � Œ0; 1/ satisfying for each
natural number i,

.xi; �i/ 2 A.xi�1; ˝i; 0/;

the inequality

Card.fi 2 f0; 1; : : : g W xi 62 QF�g/ � Q

is true.

The proof of Theorem 5.4 is given in Sect. 5.6.
Let ı � 0, x 2 X and let t D .t1; : : : ; tp.t// be an index vector. Define

QA0.x; t; ı/ D f.y; �/ 2 X � R1 W there is a sequence fyigp.t/
iD0 � X such that

y0 D x and for all i D 1; : : : ; p.t/;

d.yi; Pti.yi�1// � ı;

y D yp.t/;

� D maxfd.yi�1; Fix.Pti// W i D 1; : : : ; p.t/gg: (5.32)

Let ı � 0, x 2 X and let ˝ 2 M�. Define

QA.x; ˝; ı/ D f.y; �/ 2 X � R1 W there exist

.yt; �t/ 2 QA0.x; t; ı/; t 2 ˝ such that
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.y; �/ 2 f.yt; �t/ W y 2 ˝g;
� � �t; t 2 ˝g: (5.33)

Theorem 5.5. Suppose that for each � > 0 and each � > 0 there exists � > 0

such that the following assumption holds:
(A2) for each i 2 f1; : : : ; mg, each

z 2 B.�; �/ \ Fix.Pi/

and each x 2 B.�; �/ satisfying d.x; Fix.Pi// � �,

d.z; Pi.x// � d.z; x/ � �:

Suppose that � 2 .0; 1/, M > 0 and that for each � > 0 there exists z� 2 B.�; M/

for which

B.z� ; �/ \ Fix.Pi/ 6D ; for all i D 1; : : : ; m:

Let

�0 D �.4Nq/�1 (5.34)

and let �0 2 .0; 1/ be such that (A2) holds with

� D 3M C 1; � D �0=2; � D �0:

Let an integer

n0 � 8M��1
0 ; (5.35)

0 < ı < minf.3Nq/�1; 12�1�0�0 Nq�1g: (5.36)

Assume that

f˝ig1
iD1 � M�; (5.37)

x0 2 B.�; M/ (5.38)

and fxig1
iD1 � X; f
ig1

iD1 � Œ0; 1/ satisfy for each natural number i,

.xi; 
i/ 2 QA.xi�1; ˝i; ı/: (5.39)

Then there exists an integer q 2 Œ0; n0� such that

d.xk; �/ � 3M; k D 0; : : : ; q;


qC1 � �0:
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Moreover, if an integer q � 0 satisfies 
qC1 � �0; then

d.xq; Fix.Ps// � �; s D 1; : : : ; m:

Theorem 5.5 is proved in Sect. 5.7. The proof of the next result is given in
Sect. 5.8.

Theorem 5.6. Suppose that for each � > 0 and each � > 0 there exists � > 0

such that (A2) holds.
Suppose that � 2 .0; 1/, M > 0 and that for each � > 0 there exists z� 2 B.�; M/

for which

B.z� ; �/ \ Fix.Pi/ 6D ; for all i D 1; : : : ; m:

Let a positive number

�0 < �.Nq/�1

be such that (A2) holds with

� D 3M C 1; � D .4Nq/�1�; � D 2�0;

let � 2 .0; �0/ be such that (A2) holds with

� D 3M C 1; � D �0=4;

an integer

n0 � 4M��1
0 ; (5.40)

and let

0 < ı < minf.3Nq/�1; 12�1� Nq�1; 6�1�0g: (5.41)

Assume that

f˝ig1
iD1 � M�;

x0 2 B.�; M/

and fxig1
iD1 � X; f
ig1

iD1 � Œ0; 1/ satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; ˝i; ı/:
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Then there exists an integer q 2 Œ0; n0� such that

d.xk; �/ � 3M; k D 0; : : : ; q;

�qC1 � �0:

Moreover, if an integer q � 0 satisfies

d.xq; �/ � 3M; �qC1 � �0;

then

d.xq; Fix.Ps// � �; s D 1; : : : ; m:

The final result of this section is proved in Sect. 5.9.

Theorem 5.7. Suppose that for each � > 0 and each � > 0 there exists � > 0

such that (A2) holds.
Suppose that M; � > 0 and that the following property holds:
for each ı > 0 there exists zı 2 B.�; M/ for which

B.zı; ı/ \ Fix.Pi/ 6D ; for all i D 1; : : : ; m:

Then there exist Q > 0 such that for each f˝ig1
iD1 � M�; each x0 2 B.�; M/;

each fxig1
iD1 � X and each f
ig1

iD1 � Œ0; 1/ satisfying for each natural number i,

.xi; 
i/ 2 QA.xi�1; ˝i; 0/;

the inequality

Card.fi 2 f0; 1; : : : g W maxfd.xi; Fix.Ps// W s D 1; : : : ; mg > �g/ � Q

holds.

5.2 Auxiliary Results

Proposition 5.8. Let �1; �2 > 0, z; x 2 X;

B.z; �1/ \ Fix.Pi/ 6D ; for all i D 1; : : : ; m; (5.42)

t D .t1; : : : ; tp.t// be an index vector, fyigp.t/
iD0 � X be such that

y0 D x (5.43)
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and for all i D 1; : : : ; p.t/;

d.yi; Pti.yi�1// � �2: (5.44)

Then for each integer i D 1; : : : ; p.t/,

d.z; yi/ � d.z; yi�1/ C 2�1 C �2; (5.45)

d.z; yi/ � d.z; x/ C i.2�1 C �2/: (5.46)

Proof. Let i 2 f1; : : : ; p.t/g. By (5.42), there exists

zi 2 Fix.Pti/ (5.47)

such that

d.z; zi/ � �1: (5.48)

In view of (5.2), (5.44), (5.47), and (5.48),

d.z; yi/ � d.z; zi/ C d.zi; Pti.yi�1// C d.Pti.yi�1/; yi/

� �1 C d.zi; yi�1/ C �2

� �1 C �2 C d.zi; z/ C d.z; yi�1/ � 2�1 C �2 C d.z; yi�1/:

Thus (5.45) holds for all integers i D 1; : : : ; p.t/. By induction, together with (5.43)
this implies that (5.46) holds for all i D 1; : : : ; p.t/. Proposition 5.8 is proved. ut
Proposition 5.9. Let � � 0, ˝ 2 M�, 	0 2 X, �0 � 0;

.	1; �1/ 2 A.	0; ˝; �/; (5.49)

�1 � �0: (5.50)

Then

	0 2 QF�0.NqC2/.Ps/ for all s D 1; : : : ; m:

Proof. In view of (5.12) and (5.49), there exist

.yt; ˛t/ 2 A0.	0; t; �/; t 2 ˝ (5.51)

such that

.	1; �1/ 2 f.yt; ˛t/ W t 2 ˝g; (5.52)

�1 D maxf�t W t 2 ˝tg: (5.53)
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By (5.11) and (5.51), for each t D .t1; : : : ; tp.t// 2 ˝, there exists a finite sequence

fy.t/
i gp.t/

iD0 � X such that

y.t/
0 D 	0; y.t/

p.t/ D yt; (5.54)

d.y.t/
j ; Pti.y

.t/
j�1// � � and for all j D 1; : : : ; p.t/; (5.55)

˛t D maxfd.y.t/
j ; y.t/

j�1/ W j D 1; : : : ; p.t/g: (5.56)

Relations (5.50), (5.53), and (5.56) imply that for each t D .t1; : : : ; tp.t// 2 ˝ and
all j D 1; : : : ; p.t/,

d.y.t/
j ; y.t/

j�1/ � �0: (5.57)

It follows from (5.10), (5.54), (5.57) and the inclusion ˝ 2 M� that for each t 2 ˝

and every j D 0; : : : ; p.t/,

d.	0; y.t/
j / � j�0 � Nq�0: (5.58)

Let s 2 f1; : : : ; mg. In view of (5.8) and the inclusion ˝ 2 M�, there exist
� D .�1; : : : ; �p.�// 2 ˝j and j 2 f1; : : : ; p.�/g such that

s D �j: (5.59)

It follows from (5.55), (5.57), and (5.59) that

d.y.�/
j�1; Ps.y

.�/
j�1// D d.y.�/

j�1; P�j.y
.�/
j�1//

� d.y.�/
j�1; y.�/

j / C d.y.�/
j ; P�j.y

.�/
j�1// � �0 C �

and in view of (5.3),

y.�/
j�1 2 F�0C� .Ps/: (5.60)

It follows (5.4), (5.58), (5.60) and the inequality � � �0,

	0 2 QF�0.NqC2/.Ps/

for all s 2 f1; : : : ; mg. Proposition 5.9 is proved. ut
Proposition 5.10. Assume that � � 0, �0 > 0, 	 2 X, ˝ 2 M�, for each t D
.t1; : : : ; tp.t// 2 ˝; fy.t/

i gp.t/
iD0 � X;

y.t/
0 D 	; (5.61)

d.y.t/
j ; Ptj.y

.t/
j�1// � �; j D 1; : : : ; p.t/; (5.62)
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maxfd.y.t/
j�1; Fix.Ptj// W j D 1; : : : ; p.t/g � �0 (5.63)

for all t 2 ˝. Then

d.	; Fix.Ps// � Nq.2�0 C �/ for all s D 1; : : : ; m:

Proof. Let

ı > 0; t D .t1; : : : ; tp.t// 2 ˝; j 2 f1; : : : ; p.t/g:

By (5.63), there exists

zj 2 Fix.Ptj/ (5.64)

such that

d.y.t/
j�1; zj/ < �0 C ı: (5.65)

It follows from (5.2), (5.62), (5.64), and (5.65) that

d.y.t/
j ; zj/ � d.y.t/

j ; Ptj.y
.t/
j�1// C d.Ptj.y

.t/
j�1/; zj/

� � C d.y.t/
j�1; zj/ � � C �0 C ı:

Together with (5.65) this implies that

d.y.t/
j ; y.t/

j�1/ � 2�0 C 2ı C �:

Since ı is an arbitrary positive number

d.y.t/
j ; y.t/

j�1/ � 2�0 C �:

Together with (5.61) this implies that for each t D .t1; : : : ; tp.t// 2 ˝ and each
j 2 f0; 1; : : : ; p.t/g,

d.	; y.t/
j / � .2�0 C �/j:

Combined with (5.10) and (5.63) this implies that for each t D .t1; : : : ; tp.t// 2 ˝

and each j 2 f1; : : : ; p.t/g,

d.	; Fix.Ptj// � d.	; y.t/
j�1/ C d.y.t/

j�1; Fix.Ptj//

� .2�0 C �/.j � 1/ C �0 � .2�0 C �/j � .2�0 C �/Nq: (5.66)
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Let s 2 f1; : : : ; mg. In view of (5.8), there exists t D .t1; : : : ; tp.t// 2 ˝ such that

s 2 ft1; : : : ; tp.t/g:

By (5.66),

d.	; Fix.Ps// � Nq.2�0 C �/:

Proposition 5.10 is proved. ut

5.3 Proof of Theorem 5.1

By (5.14) and (5.19),

d.x0; z/ � 2M: (5.67)

We prove the following auxiliary result.

Lemma 5.11. Assume that a nonnegative integer k satisfies

d.xk; z/ � 2M; (5.68)

�kC1 > �0: (5.69)

Then

d.z; xk/
2 � d.z; xkC1/2 � 2�1�2

0 Nc:

Proof. In view of (5.20),

.xkC1; �kC1/ 2 A.xk; ˝kC1; ı1/: (5.70)

By (5.12) and (5.70) there exist

.yt; ˛t/ 2 A0.xk; t; ı1/; t 2 ˝kC1 (5.71)

such that

.xkC1; �kC1/ 2 f.yt; ˛t/ W t 2 ˝kC1g; (5.72)

�kC1 D maxf˛t W t 2 ˝kC1g: (5.73)

It follows from (5.11) and (5.71) that for each t D .t1; : : : ; tp.t// 2 ˝kC1 there exists

a finite sequence fy.t/
i gp.t/

iD0 � X such that
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y.t/
0 D xk; y.t/

p.t/ D yt; (5.74)

d.y.t/
j ; Ptj.y

.t/
j�1// � ı1 for each integer j D 1; : : : ; p.t/; (5.75)

˛t D maxfd.y.t/
j ; y.t/

j�1/ W j D 1; : : : ; p.t/g: (5.76)

Proposition 5.8, (5.17), (5.71), (5.74), and (5.75) imply that for each t D
.t1; : : : ; tp.t// 2 ˝kC1 and each j 2 f1; : : : ; p.t/g,

d.y.t/
j ; z/ � d.y.t/

j�1; z/ C 2ı0 C ı1; (5.77)

d.y.t/
j ; z/ � d.z; xk/ C j.2ı0 C ı1/: (5.78)

By (5.10), (5.18), (5.74), and (5.78), for each t D .t1; : : : ; tp.t// 2 ˝kC1 and each
j 2 f1; : : : ; p.t/g,

d.y.t/
j ; z/ � d.xk; z/ C Nq.2ı0 C ı1/;

d.z; yt/ � d.z; xk/ C Nq.2ı0 C ı1/: (5.79)

In view of (5.72), there exists

s D .s1; : : : ; sp.s// 2 ˝kC1

such that

.xkC1; �kC1/ D .ys; ˛s/: (5.80)

Relations (5.69) and (5.80) imply that

˛s D �kC1 > �0: (5.81)

By (5.76) and (5.81), there exists

j0 2 f1; : : : ; p.s/g (5.82)

such that

�0 < ˛s D d.y.s/
j0

; y.s/
j0�1/: (5.83)

It follows from (5.75) and (5.82) that

d.y.s/
j0

; Psj0
.y.s/

j0�1// � ı1: (5.84)
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In view of (5.15), there exists

z0 2 Fix.Psj0
/ (5.85)

such that

d.z; z0/ � ı0: (5.86)

Relations (5.13) and (5.85) imply that

d.z0; Psj0
.y.s/

j0�1//2 C Ncd.Psj0
.y.s/

j0�1/; y.s/
j0�1/2

� d.z0; y.s/
j0�1/2: (5.87)

By (5.10), (5.13), (5.68), (5.74), (5.78), and (5.86),

d.z0; y.s/
j0�1/2 � .d.z0; z/ C d.z; y.s/

j0�1//2

� ı2
0 C d.z; y.s/

j0�1/2 C 2ı0d.z; y.s/
j0�1/

� d.z; y.s/
j0�1/2 C 2ı0.d.z; y.s/

j0�1/ C ı0/

� d.z; y.s/
j0�1/2 C 2ı0.d.z; xk/ C j0.2ı0 C ı1//

� d.z; y.s/
j0�1/2 C 2ı0.2M C 1/: (5.88)

In view of (5.2), (5.68), (5.74), (5.78), (5.85), and (5.86),

d.z; Psj0
.y.s/

j0�1// � d.z; z0/ C d.z0; Psj0
.y.s/

j0�1//

� ı0 C d.z0; y.s/
j0�1/ � ı0 C d.z0; z/ C d.z; y.s/

j0�1/

� 2ı0 C d.z; xk/ C .j0 � 1/.2ı0 C ı1/ � 2M C 2ı0 C .j0 � 1/.2ı0 C ı1/:

(5.89)

It follows (5.2), (5.10), (5.13), (5.68), (5.77), (5.85), and (5.86) that

d.z; Psj0
.y.s/

j0�1//2 � .d.z; z0/ C d.z0; Psj0
.y.s/

j0�1///2

� d.z; z0/2 C d.z0; Psj0
.y.s/

j0�1//2 C 2d.z; z0/d.z0; Psj0
.y.s/

j0�1//

� ı2
0 C d.z0; Psj0

.y.s/
j0�1//2 C 2ı0d.z0; y.s/

j0�1/

� d.z0; Psj0
.y.s/

j0�1//2 C 2ı0.d.z0; y.s/
j0�1/ C ı0/

� d.z0; Psj0
.y.s/

j0�1//2 C 2ı0.d.z; xk/ C j0.2ı0 C ı1//

� d.z0; Psj0
.y.s/

j0�1//2 C 2ı0.2M C 1/: (5.90)



168 5 Dynamic String-Maximum Methods in Metric Spaces

Relations (5.10), (5.13), (5.75), and (5.89) imply that

d.z; y.s/
j0

/2 � .d.z; Psj0
.y.s/

j0�1// C d.Psj0
.y.s/

j0�1/; y.s/
j0

//2

� d.z; Psj0
.y.s/

j0�1//2 C ı2
1 C 2ı1d.z; Psj0

.y.s/
j0�1//

� d.z; Psj0
.y.s/

j0�1//2 C 2ı1.d.z; Psj0
.y.s/

j0�1// C ı1/

� d.z; Psj0
.y.s/

j0�1//2 C 2ı1.2M C 1/: (5.91)

By (5.87), (5.88), (5.90), and (5.91),

d.z; y.s/
j0

/2 � d.z; Psj0
.y.s/

j0�1//2 C 2ı1.2M C 1/

� d.z0; Psj0
.y.s/

j0�1//2 C .2M C 1/.2ı1 C 2ı0/

� d.z0; y.s/
j0�1/2 � Ncd.Psj0

.y.s/
j0�1/; y.s/

j0�1/2 C .2M C 1/.2ı1 C 2ı0/

� d.z; y.s/
j0�1/2 C 2ı0.2M C 1/ � Ncd.Psj0

.y.s/
j0�1/; y.s/

j0�1/2 C .2ı1 C 2ı0/.2M C 1/:

(5.92)

In view of (5.16) and (5.83),

d.Psj0
.y.s/

j0�1/; y.s/
j0�1/2

� .d.y.s/
j0

; y.s/
j0�1/ � d.y.s/

j0
; Psj0

.y.s/
j0�1//2 > .�0 � ı1/ > .3=4/�2

0: (5.93)

Relations (5.92) and (5.93) imply that

d.z; y.s/
j0

/2 � d.z; y.s/
j0�1/2 � .3=4/�2

0 Nc C .2M C 1/.2ı1 C 4ı0/: (5.94)

It follows from (5.10), (5.13), (5.77), and (5.78) that for each j D 1; : : : ; p.s/,

d.y.s/
j ; z/2 � d.y.s/

j�1; z/2

� .d.z; y.s/
j�1/ C 2ı0 C ı1/2 � d.y.s/

j�1; z/2

� .2ı0 C ı1/2 C 2.2ı0 C ı1/d.y.s/
j�1; z/

� 2.2ı0 C ı1/.d.y.s/
j�1; z/ C .2ı0 C ı1//

� 2.2ı0 C ı1/.d.xk; z/ C Nq.2ı0 C ı1// � 2.2ı0 C ı1/.2M C 1/: (5.95)

By (5.10), (5.13), (5.72), (5.74), (5.94), and (5.95),

d.z; xk/
2 � d.z; xkC1/2 D d.z; y.s/

0 /2 � d.z; y.s/
p.s//

2

D
p.s/�1X

jD0

.d.z; y.s/
j /2 � d.z; y.s/

jC1/2/
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D
X

fd.z; y.s/
j /2 � d.z; y.s/

jC1/2 W j 2 f0; : : : ; p.s � 1/g n fj0 � 1gg
Cd.z; y.s/

j0�1/2 � d.z; y.s/
j0

/2

� �2.2ı0 C ı1/.2M C 1/.p.s/ � 1/ C .3=4/�2
0 Nc � .2M C 1/.2ı1 C 4ı0/

D .3=4/�2
0 Nc � .2M C 1/.2ı1 C 4ı0/Nq � 2�1�2

0 Nc:

Lemma 5.11 is proved. ut
Assume that q is a natural number such that for each nonnegative integer k < q,

�kC1 > �0:

By (5.67) and Lemma 5.11 applied by induction,

d.xk; z/ � 2M; k D 0; : : : ; q

and for each nonnegative integer k < q,

d.z; xk/
2 � d.z; xkC1/2 � 2�1�2

0 Nc: (5.96)

It follows from (5.17), (5.67), and (5.96) that

4M2 � d.z; x0/2 � d.z; x0/2 � d.z; xq/2

D
q�1X

kD0

.d.z; xk/
2 � d.z; xkC1/2/ � 2�1q�2

0 Nc

and

q � 8M2��2
0 Nc�1 � n0:

This implies that there exists a nonnegative integer q � n0 such that for all
nonnegative integers k � q,

d.xk; z/ � 2M

and

�qC1 � �0:

Assume that an integer q satisfies

�qC1 � �0:
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In view of (5.18), (5.20), and Proposition 5.9 applied with � D ı1, 	0 D xq and
	1 D xqC1,

xq 2 QF�0.NqC2/.Ps/

for all s D 1; : : : ; m. Theorem 5.1 is proved. ut

5.4 Proof of Theorem 5.2

Set

�0 D �.Nq C 2/�1: (5.97)

Let k � 0 be an integer. In view of (5.25),

.xkC1; �kC1/ 2 A.xk; ˝kC1; 0/: (5.98)

By (5.12) and (5.98), there exist

.yk;t; ˛k;t/ 2 A0.xk; t; 0/; t 2 ˝kC1 (5.99)

such that

.xkC1; �kC1/ 2 f.yk;t; ˛k;t/ W t 2 ˝kC1g; (5.100)

�kC1 D maxf˛k;t W t 2 ˝kC1g: (5.101)

It follows from (5.11) and (5.99) that for each t D .t1; : : : ; tp.t// 2 ˝kC1 there exists

a finite sequence fy.k;t/
i gp.t/

iD0 � X such that

y.k;t/
0 D xk; y.k;t/

p.t/ D yk;t; (5.102)

y.k;t/
j D Ptj.y

.k;t/
j�1 / for each integer j D 1; : : : ; p.t/; (5.103)

˛k;t D maxfd.y.k;t/
j ; y.k;t/

j�1 / W j D 1; : : : ; p.t/g: (5.104)

By (5.100), there exists

s.k/ 2 ˝kC1

such that

.xkC1; �kC1/ D .yk;s.k/ ; ˛k;s.k/ /: (5.105)
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Set

E D fk 2 f0; 1; : : : g W �kC1 > �0g: (5.106)

Let n be a natural number and ı be an arbitrary positive number. By the assumptions
of the theorem, there exists

zı 2 B.�; M/ (5.107)

such that

B.zı; ı/ \ Fix.Pi/ 6D ; for all i D 1; : : : ; m: (5.108)

In view of (5.24) and (5.107),

d.zı; x0/ � 2M: (5.109)

Proposition 5.8, (5.10), (5.102), (5.103), and (5.108) imply that for each integer
k � 0, each t D .t1; : : : ; tp.t// 2 ˝kC1 and each i 2 f1; : : : ; p.t/g,

d.zı; y.k;t/
i / � d.zı; y.k;t/

i�1 / C 2ı; (5.110)

d.zı; y.k;t/
i / � d.zı; xk/ C 2iı � d.zı; xk/ C 2Nqı: (5.111)

d.zı; yk;t/ � d.zı; xk/ C 2Nqı; (5.112)

d.zı; xkC1/ � d.zı; xk/ C 2Nqı: (5.113)

In view of (5.109) and (5.113), for all integers k D 0; : : : ; n,

d.zı; xk/ � d.z; x0/ C 2kNqı � 2M C 2Nqnı: (5.114)

By (5.107), (5.111), and (5.114), for all k D 0; : : : ; n, each t D .t1; : : : ; tp.t// 2 ˝kC1

and each i 2 f0; 1; : : : ; p.t/g,

d.zı; y.k;t/
i / � 2M C 2Nqı.n C 1/;

d.�; y.k;t/
i / � 3M C 2Nqı.n C 1/:

Since ı is an arbitrary positive number we conclude that for all integers k D
0; : : : ; n, each t D .t1; : : : ; tp.t// 2 ˝kC1 and each i 2 f0; 1; : : : ; p.t/g,

d.�; y.k;t/
i / � 3M: (5.115)

Since n is an arbitrary natural number we conclude that (5.115) holds for all integers
k � 0, each t D .t1; : : : ; tp.t// 2 ˝kC1 and all i 2 f0; 1; : : : ; p.t/g.
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Let n be a natural number and

�0 2 .0; .2Nqn/�1/: (5.116)

Since the function

.	1; 	2/ ! d.	1; 	2/2; .	1; 	2/ 2 X � X

is uniformly continuous on bounded subsets of X � X there exists ı 2 .0; 1/ such
that for each

.	1; 	2/; .1; 2/ 2 B.�; 3M C 1/ � B.�; 3M C 1/

satisfying d.	i; i/ � ı; i D 1; 2 the following inequality holds:

jd.	1; 	2/2 � d.1; 2/2j � �0: (5.117)

By the assumptions of the theorem, there exists

z 2 B.�; M/ (5.118)

such that

B.z; ı/ \ Fix.Pi/ 6D ; for all i D 1; : : : ; m: (5.119)

In view of (5.119), for every i 2 f1; : : : ; mg there exists

zi 2 Fix.Pi/ \ B.z; ı/: (5.120)

Relations (5.118) and (5.120) imply that

zi 2 B.�; M C 1/; i D 1; : : : ; m: (5.121)

Let k 2 f0; : : : ; ng, t D .t1; : : : ; tp.t// 2 ˝kC1 and j 2 f1; : : : ; p.t/g. By the choice of
ı, (5.115), (5.118), (5.120), and (5.121),

jd.z; y.k;t/
j�1 /2 � d.ztj ; y.k;t/

j�1 /2j � �0;

jd.z; y.k;t/
j /2 � d.ztj ; y.k;t/

j /2j � �0:

Together with (5.22), (5.103), and (5.120) this implies that

d.z; y.k;t/
j�1 /2 � d.z; y.k;t/

j /2

� d.ztj ; y.k;t/
j�1 /2 � d.ztj ; y.k;t/

j /2 � 2�0
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D d.ztj ; y.k;t/
j�1 /2 � d.ztj ; Ptj.y

.k;t/
j�1 //2 � 2�0

� Ncd.y.k;t/
j�1 ; Ptj.y

.k;t/
j�1 //2 � 2�0: (5.122)

It follows from (5.10), (5.102), (5.104), and (5.122) that

d.z; xk/
2 � d.z; yk;t/

2 D d.z; y.k;t/
0 /2 � d.z; y.k;t/

p.t/ /2

D
p.t/X

jD1

.d.z; y.k;t/
j�1 /2 � d.z; y.k;t/

j /2/

� Nc
p.t/X

jD1

d.y.k;t/
j�1 ; y.k;t/

j /2 � 2�0 Nq � Nc˛2
k;t � 2�0 Nq: (5.123)

In view of (5.105) and (5.123),

d.z; xk/
2 � d.z; xkC1/2 D d.z; xk/

2 � d.z; yk;s.k/ /2

� Nc˛2
k;s.k/ � 2�0 Nq D Nc�2

kC1 � 2�0 Nq: (5.124)

By (5.24), (5.116), (5.118), and (5.124),

4M2 � d.z; x0/2 � d.z; x0/2 � d.z; xn/2

D
n�1X

kD0

.d.z; xk/
2 � d.z; xkC1/2/ � Nc

n�1X

kD0

�2
kC1 � 2�0 Nqn

and

Nc
n�1X

kD0

�2
kC1 � 4M2 C 2�0 Nqn � 4M2 C 1: (5.125)

It follows from (5.106) and (5.125) that

Nc�1.4M2 C 1/ �
n�1X

kD0

�2
kC1

�
X

f�2
kC1 W k 2 f0; : : : ; n � 1g \ Eg

� �2
0 Card.fk 2 f0; : : : ; n � 1g \ Eg/;

Card.fk 2 f0; : : : ; n � 1g \ Eg/ � ��2
0 Nc�1.4M2 C 1/:
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Since the relation above holds for any natural number n we deduce from (5.97) that

Card.E/ � ��2
0 Nc�1.4M2 C 1/ D ��2.Nq C 1/2 Nc�1.4M2 C 1/:

Assume that an integer k � 0 satisfies

k 62 E:

Then

�kC1 � �0:

By the inequality above and Proposition 5.9 applied with � D 0, �0 D �0,

xk 2 QF�0.NqC2/ D QF�

for any nonnegative integer k satisfying k 62 E. This competes the proof of
Theorem 5.2. ut

5.5 Proof of Theorem 5.3

By (A1) and the choice of �0 2 .0; 1/ the following property holds:
(P1) for each i 2 f1; : : : ; mg, each

z 2 B.�; 3M C 1/ \ Fix.Pi/

and each x 2 B.�; 3M C 1/ satisfying d.x; Pi.x// � 2�1�0,

d.z; Pi.x// � d.z; x/ � �0:

Choose a positive number

ı0 � .12Nq/�1�0: (5.126)

By the assumption of the theorem there exists

z 2 B.�; NM/ (5.127)

such that

B.z; ı0/ \ Fix.Pi/ 6D ; for all i D 1; : : : ; m: (5.128)
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In view of (5.128), for every i 2 f1; : : : ; mg there exists

zi 2 B.z; ı0/ \ Fix.Pi/: (5.129)

Relations (5.127) and (5.129) imply that

zi 2 B.�; NM C 1/ � B.�; M C 1/; i D 1; : : : ; m: (5.130)

Let

i 2 f1; : : : ; mg and x 2 B.�; 3M C 1/ (5.131)

satisfy

d.x; Pi.x// � �0=2: (5.132)

Property (P1), (5.13), (5.129), (5.130), and (5.131) imply that

d.zi; Pi.x// � d.zi; x/ � �0:

It follows from the inequality above, (5.126) and (5.129) that

d.z; Pi.x// � d.z; zi/ C d.zi; Pi.x// � ı0 C d.zi; x/ � �0

� ı0 � �0 C d.zi; z/ C d.z; x/

� d.z; x/ C 2ı0 � �0 � d.z; x/ � �0=2:

Thus we have shown that the following property holds:
(P2) for each i 2 f1; : : : ; mg and each x 2 B.�; 3M C 1/ satisfying d.x; Pi.x// �

2�1�0,

d.z; Pi.x// � d.z; x/ � �0=2:

Let k � 0 be an integer. In view of (5.31),

.xkC1; �kC1/ 2 A.xk; ˝kC1; ı/: (5.133)

By (5.12) and (5.133) there exist

.yk;t; ˛k;t/ 2 A0.xk; t; ı/; t 2 ˝kC1 (5.134)

such that

.xkC1; �kC1/ 2 f.yk;t; ˛k;t/ W t 2 ˝kC1g; (5.135)

�kC1 D maxf˛k;t W t 2 ˝kC1g: (5.136)
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It follows from (5.11) and (5.134) that for each t D .t1; : : : ; tp.t// 2 ˝kC1 there

exists a finite sequence fy.k;t/
i gp.t/

iD0 � X such that

y.k;t/
0 D xk; y.k;t/

p.t/ D yk;t; (5.137)

d.y.k;t/
j ; Ptj.y

.k;t/
j�1 // � ı for each integer j D 1; : : : ; p.t/; (5.138)

˛k;t D maxfd.y.k;t/
j ; y.k;t/

j�1 / W j D 1; : : : ; p.t/g: (5.139)

Proposition 5.8, (5.128), (5.137), and (5.138) imply that for each

t D .t1; : : : ; tp.t// 2 ˝kC1

and each j 2 f1; : : : ; p.t/g,

d.y.k;t/
j ; z/ � d.y.k;t/

j�1 ; z/ C 2ı0 C ı; (5.140)

d.y.k;t/
j ; z/ � d.z; xk/ C j.2ı0 C ı/: (5.141)

By (5.10), (5.137), and (5.141), for each t D .t1; : : : ; tp.t// 2 ˝kC1 and each
j 2 f0; 1; : : : ; p.t/g,

d.y.k;t/
j ; z/ � d.xk; z/ C Nq.2ı0 C ı/; (5.142)

d.z; yk;t/ � d.z; xk/ C Nq.2ı0 C ı/: (5.143)

In view of (5.30) and (5.127),

d.x0; z/ � 2M: (5.144)

We prove the following auxiliary result.

Lemma 5.12. Assume that a nonnegative integer k satisfies

d.xk; z/ � 2M; (5.145)

�kC1 > �0: (5.146)

Then

d.z; xk/ � d.z; xkC1/ � 4�1�0:

Proof. In view of (5.136), there exists

s D .s1; : : : ; sp.s// 2 ˝kC1
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such that

.xkC1; �kC1/ D .yk;s; ˛k;s/: (5.147)

Relations (5.146) and (5.147) imply that

˛k;s D �kC1 > �0: (5.148)

By (5.139) and (5.148), there exists

j0 2 f1; : : : ; p.s/g

such that

�0 < ˛k;s D d.y.k;s/
j0

; y.k;s/
j0�1/: (5.149)

In view of (5.138),

d.y.k;s/
j0

; Psj0
.y.k;s/

j0�1// � ı: (5.150)

It follows from (5.149) and (5.150) that

d.y.k;s/
j0�1; Psj0

.y.k;s/
j0�1// � d.y.k;s/

j0
; y.k;s/

j0�1/ � d.y.k;s/
j0

; Psj0
.y.k;s/

j0�1// > �0 � ı: (5.151)

Relations (5.28) and (5.151) imply that

d.y.k;s/
j0�1; Psj0

.y.k;s/
j0�1// > �0=2: (5.152)

By (5.28), (5.126), (5.127), and (5.142),

d.z; y.k;s/
j0�1/ � d.z; xk/ C Nq.2ı0 C ı/ � 2M C 1;

d.y.k;s/
j0�1; �/ � 3M C 1: (5.153)

In view of (5.152), (5.153), and property (P2),

d.z; Psj0
.y.k;s/

j0�1// � d.z; y.k;s/
j0�1/ � 2�1�0: (5.154)

It follows from (5.138) and (5.154) that

d.z; y.k;s/
j0

/ � d.z; Psj0
.y.k;s/

j0�1// C d.Psj0
.y.k;s/

j0�1/; y.k;s/
j0

/

� d.z; y.k;s/
j0�1/ � �0=2 C ı;

d.z; y.k;s/
j0�1/ � d.z; y.k;s/

j0
/ � �0=2 � ı: (5.155)
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By (5.10), (5.28), (5.126), (5.137), (5.140), and (5.147),

d.z; xk/ � d.z; xkC1/ D d.xk; z/ � d.yk;s; z/

D d.z; y.k;s/
0 / � d.z; y.k;s/

p.s/ /

D
p.s/X

jD1

.d.z; y.k;s/
j�1 / � d.z; y.k;s/

j /

� �.2ı0 C ı/.p.s/ � 1/ C d.z; y.k;s/
j0�1/ � d.z; y.k;s/

j0
/

� �2.2ı0 C ı/.p.s/ � 1/ C �0=2 � ı

� �0=2 � .2ı0 C ı/Nq � �0=4:

Lemma 5.12 is proved. ut
Assume that q is a natural number such that for each nonnegative integer k < q,

�kC1 > �0:

By (5.144) and Lemma 5.12 applied by induction,

d.xk; z/ � 2M; k D 0; : : : ; q (5.156)

and for each nonnegative integer k < q,

d.z; xk/ � d.z; xkC1/ � 4�1�0: (5.157)

It follows from (5.27) and (5.144) that

2M � d.z; x0/ � d.z; x0/ � d.z; xq/

D
q�1X

kD0

.d.z; xk/ � d.z; xkC1// � 4�1q�0

and

q � 8M��1
0 � n0:

This implies that there exists a nonnegative integer q � n0 such that for all
nonnegative integers k � q,

d.xk; z/ � 2M
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and

�qC1 � �0:

Assume that an integer q � 0 satisfies �qC1 � �0: In view of (5.26), (5.28), and
Proposition 5.9,

xq 2 QF�0.NqC2/ D QF�:

Theorem 5.3 is proved. ut

5.6 Proof of Theorem 5.4

Let

�0 D �.Nq C 2/�1: (5.158)

By the assumptions of the theorem, there exists �0 2 .0; �0/ such that the following
property holds:

(P3) for each i 2 f1; : : : ; mg, each

	 2 B.�; M C 1/ \ Fix.Pi/

and each x 2 B.�; 3M C 1/ satisfying d.x; Pi.x// � �0=2,

d.	; Pi.x// � d.	; x/ � �0:

Choose a positive number

Q D 2��1
0 .M C 1/: (5.159)

Assume that

f˝ig1
iD1 � M�; (5.160)

x0 2 B.�; M/ (5.161)

and fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/, for each natural number i,

.xi; �i/ 2 A.xi�1; ˝i; 0/: (5.162)

Let k � 0 be an integer. In view of (5.162),

.xkC1; �kC1/ 2 A.xk; ˝kC1; 0/: (5.163)
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By (5.12) and (5.163), there exist

.yk;t; ˛k;t/ 2 A0.xk; t; 0/; t 2 ˝kC1 (5.164)

such that

.xkC1; �kC1/ 2 f.yk;t; ˛k;t/ W t 2 ˝kC1g; (5.165)

�kC1 D maxf˛k;t W t 2 ˝kC1g: (5.166)

It follows from (5.11) and (5.164) that for each t D .t1; : : : ; tp.t// 2 ˝kC1 there

exists a finite sequence fy.k;t/
i gp.t/

iD0 � X such that

y.k;t/
0 D xk; y.k;t/

p.t/ D yk;t; (5.167)

y.k;t/
j D Ptj.y

.k;t/
j�1 / for each integer j D 1; : : : ; p.t/; (5.168)

˛k;t D maxfd.y.k;t/
j ; y.k;t/

j�1 / W j D 1; : : : ; p.t/g: (5.169)

Set

E D fk 2 f0; 1; : : : g W �kC1 > 2�1�0g: (5.170)

Let n be a natural number and ı be an arbitrary positive number which satisfy

ı < .2Nq.n C 1//�1; ı < .4Nq/�1�0: (5.171)

By the assumptions of the theorem, there exists

z 2 B.�; M/ (5.172)

such that

B.z; ı/ \ Fix.Pi/ 6D ; for all i D 1; : : : ; m: (5.173)

In view of (5.161) and (5.172),

d.z; x0/ � 2M: (5.174)

Proposition 5.8, (5.10), (5.160), (5.162), (5.165), (5.167), and (5.173) imply that for
each integer k � 0, each t D .t1; : : : ; tp.t// 2 ˝kC1 and each j 2 f1; : : : ; p.t/g,

d.z; y.k;t/
i / � d.z; y.k;t/

i�1 / C 2ı; (5.175)

d.z; y.k;t/
i / � d.z; xk/ C 2iı � d.z; xk/ C 2Nqı; (5.176)

d.z; xkC1/ � d.z; xk/ C 2Nqı: (5.177)
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In view of (5.171), (5.174), (5.176), and (5.177), for all integers k D 0; : : : ; n, each
t D .t1; : : : ; tp.t// 2 ˝kC1 and each i 2 f1; : : : ; p.t/g,

d.z; xk/ � d.z; x0/ C 2kNqı � 2M C 2Nqnı;

d.y.k;t/
i ; z/ � d.xk; z/ C 2Nqı � 2M C 2.n C 1/Nqı � 2M C 1:

Together with (5.172) this implies that for each k D 0; : : : ; n, each t D
.t1; : : : ; tp.t// 2 ˝kC1 and each i 2 f1; : : : ; p.t/g,

y.k;t/
i 2 B.�; 3M C 1/: (5.178)

Assume that an integer k 2 f0; : : : ; n � 1g satisfies

�kC1 > 2�1�0: (5.179)

By (5.165), there exists

s 2 ˝kC1

such that

.xkC1; �kC1/ D .yk;s; ˛k;s/: (5.180)

In view (5.179) and (5.180),

2�1�0 < �kC1 D ˛k;s: (5.181)

Relation (5.181) implies that there exists j0 2 f1; : : : ; p.s/g such that

2�1�0 < ˛k;s D d.y.k;s/
j0

; y.k;s/
j0�1/: (5.182)

It follows from (5.168) and (5.182) that

d.y.k;s/
j0�1; Psj0

.y.k;s/
j0�1// > 2�1�0: (5.183)

By (5.173), there exists

z0 2 B.z; ı/ \ Fix.Psj0
/: (5.184)

Property (P3), (5.171), (5.172), (5.184) imply that

d.�; z0/ � M C 1: (5.185)
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It follows from (5.168), (5.178), and (5.183)–(5.185) that

d.z0; y.k;s/
j0

/ D d.z0; Psj0
.y.k;s/

j0�1// � d.z0; y.k;s/
j0�1/ � �0: (5.186)

In view of (5.184) and (5.186),

d.z; y.k;s/
j0

/ � d.z; z0/ C d.z0; y.k;s/
j0

/ � ı C d.z0; y.k;s/
j0�1/ � �0

� ��0 C ı C d.z; z0/ C d.z; y.k;s/
j0�1/ � ��0 C 2ı C d.z; y.k;s/

j0�1/;

d.z; y.k;s/
j0�1/ � d.z; y.k;s/

j0
/ � �0 � 2ı: (5.187)

By (5.10), (5.167), (5.171), (5.175), (5.180), and (5.187),

d.z; xk/ � d.z; xkC1/ D d.z; y.k;s/
0 / � d.z; y.k;s/

p.s/ /

D
p.s/X

jD1

.d.z; y.k;s/
j�1 / � d.z; y.k;s/

j //

� �2ı.p.s/ � 1/ C d.z; y.k;s/
j0�1/ � d.z; y.k;s/

j0
/

� �2ı.p.s/ � 1/ C �0 � 2ı

� �0 � 2ı Nq � �0=2:

Thus the following property holds:
if k 2 f0; : : : ; n � 1g and �kC1 > 2�1�0, then

d.z; xk/ � d.z; xkC1/ � 2�1�0:

By the property above, (5.159), (5.171), (5.174), and (5.177),

M � d.z; x0/ � d.z; x0/ � d.z; xn/

D
n�1X

kD0

.d.z; xk/ � d.z; xkC1//

� �2Nqın C
X

fd.z; xk/ � d.z; xkC1/ W k 2 f0; : : : ; n � 1g \ Eg
� �2Nqın C Card.fk 2 f0; : : : ; n � 1g \ Eg/�0=2;

Card.fk 2 f0; : : : ; n � 1g \ Eg/ � 2��1
0 .M C 1/ D Q:

Since the relation above holds for any natural number n we conclude that

Card.fk 2 f0; 1 : : : g W �kC1 > 2�1�0g/ D Card.E/ � 2��1
0 .M C 1/ D Q:
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Let k 2 f0; 1; : : : g satisfy �kC1 � 2�1�0: Then in view of (5.158) and
Proposition 5.9,

xk 2 QF2�1�0.NqC2/ � QF�:

Theorem 5.4 is proved. ut

5.7 Proof of Theorem 5.5

Let k � 0 be an integer. In view of (5.39),

.xkC1; 
kC1/ 2 QA.xk; ˝kC1; ı/: (5.188)

By (5.33) and (5.188) there exist

.yk;t; ˇk;t/ 2 QA0.xk; t; ı/; t 2 ˝kC1 (5.189)

such that

.xkC1; 
kC1/ 2 f.yk;t; ˇk;t/ W t 2 ˝kC1g; (5.190)


kC1 D maxfˇk;t W t 2 ˝kC1g: (5.191)

It follows from (5.32) and (5.189) that for each t D .t1; : : : ; tp.t// 2 ˝kC1 there

exists a finite sequence fy.k;t/
i gp.t/

iD0 � X such that

y.k;t/
0 D xk; y.k;t/

p.t/ D yk;t; (5.192)

d.y.k;t/
j ; Ptj.y

.k;t/
j�1 // � ı for each integer j D 1; : : : ; p.t/; (5.193)

ˇk;t D maxfd.y.k;t/
j�1 ; Fix.Ptj// W j D 1; : : : ; p.t/g: (5.194)

By (A2) and the choice of �0 2 .0; 1/ the following property holds:
(P4) for each i 2 f1; : : : ; mg, each

z 2 B.�; 3M C 1/ \ Fix.Pi/

and each x 2 B.�; 3M C 1/ satisfying d.x; Fix.Pi// � 2�1�0,

d.z; Pi.x// � d.z; x/ � �0:
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Choose a positive number

ı0 � .12Nq/�1�0: (5.195)

By the assumption of the theorem there exists

z 2 B.�; M/ (5.196)

such that

B.z; ı0/ \ Fix.Pi/ 6D ; for all i D 1; : : : ; m: (5.197)

In view of (5.197), for every i 2 f1; : : : ; mg there exists

zi 2 B.z; ı0/ \ Fixp.Pi/: (5.198)

Relations (5.195), (5.196), and (5.198) imply that

zi 2 B.�; M C 1/; i D 1; : : : ; m: (5.199)

Let

i 2 f1; : : : ; mg and x 2 B.�; 3M C 1/ (5.200)

satisfy

d.x; Fix.Pi// � �0=2: (5.201)

Property (P4) and (5.198)–(5.201) imply that

d.zi; Pi.x// � d.zi; x/ � �0: (5.202)

It follows from (5.195), (5.198), and (5.202) that

d.z; Pi.x// � d.z; zi/ C d.zi; Pi.x// � ı0 C d.zi; x/ � �0

� ı0 � �0 C d.zi; z/ C d.z; x/

� d.z; x/ C 2ı0 � �0 � d.z; x/ � �0=2: (5.203)

Thus we have shown that the following property holds:
(P5) for each i 2 f1; : : : ; mg and each x 2 B.�; 3MC1/ satisfying d.x; Fix.Pi// �

2�1�0,

d.z; Pi.x// � d.z; x/ � �0=2:
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Proposition 5.8, (5.192), (5.193), and (5.197) imply that for each integer k � 0, each
t D .t1; : : : ; tp.t// 2 ˝kC1 and each j 2 f1; : : : ; p.t/g,

d.y.k;t/
j ; z/ � d.y.k;t/

j�1 ; z/ C 2ı0 C ı; (5.204)

d.y.k;t/
j ; z/ � d.z; xk/ C j.2ı0 C ı/: (5.205)

By (5.10), (5.192), and (5.205), for each integer k � 0, each t D .t1; : : : ; tp.t// 2
˝kC1 and each j 2 f0; 1; : : : ; p.t/g,

d.y.k;t/
j ; z/ � d.xk; z/ C Nq.2ı0 C ı/; (5.206)

d.z; yk;t/ � d.z; xk/ C Nq.2ı0 C ı/: (5.207)

In view of (5.38) and (5.196),

d.x0; z/ � 2M: (5.208)

We prove the following auxiliary result.

Lemma 5.13. Assume that a nonnegative integer k satisfies

d.xk; z/ � 2M; (5.209)


kC1 > �0: (5.210)

Then

d.z; xk/ � d.z; xkC1/ � 4�1�0:

Proof. In view of (5.190), there exists

s D .s1; : : : ; sp.s// 2 ˝kC1

such that

.xkC1; 
kC1/ D .yk;s; ˇk;s/: (5.211)

Relations (5.210) and (5.211) imply that

ˇk;s D 
kC1 > �0: (5.212)

By (5.194) and (5.212), there exists

j0 2 f1; : : : ; p.s/g
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such that

�0 < ˇk;s D d.y.k;s/
j0�1; Fix.Psj0

//: (5.213)

In view of (5.10), (5.36), (5.195), (5.196), and (5.205),

d.z; y.k;s/
j0�1/ � d.z; xk/ C Nq.2ı0 C ı/ � 2M C 1;

d.y.k;s/
j0�1; �/ � 3M C 1: (5.214)

Property (P5), (5.196), (5.213), and (5.214) imply that

d.z; Psj0
.y.k;s/

j0�1// � d.z; y.k;s/
j0�1/ � �0=2: (5.215)

It follows from (5.125) and (5.193) that

d.z; y.k;s/
j0

/ � d.z; Psj0
.y.k;s/

j0�1// C d.Psj0
.y.k;s/

j0�1/; y.k;s/
j0

/

� d.z; y.k;s/
j0�1/ � �0=2 C ı: (5.216)

By (5.10), (5.36), (5.192), (5.195), (5.204), (5.209), (5.211), and (5.216),

d.z; xk/ � d.z; xkC1/ D d.z; y.k;s/
0 / � d.z; y.k;s/

p.s/ /

D
p.s/X

jD1

.d.z; y.k;s/
j�1 / � d.z; y.k;s/

j //

� �.2ı0 C ı/.p.s/ � 1/ C d.z; y.k;s/
j0�1/ � d.z; y.k;s/

j0
/

� �0=2 � .2ı0 C ı/p.s/ � �0=2 � .2ı0 C ı/Nq � �0=4:

Lemma 5.13 is proved. ut
Assume that q is a natural number such that for each nonnegative integer k < q,


kC1 > �0: (5.217)

By (5.208), (5.217), and Lemma 5.13 applied by induction,

d.xk; z/ � 2M; k D 0; : : : ; q (5.218)

and for each nonnegative integer k < q,

d.z; xk/ � d.z; xkC1/ � 4�1�0: (5.219)



5.8 Proof of Theorem 5.6 187

It follows from (5.35), (5.208), and (5.219) that

2M � d.z; x0/ � d.z; x0/ � d.z; xq/

D
q�1X

kD0

.d.z; xk/ � d.z; xkC1// � 4�1q�0

and

q � 8M��1
0 � n0:

This implies that there exists a nonnegative integer q � n0 such that for all
nonnegative integers k � q,

d.xk; z/ � 2M

and


qC1 � �0:

Assume that an integer q � 0 satisfies


qC1 � �0:

In view of (5.34), (5.36), (5.144), (5.191), (5.193), Proposition 5.10 and the relation
above, for all s D 1; : : : ; m,

d.xq; Fix.Ps// � Nq.2�0 C ı/ � �:

Theorem 5.5 is proved. ut

5.8 Proof of Theorem 5.6

Let k � 0 be an integer. We have

.xkC1; �kC1/ 2 A.xk; ˝kC1; ı/: (5.220)

By (5.12) and (5.220) there exist

.yk;t; ˛k;t/ 2 A0.xk; t; ı/; t 2 ˝kC1 (5.221)
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such that

.xkC1; �kC1/ 2 f.yk;t; ˛k;t/ W t 2 ˝kC1g; (5.222)

�kC1 D maxf˛k;t W t 2 ˝kC1g: (5.223)

It follows from (5.11) and (5.221) that for each t D .t1; : : : ; tp.t// 2 ˝kC1 there

exists a finite sequence fy.k;t/
i gp.t/

iD0 � X such that

y.k;t/
0 D xk; y.k;t/

p.t/ D yk;t; (5.224)

d.y.k;t/
j ; Ptj.y

.k;t/
j�1 // � ı for each integer j D 1; : : : ; p.t/; (5.225)

˛k;t D maxfd.y.k;t/
j�1 ; y.k;t/

j / W j D 1; : : : ; p.t/g: (5.226)

Choose a positive number ı0 for which

ı0 < .12Nq/�1�; ı0 < 6�1�0: (5.227)

By the assumption of the theorem there exists

z 2 B.�; M/ (5.228)

such that

B.z; ı0/ \ Fix.Pi/ 6D ; for all i D 1; : : : ; m: (5.229)

In view of (5.229), for every i 2 f1; : : : ; mg there exists

zi 2 B.z; ı0/ \ Fixp.Pi/: (5.230)

Relations (5.227), (5.228), and (5.230) imply that

zi 2 B.�; M C 1/; i D 1; : : : ; m: (5.231)

By (A2) and the choice of � , (5.230) and (5.231) the following property holds:
(P6) for each i 2 f1; : : : ; mg and each x 2 B.�; 3M C 1/ satisfying d.x; Fix.Pi//

� 4�1�0,

d.zi; Pi.x// � d.zi; x/ � �:

Let

i 2 f1; : : : ; mg and x 2 B.�; 3M C 1/ (5.232)
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satisfy

d.x; Fix.Pi// � �0=4: (5.233)

By (5.230), (5.232), and (5.233),

d.z; Pi.x// � d.z; zi/ C d.zi; Pi.x//

� d.zi; x/ � � C ı0 � ı0 � � C d.z; zi/ C d.z; x/

� 2ı0 � � C d.z; x/:

Thus we have shown that the following property holds:
(P7) for each i 2 f1; : : : ; mg and each x 2 B.�; 3M C 1/ satisfying d.x; Fix.Pi//

� 4�1�0,

d.z; Pi.x// � d.z; x/ � � C 2ı0:

Proposition 5.8, (5.224), (5.225), and (5.229) imply that for each integer k � 0,
each t D .t1; : : : ; tp.t// 2 ˝kC1 and each j 2 f1; : : : ; p.t/g,

d.y.k;t/
j ; z/ � d.y.k;t/

j�1 ; z/ C 2ı0 C ı; (5.234)

d.y.k;t/
j ; z/ � d.z; xk/ C j.2ı0 C ı/: (5.235)

By (5.10), (5.224), and (5.235), for each integer k � 0, each t D .t1; : : : ; tp.t// 2
˝kC1 and each j 2 f0; 1; : : : ; p.t/g,

d.y.k;t/
j ; z/ � d.xk; z/ C Nq.2ı0 C ı/; (5.236)

d.z; yk;t/ � d.z; xk/ C Nq.2ı0 C ı/: (5.237)

In view of (5.228) and the inclusion x0 2 B.�; M/,

d.x0; z/ � 2M: (5.238)

We prove the following auxiliary result.

Lemma 5.14. Assume that a nonnegative integer k satisfies

d.xk; z/ � 2M; (5.239)

�kC1 > �0: (5.240)

Then

d.z; xk/ � d.z; xkC1/ � 2�1�:



190 5 Dynamic String-Maximum Methods in Metric Spaces

Proof. In view of (5.222), (5.223), and (5.240), there exists

s D .s1; : : : ; sp.s// 2 ˝kC1

such that

˛k;s D �kC1 > �0; xkC1 D yk;s: (5.241)

Relations (5.226) and (5.241) imply that there exists

j0 2 f1; : : : ; p.s/g
such that

�0 < ˛k;s D d.y.k;s/
j0�1; y.k;s/

j0
/: (5.242)

We show that

d.y.k;s/
j0�1; Fix.Psj0

// � �0=4:

Assume the contrary. Then there exists

	 2 Fix.Psj0
/ (5.243)

such that

d.y.k;s/
j0�1; 	/ < �0=4: (5.244)

In view of (5.21), (5.243), and (5.244),

d.	; Psj0
.y.k;s/

j0�1// � d.y.k;s/
j0�1; 	/ < �0=4: (5.245)

It follows from (5.41), (5.225), (5.244), and (5.245) that

d.y.k;s/
j0�1; y.k;s/

j0
/ � d.y.k;s/

j0�1; 	/ C d.	; y.k;s/
j0

/

< �0=4 C d.	; Psj0
.y.k;s/

j0�1// C d.Psj0
.y.k;s/

j0�1/; y.k;s/
j0

/ � �0=4 C �0=4 C ı < �0:

This contradicts (5.242). The contradiction we have reached proves that

d.y.k;s/
j0�1; Fix.Psj0

// � �0=4: (5.246)

By (5.41), (5.227), (5.228), (5.236), and (5.239),

d.�; y.k;s/
j0�1/ � d.�; z/ C d.z; y.k;s/

j0�1/

� M C d.z; xk/ C Nq.2ı0 C ı/ � 3M C 1: (5.247)
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Property (P7), (5.246), and (5.247) imply that

d.z; Psj0
.y.k;s/

j0�1// � d.z; y.k;s/
j0�1/ � � C 2ı0: (5.248)

It follows from (5.225) and (5.248) that

d.z; y.k;s/
j0

/ � d.z; Psj0
.y.k;s/

j0�1// C d.Psj0
.y.k;s/

j0�1/; y.k;s/
j0

/

� d.z; y.k;s/
j0�1/ � � C 2ı0 C ı: (5.249)

By (5.10), (5.41), (5.224), (5.227), (5.234), (5.241), and (5.249),

d.z; xk/ � d.z; xkC1/ D d.z; y.k;s/
0 / � d.z; y.k;s/

p.s/ /

D
p.s/X

jD1

.d.z; y.k;s/
j�1 / � d.z; y.k;s/

j //

� �.2ı0 C ı/.p.s/ � 1/ C d.z; y.k;s/
j0�1/ � d.z; y.k;s/

j0
/

� � � .2ı0 C ı/Nq � �=2:

Lemma 5.14 is proved. ut
Assume that q is a natural number such that for each nonnegative integer k < q,

�kC1 > �0:

By (5.238) and Lemma 5.14 applied by induction,

d.xk; z/ � 2M; k D 0; : : : ; q

and for each nonnegative integer k < q,

d.z; xk/ � d.z; xkC1/ � 2�1�: (5.250)

It follows from (5.40), (5.238), and (5.250) that

2M � d.z; x0/ � d.z; x0/ � d.z; xq/

D
q�1X

kD0

.d.z; xk/ � d.z; xkC1// � 2�1q�

and

q � 4M��1 � n0:
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This implies that there exists a nonnegative integer q � n0 such that for all
nonnegative integers k � q,

d.xk; z/ � 2M

and

�qC1 � �0:

Assume that an integer q � 0 satisfies

�qC1 � �0; (5.251)

d.xq; �/ � 3M: (5.252)

We show that for each t D .t1; : : : ; tp.t// 2 ˝qC1 and all j D 1; : : : ; p.t/,

d.y.q;t/
j�1 ; Fix.Ptj// � �.4Nq/�1: (5.253)

Assume the contrary. Then there exist t D .t1; : : : ; tp.t// 2 ˝qC1 and j 2
f1; : : : ; p.t/g such that

d.y.q;t/
j�1 ; Fix.Ptj// > �.4Nq/�1: (5.254)

By (5.10), (5.223), (5.226), (5.229), (5.251), and (5.252),

d.xq; y.q;t/
j�1 / � �0 Nq; y.q;t/

j�1 2 B.�; 3M C 1/: (5.255)

It follows from (A2), the choice of �0, (5.230), (5.231), (5.254), and (5.255) that

d.ztj ; Ptj.y
.q;t/
j�1 // � d.ztj ; y.q;t/

j�1 / � 2�0: (5.256)

In view of (5.41), (5.225), (5.227), (5.230), and (5.256),

d.z; y.q;t/
j / � d.z; ztj/ C d.ztj ; Ptj.y

.q;t/
j�1 // C d.Ptj.y

.q;t/
j�1 /; y.q;t/

j /

� ı0 C d.ztj ; y.q;t/
j�1 / � 2�0 C ı

� �2�0 C 2ı0 C ı C d.ztj ; z/ C d.z; y.q;t/
j�1 /

� �2�0 C 2ı0 C ı C d.z; y.q;t/
j�1 /

and

d.y.q;t/
j�1 ; y.q;t/

j / � d.y.q;t/
j�1 ; z/ � d.y.q;t/

j ; z/ � 2�0 � 2ı0 C ı > .3=2/�0:
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This contradicts (5.251). The contradiction we have reached proves that (5.253)
is true for all t 2 ˝qC1 and all j D 1; : : : ; p.t/. Together with Proposi-
tion 5.10, (5.41), (5.192), (5.193), and (5.253) this implies that for all s D 1; : : : ; m,

d.xq; Fix.Ps// � Nq.ı C �.2Nq/�1/ � �:

Theorem 5.6 is proved. ut

5.9 Proof of Theorem 5.7

Let

�0 D � Nq�1: (5.257)

By the assumptions of the theorem and (A2), there exists �0 2 .0; �0/ such that the
following property holds:

(P8) for each i 2 f1; : : : ; mg, each

	 2 B.�; M C 1/ \ Fix.Pi/

and each x 2 B.�; 3M C 1/ satisfying d.x; Pi.x// � �0=2,

d.	; Pi.x// � d.	; x/ � �0:

Choose a positive number

Q � 2��1
0 .2M C 1/: (5.258)

Assume that

f˝ig1
iD1 � M�; (5.259)

x0 2 B.�; M/ (5.260)

and fxig1
iD1 � X; f
ig1

iD1 � Œ0; 1/, for each natural number i,

.xi; 
i/ 2 QA.xi�1; ˝i; 0/: (5.261)

Let k � 0 be an integer. In view of (5.261),

.xkC1; 
kC1/ 2 QA.xk; ˝kC1; 0/: (5.262)



194 5 Dynamic String-Maximum Methods in Metric Spaces

By (5.33) and (5.262), there exist

.yk;t; ˇk;t/ 2 QA0.xk; t; 0/; t 2 ˝kC1 (5.263)

such that

.xkC1; 
kC1/ 2 f.yk;t; ˇk;t/ W t 2 ˝kC1g; (5.264)


kC1 D maxfˇk;t W t 2 ˝kC1g: (5.265)

It follows from (5.32) and (5.263) that for each t D .t1; : : : ; tp.t// 2 ˝kC1 there

exists a finite sequence fy.k;t/
i gp.t/

iD0 � X such that

y.k;t/
0 D xk; y.k;t/

p.t/ D yk;t; (5.266)

y.k;t/
j D Ptj.y

.k;t/
j�1 / for each integer j D 1; : : : ; p.t/; (5.267)

ˇk;t D maxfd.y.k;t/
j�1 ; Fix.Ptj// W j D 1; : : : ; p.t/g: (5.268)

Set

E D fk 2 f0; 1; : : : g W 
kC1 > 2�1�0g: (5.269)

Let n be a natural number and ı be an arbitrary positive number which satisfy

ı < .2Nq.n C 1//�1; ı < .4Nq/�1�0: (5.270)

By the assumptions of the theorem, there exists

z 2 B.�; M/ (5.271)

such that

B.z; ı/ \ Fix.Pi/ 6D ; for all i D 1; : : : ; m: (5.272)

In view of (5.260) and (5.272),

d.z; x0/ � 2M: (5.273)

Proposition 5.8, (5.10), (5.263), (5.264), (5.266), (5.267), and (5.272) imply that for
each integer k � 0, each t D .t1; : : : ; tp.t// 2 ˝kC1 and each i 2 f1; : : : ; p.t/g,

d.z; y.k;t/
i / � d.z; y.k;t/

i�1 / C 2ı; (5.274)

d.z; y.k;t/
i / � d.z; xk/ C 2iı � d.z; xk/ C 2Nqı; (5.275)

d.z; xkC1/ � d.z; xk/ C 2Nqı: (5.276)
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In view of (5.273), (5.275), and (5.276), for all integers k D 0; : : : ; n, each t D
.t1; : : : ; tp.t// 2 ˝kC1 and each i 2 f1; : : : ; p.t/g,

d.z; xk/ � d.z; x0/ C 2kNqı � 2M C 2Nqnı; (5.277)

d.y.k;t/
i ; z/ � d.xk; z/ C 2Nqı � 2M C 2.n C 1/Nqı: (5.278)

It follows from (5.270), (5.271), and (5.278), for each k D 0; : : : ; n, each t D
.t1; : : : ; tp.t// 2 ˝kC1 and each i 2 f1; : : : ; p.t/g,

y.k;t/
i 2 B.�; 3M C 1/: (5.279)

Assume that an integer k 2 f0; : : : ; n � 1g satisfies


kC1 > 2�1�0: (5.280)

By (5.264), there exists

s 2 ˝kC1

such that

.xkC1; 
kC1/ D .yk;s; ˇk;s/: (5.281)

In view (5.280) and (5.281),

ˇk;s D 
kC1 > 2�1�0: (5.282)

Relations (5.268) and (5.282) imply that there exists j0 2 f1; : : : ; p.s/g such that

2�1�0 < ˇk;s D d.y.k;s/
j0�1; Fix.Psj0

//: (5.283)

By (5.272), there exists

z0 2 B.z; ı/ \ Fix.Psj0
/: (5.284)

Relations (5.270), (5.271), and (5.284) imply that

d.�; z0/ � M C 1: (5.285)

Property (P8), (5.267), (5.279), and (5.283)–(5.285) imply that

d.z0; y.k;s/
j0

/ D d.z0; Psj0
.y.k;s/

j0�1// � d.z0; y.k;s/
j0�1/ � �0: (5.286)
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In view of (5.284) and (5.286),

d.z; y.k;s/
j0

/ � d.z; z0/ C d.z0; y.k;s/
j0

/ � ı C d.z0; y.k;s/
j0�1/ � �0

� ��0 C ı C d.z; z0/ C d.z; y.k;s/
j0�1/ � ��0 C 2ı C d.z; y.k;s/

j0�1/;

d.z; y.k;s/
j0�1/ � d.z; y.k;s/

j0
/ � �0 � 2ı: (5.287)

By (5.10), (5.266), (5.270), (5.274), (5.281), and (5.287),

d.z; xk/ � d.z; xkC1/ D d.z; y.k;s/
0 / � d.z; y.k;s/

p.s/ /

D
p.s/X

jD1

.d.z; y.k;s/
j�1 / � d.z; y.k;s/

j //

� �2ı.p.s/ � 1/ C d.z; y.k;s/
j0�1/ � d.z; y.k;s/

j0
/

� �0 � 2ı Nq � �0=2:

Thus the following property holds:
(P9) if k 2 f0; : : : ; n � 1g and 
kC1 > 2�1�0, then

d.z; xk/ � d.z; xkC1/ � 2�1�0:

By property (P9), (5.258), (5.269), (5.270), (5.273), and (5.276),

M � d.z; x0/ � d.z; x0/ � d.z; xn/

D
n�1X

kD0

.d.z; xk/ � d.z; xkC1//

� �2Nqın C
X

fd.z; xk/ � d.z; xkC1/ W k 2 f0; : : : ; n � 1g \ Eg
� �2Nqın C Card.fk 2 f0; : : : ; n � 1g \ Eg/�0=2;

Card.fk 2 f0; : : : ; n � 1g \ Eg/ � 2��1
0 .M C 1/ � Q:

Since the relation above holds for any natural number n we conclude that

Card.fk 2 f0; 1 : : : g W 
kC1 > 2�1�0g/ D Card.E/ � Q:

Let k 2 f0; 1; : : : g satisfy


kC1 � 2�1�0: (5.288)
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Then in view of (5.263)–(5.268) and Proposition 5.10, for all s D 1; : : : ; m,

d.xk; Fix.Ps// � Nq�0 � �:

Theorem 5.7 is proved. ut



Chapter 6
Spaces with Generalized Distances

In this chapter we study the convergence of dynamic string-maximum methods
for solving common fixed point problems in a space equipped with a generalized
distance. Our main goal is to obtain an approximate solution of the problem in
the presence of computational errors. We show that our dynamic string-maximum
algorithm generates a good approximate solution, if the sequence of computational
errors is bounded from above by a constant.

6.1 Preliminaries and Main Results

Let .X; d/ be a metric space. For each x 2 X and each nonempty set E � X put

d.x; E/ D inffd.x; y/ W y 2 Eg:

For each x 2 X and each r > 0 set

B.x; r/ D fy 2 X W d.x; y/ � rg:

Fix � 2 X. Suppose that D W X�X ! Œ0; 1/, for each .x; y/ 2 X�X, D.x; y/ D 0

if and only if x D y and that the following assumption holds:
(A1) for each M > 0 and each � > 0, there exists ı > 0 such that for each

x; y 2 B.�; M/ which satisfy D.x; y/ � ı, the inequality d.x; y/ � � holds.
In this chapter some of the results obtained in Chap. 5 are extended for common

fixed point problems on the space X equipped with the generalized distance D. Note
that the class of spaces with generalized metrics includes the class of metric spaces
as well as the class of spaces equipped with the Bregman distances which has many
important applications. See, for example, [24, 76] and the references mentioned
therein.

© Springer International Publishing Switzerland 2016
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Suppose that m is a natural number, Pi W X ! X, i D 1; : : : ; m are self-mappings
of X and that for every i 2 f1; : : : ; mg,

Fix.Pi/ WD fz 2 X W Pi.z/ D zg 6D ;: (6.1)

We suppose that for every i 2 f1; : : : ; mg,

D.z; x/ � D.z; Pi.x// for every x 2 X and every z 2 Fix.Pi/: (6.2)

By an index vector, we a mean a vector t D .t1; : : : ; tp/ such that ti 2 f1; : : : ; mg for
all i D 1; : : : ; p.

For an index vector t D .t1; : : : ; tq/ set

p.t/ D q; PŒt� D Ptq � � � Pt1 : (6.3)

Denote by M the collection of all finite sets ˝ of index vectors such that

[ fft1; : : : ; tp.t/g W t D ft1; : : : ; tp.t/g 2 ˝g D f1; : : : ; mg: (6.4)

Fix an integer

Nq � m (6.5)

and denote by M� the set of all ˝ 2 M such that

p.t/ � Nq for all t 2 ˝: (6.6)

We suppose that

F WD \m
iD1Fix.Pi/ 6D ;: (6.7)

For every � > 0 and every i 2 f1; : : : ; mg put

F�.Pi/ D fx 2 X W d.x; Pi.x// � �g; (6.8)

QF�.Pi/ D fy 2 X W B.y; �/ \ F�.Pi/ 6D ;g; (6.9)

F� D \m
iD1F�.Pi/; QF� D \m

iD1
QF�.Pi/: (6.10)

A point belonging to the set F is a solution of our common fixed point problem
while a point which belongs to the set QF� is its �-approximate solution.

We apply a dynamic string method with variable strings in order to obtain a good
approximative solution of the common fixed point problem.
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We suppose that the following assumption holds:
(A2) there exists z� 2 F such that for each nonempty set K � X, the set

fD.z�; 	/ W 	 2 Kg is bounded if and only if K is bounded.
In order to state the main result of this section we need the following definitions.
Let ı � 0, x 2 X and let t D .t1; : : : ; tp.t// be an index vector. Define

A0.x; t; ı/ D f.y; �/ 2 X � R1 W there is a sequence fyigp.t/
iD0 � X such that

y0 D x and for all i D 1; : : : ; p.t/;

d.yi; Pti.yi�1// � ı;

y D yp.t/;

� D maxfD.yi; yi�1/ W i D 1; : : : ; p.t/gg: (6.11)

Let ı � 0, x 2 X and let ˝ 2 M�. Define

A.x; ˝; ı/ D f.y; �/ 2 X � R1 W there exist

.yt; �t/ 2 A0.x; t; ı/; t 2 ˝ such that

.y; �/ 2 f.yt; �t/ W t 2 ˝g; (6.12)

� � �t � ı; t 2 ˝g: (6.13)

For each x 2 X and each nonempty set K � X put

D.x; K/ D inffD.	; x/ W 	 2 Kg: (6.14)

Denote by Card.A/ the cardinality of a set A. Suppose that the sum over empty
set is zero.

Let ı � 0, x 2 X and let t D .t1; : : : ; tp.t// be an index vector. Define

QA0.x; t; ı/ D f.y; �/ 2 X � R1 W there is a sequence fyigp.t/
iD0 � X such that

y0 D x and for all i D 1; : : : ; p.t/;

d.yi; Pti.yi�1// � ı;

y D yp.t/;

� D maxfD.yi�1; Fix.Pti// W i D 1; : : : ; p.t/gg: (6.15)

Let ı � 0, x 2 X and let ˝ 2 M�. Define

QA.x; ˝; ı/ D f.y; �/ 2 X � R1 W there exist

.yt; �t/ 2 QA0.x; t; ı/; t 2 ˝ such that

.y; �/ 2 f.yt; �t/ W t 2 ˝g;
� � �t � ı; t 2 ˝g: (6.16)
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In this chapter we use the following assumptions.

(B1) There exists Nc 2 .0; 1/ such that

D.z; x/ � D.z; Pi.x// C NcD.Pi.x/; x/

for every i 2 f1; : : : ; mg, every x 2 X and every z 2 Fix.Pi/.
(B2) For each � > 0 and each � > 0 there exists � > 0 such that for each

i 2 f1; : : : ; mg, each

z 2 B.�; �/ \ Fix.Pi/

and each x 2 B.�; �/ satisfying D.Pi.x/; x/ � �,

D.z; Pi.x// � D.z; x/ � �:

(Clearly, (B1) implies (B2).)
(B3) For each � > 0 and each � > 0 there exists � > 0 such that for each

i 2 f1; : : : ; mg, each

z 2 B.�; �/ \ Fix.Pi/

and each x 2 B.�; �/ satisfying D.x; Fix.Pi// � �,

D.z; Pi.x// � D.z; x/ � �:

(B4) For each � > 0 and each M > 0 there exists ı > 0 such that for each
i 2 f1; : : : ; mg, each x 2 B.�; M/ and each 	 2 Fix.Pi/ satisfying D.	; x/ � ı the
inequality d.	; x/ � � holds.

(B5) For each � > 0 and each M > 0 there exists ı > 0 such that for each
	1; 	2 2 B.�; M/ satisfying d.	1; 	2/ � ı the inequality D.	1; 	2/ � � holds.

In this chapter we prove the following results.

Theorem 6.1. Suppose that (B2) holds and M > 0. Let � > 0. Then there exist
Q; M1 > 0 such that for each f˝ig1

iD1 � M�; each x0 2 B.�; M/; each fxig1
iD1 � X,

and each f�ig1
iD1 � Œ0; 1/ satisfying for each natural number i,

.xi; �i/ 2 A.xi�1; ˝i; 0/;

the following relations hold:

xk 2 B.�; M1/ for all natural numbers k;

Card.fi 2 f0; 1; : : : g W xi 62 QF�g/ � Q:
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Theorem 6.2. Suppose that (B3) and (B4) hold and M > 0. Let � > 0. Then there
exist M1; Q > 0 such that for each f˝ig1

iD1 � M�; each x0 2 B.�; M/; each
fxig1

iD1 � X and each f�ig1
iD1 � Œ0; 1/ satisfying for each natural number i,

.xi; �i/ 2 QA.xi�1; ˝i; 0/

the following relations hold:

xk 2 B.�; M1/ for all natural numbers k;

Card.fi 2 f0; 1; : : : g W maxfd.xi; Fix.Ps// W s D 1; : : : ; mg > �g/ � Q:

Theorem 6.3. Suppose that (B3), (B4), and (B5) hold and M; � > 0. Then there
exist M1; Q > 0 such that for each f˝ig1

iD1 � M�; each x0 2 B.�; M/; each
fxig1

iD1 � X and each f�ig1
iD1 � Œ0; 1/ satisfying for each natural number i,

.xi; �i/ 2 A.xi�1; ˝i; 0/

the following relations hold:

xk 2 B.�; M1/ for all natural numbers k;

Card.fi 2 f0; 1; : : : g W xi 62 QF�g/ � Q:

Theorem 6.4. Suppose that the mappings Pi, i D 1; : : : ; m are uniformly con-
tinuous on bounded subsets of X and that (B2) holds or (B3) and (B4) hold. Let
�; M > 0. Then there exist a natural number n0, ı; M1 > 0 such that for each
sequence of singletons,

˝i D ft.i/g D ft.i/1 ; : : : ; t.i/
p.t.i//

g 2 M�; i D 1; 2; : : :

each x0 2 B.�; M/, each sequence fxig1
iD1 � X and each sequence f�ig1

iD1 � Œ0; 1/

satisfying for each natural number i,

.xi; �i/ 2 A0.xi�1; t.i/; ı/

there exists an integer q 2 Œ1; n0� such that

xi 2 B.�; M1/ for all integers i D 0; : : : ; q;

xq 2 QF�:

Moreover, if (B3) and (B4) hold, then

d.xq; Fix.Ps// � �; s D 1; : : : ; m:
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Theorem 6.5. Suppose that the function D.�; �/ is uniformly continuous on bounded
subsets of X�X and that (B2) holds. Let �; M > 0. Then there exist a natural number
n0, ı; M1 > 0 such that for each sequence

f˝ig1
iD1 � M�;

each x0 2 B.�; M/, each sequence fxig1
iD1 � X and each sequence f�ig1

iD1 � Œ0; 1/

satisfying for each natural number i,

.xi; �i/ 2 A.xi�1; ˝i; ı/

there exists an integer q 2 Œ0; n0� such that

xi 2 B.�; M1/ for all integers i D 0; : : : ; q;

xq 2 QF�:

In this chapter we use the following assumption.

(B6) For each M > 0 there exists M1 > 0 such that for each x 2 B.�; M/,
each i 2 f1; : : : ; mg and each z 2 Fix.Pi/ satisfying D.z; x/ � D.z�; x/ C 1 the
inclusion z 2 B.�; M1/ holds.

Theorem 6.6. Suppose that the function D.�; �/ is uniformly continuous on bounded
subsets of X�X and that (B3) and (B6) hold. Let �; M > 0. Then there exist a natural
number n0, ı; M1 > 0 such that for each sequence

f˝ig1
iD1 � M�;

each x0 2 B.�; M/, each sequence fxig1
iD1 � X and each sequence f�ig1

iD1 � Œ0; 1/

satisfying for each natural number i,

.xi; �i/ 2 QA.xi�1; ˝i; ı/

there exists an integer q 2 Œ0; n0� such that

xi 2 B.�; M1/ for all integers i D 0; : : : ; q;

maxfd.xq; Fix.Ps// W s D 1; : : : ; mg � �:

Theorem 6.7. Suppose that the function D.�; �/ is uniformly continuous on bounded
subsets of X�X and that (B3) and (B6) hold. Let �; M > 0. Then there exist a natural
number n0, ı; M1 > 0 such that for each sequence

f˝ig1
iD1 � M�;
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each x0 2 B.�; M/, each sequence fxig1
iD1 � X and each sequence f�ig1

iD1 � Œ0; 1/

satisfying for each natural number i,

.xi; �i/ 2 A.xi�1; ˝i; ı/

there exists an integer q 2 Œ0; n0� such that

xi 2 B.�; M1/ for all integers i D 0; : : : ; q;

maxfd.xq; Fix.Ps// W s D 1; : : : ; mg � �:

It should be mentioned that examples of Bregman distances, satisfying the
assumptions used in this section, can be found in Chap. 5 of [76].

6.2 Auxiliary Results

Proposition 6.8. Assume that the function D.z�; �/ is uniformly continuous of all
bounded subsets of X and that M0; � > 0. Then there exists ı0 > 0 such that for
each x 2 X satisfying D.z�; x/ � M0, each j 2 f1; : : : ; mg and each y 2 X satisfying
d.y; Ptj.x// � ı0 the inequality

D.z�; y/ � D.z�; x/ C �

holds.

Proof. In view of (A2), there exists M1 > 0 such that

fx 2 X W D.z�; x/ � M0g � B.�; M1/: (6.17)

Since the function D.z�; �/ is uniformly continuous on bounded sets there exists
ı0 2 .0; 1/ such that

jD.z�; 	1/ � D.z�; 	2/j � � (6.18)

for all 	1; 	2 2 B.�; M1 C 1/ satisfying d.	1; 	2/ � ı0.
Assume that

j 2 f1; : : : ; mg; x 2 X; D.z�; x/ � M0 (6.19)

and that y 2 X satisfies

d.y; Ptj.x// � ı0: (6.20)
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Relations (6.17) and (6.19) imply that

x 2 B.�; M1/: (6.21)

By (6.2), (6.7), (6.19) and the inclusion z� 2 F,

D.z�; Ptj.x// � D.z�; x/ � M0: (6.22)

It follows from (6.17) and (6.22) that

Ptj.x/ 2 B.�; M1/: (6.23)

In view of (6.20) and (6.23),

y 2 B.�; M1 C 1/: (6.24)

By the choice of ı0 (see (6.18)), (6.20), (6.23), and (6.24),

jD.z�; y/ � D.z�; Ptj.x//j � �:

Together with (6.22) this implies that

D.z�; y/ � D.z�; Ptj.x// C � � D.z�; x/ C �:

Proposition 6.8 is proved. ut
Applying by induction Proposition 6.8 we obtain the following result.

Proposition 6.9. Assume that the function D.z�; �/ is uniformly continuous of all
bounded subsets of X and that M0; � > 0. Then there exists ı0 > 0 such that for
each x 2 X satisfying D.z�; x/ � M0, each index vector t D .t1; : : : ; tp.t// satisfying

p.t/ � Nq and each sequence fyjgp.t/
jD0 � X which satisfies

y0 D x;

d.yj; Ptj.yj�1// � ı0; j D 1; : : : ; p.t/;

the inequalities

D.z�; yj/ � D.z�; yj�1/ C �;

D.z�; yj/ � D.z�; x/ C Nq�

hold for all j 2 f1; : : : ; p.t/g.
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Proposition 6.10. Assume that (B6) holds, the function D.�; �/ is uniformly contin-
uous on all bounded subsets of X � X and that M0; �0 > 0. Then there exists ı0 > 0

such that for each i 2 f1; : : : ; mg; each h1; h2 2 X satisfying

D.z�; h1/ � M0; (6.25)

d.Pi.h1/; h2/ � ı0 (6.26)

and

D.h2; h1/ � �0 (6.27)

the inequality

D.h1; Fix.Pi// � ı0

holds.

Proof. In view of (A2), there exists M1 > M0 such that

fh 2 X W D.z�; h/ � M0g � B.�; M1/: (6.28)

By (B6), there exists M2 > M1 C 1 such that the following property holds:

(i) for each x 2 B.�; M1/, each i 2 f1; : : : ; mg and each z 2 Fix.Pi/ satisfying
D.z; x/ � D.z�; x/ C 1 the inclusion z 2 B.�; M2/ holds.

In view of the uniform continuity of D, there exists

ı 2 .0; minf3�1�0; 3�1g/

such that for each x1; x2 2 B.�; M2/ satisfying d.x1; x2/ � 3ı1,

D.x1; x2/ < �0=2: (6.29)

By (A1), there exists ı0 2 .0; ı1/ such that the following property holds:
(ii) for each x; y 2 B.�; M2/ which satisfy D.x; y/ � ı0, the inequality d.x; y/ � ı1

holds.

Assume that i 2 f1; : : : ; mg and that h1; h2 2 X satisfy (6.25)–(6.27). We show
that

D.h1; Fix.Pi// � ı0: (6.30)

Assume the contrary. Then there exists

	 2 Fix.Pi/ (6.31)
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such that

D.	; h1/ < ı0: (6.32)

Relations (6.2), (6.31), and (6.32) imply that

D.	; Pi.h1// < ı0: (6.33)

It follows from the inclusion z� 2 F, (6.2), (6.7), and (6.25) that

D.z�; Pi.h1// � D.z�; h1/ � M0: (6.34)

By (6.28) and (6.34),

Pi.h1/; h1 2 B.�; M1/: (6.35)

Property (i), (6.31), (6.32), and (6.35) imply that

	 2 B.�; M2/: (6.36)

It follows from property (ii), (6.32), (6.33), (6.35), and (6.36) that

d.	; h1/ � ı1; d.	; Pi.h1// � ı1:

This implies that

d.h1; Pi.h1// � 2ı1:

Together with (6.26) this implies that

d.h1; h2/ � d.h1; Pi.h1// C d.Pi.h1/; h2/ � 3ı1:

By (6.35), the relation above and the choice of ı1 (see (6.29)),

D.h2; h1/ < �0=2:

This contradicts (6.27). The contradiction we have reached proves (6.30). Proposi-
tion 6.10 is proved. ut
Proposition 6.11. Assume that (B3) and (B6) hold, the function D.�; �/ is uniformly
continuous on all bounded subsets of X � X and that M0; �0 > 0. Then there exists
ı0 > 0 such that for each i 2 f1; : : : ; mg; each h1; h2 2 X satisfying

D.z�; h1/ � M0;

d.Pi.h1/; h2/ � ı0
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and

D.h1; h2/ � ı0

the inequality

D.h1; Fix.Pi// � �0

holds.

Proof. In view of (A2), there exists M1 > M0 such that

fh 2 X W D.z�; h/ � M0g � B.�; M1/: (6.37)

By (B6), there exists M2 > M1 C 1 such that the following property holds:

(i) for each x 2 B.�; M1/, each i 2 f1; : : : ; mg and each z 2 Fix.Pi/ satisfying
D.z; x/ � D.z�; x/ C 1 the inclusion z 2 B.�; M2/ holds.

(B3) implies that there is �0 > 0 such that the following property holds:
(ii) for each i 2 f1; : : : ; mg, each

	 2 B.�; M2/ \ Fix.Pi/

and each x 2 B.�; M2/ satisfying D.x; Fix.Pi// � �0,

D.	; Pi.x// � D.	; x/ � �0:

In view of the uniform continuity of D, there exists

ı1 2 .0; minf�0; 1/

such that the following property holds:
(iii) for each 	1; 	2; 	3; 	4 2 B.�; M2/ satisfying

d.	1; 	3/; d.	2; 	4/ � ı1;

we have

jD.	1; 	3/ � D.	2; 	4/j � �0=16:

By (A1), there exists ı0 2 .0; ı1/ such that the following property holds:
(iv) for each 	1; 	2 2 B.�; M2/ satisfying D.	1; 	2/ � ı0, we have

d.	1; 	2/ < ı1:
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Assume that i 2 f1; : : : ; mg and that h1; h2 2 X satisfy

D.z�; h1/ � M0; (6.38)

d.Pi.h1/; h2/ � ı0; (6.39)

D.h1; h2/ � ı0: (6.40)

We show that

D.h1; Fix.Pi// � �0: (6.41)

Assume the contrary. Then

D.h1; Fix.Pi// > �0 (6.42)

and there exists

	 2 Fix.Pi/ (6.43)

such that

D.	; h1/ � D.h1; Fix.Pi// C ı0: (6.44)

Relations (6.37) and (6.38) imply that

h1 2 B.�; M1/: (6.45)

In view of (6.43)–(6.45) and property (i),

	 2 B.�; M2/: (6.46)

By (6.43)–(6.46) and property (ii),

D.	; Pi.h1// � D.	; h1/ � �0: (6.47)

It follows from the inclusion z� 2 F, (6.2), (6.7), and (6.38) that

D.z�; Pi.h1// � D.z�; h1/ � M0: (6.48)

In view of (6.37) and (6.48),

Pi.h1/ 2 B.�; M1/: (6.49)

By (6.39) and (6.49),

h2 2 B.�; M1 C 1/: (6.50)
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Property (iv), (6.40), (6.45), and (6.50) imply that

d.h1; h2/ � ı1: (6.51)

It follows from property (iii), (6.45), (6.46), (6.50), and (6.51) that

jD.	; h1/ � D.	; h2/j � �0=16: (6.52)

By property (iii), (6.39), (6.46), (6.49), and (6.50),

jD.	; Pi.h1// � D.	; h2/j � �0=16: (6.53)

In view of (6.47), (6.52) and (6.53),

D.	; h2/ � �0=16 C D.	; Pi.h1// � D.	; h1/ � �0 C �0=16

� D.	; h2/ � �0 C �0=8;

a contradiction. The contradiction we have reached proves (6.41) and Proposi-
tion 6.11 itself. ut
Proposition 6.12. Assume that (B3) and (B6) hold, the function D.�; �/ is uniformly
continuous on all bounded subsets of X � X and that M0; �1 > 0. Then there exists
ı0 > 0 such that for each i 2 f1; : : : ; mg; each h1; h2 2 X satisfying

D.z�; h1/ � M0; (6.54)

d.Pi.h1/; h2/ � ı0 (6.55)

and

D.h1; h2/ � ı0 (6.56)

the inequality

D.h1; Fix.Pi// � �1

holds.

Proof. In view of (A2), there exists M1 > M0 such that

fh 2 X W D.z�; h/ � M0g � B.�; M1/: (6.57)

By (B6), there exists M2 > M1 C 1 such that the following property holds:

(i) for each x 2 B.�; M1/, each i 2 f1; : : : ; mg and each z 2 Fix.Pi/ satisfying
D.z; x/ � D.z�; x/ C 1 the inclusion z 2 B.�; M2/ holds.
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By (A1) there exists

�0 2 .0; minf2�1�1; 2�1g/
such that the following property holds:

(ii) for each x1; x2 2 B.�; M2/ satisfying

D.x1; x2/ � 2�0

the inequality d.x1; x2/ � �1 holds.
By Proposition 6.11, there exists ı0 > 0 such that the following property

holds:
(iii) for each i 2 f1; : : : ; mg; each h1; h2 2 X satisfying

D.z�; h1/ � M0;

d.Pi.h1/; h2/ � ı0

and

D.h1; h2/ � ı0

the inequality

D.h1; Fix.Pi// � �0

holds.

Assume that i 2 f1; : : : ; mg and that h1; h2 2 X satisfy (6.54)–(6.56). By property
(iii) and (6.54)–(6.56),

D.h1; Fix.Pi// � �0: (6.58)

In view of (6.58), there exists

	 2 Fix.Pi/ (6.59)

such that

D.	; h1/ � 2�0: (6.60)

Relations (6.54) and (6.57) imply that

h1 2 B.�; M1/: (6.61)

It follows from (6.59) to (6.61) and property (i) that

	 2 B.�; M2/: (6.62)
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By (6.60)–(6.62) and property (ii),

d.h1; 	/ � �1:

In view of (6.59), Proposition 6.12 is proved. ut

6.3 Proof of Theorem 6.1

We may assume without loss of generality that

d.z�; �/ � M1: (6.63)

In view of (A2), there exists M0 > 0 such that

D.z�; 	/ � M0 for all 	 2 B.�; M/: (6.64)

By (A2), there exists M1 > M such that

f	 2 X W D.z�; 	/ � M0g � B.�; M1/: (6.65)

Set

�1 D � Nq�1: (6.66)

It follows from (A1) that there exists �0 2 .0; �1/ such that the following property
holds:

(i) for each x; y 2 B.�; M1/ which satisfy D.x; y/ � �0, the inequality d.x; y/ � �1

holds.
By (B2) there exists �0 > 0 such that the following property holds:

(ii) for each i 2 f1; : : : ; mg and each x 2 B.�; M1/ satisfying D.Pi.x/; x/ � �0 we
have

D.z�; Pi.x// � D.z�; x/ � �0:

Set

Q D M0��1
0 : (6.67)

Assume that

f˝ig1
iD1 � M�; (6.68)

x0 2 B.�; M/ (6.69)
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and

fxig1
iD1 � X; (6.70)

f�ig1
iD1 � Œ0; 1/ (6.71)

for each natural number i,

.xi; �i/ 2 A.xi�1; ˝i; 0/: (6.72)

By (6.64) and (6.69),

D.z�; x0/ � M0: (6.73)

Let k � 0 be an integer. In view of (6.72),

.xkC1; �kC1/ 2 A.xk; ˝kC1; 0/: (6.74)

By (6.12), (6.13), and (6.74), there exist

.yk;t; ˛k;t/ 2 A0.xk; t; 0/; t 2 ˝kC1 (6.75)

such that

.xkC1; �kC1/ 2 f.yk;t; ˛k;t/ W t 2 ˝kC1g; (6.76)

�kC1 D maxf˛k;t W t 2 ˝kC1g: (6.77)

It follows from (6.11) and (6.75) that for each t D .t1; : : : ; tp.t// 2 ˝kC1 there exists

a finite sequence fy.k;t/
i gp.t/

iD0 � X such that

y.k;t/
0 D xk; y.k;t/

p.t/ D yk;t; (6.78)

y.k;t/
j D Ptj.y

.k;t/
j�1 / for each integer j D 1; : : : ; p.t/; (6.79)

˛k;t D maxfD.y.k;t/
j ; y.k;t/

j�1 / W j D 1; : : : ; p.t/g: (6.80)

By (6.76), there exists

s.k/ 2 ˝kC1 (6.81)

such that

.xkC1; �kC1/ D .yk;s.k/ ; ˛k;s.k/ /: (6.82)
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Set

E D fk 2 f0; 1; : : : g W �kC1 > �0g: (6.83)

Let k � 0 be an integer. By (6.2), (6.78), (6.79), and (A2), for each
t D .t1; : : : ; tp.t// 2 ˝kC1 and each j 2 f1; : : : ; p.t/g,

D.z�; y.k;t/
j / � D.z�; Ptj.y

.k;t/
j�1 // � D.z�; y.k;t/

j�1 /;

D.z�; y.k;t/
j / � D.z�; y.k;t/

0 / � D.z�; xk/ (6.84)

and

D.z�; yk;t/ � D.z�; xk/: (6.85)

In view of (6.81), (6.82), and (6.85),

D.z�; xkC1/ D D.z�; yk;s.k/ / � D.z�; xk/: (6.86)

It follows from (6.65), (6.73), (6.78), (6.84), and (6.86) that for each integer k � 0,
each t D .t1; : : : ; tp.t// 2 ˝kC1 and each j 2 f0; 1; : : : ; p.t/g,

y.k;t/
j 2 B.�; M1/; yk;t 2 B.�; M1/; (6.87)

xk 2 B.�; M1/:

Assume that

k 2 E: (6.88)

In view of (6.83) and (6.88),

�kC1 > �0: (6.89)

By (6.82) and (6.89),

˛k;s.k/ > �0: (6.90)

It follows from (6.80) and (6.90) that there exists j0 2 f1; : : : ; p.s/g for which

D.y.k;s.k//
j0

; y.k;s.k//
j0�1 / D ˛k;s.k/ > �0: (6.91)

By (6.79) and (6.91),

D.Ptj0
.y.k;s.k//

j0�1 /; y.k;s.k//
j0�1 / > �0: (6.92)
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In view of the choice of �0, property (ii) and (6.87),

D.z�; Ptj0
.y.k;s.k//

j0�1 // � D.z�; y.k;s.k//
j0�1 / � �0: (6.93)

Relations (6.79) and (6.93) imply that

D.z�; y.k;s.k//
j0

/ � D.z�; y.k;s.k//
j0�1 / � �0: (6.94)

By (6.78), (6.81), (6.82), (6.84), and (6.94),

D.z�; xk/ � D.z�; xkC1/ D D.z�; y.k;s.k//
0 / � D.z�; y.k;s.k//

p.s.k//
/

D
p.s.k//X

jD1

.D.z�; y.k;s.k//
j�1 / � D.z�; y.k;s.k//

j //

� D.z�; y.k;s.k//
j0�1 / � D.z�; y.k;s.k//

j0
/ � �0:

Thus for each k 2 E,

D.z�; xk/ � D.z�; xkC1/ � �0: (6.95)

Let n be a natural number. By (6.67), (6.73), (6.86), and (6.95),

M0 � D.z�; x0/ � D.z�; xn/

D
n�1X

kD0

.D.z�; xk/ � D.z�; xkC1//

�
X

fD.z�; xk/ � D.z�; xkC1/ W k 2 f0; : : : ; n � 1g \ Eg
� �0Card.fk 2 f0; : : : ; n � 1g \ Eg/;

Card.fk 2 f0; : : : ; n � 1g \ Eg/ � ��1
0 M0 D Q:

Since the relation above holds for any natural number n we conclude that

Card.E/ � Q: (6.96)

Assume that an integer k � 0 satisfies

k 62 E: (6.97)

In view of (6.83) and (6.97),

�kC1 � �0: (6.98)
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By (6.77) and (6.80), for each t D .t1; : : : ; tp.t// 2 ˝kC1 and each j 2 f1; : : : ; p.t/g,

D.y.k;t/
j ; y.k;t/

j�1 / � �0: (6.99)

Property (i), (6.87), and (6.99) imply that for each t D .t1; : : : ; tp.t// 2 ˝kC1 and
each j 2 f1; : : : ; p.t/g,

d.y.k;t/
j ; y.k;t/

j�1 / � �1: (6.100)

It follows from (6.78) and (6.100) that for each t D .t1; : : : ; tp.t// 2 ˝kC1 and each
j 2 f0; 1; : : : ; p.t/g,

d.xk; y.k;t/
j / � j�1: (6.101)

By (6.6), (6.8), (6.9), (6.66), (6.79), (6.100), and (6.101), for each
t D .t1; : : : ; tp.t// 2 ˝kC1 and each j 2 f1; : : : ; p.t/g,

d.y.k;t/
j�1 ; Ptj.y

.k;t/
j // � �1;

y.k;t/
j�1 2 F�1 .Ptj/;

xk 2 QFj�1 .Ptj/ � QF Nq�1 .Ptj/ D QF�.Ptj/: (6.102)

Let s 2 f1; : : : ; mg. In view of (6.4), there exist t D .t1; : : : ; tp.t// 2 ˝kC1 and
j 2 f; 1; : : : ; p.t/g such that s D tj. Together with (6.102) this implies that
xk 2 QF�.Ps/. Theorem 6.1 is proved. ut

6.4 Proof of Theorem 6.2

We may assume without loss of generality that

d.z�; �/ � M1: (6.103)

In view of (A2), there exists M0 > 0 such that

D.z�; 	/ � M0 for all 	 2 B.�; M/: (6.104)

By (A2), there exists M1 > M such that

f	 2 X W D.z�; 	/ � M0g � B.�; M1/: (6.105)

Set

�1 D � Nq�1: (6.106)
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It follows from (B4) that there exists �2 > 0 such that the following property
holds:

(i) for each i 2 f1; : : : ; mg and each x 2 B.�; M1/ and each 	 2 Fix.Pi/ satisfying
D.	; x/ � 2�2 the relation

d.	; x/ � �1=2

holds.
By (B3), there exists �0 > 0 such that the following property holds:

(ii) for each i 2 f1; : : : ; mg and each x 2 B.�; M1/ satisfying

D.x; Fix.Pi// � �2

the inequality

D.z�; Pi.x// � D.z�; x/ � �0

holds.

Set

Q D M0��1
0 : (6.107)

Assume that

f˝ig1
iD1 � M�; (6.108)

x0 2 B.�; M/ (6.109)

and fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/ satisfy for each natural number i,

.xi; �i/ 2 QA.xi�1; ˝i; 0/: (6.110)

By (6.104) and (6.109),

D.z�; x0/ � M0: (6.111)

Let k � 0 be an integer. In view of (6.110),

.xkC1; �kC1/ 2 QA.xk; ˝kC1; 0/: (6.112)

By (6.16) and (6.112), there exist

.yk;t; ˛k;t/ 2 QA0.xk; t; 0/; t 2 ˝kC1 (6.113)
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such that

.xkC1; �kC1/ 2 f.yk;t; ˛k;t/ W t 2 ˝kC1g; (6.114)

�kC1 D maxf˛k;t W t 2 ˝kC1g: (6.115)

It follows from (6.15) and (6.113) that for each t D .t1; : : : ; tp.t// 2 ˝kC1 there

exists a finite sequence fy.k;t/
i gp.t/

iD0 � X such that

y.k;t/
0 D xk; y.k;t/

p.t/ D yk;t; (6.116)

y.k;t/
j D Ptj.y

.k;t/
j�1 / for each integer j D 1; : : : ; p.t/; (6.117)

˛k;t D maxfD.y.k;t/
j�1 ; Fix.Ptj// W j D 1; : : : ; p.t/g: (6.118)

Set

E D fk 2 f0; 1; : : : g W �kC1 > �2g: (6.119)

Let k � 0 be an integer. By (6.2), (6.116), and (6.117), for each t D .t1; : : : ; tp.t// 2
˝kC1 and each j 2 f1; : : : ; p.t/g,

D.z�; y.k;t/
j / � D.z�; Ptj.y

.k;t/
j�1 // � D.z�; y.k;t/

j�1 /; (6.120)

D.z�; y.k;t/
j / � D.z�; y.k;t/

0 / � D.z�; xk/; (6.121)

and

D.z�; yk;t/ � D.z�; xk/: (6.122)

In view of (6.114) and (6.122),

D.z�; xkC1/ � D.z�; xk/: (6.123)

It follows from (6.105), (6.111), (6.121), and (6.123) that for each integer k � 0,
each t D .t1; : : : ; tp.t// 2 ˝kC1 and each j 2 f0; 1; : : : ; p.t/g,

y.k;t/
j 2 B.�; M1/; yk;t 2 B.�; M1/; xk 2 B.�; M1/: (6.124)

Assume that

k 2 E: (6.125)

In view of (6.119) and (6.125),

�kC1 > �2: (6.126)
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In view of (6.114) there exists s D .s1; : : : ; sp.s// 2 ˝kC1 such that

.xkC1; �kC1/ D .yk;s; ˛k;s/: (6.127)

By (6.126) and (6.127),

˛k;s > �2: (6.128)

It follows from (6.118) and (6.128) that there exists j0 2 f1; : : : ; p.s/g for which

D.y.k;s/
j0�1; Fix.Psj0

// D ˛k;s > �2: (6.129)

By (6.124), (6.129), and property (ii),

D.z�; Psj0
.y.k;s/

j0�1// � D.z�; y.k;s/
j0�1/ � �0: (6.130)

It follows from (6.116), (6.120), and (6.127) that

D.z�; xk/ � D.z�; xkC1/ D D.z�; y.k;s/
0 / � D.z�; y.k;s/

p.s/ /

D
p.s/X

jD1

.D.z�; y.k;s/
j�1 / � D.z�; y.k;s/

j //

� D.z�; y.k;s/
j0�1/ � D.z�; y.k;s/

j0
/ � �0:

Thus for each k 2 E,

D.z�; xk/ � D.z�; xkC1/ � �0: (6.131)

Let n be a natural number. By (6.107), (6.111), (6.123), and (6.131),

M0 � D.z�; x0/ � D.z�; xn/

D
n�1X

kD0

.D.z�; xk/ � D.z�; xkC1//

�
X

fD.z�; xk/ � D.z�; xkC1/ W k 2 f0; : : : ; n � 1g \ Eg
� �0Card.fk 2 f0; : : : ; n � 1g \ Eg/;

Card.fk 2 f0; : : : ; n � 1g \ Eg/ � ��1
0 M0 D Q:

Since n is an arbitrary natural number we conclude that

Card.E/ � Q: (6.132)
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Assume that an integer k � 0 satisfies

k 62 E: (6.133)

In view of (6.119) and (6.133),

�kC1 � �2: (6.134)

By (6.115), (6.118), and (6.134), for each t D .t1; : : : ; tp.t// 2 ˝kC1 and each
j 2 f1; : : : ; p.t/g,

D.y.k;t/
j�1 ; Fix.Ptj// � �2: (6.135)

Let t D .t1; : : : ; tp.t// 2 ˝kC1 and j 2 f1; : : : ; p.t/g. In view of (6.135), there exists

	 2 Fix.Ptj/ (6.136)

such that

D.	; y.k;t/
j�1 / � 2�2: (6.137)

It follows from (6.2), (6.117), (6.136), and (6.137) that

D.	; y.k;t/
j / � D.	; Ptj.y

.k;t/
j�1 // � D.	; y.k;t/

j�1 / � 2�2: (6.138)

Property (i), (6.124), and (6.136)–(6.138) imply that

d.	; y.k;t/
j�1 /; d.	; y.k;t/

j / � �1=2:

This implies that

d.y.k;t/
j�1 ; y.k;t/

j / � �1; (6.139)

d.y.k;t/
j�1 ; Fix.Ptj// � �1=2: (6.140)

By (6.6), (6.106), (6.116), (6.139), and (6.140),

d.xk; y.k;t/
j�1 / � .j � 1/�1;

d.xk; Fix.Ptj// � j�1 � Nq�1 � �: (6.141)

Let s 2 f1; : : : ; mg. In view of (6.4), there exist t D .t1; : : : ; tp.t// 2 ˝kC1 and
j 2 f1; : : : ; p.t/g such that s D tj. By (6.141),

d.xk; Fix.Ps// � �:

Theorem 6.2 is proved. ut
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6.5 Proof of Theorem 6.3

We may assume without loss of generality that

d.z�; �/ � M: (6.142)

In view of (A2), there exists M0 > 0 such that

D.z�; 	/ � M0 for all 	 2 B.�; M/: (6.143)

By (A2), there exists M1 > M such that

f	 2 X W D.z�; 	/ � M0g � B.�; M1/: (6.144)

Set

�0 D � Nq�1: (6.145)

It follows from (A1) that there exists �1 2 .0; �0/ such that the following property
holds:

(i) for each x; y 2 B.�; M1/ which satisfy D.x; y/ � �1, the inequality d.x; y/ � �0

holds.
By (B5) there exists �2 2 .0; �1/ such that the following property holds:

(ii) for each x; y 2 B.�; M1/ satisfying d.x; y/ � �2 we have

D.x; y/ � �1=2:

It follows from (B4) that there exists �3 2 .0; �2/ such that the following
property holds:

(iii) for each i 2 f1; : : : ; mg, each x 2 B.�; M1/ and each 	 2 Fix.Pi/ satisfying
D.	; x/ � �3 we have d.x; 	/ � �2=2:

In view of (B3), there exists �0 > 0 such that the following property holds:
(iv) for each i 2 f1; : : : ; mg and each x 2 B.�; M1/ satisfying

D.x; Fix.Pi// � �3

the inequality

D.z�; Pi.x// � D.z�; x/ � �0

holds.
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Set

Q D M0��1
0 : (6.146)

Assume that

f˝ig1
iD1 � M�; (6.147)

x0 2 B.�; M/ (6.148)

and fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/, for each natural number i,

.xi; �i/ 2 A.xi�1; ˝i; 0/: (6.149)

By (6.143) and (6.148),

D.z�; x0/ � M0: (6.150)

Let k � 0 be an integer. In view of (6.149),

.xkC1; �kC1/ 2 A.xk; ˝kC1; 0/: (6.151)

By (6.12), (6.13), and (6.151), there exist

.yk;t; ˛k;t/ 2 A0.xk; t; 0/; t 2 ˝kC1 (6.152)

such that

.xkC1; �kC1/ 2 f.yk;t; ˛k;t/ W t 2 ˝kC1g; (6.153)

�kC1 D maxf˛k;t W t 2 ˝kC1g: (6.154)

It follows from (6.11) and (6.152) that for each t D .t1; : : : ; tp.t// 2 ˝kC1 there

exists a finite sequence fy.k;t/
i gp.t/

iD0 � X such that

y.k;t/
0 D xk; y.k;t/

p.t/ D yk;t; (6.155)

y.k;t/
j D Ptj.y

.k;t/
j�1 / for each integer j D 1; : : : ; p.t/; (6.156)

˛k;t D maxfD.y.k;t/
j ; y.k;t/

j�1 / W j D 1; : : : ; p.t/g: (6.157)

Set

E D fk 2 f0; 1; : : : g W �kC1 > 2�1�1g: (6.158)
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Let k � 0 be an integer. By (6.2), (6.153), (6.155), and (6.156), for each
t D .t1; : : : ; tp.t// 2 ˝kC1 and each j 2 f1; : : : ; p.t/g,

D.z�; y.k;t/
j / � D.z�; Ptj.y

.k;t/
j�1 // � D.z�; y.k;t/

j�1 /; (6.159)

D.z�; y.k;t/
j / � D.z�; y.k;t/

0 / � D.z�; xk/; (6.160)

D.z�; yk;t/ � D.z�; xk/ (6.161)

and

D.z�; xkC1/ � D.z�; xk/: (6.162)

In view of (6.144), (6.150), and (6.160)–(6.162), for each integer k � 0, each
t D .t1; : : : ; tp.t// 2 ˝kC1 and each j 2 f0; 1; : : : ; p.t/g,

y.k;t/
j 2 B.�; M1/; yk;t 2 B.�; M1/; xk 2 B.�; M1/: (6.163)

Assume that

k 2 E: (6.164)

In view of (6.158) and (6.164),

�kC1 > �1=2: (6.165)

By (6.153), there exists s D .s1; : : : ; sp.s// 2 ˝kC1 such that

.xkC1; �kC1/ D .yk;s; ˛k;s/: (6.166)

By (6.165) and (6.166),

˛k;s > �1=2: (6.167)

It follows from (6.156), (6.157), and (6.167) that there exists j0 2 f1; : : : ; p.s/g for
which

D.Ptj0
.y.k;s/

j0�1/; y.k;s/
j0�1/ D D.y.k;s/

j0
; y.k;s/

j0�1/ D ˛k;s > �1=2: (6.168)

We show that

D.y.k;s/
j0�1; Fix.Psj0

// � �3:

Assume the contrary. Then there exists

	 2 Fix.Psj0
/ (6.169)
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such that

D.	; y.k;s/
j0�1/ < �3: (6.170)

By (6.2), (6.156), (6.163), (6.169), and (6.170)

D.	; y.k;s/
j0

/ D D.	; Psj0
.y.k;s/

j0�1// � D.	; y.k;s/
j0�1/ < �3: (6.171)

Property (iii), (6.170), and (6.171) imply that

d.	; y.k;s/
j0�1/; d.	; y.k;s/

j0
/ � �2=2:

This implies that

d.y.k;s/
j0�1; y.k;s/

j0
/ � �2: (6.172)

In view of (6.163) and (6.172),

D.y.k;s/
j0

; y.k;s/
j0�1/ < �1=2:

This contradicts (6.168). The contradiction we have reached proves that

d.y.k;s/
j0�1; Fix.Psj0

// � �3: (6.173)

Property (iv), (6.156), (6.163), and (6.173) that

D.z�; y.k;s/
j0

/ D D.z�; Psj0
.y.k;s/

j0�1// � D.z�; y.k;s/
j0�1/ � �0:

The relation above and (6.155), (6.159), and (6.166) imply that

D.z�; xk/ � D.z�; xkC1/ D D.z�; y.k;s/
0 / � D.z�; y.k;s/

p.s/ /

D
p.s/X

jD1

.D.z�; y.k;s/
j�1 / � D.z�; y.k;s/

j //

� D.z�; y.k;s/
j0�1/ � D.z�; y.k;s/

j0
/ � �0:

Thus for each k 2 E,

D.z�; xk/ � D.z�; xkC1/ � �0: (6.174)
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Let n be a natural number. By (6.146), (6.150), (6.162), and (6.174),

M0 � D.z�; x0/ � D.z�; xn/

D
n�1X

kD0

.D.z�; xk/ � D.z�; xkC1//

�
X

fD.z�; xk/ � D.z�; xkC1/ W k 2 f0; : : : ; n � 1g \ Eg
� �0Card.fk 2 f0; : : : ; n � 1g \ Eg/;

Card.fk 2 f0; : : : ; n � 1g \ Eg/ � ��1
0 M0 D Q:

Since the relation above holds for any natural number n we conclude that

Card.E/ � Q:

Assume that an integer k � 0 satisfies

k 62 E: (6.175)

In view of (6.158) and (6.175),

�kC1 � 2�1�1: (6.176)

Let t D .t1; : : : ; tp.t// 2 ˝kC1, j 2 f1; : : : ; p.t/g. By (6.154), (6.157), and (6.176),

˛k;t � 2�1�1; D.y.k;t/
j ; y.k;t/

j�1 / � 2�1�1: (6.177)

It follows from (6.163) and (6.177) that

d.y.k;t/
j ; y.k;t/

j�1 / � �0: (6.178)

By (6.156) and (6.178),

y.k;t/
j�1 2 F�0 .Ptj/: (6.179)

In view of (6.155) and (6.178),

d.xk; y.k;t/
j�1 / � .j � 1/�0: (6.180)

It follows from (6.6), (6.145), (6.179), and (6.180) that

xk 2 QFj�0 .Ptj/ � QF Nq�0 .Ptj/ � QF�.Ptj/:



6.6 Proof of Theorem 6.4 227

Thus

xk 2 QF�1 .Ptj/

for all t D .t1; : : : ; tp.t// 2 ˝kC1 and j 2 f; 1; : : : ; p.t/g. Together with (6.4) this
implies that xk 2 QF� . Theorem 6.3 is proved. ut

6.6 Proof of Theorem 6.4

We may assume without loss of generality that

� < 1; d.z�; �/ � M: (6.181)

By Theorems 6.1 and 6.2, there exist a natural number n0 and M1 > M C 1 such
that the following property holds:

(i) for each sequence of singletons ˝i D ft.i/g 2 M�; i D 1; 2; : : : ; each
x0 2 B.�; M/; each fxig1

iD1 � X and each f�ig1
iD1 � Œ0; 1/ satisfying for

each natural number i,

.xi; �i/ 2 A0.xi�1; t.i/; 0/;

we have

xk 2 B.�; M1 � 1/ for all integers k � 0

and there exists an integer q 2 Œ1; n0� such that

xq 2 QF�=2I

moreover, if (B3) and (B4) hold, then

d.xq; Fix.Ps// � �=2; s D 1; : : : ; q:

In view of (A2), there exists M2 > 0 such that

D.z�; 	/ � M2 for all 	 2 B.�; M1/: (6.182)

By (A2), there exists M3 > M2 C M1 C 1 such that

f	 2 X W D.z�; 	/ � M2g � B.�; M3 � 1/: (6.183)
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Set

ın0 Nq D 2�1�: (6.184)

By induction we define a sequence of positive numbers fıign0 Nq
iD0 such that for

each nonnegative integer i < n0 Nq,

ıi � 4�1ıiC1 (6.185)

and the following property holds:
(ii) for each 	1; 	2 2 B.�; M3/ satisfying d.	1; 	2/ � 2ıi; we have

d.Pj.	1/; Pj.	2// � 4�1ıiC1; j D 1; : : : ; m:

Set

ı D 4�1ı0: (6.186)

Assume that

f˝ig1
iD1 � M�; (6.187)

for each natural number i, ˝i is a singleton t.i/ D ft.i/1 ; : : : ; t.i/
p.t.i//

g,

x0 2 B.�; M/ (6.188)

and fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/ satisfying for each natural number i,

.xi; �i/ 2 A0.xi�1; ft.i/g; ı/: (6.189)

Let k � 0 be an integer. It follows from (6.11) and (6.189) that there exists a finite

sequence fy.k/
i gp.t.k//

iD0 � X such that

y.k/
0 D xk; y.k/

p.t.k//
D xkC1; (6.190)

d.y.k/
j ; Ptj.y

.k/
j�1// � ı for each integer j D 1; : : : ; p.t.k//: (6.191)

Set

Qx0 D x0; y.0/
0 D Qx0: (6.192)

By induction define fQxkg1
kD0 � X and Qy.k/

j 2 X, j D 0; : : : ; p.t.k//, k D 0; 1; : : : such
that for each integer k � 0,
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Qy.k/
0 D Qxk; Qy.k/

j D Ptj.Qy.k/
j�1/; j D 1; : : : ; p.t.k//;

QxkC1 D Qy.k/

p.t.k//
: (6.193)

In view of (6.181) and (6.182),

D.z�; x0/ � M2:

It follows from (6.2), (6.183), (6.192), (6.193) and the inequality above that for each
integer k � 0 and each j D 0; : : : ; p.t/;

D.z�; Qy.k/
j / � D.z�; Qxk/ � M2; Qy.k/

j 2 B.�; M3 � 1/: (6.194)

Property (i), (6.2), (6.11), (6.187), (6.188), (6.192), and (6.193) imply that

Qxk 2 B.�; M1 � 1/ for all integers k � 0

and that there exists an integer q 2 Œ1; n0� such that

xq 2 QF�=2 (6.195)

and if (B3) and (B4) hold, then

d.xq; Fix.Ps// � �=2; s D 1; : : : ; q: (6.196)

We estimate

d.y.k/
j ; Qy.k/

j /; k D 0; : : : ; n0; j D 0; : : : ; p.t.k//:

We show that for each integer k 2 f0; : : : ; n0 � 1g and each j D 0; : : : ; p.t.k//,

d.Qxk; xk/ � ıNqk; d.y.k/
j ; Qy.k/

j / � ıNqkCj;

d.Qxn0 ; xn0 / � ıNqn0 : (6.197)

In view of (6.192), (6.197) holds for k D 0 and j D 0.
Assume that k 2 f0; : : : ; n0 � 1g satisfies

d.Qxk; xk/ � ıNqk: (6.198)

By (6.190), (6.193), and (6.198),

d.y.k/
0 ; Qy.k/

0 / � ıNqk: (6.199)
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Assume that j 2 f0; : : : ; p.t.k/ � 1g and that

d.Qy.k/
j ; y.k/

j / � ıNqkCj: (6.200)

In view of (6.184), (6.194), and (6.200),

y.k/
j ; Qy.k/

j 2 B.�; M3/: (6.201)

By inclusion, we conclude that (6.201) implies that

d.PtjC1
.y.k/

j /; PtjC1
.Qy.k/

j // � 4�1ıNqkCjC1: (6.202)

It follows from (6.185), (6.186), (6.191), (6.193), and (6.202) that

d.y.k/
jC1; Qy.k/

jC1/ � d.y.k/
jC1; PtjC1

.y.k/
j // C d.PtjC1

.y.k/
j /; PtjC1

.Qy.k/
j //

� ı C 4�1ıNqkCjC1 � ıNqkCjC1:

By induction,

d.Qy.k/
j ; y.k/

j / � ıNqkCj; j D 0; : : : ; p.t/

and in view of (6.6), (6.190), and (6.193),

d.QxkC1; xkC1/ D d.Qy.k/

p.t.k//
; y.k/

p.t.k//
/ � ıNqkCp.t.k// � ıNq.kC1/:

Thus we conclude that (6.197) holds for each k 2 f0; : : : ; n0 � 1g and each
j D 0; : : : ; p.t.k//,

d.Qxn0 ; xn0 / � ıNqn0 : (6.203)

It follows from (6.184), (6.194), (6.197), (6.203) and the inclusion Qxk 2 B.�; M1�1/

that

xk 2 B.�; M1/; k D 0; : : : ; n0;

d.xq; Qxq/ � ın0 Nq � �=2:

In view of (6.195) and (6.196), this completes the proof of Theorem 6.4. ut

6.7 Proof of Theorem 6.5

We may assume without loss of generality that

d.z�; �/ � M; � 2 .0; 1/: (6.204)
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In view of (A2), there exists M0 > M C 1 such that

D.z�; 	/ � M0 for all 	 2 B.�; M C 1/: (6.205)

By (A2), there exists M1 > M0 C 1 such that

f	 2 X W D.z�; 	/ � M0 C 2g � B.�; M1/: (6.206)

Set

�0 D � Nq�1: (6.207)

It follows from (A1) that there exists �1 2 .0; �0/ such that the following property
holds:

(i) for each x; y 2 B.�; M1/ which satisfy D.x; y/ � 2�1, the inequality d.x; y/ �
�0 holds.

By (B2) there exists �0 2 .0; 8�1�1/ such that the following property holds:
(ii) for each i 2 f1; : : : ; mg and each x 2 B.�; M1/ satisfying D.Pi.x/; x/ � �1=2

the relation

D.z�; Pi.x// � D.z�; x/ � �0

holds.
Set

�1 D �0.4Nq/�1: (6.208)

Since the function D is uniformly continuous there exists ı1 2 .0; 16�1�0/ such
that the following property holds:

(iii) for each 	1; 	2; 	3; 	4 2 B.�; M1/ satisfying d.	1; 	3/; d.	2; 	4/ � ı1 we have

jD.	1; 	2/ � D.	3; 	4/j � 4�1�0:

By Proposition 6.9, there exists ı 2 .0; ı1/ such that the following property
holds:

(iv) for each x 2 X satisfying D.z�; x/ � M0 C 2, each index vector
t D .t1; : : : ; tp.t// satisfying p.t/ � Nq and each sequence fyjgp.t/

jD0 � X which
satisfies

y0 D x;

d.yj; Ptj.yj�1// � ı; j D 1; : : : ; p.t/;

we have for all j D 1; : : : ; p.t/,

D.z�; yj/ � D.z�; yj�1/ C �1;

D.z�; yj/ � D.z�; x/ C Nq�1:
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Choose a natural number

n0 � 2M0��1
0 : (6.209)

Assume that

f˝ig1
iD1 � M�; (6.210)

x0 2 B.�; M/ (6.211)

and fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/, for each natural number i,

.xi; �i/ 2 A.xi�1; ˝i; ı/: (6.212)

Let k � 0 be an integer. In view of (6.212),

.xkC1; �kC1/ 2 A.xk; ˝kC1; ı/: (6.213)

By (6.12), (6.13), and (6.213), there exist

.yk;t; �k;t/ 2 A0.xk; t; ı/; t 2 ˝kC1 (6.214)

such that

.xkC1; �kC1/ 2 f.yk;t; �k;t/ W t 2 ˝kC1g; (6.215)

�kC1 � �k;t � ı for all t 2 ˝kC1: (6.216)

It follows from (6.11) and (6.214) that for each t D .t1; : : : ; tp.t// 2 ˝kC1 there

exists a finite sequence fy.k;t/
i gp.t/

iD0 � X such that

y.k;t/
0 D xk; (6.217)

d.Ptj.y
.k;t/
j�1 /; y.k;t/

j / � ı for each integer j D 1; : : : ; p.t/; (6.218)

y.k;t/
p.t/ D yk;t; (6.219)

�k;t D maxfD.y.k;t/
j ; y.k;t/

j�1 / W j D 1; : : : ; p.t/g: (6.220)

By (6.204) and (6.205),

D.z�; x0/ � M0: (6.221)

We prove the following auxiliary result.
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Lemma 6.13. Assume that a nonnegative integer k satisfies

D.z�; xk/ � M0; (6.222)

�kC1 > �1: (6.223)

Then

D.z�; y.k;t/
j / � M0 C 1 for all t 2 ˝kC1 and all j D 1; : : : ; p.t/;

D.z�; xk/ � D.z�; xkC1/ � 2�1�0:

Proof. By (6.6), (6.210), (6.217), (6.218), (6.222), and property (iv), for each
t D .t1; : : : ; tp.t// 2 ˝kC1 and each j 2 f1; : : : ; p.t/g,

D.z�; y.k;t/
j / � D.z�; y.k;t/

j�1 / C �1; (6.224)

D.z�; y.k;t/
j / � D.z�; xk/ C �1 Nq: (6.225)

In view of (6.208), (6.222), and (6.225),

D.z�; y.k;t/
j / � M0 C 1 (6.226)

for each t 2 ˝kC1 and each j 2 f1; : : : ; p.t/g.
By (6.215), there exists

s D .s1; : : : ; sp.s// 2 ˝kC1

such that

.xkC1; �kC1/ D .yk;s; �k;s/: (6.227)

Relations (6.223) and (6.227) imply that

�k;s D �kC1 > �1: (6.228)

By (6.220) and (6.228), there exists

j0 2 f1; : : : ; p.s/g

such that

D.y.k;s/
j0

; y.k;s/
j0�1/ D �k;s > �1: (6.229)

In view of (6.218),

d.Psj0
.y.k;s/

j0�1/; y.k;s/
j0

/ � ı: (6.230)
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It follows from (6.208), (6.217), (6.222), and (6.225) that

D.z�; y.k;s/
j0

/; D.z�; y.k;s/
j0�1/ � D.z�; xk/ C �1 Nq � M0 C 1: (6.231)

By (6.2) and (6.231),

D.z�; Psj0
.y.k;s/

j0�1// � D.z�; y.k;s/
j0�1/ � M0 C 1: (6.232)

In view of (6.206), (6.231), and (6.232),

y.k;s/
j0

; y.k;s/
j0�1; Psj0

.y.k;s/
j0�1/ 2 B.�; M1/: (6.233)

Property (iii), (6.230), and (6.233) imply that

jD.Psj0
.y.k;s/

j0�1/; y.k;s/
j0�1/ � D.y.k;s/

j0
; y.k;s/

j0�1/j � 4�1�0: (6.234)

It follows from (6.229) and (6.234) that

D.Psj0
.y.k;s/

j0�1/; y.k;s/
j0�1/ > 2�1�1: (6.235)

Property (ii), (6.233), and (6.235) imply that

D.z�; Psj0
.y.k;s/

j0�1// � D.z�; y.k;s/
j0�1/ � �0: (6.236)

By (6.204), (6.230), (6.233), and property (iii),

jD.z�; y.k;s/
j0

/ � D.z�; Psj0
.y.k;s/

j0�1//j � �0=4: (6.237)

In view of (6.236) and (6.237),

D.z�; y.k;s/
j0

/ � D.z�; Psj0
.y.k;s/

j0�1// C 4�1�0

� D.z�; y.k;s/
j0�1/ � �0 C 4�1�0;

D.z�; y.k;s/
j0

/ � D.z�; y.k;s/
j0�1/ � .3=4/�0: (6.238)

It follows from (6.6), (6.208), (6.217), (6.219), (6.224), (6.227), and (6.238),

D.z�; xk/ � D.z�; xkC1/ D D.z�; y.k;s/
0 / � D.z�; y.k;s/

p.s/ /

D
p.s/X

jD1

.D.z�; y.k;s/
j�1 / � D.z�; y.k;s/

j /

� ��1.p.s/ � 1/ C D.z�; y.k;s/
j0�1/ � D.z�; y.k;s/

j0
/

� .3=4/�0 � �1 Nq � 2�1�0:

Lemma 6.13 is proved. ut
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Assume that q is a natural number such that for each nonnegative integer k < q,

�kC1 > �1:

By (6.221) and Lemma 6.13 applied by induction,

D.z�; xk/ � M0; k D 0; : : : ; q

and for each nonnegative integer k < q,

D.z�; xk/ � D.z�; xkC1/ � 2�1�0: (6.239)

It follows from (6.209), (6.221), and (6.239) that

M0 � D.z�; x0/ � D.z�; x0/ � D.z�; xq/

D
q�1X

kD0

.D.z�; xk/ � D.z�; xkC1// � 2�1q�0

and

q � 2M0��1
0 � n0:

This implies that there exists a nonnegative integer q � n0 such that for all
nonnegative integers k � q,

D.z�; xk/ � M0

and

�qC1 � �1:

In view of (6.206),

xk 2 B.�; M1/; k D 0; : : : ; q:

Assume that an integer q � 0 satisfies

D.z�; xq/ � M0; (6.240)

�qC1 � �1: (6.241)

In view of (6.216), (6.241), for each t D .t1; : : : ; tp.t// 2 ˝qC1 and each
j 2 f1; : : : ; p.t/g,

�q;t � �qC1 C ı � �1 C ı � 2�1; (6.242)

D.y.q;t/
j ; y.q;t/

j�1 / � �q;t � �1 C ı � 2�1: (6.243)
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Property (iv), (6.6), (6.208), (6.212), (6.217), (6.218), and (6.240) imply that for
each t D .t1; : : : ; tp.t// 2 ˝qC1 and each j 2 f1; : : : ; p.t/g,

D.z�; y.q;t/
j / � D.z�; xq/ C �1 Nq � M0 C 1: (6.244)

By (6.206) and (6.244), for each t D .t1; : : : ; tp.t// 2 ˝qC1 and each
j 2 f0; 1; : : : ; p.t/g,

y.q;t/
j 2 B.�; M1/: (6.245)

It follows from (6.243), (6.245), and property (i) that for each

t D .t1; : : : ; tp.t// 2 ˝qC1

and each j 2 f1; : : : ; p.t/g,

d.y.q;t/
j�1 ; y.q;t/

j / � �0: (6.246)

Let t D .t1; : : : ; tp.t// 2 ˝qC1 and j 2 f1; : : : ; p.t/g. In view of (6.2), (6.217),
and (6.244),

D.z�; Ptj.y
.q;t/
j�1 // � D.z�; y.q;t/

j�1 / � M0 C 1: (6.247)

Relations (6.206) and (6.247) imply that

Ptj.y
.q;t/
j�1 / 2 B.�; M1/: (6.248)

By (6.218), (6.245), (6.248), and property (iii),

jD.y.q;t/
j ; y.q;t/

j�1 / � D.Ptj.y
.q;t/
j�1 /; y.q;t/

j�1 /j � 4�1�0: (6.249)

It follows from (6.243) and (6.249) imply that

D.Ptj.y
.q;t/
j�1 /; y.q;t/

j�1 / � D.y.q;t/
j /; y.q;t/

j�1 / C �0=4 � �1 C ı C 4�1�0 � 2�1: (6.250)

In view of property (i), (6.245), (6.248), and (6.250),

d.Ptj.y
.q;t/
j�1 /; y.q;t/

j�1 / � �0: (6.251)

Therefore (6.246) and (6.251) hold for all t D .t1; : : : ; tp.t// 2 ˝qC1 and
all j 2 f1; : : : ; p.t/g. Together with (6.6) and (6.217) this implies that for all
t D .t1; : : : ; tp.t// 2 ˝qC1 and all j1; j2 2 f0; 1; : : : ; p.t/g,
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d.y.q;t/
j1

; y.q;t/
j2

/ � Nq�0;

d.xq; y.q;t/
j1

/; d.xq; y.q;t/
j2

/ � Nq�0: (6.252)

By (6.207), (6.251), and (6.252), for all t D .t1; : : : ; tp.t// 2 ˝qC1 and all
j 2 f1; : : : ; p.t/g,

xqC1 2 QF Nq�0 .Ptj/ D QF�.Ptj/

and in view of (6.4)

xqC1 2 QF�:

Theorem 6.5 is proved. ut

6.8 Proof of Theorem 6.6

We may assume without loss of generality that

d.z�; �/ � M; � 2 .0; 1/: (6.253)

In view of (A2), there exists M0 > M C 1 such that

D.z�; 	/ � M0 for all 	 2 B.�; M C 1/: (6.254)

By (A2), there exists M1 > M0 C 1 such that

f	 2 X W D.z�; 	/ � M0 C 2g � B.�; M1/: (6.255)

(B6) implies that there exists M2 > M1C1 such that the following property holds:

(i) for each x 2 B.�; M1 C 1/, each i 2 f1; : : : ; mg and each z 2 Fix.Pi/ satisfying
D.z; x/ � D.z�; x/ C 1 the inclusion z 2 B.�; M2/ holds.

Set

�0 D �.3Nq C 1/�1: (6.256)

It follows from (A1) that there exists �1 2 .0; �0/ such that the following
property holds:

(ii) for each x; y 2 B.�; M2/ which satisfy D.x; y/ � 2�1, the inequality d.x; y/ �
�0 holds.
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By (B3) there exists �0 2 .0; 8�1�1/ such that the following property holds:
(iii) for each i 2 f1; : : : ; mg and each x 2 B.�; M2/ satisfying

D.x; Fix.Pi// � �1=2

the relation

D.z�; Pi.x// � D.z�; x/ � �0

holds.
Set

�1 D �0.4Nq/�1: (6.257)

Since the function D is uniformly continuous there exists ı1 2 .0; 16�1�0/ such
that the following property holds:

(iv) for each 	1; 	2; 	3; 	4 2 B.�; M2/ satisfying d.	1; 	3/; d.	2; 	4/ � ı1 we have

jD.	1; 	2/ � D.	3; 	4/j � 4�1�0:

By Proposition 6.9, there exists ı 2 .0; ı1/ such that the following property
holds:

(v) for each x 2 X satisfying D.z�; x/ � M0 C 2, each index vector
t D .t1; : : : ; tp.t// satisfying p.t/ � Nq and each sequence fyjgp.t/

jD0 � X which
satisfies

y0 D x;

d.yj; Ptj.yj�1// � ı0; j D 1; : : : ; p.t/

we have for all j D 1; : : : ; p.t/,

D.z�; yj/ � D.z�; yj�1/ C �1;

D.z�; yj/ � D.z�; x/ C Nq�1:

Choose a natural number

n0 � 2M0��1
0 : (6.258)

Assume that

f˝ig1
iD1 � M�; (6.259)

x0 2 B.�; M/ (6.260)

and fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/, for each natural number i,
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.xi; �i/ 2 QA.xi�1; ˝i; ı/: (6.261)

Let k � 0 be an integer. In view of (6.261),

.xkC1; �kC1/ 2 QA.xk; ˝kC1; ı/: (6.262)

By (6.16) and (6.262), there exist

.yk;t; �k;t/ 2 QA0.xk; ˝kC1; ı/; t 2 ˝kC1 (6.263)

such that

.xkC1; �kC1/ 2 f.yk;t; �k;t/ W t 2 ˝kC1g; (6.264)

�kC1 � �k;t � ı for all t 2 ˝kC1: (6.265)

It follows from (6.15) and (6.263) that for each t D .t1; : : : ; tp.t// 2 ˝kC1 there

exists a finite sequence fy.k;t/
i gp.t/

iD0 � X such that

y.k;t/
0 D xk; (6.266)

d.Ptj.y
.k;t/
j�1 /; y.k;t/

j / � ı for each integer j D 1; : : : ; p.t/; (6.267)

y.k;t/
p.t/ D yk;t; (6.268)

�k;t D maxfD.y.k;t/
j�1 ; Fix.Ptj// W j D 1; : : : ; p.t/g: (6.269)

By (6.254) and (6.260),

D.z�; x0/ � M0: (6.270)

We prove the following auxiliary result.

Lemma 6.14. Assume that a nonnegative integer k satisfies

D.z�; xk/ � M0; (6.271)

�kC1 > �1: (6.272)

Then

D.z�; y.k;t/
j / � M0 C 1 for all t 2 ˝kC1 and all j D 1; : : : ; p.t/;

D.z�; xk/ � D.z�; xkC1/ � 2�1�0:

Proof. By (6.6), (6.255), (6.257), (6.266)–(6.268), (6.271), and property (v), for
each t D .t1; : : : ; tp.t// 2 ˝kC1 and each j 2 f1; : : : ; p.t/g,
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D.z�; y.k;t/
j / � D.z�; y.k;t/

j�1 / C �1; (6.273)

D.z�; y.k;t/
j / � D.z�; xk/ C �1 Nq; (6.274)

D.z�; y.k;t/
j / � M0 C 1; y.k;t/

j 2 B.�; M1/ (6.275)

for each t 2 ˝kC1 and each j 2 f0; 1; : : : ; p.t/g.
By (6.264), there exists

s D .s1; : : : ; sp.s// 2 ˝kC1

such that

.xkC1; �kC1/ D .yk;s; �k;s/: (6.276)

Relations (6.276) and (6.272) imply that

�k;s D �kC1 > �1: (6.277)

By (6.269) and (6.277), there exists

j0 2 f1; : : : ; p.s/g

such that

D.y.k;s/
j0�1; Fix.Psj0

// D �k;s > �1: (6.278)

Property (iii), (6.275), and (6.278) imply that

D.z�; Psj0
.y.k;s/

j0�1// � D.z�; y.k;s/
j0�1/ � �0: (6.279)

By (6.2) and (6.275),

D.z�; Psj0
.y.k;s/

j0�1// � D.z�; y.k;s/
j0�1/ � M0 C 1: (6.280)

In view of (6.255), (6.275), and (6.280),

y.k;s/
j0

; y.k;s/
j0�1; Psj0

.y.k;s/
j0�1/ 2 B.�; M1/: (6.281)

It follows from (6.267) that

d.y.k;s/
j0

; Psj0
.y.k;s/

j0�1// � ı: (6.282)

Property (iv), (6.281), and (6.282) imply that
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jD.z�; y.k;s/
j0

/ � D.z�; Psj0
.y.k;s/

j0�1//j � �0=4: (6.283)

In view of (6.283) and (6.279),

D.z�; y.k;s/
j0

/ � D.z�; Psj0
.y.k;s/

j0�1// C 4�1�0

� D.z�; y.k;s/
j0�1/ � �0 C 4�1�0;

D.z�; y.k;s/
j0

/ � D.z�; y.k;s/
j0�1/ � .3=4/�0: (6.284)

It follows from (6.6), (6.257), (6.266), (6.268), (6.273), (6.276), and (6.284),

D.z�; xk/ � D.z�; xkC1/ D D.z�; y.k;s/
0 / � D.z�; y.k;s/

p.s/ /

D
p.s/X

jD1

.D.z�; y.k;s/
j�1 / � D.z�; y.k;s/

j //

� ��1.p.s/ � 1/ C D.z�; y.k;s/
j0�1/ � D.z�; y.k;s/

j0
/

� .3=4/�0 � �1 Nq � 2�1�0:

Lemma 6.14 is proved. ut
Assume that q is a natural number such that for each nonnegative integer k < q,

�kC1 > �1:

By (6.270) and Lemma 6.14 applied by induction,

D.z�; xk/ � M0; k D 0; : : : ; q

and for each nonnegative integer k < q,

D.z�; xk/ � D.z�; xkC1/ � 2�1�0: (6.285)

It follows from (6.258), (6.271), and (6.285) that

M0 � D.z�; x0/ � D.z�; x0/ � D.z�; xq/

D
q�1X

kD0

.D.z�; xk/ � D.z�; xkC1// � 2�1q�0

and

q � 2M0��1
0 � n0:
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This implies that there exists a nonnegative integer q � n0 such that for all
nonnegative integers k � q,

D.z�; xk/ � M0 (6.286)

and

�qC1 � �1: (6.287)

By (6.255),

xi 2 B.�; M1/; i D 0; : : : ; q: (6.288)

In view of (6.265), (6.269), and (6.287), for each t D .t1; : : : ; tp.t// 2 ˝qC1 and each
j 2 f1; : : : ; p.t/g,

�q;t � �qC1 C ı � �1 C ı � 2�1; (6.289)

D.y.q;t/
j�1 ; Fix.Ptj// � �q;t � �1 C ı � 2�1: (6.290)

Let t D .t1; : : : ; tp.t// 2 ˝qC1 and j 2 f1; : : : ; p.t/g. Clearly, there exists

	 2 Fix.Ptj/ (6.291)

such that

D.	; y.q;t/
j�1 / � D.y.q;t/

j�1 ; Fix.Ptj// C ı: (6.292)

By (6.290) and (6.292),

D.	; y.q;t/
j�1 / � �1 C 2ı < 2�1: (6.293)

In view of (6.2) and (6.293),

D.	; Ptj.y
.q;t/
j�1 // � D.	; y.q;t/

j�1 / � �1 C 2ı < 2�1: (6.294)

It follows from (6.2), (6.6), (6.257), (6.266), (6.267), and (6.286) that

D.z�; Ptj.y
.q;t/
j�1 // � D.z�; y.q;t/

j�1 / � D.z�; xq/ C �1 Nq � M0 C 1: (6.295)

Relations (6.255) and (6.295) imply that

Ptj.y
.q;t/
j�1 /; y.q;t/

j�1 2 B.�; M1/: (6.296)

Property (i), (6.291), (6.292), and (6.296) imply that

	 2 B.�; M2/: (6.297)
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By (6.293), (6.294), (6.296), and (6.297),

d.	; y.q;t/
j�1 /; d.	; Ptj.y

.q;t/
j�1 // � �0: (6.298)

This implies that

d.y.q;t/
j�1 ; Ptj.y

.q;t/
j�1 // � 2�0: (6.299)

In view of (6.267) and (6.299),

d.y.q;t/
j�1 ; y.q;t/

j / � d.y.q;t/
j�1 /; Ptj.y

.q;t/
j�1 // C d.Ptj.y

.q;t/
j�1 /; y.q;t/

j / � 2�0 C ı � 3�0:

By the relation above, (6.291) and (6.298),

d.y.q;t/
j�1 ; Fix.Ptj// � �0; (6.300)

d.y.q;t/
j�1 ; y.q;t/

j / � 3�0 (6.301)

for each t D .t1; : : : ; tp.t// 2 ˝qC1 and each j 2 f1; : : : ; p.t/g. It follows from (6.6)
and (6.301) that for each t D .t1; : : : ; tp.t// 2 ˝qC1 and each j1; j2 2 f0; 1; : : : ; p.t/g,

d.y.q;t/
j1

; y.q;t/
j2

/ � 3�0 Nq:

Together with (6.266) this implies that for each

t D .t1; : : : ; tp.t// 2 ˝qC1

and each j 2 f0; 1; : : : ; p.t/g,

d.xq; y.q;t/
j / � 3Nq�0:

Combined with (6.256) and (6.300) this implies that for each

t D .t1; : : : ; tp.t// 2 ˝qC1

and each j 2 f1; : : : ; p.t/g,

d.xq; Fix.Ptj// � �0.3Nq C 1/ � �:

In view of (6.4),

d.xq; Fix.Ps// � �; s D 1; : : : ; m:

Theorem 6.6 is proved. ut
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6.9 Proof of Theorem 6.7

We may assume without loss of generality that

d.z�; �/ � M; � 2 .0; 1/: (6.302)

In view of (A2), there exists M0 > M C 1 such that

D.z�; 	/ � M0 for all 	 2 B.�; M C 1/: (6.303)

By (A2), there exists M1 > M0 C 1 such that

f	 2 X W D.z�; 	/ � M0 C 2g � B.�; M1/: (6.304)

Set

�0 D �.Nq C 1/�1: (6.305)

It follows from (A1) that there exists �1 2 .0; �0=2/ such that the following property
holds:

(i) for each x; y 2 B.�; M1 C 1/ which satisfy D.x; y/ � 2�1, the inequality
d.x; y/ � �0 holds.

By Proposition 6.12, there exists �2 2 .0; 2�1�1/ such that the following
property holds:

(ii) for each i 2 f1; : : : ; mg; each h1; h2 2 X satisfying

D.z�; h1/ � M0 C 2;

d.Pi.h1/; h2/ � 2�2

and

D.h1; h2/ � 2�2

the inequality

D.h1; Fix.Pi// � �0

holds.
By Proposition 6.10, there exists �3 2 .0; �2/ such that the following

property holds:
(iii) for each i 2 f1; : : : ; mg; each h1; h2 2 X satisfying

D.z�; h1/ � M0 C 2;

d.Pi.h1/; h2/ � �3
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and

D.h2; h1/ � �2

the inequality

D.h1; Fix.Pi// � �3

holds.
By (B3) there exists �0 2 .0; 8�1�3/ such that the following property holds:

(iv) for each i 2 f1; : : : ; mg and each x 2 B.�; M1C1/ satisfying D.x; Fix.Pi// � �3

the relation

D.z�; Pi.x// � D.z�; x/ � �0

holds.
Set

�1 D �0.4Nq/�1: (6.306)

Since the function D is uniformly continuous there exists ı1 2 .0; 16�1�0/ such
that the following property holds:

(v) for each 	1; 	2; 	3; 	4 2 B.�; M1 C 1/ satisfying d.	1; 	3/; d.	2; 	4/ � ı1 we
have

jD.	1; 	2/ � D.	3; 	4/j � 4�1�0:

By Proposition 6.9, there exists ı 2 .0; ı1/ such that the following property
holds:

(vi) for each x 2 X satisfying D.z�; x/ � M0 C 2, each index vector
t D .t1, : : : ; tp.t// satisfying p.t/ � Nq and each sequence fyjgp.t/

jD0 � X which
satisfies

y0 D x;

d.yj; Ptj.yj�1// � ı; j D 1; : : : ; p.t/

we have for all j D 1; : : : ; p.t/,

D.z�; yj/ � D.z�; yj�1/ C �1;

D.z�; yj/ � D.z�; x/ C Nq�1:

Choose a natural number

n0 � 2M0��1
0 : (6.307)
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Assume that

f˝ig1
iD1 � M�; (6.308)

x0 2 B.�; M/ (6.309)

and

fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/; (6.310)

for each natural number i,

.xi; �i/ 2 A.xi�1; ˝i; ı/: (6.311)

Let k � 0 be an integer. In view of (6.310) and (6.311),

.xkC1; �kC1/ 2 A.xk; ˝kC1; ı/: (6.312)

By (6.12), (6.13), and (6.312), there exist

.yk;t; �k;t/ 2 A0.xk; ˝kC1; ı/; t 2 ˝kC1 (6.313)

such that

.xkC1; �kC1/ 2 f.yk;t; �k;t/ W t 2 ˝kC1g; (6.314)

�kC1 � �k;t � ı for all t 2 ˝kC1: (6.315)

It follows from (6.11) and (6.313) that for each t D .t1; : : : ; tp.t// 2 ˝kC1 there

exists a finite sequence fy.k;t/
i gp.t/

iD0 � X such that

y.k;t/
0 D xk; (6.316)

d.Ptj.y
.k;t/
j�1 /; y.k;t/

j / � ı for each integer j D 1; : : : ; p.t/; (6.317)

y.k;t/
p.t/ D yk;t; (6.318)

�k;t D maxfD.y.k;t/
j ; y.k;t/

j�1 / W j D 1; : : : ; p.t/g: (6.319)

By (6.302) and (6.303),

D.z�; x0/ � M0: (6.320)

We prove the following auxiliary result.
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Lemma 6.15. Assume that a nonnegative integer k satisfies

D.z�; xk/ � M0; (6.321)

�kC1 > �2: (6.322)

Then

D.z�; xk/ � D.z�; xkC1/ � 2�1�0:

Proof. By (6.6), (6.316), (6.317), (6.320), and property (vi), for each
t D .t1, : : : ; tp.t// 2 ˝kC1 and each j 2 f1; : : : ; p.t/g,

D.z�; y.k;t/
j / � D.z�; y.k;t/

j�1 / C �1; (6.323)

D.z�; y.k;t/
j / � D.z�; xk/ C �1 Nq: (6.324)

In view of (6.304), (6.306), (6.316), (6.321), and (6.324),

D.z�; y.k;t/
j / � M0 C 1; y.k;t/

j 2 B.�; M1/ (6.325)

for each t 2 ˝kC1 and each j 2 f0; 1; : : : ; p.t/g.
By (6.314), there exists

s D .s1; : : : ; sp.s// 2 ˝kC1

such that

.xkC1; �kC1/ D .yk;s; �k;s/: (6.326)

Relations (6.322) and (6.326) imply that

�k;s D �kC1 > �2: (6.327)

By (6.319) and (6.327), there exists

j0 2 f1; : : : ; p.s/g

such that

D.y.k;s/
j0

; y.k;s/
j0�1/ D �k;s > �2: (6.328)

In view of (6.317), (6.320), and property (iii),

D.y.k;s/
j0�1; Fix.Psj0

// � �3: (6.329)
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Property (iv), (6.325), and (6.329) imply that

D.z�; Psj0
.y.k;s/

j0�1// � D.z�; y.k;s/
j0�1/ � �0: (6.330)

By (6.2) and (6.325),

D.z�; Psj0
.y.k;s/

j0�1// � D.z�; y.k;s/
j0�1/ � M0 C 1: (6.331)

In view of (6.304), (6.325), and (6.331),

y.k;s/
j0

; y.k;s/
j0�1; Psj0

.y.k;s/
j0�1/ 2 B.�; M1/: (6.332)

It follows from (6.317) that

d.y.k;s/
j0

; Psj0
.y.k;s/

j0�1// � ı: (6.333)

Property (v), (6.302), (6.332), and (6.333) imply that

jD.z�; y.k;s/
j0

/ � D.z�; Psj0
.y.k;s/

j0�1//j � �0=4: (6.334)

In view of (6.330) and (6.334),

D.z�; y.k;s/
j0

/ � D.z�; Psj0
.y.k;s/

j0�1// C 4�1�0

� D.z�; y.k;s/
j0�1/ � �0 C 4�1�0;

D.z�; y.k;s/
j0

/ � D.z�; y.k;s/
j0�1/ � .3=4/�0: (6.335)

It follows from (6.6), (6.306), (6.316), (6.318), (6.323), (6.326), and (6.335),

D.z�; xk/ � D.z�; xkC1/ D D.z�; y.k;s/
0 / � D.z�; y.k;s/

p.s/ /

D
p.s/X

jD1

.D.z�; y.k;s/
j�1 / � D.z�; y.k;s/

j //

� ��1.p.s/ � 1/ C D.z�; y.k;s/
j0�1/ � D.z�; y.k;s/

j0
/

� .3=4/�0 � �1 Nq � 2�1�0:

Lemma 6.15 is proved. ut
Assume that q is a natural number such that for each nonnegative integer k < q,

�kC1 > �2:
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By (6.320) and Lemma 6.15 applied by induction,

D.z�; xk/ � M0; k D 0; : : : ; q

and for each nonnegative integer k < q,

D.z�; xk/ � D.z�; xkC1/ � 2�1�0: (6.336)

It follows from (6.307), (6.320), and (6.336) that

M0 � D.z�; x0/ � D.z�; x0/ � D.z�; xq/

D
q�1X

kD0

.D.z�; xk/ � D.z�; xkC1// � 2�1q�0

and

q � 2M0��1
0 � n0:

This implies that there exists a nonnegative integer q � n0 such that for all
nonnegative integers k � q,

D.z�; xk/ � M0 (6.337)

and

�qC1 � �2: (6.338)

In view of (6.337),

xi 2 B.�; M1/; i D 0; : : : ; q:

Let t D .t1; : : : ; tp.t// 2 ˝qC1 and j 2 f1; : : : ; p.t/g. By (6.315), (6.319),
and (6.338),

�q;t � �qC1 C ı � �2 C ı � 2�2; (6.339)

D.y.q;t/
j ; y.q;t/

j�1 / � �q;t � 2�2: (6.340)

Property (vi), (6.6), (6.306), (6.316), (6.317), and (6.337) imply that

D.z�; y.q;t/
j�1 /; D.z�; y.q;t/

j / � M0 C 1: (6.341)
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In view of (6.304) and (6.341),

y.q;t/
j ; y.q;t/

j�1 2 B.�; M1/: (6.342)

It follows from property (i), (6.340), and (6.342) that

d.y.q;t/
j ; y.q;t/

j�1 / � �0: (6.343)

By (6.317), (6.340), and (6.341),

d.y.q;t/
j�1 ; Fix.Ptj// � �0 (6.344)

for each t D .t1; : : : ; tp.t// 2 ˝qC1 and each j 2 f1; : : : ; p.t/g. Rela-
tions (6.6), (6.316), and (6.343) imply that for each t D .t1; : : : ; tp.t// 2 ˝qC1

and each j 2 f0; 1; : : : ; p.t/g,

d.xq; y.q;t/
j / � �0 Nq: (6.345)

By (6.305), (6.344), and (6.345), for all t D .t1; : : : ; tp.t// 2 ˝qC1 and all
j 2 f1; : : : ; p.t/g,

d.xq; Fix.Ptj// � �0.Nq C 1/ D �:

Together with (6.4) this implies that

d.xq; Fix.Ps// � �; s D 1; : : : ; m:

Theorem 6.7 is proved. ut



Chapter 7
Abstract Version of CARP Algorithm

In this chapter we study the convergence of an abstract version of the algorithm
which is called in the literature as component-averaged row projections or CARP.
This algorithm was introduced for solving a convex feasibility problem in a finite-
dimensional space, when a given collection of sets is divided into blocks in such
a manner that all sets belonging to every block are subsets of a vector subspace
associated with the block. All the blocks are processed in parallel and the algorithm
operates in vector subspaces of the whole vector space. This method becomes
efficient, in particular, when the dimensions of the subspaces are essentially smaller
than the dimension of the whole space. In this chapter we study CARP for problems
in a normed space, which is not necessarily finite-dimensional. Our main goal is to
obtain an approximate solution of the problem in the presence of computational
errors. We show that our dynamic string-averaging algorithm generates a good
approximate solution, if the sequence of computational errors is bounded from
above by a constant. Moreover, for a known computational error, we find out what
an approximate solution can be obtained and how many iterates one needs for this.

7.1 Preliminaries and Main Results

In [53] Gordon and Gordon studied a convex feasibility problem in a finite-
dimensional space and introduced an algorithm which is called in the literature
as component-averaged row projections or CARP. According to CARP, a given
collection of sets is divided into blocks in such a manner that all sets belonging
to every block are subsets of a vector subspace associated with the block. Here
we study CARP for problems in a normed space, which is not necessarily finite-
dimensional, under the presence of computational errors.

© Springer International Publishing Switzerland 2016
A. Zaslavski, Approximate Solutions of Common Fixed-Point Problems, Springer
Optimization and Its Applications 112, DOI 10.1007/978-3-319-33255-0_7
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Let .Z; k � k/ be a normed space. For each x 2 Z and each r > 0 set

BZ.x; r/ D fy 2 Z W kx � yk � rg:

For each x 2 Z and each nonempty set D � Z put

dZ.x; D/ D inffkx � yk W y 2 Dg:

Let .Yi; k � k/, i D 1; : : : ; p be normed spaces. The vector space

Y1 � � � � � Yp D
pY

iD1

Yi

is equipped with the norm

kyk D k.y1; : : : ; yp/k D .

pX

iD1

kyik2/1=2; y D .y1; : : : ; yp/ 2
pY

iD1

Yi:

Suppose that .Xi; k � k/, i D 1; : : : ; l are normed spaces and

X D
lY

iD1

Xi:

Let m be a natural number,

Ci � X; i D 1; : : : ; m

be nonempty closed subsets of X and let there exist a finite set E of index vectors
� D .�1; : : : ; �p/ such that

�i 2 f1; : : : ; mg for each i 2 f1; : : : ; pg; (7.1)

�i1 < �i2 for each pair i1; i2 2 f�1; : : : ; �pg such that i1 < i2; (7.2)

[ff�1; : : : ; �pg W .�1; : : : ; �p/ 2 Eg D f1; : : : ; mg: (7.3)

For each � D .�1; : : : ; �q/ 2 E set

p.�/ D q: (7.4)

Let j 2 f1; : : : ; lg. Denote by bXj the set of all x D .x1; : : : ; xl/ 2 X such that
xi D 0 for all i 2 f1; : : : ; lg n fjg. Clearly, bXj is a vector subspace of X and it is
equipped with the norm induced by the norm of X. Evidently, Xj andbXj are isometric
in a natural way.
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Let � D .�1; : : : ; �p.�// 2 E . We suppose that there exists an index vector
O� D . O�1; : : : ; O�p.O�// such that

O�i 2 f1; : : : ; lg; i 2 f1; : : : ; p. O�/g; (7.5)

O�i1 < O�i2 for each pair i1; i2 2 f1; : : : ; p. O�/g such that i1 < i2 (7.6)

and that for each s 2 f�1; : : : ; �p.�/g there exists a closed set

C�;s �
X

fbXi W i 2 fO�1; : : : ; O�p.O�/gg (7.7)

such that

Cs D C�;s C
X

fbXi W i 2 f1; : : : ; lg n fO�1; : : : ; O�p.O�/gg: (7.8)

For each � D .�1; : : : ; �p/ 2 E set

bX� D
X

fbXi W i 2 fO�1; : : : ; O�p.O�/gg: (7.9)

We suppose that

[ ffO�1; : : : ; O�p.O�/g W � 2 Eg D f1; : : : ; lg (7.10)

and that for each � D .�1; : : : ; �p.�// 2 E and each s 2 f�1; : : : ; �p.�// there exists a
mapping

P�;s W bX� ! bX� (7.11)

such that

P�;s.z/ D z for all z 2 C�;s; (7.12)

kz � xk � kz � P�;s.x/k (7.13)

for all z 2 C�;s and all x 2 bX� .
We consider index vectors t D .t1; : : : ; tp/ such that ti 2 f1; : : : ; mg. For each

index vector t D .t1; : : : ; tq/ set

p.t/ D q: (7.14)

Let Nc 2 .0; 1/. In this chapter we use the following assumptions.

(A1) For each � D .�1; : : : ; �p/ 2 E and each s 2 f�1; : : : ; �pg,

P�;s.bX� / D C�;s; (7.15)

kz � xk2 � kz � P�;s.x/k2 C Nckx � P�;s.x/k2 (7.16)

for all z 2 C�;s and all x 2 bX� .



254 7 Abstract Version of CARP Algorithm

(A2) For each � > 0 and each � > 0 there exists � > 0 such that for each � D
.�1; : : : ; �p.�// 2 E , each s 2 f�1; : : : ; �p.�/g, each z 2 C�;s satisfying kzk � �

and each x 2 bX� satisfying

kxk � �; dbX�
.x; C�;s/ � �

the inequality

kz � P�;s.x/k � kz � xk � �

holds.

Let � D .�1; : : : ; �p/ 2 E . Consider a mapping �� W X ! bX� such that for each
x D .x1; : : : ; xl/ 2 X,

�� .x/ D .��;1.x/; : : : ; ��;l.x//;

where for each i 2 f1; : : : ; lg,

��;i.x/ D xi if i 2 fO�1; : : : ; O�p.O�/g (7.17)

and

��;i.x/ D 0 if i 62 f O�1; : : : ; O�p.O�/g: (7.18)

We suppose that

C WD \m
sD1Cs 6D ;:

Denote by Card.A/ the cardinality of a set A. Suppose that the sum over empty set
is zero.

For each i 2 f1; : : : ; lg set

mi D Card.f� D .�1; : : : ; �p.�// 2 E W i 2 fO�1; : : : ; O�p.O�/gg/: (7.19)

We consider linear operators

B1 W X ! X; B2 W X ! X

such that for each i 2 f1; : : : ; lg and each x 2 bXi,

B1.x/ D m�1
i x; B2.x/ D m1=2

i x: (7.20)

Fix an integer

Nq � m and � 2 .0; m�1�: (7.21)
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Let � D .�1; : : : ; �p.�// 2 E and let an index vector t D .t1; : : : ; tp.t// be such that

ti 2 f�1; : : : ; �p.�/g; i D 1; : : : ; p.t/:

Set

PŒt� D P�;tp.t/ � � � P�;t1 : (7.22)

By (7.12), (7.13), and (7.22), for each x 2 \fC�;s W s 2 f�1; : : : ; �p.�/gg,

PŒt�.x/ D x (7.23)

and for each z 2 \fC�;s W s 2 f�1; : : : ; �p.�/gg, each x 2 bX� ,

kPŒt�.x/ � PŒt�.z/k D kPŒt�.x/ � zk � kx � zk: (7.24)

Denote by M� the collection of all pairs .˝; w/, where ˝ is a finite set of index
vectors t D .t1; : : : ; tp.t// such that

ti 2 f�1; : : : ; �p.�/g; i D 1; : : : ; p.t/; (7.25)

[fft1; : : : ; tp.t/g W t D .t1; : : : ; tp.t// 2 ˝g D f�1; : : : ; �p.�/g; (7.26)

p.t/ � Nq; t 2 ˝; (7.27)

w W ˝ ! .0; 1/ satisfies
X

t2˝

w.t/ D 1; (7.28)

w.t/ � �; t 2 ˝: (7.29)

Let .˝; w/ 2 M� . Define

P˝;w.x/ D
X

t2˝

w.t/PŒt�.x/; x 2 bX� : (7.30)

By (7.23), (7.24), (7.28), (7.30) and the convexity of the norm, for each z 2 \fC�;s W
s 2 f�1; : : : ; �p.�/gg and each x 2 bX� ,

P˝;w.z/ D z; (7.31)

kP˝;w.z/ � P˝;w.x/k D kz � P˝;w.x/k � kz � xk: (7.32)

The dynamic string-averaging method with variable strings and variable weights
can now be described by the following algorithm.

Initialization: select an arbitrary x0 2 X.
Iterative step: given a current iteration vector xk pick

.˝�;kC1; w�;kC1/ 2 M� ; � 2 E
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and calculate the next iteration vector xkC1 by

xkC1 D B1.
X

�2E
.P˝�;kC1;w�;kC1

.�� .xk///:

In order to state the main results of this chapter we need the following definitions.
Let ı � 0, x 2 bX� , � D .�1; : : : ; �p.�// 2 E and t D .t1; : : : ; tp.t// be an index

vector such that

ti 2 f�1; : : : ; �p.�/g; i D 1; : : : ; p.t/:

Define

A�;0.x; t; ı/ D f.y; �/ 2 bX� � R1 W
there is a sequence fyigp.t/

iD0 � X� such that

y0 D �� .x/ D x and for all i D 1; : : : ; p.t/;

kyi � P�;ti.yi�1/k � ı;

y D yp.t/;

� D maxfkyi � yi�1k W i D 1; : : : ; p.t/gg: (7.33)

Let � D .�1; : : : ; �p.�// 2 E ; x 2 bX� , ı � 0 and let .˝; w/ 2 M� . Define

A� .x; .˝; w/; ı/ D f.y; �/ 2 bX� � R1 W there exist

.yt; �t/ 2 A�;0.x; t; ı/; t 2 ˝ such that

ky �
X

t2˝

w.t/ytk � ı; � D maxf�t W t 2 ˝gg: (7.34)

Let x 2 X, ı � 0, .˝� ; w� / 2 M� , � 2 E : Define

A.x; f.˝� ; w� /g�2E ; ı/ D f.y; �/ 2 X � R1 W there exist

.y� ; �� / 2 A� .�� .x/; .˝� ; w� /; ı/; � 2 E such that

ky � B1.
X

�2E
y� /k � ı; � D maxf�� W � 2 Egg: (7.35)

Let ı � 0, � D .�1; : : : ; �p.�// 2 E , t D .t1; : : : ; tp.t// be an index vector such that

ti 2 f�1; : : : ; �p.�/g; i D 1; : : : ; p.t/

and x 2 bX� .
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Define

QA�;0.x; t; ı/ D f.y; �/ 2 bX� � R1 W
there is a sequence fyigp.t/

iD0 � X� such that

y0 D �� .x/ D x and for all i D 1; : : : ; p.t/;

kyi � P�;ti.yi�1/k � ı;

y D yp.t/;

� D maxfdbX�
.yi�1; C�;ti/ W i D 1; : : : ; p.t/gg: (7.36)

Let � D .�1; : : : ; �p.�// 2 E ; x 2 bX� , ı � 0 and let .˝; w/ 2 M� . Define

QA� .x; .˝; w/; ı/ D f.y; �/ 2 bX� � R1 W there exist

.yt; �t/ 2 QA�;0.x; t; ı/; t 2 ˝ such that

ky �
X

t2˝

w.t/ytk � ı; � D maxf�t W t 2 ˝gg: (7.37)

Let x 2 X, ı � 0, .˝� ; w� / 2 M� , � 2 E : Define

QA.x; f.˝� ; w� /g�2E ; ı/ D f.y; �/ 2 X � R1 W there exist

.y� ; �� / 2 QA� .�� .x/; .˝� ; w� /; ı/; � 2 E such that

ky � B1.
X

�2E
y� /k � ı; � D maxf�� W � 2 Egg: (7.38)

In this chapter we prove the following results.

Theorem 7.1. Suppose that (A1) holds. Let M > 0 satisfy

BX.0; M/ \ C 6D ; (7.39)

and let � > 0. Assume that

.˝i;� ; wi;� / 2 M� ; � 2 E ; (7.40)

x0 2 BX.0; M/; (7.41)

fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/ and that for each natural number i,

.xi; �i/ 2 A.xi�1; f.˝i;� ; wi;� /g�2E ; 0/: (7.42)
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Then

Card.fi 2 f0; 1; : : : g W maxfdX.xi; Cs/ W s D 1; : : : ; mg > �g/
� 4Nc�1��1��2 Nq�2M2 maxfmi W i D 1; : : : ; lg:

Theorem 7.2. Suppose that (A2) holds. Let M > 0 satisfy

BX.0; M/ \ C 6D ;

and let � > 0. Then there exists a constant Q > 0 such that for each sequence

.˝i;� ; wi;� / 2 M� ; � 2 E ; i D 0; 1; : : : ;

each

x0 2 BX.0; M/;

each sequence fxig1
iD1 � X and each sequence f�ig1

iD1 � Œ0; 1/ satisfying for each
natural number i,

.xi; �i/ 2 QA.xi�1; f.˝i;� ; wi;� /g�2E ; 0/

the inequality

Card.fi 2 f0; 1; : : : g W maxfdX.xi; Cs/ W s D 1; : : : ; mg > �g/ � Q

holds.

Let

M1 D maxfmi W i D 1; : : : ; lg; M2 D minfmi W i D 1; : : : ; lg: (7.43)

Theorem 7.3. Suppose that (A1) holds, M > 0 satisfy

BX.0; M/ \ C 6D ;; (7.44)

a positive number ı satisfies

ı � .2.Nq C 1//�1; ı < M�1
1 ; (7.45)

�0 D maxf.16��1 Nc�1ıM1=2
1 .2MM1=2

1 C 1//1=2;

.Card.E/32Nc�1��1ı.2M.M1M�1
2 /1=2 C 1/Nq C 1/1=2g; (7.46)

�1 D �0.Nq C 1/ (7.47)
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and that a natural number n0 satisfies

n0 � 64M2M1��1 Nc�1��2
0 : (7.48)

Assume that

f.˝i;� ; wi;� /g1
iD1 � M� ; � 2 E ; (7.49)

x0 2 BX.0; M/; (7.50)

fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/ and that for each natural number i,

.xi; �i/ 2 A.xi�1; f.˝i;� ; wi;� /g�2E ; ı/: (7.51)

Then there exists a nonnegative integer q � n0 such that

kxik � M C 2M.M1M�1
2 /1=2 for all nonnegative integers i � q

and

�qC1 � �0:

Moreover, if an integer q � 0 satisfies �qC1 � �0, then

d.xq; Cs/ � �1; s D 1; : : : ; m:

Note that in Theorem 7.3 ı is the computational error made by our computer
system, we obtain a point x 2 X satisfying d.x; Cs/ � �1, s D 1; : : : ; m and in order
to obtain this point we need n0 iterations. It is not difficult to see that �1 D c1.ı/1=2

and n0 D bc2.ı�1c, where c1 and c2 are positive constants depending on M.

Theorem 7.4. Suppose that (A2) holds, M > 0 satisfy

BX.0; M/ \ C 6D ;;

� 2 .0; 1/. Then there exist �0 > 0, ı > 0 and a natural number n0 such that for
each

f.˝i;� ; wi;� /g1
iD1 � M� ; � 2 E ;

each

x0 2 BX.0; M/;

each fxig1
iD1 � X and each f�ig1

iD1 � Œ0; 1/ satisfying for each natural number i,

.xi; �i/ 2 A.xi�1; f.˝i;� ; wi;� /g�2E ; ı/
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there exists a nonnegative integer q � n0 such that for all nonnegative integers
i � q,

kxik � M C 2M.M1M�1
2 /1=2

and

�qC1 � �0:

Moreover, if an integer q � 0 satisfies

kxqk � M C 2M.M1M�1
2 /1=2

�qC1 � �0, then

d.xq; Cs/ � �; s D 1; : : : ; m:

7.2 Auxiliary Results

Lemma 7.5. Let z; x 2 X. Then

X

�2E
k�� .z/ � �� .x/k2 D kB2.z � x/k2:

Proof. Let

z D .z1; : : : ; zlg; x D .x1; : : : ; xl/

and

� D .�1; : : : ; �p.�// 2 E :

By the definition of �� (see (7.17), (7.18)),

k�� .z/ � �� .x/k2 D
X

fkzi � xik2 W i 2 fO�1; : : : ; O�p.O�/gg: (7.52)

In view of (7.19), (7.20), and (7.52),

X

�2E
k�� .z/ � �� .x/k2 D

lX

iD1

kzi � xik2mi D kB2.z � x/k2:

Lemma 7.5 is proved. ut



7.2 Auxiliary Results 261

Lemma 7.6. Let z 2 X, x� 2 bX� , � 2 E ,

x D B1.
X

�2E
x� /: (7.53)

Then

kB2.z � x/k2 �
X

�2E
k�� .z/ � x� k2:

Proof. Let

z D .z1; : : : ; zlg; x� D .x�;1; : : : ; x�;l/; � 2 E

and

x D .x1; : : : ; xl/:

In view of (7.10) and (7.53), for each i 2 f1; : : : ; lg,

xi D m�1
i .

X
fx�;i W � 2 E ; i 2 fO�1; : : : ; O�p.O�/gg/: (7.54)

By (7.19), (7.54) and the convexity of the function k � k2, for each i 2 f1; : : : ; lg,

kzi � xik2 D kzi � m�1
i .

X
fx�;i W � 2 E ; i 2 fO�1; : : : ; O�p.O�/gg/k2

D k
X

fm�1
i .zi � x�;i/ W � 2 E ; i 2 fO�1; : : : ; O�p.O�/ggk2

�
X

fm�1
i kzi � x�;ik2 W � 2 E ; i 2 fO�1; : : : ; O�p.O�/gg;

mikzi � xik2 �
X

fkzi � x�;ik2 W � 2 E ; i 2 fO�1; : : : ; O�p.O�/gg: (7.55)

It follows from (7.20) and (7.55) that

kB2.z � x/k2 D
lX

iD1

mikzi � xik2

�
lX

iD1

X
fkzi � x�;ik2 W � 2 E ; i 2 fO�1; : : : ; O�p.O�/gg D

X

�2E
k�� .z/ � x� k2:

Lemma 7.6 is proved. ut
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7.3 Proof of Theorem 7.1

By (7.39), there exists

z� D .z�;1; : : : ; z�;l/ 2 B.0; M/ \ C: (7.56)

Set

�0 D �.Nq/�1: (7.57)

Let i � 0 be an integer. By (7.42),

.xiC1; �iC1/ 2 A.xi; f.˝iC1;� ; wiC1;� /g�2E ; 0/: (7.58)

In view of (7.35) and (7.58), there exist

.yi;� ; �i;� / 2 A� .�� .xi/; .˝iC1;� ; wiC1;� /; 0/; � 2 E (7.59)

such that

xiC1 D B1.
X

�2E
yi;� /; (7.60)

�iC1 D maxf�i;� W � 2 Eg: (7.61)

By (7.34) and (7.59), for each � 2 E , there exist

.y.i;�/
t ; �

.i;�/
t / 2 A�;0.�� .xi/; t; 0/; t 2 ˝iC1;� (7.62)

such that

yi;� D
X

t2˝iC1;�

wiC1;� .t/y.i;�/
t ; (7.63)

�i;� D maxf�.i;�/
t W t 2 ˝iC1;� g: (7.64)

By (7.33) and (7.62), for each � 2 E and each t D .t1; : : : ; tp.t// 2 ˝iC1;� there
exists a sequence

fy.i;�/
t;j gp.t/

jD0 � bX�

such that

y.i;�/
t;0 D �� .xi/; (7.65)
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for all j D 1; : : : ; p.t/;

y.i;�/
t;j D P�;tj.y

.i;�/
t;j�1/; (7.66)

y.i;�/
t D y.i;�/

t;p.t/; (7.67)

�
.i;�/
t D maxfky.i;�/

t;j � y.i;�/
t;j�1k W j D 1; : : : ; p.t/g: (7.68)

Let

� D .�1; : : : ; �p.�// 2 E ; t D .t1; : : : ; tp.t// 2 ˝iC1;� :

By (7.56), (7.66), and (A1), for each integer j satisfying 0 � j < p.t/,

k�� .z�/ � y.i;�/
t;j k2 � k�� .z�/ � y.i;�/

t;jC1k2

D k�� .z�/ � y.i;�/
t;j k2 � k�� .z�/ � P�;tjC1

.y.i;�/
t;j /k2 � Ncky.i;�/

t;j � y.i;�/
t;jC1k2: (7.69)

In view of (7.65) and (7.67)–(7.69),

k�� .z�/ � �� .xi/k2 � k�� .z�/ � y.i;�/
t k2

D k�� .z�/ � y.i;�/
t;0 k2 � k�� .z�/ � y.i;�/

t;p.t/k2

D
p.t/�1X

jD0

.k�� .z�/ � y.i;�/
t;j k2 � k�� .z�/ � y.i;�/

t;jC1k2/

�
p.t/�1X

jD0

Ncky.i;�/
t;j � y.i;�/

t;jC1k2 � Nc.�
.i;�/
t /2: (7.70)

It follows from (7.28), (7.29), (7.63), (7.64), and (7.70) that

k�� .z�/ � yi;� k2 D k�� .z�/ �
X

t2˝iC1;�

wiC1;� .t/y.i;�/
t k2

�
X

t2˝iC1;�

wiC1;� .t/k�� .z�/ � y.i;�/
t k2

�
X

t2˝iC1;�

wiC1;� .t/.k�� .z�/ � �� .x� /k2 � Nc.�
.i;�/
t /2/

� k�� .z�/ � �� .xi/k2 � Nc�
X

t2˝iC1;�

.�
.i;�/
t /2

� k�� .z�/ � �� .xi/k2 � Nc�.�i;� /2: (7.71)
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By (7.61) and (7.71),

X

�2E
.k�� .z�/ � yi;� k2/ �

X

�2E
.k�� .z�/ � �� .xi/k2/ � Nc��2

iC1: (7.72)

Lemma 7.5 implies that

X

�2E
.k�� .z�/ � �� .xi/k2/ D kB2.z� � xi/k2: (7.73)

In view of (7.60) and Lemma 7.6,

kB2.z� � xiC1/k2 D kB2.z� � B1.
X

�2E
yi;� //k2

�
X

�2E
k�� .z� � yi;� /k2: (7.74)

It follows from (7.72) to (7.74) that

kB2.z� � xiC1/k2 � kB2.z� � xi/k2 � Nc��2
iC1: (7.75)

By (7.19), (7.20), (7.41), (7.56), and (7.75), for each natural number n,

4M2 maxfmi W i D 1; : : : ; lg � kB2.z� � x0/k2

� kB2.z� � x0/k2 � kB2.z� � xn/k2

D
n�1X

iD0

.kB2.z� � xi/k2 � kB2.z� � xiC1/k2/ � Nc�

n�1X

iD0

�2
iC1

� Nc��2
0 Card.fi 2 f0; : : : :n � 1g W �iC1 � �0g/:

Since the relation above holds for any natural number n we conclude in view
of (7.57) that

Card.fi 2 f0; 1; : : : ; g W �iC1 � �0g/
� 4Nc�1��1��2

0 M2 maxfmi W i D 1; : : : ; lg
D 4Nc�1��1��2 Nq2M2 maxfmi W i D 1; : : : ; lg:

Assume that an integer i � 0 satisfies

�iC1 � �0: (7.76)
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By (7.61), (7.64), (7.66), (7.76), and (A1), for each � D .�1; : : : ; �p.�// 2 E , each
t D .t1; : : : ; tp.t// 2 ˝iC1;� and each j D 1; : : : ; p.t/,

ky.i;�/
t;j � y.i;�/

t;j�1k � �0 (7.77)

dbX�
.y.i;�/

t;j�1; C�;tj/j � �0: (7.78)

Let

� D .�1; : : : ; �p.�// 2 E :

In view of (7.27), (7.65), (7.77), and (7.78), for each t D .t1; : : : ; tp.t// 2 ˝iC1;� and
each j D 0; 1; : : : ; p.t/,

k�� .xi/ � y.i;�/
t;j k � �0j � �0 Nq

and for each j D 1; : : : ; p.t/,

dbX�
.�� .xi/; C�;tj/ � k�� .xi/ � y.i;�/

t;j�1k C dbX�
.y.i;�/

t;j�1; C�;tj/

� �0.j � 1/ C �0 � �0 Nq D �: (7.79)

By (7.79), for each t D .t1; : : : ; tp.t// 2 ˝iC1;� and each j D 1; : : : ; p.t/,

dX.xi; Ctj/ � �:

Together with (7.10) and (7.26) this implies that

dX.xi; Cs/ � �; s D 1; : : : ; m:

Theorem 7.1 is proved. ut

7.4 Proof of Theorem 7.2

There exist

z� 2 BX.0; M/ \ C: (7.80)

Choose

�0 D .2Nq/�1�: (7.81)

By (A2), there exists ı > 0 such that the following property holds:
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(i) for each � D .�1; : : : ; �p.�// 2 E , each s 2 f�1; : : : ; �p.�/g and each x 2 bX�

satisfying

kxk � 2MM1 C M; dbX�
.x; C�;s/ � �0

we have

k�� .z�/ � P�;s.x/k � k�� .z�/ � xk � ı:

Set

Q D 4M2M1.�ı/�2: (7.82)

Assume that

.˝i;� ; wi;� / 2 M� ; � 2 E ; i D 0; 1; : : : ; (7.83)

x0 2 BX.0; M/; (7.84)

fxig1
iD1 � X and f�ig1

iD1 � Œ0; 1/ satisfy for each natural number i,

.xi; �i/ 2 QA.xi�1; f.˝i;� ; wi;� /g�2E ; 0/: (7.85)

Let i � 0 be an integer. In view of (7.85),

.xiC1; �iC1/ 2 QA.xi; f.˝iC1;� ; wiC1;� /g�2E ; 0/: (7.86)

By (7.38) and (7.86), there exist

.yi;� ; �i;� / 2 QA� .�� .xi/; .˝iC1;� ; wiC1;� /; 0/; � 2 E (7.87)

such that

xiC1 D B1.
X

�2E
yi;� /; (7.88)

�iC1 D maxf�i;� W � 2 Eg: (7.89)

By (7.37) and (7.87), for each � 2 E , there exist

.y.i;�/
t ; �

.i;�/
t / 2 QA�;0.�� .xi/; t; 0/; t 2 ˝iC1;� (7.90)

such that

yi;� D
X

t2˝iC1;�

wiC1;� .t/y.i;�/
t ; (7.91)

�i;� D maxf�.i;�/
t W t 2 ˝iC1;� g: (7.92)
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By (7.36) and (7.90), for each � 2 E and each t D .t1; : : : ; tp.t// 2 ˝iC1;� there
exists a sequence

fy.i;�/
t;j gp.t/

jD0 � bX�

such that

y.i;�/
t;0 D �� .xi/; (7.93)

for all j D 1; : : : ; p.t/;

y.i;�/
t;j D P�;tj.y

.i;�/
t;j�1/; (7.94)

y.i;�/
t D y.i;�/

t;p.t/; (7.95)

�
.i;�/
t D maxfdbX�

.y.i;�/
t;j�1; C�Ctj/ W j D 1; : : : ; p.t/g: (7.96)

In view of (7.13), (7.80), (7.93), and (7.94), for each � 2 E , each t D .t1; : : : ; tp.t// 2
˝iC1;� and each j 2 f1; : : : ; p.t/g,

k�� .z�/ � y.i;�/
t;j k D k�� .z�/ � P�;tj.y

.i;�/
t;j�1/k � k�� .z�/ � y.i;�/

t;j�1k; (7.97)

k�� .z�/ � y.i;�/
t;j k � k�� .z�/ � �� .xi/k: (7.98)

Let

� D .�1; : : : ; �p.�// 2 E ; t D .t1; : : : ; tp.t// 2 ˝iC1;� :

By (7.95) and (7.98),

k�� .z�/ � y.i;�/
t k � k�� .z�/ � �� .xi/k: (7.99)

It follows from (7.28), (7.91), (7.99) and the convexity of the norm that

k�� .z�/ � yi;� k D k�� .z�/ �
X

t2˝iC1;�

wiC1;� .t/y.i;�/
t k

�
X

t2˝iC1;�

wiC1;� .t/k�� .z�/ � y.i;�/
t k � k�� .z�/ � �� .xi/k: (7.100)

Lemmas 7.5 and 7.6, (7.88), and (7.100) imply that

kB2.z� � xiC1/k2 D kB2.z� � B1.
X

�2E
yi;� //k2

�
X

�2E
k�� .z�/ � yi;� k2 �

X

�2E
k�� .z�/ � �� .xi/k2 D kB2.z� � xi/k2;

kB2.z� � xiC1/k � kB2.z� � xi/k: (7.101)
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It follows from (7.20), (7.43), (7.80), (7.84), and (7.101) that for all integers i � 0,

kB2.z� � xi/k � kB2.z� � x0/k � 2M maxfm1=2
j W j D 1; : : : ; lg;

kz� � xik � 2M maxfm1=2
j W j D 1; : : : ; lg.minfm1=2

j W j D 1; : : : ; lg/�1

D 2MM1M�1
2 : (7.102)

In view of (7.80), (7.93), and (7.98), for each integer i � 0, each � 2 E , each
t D .t1; : : : ; tp.t// 2 ˝iC1;� and each j 2 f0; 1; : : : ; p.t/g,

k�� .z�/ � y.i;�/
t;j k � 2M;

ky.i;�/
t;j k � M C 2MM1M�1

2 : (7.103)

Assume that an integer i � 0 satisfies

�iC1 � �0: (7.104)

By (7.89) and (7.104), there exists

�� D .��;1; : : : ; ��;p.��// 2 E

such that

�i;��
D �iC1 � �0: (7.105)

In view of (7.92) and (7.105), there exists s D .s1; : : : ; sp.s// 2 ˝iC1;��
such that

�.i;��/
s D �i;��

� �0: (7.106)

Relations (7.96) and (7.106) imply that there exists j0 2 f1; : : : ; p.s/g such that

dbX��
.y.i;��/

s;j0�1; C��;sj0
/ D �.i;��/

s � �0: (7.107)

By (7.103), (7.107) and property (i),

k���
.z�/ � P��;sj0

.y.i;��/
s;j0�1/k � k���

.z�/ � y.i;��/
s;j0�1k � ı:

Together with (7.94) this implies that

k���
.z�/ � y.i;��/

s;j0
k � k���

.z�/ � y.i;��/
s;j0�1k � ı: (7.108)
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In view of (7.93), (7.95), (7.97), and (7.108),

k���
.z�/ � ���

.xi/k � k���
.z�/ � y.i;��/

s k
D k���

.z�/ � y.i;��/
s;0 k � k���

.z�/ � y.i;��/

s;p.s/k

D
p.s/X

jD1

.k���
.z�/ � y.i;��/

s;j�1 k � k���
.z�/ � y.i;��/

s;j k/

� k���
.z�/ � y.i;��/

s;j0�1k � k���
.z�/ � y.i;��/

s;j0
k � ı: (7.109)

It follows from (7.28), (7.91), (7.99), (7.109) and the convexity of the norm that

k���
.z�/ � yi;��

k D k���
.z�/ �

X

t2˝iC1;��

wiC1;��
.t/y.i;��/

t k

�
X

t2˝iC1;��

wiC1;��
.t/k���

.z�/ � y.i;��/
t k

� k���
.z�/ � ���

.xi/k
X

fwiC1;��
.t/ W t 2 ˝iC1;��

n fsgg
CwiC1;��

.s/.k���
.z�/ � ���

.xi/k � ı/

� k���
.z�/ � ���

.xi/k � �ı: (7.110)

Lemmas 7.5 and 7.6, (7.88), (7.106), and (7.110) implies that

kB2.z� � xiC1/k2 D kB2.z� � B1.
X

�2E
yi;� //k2

�
X

�2E
k�� .z�/ � yi;� k2

�
X

fk�� .z�/ � yi;� k2 W � 2 E n f��gg C k���
.z�/ � yi;��

k2

�
X

fk�� .z�/ � �� .xi/k2 W � 2 E n f��gg
C.k���

.z�/ � ���
.xi/k � �ı/2

D
X

�2E
k�� .z�/ � �� .xi/k2 � .�ı/2

D kB2.z� � xi/k2 � .�ı/2;

kB2.z� � xiC1/k2 � kB2.z� � xi/k2 � .�ı/2 (7.111)
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for each integer i � 0 satisfying �iC1 � �0. By (7.14), (7.21), (7.80), (7.84),
and (7.101), for each natural number n,

4M2 maxfmi W i D 1; : : : ; lg � kB2.z� � x0/k2

� kB2.z� � x0/k2 � kB2.z� � xn/k2

D
n�1X

iD0

.kB2.z� � xi/k2 � kB2.z� � xiC1/k2/

� .�ı/2Card.fi 2 f0; : : : :n � 1g W �iC1 � �0g/:
Since the relation above holds for any natural number n we conclude that

Card.fi 2 f0; : : : ; g W �iC1 � �0g/
� .�ı/�24M2 maxfmi W i D 1; : : : ; lg D Q:

Assume that an integer i � 0 satisfies

�iC1 < �0: (7.112)

By (7.112), for each � D .�1; : : : ; �p.�// 2 E , each t D .t1; : : : ; tp.t// 2 ˝iC1;� and
each j D 1; : : : ; p.t/,

�i;� < �0; �
.i;�/
t < �0;

dbX�
.y.i;�/

t;j�1; C�;tj/ < �0: (7.113)

Let

� D .�1; : : : ; �p.�// 2 E ; t D .t1; : : : ; tp.t// 2 ˝iC1;� ; j 2 f1; : : : ; p.t/g:

In view of (7.113), there exists

	 2 C�;tj (7.114)

such that

ky.i;�/
t;j�1 � 	k < �0: (7.115)

By (7.13), (7.94), (7.114), and (7.115),

ky.i;�/
t;j � 	k D kP�;tj.y

.i;�/
t;j�1/ � 	k � ky.i;�/

t;j�1 � 	k < �0:

Together with (7.115) this implies that

ky.i;�/
t;j�1 � y.i;�/

t;j k < 2�0:
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Combined with (7.93) this implies that

k�� .xi/ � y.i;�/
t;j�1k < 2�0.j � 1/: (7.116)

It follows from (7.27), (7.113), and (7.116) that

dbX�
.�� .xi/; C�;tj/ < 2�0j � 2�0 Nq: (7.117)

By (7.8), (7.81), and (7.117),

dX.xi; Ctj/ < 2�0 Nq D �

for each j D 1; : : : ; p.t/, each t D .t1; : : : ; tp.t// 2 ˝iC1;� and each � 2 E . Together
with (7.3) and (7.26) this implies that

dX.xi; Cs/ � �; s D 1; : : : ; m:

Theorem 7.2 is proved. ut

7.5 Proof of Theorem 7.3

By (7.44), there exists

z� 2 BX.0; M/ \ C: (7.118)

In view of (7.50) and (7.118),

kx0 � z�k � 2M: (7.119)

It follows from (7.10), (7.43), and (7.119) that

kB2.x0 � z�/k � M1=2
1 kx0 � z�k � 2MM1=2: (7.120)

Let i � 0 be an integer. In view of (7.51),

.xiC1; �iC1/ 2 A.xi; f.˝iC1;� ; wiC1;� /g�2E ; ı/: (7.121)

By (7.35) and (7.121), there exist

.yi;� ; �i;� / 2 A� .�� .xi/; .˝iC1;� ; wiC1;� /; ı/; � 2 E (7.122)

such that

kxiC1 � B1.
X

�2E
yi;� /k � ı; (7.123)

�iC1 D maxf�i;� W � 2 Eg: (7.124)
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By (7.34) and (7.122), for each � 2 E there exist

.y.i;�/
t ; �

.i;�/
t / 2 A�;0.�� .xi/; t; ı/; t 2 ˝iC1;� (7.125)

such that

kyi;� �
X

t2˝iC1;�

wiC1;� .t/y.i;�/
t k � ı; (7.126)

�i;� D maxf�.i;�/
t W t 2 ˝iC1;� g: (7.127)

In view of (7.125), for each � 2 E and each t D .t1; : : : ; tp.t// 2 ˝iC1;� there exist

fy.i;�/
t;j gp.t/

jD0 � bX�

such that

y.i;�/
t;0 D �� .xi/ (7.128)

and for all j D 1; : : : ; p.t/;

ky.i;�/
t;j � P�;tj.y

.i;�/
t;j�1/k � ı; (7.129)

y.i;�/
t D y.i;�/

t;p.t/; (7.130)

�
.i;�/
t D maxfky.i;�/

t;j � y.i;�/
t;j�1k W j D 1; : : : ; p.t/g: (7.131)

By (7.13), (7.118), and (7.129), for each � 2 E , each t D .t1; : : : ; tp.t// 2 ˝iC1;� and
each j 2 f1; : : : ; p.t/g,

k�� .z�/ � y.i;�/
t;j k � k�� .z�/ � P�;tj.y

.i;�/
t;j�1/k C kP�;tj.y

.i;�/
t;j�1/ � y.i;�/

t;j k
� k�� .z�/ � y.i;�/

t;j�1k C ı: (7.132)

We prove the following auxiliary result.

Lemma 7.7. Assume that an integer k � 0 satisfies

kB2.xk � z�/k � 2MM1=2
1 ; (7.133)

�kC1 > �0: (7.134)

Then

kB2.xkC1 � z�/k2 � kB2.xk � z�/k2 � 16�1�Nc�2
0:
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Proof. By (7.20), (7.43), and (7.133),

kxk � z�k � kB2.xk � z�/kM�1=2
2 � 2M.M1M�1

2 /1=2: (7.135)

In view of (7.27), (7.128), and (7.132), for each � 2 E , each t D .t1; : : : ; tp.t// 2
˝kC1;� and each j 2 f0; 1; : : : ; p.t/g,

k�� .z�/ � y.k;�/
t;j k � k�� .z�/ � �� .xk/k C jı

� k�� .z�/ � �� .xk/k C Nqı: (7.136)

It follows from (7.45), (7.132), (7.135), and (7.136) that for each � 2 E , each
t D .t1; : : : ; tp.t// 2 ˝kC1;� and each j 2 f1; : : : ; p.t/g,

k�� .z�/ � y.k;�/
t;j k2 � k�� .z�/ � y.k;�/

t;j�1k2

� .k�� .z�/ � y.k;�/
t;j k � k�� .z�/ � y.k;�/

t;j�1k/.k�� .z�/ � y.k;�/
t;j k C k�� .z�/ � y.k;�/

t;j�1k/

� ı.k�� .z�/ � y.k;�/
t;j k C k�� .z�/ � y.k;�/

t;j�1k/

� ı.2k�� .z�/ � �� .xk/k C 2/ � 2ı.2M.M1M�1
2 /1=2 C 1/: (7.137)

Relations (7.124) and (7.134) imply that there exists 	 2 E such that

�0 < �kC1 D �k;	 : (7.138)

By (7.127) and (7.138), there exists s D .s1; : : : ; sp.s// 2 ˝kC1;	 such that

�0 < �k;	 D �.k;	/
s : (7.139)

In view of (7.131) and (7.139), there exists j0 2 f1; : : : ; p.s/g such that

ky.k;	/
s;j0�1 � y.k;	/

s;j0
k D �.k;	/

s > �0: (7.140)

It follows from (7.129) and (7.140) that

ky.k;	/
s;j0�1 � P	;sj0

.y.k;	/
s;j0�1/k

� ky.k;	/
s;j0�1 � y.k;	/

s;j0
k � kP	;sj0

.y.k;	/
s;j0�1/ � y.k;	/

s;j0
k > �0 � ı: (7.141)

Assumption (A1), (7.46), (7.118), and (7.141) imply that

k�	.z�/ � P	;sj0
.y.k;	/

s;j0�1/k2

� k�	.z�/ � y.k;	/
s;j0�1k2 � Ncky.k;	/

s;j0�1 � P	;sj0
.y.k;	/

s;j0�1/k2

� k�	.z�/ � y.k;	/
s;j0�1k2 � Nc.�0 � ı/2: (7.142)
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By (7.13), (7.45), (7.118), (7.129), (7.135), and (7.136),

k�	.z�/ � y.k;	/
s;j0

k2 � k�	.z�/ � P	;sj0
.y.k;	/

s;j0�1/k2

D .k�	.z�/ � y.k;	/
s;j0

k � k�	.z�/ � P	;sj0
.y.k;	/

s;j0�1/k/.k�	.z�/

�y.k;	/
s;j0

k C k�	.z�/ � P	;sj0
.y.k;	/

s;j0�1/k/

� 2ky.k;	/
s;j0

� P	;sj0
.y.k;	/

s;j0�1/k.k�	.z�/ � �	.xk/k C 1/

� 2ı.2M.M1M�1
2 /1=2 C 1/: (7.143)

In view of (7.142) and (7.143),

k�	.z�/ � y.k;	/
s;j0

k2 � k�	.z�/ � P	;sj0
.y.k;	/

s;j0�1/k2 C 2ı.2M.M1M�1
2 /1=2 C 1/

� k�	.z�/ � y.k;	/
s;j0�1k2 � Nc.�0 � ı/2 C 2ı.2M.M1M�1

2 /1=2 C 1/: (7.144)

By (7.17), (7.46), (7.128), (7.130), (7.137), and (7.144),

k�	.z�/ � �	.xk/k2 � k�	.z�/ � y.k;	/
s k2

D k�	.z�/ � y.k;	/
s;0 k2 � k�	.z�/ � y.k;	/

s;p.s/k2

D
p.s/X

jD1

.k�	.z�/ � y.k;	/
s;j�1k2 � k�	.z�/ � y.k;	/

s;j k2/

�
X

fk�	.z�/ � y.k;	/
s;j�1k2 � k�	.z�/ � y.k;	/

s;j k2 W j 2 f1; : : : ; p.s/g n fj0gg
Ck�	.z�/ � y.k;	/

s;j0�1k2 � k�	.z�/ � y.k;	/
s;j0

k2

� �2ı.2M.M1M�1
2 /1=2 C 1/.p.s/ � 1/ � 2ı.2M.M1M�1

2 /1=2 C 1/ C 4�1 Nc�2
0

� 4�1 Nc�2
0 � 2ı.2M.M1M�1

2 /1=2 C 1/Nq � 8�1 Nc�2
0: (7.145)

Let � 2 E and t D .t1; : : : ; tp.t// 2 ˝kC1;� . In view of (7.130) and (7.136),

k�� .z�/ � y.k;�/
t k D k�� .z�/ � y.k;�/

t;p.t/k
� k�� .z�/ � �� .xk/k C Nqı: (7.146)

It follows from (7.27), (7.128), (7.130), and (7.137) that

k�� .z�/ � �� .xk/k2 � k�� .z�/ � y.k;�/
t k2

D k�� .z�/ � y.k;�/
t;0 k2 � k�� .z�/ � y.k;�/

t;p.t/k2
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D
p.t/X

jD1

.k�� .z�/ � y.k;�/
t;j�1k2 � k�� .z�/ � y.k;�/

t;j k2/

� �2ıp.s/.2M.M1M�1
2 /1=2 C 1/ � �2ı Nq.2M.M1M�1

2 /1=2 C 1/: (7.147)

By (7.28), (7.146) and convexity of the norm,

k�� .z�/ �
X

t2˝kC1;�

wkC1;� .t/y.k;�/
t k �

X

t2˝kC1;�

wkC1;� .t/k�� .z�/ � y.k;�/
t k

� k�� .z�/ � �� .xk/k C Nqı: (7.148)

In view of (7.28), (7.147) and convexity of the function k � k2,

k�� .z�/ �
X

t2˝kC1;�

wkC1;� .t/y.k;�/
t k2 �

X

t2˝kC1;�

wkC1;� .t/k�� .z�/ � y.k;�/
t k2

� k�� .z�/ � �� .xk/k2 C 2Nqı.2M.M1M�1
2 /1=2/ C 1/: (7.149)

Relations (7.126) and (7.148) imply that

k�� .z�/ � yk;� k � k�� .z�/ �
X

t2˝kC1;�

wkC1;� .t/y.k;�/
t k

Ck
X

t2˝kC1;�

wkC1;� .t/y.k;�/
t � yk;� k

� k�� .z�/ � �� .xk/k C .Nq C 1/ı: (7.150)

By (7.45), (7.126), (7.135), (7.148), and (7.150),

k�� .z�/ � yk;� k2 � k�� .z�/ �
X

t2˝kC1;�

wkC1;� .t/y.k;�/
t k2

D .k�� .z�/ � yk;� k � k�� .z�/ �
X

t2˝kC1;�

wkC1;� .t/y.k;�/
t k/

�.k�� .z�/ � yk;� k C k�� .z�/ �
X

t2˝kC1;�

wkC1;� .t/y.k;�/
t k/

� ı.2k�� .z�/ � �� .xk/k C 2.Nq C 1/ı/

� ı.4M.M1M�1
2 /1=2 C 1/: (7.151)
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It follows from (7.28), (7.29), (7.145), (7.147) and convexity of the function k�k2

that

k�	.z�/ �
X

t2˝kC1;	

wkC1;	 .t/y.k;	/
t k2

�
X

t2˝kC1;	

wkC1;	 .t/k�	.z�/ � y.k;	/
t k2

D
X

fwkC1;	 .t/k�	.z�/ � y.k;	/
t k2 W t 2 ˝kC1;	 n fsgg

CwkC1;	 .s/k�	.z�/ � y.k;	/
s k2

� .k�	.z�/ � �	.xk/k2

C2ı Nq.2M.M1M�1
2 /1=2 C 1//

X
fwkC1;	 .t/ W t 2 ˝kC1;	 n fsgg

CwkC1;	 .s/.k�	.z�/ � �	.xk/k2 � 4�1 Nc�2
0 C 2ı.2M.M1M�1

2 /1=2 C 1/Nq/

� k�	.z�/ � �	.xk/k2 C 2ı Nq.2M.M1M�1
2 /1=2 C 1/ � 4�1�Nc�2

0: (7.152)

Relations (7.151) and (7.152) imply that

k�	.z�/ � yk;	k2

� k�	.z�/ �
X

t2˝kC1;	

wkC1;	 .t/y.k;	/
t k2 C 2ı.2M.M1M�1

2 /1=2 C 1/

� k�	.z�/ � �	.xk/k2

C2ı.Nq C 1/.2M.M1M�1
2 /1=2 C 1/ � 4�1�Nc�2

0: (7.153)

In view of (7.149) and (7.151), for each � 2 E ,

k�� .z�/ � yk;� k2

� k�� .z�/ �
X

t2˝kC1;�

wkC1;� .t/y.k;�/
t k2

C2ı.2M.M1M�1
2 /1=2 C 1/

� k�	.z�/ � �	.xk/k2 C 2ı.Nq C 1/.2M.M1M�1
2 /1=2 C 1/: (7.154)

By (7.153) and (7.154),

X

�2E
k�� .z�/ � yk;� k2 D

X

�2Enf	g
k�� .z�/ � yk;� k2 C k�	.z�/ � yk;	k2
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�
X

fk�� .z�/ � �� .xk/k2 C 2ı.Nq C 1/.2M.M1M�1
2 /1=2 C 1/ W � 2 E n f	gg

Ck�	.z�/ � �	.xk/k2 C 2ı.Nq C 1/.2M.M1M�1
2 /1=2 C 1/ � 4�1�Nc�2

0

D
X

�2E
k�� .z�/ � �� .xk/k2 C Card.E/2ı.Nq C 1/.2M.M1M�1

2 /1=2 C 1/ � 4�1�Nc�2
0:

(7.155)

It follows from (7.46) and (7.155) that

X

�2E
k�� .z�/ � yk;� k2 �

X

�2E
k�� .z�/ � �� .xk/k2 � 8�1�Nc�2

0: (7.156)

Lemmas 7.5 and 7.6 and (7.156) imply that

kB2.z� � xk/k2 � 8�1�Nc�2
0 � kB2.z� � B1.

X

�2E
yk;� //k2; (7.157)

kB2.z� � B1.
X

�2E
yk;� //k � kB2.z� � xk/k: (7.158)

In view of (7.10), (7.43), (7.45), (7.123), (7.133), and (7.158),

kB2.z� � xkC1/k2 � kB2.z� � B1.
X

�2E
yk;� //k2

D .kB2.z� � xkC1/k � kB2.z� � B1.
X

�2E
yk;� //k/

�.kB2.z� � xkC1/k C kB2.z� � B1.
X

�2E
yk;� //k/

� ıM1=2
1 .2kB2.z� � B1.

X

�2E
yk;� //k C ıM1=2

1 /

� ıM1=2
1 .2kB2.z� � xk/k C ıM1=2

1 / � ıM1=2
1 .2MM1=2

1 C 1/: (7.159)

By (7.47), (7.157), and (7.159),

kB2.z� � xkC1/k2 � kB2.z� � B1.
X

�2E
yk;� //k2 C ıM1=2

1 .2MM1=2
1 C 1/

� kB2.z� � xk/k2 � 8�1�Nc�2
0 C ıM1=2

1 .2MM1=2
1 C 1/

� kB2.z� � xk/k2 � 16�1�Nc�2
0:

Lemma 7.7 is proved. ut
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Assume that q is a natural number such that for each integer k 2 Œ0; q � 1�,

�kC1 > �0: (7.160)

By (7.120), (7.160) and Lemma 7.7 applied by induction,

kB2.xk � z�/k � 2MM1=2
1 ; k D 0; : : : ; q

and for all k D 0; : : : ; q � 1,

kB2.z� � xkC1/k2 � kB2.z� � xk/k2 � 16�1�Nc�2
0: (7.161)

In view of (7.48), (7.120), and (7.161),

4M2M1 � kB2.z� � x0/k2 � kB2.z� � x0/k2 � kB2.z� � xq/k2

D
q�1X

kD0

.kB2.z� � xk/k2 � kB2.z� � xkC1/k2/ � 16�1 Nq�Nc�2
0;

q � 64M2M1��1 Nc�1��2
0 � n0:

Therefore there exists an integer q 2 Œ0; n0� such that for each integer k satisfying
0 � k < q,

�kC1 > �0;

�qC1 � �0

and for all integers k D 0; : : : ; q,

kB2.xk � z�/k � 2MM1=2
1 :

By (7.20), (7.43), and (7.118), for all k D 0; : : : ; q,

kxk � z�k � 2M.M1M�1
2 /1=2; kxkk � 2M.M1M�1

2 /1=2 C M:

Assume that an integer q � 0 satisfies

�qC1 � �0: (7.162)

By (7.124), (7.127), (7.131), and (7.162), for each � 2 E , each

t D .t1; : : : ; tp.t// 2 ˝qC1;�
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and each j D 1; : : : ; p.t/,

�q;� � �0;

�
.q;�/
t � �0;

ky.q;�/
t;j � y.q;�/

t;j�1k � �0: (7.163)

Let

� 2 E ; t D .t1; : : : ; tp.t// 2 ˝qC1;� :

Assumption (A1), (7.163), and (7.129) imply that for each j D 1; : : : ; p.t/,

dbX�
.y.q;�/

t;j�1; C�;tj/ � ky.q;�/
t;j�1 � P�;tj.y

.q;�/
t;j�1/k

� ky.q;�/
t;j�1 � y.q;�/

t;j k C ky.q;�/
t;j � P�;tj.y

.q;�/
t;j�1/k � �0 C ı: (7.164)

In view of (7.128) and (7.163), for each j D 0; : : : ; p.t/,

k�� .xq/ � y.q;�/
t;j k � j�0: (7.165)

It follows from (7.27), (7.46), (7.47), (7.164), and (7.165) that for each
j D 1; : : : ; p.t/,

dbX�
.�� .xq/; C�;tj/ � k�� .xq/ � y.q;�/

t;j�1k C dbX�
.y.q;�/

t;j�1; C�;tj/

� .j � 1/�0 C �0 C ı � .Nq C 1/�0 D �1

and

d.xq; Ctj/ � �1

for each � 2 E , each t D .t1; : : : ; tp.t// 2 ˝qC1;� and each j D 1; : : : ; p.t/.
Together with (7.3) and (7.26) this implies that d.xq; Cs/ � �1 for all s D 1; : : : ; m.
Theorem 7.3 is proved. ut

7.6 Proof of Theorem 7.4

We may assume that � < 1. There exists

z� 2 BX.0; M/ \ C: (7.166)
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Let

�1 D � Nq�1: (7.167)

By (7.166) and (A2) there exists

�0 2 .0; �1/

such that the following property holds:

(i) for each � D .�1; : : : ; �p.�// 2 E , each s 2 f�1; : : : ; �p.�/g and each x 2 bX�

satisfying

kxk � M C 1 C 2M.M1M�1
2 /1=2; dbX�

.x; C�;s/ � �1

the inequality

k�� .z�/ � P�;s.x/k � k�� .z�/ � xk � 2�0

holds.
By (7.166) and (A2) there exists a positive number

� < minf�0=3; 1g

such that the following property holds:
(ii) for each � D .�1; : : : ; �p.�// 2 E , each s 2 f�1; : : : ; �p.�/g and each x 2 bX�

satisfying

kxk � M C 1 C 2M.M1M�1
2 /1=2; dbX�

.x; C�;s/ � �0=3

the inequality

k�� .z�/ � P�;s.x/k � k�� .z�/ � xk � �

holds.

Choose a positive number ı such that

16ı.Nq C 1/.2M.M1M�1
2 /1=2 C 1/Card.E/ � �2�2;

ıM1 < 1; ıM1=2
1 .4MM1=2

1 C 1/ � 16�1�2�2: (7.168)

Choose a natural number

n0 � 64M2M1��2��2: (7.169)
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Assume that

f.˝i;� ; wi;� /g1
iD1 � M� ; � 2 E ; (7.170)

x0 2 BX.0; M/; (7.171)

fxig1
iD1 � X, f�ig1

iD1 � Œ0; 1/ and that for each natural number i,

.xi; �i/ 2 A.xi�1; f.˝i;� ; wi;� /g�2E ; ı/: (7.172)

By (7.20), (7.43), (7.166), and (7.171)

kx0 � z�k � 2M;

kB2.x0 � z�/k � M1=2
1 kx0 � zk � 2MM1=2

1 : (7.173)

Let i � 0 be an integer. In view of (7.172),

.xiC1; �iC1/ 2 A.xi; f.˝iC1;� ; wiC1;� /g�2E ; ı/: (7.174)

By (7.35) and (7.174), there exist

.yi;� ; �i;� / 2 A� .�� .xi/; .˝iC1;� ; wiC1;� /; ı/; � 2 E (7.175)

such that

kxiC1 � B1.
X

�2E
yi;� /k � ı; (7.176)

�iC1 D maxf�i;� W � 2 Eg: (7.177)

By (7.34) and (7.175), for each � 2 E there exist

.y.i;�/
t ; �

.i;�/
t / 2 A�;0.�� .xi/; t; ı/; t 2 ˝iC1;� (7.178)

such that

kyi;� �
X

t2˝iC1;�

wiC1;� .t/y.i;�/
t k � ı; (7.179)

�i;� D maxf�.i;�/
t W t 2 ˝iC1;� g: (7.180)

In view of (7.33) and (7.178), for each � 2 E and each t D .t1; : : : ; tp.t// 2 ˝iC1;�

there exist

fy.i;�/
t;j gp.t/

jD0 � bX�
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such that

y.i;�/
t;0 D �� .xi/; (7.181)

and for all j D 1; : : : ; p.t/;

ky.i;�/
t;j � P�;tj.y

.i;�/
t;j�1/k � ı; (7.182)

y.i;�/
t D y.i;�/

t;p.t/; (7.183)

�
.i;�/
t D maxfky.i;�/

t;j � y.i;�/
t;j�1k W j D 1; : : : ; p.t/g: (7.184)

By (7.13), (7.166), and (7.182), for each � 2 E , each t D .t1; : : : ; tp.t// 2 ˝iC1;� and
each j 2 f1; : : : ; p.t/g,

k�� .z�/ � y.i;�/
t;j k � k�� .z�/ � P�;tj.y

.i;�/
t;j�1/k C kP�;tj.y

.i;�/
t;j�1/ � y.i;�/

t;j k
� k�� .z�/ � y.i;�/

t;j�1k C ı: (7.185)

We prove the following auxiliary result.

Lemma 7.8. Assume that an integer k � 0 satisfies

kB2.xk � z�/k � 2MM1=2
1 ; (7.186)

�kC1 > �0: (7.187)

Then

kB2.xkC1 � z�/k2 � kB2.xk � z/k2 � 16�1�2�2:

Proof. By (7.20), (7.43), and (7.186),

kxk � z�k � kB2.xk � z�/kM�1=2
2 � 2M.M1M�1

2 /1=2: (7.188)

In view of (7.27), (7.181), and (7.185), for each � 2 E , each t D .t1; : : : ; tp.t// 2
˝kC1;� and each j 2 f0; 1; : : : ; p.t/g,

k�� .z�/ � y.k;�/
t;j k � k�� .z�/ � �� .xk/k C jı

� k�� .z�/ � �� .xk/k C Nqı; (7.189)

k�� .z�/ � y.k;�/
t;j k � kz� � xkk C Nqı (7.190)

and in view of (7.166), (7.168), and (7.188),

ky.k;�/
t;j k � 2M.M1M�1

2 /1=2 C 1 C kz�k � M C 1 C 2M.M1M�1
2 /1=2: (7.191)
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Relations (7.177) and (7.187) imply that there exists 	 2 E such that

�0 < �kC1 D �k;	 : (7.192)

By (7.180) and (7.192), there exists s D .s1; : : : ; sp.s// 2 ˝kC1;	 such that

�0 < �k;	 D �.k;	/
s : (7.193)

In view of (7.184) and (7.193), there is j0 2 f1; : : : ; p.s/g such that

ky.k;	/
s;j0�1 � y.k;	/

s;j0
k D �.k;	/

s > �0: (7.194)

We show that

dbX	
.y.k;	/

s;j0�1; C	;sj0
/ � �0=3: (7.195)

Assume the contrary. Then there exists

h 2 C	;sj0
(7.196)

such that

ky.k;	/
s;j0�1 � hk < �0=3: (7.197)

By (7.13), (7.196), and (7.197),

kh � P	;sj0
.y.k;	/

s;j0�1/k � kh � y.k;	/
s;j0�1k < �0=3: (7.198)

It follows from (7.168), (7.182), (7.197), and (7.198) that

ky.k;	/
s;j0�1 � y.k;	/

s;j0
k � ky.k;	/

s;j0�1 � hk C kh � P	;sj0
.y.k;	/

s;j0�1/k
CkP	;sj0

.y.k;	/
s;j0�1/ � y.k;	/

s;j0
k < �0=3 C �0=3 C ı < �0:

This contradicts (7.194). The contradiction we have reached proves (7.195).
By (7.191), (7.195) and property (ii),

k�	.z�/ � P	;sj0
.y.k;	/

s;j0�1/k � k�	.z�/ � y.k;	/
s;j0�1k � �: (7.199)

In view of (7.182) and (7.199),

k�	.z�/ � y.k;	/
s;j0

k
� k�	.z�/ � P	;sj0

.y.k;	/
s;j0�1/k C kP	;sj0

.y.k;	/
s;j0�1/ � y.k;	/

s;j0
k

� k�	.z�/ � y.k;	/
s;j0�1k � � C ı: (7.200)
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It follows from (7.27), (7.181), (7.183), (7.185), and (7.200) that

k�	.z�/ � �	.xk/k � k�	.z�/ � y.k;	/
s k

D k�	.z�/ � �	.y.k;	/
s;0 /k � k�	.z�/ � y.k;	/

s;p.s/k

D
p.s/X

jD1

.k�	.z�/ � y.k;	/
s;j�1k � k�	.z�/ � y.k;	/

s;j k/

D
X

fk�	.z�/ � y.k;	/
s;j�1k � k�	.z�/ � y.k;	/

s;j k W j 2 f1; : : : ; p.s/g n fj0gg
Ck�	.z�/ � y.k;	/

s;j0�1k � k�	.z�/ � y.k;	/
s;j0

k
� �ı.p.s/ � 1/ C � � ı � � � ı Nq: (7.201)

Let

� 2 E ; t D .t1; : : : ; tp.t/ 2 ˝kC1;� :

In view of (7.183) and (7.189),

k�� .z�/ � y.k;�/
t k D k�� .z�/ � y.k;�/

t;p.t/k
� k�� .z�/ � �� .xk/k C Nqı: (7.202)

By (7.28), (7.202) and convexity of the norm,

k�� .z�/ �
X

t2˝kC1;�

wkC1;� .t/y.k;�/
t k

�
X

t2˝kC1;�

wkC1;� .t/k�� .z�/ � y.k;�/
t k

� k�� .z�/ � �� .xk/k C Nqı: (7.203)

It follows from (7.28), (7.29), (7.201), and (7.202) that

k�	.z�/ �
X

t2˝kC1;	

wkC1;	 .t/y.k;	/
t k �

X

t2˝kC1;	

wkC1;	 .t/k�	.z�/ � y.k;	/
t k

D
X

fwkC1;	 .t/k�	.z�/ � y.k;	/
t k W t 2 ˝kC1;	 n fsgg

CwkC1;	 .s/k�	.z�/ � y.k;	/
s k

� .k�	.z�/ � �	.xk/k C Nqı/
X

fwkC1;	 .t/ W t 2 ˝kC1;	 n fsgg
CwkC1;	 .s/.k�	.z�/ � �	.xk/k � � C ı Nq/

� k�	.z�/ � �	.xk/k C ı Nq � ��: (7.204)
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Relations (7.179) and (7.203) imply that for each � 2 E ,

k�� .z�/ � yk;� k � k�� .z�/ �
X

t2˝kC1;�

wkC1;� .t/y.k;�/
t k

Ck
X

t2˝kC1;�

wkC1;� .t/y.k;�/
t � yk;� k

� k�� .z�/ � �� .xk/k C ı.Nq C 1/: (7.205)

In view of (7.168), (7.179), and (7.204),

k�	.z�/ � yk;	k � k�	.z�/ �
X

t2˝kC1;	

wkC1;	 .t/y.k;	/
t k

Ck
X

t2˝kC1;	

wkC1;	 .t/y.k;	/
t � yk;	k

� k�	.z�/ � �	.xk/k C ı.Nq C 1/ � ��

� k�	.z�/ � �xi.xk/k � 2�1��: (7.206)

By (7.205), (7.168), and (7.188), for each � 2 E ,

k�� .z�/ � yk;� k2 � k�� .z�/ � �� .xk/k2

C2ı.Nq C 1/.k�� .z�/ � �� .xk/k2 C ı.Nq C 1//

� k�� .z�/ � �� .xk/k2 C 2ı.Nq C 1/.2M.M1M�1
2 /1=2 C 1/: (7.207)

Relation (7.206) implies that

k�	.z�/ � yk;	k2 � .k�	.z�/ � �	.xk/k � 2�1��/2

� .k�	.z�/ � �	.xk/k C 2�1��/.k�	.z�/ � �	.xk/k � 2�1��/

D k�	.z�/ � �	.xk/k2 � 4�1�2�2: (7.208)

It follows from (7.208), (7.207), and (7.168) that

X

�2E
k�� .z�/ � yk;� k2 �

X

�2E
k�� .z�/ � �� .xk/k2

C2ı.Nq C 1/.2M.M1M�1
2 /1=2 C 1/Card.E/ � 4�1�2�2

�
X

�2˝kC1

k�� .z�/ � �� .xk/k2 � 8�1�2�2: (7.209)
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By Lemmas 7.5 and 7.6 and (7.209),

kB2.z� � B1.
X

�2E
yk;� //k2 �

X

�2E
k�� .z�/ � yk;� k2

�
X

�2E
k�� .z�/ � �� .xk/k2 � 8�1�2�2

D kB2.z� � xk/k2 � 8�1�2�2: (7.210)

In view of (7.210),

kB2.z� � B1.
X

�2E
yk;� //k � kB2.z� � xk/k: (7.211)

It follows from (7.20), (7.43), (7.168), (7.176), (7.186), and (7.211) that

kB2.z� � xkC1/k2 � kB2.z� � B1.
X

�2E
yk;� //k2

D .kB2.z� � xkC1/k � kB2.z� � B1.
X

�2E
yk;� //k/

�.kB2.z� � xkC1/k C kB2.z� � B1.
X

�2E
yk;� //k/

� ıM1=2
1 .2kB2.z� � B1.

X

�2E
yk;� //k C ıM1=2

1 /

� ıM1=2
1 .2kB2k.z� � xk/k C ıM1=2

1 / � ıM1=2
1 .4MM1=2

1 C 1/: (7.212)

By (7.168), (7.210), and (7.212),

kB2.z� � xkC1/k2 � kB2.z� � B1.
X

�2E
yk;� //k2 C ıM1=2

1 .4MM1=2
1 C 1/

� kB2.z� � xk/k2 � 8�1�2�2 C ıM1=2
1 .4MM1=2

1 C 1/

� kB2.z� � xk/k2 � 16�1�2�2:

Lemma 7.8 is proved. ut
Assume that q is a natural number such that for each integer k 2 Œ0; q � 1�,

�kC1 > �0: (7.213)

By (7.173), (7.213) and Lemma 7.8 applied by induction,

kB2.xk � z�/k � 2MM1=2
1 ; k D 0; : : : ; q (7.214)
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and for all k D 0; : : : ; q � 1,

kB2.z� � xkC1/k2 � kB2.z� � xk/k2 � 16�1�2�; (7.215)

In view of (7.169), (7.214), and (7.215),

4M2M1 � kB2.z� � x0/k2 � kB2.z� � x0/k2 � kB2.z� � xq/k2

D
q�1X

kD0

.kB2.z� � xk/k2 � kB2.z� � xkC1/k2/ � 16�1q�2�2;

q � 64M2M1��2��2 � n0:

Therefore there exists an integer q 2 Œ0; n0� such that for each integer k satisfying
0 � k < q,

�kC1 > �0;

�qC1 � �0

and for all integers k D 0; : : : ; q,

kB2.xk � z�/k � 2MM1=2
1 ;

kxk � z�k � 2M.M1M�1
2 /1=2; kxkk � 2M.M1M�1

2 /1=2 C M:

Assume that an integer q � 0 satisfies

kxqk � 2M.M1M�1
2 /1=2 C M; (7.216)

�qC1 � �0: (7.217)

By (7.177), (7.180), (7.184), and (7.217), for each � 2 E , each

t D .t1; : : : ; tp.t// 2 ˝qC1;�

and each j D 1; : : : ; p.t/,

�q;� � �0;

�
.q;�/
t � �0;

ky.q;�/
t;j � y.q;�/

t;j�1k � �0: (7.218)

In view of (7.27), (7.167), (7.181), (7.216), and (7.218), for each � 2 E , each
t D .t1; : : : ; tp.t// 2 ˝qC1;� and each j D 0; 1; : : : ; p.t/,

k�� .xq/ � y.q;�/
t;j k � �0j � �0 Nq; (7.219)

ky.q;�/
t;j k � 2M.M1M�1

2 /1=2 C M C 1: (7.220)
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Assume that

� 2 E ; t D .t1; : : : ; tp.t// 2 ˝qC1;� ; j 2 f1; : : : ; p.t/g:

We show that

dbX�
.y.q;�/

t;j�1; C�;tj/ � �1: (7.221)

Assume the contrary. Then

dbX�
.y.q;�/

t;j�1; C�;tj/ > �1

and together with (7.220) and property (i) this implies that

k�� .z�/ � P�;tj.y
.q;�/
t;j�1/k � k�� .z�/ � y.q;�/

t;j�1k � 2�0: (7.222)

By (7.182) and (7.222),

k�� .z�/ � y.q;�/
t;j k

� k�� .z�/ � P�;tj.y
.q;�/
t;j�1/k C kP�;tj.y

.q;�/
t;j�1/ � y.q;�/

t;j k
� k�� .z�/ � y.q;�/

t;j�1k � 2�0 C ı

and in view of (7.218),

2�0 � ı � k�� .z�/ � y.q;�/
t;j�1k � k�� .z�/ � y.q;�/

t;j k
� ky.q;�/

t;j � y.q;�/
t;j�1k � �0:

This contradicts (7.168). The contradiction we have reached proves (7.221).
By (7.27), (7.167), (7.219), and (7.221),

dbX�
.�� .xq/; C�;tj/ � k�� .xq/ � y.q;�/

t;j�1k C dbX�
.y.q;�/

t;j�1; C�;tj/

� �0.j � 1/ C �1 � �1 Nq

and

d.xq; Ctj/ � �

for each � 2 E each t D .t1; : : : ; tp.t// 2 ˝qC1;� and each j D 1; : : : ; p.t/.
Together with (7.10) and (7.26) this implies that d.xq; Cs/ � � for all s D 1; : : : ; m.
Theorem 7.4 is proved. ut



Chapter 8
Proximal Point Algorithm

In a Hilbert space, we study the convergence of an iterative proximal point method
to a common zero of a finite family of maximal monotone operators under the
presence of computational errors. Most results known in the literature establish the
convergence of proximal point methods, when computational errors are summable.
In this chapter, the convergence of the method is established for nonsummable
computational errors. We show that the proximal point method generates a good
approximate solution, if the sequence of computational errors is bounded from
above by a constant. Moreover, for a known computational error, we find out what
an approximate solution can be obtained and how many iterates one needs for this.

8.1 Preliminaries and Main Results

Let .X; h�; �i/ be a Hilbert space equipped with an inner product h�; �i which induces
the norm k � k.

A multifunction T W X ! 2X is called a monotone operator if and only if

hz � z0; w � w0i � 0 8z; z0; w; w0 2 X

such that w 2 T.z/ and w0 2 T.z0/: (8.1)

It is called maximal monotone if, in addition, the graph

f.z; w/ 2 X � X W w 2 T.z/g

is not properly contained in the graph of any other monotone operator T 0 W X ! 2X .
A fundamental problem consists in determining an element z such that 0 2 T.z/. For
example, if T is the subdifferential @f of a lower semicontinuous convex function

© Springer International Publishing Switzerland 2016
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f W X ! .�1; 1�, which is not identically infinity, then T is maximal monotone
(see [71, 73]), and the relation 0 2 T.z/ means that z is a minimizer of f .

Let T W X ! 2X be a maximal monotone operator. The proximal point algorithm
generates, for any given sequence of positive real numbers and any starting point
in the space, a sequence of points and the goal is to show the convergence of this
sequence. Note that in a general infinite-dimensional Hilbert space this convergence
is usually weak. The proximal algorithm for solving the inclusion 0 2 T.z/ is based
on the fact established by Minty [70], who showed that, for each z 2 X and each
c > 0, there is a unique u 2 X such that

z 2 .I C cT/.u/;

where I W X ! X is the identity operator (Ix D x for all x 2 X).
The operator

Pc;T WD .I C cT/�1 (8.2)

is therefore single-valued from all of X onto X (where c is any positive number). It
is also nonexpansive:

kPc;T.z/ � Pc;T.z0/k � kz � z0k for all z; z0 2 X (8.3)

and

Pc;T.z/ D z if and only if 0 2 T.z/: (8.4)

Following the terminology of Moreau [73] Pc;T is called the proximal mapping
associated with cT .

The proximal point algorithm generates, for any given sequence fckg1
kD0 of

positive real numbers and any starting point z0 2 X, a sequence fzkg1
kD0 � X, where

zkC1 WD Pck ;T.zk/; k D 0; 1; : : :

It is not difficult to see that the

graph.T/ WD f.x; w/ 2 X � X W w 2 T.x/g

is closed in the norm topology of X � X.
Set

F.T/ D fz 2 X W 0 2 T.z/g: (8.5)

Usually algorithms considering in the literature generate sequences which
converge weakly to an element of F.T/. In this chapter, for a given � > 0, we
are interested to find a point x for which there is y 2 T.x/ such that kyk � �. This
point x is considered as an �-approximate solution.
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For every point x 2 X and every nonempty set A � X define

d.x; A/ WD inffkx � yk W y 2 Ag:

For every point x 2 X and every positive number r put

B.x; r/ D fy 2 X W kx � yk � rg:

We denote by Card.A/ the cardinality of the set A.
We apply the proximal point algorithm in order to obtain a good approximation

of a point which is a common zero of a finite family of maximal monotone operators
and a common fixed point of a finite family of quasi-nonexpansive operators.

Let L1 be a finite set of maximal monotone operators T W X ! 2X and L2 be a
finite set of mappings T W X ! X. We suppose that the set L1 [ L2 is nonempty.
(Note that one of the sets L1 or L2 may be empty.)

Let Nc 2 .0; 1� and let Nc D 1, if L2 D ;.
We suppose that

F.T/ 6D ; for any T 2 L1 (8.6)

and that for every mapping T 2 L2,

Fix.T/ WD fz 2 X W T.z/ D zg 6D ;; (8.7)

kz � xk2 � kz � T.x/k2 C Nckx � T.x/k2

for all x 2 X and all z 2 Fix.T/: (8.8)

Let N� > 0 and let N� D 1 and N��1 D 0, if L1 D ;. Let a natural number

l � Card.L1 [ L2/: (8.9)

Denote by R the set of all mappings

S W f0; 1; 2; : : : g ! L2 [ fPc;T W T 2 L1; c 2 Œ N�; 1/g

such that the following properties hold:
(P1) for every nonnegative integer p and every mapping T 2 L2 there exists an

integer i 2 fp; : : : ; p C l � 1g satisfying S.i/ D T;
(P2) for every nonnegative integer p and every monotone operator T 2 L1 there

exist an integer i 2 fp; : : : ; pCl�1g and a number c � N� satisfying that S.i/ D Pc;T .
Suppose that

F WD .\T2L1F.T// \ .\Q2L2Fix.Q// 6D ;: (8.10)
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Let � > 0. For every monotone operator T 2 L1 define

F�.T/ D fx 2 X W T.x/ \ B.0; �/ 6D ;g (8.11)

and for every mapping T 2 L2 set

Fix�.T/ D fx 2 X W kT.x/ � xk � �g: (8.12)

Define

F� D .\T2L1F�.T// \ .\Q2L2Fix�.Q//; (8.13)

QF� D .\T2L1fx 2 X W d.x; F�.T// � �g/
\.\Q2L2fx 2 X W d.x; Fix�.Q// � �g/: (8.14)

We are interested to find solutions of the inclusion x 2 F. In order to meet
this goal we apply algorithms generated by mappings S 2 R. More precisely,
we associate with every mapping S 2 R the algorithm which generates, for every
starting point x0 2 X, a sequence of points fxkg1

kD0 � X such that

xkC1 WD ŒS.k/�.xk/; k D 0; 1; : : : :

According to the results known in the literature, this sequence should converge
weakly to a point of the set F. In this chapter, we study the behavior of the sequences
generated by mappings S 2 R taking into account computational errors which
are always present in practice. Namely, in practice the algorithm associate with
a mapping S 2 R generates a sequence of points fxkg1

kD0 such that for every
nonnegative integer k the inequality

kxkC1 � ŒS.k/�.xk/k � ı

holds with a positive constant ı which depends only on our computer system. Surely,
in this situation one cannot expect that the sequence fxkg1

kD0 converges to the set F.
The goal of this chapter is to understand what subset of X attracts all sequences
fxkg1

kD0 generated by algorithms associated with mappings S 2 R. The main result
of this chapter (Theorem 8.1 stated below) shows that this subset of X is the set QF�

with some � > 0 depending on ı (see (8.16)).
Our goal is also, for a given � > 0, to find a point x 2 QF� . This point x is

considered as an �-approximate solution of our inclusion associated with the family
of operators L1 [ L2. We will prove the following result (Theorem 8.1), which
shows that an �-approximate solution can be obtained after l.n0 � 1/ iterations of
the algorithm associated with S 2 R and under the presence of computational errors
bounded from above by a constant ı, where ı and n0 are constants depending on �

(see (8.16) and (8.17)).
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Theorem 8.1. Let M > 0, � 2 .0; 1� be such that

B.0; M/ \ F 6D ;; (8.15)

a positive number ı satisfy

ı � 2�1.2M C 2/�1.l C 1/�1 Nc32�1�2.maxfN��1; .1 C 2l/g/�2 (8.16)

and let a natural number n0 satisfy

n0 > 128M2 Nc�1��2.maxfN��1; .1 C 2l/g/2: (8.17)

Assume that

S 2 R; fxkg1
kD0 � X; kx0k � M; (8.18)

kxkC1 � ŒS.k/�.xk/k � ı; k D 0; 1; : : : : (8.19)

Then there exists an integer q 2 Œ0; n0 � 1� such that

jjxkjj � 3M C 1 for all integers k D 0; : : : ; .q C 1/l

and that for each integer k 2 Œql; : : : ; .q C 1/l � 1�,

kxk � xkC1k � 2�1�.maxfN��1; .1 C 2l/g/�1: (8.20)

Moreover, if an integer q � 0 is such that for each integer k 2 Œql; : : : ; .q C 1/l �
1� (8.20) holds and that kxkk � 3M C 1, then for each pair i; j 2 Œql; : : : ; .q C 1/l�,

kxi � xjk � 4�1�

and for each integer i 2 Œql; .q C 1/l�,

xi 2 QF�:

Theorem 8.1 is proved in Sect. 8.3. Note that in Theorem 8.1 ı is the compu-
tational error made by our computer system, we obtain a point of the set QF� and
in order to obtain this point we need n0l iterations. It is not difficult to see that
� D c1ı1=2 and n0 D bc2ı�1c, where c1 and c2 are positive constants depending
on M.

The next result is proved in Sect. 8.4.

Theorem 8.2. Let M > 0, � > 0,

B.0; M/ \ F 6D ;:
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Assume that

S 2 R; fxkg1
kD0 � X; kx0k � M;

xkC1 D ŒS.k/�.xk/; k D 0; 1; : : : :

Then

Card.fi 2 f0; 1; : : : g W xi 62 QF�g/ � 4M2 Nc�1l��2.minfl�1; N�g/�2:

Theorem 8.3. Suppose that the space X is finite-dimensional, every mapping
T 2 L2 is continuous and that M; � > 0. Then there exists a natural number n0

such that for each S 2 R and each fxkg1
kD0 � X satisfying

kx0k � M;

xkC1 D ŒS.k/�.xk/ for all integers k � 0;

the inequality d.xk; F/ < � holds for all integers k � n0.

Theorem 8.3 is proved in Sect. 8.5.

Theorem 8.4. Suppose that the space X is finite-dimensional, for every mapping
T 2 L2,

kT.y1/ � T.y2/k � ky1 � y2k for all y;y2 2 X (8.21)

and that M; � > 0. Then there exist a natural number n0 and a positive number ı

such that for every mapping S 2 R and every sequence fxkg1
kD0 � X which satisfies

kx0k � M;

kxkC1 � ŒS.k/�.xk/k � ı; k D 0; : : : ; n0 � 1;

the inequality d.xn0 ; F/ < � is valid.

Theorem 8.4 easily follows from the following result, which is proved in
Sect. 8.6.

Theorem 8.5. Suppose that the space X is finite-dimensional, for all mappings
T 2 L2 inequality (8.21) is valid, M; �0 > 0, let a natural number n0 be as
guaranteed by Theorem 8.3 with � D �0=2 and let ı D �0.2n0/�1. Then for every
mapping S 2 R and every sequence fxkg1

kD0 � X which satisfies

kx0k � M;

kxkC1 � ŒS.k/�.xk/k � ı; k D; 0 : : : ; n0 � 1

the inequality d.xn0 ; F/ < �0 is valid.

Theorem 8.4 easily implies the following result.
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Theorem 8.6. Suppose that the space X is finite-dimensional and that for all
mappings T 2 L2 inequality (8.21) is valid. Let M; � > 0 and let a natural number
n0 and ı > 0 be as guaranteed by Theorem 8.4. Assume that S 2 R and that a
sequence fxkg1

kD0 � B.0; M/ satisfies

kxkC1 � ŒS.k/�.xk/k � ı; k D 0; 1; : : : :

Then d.xk; F/ � � for all integers k � n0.

Theorem 8.6 easily implies the following result.

Theorem 8.7. Suppose that the space X is finite-dimensional and that all mappings
T 2 L2 are continuous and satisfy inequality (8.21). Let M > 0, fıkg1

kD0 be a
sequence of positive numbers such that limk!1 ık D 0 and let � > 0. Then there
exists a natural number n� such that for every mapping S 2 R and every sequence
fxkg1

kD0 � B.0; M/ which satisfies

kxkC1 � ŒS.k/�.xk/k � ık

for all integers k � 0 the inequality d.xk; F/ � � is valid for all integers k � n� .

Theorem 8.8. Suppose that the space X is finite-dimensional, every mapping
T 2 L2 satisfies inequality (8.21) and that the set F is bounded. Let M; � > 0.
Then there exist a positive number ı� and a natural number n0 such that for every
mapping S 2 R and every sequence fxkg1

kD0 � X which satisfy

kx0k � M;

kxkC1 � ŒS.k/�.xk/k � ı�; k D 0; 1; : : : ;

the inequality d.xk; F/ � � is valid for all integers k � n0.

Theorem 8.8 is proved in Sect. 8.7.

Theorem 8.9. Suppose that the space X is finite-dimensional, every mapping
T 2 L2 satisfies inequality (8.21) and that the set F be bounded and let M > 0.
Then there exists a positive number ı such that the following assertion holds.

Assume that fıkg1
kD0 � .0; ı� satisfies

lim
k!1 ık D 0

and that � > 0. Then there exists a natural number n� such that for every mapping
S 2 R and every sequence fxkg1

kD0 � X which satisfy

kx0k � M;

kxkC1 � ŒS.k/�.xk/k � ık
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for all integers k � 0 the inequality d.xk; F/ � � is valid for all integers k � n� .

Theorem 8.9 is proved in Sect. 8.8.
In the following results we study the asymptotic behavior of algorithms associ-

ated with S 2 R when X is a general Hilbert space.
The next result follows easily from Theorem 8.1.

Theorem 8.10. Let M > 0, � 2 .0; 1� be such that

B.0; M/ \ F 6D ;;

a positive number ı satisfy (8.16) and let a natural n0 satisfy (8.17). Assume that

S 2 R; fxkg1
kD0 � B.0; M/;

kxkC1 � ŒS.k/�.xk/k � ı; k D 0; 1; : : : :

Then for each integer p � 0 there is an integer q 2 Œ0; n0 � 1� such that for each
integer i 2 Œp C ql; p C .q C 1/l�,

xi 2 QF�:

Theorem 8.10 implies the following result.

Theorem 8.11. Let M > 0, fıkg1
kD0 be a sequence of positive numbers such that

limk!1 ık D 0 and let � > 0. Then there exists an integer n� � 1 such that for
every mapping S 2 R and every sequence fxkg1

kD0 � B.0; M/ which satisfy

kxkC1 � ŒS.k/�.xk/k � ık; k D 0; 1; : : :

and each integer p � n� there exists an integer q 2 Œ0; n� � 1� such that for every
integer i 2 Œp C ql; p C .q C 1/l�,

xi 2 QF�:

The next result follows easily from Theorem 8.1 applied by induction.

Proposition 8.12. Let � 2 .0; 1�, the set QF� be bounded,

supfkzk W z 2 QF�g C 1 < M;

a positive number ı satisfy (8.16) and let a natural n0 satisfy (8.17). Assume that

S 2 R; fxkg1
kD0 � X; kx0k � M;

kxkC1 � ŒS.k/�.xk/k � ı; k D 0; 1; : : : :
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Then there is a strictly increasing sequence of integers fjpg1
pD0 such that

0 � j0 � l.n0 � 1/;

l � jpC1 � jp � n0l for all integers p � 0;

for any integer p � 0 and for all integers i 2 Œjp; jp C l�,

xi 2 QF�

and that

kxkk � 3M C 1 for all integers k � 0:

Theorem 8.1 and Proposition 8.12 imply the following result.

Theorem 8.13. Let � 2 .0; 1�, the set QF� be bounded,

supfkzk W z 2 QF�g C 1 < M0; (8.22)

M D 3M0 C 1, a positive number ı satisfy (8.16) and let a natural n0 satisfy (8.17).
Assume that

S 2 R; fxkg1
kD0 � X; kx0k � M0;

kxkC1 � ŒS.k/�.xk/k � ı; k D 0; 1; : : : :

Then

kxkk � M for all integers k � 0

and for every nonnegative integer p there exists an integer q 2 Œ0; n0 � 1� such that
xi 2 QF� for all integers i D p C ql; : : : ; p C .q C 1/l:

Theorems 8.1 and 8.13 imply the following result.

Theorem 8.14. Let � 2 .0; 1�, the set QF� be bounded, inequality (8.22) hold,
M D 3M0 C 1, a positive number ı satisfy (8.16) and let fıkg1

kD0 � .0; ı� be a
sequence of positive numbers such that limk!1 ık D 0. Then for each � 2 .0; ��

there is natural number n� such that for each S 2 R, each sequence fxkg1
kD0 � X

satisfying

kx0k � M0;

kxkC1 � ŒS.k/�.xk/k � ık

for all integers k � 0 and for each integer p � n� there is an integer q 2 Œ0; n� � 1�

such that xi 2 QF� for each integer i 2 Œp C ql; p C .q C 1/l�.
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The following theorem is proved in Sect. 8.9.

Theorem 8.15. Let �0 2 .0; 1�, the set QF�0 be bounded, for all T 2 L2 (8.21) hold,

supfkyk W y 2 F�0g C 1 < M0;

� 2 .0; �0� and � 2 .0; 1/. Then there exist an integer On � 1 and a positive number
ı such that for every mapping S 2 R and every sequence fxkg1

kD0 � X which satisfy

kx0k � M0;

kxkC1 � ŒS.k/�.xk/k � ı; k D 0; 1; : : : ;

for every nonnegative integer p and every integer n � On,

n�1Card.fi 2 fp; : : : ; p C n � 1g W xi 62 QF�g/ < �:

The results of this chapter are generalizations of the results of [94] which were
obtained under an additional assumption that all operators T 2 L2 are nonexpansive.

8.2 Auxiliary Results

It is easy to see that the following lemma holds.

Lemma 8.16. Let z; x0; x1 2 X. Then

2�1kz � x0k2 � 2�1kz � x1k2 � 2�1kx0 � x1k2 D hx0 � x1; x1 � zi:

Lemma 8.17. Assume that S 2 R,

z 2 F; (8.23)

the integers p; q satisfy 0 � p < q,

f�kgq�1
kDp � .0; 1/; fxkgq

kDp � X

and that for all integers k 2 fp; : : : ; q � 1g,

kxkC1 � ŒS.k/�.xk/k � �k: (8.24)

Then, for every integer k 2 fp C 1 : : : ; qg the following inequality holds:

kz � xkjj � kz � xpk C
k�1X

iDp

�i:
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Proof. Let an integer k 2 fp; : : : ; q � 1g. By (8.3)–(8.5), (8.8), (8.10), (8.23),
and (8.24),

kz � xkC1k � kz � ŒS.k/�.xk/k C kS.k/.xk/ � xkC1k � kz � xkk C �k:

This implies the validity of Lemma 8.17. ut
Lemma 8.18. Assume that for every mapping T 2 L2

kT.x/ � T.y/k � kx � yk for all x; y 2 X; (8.25)

S 2 R, the integers p; q satisfy 0 � p < q,

f�kgq�1
kDp � .0; 1/; fxkgq

kDp � X; fykgq
kDp � X; yp D xp

and that for all integers k 2 fp; : : : ; q � 1g,

ykC1 D ŒS.k/�.yk/; kxkC1 � ŒS.k/�.xk/k � �k: (8.26)

Then, for every integer k 2 fp C 1 : : : ; qg the following inequality holds:

kyk � xkk �
k�1X

iDp

�i: (8.27)

Proof. We prove the lemma by induction. In view of (8.26) and the equality xp D yp

inequality (8.27) holds for k D p C 1.
Assume that an integer j satisfies p C 1 � j � q, (8.27) holds for all

k D p C 1; : : : ; j and that j < q.
By (8.3), (8.27), (8.25), and (8.26) with k D j,

kyjC1 � xjC1k � kŒS.j/�.yj/ � xjC1k
� kŒS.j/�.yj/ � ŒS.j/�.xj/k C kŒSj�.xj/ � xjC1k

� kyj � xjk C �j �
j�1X

iDp

�i C �j D
jX

iDp

�i

and (8.27) holds for all k D p C 1; : : : ; j C 1. Therefore we showed by induction
that (8.27) holds for all k D p C 1; : : : ; q. This completes the proof of Lemma 8.18.

ut
Lemma 8.19. Let

A 2 L2 [ fPc;T W T 2 L1; c 2 Œ N�; 1/g; x 2 X;

z 2 F: (8.28)
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Then

kz � xk2 � kz � A.x/k2 � Nckx � A.x/k2 � 0: (8.29)

Proof. There are two cases:

(i) T 2 L2;
(ii) there exist a mapping T 2 L1,a number c 2 Œ N�; 1/ such that A D Pc;T .

If (i) holds, then (8.29) follows from (8.8) and (8.28). Assume that (ii) holds.
Then by Lemma 8.16,

2�1kz � xk2 � 2�1kz � A.x/k2 � 2�1kx � A.x/k2 D hx � A.x/; A.x/ � zi: (8.30)

By (ii) and (8.2),

A.x/ D Pc;T.x/ and x 2 .I C cT/.A.x//;

x � A.x/ 2 cT.A.x//: (8.31)

By (8.1), (8.5), (8.28), (8.30), and (8.31), Eq. (8.29) holds. Lemma 8.19 is proved.
ut

Lemma 8.20. Let the space X be finite-dimensional, every mapping T 2 L2 be
continuous and M; � > 0. Then there exists a positive number ı such that for every
mapping T 2 L2 and every point x 2 B.0; M/ which satisfies d.x; Fixı.T// � ı, the
inequality d.x; Fix.T// � � is valid.

Proof. Since the set L2 is finite it is sufficient to show that for every mapping T 2 L2

there exists a positive number ı such that

if x 2 B.0; M/ satisfies d.x; Fixı.T// � ı; then d.x; Fix.T// � �:

Assume the contrary. Then there exist

T 2 L2; (8.32)

xk 2 B.0; M/ (8.33)

satisfying

d.xk; Fix1=k.T// � k�1; k D 0; 1; : : : (8.34)

such that

d.xk; Fix.T// > �; k D 0; 1; : : : : (8.35)
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By (8.33), extracting a subsequence and re-indexing, we can assume without loss of
generality that these exists

x WD lim
k!1 xk: (8.36)

By (8.33), (8.34), (8.36) and continuity of the mapping T ,

x 2 B.0; M/ \ Fix.T/

and for all sufficiently large natural numbers k, kx � xkk < �=2. This contra-
dicts (8.35). The contradiction we have reached proves Lemma 8.20. ut
Lemma 8.21. Let the space X be finite-dimensional and M; � > 0. Then there exists
a positive number ı such that for every mapping T 2 L1 and every point x 2
B.0; M/ \ Fı.T/, the inequality d.x; F.T// � � is valid.

Proof. Since the set L1 is finite it is sufficient to show that for every mapping T 2 L1

there exists a positive number ı such that

if x 2 B.0; M/ \ Fı.T/; then d.x; F.T// � �:

Assume the contrary. Then there exist an operator

T 2 L1 (8.37)

and

xk 2 B.0; M/ \ F1=k.T/; k D 0; 1; : : : (8.38)

such that

d.xk; F.T// > �; k D 0; 1; : : : : (8.39)

By (8.38), for every integer k � 1, there exists a point

yk 2 T.xk/ \ B.0; k�1/: (8.40)

In view of (8.36), extracting a subsequence and re-indexing, if necessary we may
assume without loss of generality that these exists a point

x WD lim
k!1 xk: (8.41)

Since the graph of the operator T is closed, (8.40) and (8.41) imply the inclusion x 2
F.T/ and that for all sufficiently large natural numbers k, we have kxk � xk < �=2.
This contradicts (8.39). The contradiction we have reached proves Lemma 8.21. ut
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Lemma 8.22. Let the space X be finite-dimensional, Ei, i D 1; : : : ; k are closed
subset of the space X,

E D \k
iD1Ei 6D ;

and let M; � > 0. Then there exists a positive number ı such that for every point
x 2 B.0; M/ satisfying d.x; Ei/ � ı, i D 1; : : : ; k the inequality d.x; E/ � � is valid.

Proof. Assume the contrary. Then for every natural number p there exists a point
xp 2 B.0; M/ which satisfy

d.xp; Ei/ � p�1; i D 1; : : : ; k; : : : ; d.xp; E/ > �: (8.42)

Extracting a subsequence and re-indexing, if necessary, we may assume without loss
of generality that there exists a point

x D lim
p!1 xp:

It is not difficult to see that x 2 B.0; M/, x 2 \k
iD1Ei D E and that for all sufficiently

large natural numbers p,

kxp � xk < �=2:

This contradicts (8.42). The contradiction we have reached completes the proof of
Lemma 8.22. ut

8.3 Proof of Theorem 8.1

Fix

�0 D 2�1�.maxfN��1; .1 C 2l/g/�1 (8.43)

and a point

z 2 B.0; M/ \ F: (8.44)

Assume that Qq 2 Œ0; n0 � 1� is an integer such that for each integer p 2 Œ0; Qq�,

maxfkxi � xiC1k W i 2 fpl; : : : ; .p C 1/l � 1gg > �0: (8.45)

By (8.18) and (8.44),

kx0 � zk � 2M: (8.46)
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Assume that an integer p 2 Œ0; Qq� and that

kxpl � zk � 2M: (8.47)

By (8.16), (8.18), (8.19), (8.44), (8.47), and Lemma 8.17, for each integer
i 2 f1; : : : ; lg,

kz � xplCik � kz � xplCi�1k C ı; (8.48)

kz � xplCik � kz � xplk C ıi � 2M C lı � 2M C 1: (8.49)

In view of (8.45) there exists an integer m 2 fpl; : : : ; .p C 1/l � 1g such that

kxm � xmC1k > �0: (8.50)

Set

u D ŒS.m/�.xm/: (8.51)

By (8.19) and (8.51) we have

kxmC1 � uk � ı: (8.52)

By (8.18), (8.44), (8.51), Lemma 8.19, the definition of R, properties (P1) and (P2),

Ncku � xmk2 � kz � xmk2 � kz � uk2: (8.53)

In view of (8.16), (8.43), (8.50) and (8.52),

kxm � uk � kxm � xmC1k � kxmC1 � uk > �0 � ı > �0=2: (8.54)

It follows from (8.53) and (8.54) that

kz � uk2 � kz � xmk2 � Ncku � xmk2 � kz � xmk2 � Nc.�0=2/2: (8.55)

In view of (8.3), (8.4), (8.8), (8.16), (8.44), (8.47), (8.49), and (8.51),

kz � uk � kz � xmk � 2M C lı � 2M C 1: (8.56)

By (8.16), (8.52), (8.55), and (8.56),

kz � xmC1k2 D kz � u C u � xmC1k2

� kz � uk2 C ku � xmC1k2 C 2kz � ukku � xmC1k
� kz � xmk2 � Nc.�2

0/=4 C ı2 C 2ı.2M C 1/

� kz � xmk2 � Nc.�2
0/=4 C 2ı.2M C 2/: (8.57)
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In view of (8.16) and (8.47)–(8.49), for all integers k 2 fpl; : : : ; .p C 1/l � 1g,

kz � xkk2 � kz � xkC1k2 � kz � xkk2 � .kz � xkk C ı/2

� �ı2 � 2ıkz � xkk � �ı2 � 2ı.2M C 1/ � �2ı.2M C 2/: (8.58)

Relations (8.16), (8.43), (8.57), and (8.58) imply that

kz � xplk2 � kz � x.pC1/lk2 D
.pC1/l�1X

kDpl

Œkz � xkk2 � kz � xkC1k2�

� �2ıl.2M C 2/ C Nc.�0/2=4 � 2ı.2M C 2/

D Nc.�2
0/=4 � 2ı.2M C 2/.l C 1/ � Nc.�2

0/=8: (8.59)

It follows from (8.47) and (8.59) that

kz � x.pC1/lk � kz � xplk � 2M:

Thus we show that the following property holds:
(P3) If an integer p 2 Œ0; Qq� satisfies

kxpl � zk � 2M; (8.60)

then

kxk � zk � 2M C 1 for all integers k D pl; : : : ; .p C 1/l (8.61)

and

kz � xplk2 � kz � x.pC1/lk2 � Nc�2
0=8: (8.62)

It follows from (8.46), (8.60)–(8.62), and property (P3) that (8.62) is valid for all
integers p 2 Œ0; Qq�. By (8.17), (8.43), (8.46), and (8.62), we have

.Nc�2
0=8/.Qq C 1/ �

QqX

pD0

Œkz � xplk2 � kz � x.pC1/lk2� � kz � x0k2 � 4M2

and

Qq C 1 � 32M2 Nc�1��2
0 < n0:

We assumed that Qq 2 Œ0; n0 � 1� is an integer such that for each integer p 2
Œ0; Qq� (8.45) holds and showed that Qq C 1 < n0.
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This implies that there exists an integer q 2 Œ0; n0 � 1� such that for every integer
p satisfying 0 � p < q,

maxfkxi � xiC1k W i 2 fpl; : : : ; .p C 1/l � 1gg > �0

D 2�1�.maxfN��1; .1 C 2l/g/�1; (8.63)

maxfkxi � xiC1jj W i 2 fql; : : : ; .q C 1/l � 1gg � �0: (8.64)

In view of (8.46), (8.63), and property (P3) with (Qq D q � 1),

kxql � zk � 2M; (8.65)

kxk � zk � 2M C 1 for all k D 0; : : : ; ql: (8.66)

Relations (8.43), (8.64), and (8.65) imply that for every integer i 2 fql; : : : ; .qC1/lg,
we have

kxi � zk � kxi � xqlk C kxql � zk � 2M C l�0 � 2M C 1:

Combined with (8.44) this implies that

kxik � 3M C 1; i D ql; : : : ; .q C 1/l:

Together with (8.66) and (8.44) this implies that

kxik � 3M C 1; i D 0; : : : ; .q C 1/l: (8.67)

Assume that q � 0 is an integer such that for each integer i 2 fql; : : : ; .q C 1/l �
1g,

kxi � xiC1k � 2�1�.maxfN��1; .1 C 2l/g/�1 D �0; (8.68)

kxik � 3M C 1; i D ql; : : : ; .q C 1/l � 1: (8.69)

In view of (8.43) and (8.68), for every pair of integers i; j 2 fql; : : : ; .q C 1/lg, we
have

kxi � xjk � l�0 � �=4: (8.70)

Let j 2 fql; : : : ; .q C 1/lg. Assume that T 2 L2. Property (P1) implies that there
exists an integer iT 2 fql; : : : ; .q C 1/l � 1g such that

S.iT/ D T: (8.71)

It follows from (8.16), (8.19), (8.43), (8.68), and (8.71) that

kxiT � T.xiT /k D kxiT � S.iT/.xiT /k � ı C kxiT � xiT C1k � ı C �0 � �: (8.72)
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Relations (8.12), (8.70), and (8.72) imply that

d.xj; Fix�.T// � � for all T 2 L2: (8.73)

Assume that T 2 L1. Property (P2) and (8.19) imply that there exist

kT 2 fql; : : : ; .q C 1/l � 1g; c � N� (8.74)

such that

S.kT/ D Pc;T ; kxkT C1 � Pc;T.xkT /k � ı: (8.75)

Set

y D Pc;T.xkT /: (8.76)

In view of (8.2) and (8.76), we have

xkT 2 .I C cT/.y/; xkT � y 2 cT.y/; c�1.xkT � y/ 2 T.y/: (8.77)

It follows from (8.16), (8.43), (8.68), and (8.74)–(8.76) that

kc�1.xkT � y/k � N��1.kxkT � xkT C1k C kxkT C1 � yk/

� N��1.�0 C ı/ � 2 N��1�0 � �:

Combined with (8.77) this implies the inclusion y 2 F�.T/. Together with (8.16),
(8.70), and (8.74)–(8.76) this implies that

d.xj; F�.T// � kxj � yk � kxj � xkT C1k C kxkT C1 � yk � �=4 C ı � �;

d.xj; F�.T// � �

for all T 2 L1. This completes the proof of Theorem 8.1. ut

8.4 Proof of Theorem 8.2

Put

� D minf�l�1; � N�g: (8.78)

There exists a point

z 2 B.0; M/ \ F: (8.79)
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By (8.79) and the assumptions of the theorem, we have

kz � x0k � 2M: (8.80)

It follows from Lemma 8.19, (8.79), and (8.80) that for all integers k � 0,

kz � xkk2 � kz � xkC1k2 � Nckxk � xkC1k2 � 0; (8.81)

kz � xkC1k � kz � xkk; (8.82)

kz � xkk � M: (8.83)

Define

E D fi 2 f0; 1; : : : ; g W kxiC1 � xik � �g: (8.84)

Let n be a natural number. In view of (8.80) and (8.81), we have

4M2 � kx0 � zk2 � kx0 � zk2 � kxn � zk2

D
n�1X

iD0

.kxi � zk2 � kxiC1 � zk2/ �
n�1X

iD0

kxi � xiC1k2

� Nc�2Card.fi 2 f0; : : : ; n � 1g W kxiC1 � xik � �g/;
Card.fi 2 f0; : : : ; n � 1g W kxiC1 � xik � �g/ � 4M2��2 Nc�1:

Since the relation above holds for every natural number n we conclude that

Card.E/ � 4M2��2 Nc�1: (8.85)

Define

E0 D fi 2 f0; 1; : : : g W Œi; i C l � 1� \ E 6D ;g: (8.86)

By (8.85) and (8.86), we have

Card.E0/ � 4M2��2lNc�1: (8.87)

Let

j 2 f0; 1; : : : g n E0: (8.88)

In view of (8.86) and (8.88),

fj; : : : ; j C l � 1g \ E D ;: (8.89)
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Relations (8.84) and (8.89) imply that

kxiC1 � xik � �; i D j; : : : ; j C l � 1: (8.90)

By (8.78) and (8.90), for every integer i 2 fl; : : : ; j C lg, we have

kxj � xik � l� � �: (8.91)

Let T 2 L2. It follows from property (P1) that there exists an integer i 2 fj; : : : ; j C
l � 1g such that

S.i/ D T: (8.92)

In view of (8.90) and (8.92),

kxi � T.xi/k � �: (8.93)

By (8.78), (8.91), and (8.93), we have

d.xj; Fix�.T// � � for all T 2 L2:

Let T 2 L1. Property (P2) implies that there exist

i 2 fj; : : : ; j C l � 1g; c � N� (8.94)

such that

S.i/ D Pc;T ; xiC1 D Pc;T.xi/: (8.95)

It follows from (8.2) and (8.95) that

xi 2 .I C cT/.xiC1/;

xi � xiC1 2 cT.xiC1/;

c�1.xi � xiC1/ 2 T.xiC1/: (8.96)

By (8.78), (8.90), and (8.94), we have

kc�1.xi � xiC1/k � N��1� � �: (8.97)

Relations (8.91), (8.94), (8.96), and (8.97) imply that

xiC1 2 F�.T/;

d.xj; F�.T// � kxj � xiC1k � �
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for all T 2 L1. Hence

xj 2 QF�:

Theorem 8.2 is proved. ut

8.5 Proof of Theorem 8.3

Fix a point

z 2 F: (8.98)

We may assume without loss of generality that

M > kzk: (8.99)

Lemma 8.22 implies that there exists a number ı 2 .0; �=2/ such that the following
property holds:

(P4) For every point x 2 B.0; 4M C 4/ which satisfies

d.x; F.T// � ı for all T 2 L1;

d.x; Fix.T// � ı for all T 2 L2

we have d.x; F/ � �=2.
Lemmas 8.20 and 8.21 imply that there exists a positive number

� < minfı; M; 1g=2 (8.100)

such that the following properties hold:
(P5) For every mapping T 2 L2 and every point x 2 B.0; 4M C4/ which satisfies

d.x; Fix� .T// � �

we have d.x; Fix.T// � ı=2.
(P6) For every operator T 2 L1 and every point x 2 B.0; 4M C 4/ \ F� .T/ we

have d.x; F.T// � ı=2.
By Theorem 8.1 there is an integer n0 � 1 such that the following property holds:
(P7) for every mapping S 2 R and every sequence fxkg1

kD0 � X which satisfies

kx0k � M; xkC1 D ŒS.k/.xk/� for all integers k � 0 (8.101)
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there exists an integer p 2 Œ0; n0 � 1� such that

d.xp; Fix� .T// � � for all T 2 L2; (8.102)

d.xp; F� .T// < � for all T 2 L1: (8.103)

Assume that S 2 R, fxkg1
kD0 � X and (8.101) holds. In view of (8.98), (8.99),

(8.101), and Lemma 8.19, the sequence fkxk � zkg1
kD0 is decreasing,

kxkk � 3M for all integers k � 0: (8.104)

Property (P7) and (8.101) imply there exists an integer p 2 Œ0; n0 � 1� such
that (8.102) and (8.103) are valid.

It follows from (8.102), (8.104), and property (P5) that for every mapping T 2 L2

we have

d.xp; Fix.T// � ı: (8.105)

Let T 2 L1 be a monotone operator. In view of (8.103) there exists a point

	 2 F� .T/ (8.106)

such that

kxp � 	k < �: (8.107)

Relations (8.100), (8.104), and (8.107) imply that

k	k < kxpk C � < 3M C 1: (8.108)

Property (P6) (with x D 	), (8.106), and (8.108) imply that

d.	; F.T// � ı=2: (8.109)

In view of (8.100), (8.107), and (8.109),

d.xp; F.T// � kxp � 	k C d.	; F.T// < � C ı=2 < ı

and

d.xp; F.T// < ı for all T 2 L1: (8.110)

It follows from property (P4), (8.104), (8.105), and (8.110) that the inequality
d.xp; F/ � �=2 holds. Combined with (8.4) and (8.6) this implies that

d.xi; F/ < � for all integers i � p:

Theorem 8.3 is proved. ut
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8.6 Proof of Theorem 8.5

Assume that

S 2 R; fxkg1
kD0 � X; (8.111)

kx0k � M; kxkC1 � ŒS.k/�.xk/k � ı; k D 0; 1; : : : ; n0 � 1: (8.112)

Set

y0 D x0; ykC1 D ŒS.k/�.yk/; k D 0; 1; : : : (8.113)

It follows from (8.111) to (8.113), the choice of n0 and Theorem 8.3 that

d.yn0 ; F/ � �0=2: (8.114)

Lemma 8.18, (8.4), and (8.111)–(8.113) imply that

kyn0 � xn0k � n0ı D �0=2:

Combined with (8.114) this implies that

d.xn0 ; F/ � kxn0 � yn0k C d.yn0 ; F/ � �0:

Theorem 8.5 is proved. ut

8.7 Proof of Theorem 8.8

We may assume without loss of generality that

M > 1 C supfkzk W z 2 Fg; � < 1: (8.115)

Theorem 8.4 implies that there exist a positive number ı and an integer n0 � 1 such
that the following property holds:

(P8) For every mapping S 2 R and every sequence fxkg1
kD0 � X which satisfies

kx0k � M; kxkC1 � ŒS.k/�.xk/k � ı; k D 0; 1; : : : ; n0 � 1

we have d.xn0 ; F/ � �=4.
Set

ı� D minfı; .�=4/n�1
0 g: (8.116)
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Assume that

S 2 R; fxkg1
kD0 � X; kx0k � M; (8.117)

kxkC1 � ŒS.k/�.xk/k � ı�; k D 0; 1; : : : : (8.118)

Property (P8) and (8.115)–(8.118) imply that

d.xn0 ; F/ � �=4; kxn0k � M: (8.119)

By induction applying (P8) we obtain that

d.xjn0 ; F/ � �=4; kxjn0k � M (8.120)

for any natural number j.
Let j be a natural number. Set

yjn0 D xjn0 ; ykC1 D ŒS.k/�.yk/; k D jn0; : : : ; 2jn0 � 1: (8.121)

It follows from (8.21), (8.116)–(8.118), (8.121), and Lemma 8.18 that for all
k D jn0 C 1; : : : ; .j C 1/n0 we have

kyk � xkk � n0ı� � �=4: (8.122)

Since the set F is closed and bounded in view of (8.120) there exists a point z 2 F
such that

kxjn0 � zk D d.xjn0 ; F/ � �=4:

It follows from the equation above, Lemma 8.19 and (8.121) that for all integers
k D jn0 C 1; : : : ; .j C 1/n0 we have

kyk � zk � kyjn0 � zk D kxjn0 � zk � �=4:

In view of the equation above, (8.122) and the inclusion z 2 F for all integers
k D jn0 C 1; : : : ; .j C 1/n0,

d.xk; F/ � kxk � zk � kxk � ykk C kyk � zk � �=4 C �=4:

Since j is any natural number we conclude that d.xk; F/ � �=2 for all integers
k � n0.

Theorem 8.8 is proved. ut
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8.8 Proof of Theorem 8.9

We may assume without loss of generality that

M > 2 C supfkzk W z 2 Fg: (8.123)

Theorem 8.8 implies that there exist a positive number ı and an integer n0 � 1 such
that the following property holds:

(P9) For every mapping S 2 R and every sequence fxkg1
kD0 � X which satisfies

kx0k � M; kxkC1 � ŒS.k/�.xk/k � ı; k D 0; 1; : : : ;

the inequality d.xk; F/ � 1 is valid for all integers k � n0.
Assume that

fıkg1
kD0 � .0; ı�; lim

k!1 ık D 0; � > 0: (8.124)

We may assume without loss of generality that � < 1.
Theorem 8.8 implies that there exist ı0 2 .0; ı/ and a natural number n� such

that the following property holds:
(P10) for every mapping S 2 R and every sequence fxkg1

kD0 � X which satisfies

kx0k � M; kxkC1 � ŒS.k/�.xk/k � ı�; k D 0; 1; : : : ;

the inequality d.xk; F/ � � is valid for all integers k � n�.
Evidently, there exists an integer p � 1 such that

ık < ı� for all integers k � p: (8.125)

Set

n� D n0 C p C n�: (8.126)

Assume that

S 2 R; fxkg1
kD0 � X; kx0k � M; (8.127)

kxkC1 � ŒS.k/�.xk/k � ık; k D 0; 1; : : : :

It follows from (8.124), (P10), and (8.127) that

d.xk; F/ � 1 for all integers k � n0 (8.128)

and by (8.123),

kxkkj � M for all integers k � n0: (8.129)
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In view of (8.125) and (8.127) for all integers k � n0 C p, we have

kxkC1 � ŒS.k/�.xk/k � ı�: (8.130)

Relations (8.126), (8.129), (8.130), and property (P10) applied to the sequence
fxkg1

kDn0Cp imply that the inequality d.xk; F/ � � holds for all integers k �
n0 C p C n� D n� . Theorem 8.9 is proved. ut

8.9 Proof of Theorem 8.15

Theorem 8.13 implies that there exists a positive number ı0 such that the following
property holds:

(P11) For every mapping S 2 R and every sequence fxkg1
kD0 � X which satisfies

kx0k � M0; kxkC1 � ŒS.k/�.xk/k � ı0; k D 0; 1; : : : ;

the inequality kxkk � 3M0 C 1 is valid for all nonnegative integers k.
Fix a positive number �1 such that

�1. N��1 C 2l C 1/ � �=2 (8.131)

and a point

z 2 F: (8.132)

Choose an integer On � 2n0 such that

l.1 C .4M0 C 2/2 Nc�1��2
1 / < .�=2/On: (8.133)

Fix a positive number ı < ı0 such that

2Onı � �=2: (8.134)

Assume that

S 2 R; fxkg1
kD0 � X; kx0k � M0; (8.135)

kxkC1 � ŒS.k/�.xk/k � ı; k D 0; 1; : : : : (8.136)

It follows from (8.135), property (P11), (8.136), and the inequality ı < ı0 that

kxkk � 3M0 C 1 for all integers k � 0: (8.137)
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We claim that for every nonnegative integer p,

On�1Card.fi 2 fp; : : : ; p C On � 1g W xi 62 QF�g/ < �=2: (8.138)

Let p � 0 be an integer. Define

yp D xp; yiC1 D ŒS.i/�.yi/ for all integers i � p: (8.139)

It follows from (8.135), Lemma 8.19, (8.132), (8.137), (8.139), and the inclusion
F � B.0; M0/ that

Nckyi � yiC1k2 � kz � yik2 � kz � yiC1k2 for all integers i � p;

Nc
pCOn�1X

iDp

kyi � yiC1k2 � kz � ypk2 � kz � xpk2 � .4M0 C 2/2: (8.140)

In view of (8.140), we have

Card.fi 2 fp; : : : ; pC On�1g W kyi �yiC1k � �1g/ � .4M0 C2/2 Nc�1��2
1 : (8.141)

Define

E1 D fi 2 fp; : : : ; p C On � 1g W kyi � yiC1k < �1g; (8.142)

E2 D fp; : : : ; p C On � 1g n E1; (8.143)

E D fj 2 fp; : : : ; p C On � 1g W fj; : : : ; j C l � 1g � E1g: (8.144)

In view of (8.141)–(8.144), we have

Card.fp; : : : ; p C On � 1g n E/ � l C lCard.E2/

� .1 C .4M0 C 2/2 Nc�1��2
1 /l: (8.145)

Assume that

q 2 E: (8.146)

It follows from (8.142), (8.144), and (8.146) that

fq; : : : ; q C l � 1g � E1

and for every integer i 2 fq; : : : ; q C l � 1g we have

kyi � yiC1k < �1: (8.147)
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In view of (8.147) for every pair of integers i; j 2 fq; : : : ; q C lg,

kyi � yjk < l�1: (8.148)

Let k 2 fq; : : : ; q C l � 1g. Assume that

T 2 L2: (8.149)

Property (P1) and (8.135) imply that there exists an integer

iT 2 fq; : : : ; q C l � 1g (8.150)

such that

S.iT/ D T: (8.151)

It follows from (8.135), (8.139), (8.147), (8.150), and (8.151) that

�1 > kyiT C1 � yiT k D kyiT � T.yiT /k: (8.152)

In view of (8.131), (8.148), (8.150), and (8.152) we have

d.yk; Fix�.T// � kyk � yiT k < l�1 � �=4;

d.yk; Fix�.T// � �=4 (8.153)

for all mappings T 2 L2.
Assume that

T 2 L1: (8.154)

In view of (8.135), (8.154), property (P2), and (8.2), there exist

jT 2 fq; : : : ; q C l � 1g; c � N� (8.155)

such that

S.jT/ D Pc;T : (8.156)

Relations (8.2), (8.139), and (8.156) imply that

yjTC1
D Pc;T.yjT /; yjT 2 .I C cT/.yjT C1/;

yjT � yjT C1 2 cT.yjT C1/;

c�1.yjT � yjT C1/ 2 T.yjT C1/: (8.157)
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It follows from (8.147), (8.155), and (8.157) that yjTC1
2 FN��1�1

.T/. Combined
with (8.148) and (8.155) this implies that

d.yk; FN��1�1
.T// < l�1 for all T 2 L1: (8.158)

Note that (8.153) and (8.158) hold for all k 2 fq; : : : ; q C l � 1g.
It follows from Lemma 8.18, (8.21), (8.135), (8.136), (8.139), (8.144),

and (8.146) that for all integers k D q; : : : ; q C l � 1,

kyk � xkk � Onı: (8.159)

In view of (8.131), (8.134), (8.158), and (8.159), for every mapping T 2 L1, we
have

d.xq; FN��1�1
.T// � kxq � yqk C d.yq; FN��1�1

.T// < Onı C l�1;

d.xq; F�.T// < �=2 C Onı < �

and

d.xq; F�.T// < � for all T 2 L1: (8.160)

By (8.134), (8.153), and (8.159), for every mapping T 2 L2 we have

d.xq; Fix�.T// � kxq � yqk C d.yq; Fix�.T// � Onı C �=4 < �: (8.161)

Hence in view of (8.160) and (8.161),

xq 2 QF� for each q 2 E: (8.162)

It follows from (8.145) and (8.162) that

Card.fi 2 fp; : : : ; p C On � 1g W xi 62 QF�g/
� Card.fi 2 fp; : : : ; p C On � 1g n E/ � l.1 C .4M0 C 2/2 Nc�1��2

1 /

and by (8.133), we have

On�1Card.fi 2 fp; : : : ; p C On � 1g W xi 62 QF�g/
� On�1l.1 C .4M0 C 2/2 Nc�1��2

1 / < �=2:

We have shown that for every nonnegative integer p,

On�1Card.fi 2 fp; : : : ; p C On � 1g W xi 62 QF�g/ < �=2: (8.163)
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Assume that an integer p � 0 and an integer n � On. There exist integers k � 1 and
q 2 Œ0; On � 1� such that

n D kOn C q: (8.164)

In view of (8.163) and (8.164),

n�1Card.fi 2 fp; : : : ; p C n � 1g W xi 62 QF�g/
� .Onk/�1ŒCard.fi 2 fp; : : : ; p C Onk � 1g W xi 62 QF�g/

CCard.fi 2 fp C Onk; : : : ; p C .On C 1/k � 1g W xi 62 QF�g/�

� k�1

k�1X

jD0

On�1Card.fi 2 fp C Onj; : : : ; p C On.j C 1/ � 1g W xi 62 QF�g/

COn�1Card.fi 2 fp C Onk; : : : ; p C .On C 1/k � 1g W xi 62 QF�g/
< �=2 C �=2 D �:

Theorem 8.15 is proved. ut



Chapter 9
Dynamic String-Averaging Proximal Point
Algorithm

In a Hilbert space, we study the convergence of a dynamic string-averaging proximal
point method to a common zero of a finite family of maximal monotone operators
under the presence of computational errors. We show that the algorithm generates a
good approximate solution, if the sequence of computational errors is bounded from
above by a constant. Moreover, for a known computational error, we find out what
an approximate solution can be obtained and how many iterates one needs for this.

9.1 Preliminaries and Main Results

Let .X; h�; �i/ be a Hilbert space equipped with an inner product h�; �i which induces
the complete norm k � k.

For each x 2 X and each nonempty set A � X put

d.x; A/ D inffkx � yk W y 2 Ag:

For each x 2 X and each r > 0 set

B.x; r/ WD fy 2 X W kx � yk � rg:

Denote by Card.A/ the cardinality of a set A. The sum over an empty set is assumed
to be zero.

Recall (see Sect. 8.1) that a multifunction T W X ! 2X is called a monotone
operator if

hz � z0; w � w0i � 0 8z; z0; w; w0 2 X

such that w 2 T.z/ and w0 2 T.z0/:

© Springer International Publishing Switzerland 2016
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It is called maximal monotone if, in addition, the graph

f.z; w/ 2 X � X W w 2 T.z/g

is not properly contained in the graph of any other monotone operator T 0 W X ! 2X .
Let T W X ! 2X be a maximal monotone operator. Then (see Sect. 8.1) for each

z 2 X and each c > 0, there is a unique u 2 X such that

z 2 .I C cT/.u/;

where I W X ! X is the identity operator (Ix D x for all x 2 X).
The operator

Pc;T WD .I C cT/�1 (9.1)

is therefore single-valued from all of X onto X (where c is any positive number). It
is also nonexpansive:

kPc;T.z/ � Pc;T.z0/k � kz � z0k for all z; z0 2 X (9.2)

and

Pc;T.z/ D z if and only if 0 2 T.z/ (9.3)

(see Sect. 8.1).
Set

F.T/ D fz 2 X W 0 2 T.z/g: (9.4)

Let L1 be a finite set of maximal monotone operators T W X ! 2X and L2 be a
finite set of mappings T W X ! X. We suppose that the set L1 [ L2 is nonempty.
(Note that one of the sets L1 or L2 may be empty.)

Let Nc 2 .0; 1� and let Nc D 1, if L2 D ;.
We suppose that

F.T/ 6D ; for any T 2 L1 (9.5)

and that for each T 2 L2,

Fix.T/ WD fz 2 X W T.z/ D zg 6D ;; (9.6)

kz � xk2 � kz � T.x/k2 C Nckx � T.x/k2 (9.7)

for all x 2 X and all z 2 Fix.T/:
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Suppose that

F WD .\T2L1F.T// \ .\Q2L2Fix.Q// 6D ;: (9.8)

Let � > 0. For any T 2 L1 set

F�.T/ D fx 2 X W T.x/ \ B.0; �/ 6D ;g (9.9)

and for any T 2 L2 put

Fix�.T/ D fx 2 X W kT.x/ � xk � �g: (9.10)

Set

QF� D .\T2L1fx 2 X W d.x; F�.T// � �g/
\.\Q2L2fx 2 X W d.x; Fix�.Q// � �g/: (9.11)

Let N� > 0 and let N� D 1 and N��1 D 0, if L1 D ;. Set

L D L2 [ fPc;T W T 2 L1; c 2 Œ N�; 1/g: (9.12)

Next we describe the dynamic string-averaging method with variable strings and
weights.

By a mapping vector, we a mean a vector T D .T1; : : : ; Tp/ such that Ti 2 L for
all i D 1; : : : ; p.

For a mapping vector T D .T1; : : : ; Tq/ set

p.T/ D q; PŒT� D Tq � � � T1: (9.13)

It is easy to see that for each mapping vector T D .T1; : : : ; Tp/,

PŒT�.x/ D x for all x 2 F; (9.14)

kPŒT�.x/ � PŒT�.y/k D k.x/ � PŒT�.y/k � kx � yk (9.15)

for every x 2 F and every y 2 X.
Denote by M the collection of all pairs .˝; w/, where ˝ is a finite set of mapping

vectors and

w W ˝ ! .0; 1/ be such that
X

T2˝

w.T/ D 1: (9.16)

Let .˝; w/ 2 M. Define

P˝;w.x/ D
X

T2˝

w.T/PŒT�.x/; x 2 X: (9.17)
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It is not difficult to see that

P˝;w.x/ D x for all x 2 F; (9.18)

kP˝;w.x/ � P˝;w.y/k D kx � P˝;w.y/k � kx � yk (9.19)

for all x 2 F and all y 2 X:

The dynamic string-averaging method with variable strings and variable weights
can now be described by the following algorithm.

Initialization: select an arbitrary x0 2 X.
Iterative step: given a current iteration vector xk pick a pair

.˝kC1; wkC1/ 2 M

and calculate the next iteration vector xkC1 by

xkC1 D P˝kC1;wkC1
.xk/:

Fix a number

� 2 .0; Card.L1 [ L2/�1/ (9.20)

and natural numbers NN and Nq satisfying

Nq � Card.L1 [ L2/: (9.21)

Denote by M� the set of all .˝; w/ 2 M such that

p.T/ � Nq for all T 2 ˝; (9.22)

w.T/ � � for all T 2 ˝: (9.23)

Denote by R the set of all sequences

f.˝i; wi/g1
iD1 � M�

such that the following properties hold:
(P1) for each integer j � 1 and each S 2 L2 there exist k 2 fj; : : : ; j C NN � 1g,

T D .T1; : : : ; Tp.T// 2 ˝k such that

S 2 fT1; : : : ; Tp.T/gI

(P2) for each integer j � 1 and each S 2 L1 there exist k 2 fj; : : : ; j C NN � 1g,
T D .T1; : : : ; Tp.T// 2 ˝k and c � N� such that

Pc;S 2 fT1; : : : ; Tp.T/g:
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In order to state our main results we need the following definitions.
Let ı � 0, x 2 X and let T D .T1; : : : ; Tp.t// be a mapping vector. Define

A0.x; T; ı/ D f.y; �/ 2 X � R1 W there is a sequence fyigp.t/
iD0 � X such that

y0 D x and for all i D 1; : : : ; p.t/;

kyi � Ti.yi�1/k � ı;

y D yp.T/;

� D maxfkyi � yi�1k W i D 1; : : : ; p.T/gg: (9.24)

Let ı � 0, x 2 X and let .˝; w/ 2 M. Define

A.x; .˝; w/; ı/ D f.y; �/ 2 X � R1 W there exist

.yT ; �T/ 2 A0.x; T; ı/; T 2 ˝ such that

ky �
X

T2˝

w.T/yTk � ı; � D maxf�T W T 2 ˝gg: (9.25)

In this chapter we prove the following two results.

Theorem 9.1. Let M > 0 satisfy

B.0; M/ \ F 6D ;; (9.26)

ı > 0 satisfy

ı � .2Nq NN/�1; (9.27)

a natural number n0 satisfy

n0 � M2ı�1.Nq C 1/�1.2M C 4/�1.4 NN/�1; (9.28)

�0 D .64��1ı.Nq C 1/.2M C 4/4 NN/1=2 Nc�1=2; (9.29)

and let

�1 D .Nq C 1/. NN C 4/�0 maxfN��1; 1g: (9.30)

Assume that

f.˝i; wi/g1
iD1 2 R; (9.31)

x0 2 B.0; M/ and fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/ (9.32)
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satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; ı/: (9.33)

Then there exists an integer q 2 Œ0; n0� such that

kxik � 3M C 1; i D 0; : : : ; q NN; (9.34)

�i � �0; i D q NN C 1; : : : ; .q C 1/ NN: (9.35)

Moreover, if an integer q � 0 satisfies (9.35), then for each i D q NN; : : : ; .q C 1/ NN;

xi 2 QF�1

and

kxi � xjk � .Nq C 1/ NN�0

for each i; j 2 fq NN; : : : ; .q C 1/ NNg.

Note that in Theorem 9.1 ı is the computational error made by our computer
system, we obtain a point of the set QF�1 and in order to obtain this point we need
n0

NN iterations. It is not difficult to see that �1 D c1ı1=2 and n0 D bc2.ı�1c, where
c1 and c2 are positive constants depending on M.

Theorem 9.2. Let M; � > 0 satisfy

B.0; M/ \ F 6D ;: (9.36)

Assume that

f.˝i; wi/g1
iD1 2 R; (9.37)

x0 2 B.0; M/; fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/ (9.38)

satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; 0/: (9.39)

Then

Card.fi 2 f0; 1; : : : g W xi 62 QF�g/ � 4 NNM2 Nc�1��1��2. NN C 1/2 Nq2:
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9.2 Proof of Theorem 9.1

By (9.26) there exists

z 2 B.0; M/ \ F: (9.40)

Let k � 0 be an integer. By (9.33),

.xkC1; �kC1/ 2 A.xk; .˝kC1; wkC1/; ı/: (9.41)

By (9.25) and (9.41) there exist

.yk;T ; �k;T/ 2 A0.xk; T; ı/; T 2 ˝kC1 (9.42)

such that

kxkC1 �
X

T2˝kC1

wkC1.T/yk;Tk � ı; (9.43)

�kC1 D maxf�k;T W T 2 ˝kC1g: (9.44)

Let

T D .T1; : : : ; Tp.T// 2 ˝kC1:

It follows from (9.24) and (9.42) that there exists a finite sequence

fy.k;T/
i gp.T/

iD0 � X

such that

y.k;T/
0 D xk; y.k;T/

p.T/ D yk;T ; (9.45)

ky.k;T/
i � Ti.y

.k;T/
i�1 /k � ı for each integer i D 1; : : : ; p.T/; (9.46)

�k;T D maxfky.k;T/
i � y.k;T/

i�1 k W i D 1; : : : ; p.T/g: (9.47)

Let

T D .T1; : : : ; Tp.T// 2 ˝kC1;

i 2 f1; : : : ; p.T/g: (9.48)

By (9.12), (9.37), (9.40), (9.48) and Lemma 8.19,

kz � y.k;T/
i�1 k2 � kz � Ti.y

.k;T/
i�1 /k2 C Ncky.k;T/

i�1 � Ti.y
.k;T/
i�1 /k2: (9.49)
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Relations (9.46) and (9.49) imply that

kz � y.k;T/
i k � kz � Ti.y

.k;T/
i�1 /k C kTi.y

.k;T/
i�1 / � y.k;T/

i k
� kz � y.k;T/

i�1 k C ı: (9.50)

In view of (9.22), (9.45), and (9.50), for all i D 1; : : : ; p.T/,

kz � y.k;T/
i k � kz � xkk C iı � kz � xkk C Nqı: (9.51)

It follows from (9.45) and (9.51) that

kz � yk;Tk � kz � xkk C Nqı: (9.52)

By (9.16), (9.43), (9.52) and the convexity of the norm k � k,

kz � xkC1k � kz �
X

T2˝kC1

wkC1.T/yk;Tk C k
X

T2˝kC1

wkC1.T/yk;T � xkC1k

�
X

T2˝kC1

wkC1.T/kz � yk;Tk C ı � kz � xkk C .Nq C 1/ı: (9.53)

In view (9.32) and (9.40),

kx0 � zk � 2M: (9.54)

Assume that a nonnegative integer s satisfies for each integer k 2 Œ0; s�,

maxf�i W i D k NN C 1; : : : ; .k C 1/ NNg > �0: (9.55)

We prove the following auxiliary result.

Lemma 9.3. Assume that an integer k 2 Œ0; s� satisfies

kxk NN � zk � 2M (9.56)

and that

i 2 Œ0; NN � 1�: (9.57)

Then

kxk NNCiC1 � zk2 � kxk NNCi � zk2 C ı.Nq C 1/.4M C 2/ (9.58)

and if �k NNCiC1 > �0, then

kxk NNCiC1 � zk2 � kxk NNCi � zk2 � �8�1��2
0 Nc: (9.59)
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Proof. In view of (9.27), (9.53), (9.56), and (9.57),

kxk NNCiC1 � zk; kxk NNCi � zk � kxk NN � zk C .i C 1/.Nq C 1/ı

� 2M C NN.Nq C 1/ı � 2M C 1: (9.60)

By (9.53) and (9.60),

kxk NNCiC1 � zk2 � kxk NNCi � zk2

.kxk NNCiC1 � zk � kxk NNCi � zk/.kxk NNCiC1 � zk C kxk NNCi � zk/

� ı.Nq C 1/.4M C 2/

and (9.58) holds.
Assume that

�k NNCiC1 > �0: (9.61)

In view of (9.53),

kxk NNCi � zk � kxk NN � zk C i.Nq C 1/ı: (9.62)

Relations (9.52) and (9.62) imply that for each T 2 ˝k NNCiC1,

kz � yk NNCi;Tk � kz � xk NNCik C Nqı: (9.63)

It follows from (9.27), (9.56), (9.57), (9.62), and (9.63) that for each T 2 ˝k NNCiC1,

kz � yk NNCi;Tk2 � kz � xk NNCik2

D .kz � yk NNCi;Tk � kz � xk NNCik/.kz � yk NNCi;Tk C kz � xk NNCik/

� Nqı.2kz � xk NNCik C Nqı/

� Nqı.2kz � xk NNk C 2i.Nq C 1/ı C Nqı/

� Nqı.4M C .Nq C 1/ı.2i C 1//

� Nqı.4M C 2.Nq C 1/ı NN/ � Nqı.4M C 2/: (9.64)

In view of (9.44) and (9.61) there exists

S D .S1; : : : ; Sp.S// 2 ˝k NNCiC1 (9.65)

such that

�0 < �k NNCiC1 D �k NNCi;S: (9.66)
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By (9.47) and (9.66), there exists

j0 2 f1; : : : ; p.S/g

such that

�0 < �k NNCi;S D ky.k NNCi;S/
j0

� y.k NNCi;S/
j0�1 k: (9.67)

By (9.27), (9.45), (9.51), (9.53), (9.56), and (9.57), for each j 2 f1; : : : ; p.S/g,

kz � y.k NNCi;S/
j k; kz � y.k NNCi;S/

j�1 k � kz � xk NNCik C Nqı; (9.68)

kz � y.k NNCi;S/
j k � kz � y.k NNCi;S/

j�1 k C ı; (9.69)

kz � y.k NNCi;S/
j k2 � kz � y.k NNCi;S/

j�1 k2

.kz � y.k NNCi;S/
j k � kz � y.k NNCi;S/

j�1 k/.kz � y.k NNCi;S/
j k C kz � y.k NNCi;S/

j�1 k/

� ı.2kz � xk NNCik C 2Nqı/

� ı.2kz � xk NNk C 2.Nq C 1/ıi C 2Nqı/

� ı.4M C 2.Nq C 1/ı.i C 1// � ı.4M C 2/: (9.70)

In view of (9.49),

kz � y.k NNCi;S/
j0�1 k2

� kz � Sj0 .y
.k NNCi;S/
j0�1 /k2 C Ncky.k NNCi;S/

j0�1 � Sj0 .y
.k NNCi;S/
j0�1 /k2: (9.71)

It follows from (9.29), (9.46), (9.67) that

ky.k NNCi;S/
j0�1 � Sj0 .y

.k NNCi;S/
j0�1 /k

� ky.k NNCi;S/
j0�1 � y.k NNCi;S/

j0
k � ky.k NNCi;S/

j0
� Sj0 .y

.k NNCi;S/
j0�1 /k

> �0 � ı > �0=2: (9.72)

Relations (9.71) and (9.72) imply that

kz � y.k NNCi;S/
j0�1 k2 � Nc�2

0=4 � kz � Sj0 .y
.k NNCi;S/
j0�1 /k2: (9.73)

In view of (9.73),

kz � Sj0 .y
.k NNCi;S/
j0�1 /k � kz � y.k NNCi;S/

j0�1 k: (9.74)
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By (9.46), (9.53), (9.56), (9.68), and (9.74),

kz � y.k NNCi;S/
j0

k2 � kz � Sj0 .y
.k NNCi;S/
j0�1 /k2

D .kz � y.k NNCi;S/
j0

k � kz � Sj0 .y
.k NNCi;S/
j0�1 /k/

�.kz � y.k NNCi;S/
j0

k C kz � Sj0 .y
.k NNCi;S/
j0�1 /k/

� ky.k NNCi;S/
j0

� Sj0 .y
.k NNCi;S/
j0�1 /k.2kz � xk NNCik C 2Nqı/

� ı.2kz � xk NNk C 2i.Nq C 1/ı C 2Nqı/

� ı.4M C 2 NN.Nq C 1/ı/ � ı.4M C 2/: (9.75)

In view of (9.73) and (9.75),

kz � y.k NNCi;S/
j0

k2 � kz � Sj0 .y
.k NNCi;S/
j0�1 /k2 C ı.4M C 2/

� kz � y.k NNCi;S/
j0�1 k2 � Nc�2

0=4 C ı.4M C 2/: (9.76)

It follows from (9.22), (9.45), (9.70), and (9.76) that

kz � xk NNCik2 � kz � yk NNCi;Sk2

D kz � y.k NNCi;S/
0 k2 � kz � y.k NNCi;S/

p.S/ k2

D
p.S/X

jD1

.kz � y.k NNCi;S/
j�1 k2 � kz � y.k NNCi;S/

j k2/

D
X

fkz � y.k NNCi;S/
j�1 k2 � kz � y.k NNCi;S/

j k2 W j 2 f1; : : : ; p.S/g n fj0gg

Ckz � y.k NNCi;S/
j0�1 k2 � kz � y.k NNCi;S/

j0
k2

� �ı.4M C 2/.p.S/ � 1/ C Nc�2
0=4 � ı.4M C 2/

� Nc�2
0=4 � ı.4M C 2/Nq: (9.77)

By (9.16), (9.23), (9.64), (9.65), (9.77) and the convexity of the function k � k2,

kz �
X

T2˝k NNCiC1

wk NNCiC1.T/yk NNCi;Tk2

�
X

T2˝k NNCiC1

wk NNCiC1.T/kz � yk NNCi;Tk2

D
X

fwk NNCiC1.T/kz � yk NNCi;Tk2 W T 2 ˝k NNCiC1 n fSgg
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Cwk NNCiC1.S/kz � yk NNCi;Sk2

�
X

fwk NNCiC1.T/.kz � xk NNCik2

CNqı.4M C 2// W T 2 ˝k NNCiC1 n fSgg
Cwk NNCiC1.S/.kz � xk NNCik2 � Nc�2

0=4 C ı.4M C 2/Nq/

� kz � xk NNCik2 C Nqı.4M C 2/ � �Nc�2
0=4: (9.78)

By (9.29), (9.53), (9.56), (9.57), and (9.78),

kz �
X

T2˝k NNCiC1

wk NNCiC1.T/yk NNCi;Tk � kz � xk NNCik

� kz � xk NNk C i.Nq C 1/ı � 2M C ı.Nq C 1/. NN � 1/: (9.79)

In view of (9.79),

kz � xk NNCiC1k
� kz �

X

T2˝k NNCiC1

wk NNCiC1.T/yk NNCi;Tk

Ck
X

T2˝k NNCiC1

wk NNCiC1.T/yk NNCi;T � xk NNCiC1k

� 2M C ı.Nq C 1/. NN � 1/ C ı: (9.80)

It follows from (9.27), (9.43), (9.79), and (9.80) that

kz � xk NNCiC1k2 � kz �
X

T2˝k NNCiC1

wk NNCiC1.T/yk NNCi;Tk2

D .kz � xk NNCiC1k � kz �
X

T2˝k NNCiC1

wk NNCiC1.T/yk NNCi;Tk/

�.kz � xk NNCiC1k C kz �
X

T2˝k NNCiC1

wk NNCiC1.T/yk NNCi;Tk/

� kxk NNCiC1 �
X

T2˝k NNCiC1

wk NNCiC1.T/yk NNCi;Tk.4M C 2/ � ı.4M C 2/: (9.81)

By (9.29), (9.78), and (9.81),

kz � xk NNCiC1k2 � kz �
X

T2˝k NNCiC1

wk NNCiC1.T/yk NNCi;Tk C ı.4M C 2/
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� kz � xk NNCik2 C .Nq C 1/ı.4M C 2/ � �Nc�2
0=4

� kz � xk NNCik2 � �Nc�2
0=8:

Lemma 9.3 is proved. ut
Lemma 9.4. Assume that an integer k 2 Œ0; s� satisfies

kxk NN � zk � 2M:

Then

kxk NN � zk2 � kx.kC1/ NN � zk2 � �Nc�2
0=16:

Proof. By Lemma 9.3, for all i 2 Œ0; NN � 1�,

kxk NNCiC1 � zk2 � kxk NNCi � zk2 C ı.Nq C 1/.4M C 2/: (9.82)

In view of (9.55), there exists

j0 2 f0; : : : ; NN � 1g (9.83)

such that

�k NNCj0C1 > �0: (9.84)

Lemma 9.3, (9.29), (9.82), (9.83), and (9.84) imply that

kxk NN � zk2 � kx.kC1/ NN � zk2

D
NN�1X

iD0

.kxk NNCi � zk2 � kxk NNCiC1 � zk2/

� �. NN � 1/ı.Nq C 1/.4M C 2/ C 8�1��2
0 Nc � 16�1��2

0 Nc:

Lemma 9.4 is proved. ut
By (9.54) and Lemma 9.4 applied by induction, for all integers k D 0; : : : ; s,

kxk NN � zk2 � kx.kC1/ NN � zk2 � 16�1��2
0 Nc; (9.85)

kx.kC1/ NN � zk � kxk NN � zk � 2M: (9.86)

It follows from (9.27), (9.53), and (9.86) that for all integers k D 0; : : : ; s and all
i D 0; : : : ; NN,

kxk NNCi � zk � kxk NN � zk C iı.Nq C 1/ � kxk NN � zk C NNı.Nq C 1/ � 2M C 1:
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Together with (9.40) this implies that for all i D 0; : : : ; .s C 1/ NN,

kxi � zk � 2M C 1; kxik � 3M C 1: (9.87)

Relations (9.54) and (9.85) imply that

4M2 � kx0 � zk2 � kx0 � zk2 � kx.sC1/ NN � zk2

D
sX

kD0

.kxk NN � zk2 � kx.kC1/ NN � zk2/ � 16�1.s C 1/��2
0 Nc;

s C 1 � 64M2��1 Nc�1��2
0 :

Thus we have shown that the following property holds:
(P3) if an integer s � 0 and for each integer k 2 Œ0; s�, (9.55) holds, then

(see (9.87))

s � 64M2��1 Nc�1��2
0 � 1;

kxkk � 3M C 1; k D 0; : : : ; .s C 1/ NN:

Property (P3), (9.28), (9.29), and (9.55) imply that there exists an integer
q 2 f0; : : : ; n0g such that for each integer k satisfying 0 � k < q,

maxf�i W i D k NN C 1; : : : ; .k C 1/ NNg > �0;

maxf�i W i D q NN C 1; : : : ; .q C 1/ NNg � �0:

By property (P3), (9.40), (9.54), (9.55), the choice of q and the inequalities above,

kxkk � 3M C 1; k D 0; : : : ; q NN:

Assume that q � 0 is an integer and that

�i � �0; i D q NN C 1; : : : ; .q C 1/ NN: (9.88)

In view of (9.44), (9.47), and (9.88), for each j 2 fq NN; : : : ; .q C 1/ NN � 1g, each
T D .T1; : : : ; Tp.T// 2 ˝jC1 and each i 2 f1; : : : ; p.T/g;

�jC1 � �0; �j;T � �0; (9.89)

ky.j;T/
i�1 � y.j;T/

i k � �0: (9.90)

By (9.22), (9.45), and (9.90), for each j 2 fq NN; : : : ; .q C 1/ NN � 1g, each T D
.T1; : : : ; Tp.T// 2 ˝jC1 and each i 2 f1; : : : ; p.T/g;
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kxj � y.j;T/
i k � �0i � �0 Nq; (9.91)

kxj � yj;Tk � �0 Nq: (9.92)

It follows from (9.29), (9.46), and (9.91) that for each j 2 fq NN; : : : ; .q C 1/ NN � 1g,
each T D .T1; : : : ; Tp.T// 2 ˝jC1 and each i 2 f1; : : : ; p.T/g that

kxj�Ti.y
.j;T/
i�1 /k � kxj�y.j;T/

i kCky.j;T/
i �Ti.y

.j;T/
i�1 /k � �0 NqCı � �0.NqC1/: (9.93)

By (9.16), (9.29), (9.43), (9.92) and the convexity of the norm, for each j 2
fq NN; : : : ; .q C 1/ NN � 1g,

kxjC1 � xjk � kxjC1 �
X

T2˝jC1

wjC1.T/yj;Tk C k
X

T2˝jC1

wjC1.T/yj;T � xjk

� ı C
X

T2˝jC1

wjC1.T/kyj;T � xjk � ı C �0 Nq � �0.Nq C 1/: (9.94)

In view of (9.91) and (9.93), for each j 2 fq NN; : : : ; .q C 1/ NN � 1g, each
T D .T1; : : : ; Tp.T// 2 ˝jC1 and each i 2 f1; : : : ; p.T/g;

ky.j;T/
i�1 � Ti.y

.j;T/
i�1 /k � ky.j;T/

i�1 � xjk C kxj � Ti.y
.j;T/
i�1 /k � �0.2Nq C 1/: (9.95)

Relation (9.94) implies that for all j1; j2 2 fq NN; : : : ; .q C 1/ NNg,

kxj1 � xj2k � �0
NN.Nq C 1/: (9.96)

Let

Q 2 L2: (9.97)

Property (P1), (9.31) and (9.97) imply that there exist j 2 fq NN; : : : ; .q C 1/ NN � 1g,
T D .T1; : : : ; Tp.T// 2 ˝jC1 and s 2 f1; : : : ; p.T/g such that

Q D Ts: (9.98)

In view of (9.95) and (9.98),

y.j;T/
s�1 2 Fix�0.2NqC1/.Q/: (9.99)

By (9.91) and (9.99),

d.xj; Fix�0.2NqC1/.Q// � kxj � y.j;T/
s�1 k � �0 Nq:
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Together with (9.30) and (9.96) this implies that for all i 2 fq NN; : : : ; .q C 1/ NNg,

d.xi; Fix�0.2NqC1/.Q// � �0.Nq C 1/. NN C 1/ � �1 (9.100)

for all Q 2 L2.
Let

Q 2 L1: (9.101)

Property (P2), (9.31) and (9.101) imply that there exist j 2 fq NN; : : : ; .q C 1/ NN � 1g,
T D .T1; : : : ; Tp.T// 2 ˝jC1,

s 2 f1; : : : ; p.T/g; c � N� (9.102)

such that

PQ;c D Ts: (9.103)

By (9.95) and (9.101)–(9.103),

ky.j;T/
s�1 � PQ;c.y

.j;T/
s�1 /k � �0.2Nq C 1/: (9.104)

Set

	 D PQ;c.y
.j;T/
s�1 /: (9.105)

In view of (9.1) and (9.105),

y.j;T/
s�1 2 .I C cQ/.	/;

y.j;T/
s�1 � 	 2 cQ.	/;

c�1.y.j;T/
s�1 � 	/ 2 Q.	/: (9.106)

It follows from (9.29), (9.30), (9.46), (9.90), (9.102), (9.103), and (9.105) that

kc�1.y.j;T/
s�1 � 	/k � N��1.ky.j;T/

s�1 � y.j;T/
s k C ky.j;T/

s � 	/k/

D N��1.�0 C ky.j;T/
s � Ts.y

.j;T/
s�1 /k/ � N��1.�0 C ı/ � 2 N��1�0 � �1: (9.107)

By (9.106) and (9.107),

	 2 F�1 .Q/: (9.108)

In view of (9.104), (9.105) and (9.108),

d.y.j;T/
s�1 ; F�1 .Q// � �0.2Nq C 1/: (9.109)
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It follows from (9.91) and (9.109) that

d.xj; F�1 .Q// � kxj � y.j;T/
s�1 k C d.y.j;T/

s�1 ; F�1 .Q//

� �0 Nq C �0.2Nq C 1/ D �0.3Nq C 1/:

Together with (9.30) and (9.96) this implies that for all i 2 fq NN; : : : ; .q C 1/ NNg,

d.xi; F�1 .Q// � �0.Nq C 1/. NN C 4/ � �1

for all Q 2 L1. This implies that

xi 2 QF�1 for all i 2 fq NN; : : : ; .q C 1/ NNg:

Theorem 9.1 is proved. ut

9.3 Proof of Theorem 9.2

Set

�0 D �. NN C 1/�1 Nq�1 minf1; N�g: (9.110)

By (9.36) there exists

z 2 B.0; M/ \ F: (9.111)

Let k � 0 be an integer. By (9.39),

.xkC1; �kC1/ 2 A.xk; .˝kC1; wkC1/; 0/: (9.112)

By (9.25) and (9.112) there exists

.yk;T ; �k;T/ 2 A0.xk; T; 0/; T 2 ˝kC1 (9.113)

such that

xkC1 D
X

T2˝kC1

wkC1.T/yk;T ; (9.114)

�kC1 D maxf�k;T W T 2 ˝kC1g: (9.115)

Let

T D .T1; : : : ; Tp.T// 2 ˝kC1:



336 9 Dynamic String-Averaging Proximal Point Algorithm

It follows from (9.24) and (9.113) that there exists fy.k;T/
i gp.T/

iD0 � X such that

y.k;T/
0 D xk; y.k;T/

p.T/ D yk;T ; (9.116)

y.k;T/
i D Ti.y

.k;T/
i�1 / for each integer i D 1; : : : ; p.T/; (9.117)

�k;T D maxfky.k;T/
i � y.k;T/

i�1 k W i D 0; : : : ; p.T/g: (9.118)

Let

T D .T1; : : : ; Tp.T// 2 ˝kC1;

i 2 f1; : : : ; p.T/g: (9.119)

By (9.12), (9.37), (9.111), (9.119), (9.117) and Lemma 8.19,

kz � y.k;T/
i�1 k2 � kz � Ti.y

.k;T/
i�1 /k2 C Ncky.k;T/

i�1 � Ti.y
.k;T/
i�1 /k2

D kz � y.k;T/
i k2 C Ncky.k;T/

i�1 � y.k;T/
i /k2: (9.120)

It follows from (9.116), (9.118), and (9.120) that

kz � xkk2 � kz � yk;Tk2 D kz � y.k;T/
0 k2 � kz � y.k;T/

p.T/ k2

D
p.T/X

jD1

.kz � y.k;T/
j�1 k2 � kz � y.k;T/

j k2/

� Nc
p.T/X

jD1

ky.k;T/
j�1 � y.k;T/

j k2 � Nc�2
k;T : (9.121)

By (9.16), (9.23), (9.114), (9.121), (9.145) and the convexity of the function k � k2,

kz � xkC1k2 D kz �
X

T2˝kC1

wkC1.T/yk;Tk2

�
X

T2˝kC1

wkC1.T/kz � yk;Tk2

�
X

T2˝kC1

wkC1.T/.kz � xkk2 � Nc�2
k;T/

� kz � xkk2 � Nc�
X

T2˝kC1

�2
k;T � kz � xkk2 � Nc��2

kC1: (9.122)
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In view of (9.38), (9.111), and (9.122), for each natural number n,

4M2 � kz � x0k2 � kz � x0k2 � kz � xnk2

D
n�1X

iD0

Œkz � xik2 � kz � xiC1k2�

�
n�1X

iD0

Nc��2
iC1 � Nc��2

0 Card.fi 2 f0; : : : ; n � 1g W �iC1 � �0g/:

Since the relation above holds for any natural number n we conclude that

Card.fi 2 f0; 1; : : : g W �iC1 � �0g/ � 4M2 Nc�1��1��2
0 : (9.123)

Set

E D fk 2 f0; 1; : : : g W there is an integer i 2 Œk; k C NN � 1�

such that �iC1 � �0g: (9.124)

By (9.123) and (9.124),

Card.E/ � 4M2 NN Nc�1��1��2
0

� 4M2 NN Nc�1��1��2 Nq2. NN C 1/2.minf1; N�g/�2: (9.125)

Assume that an integer q � 0 satisfies

q 62 E: (9.126)

In view of (9.124) and (9.126),

�kC1 < �0 for all k 2 fq; : : : ; q C NN � 1g: (9.127)

It follows from (9.22), (9.115)–(9.118), (9.127), and the convexity of the norm that
for each k 2 fq; : : : ; q C NN � 1g, each T D .T1; : : : ; Tp.T// 2 ˝kC1 and each
j 2 f1; : : : ; p.T/g;

�0 > ky.k;T/
j � y.k;T/

j�1 k D ky.k;T/
j�1 � Tj.y

.k;T/
j�1 /k; (9.128)

kxk � y.k;T/
j k; kxk � y.k;T/

j�1 k � �0j � Nq�0; (9.129)

kxk � xkC1k � Nq�0: (9.130)

Relation (9.130) implies that for each k1; k2 2 fq; : : : ; q C NNg,

kxk1 � xk2k � �0
NN Nq: (9.131)
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Let

Q 2 L2: (9.132)

Property (P1) and (9.132) imply that there exist

k 2 fq; : : : ; qC NN �1g; T D .T1; : : : ; Tp.T// 2 ˝kC1; s 2 f1; : : : ; p.T/g (9.133)

such that

Q D Ts: (9.134)

In view of (9.128), (9.133), and (9.134),

y.k;T/
s�1 2 Fix�0.Q/: (9.135)

By (9.129), (9.133), and (9.135),

d.xk; Fix�0.Q// � kxk � y.k;T/
s�1 k � �0 Nq: (9.136)

It follows from (9.110), (9.131), (9.133), and (9.136) that

d.xq; Fix�0.Q// � kxq � xkk C d.xk; Fix�0.Q// � NN Nq�0 C Nq�0

and

d.xq; Fix�.Q// � � for all Q 2 L2: (9.137)

Let

Q 2 L1: (9.138)

Property (P2), (9.37), and (9.138) imply that there exist

k 2 fq; : : : ; q C NN � 1g; T D .T1; : : : ; Tp.T// 2 ˝kC1; s 2 f1; : : : ; p.T/g; c � N�
(9.139)

such that

PQ;c D Ts: (9.140)

By (9.117), (9.128), (9.139), and (9.140),

�0 > ky.k;T/
s�1 � Ts.y

.k;T/
s�1 /k D ky.k;T/

s�1 � PQ;c.y
.k;T/
s�1 /k: (9.141)
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By (9.1), (9.117), (9.139), and (9.140),

y.k;T/
s�1 2 .I C cQ/.y.k;T/

s /: (9.142)

In view of (9.142),

y.k;T/
s�1 � y.k;T/

s 2 cQ.y.k;T/
s /;

c�1.y.j;T/
s�1 � y.k;T/

s / 2 Q.y.k;T/
s /: (9.143)

It follows from (9.110), (9.128), (9.139), and (9.143) that

kc�1.y.k;T/
s�1 � y.k;T/

s /k � N��1�0;

y.k;T/
s 2 FN��1�0

.Q/ � F�.Q/: (9.144)

In view of (9.129), (9.139), and (9.144),

d.xk; F�.Q// � kxk � y.k;T/
s k � Nq�0: (9.145)

By (9.111), (9.131), and (9.145),

d.xq; F�.Q// � kxq � xkk C d.xk; F�.Q//

� �0 Nq NN C �0 Nq;

d.xq; F�.Q// � � for all Q 2 L1:

Together with (9.137) this implies that

xq 2 QF�:

Theorem 9.2 is proved. ut



Chapter 10
Convex Feasibility Problems

We use subgradient projection algorithms for solving convex feasibility problems.
We show that almost all iterates, generated by a subgradient projection algorithm
in a Hilbert space, are approximate solutions. Moreover, we obtain an estimate of
the number of iterates which are not approximate solutions. In a finite-dimensional
case, we study the behavior of the subgradient projection algorithm in the presence
of computational errors. Provided computational errors are bounded, we prove that
our subgradient projection algorithm generates a good approximate solution after a
certain number of iterates.

10.1 Iterative Methods in Infinite-Dimensional Spaces

Let .X; h�; �i/ be a Hilbert space with an inner product h�; �i, which induces a
complete norm k � k. For each x 2 X and each nonempty set A � X put

d.x; A/ WD inffjjx � yjj W y 2 Ag:

For each x 2 X and each r > 0 set

B.x; r/ D fy 2 X W jjx � yjj � rg:

It is well known that the following proposition holds (see Fact 1.5 and Lemma 2.4
of [7]).

Proposition 10.1. Let C be a nonempty, closed and convex subset of X. Then, for
each x 2 X, there is a unique point PC.x/ 2 C satisfying

kx � PC.x/k D d.x; C/:

© Springer International Publishing Switzerland 2016
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Moreover, kPC.x/ � PC.y/k � kx � yk for all x; y 2 X and, for each x 2 X and each
z 2 C,

hz � PC.x/; x � PC.x/i � 0;

kz � PC.x/k2 C kx � PC.x/k2 � kz � xk2: (10.1)

Let f W X ! R1 be a continuous and convex function such that

fx 2 X W f .x/ � 0g 6D ;: (10.2)

Let y0 2 X. Then the set

@f .y0/ WD fl 2 X W f .y/ � f .y0/ � hl; y � y0i for all y 2 Xg (10.3)

is the subdifferential of f at the point y0 [72, 77]. For any l 2 @f .y0/, in view
of (10.3),

fx 2 X W f .x/ � 0g � fx 2 X W f .y0/ C hl; x � y0i � 0g: (10.4)

It is well known that the following lemma holds (see Lemma 7.3 of [7]).

Lemma 10.2. Let y0 2 X, f .y0/ > 0, l 2 @f .y0/ and let

D WD fx 2 X W f .y0/ C hl; x � y0i � 0g:

Then l 6D 0 and PD.y0/ D y0 � f .y0/klk�2l:

Denote by N the set of all nonnegative integers. Let m be a natural number,
I D f1; : : : ; mg and fi W X ! R1, i 2 I, be convex and continuous functions. For
each i 2 I set

Ci WD fx 2 X W fi.x/ � 0g;
C WD \i2ICi D \i2Ifx 2 X W fi.x/ � 0g:

Suppose that

C 6D ;:

A point x 2 C is called a solution of our feasibility problem. For a given � > 0, a
point x 2 X is called an �-approximate solution of the feasibility problem if fi.x/ �
� for all i 2 I: We apply the subgradient projection method in order to obtain a good
approximative solution of the feasibility problem.

Consider a natural number Np � m. Denote by S the set of all mappings S W N ! I

such that the following property holds:
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(P1) For each integer N 2 N and each i 2 I, there is n 2 fN; : : : ; N C Np � 1g
such that S.n/ D i.

We want to find approximate solutions of the inclusion x 2 C. In order to meet
this goal we apply algorithms generated by S 2 S.

For each x 2 X, each number � � 0 and each i 2 I set

Ai.x; �/ WD fxg if fi.x/ � � (10.5)

and, in view of Lemma 10.2,

Ai.x; �/ WD x � fi.x/fklk�2l W l 2 @fi.x/g if fi.x/ > �: (10.6)

We associate with any S 2 S the algorithm which generates, for any starting point
x0 2 X, a sequence fxng1

nD0 � X such that, for each integer n � 0,

xnC1 2 AS.n/.xn; 0/:

Note that by Lemma 10.2 the sequence fxng1
nD0 is well defined, and that for each

integer n � 0, if fS.n/.xn/ > 0, then xnC1 D PDn.xn/; where

Dn D fx 2 X W f .xn/ C hln; x � xni � 0g and ln 2 @fS.n/.xn/:

We will prove the following result (Theorem 10.3) which shows that, for the
subgradient projection method considered in the chapter, almost all iterates are good
approximate solutions. Denote by Card.A/ the cardinality of the set A.

Theorem 10.3. Let

b > 0; � 2 .0; 1�; � > 0; � 2 Œ0; ��; (10.7)

c 2 B.0; b/ \ C; (10.8)

jfi.u/ � fi.v/j � �ku � vk; u; v 2 B.0; 3b C 1/; i 2 I; (10.9)

let a positive number �0 satisfy

�0 � ���1 (10.10)

and let a natural number n0 satisfy

4Np��2
0 b2 � n0: (10.11)

Assume that

S 2 S; x0 2 B.0; b/; (10.12)
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and that for each integer n � 0,

xnC1 2 AS.n/.xn; �/: (10.13)

Then

kxnk � 3b for all integers n � 0 (10.14)

and

Card.fN 2 N W maxfkxnC1�xnk W n D N; : : : ; NCNp�1g > �0g/ � n0: (10.15)

Moreover, if an integer N � 0 satisfies

kxnC1 � xnk � �0; n D N; : : : ; N C Np � 1;

then, for all integers n; m 2 fN; : : : ; N C Npg, kxn � xmk � Np�0 and for all integers
n D N; : : : ; N C Np and each i 2 I, fi.xn/ � �.Np C 1/:

Theorem 10.3 was obtained in [96].

10.2 Proof of Theorem 10.3

By (10.5), (10.6), and (10.13), there exists a sequence flng1
nD0 � X such that

xnC1 D xn if fS.n/.xn/ � � (10.16)

and

if fS.n/.xn/ > �; then ln 2 @fS.n/.xn/ and

xnC1 D xn � fS.n/.xn/klnk�2ln: (10.17)

By (10.16), (10.17), (10.8), (10.12), (10.4), Lemma 10.2, and Proposition 10.1
for all integers n � 0,

kc � xnC1k � kc � xnk � 2b; (10.18)

kxnk � 3b for all integers n � 0: (10.19)

Assume that an integer N � 0 and that

kxnC1 � xnk � �0 for n D N; : : : ; N C Np � 1: (10.20)
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This implies that for all n; m 2 fN; : : : ; N C Npg,

kxn � xmk � Np�0: (10.21)

Let i 2 I. By (P1), there is m 2 fN; : : : ; N C Np � 1g such that

S.m/ D i: (10.22)

We show that

fi.xm/ D fS.m/.xm/ � �: (10.23)

Assume the contrary. Then

fi.xm/ > �: (10.24)

By (10.20), (10.24), (10.7), (10.16), (10.17), and (10.22),

�0 � kxmC1 � xmk D kfS.m/.xm/klmk�2lmk > �klmk�1: (10.25)

By (10.24), (10.22), (10.16), (10.17), and (10.7), lm 2 @fS.m/.xm/. Combined
with (10.19) and (10.9) this implies that

klmk � �: (10.26)

In view of (10.25) and (10.26), �0 > ���1: This inequality contradicts (10.10). This
contradiction proves (10.23).

Let n 2 fN; : : : ; N C Npg. It follows from (10.22), (10.23), (10.19), (10.9), (10.21),
and (10.10) that

fi.xn/ � fS.m/.xm/ C jfS.m/.xn/ � fS.m/.xm/j
� � C �kxn � xmk � � C �Np�0 � �.Np C 1/

and

fi.xn/ � �.Np C 1/ for n D N; : : : ; N C Np; (10.27)

for all integers i 2 I.
Thus we have shown that the following property holds:
(P2) if an integer N � 0 and (10.20) holds, then (10.27) is valid for all i 2 I.
Set

E1 D fn 2 N W kxn � xnC1k � �0g; (10.28)

E2 D N n E1; (10.29)

E3 D fn 2 N W fn; : : : ; n C Np � 1g \ E2 6D ;g: (10.30)
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By (10.18), (10.29), (10.28), (10.16), (10.17), (10.8), Lemma 10.2, and Proposi-
tion 10.1 (see (10.1)), for any natural number n,

4b2 � kc � x0k2 � kc � x0k2 � kc � xnk2

D
n�1X

mD0

Œkc � xmk2 � kc � xmC1k2� �
X

m2E2\Œ0;n�1�

Œkc � xmk2 � kc � xmC1k2�

�
X

m2E2\Œ0;n�1�

kxm � xmC1k2 � �2
0 Card.E2 \ Œ0; n � 1�/

and

Card.E2 \ Œ0; n � 1�/ � 4��2
0 b2:

Since the inequality above holds for any natural number n, we conclude that

Card.E2/ � 4��2
0 b2: (10.31)

By (10.31), (10.30), and (10.11),

Card.E3/ � Card.E2/Np � 4��2
0 b2 Np � n0:

This completes the proof of Theorem 10.3. ut

10.3 Iterative Methods in Finite-Dimensional Spaces

We use all the notation and the definitions introduced in Sect. 10.1 and suppose that
all the assumptions made in Sect. 10.1 hold. In this section, we suppose that the
space X is finite-dimensional. The results presented in the section were obtained in
[96].

We prove the following result, which describes the asymptotic behavior of the
subgradient projection method without computational errors.

Theorem 10.4. Let b > 0, � 2 .0; 1� and

c 2 B.0; b/ \ C: (10.32)

Then there exist a natural number n0 and �0 2 .0; �� such that the following
assertion holds.

Assume that

� 2 Œ0; �0�; S 2 S; x0 2 B.0; b/ (10.33)
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and that, for each integer n � 0,

xnC1 2 AS.n/.xn; �/: (10.34)

Then kxnk � 3b for all integers n � 0;

fi.xn/ � � for all i 2 I and all integers n � n0

and d.xn; C/ � � for all integers n � n0:

Theorem 10.4 is proved in Sect. 10.5.
For each x 2 X, each ı � 0, each Qı � 0 and each i 2 I set

Ai.x; Qı; ı/ WD fxg if fi.x/ � Qı; (10.35)

and, if fi.x/ > Qı, then set

Ai.x; Qı; ı/ WD fx � fi.x/klk�2l W l 2 @fi.x/ C B.0; ı/; l 6D 0g C B.0; ı/: (10.36)

The following theorem is one of our main results of this chapter. It describes the
behavior of iterates under the presence of computational errors which occur in the
calculations of subgradients as well in the calculations of iterates themselves.

Theorem 10.5. Let b > 0, � 2 .0; 1�, (10.32) hold and let

ci 2 B.0; b/ and fi.ci/ < 0; i 2 I: (10.37)

Then, there exist a natural number n0 and ı > 0 such that the following assertion
holds.

Assume that

Qın 2 Œ0; ı�; n 2 N ; S 2 S; x0 2 B.0; b/; (10.38)

and that, for each integer n � 0,

xnC1 2 AS.n/.xn; Qın; ı/: (10.39)

Then kxnk � 3b C 1; n D 0; : : : ; n0; d.xn0 ; C/ � � and fi.xn0 / � � for all i 2 I:

This result is proved in Sect. 10.6. Theorem 10.5 easily implies the following
result.

Theorem 10.6. Let b > 0, � 2 .0; 1�, (10.32), and (10.37) hold and let a natural
number n0 and ı > 0 be given, as guaranteed by Theorem 10.5.

Assume that (10.38) holds, for each integer n � 0, (10.39) holds and that a
sequence fxng1

nD0 � B.0; b/. Then, for all integers n � n0,

d.xn; C/ � � and fi.xn/ � � for all i 2 I:

Theorem 10.6 easily implies the following result.
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Theorem 10.7. Let b > 0, (10.32) and (10.37) hold, fıng1
nD0 be a sequence of

positive numbers such that limn!1 ın D 0 and let � 2 .0; 1�. Then there exists a
natural number n� such that the following assertion holds.

Assume that Qın 2 Œ0; ın� for all n 2 N , S 2 S; fxng1
nD0 � B.0; b/ and that, for

each integer n � 0,

xnC1 2 AS.n/.xn; Qın; ın/:

Then, for all integers n � n� , d.xn; C/ � � and fi.xn/ � � for all i 2 I:

In the last two theorems we consider the case when the set C is bounded.

Theorem 10.8. Suppose that the set C is bounded, (10.32) and (10.37) hold with
b > 0 and b0; � > 0. Then there exist a natural number n0 and ı > 0 such that the
following assertion holds.

Assume that

Qın 2 Œ0; ı�; n 2 N ; S 2 S; (10.40)

x0 2 B.0; b0/ (10.41)

and that, for each integer n � 0,

xnC1 2 AS.n/.xn; Qın; ı/: (10.42)

Then, for all integers n � n0, d.xn; C/ � � and fi.xn/ � � for all i 2 I:

Proof. We may assume without any loss of generality that

b0 > supfkzk W z 2 Cg C 4; b0 > kcik; i 2 I; b > 3b0 C 1 and � < 1: (10.43)

By Theorem 10.5, there exist a natural number n1 and ı1 > 0 such that the following
property holds:

(P3) for each Qın 2 Œ0; ı1�, n 2 N , each S 2 S, each fxng1
nD0 � X such that

kx0k � b0 and that, for each integer n � 0,

xnC1 2 AS.n/.xn; Qın; ı1/;

we have kxnk � 3b0 C 1, n D 0; : : : ; n1 and d.xn1 ; C/ � �:

By Theorem 10.6, there exist a natural number n0 and ı 2 .0; ı1/ such that the
following property holds:

(P4) if (10.38) holds and if for each integer n � 0, (10.39) holds and if fxng1
nD0 �

B.0; b/, then for all integers n � n0,

d.xn; C/ � � and fi.xn/ � � for all i 2 I: (10.44)
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Assume that Qın 2 Œ0; ı�, n 2 N , S 2 S, fxng1
nD0 � X, (10.41) holds and (10.42)

holds for each integer n � 0. By (P3), (10.41)–(10.43) and the inequality ı < ı1,

kxnn1k � b0; n 2 N and kxnk � 3b0 C 1; n 2 N : (10.45)

By (10.45), (10.43), (10.41), (10.42), and (P4), (10.44) holds for all integers n � n0.
This completes the proof of Theorem 10.8. ut

Theorems 10.7 and 10.8 easily imply the following result.

Theorem 10.9. Let (10.32) and (10.37) hold with b > 0 and the set C be bounded.
Then there exists ı > 0 such that the following assertion holds.

Assume that a sequence fıng1
nD0 � Œ0; ı� satisfy limn!1 ın D 0 and let � > 0.

Then there exists a natural number n� such that, for each Qın 2 Œ0; ın�; n 2 N , each
S 2 S and each fxng1

nD0 � X which satisfies kx0k � b and

xnC1 2 AS.n/.xn; Qın; ın/ for each integer n � 0;

the following relations hold:

d.xn; C/ � � and fi.xn/ � � for all i 2 I and all integers n � n�:

10.4 Auxiliary Results

We use the notation and the definitions introduced in Sect. 10.3 and suppose that all
the assumptions made there hold.

Lemma 10.10. Let M > 0, �1 > 0. Then there exists �2 > 0 such that, for each
x 2 B.0; M/ satisfying fi.x/ � �2, i 2 I, the inequality d.x; C/ � �1 holds.

Proof. Assume the contrary. Then, for any natural number n, there is xn 2 B.0; M/

such that

fi.xn/ � 1=n; i 2 I and d.xn; C/ > �1: (10.46)

Extracting a subsequence and re-indexing, if necessary, we may assume without any
loss of generality that there is x D limn!1 xn. It is easy to see that x 2 B.0; M/,
fi.x/ � 0 for all i 2 I and x 2 C. Clearly,

d.xn; C/ � kxn � xk < �1=2

for all sufficiently large natural numbers n. This contradicts (10.46). The contradic-
tion we have reached completes the proof of Lemma 10.10. ut
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10.5 Proof of Theorem 10.4

Since the functions fi; i 2 I are convex [50], there exists � > 0 such that

jfi.u/ � fi.v/j � �ku � vk for all u; v 2 B.0; 3b C 1/; i 2 I: (10.47)

Choose a positive number �1 < � such that

��1 < �: (10.48)

By Lemma 10.10, there exists �2 2 .0; �/ such that the following property holds:
(P5) for each y 2 B.0; 3b C 1/ satisfying fi.y/ � �2, i 2 I we have d.y; C/ < �1.
Choose a positive number �0 such that

�0 < �1 and �0.Np C 1/ < �2: (10.49)

By (10.47) and Theorem 10.3 (with � D �0/, there exists a natural number n0 such
that the following property holds:

(P6) Let � 2 Œ0; �0�, S 2 S, x0 2 B.0; b/ and let for each integer n � 0,

xnC1 2 AS.n/.xn; �/:

Then

kxnk � 3b for all integers n � 0; (10.50)

and there is an integer q 2 Œ0; n0� such that

fi.xq/ � �0.Np C 1/; i 2 I: (10.51)

Assume that (10.33) holds and that (10.34) holds for each integer n � 0. Together
with (P6) this implies that (10.50) holds and that there is an integer q 2 Œ0; n0� such
that (10.51) holds. By (10.49) and (10.51), fi.xq/ � �2 for all i 2 I: Together with
(P5) and (10.51), this implies that d.xq; C/ < �1 and that there is Qz 2 X such that

Qz 2 C and kxq � Qzk < �1: (10.52)

By (10.52), (10.33), (10.34), (10.5), (10.6), (10.4). Lemma 10.2, and Proposi-
tion 10.1 (see (10.1)),

kxn � Qzk < �1 < � for all integers n � q: (10.53)

In view of (10.53) and (10.50), kQzk � 3bC1: Together with (10.52), (10.47), (10.53),
(10.50), and (10.48), this implies that for all integers n � n0 and all i 2 I,

fi.xn/ � fi.Qz/ C jfi.xn/ � fi.Qz/j � �kxn � Qzk < ��1 < �:

This completes the proof of Theorem 10.4. ut
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10.6 Proof of Theorem 10.5

Put

r D minf�fi.ci/ W i 2 Ig: (10.54)

By (10.54) and (10.37),

r > 0: (10.55)

Since the functions fi; i 2 I are convex [50], there exists � > 0 such that

jfi.u/ � fi.v/j � �ku � vk for all u; v 2 B.0; 3b C 2/; i 2 I; (10.56)

jfi.u/j � � for all u 2 B.0; 3b C 2/; i 2 I: (10.57)

By Theorem 10.4, there exist a natural number n0 and N�0 2 .0; �� such that the
following property holds:

(P7) If � 2 Œ0; N�0�; S 2 S; x0 2 B.0; b/ and, if for each integer n � 0,

xnC1 2 AS.n/.xn; �/;

then

kxnk � 3b for all integers n � 0; (10.58)

fi.xn/ � �=4 for all i 2 I and all integers n � n0; (10.59)

d.xn; C/ � �=4 for all integers n � n0: (10.60)

By (10.56), for each u 2 B.0; 3b C 1/, all i 2 I and each g 2 @fi.u/,

kgk � �: (10.61)

Let

u 2 B.0; 3b C 1/; i 2 I; fi.u/ > 0; g 2 @fi.u/: (10.62)

By (10.62), (10.54), (10.55), and (10.37),

�r � fi.ci/ > fi.ci/ � fi.u/ � hg; ci � ui � �kgk.4b C 1/

and

kgk > r.4b C 1/�1: (10.63)
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We have shown that the following property holds:
(P8) if u 2 B.0; 3b C 1/, i 2 I, fi.u/ > 0 and if g 2 X satisfies

d.g; @fi.u// � r.4b C 1/�14�1;

then kgk > r.4b C 1/�12�1:

For each � � 0 denote by M� the set of all sequences fxng1
nD0 � X for which

kx0k � b, and there exist Q�n 2 Œ0; ��; n 2 N ; S 2 S such that, for each integer
n � 0,

xnC1 2 AS.n/.xn; Q�n; �/:

By induction we show that for all m D 0; : : : ; n0 the following assertion holds.
(A) For each � > 0 there exists ı > 0 such that, for each fxng1

nD0 2 Mı , there is
fyng1

nD0 2 M0 such that kyn � xnk � �; n D 0; : : : ; m:

Clearly, for m D 0 this assertion holds. Assume that assertion (A) holds for
m D q where q 2 Œ0; n0 � 1� is an integer. We show that (A) holds for m D q C 1.
Since (A) holds for m D q, it follows from (P7) and (10.58) that there is �0 > 0

such that

�0 < 2�1 and �0 < 4�1r.4b C 1/�1 (10.64)

and that, for each fyng1
nD0 2 M�0 ,

kynk � 3b C 1=2; n D 0; : : : ; q: (10.65)

Assume that assertion (A) does not hold for m D q C 1. Then there exists � > 0

such that for each natural number j there is

fx.j/
n g1

nD0 2 M�0=j (10.66)

such that

maxfkyn � x.j/
n k W n D 0; : : : ; q C 1g > � for each fyng1

nD0 2 M0: (10.67)

By (10.66) and the choice of �0 (see (10.65)), for all natural numbers j,

kx.j/
n k � 3b C 1=2; n D 0; : : : ; q: (10.68)

By the definition of M� , � � 0, (10.36), (10.37), and (10.66), for each integer j � 1

there is

Q�j;n 2 Œ0; �0=j�; n 2 N ; Sj 2 S; fg.j/
n g1

nD0 � X (10.69)
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such that, for each integer n 2 f0; : : : ; q C 1g satisfying fSj.n/.x
.j/
n / > Q�j;n;

g.j/
n 6D 0 and d.g.j/

n ; @fSj.n/.x
.j/
n // � �0=j; (10.70)

kx.j/
nC1 � .x.j/

n � fSj.n/.x
.j/
n /kg.j/

n k�2g.j/
n /k � �0=j (10.71)

and that, for each integer n 2 f0; : : : ; q C 1g satisfying fSj.n/.x
.j/
n / � Q�j;n;

g.j/
n D 0; x.j/

nC1 D x.j/
n : (10.72)

Extracting a subsequence and re-indexing, if necessary, we may assume that

Sj.n/ D S1.n/ for all natural numbers j and all n 2 N : (10.73)

Put

S.n/ D S1.n/; n 2 N : (10.74)

By (10.74), (10.73), (10.70), (10.68), (10.64), (P8), and (10.61), for all j D 1; 2; : : :

and all n D 0; : : : ; q,

if fS.n/.x
.j/
n / > Q�j;n; then 2�1.4b C 1/�1r � kg.j/

n k � � C 1: (10.75)

Assume that j is a natural number. We estimate kx.j/
qC1k. If fS.q/.x

.j/
q / � Q�j;q; then, in

view of (10.74), (10.72), and (10.68),

kx.j/
qC1k D kx.j/

q k � 3b C 2�1: (10.76)

If fS.q/.x
.j/
q / > Q�j;q; then by (10.70), (10.71), (10.74), (10.64), (10.68), (10.57),

and (10.75),

kx.j/
qC1k � �0j�1 C kx.j/

q � fS.q/.x
.j/
q /kg.j/

q k�2g.j/
q k

� 1 C 3b C 2�1 C �kg.j/
q k�1 � 3=2 C 3b C 2�.4b C 1/r�1:

Thus for all j D 1; 2; : : : ,

kx.j/
qC1k � 3=2 C 3b C 2�.4b C 1/r�1: (10.77)

By (10.77) and (10.68), extracting a subsequence and re-indexing, if necessary, we
may assume without any loss of generality that for any n 2 f0; : : : ; q C 1g there is

yn D lim
j!1 x.j/

n (10.78)
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and that for any n 2 f0; : : : ; q C 1g one of the following cases holds:

fS.n/.x
.j/
n / � Q�j;n for all natural numbers j; (10.79)

fS.n/.x
.j/
n / > Q�j;n for all natural numbers j: (10.80)

For all n D 0; 1; 2; : : : ; q C 1 and all j D 1; 2; : : : choose Qg.j/
n 2 X as follows:

Qg.j/
n D 0 if fS.n/.x

.j/
n / � Q�j;n; (10.81)

if fS.n/.x
.j/
n / > Q�j;n; then Qg.j/

n 2 @fS.n/.x
.j/
n /; kQg.j/

n � g.j/
n k � 2�0j�1: (10.82)

In view (10.69)–(10.74), Qg.j/
n , n D 0; 1; 2; : : : ; q C 1, j D 1; 2; : : : are well-defined.

Set

E D fn 2 f0; : : : ; qg W fS.n/.x
.j/
n / > Q�j;n for all j D 1; 2; : : : g: (10.83)

By (10.75), (10.83), (10.79), and (10.80), extracting a subsequence and re-indexing,
if necessary, we may assume without any loss of generality that, for each n 2 E
there is

gn D lim
j!1 g.j/

n : (10.84)

For each n 2 f0; : : : ; q C 1g n E set

gn D 0: (10.85)

Let n 2 f0; : : : ; qg. There are two cases:

fS.n/.yn/ > 0I (10.86)

fS.n/.yn/ � 0: (10.87)

Consider the case (10.86). By (10.78), we may assume without any loss of generality
that

fS.n/.x
.j/
n / > 2�1fS.n/.yn/ > 0 for all natural numbers j: (10.88)

Then, in view of (10.69)–(10.72) and (10.88) for all sufficiently large natural
numbers j,

kx.j/
nC1 � .x.j/

n � fS.n/.x
.j/
n /kg.j/

n k�2g.j/
n /k � �0=j: (10.89)

By (10.78)–(10.80), (10.88), (10.82), and (10.84) for each u 2 X,
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fS.n/.u/ � fS.n/.yn/ D lim
j!1.fS.n/.u/ � fS.n/.x

.j/
n //

� lim
j!1hQg.j/

n ; u � x.j/
n i D hgn; u � yni

and

gn 2 @fS.n/.yn/: (10.90)

By (10.78), (10.89), (10.84), (10.75), (10.88), (10.79), and (10.80),

ynC1 D lim
j!1 x.j/

nC1

D lim
j!1Œx.j/

n � fS.n/.x
.j/
n /kg.j/

n k�2g.j/
n �

D yn � fS.n/.yn/kgnk�2gn: (10.91)

Consider the case (10.87). If n 62 E, then by (10.78)–(10.80), (10.83),
and (10.69)–(10.72), x.j/

nC1 D x.j/
n for all natural numbers j and

ynC1 D lim
j!1 x.j/

nC1 D lim
j!1 x.j/

n D yn: (10.92)

Assume that

n 2 E: (10.93)

By (10.83) and (10.93), for each natural numbers j,

fS.n/.x
.j/
n / > Q�j;n: (10.94)

By (10.87), (10.94), (10.78), and (10.69),

fS.n/.yn/ D 0; lim
j!1 fS.n/.x

.j/
n / D 0: (10.95)

By (10.78), (10.94), (10.69)–(10.72), (10.74), (10.95), and (10.75),

ynC1 D lim
j!1 x.j/

nC1 D lim
j!1Œx.j/

n � fS.n/.x
.j/
n /kg.j/

n k�2g.j/
n �

D lim
j!1 x.j/

n � Œ lim
j!1 fS.n/.x

.j/
n /kg.j/

n k�2g.j/
n /� D lim

j!1 x.j/
n D yn:

Thus in both cases (10.87) implies that

ynC1 D yn: (10.96)
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Thus (10.86) implies (10.90), (10.91), and (10.87) implies (10.96). Clearly, there
are yn 2 X for all integers n � q C 1 such that fyng1

nD0 2 M0. By (10.78), for all

sufficiently large natural numbers j, we have kx.j/
n � ynk < �=2, n D 0; 1; : : : ; q C 1:

This contradicts (10.67). The contradiction we have reached proves that assertion
(A) holds with m D q C 1. Thus by induction we have shown that assertion (A)
holds with m D n0.

Fix a positive number �1 such that

�1 < �=4; �1 < 1=2; �1 < .�=2/��1: (10.97)

By (A) with m D n0, there is ı > 0 such that, for each fxng1
nD0 2 Mı there is

fyng1
nD0 � M0 for which

kyn � xnk � �1; n D 0; : : : ; n0: (10.98)

Let

fxng1
nD0 2 Mı: (10.99)

By (10.99) and the choice of ı there is

fyng1
nD0 2 M0 (10.100)

such that (10.98) holds. By (10.100), (P7), and the definition of M0,

kynk � 3b for all integers n � 0; (10.101)

fi.yn0 / � �=4; i 2 I; (10.102)

d.yn0 ; C/ � �=4: (10.103)

By (10.98), (10.103), and (10.97),

d.xn0 ; C/ � kxn0 � yn0k C d.yn0 ; C/ < �=2: (10.104)

By (10.101), (10.98), and (10.97),

kxnk � 3b C 1=2; n D 0; : : : ; n0: (10.105)

By (10.102), (10.101), (10.105), (10.56), (10.98), and (10.97), for any i 2 I,

fi.xn0 / � fi.yn0 / C jfi.xn0 / � fi.yn0 /j � �=4 C �kxn0 � yn0k
� �=4 C �1� < �=2 C �=4:

Theorem 10.5 is proved. ut
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10.7 Dynamic String-Averaging Methods
in Infinite-Dimensional Spaces

Let .X; h�; �i/ be a Hilbert space with an inner product h�; �i, which induces a
complete norm k � k. For each x 2 X and each nonempty set A � X put

d.x; A/ WD inffkjx � yk W y 2 Ag:

For each x 2 X and each r > 0 set

B.x; r/ D fy 2 X W kx � yk � rg:

We use the notation, definitions, and assumptions introduced in Sect. 10.1.
Let f W X ! R1 be a continuous and convex function such that

fx 2 X W f .x/ � 0g 6D ;: (10.106)

Let y0 2 X. Recall that the set

@f .y0/ WD fl 2 X W f .y/ � f .y0/ � hl; y � y0i for all y 2 Xg (10.107)

is the subdifferential of f at the point y0 [72, 77]. For any g 2 @f .y0/, in view
of (10.107),

fx 2 X W f .x/ � 0g � fx 2 X W f .y0/ C hg; x � y0i � 0g: (10.108)

Let m be a natural number and fi W X ! R1, i D 1; : : : ; m, be convex and
continuous functions. For each i 2 f1; : : : ; mg set

Ci WD fx 2 X W fi.x/ � 0g; (10.109)

C WD \m
iD1Ci D \m

iD1fx 2 X W fi.x/ � 0g: (10.110)

Suppose that

C 6D ;:

A point x 2 C is called a solution of our feasibility problem. For a given � > 0, a
point x 2 X is called an �-approximate solution of the feasibility problem if fi.x/ � �

for all i D 1; : : : :m. We apply the dynamic string-averaging subgradient projection
method in order to obtain a good approximative solution of the feasibility problem.

Denote by N the set of all nonnegative integers.
By an index vector, we mean a vector t D .t1; : : : ; tp/ such that ti 2 f1; : : : ; mg

for all i D 1; : : : ; p.
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For an index vector t D .t1; : : : ; tq/ set

p.t/ D q: (10.111)

Denote by M the collection of all pairs .˝; w/, where ˝ is a finite set of index
vectors and

w W ˝ ! .0; 1/ be such that
X

t2˝

w.t/ D 1: (10.112)

Fix a number

� 2 .0; m�1� (10.113)

and an integer

Nq � m: (10.114)

Denote by M� the set of all .˝; w/ 2 M such that

p.t/ � Nq for all t 2 ˝; (10.115)

w.t/ � � for all t 2 ˝: (10.116)

Fix a natural number NN.
For each x 2 X, each number � � 0 and each i 2 f1; : : : ; mg set

Ai.x; �/ WD fxg if fi.x/ � � (10.117)

and, in view of Lemma 10.2,

Ai.x; �/ D x � fi.x/fkgk�2g W g 2 @fi.x/g if fi.x/ > �: (10.118)

Let � � 0, x 2 X and let t D .t1; : : : ; tp.t// be an index vector. Define

A0.t; x; �/ D f.y; �/ 2 X � R1 W there is a sequence fyigp.t/
iD0 � X such that

y0 D x; (10.119)

for each i D 1; : : : ; p.t/;

yi 2 Ati.yi�1; �/; (10.120)

y D yp.t/; (10.121)

� D maxfkyi � yi�1k W i D 1; : : : ; p.t/gg: (10.122)



10.7 Dynamic String-Averaging Methods in Infinite-Dimensional Spaces 359

Let � � 0, x 2 X and let .˝; w/ 2 M. Define

A.x; .˝; w/; �/ D f.y; �/ 2 X � R1 W there exist

.yt; �t/ 2 A0.t; x; �/; t 2 ˝ such that

y D
X

t2˝

w.t/yt; (10.123)

� D maxf�t W t 2 ˝gg: (10.124)

Denote by Card.A/ the cardinality of a set A. Suppose that the sum over empty
set is zero.

Theorem 10.11. Let

M0 > 0; � 2 .0; 1/; M1 > 0; � 2 Œ0; ��; (10.125)

B.0; M0/ \ C 6D ;; (10.126)

jfi.u/ � fi.v/j � M1ku � vk; u; v 2 B.0; 3M0 C 1/; i 2 f1; : : : ; mg; (10.127)

�0 2 .0; �M�1
1 � (10.128)

and let a natural number n0 satisfy

n0 � 4M2
0��2

0 ��1 NN: (10.129)

Assume that

f.˝i; wi/g1
iD1 � M�; (10.130)

satisfies for each natural number j,

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/; (10.131)

x0 2 B.0; M0/; (10.132)

fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/ (10.133)

satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; �/: (10.134)

Then

kxik � 3M0 for all integers i � 0 (10.135)
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and

Card.fn 2 N W maxf�i W i D n C 1; : : : ; n C NNg > �0g/ � n0: (10.136)

Moreover, if an integer n � 0 satisfies

�i � �0; i D n C 1; : : : ; n C NN; (10.137)

then, for all integers i; j 2 fn; : : : ; n C NNg, kxi � xjk � NN Nq�0 and for all integers
j 2 fn; : : : ; n C NNg and each s 2 f1; : : : ; mg,

fs.xj/ � �.Nq. NN C 1/ C 1/:

10.8 Proof of Theorem 10.11

Let n be a natural number. In view of (10.134),

.xn; �n/ 2 A.xn�1; .˝n; wn/; �/: (10.138)

By (10.124) and (10.124), for any t 2 ˝n there exists

.yn;t; �n;t/ 2 A0.t; xn�1; �/ (10.139)

such that

xn D
X

t2˝n

wn.t/yn;t; (10.140)

�n D maxf�n;t W t 2 ˝ng: (10.141)

Let

t D .t1; : : : ; tp.t// 2 ˝n: (10.142)

By (10.119), (10.139), and (10.142), there is a sequence fyn;t;igp.t/
iD0 � X such that

yn;t;0 D xn�1; (10.143)

yn;t;i 2 Ati.yn;t;i�1; �/; i D 1; : : : ; p.t/; (10.144)

yn;t D yn;t;p.t/; (10.145)

�n;t D maxfkyn;t;i � yn;t;i�1k W i D 1; : : : ; p.t/g: (10.146)
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In view of (10.126), there exists

z 2 B.0; M0/ \ C: (10.147)

Let n be a natural number,

t D .t1; : : : ; tp.t// 2 ˝n; i D 1; : : : ; p.t/: (10.148)

By (10.117), (10.118), and (10.144), the following properties hold:
(P1) if fti.yn;t;i�1/ � � , then yn;t;i D yn;t;i�1;
(P2) if fti.yn;t;i�1/ > � , then there is

gn;t;i 2 @fti.yn;t;i�1/ (10.149)

such that

yn;t;i D yn;t;i�1 � fti.yn;t;i�1/kgn;t;ik�2gn;t;i: (10.150)

If (P1) holds, the we set gn;t;i D 0. Set

Dn;t;i D fx 2 X W fti.yn;t;i�1/ C hgn;t;i; x � yn;t;i�1i � 0g: (10.151)

Clearly, if fti.yn;t;i�1/ � � , then

kz � yn;t;ik D kz � yn;t;i�1k: (10.152)

Assume that

fti.yn;t;i�1/ > �:

Property (P2), Lemma 10.2 and (10.149)–(10.151) imply that

gn;t;i 6D 0;

yn;t;i D PDn;t;i.yn;t;i�1/: (10.153)

It follows from (10.108), (10.110), (10.147), (10.149), and (10.151) that

z 2 C � fx 2 X W fti.x/ � 0g � Dn;t;i: (10.154)

Proposition 10.1, (10.151), and (10.153) imply that

kz � yn;t;ik2 C kyn;t;i � yn;t;i�1k2 � kz � yn;t;i�1k2: (10.155)

Thus we have shown that the following property holds:
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(P3) if fti.yn;t;i�1/ > � , then (10.155) holds.
In view of (10.152) and (10.153),

kz � yn;t;ik � kz � yn;t;i�1k for all t D 1; : : : ; p.t/: (10.156)

By (10.143), (10.147), and (10.156), for all i D 1; : : : ; p.t/,

kyn;t;ik � kyn;t;i � zk C kzk
� kyn;t;0 � zk C M0 � kxn�1 � zk C M0: (10.157)

It follows from (10.143), (10.145), and (10.156) that

kz � xn�1k D kz � yn;t;0k � kz � yn;t;p.t/k D kz � yn;tk (10.158)

for all t 2 ˝n. By (10.112), (10.140), (10.158) and the convexity of the norm,

kz � xnk D kz �
X

t2˝n

wn.t/yn;tk

�
X

t2˝n

wn.t/kz � yn;tk � kz � xn�1k:

Thus

kz � xnk � kz � xn�1k for all integers n � 1: (10.159)

In view of (10.132) and (10.147),

kz � x0k � 2M0: (10.160)

It follows from (10.159) and (10.160) that

kz � xnk � 2M0 for all integers n � 0: (10.161)

By (10.157) and (10.161), for all natural numbers n, all t 2 ˝n and all i 2
f1; : : : ; p.t/g,

kyn;t;ik � M0 C kxn�1 � zk � 3M0: (10.162)

Relations (10.132) and (10.161) that

kxnk � 3M0 for all n 2 N : (10.163)

Assume that n � 0 is an integer such that

�k � �0; k D n C 1; : : : ; n C NN: (10.164)
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In view of (10.141), (10.146), and (10.164), for each k 2 fn C 1; : : : ; n C NNg, each
t D .t1; : : : ; tp.t// 2 ˝kC1 and each i 2 f1; : : : ; p.t/g;

kyk;t;i � yk;t;i�1k � �0: (10.165)

By (10.115), (10.143), and (10.165), for each k 2 fn C 1; : : : ; n C NNg, each t D
.t1; : : : ; tp.t// 2 ˝kC1 and each i 2 f1; : : : ; p.t/g;

kxk�1 � yk;t;ik � Nq�0: (10.166)

Relations (10.112), (10.140), (10.145), and (10.166) imply that

kxk�1 � xkk � Nq�0: (10.167)

It follows from (10.164) and (10.167) that for all k; m 2 fn; : : : ; n C NNg

kxk � xmk � NN Nq�0: (10.168)

Let

s 2 f1; : : : ; mg:

By (10.131), there exist

k 2 fn C 1; : : : ; n C NNg; t D .t1; : : : ; tp.t// 2 ˝k (10.169)

such that

s 2 ft1; : : : ; tp.t/g: (10.170)

In view of (10.170), there is i 2 f1; : : : ; p.t/g such that

s D ti:

We show that

fs.yk;t;i�1/ � �: (10.171)

Assume the contrary. Then by (10.125),

fti.yk;t;i�1/ > � � �: (10.172)

Property (P2), (10.150), (10.165), (10.169), and (10.172) imply that

�0 � kyk;t;i � yk;t;i�1k
D kfti.yk;t;i�1/kgk;t;ik�2gk;t;ik > kgk;t;ik�1�: (10.173)
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It follows from (10.143), (10.162), (10.163), and (10.169) that

kyk;t;i�1k � 3M0: (10.174)

By (10.127), (10.149), and (10.174),

kgk;t;ik � M1: (10.175)

In view of (10.173) and (10.175),

�0 > �M�1
1 :

This contradicts (10.128). The contradiction we have reached proves (10.171).
Relations (10.143), (10.162), (10.163), (10.166), and (10.169) imply that

kyk;t;i�1k � 3M0; kxk�1k � 3M0; (10.176)

kxk�1 � yk;t;i�1k � Nq�0: (10.177)

By (10.127), (10.128), (10.170), (10.171), (10.176), and (10.177),

jfs.xk�1/ � fs.yk;t;i�1/j � M1 Nq�0;

fs.xk�1/ � fs.yk;t;i�1/ C M1 Nq�0 � �.Nq C 1/: (10.178)

Let j 2 fn; : : : ; n C NNg. In view of (10.168) and (10.169),

kxj � xk�1k � NN Nq�0: (10.179)

It follows from (10.127), (10.128), (10.163), (10.178), and (10.179) that

fs.xj/ � fs.xk�1/ C M1
NN Nq�0

� �.Nq C 1/ C NN Nq� � �.Nq. NN C 1/ C 1/ (10.180)

for all s 2 f1; : : : ; mg.
Set

E1 D fn 2 N W �nC1 � �0g; (10.181)

E2 D N n E1; (10.182)

E3 D fn 2 N W fn; : : : ; n C NN � 1g \ E2g 6D ;: (10.183)

Let

n 2 E2: (10.184)
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In view of (10.181), (10.182), and (10.184),

�nC1 > �0: (10.185)

By (10.112), (10.140) and the convexity of the function k � k2,

kz � xnk2 � kz � xnC1k2

D kz � xnk2 � kz �
X

t2˝nC1

wnC1.t/ynC1;tk2

� kz � xnk2 �
X

t2˝nC1

wnC1.t/kz � ynC1;tk2: (10.186)

In view of (10.141) and (10.185), there exists

Ot 2 ˝nC1 (10.187)

such that

�0 < �nC1 D �nC1;Ot: (10.188)

It follows from (10.112), (10.143), (10.145), (10.156), (10.186), and (10.187) that

kz � xnk2 � kz � xnC1k2

�
X

t2˝nC1

wnC1.t/Œkz � xnk2 � kz � ynC1;tk2�

D
X

t2˝nC1

wnC1.t/Œkz � ynC1;t;0k2 � kz � ynC1;t;p.t/k2�

� wnC1.Ot/Œkz � ynC1;Ot;0k2 � kz � ynC1;Ot;p.Ot/k2�: (10.189)

Property (P3), (10.116), (10.152), (10.155), (10.156), and (10.189) imply that

kz � xnk2 � kz � xnC1k2

� �Œkz � ynC1;Ot;0k2 � kz � ynC1;Ot;p.Ot/k2�

� �

p.Ot/X

iD1

Œkz � ynC1;Ot;i�1k2 � kz � ynC1;Ot;ik2�

� �

p.Ot/X

iD1

kynC1;Ot;i�1 � ynC1;Ot;ik2: (10.190)
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By (10.146), (10.188), and (10.190),

kz � xnk2 � kz � xnC1k2 � ��2
0 for all t 2 E2: (10.191)

In view of (10.159), (10.160), and (10.191), for any natural number n,

4M2 � kz � x0k2 � kz � x0k2 � kz � xnC1k2

nX

iD0

Œkz � xik2 � kz � xiC1k2�

�
X

fkz � xik2 � kz � xiC1k2 W i 2 Œ0; n� \ E2g
� Card.Œ0; n� \ E2/��2

0;

Card.Œ0; n� \ E2/ � 4M2
0.��2

0/�1:

Since the inequality above holds for any natural number n,

Card.E2/ � 4M2
0.��2

0/�1:

In view of the relation above, (10.129) and (10.183),

Card.E3/ � NNCard.E2/ � 4M2
0.��2

0/�1 NN � n0:

This completes the proof of Theorem 10.11. ut

10.9 Dynamic String-Averaging Methods
in Finite-Dimensional Spaces

We use the notation, definitions, and assumptions introduced in Sects. 10.1 and 10.7.
Suppose that the space X is finite-dimensional. We prove the following result.

Theorem 10.12. Let M0 > 0; � 2 .0; 1/,

B.0; M0/ \ C 6D ;; (10.192)

Then there exist a natural number n0 and �0 2 .0; �/ such that the following
assertion holds.

Assume that

� 2 Œ0; �0�; (10.193)

f.˝i; wi/g1
iD1 � M�; (10.194)
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satisfies for each natural number j,

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/; (10.195)

x0 2 B.0; M0/; (10.196)

fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/ (10.197)

satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; �/: (10.198)

Then

kxik � 3M0 for all integers i � 0;

fi.xn/ � � for all i 2 f1; : : : ; mg and all integers n � n0;

d.xn; C/ � � for all integers n � n0:

10.10 Proof of Theorem 10.12

Since the functions fi; i 2 f1; : : : ; mg are convex [50], there exists M1 > 0 such that

jfi.u/�fi.v/j � M1ku�vk for all u; v 2 B.0; 3M0C1/; i 2 f1; : : : ; mg: (10.199)

Choose a positive number

�1 < minf�; M�1
1 �g: (10.200)

By Lemma 10.10, there exists �2 2 .0; �/ such that the following property holds:
(P4) for each y 2 B.0; 3M0 C 1/ satisfying fi.y/ � �2, i 2 f1; : : : ; mg, the

inequality d.y; C/ � �1=2 holds.
Choose a positive number �0 such that

�0 < �1 and . NN C 1/�0.Nq C 1/ < �2: (10.201)

By (10.199) and Theorem 10.11 (with � D �0/, there exists a natural number n0

such that the following property holds:
(P5) let � 2 Œ0; �0�,

f.˝i; wi/g1
iD1 � M�;

for each natural number j, (10.195) hold,

x0 2 B.0; M0/;

fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/;
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for each natural number i (10.198) hold. Then

kxnk � 3M0 for all integers n � 0 (10.202)

and there exists an integer q 2 Œ0; n0� such that

fi.xq/ � �0.Nq. NN C 1/ C 1/; i 2 f1; : : : ; mg: (10.203)

Let

� 2 Œ0; �0�; f.˝i; wi/g1
iD1 � M�; (10.204)

for each natural number j, (10.195) holds, (10.196) is true,

fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/

and for each natural number i (10.198) holds. Property (P5), (10.196), (10.198),
and (10.204) imply that (10.202) holds and there exists an integer q 2 Œ0; n0� such
that (10.203) holds. It follows from (10.201) to (10.203) and (P4) that

d.xq; C/ � 2�1�1: (10.205)

In view of (10.205), there exists Qz 2 X such that

Qz 2 C; kxq � Qzk < �1: (10.206)

Proposition 10.1, Lemma 10.2, (10.119), (10.124), (10.198), (10.200), and (10.206)
imply that

kxn � Qzk � kxq � Qzk < �1 < �: (10.207)

By (10.200), (10.202), and (10.206),

kQzk � 3M0 C 1: (10.208)

In view of (10.124), (10.199), (10.200), (10.202), (10.206), and (10.208), for all
integers n � n0 and all i 2 f1; : : : ; mg,

fi.xn/ � fi.Qz/ C jfi.xn/ � fi.Qz/j
� M1kxn � Qzk < M1�1 < �:

Theorem 10.12 is proved. ut



10.11 Problems with Computational Errors 369

10.11 Problems in Finite-Dimensional Spaces
with Computational Errors

We use all the notation, definitions, and assumptions introduced in Sects. 10.7
and 10.9. In particular, we assume that the space X is finite-dimensional.

For each x 2 X, each � � 0, each N� � 0 and each i 2 f1; : : : ; mg set

Ai.x; N�; �/ WD fxg if fi.x/ � N� (10.209)

and if fi.x/ > N�, then set

Ai.x; N�; �/ D fx�fi.x/kgk�2g W g 2 @fi.x/CB.0; �/; g 6D 0gCB.0; �/: (10.210)

Let x 2 X and let t D .t1; : : : ; tp.t// be an index vector, � � 0, N� � 0. Define

A0.t; x; N�; �/ D f.y; �/ 2 X � R1 W there is a sequence fyigp.t/
iD0 � X such that

y0 D x; (10.211)

for each i D 1; : : : ; p.t/;

yi 2 Ati.yi�1; N�; �/; (10.212)

y D yp.t/; (10.213)

� D maxfkyi � yi�1k W i D 1; : : : ; p.t/gg: (10.214)

Let x 2 X, .˝; w/ 2 M, � � 0, N� � 0. Define

A.x; .˝; w/; N�; �/ D f.y; �/ 2 X � R1 W there exist

.yt; �t/ 2 A0.t; x; N�; �/; t 2 ˝ such that

ky �
X

t2˝

w.t/ytk � �; � D maxf�t W t 2 ˝gg: (10.215)

We prove the following result.

Theorem 10.13. Let M0 > 0; � 2 .0; 1/;

B.0; M0/ \ C 6D ;; (10.216)

fz 2 X W fi.z/ < 0g \ B.0; M0/ 6D ; for all i D 1; : : : ; m: (10.217)

Then there exist a natural number n0 and ı > 0 such that the following assertion
holds.
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Assume that

Qın 2 Œ0; ı�; n 2 N n f0g; (10.218)

f.˝i; wi/g1
iD1 � M�; (10.219)

satisfies for each natural number j,

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/; (10.220)

x0 2 B.0; M0/; (10.221)

fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/ (10.222)

and that for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; Qıi; ı/: (10.223)

Then

kxnk � 3M0 C 1 for all integers n D 0; : : : ; n0;

d.xn0 ; C/ � �;

fi.xn0 / � �; i 2 f1; : : : ; mg:

10.12 Proof of Theorem 10.13

In view of (10.217), for each i 2 f1; : : : ; mg, there exists

zi 2 B.0; M0/ (10.224)

such that

fi.zi/ < 0: (10.225)

Set

r D minf�fi.zi/ W i 2 f1; : : : ; mgg: (10.226)

By (10.225) and (10.226),

r > 0: (10.227)
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Since the functions fi; i D 1; : : : ; m are convex [50], there exists � > 0 such that

jfi.u/ � fi.v/j � �ku � vk for all u; v 2 B.0; 3M0 C 2/; i D 1; : : : ; m;

(10.228)

jfi.u/j � � for all u 2 B.0; 3M0 C 2/; i D 1; : : : ; m: (10.229)

By Theorem 10.12, there exist a natural number n0 and N�0 2 .0; �/ such that the
following property holds:

(P6) For each � 2 Œ0; Q��; each

f.˝i; wi/g1
iD1 � M�

satisfying (10.220) for all integers j � 1, each pair of sequences

fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/

which satisfy

x0 2 B.0; M0/; (10.230)

.xi; �i/ 2 A.xi�1; .˝i; wi/; �/ for all natural numbers i (10.231)

we have

kxnk � 3M0 for all integers n � 0; (10.232)

fi.xn/ � �=4 for all i 2 f1; : : : ; mg and all integers n � n0; (10.233)

d.xn; C/ � �=4 for all integers n � n0: (10.234)

By the choice of � (see (10.228)), for each u 2 B.0; 3M0 C1/, all i 2 f1; : : : ; mg,

@fi.u/ � B.0; �/: (10.235)

We show that the following property holds:
(P7) for each M � M0, each i 2 f1; : : : ; mg, each u 2 B.0; 3M C 1/ satisfying

fi.u/ > 0 and each g 2 X which satisfies

d.g; @fi.u// � r.4M C 1/�14�1;

we have

kgk > r.M C 1/�12�1:

Let

M � M0; u 2 B.0; 3M C 1/; i 2 f1; : : : ; mg; fi.u/ > 0 (10.236)
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and let g 2 X satisfy (10.235). Let

	 2 @fi.u/: (10.237)

By (10.224), (10.226), (10.236), and (10.237),

�r � fi.zi/ > fi.zi/ � fi.u/ � h	; zi � ui
� �k	kkzi � uk � �k	k.4M C 1/;

k	k � r.4M C 1/�1

and

@fi.u/ � f	 2 X W k	k � r.4M C 1/�1g:
Together with (10.235) this implies that

kgk > 2�1r.4M C 1/�1:

Thus (P7) holds.
Property (P7) implies that the following property holds:
(P8) let M � M0, i 2 f1; : : : ; mg, u 2 B.0; 3M C 1/ satisfy fi.u/ > 0, g 2 X

satisfy

d.g; @fi.u// � r.4M C 1/�14�1

and

u0 2 u � fi.u/kgk�2g C B.0; 1/:

Then

ku0k � 3M C 2 C 2.4M C 1/r�1fi.u/:

For each � � 0 denote by K� the set of all sequences fxng1
nD1 � X such that

kx0k � M0

and there exist f�ig1
iD1 � Œ0; 1/,

Q�n 2 Œ0; ��; n 2 N n f0g; (10.238)

f.˝i; wi/g1
iD1 � M�; (10.239)

satisfying (10.220) such that

.xi; �i/ 2 A.xi�1; .˝i; wi/; Q�i; �/ for all integers i � 1: (10.240)



10.12 Proof of Theorem 10.13 373

By induction we show that for all m D 0; : : : ; n0 the following assertion holds.
(A) For each � > 0 there exists ı > 0 such that, for each fxng1

nD0 2 Kı , there is
fyng1

nD0 2 K0 such that kyn � xnk � �; n D 0; : : : ; m:

Clearly, for m D 0 this assertion holds. Assume that assertion (A) holds for
m D q where q 2 Œ0; n0 � 1� is an integer. We show that (A) holds for m D q C 1.
Set

M1 D .M0 C 1/.1 C r�1/ (10.241)

and for each integer i � 1 set

MiC1 D 18.Mi C 1/.1 C r�1/.1 C supfjfs.h/j W
h 2 B.0; 3Mi C 1/; s D 1; : : : ; mg/: (10.242)

Since (A) holds for m D q, it follows from (P8) that there is �0 > 0 such that

�0 < 2�1 and �0 < 4�1r.4Mq C 1/�1 (10.243)

and that, for each fyng1
nD0 2 K�0 ,

kynk � 3M0 C 1=2; n D 0; : : : ; q: (10.244)

Assume that assertion (A) does not hold for m D q C 1. Then there exists � > 0

such that for each natural number j there is

fx.j/
n g1

nD0 2 K�0=j (10.245)

such that

maxfkyn � x.j/
n k W n D 0; : : : ; q C 1g > � for each fyng1

nD0 2 K0: (10.246)

By (10.245) and the choice of �0 (see (10.244)), for all natural numbers j,

kx.j/
n k � 3M0 C 1=2; n D 0; : : : ; q: (10.247)

By the definition of K� , � � 0, for each integer j � 1 there exist

f�.j/
i g1

iD1 � Œ0; 1/; (10.248)

Q�j;n 2 Œ0; �0=j�; n 2 N n f0g; (10.249)

f.˝.j/
i ; w.j/

i /g1
iD1 � M� (10.250)
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such that for each natural number s,

f1; : : : ; mg � [sC NN�1
iDs .[

t2˝
.j/
i

ft1; : : : ; tp.t/g/; (10.251)

.x.j/
i ; �

.j/
i / 2 A.x.j/

i�1; .˝
.j/
i ; w.j/

i /; Q�j;i; �0=j/ (10.252)

for all integers i � 1.
In view of (10.115) and (10.150), extracting a subsequence and re-indexing if

necessary, we may assume that

˝
.j/
i D ˝

.1/
i for all pairs of natural numbers i; j: (10.253)

Set

˝i D ˝
.1/
i for all natural numbers i: (10.254)

Let j be a natural number. By (10.215) and (10.252), for each natural number s there
exist

.y.j;s/
t ; �

.j;s/
t / 2 A0.t; x.j/

s�1; Q�j;s; �0=j/; t 2 ˝s (10.255)

such that

�.j/
s D maxf�.j;s/

t W t 2 ˝sg; (10.256)

kx.j/
s �

X

t2˝s

w.j/
s .t/y.j;s/

t k � �0=j: (10.257)

By (10.211)–(10.214) and (10.255), for each natural number s and each

t 2 ˝s; (10.258)

there exists finite a sequence

fy.j;s/
t;i gp.t/

iD0 � X (10.259)

such that

y.j;s/
t;0 D x.j/

s�1; (10.260)

for each i D 1; : : : ; p.t/;

y.j;s/
t;i 2 Ati.y

.j;s/
t;i�1; Q�j;s; �0=j/; (10.261)

y.j;s/
t D y.j;s/

t;p.t/; (10.262)

�
.j;s/
t D maxfky.j;s/

t;i � y.j;s/
t;i�1k W i D 1; : : : ; p.t/g: (10.263)



10.12 Proof of Theorem 10.13 375

By (10.209), (10.210), and (10.261), for each natural number s, each t D
.t1; : : : ; tp.t// 2 ˝s and each i 2 f1; : : : ; p.t/g, if

fti.y
.j;s/
t;i�1/ � Q�j;s; (10.264)

then

y.j;s/
t;i D y.j;s/

t;i�1I (10.265)

if

fti.y
.j;s/
t;i�1/ > Q�j;s;

then there exists

g.j;s/
t;i 2 @fti.y

.j;s/
t;i�1/ C B.0; �0=j/ n f0g (10.266)

such that

y.j;s/
t;i 2 y.j;s/

t;i�1 � fti.y
.j;s/
t;i�1/kg.j;s/

t;i k�2g.j;s/
t;i C B.0; �0=j/: (10.267)

For each natural number s, each t D .t1; : : : ; tp.t/ 2 ˝s and each i 2 f1; : : : ; p.t/g
satisfying (10.264) set

g.j;s/
t;i D 0: (10.268)

Let s be a natural number such that

s � q C 1 and t D .t1; : : : ; tp.t// 2 ˝s: (10.269)

By induction we show that for all i D 1; : : : ; p.t/,

ky.j;s/
t;i k � 3Mi C 1: (10.270)

In view of (10.247) and (10.260), (10.270) holds for i D 0.
Assume that an integer i 2 f1; : : : ; p.t/g satisfies

ky.j;s/
t;i�1k � 3Mi�1 C 1: (10.271)

If (10.264) is true, then by (10.242), (10.265), and (10.271),

ky.j;s/
t;i k D ky.j;s/

t;i�1k � 3Mi�1 C 1 � 3Mi C 1: (10.272)

Assume that

fti.y
.j;s/
t;i�1/ > Q�j;s: (10.273)
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By (10.273), there exists g.j;s/
t;i satisfying (10.266) such that y.j;s/

t;i satisfies (10.267).
It follows from (10.241), (10.242), (10.243), (10.267), (10.271), (10.273), and (P8)
that

ky.j;s/
t;i k � 3Mi�1 C 2 C 2.4Mi�1 C 1/r�1 supfjfti./j W

 2 B.0; 3Mi�1 C 1/g � Mi:

Thus (10.270) holds for all i D 0; : : : ; p.t/. Hence

ky.j;s/
t;i k � 3Mi C 1 � 3Mq C 1 (10.274)

for all natural numbers j, each natural number s � qC1, each t D .t1; : : : ; tp.t// 2 ˝s

and all i D 0; : : : ; p.t/.
Since the functions fi; i D 1; : : : ; m are Lipschitz on bounded subsets of Rn it

follows from (10.214), (10.266), and (10.268) and property (P8) that there exists a
constant QM > 0 such that

kg.j;s/
t;i k � QM (10.275)

for all natural numbers j, each natural number s � qC1, each t D .t1; : : : ; tp.t// 2 ˝s

and all i D 1; : : : ; p.t/.
By (10.247), (10.274), and (10.275), extracting a subsequence and re-indexing, if

necessary, we may assume without any loss of generality that for any s 2 f0; : : : ; qg
there is

xs D lim
j!1 x.j/

s (10.276)

and that for every natural number s � q C 1 and every t D .t1; : : : ; tp.t// 2 ˝s there
exist

y.s/
t;i D lim

j!1 y.j;s/
t;i for all i D 0; : : : ; p.t/; (10.277)

g.s/
t;i D lim

j!1 g.j;s/
t;i ; i D 1; : : : ; p.t/; (10.278)

for all integers s � 1 and all t 2 ˝s there exists

ws.t/ D lim
j!1 w.j/

s .t/: (10.279)

For each natural number s � q C 1 and each t 2 ˝s set

y.s/
t D y.s/

t;p.t/: (10.280)
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In view of (10.112), (10.116), and (10.279), for each integer s � 1,
X

t2˝s

ws.t/ D 1; (10.281)

ws.t/ � �; t 2 ˝s; (10.282)

f.˝s; ws/ W s D 1; 2; : : : g � M�: (10.283)

By (10.245) and (10.276),

kx0k � M0: (10.284)

Assume that

s 2 f0; : : : ; qg: (10.285)

It follows from (10.257), (10.276), (10.278), (10.279), and (10.280) that

xs �
X

t2˝s

ws.t/y
.s/
t

D lim
j!1 x.j/

s �
X

t2˝s

lim
j!1 w.j/

s .t/ lim
j!1 y.j;s/

t;p.t/

D lim
j!1Œx.j/

s �
X

t2˝s

w.j/
s .t/y.j;s/

t � D 0 (10.286)

for all s 2 f0; : : : ; qg.
Let

s 2 f0; : : : ; q C 1g (10.287)

and

t D .t1; : : : ; tp.t// 2 ˝s: (10.288)

In view of (10.260) and (10.276), if

s � 1; (10.289)

then

xs�1 D lim
j!1 x.j/

s�1 D lim
j!1 y.j;s/

t;0 D y.s/
t;0 : (10.290)
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Let

i 2 f1; : : : ; p.t/g: (10.291)

There are two cases:

fti.y
.s/
t;i�1/ > 0I (10.292)

fti.y
.s/
ti�1

/ � 0: (10.293)

Assume that (10.292) holds. By (10.249), (10.266), (10.267), (10.277),
and (10.292), for all sufficiently large natural numbers j,

fti.y
.j;s/
t;i�1/ > 2�1fti.y

.s/
t;i�1/ > �0=j � Q�j;s (10.294)

and

ky.j;s/
t;i � y.j;s/

t;i�1 C fti.y
.j;s/
t;i�1/kg.j;s/

t;i k�2g.j;s/
t;i k � �0=j: (10.295)

By (10.266), (10.277), (10.278), and (10.294), for each u 2 X,

fti.u/ � fti.y
.s/
t;i�1/ D lim

j!1.fti.u/ � fti.y
.j;s/
t;i�1//

� lim
j!1hg.j;s/

t;i ; u � y.j;s/
t;i�1i � hg.s/

t;i ; u � y.s/
t;i�1i;

g.s/
t;i 2 @fti.y

.s/
t;i�1/: (10.296)

It follows from (10.266), (10.274), (10.277), (10.278), (10.293)–(10.295), and (P7)
that

y.s/
t;i D lim

j!1 y.j;s/
t;i

D lim
j!1Œy.j;s/

t;i�1 C fti.y
.j;s/
t;i�1/kg.j;s/

t;i k�2g.j;s/
t;i �

D y.s/
t;i�1 C kg.s/

t;i k�2g.s/
t;i fti.y

.s/
t;i�1/: (10.297)

Assume that (10.293) holds. There are two cases:

fti.y
.j;s/
t;i�1/ < Q�j;i�1 for infinitely many integers j � 1; (10.298)

fti.y
.j;s/
t;i�1/ < Q�j;i�1 only for finite numbers of integers j � 1: (10.299)

If (10.298) holds, then by (10.264), (10.265), and (10.277),

y.s/
t;i D lim

j!1 y.j;s/
t;i D lim

j!1 y.j;s/
t;i�1 D y.s/

t;i�1:
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Assume that (10.299) holds. Then there exists j0 2 N n f0g such that

fti.y
.j;s/
t;i�1/ � Q�j;i�1 for all integers j � j0: (10.300)

By (10.277), (10.293), and (10.300),

fti.y
.s/
t;i�1/ D 0: (10.301)

It follows from (10.267), (10.277), (10.300), and (10.301) that

y.s/
t;i D lim

j!1 y.j;s/
t;i

D lim
j!1Œy.j;s/

t;i�1 C kg.j;s/
t;i k�2g.j;s/

t;i fti.y
.j;s/
t;i�1/� D y.j;s/

t;i�1:

Thus

y.s/
t;i D y.s/

t;i�1 (10.302)

in both cases.
Set

xqC1 D
X

t2˝qC1

wqC1.t/y.qC1/
t : (10.303)

In view of (10.257), (10.262), (10.277), (10.279), (10.280), and (10.303),

xqC1 D lim
j!1 x.j/

qC1:

Clearly, there exist xs 2 X for all integers s > q C 1 such that fxig1
iD0 2 K0. For all

sufficiently large natural numbers j,

kx.j/
n � xnk < �=2; n D 0; : : : ; q C 1:

This contradicts (10.246). The contradiction we have reached proves that (A) holds
for m D q C 1. By induction we showed that (A) holds for m D n0.

Fix a positive number �1 such that

�1 � �=4; �1 � ��1�=4:

By (A) with m D n0 there is ı > 0 such that for each fxng1
nD0 2 Kı , there is

fyng1
nD0 2 K0 such that

kyn � xnk � �1; n D 0; : : : ; n0: (10.304)
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Let fxng1
nD0 2 Kı: By the choice of ı, there is

fyng1
nD0 2 K0 (10.305)

such that (10.304) hold. Property (P6) and (10.305) imply that

kynk � 3M0 for all integers n � 0; (10.306)

fi.yn/ � �=4 for all i 2 f1; : : : ; mg and all integers n � n0; (10.307)

d.xn; C/ � �=4 for all integers n � n0: (10.308)

In view of (10.304)–(10.308),

d.xn0 ; C/ � kxn0 � yn0k C d.yn0 ; C/ � �=2;

kxnk � 3M0 C 2�1; n D 0; : : : ; n0: (10.309)

By (10.228), (10.304), (10.306), (10.307), (10.309) and the inequalities

�1 � �=4; �1 � ��1�=4;

for all i 2 f1; : : : ; mg,

fi.xn0 / � fi.yn0 / C jfi.xn0 / � fi.yn0 /j � �=4 C �kxn0 � yn0k < �:

Theorem 10.13 is proved. ut

10.13 Extensions

Theorem 10.13 implies the following result.

Theorem 10.14. Let M0 > 0; � 2 .0; 1/;

B.0; M0/ \ C 6D ;;

fz 2 X W fi.z/ < 0g \ B.0; M0/ 6D ; for all i D 1; : : : ; m:

Let a natural number n0 and ı > 0 be as guaranteed by Theorem 10.13. Assume
that (10.218)–(10.223) hold and fxng1

iD1 � B.0; M0/. Then for all integers n � n0;

d.xn; C/ � �;

fi.xn/ � �; i 2 f1; : : : ; mg:

Theorem 10.14 easily implies the following result.
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Theorem 10.15. Let M0 > 0;

B.0; M0/ \ C 6D ;;

fz 2 X W fi.z/ < 0g \ B.0; M0/ 6D ; for all i D 1; : : : ; m;

fıng1
nD0 � .0; 1/, limn!1 ın D 0, � 2 .0; 1/. Then there exist a natural number n�

such that the following assertion holds.
Assume that

Qın 2 Œ0; ın�; n 2 N n f0g;
(10.219)–(10.222) hold,

fxig1
iD0 � B.0; M0/

for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; Qıi; ıi/:

Then for all integers n � n� ,

d.xn; C/ � �;

fi.xn/ � �; i 2 f1; : : : ; mg:

Theorem 10.16. Suppose that the set C is bounded, M0 > 0;

B.0; M0/ \ C 6D ;;

fz 2 X W fi.z/ < 0g \ B.0; M0/ 6D ; for all i D 1; : : : ; m;

M1 > 0; � 2 .0; 1/. Then there exist a natural number n0 and ı > 0 such that the
following assertion holds.

Assume that

Qın 2 Œ0; ı�; n 2 N n f0g; (10.310)

f.˝i; wi/g1
iD1 � M�; (10.311)

satisfies (10.220) for each natural number j,

x0 2 B.0; M1/; (10.312)

fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/ (10.313)

satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; Qıi; ı/: (10.314)
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Then for all integers n � n0;

d.xn; C/ � �;

fi.xn0 / � �; i 2 f1; : : : ; mg:

Proof. For each i 2 f1; : : : ; mg, there exists zi 2 X such that

zi 2 B.0; M0/; fi.zi/ < 0:

We may assume without loss of generality that

M1 > supfkzk W z 2 Cg C 4; (10.315)

M0 > 3M1 C 1: (10.316)

By Theorem 10.13, there exist a natural number n1 and �1 > 0 such that the
following assertion holds.

(i) for each

Qın 2 Œ0; �1�; n 2 N n f0g;

each

f.˝i; wi/g1
iD1 � M�;

satisfying (10.220) for each natural number j, each

x0 2 B.0; M1/;

each pair of sequences

fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/

satisfying for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; Qıi; �1/

we have

kxik � 3M1 C 1 for all integers i D 0; : : : ; n1;

d.xn1 ; C/ � �:

By Theorem 10.14, there exist a natural number n0 and ı 2 .0; �1/ such that the
following property hold:



10.13 Extensions 383

(ii) for each

Qın 2 Œ0; ı�; n 2 N n f0g;

each

f.˝i; wi/g1
iD1 � M�

satisfying (10.220) for each natural number j and (10.221)–(10.223), and each

fxng1
nD0 � B.0; M0/;

for all integers n � n0 we have

d.xn; C/ � �;

fi.xn/ � �; i 2 f1; : : : ; mg:

Assume that (10.310) and (10.311) hold, for all integers j � 1 (10.220) is true
and that (10.312), (10.313) hold. By (i) and (10.315), (10.314) is true for all integers
i � 1,

kxnn1k � M1; n 2 N ; kxnk � 3M1 C 1; n 2 N : (10.317)

In view of property (ii), (10.316), and (10.317), for all integers n � n0,

d.xn; C/ � �;

fi.xn/ � �; i 2 f1; : : : ; mg:

This completes the proof of Theorem 10.16. ut
Theorem 10.16 implies the following result.

Theorem 10.17. Let M0 > 0; the set C be bounded,

fz 2 X W fi.z/ < 0g 6D ; for all i D 1; : : : ; m:

Then there exists ı > 0 such that the following assertion holds.
Assume that

fıng1
nD0 � .0; ı/; lim

n!1 ın D 0; � > 0:

Then there exists a natural number n� such that for each Qın 2 Œ0; ın�, n 2 N n f0g,
each

f.˝i; wi/g1
iD1 � M�
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satisfying (10.220) for each natural number j, each

x0 2 B.0; M0/;

each fxig1
iD1 � X, each f�ig1

iD1 � Œ0; 1/ satisfying for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; Qıi; ıi/;

the inequalities

d.xn; C/ � �;

fi.xn/ � �; i 2 f1; : : : ; mg

hold for all integers n � n�:



Chapter 11
Iterative Subgradient Projection Algorithm

In this chapter we study convergence of iterative subgradient projection algorithms
for solving convex feasibility problems in a general Hilbert space. Our goal is to
obtain an approximate solution of the problem in the presence of computational
errors. We show that our subgradient projection algorithm generates a good
approximate solution, if the sequence of computational errors is bounded from
above by a constant. Moreover, for a known computational error, we find out what
an approximate solution can be obtained and how many iterates one needs for this.

11.1 Preliminaries

Let .X; h�; �i/ be a Hilbert space with an inner product h�; �i which induces a complete
norm k � k.

For every point x 2 X and every nonempty set A � X define

d.x; A/ D inffkx � yk W y 2 Ag:

For every point x 2 X and every positive number r put

B.x; r/ D fy 2 X W kx � yk � rg:

In view of Proposition 10.1, for every nonempty closed convex subset C of the
space X and every point x 2 X there exists a unique point PC.x/ 2 C which satisfies

kx � PC.x/k D inffkx � yk W y 2 Cg; (11.1)

kPC.x/ � PC.y/k � kx � yk for all x; y 2 X (11.2)

© Springer International Publishing Switzerland 2016
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and for every point x 2 X and every point z 2 C,

hz � PC.x/; x � PC.x/i � 0;

kz � PC.x/k2 C kx � PC.x/k2 � kz � xk2: (11.3)

Denote by N a set of all nonnegative integers. We recall the following useful
facts on convex functions given already in Chap. 10.

Let f W X ! R1 be a continuous convex function such that

fx 2 X W f .x/ � 0g 6D ;: (11.4)

Let y0 2 X. Then

@f .y0/ D fl 2 X W f .y/ � f .y0/ � hl; y � y0i for all y 2 Xg (11.5)

is the subdifferential of f at the point y0 [72, 77].
For every l 2 @f .y0/ it follows from (11.5) that

fx 2 X W f .x/ � 0g � fx 2 X W f .y0/ C hl; x � y0i � 0g: (11.6)

It is well known that the following lemma holds.

Lemma 11.1. Let y0 2 X, f .y0/ > 0, l 2 @f .y0/ and let

D D fx 2 X W f .y0/ C hl; x � y0i � 0g:
The l 6D 0 and

PD.y0/ D y0 � f .y0/klk�2l:

Let us now describe the convex feasibility problem studied in the chapter and
iterative subgradient projection algorithms which will be used for its solving.

Let m be a natural number and fi W X ! R1, i D 1; : : : ; m be convex continuous
functions.

For every integer i D 1; : : : ; m put

Ci D fx 2 X W fi.x/ � 0g;
C D \m

iD1Ci D \m
iD1fx 2 X W fi.x/ � 0g:

We suppose that

C 6D ;:

A point x 2 C is called a solution of our feasibility problem. For a given positive
number � a point x 2 X is called an �-approximate solution of the feasibility
problem if

fi.x/ � � for all i D 1; : : : ; m:
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In this chapter we apply the subgradient projection method in order to obtain a
good approximative solution of the feasibility problem.

Let a natural number Nm � m. Denote by R the set of all mappings S W N !
f1; : : : mg such that the following property holds:

(P1) For every nonnegative integer p and every j 2 f1; : : : ; mg there exists an
integer i 2 fp; : : : ; p C Nm � 1g for which S.i/ D j.

We are interested to find approximate solutions of the inclusion x 2 C. In order
to meet this goal we apply algorithms generated by S 2 R. More precisely, we
associate with any S 2 R the algorithm which generates, for every starting point
x0 2 X, a sequence fxkg1

kD0 � X such that for each integer k � 0,

xkC1 D xk if fS.k/.xk/ � 0

and

xkC1 D xk � fS.k/.xk/klkk�2lk

if fS.k/.xk/ > 0, where lk 2 @fS.k/.xk/.
Note that by Lemma 11.1 the sequence fxkg1

kD0 is well defined and that for each
integer k � 0, if fS.k/.xk/ > 0, then

xkC1 D PDk .xk/;

where

Dk D fx 2 X W f .xk/ C hlk; x � xki � 0g

and lk 2 @fS.k/.xk/.
The algorithms of this type are well known in the literature, where their

convergence was studied as k ! 1 (see [7] and the references mentioned there).
In this chapter, we study the behavior of the sequences generated by the algorithm,
associated with S 2 R, taking into account computational errors which are always
present in practice. Namely, in practice the algorithm, associated with S 2 R,
generates, for any starting point x0 2 X, sequences fxkg1

kD0 � X and flkg1
kD0 � X

such that for each integer k � 0,

xkC1 D xk if fS.k/.xk/ � ı

and

kxkC1 � xk C fS.k/.xk/klkk�2lkk � ı;

if fS.k/.xk/ > ı, where lk 2 X n f0g satisfies d.lk; @fS.k/.xk// � ı; with a constant
ı > 0 which depends only on our computer system. Surely, in this situation one
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cannot expect that the sequence fxkg1
kD0 converges to a point of C. The goal of this

chapter is to understand what subset of X attracts all sequences fxkg1
kD0 generated

by the algorithm. The results of this chapter were obtained in [97].

11.2 The First Main Result

Suppose that m is a natural number and that fi W X ! R1, i D 1; : : : ; m are convex
continuous functions.

For every integer i D 1; : : : ; m put

Ci D fx 2 X W fi.x/ � 0g

and set

C D \m
iD1Ci D \m

iD1fx 2 X W fi.x/ � 0g:

Suppose that

C 6D ;:

Let a natural number Nm � m. Recall that R is the set of all mappings S W N !
f1; : : : mg which possess property (P1).

We study the behavior of iterates generated by S 2 R taking into account
computational errors bounded from above by a positive constant ı which depends
only on our computer system.

Suppose that M > 0, M0 > 0, and M1 > 2 be such that

B.0; M/ \ fx 2 X W fi.x/ � 0; i D 1; : : : ; mg 6D ;; (11.7)

fi.B.0; 3M C 3// � Œ�M0; M0�; i D 1; : : : ; m; (11.8)

jfi.u/ � fi.v/j � .M1 � 2/ku � vk
for all u; v 2 B.0; 3M C 4/ and all i D 1; : : : ; m: (11.9)

Let � 2 .0; 1� and let ı 2 .0; 1� satisfy

8.4M C 4/ Nm3ı.1 C 16M0��2.4M C 3/2/ � 1; (11.10)

� � 2M1.8ı.4M C 4/ Nm.1 C 16M0��2.4M C 3/2//1=2: (11.11)

Let

�0 D .8ı.4M C 4/ Nm.1 C 16M0��2.4M C 3/2//1=2 (11.12)
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and a natural number

n0 > 32M2��2
0 : (11.13)

The following theorem is our first main result which will be proved in Sect. 11.5.

Theorem 11.2. Assume that

S 2 R; fxkg1
kD0 � X; kx0k � M; flkg1

kD0 � X (11.14)

be such that for each integer k � 0,

xkC1 D xk; lk D 0; if fS.k/.xk/ � �; (11.15)

if fS.k/.xk/ > �; then

lk 2 X n f0g; d.lk; @fS.k/.xk// < ı (11.16)

and

kxkC1 � xk C fS.k/.xk/klkk�2lkk � ı: (11.17)

Then there exists an integer q 2 Œ0; n0 � 1� such that kxkk � 3M C 1 for all integers
k D 0; : : : ; .q C 1/ Nm and for each integer k 2 fq Nm; : : : ; .q C 1/ Nm � 1g,

kxk � xkC1k � �0: (11.18)

Moreover, if an integer q � 0 be such that for all integers k 2 fq Nm; : : : ; .q C 1/

Nm � 1g (11.18) holds and kxkk � 3M C 1, then for each i; j 2 fq Nm; : : : ; .q C 1/ Nmg,

kxi � xjk � Nm�0

and for each k 2 fq Nm; : : : ; .q C 1/ Nmg and each i 2 f1; : : : ; mg,

fi.xk/ � � C M1 Nm�0 � �. Nm C 1/:

Theorem 11.2 is useful in answering the following questions.
Assume that the upper bound for computational errors ı, which depends on our

computer system, is known, and we need to know what approximate solution can
be obtained and how many iterates should be done. According to Theorem 11.2, we
obtain a �. Nm C 1/-approximate solution after Nm.n0 � 1/ iterations of the algorithm
associated with S 2 R, where constants � and n0 are defined by (11.10)–(11.13).

Assume now that a constant � is given, and we are interested to know what
should be an upper bound ı for computational errors, produced by a computer sys-
tem, and how many iterates should be done in order to obtain �. NmC1/-approximate
solution. These constants (ı and n0) again can be found by (11.10)–(11.13).
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Theorem 11.2 is also useful if the upper bound ı for computational errors,
produced by a computer system, is known, it is given an upper bound for a number
of iterates and we are interested to find �.

Note that Theorem 11.2 provides the estimations for the constants ı and n0,
which follow from (11.10) to (11.13). Namely, ı D c1�4 and n0 D c2��2, where
c1 and c2 are positive constants depending on M.

Theorem 11.7 also answers an important question how we can find an iteration
number i for which xi is a �. Nm C 1/-approximate solution. By Theorem 11.2 we
need just to find the smallest integer q 2 Œ0; : : : ; n0 � 1� such that for each integer
k 2 Œq Nm; : : : ; .q C 1/ Nm � 1� (11.18) holds and that jjxkjj � 3M C 1. Then xi is a
�. Nm C 1/-approximate solution for all integers i 2 Œq Nm; .q C 1/ Nm�:

In the proof of Theorem 11.2 we use the following auxiliary results which is
proved in Sect. 11.4.

Lemma 11.3. Let

ı0 D ı.1 C 16M0��2.4M C 3/2/; (11.19)

an integer j 2 f1; : : : ; mg,

x 2 B.0; 3M C 3/; fj.x/ > �; (11.20)

z 2 B.0; M/ \ C (11.21)

and

	 2 @fj.x/; l 2 B.	; ı/: (11.22)

Then l 6D 0, 	 6D 0,

y WD x � fj.x/k	k�2	 (11.23)

satisfy

ky � zk � kz � xk; ky � zk2 � kz � xk2 � kx � yk2 (11.24)

and for each

u 2 B.x � fj.x/klk�2l; ı/ (11.25)

the following inequalities hold:

ku � yk � ı0; (11.26)

ku � zk � ı0 C kx � zk: (11.27)
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11.3 The Second Main Result

Assume that m is a natural number and that fi W X ! R1, i D 1; : : : ; m are convex
continuous functions.

For every integer i D 1; : : : ; m put

Ci D fx 2 X W fi.x/ � 0g:

Set

C D \m
iD1Ci D \m

iD1fx 2 X W fi.x/ � 0g:

Suppose that

C 6D ;:

In this section we present our second main result (Theorem 11.4) which describes
the behavior of iterates generated by the subgradient projection method under an
assumption that for each i 2 f1; : : : ; mg, fx 2 X W fi.x/ < 0g 6D ;.

Let a natural number Nm � m. Recall that R is the set of all mappings S W N !
f1; : : : mg which possess property (P1).

Suppose that M > 0, M0 > 0, M1 > 2 be such that

B.0; M/ \ fx 2 X W fi.x/ � 0; i D 1; : : : ; mg 6D ;; (11.28)

B.0; M/ \ fx 2 X W fi.x/ < 0g 6D ; (11.29)

for all i 2 f1; : : : ; mg,

fi.B.0; 3M C 3// � Œ�M0; M0�; i D 1; : : : ; m; (11.30)

jfi.u/ � fi.v/j � .M1 � 2/jju � vjj for all u; v 2 B.0; 3M C 4/; i D 1; : : : ; m:

(11.31)

By (11.29) there exists � 2 .0; 1� such that for each i D 1; : : : ; m,

B.0; M/ \ fx 2 X W fi.x/ � ��g 6D ;: (11.32)

Let ı 2 .0; 1� satisfy

ı � 2�1�.4M C 3/�1; (11.33)

8.4M C 4/ Nm3ı.1 C 16M0��2.4M C 3/2/ � 1; (11.34)
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let

�0 D .8ı.4M C 4/ Nm.1 C 16M0��2.4M C 3/2//1=2 (11.35)

and let a natural number

n0 > 32M2��2
0 : (11.36)

The following theorem is the second main result of this chapter.

Theorem 11.4. Assume that

S 2 R; � 2 Œ0; 2M1�0�; fxkg1
kD0 � X; kx0k � M; flkg1

kD0 � X (11.37)

be such that for each integer k � 0,

xkC1 D xk; lk D 0; if fS.k/.xk/ � �; (11.38)

if fS.k/.xk/ > �, then

lk 2 X n f0g; d.lk; @fS.k/.xk// < ı (11.39)

and

kxkC1 � xk C fS.k/.xk/klkk�2lkk � ı: (11.40)

Then there exists an integer q 2 Œ0; n0 � 1� such that kxkk � 3M C 1 for all integers
k D 0; : : : ; .q C 1/ Nm and that for each integer k 2 fq Nm; : : : ; .q C 1/ Nm � 1g,

kxk � xkC1k � �0: (11.41)

Moreover, if an integer q � 0 be such that for all k 2 fq Nm; : : : ; .qC1/ Nm�1g (11.41)
holds and kxkk � 3M C 1, then for each i; j 2 fq Nm; : : : ; .q C 1/ Nmg,

kxi � xjk � Nm�0

and for each k 2 fq Nm; : : : ; .q C 1/ Nmg and each i 2 f1; : : : ; mg,

fi.xk/ � M1. Nm C 2/�0:

Note that in Theorem 11.4 the upper bound for computational errors produced by
our computer system is ı and we obtain a M1. Nm C 2/�0-approximate solution after
Nm.n0 � 1/ iterations of the algorithm associated with S 2 R, where constants �0 and
n0 are defined by (11.35) and (11.36). Namely, �0 D c1ı1=2 and n0 D c2ı�1, where
c1 and c2 are positive constants. These estimates are better than estimates provided
by Theorem 11.2.
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Theorem 11.4 is proved in Sect. 11.5. In its proof we use the following auxiliary
results proved in Sect. 11.4.

Lemma 11.5. Let

ı0 D ı.1 C 16M0��2.4M C 3/2/; (11.42)

an integer j 2 f1; : : : ; mg,

x 2 B.0; 3M C 3/; fj.x/ > 0; (11.43)

z 2 C; (11.44)

	 2 @fj.x/; l 2 B.	; ı/: (11.45)

Then l 6D 0, 	 6D 0,

y WD x � fj.x/k	k�2	 (11.46)

satisfy

ky � zk � kz � xk; ky � zk2 � kz � xk2 � kx � yk2 (11.47)

and for each

u 2 B.x � fj.x/klk�2l; ı/ (11.48)

the following inequalities hold:

ku � yk � ı0; (11.49)

ku � zk � ı0 C kx � zk: (11.50)

11.4 Proofs of Lemmas 11.3 and 11.5

We prove Lemmas 11.3 and 11.5 simultaneously. Define

D D fv 2 X W fj.x/ C h	; v � xi � 0g: (11.51)

In view of (11.20)–(11.22) (in the case of Lemma 11.3) and in view of (11.43)–
(11.45) (in the case of Lemma 11.5), 	 6D 0.

Lemma 11.1, (11.20)–(11.23), and (11.51) (in the case of Lemma 11.3) and
Lemma 11.1, (11.43)–(11.46) and (11.51) (in the case of Lemma 11.5) imply that

PD.x/ D y: (11.52)
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By (11.21), (11.22), (in the case of Lemma 11.3), (11.44), (11.45) (in the case of
Lemma 11.5), (11.3), (11.6), (11.51), and (11.52),

kz � yk2 D kz � PD.x/k2 � kz � xk2 � kx � yk2: (11.53)

It is clear that (11.53) implies (11.24) and (11.47).
It follows from (11.20), (11.22), (11.8), (11.9) (in the case of Lemma 11.3) and

it follows from (11.43), (11.45), (11.30), and (11.31) (in the case of Lemma 11.5)
that

fj.x/ � M0; (11.54)

k	k � M1 � 2: (11.55)

By (11.55), (11.22) (in the case of Lemma 11.3) and (11.45) (in the case of
Lemma 11.5),

klk � M1 � 1: (11.56)

In the case of Lemma 11.3 put

zj D z: (11.57)

In the case of Lemma 11.5 it follows from (11.32) that there exists a point

zj 2 B.0; M/ such that fj.zj/ � ��: (11.58)

By (11.57), (11.21), (11.20), (11.22) (in the case of Lemma 11.3) and
by (11.58), (11.43), (11.45) (in the case of Lemma 11.5),

�� � fj.zj/ � fj.x/ � h	; zj � xi � �k	kkzj � xk
� �k	k.4M C 3/

and

k	k � �.4M C 3/�1: (11.59)

Relations (11.22), (11.11) (in the case of Lemma 11.3), and (11.45), (11.34) (in the
case of Lemma 11.5) and (11.59) imply that

klk � k	k � ı � �.4M C 3/�1 � ı � 2�1�.4M C 3/�1: (11.60)

In view of (11.60),

l 6D 0:
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Let

u 2 B.x � fj.x/klk�2l; ı/: (11.61)

(see (11.15), (11.48)).
It follows from (11.61), (11.23), (11.54), (11.20) (in the case of Lemma 11.3)

and from (11.61), (11.46), (11.54), (11.43) (in the case of Lemma 11.5) that

ku � yk � ı C kx � fj.x/klk�2l � yk
� ı C kfj.x/k	k�2	 � fj.x/klk�2lk

� ı C M0kk	kj�2	 � klk�2lk: (11.62)

In view of (11.22), (11.59), (11.11), (11.60) (in the case of Lemma 11.3) and in view
of (11.45), (11.59), (11.33), and (11.60) (in the case of Lemma 11.5),

kk	k�2	 � klk�2lk � klk�2kl � 	k C k	kjk	k�2 � klk�2j
� klk�2kl � 	k C klk�2k	k�1jklk2 � k	k2j

� klk�2Œı C k	k�1ı.klk C k	k/�

� klk�2ıŒ1 C k	k�1.2k	k C ı/� � 4ıklk�2

� 16ı.4M C 3/2��2: (11.63)

Relations (11.63), (11.62), and (11.19) (in the case of Lemma 11.3) and (11.63),
(11.62), (11.42) (in the case of Lemma 11.5) and (11.28) imply that

ku � yk � ı C ıM016��2.4M C 3/2 D ı0: (11.64)

Hence (11.26) and (11.49) hold. It follows from (11.64) and (11.53) that

ku � zk � ku � yk C ky � zk � ı0 C kz � xk:

This completes the proof of Lemmas 11.3 and 11.5. ut

11.5 Proofs of Theorems 11.2 and 11.4

We prove Theorems 11.2 and 11.4 simultaneously. In view of (11.7) (in the case of
Theorem 11.2) and in view of (11.18) (in the case of Theorem 11.4) there exists a
point

z 2 B.0; M/ such that fi.z/ � 0; i D 1; : : : ; m: (11.65)
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In the case of Theorem 11.2 put

� D �: (11.66)

Set

ı0 D ı.1 C 16M0��2.4M C 3/2/: (11.67)

Assume that Qq 2 Œ0; n0 � 1� is an integer such that for every integer p 2 Œ0; Qq� we
have

maxfkxi � xiC1k W i 2 fp Nm; : : : ; .p C 1/ Nm � 1gg > �0: (11.68)

In view of (11.65), (11.14) (in the case of Theorem 11.2) and in view of (11.37) (in
the case of Theorem 11.4)

kx0 � zk � 2M: (11.69)

Assume that an integer p 2 Œ0; Qq� and that

kxp Nm � zk � 2M: (11.70)

Now assume that an integer k 2 fp Nm; : : : ; .p C 1/ Nm � 1� satisfies

kxk � zk � 2M C ı0.k � p Nm/: (11.71)

(Note that in view of (11.70) inequality (11.71) is valid with k D p Nm.) There are
two cases:

fS.k/.xk/ � �I (11.72)

fS.k/.xk/ > �: (11.73)

If inequality (11.72) is true, then xkC1 D xk (see (11.5), (11.66), (11.38)). Assume
that inequality (11.73) is valid. Then it follows from (11.73), (11.66), (11.17), (11.16)
(in the case of Theorem 11.2) and it follows from (11.39), (11.40) (in the case of
Theorem 11.4) that there exist

	k 2 @fS.k/.xk/; lk 2 B.	k; ı/ n f0g (11.74)

such that

kxkC1 � xk C fS.k/.xk/klkk�2lkk � ı: (11.75)
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In the case of Theorem 11.2 by (11.67), (11.71), (11.19), (11.10) and in the case of
Theorem 11.4 by (11.71), (11.67), (11.34) we have

kxk � zk � 2M C ı0 Nm � 2M C 1: (11.76)

Relations (11.76) and (11.65) imply that

kxkk � 3M C 1: (11.77)

In the case of Theorem 11.2 in view of (11.19), (11.67), (11.77), (11.73), (11.65),
(11.74), (11.66), (11.76), Lemma 11.3 applied with x D xk, 	 D 	k, l D lk, u D xkC1

and in the case of Theorem 11.4 in view of (11.42), (11.67), (11.77), (11.65), (11.73),
(11.74)–(11.76), Lemma 11.5 applied with x D xk, 	 D 	k, l D lk,

kxkC1 � zk � ı0 C kxk � zk: (11.78)

Together with (11.71) this implies that

kxkC1 � zk � 2M C ı0.k C 1 � p Nm/:

Hence the inequality above and (11.78) are true in both cases. Therefore by
induction we have shown that (11.71) is valid for all integers k D p Nm; : : : ; .p C 1/ Nm
and that (11.78) is true for all integers k D p Nm; : : : ; .p C 1/ Nm � 1. Combined
with (11.67), (11.10) (in the case of Theorem 11.2) and with (11.34) (in the case
of Theorem 11.4) this implies that

kxk � zk � 2M C 1; k D p Nm; : : : ; .p C 1/ Nm: (11.79)

By (11.79), (11.78) which holds for all k D p Nm; : : : ; .p C 1/ Nm � 1, (11.67), (11.10)
(in the case of Theorem 11.2) and by (11.34) (in the case of Theorem 11.4), for all
integers k D p Nm; : : : ; .p C 1/ Nm � 1, we have

kz � xkk2 � kz � xkC1k2 � kz � xkk2 � .kz � xkk C ı0/2

� �2ı0kz � xkk � ı2
0 � �2ı0.2M C 2/: (11.80)

In view of (11.68) there exists an integer

j 2 fp Nm; : : : ; .p C 1/ Nm � 1g (11.81)

for which

kxjC1 � xjk > �0: (11.82)
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By (11.82), (11.66), (11.15)–(11.17) (in the case of Theorem 11.2) and by (11.38)–
(11.40) (in the case of Theorem 11.4),

fS.j/.xj/ > �: (11.83)

By (11.83), (11.62), (11.16), (11.17) (in the case of Theorem 11.2) and
by (11.83), (11.39) (in the case of Theorem 11.4), that there exists a point

	j 2 @fS.j/.xj/ (11.84)

such that

k	j � ljk � ı: (11.85)

Relations (11.84) and (11.83) imply that 	j 6D 0. Set

y D xj � fS.j/.xj/k	jk�2	j: (11.86)

In the case of Theorem 11.2 relations (11.67), (11.79), (11.65), (11.83), (11.66),
(11.84), (11.81), (11.85), (11.86), (11.17), and Lemma 11.3 applied with
x D xj, 	 D 	j, l D lj, u D xjC1 and in the case of Theorem 11.4 rela-
tions (11.67), (11.79), (11.65), (11.83), (11.84), (11.81), (11.85), (11.86), (11.40)
and Lemma 11.5 applied with x D xj, 	 D 	j, l D lj, u D xjC1 imply that

kxjC1 � yk � ı0; (11.87)

kz � yk2 � kz � xjk2 � kxj � yk2: (11.88)

By (11.82), (11.87), (11.67), (11.12), (11.10) (in the case of Theorem 11.2), (11.34)
and by (11.35) (in the case of Theorem 11.4), we have

kxj � yk � kxj � xjC1k � ky � xjC1k > �0 � ı0 � �0=2: (11.89)

Relations (11.88) and (11.89) imply that

kz � yk2 � kz � xjk2 � �2
0=4: (11.90)

In view of (11.90), (11.79), and (11.81),

kz � yk � 2M C 1: (11.91)

By (11.90), (11.87), (11.91), (11.67), (11.10) (in the case of Theorem 11.2) and
by (11.34) (in the case of Theorem 11.4), we have
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kz � xjC1k2 D kz � y C y � xjC1k2

� kz � yk2 C ky � xjC1k2 C 2kz � ykky � xjC1k
� kz � xjk2 � �2

0=4 C ı2
0 C 2ı0.2M C 1/

� kz � xjk2 � �2
0=4 C ı0.4M C 4/: (11.92)

It follows from (11.80), (11.92), (11.67), (11.81), (11.12) (in the case of Theo-
rem 11.2) and from (11.35) (in the case of Theorem 11.4) that

kz � xp Nmk2 � kz � x.pC1/ Nmk2 D
.pC1/ Nm�1X

kDp Nm
Œkz � xkk2 � kz � xkC1k2�

� �ı0.4M C 4/ Nm C �2
0=4 � �2

0=8: (11.93)

We have shown that the following property holds:
(P2) If an integer p 2 Œ0; Qq� satisfies (11.70), then (11.79) and (11.93) are valid

and (11.78) is true for all integers k D p Nm; : : : ; .p C 1/ Nm � 1.
It follows from (11.93), property (P2), (11.69), (11.13), and (11.36) that

.Qq C 1/�2
0=8 �

QqX

pD0

Œkz � xp Nmk2 � kz � x.pC1/ Nmk2� � kz � x0k2 � 4M2;

Qq C 1 � 32M2��2
0 < n0:

Thus we assumed that an integer Qq 2 Œ0; n0 � 1� and that (11.68) is true for every
integer p 2 Œ0; Qq� and showed that Qq C 1 < n0. This implies that there exists an
integer q 2 Œ0; n0 � 1� such that for each integer p satisfying 0 � p < q,

maxfkxi � xiC1k W i D p Nm; : : : ; .p C 1/ Nm � 1g > �0; (11.94)

maxfkxi � xiC1k W i D q Nm; : : : ; .q C 1/ Nm � 1g � �0: (11.95)

It follows from (11.69), property (P2) (with Qq D q � 1), (11.93) and (11.79) that

kxq Nm � zk � 2M; (11.96)

kxk � zk � 2M C 1 for all k D 0; : : : ; q Nm: (11.97)

Relations (11.96), (11.95), (11.10), (11.12), (11.34), and (11.35) imply that for every
integer i D q Nm; : : : ; .q C 1/ Nm,

kxi � zk � kxi � xq Nmk C kxq Nm � zk � Nm�0 C 2M � 2M C 1: (11.98)
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In view of (11.97), (11.98), and (11.65), we have

kxkk � 3M C 1; k D 0; : : : ; .q C 1/ Nm: (11.99)

Assume that an integer q � 0 and that for each integer k 2 Œq Nm; : : : ; .q C 1/ Nm � 1�,

kxk � xkC1k � �0; (11.100)

kxkk � 3M C 1: (11.101)

It follows from (11.101), (11.100), (11.12), (11.34), (11.10), and (11.35) that

kx.qC1/ Nmk � 3M C 2: (11.102)

By (11.100) for each pair of integers i; j 2 fq Nm; : : : ; .q C 1/ Nmg,

kxi � xjk � Nm�0: (11.103)

First complete the proof of Theorem 11.2.
Let p 2 f1; : : : ; mg. Property (P1) implies that there exists an integer j 2

fq Nm; : : : ; .q C 1/ Nm � 1g for which

S.j/ D p: (11.104)

We claim that fp.xj/ � �. Assume the contrary. Then

fp.xj/ D fS.j/.xj/ > � (11.105)

and in view of (11.100), (11.105), (11.15)–(11.17), and (11.12),

�0 � kxjC1 � xjk � kfS.j/.xj/kljk�2ljk
�kxjC1 � xj C fS.j/.xj/kljk�2ljk > �kljk�1 � ı;

2�0kljk > �: (11.106)

It follows from (11.105), (11.15), and (11.16) that there exists a point

	j 2 @fS.j/.xj/ (11.107)

such that

klj � 	jk < ı: (11.108)

Relations (11.107), (11.101), (11.9), (11.10), and (11.108) imply that
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k	jk � M1 � 2; kljk � M1 � 1: (11.109)

In view of (11.106) and (11.109), we have 2�0M1 > �. This contradicts (11.11)
and (11.12). The contradiction we have reached proves that

fp.xj/ � �: (11.110)

Let i 2 fq Nm; : : : ; .q C 1/ Nmg. Relations (11.101) and (11.102) imply that

kxik � 3M C 2: (11.111)

It follows from (11.104), (11.110), (11.111), (11.101), (11.9), (11.103), (11.11),
and (11.12) that

fp.xi/ D fS.j/.xi/ � fS.j/.xj/ C jfS.j/.xi/ � fS.j/.xj/j
� � C .M1 � 2/kxi � xjk � � C M1 Nm�0;

fp.xi/ � � C M1 Nm�0 � �. Nm C 1/;

for all p 2 f1; : : : ; mg all i 2 fq Nm; : : : ; .q C 1/ Nmg. This completes the proof of
Theorem 11.2.

Now we complete the proof of Theorem 11.4. Let p 2 f1; : : : ; mg. Property (P1)
implies that there exists j 2 fq Nm; : : : ; .q C 1/ Nm � 1g such that (11.104) is trues. We
claim that fp.xj/ � 2M1�0. Assume the contrary. Then

fp.xj/ D fS.j/.xj/ > 2M1�0 (11.112)

and in view of (11.100), (11.112), (11.37)–(11.40), (11.35), and (11.33), we have

�0 � kxjC1 � xjk � kfS.j/.xj/kljk�2ljk
�kxjC1 � xj C fS.j/.xj/kljk�2ljk > 2M1�0kljk�1 � ı;

2�0 > 2M1�0kljk�1: (11.113)

It follows from (11.112) and (11.37)–(11.40) that there exists a point
	j 2 X which satisfies (11.107) and (11.108). By (11.31), (11.107), (11.108)
and (11.101), (11.109) is true. In view of (11.113) and (11.109), we have

2�0 > 2M1�0.M1 � 1/�1;

a contradiction. The contradiction we have reached proves that

fp.xj/ � 2M1�0: (11.114)
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Let i 2 fq Nm; : : : ; .q C 1/ Nmg. Relations (11.101) and (11.102) imply that (11.111) is
valid. It follows from (11.104), (11.114), (11.111), (11.101), (11.31), and (11.103)
that

fp.xi/ D fS.j/.xi/ � fS.j/.xj/ C jfS.j/.xi/ � fS.j/.xj/j
� 2M1�0 C .M1 � 2/kxi � xjk � 2M1�0 C .M1 � 2/ Nm�0 � M1�0. Nm C 2/;

fp.xi/ � M1. Nm C 2/�0

for all integers p 2 f1; : : : ; mg and all integers i 2 fq Nm; : : : ; .q C 1/ Nmg. This
completes the proof of Theorem 11.4. ut

11.6 The Third Main Result

Assume that m is a natural number and that fi W X ! R1, i D 1; : : : ; m are convex
continuous functions.

For every integer i D 1; : : : ; m define

Ci D fx 2 X W fi.x/ � 0g:

Set

C D \m
iD1Ci D \m

iD1fx 2 X W fi.x/ � 0g:

Suppose that

C 6D ;:

In this section we present the third main result of the chapter (Theorem 11.7)
which describes the behavior of iterates generated by the subgradient projection
method under assumptions that C is bounded and that fx 2 X W fi.x/ < 0; i D
1; : : : ; mg 6D ;.

Let a natural number Nm � m. Recall that R is the set of all mappings S W N !
f1; : : : mg which possess property (P1).

Suppose that

fx 2 X W fi.x/ < 0; i D 1; : : : ; mg 6D ;:

Thus there exists � 2 .0; 1� such that

fx 2 X W fi.x/ � ��; i D 1; : : : ; mg 6D ;: (11.115)

We assume that the set C is bounded.
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Proposition 11.6. Let QM > 0 and

C � B.0; QM/: (11.116)

Then

fx 2 X W fi.x/ � 1; i D 1; : : : ; mg � B.0; QM.� C 2/��1/: (11.117)

Proof. Assume that a point x 2 X satisfies

fi.x/ � 1; i D 1; : : : ; m: (11.118)

In view of (11.115), there exists a point z 2 X such that

fi.z/ � ��; i D 1; : : : ; m: (11.119)

For every integer i 2 f1; : : : ; mg, the convexity of fi, (11.118) and (11.119) imply
that

fi..� C 1/�1z C �.� C 1/�1x/ � .� C 1/�1fi.z/ C �.� C 1/�1fi.x/

� �.� C 1/�1� C �.� C 1/�1 � 0

and

.� C 1/�1z C �.� C 1/�1x 2 C:

Combined with (11.116) this implies that

k.� C 1/�1z C �.� C 1/�1xk � QM: (11.120)

In view of (11.116), (11.119), and (11.120), we have

k�.� C 1/�1xk � k.� C 1/�1z C �.� C 1/�1xk C k � .� C 1/�1zk
� QM C .� C 1/�1 QM � QM.� C 2/.� C 1/�1;

kxk � QM.� C 2/��1:

This completes the proof of Proposition 11.6. ut
Let M > 0, M0 > 0, M1 > 2 be such that

fx 2 X W fi.x/ � 1; i D 1; : : : ; mg � B.0; M/; (11.121)

fi.B.0; 3M C 3// � Œ�M0; M0�; i D 1; : : : ; m; (11.122)
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jfi.u/ � fi.v/j � .M1 � 2/ku � vk for all u; v 2 B.0; 3M C 4/; i D 1; : : : ; m:

(11.123)

Let ı 2 .0; 1� satisfy (11.34) and

M1. Nm C 2/.8.4M C 4/ Nmı.1 C 16M0��2.4M C 3/2//1=2 � 1; (11.124)

�0 be defined by (11.35) and let a natural umber n0 satisfy (11.36).
Note that all the assumptions made for Theorem 11.4 hold.
The next theorem is the third main result of the chapter.

Theorem 11.7. Assume that

S 2 R; � 2 Œ0; 2M1�0�; fxkg1
kD0 � X; kx0k � M; flkg1

kD0 � X (11.125)

be such that for each integer k � 0,

xkC1 D xk; lk D 0; if fS.k/.xk/ � � (11.126)

and if fS.k/.xk/ > �, then

lk 2 X n f0g; d.lk; @fS.k/.xk// < ı; (11.127)

kxkC1 � xk C fS.k/.xk/klkk�2lkk � ı: (11.128)

Then there exists an integer q0 2 Œ0; n0 � 1� such that for each integer i � q0 Nm,

d.xi; C/ � . Nm C 2/�0.1 C 2M1M��1/:

In this section we say that x 2 X is a � -approximate solution of our feasibility
problem with � > 0 if d.x; C/ � � .

Note that in Theorem 11.7 the upper bound for computational errors produced by
our computer system is ı and we obtain a .1 C 2M1M��1/. Nm C 2/�0-approximate
solution after Nm.n0 � 1/ iterations of the algorithm associated with S 2 R, where
constants �0 and n0 are defined by (11.35) and (11.36). Namely, �0 D c1ı1=2

and n0 D c2ı�1, where c1 and c2 are positive constants. The convergence in
Theorem 11.7 is stronger than in Theorems 11.2 and 11.4 because xi is .1 C
2M1M��1/. Nm C 2/�0-approximate solution for all integers i � .n0 � 1/ Nm.

11.7 Auxiliary Results for Theorem 11.7

In this section we use the notation and the assumptions made in Sect. 11.6.

Lemma 11.8. Let x 2 X, � 2 .0; 1� and

fi.x/ � �; i D 1; : : : ; m: (11.129)
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Then

d.x; C/ � 2M�.� C �/�1:

Proof. Fix a point z 2 X for which

fi.z/ � ��; i D 1; : : : ; m: (11.130)

Since the functions fi, i D 1; : : : ; m are convex relations (11.129) and (11.130) imply
that for all integers i D 1; : : : ; m,

fi.�.� C �/�1z C �.� C �/�1x/

� �.� C �/�1fi.z/ C �.� C �/�1fi.x/

� ��.� C �/�1� C �.� C �/�1� D 0: (11.131)

Hence

�.� C �/�1z C �.� C �/�1x 2 C: (11.132)

It follows from (11.121), (11.129), and (11.130) that

kxk; kzk � M: (11.133)

In view of (11.132) and (11.133), we have

d.x; C/ � k�.� C �/�1z C �.� C �/�1x � xk
D �.� C �/�1kz � xk D 2M�.� C �/�1:

Lemma 11.8 is proved. ut
Lemma 11.9. Let x 2 X satisfy

d.x; C/ � 1: (11.134)

Then for i D 1; : : : ; m, fi.x/ � M1d.x; C/:

Proof. Let � 2 .0; 1/. There exists a point

z 2 C (11.135)

satisfying

kx � zk � d.x; C/ C � < 2: (11.136)
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Relations (11.121), (11.135), and (11.136) imply that

kzk � M; (11.137)

kxk � M C 2: (11.138)

It follows from (11.137), (11.138), (11.123), and (11.136) that for every integer
i D 1; : : : ; m,

jfi.x/ � fi.z/j � kx � zkM1 � M1d.x; C/ C M1�: (11.139)

Since � is any number belonging to .0; 1/, it follows from (11.135) and (11.139)
that for all i D 1; : : : ; m, fi.x/ � M1d.x; C/. Lemma 11.9 is proved. ut

11.8 Proof of Theorem 11.7

We have already mentioned that all the assumptions made for Theorem 11.4 hold.
Define

ı0 D ı.1 C 16M0��2.4M C 3//: (11.140)

Note that in view of (11.124) and (11.35), we have

M1�0. Nm C 2/ � 1: (11.141)

Since C � B.0; M/ we conclude that in the proof of Theorem 11.4 the following
properties were established (for the sequence fxiClg1

iD0):
(P3) Let z 2 C and an integer l � 0 be such that kxlk � M. Then there exists an

integer q 2 Œ0; n0 � 1� such that:

kxik � 3M C 1; i D l; : : : ; .q C 1/ Nm C l (11.142)

(see (11.99));
for each integer p satisfying 0 � p < q,

maxfkxi � xiC1k W i 2 fp Nm C l; : : : ; .p C 1/ Nm C l � 1gg > �0; (11.143)

maxfkxi � xiC1k W i 2 fq Nm C l; : : : ; .q C 1/ Nm C l � 1gg � �0 (11.144)

(see (11.94) and (11.95));
for each integer p satisfying 0 � p < q,

kz � xp NmClk2 � kz � x.pC1/ NmClk2 � �2
0=8 (11.145)
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(see (P2) and (11.93));

kxiC1 � zk � ı0 C kxi � zk (11.146)

for all integers i satisfying l � i < q Nm C l (see (P2) and (11.79))
and
(P4) Assume that an integer q � 0, an integer l � 0, kxlk � M,

kxik � 3M C 1; kxiC1 � xik � �0; i D l C q Nm: : : : ; .q C 1/ Nm � 1 C l:

Then

fp.xi/ � M1�0. Nm C 2/; i D l C q Nm; : : : ; .q C 1/ Nm C l; (11.147)

p D 1; : : : ; m:

Assume that an integer l � 0 be such that kxlk � M and let an integer q 2 Œ0; n0�
1� be as guaranteed by property (P3) which in its turn implies in view of (11.145)
that for every integer p satisfying 0 � p < q,

d.x.pC1/ NmCl; C/ � d.xp NmCl; C/:

This implies that

d.xp NmCl; C/ � d.xl; C/ for all p D 0; : : : ; q: (11.148)

By (11.146) and (11.148),

d.xi; C/ � d.xl; C/ C ı0 Nm for all i D l; : : : ; l C q Nm: (11.149)

In view of the choice of q, property (P3), (11.142), (11.144) and property
(P4), (11.147) is valid. By (11.141), (11.147), and Lemma 11.8, for all integers
i D l C q Nm; : : : ; l C .q C 1/ Nm, we have

d.xi; C/ � 2MM1�0. Nm C 2/.M1�0. Nm C 2/ C �/�1 � 2M1M�0. Nm C 2/��1:

(11.150)
It follows from (11.121) and (11.147) that

xi 2 B.0; M/; i D l C q Nm; : : : ; .q C 1/ Nm: (11.151)

Thus we have shown that the following property holds:
(P5) Let an integer l � 0 be such that kxlk � M and let an integer q 2 Œ0; n0 � 1�

be as guaranteed by property (P3). Then (11.147), (11.149), (11.150), and (11.151)
hold.
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In view of (11.125), there exists an integer q0 2 Œ0; n0 � 1� such that property
(P3) holds with l D 0 and q D q0. It follows from the choice of q0, property
(P5), (11.125), (11.147), and (11.150) that

fp.xi/ � M1�0. Nm C 2/; i D q0 Nm; : : : ; .q0 C 1/ Nm; p D 1; : : : ; m; (11.152)

d.xi; C/ � 2M1M�0. Nm C 2/��1 for all integers i D q0 Nm; : : : ; .q0 C 1/ Nm:

(11.153)

We claim that

d.xi; C/ � 2M1M�0. Nm C 2/��1 C ı0 Nm for all integers i � q0 Nm:

Assume the contrary. Then there exists an integer

p > q0 Nm (11.154)

which satisfies

d.xp; C/ > 2M1M�0. Nm C 2/��1 C ı0 Nm (11.155)

In view of (11.153)–(11.155), we have

p > q0. Nm C 1/: (11.156)

We may assume without loss of generality that

d.xi; C/ � 2M1M�0. Nm C 2/��1 C ı0 Nm (11.157)

for all integers i satisfying .q0 C 1/ Nm � i < p:

It follows from (11.152) and (11.156) that there exists an integer l0 satisfying

.q0 C 1/ Nm � l0 � p; (11.158)

fk.xl0 / � M1�0. Nm C 2/; k D 1; : : : ; m; (11.159)

maxffk.xi/ W k D 1; : : : ; mg > M1�0. Nm C 2/ (11.160)

for all integers i satisfying l0 < i � p:

In view of (11.141), (11.159) and Lemma 11.8, we have

d.xl0 ; C/ � 2MM1�0. Nm C 2/��1: (11.161)

Relations (11.155), (11.158), and (11.161) imply that

l0 < p: (11.162)
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By view of (11.121), (11.141), and (11.159),

kxl0k � M: (11.163)

Let an integer q 2 Œ0; n0 � 1� be as guaranteed by (P3) with l D l0. It follows
from (11.163), the choice of q, (P5) with l D l0, (11.147), (11.149), (11.150),
and (11.161) that

d.xi; C/ � 2MM1�0. Nm C 2/��1 C ı0 Nm; i D l0; : : : ; l0 C .q C 1/ Nm; (11.164)

ft.xi/ � M1�0. Nm C 2/; t D 1; : : : ; m; i D l0 C q Nm; : : : ; l0 C .q C 1/ Nm:

(11.165)

By (11.155), (11.162), and (11.164),

p > l0 C .q C 1/ Nm: (11.166)

Equations (11.165) and (11.166) contradict (11.158)–(11.160).
The contradiction we have reached proves that for all integers i � q0 Nm, in view

of (11.35), (11.140),

d.xi; C/ � 2MM1�0. Nm C 2/��1 C ı0 Nm
� 2MM1�0. Nm C 2/��1 C �0 Nm � .1 C 2MM1��1/�0. Nm C 2/:

Theorem 11.7 is proved. ut



Chapter 12
Dynamic String-Averaging Subgradient
Projection Algorithm

In this chapter we study convergence of dynamic string-averaging subgradient
projection algorithms for solving convex feasibility problems in a general Hilbert
space. Our goal is to obtain an approximate solution of the problem in the pres-
ence of computational errors. We show that our subgradient projection algorithm
generates a good approximate solution, if the sequence of computational errors is
bounded from above by a constant. Moreover, for a known computational error, we
find out what an approximate solution can be obtained and how many iterates one
needs for this.

12.1 Preliminaries and the First Main Result

Let .X; h�; �i/ be a Hilbert space with an inner product h�; �i which induces a complete
norm k � k.

For each x 2 X and each nonempty set A � X put

d.x; A/ D inffkx � yk W y 2 Ag:

For each x 2 X and each r > 0 set

B.x; r/ D fy 2 X W kx � yk � rg:

By Proposition 10.1, for each nonempty closed convex subset C of X and each
x 2 X there is a unique point PC.x/ 2 C satisfying

kx � PC.x/k D inffkx � yk W y 2 Cg; (12.1)

kPC.x/ � PC.y/k � kx � yk for all x; y 2 X (12.2)

© Springer International Publishing Switzerland 2016
A. Zaslavski, Approximate Solutions of Common Fixed-Point Problems, Springer
Optimization and Its Applications 112, DOI 10.1007/978-3-319-33255-0_12

411



412 12 Dynamic String-Averaging Subgradient Projection Algorithm

and for each x 2 X and each z 2 C,

hz � PC.x/; x � PC.x/i � 0;

kz � PC.x/k2 C kx � PC.x/k2 � kz � xk2: (12.3)

Denote by N a set of all nonnegative integers. We recall the following useful
facts on convex functions given already in Chap. 10.

Let f W X ! R1 be a continuous convex function such that

fx 2 X W f .x/ � 0g 6D ;: (12.4)

Let y0 2 X. Then

@f .y0/ D fl 2 X W f .y/ � f .y0/ � hl; y � y0i for all y 2 Xg (12.5)

is the subdifferential of f at the point y0 [72, 77].
For any l 2 @f .y0/ it follows from (12.5) that

fx 2 X W f .x/ � 0g � fx 2 X W f .y0/ C hl; x � y0i � 0g: (12.6)

By Lemma 11.1, the following property holds:
(P1) For each y0 2 X satisfying f .y0/ > 0, each l 2 @f .y0/ and

D D fx 2 X W f .y0/ C hl; x � y0i � 0g

we have l 6D 0 and

PD.y0/ D y0 � f .y0/klk�2l:

Let us now describe the convex feasibility problem studied in the chapter and
dynamic string-averaging subgradient projection algorithms which will be used for
its solving.

Let m be a natural number and fi W X ! R1, i D 1; : : : ; m be convex continuous
functions.

For each i D 1; : : : ; m set

Ci D fx 2 X W fi.x/ � 0g;
C D \m

iD1Ci D \m
iD1fx 2 X W fi.x/ � 0g:

Suppose that

C 6D ;:
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A point x 2 C is called a solution of our feasibility problem. For a given � > 0 a
point x 2 X is called an �-approximate solution of the feasibility problem if

fi.x/ � � for all i D 1; : : : ; m:

In this chapter we apply a dynamic string-averaging subgradient projection
method with variable strings and weights in order to obtain a good approximative
solution of the feasibility problem.

Next we describe the dynamic string-averaging subgradient method with variable
strings and weights.

By an index vector, we a mean a vector t D .t1; : : : ; tp/ such that ti 2 f1; : : : ; mg
for all i D 1; : : : ; p.

For an index vector t D .t1; : : : ; tq/ set

p.t/ D q: (12.7)

Denote by M the collection of all pairs .˝; w/, where ˝ is a finite set of index
vectors and

w W ˝ ! .0; 1/ be such that
X

t2˝

w.t/ D 1: (12.8)

Fix a number

N� 2 .0; m�1� (12.9)

and an integer

Nq � m: (12.10)

Denote by M� the set of all .˝; w/ 2 M such that

p.t/ � Nq for all t 2 ˝; (12.11)

w.t/ � N� for all t 2 ˝: (12.12)

For each x 2 X, each � � 0, each N� � 0, and each i 2 f1; : : : ; mg set

Ai.x; N�; �/ WD fxg if fi.x/ � N� (12.13)

and if fi.x/ > N�, then set

Ai.x; N�; �/ D fx � fi.x/klk�2l W l 2 @fi.x/ C B.0; �/; l 6D 0g C B.0; �/: (12.14)
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Let x 2 X and let t D .t1; : : : ; tp.t// be an index vector, � � 0, N� � 0. Define

A0.t; x; N�; �/ D f.y; �/ 2 X � R1 W there is a sequence fyigp.t/
iD0 � X such that

y0 D x; (12.15)

for each i D 1; : : : ; p.t/;

yi 2 Ati.yi�1; N�; �/; (12.16)

y D yp.t/; (12.17)

� D maxfkyi � yi�1k W i D 1; : : : ; p.t/gg: (12.18)

Let x 2 X, .˝; w/ 2 M, � � 0, N� � 0. Define

A.x; .˝; w/; N�; �/ D f.y; �/ 2 X � R1 W there exist

.yt; �t/ 2 A0.t; x; N�; �/; t 2 ˝ (12.19)

such that

ky �
X

t2˝

w.t/ytk � �; (12.20)

� D maxf�t W t 2 ˝gg: (12.21)

Fix a natural number NN.
Suppose that M > 0, M0 > 0 and M1 > 2 be such that

B.0; M/ \ fx 2 X W fi.x/ � 0; i D 1; : : : ; mg 6D ;; (12.22)

fi.B.0; 3M C 3// � Œ�M0; M0�; i D 1; : : : ; m; (12.23)

jfi.u/ � fi.v/j � .M1 � 2/ku � vk
for all u; v 2 B.0; 3M C 4/ and all i D 1; : : : ; m: (12.24)

Let � 2 .0; 1� and let ı 2 .0; 1� satisfy

8.2.1 C Nq/.1 C NN//3 N��3.4M C 4/ı.1 C 16M0��2.4M C 3/2/ � 1; (12.25)

� � 2M1.8ı.4M C 4/ N��1.2.1 C Nq/.1 C NN//.1 C 16M0��2.4M C 3/2//1=2 N��1=2:

(12.26)

Let

�0 D .8ı N��1.4M C 4/2.1 C Nq/.1 C NN/.1 C 16M0��2.4M C 3/2//1=2 (12.27)
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and a natural number

n0 > 32M2��2
0

N��1: (12.28)

The following theorem is our first main result which will be proved in Sect. 12.2.

Theorem 12.1. Assume that

f.˝i; wi/g1
iD1 � M� (12.29)

satisfies for each natural number j,

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/; (12.30)

x0 2 B.0; M/; (12.31)

fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/ (12.32)

satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; �; ı/: (12.33)

Then there exists an integer q 2 Œ0; n0 � 1� such that

kxik � 3M C 1 for all integers i D 0; : : : ; q NN; (12.34)

�i � �0; i D q NN C 1; : : : ; .q C 1/ NN: (12.35)

Moreover, if an integer q � 0 satisfies (12.35) and kxq NNk � 3M C 1, then

kxk1 � xk2k � ı NN

for all k1; k2 2 fq NN; : : : ; .q C 1/ NNg and for all i 2 fq NN; : : : ; .q C 1/ NNg and all
s 2 f1; : : : ; mg

fs.xi/ � � C M1
NNı:

Note that in Theorem 12.1 ı is the computational error made by our computer
system, we obtain a point x satisfying

fs.x/ � � C M1
NNı

for all s D 1; : : : ; m and in order to obtain this point we need .n0 � 1/ NN iterations.
It is not difficult to see that � C M1

NNı D c1ı1=4 and n0 D bc2ı�1=2c, where c1 and
c2 are positive constants which do not depend on ı.
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12.2 Proof of Theorem 12.1

By (12.22), there exists

z 2 B.0; M/ such that fi.z/ � 0; i D 1; : : : ; m: (12.36)

Set

ı0 D ı.1 C 16M0��2.4M C 3/2/: (12.37)

Let n be a natural number. In view of (12.33),

.xn; �n/ 2 A.xn�1; .˝n; wn/; �; ı/: (12.38)

By (12.19)–(12.21) and (12.38), there exist

.yn;t; �n;t/ 2 A0.t; xn�1; �; ı/; t 2 ˝n (12.39)

such that

kxn �
X

t2˝n

wn.t/yn;tk � ı; (12.40)

�n D maxf�n;t W t 2 ˝ng: (12.41)

It follows from (12.15)–(12.18) and (12.39) that for each t D .t1; : : : ; tp.t// 2 ˝n

there exists a sequence fyn;t;igp.t/
iD0 � X such that

yn;t;0 D xn�1; (12.42)

yn;t;i 2 Ati.yn;t;i�1; �; ı/; i D 1; : : : ; p.t/; (12.43)

yn;t D yn;t;p.t/; (12.44)

�n;t D maxfkyn;t;i � yn;t;i�1k W i D 1; : : : ; p.t/g: (12.45)

Assume that a nonnegative integer Qq � n0 �1 satisfies for each integer p 2 Œ0; Qq�,

maxf�i W i D p NN C 1; : : : ; .p C 1/ NNg > �0: (12.46)

Relations (12.31) and (12.36) imply that

kx0 � zk � 2M: (12.47)

Assume that an integer p 2 Œ0; Qq� satisfies

kxp NN � zk � 2M: (12.48)
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Assume that an integer k satisfies

k 2 fp NN; : : : ; .p C 1/ NN � 1g; (12.49)

kxk � zk � 2M C ı0.k � p NN/.Nq C 1/: (12.50)

(Note that in view of (12.48), inequality (12.50) holds for k D p NN.)
Let

t D .t1; : : : ; tp.t// 2 ˝kC1: (12.51)

By (12.43) and (12.51), for each j 2 f1; : : : ; p.t/g, we have

ykC1;t;j 2 Atj.ykC1;t;j�1; �; ı/; (12.52)

ykC1;t;0 D xk: (12.53)

In view of (12.50) and (12.53),

kykC1;t;0 � zk � 2M C ı0.k � p NN/.Nq C 1/: (12.54)

Assume that an integer

j 2 f1; : : : ; p.t/g; (12.55)

kykC1;t;j�1 � zk � 2M C ı0.k � p NN/.Nq C 1/ C ı0.j � 1/: (12.56)

(Note that in view of (12.54), (12.56) is true for j D 1.) By (12.13), (12.14),
and (12.52), if

ftj.ykC1;t;j�1/ � �;

then

ykC1;t;j D ykC1;t;j�1:

Assume that

ftj.ykC1;t;j�1/ > �: (12.57)

It follows from (12.11), (12.25), (12.36), (12.37), (12.49), (12.55), and (12.56) that

kykC1;t;j�1k � 3M C ı0.k � p NN/.1 C Nq/ C ı0.j � 1/

� 3M C ı0.1 C NN/.1 C Nq/ < 3M C 1: (12.58)
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Lemma 11.3, (12.14), (12.22)–(12.28), (12.30), (12.36), (12.37), (12.52), (12.57),
and (12.58) imply that

kykC1;t;j � zk � ı0 C kykC1;t;j�1 � zk: (12.59)

Clearly, (12.59) hold in both cases. By (12.56) and (12.59),

kykC1;t;j � zk � 2M C ı0.k � p NN/.Nq C 1/ C ı0j: (12.60)

Thus we have shown by induction that (12.60) holds for all j D 0; : : : ; p.t/ and
that (12.59) holds for all j D 1; : : : ; p.t/. By (12.25), (12.36), (12.37), (12.49)
and (12.60),

kykC1;t;j � zk � 2M C ı0. NN C 1/.Nq C 1/ � 2M C 1; (12.61)

kykC1;t;jk � 3M C 1: (12.62)

In view of (12.44) and (12.61),

kykC1;t � zk � 2M C 1: (12.63)

Thus we have shown that the following property holds:
(P2) for each t D .t1; : : : ; tp.t// 2 ˝kC1 and each j D 0; : : : ; p.t/, (12.60)–(12.62)

hold and for each t D .t1; : : : ; tp.t// 2 ˝kC1 and each j D 1; : : : ; p.t/, (12.59)
and (12.63) hold.

Let

t D .t1; : : : ; tp.t// 2 ˝kC1; j 2 f1; : : : ; p.t/g:

Property (P2), (12.25), (12.37), (12.59), and (12.61) imply that

kykC1;t;j � zk2 � .kykC1;t;j�1 � zk C ı0/2

� kykC1;t;j�1 � zk2 C ı2
0 C 2ı0kykC1;t;j�1 � zk

� kykC1;t;j�1 � zk2 C 2ı0.2M C 1 C ı0/

� kykC1;t;j�1 � zk2 C 2ı0.2M C 2/:

Thus we have shown that the following property holds:
(P3) for each t D .t1; : : : ; tp.t// 2 ˝kC1 and each j 2 f1; : : : ; p.t/g,

kykC1;t;j � zk2 � kykC1;t;j�1 � zk2 � 2ı0.2M C 2/:

Property (P3), (12.11), (12.42), and (12.44) imply that for all

t D .t1; : : : ; tp.t// 2 ˝kC1
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we have

kykC1;t � zk2 � kxk � zk2

D kykC1;t;p.t/ � zk2 � kykC1;t;0 � zk2

D
p.t/X

iD1

ŒkykC1;t;i � zk2 � kykC1;t;i�1 � zk2�

� 2ı0.2M C 2/p.t/ � 2ı0 Nq.2M C 2/: (12.64)

Property (P2), (12.11), (12.44), and (12.60) holding for all t 2 ˝kC1 and all j D
0; : : : ; p.t/, imply that

kykC1;t � zk D kykC1;t;p.t/ � zk � 2M C ı0..1 C Nq/.k � p NN/ C Nq/: (12.65)

By (12.8), (12.37), (12.40), (12.65) and the convexity of the norm,

kz � xkC1k � kz �
X

t2˝kC1

wkC1.t/ykC1;tk C k
X

t2˝kC1

wkC1.t/ykC1;t � xkC1k

�
X

t2˝kC1

wkC1.t/kz � ykC1;tk C ı

� 2M C ı0..1 C Nq/.k � p NN/ C Nq/ C ı � 2 NM C ı0.1 C Nq/.k � p NN/ C ı0.Nq C 1/

� 2M C ı0.1 C Nq/.k � p NN C 1/;

kxkC1 � zk � 2M C ı0.1 C Nq/.k � p NN C 1/: (12.66)

In view of (12.37), (12.49), (12.50), (12.55), and (12.66),

kxk � zk; kxkC1 � zk � 2M C 1: (12.67)

By (12.8), (12.64), (12.67) and the convexity of the function k � k2,

k
X

t2˝kC1

wkC1.t/ykC1;t � zk2 �
X

t2˝kC1

wkC1.t/kykC1;t � zk2

� kxk � zk2 C 2ı0 Nq.2M C 2/: (12.68)

Property (P2), (12.8), and (12.63) imply that

k
X

t2˝kC1

wkC1.t/ykC1;t � zk � 2M C 1:
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By the relation above, (12.37), (12.40), and (12.68),

kxkC1 � zk2 � .kxkC1 �
X

t2˝kC1

wkC1.t/ykC1;tk C k
X

t2˝kC1

wkC1.t/ykC1;t � zk/2

� .ı C k
X

t2˝kC1

wkC1.t/ykC1;t � zk/2

� ı2 C 2ı.2M C 1/ C kxk � zk2 C 2ı0 Nq.2M C 2/

� kxk � zk2 C 2ı0.Nq.2M C 2/ C 2M C 3/: (12.69)

Assume that

�kC1 > �0: (12.70)

In view of (12.41) and (12.70), there exists

s D .s1; : : : ; sp.s// 2 ˝kC1 (12.71)

such that

�0 < �kC1 D �kC1;s: (12.72)

It follows from (12.45) and (12.72) that there exists

j0 2 f1; : : : ; p.s/g (12.73)

such that

�0 < �kC1;s D kykC1;s;j0 � ykC1;s;j0�1k: (12.74)

By (12.13), (12.43), and (12.74),

fsj0
.ykC1;s;j0�1/ > �: (12.75)

It follows from (12.13), (12.14), (12.43), and (12.75) that there exist

	 2 @fsj0
.ykC1;s;j0�1/; l 2 B.	; ı/ n f0g (12.76)

such that

ykC1;s;j0 2 B.ykC1;s;j0�1 � fsj0
.ykC1;s;j0�1/klk�2l; ı/: (12.77)

Relations (12.22), (12.75), and (12.76) imply that

	 6D 0: (12.78)
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Set

y D ykC1;s;j0�1 � fsj0
.ykC1;s;j0�1/k	k�2	: (12.79)

Property (P2), (12.62), and Lemma 11.3 applied with x D ykC1;s;j0�1, j D sj0 , u D
ykC1;s;j0 imply that

kykC1;s;j0 � yk � ı0; (12.80)

ky � zk2 � kz � ykC1;s;j0�1k2 � kykC1;s;j0�1 � yk2: (12.81)

In view of (12.27), (12.37), (12.74), and (12.80),

kykC1;s;j0�1 � yk � kykC1;s;j0�1 � ykC1;s;j0k � ky � ykC1;s;j0k
> �0 � ı0 > 2�1�0: (12.82)

By (12.61), (12.80), (12.82), and property (P2),

kykC1;s;j0 � zk2 � .kykC1;s;j0 � yk C ky � zk/2

� ky � zk2 C ı2
0 C 2ı0ky � zk

� ky � zk2 C 2ı0.ky � zk C ı0/ � ky � zk2 C 2ı0.2M C 1 C ı0/

� ky � zk2 C 2ı0.2M C 2/: (12.83)

Relations (12.81), (12.82), and (12.83) imply that

kykC1;s;j0 � zk2 � kz � ykC1;s;j0�1k2 � kykC1;s;j0�1 � yk2 C 2ı0.2M C 2/

� kz � ykC1;s;j0�1k2 � 4�1�2
0 C 2ı0.2M C 2/: (12.84)

It follows from (12.42), (12.44), (12.71), (12.73), (12.84), and (P3) that

kykC1;s � zk2 � kxk � zk2

D kykC1;s;p.s/ � zk2 � kykC1;s;0 � zk2

D
p.s/X

iD1

ŒkykC1;s;i � zk2 � kykC1;s;i�1 � zk2�

D
X

fkykC1;s;i � zk2 � kykC1;s;i�1 � zk2 W i 2 f1; : : : ; p.s/g n fj0gg
CkykC1;s;j0 � zk2 � kykC1;s;j0�1 � zk2

� 2ı0.2M C 2/.p.s/ � 1/ � 4�1�2
0 C 2ı0.2M C 2/ � �4�1�2

0 C 2ı0 Nq.2M C 2/:

(12.85)
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By (12.8), (12.12), (12.71), (12.85), properties (P2) and (P3), and the convexity of
the function k � k2,

kz �
X

t2˝kC1

wkC1.t/ykC1;tk2 �
X

t2˝kC1

wkC1.t/kz � ykC1;tk2

�
X

fwkC1.t/kz � ykC1;tk2 W t 2 ˝kC1 n fsgg C wkC1.s/kz � ykC1;sk2

� .kxk � zk2 C 2ı0 Nq.2M C 2//
X

fwkC1.t/ W t 2 ˝kC1 n fsgg
CwkC1.s/.kz � xkk2 � 2�1�2

0 Nqı0.2M C 2//

� kz � xkk2 C 2Nqı0.2M C 2/ � 4�1�2
0

N�: (12.86)

In view of (12.26), (12.27), (12.37), and (12.67),

kz �
X

t2˝kC1

wkC1.t/ykC1;tk � kxk � zk � 2M C 1: (12.87)

It follows from (12.37), (12.40), (12.86), and (12.87) that

kz � xkC1k2 � .kz �
X

t2˝kC1

wkC1.t/ykC1;tk C k
X

t2˝kC1

wkC1.t/ykC1;t � xkC1k/2

� kz �
X

t2˝kC1

wkC1.t/ykC1;tk2 C ı2 C 2ıkz �
X

t2˝kC1

wkC1.t/ykC1;tk

� kxk � zk2 C 2ı0 Nq.2M C 2/ � 4�1 N��2
0 C 2ı.2M C 1/ C ı2

� kxk � zk2 C 2ı0.Nq C 1/.2M C 2/ � 4�1 N��2
0: (12.88)

Therefore we have shown that the following property holds:
(P4) if an integer k 2 fp NN; : : : ; .p C 1/ NN � 1g satisfies

kxk � zk � 2M C ı0.Nq C 1/.k � p NN/;

then

kxkC1 � zk � 2M C ı0.Nq C 1/.k C 1 � p NN/

(see (12.66)),

kxkC1 � zk2 � kxk � zk2 C 2ı0.Nq.2M C 2/ C 2M C 3/
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(see (12.69)) and if in addition �kC1 > �0, then

kxkC1 � zk2 � kxk � zk2 C 2ı0.Nq C 1/.2M C 2/ � 4�1 N��2
0

(see (12.88)).
Property (P4) and (12.48) imply that

kxk � zk � 2M C ı0.Nq C 1/.k � p NN/; k D p NN; : : : ; .p C 1/ NN; (12.89)

kxkC1 � zk2 � kxk � zk2 C 2ı0.Nq.2M C 2/ C 2M C 3/; k D p NN; : : : ; .p C 1/ NN � 1:

(12.90)

In view of (12.46), there exists

k0 2 fp NN; : : : ; .p C 1/ NN � 1g

such that

�k0C1 > �0: (12.91)

Property (P4), (12.89), and (12.91) imply that

kxk0C1 � zk2 � kxk0 � zk2 C 2ı0.Nq C 1/.2M C 2/ � 4�1 N��2
0: (12.92)

It follows from (12.27), (12.37), (12.90), and (12.92) that

kz � xp NNk2 � kz � x.pC1/ NNk2

D
.pC1/ NN�1X

kDp NN
.kz � xkk2 � kz � xkC1k2/

� �. NN � 1/2ı0.Nq.2M C 2/ C 2M C 3/ C kz � xk0k2 � kz � xk0C1k2

� 4�1 N��2
0 � 2ı0.Nq C 1/.2M C 3/ NN � 8�1 N��2

0;

kz � xp NNk2 � kz � x.pC1/ NNk2 � 8�1 N��2
0: (12.93)

Thus we have shown that the following property holds:
(P5) if an integer p 2 Œ0; Qq� satisfies kxp NN � zk � 2M, then (12.93) holds and for

all k 2 fp NN; : : : ; .p C 1/ NNg,

kxk � zk � 2M C 1

(see (12.25), (12.37), and (12.89)).
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Property (P5) and (12.47) imply that

kxp NN � zk � 2M for all p D 0; : : : ; Qq C 1; (12.94)

for all p D 0; : : : ; Qq, (12.93) holds and

kxi � zk � 2M C 1; i D 0; : : : ; .Qq C 1/ NN:

By (12.28), (12.47), and (12.93),

4M2 � kx0 � zk2 � kx0 � zk2 � kx.QqC1/ NN � zk2

D
QqX

pD0

.kxp NN � zk2 � kx.pC1/ NN � zk2/ � 8�1.Qq C 1/ N��2
0;

Qq C 1 � 32M2 N��1��2
0 < n0:

Thus we have shown that the following property holds:
(P6) if an integer Qq 2 Œ0; n0 � 1� and if for each integer p 2 Œ0; Qq� (12.46) holds,

then

kxik � 3M C 1; i D 0; : : : ; .Qq C 1/ NN;

Qq C 1 < n0:

In view of property (P6), there exists a nonnegative integer q < n0 such that for
each nonnegative integer p < q,

maxf�i W i D p NN C 1; : : : ; .p C 1/ NNg > �0;

maxf�i W i D q NN C 1; : : : ; .q C 1/ NNg � �0;

kxik � 3M C 1; i D 0; : : : ; q NN:

Assume that a nonnegative integer q satisfies

kxq NNk � 3M C 1; (12.95)

�i � �0; i D q NN C 1; : : : ; .q C 1/ NN: (12.96)

By (12.39), (12.41), (12.45), and (12.96), for each k D q NN; : : : ; .q C 1/ NN � 1, each
t D .t1; : : : ; tp.t// 2 ˝kC1 and each j D 1; : : : ; p.t/,

kykC1;t;j � ykC1;t;j�1k � �0: (12.97)
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Assume that

k 2 fq NN; : : : ; .q C 1/ NN � 1g (12.98)

and

kxkk � 3M C 1 C .k � q NN/�0.Nq C 1/: (12.99)

(Note that by (12.95), (12.99) is true for k D q NN.)
Let t D .t1; : : : ; tp.t// 2 ˝kC1: By (12.42) and (12.99),

kykC1;t;0k � 3M C 1 C .k � q NN/�0.Nq C 1/: (12.100)

It follows from (12.44), (12.97), and (12.100),

kykC1;t;jk � 3M C 1 C �0 Nq C �0.Nq C 1/.k � q NN/; (12.101)

j D 0; : : : ; p.t/;

kykC1;tk � 3M C 1 C �0.Nq C 1/.k � q NN/ C �0 Nq: (12.102)

In view of (12.8), (12.40), and (12.102),

kxkC1k � 3M C 1 C �0.Nq C 1/.k � q NN/ C �0 Nq C ı

� 3M C 1 C �0.Nq C 1/.k C 1 � q NN/:

Thus by induction we shown that (12.99) holds for all k D q NN; : : : ; .qC1/ NN and for
all k D q NN; : : : ; .q C 1/ NN � 1, all t D .t1; : : : ; tp.t// 2 ˝kC1 and all j D 0; : : : ; p.t/,
in view of (12.101),

kykC1;t;jk � 3M C 1 C �0.Nq C 1/.k C 1 � q NN/: (12.103)

By (12.25), (12.27), and (12.99)

kxkk � 3M C 2; k D q NN; : : : ; .q C 1/ NN: (12.104)

Relations (12.25), (12.27), and (12.103) imply that

kykC1;t;jk � 3M C 2; k D q NN; : : : ; .q C 1/ NN � 1; t 2 ˝kC1; j D 0; : : : ; p.t/:
(12.105)

Let

k 2 fq NN; : : : ; .q C 1/ NN � 1g; t D .t1; : : : ; tp.t// 2 ˝kC1; j 2 f1; : : : ; p.t/g:
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We show that

ftj.ykC1;t;j�1/ � �: (12.106)

Assume the contrary. Then

ftj.ykC1;t;j�1/ > �: (12.107)

By (12.13), (12.14), (12.43), and (12.107),

ykC1;t;j 2 fykC1;t;j�1 � ftj.ykC1;t;j�1/klk�2l W
l 2 @ftj.ykC1;t;j�1/ C B.0; ı/; l 6D 0g C B.0; ı/: (12.108)

In view of (12.108), there exists

l 2 .@ftj.ykC1;t;j�1/ C B.0; ı// n f0g (12.109)

such that

kykC1;t;j � .ykC1;t;j�1 � ftj.ykC1;t;j�1/klk�2l/k � ı: (12.110)

By (12.24), (12.105), and (12.109),

klk � M1: (12.111)

It follows from (12.27), (12.97), (12.107), and (12.111),

�0 � kykC1;t;j � ykC1;t;j�1k
� ftj.ykC1;t;j�1/klk�1 � ı > �M�1

1 � ı;

� < 2M1�0:

This contradicts (12.26). The contradiction we have reached proves that (12.106)
holds. In view of (12.13), (12.43), and (12.106),

ykC1;t;j D ykC1;t;j�1:

This relation, (12.106), and (12.42) imply that for all j D 0; : : : ; p.t/,

ykC1;t;j D xk; (12.112)

ftj.xk/ � �; j D 1; : : : ; p.t/: (12.113)
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It follows from (12.12), (12.40), (12.44), and (12.112) that

kxkC1 � xkk � ı: (12.114)

By (12.114), for all k1; k2 2 fq NN; : : : ; .q C 1/ NNg,

kxk1 � xk2k � ı NN: (12.115)

Let s 2 f1; : : : ; mg and i 2 fq NN; : : : ; .q C 1/ NNg: By (12.30), there exist

k 2 fq NN; : : : ; .q C 1/ NN � 1g; t D .t1; : : : ; tp.t// 2 ˝kC1 (12.116)

such that

s 2 ft1; : : : ; tp.t/g: (12.117)

By (12.113), (12.116), and (12.117),

fs.xk/ � �:

By the relation above, the inclusion i 2 fq NN; : : : ; .q C 1/ NNg, (12.24), (12.104),
(12.115), and (12.116),

fs.xi/ � fs.xk/ C jfs.xi/ � fs.xk/j � M1kxk � xik C � � � C M1
NNı:

Theorem 12.1 is proved. ut

12.3 The Second Main Result

Let m be a natural number and fi W X ! R1, i D 1; : : : ; m be convex continuous
functions.

For each i D 1; : : : ; m set

Ci D fx 2 X W fi.x/ � 0g;
C D \m

iD1Ci D \m
iD1fx 2 X W fi.x/ � 0g:

Suppose that

C 6D ;:

We use the notation and definitions introduced in Sect. 12.1.
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Suppose that M > 0, M0 > 0 and M1 > 2 be such that

B.0; M/ \ fx 2 X W fi.x/ � 0; i D 1; : : : ; mg 6D ;; (12.118)

B.0; M/ \ fx 2 X W fi.x/ < 0g 6D ;; (12.119)

for all i 2 f1; : : : ; mg,

fi.B.0; 3M C 3// � Œ�M0; M0�; i D 1; : : : ; m; (12.120)

jfi.u/ � fi.v/j � .M1 � 2/ku � vk
for all u; v 2 B.0; 3M C 4/ and all i D 1; : : : ; m: (12.121)

In view of (12.119), there exists � 2 .0; 1� such that for each i D 1; : : : ; m,

B.0; M/ \ fx 2 X W fi.x/ � ��g 6D ;: (12.122)

Let ı 2 .0; 1� satisfy

ı � 2�1�.4M C 3/�1; (12.123)

8.2.1 C Nq/.1 C NN//3 N��1.4M C 4/ı.1 C 16M0��2.4M C 3/2/ � 1; (12.124)

let

�0 D .8ı N��1.4M C 4/2.1 C Nq/.1 C NN/.1 C 16M0��2.4M C 3/2//1=2 � 1

(12.125)
and a natural number

n0 > 32M2��2
0

N��1: (12.126)

The following theorem is our second main result which will be proved in
Sect. 12.4.

Theorem 12.2. Assume that

f.˝i; wi/g1
iD1 � M� (12.127)

satisfies for each natural number j,

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/; (12.128)

x0 2 B.0; M/; (12.129)

� 2 Œ0; 2M1�0�; (12.130)

fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/
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satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; �; ı/: (12.131)

Then there exists an integer q 2 Œ0; n0 � 1� such that

kxik � 3M C 1 for all integers i D 0; : : : ; q NN; (12.132)

�i � �0; i D q NN C 1; : : : ; .q C 1/ NN: (12.133)

Moreover, if an integer q � 0 satisfies (12.133) and kxq NNk � 3M C 1, then

kxk1 � xk2k � �0
NN.Nq C 1/

for all k1; k2 2 fq NN; : : : ; .q C 1/ NNg and for all i 2 fq NN; : : : ; .q C 1/ NNg all s 2
f1; : : : ; mg

fs.xi/ � M1�0. NN C 1/.Nq C 2/:

Note that in Theorem 12.2 ı is the computational error made by our computer
system, we obtain a point x satisfying

fs.x/ � M1�0. NN C 1/.Nq C 2/

for all s D 1; : : : ; m and in order to obtain this point we need .n0 � 1/ NN iterations.
It is not difficult to see that

M1�0. NN C 1/.Nq C 2/ D c1ı1=2

and n0 D bc2ı�1c, where c1 and c2 are positive constants which do not depend on ı.

12.4 Proof of Theorem 12.2

By (12.118), there exists

z 2 B.0; M/ such that fi.z/ � 0; i D 1; : : : ; m: (12.134)

Set

ı0 D ı.1 C 16M0��2.4M C 3/2/: (12.135)

Let n be a natural number. In view of (12.131),
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.xn; �n/ 2 A.xn�1; .˝n; wn/; �; ı/: (12.136)

By (12.19)–(12.21) and (12.136), there exist

.yn;t; �n;t/ 2 A0.t; xn�1; �; ı/; t 2 ˝n (12.137)

such that

kxn �
X

t2˝n

wn.t/yn;tk � ı; (12.138)

�n D maxf�n;t W t 2 ˝ng: (12.139)

It follows from (12.15)–(12.18) and (12.137) that for each t D .t1; : : : ; tp.t// 2 ˝n

there exists a sequence fyn;t;igp.t/
iD0 � X such that

yn;t;0 D xn�1; (12.140)

yn;t;i 2 Ati.yn;t;i�1; �; ı/; i D 1; : : : ; p.t/; (12.141)

yn;t D yn;t;p.t/; (12.142)

�n;t D maxfkyn;t;i � yn;t;i�1k W i D 1; : : : ; p.t/g: (12.143)

Assume that a nonnegative integer Qq � n0 �1 satisfies for each integer p 2 Œ0; Qq�,

maxf�i W i D p NN C 1; : : : ; .p C 1/ NNg > �0: (12.144)

Relations (12.129) and (12.134) imply that

kx0 � zk � 2M: (12.145)

Assume that an integer p 2 Œ0; Qq� satisfies

kxp NN � zk � 2M: (12.146)

Assume that an integer k satisfies

k 2 fp NN; : : : ; .p C 1/ NN � 1g; (12.147)

kxk � zk � 2M C ı0.k � p NN/.Nq C 1/: (12.148)

(Note that in view of (12.146), inequality (12.148) holds for k D p NN.)
Let

t D .t1; : : : ; tp.t// 2 ˝kC1: (12.149)
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By (12.141) and (12.149), for each j 2 f1; : : : ; p.t/g, we have

ykC1;t;j 2 Atj.ykC1;t;j�1; �; ı/; (12.150)

ykC1;t;0 D xk: (12.151)

In view of (12.151) and (12.148),

kykC1;t;0 � zk � 2M C ı0.k � p NN/.Nq C 1/: (12.152)

Assume that an integer

j 2 f1; : : : ; p.t/g (12.153)

satisfies

kykC1;t;j�1 � zk � 2M C ı0.k � p NN/.Nq C 1/ C ı0.j � 1/: (12.154)

(Note that in view of (12.152), (12.154) is true for j D 1.) By (12.13) and (12.150), if

ftj.ykC1;t;j�1/ � �;

then

ykC1;t;j D ykC1;t;j�1:

Assume that

ftj.ykC1;t;j�1/ > �: (12.155)

It follows from (12.11), (12.125), (12.134), (12.135), (12.147), (12.153),
and (12.154) that

kykC1;t;j�1k � 3M C ı0.1 C NN/.1 C Nq/ < 3M C 1: (12.156)

Lemma 11.5, (12.14), (12.134), (12.150), (12.155), and (12.156) imply that

kykC1;t;j � zk � ı0 C kykC1;t;j�1 � zk: (12.157)

Clearly, (12.157) holds in both cases. By (12.157),

kykC1;t;j � zk � 2M C ı0.k � p NN/.Nq C 1/ C ı0j: (12.158)
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Thus we have shown by induction that (12.158) holds for all j D 0; : : : ; p.t/ and
that (12.157) holds for all j D 1; : : : ; p.t/. By (12.11), (12.125), (12.134), (12.135),
(12.147), and (12.158), for all j D 0; : : : ; p.t/,

kykC1;t;j � zk � 2M C ı0. NN C 1/.Nq C 1/ � 2M C 1; (12.159)

kykC1;t;jk � 3M C 1: (12.160)

In view of (12.142) and (12.159),

kykC1;t � zk � 2M C 1: (12.161)

Thus we have shown that the following property holds:
(P7) for each t D .t1; : : : ; tp.t// 2 ˝kC1 and each j D 0; : : : ; p.t/, (12.158)–

(12.160) hold and for each t D .t1; : : : ; tp.t// 2 ˝kC1 and each j D
1; : : : ; p.t/, (12.157) and (12.161) are valid.

Let

t D .t1; : : : ; tp.t// 2 ˝kC1; j 2 f1; : : : ; p.t/g:

Property (P7) and (12.157) imply that

kykC1;t;j � zk2 � .kykC1;t;j�1 � zk C ı0/2

� kykC1;t;j�1 � zk2 C ı2
0 C 2ı0kykC1;t;j�1 � zk

� kykC1;t;j � zk2 C 2ı0.2M C 1 C ı0/

� kykC1;t;j�1 � zk2 C 2ı0.2M C 2/:

Thus we have shown that the following property holds:
(P8) for each t D .t1; : : : ; tp.t// 2 ˝kC1 and each j 2 f1; : : : ; p.t/g,

kykC1;t;j � zk2 � kykC1;t;j�1 � zk2 � 2ı0.2M C 2/: (12.162)

Property (P8), (12.140), and (12.142) imply that for each

t D .t1; : : : ; tp.t// 2 ˝kC1;

kykC1;t � zk2 � kxk � zk2

D kykC1;t;p.t/ � zk2 � kykC1;t;0 � zk2

D
p.t/X

iD1

ŒkykC1;t;i � zk2 � kykC1;t;i�1 � zk2�

� 2ı0.2M C 2/p.t/ � 2ı0 Nq.2M C 2/: (12.163)
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Property (P7), (12.11), (12.142), and (12.158) holding for all t 2 ˝kC1 and all
j D 0; : : : ; p.t/, imply that

kykC1;t � zk D kykC1;t;p.t/ � zk � 2M C ı0..1 C Nq/.k � p NN/ C Nq/: (12.164)

By (12.8), (12.138), (12.164) and the convexity of the norm,

kz � xkC1k � kz �
X

t2˝kC1

wkC1.t/ykC1;tk C k
X

t2˝kC1

wkC1.t/ykC1;t � xkC1k

�
X

t2˝kC1

wkC1.t/kz � ykC1;tk C ı

� 2M C ı0..1 C Nq/.k � p NN/ C Nq/ C ı � 2 NM C ı0.1 C Nq/.k � p NN C 1/;

kxkC1 � zk � 2M C ı0.1 C Nq/.k � p NN C 1/: (12.165)

In view of (12.125), (12.135), (12.147), (12.148), and (12.165),

kxk � zk; kxkC1 � zk � 2M C 1: (12.166)

By (12.8), (12.163) and the convexity of the function k � k2,

k
X

t2˝kC1

wkC1.t/ykC1;t � zk2 �
X

t2˝kC1

wkC1.t/kykC1;t � zk2

� kxk � zk2 C 2ı0 Nq.2M C 2/: (12.167)

By (12.125), (12.135), (12.167),

k
X

t2˝kC1

wkC1.t/ykC1;t � zk � 2M C 2: (12.168)

By the relation above, (12.138), (12.167), and (12.168),

kxkC1 � zk2 � .kxkC1 �
X

t2˝kC1

wkC1.t/ykC1;tk C k
X

t2˝kC1

wkC1.t/ykC1;t � zk/2

� .ı C k
X

t2˝kC1

wkC1.t/ykC1;t � zk/2

� ı2 C 2ı.2M C 2/ C kxk � zk2 C 2ı0 Nq.2M C 2/

� kxk � zk2 C 2ı0.Nq.2M C 2/ C 2M C 3/: (12.169)
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It follows from (12.140), (12.142), and (P7) that for each t D .t1; : : : ; tp.t// 2 ˝kC1,

kykC1;t � zk � kxk � zk D kykC1;t;p.t/ � zk � kykC1;t;0 � zk

D
p.t/X

iD1

ŒkykC1;t;i � zk � kykC1;t;i�1 � zk� � ı0p.t/ � ı0 Nq: (12.170)

In view of (12.138), (12.168), and (12.170),

kxkC1 � zk � kxkC1 �
X

t2˝kC1

wkC1.t/ykC1;tk C k
X

t2˝kC1

wkC1.t/ykC1;t � zk

� ı C
X

t2˝kC1

wkC1.t/kykC1;t � zk

� kxk � zk C ı0 Nq C ı � kxk � zk C ı0.Nq C 1/: (12.171)

Assume that

�kC1 > �0: (12.172)

In view of (12.139) and (12.172), there exists

s D .s1; : : : ; sp.s// 2 ˝kC1 (12.173)

such that

�0 < �kC1 D �kC1;s: (12.174)

It follows from (12.143) and (12.174) that there exists

j0 2 f1; : : : ; p.s/g (12.175)

such that

�0 < �kC1;s D kykC1;s;j0 � ykC1;s;j0�1k: (12.176)

By (12.13), (12.14), (12.141), and (12.176),

fsj0
.ykC1;s;j0�1/ > �: (12.177)

It follows from (12.14), (12.141), and (12.177) that there exist

	 2 @fsj0
.ykC1;s;j0�1/; (12.178)

l 2 B.	; ı/ n f0g (12.179)



12.4 Proof of Theorem 12.2 435

such that

ykC1;s;j0 2 B.ykC1;s;j0�1 � fsj0
.ykC1;s;j0�1/klk�2l; ı/: (12.180)

Relations (12.118), (12.177), and (12.178) imply that

	 6D 0:

Set

y D ykC1;s;j0�1 � fsj0
.ykC1;s;j0�1/k	k�2	: (12.181)

Property (P7), (12.134), (12.160), (12.177)–(12.181), and Lemma 11.5 applied with
x D ykC1;s;j0�1, j D sj0 , u D ykC1;s;j0 imply that

kykC1;s;j0 � yk � ı0; (12.182)

ky � zk2 � kz � ykC1;s;j0�1k2 � kykC1;s;j0�1 � yk2: (12.183)

In view of (12.125), (12.135), (12.176), and (12.182),

kykC1;s;j0�1 � yk � kykC1;s;j0�1 � ykC1;s;j0k � ky � ykC1;s;j0k
> �0 � ı0 > 2�1�0: (12.184)

By (12.135), (12.159), (12.182), (12.183), and property (P7),

kykC1;s;j0 � zk2 � .kykC1;s;j0 � yk C ky � zk/2

� ky � zk2 C ı2
0 C 2ı0ky � zk

� ky � zk2 C 2ı0.ky � zk C ı0/ � ky � zk2 C 2ı0.2M C 2/: (12.185)

Relations (12.183)–(12.185) imply that

kykC1;s;j0 � zk2 � kz � ykC1;s;j0�1k2 � kykC1;s;j0�1 � yk2 C 2ı0.2M C 2/

� kz � ykC1;s;j0�1k2 � 4�1�2
0 C 2ı0.2M C 2/: (12.186)

It follows from (12.140), (12.142), (12.175), (12.186), and (P8) that

kykC1;s � zk2 � kxk � zk2

D kykC1;s;p.s/ � zk2 � kykC1;s;0 � zk2

D
p.s/X

iD1

ŒykC1;s;i � zk2 � kykC1;s;i�1 � zk2�
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D
X

fkykC1;s;i � zk2 � kykC1;s;i�1 � zk2 W i 2 f1; : : : ; p.s/g n fj0gg
CkykC1;s;j0 � zk2 � kykC1;s;j0�1 � zk2

� 2ı0.2M C 2/.p.s/ � 1/ � 4�1�2
0 C 2ı0.2M C 2/ � �4�1�2

0 C 2ı0 Nq.2M C 2/:

(12.187)

By (12.8), (12.12), (12.163), (12.173), (12.187), and the convexity of the function
k � k2,

kz �
X

t2˝kC1

wkC1.t/ykC1;tk2 �
X

t2˝kC1

wkC1.t/kz � ykC1;tk2

X
fwkC1.t/kz � ykC1;tk2 W t 2 ˝kC1 n fsgg C wkC1.s/kz � ykC1;sk2

� .kxk � zk2 C 2ı0 Nq.2M C 2//
X

fwkC1.t/ W t 2 ˝kC1 n fsgg
CwkC1.s/.kz � xkk2 � 4�1�2

0 C 2Nqı0.2M C 2//

� kz � xkk2 C 2Nqı0.2M C 2/ � 4�1�2
0

N�: (12.188)

In view of (12.125), (12.135), (12.148), and (12.188),

kz �
X

t2˝kC1

wkC1.t/ykC1;tk � kxk � zk � 2M C 1: (12.189)

It follows from (12.138), (12.181), and (12.189) that

kz � xkC1k2 � .kz �
X

t2˝kC1

wkC1.t/ykC1;tk C k
X

t2˝kC1

wkC1.t/ykC1;t � xkC1k/2

� kz �
X

t2˝kC1

wkC1.t/ykC1;tk2 C ı2 C 2ıkz �
X

t2˝kC1

wkC1.t/ykC1;tk

� kxk � zk2 C 2ı0 Nq.2M C 2/ � 4�1 N��2
0 C 2ı.2M C 2/

� kxk � zk2 C 2ı0.Nq C 1/.2M C 2/ � 4�1 N��2
0:

Therefore we have shown that the following property holds:
(P9) if an integer k 2 fp NN; : : : ; .p C 1/ NN � 1g satisfies

kxk � zk � 2M C ı0.Nq C 1/.k � p NN/;

then

kxkC1 � zk � 2M C ı0.Nq C 1/.k C 1 � p NN/
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(see (12.165)), in view of (12.171),

kxkC1 � zk � kxk � zk C ı0.Nq C 1/;

by (12.169),

kxkC1 � zk2 � kxk � zk2 C 2ı0.Nq.2M C 2/ C 2M C 3/

and if in addition �kC1 > �0, then

kxkC1 � zk2 � kxk � zk2 C 2ı0.Nq C 1/.2M C 2/ � 4�1 N��2
0:

Property (P9) and (12.146) imply that

kxk�zk � 2MCı0.NqC1/.k�p NN/; k D p NN; : : : ; .p C 1/ NN; (12.190)

kxkC1�zk2 � kxk�zk2C2ı0.Nq.2M C 2/ C 2M C 3/; k D p NN; : : : ; .p C 1/ NN � 1:

(12.191)

In view of (12.144), there exists

k0 2 fp NN; : : : ; .p C 1/ NN � 1g

such that

�k0C1 > �0: (12.192)

Property (P9) and (12.192) imply that

kxk0C1 � zk2 � kxk0 � zk2 C 2ı0.Nq C 1/.2M C 2/ � 4�1 N��2
0: (12.193)

It follows from (12.125), (12.135), (12.191), and (12.193) that

kz � xp NNk2 � kz � x.pC1/ NNk2

D
.pC1/ NN�1X

kDp NN
.kz � xkk2 � kz � xkC1k2/

� �. NN � 1/2ı0.Nq.2M C 2/ C 2M C 3/ C kz � xk0k2 � kz � xk0C1k2

� 4�1 N��2
0 � 2ı0.Nq C 1/.2M C 3/ NN � 8�1 N��2

0: (12.194)

Thus we have shown that the following property holds:
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(P10) if an integer p 2 Œ0; Qq� satisfies kxp NN � zk � 2M, then (12.194) holds and
(in view of (12.125), (12.135) and (12.190)) for all k 2 fp NN; : : : ; .p C 1/ NNg,

kxk � zk � 2M C 1

and for all k 2 fp NN; : : : ; .p C 1/ NN � 1g,

kxkC1 � zk � kxk � zk C ı0.Nq C 1/

(see (P9)).
Property (P10) and (12.145) imply that

kxp NN � zk � 2M for all p D 0; : : : ; Qq C 1; (12.195)

for all p D 0; : : : ; Qq, (12.194) holds and

kxi � zk � 2M C 1; i D 0; : : : ; .Qq C 1/ NN: (12.196)

By (12.126), (12.145) and (12.194),

4M2 � kx0 � zk2 � kx0 � zk2 � kx.QqC1/ NN � zk2

D
QqX

pD0

.kxp NN � zk2 � kx.pC1/ NN � zk2/ � 8�1.Qq C 1/ N��2
0;

Qq C 1 � 32M2 N��1��2
0 < n0:

Thus we have shown that the following property holds:
(P11) if an integer Qq 2 Œ0; n0 �1� and if for each integer p 2 Œ0; Qq� (12.144) holds,

then, in view of (12.196), (12.198), and (P10),

kxkk � 3M C 1; k D 0; : : : ; .Qq C 1/ NN;

kx.QqC1/ NN � zk � 2M;

kxkC1 � zk � kxk � zk C ı0.Nq C 1/; k D 0; : : : ; .Qq C 1/ NN � 1;

Qq C 1 < n0:

In view of property (P11), there exists a nonnegative integer q < n0 such that for
each nonnegative integer p < q,

maxf�i W i D p NN C 1; : : : ; .p C 1/ NNg > �0;

maxf�i W i D q NN C 1; : : : ; .q C 1/ NNg � �0;

kxik � 3M C 1; i D 0; : : : ; q NN:
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Assume that a nonnegative integer q satisfies

kxq NNk � 3M C 1; (12.197)

�i � �0; i D q NN C 1; : : : ; .q C 1/ NN: (12.198)

By (12.139), (12.141), and (12.198), for each k D q NN; : : : ; .q C 1/ NN � 1, each
t D .t1; : : : ; tp.t// 2 ˝kC1 and each j D 1; : : : ; p.t/,

kykC1;t;j � ykC1;t;j�1k � �0: (12.199)

Assume that

k 2 fq NN; : : : ; .q C 1/ NN � 1g (12.200)

and

kxkk � 3M C 1 C .k � q NN/�0.Nq C 1/: (12.201)

(Note that by (12.197), (12.201) is true for k D q NN.)
Let t D .t1; : : : ; tp.t// 2 ˝kC1: By (12.140) and (12.201),

kykC1;t;0k � 3M C 1 C .k � q NN/�0.Nq C 1/: (12.202)

It follows from (12.142), (12.199), and (12.202) that for all j D 0; : : : ; p.t/,

kykC1;t;jk � 3M C 1 C �0 Nq C �0.Nq C 1/.k � q NN/;

kykC1;tk � 3M C 1 C �0.Nq C 1/.k � q NN/ C �0 Nq:

In view of the relation above, (12.125), (12.135), and (12.138),

kxkC1k � 3M C 1 C �0.Nq C 1/.k � q NN/ C �0 Nq C ı

� 3M C 1 C �0.Nq C 1/.k C 1 � q NN/:

Thus by induction we show that (12.201) holds for all k D q NN; : : : ; .qC1/ NN and that
for all k D q NN; : : : ; .qC1/ NN�1, all t D .t1; : : : ; tp.t// 2 ˝kC1 and all j D 0; : : : ; p.t/,

kykC1;t;jk � 3M C 1 C �0.Nq C 1/.k C 1 � q NN/:

By (12.124), (12.125), and (12.201),

kxkk � 3M C 2; k D q NN; : : : ; .q C 1/ NN; (12.203)

kykC1;t;jk � 3M C 2; k D q NN; : : : ; .q C 1/ NN � 1; t 2 ˝kC1; j D 0; : : : ; p.t/:
(12.204)
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Let

k 2 fq NN; : : : ; .q C 1/ NN � 1g; t D .t1; : : : ; tp.t// 2 ˝kC1; j 2 f1; : : : ; p.t/g:
(12.205)

We show that

ftj.ykC1;t;j�1/ � 2M1�0: (12.206)

Assume the contrary. Then

ftj.ykC1;t;j�1/ > 2M1�0: (12.207)

By (12.14), (12.130), (12.141), (12.205) and (12.207), there exists

l 2 .@ftj.ykC1;t;j�1/ C B.0; ı// n f0g (12.208)

such that

kykC1;t;j � .ykC1;t;j�1 � ftj.ykC1;t;j�1/klk�2l/k � ı: (12.209)

By (12.121), (12.204), (12.205) and (12.208),

klk � M1: (12.210)

It follows from (12.199), (12.205), (12.207), (12.209), and (12.210) that

�0 � kykC1;t;j � ykC1;t;j�1k
� ftj.ykC1;t;j�1/klk�1 � ı > 2M1�0M�1

1 � ı > 2�0 � ı:

This contradicts (12.125). The contradiction we have reached proves that (12.206)
holds. Thus the following property holds:

(P12) for each k 2 fq NN; : : : ; .q C 1/ NN � 1g, each t D .t1; : : : ; tp.t// 2 ˝kC1 and
each j 2 f1; : : : ; p.t/, (12.206) holds.

By (12.140), (12.142), and (12.199), for each k 2 fq NN; : : : ; .q C 1/ NN � 1g, each
t D .t1; : : : ; tp.t// 2 ˝kC1 and each j 2 f0; 1; : : : ; p.t/,

kxk � ykC1;t;jk � �0 Nq; (12.211)

kxk � ykC1;tk � �0 Nq: (12.212)

In view of (12.125), (12.138), and (12.212),

kxk � xkC1k � �0q C ı � �0.Nq C 1/: (12.213)
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It follows from (12.213) that for each k1; k2 2 fq NN; : : : ; .q C 1/ NNg

kxk1 � xk2k � �0.Nq C 1/ NN: (12.214)

Let

s 2 f1; : : : ; mg; i 2 fq NN; : : : ; .q C 1/ NNg: (12.215)

By (12.128), there exist

k 2 fq NN; : : : ; .q C 1/ NN � 1g; t D .t1; : : : ; tp.t// 2 ˝kC1; j 2 f1; : : : ; p.t/g
(12.216)

such that

s D tj: (12.217)

By (12.121), (12.203), (12.204), (12.211), (12.216), (12.217), and (P12),

fs.xk/ � ftj.ykC1;t;j�1/ C jftj.xk/ � ftj.ykC1;t;j�1/j
� 2M1�0 C M1kxk � ykC1;t;j�1k � 2M1�0 C M1�0 Nq: (12.218)

In view of (12.201), (12.203), (12.214)–(12.216), and (12.218),

fs.xi/ � fs.xk/ C jfs.xi/ � fs.xk/j � 2M1�0 C M1�0 Nq C M1kxk � xik
� M1�0.Nq C 2/ C M1�0.Nq C 1/ NN � M1�0.Nq C 2/. NN C 1/:

Theorem 12.2 is proved. ut

12.5 The Third Main Result

Let m be a natural number and fi W X ! R1, i D 1; : : : ; m be convex continuous
functions.

For each i D 1; : : : ; m set

Ci D fx 2 X W fi.x/ � 0g;
C D \m

iD1Ci D \m
iD1fx 2 X W fi.x/ � 0g:

Suppose that

C 6D ;:
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In this section we state the third main result of this chapter under the assumptions
that the set C is bounded and that

fx 2 X W fi.x/ < 0; i D 1; : : : ; mg 6D ;:

This result will be proved in the next section.
We use the notation and definitions introduced in Sects. 12.1 and 12.3.
Suppose that

fx 2 X W fi.x/ < 0; i D 1; : : : ; mg 6D ;:

Therefore there exists � 2 .0; 1� such that

fx 2 X W fi.x/ � ��; i D 1; : : : ; mg 6D ;: (12.219)

Suppose that the set C is bounded.
Let M > 0, M0 > 0, M1 > 2 be such that

fx 2 X W fi.x/ � 1; i D 1; : : : ; mg � B.0; M/; (12.220)

fi.B.0; 3M C 3// � Œ�M0; M0�; i D 1; : : : ; m; (12.221)

jfi.u/ � fi.v/j � .M1 � 2/ku � vk for all u; v 2 B.0; 3M C 4/; i D 1; : : : ; m:

(12.222)

Let ı 2 .0; 1� satisfy

8.2.1 C Nq/.1 C NN//3 N��1.4M C 4/ı.1 C 16M0��2.4M C 3/2/ � 1; (12.223)

M1. NN C 1/.Nq C 2/.8.2.1 C Nq/.1 C NN//.4M C 4/ı.1 C 16M0��2.4M C 3/2//1=2 � 1;

(12.224)

�0 D .8ı N��1.4M C 4/2.1 C Nq/.1 C NN/.1 C 16M0��2.4M C 3/2//1=2 (12.225)

and a natural number

n0 > 32M2��2
0

N��1: (12.226)

Note that all the assumptions made for Theorem 12.2 hold.
The next theorem is the third main result of the chapter.

Theorem 12.3. Assume that

f.˝i; wi/g1
iD1 � M�
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satisfies for each natural number j,

f1; : : : ; mg � [jC NN�1
iDj .[t2˝ift1; : : : ; tp.t/g/; (12.227)

x0 2 B.0; M/; (12.228)

� 2 Œ0; 2M1�0�; (12.229)

fxig1
iD1 � X; f�ig1

iD1 � Œ0; 1/

satisfy for each natural number i,

.xi; �i/ 2 A.xi�1; .˝i; wi/; �; ı/: (12.230)

Then there exists an integer q0 2 Œ0; n0 � 1� such that for every integer i � q0
NN,

d.xi; C/ � 2�0M1M.Nq C 2/. NN C 1/��1 C .Nq C 1/ NNı.1 C 16M0��2.4M C 3/2/:

Note that in Theorem 12.3 ı is the computational error made by our computer
system, �0 D c1ı1=2 and n0 D bc2ı�1c, where c1 and c2 are positive constants which
do not depend on ı.

12.6 Proof of Theorem 12.3

Set

ı0 D ı.1 C 16M0��2.4M C 3/2/: (12.231)

Note that by (12.224) and (12.225),

M1�0.Nq C 2/. NN C 1/ � 1: (12.232)

Since C � B.0; M/ we conclude that in the proof of Theorem 12.2 (see (P10) and
(P11)) the following properties were established (for the sequence fxiClg1

iD0):
(P12) Let z 2 C and an integer l � 0 be such that kxlk � M. Then there exists

an integer q 2 Œ0; n0 � 1� such that:

kxik � 3M C 1; i D l; : : : ; q NN C lI

for each nonnegative integer p < q,

maxf�i W i D p NN C l C 1; : : : ; .p C 1/ NN C lg > �0;

maxf�i W i D q NN C l C 1; : : : ; .q C 1/ NN C lg � �0;

kxik � 3M C 2; i D q NN C l; : : : ; .q C 1/ NN C l;
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for each integer p satisfying 0 � p < q,

kz � xp NNClk2 � kz � x.pC1/ NNClk2 � N��2
0=8I (12.233)

for every i 2 fl; : : : ; l C q NN � 1g,

kxiC1 � zk � kxi � zk C ı0.q C 1/ (12.234)

and
(P13) Assume that an integer q � 0, an integer l � 0, kxlk � M,

kxq NNClk � 3M C 1;

�i � �0; i D l C q NN C 1; : : : ; .q C 1/ NN C l:

Then

fs.xi/ � M1�0.Nq C 2/. NN C 1/; i 2 fl C q NN; : : : ; .q C 1/ NN C lg; s 2 f1; : : : ; mg:
(12.235)

Assume that an integer l � 0 be such that kxlk � M and let an integer q 2
Œ0; n0 � 1� be as guaranteed by property (P12) which in its turn implies in view
of (12.233) that for each integer p satisfying 0 � p < q,

d.x.pC1/ NNCl; C/ � d.xp NNCl; C/;

d.xp NNCl; C/ � d.xl; C/ for all p D 0; : : : ; q

and in view of (12.134),

d.xi; C/ � d.xl; C/ C ı0
NN.Nq C 1/ for all i D l; : : : ; l C q NN: (12.236)

By the choice of q and (P13), for every i 2 fl C q NN; : : : ; .q C 1/ NN C lg and every
s 2 f1; : : : ; mg, (12.235) is true. Together with (12.232), (12.235), and Lemma 11.8
this implies that for all integers i 2 fl C q NN; : : : ; l C .q C 1/ NNg,

d.xi; C/ � 2M.M1�0.Nq C 2/. NN C 1//.M1�0.Nq C 2/. NN C 1/ C �/�1

� 2M1M�0.Nq C 2/. NN C 1/��1: (12.237)

By (12.210), (12.232), and (12.235),

xi 2 B.0; M/; i D l C q NN; : : : ; .q C 1/ NN C l: (12.238)

Thus we have shown that the following property holds:
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(P14) Let an integer l � 0 be such that kxlk � M and let an integer q 2 Œ0; n0 �1�

be as guaranteed by (P12). Then (12.235), (12.236) are valid and for all i D q NN C
l; : : : ; .q C 1/ NN C l, (12.237), and (12.238) hold.

By (12.228), there is an integer q0 2 Œ0; n0 � 1� such that (P12) holds with l D 0

and q D q0. By the choice of q0, (P12), (P14), (12.235), and (12.237),

fs.xi/ � M1�0.Nq C 2/. NN C 1/; i D q0
NN; : : : ; .q0 C 1/ NN; s D 1; : : : ; m;

(12.239)

d.xi; C/ � 2M1M�0.Nq C 2/. NN C 1/��1 for all integers i D q0
NN; : : : ; .q0 C 1/ NN:

(12.240)

We show that

d.xi; C/ � 2M1M�0.Nq C 2/��1. NN C 1/ C ı0
NN.Nq C 1/ for all integers i � q0

NN:

(12.241)
Assume the contrary. Then there is an integer

p > q0
NN (12.242)

such that

d.xp; C/ > 2M1M�0.Nq C 2/. NN C 1/��1 C ı0
NN.Nq C 1/: (12.243)

By (12.240), (12.242), and (12.243),

p > .q0 C 1/ NN: (12.244)

We may assume without loss of generality that

d.xi; C/ � 2M1M�0.Nq C 2/. NN C 1/��1 C ı0.Nq C 1/ NN (12.245)

for all integers i satisfying .q0 C 1/ NN � i < p:

By (12.239) and (12.244), there exists an integer l0 such that

.q0 C 1/ NN � l0 � p; (12.246)

fs.xl0 / � M1�0.Nq C 2/. NN C 1/; s D 1; : : : ; m; (12.247)

maxffs.xi/ W s D 1; : : : ; mg > M1�0.Nq C 2/. NN C 1/ (12.248)

for all integers i satisfying l0 < i � p:

By (12.247) and Lemma 11.8,

d.xl0 ; C/ � 2MM1�0.Nq C 2/. NN C 1/��1: (12.249)
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By (12.246), (12.243), and (12.249),

l0 < p:

In view of (12.220), (12.232), and (12.247),

kxl0k � M: (12.250)

Let an integer q 2 Œ0; n0 � 1� be as guaranteed by (P12) with l D l0.
By (12.235), (12.236), (12.249), and (P14), for all i D l0; : : : ; l0 C .q C 1/ NN,

d.xi; C/ � 2MM1�0.Nq C 2/. NN C 1/��1 C ı0
NN.Nq C 1/; (12.251)

fs.xi/ � M1�0.Nq C 2/. NN C 1/; s D 1; : : : ; m; i D l0 C q NN; : : : ; l0 C .q C 1/ NN:

(12.252)

By (12.243) and (12.251),

p > l0 C .q C 1/ NN:

The equation above and (12.252) contradict (12.248).
The contradiction we have reached proves that (12.241). Theorem 12.3 is proved.

ut
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