Chapter 11
Strongly Split Poisson Algebras

Antonio J. Calderon Martin and Diouf Mame Cheikh

Abstract Split Poisson algebras are one of the most known examples of graded
Poisson algebras. Since an important category in the class of graded algebras is
the one of strongly graded algebras, we introduce in a natural way the category of
strongly split Poisson algebras and show that if (3, {-,-}) is a centerless strongly
split Poisson algebra, then 3 is the direct sum of split-ideals, each one being a split-
simple strongly split Poisson algebra. In case of being ‘B infinite dimensional and
locally finite, we also show that if (%3, {-,-}) is furthermore simple then it is the
direct limit of finite dimensional simple (strongly) split Poisson algebras.

Keywords Split Poisson algebra ¢ Strongly graded algebra ¢ Root ¢ Root space
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11.1 Introduction and Previous Definitions

We begin by noting that, unless otherwise stated, all of the Poisson algebras are
considered of arbitrary dimension and over an

Definition 11.1. A Poisson algebra 3 is a Lie algebra (3, {-, -}) over an arbitrary
base field K, endowed with an associative product, denoted by juxtaposition, in such
a way that the following Leibniz identity

oy zh = {x gy + x{y, 2}
holds for any x,y,z € 3.
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Poisson algebras has attracted the interest of many authors in the last years, as
consequence in part for their applications in physics and geometry (see for instance
[1,2,8, 10-12]). A subalgebra of °J3 is a linear subspace closed by both the Lie and
the associative products. An ideal I of B is a subalgebra satisfying {I,*P} + I'}} +
Bl C I

In order to study the structure of arbitrary Poisson algebras, the first author
introduced in [6] the concept of split Poisson algebra as a Poisson algebra in which
the underlying Lie algebra structure is split. So, let us recall the concept of a split
Lie algebra, (see for instance [5] or [16]). A splitting Cartan subalgebra H of a
Lie algebra L is defined as a maximal abelian subalgebra, (MASA), of L satisfying
that the adjoint mappings ad(h) for & € H are simultaneously diagonalizable. If L
contains a splitting Cartan subalgebra H, then L is called a split Lie algebra. From
here:

Definition 11.2. A split Poisson algebra is a Poisson algebra *13 in which the Lie
algebra (3, {-, -}) is split respect to a MASA H of (3, {-,-}).

This means that we can decompose 3 as the direct sum

P=Ha (PP

€A

where P, = {vy, € P : {h, vy} = a(h)v, for any h € H}, for a linear functional
a € H* and A := {a € H*\{0} : B, # 0} is the corresponding root system.
The subspaces B, for « € H* are called root spaces of P (respect to H) and the
elements o € A U {0} are called roots of 3 respect to H.

By the other hand, we also recall that a graded algebra

A =PA..

g€G

that is, A is the direct sum of linear subspaces indexed by the elements in an abelian
group (G, +) in such a way that A,A;, C A4y, is called a strongly graded algebra
if the condition AgA; = A, holds for any g, h € G, see [9, 13].

Since by [6, Lemma 1] we know that in any split Poisson algebra *J3 we have

H= ‘BOa {mavmﬁ} - ma+ﬂv ‘Baf‘pﬁ - ma+ﬂ (11.1)

forany «, B € AU{0}, we get that 3 becomes a graded Poisson algebra by means of
the abelian free group generated by A. Taking into account the above observations
we introduce the category of strongly split Poisson algebras as follows.

Definition 11.3. A split Poisson algebra 33 with set of nonzero roots A is called a
strongly split Poisson algebraif H =Y ({Pu, P-a} + PoP-) and given o, § €

a€A

A such that @ + B € A then we have {L,, Bg} + BoBp = Pats.
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As examples of strongly split Poisson algebras we can consider the finite
dimensional semisimple Poisson algebras, the Poisson algebras associated to L*-
algebras and to semisimple locally finite split Lie algebras and the split Poisson
algebras considered in [5, Sect.2] among other classes of Poisson algebras (see
[14-16]).

Let us focuss for a while on the concept of split-ideal in the framework of
split Poisson algebras. Observe that the set of linear mappings {ad(k) : h € H},
where ad(h) : P — B is defined by ad(h)(v) = {h,v}, is a commuting set
of diagonalizable Lie endomorphisms. Hence, given any ideal I of ‘B, since [ is
invariant under this set we get that we can write

I=(INH) & EPUNF)). (11.2)

a€A

From here, if I N H # 0, then I adopts a split like expression (respect to I N H).
This motivate us to introduce the concept of split-ideal as follows. An ideal / of a
split Poisson algebra ‘B is called a split-ideal if I N H # 0. A split Poisson algebra
P will be called split-simple if {13,B}, PP # 0 and it has no proper split-ideals.
Finally, we recall that a root system A is called symmetric if it satisfies that « € A
implies —« € A. Throughout the paper A will be always supposed symmetric.

11.2 Main Results

In the following, *J3 denotes a strongly split Poisson algebra and

P=Hao (@D%)

€A

the corresponding root spaces decomposition.

Definition 11.4. Let v € A and B € A be two nonzero roots. We say that « is
connected to B if there exists a family ay, o7, ..., o, € A satisfying the following
conditions:

1. o) = .
2. {0[1 + 0,0 + 0 +O3,...,0] +---+(Xn_1}CA.
3.a14+or+ -+ o, = €p for some € € {+1}.

We also say that {«1, ..., ®,} is a connection from « to .

It is straightforward to verify that the relation connection is an equivalence
connection, see [5] or [6]. So we can consider the quotient set

A ~={a]:a € A}.
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Now, for any [a] € A/ ~ we are going to introduce the linear subspace

Blo] = Hia] ® Vig)

where

Hy) = ﬂZ ({Bs. P-p} + BpP—p) C Hand Vi := ﬂe{a]w-

Proposition 11.1. Any Py is a split-ideal of B. If furthermore (B, {-,-}) is
centerless then By is split-simple.

Proof. First, let us show that

Bl B} = {He) ® Vi) H® (P Bp) & (B B,)} € Bla- (11.1)
BEle] y¢le]

Clearly, see Eq. (11.1), we have {Hj,|, H ® ( D Bp)} + {Vi). H} C Vig)-
BEle]
Since in case {Bs, P} # 0 for some §, 7 € A with § 4+ © # 0, the connections

{6, 7} and {8, r, —6} imply [§] = [§ + 7] = [7], we get {V[o}, D Bp} C Pyoj and
BEla]

V. B %} =0. (11.2)
y¢le]

Taking now into account the fact Hy) 1= ) ({‘Bﬂ PB_g} + PpP—p), Jacobi
BEla]

identity and Leibniz identity together with Eq. (11.2) finally give us

{Heo). P B} =0 (11.3)
y¢lel
and so Eq. (11.1) holds.
Second, let us verify that
PP = (Hi & Vi) H & (P Bp) & (P %)) € PBpa- (11.4)
BEle] Y]

Since Hi,) C H = *By we have, (take into account Eq. (11.1)), that

Hig) (D %) + VigH C Viay.
pelal

We also have by arguing with the associative product as we did above with the Lie
product that
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Vil (D Bp) € Py
pelal
and
V(€ 8,) = 0. (11.5)
y €]

Now, by taking also into account the expression of Hy,, Eq. (11.5), Leibniz identity
and associativity we get

Hi) (D %,) = 0:
7¢le]

while by taking into account the fact H = %J3, Leibniz identity and associativity we
have

HiyH C Hy).
We have shown that Eq. (11.4) holds. In a similar way we can prove

PP € Prog

and so we have showed 3|, is an ideal of 3. Since Eq. (11.3) implies {H[,}, V|} =

0 for any [y] # [«], the facts H = )~ Hjg and o # 0 allow us to get Hyy) # O.
[BleA/~
From here, we can also assert that ‘B[ is a strongly split Poisson ideal admitting

the split decomposition

Pl = Hig & (D Bp)-
pele]

Suppose now (B, {-,-}) is centerless and let us show P, is split-simple.
Consider a split-ideal / of *Biy;. By Eq.(11.2) we can write I = (I N Hy)) &
(P (I N*Pp)) with I N Hy # 0. For any 0 # h € I N Hy,, the fact (P, {-,-})

BEla]
is centerless gives us that there exists 8 € [o] such that {/,Bg} # 0. From here we
get {1 N Hi), Pp} = Pp and so 0 # P C 1.

Given now any 6 € [«] \ {8}, the fact that § and § are connected allows us to
take a connection {&;, @, ..., a,} from B to 8. Since a1, &y, &1 + @y € A we have
{Baors B} +Pay Ba, = Pay+a, C I as consequence of Py, = Pg C I. In a similar
way {Bo+a> Bz} + PBey+0oBas = By +an+a; C I and we finally get by following
this process that By, +ay+a3+-+a, = Pes C I for some € € +1. From here we have
H|,) C I and as consequence, taking also into account that Equation (11.3) allows us
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to assert {Hju, Ps} = Bs for any § € [«], that Vi) C 1. We have showed I = Py
and so P is split-simple.

Theorem 11.1. Any strongly split Poisson algebra Y such that (B, {-,-}) is cen-
terless is the direct sum of split-ideals, each one being a split-simple strongly split
Poisson algebra.

Proof. Since we can write the disjoint union A = | [o] we have P =
[e]eA\~
Y Pl Let us now verify the direct character of the sum: given x € Py N
[el€A\~
> PByg). since by Egs.(11.2) and (11.3) we have {P, B} = 0 for

Bl e A/~

B~a

[@] # [B], we obtain

(B} + x5 D Py =0
[

ple A/~

B o

From here {x,J3} = 0 and so x = 0, as desired. Consequently we can write

T= P Pu

[]eA\~

Finally, Proposition 11.1 completes the proof.

11.3 On Locally Finite Split Poisson Algebras

Throughout this section the base field K will be algebraically closed and of
characteristic 0.

A Lie algebra L is called locally finite if every finite subset of L is contained or
equivalently generates a finite dimensional subalgebra of L. Since we are working
in a split framework, we recall that the class of semisimple locally finite split Lie
algebras can be characterized among all split algebras by the property that all its
roots are integrable, i.e., corresponding to s/(2,K) subalgebras acting in a locally
finite fashion (see [16, III.19]). As a consequence, any nonzero root space L, of a
semisimple locally finite split Lie algebra (L, [-, -]) satisfies dimL, = dimL_, = 1
and o([Ly,L—y]) # 0. By [16, Proposition 1.7 (v) and Theorem III.19]) we also
know that in any of such an algebras, if o, B, + B € A then [Ly, Lg] = Ly and
H = ) [Ly,L_,]. Hence the class of semisimple locally finite split Lie algebras is

€A
contained in the one of strongly split Lie algebras and so any Poisson structure

associate to this family of Lie algebras gives rise to a family of strongly split
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Poisson algebras, (in particular the results in our previous sections would apply).
We introduce the class of locally finite Poisson algebras in a natural way as follows.

Definition 11.5. A Poisson algebra 33 is called locally finite if every finite subset
of P is contained in a finite dimensional subalgebra of 3.

Our goal in this section is to prove that any infinite dimensional locally finite split
Poisson algebra with (3, {-, -}) simple, (by the above comments strongly split), is
the direct limit of a family of finite dimensional simple (strongly) split Poisson
algebras. Hence, from now on

P=Ha PP

a€A

will denote such an algebra.

Let S be a non empty finite subset of A, and denote by P the Poisson subalgebra
of B3 generated by the set {3, : « € S U —S} which will be called the subalgebra
of B associated to S. Taking into account that the above comments on semisimple
locally finite split Lie algebras, Leibniz identity and associativity allow us to write
Ps = Hs+ {Ps, Ps} where Hy is the linear spam of the set {PP—, : ¢ € SU-S},
by arguing as in [4, Proposition 2.7] we can verify (B, {-, -}) is a finite dimensional
semisimple split subalgebra of the Lie algebra (%%, {-, -}). It is well known from the
theory of finite dimensional semisimple Lie algebras that s can be written

ns

s = P PBs.-
i=1

with any ‘*Bs, a finite dimensional simple Lie algebra. Let us verify any P, is
actually a (finite dimensional) simple Poisson algebra. By taking into account
PBs, = {PBs;,Ps,} for any j € {1,...,ns}, Leibniz identity gives us P, Ps, =

PBs.APs;» Ps;} € Ps; whence i # j. From here, by writing now B, Ps, =
{Bs;» Bs, 1'Bs;» Leibniz identity allows us to assert *Bs,Ps;, = 0 if i # j. This fact

implies B, Ps = ‘le(@ Ps,) C Ps,Ps,. Since Leibniz identity gives us that
&BSI‘BS, is a Lie ideal of tlhe semisimple Lie algebra (Ps, {-,-}) then ‘PsPs, =
EB‘BS with k < ng and for any r € {l,...,k} being Ps, = P, for some
] e {1,...,ng}. If some Ps, # Py, then, by the one hand Leibniz identity gives
{Bs%Bs,. Bs,} = 0 and by the other hand {PBs s, Ps,} = {ea Ps, Vs, } = Ps, #

0, a contradiction. From here 5, Bs, = Ps, and so Py, P C ‘133 In a similar way
we get PsPs, C Ps, and hence P, is a (simple) Poisson ideal of Pj.

From here, we can consider the family of finite dimensional simple Poisson
subalgebras of 13,
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{mS[}SEEF,iE{l ..... ns}s

where J denotes the family of all non empty finite subsets of A. If we now denote
by {is,7;} the inclusion mappings, we will show that

R := ({Ps;}seF.icll...ns}> Us.1;}) (11.1)

is a direct system. First, we note that by arguing as in [3, Lemma 1 and Corollary 2]
or [4, Sect. 2], we can prove the next lemma:

Lemma 11.1. Let (L, [-,*]) be a finite dimensional semisimple split Lie algebra.
Then the following assertions hold

1. If a is a nonzero root, then Ly belongs to a simple component L;.
2. If a and B are two connected nonzero roots, then Ly and Lg belong to the same
simple component L;.

By returning to Eq. (11.1), we assert that given
there exists

such that %35,.,2)33 C &BQ,.O. Indeed, let us fix oy € S;. Since as consequence of
Proposition 11.1 we have that B has all of its nonzero roots connected, then we have
that for any B € §; U T; there exists a connection from «p to 8, which we denote

by Cy, . We also have that Q := (J Cy,p is a finite set of A and therefore
BESUT;
we can consider the finite dimensional semisimple subalgebra associated 3. Write

ng
Po = P Po,, each P, being a simple Poisson subalgebra of Py. By Lemma 11.1-
=1

1, there_exists ‘BQ,.O such that B,, C ‘Is‘QiO. Finally, by Lemma 11.1-2, *Bs,, iBTj C
Bo,, - Therefore, R is a direct system of finite dimensional simple Poisson algebras.
Let us denote by limR = (', {¢;};) the direct limit of this direct system. Since

—

the pair (B, {i;}), where i; denotes the inclusion mapping, satisfies the conditions

of the direct limit for R, we have that the universal property of the direct limit gives
us the existence of a unique monomorphism @ : 3’ — 3 such that @ oe; = i;. Since

DUSES U ¢;(B;), (see for instance [7]), we have @(P') = (D(U e;(B)) = U B;. and

j j j
therefore @ is an isomorphism from 3’ onto |J3;. Let us show that P = (JP;.
J J

Indeed, if x € B, by Theorem 11.1 we can write x = Y hy. + Y vy, witha;, y; € A,
i=1 =1

vy, € 'B,, and where any Ay, € {PBo,, Py, }. Consider T = {o; : i = 1,...,njU{y; :
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Jj = 1.....m} C A and, following the above notation, 7" = | Cj, g, 6o being a
BeT

fixed element of T. We have T” is a finite set of A that gives us the semisimple finite
r
dimensional Poisson algebra associated P7/. Write Prr = P Py, where Py,
l=1 I3 1

i =1,...,rare simple finite dimensional Poisson algebras. As R is a direct system
for the inclusion then there exists a finite dimensional simple Poisson subalgebra

p

PBp, such that | J P < Pp, and therefore x € Pp, as we wished to show. From
=1 '

here, we can state the next result.

Theorem 11.2. Let ‘P be an infinite dimensional locally finite split Poisson algebra
with (B, {-, -}) simple. Then there exists a direct system, with the inclusion,

R = ({Bj}jes, Linhj<k)
of finite dimensional simple Poisson subalgebras of Y3 such that

B = limR.
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