Chapter 10
Some Properties of Mono-correct
and Epi-correct Modules

Anta Niane Gueye

Abstract Let ¢ be a category. An objet A in € is said to be mono-correct
(respectively epi-correct) if for any Bin €, andf : A — B, g : B — A two
monomorphisms (respectively epimorphisms) then A ~ B. In category Set, this
property is known as the Cantor Bernstein theorem and it’s dual. In category of
abelian groups, we show that the Cantor Bernstein theorem is not verified. In R-mod,
we study some relations between mono-correctness of modules and some algebraic
operations as for submodules, direct sum of modules and factor modules.

Keywords Mono-equivalent ¢ Epi-equivalent * Mono-correct * Epi-correct o
Hopfian ¢ Co-hopfian

10.1 Introduction

Two objects A, B in a category ¢ are called mono-equivalent (respectively epi-
equivalent) if there are monomorphisms (respectively epimorphisms) f : A —
Band g : B— A. The first case is denoted A % B and the second A ~ B. A and
B are called equivalent if there exists an isomorphism f : A —> B. We denote it by
A~ B.

An object A in a category € is said to be mono-correct (respectively epi-correct)
if for every B in €, A B (respectively A < B) implies A >~ B. A class C of
objects in a category € is said to be mono-correct (respectively epi-correct) if for
any objects A, Bin CA < B (respectively A < B) implies A >~ B. It is well known
by the Cantor-Bernstein theorem and it’s dual that the category Set is mono-correct
and epi-correct but when the objects are provided with some algebraic structures
the property of being mono-correct or epi-correct is not always conserved by the
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category. Several papers studying analogues of Cantor-Bernstein theorem in many
algebraic structures have been investigated (see [1-4, 6, 7]).

In this paper, we study some properties of mono-correctness and epi-correctness
in modules category. We give examples of Z-modules that are mono-equivalent but
are not mono-correct, and this show that the Cantor-Bernstein theorem is not verified
in the category of abelian groups. Studying mono-correctness, epi-correctness and
the algebraic operations on modules, we remark that if the ring R is semisimple or
the R-module M is semi simple then all submodules and factor modules are mono-
correct. Furthermore we establish that any direct summand of an mono-correct
(respectively epi-correct) module is mono-correct (respectively epi-correct) and the
direct sum of two modules is mono-correct if and only if each of them is mono-
correct. We prove also that if an R-module M contains an injective submodule N
such that M /N mono-correct, then M is mono-correct.

10.2 Preliminaries

Let R be an associative ring with identity and R-Mod be the category of left R-
modules.
Let M be an R-module. We recall the following definitions and facts:

Definition 10.1. Two R-modules M and N are called mono-equivalent (respectively
epi-equivalent) if there are monomorphisms (respectively epimorphisms) f : M —>
Nandg: N — M.

We denote M and N mono-equivalent by M ~ N, M and N epi-equivalent by
M~N.
Definition 10.2. An R-module M is said to be injective if for any monomorphism

of R-modules f : P — Q and any homomorphism g : P — M, there exists a
homomorphism i : Q —> M such that g = hof.

Remark 10.2.1. The property of being an injective module is preserved under
isomorphism.

Definition 10.3. Let M be an R-module. An element m of M is said to be divisible
if, for every non zero divisor r in R, there exists m’ € M such that m = m'r. M is
said to be a divisible R-module if every element of M is divisible.

Proposition 10.2.2 ([S]). An abelian group is injective if and only if it is divisible.



10 Some Properties of Mono-correct and Epi-correct Modules 161

10.3 The Main Results

o0
Proposition 10.3.1. Let E and F be the Z-modules E = @ Q.and F = 7 &

n=1

o0
(@ Q,,) where Q, = Q the set of all rational numbers, for each integer n > 1.

n=1
Then E and F are mono-equivalent.

Proof. Consider the natural injection:

fpa—ze (@Qn)
n=1

n=1

and the morphism

g=égn:ZEB (é@) _)éQn

n=0 n=1 n=1

defined as follows:
go is the canonical injection

80:Z — @

and forn > 1

gn: Qn —> Qup
where g, is identity of Q. It is clear that f and g are monomorphism, hence E and F
are mono-equivalent.

Definition 10.4. An R-module M is said to be mono-correct (respectively epi-
correct) if for any R-module N, M N (respectively M N ) implies M >~ N.
Example 10.3.2. 7. is epi-correct and mono-correct as Z-module.

Proof. Let N be a Z-module such that Z ~ N. That is, there are two epimorphisms
f:Z — Nandg: N — Z. Then gof : Z —> Z is a surjective endomorphism

of Z. As Z is noetherian, gof : Z —> 7. is bijective and also f is bijective. Then Z
is epi-correct. For monocorrectness of Z, see [3].

Proposition 10.3.3. The category of abelian groups is not mono-correct.
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Proof. We have seen that

=)

n=1

o0 o0
but there exist any isomorphism between @Qn and Z & (@ Q,,) by

n=1 n=1

o0
Remark 10.2.1 and Proposition 10.2.2. Note that @Qn is a divisible abelian

n=1

o0

group and Z @ (@ Q,,) is not a divisible abelian group.
n=1

Definition 10.5. An R-module M is said to be hopfian (respectively co-hopfian)

if every surjective (respectively injective) endomorphism f : M — M is an

automorphism.

Remark 10.3.4 ([3] and [2]). The following facts are well known:

* For a commutative ring R, any co-hopfian module is mono-correct.
e If R is a strongly I1-regular ring, then any finitely generated module is mono-
correct.

Proposition 10.3.5. Let R be a ring.

1. Any hopfian R-module is epi-correct.
2. If R is commutative then any finitely generated R-module is epi-correct.

Proof. Let M be a hopfian module, N an R-module andf : M — N, g: N — M
two epimorphisms. We have that g o f is a surjective endomorphism of M, then f is
bijective.

For the second point, remark that if R is a commutative ring, Vasconcelos have
shown that any finitely generated module is hopfian.

Proposition 10.3.6. Let M be a mono-correct (respectively epi-correct) module
and K be a direct summand of M. Then K is mono-correct (respectively epi-correct).

Proof. Let M = K@ K’ and let N be a module such that K <N (respectively
K ~N).

That is, there are two monomorphisms (respectively epimorphisms) f : K — N
and g : N — K. Thenf and g induce monomorphisms (respectively epimorphisms)
f@®ly M—>NPK andgd lxy :NPK — M.

Since M is mono-correct (respectively epi-correct), then M ~ N € K’, hence
K®K ~N&®K,thus K ~ N.

Proposition 10.3.7. Let My, M, be R-modules and M = M, @ M,. Then M is
mono-correct if and only if My, M, are mono-correct.



10 Some Properties of Mono-correct and Epi-correct Modules 163

Proof. If M is mono-correct, then by Proposition 10.3.6 M, M, are mono-correct.
Conversely, M = M| €@ M, with M, M, mono-correct. Let N be an R-module f, g
be two monomorphisms as follows: f : M — Nand g : N — M.

Let g (N) = N; €@ N, hence N >~ Ny B N.

Now, consider the following morphisms:

flay 8lrom)
fi:My — f(M;) — Ny, g1 : Ny —> M.

and

f|M2 glf(Mz)
oMy — f(My) —> Na, g2 : No —> M.

fi, &1, f>, g» are monomorphisms and M;, M, mono-correct, thus M; =~ Ni,
M, >~ N, hence M| @M, ~ Ny N, ~ N.

Definition 10.6. Let M be an R-module. An R-module P is said to be generated by
M or M-generated if, for every pair of distinct morphisms f, g : P — Q, Q €
R-Mod, there is a morphism & : M —> P and hf # hg.

Definition 10.7. Let M be an R-module. An R-module N is said to be subgenerated
by M if N is isomorphic to a submodule of an M-generated module.

We let 6[M] denote the full subcategory of R-Mod whose objects are all R-modules
subgenerated by M.

Theorem 10.3.1 ([6]). For a module M, the following assertions are equivalent:

1. The class of all modules in 6[M] is mono-correct.
2. every module in c[M] is mono-correct.
3. M is semisimple.

Proposition 10.3.8. Let R be a ring and M an R-module.

1. If any proper submodule of M is mono-correct, then M is mono-correct.

2. If M is semi simple, then all submodules and all factor modules of M are mono-
correct.

3. If R is semi simple, then all R-module are mono-correct.

Proof. Let N be an R-module and f : M — N, g : N — M be two
monomorphisms. We have g (N) >~ N and g (N) is a submodule of M. If g (N)
is not a proper submodule of M, then g (N) = M. If g (N) is a proper submodule of
M, then g (N) is mono-correct. Now let us consider:

h:M —f> N g (N) and the canonical injection k : g (N) — M.

h, k are monomorphisms and then M ~ g (N) ~ N
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For the second point, remark that all submodules and all factor modules of M belong
to o[M], and by Theorem 10.3.1, they are all mono-correct.
For the third point, note that if R is semi simple then o[R] = R-Mod

Proposition 10.3.9. Let M be an R-module and N a submodule of M. If N is an
injective R-module and M /N mono-correct then M is mono-correct.

Proof. Let K be a submodule of M and f : M —> K a monomorphism.
We have that N >~ f(N), K/f(N) ~ K/N and K/f(N) is a submodule of M/N.
Let us consider the following commutative diagram:

N — s m " MmN
r] il 7
oy — k =2 k)

i, I’ are canonical injections, p, p” are canonical surjections and f” is the restriction
of f on N. Since f is injective, f’ is an isomorphism, p is surjective, we have that f
is injective by the five lemma.

f:M/N — K/f(N),i: K/f(N) — M/N are monomorphisms and M /N
mono-correct then M/N =~ K/f(N). As N is an injective R-module, M = NP N/,
and K = f(N) @K', hence N' ~ K’, thus M ~ K.
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