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Abstract. We establish several variations on Kolchin’s differential
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1 Notation

Throughout this paper, U will be a fixed sufficiently large saturated differentially
closed field of characteristic zero with a derivation operator 6. An element ¢ € U
such that d(¢) = 0 is called a constant. In this paper, all the differential fields
under discussion are subfields of U and subscripts denote differentiation.

Let F be a differential subfield of U and S C U. We denote respectively by F'[S],
F(S), F{S}, and F(S) the smallest subring, the smallest subfield, the smallest
differential subring, and the smallest differential subfield of U containing F' and S.

The set S is said to be differentially dependent over F' if the set (6ka)aes,k20
is algebraically dependent over F', and otherwise, S is said to be differentially
independent over F. In the case S = {a}, we also say that a is differentially
algebraic or differentially transcendental over F' respectively. A maximal subset
2 of S which is differentially independent over F' is said to be a differential
transcendence basis of F(S) over F. We use d.tr.deg F(S)/F to denote the dif-
ferential transcendence degree of F(S) over F, which is the cardinality of 2.
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Considering F' and F(S) as algebraic fields, we denote the algebraic transcen-
dence degree of F'(S) over F by tr.deg F'(S)/F.

We use F{y1,...,yn} to denote the differential polynomial ring over F'. Given
a differential polynomial f € F{y1,...,yn}, the order of f w.r.t. y; is the greatest
number k such that yfk) appears effectively in f, which is denoted by ord(f,y;).
And if y; does not appear in f, then we set ord(f,y;) = —oo. The order of f
is defined to be max; ord(f,y;). A (resp. radical, prime) differential ideal is a
(resp. radical, prime) algebraic ideal J of F{y,...,y,} satisfying §(J) C J.

By affine space, we mean A™ = U". An element n = (n1,...,1,) € A"
is called a differential zero of f € F{yi,...,yn} if f(n) = 0. The set of all
differential zeros of ¥ C F{y1,...,yn}, is called a differential variety defined
over F', denoted by V(X). All the differential varieties in this paper are assumed
to be subsets of A”. For a differential variety V which is defined over F, we
denote I(V') to be the set of all differential polynomials in F{y,...,y,} that
vanish at every point of V.

A differential ideal 3 C F{y1,...,yn} is prime if and only if it has a generic
point, that is, a point n € V(J) such that for any f € F{y1,...,yn}, f(n) =0<
f €7. Let J be a prime differential ideal with a generic point (71, ...,%,). Then
there exist d and h such that for sufficiently large t,

tr.deg F(n'™ :1<i<nk<t)/F=d(t+1)+h.

The polynomial wy(t) = d(t+1)+ h is called the Kolchin polynomial of J and the
corresponding d, h are called the differential dimension and order of J. When a
is a tuple in a differential field extension of a differential field K, then we write
wa Kk (t) for wra/K)(t) where I(a/K) is the differential ideal of all differential
polynomials over K which vanish at a.

2 Introduction

In this note, we discuss various primitive element theorems for ordinary differ-
ential field extensions. The oldest such result we consider goes back to Kolchin
[7, p. 728], where in fact he proved the primitive element theorem in the more
general partial differential settings. Here, we restrict to consider the ordinary dif-
ferential field extensions, so for convenience, we state Kolchin’s primitive element
theorem in the ordinary differential case as follows:

Theorem 2.1. Let F' be a differential field containing at least one nonconstant.
Let E = F{a1,...,a,) and suppose that d.tr.deg E/F = 0. Then there is some
b € E such that E = F(b).

Pogudin [12] generalized Kolchin’s theorem to the case that F' is a constant
field, under the assumption that E contains a nonconstant. In this note, we give
a mild generalization of Kolchin’s theorem, and conjecture a generalization of
Pogudin’s theorem. We also illustrate how these generalizations are useful for
improving the bounds on a problem of effective differential algebra.
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Let F'(u) denote the fraction field of the differential polynomial ring F{u} in
one variable. Ritt [14] proved the analog of Liiroth’s theorem:

Theorem 2.2. Let K be a differential field such that F C K C F(u). Then
there is some element g € K such that K = F(g).

Ritt’s original formulation is for fields of meromorphic functions, but the
general theorem follows from this case via Seidenberg’s embedding theorem
[18] (Kolchin first proved the general theorem in [8,9]). More recent work
has focused on computational aspects of the Liiroth’s theorem in the case
that K is finitely generated over F. To be more precise, suppose K =
F(P(u)/Q1(u),...,Py(u)/Qn(u)), then computing a Liiroth generator of K /F
and giving order and degree bounds for a Liiroth generator are problems of effec-
tive differential algebra. Following Kolchin’s idea, if A(y) € K{y} is the minimal
differential polynomial of z over K w.r.t. the canonical ranking, then for any pair
(a,b) € K? of coefficients of the polynomial A satisfying that a/b ¢ F, this a/b
can serve as a Liiroth generator [9]. Thus, using the language of modern differen-
tial characteristic sets, a Liiroth generator can be computed in the following way:
Given a characteristic set Q1 (u)y1 — Py (w), ..., Qn(w)y,— Ppn(u) of a prime differ-

ential ideal I C F{u,y1,...,yn} w.I.t. the elimination ranking u < y1 < -+ < yn,
compute a characteristic set B1(y1,y2), -+, Bn—1(¥1,---,Yn), Bo(Y1, - -, Yn,u) of
J w.r.t. the elimination ranking y; < -+ < y,, < u. Rewrite Bo(y1,...,Yn,u) =

fiy (P U)/Q (1), Pn(u)/Qn(u)) _
Zifi(yla"'7yn) 7,( ) lfC sz(Pi u)/Qi( Yy P (@) /Qn () %F, thenK-F(Q

Based on this idea, Gao and Xu [6] gave an algorithmic proof of the differen-
tial Liiroth theorem, but did not consider bounds for the degrees or order of
the generator. D’Alfonso et al. [3] proved the following effective version of the
theorem:

Theorem 2.3. Let F' be an ordinary differential field of characteristic 0, u dif-
ferentially transcendental over F and K = F(Py(u)/Q1(u),..., P,(u)/Qn(u)),
where P;,Q; € F{u} are relatively prime differential polynomials of order at
most e > 1 (i.e. at least one derivative of u occurs in P; or Q; for some j) and
degree bounded by d such that each P;/Q; ¢ F. Then, any Liiroth generator v of
K/F can be written as the quotient of two relatively prime differential polyno-
mials P(u),Q(u) € F{u} with order bounded by min{ord(P;/Q;) : 1 < j < n}
and total degree bounded by min{(d + 1)(¢TY" (nd(e + 1) + 1)%+1},

The connection between the differential Liiroth theorem and the primitive
element theorem is related to improving the degree bounds. We should note that
our manipulations are not designed to attack the problem of bounding the order,
but note that as Kolchin proved in [8], any two Liiroth generators w; and ws are
related by the formula we = (aw; + b)/(cwy + d) for some a,b,c,d € F, so any
two Liiroth generators should have the same order [3, see the remarks at the
end of Subsect. 3.1]. Our technique is most easily employed in the case that the
field F' posseses a nonconstant element. In this case, the ideas of our techniques
essentially derive from a mild generalization of Theorem 2.1. In the case that
F' is a constant differential field, our ongoing work is related to an attempt to
generalize Pogudin’s recent primitive element theorem [12].
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In the case that F' contains a nonconstant element, we improve the degree
bounds as follows:

Theorem 2.4. Let F' be an ordinary differential field of characteristic 0 con-
taining a nonconstant element. Let u be differentially transcendental over F
and K = F(Pi(u)/Q1(u),...,Pp(u)/Qn(u)), where P;,Q; € F{u} are rela-
tively prime differential polynomials of order at most e > 1 (i.e. at least one
derivative of u occurs in P; or Q; for some j) and degree bounded by d such
that each P;/Q; ¢ F In Theorem2.3. Then, any Liroth generator v of K
over F' can be written as the quotient of two coprime differential polynomials
P(u),Q(u) € F{u} with degree bounded by

min{([n/2] - d+ 1D, (@ + 1), (nd(e + 1) + 1)),

In the case that the base field consists of constants, we improve the bound
as follows:

Theorem 2.5. Suppose F is a field of constants, u be differentially transcenden-
tal over F and K = F(P1(u)/Q1(u), ..., Py(u)/Qn(u)) with P;, Q; satisfying the
same conditions as in Theorem 2.4. Then the total degree of a Liroth generator
of K over F is bounded by

min{(d(n + e — 1) + 1)*“*V, (nd(e + 1) + 1)**}.

The paper is organized as follows. In Sect. 3, we will prove various primitive
element theorems for differential fields. In Sect. 4, we will utilize our embedding
results to establish the improved bounds for the differential Liiroth’s Theorem.

3 Variations of the Primitive Element Theorem
for Differential Field Extensions

Throughout this section, all differential fields which appear will be assumed to
be subfields of U, the fixed sufficiently large saturated differentially closed field
of characteristic zero given in Sect. 1.

Lemma 3.1 [15, p. 35]. Suppose F contains at least one nonconstant element.
If f € F{u} is a nonzero differential polynomial with order r, then for any
nonconstant 11 € F', there exists an element cy + c1n + 627]2 + -+ ¢.n" which
does not annul f, where cg,...,c, are constants in F.

Remark 3.2. Note that in Lemma 3.1, we can always select the ¢; from the ratio-
nal number field Q. Indeed, let xg,...,x, be arbitrary constants, i.e., the z;
are algebraically independent over F' and z; = 0. Since f(}.;_,cin™) # 0,
g(zo,...,xn) = f(wo + x1m + 22m? + -+ + 2,m") is a nonzero polynomial in
F{n)[xo,...,x.]. Since Q is an infinite field, by induction on r, it is easy to show
that there exists (do, . ..,d,) € Q™" such that f(do+din+den*+---+d,n") # 0.
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Also, if f € F{us,...,un} is a nonzero differential polynomial with order
bounded by r, then for any nonconstant 7 € F, there exist ¢;; € Q(1 < ¢ <
n;0 < j < 7) such that f(3;_ocoin’s.... > i_qcnin’) # 0. We justify this by
induction on n. The above paragraph shows that it is valid for n = 1. Sup-
pose it holds for n — 1. Regard f(u1,...,u,) as a polynomial in uq,...,up_1
with coefficients in F'{w,}, then by the induction hypothesis, there exist ¢;; €
Q1 <i<n-—1)such that g(u,) = f(Z;:o e’y Z;:o Cn—1 1, up) # 0.
Thus, from the case n = 1, there exist ¢,; € Q such that Q(Z;:o Cngt?) =

f(Z§:0 Cljnja sy Z;:O C’ﬂjnj) 7é 0.

Lemma 3.3. Let Fy C F be differential fields. Suppose that Fy is not a field of
constants. Then the Kolchin closure of FI* over F' is A™.

Proof. Tt suffices to show that I(F}*), the set of all differential polynomials over
F which vanish at FT*, is the zero differential ideal. Since F' contains at least
a nonconstant, say 7, for any nonzero f € F{y1,...,yn}, by Remark 3.2, there
exist ¢;; € Q(0 < j < ord(f)) such that f(3_; cljnj,...,zj cnjn?) # 0. Note
that for each i, 3° . cijn/ € Fy. Thus, I(F{") = [0]. Hence, the Kolchin closure of
Fis V(0) = A™. O

Note that Kolchin’s proof [7, p. 728] for Theorem 2.1 as well as Seidenberg’s
proof for [17, Theorem 1] implies the following result:

Proposition 3.4. Let L = F(ay,...,a,) and d.tr.degL/F = 0. Let F be a
subfield of F' such that F' contains a nonconstant. Then, there exist c1,...,c, € F
such that L = F{ciaq + -+ + cpay).

The following result is a straightforward implication of Proposition 3.4 and
here we will give a new proof from the geometric point of view.

Proposition 3.5. Let K = F{ay,...,q,) with F' containing at least one non-
constant and d.tr.deg K/F = d > 0. Assume without loss of generality that
Qay, ..., aq 18 a differential transcendence basis of K over F. Then for any non-
constant subfield Fy of F', there exist cqi1,...,¢n € Fy such that K = F{aq,. ..,

Qs I gy Cii)-

Proof. Consider the affine differential variety V' C A""? given by the locus
of agy1y...,an over Flayg,...,aq). The variety V is F{ay,...,aq)-definable
each of whose points are differentially algebraic over F{aq,...,aq). Let @ =
(Ud41,- - -, un) be a tuple which are differentially independent over F(a, ..., aq).
Then we claim that the map ¢z : V — Al given by Z = (zgs1,...,7n) —
Z?:d-&-l u;x; is injective. For if not, then there are two points @ = (ag41, - .-, an)
and b = (bgy1,-..,b,) such that Do g1 Wiy = Yoy uib;. But @ and b are
differentially algebraic over F{aq,...,aq), and so @ is d-transcendental over
Flay,...,aq,a,b). But now we have a contradiction, because Doy wila; —
b;) = 0, and not all of the a; — b; can be zero, since a # b.

The injectivity of the map ¢z on the F(aq,...,aq)-definable set V is a
first order property (over F{aj,...,aq)) of the tuple 4. Since @ is generic
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over F{ay,...,aq), it follows by quantifier elimination that for all ¥ in an
Flay,...,aq)-open subset U C A""? the map ¢y is injective. There is a
point ¥ = (Yagt1,---,7) of F"~¢ in U by Lemma3.3 applied to F relative
to Flag,...,aq).

Now let W C A™ be the locus of ay, ..., a, over F'. Then the map 7, : A” —
AT given by (21,...,@p) — (@1,...,%d, Y 1yyq %iTi) is injective on the fiber
above aq,...,aq in W (the proper subvariety of W with 21 = a, ..., 24 = aq).
By the genericity of @ € W over F, it follows that 7, is injective on a Kolchin
open subset of A”. So F(a) = F(W) = F(n, (W)) = F(a,...,Qd, Y g q Vi)
completing the proof. O

Next, we will establish Proposition 3.5 through the use of differential Chow
forms, which enables us to compute 3; effectively. Without assuming a transcen-
dence basis beforehand, we restate the proposition as follows:

Proposition 3.6. Assume F is a differential field with at least one nonconstant.
Suppose that K = F{ay,...,ay) is a finitely generated differential field extension
of F' such that the differential transcendence degree of K over F is d. Then for

any subfield F C F containing a nonconstant, there are By,...,Bq € K which
are F-linear combinations of v, ..., a, such that
K =F{(fo,...,04)-

Proof. Let 3 =1((a1,...,an)) C F{y1,...,Yn}. Then J is of differential dimen-
sion d. Let
L; = ujo + uinyn —|—-~-+uinyn(i=0,1,...,d)

be a system of d 4- 1 generic differential hyperplanes where all the u;; are differ-
entially independent over F'. Denote

ui:(uio,uﬂ,...,um)(i:0,...,d) andu:{uij:z':(),...,d;j;éO}.

Let P=[J,Lo,...,La] C F{y1,--,Yn,Uo,--.,uq}. Assume G(uq,...,uq) is the
differential Chow form of J and ord(G) = h. Then by the property of the differ-
ential Chow form [5, Lemma 4.10],

oG oG ,
o (h) Yj — 8ué};) eP(=1,...,n).

n n

Since & = (aq,...,0p; — Zuojaj,um,.. S UORS - - - Zudjaj,udl,...,udn) is
J=1 Jj=

a generic point of P and 8(h) ¢ P, » (h) (&) # 0. Now regard 8(h) (£) as a differ-

ential polynomial in u Wlth coefﬁ01ents in K, which is nonzero By Lemma 3.1,
there exists a;; € F (for any u;; € u) such that

n
0G
5 (h)(al,...,an;— E aojaj,am,...,aon;...;—g agj,ad1, - - -, Gdn) 7 0.
u — —
00
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For each k =0,1,...,d, let g; be the differential polynomial in F{uqo, ..., udo}

obtained from % by replacing u;; € u by a;;. Then g¢ is a nonzero differential
Yok
polynomial which satisfies go(—>_7_; aojv, ..., — >.i_; agiay) # 0.

Let 8; = —Z?:l a;jo for i = 0,...,d. We claim that K = F(0o,...,0Bq4).
Let l_}i:uio—&—ailyl+~-~—|—amyn(i20,...,d) and

Pr=1[1,Lo,....La] C F{y1, ..., YnsU00; - Udo}-

Clearly, P; is a prime differential ideal with a generic point (aq,...,an,
Bo, - -, 4)- Since G‘Z—E;:;)yj — 8‘2—?) € P, it is clear that goy; — g; € P for each
7

j=1,...,n. Thus, goy; — g; vanishes at (a1,...,an, B0, ..., Bq4), which implies

a; = g;(Bos---.Ba)/90(Bo, - - ., Ba)-
Hence, K = F{(f, ..., B4). O

We use the following two examples to illustrate the method given in the
proof of Proposition 3.6 to compute the generators of the required forms. In
the both examples, differential Chow forms can be computed using either the
characteristic set method as described in [5, Remark 4.4] or the algorithms for
computing differential Chow forms given in [10].

Ezample 3.7. Let F = Q(z) with derivation § = L. Let K = Q(z){ay, a2)
where aq, ag are the generic solutions of ¢y’ +1, 2’ respectively. Let I = I((aq, a))
C F{y, z}. Then J is of differential dimension 0. Take Ly = ug+u1y +uzz. Then
the differential Chow form of J is

G = (uruhy —ugu))uf —2u) (ug ub — )y ug) —uf (uoub —uguf ) +ul (uguy —uhuy +u?).

So the separant of G is Sg = uju) — uguj. We can take uy = —1 and uy = —x
which does not annul Sg. Hence, ag + xzas is a primitive element of K/F, that
is, K = F{aq + zas).

Ezample 3.8. Let F = Q(z) with § = 4L Let K = Q(z)(u+ =z, u' 4+ z,u”) where
u is differentially transcendental over F'. Clearly, the differential transcendence
degree of K over F is 1. Let u; = (ujo, 41, Uiz, u;3) (1 = 0,1). Then we can com-
pute the differential Chow form G(ug, u1) of I((u+z, v +z,u")) C F{y1,vy=2,¥3},
which is a differential polynomial of order 2 and differential degree 6. The sepa-
rant of G is

2 2 ’ !
Sa = u1z(u11u12Up3 — U11UI3U02U03 — UI12UT1UGZ + UI2U13UOLIUO3 — Up3U11U13U02

! ! ! ! / 2
+ Up3u12U13U01 + U3UT1UO2U03 — U13UI2U01U03 T+ Up2U11U13UO3 — Up2UT3U01

/ / 2 2 2
— Up1U12U13U03 + Up1 UT3U02 — UT1UG3 + U11UI2U02U03 + 2U11U13U01U03

2 2 2 2
— U11UI3UH2 — UT2UOLU03 T UL2UI3U01UO2 — U13uo1)-
We can take ug; = 1,ugs = 0,493 = x,u11 = z,u12 = 1,u13 = 1 which does not

annul Si. Hence, 51 = (u+ ) + tu”, B2 = z(u+ x) + (v + ) + u” is a set of
generators of K/F, that is, K = F (01, (2).
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The proofs of Lemma 3.3 and Proposition 3.5 can be generalized to the case of
a differential field with finitely many commuting derivations dy, . . ., d,,, under the
assumption that F' contains m elements 1, ..., 3, whose Jacobian, det(d;(5;)),
is nonzero [7], but the proof of Proposition 3.6 is not suited for the partial case.
Proposition 3.5 does not hold in the case that the field F' is the constant field:

Ezample 3.9. Let F be the rational number field with the trivial derivation. Let
x,y be two constants in a differential extension field of F', which are algebraically
independent over F. Consider K = F(x,y) = F(z,y). Then K is of differential
transcendence degree 0, but the transcendence degree of K over F' is 2. Clearly,
there is no a,b € F such that K = F(ax + by).

When F is a constant differential field, although Proposition 3.5 is not valid,
we have the following similar result, which can be regarded as a consequence of
Seidenberg’s proof [17].

Proposition 3.10. Assume F is a differential field of constants. Suppose that
K = Flay,...,ayp) is a finitely generated differential field extension of F such
that the differential transcendence degree of K over F is d > 0. Suppose a1 is
differentially transcendental over F. Then there exist B1,...,08q4 € K such that

K = Fla1,b1,...,04) and each B; is an F-linear combination of asg,..., oy
and powers of ay bounded by h where h is the order of the differential Chow
form of ag,..., o, over Faq). In particular, there exist c;ji, € Q such that

B =30 o (Cigcijead)ay,i=1,....d and K = Fay, B, ... Ba).-

Proof. Let K1 = F{(a1). Then the differential transcendence degree of K over
K, is d— 1. Consider the differential ideal J = I((ag,...,an)) C Ki{y2,...,yn}
Suppose the order of J is equal to h. Suppose G(ug, ..., uq—1) is the differential
Chow form of J, then ord(G) = h. Applying the similar method as in the proof
of Proposition 3.6 to K/K1, by Remark 3.2, we can find ¢;;, € Q such that for

Bi = Z?ZQ(ZZZO cijrai)ag, K = Flog, B, Ba). O

Also, in the case that F' is a constant differential field, one can estab-
lish Proposition 3.5 when making an additional assumption on the elements
ai,...,a,. The additional assumption uses terminology from model theory,
which we will now introduce. Our conventions are designed to deliver the model
theoretic notions in the differential algebraic setting, where some of the notions
can be given significantly simpler definitions than in the general setting.

We remind the reader that U is a universal differential field. Let XA™ be
a constructible set in the Kolchin topology over F'; that is, X is a boolean
combination of affine differential varieties over F'. Then we say X is orthogonal
to the constants if for any differential field extension K of F', any element ¢ of
the constant field € of U, and any a € X, we have the equality of the Kolchin
polynomials:

wa/K@ (t) = wa/K(t).
This implies that if ¢ is transcendental over K, then ¢ is transcendental over K {(a).

The notion defined in the previous paragraph is a special case of the general
notion defined in [1, see Ziegler’s article, page 40 for additional details].
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Proposition 3.11. Suppose that K = F{ay,...,a,) is a finitely generated dif-
ferential field extension of F' such that the differential transcendence degree of K
over F' is d. Assume without loss of generality that aq,...,aq are differentially
independent over F'. Suppose that loc((ags1, ..., an)/Flaq, ... ,aq)) is orthogo-
nal to the constants. Then there is Bq+1 € K such that K = F{aq, ..., a4, Ba+1)
and Bqy1 is an Q-linear combination of agy1,..., 0.

Proof. First, we claim that the general result follows from the case in which
n = d—+2. This follows inductively, noting that Q-linear combinations of Q-linear
combinations of agy1,...,q, are again Q-linear combinations of agy1,...,an,
and Q-linear combinations preserve orthogonality to the constants. So, without
loss of generality, assume that n = d + 2.

Let X = locp(a,,....aq)(a,b), the Kolchin closure of (a,b) over the ground
field F (o, ..., aq). Let ¢1,c2 € € be independent transcendental constants over
F{ay,...,aq). We claim the map

de: X — Al

given by (z,y) — c1x + coy is injective on a Kolchin open subset of X. If this is
not the case, there are (x1, y1), (z2,y2) € X such that (x;,y;) is generic on X over
F{ay,...,aq,c1,co) (which implies that ¢1, ¢y are independent transcendentals
over Foq,...,aq,;,y;) for i = 1,2) such that

C1%1 + C2Y1 = C1T2 + C2Y2.

But now taking K = F{aq,...,aq,c1,21,Y1), we can see that ¢y is not tran-
scendental over K (xq,ys) as cg = ¢y - Z:;; is in K(x2,y2). But this implies:

W(wz,y2)/ K (e2) (1) 7 Wz, /K (1),

and this contradicts the assumption that X is orthogonal to the constants.

So, there is a Kolchin open subset U C X such that the map ¢z|py is an
injective map. Injectivity is a definable property of the map ¢z|y, and it holds
for the generic point in €2, so for some Zariski open (the Kolchin open subsets
of € are Zariski open) subset U; C C, for all ¢ € Uy, the map ¢ |y is injective.
By the density of Q% in €2, there are ¢ = qi, g2 for which ¢;|y is injective and
thus gives an isomorphism between the differential function field of X and its
image, completing the proof. a

Remark 3.12. The assumption that tp(agi1,...,an/F{al,...,aq)) is orthogo-
nal to the constants is rather difficult to verify in practice. On the other hand, it
is folklore of the model theory of differential fields that most differential equation
of some order >1 and degree >2 should be strongly minimal and trivial (which
implies orthogonality to the constants). For specific instances of results of this
nature, see [2,13].

There is a considerable literature devoted to verifying this condition for vari-
ous specific differential equations [2,4,13]; proving that a given strongly minimal
differential equation has trivial forking geometry (and is thus orthogonal to the
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constants) is also the key to proving that differential closure is not minimal [16].
As far as we can tell, only the results of [4] provide examples which are defined
over a differential transcendental, which is the only case pertinent to the differ-
ential Liiroth theorem. To give the reader an idea of the hypothesis, we will give
a specific example, in the case of two variables in order to keep the technicalities
minimal.

So, let
Pi/Q =S +u)+ R +u)-((u+u))?,
where
y? — 1968y + 2 654 208
R(y) = T S
2y2(y — 1728)
and

is the Schwarzian derivative. Let
PQ/QQ = U/ —+ u.

Then the type tp(P2/Q2/F(P1/Q1)) is the generic solution to the differential
equation

S(xz) + R(z) - ((2)))* = P1/Q1.

By the results of [4], this type is strongly minimal. It follows that the type is
nonorthogonal to the constants, since the equivalence relation of nonorthogonal-
ity refines transcedence degree on strongly minimal sets (the authors of [4] also
prove that this set has trivial forking geometry).

Propositions 3.5 and 3.10 are effective in the sense that the degree of the
elements which generate the differential field extension are bounded. We fur-
ther conjecture the following mild strengthening of Pogudin’s primitive element
theorem:

Conjecture 3.13. Assume F is a constant differential field. Suppose that K =
Flay,...,ap) is a finitely generated differential field extension of F such that
the differential transcendence degree of K over F' is d > 0. Assume without loss

of generality that aq,...,aq are a differential transcendence basis for K over
F. Assume that at least one of agiq,...,ay is a nonconstant. Then there is a
polynomial P € Q[xgy1,...,%s] such that

K =F(ay,...,adq, P(agtr, -, an)).

The above conjecture is a direct consequence of the following stronger
conjecture.

Conjecture 3.14. Assume F' is a differential field which contains at least one
nonconstant. Suppose that K = F{ay,...,a,) is a finitely generated differential
field extension of F such that each «; is differentially algebraic over F and at
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least one «; is a nonconstant. Then there is a polynomial P € Qlx1,...,y,]
such that
K =F(P(a1,...,an)).

The above conjecture is not true if all «a; are constants. Similar to
Example 3.9, if x,y are constants which are independent algebraic indetermi-
nates, Q(¢)(z,y) # Qt)(P(z,y)) for any P € Q[z,y].

In the current work in progress we hope to establish the conjecture in an
effective form (bounding the degree of P); bounding the degree of P might then
be used to improve the bounds for the degree of a Liiroth generator while working
over a constant differential field.

4 Improving the Bounds in the Differential Liiroth
Theorem

In this section, we explain how the results of the previous section can be applied
to improve the degree bound for the differential Liiroth theorem.

4.1 The Nonconstant Case

We will work first in the case where F' contains some nonconstant element, prov-
ing Theorem 2.4. The analysis is simpler in this case and the primitive element
style analysis of the previous section yields improved bounds.

Suppose that

K = F(Pi(u)/Q1(u), ..., Pn(u)/Qn(u))

where Pj,Q; € F{u} are relatively prime differential polynomials with order
satisfying e = max{ord(P;),ord(Q;)} > 1 and total degree bounded by d such
that P;/Q; ¢ F for every 1 < j < n.

When z € N, let |z], [x] denote the standard floor and ceiling functions,
respectively. Let

Ky = F(Pi(u)/Q1(u), ..., Plnsa)(u)/Qns2) (u))

and consider the differential field extension

K = K1 (Pn2)+1(w)/Qns2j+1(1), . ., Po(u)/Qn(u)).

Since each P;(u)/Q;(u) ¢ F and d.tr.degK/F = 1, dtr.degK/K; = 0.
Apply Proposition3.4 to the extension K over K; with K; playing the
role of F' in Proposition 3.4, then we obtain a generator § for K over K;
which is an F-linear combination of Py, 2)4+1(4)/Qn/2j+1(w); ..., Pn(u)/Qn(u).
Note that this § has order at most e and degree at most [n/2] - d. Specif-
ically, the total degree of (@ is bounded by the sum of the degrees of

Ploj2j+1(w)/Qny2)+1(u), . .., Pu(u)/Qn(u). Here, It may happen that K = K,
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and in this case, the obtained 3 may be contained in F'. If this happens, we reset
8= Pn(u)/Qn(U)

Now we have K = Ki(8) = F(Pi(u)/Q1(u),. .., Pln2(u)/Qns2)(u),3).
Clearly, d.tr.deg K/F(3) = 0. Applying Proposition 3.4 to the differential field
extension

K =F(Pi(u)/Q1(w), .-, Plns2)(w)/Qny2)(u),B)

over F(3), then there is an F-linear combination of

P]_(U)/Ql('d),...7PLn/2J(u)/QLn/2J(U)

which generates K over F'(3). Call this element o and note that « has order at
most e and degree at most |n/2]-d. Specifically, the total degree of « is bounded
by the sum of the total degrees of Py(u)/Q1(u), ..., Pln2)(u)/Qn/2)(u).

Now, we have obtained K = F{a, ) with max{ord(a),ord(8)} = e; < e and
deg(a),deg(B) < [n/2] - d. Note it may happen that e; = 0. In the following, we
show that applying Theorem 2.3 to the differential field extension F(«, ) over
F, the degree of a Liiroth generator is bounded by ([n/2] - d 4 1)(¢T12,

Lemma 4.1. The degree of a Liiroth generator of F(«, 3) over F is bounded by
([n/2] - d+ 1)(etD)2,

Proof. If e; > 1, applying Theorem 2.3 directly to the differential field extension
F{a, ) over F, the bound can be obtained.

Now suppose e; = 0 and a = Ry(u)/S1(u),8 = Ra(u)/S2(u) € F(u). Let
u = 7/, the first derivative of a new element z. Since u is differentially tran-
scendental over F', z is differentially transcendental over F' too. Thus, K =
F(Ry (u)/S) (), Ra(u)/Sa(w)) = F(Ry()/81(), Ba(2')/$2(2")) C F(z). With
respect to the new differential indeterminate z, max{ord(R;, z),ord(S;,2)} =1
which satisfying the conditions in Theorem 2.3. Thus, there exists coprime paris
(P(2),Q(z)) € F{z}? with ord(P,z),ord(Q,2) < 1 and deg(P),deg(Q) <
([n/2] - d + 1)A+D2 < ([n/2] - d + 1)(¢tD2 such that K = F(P(2)/Q(z)).
Since K = F(Ri(u)/S1(u), R2(u)/S2(u)) has a Liiroth generator T4 (u)/T2(u)
and by [8, p. 359], the two Liiroth generators P(z)/Q(z) and T1(u)/T2(u) are
related by the formula P(2)/Q(z) = (aTi(u)/Ta(u) + b)/(cT1(u)/Te(u) + d) for
some a,b,c,d € F, Thus, P(z),Q(z) € F[z']. Replacing z’ by v in P and Q,
we get a Liiroth generator Py(u), Qo(u) satisfying ord(Pp, u), ord(Qp,u) = 0 and
deg(Py), deg(Qo) < ([n/2] - d+ 1)(TD2. O

Combining the degree bound given in Theorem 2.3 with Lemma 4.1, we obtain
the degree of a Liiroth generator of K = F(P;(u)/Q1(u), ..., Py(u)/Qn(u)) over
F' is bounded by

min{([n/2] - d+ 1) V2, (d+ 1) (nd(e + 1) + 1)),

This establishes Theorem 2.4.
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Remark 4.2. The first quantity of the minimum taken above is ([n/2] - d +
1)(¢+D2 This is almost always smaller than the second quantity (d + 1)(¢TDn,
the only pertinent exceptional case being n = 3,e = 1, and d = 1. When any
of the inputs is larger, ([n/2] - d + 1)(¢TY2? is less than (d + 1)(¢*D". Tt is also
true that ([n/2] - d + 1)(¢*D2 is very often smaller than (nd(e + 1) 4 1)2¢+1
though there are infinitely many exceptional cases (essentially by picking n or d
to be sufficiently large compared to e). From a practical standpoint, examples
with low order, degree, and number of variables are of particular interest; when
n < 10 and d < 10, ([n/2] - d + 1)¢t1?2 is the smallest of the above bounds
(excluding the exceptional case n =3,e =1, and d = 1).

4.2 The Constant Case

In this subsection, we assume F is a field of constants. Let

K =F(P(u)/Q1(u), ..., Pu(u)/Qn(u))

where each P;(u)/Q;(u) ¢ F.

If tp(Pa(u)/Q2(w), ..., Po(u)/Qn(uw)/F(Pi(u)/Q1(u))) is orthogonal to the
constants, then the analysis from the previous subsection works completely
analogously with Proposition3.11 in place of Proposition3.5. The criterion
also applies with P;(u)/Q;(u) exchanging roles with Pj(u)/Q1(u), for any
i = 2,...,n. In the following, we do not assume such conditions on the gen-
erators P;/Q;.

To give the main theorem in this section, we first need several lemmas.

Lemma 4.3 [10, Theorem 18]. Let J be a prime differential ideal of differential
dimension d in F{y1,...,yn}, and A = {A1,..., An_a} a characteristic set of J
under an arbitrary ranking. Then ord(J) is bounded by the Jacobi number of A.
That s,

n—d
ord(J) < max Z ord(As, Yo(i))s
i=1
where o runs among all injective maps from {1,...,n —d} to {1,...,n}.

Lemma 4.4 [5, Theorem 2.11]. Let J be a prime differential ideal in
F{y1,...,yn}. Then ord(J) is the mazimum of all the relative orders of J, that is,

ord(J) = max ordy(7),

where U is any parametric set of J, that is, U is a mazimal subset of variables

{y1,...,Yn} such that IN F{U} = {0}.

With the above preparations, we now prove Theorem 2.5. That is, to show
when F' is a field of constants, then the total degree of a Liiroth generator is
bounded by

min{(d(n + e — 1) + 1)2) (nd(e + 1)(n + e — 1) + 1)2¢+11,
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Proof of Theorem 2.5. Let a; = Pi(u)/Qi(u)(: = 1,...,n) and K =
F{ay,...,a,). Clearly, the differential transcendence degree of K over F is
1. Also, by the hypothesis, each a; € F(u)\F. Suppose h is the order of the
prime differential ideal I((awo,...,ay)) over F(oy). By Proposition3.10, there
exist ¢ € Q such that for n = E;‘L:2(ZZ:O cikaf)a;, K = F{aq,n). The prob-
lem is reduced to the case n = 2. The order of 7 is still bounded by e. The degree
of 7 is bounded by d(n + h — 1).
It suffices to give a bound for h. Consider the prime differential ideal

I=1((u, 1,02, ...,0n)) C F{y1, .., yn, 2}
It is easy to show that

A= Ql(z)yl - Pl(z)a . aQn(z)yn - Pn(Z)

is a characteristic set of J w.r.t. the elimination ranking z < y; < ... < y,.
Since the orders of P;,Q; is bounded by e, the order matrix (8i;),x (n+1) of A
satisfies s;; = ord(A;,y;) =0, 555 = —00 (i # j < n) and s; 41 = ord(4;,2) <e.
So the Jacobi number of A, max,{> ;" Sis(;)} for o running through injective
maps from {1,...,n} to {1,...,n+ 1}, is bounded by e. Thus, by Lemma4.3,
ord(J) <e. Let I3 = I((aq, 2, ..., a0)) = I N F{y1,...,yn}. The Kolchin poly-
nomials of J and J; have the following relations: for sufficiently large t,

wg(t) = tr.degF(u(k),aE—k) tk<ti=1,...,n)/F
= (t+ 1)+ ord(J)
=(t+1)+ord(Jy)
+ tr.degF(u(k),agk) k<ti= 1,...,n)/F(ozl(~k) ck<ti= 1,...,n)
Thus, ord(J;) < ord(J)< e. Note that h = tr.deg F (a1, as,...,an)/F{ay) is also
equal to the relative order of J w.r.t. the parametric set {y;}, by Lemma4.4,
h <ord(J) <e.
So the degree of 1 is bounded by d(n + e — 1). Hence, by Theorem 2.3, the
degree of a Liiroth generator is bounded by
min{(d(n + e — 1) + 1)2D (2d(e + 1)(n + e — 1) + 1)%+1},
O

Remark 4.5. In most of the cases, especially when either n or e is large, we have
(dn+e—1)+ 1)) < (2d(e +1)(n+e—1) +1)%H!

and

(dn+e—1)+1)2CtD < (nd(e + 1) 4 1)2¢FL,
Hence, the degree bound given in Theorem 2.5 is smaller than that in
Theorem 2.3.

As an experiment to compare the two bounds, we have computed more than
10,000 randomly generated tuples (n,d, e) simulating the pertinent cases of the
bounds when each of the variables is less than 30, and our bound gives the better
result approximately 94.3 % of the time.
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In future work, we hope to prove Conjecture 3.13 in an effective manner and

use the result to improve the bounds for the degree in the effective differential
Liroth theorem for the case that the base field is constant.
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