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Abstract This article reviews various results on the compactness of the linearized
Boltzmann operator and of its generalization to mixtures of non-reactive
monatomic gases.
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1 Introduction

Investigating the compactness properties of linearized operators arising in kinetic
theory is a crucial step to establish fluid dynamical approximations to solutions of
the corresponding kinetic equations.

The starting point of this research line was given by Hilbert, in the same paper
in which he introduced what we now call the Hilbert expansion [23]. Since then, a
significant number of results allowed to clarify the main aspects of these compactness
properties, both for the archetypal of all kinetic models, the classical Boltzmann
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equation, and, more recently, for the variant of the system of Boltzmann equations
describing the behaviour of non-reactive mixtures constituted with monatomic gases.

In the mixture case, the interaction between the different species induces some
peculiarities in the structure of the linearized kinetic operators, which can reflect some
specific physical phenomena (such as uphill diffusion in the purely diffusive case, see
[3, 5, 16, 24, 26, 29]). Consequently, it is not surprising that compactness properties
in the mixture case cannot be deduced through a straightforward adaptation of the
standard methods of proof from the mono-species case. In [4], the authors indeed
observed that, when there are different involved molecular masses, the standard
approach, which is mostly due to Grad [20], degenerates. A new method of proof is
needed to recover the linearized operator compactness. Let us point out that this new
argument does not hold either when the molecular masses become equal. Hence,
both aforementioned strategies must be seen as complementary when dealing with
mixtures.

The study of compactness properties for mixtures is only at its beginning, and there
are still many unexplored situations. We quote for example the study of linearized
kinetic operators for mixtures of polyatomic gases: the non-reactive case, for instance
as defined in [7, 14], and the chemical reacting one as in [15]. Those models require
a supplementary internal variables, such as the internal energy of the molecules. The
presence of such a variable induces significant difficulties for the analysis of the
compactness properties.

The article is divided into two parts. The next section is dedicated to the study
of the compactness properties of the linearized standard Boltzmann operator for
a monatomic perfect gas, including discussions related to Grad’s angular cut-off
assumption. Then, in Sect. 3, we consider the extension to a non-reactive mixture of
ideal monatomic gases.

2 The Classical Boltzmann Equation Case

This section deals with the compactness properties of the classical linearized Boltz-
mann kernel. The subject has a long history, since the first study comes back to
Hilbert [23], who applied his new theory of integral operators to this specific prob-
lem.

2.1 Boltzmann’s Equation

As a starting point, we briefly introduce the classical Boltzmann equation. This
equation is the first and most studied kinetic model since the nineteenth century,
after the pioneering works of Boltzmann himself [1, 2] and Maxwell [26]. Since this
equation has been widely studied, we only introduce its basic aspects and refer to the
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many reference texts on the Boltzmann equation, for instance [11, 12, 30], where
the arguments below are more accurately discussed.

The Boltzmann equation describes the time evolution of a system composed by a
large number of particles, described by a distribution function f defined on the phase
space of the system. The particles are supposed to be identical and monatomic. They
follow the classical mechanics laws, with only translational degrees of freedom. If the
particles are contained in a domain £2, C R, the quantity f (¢, x, v) can be defined
for any (¢, x,v) € Rt x £, x R3, and, for all ¢, the integral

/ f(t, x,v)dvdx
XxV

can be interpreted as the number of particles in the space volume X C £2, with
velocity in V € R3. A reasonable assumption on f is

ft,-,)e Ll (2 L' RY), VieRT,

which ensures that there is always a finite number of particles in a bounded domain
of the space. For the sake of simplicity, we also assume that the system is isolated,
so that there is no external effect on the particles.

If, moreover, the particles do not interact with each other, the time evolution of f
is driven by the so-called free transport equation

of \Y 0 1

ar TV «f =0. ey
When the interaction between particles cannot be neglected, Eq. (1) does not hold
any more, and one has to add in (1) a right-hand-side term. When only binary and
local collisions are allowed, the effect of the interactions is described by a quadratic
(with respect to f) collision operator Q(f, f).

If the pairwise interactions between particles of the system are elastic, then
momentum and kinetic energy are conserved during the interaction process. Hence,
if we denote by v’ and v, the pre-collisional velocities, and by v and v, the post-
collisional ones, the following microscopic conservation laws hold:

2
vtu,=v 4, vP+ul=vr40l

These conservation laws allow to fix four of the six degrees of freedom of the interac-
tion. The remaining degrees of freedom of the binary interaction can be described in
several ways. For our purposes, we only consider two possible descriptions. The first
one, the so-called o -representation, is the representation of the pre-post velocities in
the centre of mass of two particles: we introduce o € S 2 and write

1 1
U':E(U+v*+|v—v*|o), vi:z(v—i—v*—lv—uqa). 2)
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The second one is the w-representation, defined as
V=v—(0-W-v))o, v,=v+ @ (V-uv)o, 3)

where w € S%. From a geometrical point of view, the unit vector o represents the
direction of the pre-collisional relative velocity, whereas the reflection with respect
to the plane @' orthogonal to @ changes v — v, into v’ — V..

Hence, the time evolution of f is governed by the Boltzmann equation

af
o TV VS =00 ), “4)

where the collision operator Q can be defined either in the o -representation (2) by

0(f.8) = /R 3 /S B0 v, v [ 3 0006, v — 0, )80, v v0)] do du,
5)

or in the w-representation

00 = [, [ B0 [£0x. 00800 x.0) = f1t.x, 00805 02)] dovdus,
(6)
Either way, in the study of the Boltzmann equation, particular care has to be given to
the properties of the collision cross-section B : §> x R?* x R® — R™ of the system,
which describes the details of the interactions between the particles.

In general, by symmetry arguments and thanks to the Galilean invariance, it is
possible to prove that B, which is nonnegative, in fact depends on |v — v,| and
cosf =0 - (v — v,)/|u — v,|, where | - | denotes the Euclidean norm in R* and 6
represents the deviation angle between the pre- and post-collisional relative veloc-
ities. For the sake of simplicity from now on, we write B as a function of o and
V := v — v,. If we assume the collisions to be microreversible, we can state that

B(o,v —v,) = B(o,v' — V), VYo € §% Yu,u, e R (7)

The choice of collision kernel B has a deep influence on the properties of the
Boltzmann equation. By limiting ourselves to the classical elastic case, it is possible
to prove that

B(o,v —v,) = K |u — vy, K >0, )

for a gas of three-dimensional hard spheres. In the case of inverse s-power binary
forces between particles (for example, s = 2 corresponding to Coulomb interactions
and s = 7to Van der Waals interactions, see [30] for more details), B can be factorized
as

B(o, v —v,) = (v — vi])b(cos ), ©))
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where, in three space dimensions,
(VD =IVI", vy =(-5/(—-D),

and b is a locally smooth function with a non integrable singularity when 6 tends
to 0, i.e.
b(cosO)sin® ~ KO~ =2/(s —1).

Factorized collision kernels like (9) are very popular in the study of the classical
Boltzmann equation. By convention, @ is named the kinetic collision kernel, and b
the angular one. The class of kinetic collision kernels of the form @ (|V|) = |V|Y
is usually split in three sub-classes, depending on the value of y. When y > 0, the
kernel is said to derive from hard potentials, when y < 0, the kernel is said to derive
from soft potentials and, when y = 0, the kinetic collision kernel does not play any
role. In this latter situation, the corresponding Boltzmann equation describes the
behaviour a gas of Maxwell molecules. Even if it is only a mathematical model,
it is very popular in the literature, since it considerably simplifies the study of the
Boltzmann equation. Let us point out that Maxwell and Boltzmann themselves used
this model, because it allows to carry out many explicit computations.

In order to handle more easily the angular cross section, Grad [19] (see also [11])
suggested a working hypothesis, nowadays known as the Grad angular cut-off
assumption. It consists in postulating that the collision kernel is integrable with
respect to the angular variable. Note that the great majority of mathematical works
about the Boltzmann equation is based on this Grad cut-off assumption, which could
be considered, from the physical point of view, as a short-range assumption [30].

To conclude these considerations about the cross-section, let us emphasize that,
whenever we use B in this article, we shall use a notation abuse for the sake of
simplicity. We may as well write the variables of B, as (v, vy, ®), (V, w), (v, vy, 0),
(V,o)or (|V],cos0).

Now define the normalized centred Maxwellian

32
M(v) = (E) eV velR’,

and a perturbation g to M as
f=M+M"g.

The linearized collision operator . is studied for instance in [17] and can be
defined by

1
Zg=—= [ QWM. M)+ oM. Vg . (10)
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More precisely, .Z can be written as
L= —vld,

where J#" is given by

1\3? , ,
Hgw)=— // B(o,v —v,) eV /4 evi/?
2 R3xS?

[e“iz/4g(vi) — e g(u,) + ev’2/4g(v/)] dodvs. (1D

and the collision frequency v by
1\"? >
v(v) = (—) // B(o, v — vy)e %/ ? do du. (12)
2 R3x S2

2.2 Earlier Compactness Results

The first result of compactness for % is given by Hilbert in [23] for the three-
dimensional hard sphere case: Hilbert uses the now so-called Hilbert’s theory of
integral operators to write 7" as a kernel operator, and then obtains a compactness
property.

Then, in [22], and in the same cross-section setting, Hecke presents a variant of
the previous result: he proves that the linearized Boltzmann kernel is roughly of
Hilbert-Schmidt type.

Carleman [10] provides an improvement to the latter result and significantly sim-
plifies the proof. We must emphasize that those various compactness results are
established in different L? settings, which may involve v in the weights.

2.3 Grad’s Procedure

In [20], Grad presents an extension of Hilbert’s result in both Maxwell and hard
potential cases, by supposing y € [0, 1], and by using his angular cut-off assumption
[19]. He requires that the form of the cross-section B is either (8) or (9), with
a uniformly bounded angular cross-section b. More precisely, Grad imposes the
following general condition on B:

1
B(a),V)5a|sin9||cos@|(|V|+W), VweS? VV eR?, (13)
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where a > 0,0 < § < 1. This allows to adapt Hecke’s argument and prove that the
kernel of %" is Hilbert-Schmidt in L?(Mdv).

Let us provide more details about Grad’s procedure. In order to prove its com-
pactness in L?, the operator % is written as the sum of two operators, .#] and %5,
where, for any v € R,

2

1 3/2 1.2 1,2
s = (£) [ oyt et

x [e%“i2 g(vy) + eiV” g(v’)] dwdv,.

1\ 2
Hig(w) = - ( ) /A? s2 B(w, v —vy) e—}u e_%v*z g(v,) dwdu,,
3x

Both operators %] and J%; have a kernel form. This is straightforward for J#;:
indeed, if we set

1

3,2
—) / B(w, v — vy) e~ 1V " 1% dg Yo, v, € R,
27T 2

ki(v, v,) = — (
we clearly have
H18(v) =/ ki(v,v) g(v)du,,  VueR.
R3

The analogous result for .%%; is more intricate and is detailed in the next lines.

We begin by using the microscopic collision rules (3) to write %3¢ in terms of
v, v, and v’ only (hence, any dependence on v, disappears). The following lemma
holds:

Lemma 1 There exists a nonnegative function B satisfying (13), such that, for all
v el

Hrg(v) = // 2 B(w, v —v,) e 3V 7295 o (1)) dw du,. (14)
R3x S

Proof The key point of the proof lies in some geometrical properties of symmetry
in the microscopic collision process. By involving the relative velocity V = v — v,
it is possible to choose a unit vector o= Span(V, w), orthogonal to w. Then we
clearly have

V=o- V)+o- (o V).

The previous equality allows to write that

v— (0 V)o=uv, + (o' Vo, Ui+ (0 Vo =v— (0" - VIot. (15)
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Note that the pre-collision relative velocity for the same post-collisional one V, but
with respect to w, are obtained by a simple exchange between v’ and v... This means
that the transformation @ +— @ induces v’ — v, and v, > v’

Hence, by replacing o by o, we get

// B(w, V)e 1 i @@V’ o, 1 (6. V) deo du, =
R3x $?

// B(w*, V)e_%”’z i et @)ty g, + (0* - V)ot) dot du,.
R3x$2

The change of variables from w to ™ is a rotation, so that its Jacobian equals 1.
By (15), the previous integral becomes

// B(w*, V)e v ei?" g(v") dwt du,
R3x $2
= //3 B(wt, V)e_%”’% eV’ g dwdv,.
R3x S2

Let us set

3/2
B(w,V) = (Z) [B(w, V) + B(o", V)].

The estimate (13) on B guarantees that

3/2
B(w,V) <2a (—) |sin9||cos9|(|V|+|V|‘H). (16)
21

The thesis of the lemma is hence proved. (I

The previous lemma allows to prove the following result.

Proposition 1 There exists C > 0 such that

Jrg(v) < C/ g ka(n,v)dy, YvelR?,
R3

where
1 @2—v2?

o p—vul™, Vv eR.

ko, v) = e FO7"

Proof Using the change of variables v, — V, = v, — v, of Jacobian equal to 1,
in (14), we can write

Harg(v) = // e_%“ze_%(v*“’)zeﬁvlzg(v’) B(w, V,)dwdV,. (17)
R3x $2
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Then, let us denote V, = p 4+ ¢, with p = w(w - V,) andg = V, — w(w - V,). Note
that the component ¢ belongs to the plane IT = {w}* = {p}*.
Consider now the change of variables

(Vi,0) — (p,q), R>x58*— R xII. (18)

We have to be very careful with the integration order in the change of variables,
because ¢ strongly depends on p. More precisely, we first integrate with respect to g
since IT = {p}*, then we combine the one-dimensional integration in the direction
o with the integral on w € S? to obtain a three-dimensional integration over all
rectangular components of | p|w. Moreover, the Jacobian of (18) is given by

dV,dw = pdg.

- d
p=sin(p, p+q)

S~ince it is clear ~that v’ = v + p, (17) becomes, abused by the abuse of notation
B(p, p+q) = B(w, Vi),

Has() = 2/ / B(p, p+ q)e 70" pratviwip?
R3JIT
g+ p)|pl 2 sin(p, p+¢)| ' dg dp.
(19)

Using the fact that p - ¢ = 0, we deduce

12+1(+)2 1(++)2 Lol +1(2+)2
— v 4+ - (v - = V) =—-p — = A AY ,
1 1 P’ =5 (p+a sP =5 l1+5 p

which allows to write

%%@0=2/E/éugp+qy%f%h%0wmf
rJ
g+ p)|p|~* Isin(p, p+¢)| " dg dp.

Let z = v + p/2, and consider z; its component parallel to w, and denote z, =
7 — 21 € I1. Then, using the straightforward equality (¢ + v + p/2)> = 2> + (¢ +
22)2, 5 g becomes

2

12
p—32

oo —

%xuo=2/) gw+p)lpl~?

.
]R3
/ B(p, p+q)e 7“2 sin(p, p + )| dg dp.
I7
(20)
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We are led to prove that the integral
1 B —3@+22)7 | g -1
A = B(p.p+qe: |sin(p, p+¢)|” dg
bo

is upper-bounded, uniformly with respect to p € R? and z, € IT. From (16), we
obtain, for some constant C > 0,

B(p,p+ _
MSCICOS(p,p+q)|(|p+q|+|p+q|5 1).
[sin(p, p+q)|

Using |tan(p, p + q)| = |q|/|p|, we can write

B( ) + ) 2 _% 1 a1
P (1+q—2) [(szrqz)2 + (P +gD" ]
| sin(p, p + q)l p

This implies that

B(p,p+q) 2, 25—l 5—2
: sct+ P+ | =c[1+1a),
|p||sin(p, p+q)] ( ) [ |

using the fact that § < 1. It is now convenient to split the range of integration, in the
expression of A, into |g| < 1 and |¢| > 1, and get

A<C (/ (1+g1°)dq +/ e‘5<"+“>2dq).
lgl=<1 lg1>1

The right-hand-side of the estimate is clearly upper-bounded by a universal constant.

To conclude the proof, we perform the change of variable p — n = p 4+ v in
(20) after using the uniform upper bound of A. Then the thesis of the proposition is
a consequence of the following equalities:

2 2 2 2\2
o, n—vY _ (! =v)\_ 1o —v)
o _(Z In—vl) _(2("“) In—vl) BRI

O

The compactness of . then appears as a consequence of the following properties:

e uniform decay at infinity:

12 gl 2o, ryy < C(R)lglewsy, YR >0,

where B(0, R) is the open ball of IR{-:’, centred at 0 and of radius R, and ¢(R) goes
to 0 when R goes to +00;
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e equicontinuity: for any ¢ > 0, there exists p > 0 such that, for all w € B(0, p),
(rw — 1) g2y < ellgllizwe),
where Id is the identity and t,, the translation operator
Ty g ) =g+ w), Yu, w € R>.

In [20], Grad provided the required estimates on the kernels k; and k,, which
allows to prove the compactness of % .

2.4 Extensions in the Cut-off Case

Caflisch [8, 9] extended Grad’s result to the soft potential case by treating Grad
cut-off kernels with y € (—1, 1] in three space dimensions.

In [18], Golse and Poupaud are interested in studying the stationary solutions of
the three-dimensional linearized Boltzmann equation in a half-space. An important
step in their proof strategy consists in obtaining the compactness of the linearized
Boltzmann operator in L?>(Mdv) for Grad cut-off kernels with y € (=2, 1]. By
defining

fr=M"2fand L*(f%) = M~'22(f),

they introduce the operator
K*(f*) = f" = L*(f).

Subsequently, to prove the compactness of K *, they use some growth estimates for the
operator and an iteration technique, which allows to deduce that (K*)* is a Hilbert-
Schmidt operator on L?(dv). Since K* is self-adjoint on L?(dv), the linearized
Boltzmann operator itself is compact in L2(Mdv).

More recently, Guo [21] extended Caflisch’s result for Grad cut-off kernels to the
range y € (—3, 1] in three space dimensions.

The last result that we quote in this subsection is due to Levermore and Sun [25].
They prove a L? compactness result for the gain parts of the linearized Boltzmann
collision operator (in any dimension D) associated with weakly cut-off collision
kernels that derive from a power-law intermolecular potential. In their proof, they
assume that the cross-section has the form

B(Ju — vy, cos0) = |[u — v,|” b(cosB), y € (=D, +0o0)

where b € L'(SP~") is an even function. We really need these assumptions on b in
order for B to be locally integrable in all its variables, which allows to give sense to
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both the gain and loss parts of the collision operator. In fact, the linearized Boltzmann
operator .Z is split in the following way:

L =vx(d+2 — I, — 3) f,

where the loss operator %] and the gain operators .#; and %3 are respectively
given by

1
A f(v) = ) //RD B(o, v —v,) f (L) M (vy)do dv,,

x §P-1

Jaf () = IU) //RD B(o, v — v,) f (V)M (v,)do du,

v x §P-1

oS (v) = lv) / /R B, - v )Mo du,

v x §P-1

and the collision frequency v is the D-dimensional analogous of (12).

They first prove that, under the assumptions written above, the operators JZ; :
L?(vMdv) — LP?(vMdv) are compact, 1 < j < 3. Once proved the compactness
result for L? with p = 2, the result for every p € (1, co) is deduced thanks to a
straightforward interpolation argument and the following compactness criterion,
which generalizes the classical Hilbert-Schmidt property.

Lemma 2 Let K be an integral operator given by
KFW) = [ ko)) due).
RI)

where du is a o -finite, positive measure over RP . Let the kernel k(v, v') be symmetric
in v and V' and, for some r € [1, 2], satisfy the bound

s/r 1/s
WKl = ( /R ) ( /R kG, U’)I’du(v’)) du(v)) < oo,

where s € [2, +00] is defined by 1/r + 1/s = 1. Let p, q € [r, s] such that 1/p +
1/q = 1. Then, forany f € L?(du) and g € L4(du), the following estimate holds:

/}R I8KF @)l (w) < / /]R ) F)g ()
< Nkllzsan N fllerllgllea.

Consequently, K : L?(dp) — LP(dw) is bounded and satisfies |||K ||| » < Ik|lLsLr)-
Moreover, ifr € (1,2] then K : L?(d) — L?(du) is compact.
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2.5 Extensions to Kernels Without Cut-off

In [27], among other topics, Mouhot and Strain investigate compactness properties
of both linearized Boltzmann and Landau operators to obtain explicit spectral gap
and coercivity estimates. In this section, we only discuss the Boltzmann case, since
the study of the Landau operator is not the purpose of this review article. They
improve an earlier result of Pao [28], by using a completely different approach, and
establish the Fredholm alternative for a broad class of collision kernels without any
small deflection cut-off assumption. First note that it is well-known that . is an
unbounded symmetric operator on L2, see, for example, [11].

The cross-sections considered in their article have the form

B(Ju — v,], c0s0) = [u — v,]” b(cosh), y € (=3, 400), (21
where b behaves as follows:

b(cosd) ~ b (0) (sin6/2)"2%,  ae]0,2), (22)

where b* is a nonnegative function, bounded and non-zero near 6 = 0. When o > 0,
the angular singularity is not integrable: hence, we indeed deal with the non cut-off
case.

By using the change of variable 0 — —o, the angular cross-section b can be
replaced by its symmetric form

E(COS 0) =

M [b(cos0) + b(cos(w — 6))].

In what follows, we are mostly interested in establishing the compactness of
the collisional operator, and we do not take into account the (of course interesting)
consequences on the spectral gap estimate.

The first part of the proof consists in a technical estimate on the linearized collision
operator by assuming that the cross-section B is of variable hard spheres type, i.e. it
does not depend on the angular variable:

Bq(|U_U*|):|U_U*|q» q € (=3, +00).
The linearized collision operator £ corresponding to B, is then written in the fol-
lowing form:

ZLg=vg—Kg,

where the multiplicative local part v can be seen as the convolution

v(v) = // M) By(Jv — vi])du,do = [S*] (|- |9 % M) (v),
R3x $?



86 L. Boudin and F. Salvarani
and the non-local part writes
Kg() := / /R o Bav = v M2 (W) + g M W)
x
— g(w) M"2@)| M2 (v,) dv, do.

In fact, K itself is composed by a pure convolution part

K g() =[S [ 1% (M )] (v) M'*(v)
and by the remainder

K*g(v) = / /R g Ballv = v ) M) + g M2W)]
M'2(v,) dv, do.

Using the change of variable o > —o inapart of the integral, the previous expression
becomes

Ktg():=2 // B,(lv — v g M () M'*(v,) dv, do.
R3x $2

At the formal level, and rigorously only when B, is locally integrable with respect
to the angular variable, we can associate to B, a kernel k, := k, (v, v’) such that

Ktg() = /3 gW) kg, v)dv', wvelR.
R

Hence, the authors can apply Grad’s strategy, as in Sect. 2.3, by first studying again
the locally integrable case. In that situation, they prove the following preliminary
results. The first one provides an explicit expression to the kernel.

Lemma 1 For g > —1, the explicit formula holds:

, 8 v —v)? W —v42v-wol?
kq(v, V") = p[—

v — vl @2r)? g 8

— . 2
« (/ W — v+ 21970 exp |:_ lz+ (- (v wo)| ] dz) .
{a)}L 2

The second one gives an a priori estimate on the kernel.

Proposition 2 The kernel k, is symmetric with respect to v and V', and, for any
q > —l and s € R, satisfies the estimate
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[ a0 ) 1 W 80 = Cuu (L4102 v e R
R3

where C, ¢ is a constant which only depends on q and. s.

The previous results are then extended to the non locally integrable case. More
precisely, consider a cross-section B satisfying a condition of the type

B(Jv — vk, c080) > K By o(|u — vk, cos 0) 1[0 g,1(0), U, Ux € ]R3, 6 €0, ],
where K > Oand 6, € (0, ] are constants, and B,, ,, is given, forany y € (-3, +00),
a € [0,2), by

B, (Ju —vil,cos0) = [u—v,|” sin>7*(0/2), v, v, eR’ 00, 7].

In order to use their preliminary results, the authors focus on a fictitious self-
adjoint operator on L? defined by

igw) = / / R Ty = ) T 0) M) M)
R3x S

g(U/) g(U;) g(v) g(U*)
|: a M(U/)I/Z - M(u;)l/Z + M(u)1/2 + M(u*)l/Z] dv, do,

where both v" and 6 are considered as functions of v, v, and o.
This operator is then written as the sum of several operators

L=71d-K*+K¢,

and the authors prove that the right-hand side is the sum of Hilbert-Schmidt operators,
which implies the operator compactness in L2.

In fact, this Hilbert-Schmidt property is straightforward for the multiplicative
operator U Id. Indeed, it is clear that there exists a constant C > 0 such that

b(v) = //3 v — v T 1 13 (Ju — V']) 10,6, (0) M (v,) du, do
R3x S2

> C 1+

Note that an analogous result is immediate for K.

Unfortunately, the situation is more intricate with the operator K*. In the case
wheny +o =0, K can be written as a limit of Hilbert-Schmidt operators. Indeed,
the kernel of K+ is, by simple inspection, k= ko (v, V") 1jo,11(Ju — V']) 110,001 (0),
and hence,
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k=

8 N v —v> |V —v+20v- ool
v —u| @) P 8 8

j— . 2
x(/le/—v—i—zlexp[—lZ—i_(v ;U )| ]dz)

x 1o, 1(Jlv — V') 110,601 (0).

This kernel is then approximated as follows: it is split into
k=ke+k,

with
v (v—1U)

k¢ = |:1[£,1](|U —U') x 1 (

vl v =]

and, obviously,

The authors prove that 12; is symmetric in v, v’ and that

lim sup [ [k/|dv' =0.

e=0 ,crs JR3

Therefore, the sequence of operators K ;¢ associated to kernels 12;‘ converges to K+
in L? when ¢ goes to 0. Hence, we only have to prove that each K¢ is compact.
Note, then, that the kernel & satisfies

k) dv dv’
RIxRS

1 2
5c/ 1+r)*1+|v| sind)?e” 7
R3 Je
T raawlcoss)? |
/e 4 sinf 1, 1)(| cos 6]) d6 dr dv
0

§C/ (14 [uh?e " V" du,
R3

which clearly is a finite quantity. Consequently, K ¢ is a Hilbert-Schmidt operator.
When y + « # 0, one considers the following symmetric weighted modification
of L:
L=(4]-) 2L (]t
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and the corresponding decomposition L=7—K*"+K° Then ¥ is uniformly
strictly positive and upper-bounded.

The authors conclude their argument by proving that K¢ is a Hilbert-Schmidt
operator. They first focus on the term K . Its kernel is

(L4 o)™ Y2 ka0, U) (14 [V )Y 2 1 13(Ju — U']) 119,61 (0)

and similar computations as above allow to prove again that K™ can be written as a
limit of Hilbert-Schmidt operators.

3 The Compactness Properties for the Linearized Kinetic
Operators for Mixtures

In this section, mainly following [13] for the definition of the linearized operator,
and [4] for the compactness result, we investigate the case of an ideal gas mixture,
with monatomic species.

The main difficulty in the mixture case lies in the fact that we have to deal
with species with different masses. Indeed, in this situation, we loose the symmetry
between pre- and post-collisional velocities, which was crucial in Grad’s strategy.
Consequently, we need a new argument to recover the compactness of the linearized
Boltzmann operator. Note that this result, detailed in Proposition 2 below, appears as
an equivalence of the Euclidean norms of the variables (v, v}) and (v’, v,), which
degenerates when the masses become equal. This means that the mono-species and
multi-species cases must really be treated in two different ways.

3.1 Building the Linearized Collision Operator for Mixtures

Each of the I > 2 species are described through a distribution function f;, 1 <i < I.
As in the mono-species case, this function depends on time ¢ € R, space position
x € R3 and velocity v € R?. In the following, we also use the macroscopic density
of species i, defined by

ni(t,x)z/ fi(t, x,v)dv.
RS

The interactions between molecules are assumed to remain elastic, so that two
colliding molecules of species i and j, 1 <i, j < I, with respective molecular
(or molar) masses m; and m, see their velocities modified through the collision
rules

,_ Mmu + m;u, m;

- Tw - Ux), 23
Vs T @ ) (23)
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o = MUEMUe T ) (24)
* mi—}—mj mi+mjw 7

where @ € S? and T,, denotes the symmetry with respect to the plane {w}™, i.e
T,z=z-20 2w, VzeR.

Then the collision operator related to species i and j is given by
0ij(f, )W) = //z [fW)g@)) — f()gW.)] Bij(@, v — v,) dwdu,, (25)
R3x $2

where f and g are general functions depending on the velocity variable. The cross-
sections B;;, 1 <, j < I, satisfy an analogous property to (7) and a similar condition
to the one in the classical case (13), namely

1
B;(w. V) < a|sinf] |cosf| (|V|+ I 5) VoeS VVeR,  (26)

where @ > 0 and 0 < § < 1 are again given constants which do not depend on i, j,
and 6 denotes the oriented angle between w and V.
The time evolution of each distribution function f;, 1 <i < I, is then given by

I
8—f'+u V. f = jZ:lei,-(ﬁ,f». 27)

One can write weak forms of the collision operators using the changes of variables
(v, vy) > (Us, V) and (v, v,) > (U, VL) with a fixed @ € S2. It is worth noticing
that cases i = j and i # j are intrinsically different, see [6, 15] for more details.
Moreover, we can formally write, for any i and j, and any functions (of v) f and g

/ Qij(f. &)(v)dv =0, (28)

/ 0/, g)(v)( 2/2) dv+/ 0jis, f)(v)( 2”/2) dv = 0.

One can also write an H-theorem [6, 15], which allows to obtain Maxwell functions
as equilibrium. From now on, let us denote M; the normalized, centred Maxwell
function related to species i

MmiN32 _moo 3
M,~(u)=(E) e Yo e R (30)
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Now we are ready to write the linearized collision operator . for mixtures. We
shall work in a L? setting again. More precisely, for any function g € L*>(R?)! of v,
we shall write the L? norm of g as

1 1
lgllz. =D gl = Z/R} g; ()’ dv.
j=1 j=1

Consider now macroscopic densities (ny, ..., ny) as given and define the standard
perturbation ¢ = (g1,...,8/)toM = (M, ..., M;) by

ﬁ:n[Mi+n;Mil/2g;, I<i<l

By defining the ith component of .Z'g as

1
[l =M™ > niny (Qu(Mi M) + QMg Mp), (BD)

j=1
for any function g = (g1,...,g7) and 1 <i < I, as well as the ith component of
2(g, 8) by
I
(20, )1 =M™ D nin; QM g, M%), 1<is<l, (32
j=1
the Boltzmann equations on the components of the perturbation g write

08 +v-Vigi +[Lgli =2, 9., 1=<i<I (33)

If we introduce the operator .2 such that the ith component of .#"g is given by

[l/g]i(u):Z(mmj 3/4nlnj//R% Bij(w,v—v,) e miv? —Lmjv? (34)
Jj=

[(;1_7;)3/ ( vl g (u)) — e *gj(U*)) + (%)3/4&’”’“/2 gi(v/)} do duy
(35)

and the positive function v = v(v), whose ith component writes

1
minj\3/2 —sm;jv,
v =D nin; ( 4712’) //R e Y B0, v — v dodu,,  (36)
j=1 *
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we can immediately state that
L =x—vId. (37)

The following result holds.
Theorem 1 The operator ¢, defined by (34), is compact from L>(R*)! to L*>(R)’.

The detailed proof can be found in [4]. We discuss below its main features, emphasiz-
ing on the major strategy differences with respect to Grad’s proof in the mono-species
case.

3.2 Elements of Proof for the Compactness

First, we write
H =0+ I+ I+ A,

where the ith component of each J#;g, 1 < £ < 4, is given by

[#ig]; W) = Znn,( )"

12 102
X // e #MY eI gj(v*) Bij(wa v —vy) doduy,
R3x $2

m;m; )3/4

[2g); (v) = Zn nj ( =

J#i
L —Lgu? Ly ’
X e aMY T 1MV edi% g i(v,) Bij(w, v — vy) do duy,
R3 x §2

[#g]; (L) = njz(%),?/z

X // e amiv? g ymivy [e%’"“’f gi(v)) + eimiv? g,-(u’)] Bii(w, v — v,) dodu,,
R

3x§2

L2 1 2 1, .2
X// e MV T2 ea™MVT 0. (V) Bij(w, v — vy) dw du,.
R3x §2
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The compactness for /%" is obtained by successively proving the compactness prop-
erty for each 7;. It is crucial to dissociate the cases when i = j or not, because the
proofs are quite different.

3.2.1 Compactness of 7]

Denote, for any i, j,
i L2 L2
k' (v, vy) = / e MV eIV Bii(w, v — v dw, Yu,u, € R3.
SZ
We immediately have, for any i,

n;mg;

3/4 y
ij 3
m) /]R3 gj(w) k (v, v,)du,, YvelR.

1
[A1gli(v) = = D nin; (
j=1

Hence, 77 has a kernel structure. Its compactness can be deduced thanks to the
integrability properties of the associated kernels k!’

3.2.2 Compactness of 7,

The proof strategy here is very different from Grad’s [20]. Once again, we aim to
recover the Hilbert-Schmidt structure for 7. We first write %5 in another form.
Thanks to the microscopic conservation of kinetic energy during a collision, we
have

1 1 1 n_ 1 2 1 ”

—Zmivz — Emjvf + ijv* = —Zm_,-v* 1

Consequently, [#3]; can be rewritten as

mimj)3/4

[Hsg ) = X mim; (G5

J#L
x // eV 73 0 (1)) Bij(w, v — vy) dodu,. (38)
R3x 8?2

To recover a kernel form in (38), it would be very convenient to replace v, and v’ by
v and v}, in the exponential terms, and then perform a change of variables v, > v,
o remaining unchanged.

It is indeed possible thanks to the following result, which only holds when m; #
m  (in the monatomic case, that is equivalent to i # j).
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Proposition 2 There exists p > 0 such that, for any i, j withi # j,

miv”* +mjv; = p (mv® 4+ m;v)) 39

forany v, v, € R and v/, v, given by (23).

Proof The proof of Proposition 2 is quite simple. Let us choose i and j # i. Collision
rules (23) can be rewritten as

’ m; m;
V=lLE-2——woT)v+2——owouTu,, (40)
m; +I’I’lj nm; +m]'
v, = (13 —ZLa)a)T) Uy + ZLa)a)TU, (41)
m; +m; m; +m;

where 15 is the identity matrix of R?. Now we set

mi 3x3
Alw) =13 2——wo’ € R,
m; +m;

From (41), we easily get

’ mi T
Alvy, = v, —2———owoTu.
nm; —i—mj

Fortunately, A(w) is an invertible matrix, since

det A(w) = "1
n; + mj

and j # i. Note that, in the mono-species case, the proof already fails at this stage,
since the corresponding matrix A(w) is not invertible.
Consequently, we can write v, in terms of both v and v,:

v, = (=A@ ) v+ A ", (42)

where we used the equality

m;

-2 AA(a))_'a)a)T =1 —A(w)" "

m; +m;

Then we obtain an expression of v” with respect to v and v, by putting (42) in (40):

v = (M I —ﬂA(w)l) v— (I —Aw) ) vl
nm; nm;

i i i
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Consider now the following block matrix in R%*®

m; +m; m; _ m; _
S T A(w) ! — /m—{(l3—A(w) 3

m; m;
A(w) = . (43)
V(=A@ ™) Aw)™!
The previous matrix is invertible (check that det A(w) = —1) and we have

A(w)™' = A(w). Moreover, it is clear that
A/Mm; v IA(C()) N2 U, )
/N j Uy /MU,

The best constant p satisfying (39) is obtained by computing

|A@) [ymiv ymy ][

inf S =A@ =A@
R VZANC A

Since w — [|A(w) |22 is clearly a continuous positive function of @ on the compact
set S2, it reaches its minimum. Hence, we are led to set

p = min min [|A(w)],"2 > 0
J#i wes?

to satisfy (39). (I

Remark 1 Note that, in fact, we can compute the explicit value of p, i.e.

- )2
p:min—(\/m_l—i_\/m_]) .

J#i |mi—mj|

Using Proposition2 and (26) for each B;;, we obtain the existence of a constant
C > 0, only depending on all the molecular masses, such that, for any i,

[#5g]; (V) < Czni nj e m
J#i
x// e‘%mju;z gj(v;) (Iv—v*|+|u_v*|5—1) dv, do.
R3x S2

We then perform the change of variable v, — v}, whose Jacobian is 1/ det A(w).
Noticing that

‘A(a))_1 (v — Ufk)
- LN Ty —1 -1
v—vx =A@ (v—vy) and [[A(@)]27 < < lA(@)" 2,

BRG]
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we can state that

5—1 -1 1-8 5—1
v —vd + v —v " <A@ 2 [v = V| + lA@)[L' 7 v — v

Eventually, we write

[%g]l (U) < C Zni n] // ei%mivz efgm,fviz gj(vzk)
R

J#i X8

x (luv=vl|+v— U;|§71) dwdu.

We thus recover a kernel form for %5, which allows to conclude on the compactness
with the same kind of arguments (integrability of the kernels) as in Sect.3.2.1.

3.2.3 Compactness of 73 and .7

Since %5 appears as a mono-species operator, it can be straightforwardly treated
following Grad’s strategy. The compactness of .%;, though it deals with several
species, requires to recover a kernel form of .7}, again following Grad’s procedure.
The detailed computations, which are similar to the ones in Sect.2.3, can be found
in [4].

Acknowledgments The authors thank Bérénice Grec for her careful proof-reading and the fruitful
discussions about the compactness of the linearized Boltzmann operator.
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