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A las aladas almas de las rosas

del almendro de nata te requiero,

que tenemos que hablar de muchas cosas,
compariiero del alma, compariero.

Elegia a Ramoén Sijé (1936)
Miguel Hernandez
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Introduction

This volume presents a collection of articles to honour Prof. Jaime Mufioz Masqué
on the occasion of his 65th birthday. Jaime was born on 20 September 1950 in
Sabadell, Barcelona (Spain), to his parents, Manuel and Rosenda. He attended high
school in his home village, initially showing an inclination towards literature and
poetry, which he subsequently combined with a strong interest in mathematical
problems. He devoted more time to the latter; for instance, he spent a summer of his
adolescence exploring the intriguing question of the unsolvability of the equations
defined by fifth degree polynomials. This clearly indicated that his destiny was to
study mathematics, which he did at the University of Barcelona.

During his studies at the university, Jaime made acquaintance of two important
persons: First, Maria Sicilia, his future wife, who was also studying mathematics,
and second, Pedro Luis Garcia Pérez, with whom he decided to do his Ph.D. As
Prof. Garcia held a post in the University of Salamanca, the newly established
family moved to this city after both Maria and Jaime had completed their studies in
1973. Jaime won his position as High School Professor (Catedratico) in 1975,
working first in Zamora and then in Alba de Tormes (Salamanca). Jaime helped
some of his colleagues at the High School Maria de Molina to prepare for their
national-level exams in order to obtain permanent positions. They all remember
these years with affection.

In the meantime, Jaime had also begun to lecture at the University of Salamanca.
In 1983, Jaime defended his doctoral thesis at that university, entitled
Hamilton-Cartan Theory for higher-order variational problems on fibered mani-
folds (Teoria de Hamilton-Cartan para los problemas variacionales de orden
superior sobre variedades fibradas). He also began his fruitful scientific career with
the publication of his papers. In his first article, Higher-order structure forms and
infinitesimal contact transformations (Formes de structure et transformations
infinitésimales de contact d’ordre supérieur, CR Acad Sci Paris Sér I Math 1984;
298, no. 8:185-8), he formalized the geometry behind the natural lift of vector
fields from a bundle to its jet extension for arbitrary degree. This tool was essential
for his work on higher-order variational calculus, the topic of his thesis, on which

xi



xii Introduction

he became a world expert. At the same time, his family grew as Maria and Jaime
had their three children: Ana, Joaquin and Teresa.

From 1984 to 1989, Jaime was first Assistant Professor and then Associate
Professor at the University of Salamanca, where he continued his scientific work,
mainly in the fields of differential geometry and algebra. In 1989 he was appointed
as Researcher at CSIC (Spanish National Research Council) and the family moved
to Madrid. While working in his new position he added cryptography to the list of
his interests, and joined research projects in this field. He continued collaborating in
CSIC and has carried out research on these topics until now.

In parallel with his scientific work, Jaime delivered courses in different uni-
versities where he showed his rare talent of explaining complex mathematics in a
clean, simple and rigorous language. In association with this academic work, he has
been the advisor for nine doctoral theses (Marco Castrillon Lopez, Ratl Duran
Diaz, Victor Fernandez Mateos, Roberto Ferreiro, Angel Martin del Rey, Alberto
Peinado Dominguez, Luis Pozo Coronado, Eugenia Rosado Maria, Antonio
Valdés) covering a varied collection of topics in geometry and algebra, from
variational calculus, Riemannian geometry and theory of invariants to cryptogra-
phy. We have borne in mind this versatility for choosing the title of this volume,
which offers an indication of Jaime’s vast knowledge and wide-ranging scientific
works. In this respect, the database of the Mathematical Reviews of the AMS
includes as many as 162 contributions from Jaime, including both books and
articles, on which he has worked with 39 collaborators.

The general consensus among the people who work with Jaime is that he is not
only a hard worker but also possesses a very broad knowledge of mathematics and
physics (as well as poetry and philosophy!) and an incredible capability to tackle
problems in very different areas in an interdisciplinary atmosphere. We all enjoy his
warm personality, the conversations with him over a cup of coffee and especially
his generosity, in all senses of the word. Jaime is a person who loves mathematics
and with whom one feels that excitement which accompanies the search for a
solution or the thrilling experience of finding those hidden mathematical gems
accessible only to a select group—a group of which Jaime is undoubtedly a
member.

Marco Castrilléon Lopez
Luis Hernandez Encinas
Pedro Martinez Gadea

M?® Eugenia Rosado Maria



A Survey on Homogeneous Structures
on the Classical Hyperbolic Spaces

Wafaa Batat, PM. Gadea and José A. Oubina

Dedicated to our colleague and friend Jaime Muiioz Masqué, a
good mathematician, with affection and admiration, on the
occasion of his 65th birthday

Abstract This is a survey on homogeneous Riemannian, Kéhler or quaternionic
Kihler structures on the real, complex or quaternionic hyperbolic spaces RH(n),
CH(n) and HH(n), respectively.

Keywords Homogeneous Riemannian structures - Classical hyperbolic spaces

1 Introduction

Real, complex and quaternionic hyperbolic spaces and the Cayley hyperbolic plane
are known to be important spaces and have been and are subject of much research.
Two general references are Chen and Greenberg [10] and Ratcliffe [22].

On the other hand, homogeneous Riemannian structures were introduced by
Ambrose and Singer [3], and further studied in depth by Tricerri and Vanhecke

W. Batat

Département de Mathématiques et Informatique, Ecole Normale Supérieure
d’Enseignement Technologique d’Oran, B.P. 1523, El M’Naouar, Oran, Algeria
e-mail: batatwafa@yahoo.fr

P.M. Gadea ()
Instituto de Fisica Fundamental, CSIC, Serrano 113-bis, 28006 Madrid, Spain
e-mail: p.m.gadea@csic.es

J.A. Oubiiia

Facultade de Matemadticas, Departamento de Xeometria e Topoloxia, Universidade
de Santiago de Compostela, A Coruna, Spain

e-mail: ja.oubina@usc.es

© Springer International Publishing Switzerland 2016 1
M. Castrillon Lopez et al. (eds.), Geometry, Algebra and Applications:

From Mechanics to Cryptography, Springer Proceedings

in Mathematics & Statistics 161, DOI 10.1007/978-3-319-32085-4_1



2 W. Batat et al.

(see for instance [25]) and then by other authors. There exist three basic geometric
types, A1, %2, . Later, homogeneous Kihler structures were defined and studied
by Abbena and Garbiero in [1] and then by several authors. This time there are four
basic types, #1, . . . , 4. Further, homogeneous quaternionic Kéhler structures were
introduced by Fino [11], who moreover gave a Lie-theoretical description of the five
basic types, 2% 1, ..., 2% s, and then studied by several authors. (In the sequel we
shall denote .%; @ . simply by .%%;; #; @ X, by Hjj; 24 & 2 ; by 2 ;;, and
SO on.)

Homogeneous Riemannian structures have found some useful applications. Two
of them are: The characterization of RH(n), CH(n) and HH(n) by such structures and
the characterization of the homogeneous spin Riemannian manifolds whose Dirac
operator is like that on a Riemannian symmetric spin space (see [15]). In our opinion,
Tricerri’s and Vanhecke’s classification of geometric types is so natural, that more
nice applications are to be expected.

The present survey is on the characterization of each of the classical hyperbolic
spaces by linear homogeneous structures and on the geometric types of homoge-
neous structures on them. Recall that the characterization of RH(n) by homogeneous
Riemannian structures of type .#] was given by Tricerri and Vanhecke in [25], that of
CH(n) in terms of homogeneous Kihler structures of type %54 was obtained in [16],
and that of HH(n) by homogeneous quaternionic Kihler structures of type 2% 123
with nonzero projection to 2% 5 (actually, of type 2% 3) was given in [7].

The vector spaces .7}, #54 and 2 1,3 have dimension growing linearly accord-
ing to the dimension of the homogeneous manifold admitting some homogeneous
structure in each of them, that is, hyperbolic spaces. For this reason, these struc-
tures are sometimes called of linear type. However, this is not the unique type that
hyperbolic spaces admit.

As for the contents, we recall in Sect.2 some definitions on homogeneous Rie-
mannian, Kédhler and quaternionic Kéhler structures, and recall the classification of
geometric types for each of the three cases.

In Sect. 3 we give some results on the types of homogeneous structures that RH(n),
CH(n) or HH(n) admit.

2 Homogeneous Riemannian, Kihler or Quaternionic
Kihler Structures

2.1 Homogeneous Riemannian Structures

A homogeneous structure on a Riemannian manifold (M, g) is a tensor field S of
type (1, 2) satisfying B _ _
Vg=0, VR=0, VS§=0, (D
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where V is (see [25]) the connection determined by V=v-¢§ , V being the Levi—
Civita connection of g. The condition gg = 0 1is equivalent to Sxyz = —Sxzy, where
Sxyz = g(SxY, Z).

Ambrose and Singer [3] gave the following characterization of homogeneous
Riemannian manifolds: A connected, simply connected and complete Riemannian
manifold (M, g) is homogeneous if and only if it admits a homogeneous structure S.

Let V be a real vector space endowed with an inner product (-, -), which is the
model for each tangent space T,M, p € M, of a (homogeneous) Riemannian mani-
fold. Consider the vector space . (V) of tensors of type (0, 3) on (V, (-, -)) satisfying
the same algebraic symmetry that a homogeneous Riemannian structure S, that is,
y(V) = {S € ®%V* :SXYZ = _SXZY,X, Y,Z e V}

Tricerri and Vanhecke studied the decomposition of .(V) into invariant and
irreducible subspaces .7;(V), i = 1, 2, 3, under the action of the orthogonal group
O(n) given by (aS)xyz = Sa-1xa-'va-1z, @ € O(n). The inner product on V induces
in a natural way an inner product on . (V), given by (S, §') = >/, _; Seiejer Seyere,>
where {e;} is an orthonormal basis of V. Let ¢12(S)(Z) = Z;’:lSe,.eiz, ZeV.

From the theory of representations of the orthogonal group (cf. [26, pp. 153—-159])
it follows that .(V') decomposes into the orthogonal direct sum of three invariant
and irreducible subspaces under the action of O(n). Specifically, the subspace of
c1o-traceless tensors of the subspace % of ®3V* corresponding to the nonstandard
Young symmetrizer id 4 (12) — (23) — (132), the n -dimensional subspace of ten-
sors corresponding to the above c;»-trace, and the subspace A3 V*. Then, one has

Theorem 1 ([25]) Ifdim V > 3, then . (V) decomposes into the orthogonal direct
sum of subspaces which are invariant and irreducible under the action of O(n),
F(V)=A")®AV)® S(V), where

AV)=1{S e LV): Sxyz =X, Y)0(Z) — (X,Z2)6(Y), 0 € V*},
AHV)=1{5 € L (V) : GxyzSxyz =0, c12(5) = 0},
AV)=1{§ e A(V) : Sxyz + Syxz =0},

with dimensions n, %n(n2 —4), én(n — 1) (n — 2), respectively. If dim V = 2 then
F(V)=A(V).

We say that the homogeneous Riemannian structure S on (M, g) is of type {0}, .%;
(i=1,2,3),7 (1 <i<j<3), orHpif, foreach pointp € M, S(p) € L (T,M)
belongs to {0}, 7(T,M), ;;(T,M) or .#123(T,M), respectively.

The similar terminology and notation will be used for the homogeneous Kihler
(Sect.2.2) and homogeneous quaternionic Kdhler (Sect.2.3) geometric types, that
is, for the different types obtained from the basic types % (i = 1, ...,4) and 2.¢;
(i=1,...,5), respectively.
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2.2 Homogeneous Kahler Structures

An almost Hermitian manifold (M, g, J) is called a homogeneous almost Hermitian
manifold if there exists a Lie group of almost complex isometries acting transitively
and effectively on M. In [24], Sekigawa proved that a simply connected and complete
almost Hermitian manifold (M, g, J) is homogeneous if and only if it admits a tensor
field S of type (1, 2) satisfying the Ambrose—Singer equations (1) and VJ = 0. Such
a tensor field S is called a homogeneous almost Hermitian structure (or a homoge-
neous Kihler structure if (M, g, J) is Kihler). Moreover, a homogeneous Riemannian
structure on a Kéhler manifold (M, g, J) is a homogeneous Kihler structure if and
only if Szxy = Szx v for all vector fields X, Y, Z on M.

The classification of homogeneous Kihler structures was obtained by Abbena and
Garbiero. We recall here their result: Let V be a 2n-dimensional real vector space
(which is the model for the tangent space at any point of a manifold equipped with a
Kihler homogeneous structure) endowed with a complex structure J and a Hermitian
inner product ( , ), thatis, J> = —I, (JX,JY) = (X,Y),X,Y € V, where I denotes
the identity isomorphism of V.

Denoting complexifications by a superscript ¢, we now consider the decomposi-
tions in (&i)-eigenspaces V¢ = V!0 @ VOl and V*¢ = A10 @ A%!, with respect to
the complexified J¢ of the complex structure J. In Salamon’s notation [23], let A7-4
denote the space of forms of type (p, g), which is isomorphic to APA10 ® AIA%!,
We can decompose the space .7 (V)¢ = {S € 3V : Syyz = —Sxzvr}, X, Y, Z € V€,
into two subspaces invariant under the action of U(n). One summand (that is,
L (V) = V*® A0 @ 1%2)) is related to homogeneous almost Hermitian struc-
tures. The other summand is

V) =V ={Se®V : Sz = —Sxzr = Sxrevsez),

X,Y,Z € V¢, which is the complexified of Abbena—Garbiero’s space . (V ), (see
[1]). The space S(V), decomposes ([12, (2.1)]) into four subspaces invariant and
irreducible under the action of U (n). The sum of the first and second subspaces cor-
responds with the irreducible complex representation of U (n) of the highest weight
(1,1,0,...,0, —1). The related real tensors of trace zero and those corresponding to
that trace give rise to the first and second types in Theorem 2 below. Similarly, the sum
of the third and four subspaces in that theorem, corresponds to the irreducible com-
plex representation of U (n) of the highest weight (2, 0, ..., 0, —1). Taking traceless
real tensors one gets the third subspace and the fourth one comes from that trace.
We recall that Abbena and Garbiero [1, Theorem 4.4] proved the invariance and irre-
ducibility by using quadratic invariants. In [12], Young diagrams and symmetrizers
are used instead.

The standard representation of U(n) on V induces a representation of U(n) on
S (V)4 given by (A(S))xyz = Sa-1xa-1ya-1z, A € U(n). Moreover, the scalar prod-
uct in V induces in a natural way the scalar product in . (V) given by (S, S’) =
Z?; k=1 SeiejecSe,e;e, - for any orthonormal basis {ey, ..., e2,} of V. The expression of
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the tensors in each basic geometric type was given by Abbena and Garbiero and is
as follows.

Theorem 2 ([1]) Ifdim V > 6, .7 (V). decomposes into the orthogonal direct sum

of the following subspaces invariant and irreducible under the action of the group
Un):

Hi = {S € S(V): Sxyz =5(Syzx + Szxy + Syvszx + Sizxay). c12(S) = 0},
S = {S € L(V): Sxyz =(X, Y)01(Z) — (X, 2)01(Y) + (X, JY)01(JZ)
—(X,JZ)6,(JY) — 2(JY, Z)61(JX), 6, € V*},

Hs = {Se€FSV):Sxyz =— 3Svzx + Szxy + Sivizx + Sizxay). c12(S) = 0},
Jds = {S €S (V) Sxyz =(X, Y)0r(2Z) — (X, Z)6»(Y) + (X, JY)02(JZ)
—(X,JZ)6,(JY) +2(JY, Z)6>(JX), 6, € V*},

X,Y,Z €V, where cy; is defined by c12(S)(X) = 21221 Seie:x, for any X € V and
{e1, ..., exn} being an orthonormal basis of V; 01(X) = (1/(2(n — 1)))c12(S)(X)
and6,(X) = (1/2mn + 1)))c12(S)(X), X € V. The dimensions aren(n + 1)(n — 2),
2n, n(n — 1)(n 4 2) and 2n, respectively. If dim V = 4, then ./ (V) = Jt0 ® J5 &
. Ifdim V = 2, then S/ (V) = K.

2.3 Homogeneous Quaternionic Kihler Structures

Let (M, g, v%) be an almost quaternion-Hermitian 4n-manifold, v being the structure
subbundle of the bundle of (1, 1) tensors on M and let V denote the Levi—Civita
connection. The manifold is said to be quaternion-Kéhler if one has locally (cf.
Ishihara [19]) that

Vi1 = T°(X)J, — 2(X)J5, etc., 2)
for certain differential 1-forms 7', 72, 3. Here and in the sequel we write “etc.” to
indicate the similar formulas obtained by cyclic permutation of (123). The holonomy
group is contained in Sp(n)Sp(1) . A quaternion-Kihler manifold (M, g, v?) is said
to be a homogeneous quaternion-Kdhler manifold if it admits a transitive group of
isometries (cf. Alekseevsky and Cortés [2, p.218] and [7, Remark 2.2]). A connected,
simply connected and complete quaternion-Kzhler manifold (M, g, v*) is homoge-
neous if and only if it admits a homogeneous quaternionic Kdhler structure, that is,
a (1, 2) tensor field § satisfying the Ambrose—Singer equations (1) and equations

Vydi = 22 X)) — T2(X) 5, etc., (3)

for three differential 1-forms 7', 2, 3. Let 8¢ = t* — %, a = 1, 2, 3. Then, from
formulas (2) and (3) we have that

Sxvnz — Sxvz = 0°(X)g(LY, 1Z) — 6*(X)g(J3Y, J,Z), etc.,
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which, together with the condition Sxy; = —Sxzy, are the algebraic symmetries sat-
isfied by a homogeneous quaternionic Kihler structure S.

Denote by E the standard representation of Sp(n) on C**, by S”E the rth-symmetric
power of E (so that S’E = sp(n) ® C), by K the irreducible Sp(n)-module of the
highest weight (2,1,0,...,0)in E® S’E=S’E®K®E, and by H the standard
representation of Sp(1) = SU(2) on C?, so that S?H = sp(1) ® C and S3H is the
4-dimensional irreducible representation of Sp(1).

Let (V) denote the set of homogeneous quaternionic Kihler structures. The
geometric types were classified from a representation-theoretic point of view as
follows.

Theorem 3 (Fino [11, Lemma 5.1])
S (V)4 = [EH]® (sp(1) @ sp(n)) = [EH] @ [ES°H] @ [EH] ® [SEH] ® [KH].

Here, [V] denotes the real representation whose complexification is V and the
tensor products signs are omitted, that is, one writes EH instead of £ ® H, and so
on.

The standard representation [EH ] of Sp(n)Sp(1) on V induces a representation of
Sp(m)Sp(1) on .# (V) given by (A(S)xyz = Sa-1xa-1ya-1z, A € Sp(n)Sp(1). More-
over, the scalar product in V induces in a natural way the scalar product in (V)
given by (S, S’) = Zi;k:l SeiejekSéiefek, for any orthonormal basis {eq, ..., es4,} of
V. The classification of homogeneous quaternionic Kéhler structures in terms of
real tensors was given in [7], as we now recall (except for the explanation of a few
notations).

Theorem 4 ([7, Theorem 1.1]) If n > 2, then ¥ decomposes into the orthogonal
direct sum of the following subspaces invariant and irreducible under the action of
Sp(n)Sp(1):

201 ={0 €7V : Oxyz =Y 10UX)aY,Z), 0 € V*},

22 ={6 €7V : Oxyz = 510" X)a¥ . 2), = 35167 0Ja =0, 0',6%,6% € V*},

283 ={Se¥ : Sxyz=(X,Y)80(Z) — (X, Z)6(Y)

+ 33 (X, JaY)0WUaZ) — (X, JZ)0UY)), 0 € V),
9K 4 = {S eV : Sxyz = %(6xy25xyz + zzzlgxhyj,,zs)u,,mz), c2(8) = 0},

QX5 = {S € "? 1 GxyzSxyz = 0},

with dimensions 4n, 8n, 4n, g—‘n(n + 1DQ2n+1), 13—6n(n2 — 1), respectively.
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3 Types of Homogeneous Structures on RH(n), CH(n)
or HH(n)

The usual homogeneous description of each hyperbolic space is as a rank-one
noncompact Riemannian symmetric space, that is, as RH(n) = SO(n, 1)/0(n),
CH(n) =SU, 1)/S(U(m) x U(1)) and HH(n) = Sp(n, 1)/(Sp(n) x Sp(1)),
respectively. Then the corresponding homogeneous tensor S vanish.

‘We have the next result.

Proposition 1 (i) ([25, Theorem 5.2]) A connected, simply connected and complete
Riemannian manifold of dimension n > 2 admits a nontrivial homogeneous structure
S € A if and only if it is isometric to RH(n).

(ii) ([16, Theorem 1.1]) A connected, simply connected and complete irreducible
Kdihler manifold of dimension 2n > 4 admits a nontrivial homogeneous Kdihler struc-
ture S € J4 if and only if it is holomorphically isometric to CH(n).

(>iii) ([7, Theorem 1.1]) A connected, simply connected and complete quaternionic
Kdihler manifold of dimension 4n > 8 admits a nontrivial homogeneous quaternionic
Kdihler structure S € D¢ 153 if and only if it is isometric to HH(n). In this case, the
homogeneous structure is necessarily of type 2K .

Recall (Heintze [18, Theorem 4]), that a connected homogeneous Kéhler 2n-
manifold of negative curvature is holomorphically isometric to CH(n). Hence from
Proposition 1, (ii), it follows the next

Corollary 1 Any connected homogeneous Kdhler manifold of real dimension 2n >
4 and negative curvature admits a Kdihler homogeneous structure S € 4.

However, hyperbolic spaces admit more types of homogeneous structures. We
first recall

Proposition 2 (i) ([8, Theorem 3.1]) The connected groups acting transitively on
RH(n) are the full isometry group SO(n, 1) and the groups G = F.N, where N is
the nilpotent factor in the Iwasawa decomposition of SO(n, 1) and F, is a connected
closed subgroup of SO(n — 1)R with nontrivial projection to R.

(>ii) ([8, Theorem 4.1]) The connected groups acting transitively on CH(n) are
the full isometry group SU (n, 1) and the groups G = F,N, where N is the nilpotent
factor in the Iwasawa decomposition KAN of SU (n, 1) and F, is a connected closed
subgroup of S(U(n — 1)U(1))R with nontrivial projection to R.

(>iii) ([7, Theorem 5.2]) The connected groups acting transitively on HH(n) are
the full isometry group Sp(n, 1) and the groups G = F.N, where N is the nilpotent
factor in the Iwasawa decomposition KAN of Sp(n, 1) and F, is a connected closed
subgroup of Sp(n — 1)Sp(1)R with nontrivial projection to R.

The simplest choice is F, = A, giving the description of RH(n), CH(n) or HH(n)
as the solvable group AN, and one has
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Proposition 3 (i) ([8, Subsection 3.1]) Any homogeneous Riemannian structure on
RH(n) = AN with trivial holonomy lies in the class ..

(ii) ([8, Proposition 4.2]) Any homogeneous Kdhler structure on CH(n) = AN
with trivial holonomy lies in the class 334.

(iii) ([7, Proposition 5.3]) Any homogeneous quaternionic Kdhler structure on
HH(n) = AN with trivial holonomy lies in the class 2 |34.

For structures of linear type one has

Proposition 4 ([25, p. 55], [8, Subsection3.1]) (i) The homogeneous Riemannian
structures of linear type on RH(n) can be realized by the homogeneous model AN,
where AN stands for the solvable part of the Iwasawa decomposition of the full
isometry group SO(n, 1).

(i) ([8, Theorem 4.4]) The homogeneous Kiihler structures of linear type on
CH(n) can be realized by the homogeneous model U(1)AN /U (1), where AN stands
for the solvable part of the Iwasawa decomposition of the full isometry group
SU(n, 1).

(>iii) ([7, Theorem 5.4]) The homogeneous quaternionic Kdiihler structures of linear
type on HH(n) can be realized by the homogeneous model Sp(1)AN /Sp(1), where
AN stands for the solvable part of the Iwasawa decomposition of the full isometry

group Sp(n, 1).

In the case of RH(n), even all the holonomy algebras of canonical connections and
the types of the corresponding homogeneous structures are known, see Proposition 5
below. We first recall some definitions and notations.

Assume that G = F.N acts transitively on RH(n) as in Proposition 2. This implies
that RH(n) = G/H, with H = F, N SO(n — 1). Then H is reductive, and thus h =
ho @ hys, where g is abelian and b, is semisimple. Letf, = h ® a,,g=h D a, & n,
with a, projecting nontrivially to a = R. . Also f, isreductive, with f, = (ho & a,) &
he. Let s = a @ n and s, = a, @ n, where a, is any one-dimensional complement
to ho @ nin sy = (f-)o ® n. A homogeneous Riemannian structure on G/H depends
on a choice of ady-invariant complement m to ) in g, which is the graph of an §
-equivariant map ¢, : s, — b. For any h-equivariant map y,: s — s, extending the
identity on n, one defines ¢: s — h as ¢ = ¢, o x,. Then we have

Proposition 5 ([9, Theorems 1.1,5.2]) The holonomy algebras of canonical con-
nections on RH(n) are so(n) and all the reductive algebras ¥ = €, @ t; of compact
type with 8y = R" abelian and ¥, semisimple such that 3r + dim &, < n — 1.

Let S be a nonzero homogeneous tensor for RH(n) with holonomy algebra hol.
Then S always has a nontrivial component in .y and S is of type .} if and only if hol
is 0. The structure is of strict type 13 if and only if a C ker ¢ and Hol is a nonzero
semisimple algebra acting trivially on ker ¢. Otherwise S is of general type.

All the homogeneous Kéhler structures on the solvable description CH(n) = AN
of the complex hyperbolic space have been given in a rather explicit way in [17,
Theorem 3.1]. As expected, the expression simplifies a great deal for n = 1 and
n = 2, which are of course interesting cases on their own.
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On the other hand, the use of the parabolic subgroups of the respective full isometry
groups permits us to make explicit more homogeneous descriptions and give the
corresponding types of structures. In the case of HH(n), n = 2, 3, one has the next
result (for detailed expressions and more details see [5, Theorem 5]) and [6, Theorem
3.4]).

Proposition 6 Let G = KAN be the Iwasawa decomposition of Sp(2, 1) (resp.
Sp(3, 1)). The homogeneous descriptions of HH(2) (resp. HH(3)) are as in the
Table 1, where E is simply connected and abelian. In this case the corresponding
types of homogeneous quaternionic Kdhler structures are also given. The figure on
the third column, if any, stands for the number of parameters of the corresponding
n-parametric family of homogeneous quaternionic Kdhler structures.

Consider now the Poincaré half-space model

n n n . 1 i
(H,g):({ W,....u")eR" :u' >0}, —mgdu ®du)

of RH(n), equipped with the metric g of constant curvature ¢ < 0, and the Siegel
domains

Dcn = { (ul =x+iy,u2,...,u”) e C" . x—zmklz >0},
k=2
Dy = { (ul :x—|—iy+jz+kt,u2,...,u”) e H" : x—Zluk|2 > O}.
k=2
Consider also the next vector fields on the relevant manifolds: &, metrically dual

to the form 6 in the expression of the elements of .#}; & and 7, metrically dual to
the forms 0; + 6, and 6; — 6, in the expressions of the elements of % and .J%;; and

Table1l Homogeneous descriptions of HH (2) and HH (3) and the corresponding types of structures

dim E n Type

Sp(2, 1)/(Sp(2) x Sp(1)) 0 {0}

Ey N (e R3\ (0D 1 DK 12345
Eo, N (neR3\ {0} 1 3 DK 1345
AN = EyoN 1 DK 134
Sp(3, 1)/(Sp(3) x Sp(1)) 0 {0}

Ey pv,yN O v € R\ {0}, y € R*\ {0/ 1 13 DA 12345
Eo,ju,v,yN (v € RI\ {0}, y e R*\ {0})| 1 10 DX 1345
AN = Eg 0,0,0N 1 DA 134
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&, metrically dual to the form 6 in the expression of the elements of 2¢7;. Each
of these vector fields & defines the corresponding homogeneous structures of linear
type and we have the next result.

Proposition 7 ([25, (5.26)], [16, (4.4)], [4, Corollary 5.1]) Consider the Poincaré
half-space model (H", g) of RH(n) (resp. Siegel domain model (Dc», g) or (Dyn, g)
of CH(n) or HH(n)), with x = Re u' the respective distinguished real coordinate.

Then each of the vector fields,
d

%' = —C)Ca

on (H", g) (see Fig. 1) and

¢ . ca) 9
5“5(“;'”')5’ ¢ <0,

on (D¢, g) or (D, g) (see Fig.2), defines a homogeneous structure of linear type,
¢ being the ordinary, holomorphic or quaternionic sectional curvature, respectively.

The expressions of the vector fields & for the open unit ball models of RH(n),
CH(n) and HH(n) are rather more complicated than those for the previous models,
as one may see in the next proposition.

Fig. 1 The vector field £ on
the Poincaré half-space
model of RH(n)

Fig. 2 The vector field £ on
the Siegel domain model of
CH(n) or HH(n)
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Proposition 8 (i) ([4, Proposition 2.7]) The open unit ball model (B", g) of RH(n)
with negative constant sectional curvature c, admits a homogeneous Riemannian
structure of linear type defined by the vector field

_ c(1-32L&)?) 12_n i2Y) 0 Y i 9
e + ey W ;m 3X‘+2(1+x),-§x3xi'

(ii) ([4, Proposition 3.11]) The open unit ball model (B", g, J) of CH(n) with negative
constant holomorphic sectional curvature c, admits a homogeneous Kdhler structure
of linear type defined by the vector field

(1= 2GHH +6M7)

= N2 N2 i 1 li
§pr = =27+ 01 (((1 2= ohH?) oy +2x' = 1y 5y
n 8
Jr,;‘(((x1 = Dt =) =

+ ((x' — Iyt + ylxk) (‘)iyk)) :

(iii) ([4, Proposition 4.11]) The open unit ball model (B", g, v3) of HH(n) with
negative constant quaternionic sectional curvature ¢ admits a homogeneous quater-
nionic Kdhler structure S of linear type defined by the vector field

Epn = ¢ (1= X%ld'P)
’ 4lg" — 17

| 2 N2 12 2y O 1 10 10 1 9
o e e e e e e M ay1+z311+wawl)

n
] 9
= (@ =y 2wt — (@ = =y 4 e -t —
= axk ayk
1\ k 1.k 1 _k 1.k d 1 k 1_k 1.k 1 _k d
(@ =x) —yw —zx +tw)y )7 +((A-—x)Hw" +y —zy —wx)— )1
azk dwk

Remark 1 We finally point out two open problems:

(a) The analogues of Proposition 5 for CH(n) and HH(n).

(b) The characterization of the Cayley hyperbolic plane OH(2) by suitable defined
homogeneous Spin(9)-structures (see Friedrich [13, 14], Mykytyuk [20, 21]).

Acknowledgments The second author has been supported by the Ministry of Economy and Com-
petitiveness, Spain, under Project MTM2013-46961-P.
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On the (1 + 3) Threading of Spacetime

Aurel Bejancu

Dedicated to Jaime Muiioz Masqué on the occasion of his 65th
birthday

Abstract Wedevelop a (1 4 3) threading formalism of the spacetime with respect to
anon-normalized timelike vector field. Itis worth mentioning that in our approach the
spatial distribution is not necessarily integrable. Thus, this formalism is suitable for
general Lorentz metrics from both the theory of black holes and perturbation theory.
Also, the simple form of the (1 + 3) decomposition of Einstein Field Equations
stated in the paper, might have an important impact on the work of discovering new
inhomogeneous cosmological models.

Keywords (1+3) Threading formalism -+ (1 +3) Decomposition of Einstein field
equations *+ Riemannian spatial connection - Spatial tensor fields

1 Introduction

In cosmology, in order to relate the physics and geometry to the observations, it
is frequently used the (1 + 3) threading of spacetime. Namely, it is taken a unit 4-
velocity field u which is tangent to a preferred congruence of world lines. Then, the
study of both physics and geometry of the spacetime is developed by considering
(provided they exist), orthogonal hypersurfaces to u. This was successfully applied
to the study of the Friedmann—Lemaitre—Robertson—Walker universe (cf. [4]). Also,
the gravito-electromagnetism and the splitting of Einstein Field Equations (EFE)
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have been intensively studied (cf. [6, 8—10]). Two conditions have been imposed on
the geometric objects of the spacetime:

(i) u must be a unit vector field.

(i1) The distribution that is orthogonal to the congruence determined by u, must
be integrable.

Recently, we developed a new point of view on the (1 + 3) threading of spacetime,
where we removed both conditions above (cf. [1, 2]). In this general setting we
obtained in a covariant form, the fully general 3D equations of motion and a 3D
identity satisfied by the geodesics of a spacetime. Also, we applied this general
method to the study of Kerr-Newman black holes.

The main purpose of this paper is to state the (1 4+ 3) decomposition of EFE with
respect to arbitrary timelike vector field and spatial distribution. The study is based
on both the Riemannian spatial connection and the spatial tensor fields defined in
[2]. It is worth mentioning that each group of the EFE given by (7.3) is invariant with
respect to the transformations of coordinates on the spacetime.

Now, we outline the content of the paper. In Sect.2 we introduce the kinematic
quantities determined by a non-normalized timelike vector field £. Note thatin [2] we
put on @ given by (2.2a) the condition that it is independent of time. This condition
is satisfied by all stationary black holes (cf. [3, 5]). However, in perturbation theory
(cf. [7, 11]), @ is not, in general, independent of time. For the sake of general
applications of our study, we remove the above condition on @. In Sect. 3 we present
the Riemannian spatial connection and express the Levi-Civita connection of the
spacetime (M, g) in terms of spatial tensor fields (cf. (3.4)). The local coefficients of
the Riemannian spatial connection and the kinematic quantities are used in Sect.4
to express the fully general equations of motion in (M, g). In particular, we obtain a
geometric characterization of the spatial geodesics. In Sect. 5 we obtain the structure
equations for the spatial distribution (cf. (5.1)), which lead us to the decomposition
(6.6) of the Ricci tensor of (M, g). Also, in Sect.6 we deduce the Raychaudhuri
equation (6.8) for the (1 4 3) threading formalism determined by &, and find the
local components of the stress-energy-momentum tensor field with respect to the
threading frame field (cf. (6.12)). Finally, we state the (1 + 3) decomposition of the
EFE (cf. (7.3)).

2 Kinematic Quantities in a Spacetime with Respect
to a Non-Normalized Timelike Vector Field

Let (M, g) be a 4D spacetime, and & be a timelike vector field on M which is not
necessarily normalized. Then, we have

™™ = VM @ SM, (2.1

where VM is the time distribution spanned by & and SM is the spatial distribution
that is complementary orthogonal to VM in TM.
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Throughout the paper we use the ranges of indices: i,j, k, --- € {1, 2, 3} and
a,b,c,...€{0,1,2,3}. Also, for any vector bundle E over M, denote by I'(E)
the .% (M)-module of smooth sections of E, where .7 (M) is the algebra of smooth
functions on M.

Now, we consider a coordinate system (x“) on M such that § = 9/ 9x9. Then, we

put
a

e Y A
(@ §o=g 30 a0 ) = . (b)) &i=g 50 )

© d 0
) 8ij= rwirw K
8y =8 ax' dx/

where @ is a non-zero function that is globally defined on M. The decomposition
(2.1) enables us to use the threading frame {3/9x°, 8/8x'} and the threading coframe
field {8x°, dx'}, where we put (cf. [1, 2])

(2.2)

8 9 B )
(a) W=t qb—zg,-@, (b) 8x° = dx® — @ 72£,dx". (2.3)

The Lie brackets of the vector fields from the threading frame are expressed as
follows:
@ 5 6 ) 0 ) a 4 0 2.4)
a —, — | = 20—, —, — | =ai—, .
35 8x 7 9x0 9x0" 8xt 9x0

where we put

(@) w;= @2 [C,Ej —ciEi+ % (& —_ &)]’

Sx  Sxt
5P 0&;
(b) Ci=@_lﬁ, (©) ai=¢_2[@—2‘1’50], (2.5)
d)y v = 9571%
- ax0”

As SM is integrable if and only if w;; = O forall i, j € {1, 2, 3}, we say that {w} are
the local components of the vorticity tensor field with respect to the threading frame.

Next, we denote by h;; the local components of the Riemannian metric induced
by g on SM with respect to the threading frame, and deduce that

Sxi’ 83

)
hij =g ( ) = g+ Pk (2.6)
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Thus the line element of the Lorentz metric g on M with respect to the threading
coframe is expressed as follows:

ds* = —®*(8x")* + hydx'dx . (2.7)

By using h; and the entries A7 of the inverse of the 3 x 3 matrix [/;], we define the
expansion tensor field {®);}, the expansion function @, and the shear tensor field
{0}, as follows

1 9k i 1
(a) @,:,' = 5@, (b) ®=h @,:/', (C) 0jj = @,‘j — 5@}111 (28)

Raising and lowering indices i, , k, ... are done by using h¥ and hy, as for example:
@ of =ho; b)) o;=ho!, © =", (2.9)

In earlier literature, spatial tensor fields have been introduced as projections on SM
of the tensor fields on M (cf. [4, 6, 8]). In our approach, a spatial tensor field of type
(p, q) is locally given by 374 locally defined functions TF, satisfying

h ¥
e ox ~h...ax

foee axk 7 gy

with respect to the coordinate transformations x* = x* %, x") on M. It is worth
mentioning that {h;;, ;;, @, o} and {a;, c;} are spatial tensor fields of type (0, 2)
and (0, 1), respectively.

3 The Riemannian Spatial Connection on a Spacetime

Let V be the Levi-Civita connection on the spacetime (M, g). Then the Riemannian
spatial connection on M is a metric linear connection V* on SM, given by

(@) VisY =sVxsY, V¥ X,Y e I'(SM), 3.1)

where s is the projection morphism of 7M on SM. Locally, V* is given by

1) 1)
* k * * k
hrar by V4, — =TI

)
Vi — =T, , a
@ Sxk 50 8xi !

5 "
37 8x !

: (3.2

where we put
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(a) [}*sz_hkl — 4y — -

1 (8hy  Shy  Ohy
2 Sxt - Sy S&x!

(3.3)
(b) Ik =0f+o%t.

Remark 3.1 The Riemannian spatial connection V* is different from the three-
dimensional operator V that has been used in earlier literature (cf. (4.19) of [4]).
Note that V* is a metric linear connection on SM, and therefore defines covariant
derivatives of spatial tensor fields with respect to vector fields on M. On the contrary,
V is an operator which acts on tensor fields on M, but it does not define a linear
connection on M. (I

Next, by using (3.1)—(3.3), we express the Levi-Civita connection on (M, g), as
follows:

8 8 3
_ * k .. -20..)
@ Vi =Tfor+ (i + P726y) L

) F) 9
bv —=o’< D2 — + b—,
(b) S (Of + )8k+ 50

d
© Voo ok Feigm

0 ) d
=@ — +y—,
7 9x0 Sxk + ax0

3.4)

= (Of + P%0)

) Vs,

where we put
bl' =a; + ¢;. (35)

Denote by R* the curvature tensor field of V* and put
) 5 0
) = L _—
Sxh’ Sxk” 8xi PR
5 & 6 5 0
o 0N’ o 1° _) = i PR
8x07 Sxk” 8xi K05 xi

8
(@) R*(—

(b) R(
Then by using (3.1)—(3.3), (2.4) and the well-known formula for R*, we obtain

817, o1y

@ Ry = =5k = S5 T = I = 20u 7%,

. (3.6)
or . .
k *] */
(b) Rl k0 = axlo — I o — a7y
Here, and in the sequel, the vertical bar ““|” represents covariant derivative with respect
to the Riemannian spatial connection.
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4 3D Equations of Motion in a 4D Spacetime

Let C be a smooth curve in M given by parametric equations
x=x(1), a€{0,1,2,3}, 1t€la, Bl

where (x?) is the special coordinate system introduced by the (1 + 3) threading of
(M, g). The tangent vector field d/dt to C is expressed as follows:

d _dxi ) 5x° 9

= ——, 4.1
dt dt 8x 5t 9x0 “.D

where we put

Y ax? L, dx
R Sy
St dt dt
By direct calculations, using (4.1) and (3.4) we deduce that C is a geodesic of (M, g),
if and only if,

d2 k d idj 5 Od i ) 0,2
() ax * Sl ii(@lk + &2k + q)z(i) bk =0,
dr? Iodt dt St dt St
o ) 4.2)
®) d (Sxo) L 020 dx' dx’/ N SxO(b N )dx’ N (SxO)ZlI/ 0
i Gron Sij———— + (i +¢i)— — =0.
dr \ 8t Tdt dt 0 dr dt dt

We note that Eq. (4.2) represent the splitting of the fully general equations of motion
of the spacetime. We call (4.2a) the 3D equations of motion in the 4D spacetime
(M, g). It is worth mentioning that these equations are related to the equations of
autoparallel curves of the Riemannian spatial connection. To show this we introduce
a special class of geodesics in (M, g). A geodesic C of (M, g) is called a spatial
geodesic, if it satisfies one of the following conditions:

5x0 d dx'
Toor ) S22 43
@ % or O = e *+3)

Taking into account (4.2) and (4.3), we deduce that a curve C is a spatial geodesic,
if and only if, (4.3) and the following equations are satisfied:

@ d%xk N F*kdx" dx’
Y e odr dr

dxt dx/

b) O;—" =0
®) T dr dr

4.4)
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Now, we say that a curve C in M is autoparallel for the Riemannian spatial connection
V*, if it satisfies (4.3) and

VY, = =0. (4.5)

By using (4.3b) and (3.2a) into (4.5) we infer that C is an autoparallel for V*, if and
only if, (4.3a) and (4.4a) are satisfied. Now, from (3.4a) we see that

Kj=w;+ %0, (4.6)

can be thought as local components of the second fundamental form of SM. Then
we say that a curve C in M is an asymptotic line for SM if it satisfies (4.3) and the
following equation

dx' dx’
K;ji—— = 0. 4.7
Ydr dt “.7)

Taking into account that w; define a skew-symmetric spatial tensor field, and using
(4.6) into (4.7), we deduce that C is an asymptotic line for SM, if and only if, it
satisfies (4.3) and (4.4b). Summing up these results, we can state the following:

A curve C in a spacetime (M, g) is a spatial geodesic, if and only if, the following
conditions are satisfied:

(1) C is autoparallel for the Riemannian spatial connection.
(i) C is an asymptotic line for the spatial distribution.

5 Structure Equations for the Spatial Distribution

In this section, R stands for both curvature tensor fields of types (0,4) and (1,3) of
V, related by

RX,Y,Z,U)=gR(X,Y,U),Z).

Locally, R is completely determined by the following local components with respect
to the threading frame field {3/9x°, 8/8x'}:

) ) ) )
) ) 0 )
0 ) 0 )

Rijin = R(
Rion = R(

Rioro = R(
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Then, by direct calculations, using (3.4) and (2.4), we deduce that

(@ Rij = Rjyy, + (Oi + D i) (wjn + P> Op)
- (O + fpzwih)(wjk + 4572@]‘1(),
(b) Riokn = Oy, — Ouy, + Oircn — Oy
+ @2 {win, — wix), + Oincr — wgcn + 20mb;} (5.1
1
(©) Riowo = ¢2{bibk + E(bilk + by} + ¥ O — Ogo
— 0;0] — *wwl.
We call (5.1) the structure equations for the spatial distribution SM on the spacetime
(M, g). Note that these equations are obtained in the most general spacetime, that is,
SM is not necessarily an integrable distribution and § is not necessarily a unit vector
field. Such general spacetimes are intensively studied in perturbation theory (cf. [7,
11]), and the theory of black holes [3, 5].

In particular, suppose that £ is a unit vector field, that is, we have @2 = 1. Then
by using (2.5) and (3.5), we deduce that

0&;
W0 =0 bi=a=2 vie(l.2.3] (5.2)
ax9

Hence, in this particular case, the above structure equations become

(@) Ry = Rjyy, + (Ou + 0i) (O + wjn)
— (O + win) (O) + wji),
(b)  Riokn = win), — Wik), + Oiny, — Oy, + 20a;, (5.3)

1
(¢) Rioko = ajax + E(ai\k + @) — Oy — OuOf — wyw.

If moreover, SM is an integrable distribution, that is, the vorticity tensor field vanishes
identically on M, then (5.3) becomes

(@) Rin = Ry, + OuOj — Oy O,
(b)  Riown = Oy, — Opey,s (5.4)

1
(¢) Riowo = aiar + 7 (ai, + ax,) — O, — OuB].
Finally, note that (5.4) refers to a spacetime more general than the Friedmann—

Lemaitre-Robertson—Walker (FLRW) universe, where we have a; = 0 and 6; =
a(xo)hij.
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6 Ricci Tensor and Stress-Energy-Momentum Tensor

The purpose of this section is to express both the Ricci tensor of (M, g) and the
stress-energy-momentum tensor in terms of spatial tensor fields. First, we consider
an orthonormal frame field {E;} in I"(SM):

-4
and obtain X
hi = ZE;;E{;. 6.2)
k=1

The Ricci tensor Ric of (M, g) is given by (cf. [12], p.87)

3

: 9 3
Ric(X.Y) = > R(Ex.X.Ep.Y) @*2R(@, X o5 Y), (6.3)
k=1

forall X, Y € I'(TM). Then, by using (6.1)-(6.3), we obtain
(@) Ry =W Ry — @ *Riowo,  (b) Rio = W'Ryois,
‘ (6.4)
(¢) Roo = W'Rjop,

where we put

@ Ry=Ric(>. 2 ) Ro=Ric(>. 0
a ik =RKic\ —,— 1], 0 =K\ —,——=1,
k Sxi’ §xk 0 Sxi” 9x0

(C) R()() = Ric (i 9 ) .

9x0” 9x0

(6.5)

Next, by direct calculations using (5.1) and (6.4), we deduce that the Ricci tensor of
(M, g) is given by
. 1
(a) Ry = Rik — bib, — E (bi\k + bkli)
+ & 2O, + (O —¥)Ou},
(b) Ro =06} — 0, +06c;— Ol (6.6)
+ 02 [o] | + ol + 20}

(©) Rpo=—-6, —0;0"+we +&*{bb +V, + d*0?!,
lo ij 7 Iy
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where we put

50 30
x| x| 2

x = wqw’
Ry = W = wjw’.

N =

Taking into account (2.8b) and (2.8c), we deduce that
ij 2, 1o
where we put
o’ = aijo’f’ .
Due to (6.7), we see that (6.6¢) becomes
1 , ‘

0, =07 =302+ VO + ¢’ {6+, + 02} — R (68)
According to the usual terminology, we call (6.8) the Raychaudhuri equation for the
(1 + 3) threading formalism determined by the non-normalized timelike vector field
£ =10/0x".

Next, we express the local components of the stress-energy-momentum tensor 7'

with respect to a threading frame field, in terms of the quantities measured by an
observer moving with unit 4-velocity

u=o"! 9
- ax0’
First, we note that
p=T(u,u), (6.9)

is the relativistic energy density measured by the observer. Then, we put:

(a) T,»,-=T(‘S 5), (b) T,»0=T(i a),

Sxi’ 8 5xi” 9x0
X' ox X' dx (6.10)
© no=1(% )
00 — 3)60’ 8)60 )
and define
1 y
(a) pZETyh”, b) q=—-P T, (¢) mj=T;— phy. (6.11)

Note that ¢; and 7;; define spatial tensor fields of types (0, 1) and (0, 2), respectively.
Moreover, comparing with the quantities defined on [4, p. 92], it is easy to see that
p is the relativistic pressure, while ¢; and 7;; determine completely the relativistic
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momentum density and the relativistic anisotropic (trace-free) stress tensor field,
respectively. Finally, we conclude that the local components of the stress-energy-
momentum tensor field 7 with respect to the threading frame field {9/9x°, §/8x'},
are given by

(@) Tj=m;+phy, (b) To=—-Pgi () Too=P%p. (6.12)

7 The (1 + 3) Decomposition of Einstein Field Equations

Based on the (1 + 3) decomposition of both the Ricci tensor field and the stress-
energy-momentum tensor field from the previous section, we express in a simple
and elegant form the Einstein Field Equations (EFE).

Let the EFE given by (cf. [4, p. 65]):

1
Ric = 8wG(T — Tg) + Ag. (7.1)

where G is the Newton constant, A is the cosmological constant, and T is the trace
of T. Then, by applying the tensor fields to pairs of vector fields from the threading
frame field {9/9x°, §/8x'}, and using (6.12), we deduce that (7.1) is equivalent to

(@) Ry ={4nG(p —p) + Athy + 87w Gy,
() Ry =—-8nGdg;, (7.2)
(¢) Rop = P*{4nG(p + 3p) — A}.

Finally, using (6.6a), (6.6b) and (6.8) into (7.2), we obtain

1
(a) Ry —bib, — z(bnk + b)) + @O0 + (O — W) Oy}
—{47G(p — p) + Athy — 8w Gmy = 0,
(b) O — O+ Oc; — Ol + D*{w); + wle; + 2wlb) (7.3)
+ 81 GPgq; =0,

2, 1
(c) @|0+O' +§@ e 4C
— (pz{bjli + b + ®20? +4nG(p +3p) — A} =0,
where we put

b* = bl
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In spite of the huge literature on the (1 4 3) threading of spacetime (cf. [4]), the
Eq.(7.3), as far as we know, are stated here for the first time. This is because these
equations apply for any Lorentz metric regardless the threading vector field and the
integrability of the spatial distribution. Most of the literature on this matter presented
these equations in the case of a unit vector field & which is also hypersurface orthog-
onal. This particular case applies to the Friedmann—Lemaitre—Robertson—Walker
universe, but it fails in any attempt to study metrics given by (2.7), with @ # 0 and
o # 0. Such metrics are specific to both the black holes theory (cf. [3, 5]) and per-
turbation theory (cf. [7, 11]) where the splitting of the EFE given by (7.3) can be
easy handled into the study.
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Local Structure of Self-Dual Gradient
Yamabe Solitons
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Abstract We analyze the underlying structure of a pseudo-Riemannian manifold
admitting a gradient Yamabe soliton. Special attention is paid to neutral signature,
where a description of self-dual gradient Yamabe solitons is obtained.

Keywords Yamabe soliton - Self-dual metric -+ Walker structure - Riemannian
extension

1 Introduction

One of the central questions in modern Differential Geometry is the existence of
canonical metrics on a given manifold M. Inspired by the uniformization theorem
in dimension two, R.S. Hamilton proposed an approach to this problem based on
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parabolic partial differential equations. In general, the goal of geometric evolution
equations is to improve a given metric by considering the flow associated to a cer-
tain geometric object. Geometric flows have been applied to a variety of geometric,
topological, and physical problems. The Ricci flow is one of the most extensively
studied examples in the literature. One of its interests relies on the fact that, under
appropriate conditions, it evolves the initial metric to an Einstein one. Other exam-
ples of geometric flows include the mean and the inverse mean curvature flows of
submanifolds, the Kéhler-Ricci and Calabi flows of manifolds, and the Yamabe and
other conformal flows of metrics.

The Yamabe flow is an intrinsic geometric flow which can be interpreted as deform-
ing a Riemannian metric to a conformal one of constant scalar curvature. It was
introduced by Hamilton, shortly after the Ricci flow, as an approach to solve the
Yamabe problem on manifolds of positive conformal Yamabe invariant. Formally,
the Yamabe flow is defined by the evolution equation

il
5,80 =—T)g ), &)

where t(¢) denotes the scalar curvature of g(¢). The Ricci flow and the Yamabe
flow are equivalent in dimension n = 2, but they are essentially different in higher
dimensions [2]. In fact, while the Yamabe flow leaves the conformal class of g(0)
invariant, the Ricci flow generically deforms g(0) to a different conformal class.
Hamilton proved that the Yamabe flow has a global solution for every initial metric
[14], and conjectured that for any compact Riemannian manifold the unique solution
of the Yamabe flow converges to a metric of constant scalar curvature. Hamilton’s
conjecture was proven by Ye [24] in the locally conformally flat case (see [2] for
more information).

The genuine fixed points of the Yamabe flow are the metrics with zero scalar
curvature. However, there are other kinds of self-similar solutions that have received
attention in recent years, since they appear as possible singularity models. A family
of metrics g(t) = o (t)y,*g(0) solving (1), where o (¢) is a positive smooth function
and ¢, : M — M is a one-parameter family of diffeomorphisms of M, is said to be
a self-similar solution of the Yamabe flow.

Self-similar solutions of (1) are in one to one correspondence with Yamabe soli-
tons. As a matter of notation, a Yamabe soliton is a triple (M, g, X), where (M, g)
is a pseudo-Riemannian manifold and X is a vector field on M satisfying

Zxg = (t —1)g. (2)
Here 7 denotes the scalar curvature of (M, g), .Z is the Lie derivative and A € R.
Whenever the vector field X is the gradient of a potential function f, we say that

(M, g, f) is a gradient Yamabe soliton and for X = %Vf, Eq. (2) reduces to

Hess; = (t — A)g, 3)



Local Structure of Self-Dual Gradient Yamabe Solitons 27

where Hess; = Vdf is the Hessian tensor of f and V denotes the Levi-Civita con-
nection of (M, g).

It is important to emphasize that although the Yamabe flow is well-posed in the
Riemannian setting, the existence of (even short-time) solutions is not guaranteed
in the pseudo-Riemannian setting due to the lack of parabolicity of (1). However,
the existence of self-similar solutions of the flow is equivalent to the existence of
Yamabe solitons as in (2) (see [11]).

The main purpose of this work is to determine the local structure of self-dual
gradient Yamabe solitons (see Theorem4). As an application, we show the exis-
tence of self-dual gradient Yamabe solitons in neutral signature that are not locally
conformally flat (see Remarks 5 and 6).

2 Local Structure of Pseudo-Riemannian Gradient
Yamabe Solitons

We study the local structure of a pseudo-Riemannian gradient Yamabe soliton
(M, g, f) in general, without restrictions on the dimension or the signature, unless
specification on the contrary. We emphasize that the gradient Yamabe soliton equa-
tion (3) codifies geometric information about the structure of (M, g) by means of the
scalar curvature and the second fundamental form of the level sets of the potential
function f. The analysis of the level sets of f naturally splits into two different
cases. The first case corresponds to non-degenerate hypersurfaces (i.e., |V f] # 0),
and (M, g, f)iscalled anon-isotropic gradient Yamabe soliton. The second case cor-
responds to degenerate hypersurfaces (i.e., [V f|| = 0but Vf # 0), and (M, g, f)
is called an isotropic gradient Yamabe soliton. We analyze both cases separately in
what follows. When f is constant the Yamabe soliton is said to be frivial and will
be excluded from our analysis.

By contracting Eq. (3) one immediately obtains that (1/n)Af = v — A. This rela-
tion shows that the Yamabe soliton equation is a special case of the more general
Mobius equation

A
Hess; = ng. “)

As an application of (4) one gets that the level sets of the function f are totally
umbilical and the normalized gradient vector field V f/||V f|| is a non-null geodesic
vector field. Hence the integral curves of V f are (unparametrized) geodesics and
it follows from [20] that (M, g) has the local structure of a twisted product. Fur-
thermore one shows that the level sets of f are indeed spherical hypersurfaces to
get that the underlying structure of any gradient non-isotropic Yamabe soliton is a
warped product. (See [13, 15, 16] for a discussion of the local structure of pseudo-
Riemannian manifolds admitting a closed conformal vector field, and [22] for the
local structure of solutions of the M&bius equation).
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Theorem 1 Let (M, g) be a pseudo-Riemannian manifold. If (M, g, f) is a non-
isotropic gradient Yamabe soliton then (M, g) is locally isometric to a warped prod-
uct (—¢, &) X1 N, where (N, gy) is a pseudo-Riemannian manifold with constant
scalar curvature.

The potential function f of the soliton is related to the warping function ¢. In a
neighborhood of a regular point of f one has that ¢ = f', while a different relation
holds in a neighborhood of a critical point of f (see [15, 16]).

The local warped product decomposition in the previous theorem can be more
precise in a neighborhood of a critical point of the soliton function f. In such a case
the fiber (N, gy) is of constant curvature so that (M, g) is locally conformally flat
[15, 16].

Remark 1 In Riemannian signature a global structure result was given in [10] show-
ing that the local warped product decomposition is global in the complete Riemannian
setting.

Observe that if (M, g, f) is a gradient Yamabe soliton, then V f is a conformal
vector field. Moreover, if the scalar curvature is constant, then V f is a homothetic
vector field on (M, g). Hence, in this case, either Vf = 0 or (M, g) is flat in the
constant scalar curvature Riemannian setting.

Remark 2 An immediate application of the Theorem 1 shows that any pseudo-
Riemannian self-dual gradient Yamabe soliton is necessarily locally conformally
flat, since self-dual warped products are locally conformally flat [5].

Next, let (M, g, f) be an isotropic gradient Yamabe soliton (so ||V f| = 0 on an
open subset % C M). Then we have the following restrictions on the geometry of
(M, g).

Theorem 2 Let (M, g, f) be an isotropic pseudo-Riemannian gradient Yamabe
soliton. Then the scalar curvature of (M, g) is constant T = . and V f is a parallel
null vector field.

Proof Since ||V f|| = 0, it follows that

1
Hess;(X. V) = g(VxV [ V) =5Xe(V . V) =0

for any vector field X. Hence the soliton equation (3) implies T = A, thus showing
that the scalar curvature is constant and, moreover, that V f is a parallel null vector
field. O

Remark 3 Theorems 1 and 2 immediately apply to Lorentzian gradient Yamabe soli-
tons to provide a description of the local structure. Recall that a Lorentzian manifold
is called a Brinkmann wave if it admits a parallel null vector field X. In such a case
(see [3]), there exist coordinates (u, v, x', ..., x"2) so that
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n—2
g=2duodv+ Y gjdx odx’, (5)
ij=1

where dg;;/0v = 0 and the parallel null vector field is X = 9,. Hence X = Vv. In

conclusion, if (M, g, f) is a non-trivial Lorentzian gradient Yamabe soliton then if

it is:

(i) non-isotropic, then (M, g) is locally isometric to a warped product (—&, &) X
N, where (N, gn) is a pseudo-Riemannian manifold with constant scalar cur-
vature, and

(ii) isotropic, then (M, g) is locally isometric to a Brinkmann wave with coordinates
as in (5) and the potential function f is given by the coordinate function f = v.

Differently to the Riemannian case, Lorentzian gradient Yamabe solitons of constant
scalar curvature are not necessarily flat. Indeed, the existence of non-Killing homo-
thetic vector fields is not so restrictive in the strictly pseudo-Riemannian setting as it is
in the Riemannian one. This is due to the existence of pseudo-Riemannian manifolds
with non-zero nilpotent Ricci operators (observe that any homothetic vector field is
a Ricci collineation). See [9] for a classification of three-dimensional homogeneous
Lorentzian Yamabe solitons.

3 Self-dual Gradient Yamabe Solitons: Local Structure
and Examples

In this section we study self-dual gradient Yamabe solitons in dimension four. Since
any self-dual warped product metric is locally conformally flat [5], it follows from
Theorem 1 that any non-isotropic self-dual gradient Yamabe soliton is locally con-
formally flat. Moreover, any self-dual Lorentzian metric is locally conformally flat,
therefore in what follows we restrict to isotropic Yamabe solitons in neutral signa-
ture (— — ++). Our main result not only shows the existence of self-dual gradient
Yamabe solitons which are not locally conformally flat, but also provides the local
structure of the underlying manifold as we shall see in Theorem4.

Let (M, g, f) be a non-trivial isotropic gradient Yamabe soliton with pseudo-
Riemannian metric of neutral signature (— — ++). Since V f is non-zero and null,
there exist a unit timelike vector field e; and a unit spacelike vector field e3 such that
Vi =(1/V2)(er +e3).

Complete {e1, ez} to a local orthonormal frame {e;(—), e2(—), e3(+), es(+)},
where (£) indicates the causal character of e;. Consider now the locally defined
vector fields

1 1
—=(er+e), U=—F4

V=7 A

(e2 + es),
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and observe that Z = span{V f, U} is a totally isotropic distribution which is defined
locally.

As a matter of terminology, a pseudo-Riemannian manifold (M, g) is said to be a
Walker manifold if it admits a parallel null distribution (see [6] for more information
on Walker structures). We have the following result.

Lemma 1l Ler (M, g, f) be a non-trivial isotropic gradient Yamabe soliton with g
of signature (— — ++). Then the null distribution 9 = span{V f, U} is parallel and
hence (M, g) is a Walker manifold.

Proof First of all observe from Theorem?2 that the scalar curvature of (M, g) is
constant T = A and V f is a parallel null vector field. Now we consider the null
distribution & = span{V f, U} and show that it is parallel as follows. Since & is
totally isotropic and Z+ = 2 we see that VyU € Z:

0=XgWU.U)=12(VxU,U),
0=XgW.VSf)=g(VxU,Vf)+gWU.,VxV[) =g(VxU,Vf).

Therefore Vx 2 C 2 for all vector fields X, which shows that & is parallel. O

Self-dual Walker metrics are locally isometric to cotangent bundles over affine
surfaces [8]. In order to describe such metrics we briefly recall the following ter-
minology about the geometry of cotangent bundles and refer to [23] (see also [6])
for further details. Let 7*M be the cotangent bundle of an n-dimensional mani-
fold M and let w : T*M — M be the projection. Let p = (p, w), where p € M and
w € /\1 (T, M), denote a point of 7*M. Local coordinates (x%) in a neighborhood %
in M induce coordinates (x', x;/) in 7 =1 (%), where @ decomposes asw = > x;dx' .

For each vector field X on M, define a function (X : T*M — R by (X (p, w) =
(X ,). Expand X = X/9; and express tX (x;, xi) = > xy X' . The importance of
the evaluation functions [X relies on vector fields on 7*M being completely deter-
mined by their action on evaluations: if ¥, Z are vector fields on 7*M, then ¥ = Z
if and only if Y (tX) = Z(X) for all vector fields X on M. The above result allows
the lifting construction: for any vector field X on M, its complete lift X € is the vector
field on T*M characterized by the identity X€ (1.Z) = ([X, Z] for all vector fields Z
on M. The main significance of complete lifts of vector fields is that (0, s)-tensor
fields on T*M are determined by their action on complete lifts.

Next, let D be a torsion-free affine connection on M. The Riemannian extension
gp is the pseudo-Riemannian metric gp on 7*M of neutral signature (n, n) charac-
terized by the identity gp(XC, Y©) = —(VxY + Vy X). In order to express locally
the Riemannian extension, let D, d; = or jkak give the Christoffel symbols of the
connection D. Then:

gp =2dx' odxy — 2xp P Ii*dx" o dx’.

Riemannian extensions were originally defined by Patterson and Walker [19] and fur-
ther investigated in [1], showing the relation between pseudo-Riemannian properties
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of T*M with the affine structure of the base manifold (M, D). Let @ be a symmetric
(0, 2)-tensor field on M. The deformed Riemannian extension is the neutral signature
metric on 7*M given by gp.o = gp + 7 P.

Let T be a tensor field of type (1, 1) on M and define a 1-form T on 7* M which s
characterized by the identity (T (X€) = «(T X) . The modified Riemannian extension
is the neutral signature metric on 7*M defined by

8D, ®,T,S =T o LS +gD +7T*(D,

where T and S are (1, 1)-tensor fields on M and @ is a symmetric (0, 2)-tensor field
on M. In a system of induced local coordinates one has

gp.o1.s =2dx odxy + {%xr/xs/ (Ti’S‘; + TJ.’S;F) +®y(x) — 2xk/D1",-,’<} dx' o dx
(6)

Self-dual Walker metrics are obtained by a deformation of the modified Rie-
mannian extensions above. The following result gives a local description of self-dual
Walker metrics and provides a large family of examples of non-locally conformally
flat self-dual metrics.

Theorem 3 ([8]) A Walker metric in signature (— — ++) is self-dual if and only if
it is locally isometric to the cotangent bundle T* X of an affine surface (X, D), with
metric tensor

gp.o.1idx =X (dodd) + dd o'T + gp + 7* P,

where D, ®, T and X are a torsion-free affine connection, a symmetric (0, 2)-tensor
field on X, a (1, 1)-tensor field and a vector field, respectively.

As an application of the previous result and Lemma 1, any isotropic self-dual
gradient Yamabe soliton is a modified Riemannian extension gp ¢ 7 x. Moreover,
one has

Theorem 4 Let (M, g, f) be a non-trivial self-dual isotropic gradient Yamabe soli-
ton of neutral signature (— — ++). Then (M, g) is locally isometric to the cotangent
bundle T* X of an affine surface (X, D) equipped with a deformed Riemannian exten-
sion gp.¢. Furthermore, the potential function of the soliton is of the form f = fom,
for some function f on X which is affine, i.e., Dd f = 0.

Proof ByLemmal (M, g)isaWalker manifoldand V f € 2, where Z is the parallel
null distribution. By Theorem 3, (M, g) is locally isometric to the cotangent bundle
T* X of an affine surface and, moreover, the null distribution satisfies Z = ker ., (see
[8]). Now observe that the scalar curvature of the modified Riemannian extensions
gp.».7.id.x at Theorem3 is given by T = 12:X 4 3trace(7'). Hence, since the scalar
curvature of any isotropic gradient Yamabe soliton is constant T = A, it immediately
follows that the vector field X vanishes identically and, moreover, that trace(7T) = %)\.
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Let f:T*X — R be the potential function of the soliton. Since Hess; =0,
considering the components

82
H O,y Oy ,) = ———
ess(dy,, dy,) ox0%,
it follows that the function f is of the form
f=1Z+(fom) (7)

for some vector field Z on X and some function f Y > R

Assuming the vector field Z is not identically zero, choose coordinates on X
so that Z = 9,:. Since the potential function f is expressed as f(x!, x%, x;/, x2) =
x4+ f(x!', x2), its gradient becomes

Vf=08u+@af— 1), + @ef — D),

which is a contradiction since V f should belong to the parallel null distribution
2 = kerm, = span{dy,,, Oy, }.

Hence assume in what follows that the vector field Z is identically zero. Then (7)
reduces to f (', x2, xy, x0) = f (x!', x?) and the modified Riemannian extension
gp.o.7.id 18 locally expressed as

gD.&.T.id = 2dx' odxy + {%xr/xsr (TlrSj + Tjraf) + D (x) - 2P -k} dx' odx .

Note from [12] that one may choose appropriate coordinates on X so that © Ffl =0,
£ =1,2. Now, a long but straightforward calculation shows that the only non-zero
components of Hess ; are

Hess ¢ (.1, 9,1) = fi1 +xp T f + %le(xl/fz +x f1).
Hess £(3,2,0,2) = fan + 1 ( Xy T — 2D1"212) i+ (xl/Tzl +2xy TR — 2DF222) f'z) :
Hess (0,1, 0,2) = fia + § (2072 +x1 (T} +73) 4P 1) /o

+ (2601 +xp (1) +72) =42 1)) fi).

where the f;; = 8 f/dx'dx/ denote the partial derivatives of £, and the scalar cur-
vature satisfies T = 3(T}' + T;) = A.

A straightforward calculation from the previous equations (since the potential
function f is not constant) shows that the (1, 1)-tensor field T vanishes identically
(and so the scalar curvature and the soliton constant A do). Hence the metric reduces
to a Riemannian extension gp ¢ and the equations above become
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Hess ; (0,1, 0y1) = fw
Hess (0,2, 9,2) = fo — PI0L fi — PTA fo,
Hess (3,1, 0x2) = fio — PIj o — PIL fi.

These show that Hess; = 0 if and only if Dd f = 0. O

Remark 4 1f the Riemannian extension gp ¢ is locally conformally flat, then the
connection D must be projectively flat [1]. Therefore, if (X', D) is a non-projectively
flat surface, then the isotropic gradient Yamabe solitons constructed in Theorem 4
are self-dual but not locally conformally flat, in contrast with the non-isotropic case.

Furthermore observe that the construction in Theorem4 is independent of the
symmetric (0, 2)-tensor field @. Therefore, given any affine function f on (X, D),
its pull-back f = f o 7 defines an isotropic Yamabe soliton on (T* X, g p.¢) for any
symmetric (0, 2)-tensor field @.

Remark 5 Following the discussion in [4], one can obtain examples of affine surfaces
(¥, D) admitting non-constant affine functions f as follows. Let & be a solution of
the affine gradient Ricci soliton equation on (X, D) (i.e., Ddh + ,osl;m = 0, where
,osDym is the symmetric part of the Ricci tensor of (X', D)). Then for any affine-Killing

vector field & (i.e., £z D = 0) one has that f = £(h) is an affine function and hence
it defines an isotropic gradient Yamabe soliton on 7* X (see also [7]).

Examples of affine gradient Ricci solitons can be constructed on homogeneous
affine surfaces as follows. First of all recall from [18] that if D is a homogeneous
affine connection, then it is the Levi-Civita connection of a metric of constant Gauss
curvature or, otherwise, there are coordinates (x', x2) such that

(A) all Christoffel symbols are constants, i.e., ” 1'}’; = yi}‘ , yi}‘ e R, or
(B) all Christoffel symbols are of the form P I} = (1/x")y,}, v} € R.

The existence of affine Ricci solitons on projectively flat surfaces implies that
the Ricci tensor is degenerate, and hence D is flat if it is the Levi-Civita connection
of a surface of constant curvature. By contrast, affine connections as in (A) admit
non-trivial affine gradient Ricci solitons if and only if the Ricci tensor is of rank one.
Connections of type (B) also admit non-trivial affine gradien Ricci solitons as shown
in [7].

Remark 6 Let D be an affine connection with symmetric Ricci tensor of rank one
and such that the kernel of p? is parallel. There exist adapted coordinates (x', x?)
where the only non-zero Christoffel symbols are [17]

brl and Pr),, where 9.°r} =0. (8)

Moreover, it follows that the only non-zero component of the Ricci tensor is given by
pP(8,2,82) = 3P, — 3221, — (PI'},)? and the connection D is projectively
flatif and only if 9% ,PT7), = 0. A straightforward calculation shows that a function
f(xl, x2) is affine if and only if (see [4])
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(DA f)(@01,80) = fir, (D)@, 02) = fio = "I i,
(DA f) (@2, 02) = for =PI fi s

SO f(xl, x3) =x"h(x?) + fz(xz). Then the above equations reduce to
B (x?) =PrhahHha?), () = ()Pl x?) — x'h ().

Working with the previous equations and the expression of the Ricci tensor, one has
that the compatibility condition (3,1 (h(x?)? lez (x', x?) — x'h"(x%)) = 0) reduces to
h(x?)pP (3,2, 8,2) = 0. This shows that /(x?) vanishes identically in a neighborhood
of any point where D is non-flat. Hence the potential function of the soliton is of the
form f(x!, x2) = ax? + B if the connection D is non-flat (o, B € R).

If the connection D is flat (in which case P, (x!, x?) = x'(PIrL(x?) +
D r(x?)) + of (x?) for some function o7 (x?)), then

Fet x?) = x'h(x?) + h(x?),

where .
Wa? =PrheHea?y, '@ =haH)d ().

In any of these cases the Riemannian extension results in a self-dual isotropic gradient
Yamabe soliton (T* X, gp ¢, f o m), which is notlocally conformally flat for generic
P.

4 Conclusion

The analysis of the local structure of gradient Yamabe solitons shows that any non-
isotropic (i.e., |V f| # 0) self-dual gradient Yamabe soliton (M, g, f) is locally
conformally flat. However isotropic examples (i.e., ||V f|| = 0) that are not locally
conformally flat exist in the neutral signature case and they are realized on the
cotangent bundle of affine surfaces that admit non-constant affine functions.
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Abstract We describe some recent results concerning the inverse curvature problem,
that is, the existence and description of metrics with prescribed curvature, focusing
on the low-dimensional homogeneous cases.
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1 Introduction

Geometric properties of a pseudo-Riemannian manifold (M, g) are encoded in its
curvature, and usually expressed by some conditions on the curvature tensor itself.
Starting from the metric tensor g, the curvature tensor R of (M, g) can be completely
determined. The inverse problem, namely, to determine a pseudo-Riemannian man-
ifold with assigned curvature, is known as the prescribed curvature problem, and
it has been extensively studied. In this framework, two distinct problems naturally
arise:

(i) Existence results: necessary and sufficient conditions for an assigned two-form
on a manifold to be (locally) the curvature form of a pseudo-Riemannian metric.
(ii) Explicit examples of such a metric.
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The study of the first problem led to local existence theorems under very general
hypotheses (see for example [6-11, 14] and references therein). In particular, as
proved by DeTurck [6-8], if a symmetric (0, 2)-tensor & is analytic in a neighbor-
hood of a point xg € R" and " (xy) exists, then there exists an analytic metric g,
of any desired signature, such that % = p is the Ricci tensor of g in a neighborhood
of xo. The Bianchi identity

Bian(g, %) = & (Bump — 3Ravm) = 0

yields some restrictions for the 2-forms admissible as curvature forms. It is worth
to emphasize the physical meaning of such restrictions. In fact, Bian(g, #) =
—div(GZ), where G is the gravitation operator Gh = h;; — % 8ij (g% hyp). In particu-
lar, Gp is the stress-energy tensor in Einstein’s theory of gravitation [6].

In this framework, low-dimensional cases have some special properties. In fact, in
dimension three every 2-form with values in a semi-simple Lie algebra is generically
the curvature of a connection form locally [9, 10, 14]. Moreover, in dimension four,
Bianchi’s identities can be eliminated for a large class of Lie algebras (which strictly
includes the semi-simple ones). Curvature forms can be then characterized as the
solutions to a second-order partial differential system, which was proved in [11] to
be formally integrable.

On the other hand, even in special cases, as in low dimension and for particularly
simple forms of the curvature or the Ricci tensor, the second problem is still open
(up to our knowledge). Moreover, it is a natural problem to look for homogeneous
metrics of prescribed curvature, since they are the homogeneous models for metrics of
the same dimension. Also with regard to the existence problem, the above cited Refs.
[9-11, 14] showed the special role played by homogeneous examples (in particular,
Lie groups and the corresponding Lie algebras).

In this framework, the three-dimensional case acquires a peculiar relevance, for
several reasons. First of all, in dimension three the Ricci tensor completely determines
the curvature. Moreover, a connected, simply connected, complete three-dimensional
homogeneous manifold is either symmetric or isometric to some Lie group equipped
with a left-invariant metric (we may refer to [13] for the Riemannian case and [1] for
the Lorentzian one). Finally, with the obvious exceptions of R x S? (Riemannian)
andR; x S? (Lorentzian), three-dimensional connected simply connected symmetric
spaces are also realized in terms of suitable left-invariant metrics on Lie groups [2].

In this note we will illustrate how three-dimensional locally homogeneous
Lorentzian metrics on R? were constructed in [3] for all admissible Ricci opera-
tors, that is, for all real-valued matrices which can occur as the Ricci operator of a
homogeneous Lorentzian three-manifold. To do so, we introduce a system of partial
differential equations, whose solutions determine explicitly these Lorentzian met-
rics. Then, solutions are presented for proper Lorentzian models, that is, Lorentzian
homogeneous three-spaces which do not have any counterpart in Riemannian geom-
etry, since their Ricci operator is not diagonalizable. We also mention the fact that
explicit examples for the wider class of curvature homogeneous Lorentzian three-
manifolds were constructed in [4, 5], proving that for all Segre types of the Ricci
operator, there exist examples of curvature homogeneous Lorentzian metrics in R3.
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2 Locally Homogeneous Lorentzian Three-Manifolds

Let (M, g) be a connected Lorentzian three-manifold. We denote by V the Levi-
Civita connection of (M, g) and by R its curvature tensor, taken with the sign con-
vention R(X, Y) = Vix,y; — [Vx, Vy].Sincedim M = 3, Ris completely determined
by the Ricci tensor p, defined by p(X, Y), = Z?zl &ig(R(X, e)Y, e;), where {e;} is
a pseudo-orthonormal basis of 7,M and &; = g(e;, e;) = %1 for all i. Throughout the
paper we shall assume that e; is timelike, that is, & = g, = —&3 = 1.

Because of the symmetries of R, the Ricci tensor p is symmetric. Consequently,
the Ricci operator Q, defined by g(0X,Y) = p(X, Y), is self-adjoint. Thus, in the
Riemannian case there exists an orthonormal basis diagonalizing Q, while for a
Lorentzian manifold there exists a suitable
pseudo-orthonormal basis {e], e3, e3}, with ez timelike, such that Q takes one of
the following forms, called Segre types:

a00 a 00

Segretype {11,1}: [ 060 |, Segretype {1zz}: [0 b ¢ |,
00¢ 0-cb

a0 o0 ba-a
Segretype {21} : [ 0 b ) , Segretype {3} : [ @b 0
0—eb—2¢ a0 b

If (M, g) is curvature homogeneous (in particular, locally homogeneous), then its
Ricci operator Q has the same Segre type at every point p € M and there exists (at
least, locally) a pseudo-orthonormal frame field {e;} such that Q is given by one of
the expressions above, for some constants a, band ¢. As in [1], we now put

Ve = Z%‘b_fké’k’ (D
k

for all indices i, j. Clearly, the functions b}k determine completely the Levi-Civita
connection, and conversely. As Vg = 0, we have

b = —bj’:k, (in particular, b

J ’ // =0) (@)

for all i, j, k. We now put

VS R TR SR S S SR SR S
bip=a bz =P byy=y, bjp =« biz=u, bjz=v, by =0, bj3 =1, bz =1.

3)
By (1)-(3) we get

[e1,e2] = —ea ey —kex + (ey —p)e3, ler,e3] =—Bel —(y +0)ey —7e3, @)
[ex.e3] = (e0 —p)ep —vey — ey es.
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Conversely, the functions (b;k) are determined by (4) via the Koszul formula [12].

A locally homogeneous Lorentzian three-manifold admits (locally) a pseudo-or-
thonormal basis {e;}, such that (4) holds with constant connection functions c, . . . , .
Starting from (4), we compute the curvature components with respect to {e;} and,
by contraction, the Ricci components. We get

pi1 = —a? — k> + Py —yutoly —w +pE—1*—yo +ay +puly —o), (5
pp=—a? — k> + By —yutoly — ) +12 92—kt +po +y(u+o), (6)
p33 = B2+ +yo —ay —uly —o) = v+ 92 4kt —po —y(u+o), (7)
p12 =By +0o) +v(y —o) —t(a+ ), 8)
p13 = —a(p+o)—vk —1) —Y(u—o), 9)
p3 =B —v) +K(y +un) —tly —u. (10)

For the components of the covariant derivative of p with respect to {e;}, we find

Vipj = — Z (8jb;,p,k + 8kB;;tptj) : (b

t

Observe that the connection functions «, ..., ¢ are not all independent. In fact,
since (M, g) is locally homogeneous, its scalar curvature r = tr p is constant. The
well-known divergence formula dr = 2 div p (see [12]) then implies Zj Vip; =0,
for all i, which, taking into account (11), gives some restrictions for the connection
functions.

We end this section with the following classification result.

Theorem 1 ([1]) A three-dimensional connected, simply connected complete homo-
geneous Lorentzian manifold (M, g) is either symmetric, or M = G is a Lie group
and g is left-invariant. Precisely, one of the following cases occurs:

(I) If G is unimodular, then there exists a pseudo-orthonormal frame field {e;},
with es time-like, such that the Lie algebra of G is one of the following:

a1 ler,e2] = aey — Pes, [e1, e3] = —ae) — Pea, ez, €3] = fer +aey +ae3, a #0.  (12)
If B #0, then G is §Z(2, R), while G = E(1, 1) when 8 = 0.

9 ler, 2] = —yer — Bes, [e1, e31 = —Ber +yes, [er, e31 =aer, y #0.
In this case, G = S‘Z(Z, R) ifa #0, while G = E(1, 1) ifa = 0. 1

93: [er,ex]l = —vyes3, [er,e3] =—Bes, [er,e3] =aey. (14)

The following Table 1 lists all the Lie groups G which admit a Lie algebra g3, accord-
ing to the different possibilities for o, B and y :
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Table 1 3D Lorentzian Lie groups with Lie algebra g3
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Lie group (o, B, Y) Lie group (o, B, Y)
SL(2,R) (+.+.+) E(1,1) (+.—.0)
SL(2,R) (+.—-) E(1, 1) (+.0,4)
SU(2) (+,+,—) H; (+,0,0)
e (+.+.0) Hy 0.0, -)
E(2) (+,0,-) R (0,0,0)
Table 2 3D Lorentzian Lie groups with Lie algebra g4

Lie group o B Lie group o B
(=1 (e=-1)

SL(2,R) #0 #1 SL(2,R) #0 #—1
E(1, 1) 0 #1 E(1, 1) 0 £—1
E(1, 1) <0 1 E(1,1) >0 -1
EQ) >0 1 EQ) <0 -1
H; 0 1 H; 0 -1

g4 ler, e2]l = —ex + (26 — Bles, [er, e3]l = —Pes +e3, [er, e3] = aer, € = £1.

Table 2 describes all Lie groups G admitting a Lie algebra g4.

15)

(Il) If G is non-unimodular, there exists a pseudo-orthonormal frame field {e;},
with es time-like, suchthat @ + & # 0andthe Lie algebra of G is one of the following:

gs :[e1,e2] =0, [e1, e3] = ey + Bep, [er,e3] = yey +8ep, ay +B5=0. (16)

g6 -

g7 :—le1, ea]l = [e1, e3] = ey + Bep + Bes,

[ea, e3] = ye1 4+ 8ex + Se3, ay =0.

3 The Basic System of Equations

le1.e2] = aep + Be3, [e1,e3] =yer +8e3, [e2,e3]1 =0, ay —B8=0.(17)

(18)

We shall express Eqgs. (5)—(10) via a system of PDE’s, whose solutions give explicitly
locally homogeneous Lorentzian metrics on R* with the required curvature.

Fix a point p € M and consider a pseudo-orthonormal frame field {e;}, satisfying
(4) for some constants «, . . ., ¥. Choose a surface S through p transversal to the lines
generated by e3, a local coordinates system (w, x) on S and a neighborhood U, of p,
sufficiently small that each g € U, is situated on exactly one line generated by e3 and
passing through one point g € S. Choose an orientation of S and define the coordinate
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function y in U, as the oriented distance of g from S along the corresponding line,
thatis, y(q) = dist(q, 7 (gq)), where  : U, — § is the corresponding projection. We
also define w(g) = w((q)), x(¢) = x(;t(q)). In this way, a local coordinate system
(w, x,y) is introduced in U,. Observe that e3 = 9/dy and the coframe {w, w;, w3}
of {ey, e, e3} must take the form

o' = Adw + Bdx, * = Cdw + Ddx, ®° = Gdw + Hdx+dy,  (19)

for some functions A, B, C, D, G, H. Next, we introduce the connection forms w} =
> sjbjkwk, which completely determine the Levi-Civita connection, because V,,e;
=> wj’-‘(ei)ek, for all i, j. Moreover, from (1) we easily get

a)j’ + sieja)f =0 (20)
for all i, j (in particular, wf = 0 for all i). The structure equations for a)} give

do' + > i nw =0, 1)

J
for all indices i. The curvature forms .Qj’ are completely determined by
—dQ} = dwl + D" o} Aok (22)
k

By the definition of the Ricci tensor and taking into account (20) and (4), we obtain
that (22) is equivalent to

da)é —i—a); A a)g = —Rp12 o' Aw? — 023 o' Ao + o13 @ A (,()3,
da)31 +a)% /\a)% = 03 o' A @? + Ri313 o' Ao’ — P12 o> A a)3, 23)
dw% —i—w% A a)é = —p13 o' Aw? — £12 o' Ao’ + Ro303 PN

We then use (19) in (21). Also taking into account (3) and the divergence formula,
we obtain that (21) is equivalent to the following system of nine PDE’s:

Ay =BA+ (n+0)C, B, = BB+ (1 +0)D,
C}/, =(y —0)A+vC, D;, =(y —o)B+vD,
G, =—-1tA—-vyC, H", =—tB— YD,

B, ~A =a9—BE—(u+0)F, D,—C.=«D—(y—0)E —vF,
H, -G, =—(y -2 +1E+y 7,
(24)
where 2, &, F are auxiliary functions, defined by

9 =AD — BC, & = AH — BG, Z = CH — DG. (25)



The Prescribed Curvature Problem in Low Dimension 43

Observe that, because of (19), Z = AD — BC # 0 is a necessary and sufficient con-
dition for linear independence of the «'. Starting from the connection functions b;k of
(M, g), by (24) we determine the functions 4, . .., H and so, explicit Lorentzian met-
rics on R3, with the same Levi-Civita connection of (M, g). Conversely, ifA, ..., H
are known, then by (24) we can determine bjk.

‘We now express the curvature conditions (23) using (19). Taking into account that
the connection functions are constant, one can easily prove that (23) is equivalent to
the following system of algebraic equations:

(U3 +R212)Z + (V3 + p3)E + (W3 — p13).7 =0,

Uy = p23)2 + (V2 = Ri313)E + Wa + p12) # =0,

(Ui +p13)2 + (Vi + p12)& + (Wi — R3p3).F =0,

(V3 +023)A+ (W3 —p13)C =0, (Vz+ 023)B+ (W3 —p13)D =0,
Vo = Ri3i3) A+ Wa + 012)C =0, (Vo —Rp313)B+ (Wa+ p12)D =0,
Vi + p12)A+ (W) — Ra3p3)C =0, (Vi + p12)B + (W) — Ryzp3)D =0,

where we put

Uy=aly +n) —«(B—v) =¥y —wn),
Vi=—-B(y+o)—vy—o)+tl@a+y),

Wi =—v>+9° +«k1—po —y(u+o),
Uy=a(B—v)+«ly +pn)—tly —pn),
Vi=—p2+1 —ay +yo —uly —o), (26)
Wo=—-B(n+o)—vin—0)—v¥k+1),
Us=a>+k>—pv+yu—o(y —u),
Vi=—-Bla+y)—«ly—o)+t(y +o),

Wi =—a(p+o)—vk —1) =¥ (u—o).

Comparing (8)—(10) with (26), we easily get V| + pjp =0, U, — pp3 = 0 and W3 —
p13 = 0. Hence, Eq. (26) reduce to

(Us +Ri212)Z + (V3 + p3)& =0, (V3 + pp3)A =0,

(V2 = Ri313)8 + Wy + p12).# =0, (V3+ p23)B =0,

(Va = Ri3i3)A+ Wa+ p12)C =0, (Vo —Ri313)B+ Wa+p12)D=0, (27)
(U1 4 p13)2 + Wy — Rp3p3).F =0, (W) — Ry33)C =0,

(W1 — R323)D = 0.

In this way, we have proved the following result.

Theorem 2 Given alocally homogeneous Lorentzian three-manifold (M, g), having
X = (p;j) as the matrix of Ricci components with respect to a suitable
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pseudo-orthonormal frame {e;}, letA, B, C, D, G, H be smooth functions on (w, x, y),
satisfying the systems (24) and (27). Then, (19) determines a locally homogeneous
Lorentzian metric g on R3, locally isometric to (M, g) (in particular, having the same
curvature).

4 Explicit Lorentzian Metrics in R? with Prescribed
Curvature

For each of the homogeneous models described by (12)-(18), we can now solve sys-
tems (24) and (27), providing explicit Lorentzian metrics on R which have exactly
the Ricci tensor of the corresponding model. Curvature equations are remarkably
simpler when the Ricci tensor is diagonal. This special case has been studied in [4].
Hence, we focus here on all the remaining cases, which do not have any correspon-
dence with the Riemannian case. The Ricci tensor of all 3D Lie groups equipped with
a left-invariant Lorentzian metric was calculated in [2] and can be easily obtained
by direct calculation starting from (12)—(18). According to the results of [2], non-
diagonal cases occur for the Lie algebras g, g2, g4 and g7.

(g1) Comparing (12) with (4), we find that the connection functions of a locally
homogeneous Lorentzian three-manifold described by (12) are given by

a:ﬂ:—v:gﬁ:—a, )/:—[L:—Uz—g, K=T=0, (28)

where a # 0 and b are constant. Straightforward calculations (see also [1]) show that
the Ricci tensor at any point is given by

—% —ab ab
Hi = | —ab =24 — % 2a% . (29)
ab 2a* % —2a?

On the other hand, because of (28), Eq.(26) reduce to

Ui =—ab, U,=2d, Uy =2d*+ 2,
Vi=ab, Vi=-2E+Y%, Vi=ab, (30)
W1 = %2, W2 = Clb, W3 = ab.

By (29) and (30) it follows at once that all Egs. (27) reduce to identities, that is,
under the assumption (28), the curvature conditions (27) are identically satisfied.

We now turn our attention to the connection equations (24). Again by (28), we
obtain that (24) reduces to
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Al = —aA +bC, B, = —aB + bD, Cy = —bA +aC,
D), = —bB + aD, G, =aC, Hy, = aD, €29
B, — A, =—-a%+a& —bF, D, — C, =b& —aF, H), — G, =b% —aF.

One can now find explicit solutions of the system (31). Different kinds of solutions
are obtained according to the different possibilities for the sign of a> — b>. Some
explicit solutions of (31) are resumed in the following

Theorem 3 Let a # 0 and b be two real constants and %, any symmetric real
matrix described by (29). Then, (19) determines a family of (locally isometric) locally
homogeneous Lorentzian metrics on R3[w, x, v] having %, as the Ricci tensor at any
point, where the functions A, B, C, D, G, H are the following:
(i) When b # 0 and a*> — b*> > 0, we put n = /a? — b2. Then

A = f cosh(ny), B = 0sinh(ny),

C = }f (acosh(ny) + nsinh(y)) . D = }0 (ncosh(ny) + asinh(yy)) .
G = f-f (1cosh(ny) + asinh(ny)) — 7-f;,

H = {46 (acosh(ny) + nsinh(n)) ,

for a real constant 6 # 0 and f(w, x) = a;(w) cos(bbx) + a,(w) sin(bOx), where
ai, ay are two arbitrary one-variable functions. Corresponding solutions are found
in [3] in the cases a®> = b* and a* — b* < 0. In all the cases, the corresponding
Lorentzian metric is defined in the open subset of R® where f # 0.

(ii) When b = 0:

A=ayw)e ™, B=byx)e ™, C=G=cow)e?, D=H =dyx)e?,

where ay, by, cg, dy are arbitrary one-variable functions. The corresponding Loren-
tzian metric is defined in the open subset of R3 where ag(w)dy(x) — bo(x)co(w) # 0.

(g2) The remaining cases can be treated similarly to the case g; above. So, for any
of them, we shall only report the Ricci components, the equations for the connection
functions and some explicit solutions. In the case of g,, we have

2

—C 220 0
Rr = 0 %2 —ab c(a—2b) |, (32)
0  cla—2b) —% +ab

for three real constants a, b, ¢, and
Ai =aC, B; =aD, C)/, = —bA,
va = —bB, G/y =CA, H}/, = ¢B, (33)
B,—A.=—a%#, D, —C.=c2+b&, H,—G,=bD—cé.

We present some solutions of (33) in the following
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Theorem 4 Given three real constants a, b, ¢ and any symmetric real matrix %,
described by (32). Then, (19) gives a family of (locally isometric) locally homoge-
neous Lorentzian metrics on R3[w, x, y] having %, as the Ricci tensor at any point,
where the functions A, B, C, D, G, H are the following:

If —ab < 0, we put n = ~/ab. Then

A=fcos(ny), B=~6sin(ny), C = —1f sin(ny),
D=10cos(ny), G=fsin(ny) —g.fl, H=—560cos(ny),

wheref(w, x) = a;(w) cosh(y/02(b? + c?)x) + ap(w) sinh(y/02(b2 + ¢?)0x),0 £ 0
is a real constant and ay, ay are two arbitrary one-variable functions. The Lorentzian
metric is defined on the open subset of R> where f # 0. Corresponding solutions were
found in [3] in the cases ab < 0,a =0, b = 0.

(g4) For alocally homogeneous Lorentzian three-manifold described by (15), the
Ricci components are given by

2

-z 0 0
2

Fo=| 0 L +2e(a—b)—ab+2  a+2(e—b) .69
0 a+2% —b) —C +ab+2—2eb

for two real constants a, b, and connection equations (24) become

A; =aC, B; =aD C: = —bA,
D, = —bB, G, = A, H, =B, (35)
B,—A.=—a¥%#, D, ,—-C.,=92+b&, H,—G.=b-27—¢.

Some explicit solutions of (35) are given in the following

Theorem 5 Given two real constants a, b and any symmetric real matrix %, as
in (34). Then, (19) describes a family of (locally isometric) locally homogeneous
Lorentzian metrics on R3[w, x, y] whose Ricci tensor at any point is %4, where the
functions A, B, C, D, G, H are the following:

If ab < 0, we put n = /—ab. Then,

A =fcosh(ny), B=0sinh(ny), C = If sinh(ny),

D = 19 cosh(ny), G= %fsinh(ny) — ﬁ . H=6cosh(ny),

where

a;(w)cos(|0(b + &)|x) + a;(w) sin(|60(b + &)|x) if b # —e,
TV =1 4w + ax(w) i b= —e,
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for a real constant 0 # 0 and two arbitrary one-variable functions ay, a,. The
Lorentzian metric is defined in the open subset of R? where f # 0. Corresponding
solutions were found in [3] in the cases ab > 0,a =0, b = 0.

(g7) Consider a locally homogeneous Lorentzian three-manifold locally described
by (18). Then, the Ricci components are given by

—< 0 0
ad—az—bc+ﬁ a® —ad + be , (36)

0
0 a® —ad + be ad—az—bc—§

where a, b, ¢, d are four real constants satisfying ac = 0.
If ¢ = 0, then, (24) reduces to

A’_aA B/_aB,
C/ =G, =bA+dC, D’ H;| _bB+dD, (37)
B’—A’_a@—aé” D’—C’ -G, =b2 —-b& —dF,

while if ¢ # 0, then a = 0 and the system (24) reduces to

Al =cC, By—cD
C’ —G/ =bA+dC, D= H/ —bB+dD (38)
B’ —A’——CJ D’ —C/ -G, =b7 —b& —dF.

Some solutions of (37) and (38) are given in the following

Theorem 6 Given three real constants a, b, d and any symmetric real matrix 97
described by (36). Then, (19) gives a family of (locally isometric) locally homoge-
neous Lorentzian metrics on R3[w, x, y] having %7 as the Ricci tensor at any point,
where the functions A, B, C, D, G, H are the following:

(I) When ¢ = 0:

A =agw)e?, B = by (x)e?,
C =G = e®(cow) + Lyagw)e@=DY), D = H = e (do(x) + Lo (x)el@=DY),

where ag, by, co, dy are arbitrary one-variable functions. The Lorentzian metric is
defined in the open subset of R? where ag(w)dy(x) — bo(x)co(w) # 0.

(I) When a = 0 # c: if A = d*> + 4bc > 0, let . # A, be the solutions of \* —
d) — bc = 0. Then,

A =kj(w)eMY + ky(w)er?y, B = h|(x)eMY + hy(x)e*2Y,
C =G = Lhimre"Y +ka(wroe*?), D = H = {(h ()11 + hy(0)2e™2),
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where ki, ky, hy, hy are four arbitrary one-variable functions, and the Lorentzian
metric is defined on the open subset of R3 where ki (W)hy(x) — ko(w)h; (x) # 0.
Corresponding solutions exist when A = 0 and when A < 0 (see [3]).
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1 Introduction

In [3], the authors proposed a new formulation of the Euler—Poincaré reduction
scheme in principal bundles by a subgroup of the structure group by means of a canon-
ical reduction morphism. More precisely, given a Lagrangian density Lv defined in
the fiber bundle J' P of 1-jets of local section of a principal G-bundle v : P — M,
invariant under the action of a closed subgroup H C G, the corresponding variational
problem projects to (J! P)/H which can be identified to

(J'P)/H—C(P) xy (P/H)
ilsly = (Lils)e, [s()1w)

where (J!P)/G = C(P) — M is the bundle of connections of P. This reduced
problem is thus defined on connections o € I'(M, C(P)) and H-structures s €
I'(M; P/H) by a Lagrangian density /v, the projection of Lv, the constraints
Curvo = 0 and V5 = 0, and the representation in connections and H -structures
of infinitesimal gauge transformations n € I" (M, g) as the set of admissible infini-
tesimal variations (§ — M being the adjoint bundle).

Due to the gauge functoriality of the curvature and the covariant derivative, given
an admissible section (o,5) € I'(M, C(P) xy (P/H)), i.e., a section satisfying
Curvo = 0and V°§ = 0, the 1-jetextension j! (8o, 85) of an admissible infinitesimal
variations (8o, §5) are tangent to the submanifold

S ={jl(0,5) : Curve =0,V75 =0} Cc J'(C(P) xn (P/H))

along j'(o, 5). Therefore, we obtain a subspace of the space of admissible infini-
tesimal variations along an admissible section of the Lagrange problem defined in
JUC(P) xp (P /H)) by the reduced Lagrangian /v and the constraint submani-
fold S (see [5, 6] for a recent geometric version of the Lagrange problem). In other
words, we can canonically associate to the Euler—Poincaré reduction by a subgroup
of symmetries, a Lagrange problem the critical sections of which define a subset
of the set of solutions of the Euler—Poincaré equations of the original variational
problem. We think that the study of this situation is of interest in the framework of
the Euler—Poincaré in fiber bundles.

In [2] we first tackled this study in the case H = G, where the reduction morphism
is J'P — (J'P)/G = C(P) and no H-structures occur. The reduced problem is
defined on connections o € I'(M, C(P)) with the constraint Curvo = 0. In the
work we now present, we study the case for arbitrary H in Mechanics, that is, when
M = R. Note that, in this situation, the condition Curvo = 0 is trivially satisfied and
the only constraint is Vs = 0. In particular, from the local expression of V75, the
problem of Lagrange can be seen as an optimal control problem where the dynamic
variable is the H structure 5 and the control variable is the connection o (see [1,
5] for the notions on optimal control problems). We also study the regularity and
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the Hamilton—Cartan—Pontryagin formalism of the problem, with the conviction that
these results will shed light to the general case with arbitrary manifold M.

The structure of the work is as follows. In Sect. 2, we give the local expressions of
some basic operators appearing in the Euler—Poincaré reduction framework that will
be useful in the following. In Sect. 3, we state the problem of Lagrange associated
to an Euler—Poincaré reduction by a subgroup of symmetries, putting emphasis on
its nature of an optimal control problem, with dynamical variable s and control o.
In Sect.4 we compare the solution of the Lagrange problem obtained with Lagrange
multipliers with the solutions of the Euler—Poincaré equations of the initial reduced
problem. Section 5 gives the Hamilton—Cartan—Pontryagin formulation of the prob-
lem. Finally, Sect. 6 applies the results to the case of the heavy top, an example where
in addition, we describe the symplectic structure of the set of solutions in the zero
level set of the vertical component of the angular momentum.

2 Some Local Formulas

Let 7 : P — R be a principal bundle with structure group a Lie group G with
Lie algebra g. Let H C G be a closed subgroup with Lie algebra b, and let
my : P — P/H be the H-principal bundle over P/H, which in addition can be
identified to the associated bundle P x (G/H) — R with respect of the natural
left action of G on G/H. Let V(P/H) C T(P/H) be the bundle of vertical vector
fields tangent to the fibers of P/H — R. Following [3] (Sects.2 and 3), given an
infinitesimal gauge transformation n € I' (R, g), understood as a G-invariant ver-
tical vector field in P, we denote by np,y € I'(P/H, V(P/H)) its projection by
. Given a section (o, §5) € I'(R, C(P) xgr (P/H)), the infinitesimal transforma-
tions 80 = P,(n) and 85 = P;(n) induced along (o, 5) by the infinitesimal gauge
transformation n € I' (R, g) reads as

80 =Ps(n) =Vone MR, 0*V(C(P)), 8 =Ps(n)=np/g € l"R,5V(P/H)).
We note that the operator P; is surjective and its kernel is
kerP; = {n € (R, §) : n(x) = [u, Blg with [u]yg = 5(x) and B € h}.
In addition, we have the isomorphism
5°Hh= ker P;
[u, Bly > [u, Blg

where h — P/H is the adjoint fiber bundle of the principal H-bundle P — P/H.

Let P =R x G — R be a trivialization of P.If {By, ..., B,,},m =dim G, is a
basis of g, then {5‘1, el 1§m} is a basis of the C*°(R)-module of section of § — M,
where B, is the infinitesimal generator of the flow ((7, g), €) — (¢, exp(¢By)g) in P.
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In addition, every G-invariant vector field in P canbe writtenas D = f9/dt + g% By,
for f, g% € C*(R). In particular, we can introduce coordinates in C(P) — R as

0 d ~
—)=—+A()B P
Vi (8t) 8t + (y[) 3} Vi € C( )a

where we understand y; as the horizontal lift y; : TR — T P of the connection y; in
the point ¢ € R. Given a connection o € I' (R, C(P)), the connection 1-form along
the trivial section of P =R x G is

wy = —(A% 0 0)dt @ By,

from where we deduce (see, for instance, [7], Sect.5.6) that for all n = n“B, €
'R, g)

dn® -~ [
Py(n) =V = (d—”tB — (Ao o)’ [Bp. Ba]) ® dr. (1)

On the other hand, let P/H = R x (G/H) — R be the trivialization induced by

P=RxG e R in P/H.If (y'), 1 <i <r, are coordinates in G/H, then the
vector fields (By) p/g in P/H can be expressed as

(Bu)p/n = wid e C™(G/H). 2)
o)P/H o ay] ’ o

In this situations forevery s € I'(R, P/H) and every n = n® éa € I'(R, g), we have

; ad
Ps(n) = (mp/m)s = n*(¥] o3) (W) 3)

Finally, from the definition of covariant derivative of a section 5 with respect to a
connection o (see [3]), we have

o 3 b 9 9 o ja
V§)58 = ds 5) E—i_(A OU)W(XW :
9 d(yos 0 d ; 0
=_+(y—OS) — __—(A"‘oa)(lllofof) —
ot dt ayl ). ot ayl /s

_ (M — (A® oa)w,j) (i) ,
dt ayl 5

o= d(yjof)_ @ g jos i
vs_(—dt (A%oo0) (¥ s))dt@(ayj)i. 4)

so that
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3 The Optimal Control Problem

We begin with the Euler—Poincaré reduction in a principal G-bundle 7 : P — R
by a closed subgroup H C G. We then consider the Lagrange problem defined in
JY(C(P) xr (P/H)) by the reduced Lagrangian density /d¢ and

S =1{j/(0,5) 1 (V75)(t) = 0} C J'(C(P) xr (P/H))

as constraint submanifold. From Eq. (4), we can locally characterize S as the set
where the functions

@l =3 —AWI(y, ..., y)=0, 1<j<r (5)

vanish, where (¢, A%, y/, A*, y/) are coordinates in J'(C(P) xg (P/H)) induced
by the coordinates (¢, A%, y/) of C(P) xg (P/H). Equation(5) suggest that the
problem of Lagrange can be seen as an optimal control problem where the dynamic
variable is § € I'(R, P/H) and the control variable is 0 € I'(R, C(P)). Following
[6], the set of admissible sections is

¥ ={(0,5) € ['(C(P) xg (P/H)) :im j'(0,5) C S},

that is, V?s = 0, condition which can be locally written as a system of first order
differential equations

(d(yj °§)
dt

o i S 9
(A%00) (¥] o s)) dr® (W)g =0. (6)

Similarly, given an admissible section (o, §) € ¥, the admissible infinitesimal trans-
formations along (o, 5) are sections

(80,85) e T'(R,o*V(C(P)) x §*V(P/H))
such that j! (8o, 85) is tangent to the constraint manifold S along j' (o, §). We denote

by T(,.5)7 the real vector space of all these infinitesimal transformations. This space
is locally characterized by the following set of first order linear differential equations

G owd 55— (500 (W o5 | d I _
i oo G es)et —aorwlon |are (557) =0

)

The main result of this section is the following:

Theorem 1 (80, 85) € T(o.5 7 if and only if there exist an infinitesimal gauge trans-
formationn € I'R, §) and a 1-form w € I' (R, T*RQ5*h) such that
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8o =Vin4+w, 8= Op/m)s, ®)

where f~) — P/H is the adjoint bundle of the principal bundle P — P /H.

Proof As the operator P; : I'(R, g) — I'(R, 5*V(P/H)) is surjec~tive, there exists
n € I'(R, ) suchthat P;(n) = (np,n)s = 85.From(3)andn = n%Be, n* € C®(R),
we locally have

9
35 = Mp/u)s =1 (WOS)(8 ])

If we substitute this expression in (7), we have

_[dwrwdosy _ e 0wl N Bk - -
0= | 4u" (A ocr)(ayk os)n W 03) — (50)* (¥ 05) dr®(3ﬂ)

[ (0l 5) v (2 05) 25— g (2 05) o
(55)“(wfos)]dt®( 1)
= _% (11/0{0 ) (

~60)*d o9) | d1 @ (57).

5
) P oo)Whof) — (A% ooy (‘;’J

) (Wh o3)

v J
v, _
- (W’o?)—{—y]ﬂ(AVoa)(ayk lpf—ay{q/g)os

—~60)* Wi o 5)ar® (3) .

where we have taken into account the constraint condition Vs = 0 given in (4). On
the other hand, from (2), we have

- . g ow
[Bg, Bylp/n = (Ff‘l’f F ‘l’k) F7

so that
0= ((TBQ) — nP(AY 0 0) By, éy]P/H) ®di - (60)B.), ®@dr
P/H B P/H
=P;(Von —é0).
Hence, V°n — §o € ker Py, that is
w=Vn—8c € I'R, T*RR5*D).

Conversely, it is clear that any choice of n and w gives a variation (§o, §5) €
T(O',f)/y'
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Corollary 1 The admissible infinitesimal transformations along an admissible
section (0,5) € V of the Euler—Poincaré reduction coincide with the subspace of
T(o.5)Y of those (80, 85) such that Eq.(8) are satisfied with

w=V°, <¢elR 5. 9)
Proof For those transformation there must exist n’ € I' (R, g) such that
So =Vin4+w=Voy, 8 =pm)s= (77,1:/1{)5,

and then, ¢ = n' —n € I'(R, E*E) satisfies V? ¢ = w and conversely.

As a consequence of this Corollary, the critical section of our optimal control
problem are also solutions of the Euler—Poincaré equations, but the converse is not
true in general. We now explore with more detail this fact on the set of solutions of
the optimal control problem obtained through the method of Lagrange multipliers.

4 The Rule of Lagrange Multipliers

Let Ey be the induced fiber bundle over ¥ = C(P) xr (P/H) from the vector
bundle £ = T*R ® pyy V(P/H) and E 1y the induced bundle over J'Y from Ey.
The constraint submanifold S C J'Y of the described above can be seen as the
preimage of zero of the section @ € I'(J'Y, Eiy) defined as

[ON Jl Yy — E_]ly

Ji(0.5) = (VE5),.
Following [6] and denoting for simplicity by E all these induced vector bundles, we
consider the free variational problem defined on J'(Y xy E*) by the Lagrangian

density
[dt = (I + %o @)dt,

where A € I'(J' (Y xy E*), E*) is the section induced by the trivial section
.1 -
(i (0,5)s €(o)500) = Clon.50)
and o is the duality bilinear product.

Locally, if 1;, 1 <i < r, are the induced coordinates in E* by the coordinates v,
1<i<r,of G/H, we have

[=10t, A% y) + im (yl' - iA“%(y’)) : (10)

i=1 a=1
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As itis well known, the critical sections (o, §) of this problem are “regular solutions”
of the optimal control problem under study (for the Lagrange multipliers rule, see
[5, 6]). Under this perspective we have the following result:

Theorem 2 The Euler—Lagrange equations of the variational problem defined on
JYY xy E*) by the Lagrangian density ldt = (I + A o ®)dt are

Vo5 =0, (11)
sl
P Pia =0, (12)
o
sl
P;F —div’Pir =0, (13)
)

where (0,5,1) € T(R,Y xy E*), P} : (R, 5*V*(P/H)) > 'R, TR ® §*) is
the adjoint operator of Ps : 'R, T"R® g) > 'R, s*V(P/H)) and §l/c €
'R, TR® g*), 8l/85s € '(R,5*V(P/H)) are the vertical differential of | for o
and s respectively.

Proof According to (10), the local expressions of the Euler—Lagrange equations are

dy/ ay
dt ZA wj =0, (14)
ol
YU Z)‘«ilpai =0, (15)
al
a7 z "‘ A =0, (16)

1 <i,j<r,1 <o <n.Equation(14) is the local expression of (11). With respect
to Eq. (15), it can be written as

al ~, Jd =~
0= Bﬁ®—,Ba®d2‘ Z)»dy@ (B )P/Hy—i®dl‘

9AP P By ,
5l - ~ T

= (. B, ®dt —<A,Pg(Ba)®dt>= 2 P By ®dt),
do do

which gives (12) as B, is arbitrary. Finally, for (16), taking into account that
P;: TR, T*"R® g) — (R, 5*V(P/H)) is surjective, it is equivalent to

22zt

B ayf dt
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for any n = n“ Ba, that is,

ol
oy’

di, L
2 Wﬂj_Z(d_ by — LAY )—01
J J a

for 1 < B < n. The first term in this expression is

ol
Byf

al d
Z g = Z<—dy (B )P/Hy —>
j

ay’ oy
— <%,PE (éﬁ)> <PX ::{,Bﬂ>

With respect to the second term, a computation similar to that of Theorem 1 gives

di; aalpw
> (o - sa )
d g - . en |
=2 |:— ()»j(Bﬂ)P/Hyj) — D> AjA%[Bg, Ba]P/Hyj]
7 Ldt a
— div(, P; B) — <x, P, (V"Bﬁ»

= div(P{ %, Bg) — (PT, V7 Bg)
= (div’ (P{ 1), Bg).

As Bﬂ is arbitrary, we get (13).

Given a solution (o, 5,A) € I'(R,Y xy E*) of the Euler-Lagrange equations
(11)—(13), we can take the divergence operator in the second and substitute in the
third so that we have

8l n 8l Lol
0 =div’ — — div’ (P A) = div’ - Py —,

o S0 8s
which, together with Vs = 0, are the equations of the Euler—Poincaré reduction
(see [3], Sect.3.2). We thus have that any solution of the optimal control problem
obtained through the Lagrange multipliers is also a solution of the Euler—Poincaré
reduction. The converse need not be true.

S Hamilton-Cartan—-Pontryagin Formulation

Taking into accountA(IO), the local expression of the Cartan form (see [4]) of the
Lagrangian density /dt reads
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ol , . . R
@idt = Za—yl (dyl — _)‘)ldt) + ldt
= Z)\, (dyl — )'/id[) + (l + Z)\, (yl — ZAalI/m)) dt
=>ndy — Hdt,

where '
H=>1AY,; —1(t, A%, y’) 17

i

is the Pontryagin Hamiltonian of our problem. From here we see that the Cartan form
©y,, 1s projectable to ¥ xy E*.
On the other hand, Euler-Lagrange equation (12) defines a closed subset W C
Y xy E* fibering over R for which the following notion of tangent space can be
givenatw € W
T,W = (D, € T,(Y xy E*) : D, 1, = 0},

where I,, is the ideal of germs in w of functions in C*(Y xy E*) vanishing on W.
In terms of the Pontryagin Hamiltonian (17), the local Euler-Lagrange equa-
tions (14)—(16) read as

dy' 0H

—_— =, (13)
dt oA;

oH _ 0 (19)

dA*

dA; oH

Lo (20)
dt ay!

withl <« <n,1 <i < r.Inparticular, the subset W is the locus where 0H/0 A* =
0, 1 < o < n, so that for every w € W we have

T,W ={D, € T,(Y xy E*) : D,, (0H/3A%) = 0,1 < o < n}.

A key point in our results relies in the following condition of regularity.

Definition 1 A Lagrangian density [dt is said to be regular if for every w € W C
Y xy E*, the polarity Dy, — ij d©;,, is injective on the set of vertical vectors

D, e T,W.
If
D () e () ?
w =da b Ci\ —/—
ayi ), dA ) ari /),
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belongs to the kernel of the polarity, that is

0=1ip dOy, =ip (zxi Ady' —dH A dt)
= (cidy' —d'dx;) — (D, Hydt,

and then a' =¢; =0 and ﬁW(H) =>,bY(0H/IA*) (w) = 0. Substituting in
ﬁw (0H/0A%*) = 0 we have

0°H
B _
> (aAaaAﬂ)(w)b =0, l=as=n

and the polarity is injective if and only if

det (—7H ) Z et o £0 @1)
Noavaar ) = N\ acaar

along W C Y xy E*. In particular, condition (21) implies that W is a submanifold
of dimension 2r + 1 with local coordinates (z, yi, Ai), 1 <i <r, and parametric
equations

t=t, ¥y =y, h=k, A=ACY, M),

by virtue of the Implicit function Theorem applied to the constraints 0H/9d A% = 0,

l1<a<n.
From this fact we have that the next two 1-forms

(dt, Oy lw = D hidy' — H|Wdt)
i=1

on W C Y xy E* define a cosymplectic structure with which the Euler-Lagrange
equations of the Lagrangian density /dt in J'(Y xy E*) can be characterized as
follows:

Theorem 3 (Hamilton—Cartan—Pontryagin formulation) There exists a unique vec-
tor field D in the bundle W — R such that

ipd®;,lw =0, D) =1.

The integral curves of D are the solutions of the Euler—Lagrange equations (11)—(13).
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6 Application to the Dynamic of the Heavy Top

Inthiscase P =R x SO(3) > Rand H = SO(2) Cc SO3)and SO(3)/SO(2) =
S2. Thereduced fiberbundle Y = C(P) xp (P / H) can be written as the fiber product

(R x T*R®s0(3)) xg (R x $%) =R x (s0(3) x §?) — R.
Therefore, sections (o, 5) of this bundle are of the type
(0.9)1) = (1, £2(1), A1)
for curves

2:R = s50(3) = R,
A:R— S?CR?,

where the identification s0(3) = R? is the standard one

0 c—-b
(a,b,c)r> | —c 0 a
b—a 0

Following [3], Sect. 5, the constraint V°s = 0 reads as
dA
E(t) + 2@) x A@) =0, (22)

where x stands for the cross product in R3.

On the other hand, taking into account that I'(R, 50(3)) = C™(R, s0(3))
and I'(R, §*V(P/H)) = I'(R, A*T S?), the operators P, : C*(R, s0(3) = R?) —
'R, AT S?) and Pj TR, A*T*S?) - C®(R, s0(3)* = R?) are

P,()=Axn, PiT=-AxT. (23)

In particular
kerPy = {a()A@) : at) € CT([R)}.

Therefore, the 1-forms w mentioned in Theorem 1 have the expression
w=at)A@)®dt, a(t) € C*(R). (24)

Taking the infinitesimal variations (8) for the Lagrangian density /dt as n € I'(R,

$0(3)), with compact support, and @ = 0, we obtain the Euler—Poincaré equations.

For n =0 and w as in (24), with a compactly supported, we have the additional
equation
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8l
—, A)=0, 25)
so

which gives the zero level set of the vertical component of the angular momentum
of the heavy top. Recall that this component is a first integral.

With respect to Corollary 1, Eq.(9) has always a solution. In fact, given w =
a()A(t) ®dt, if £ = b(t) A(t) satisfies V°¢ = w we have

dbA
(%—i—ﬂ be)@dt:(aA)@dt,

and taking into account (22)
db .
E(t) =a(t), thatis, b(t) = /a(t)dt + K,

for certain constant K € R.

Hence, the admissible infinitesimal variations of the Euler—Poincaré reduction
of the heavy top coincide with those of the associated optimal control problem.
But this does not mean that both problems define the same critical curves because
solutions of the optimal control problem satisfy the additional Eq.(25). The point
is that the coincidence in the set of admissible infinitesimal variations becomes a
proper inclusion when taking compactly supported variations to define the critical
curves.

From (22) and (23), Eqgs. (11)—(13) obtained as the result of the rule of Lagrange
multipliers for the heavy top read

dA
P ioxa=o, (26)
dt
o Axn)®di=0 7
- X —
582 ’
Ax A L2 X (Ax ) =0 (28)
A T ar o A XA =5

where we have used the expression for the divergence operator div’

div°® (s ® %) = % + 2 xE  EeC®R,s03)" =RY).

Substituting Eq. (27) in Eq. (28), we get

d (1 +.Qx81+Axal—O
dr \ 582 582 SA

which, together with (26), are the Euler—Poincaré equations of the heavy top.
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On the other hand, multiplying Eq. (27) by A, we obtain Eq. (25) and conversely.
Therefore, the solutions of the optimal control problem defined by the rule of
Lagrange multipliers are the solutions of the Euler—Poincaré equations lying on the
zero level set of the first integral (6//52, A), the vertical component of the angular
momentum.

Finally, due to the identification ¥ = R x (s0(3) x S?) — R we have

Y xy E*¥ =R x (s0(3) x T*S?) — R,

so that, according to the local expression of Sect. 5, the Cartan 1-form ®;,, projects
in this case to the following 1-form on R x (s0(3) x T*5?)

©®;,, =0 — Hdt,
where 6 is the Liouville 1-form on 7*S? and H is the function
H@, 2,1) = (A, Py(2)) =1 = (A, A x 2) — 1.

Furthermore, if the problem is regular in the sense of Definition I, we can locally
solve for £2 in the equation d H /952 = 0 defining the submanifold

W C R x (s0(3) x T*S?),

as 2 = 2(t, A, 1), and we have a local diffeomorphism ¥ : R x 7*S?> — W such
that
VO lw = 0 —H(t, 2(t, A, 1), hdt.

The case where the diffeomorphism is global (that is, hyper-regularity) is of special
interest. This situation occurs for the standard Lagrangian of the heavy top

I = 3(12,2) —mg(A, x),

where I is the inertia tensor of the body, (-, -) is the standard inner product in R3, and
X is the vector joining the fixed point of the heavy top with its center of mass. In this
case the equation dH/9£2 = Oreads [£2 = A x A, and hence 2 =1"'(1 x A). We
can thus state Theorem 3 as follows:

Solutions of the Euler—Lagrange equations (26)—(28) of the heavy top are the
integral curves of the Hamiltonian vector field Dy on (7*S?, df) defined by the
Hamiltonian

H=1I"0xA), (hx A) —mg(A, x),

where d6 is the canonical symplectic form of the cotangent bundle.

Acknowledgments Both authors have been partially supported by project MTM-2010-19111
(Ministerio de Ciencia e Innovacién, Spain).



Euler—Poincaré Reduction by a Subgroup of Symmetries ... 63

References

1. Bloch, A.M.: Nonholonomic Mechanics and Control, Interdisciplinary Applied Mathematics,
Systems and Control, vol. 24. Springer, Berlin (1988)

2. Castrillén Lépez, M., Garcia Pérez, P.L., Rodrigo, C.: Euler-Poincaré reduction in principal fiber
bundles and the problem of Lagrange. Differ. Geom. Appl. 25(6), 585-593 (2007)

3. Castrillon Lopez, M., Garcia Pérez, PL., Rodrigo, C.: Euler-Poincaré reduction in principal
bundles by a subgroup of the structure group. J. Geom. Phys. 74, 352-369 (2013)

4. Garcfa, P.L.: The Poincaré-Cartan Invariant in the Calculus of Variations. In: Symposia Mathe-
matica, vol. 14, pp. 219-249. Academic Press, London (1974)

5. Garcia, P.L.: Sobre la regularidad en los problemas de Lagrange y de control 6ptimo, Actas del
Simposio en memoria de J.B. Sancho Guimera. Ediciones de la Universidad de Salamanca (in
press)

6. Garcia, PL., Garcia, A., Rodrigo, C.: Cartan forms for first order constrained variational prob-
lems. J. Geom. Phys. 56, 571-610 (2006)

7. Koszul, J.L.: Lectures on fibers bundles and differential geometry. In: Lectures in Mathematics,
vol. 20. Tata Institute of Fundamental Research, Bombay (1965)



Morse Families and Lagrangian
Submanifolds

Marco Castrillon Lopez and Tudor S. Ratiu

Dedicated to Jaime Muiioz Masqué on the occasion of his 65th
birthday.

Abstract This short note presents a comprehensive and pedagogical study of the
results in [6] on Lagrangian submanifolds in cotangent bundles 7*X defined by
Morse families S : B — R for arbitrary submersions B — X.

Keywords Symplectic manifold - Lagrangian submanifold - Morse family

1 Introduction

Lagrangian submanifolds play an essential role in the study of symplectic manifolds,
either from a pure mathematical point of view or, in geometric mechanics, when
applied to the Hamiltonian formulation of the equations of motion. With respect to
the latter, Lagrangian submanifolds naturally appear, for example, as singularities
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in ray optics or the level sets of the functions in involution for integrable systems
in the Liouville sense. With respect to the former, there are many concepts that
can be regarded as Lagrangian submanifolds of cotangent bundles endowed with
the canonical symplectic form, such as symplectomorphisms or closed 1-forms,
identified with their graphs. From this point of view, the specific case of exact 1-
forms is particularly interesting and is exploited in the geometric formulation of the
Hamilton-Jacobi theory.

Recent renewed interest in the Cotangent Bundle Reduction Theorem and its
applications to mechanical systems (see, e.g., [1, Theorem 4.3.3 and Sect. 4.5]) and
the structure of coadjoint orbits (see, e.g., [4]), a reduction theorem for Hamilton-
Jacobi theory by a group of point transformations under certain invariance hypotheses
(see [4]), and our own attempts to find a general reduction theory for the Hamilton-
Jacobi equations, led us to review some very interesting old ideas of Alan Weinstein
presented in his well-known lectures [6]. The most general Cotangent Bundle Reduc-
tion Theorem can be found in Lecture 6 of these notes; it is a vast generalization of
the usual Cotangent Bundle Reduction Theorem at the zero value of the momentum
map. He also describes there families S : N x X — R of functions, where N is
a manifold of labels, when studying Lagrangian submanifolds of 7*X. In fact, the
setup is completely general and is given by a function S is defined on a manifold
B and an arbitrary submersion B — X. Under suitable topological conditions, he
calls these functions S Morse families and studies their properties. Undoubtedly, the
results of [6] have been the inspiring source for many subsequent works and are a
classical contribution to symplectic geometry.

The goal of this short note is to give a comprehensive and pedagogical presentation
of the results in [6, Lecture 6] concerning reduction by a coisotropic regular foliation
and Morse families. We believe that a more elaborate, complete, and self-contained
presentation of these, apparently forgotten, ideas and proofs in [6], is helpful and
may turn out to be crucial for future investigations in Lagrangian submanifolds and,
in particular, the Hamilton-Jacobi theory in the context of reduction by a group of
symmetries.

Notations and conventions. Unless otherwise indicated, all objects are smooth.
The Einstein summation convention on repeated sub- and super-indices is used. If
E — Q is a vector bundle over the smooth manifold Q and E* — Q its dual,
(-,+) 1 E* x E — R denotes the standard fiberwise duality pairing. Given a smooth
manifold Q, 7o : TQ0 — Q and mp : T*Q — Q denote its tangent and cotangent
bundles. If (ql, ..., q") arelocal coordinates on Q, the naturally induced coordinates
onTQand T*Q aredenoted by (¢!, ..., 4", ¢", ..., ¢ and (¢', ..., 4", p1, ..., Pn),
respectively, i.e., any tangent vector v, € T,Q is written locally as v, = qia%_ and
any covector a, € T,;Q is written locally as &, = p;dq'. If Q and P are manifolds
andf : Q — Pasmoothmap, Tf : TQ — TP denotes its tangent map, or derivative.

The canonical, or Liouville, one-form 6y on T*Q is defined by 6p(ey) (V) :=
(eg: To, o (Vay,)) for any g € Q, oy € TrQ, and V,, € T, (T*Q). The canonical
symplectic two-form on 7*Q is defined by wp := —d6fyp, were d denotes the exterior
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derivative. In standard cotangent bundle coordinates, we have 6y = p;dq' and wg =
dq' A dp;, where A is the exterior product on forms (with Bourbaki conventions).

2 Coisotropic Reduction of Conormal Bundles

We recall standard terminology from symplectic geometry. If (P, ®) is a sym-
plectic manifold (i.e., the two-form w on P is closed and non-degenerate) and
E C TP is a vector subbundle, its w-orthogonal vector subbundle is defined
by EX = {veT,P | w(p)(u.v) =0, Yu € E,, ¥p € P}. The vector subbundle
E C TP is called isotropic (coisotropic), if E € E*+ (E 2 E'). The vector sub-
bundle E is called Lagrangian, if it is isotropic and has an isotropic complementary
vector subbundle F, ie., F C FL and TP = E & F. Thus, E is Lagrangian if and
only if E = E* if and only if E is isotropic and its rank is half the dimension of P. In
addition, its isotropic complement F is actually Lagrangian. The vector subbundle
E is symplectic, if w restricted to E x E is nondegenerate. Thus, E is symplectic if
and only if E @ E* = TP. The same terminology is used for vector subbundles of
TP restricted to a submanifold of P.

A submanifold M C P is called isotropic (coisotropic, Lagrangian, symplectic) if
its tangent bundle is isotropic (coisotropic, Lagrangian, symplectic) in the restriction
(TP)y of the tangent bundle TP to M. For example, a submanifold M is isotropic if
and only if t*w = 0, where ¢ : M — P is the inclusion. A submanifold M of P is
Lagrangian if and only if :*® = 0 and dim M = % dim P.

Let X be a manifold and w : B — X a smooth submersion (possibly a fiber
bundle). Since 7 is a submersion, it is open and hence 7 (B) is an open subset of X.
Let mg : T*B — B and mx : T*X — X be the cotangent bundle projections. The
conormal bundle to the fibers wg|y, : Ny := (ker Tw)° — B is the vector subbundle
of T*B consisting of all covectors annihilating ker 7'r, i.e., the fiber (N, ), of N, at
b € B is the vector subspace (Ny);, := {a € T;B | {atp, vy) = 0, Vv, € ker Tjmr}.
The upper circle on a vector subspace denotes its annihilator in the dual of the ambient
vector space.

Lemma 1 The conormal bundle to the fibers N, C T*B is a coisotropic submanifold
with respect to the canonical symplectic form on T*B.

Proof Let n = dimX, n + k = dim B. Since 7 is a surjective submersion, it is
locally expressed as a projection, i.e., around every point b € B there are coordinates
(x! I ..., d") on B such that 7 has the expression

L. XN a
n(xl,...,x”,al,...,ak)z(xl,...,x").

In these coordinates, we express an arbitrary covector oy, € T, B as

abzpldxl—i-n-—i—p,,dx”—i—alda] +~~+akdak, PlseesPny ¥,y ...,0 €R.
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In these coordinates,

ker T = span [%, R —] ,
and hence oy, € N, if and only if

o =p1dx1 + o 4 ppdx”,

that is, N, is locally defined by the equations «; = --- = o = 0, i.e., the local
expression of N, is

Ny ={&' ....x"a".....d"pi,....p.0,...,0) e R"}. (1)

This shows that N, is a submanifold of 7*B of dimension 2n + k, whose tangent
space at any «;, € N, is expressed locally as

d d 0 d d
T4,Nr = span .

S T e, s ey 2
ax"’ da! dak’ 9p, opy @

axl,...

Let wp € £2%(T*B) be the canonical cotangent bundle symplectic form which, in
these local coordinates, has the expression

wp =dx' Adpy + -+ dx" Adp, +da' Aday A+ -+ dd" A day.

Using (2), the wg-orthogonal complement of 7,, N, (taken fiber-wise) is easily cal-
culated in these local coordinates to be

(T,,Nz)* = span 9 9 (3)
wNa ) = SP dal’ " dak |-
Thus, (TD,bNﬂ)L C T,,Ny, which shows that N is coisotropic in 7*B. U

The local expression of (TN)* C T(T*B) implies that the vector subbundle
(TN,)* isintegrable. This is a general fact, namely, the tangent bundle of a coisotropic
submanifold is an integrable subbundle of the tangent bundle of the ambient sym-
plectic manifold (see, e.g., [6, Lecture 3] or [1, Proposition 5.3.22]). Denote by JI{[J-
the foliation in T*B defined by the integrable vector subbundle (7N, )*. From now
on we assume that 4.1 is a regular foliation, i.e., its space of leaves N/ A is
a smooth manifold and the canonical projection p : Ny — N /A.% is a smooth
submersion; this uniquely determines the manifold structure on the space of leaves,
assuming it exists.

By (3), in local coordinates, the leaf of the foliation .#/* containing the point

1 1 k
(x(),-"s-xgsa()v-"saOs(pl)()"-'v(pn)Ovos'-"O)ENH
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is given by

1 n 1 k 0 0 1 k R 4

{(xg, . .vxg,a,....a, (Po, -, Pr)0,0,...,0)|a,...,a €eR}). (4)

Therefore, the projection p : Ny — N /A4.* has the local expression

lo(xla-"v'xnvalv-‘~7ak7p17--‘»pn705”-70): (x15'~-’xn5pl5"'7pil) (5)

and hence (x', ..., x", D1, - .., Pn) are local coordinates on N, / J{TL (remember that
N, /e/ifTL is, by assumption, a manifold).

By the Coisotropic Reduction Theorem (see, e.g., [6, Lecture 3] or [1, Theo-
rem 5.3.33]), the quotient N, /.4, has a canonical symplectic form w,, uniquely
characterized by p*w, = (*wp, where ¢ : N, < T*B is the inclusion.

Proposition 1 ([6], Lecture 6) The following statements hold.
(i) Let

7 T*X = {(b. Bx) | b € B. Bxsy € TiyX} 3 (b, Bzwy) —> b€ B

be the pull-back bundle to B of the cotangent bundle T*X — X by w. The
map & : Ny — n*T*X given by E (ap) 1= (b, ﬂﬂ(h)), where aj, € (Ny)p =
N NT;B and Bu) € T;(h)X is defined by (,Bn(b), Tbrr(v,,)) = (o, vp) for all
vy € T,B, is a vector bundle isomorphism. Its inverse 5~ : m*T*X — Ny is
E71D, Brwy) = By o Ty,

(ii)  Define the submersion @ : w*T*X — T*X by 7 (b, Bxw)) = Brw)- Then, for
any ap € Ny, we have Ty, & ((Ta,]Nn)l) = ker Ty, 7, recall that (TO[,,N,,)l is

the tangent space at o, to the fiber of the foliation A containing o

(iii)  The integral leaves of the foliation JI@J‘ in Ny, are images under 5" of the
connected components of the fibers of T : T*T*X — T*X.

(iv)  The map @ : NJT/L/KIl — T*X defined by @ ([ap]) := T (E (ap)) is well-
defined, a local diffeomorphism, and a symplectic map.

(v) The map @ is surjective if and only if w is surjective. The map ® is injective

if and only if the fibers of w over 7 (B) are connected.

(vi)  If  is surjective and has connected fibers, then @ (N,r J AL, wﬂ) —
(T*X, wp) is a symplectic diffeomorphism.

The spaces and maps involved in this proposition are summarized in the commutative
diagram below. The first vertical arrow is only a surjective submersion, whereas the
second, third, and fourth are vector bundle projections.
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]
N/%J- <;)o]\77r — (keI‘TT[)O EHT[*T*X ﬁ—> T*X
l ”BlNﬂl l ﬂxl

(6)

Point (vi) of this proposition is a vast generalization of the Cotangent Bundle

Reduction Theorem ([1, Theorem 4.3.3], [4, Chap. 2]) at the zero value of the

momentum map. Finding a similar generalization of this theorem for any value

of the momentum map would be very interesting and relate to the general reduction
procedure for Hamilton—Jacobi theory.

Proof (i) The map & : N, — n*T*X is well defined. Indeed, any tangent vector
in T X is necessarily of the form 7,7 (vp,) for some v, € T,B because 7 is a
submersion. If 7,7 (v) = Tpm(v)) for vy, v, € TpB, ie., v, — v, € ker T, then
(ap, vo — v},) = O for any &, € (ker Tm)° C Ny. This shows that (e, v) = (s, V)
thus proving that = is well defined.

We compute the local expression of Z. If

n 1

ot;,:(xl,...,x ,a ,...,a",pl,...,pn,O,...,O):pldx1+~--+p,,dx”GN”,

and E((Xb) = (bv ﬂ?f(b))’ with ﬂﬂ(b) = (xls e ’xnv iy eon, rn) = rldxl +-- '+rnd-xn9
then choosing and arbitrary vector

LA S RN LY ¥
VvV, = U —— u — y — V— s
b ox! dx" da! aak ~ "

we have
ri' + -+ " = (Bay, Tow ) = (atp, vp) = pru' + -+ + puut”

for any w, ... u"eR ie., Brw) = pldxl + -+ -+ p,dx". This shows that, choosing
the standard cotangent bundle coordinates on 7*X,

n

Ex, ... x"a,....,d"p1,...,pn) = . x ,al,...,a”,pl,...,pn), (7
that is, & is the identity map in these coordinate systems. Thus, Z is smooth and,
from the very definition of &, it is a vector bundle morphism.

The smooth vector bundle morphism 7*T*X > (b, Br4)) —> Brw) © Tpw € Ny
is easily verified to equal &~ ! : 7*T*X — N,,i.e., 87! (b, Bxw)) = Bxwy o Tpm, as
claimed in the statement.

(ii) Work with the same coordinate systems (x', ..., x")onX, (x', ..., x", a', ..., d)
onB,and (x',...,x",d',..., a',pi,...,pp)onboth N, C T*B and n*T*X, as in
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the proof of (i). In these coordinate systems, the projection 7 reads

1 1 k 1
.. x"a, ., dpp, e p) > (0, X P D)

On the other hand, the local expression of = is the identity, as was shown in the proof
of (i). Thus, taking into account formula (3) for the tangent space of a leaf of /l{f at
apoint , € Ny, we conclude that its image under T, & is span{d/da', ..., 8/9a"},
which is exactly the kernel of Ty, 7.

(iii) Recall that Z is a vector bundle isomorphism. By (ii), its tangent map is an
isomorphism of the vector subbundle TN* C TN,, defining the foliation .4/, and
the vector subbundle ker 77 C T (w*T*X), defining the foliation .73, whose leaves
are the connected components of the fibers of 7. Therefore, the leaves of the two
foliations are mapped onto each other by &'.

(iv) By (iii), the smooth map 77 o = is constant on the leaves of the foliation </1{TJ- and
thus it drops to a map @ : N, /4> — T*X uniquely characterized by the relation
b o p = To E, i.e., @(p(otb)) = ﬁ(E(Olb)) = ﬂn(b)«

We prove that @ is a local diffeomorphism by working in the local coordinates
considered earlier. If o, € N, ap = (x', ..., x" a', ..., ak,pl, ces Py 0,...,0),
then p (o) = @' ... , X", p1, ..., pn). From (7) and the definition of &, it follows
that @(x', ..., X", p1,....p)) = &' ..., X", p1....,pp),ie., @ is the identity map
in these charts. Hence @ is a local diffeomorphism.

Let wy € 22(T*X) and wp € £22(T*B) be the canonical symplectic forms. Then
®*wy = wy if and only if *wp = p*w, = p*@*wy = E*T*wx by the definition
of the reduced symplectic form w, and of the map @. The identity t*wp = &*7*wy
is proved in the local coordinates considered above, in which = is the identity and
T, xal, o d . p) = (L X pr, .., pa). Therefore,

E*TH(dxt Adpy + -+ dx" Adpy) = dx' Adpy + -+ dx" Adp,.

On the other hand, t*wz = t*(dx' Adpy +--- +dx" Adp, +da' Aday A+--- +
dd* Adoy) = dx' Adpy + - - -+ dx" A dp,, which proves the required identity. Thus,
@ is a symplectic map.

(v) Since @ o p = 7 o & and p is surjective, @ is onto if and only if 7 is onto,
because = is bijective by (i). Since 77 : 7*T*X — T*X is surjective when restricted
to every fiber of the vector bundle 7*T*X — B, it follows that 7 is surjective if and
only if 7 is surjective.

We now study injectivity of ¢. We first prove that the fiber 7 ~! (x), x € 7(B) C X,
of 7 is connected if and only if the fiber 7 ~1(8Y), B € T*X of 7 is connected. On
one hand, the restriction of the smooth map 7*7T*X > (b, ﬂn(b)) — b € B to the
submanifold 7 ~!(BY) of 7*T*X is a bijective smooth map onto the submanifold
7' (x) of B. On the other hand, choose a 1-form 8 on X such that 8(x) = ﬂf and
define the smooth map B > b +— (b, B (w(b))) € n*T*X. The restriction of this
smooth map to the submanifold 7z ~! (x) of B maps onto the submanifold 7 ! (,3)‘3) of
7*T*X. These two maps are clearly inverses of each other. Thus, the fibers 7! (x)
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and 7 ‘1(,3)?) are diffeomorphic. In particular, 7' (x) is connected if and only if
ﬁ’l(ﬂf) is connected for any x € 7 (B).

We assume now that the fibers of 7 are connected. Take two classes [o}], [otl’,,] S
N,T/=/1{TL such that @ ([a]) = @ ([a,]). The identity @ o p = 7 o & implies that
7(E(ap)) = 7 (& (@0),)), thatis, 5 () and Z («},) are in the same fiber of 77, which
is connected. By (iii), its image by the diffeomorphism Z coincides with a leaf
of the foliation J{TJ- and hence o), and “z;/ lie on the same leaf, which means that
[op] = [o].

Conversely, assume that @ is injective. Take any two points & (c;) and = («},)
in the same fiber of 7, i.e., 7 (Z(ap)) = 7 (& (a,)), or, equivalently, @ ([o]) =
@ ([ay1). As @ injective, we have [a;] = [o, ], that is, oy, and «y,, are in the same
(connected) leaf of e/ifrl, which is equivalent, by (iii), to & («p) and Z («},) being in
the same connected component of the fiber of 7. Thus, the fibers of 77, are necessarily
connected.

(vi) This is a direct consequence of (iv) and (v). [l

3 Morse Families and Transverse Intersections

Let b € B and -1y - 7~ '( (b)) — B be the inclusion. For a smooth func-
tion S : B — R and b’ € w~!((b)), denote by d'S(b') = dS(B) lkerryr =
d(Sotrimpy) : Tyn '(w(b)) = kerTyw — R the vertical derivative at any
b € B. Let

Ys:={beB|d'S(h) =0} (8)
be the set of critical points with respect to the projection 7. Locally, this states that Xg
is characterized by points in B with coordinates (x', ..., x",a', ..., d") for which

s as
dal T dak

Proposition 2 We have
dS(B) NN, =dS(Xy). ©)]

Proof Indeed, dS(b) € N, = (ker Tw)° if and only if (dS(b),v) = 0, for all
v € ker Tw, which is equivalent to b € X by (8).

Definition 1 A function S : B — R such that the graph dS(B) C T7B intersects N
transversally (i.e., Tas)dS(B) 4+ Tasw)Nx = Tasw) (T*B) for any b € X, denoted
dS(B) M N,,) is called a Morse family.

Proposition 3 Given a fibered local system of coordinates & Loxtat L dd
on B (i.e., a chart on B in which w is the projection &L . X al . d) -
', ...x™), S : B — X is a Morse family if and only if the k x (n + k)-matrix
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RN RN
( (b) (b)) (10)

da'dd/ daldx!

has rank k at every point b € X.

Proof We express the transversality condition 7,,dS(B) + T,,N, = T,,(T*B) for
any o, € dS(B) N N, in these local coordinates. Recall that with respect to the
standard induced cotangent bundle coordinate system

(x',...,x”,a',...,ak,pl,...,pn,al,...,ak) (11)

on T*B induced by a fibered system on B, the expressionof N, isa; = --- = o =0
(see (1)). Thus,

ad
Ty,Ny =spanj—,...,

d d d 0 0
axl’ ’

ax? dal’ " 9dk apy” T ap,
On the other hand, the tangent space to the graph dS(B) is generated by the vectors

0 + %8s 9 + %S 9
ax'  0x'ox/ dp;  dx'da’ da,’
d 3%S 9 %S 9

9a " adlow op, | ddoar 9a,’

i=1,....n, (12)

I=1,... k. (13)

Therefore, for any o), € dS(B) N N,

Tu No 4Ty dS(B) — span] 2, 0. 0 928 8 9% &
o i PAPWA ap;  xida’ dar’ dalda” day P k’

which shows that T, im(dS) +7T,,N; = T,, (T*B) if and only if the coefficient matrix
in the statement has maximal rank k. (Il

Corollary 1 If S is a Morse family, then the set dS(B) N Ny is a submanifold of N,
and T,, (dS(B) N N;) = Ty, dS(B) N Ty, Ny, for any oy, € dS(B) N Ny. In addition,
dim (dS(B) N N,) = n.

Proof Standard intersection theory (see, e.g., [2, Corollary 3.5.13]) guarantees the
first statement. Thus, by linear algebra, dim (dS(B) N N;;) = dimdS(B) +dim N,, —
dmT7T*B=m+k)— 2n+k) —2(n+k) =n. ([l

Theorem 1 [f S is a Morse family and p : Ny — N/ A.* is the projection, then
the restriction plasp)nn, : dS(B) NNy — N,,/Ji{,l is an immersion.

Proof We need to prove that ker Ty, (0laszynn, ) = {0}, for any o, € dS(B) N N.
This is equivalent to checking that T, (dS(B) N N;) N ker T,,p = {0}. Note that
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ker T,, p is just the tangent space to the fiber of the foliation .4, at a. In the
coordinate system (11), by (3), every tangent vector to the fibers has the expression

X:A’i, X' eR. (14)
dal
Suppose X € T,,(dS(B) N N,) so, in particular, X € T,,dS(B) and hence X must
be a linear combination of the vectors in (12) and (13). Any linear combination
having vectors from (12) necessarily contains a linear combination of the vectors
{3/0x'};=1....n- The form of the vector (14) precludes this and hence the vector X can
only be a linear combination of vectors in (13), i.e.,

N B ECR B O
X=A|—+ — 4+ —
dal ~ 9d'dx/ dp;  dalda” da,

with the condition

328 928
Al =0, A =0, Vj=1,...n, YlLr=1,...,k.
daldx/ daldar

In matrix form, these conditions are expressed as

2 2
(Al)( 0§ 95 ):(0,...,0).

daldx/  dalda’

n+k
This is only possible if Al =0, foralll = 1,...,k, since the matrix of this linear
system is (10) which has maximal rank k by Proposition 3. ]

Corollary 2 The set p(dS(B) N Ny) is “manifold with self intersections”. If we
denote by p(dS(B) N Ny ) the subset where it is a manifold, then it is a Lagrangian
submanifold of Ny | N*.

Proof The symplectic form @, on N, /4. is uniquely characterized by the property
p*w; = (*wp, where ¢ : N; < T*B is the inclusion and wg is the canonical
symplectic form on 7*B. For any two tangent vectors U;, U, € T,p(dS(B) N Ny)o,
x € p(dS(B) N Ny)o, there are vectors X1, X, € Ty, (dS(B) N N;), p(ap) = x, such
that T, p(X1) = U; and Ty, p(X2) = U,. Then

wr () (U1, Ua) = (p*0x) (@) (X1, X2) = wp(ap)(Ta,t(X1), Te,t(X2)) = 0,

because Xi, X> € T,,(dS(B)) and dS(B) is a Lagrangian submanifold of 7*B. By
Theorem 1, dim (p(dS(B) N N;)o) = dim (dS(B) N N,) = n (see Corollary 1).
Since dim (N, /.4*) = 2n by Proposition 1(iv), this proves that p(dS(B) N Ny )y is
a Lagrangian submanifold of N/ JKTJ-. |
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Example 1 Let B := R>, X := R,and 7 : R* 5 (x,a) — x € R. As in the
general theory, coordinates on 7*B = T*R? = R* are denoted by (x, a, p, «) and on
T*X = T*R = R? by (x, p). The conormal bundle to the fibers is

Ny ={(x,a,p,0) | x,a,p € R} C T*R%.

We regard N, as Euclidean space R?, which enables us to describe the objects of the
general theory, for this case, concretely.
Define the function S : R?> — R by

a’ )
S(x,a) = Y +a(x”—1).

Since

as
Z‘g:[(x,a)eRz a—=a2+x2—1=0

a

and the matrix

928 92S
0xda 0a*

) = (2a 2x)

never vanishes on X, it follows by Proposition 3 that S is a Morse family. Therefore,
the set
dS(R>) NN, = {(x, a,2ax,0) | x* +a* =1} c N, = R?

is a one-dimensional manifold (see Corollary 1). Since 7 is surjective with connected
fibers, by Proposition 1(vi), Ny /4> = T*R = R?, as symplectic manifolds. Of
course, in this special case, this can be shown directly. In fact, in agreement with the
general formula (5), the projection p : N, — N, /JV,,L is just p(x, a, p, 0) = (x, p).
Therefore

pAS(R2) N Ny) = {(x, 2xa) | 2% +a? = 1] - { (x, +2x/1 —x2) ‘ xel-1, 1]] .

This is the Bernoulli Lemniscate which clearly has a self-intersection. Away from
this self-intersection point, this is a one-dimensional submanifold of R? and hence
clearly Lagrangian, in agreement with Corollary 2.

4 The Converse: Construction of a Morse Family
for a Lagrangian Submanifold

A reasonable converse to Corollary 2 is Theorem 2 below. We use the following
notation. If ¢ : A — B is a locally trivial fiber bundle and M C B is a submanifold,
em : Ay — M denotes the restriction of the fiber bundle ¢ obtained by shrinking the
base B to M. For any manifold X, denote by 7y : 7*X — X the cotangent bundle
projection.
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In the proof of the theorem below, we need a classical result of Weinstein,
sometimes called the Lagrangian Tubular Neighborhood Theorem or the Relative
Darboux Theorem (see [5, Theorem 7.1], [6, Lecture 5], [1, Theorem 5.3.18]). We
need a general formulation appropriate for our purposes, as stated and proved with
all details in [3, Theorem 31.20]. Let (P, w) be a symplectic manifold and L C P
a Lagrangian submanifold. Then there exist an open neighborhood U of L in P, a
tubular neighborhood V of the zero section in T*L, and a symplectic diffeomorphism
¢ (U,oly) = (V,wr|y) such that ¢(x) = 0, for all x € L. The proof of the the-
orem starts by considering a Lagrangian complementary vector subbundle E of 7L
in (TP);, which ultimately provides the neighborhood U of L in P by constructing
a tubular neighborhood of the zero section in E. If such a complement is given, the
theorem just cited has an important refinement. Suppose that E — L is a given
Lagrangian complement to TL — L in (TP)y. Then the symplectic diffeomorphism
@ can be chosen such that Ty@(E,) = ker Ty, C Ty, (T*L) for all x € L, where
7y, : T*L — L is the cotangent bundle projection. In other words, T,¢ maps the fiber
E, to the vertical vectors at O, € T*L in T(T*L).

Theorem 2 Let L C T*X be a Lagrangian submanifold such that

e the pull back of the Liouville 1-form 0x € 2'(T*X) to L is exact, and
e there is a Lagrangian subbundle A C T(T*X)p which is transversal to both
(ker Twyx), and TL in T(T*X).

Then there is a locally trivial fiber bundle w : B — X and a Morse family S : B — R
such that L = (® o p)(dS(B) N N;) (see diagram (6)).

Proof By hypothesis, A — L and TL — L are complementary Lagrangian sub-
bundles. Thus, by the Relative Darboux Theorem cited above, there are open neigh-
borhoods U of L in T*X and V of the zero section in 7*L, and a symplectic dif-
feomorphism f : U — V, such that T,, f(Ay,) = ker Ty, 7w C To, (T*L) for all
a, € L. Without loss of generality, we can assume that the fibers V N Ty, (T*L)
are contractible. Since these are fibers of a locally trivial bundle, they form a folia-
tion of V. Therefore, the collection {f = (V N Ty, (T*L)) | a, € L} forms afoliation
on U, the tangent space to every leaf being A,_; these leaves are simply connected,
by construction.

Let: : L — T*X be the inclusion. The pull back of the canonical Liouville 1-form
0r € 2 (T*L) to the zero section vanishes. Since f ot : L — T*L is the inclusion of
the zero section in its cotangent bundle, we conclude that (*(6x —f*6,) = (*0x is an
exact 1-form on L, by hypothesis. As the de Rham cohomology of U, V, and L are
isomorphic, it follows that the closed 1-form 0y —f*6; € £2'(U) is exact. Therefore,
there is a smooth function S : U — R such that dS = 6x — f*6,.

The vector subbundle ker 7'y is integrable and its leaves are the fibers TL.
Since the vector subbundles A — L and (ker Tmyx), — L are transversal along L,
it follows that their leaves are also transversal at every point of L. Therefore, there
is an open neighborhood B C U of L, which we choose to have contractible fibers,
such that the leaves of these two foliations are transversal at every point of B. Let
7w : B — X be the restriction of the cotangent bundle projection 7y : 7*X — X to
B. Thus 7 : B — X is a locally trivial fiber bundle.
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We show that X = L. Let 8, € Band Vg€ ker Tg 7 be arbitrary. Then 8, € X
if and only if dS(B.) lkerry,» = 0, i.€.,

0=dS(B.) (Vs) = (6x —£*0L) (Bo) (Vp,)
= (Be. Tp.w (V) = (F (B, Trpo i Tef (Vs.))-

The first term vanishes since Vg € ker Tg m. The point B, belongs to a unique
leaf of the foliation {f~' (V N Ty, (T*L)) | &, € L}, i.e., there is a unique oy, € L
such that f(8,) € V N T%—O (T*L). This defines a smooth map g : V — L,
namely g(B) is the unique point of intersection of the leaf containing 8, and L.
Therefore, 7, o f = g and the identity above becomes 0 = (f (B:). Tp.g (V,gx))
for all Vs € kerTpm. However, Ty g (V) # O for any Vg # Op. Indeed,
Tp g (Vﬁv) = 0 if and only if Vg € kerTg g which is the tangent space to the
leaf of the foliation {f~' (V N Ty, (T*L)) | oy € L} at B. However, this vector
space is complementary to ker T 7y, since the leaf is transversal to 77 L. Therefore
Vg, € ker Ty m Nker Ty g = {0p,}. We conclude, therefore, that 0 = (f(B,), Wy(s,))
for all Wyeg,) € Ty(p,)(T*L). This is equivalent to f(Bc) = Oy(g,), i.€., Bx € L since
only points in L are mapped by f to the zero section of T*L.

Note that dS(B) N N, = dS(L) = dS(Xy). Indeed, if B, € B, then dS(8;) €
N, = (ker Tm)° if and only if dS(By) (V,g)_) = 0 for all Vg € ker T m. But this
is exactly the condition considered above and we conclude that this is equivalent to
By € L.

We finally check that L = (@ o p)(dS(B) N N;) = (7T o &) (dS(Xs)) (see
diagram (6)). The definition of Z from Proposition 1(i) yields for o, € L = X,
EdS(ay)) = (o, By) € m*T*X, where B, € T X is defined by

(B, To,m (Vo)) = (dS(at0), Vi), VVi, € Ty, B.

Therefore, (7 o &) (dS(cty)) = 7 (0ty, By) = P
We show that 8, = «,. Indeed, since

(oL@, Vo) = (0L (F @) Tuf (Ve,)) = (@), Tran T Tfe, (Vo)) = 0
because f (cry) = 0., we get
(dS(ar). Ve, ) = (Ox (@) — (FOL) (@), Vi) = (Ox (@), V) = (et To, iz (Va, ).
which shows that o, = B, and hence (@ o p)(dS(ay)) = a, € L. 4
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Abstract This note presents a short survey on current results about the density and
methods to obtain several kinds of special primes, together with primality algorithms.
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1 Introduction

This work summarizes some of Prof. Mufioz Masqué’s contributions in the field
of primes numbers. We present the properties and counting functions obtained for
certain classes of special primes, remarkable for their use and application to several
types of cryptosystems. Some of these results are well known and others are proved

We dedicate this work to Prof. Jaime Mufioz Masqué in his 65 birthday. We feel deeply indebted
to his abundant and fruitful scientific mastery, practised in plain generosity. He became for us
a true leader, brimming over with wisdom and bounty.

R. Duran Diaz ()

Departamento de Automatica, Edificio Politécnico, Campus Universitario,
28871 Alcald de Henares, Spain

e-mail: raul.duran@uah.es

L. Hernandez Encinas

Instituto de Tecnologias Fisicas y de la Informacién, CSIC,
C/ Serrano 144, 28006 Madrid, Spain

e-mail: luis@iec.csic.es

© Springer International Publishing Switzerland 2016 79
M. Castrillon Lopez et al. (eds.), Geometry, Algebra and Applications:

From Mechanics to Cryptography, Springer Proceedings

in Mathematics & Statistics 161, DOI 10.1007/978-3-319-32085-4_7



80 R. Duran Diaz and L. Hernandez Encinas

or conjectured contributions, which aim at giving an idea about the relative density
of these classes of primes in the set of natural numbers.

It is interesting to remark that the study of prime numbers is proceeding at good
pace, as it is reported in the interesting survey [9], which reviews the achievements
of recent years. Prime numbers and related topics are still today and, presumably
will be in the future, an enticing source of deep and curious results, which attracts
researchers and often becomes a constant supply of surprising connections to many
other branches not only of Mathematics but also of other sciences.

The present paper is organized around the results obtained for safe primes (Sect. 2),
generalized safe primes (Sect.3) and optimal strong primes (Sect.4). For each one
of such groups we detail the definition and main properties, and supply the corre-
sponding counting functions.

In order to keep simple the structure, we omit all proofs, which can be found in
the appropriate references.

2 Safe Primes with Order k&

2.1 Definition and Elementary Properties

Definition 1 An odd prime number p is said to be a k-safe prime with signature
(e1, ..., &), where ey, ..., & € {+1, —1}, if k odd prime numbers exist py, ..., pi
such that

p=2pi+e, pr=2p2+er ..., Pt =2pi+ &k
The integer k is termed the order of the signature.

The set of all prime numbers is denoted by P. For each k > 0, the set of k-safe

primes with signature (eq, ..., &) is denoted by P(eq, ..., &). Unless otherwise
specified, k-safe primes will be of signature &y = --- = g = +1 and we will
write ]P’;r instead of P(ey, ..., &). We also write P, = P(ey, ..., &), as long as
e =---=¢g=—1

Proposition 1 If p > 5 is a k-safe prime with signature (¢1, ..., &), then

k
p=2F4+ ZehZh_' (mod 21,
h=1

The proof can be carried out by recurrence on k, observing that if p is a k-
safe prime with signature (e1, ..., &), then p; is k — 1-safe prime with signature
(&) =€, ..., 6 =€p).
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Corollary 1 The sets of k-safe primes with different signatures are mutually dis-
joint; i.e.,

Per,...,e0) NP(e}, ...oe0) =0, iff (61, ..., &) F(E], ..., &0).

Corollary 2 [If the set P(ey, ..., &) is empty, so are all the sets with higher order
signatures.

Indeed, by definition, p € P(ey,..., &) if and only if p = 2p; + &, with
p1 € P(ey, ..., &). Therefore, if the latter set is empty, so must be the former.

Remark 1 Note that the order of the signs inside the signature is relevant, since if
7 is a permutation of {1, ..., k}, we have that P(ey, ..., &r) # P(erqy, - -5 €xk))»
in general. For example, 11 € P(+1, —1) and 11 ¢ P(—1, +1), as follows from
Corollary 1, since the signature must be regarded as an ordered system; in other
words, it is an an element of {+1, —1}*. Hence, two signatures are to be considered
equalifand only if &; = ¢}, ..., &y = ¢}

2.2 Alternate Signatures

Definition 2 A signature (g1, ..., &) is alternate as long as indices 1 <i < j <k
exist such that g;6; = —1.

Proposition 2 The sets P(ey, . .., &) displaying alternate signatures are classified
as follows:

1. Ifk =2, then

P(+1, —1) = {11}, P(—1,+1) = {13}.

2. Ifk =3, then P(+1, +1, —1) = {23} and any other alternate signature is empty.
3. Ifk = 4, then P(+1, +1, +1, —1) = {47} and any other alternate signature is

empty.
4. Ifk > 5, all alternate signatures are empty.

2.3 Chains of Safe Primes

Definition 3 A chain of safe primes of length k is a sequence of prime numbers
P, Pls - - -, Pk—1 such that

p=2pi+e pi=2py+e,..., pro=2p_1+e ee{-1 +1}.

Remark 2 Observe that a prime p sits in the first place of a chain of length k if and
only if p € IP’,';I UP,._,.
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Remark 3 Several classes of prime chains are reported in the relevant literature: for
example, Cunningham chains and Shanks chains. Our concept of safe prime chain
is mostly related to Cunningham’s.

A Cunningham chain (see, for example, [10, A7], [19]) is a sequence of k > 2
primes py, ..., pr such that p;y; =2p; +¢,i =1,...,k—1,¢ € {—1,+1} Gf
& = +1, the chain is termed a Cunningham chain of first class, whereas for ¢ = —1,
the chain is termed of second class). Remark that for k = 2, a Cunningham chain
of length 2 is simply the pair (¢, 2¢ + 1). In this case, the integer g is known as a
Sophie Germain prime.

The Ref. [8] reports a second class Cunningham chain with 16 prime ele-
ments, the first one being 3203000719597029781. The current record is held by
a pair of second class chains, with 19 primes each, that have been obtained by
Raanan Chermoni and Jarostaw Wréblewski in March, 2014, as reported by the
web page Cunningham Chain records (see [1]), and whose first prime elements are
42008163485623434922152331 and 79910197721667870187016101 respectively.

2.4 Counting Function for k-Safe Primes

We define the counting function for k-safe primes as follows:
mo(x) =#{p eP:p=<x}.
The next result is presented as Lemma 3 in the Ref. [4].

Lemma 1 Suppose fi, fo, ..., fs € Z[x], are distinct irreducible polynomials, with
integral coefficients, and positive leading coefficients. Suppose F' is their product.
Let also Q r(n) be the number of positive integers j € [1, n] such that f,(j), f2(j),
.. fs(j) are all primes. Then, for large n we have

Or(n) <2°s!IC(F)n(Inn)™" + o(n(Inn)™),

cn-1-3) (-=2)

peP

where

the product being extended to all primes, and w (p) denotes the number of solutions
of the congruence

F(X)=0 (mod p).
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This lemma gave rise to a conjecture that can be found in [3] asserting that, with
the same conditions and notation as in Lemma 1, the following approximation holds:

Qr(m) ~hi'hy' .. h;'C(F) /n(ln u)*du, (1)
2

where hy, hy, ..., h, represent the degrees of the polynomials fi, ..., f;.
This conjecture is clearly applicable to the case of k-safe primes. Indeed, in order
to have that p € P, the next set of conditions must be simultaneously satisfied:
(1) pisaprime.
(2) p1 = 2(p ¥ 1) is aprime.
(3) p2=5(p1 F 1) = 3(pF3) is a prime.

(k+1) p = 3(pe—1 F 1) = 5 (p F X — 1)) is a prime.

It is not difficult to reformulate the previous conditions in such a way that formula
(1) be applicable. Actually, if we define p;y = g and we express the successive values
of p; as a function of g, we obtain the following set of polynomials:

@) =q. (@) =29 £ 1, f3(q) =4q £3, ..., fir1(q) =2°¢ £ 2" - D).

It is apparent that p = 2¥g & (2¥ — 1) will be an element of P’{ if all the polynomials
fi(q) take on a prime value for some q.

Following the definition of Q F, as stated in Lemma 1, it is not difficult to find that
it is related to the counting function for k-safe primes as

Qg £ 2" = 1) = 0r(9).

Hence, we finally arrive at

mE(x) ~ z—lkC(F) Z:;ﬂk_l(ln >t F 2= 1) e )

The next step is computing the value for the constant C(F). According to its
definition, we have that for our case,

1\ ! w(p))
C(F) = 1 —— 1——).
® ,g( ) (-

Now, the turn is for the computation of w(p) for the admissible values of p. Let us
define the following set:

Viky={j:pl2/ =1, 1l<j<k, 2<p<2t—1}.
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The solution can be considered on a case-by-case basis as presented below:

L, for p =2
w(p)=1{p—#V(k), for2 < p<2t—1
k+1, for p > 2K — 1.

As an example, we consider the case k = 2, corresponding to 2-safe primes. It is
clear that V(2) = {1} and, hence, the value of w(p) is:

1, forp=2
w(p)=142,forp=3
3, for p > 3.

Therefore, C(F) = 2 [] o3 ”(Zp(f 1_)2) . As aconsequence, gluing all the pieces together,

the counting function eventually results

-3 -3\
@~ [ ”(p(p_ 1)3 (m IT) dr.
p>3

3 Generalized Safe Primes

Taking a suggestion found in the reference [12], we relax the requirements in Defi-
nition 3 by considering chains with numbers of the form

p =2a1p1+¢&1, p1 =2ap2 + &2, ..., pr—1 = 2ax i + &, 3)
for certain positive integers ay, . . . , ax, which we assume to be of a size smaller than
that of the respective primes py, ..., pr. More information about this type of primes

can be found in [6].

Definition 4 For k-safe primes with a vector a = (ay, ..., a;) and signature ¢ =
(e1, ..., &), the counting function is defined as the number rré(x) of p € P such
that p < x,and p = 2a,p; + €1, p1 =2ap2 + €2, ..., Pr—1 = 2axpr + &k.

The case of positive signatures has received detailed attention in the literature
(see, for example, [11-14]). However, alternate and negative signatures have been
hardly considered. For this reason, in what follows we turn our attention to them.
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3.1 Negative Signature

To begin with, we deal with the case of negative signatures. We split further this case
into other two sub-cases, namely, the one in which all the components in the vector @
are equal, and the contrary. A deeper study, along with the proofs of all the theorems
presented in this section can be found in [7].

3.1.1 Vector a with Equal Components

First of all, we present the following result:

Theorem 1 Let us assume that the conjecture giving rise to Eq.(1) is true. If p,
is the least prime divisor of 2a — 1, then for the vector with equal components
ay=---=a =a, and fore; = --- = g = —1, the density of chains in the Eq. (3)
is null for all k > p, — 1. In particular, this holds if 2a — 1 is a prime.

Theorem 2 Leta; = --- = ay = a, &y = --- = & = —1, and p, be as in
Theorem 1, and let D(a) = {p € P : pla} be the set of prime divisors of a € N.
Suppose that k < p, — 2. Then,

X k_ —k—1
7 (x) ~ S /lk (ln ((Za)_k |:t + —(22‘;)_ 11})) dr,

22a)*' —3(2a)k +1
2a—1 ’

crhH= ] (1—1)_]((1_@).

peDRa—1) p

1\ *
m(-2)"

pe(2}UD(a) p

1-[ (1 _l)k (1_ min(k+1,e(2a,p)))

p¢D2a—1) P
ged(a, p)=1

where l, ; =

where e(2a, p) is the order of 2a in Z,,.

3.1.2 Vector a with Unequal Components

For the case of a vector a = (ay, ..., a;) with unequal components, we have not
obtained results so sharp as those just presented. We present in the first place some
useful notations.
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k—j
o =27 H a, 1<h<k, 0<j<h, “4)
I=k—h+1
h—1
Bi=D anu+l, 1<h<k (5)
=1
NE=#({0) U {oe B (mod p) :apo € Z5, 1 < h < k}), (6)

Theorem 3 Let p be a prime, and let us consider the notations in formulas (4)—(6).
Ifeither anindex 1 < h < k exists such that apy =0 (mod p)and B, =0 (mod p),
or Nllj = p, then w(p) = p, and hence C(F) = 0.

Remark 4 Let p, = max Ulshsk D(otpo). If p = ps + 1, then apg # 0 (mod p)
foralll <h <k.

Theorem 4 With the same notation and hypothesis as those used in Theorem 3 and
Remark4, if

fpeP:2<p<k+1}< J (D) \DB),
1<h<k

then w(p) < p forall p € P, whence C(F) > 0.

3.2 Alternate Signatures

Last, we consider the general case of a prime chain p, py, ..., px—1, p = 2a1p; +
€1, p1 = 2axp2 + €2, ..., pr—1 = 2arpr + €, for certain values ¢; € {—1, +1},
1 <i <kandindexes1 <u < v < k such that g,&, = —1.

Ifg, =— Zi’;} Qpjck—j+1 — Ek—h+1 then it is easy to check that Theorems 3 and
4 also hold for the case of alternate signatures.

Remark 5 1In the case of alternate signatures, C (F) can be zero for some particular
value of the vector a, even if the latter vector has equal components.

Proposition 3 [f the signature of P(e1, .. ., &) is alternate, then w(3) = 3.

4 Optimal Strong Primes

A novel concept introduced by Prof. Mufioz Masqué is the notion of optimal strong
prime. Remarkably, the authors in [18] recommended the use of strong primes for
the factors of an RSA modulus. The aim was to prevent attacks from algorithms such
as those of Pollard’s and Williams’ [16, 20] and their improvements [15, 17], along
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with cyclic attacks. While it is true that the use of strong primes does not give a
perfect guarantee against any type of attack (the elliptic curve factorization method
can be successful for certain parameters; the algorithm ®;(p) for £ > 2 might also
be lucky, see [2]), they can give additional security at a modest extra cost.

A detailed study of optimal strong primes, together with the proofs of the theorems
can be found in [5].

4.1 Standard Definition of a Strong Prime
Definition 5 An odd prime p is said to be strong if it verifies the following three
conditions:

(a) p — 1 has alarge prime factor r.
(b) p + 1 has also a large prime factor s.
(c) r — 1 has also a large prime factor 7.

Remark 6 Strong primes satisfying the conditions in Definition5 are also called
3-way strong primes.

4.2 The Notion of Optimal Strong Prime

Let us begin with the following
Proposition 4 Let p an odd prime verifying:

(a) p—1=ra,r being an odd prime.
(b) p+1=sb, s being an odd prime.
(c) r — 1 =tc, t being an odd prime.

The next statement holds:

—1 +1 r—1
P +ps + ; >

a+b+c=

The proof can be carried out on a case-by-case basis.
The rest of the cases (namely, if any of the values r, s, or ¢ is even) is covered by
the following

Proposition 5 If p is an odd prime not verifying the hypothesis of Proposition4, then
either p is a Fermat (or Mersenne) prime, or p is such that all odd prime factors of
p — 1 are Fermat primes.

Definition 6 We say that a strong prime is optimal if the integers r, s, and ¢ in
Proposition 4 are as large as can be; or, equivalently, the value
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—1 +1 r—1
atbtc=" + 2 +
r N t

is as small as possible.

For a given prime p, satisfying the conditions (a)—(c) in Proposition4, the sum
a + b + c takes its minimum value when r, s, t are selected in such a way that they
are the largest prime factors of p — 1, p + 1, r — 1, respectively (even if , s or  are
not odd).

Let us draw our attention to the fact that, from Definition5, a prime may be
considered strong if the values r, s and ¢ are “large”. Hence, if we choose them
so that they are the largest possible ones, we will obtain a “good” strong prime,
hopefully, the best one. This fact justifies the selection that we did for that value of
a + b + c in the present definition.

Definition 7 Let S(n) the largest prime factor of the integer n if n > 2and S(1) = 1.
We define the function
o:N\{1,2} > N

by the formula:

n—1 n n+1 Snh—1)—1
S Sn—=1  Sn+1)  SSm-1)-1)

4.3 Characterization of Optimal Strong Primes

Theorem S For any prime p > 23 it holds that o (p) > 12.

Corollary 3 A prime p is an optimal strong prime when it verifies all the conditions
in Proposition5 and o (p) takes on its minimum value, namely, o (p) = 12.

Theorem 6 A prime p > 29 is an optimal strong prime if and only if the following
conditions are satisfied:

() L2 is 1-safe.
i sp-n=""1
6
p+1

Corollary 4 Obtaining an optimal strong prime is equivalent to finding an integer
t such that the integers
52t 4+ 1,3t +2,12t +7

are all simultaneously odd primes.
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4.4 Counting Function for Optimal Strong Primes

Definition 8 We define n, : [0, +00) — N as the counting function for optimal
strong primes, assigning to each real number x > 0 the number of optimal strong
primes p such that p < x. Otherwise expressed,

75 (x) = #{p optimal strong prime : p < x}.

According to Corollary4, generating an optimal strong prime is equivalent to
finding a number ¢, such that ¢, 2¢ + 1, 3¢ + 2, 12¢ 4 7 are all simultaneously prime.
Hence, we can immediately apply the results presented in [3], and already provided
in Sect. 2.4. The relevant polynomials for this case are fj(x) = x, f>(x) = 2x + 1,
f3(x) =3x + 2, fu(x) = 12x + 7. Therefore, for this case, we have

Y du

(Inu)*’ )

Qo (y) ~ Co

where

__ 42875 P (P 4)
Co = G H
p>T7

It is apparent that the following relation exists

Q5 (y) =7,(12y +7),

according to the appropriate definitions. Carrying out the convenient change of vari-
ables, we eventually arrive at

() ~ ~C / dv ®)
o (X 12 o 3 (ln )4

The approximate value for the constant C,, must be computed via numerical methods.
If we define

ﬁq(q 4)
D4’

q=Ds

a good approximation for this constant is

C, =28 - lim Gy (n) =5,53491.
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Rotation Minimizing Vector Fields
and Frames in Riemannian Manifolds

Fernando Etayo

Dedicated to Jaime Muiioz Masqué, with a deep gratitude for
his generous assistance in the earlier years of my career, on the
occasion of his 65th birthday

Abstract We prove that a normal vector field along a curve in R? is rotation mini-
mizing (RM) if and only if it is parallel respect to the normal connection. This allows
us to generalize all the results of RM vectors and frames to curves immersed in
Riemannian manifolds.

Keywords Rotation minimizing + Riemannian manifold - Normal connection

1 Introduction

In a celebrated paper [3], Bishop introduced what nowadays are called rotation
minimizing vector fields (RM, for short) over a curve in the Euclidean 3-space. The
purpose of this note is to show how they can be defined in Riemannian manifolds.
This is an expository paper, as self-contained as possible.

When one considers moving orthonormal frames along a curve, one can take into
account two general ideas: defining a frame whose first vector is the tangent vector
to the curve and defining a frame whose first vector is the unit position vector of the
point of the curve. This allows to consider the other two vectors in the normal plane,
having only one degree of freedom, as it is explained, e.g. in [8]. Frames having
the unit tangent (resp. the position vector) as one component are known as adapted
(resp. directed) curve frames.
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The most classical adapted frame is the Frenet moving frame, where the second
vector is the normal vector to the curve, and the third one is the binormal vector
defined as the cross product of tangent and normal vectors (see, e.g., [6]). Given a
curve, one can define a swept surface by sweeping out a profile in planes normal to
the curve. As it is pointed out in [8], the Frenet frame may result a poor choice for
motion planning or swept surface constructions, since it incurs unnecessary rotation
of the basis vectors in the normal plane. The fact that the principal normal vector
always points to the center of curvature often yields awkward-looking motions, or
unreasonably twisted swept surfaces. Besides, in the points where the curvature
vanishes one cannot define the Frenet frame. RM frames, which will be defined below,
avoid these drawbacks, and they are widely used in Computer Aided Geometric
Design. In fact, the Frenet frame of a curve in R” can be defined when the curve
is generic, in the sense that its first (n — 1) derivatives are linear independent (see,
e.g., [19, p.45]). The Frenet frame of a curve is uniquely defined, gives geometrical
information of the curve, but it is defined only in the points where the curve is generic.
RM frames are not uniquely defined, and give geometrical information up to rotation,
and are defined everywhere. In the paper [2] the authors prove that RM frames in
the Euclidean space are preserved by Mobius transformation, i.e., by conformal
transformations, considering the normalization of such a transformation. Obviously,
one cannot expect the same result for the Frenet frame, because the image of a generic
curve under a conformal transformation may not be a generic curve (e.g., a meridian
of the sphere goes to a line by the stereographic projection from the north pole to the
equatorial plane).

One can define other adapted frames, taking into account the algebraic properties
of the ambient Euclidean space. For instance, in the case of plane curves, one can
consider R? = C and define a moving adapted frame given by {t, it}, i.e., the tangent
vector and this vector multiplied by i. This is an RM frame and it can be defined even
in the points where the curvature of the curve vanishes, but it gives less geometrical
information that the Frenet frame {t, n}, because n points to the center of curvature,
which is not true in general for it. In the case of curves in R* = H, one can consider the
quaternionic structure and define a quaternionic moving frame {t, it, jt, kt}, which
is not an RM frame.

Adapted frames can be defined in the case of a curve immersed in a Riemannian
manifold, while directed frames has no sense in this general framework, because
one cannot define the position vector in a curved manifold. We shall introduce such
definition of an RM vector field over a curve in a Riemannian manifold as a vector
field parallel respect to the normal connection. It will be shown that this definition
is consistent with that of Bishop for curves in the Euclidean space (Sect.4), and
that remains invariable under isometries (Sect.5). In Sect.2 we shall remember the
basic definitions about RM vector fields and frames, and in Sect.3 about curves in
Riemannian manifolds.

I'have chosen this topic to write about, because it has been one of the many topics
Prof. Mufoz Masqué has worked, as one can see in [4, 16]. Some of his results will
be quoted below.
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2 RM Vector Fields and Frames of a Curve in R>

Let us remember the basic definitions and properties of RM vector fields and frames
in the Euclidean space.

Definition 1 A normal vector field v = v(¢) overacurve y = y(z) in R’ is said to be
relatively parallel or rotation minimizing (RM) if the derivative v'(¢) is proportional
to y'(1).

Then we have:

Remark 1 (1) In this case the ruled surface (¢, 1) = y(¢) + Av(¢) is developable,
because [y (¢), v(1), V' (t)] = 0.

(2) If v is an RM vector field, then || v || is constant. Let t denote the tangent
vectorto y. Thenv = At = v L v= %(V -v) =0.

Besides, one can easily prove the following results:

Remark 2 (1) Let y(¢t) =t be the line given by the x-axis in R3. Then a normal
vector field v(¢) over y is RM respect to y iff it is constant.

(2) Let y(t) = (cost, sint, 0) the unit circle in the horizontal plane. Let (0, 0, &)
any point in the vertical axis. Let us consider the vector v(¢) joining x(¢) and (0, 0, /).
Then v is RM. The developable surface generated is the corresponding cone.

(3) Normal and binormal vector fields, n and b, of a Frenet moving frame are
not RM vector fields in general. Let y = y(s) a curve parametrized respect to the
arc-length. Then, the Frenet—Serret formulas say thatn’ = —«t + tbh,and b’ = —tn
where k and t denote the curvature and the torsion. For a twisted (non plane) curve,
T # 0, the above equations show that n and b are nor RM vector fields. This is the case,
for instance, of the helix (acost, asint, bt). The normal vector is (— sint, cosz, 0)
and the surface generated by the normal lines is the helicoid, which is not developable,
because its Gauss curvature does not vanish. For a plane curve, n and b are RM vector
fields.

Definition 2 Let y = y(¢) in R? be a curve. An RM frame, parallel frame, natural
frame, or Bishop frame is a moving orthonormal frame {t(¢), u(z), v(z)} along y,
where t(#) is the tangent vector to y at the point y () and u, v are RM vector fields.

As in the case of Frenet frames, a normal vector field is enough to define an RM
frame:

Remark 3 Ifuis aunitary RM vector field along y, then {t, u, t x u}is an RM frame
along y.

The Frenet frame of a curve is uniquely defined while there exist many RM
frames. The following result summarizes the Frenet—Serret-type equations and the
Darboux-type vector in a general setting.
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Proposition 1 Let y = y (s) be a curve parametrized respect to the arc length, and
let {t,u, v} be a moving frame along a curve y. Then there exists a unique vector
field w = At + Bu + Cv along y such that the following equations hold:

— =wXxt ; — =wXxXu ; — =w X V.
ds

Moreover, the derivatives of the vectors of the frame in terms of the frame are given
in matrix expression by the skew symmetric matrix:

0 -C B
cC 0 —-A
-B A O

In particular:
(1) If the moving frame is the Frenet frame {t,n, b}, then w = kb + tt is the
Darboux vector field and the above equations are the Frenet—Serret equations

0 « O
—x 0
0 —7t0

(2) The moving frame is an RM frame iff w -t = 0. In this case, then Frenet—
Serret-type formulas reduce to:

0 -CB
c 00
-B 0 0

The component A of the Darboux vector @ measures the rotation of the frame
respect to the tangent direction generated by t. In the case of a Frenet frame, A = —v,
and it vanishes iff the curve is plane, thus showing that the Frenet frame is an RM
frame iff the curve is plane. In the case of RM frames, A always vanishes, thus
showing why they are called ‘rotation minimizing’. For the Darboux vector, see,
e.g., [22].

Remark 4 One can obtain an RM frame from the Frenet frame by considering the

vectors u, v given by:
u) [ cosf sin6 n
v) \ —sin6 cosd b

where 6 = — [ tds cancels unnecessary rotation in normal plane.
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On the other hand, there exists a direct relation between Frenet ‘curvatures’ «, T
and RM ‘curvatures’ B, C: For the sake of simplicity let us callk; = —C and k, = B,
and then the Frenet formulas for RM frames read as:

0 K1 K2
—K1 00
—K? 00

which is the usual notation (see, e.g., [14, 21]). With this notation one has:

Proposition 2 ([14, p. 52]) The following relations hold:
Y
K =+/ki+Kk; and rze/zw
Ki + K5

where 6 = arg(ky, k) = arctan f—: and 0’ is the derivative of 6 with respect to the
arc length.

Functions «; are known as natural curvatures, and play the same role that curvature
and torsion in the Frenet case. They determine uniquely the curve up to an orthogonal
transformation. It is a very remarkable fact that Bishop had introduced RM frames
before they were interesting in Computer Aided Geometric Design. Nowadays, RM
frames are a very useful tool in some aspects of that discipline. See [7] as a basic
reference. Besides, they are used in Physics, in the study of solitons [12], and in other
Sciences involving the notion of surface growth from a spine curve, such as in the
study of DNA [5] and Biology [15].

The above construction of RM frames in the Euclidean space can be generalized
to R" as Bishop himself pointed out [3].

3 Curves Immersed in a Riemmanian Manifold

In this section we shall remember the main facts about curves immersed in a Rie-
mannian manifold.

As it is well known, if M is a submanifold of a Riemannian manifold (1\_/1, 2),
then the Levi-Civita connection V of (M, g) induces a Levi-Civita connection
in (M, g = gly) and a normal connection D* : X(M) x 'TM* — I'TM~, where
X(M) denotes the module of vector fields of the submanifold and I"TM+ the module
of sections of the normal bundle. We shall use the notation of [11, VIII].

The normal connection is defined as follows. First of all, consider a point p € M.
Then the tangent space at the manifold M can be decomposed as a orthogonal direct
sum Tp(A_d) =T,M® TPLM , where T,M (resp. Tle) denotes the tangent (resp.
the normal) space to the submanifold. The set TM = UpeM T,M (resp. T+M =
U e TPLM ) is a manifold called the tangent bundle (res. the normal bundle) and it
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has a structure of vector bundle over M, given by the natural projection & : TM —
M;mw(u) =pif u e T,M (resp. 7t MLt - M; 7t () =pifve T,}M). Let us
denote by X(M) (resp. I'TM+) the module of vector fields over M, i.e., the module
of sections of w : TM — M (resp. the module of sections of 7+ : TM+ — M).

Then for any X € X(M) and v € 'TM~ one has the following decomposition,
which will be called the Weingarten formula:

Vyv=—-AX + D,ng

where —A,X € X(M) and Dyv € I'TM™*. The Weingarten operator A is a F(M)-
bilinear map and the normal connection D is a connection in the normal bundle
T M — M.

Moreover, if v, w € I'TM~ are two normal vector fields, then

2(Dyv, w) +8(v, Dyw) = X(g(v, w))

which shows that the normal connection D' is metric for the fibre metric in the
normal bundle 7M.

A normal vector field v is said to be parallel respect to X € X(M) if D)%v =0.

Letm : E — M be a vector bundle with a connection D, compatible with a metric
on E. The parallel transport induced by D defines an isometry between any two
different fibres of w : E — M (see [18] for details). Thus, the norm of a parallel
section remains constant and the angle between two parallel sections also remains
constant. In the present case of having a submanifold M of a Riemannian manifold
(1\_/[, 2), the vector bundle we are considering is the normal bundle, and the metric is
the restriction of g to normal vectors.

Many results about curves in Riemannian manifolds have been obtained in the
past. We would like to point out that generalizations of Frenet frames have been
obtained in [13] and [9], in [16] for the case of spaces of constant curvature, and in
[17] for the case of the Minkowski space. Besides in [4] some results about the total
curvature of a curve in a Riemannian manifold are also obtained.

The aim of the present note is not to show Frenet frames in Riemannian manifolds,
but RM frames. Nevertheless, [ would like to comment the very beautiful main results
of the paper [16]: (1) a Frenet theorem: two curves in the Euclidean, Spherical or
Hyperbolic space are congruent if and only if their n — 1 curvatures are equal, and (2)
the converse: Frenet’s theorem holds for curves in a connected Riemannian manifold
(M, g) if and only if (M, g) is of constant curvature. Thus, one cannot expect to
extend this Theorem to other Riemannian manifolds.
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4 RM Vector Fields Over a Curve Immersed
in a Riemmanian Manifold

The notion of RM vector field implies a notion of parallel transport. We shall show
this carefully.

Let us consider the case where (M, g)is R3 with the standard productand (M, g =
gly)isacurve y.Letusdenote by T}, ;) (resp. T)f-(fo)) the tangent line (resp. the normal
plane) to y in y (tp). Then we have:

Theorem 1 A normal vector field v over a curve y immersed in R* is an RM vector
field iff it is parallel respect to the normal connection of y .

Proof Let us denote as (x', x>, x*) the global coordinates in R3. The curve y can be
expressed as y (s) = (y L), v2(s), y3 (s)), s being the arc-length parameter, and the
tangent vector is t = y/(s) = % % (Einstein’s convention is assumed).

Let v be a normal vector field over y, v = -5/, The condition of being normal

ox!
to the curve means that
3 i
D)
. ds
i=1

The condition of being v an RM vector field means that v/(¢) is proportional to
y'(1),i.e.
av' dy'
_— = )L -, V == 1, 2, 3
ds (s) ds :

where A = A(s) is a function.
Now, we shall check the value of Dj, (»V- We must prove that D)f,(s)v = 0 iff the

above equation is satisfied. Let V be the Levi-Civita connection of R>. The all of its
Christoffel symbols vanish, and then one has:

Vi d dy's J d dy' v/
v=V 9 dyi —‘V] = _VL _.V] =
o 5 ox/ ds o ax/ ox ds ox'

Applying the chain rule one has:

v dids av (' @ (doy )\ av (dy'\
dxi  ds dx'  ds \ ds T ds ds ~ds \ ds )

<

And then,

o A ddyad (ay\T_ 8 v
T 9 ds 9xi T X ds ds \ ds o ds
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Finally, v is parallel < D}f,(s)v =0<& ﬁ;v is tangent to y & % = A(s) %,
Vi=1,2,3 < visan RM vector field, thus finishing the proof. O

The above result is important because it allows to obtain the definition of an RM
vector field over a curve immersed in a Riemmannian manifold. Moreover, one easily
can deduce the following properties of the above Proposition.

Corollary 1 With the above notation:

(1) Given a vector vy € Tyl(lo) there exists a unique RM vector field v over y such
that v(ty) = vo.

(2) If v is an RM vector field over y then the norm ||V| is constant.

(3) If v.and w are RM vector fields over y then the angle between v(t) and w(t)
is constant. O

Thus, we can give the following:

Definition 3 Let y be a curve immersed in a Riemannian manifold M, 2).

(1) A normal vector field v over y is said to be an RM vector field if it is parallel
respect to the normal connection of y .

(2) A parallel frame, natural frame, or RM frame is a moving orthonormal frame

{t@), vi(0), ..., va(D)}

along y, where t(¢) is the tangent vector to y at the point y (¢) and v; are RM vector
fields,Viel,...,n.

If one defines an orthonormal frame {t(#y), v|(t), . . ., V,(fo)} at a point y (¢y) of
a curve y then by parallel transport it can be extended along y . Parallel transport is
an isometry, this meaning that norms and angles are preserved.

Remark 5 Taking into account the Weingarten formula one can easily check that an
RM frame satisfies:

Vet Lt ; Vevi | t

where V is the Levi-Civita connection of (1\_/1, g), thus coinciding our definition with
that given in [1]. The first equation is an easy consequence of the well-known iden-
tity 2(VxY,Z) +5(Y, VxZ) = X(g(Y, Z)), when one consider X = ¥ = Z vector
extensions of ¢, which is a vector field along y of constant norm equal to 1.

As in the case of the Euclidean space, any parallel moving frame differs from a
classical Frenet frame by a point-dependent SO(n — 1) rotation acting in the normal
space of the curve y. As the components of a Frenet connection matrix along y
are differential invariants of the curve, then the components of a parallel connection
matrix are invariantly defined up to the covariant action of the equivalence group of
rigid SO(n — 1) rotations. The Frenet-type equations have a similar expression to
that given in Proposition 1 (see [13] or [20]).
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RM frames in Riemannian manifolds are used in the study of the structure
equations for the evolution of a curve embedded in an n-dimensional Riemannian
manifold with constant curvature (see, e.g., [13, 20]) or a symmetric Riemannian
space (see [1]). They are also used in the study of mathematical models of equilibrium
configurations of thin elastic rods (see, e.g., [10] and the references therein).

5 RM Frames and Transformations

We prove that RM vector fields and frames are preserved by isometries. Let j :
(M,g) — (M, g)be anisometry and let u, : T,M — T,M its differential or tangent
map. Then /1., is a linear isometry respect to g,,, i.e., §(isV, 1LsW) = g(V, W).

Theorem 2 Let y be a curve immersed in a Riemannian manifold (M,g) and let
uw: (M, 2) — (]\_4, 2) be an isometry.
(1) If v is an RM vector field over y, then . (v) is an RM vector field over i o y.
(2) If {t, vy, ..., vy} is an RM frame over y, then {1, (t), (V1) ..., s (Vp)} is
an RM frame over p o y.

Proof The following claims are well known:

1. If t() is the tangent vector of y at the point y (¢), then ., (t(#)) is the tangent
vector of 1 o y at the point (i o y¥)(t).

J_ J_ . .
2. Ifve TV(IO), then . (v) € T(Moy)(m, because [, iS an isometry.

3. w.(VxY) =V, x @Y (cfr,eg [11,p. 161, vol. 1]).

Claims (1) and (2) show that ., maps tangent (resp. normal) vectors in tangent
(resp. normal vectors).

Now, we can easily prove the theorem.

(1) Let v be an RM vector field over y. Then DtJ‘V = 0, where t denotes the tangent
vector to y. We must prove that Df;*t uxv = 0.

We have the tangent and normal decomposition:

Vit WV =—A,y st —i—D/tt UiV
and, on the other hand,
Vit 1V = 1:(Ve V) = pu(=At + D v) = (ALt
which is tangent to (i o y), thus proving Df;*t v = 0.
(2) It’s a direct consequence of part (1) and claims 1 and 2 at the beginning of the

proof. (]

Acknowledgments The author wants to express his gratitude to his colleagues Marco Castrillon,
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RM vectors and frames.
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Local Anomaly Cancellation and Equivariant
Cohomology of Jet Bundles

Roberto Ferreiro Pérez

Dedicated to Jaime Muiioz Masqué on the occasion of his 65th
birthday, with my best wishes.

Abstract We study the problem, suggested by Singer in [17], and consisting in
determining a notion of “local cohomology” adequate to deal with the problem of
locality in those approaches to local anomalies based on the Atiyah—Singer index
theorem.

Keywords Local cohomology + Equivariant cohomology - Jet bundle - Anomaly
cancellation

1 Introduction

An anomaly appears in a theory when a classical symmetry is broken at the quan-
tum level. As we consider only local anomalies, we can assume that the group
G is connected. Let L£(3, s) be a G-invariant Lagrangian density depending on
bosonic fields s € I'(E) and fermionic fields . At the quantum level, the cor-
responding effective action W (s), defined in terms of the fermionic path integral
by exp(=W(s)) = [DyDyexp (- [,, L, s)) could fail to be G-invariant. We
define a form A € 2'(Lie G, 2°(I'(E))) by A = 6W,i.e. A(X)(s) = LxW(s) for
X € LieG, s € I'(E). Although W is clearly a non-local functional, A is local in
X and s, i.e. we have A € 2} (Lie G, 20 (I'(E))). It is clear that A satisfies the
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condition 0.4 = 0 (the Wess—Zumino consistency condition). Moreover, if 4 = §A

for a local functional A = f uAE .QI?)C(F (E)) then we can define a new lagrangian

density L=7"C + A, such that the new effective action W is G-invariant, and in
that case the anomaly cancels. If A # §A for every A € 2 (I'(E)) then we say
that there exists an anomaly in the theory. Hence the anomaly is measured by the
cohomology class of A in the BRST cohomology H,..(Lie G, 20 (I'(E))) (e.g. see
[4, 6-8, 16]).

Local anomalies also admit a nice geometrical interpretation in terms of the
Atiyah—Singer index theorem for families of elliptic operators (see [1, 2, 4, 17]).
The first Chern class ¢; (detIndD) € H?(I"(E)/G) of the determinant line bundle
detIndD — [I'(E)/G represents an obstruction for anomaly cancellation. How-
ever, the condition ¢; (detIndD) = 0 is a necessary but not a sufficient condition
for local anomaly cancellation due to the problem of locality. In [17] (see also [1])
Singer proposes the problem of defining a notion of “local cohomology of I' (E)/G”,
HI%C (I"'(E)/G), adequate to study local anomaly cancellation. The principal difficulty
is the fact that the expression of the curvature of det Ind D itself contains non-local
terms (Green operators).

Moreover, we recall (see [2, 5, 15]) that the BRST and index theory approaches
are related by means of the transgression map ¢ (see Sect.?2), i.e., we have [A] =
t(c; (detIndD)). As t is injective, the condition ¢; (detIndD) = 0 on H*(I"(E)/G)
is equivalent to [A] = 0 on H'(Lie G, 2°(I"(E))). However, the condition for local
anomaly cancellationis [.A] = 0 onthe BRST cohomology HILC (Lie G, QI%C (I'(E))).
We define H_ (I"(E)/G) in such a way that the preceding condition is equivalent to
the vanishing of the class of ¢; (det Ind D) on H]%)C(F (E)/G), hence solving Singer’s
problem.

2 The Transgression Maps

First we recall the definition of equivariant cohomology in the Cartan model (e.g.

see [3]). We consider a left action of a connected Lie group G on a manifold

N. We have an induced Lie algebra homomorphism LieG — X(WN), X —

Xy = % 1—o P(exp(—1X)). We denote by Pk(Lie G, 27 (N))9 the space of degree

k G-invariant polynomials on Lie G with values in £27(N). We recall that o €

Pk(Lie G, 2" (N))9 if and only if «(Ad X) = p(g~)*(a(X)) VX € Lie G,Vg € G.
The space of G-equivariant differential g-forms is defined by

Q4N = P PiLieg. 2" (V))°. )

2k+r=q

The Cartan differential d.: 25(N) — .QgH N, (d.a)(X) = d(a(X)) —tx, (X)
for X € Lie G, satisfies (d.)*> = 0, and the G-equivariant cohomology of AV, Hg N),
is the cohomology of this complex.
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We recall (e.g. see [3]) that if N/ — N/G is a principal G-bundle we have the
(generalized) Chern—Weil homomorphism ChW: HZ(N) — H*(N/G). If A is an
arbitrary connection on N — N /G with curvature F,, and o € .Qg (N), then we
have ChW ([«t]) = [hor 4 (a(F4))], where hor 4 is the horizontalization with respect
to the connection A. We also use the notation o« = ChW («).

Ifwe .Qé (W) is a closed G-equivariant 2-form, then we have w = wy + p where
wo € 22(N) is closed, and p: LieG — C®(N), is a G-equivariant moment map
for wy, i.e., tx, wo = d(u(X)) for X € Lie G. A direct computation shows that we
have the following

Proposition 1 Assume that N' — N'/G is a principal G-bundle, and let A <
V(N LieG) be a connection form. If w = wy + p € 25N is a closed G-
equivariant 2-form and we define o € 2'(N)Y by a(X) = pu(AX))(x) for
X e T N, then we have ChW 4 (w) = w + d.a.

Corollary 1 The map ChW : Hé WN) — H?*(N/G) is an isomorphism.

Let us assume now that H'(N) = H?*(N) = 0. The cohomology of the Lie
algebra Lie G with values in 2°(\) is denoted by H*(Lie G, 2°(N)).

Proposition 2 Let w = wy + pu € Qé (N) be a closed G-equivariant form. If p €
QV(N) satisfies wy = dp, then the map T, € 2'(Lie G, 2°(N\)) given by To(X) =
p(XN) + 1(X) determines a linear map T: H3(N') — H'(Lie G, 2°(N)) which is
independent of the form p chosen, and that we call the transgression map 7. If G is
connected, then T is injective.

Proof The first part of the Proposition easily follows using that Ly, u(X) =
w([Y, X]) by the invariance of p. We restrict ourselves to prove that 7 is injective. By
definition [7,] = O on H'(Lie G, 2°(\)) if and only if there exists 3 € £2°(\) such
that for every X € Lie G we have 7,(X) = Ly, = tx,dB.If weset p' = p —df3
then for every X € LieG we have dp’ = wy, tx,p' = —p(X), Lx,,p' = 0, i.e.,
pe W)Y and d.p = w.

Now we assume that 7: A" — A/ isaprincipal G-bundle. Then we can consider
the more familiar transgression map defined as follows

Proposition 3 Let w € 22(N/G) be a closed 2-form. If n € 2" (N) is a form such
that ™*w = dn, then the map t,: Lie G — 20W), t,(X) = n(X ) determines a
linearmap t: H*(N'/G) — H'(Lie G, 2°(N)), which is independent of the form n
chosen, and that we call the transgression map t. If G is connected, then t is injective.

Proof Again we only prove that ¢ is injective. If 7, = dv for certain v € 2°(N),
then (X ) = Lx, v. We define i’ = 1 — dv, and we have dn’ = 7w, 1x,, 7/ =0,
Lx,n = 0. Hence 7" is projectable onto a form n’ € 2YN/G) and dn = w.

Proposition 4 Ifw € Hé (N) and w = ChW (w) then we have T(w) = t (w).

Proof If w = wp + p, by Proposition 1 we have w = 7*w + d.a for some o €
RLN) = 2'\N)9, ie. wy = T'w + da and p(X) = —a(X ).

Letn € 2'(NV) be a form such that 7w = dn. If we set p = 7+ o then wy = dp
and for every X € Lie G we have 7,(X) = ,(X).
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3 Local Equivariant Cohomology

Let p: E — M be a bundle over a compact, oriented n-manifold M without bound-
ary. We denote by J" E its r-jet bundle, by J*° E the infinite jet bundle and by I"(E)
be the manifold of global sections of E (assumed to be not empty).

We denote by Proj E the space of projectable diffeomorphism of E, and by Proj* E
the subgroup of elements preserving the orientation of M. The space of projectable
vector fields on E is denoted by projE. We consider the natural actions of ProjE on
J®E and I' (E).

Letj M xT'(E) — JXE,j®(x,s) = js be the evaluation map. We define a
map 3J .Q”*"(J"OE) — QK (E)), by S[a] = Juy (%) o, for o € QU(J®E).
The map ¥ commutes with the exterior differential and is Proj* E-equivariant (see
[9]1). We define the space of local k-forms on I"'(E), as the image of the map J,
ie. 2f (IF'(E)) = I(RH(J®E)) C QX' (E)). The cohomology loc(F(E))
of the complex (£2§.(I'(E)), d) is called the local cohomology of I"(E). We have

H} ('(E)) = H"™(E) for k > 0 (see [10]).

Let G be a Lie group acting on E by elements Proj" E. In order to define an

adequate notion of local equivariant cohomology we made the following

Assumption 1 We assume that Lie G is isomorphic to the space of sections of
a Lie algebroid V. — M, i.e. LieG = I'(V). We also assume that the map
LieG = I'(V) — projE, X — Xg is a differential operator. Finally, in the def-
inition of G-equivariant cohomology Hg“‘ (J®°E), we assume that the polynomial
maps a: LieG — 2°(J°°E) are differential operators.

We extend the integration operator to a map J: .Q’g“rk (J®E) — .Qé(F(E )), by
setting (I[a])(X) = J[a(X)] for every a € Q"*k(J"OE), X € LieG. The map J
commutes with the Cartan differential and 1nduces a homomorphism in equivariant
cohomology J: H5+k(J°°E) — HY(I'(E)) (see [9)).

We define the space of local G-equivariant k-forms by

28 10 (T(E)) = 3(Q2EHI®E)) C Q8 (E)). )

The local G-equivariant cohomology of I"'(E), H, c & 1oc (I (E)), is defined as the coho-
mology of the complex (.Qg e (E)), de).

4 Application to Local Anomaly Cancellation

Let us define the BRST cohomology (see [6, 16]). Recall (see Assumption 1) that
we assume Lie G = I' (V) for some vector bundle V. — M. A map «: /\k LieG —
Q0 (I (E)) is said to be local if there exists a differential operator A : N LieG —
2" (J*°E) such that a(Xl, .. Xk) = J[A(Xy, ..., Xp)] forevery Xy,..., X; €
Lie G. We denote by 2% (Lie g Q0 (I'(E)) the space of local k-forms on Lie G with

loc loc
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0
values on £2 .

(I"(E)). The differential § on the complex £2°(Lie g, QIOC(I" (E))
induces a differential on .Qlt)c(Lleg .QIOC(F (E)). The corresponding cohomol-
ogy H? (Lieg, .QIOC(I" (E))) is called the BRST cohomology We assume that
H?*(I'(E)) = H'(I'(E)) = 0 and also that HI%C(F(E)) = (r'(E)) =0.

loc

Proposition 5 The restriction of the transgression map T to Hé’IOC(F (E)) takes val-
ues on the BRST cohomology loc (Lie G, .QIOC(F(E))). The  map
T Hé’IOC(F(E)) — Hlf)C(Lie g, SZI%C(F(E))) is injective for G connected.

Proof Letw =wy+ p € .Qg 1o (I"(E)) be a closed local G-equivariant 2-form. As

loc(F(E)) = 0, we have wy = dp, for certain p € QIOC(F(E)). By our assump-
tion in the definition of local equivariant cohomology (Assumption 1), the map
7,: LieG — .Q]OC(F(E)), To(X) = p(X ) + u(X) € .QB,C(F(E)) is a local map.
The injectiveness of 7 follows from Proposition 2.

Assume that I'(E) — I'(E)/Gisa principal G-bundle. Then we define the local
cohomology by IOC(F(E)/Q) ChW(Hg, IOC(F(E))). By Proposition 4 we have
the following

Proposition 6 Let w € .Qg o (I (E)) be a closed local G-equivariant 2-form and
let w = ChW(w) Then we have 7(w) = t(w), and in particular we conclude that
t(w) € H, loc (Lie G, 20 (I'(E))). Moreover, the following conditions are equivalent

(@) [w]=0o0n Hé loe (T (E)).

(b) [w] = 0 on Hp (I'(E)/G).
© [T = [1W)] = 0 on Hy, (Lie G, 2y (I'(E))).

loc

Proposition 6 applied to w = c¢j(detIndD) shows that our definition of
Hi (I'(E)/G) solves Singer’s problem. We also note that if w € 25 ,,.(I'(E)) is
closed, the form w € 22(I'(E)/G) determining the class ChW ([w]) could contain
non-local terms, as w depends on the curvature of a connection ® on the princi-
pal G-bundle I'(E) — I'(E)/G, and © usually contains non-local terms. This fact
explains the appearance of non-local terms on the expression of the curvature of
det Ind D commented on the Introduction.
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Abstract Long period, good statistical properties and large linear complexity are
necessary conditions that every cryptographic sequence must satisfy. In this work, an
algebraic method to compute classes of nonlinear filters with large linear complexity
has been proposed. Two filter operations (addition and shifting operations) are per-
formed to give rise to a complete class of nonlinear filters adequate for cryptographic
purposes. The procedure here developed is simple, efficient and can be carried out at
the price of minimal computational operations. Different filter representations have
been systematically addressed.

Keywords Linear complexity - Sequence generator * Filter function + Cryptography

1 Introduction

A stream cipher cryptosystem consists of a short key and a public algorithm or
sequence generator. The output sequence generated by such a generator (keystream
sequence) is XORed with the plaintext (in emission) to obtain the ciphertext or with
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the ciphertext (in reception) to recover the original plaintext. References [9—-11, 18]
provide a solid introduction to the study of stream ciphers.

At the present moment, stream ciphers are the fastest among the encryption
procedures so they are implemented in many engineering applications e.g. the encryp-
tion algorithm RC4 [12] used in Wired Equivalent Privacy (WEP) as a part of the
802.11 standard, the recent proposals HC-128 or Rabbit coming from the eSSTREAM
Project [16] that are included in the latest release versions of CyaSSL (lightweight
open source embedded implementation of the SSL/TLS protocol [19]) or the J3Gen,
a promising pseudo random number generator for low-cost passive Radio Frequency
Identification (RFID) tags [14].

Typically, keystream generators are based on maximal-length Linear Feedback
Shift Registers (LFSRs) [3] whose output sequences, the so-called m-sequences, are
combined in a nonlinear way (e.g. by means of nonlinearly filtering or combination,
irregular decimation, modelling with cellular automata, introduction of typical ele-
ments from block ciphers, etc) to produce sequences of cryptographic application.
One general technique for building keystream generators is to use a nonlinear filter,
i.e. a nonlinear function applied to the stages of a single maximal-length LFSR [2,
11]. That is the output sequence is generated as the image of a nonlinear Boolean
function F in the LFSR stages.

Desirable properties for such sequences can be enumerated as follows: (a) Long
Period, (b) Good statistical properties, (c) Large Linear Complexity (LC). Period and
statistical properties of the filtered sequences are characteristics deeply studied in
the literature, see the references above mentioned as well as [1, 13, 15]. In addition,
such sequences have to pass a battery of tests (DIEHARD tests [6], Tuftests [7])
to be accepted as cryptographic sequences. Regarding the third requirement, linear
complexity of a sequence is defined as the length of the shortest LFSR able to generate
such a sequence. In cryptographic terms, LC must be as large as possible in order
to prevent the application of the Berlekamp-Massey algorithm [8]. A recommended
value for LC is about half the sequence period. Although the exact value of the
linear complexity attained by any filtered sequence is still an open problem [5], in
this work a method of computing the whole class of filtering functions with a linear
complexity adequate for cryptographic purposes is proposed. The method is based
on the handling of nonlinear filters by means of algebraic operations.

2 Main Concepts and Basic Notation

Specific notation and different basic concepts to develop such a computing method
are introduced.

Maximal-sequence (m-sequence). Let {s,} be the binary output sequence of a
maximal-length LFSR of L stages, that is a LFSR whose characteristic polynomial

L

P(x) =2 p; x with p; € {0, 1} is primitive of degree L, see [18]. In that case, the
j=0

output sequence is a m-sequence of period 2F — 1. The sequence {s,} satisfies the

linear recursion:
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L
2. Pjsntj = 0.
Jj=0

The roots of P(x) are of the form o? (i=0,1,...,L —1) where « is a primitive
element in GF(21) that is an extension of the binary field GF(2) with 2¢ elements
[4]. The generic term of the sequence {s,} can be written by means of the roots of

P(x) as [3]: .

sp=Tr(Ca") = Z(Ca")zi, n>0 (1)
J=0

where C € GF(2%). If C = 1, then {s,} it is said to be in its characteristic phase.
Nonlinear filter It is a Boolean function F(xo, X1, ...,x;—1) in L variables of

degree k. For a subset A = {ag, ay,...,a,—1} of {0, 1,...,L — 1} with r <k, the

notation x4 = X4, X, - - . Xq,_, is used. The Boolean function can be written as [17]:

F(XO»xlvn-vxL—l):ZchAa ()
A

where ¢4 € {0, 1} are binary coefficients and the summation is taken over all subsets
Aof{0,1,...,L—1}.

Filtered sequence. The sequence {z,} is the keystream or output sequence of
the nonlinear filter F* applied to the L stages of the LFSR. The keystream bit z, is
computed by selecting bits from the m-sequence such that

Zp = F(sy, Sndls - v e SnJrLfl)'

Cyclotomic coset. Let Z._; denote the set of integers [1, .. ., 2L — 1]. An equiv-
alence relation R is defined on its elements q;, ¢ € Z,._; such as follows: g;R ¢ if
there exists an integer j, 0 < j < L — 1, such that

2j g1 = q2m0d2L —1.

The resultant equivalence classes into which Z,. _ is partitioned are called the cyclo-
tomic cosets mod 2F — 1, see [3]. All the elements g; of a cyclotomic coset have the
same number of 1’s in their binary representation; this number is called the coset
weight. The leader element, E, of every coset is the smallest integer in such an
equivalence class. Moreover, the cardinal of any coset is L or a proper divisor of L.

Characteristic polynomial of a cyclotomic coset. It is a polynomial Pg(x) defined
by Pe(x) = (x + &) (x + a2E) ... (x + a2 "E), where the degree r (r < L) of P (x)
equals the cardinal of the cyclotomic coset E.

Characteristic sequence of a cyclotomic coset. Itis a binary sequence {SE} defined
by the expression {S£} = {a®" + 25" 4 ... + > "E"} with n > 0. Recall that the
sequence {S£} is in its characteristic phase and satisfies the linear recurrence rela-
tionship given by Pg(x), see [4].
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3 Nonlinear Filter Representations and Equivalence
Classes

The Eq.(2) describes the Algebraic Normal Form (ANF) of a nonlinear filter
F(su, Snt1, - -+ Snrr—1). This representation of Boolean functions is currently used
by the designer of nonlinear filters as he can handle the degree and particular form
of the function. Nevertheless, the ANF of nonlinear filters do not give information
on the linear complexity of the filtered sequence. In this sense, a different repre-
sentation closely related to the linear complexity is required. Thus, a new nonlinear
filter representation is introduced. Indeed, if all the variables s,; (0 <j < L — 1) of
F are substituted by their corresponding expressions in (1) and the resulting terms
grouped, then the term z,, of the filtered sequence {z,} can be written as:

in = F(Sn’ Sntls oo Sn+L—1) -
Cg,aP" + (CgoP™? + -+ 4 (CgaP? "+

Cra® 4+ (Cra™)? + - + (Cra®™>" "+ 3)

CENaENn + (CENOlEN")z R (CENaENn)z(rN—l)’

where r; is the cardinal of coset E;, the subindex i ranges in the interval 1 <i <N
and N is the number of cosets of weight < k. Thus, a nonlinear filter F(s,, $y+1,
..., Sp+L—1) can be represented in terms of the N characteristic sequences {Sf"} that
appear in this sequential decomposition shown in Eq. (3).

Note that the ith row of (3) corresponds to the nth-term of the sequence {Cg a5" +
(Craf™? 4+ ... 4 (Cgaf™)?" ™"}, that is the characteristic sequence {SZ'} where
the coefficient C, € GF(2"") determines the starting point with reference to its char-
acteristic phase. If Cg, = 0, then the corresponding cyclotomic coset E; would be
degenerate. Otherwise, the coset is nondegenerate. Linear complexity of the filtered
sequence is related with the number of coefficients Cg, # 0 as the contribution of
any nondegenerate coset to LC equals the cardinal of such a coset [18]. In this way,
the above sequential representation already provides quantitative information on the
LC of the filtered sequence.

Now, we can introduce a third nonlinear filter representation that is a simplification
of the previous one. In fact, a nonlinear filter F (s, Sy+1, - - - » Sp+L—1) can be also rep-
resented by a N-tuple of coefficients (Cg,, Ck,, ..., Cg,) where Cg, € GF(2"") and
N is as before the number of cosets of weight < k. This representation is particularly
useful as allows us to treat separately the distinct cosets.
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In brief, a nonlinear filter can be represented in three different ways:

. The traditional Algebraic Normal Form.

. The sum of its characteristic sequences.

3. A N-tuple of coefficients that define the starting point of such characteristics
sequences.

N =

The idea of grouping nonlinear filters in equivalence classes for their analysis
and handling has been already treated in the literature, see [17]. In this section, an
equivalence relationship specific to design filters with guaranteed LC is proposed.

Let G be the set of the kth-order nonlinear filters applied to a single LFSR of
length L. We can group the elements of G producing the filtered sequence {z,} or
a shifted version of {z,}, denoted by {z,}*. From equation (3), it is clear that if we
substitute Cg, for C, - af (1 <i < N), then we will obtain {z,,}. In general,

CE‘. — CE[ . Olei Vi = {Zn} - {Zn+j}~

This fact enables us to define an equivalence relationship ~ on the set G as follows:
F ~ F'with F, F' € G if they generate shifted versions of the same filtered sequence
{zn},
{F(sps ooy Snpr—1)} = {za} and {F' (s, .. ., Suyr-1)} = {20}

It is easy to see that the relation defined above is an equivalence relationship and
that the number of filters in each equivalence class equals the period of the filtered
sequence. Making use of the third representation for nonlinear filters (N-tuple of
coefficients), we see that the coefficients associated with F, F’, notated (Cg,) and
(Cf,) respectively, satisfy for an integer j

Cp = Cg, -o/E (1 <i<N). 4

4 Computing Nonlinear Filters with a Guaranteed LC

Previously to the method’s description, several results that will be used in the com-
putation are introduced.

Definition 1 Two nonlinear filters Fy and F; in the same equivalence class are
consecutive if they satisfy the Eq. (4) with j = 1 or equivalently

F1(ns ooy Snar—1) = Fo(Susts -+ o5 Snyr)-

Moving from filter Fy to filter F; in the three forms of representation means:

1. An increment by 1 in all the sub-indices of the ANF representation followed (if
-1
necessary) by a substitution of 5,47 by D pj S+

Jj=0
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2. A simultaneous cyclic shift of all the characteristic sequences {S%} in the char-
acteristic sequence-based representation.

3. The product of each coefficient by its corresponding factor a% (1 <i < N) in
the N-tuple representation.

Let Ey, E,, ..., Ey be the leaders of the M nondegenerate cosets of weight < k in
{z.} and ry, ra, ..., ry their corresponding cardinals. Two different Lemmas that
allow one to handle the different filters of an equivalence class can be pointed out.

Lemma 1 If p nonlinear filters in the same equivalence class are chosen
(CE). (Cg, - "), (Cg, - a®5), ..., (Cg, - a%'F), (5)

(g1, q2, - . ., qp—1) being integers in such a way that no characteristic polynomial
Pg.(x) (1 <i < M) divides the polynomial

Ox)=( 4+ x4 ... _|_qu171)’
then the nonlinear filter characterized by the coefficients
éEi = CE‘(I + oﬂlEi 4.+ aqpflE,v) (1<i<M

preserves the same cosets E; as those of the filters defined in (5).

Proof The result follows from the fact that the coefficients of the new nonlinear filter
verify 3
Cr, = Cp,(1+a™ 4 ... 4o ) 2£0 (1 <i<M)

as no % is a root of Q(x). O

Therefore an easy way to guarantee the presence of all the cosets E; in the new
filter is just summing p < r,,;,, consecutive nonlinear filters in the same equivalence
class (r,in being the least cardinal of all the cosets E;) as deg Q(x) < deg Pg,(x) (1 <
i<M).

Lemma 2 The sum of nonlinear filters satisfying the conditions of Lemmal gives
rise to a new nonlinear filter in a different equivalence class.

Proof We proceed by contradiction. Suppose that the new filter belongs to the same
equivalence class. Then,

Cr,=Cp,(1+a®5 + ... +a% By = Cp - o (1 <i < M). (6)
Assume without loss of generality that coset E; = coset 1. Therefore, according to

Eq.(6)
(I+a? + - o) =d
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and consequently
(A +a?fi . fa®Ey =B (2 <i<M).
Thus, it follows that
(I+a® +- o) = Q4o .. 4 o) 2<i<M).

Nevertheless, it is a well known fact that in GF(2F) this equality only holds for E;
of the form 2™ (i.e. the elements of coset 1) but not for the leaders of any coset E; #
coset 1. O

Both lemmas allow us to construct a new equivalence class that preserves the
same cosets as those of the initial class.

From the previous results, an easy method of computing all the nonlinear filters
that guarantee the cosets of weight & is given. Indeed, we start from a filter with a
unique term product of k equidistant phases of the form:

Fo(Sn, Snats « v o5 SntL—1) = SpSpy88n428 - + - St (h—1)s @)

with 1 < k < L and ged(8, 2F — 1) = 1. In the sequel, we will focus exclusively on
the N cosets of weight k making use of the N, -tuple representation.

Given Fy in (7), the computation of its Ni-tuple is carried out as follows. Let
E =2%42% 4 ... 4 2% be the leader element of an arbitrary coset of weight k
where e; (0 < i < k — 1) are integers. According to Egs. (2), (3) and grouping terms,
the coefficient Cg for F in the Nj-tuple representation, denoted by C2, is given by
the determinant

G020 820 2820 (k—1)§2%
o0 _ 02T 82T 2821 =182
E - DEEEY ... ... ’
Q0 2% 82T (282%1 (k1) 2%
or equivalently,
2 (k—1)
I X A5 ... A(()k )
2 _
o |1 A A7 ... A
Ce = ! ! =1I1(A +2)),

Uiy 22, D

with ; = &??, %; = &®?” (0 < i < j < k — 1). Thus, each coefficient CY is a Van-
dermonde determinant that can be easily computed as well as it is guaranteed to be
different from 0. Thus, the cosets of weight k for the filter Fy are nondegenerate and
their contribution to the linear complexity equals (i), see [18]. Next, the coefficient
of coset E for F; in the Ni-tuple representation, denoted by C}, is given by the
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determinant
a2 D20 L @8D20 (k1) 841)20
ol a2 D2 @812 (k=D s+1)2
=
ol 2% QG 2% @8+ D 2% ((k=1) 841 2%
thus,
1 _ 20 2 2%-1 0 _ E 0
Cp=a" -a” ...« Cp=a"-Cp.

At the same time, the coefficient of coset E for the filter Fjy + F, denoted by C Ol ig
Cpl = Cp+Cp = Cp(1 +ab).

The key idea in this construction method is shifting the filter Fy + F through its
equivalence class and summing it with Fy in order to cancel the successive compo-
nents of its Ni-tuple. The procedure is sketched in algorithm 1. After a succession
of sums and shiftings, the final result is:

1. A set of Ny basic nonlinear filters of the form (0,0,...,d;,...,0,0) (1 <i <
Ny) with d; € GF(2Y), d; # 0 where each filter includes a unique coset E; of
weight k.

2. Their corresponding ANF representations.

The combination of all these basic filters with d; (1 < i < N;) ranging in GF(2})
(with the corresponding ANF representations) gives rise to all the possible terms of
order k that preserve the cosets of weight k. Later, the addition of terms of order < k
in ANF permits the generation of all the nonlinear filters of order k that guarantee a

linear complexity LC > (i)

Algorithm 1. Computation of nonlinear filters with a unique k-weighted coset

Input:
The pair (L, k), Nk, LFSR characteristic polynomial P(x), filter F( in ANF
01: Compute the Ni-tuple for filter Fo, (Cgl_), (1 <i<Np);
02: fori=N; —1to2do
03:  Compute the Ni-tuples for filters F; and Fy + F, (C }E[) and (C‘%l ), respectively;
04:  Shift (Cg:) through its equivalence class until the i — th component equals Cgi;
05:  Sum (Cg}) + (Cgi) getting a Ni-tuple with O at the i — th component;
06:  (CR) < (CPH) +(C)
07: end for
Output:
Ny basic filters of the form (0,0, ..., d;,...,0,0) (1 <i < Ny) withd; € GF(2L), d; # 0
Their corresponding ANF representations.
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4.1 Discussion of the Method

Regarding the previous method, distinct considerations must be taken into account.
Recall that the construction method above described to compute the basic filters
©,0,...,d;,...,0,0),d; # 0involves very simple operations:

e Sum operation: that is reduced to a sum of filters in the ANF representation or
to a sum of elements Cg, in the extended field GF(2") that expressed in binary
representation is just an exclusive OR operation.

e Shifting operation through an equivalence class: that means for each shifting an
increment by 1 in all the indexes in the ANF representation or the multiplication
of powers of a by their corresponding factors o in the N;-tuple representation.

Consequently, the efficiency of the computation method is quite evident. In brief, we
provide one with the complete class of nonlinear filters with LC > (i) at the price
of minimal computational operations.

In the case that the presence of more cosets of weight <k were guaranteed, the
procedure here described continues being applicable just enlarging the coefficient
vector to new components corresponding to those new guaranteed cosets in the N-
tuple representation. Let us now see an illustrative example.

4.2 A Numerical Example

Let Fjy be a nonlinear filter of third order applied to the stages of a LFSR of length 5
and characteristic polynomial P(x) = x° + x> + 1, where « is a root of P(x) so that
@ = o + 1. There are 2 cyclotomic cosets of weight 3: coset 7= {7, 14, 28, 25, 19}
and coset 11= {11, 22, 13, 26, 21}. The form of the filter with guaranteed cosets of
weight 3 is F(so, S1, s2) = sos152. The algorithm previously described is applied.

INPUT: (L, k) = (5, 3), N3 = 2, LFSR characteristic polynomial P(x) = XX+
x>+ 1, filter Fy = sgs15, in ANF.

Computation of the 2-tuples for the filters Fy, F, Fo + F:
e Fy(so, s1,52) = sos152 = (C9, CY)) = (@, a).

o Fi(s0, 51, 8) = sis283 > (C}, Cf) = (@ - o, a - a'l) = (@, a®).

o Fo+F) = sos152 + 515253 — (CY, CY) = (@, a'3) + (@?, o) = (&, o).
Computation of (dy, 0):

e Shifting of (C9', CY¥) through its equivalence class until C] = C?, = '3, that is
(e, o) is shifted up to (a?’, a'3).
e Sum (%, &) + (@2, «'?) = (&, 0), so that (d;, 0) = (¢, 0).

Computation of (0, d>):
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Table 1 Class of nonlinear filters (d;, 0) with coset 7 exclusively

Filter | Algebraic normal form Coeff.
Fy S0S5152 + $05153 + 085154 + S05253 + 505254 + S05354 + 15253 + (as, 0)
515284 + 515354

Fy 505152 + 505153 + S0S154 + 5052853 + S05254 + 515254 (@'2,0)
F 5085152 + 505153 + 505253 + 515254 + 15354 (alg, 0)
F3 505253 + 505254 + 515253 + 515254 + 515354 + $25354 (@%,0)
Fy 5085153 + 505253 + 505254 + S05354 + 515354 (@2,0)
Fs 5085183 + 508154 + 505284 + 515254 + 525354 (ag, 0)
Fs S05152 + 505153 + S05253 + 505354 + §15253 + 515254 (@0, 0)
Fr 505154 + 505253 + 515253 + 515284 + 525354 (@%,0)
Fg 505152 + 505253 + 505354 + 5152853 + 515354 + 525354 (@%,0)
F9 5085154 + 5052854 + 5085354 + 5152853 (aé, 0)
Fio 505152 + 505153 + S05154 + 515253 + 515354 + 525354 (@"3,0)
Fy S0S152 + 5085254 + S05354 + 515254 (@%,0)
Fi2 505153 + 505154 + 505253 + 515253 + 515354 (@*,0)
Fi3 5085152 + 505254 + 515283 + 515254 + 15354 (a3, 0)
Fuy 505153 + 5085253 + S05254 + 515253 (@!°,0)
Fis S0S153 + 515254 + 515354 + 525354 @',0)
Fie 5085283 + 505254 + 508354 + S15254 + 525354 (a24, 0)
Fi7 S05153 + 5085154 + $05253 + 05254 (1,0)
Fis 505152 + 508154 + 515253 + 515284 @’,0)
Fi9 505152 + 505253 + 525354 (@'4,0)
Fyo 505354 + 515253 + 515354 (@?!,0)
Fy 505154 + 8085254 + 515354 (azs, 0)
Fa 505152 + 505153 + 505254 + 515253 + 525354 (@*,0)
F» 5085153 + 505354 + S15283 + 515254 + 525384 (a“, 0)
Foy 505154 + 505253 + 505354 + 515254 + 515354 + 525354 (@'8,0)
Fas 505152 + 5085154 + S05253 + 505254 + 05354 + 515253 + 525354 (@%,0)
Fag 505152 + 505153 + 505154 + 505354 + 525354 (a0, 0)
F>7 5085152 + 505154 + 5085354 + 515254 + 15354 (ag, 0)
Frg 505152 + 505154 + 505253 + 505254 + 515354 + $25354 (Olls, 0)
Fa S0S152 + 508153 + 505254 + 505354 + S15354 + 525354 (@*2,0)
F3 S085153 + 505154 + 5085254 + $05354 + 515253 + 5152854 + 515354 + 525354 (a29, 0)

e Shifting of (C2', CY}) through its equivalence class until C?' = C? = «?, that is
(e, 0) is shifted up to (a, 0).
e Sum (@, 0) + (@, a'?) = (0, «'?), so that (0, d») = (0, «'?).

OUTPUT: Two basic nonlinear filters expressed in their 2-tuple and ANF repre-
sentations.
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1. The 2-tuple (d;, 0) = (e, 0) and its ANF representation

805182 + $05153 + S05154 + 05253 + S05254 + S05354 + 515253 + 15284 + $15354.
2. The 2-tuple (0, d;) = (0, ') and its ANF representation

808284 + $05354 + $15254.

Basic filters (d;, 0) and (0, d») range in their corresponding equivalence class

(with 2% — 1 filters per class) as it is shown in Tables 1 and 2, respectively. Filter
(d1, 0) includes a unique coset of weight 3 that is (coset 7) as so does (0, d») with

Table 2 Class of nonlinear filters (0, d») with coset 11 exclusively

Filter | Algebraic normal form Coeff.
Fo 505254 + 505354 + 515254 0, a!3)
F 5085153 + 505154 + 505253 + 515354 (0, oz24)
F> 505152 + 505254 + S15253 + 515254 + 515354 + 525354 )
F3 5085153 + 505253 + 505254 + S05354 + 515253 0, a')
Fy4 S0S153 + 505154 + 515254 + 525354 (0, %)
Fs 5085152 + 505253 + 5085354 + 515253 + 15254 (0, a6)
Fe 505154 + 505253 + 515253 + 525354 0, ')
F; 505152 + 5085354 + S15253 + 515354 + 525354 0, %)
Fg 505154 + 505254 + 505354 + 515283 + 515354 0, a®)
Fo 505152 + 505153 + S05154 + 505254 + 515253 + 515354 0, %)
Fio 505152 + 5085153 + S05254 + 515254 (0, %)
Fy S0S153 + 505253 + 515253 + 515254 (0, a!0)
Fiy 5085283 + 5152854 + 15354 + 525354 (0, a21)
Fi3 505253 + 505254 + S05354 + 515354 + 525354 0, @)
Fy 505153 + 5085154 + S05254 + 5085354 + 525354 0,a!?)
Fis 505152 + 505153 + S0S154 + 505354 + 515253 + 515254 + 515354 0,a%)
Fie 5085152 + 505154 + 5085253 + $05254 + 515254 + §15354 (0, oz3)
Fi7 508182 + 505153 + 505253 + 505254 + 515354 + $253854 (0, 0514)
Fig 505153 + 505254 + 505354 + 5152853 + 515254 4 515354 + 525354 0,a®)
Fio 5085153 + 505154 + 505253 + 505254 + S05354 + §15254 + 15354 (0, o)
Fa 505152 + 5085153 + S0S154 + 505253 + 05254 + 515253 + 515254 + 525354 (0, a'%)
F2 505152 + 5085153 + $05253 + 505354 + S15254 + 515354 + 525354 (0, a?7)
Fyp 505154 + 505253 + 505254 + S05384 + 515253 + 515254 + 525354 0,a7)
F 5085152 + 505153 + 5085154 + 505253 + 5085354 + 515253 + 525354 (0, (xls)
Foy S0S152 + 508154 + 505354 + 515254 + 525354 (0, 0529)
Fos 505152 + 505154 + S05253 + S05354 + 515354 0,0%)
Fre 5085152 + 505154 + 5085254 + §25354 (0, ozzo)
F>7 505152 + 8085153 + 505354 0, 1)
Fag 505154 + 515253 + 515254 + 515354 0, !l
Fao S0S152 + 505253 + 505254 + 515253 0,a?)
F3 S08153 + 5152853 + 515354 + 525354 (0, ozz)
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(coset 11). None of the filters depicted in the previous tables attains the lower bound
LC > (2) corresponding to the cosets of weight 3. Nevertheless, summing up each
one of the ANF representations in Table 1 with every one of the ANF representations
in Table 2, we getthe 31 x 31 possible combinations of terms of order 3 that guarantee
the cosets of weight 3 (coset 7 and coset 11). Next, the addition of terms of order <3
in ANF representation permits us the generation of all the nonlinear filters of order
3 applied to the previous LFSR that guarantee a linear complexity LC > (g)

5 Conclusion

In this work, different representations of nonlinearly filtering functions (ANF,
sequential decomposition, N-tuple representation) have been considered and ana-
lyzed. At the same time, a method of computing all the nonlinear dynamical filters
applied to a LFSR that guarantee the cosets of weight k has been developed. The
procedure is based on algebraic operations (addition and shifting operations) on non-
linear filters in different equivalence classes. Starting from a nonlinear filter that is
the product of equidistant phases, the computation method formally completes the
class of filters with a guaranteed linear complexity of value LC > (I];) In crypto-
graphic terms, this procedure means an easy way of designing keystream generators
for stream ciphers.
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Abstract The development of side-channel and fault injection attacks against the
implementation of algorithms used in elliptic curve cryptography (ECC), has pointed
out that it is not enough to implement efficient algorithms that are secure from a
theoretical point of view. In this sense, it is necessary to design algorithms that do
not leak information which could allow an attacker to obtain the used keys, thus
making the physical implementations of those algorithms resistent to this kind of
attacks. In this work, some of the options to implement the scalar multiplication for

elliptic curves are described.
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1 Introduction

The widespread use of portable cryptographic tokens (smartcards, USB devices, etc.),
whose computation and storage capacity is limited, in addition to the fact that the
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physical implementations of cryptographic algorithms in those devices are specially
threatened by side-channel or fault injection attacks (commonly known as physical
attacks), highlights the importance of analyzing the characteristics of the elliptic
curve cryptography (ECC) algorithms used by those devices.

Scalar multiplication is the basic operation in ECC when physical devices with
limited computational and memory resources are used. Thus, it is necessary to take
into account the cost of its implementation in terms of the type and number of
operations to perform. As it is well known, a scalar multiplication in additive groups
is algorithmically analogous to an exponentiation in multiplicative groups. There
are, however, some differences that justify the study of scalar multiplication on its
own. For instance, the fact that a point inversion within the group of points on an
elliptic curve has a relatively low cost, allows some algorithmic optimizations.

In this work we have focused on elliptic curves, E(FF,) with infinity point &,
defined over prime fields, IF,, p > 3, because they are the most widely used in prac-
tical applications (the American National Security Agency has selected the option
of prime fields for its Suite B, [18]), and because the use of ECC over binary fields
is protected by several patents.

The rest of the work is organized as follows: in Sect.2 some concepts related to
elliptic curve arithmetics are presented. Section 3 describes the classical algorithms
for scalar multiplication. Finally, algorithms that include some type of countermea-
sure to avoid some physical attacks are analyzed in Sect.4. For a more exhaustive
treatment of ECC and its arithmetics, the interested reader can see [5, 9].

2 Elliptic Curve Arithmetics

The computational cost of additions and subtractions is usually considered negligible
as compared to that of multiplications. In spite of this consideration being asymptot-
ically correct for personal computers and similar devices, this is not accurate in the
case of implementing algorithms in small embedded cryptographic devices which
use an arithmetic coprocessor capable to add, subtract, multiply, and make modular
operations such as multiplication or squaring.

In most cases, modular additions and subtractions are carried out by means of
normal additions and subtractions and, respectively, conditional subtractions and
additions. In practice, these conditional operations imply a side-channel vulnerabil-
ity which could be avoided by performing the operations unconditionally, that is,
performing dummy operations half of the time. On the other hand, as each operation
carried out by the coprocessor requires an extra software processing to configure and
start it, it seems clear that the cost of additions and subtractions is not negligible in
practice.

However, the most computationally costly operation is multiplication. It is gen-
erally considered that, for operands of a few hundred of bits, S/M ~ 0.8, M being
the cost of a modular multiplication and S that of a squaring. The cost of a modu-
lar inversion is much higher than that of a multiplication; in smartcards it has been
observed that /M ~ 100, I being the cost of a modular inversion [21].
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Most of the computation time employed in the aforementioned embedded devices
is related to the curve point arithmetic, namely additions, subtractions, multiplica-
tions by scalars and inversions. The remaining operations (conditional branching,
assignments, loop processing, etc.), have a negligible cost as compared to the com-
putational cost of the above arithmetic operations.

In some cases, it is adequate to use Jacobian projective coordinates [9], or modi-
fied (or mixed) Jacobian coordinates [2], to avoid performing some operations. For
example, if two points in Jacobian coordinates have the same Z coordinate, they can
be added very efficiently [15]. Indeed, if P; = (X;: Y1: Z) and P, = (X,: Y»: Z),
with X| # X,, the sum P, + P, = P3, with P; = (X3: Y3: Z3) can be computed
as:

_ _ 2
X3;=D-B-C, 2:;?(2 X1)?,
Y; = (Y, — Y1)(B — X3) — Y1(C — B), with o
Zy = Z(X2 — X)) € =X>4,
I T A D= (Y, — Y2

This Meloni’s addition formula [15] is known as co-Z addition, and it has a very
small computational cost. An interesting property of this formula is that the point P,
can be converted after the addition into another representative P; = (X|: Y|: Z3),
with no cost. It can be seen that Z3 = Z(X, — X), which yields X| = X (X, —
X1)? = X1A and Y| = Y;(X, — X;)? = Y1(C — B), expressions which are part of
the Meloni’s addition formula above.

Co-Z addition and update (ZADDU) uses Meloni’s addition formula, such that
ZADDU(P,, P,) = (P3, P{). Goundar et al. [7] extended this operation to a conju-
gate addition, referred to as ZADDC( Py, P,) = (P, Py), observing that the previous
co-Z addition can also yield P — P, = (X4: Y4: Z3) with [21]

[X4=(Y2+Y1)2—B—C,
Yy=Y2+Y)(B - Xy4) — Y1 (C—B).

3 Efficient Scalar Multiplication Algorithms

In this section, the most efficient classical algorithms to compute the scalar mul-
tiplication when there is no threat of potential side-channel attacks are presented
(assuming, for instance, that the calculations to be performed are public, or that they
take place in a secure environment).

The simpler binary methods are commonly called double-and-add algorithms,
either left-to-right or right-to-left. There are also methods based on the non-adjacent
form (NAF) representation of the scalar with sign, which use can improve the effi-
ciency of the simple binary methods. Moreover, the sliding window methods are also
presented. These are methods that use time-memory trade-offs to speed up the scalar
multiplication, provided that extra memory is available.
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In the following, when the computational cost of an algorithm is mentioned, it is
assumed that the curve point is represented in affine coordinates. This allows several
improvements when using algorithms which operate with the scalar bits from left
to right. This assumption is reasonable because the use of affine coordinates is a
standard procedure in most protocols.

3.1 Simple Binary Algorithms

There are several formulations to calculate the scalar multiplication (k P) starting
from the binary decomposition of the scalar, k = (k;_1k;—> . . . ko)». If, for example,
the following formulas are considered,

kP =koP + k2P + -+ k127! P,
kP =koP +2(kiP +2(--- 4 2(k-1P)--)),

the algorithms to perform the corresponding operations are known as double-and-
add algorithms (due to the additive group structure), and are similar to the classical
exponentiation algorithms based on squaring and multiplying. Algorithm 1 is called
left-to-right because it starts using the scalar bits from the most significant to the least
significant. In Algorithm2 the scanning of the bits is made in the opposite direction
and, thus, it is called right-to-left algorithm.

Algorithm 1 Double-and-add left-to-right scalar multiplication
s Input: P € E(Fp), k = (kj—1kj—> ...ko)2
: Output: kP
: Uses: P, Q
Q <« 0
cfori=1—-1to0do
Q<20
if k; = 1 then
Q< 0+P
end if
: end for
: return Q

TeYRXRINREWD T

——

Both algorithms have the same complexity in terms of point operations. However,
their cost differ when considering field multiplications. In Algorithm 1 it is possible
to use the mixed affine-projective addition formula when the affine coordinates of the
input point are known. Furthermore, in [12] it was pointed out that Algorithm 2 allows
using the Jacobian addition formula at step 8 and the modified Jacobian doubling
formula at step 10, provided the Jacobian coordinates of point Q and the modified
Jacobian coordinates of point R are known. This allows fast point multiplication on
elliptic curves without precomputation.
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Algorithm 2 Double-and-add right-to-left scalar multiplication
2 Input: P € E(Fp), k = (kj—1kj—2 ...ko)2
: Output: kP
: Uses: P, Q, R
Q<0
R <« P
fori =0to/ —1do
if k; = 1 then
0« 0+R
end if
R < 2R
: end for
: return Q

AN o e

_——
M oYw

3.2 Algorithms with Non-adjacent Forms (NAF)

It is relevant to notice that an inversion operation P <— — P has a computational cost
almost negligible. Thus, it is interesting to use signed representations to decrease
the number of additions to be performed in the scalar multiplication. This can be
made by first converting the scalar into its non-adjacent form, which is a binary
representation with sign in such a way that there is no two consecutive bits equal to
1. That is, the NAF representation of an integer k € N* is k = (kj_1k;—> .. . ko)NAF
withk; € {—1,0,1},0 <i <[ — landk;_; = 1suchthat, for any consecutive digits
k,‘ and ki+1, kiki+1 =0.

There is a unique NAF representation of a given scalar so that its length is the
same than the binary representation of the scalar or has one more digit, its number of
non-zero digits is always minimal among base 2 signed representations for a given
scalar, and there exists a simple algorithm to obtain the NAF representation of a
positive integer which uses only low-cost operations (see Algorithm 3).

Algorithm 3 Calculation of the NAF representation of an scalar
1: Input: k € N*
2: Output: knaF
3:1 <0
4: while k > 1 do

5: if k (mod 2) = 1 then
6: ki < 2 — (k (mod 4))
7: k< k—k;

8:  else

9: ki <0

10:  end if

11: k<« k/2

12 i<i+1

13: end while
14: return knaF = (kj—1ki—2 . . . ko)NAF
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Algorithm4 shows how to calculate the left-to-right scalar multiplication using
the NAF decomposition of the scalar. Algorithm 5 [12] includes the computation of
the NAF representation of the scalar and is a right-to-left variant of Algorithm4.

Algorithm 4 Left-to-right NAF scalar multiplication
s Input: P € E(Fp), k = (kj—1ki—2 ... ko)NAF
: Output: kP
: Uses: P, Q
Q<0
fori =71—1to0do
0«20
if k; = 1 then
Q< Q+P
end if
if k; = —1 then
0« 0+ (—P)
end if
: end for
: return Q

A o e

—_— =
N T

3.3 Window NAF Algorithms

If some odd multiples of the input point are precomputed, a scalar multiplication can
be calculated in a more efficient way. The basic idea is to operate with the bits of the
scalar in windows of an adequate size and store in a table the result of multiplying
the point by each window of bits.

As an example, if the scalar has two bits 11, the calculation which is made accord-
ing to the left-to-right double-and-add algorithm is 2(2Q + P) + P.However, if 3P
is known, the same result is obtained by computing 2(2Q) + 3 P, thus saving an addi-
tion. This idea can be extended to blocks with more bits (windows of different sizes)
and NAF representations [6, 14]. With right-to-left algorithms, a similar strategy can
be used. In this case some values which are stored during intermediate calculations
of the scalar multiplication are combined at the end [16, 22].

In [9], two families of algorithms which use blocks of several bits (windows)
at the same time are defined, namely, sliding window NAF, and window width-w
NAF algorithms. Both can be implemented either left-to-right or right-to-left. The
algorithm to perform a left-to-right sliding window NAF scalar multiplication is
shown in Algorithm 6.

Algorithm 7 shows a right-to-left window width-w NAF. In this case, the width-w
non-adjacent form of the scalar is computed on-the-fly.
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Algorithm S Right-to-left NAF scalar multiplication

1: Input: P € E(F,), k € N*
2: Output: kP

3: Uses: P, R

4: Q <~ 0O

5 R« P

6: while k£ > 1 do

7:  if k (mod 2) = 1 then
8: u <2 — (k (mod 4))
9: k<k—u
10: if u = 1 then

11: Q< Q0+R
12: else

13: Q< 0+ (—R)
14: end if

15:  endif

16: k< k/2

17: R < 2R

18: end while

19: return Q

Algorithm 6 requires to store (2" — (—1)")/3 — 1 more points than Algorithm4.
In the case of Algorithm7, 2*~! — 1 more points need to be stored, as compared to
Algorithm 5.

Algorithms 6 and 7 have a similar efficiency. Choosing the optimal one depends
on the length of the scalar, and also on the amount of available memory (the larger
the memory, the larger the possible width of the window).

These NAF techniques were generalized in [16] with the signed fractional window
representation, which allows to use any set of consecutive odd digits =1, +3, 5, . . ..
In this way the efficiency of the scalar multiplication can be optimized by using a
window of width w > 4 and all the available memory storage [21].

4 Algorithms Which Include Countermeasures

As mentioned in Sect.2, side-channel attacks use some assignments or conditional
branching of the algorithms, which frequently depend on the bits of the key, to
obtain information about the latter. Thus, a large variety of countermeasures have
been proposed in order to modify the algorithms such that their execution includes
a series of regular operations which are independent of the value of the scalar bits.
Those are known as regular algorithms, and the sequence of operations they perform
is constant no matter whether the bits of the scalar are O or 1. In this section, several
ways of applying this regularity are described.
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Algorithm 6 Left-to-right sliding window NAF scalar multiplication
2 Input: P € E(Fp), k = (kj—1kj—2 ... ko)NAF, W > 2
. Output: kP

. Uses: Q, Py, P3, ..., Py, where m = 22w_(37_1)" —1
Q<0 ‘
i<1—-1

: Precomputations

:fori = 1tomby2do

P <~ iP

: end for

10: Main loop

11: while i > 0 do

12:  if k; = 0 then

13: 0«20

14: i <i—1

15:  else

16: s <max(i —w+1,0)

17: while k; = 0 do

18: s <—s+1

19: end while

20: u < (ki ...ks)NAE

21: for j=1toi —s+1do

Nl

22: 0«20

23: end for

24 if u > 0 then
25: Q<0+ P,
26: end if

27: if u < O then
28: 0« 0+ (—Py)
29: end if

30: i <—s—1

31: endif

32: end while

33: return Q

4.1 Double-and-Add Always

In Sect.3.1 it can be observed that in step 8 of Algorithm 1 and Algorithm?2 a point
addition is performed only when the value of the processed scalar bit is 1. This can
leak information to an attacker. An obvious countermeasure against side-channel
attacks, first proposed in [3], is to always perform a point addition, no matter if
ki = 1 or k; = 0 (in this case the point addition is a dummy operation). The method
is thus called double-and-add always. Algorithm 8 presents the right-to-left variant
of this countermeasure, where a dummy addition is included in step 10.

It is possible that applying a countermeasure against a certain kind of attack could
generate a vulnerability to other attacks. This is the case of Algorithm8, because
if an attacker is able to induce a fault during the addition of points (this can be
made in steps 8 or 10), it is possible to deduce the value of the corresponding bit
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Algorithm 7 Right-to-left on-the-fly window width-w NAF scalar multiplication

1: Input: P € E(F)), k = (kj—1kj—2 ... ko)2, w > 2
2: Output: kP

3: Uses: R, Q1, O3, ..., Om, Wherem =271 — 1
4: R <~ P

5:01,03,...,0m <0

6: Main loop

7: while k > 1 do

8: if k (mod 2) = 1 then

9: t <k (mod2¥)  ~»  wherek (mod2%) e [—2""! 2% —1]
10: if 7 > O then
11: 0, <~ 0, +R
12: end if
13: if r < 0 then
14: Q0,«<0,;—R
15: end if
16: k<k—t
17:  endif
18: R < 2R
19: k<« k/2

20: end while

21: Postcomputations

22: for i =3 tom by 2 do
23: Q1< Q1+1i0;
24: end for

25: return Q)

Algorithm 8 Right-to-left double-and-add-always scalar multiplication

2 Input: P € E(Fp), k = (kj—1kj—2 ... ko)2
: Output: kP
: Uses: Q, R, T
O, T <0
R <« P
fori =0to/ —1do
if k; = 1 then
0« 0+R
else
T<~T+R
end if
R < 2R
: end for
: return Q

A O el e

—_—
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by just checking the output of the algorithm. Indeed, a correct result implies that the
operation that was performed was dummy, and the bit is k; = 0. On the contrary, a
wrong result indicates thatk; = 1. This is the basic idea used in the safe-error attacks,
introduced in [23]. The positive aspect, however, is that when using Algorithm § it is
easy to check whether there has been an attempt to induce a fault because, as at the
end of the algorithm it is expected that Q = kP, T = (2! —k —1)Pand R =2/ P, it
would be enough to check that Q + T + P = R to ensure that no attack has occured.

4.2 Montgomery Ladder

Another well known countermeasure is the Montgomery ladder, presented in Algo-
rithm9. It was introduced in [17] to accelerate the scalar multiplication on a specific
class of curves, and has been generalized to elliptic curves over fields of large char-
acteristic [1, 4, 10].

Algorithm9 allows to accelerate the scalar multiplication provided that the y
coordinate of the result is not needed. This occurs in ECDSA and many other cryp-
tographic protocols. As it can be observed, there is no dummy operation in the
Montgomery ladder algorithm and, thus, it is not threatened by safe-error attacks.
Another advantage is that it can be easily parallelized [4].

Algorithm 9 Montgomery ladder scalar multiplication
2 Input: P € E(Fp), k = (kj—1kj—2 ... ko)2 where kj— =1
: Output: kP

. Uses: Qo, Q1

Qo <« P

Ql < 2P

cfori=1—-2to0do

Q1 < Qo+ 01

Qk,‘ <~ 2Qk,'

: end for

: return Qo

SCOXIDL A LN~

—

4.3 Joye Double and Add Ladder

As a general rule, in order to prevent or avoid side-channel attacks, right-to-left
algorithms are usually better than left-to-right ones. In [11], the author proposed a
right-to-left algorithm (see Algorithm 10) which, besides, is not affected by safe-
error attacks, a powerful type of fault induction attacks. Joye’s algorithm, similarly
to Algorithm9, carries out a doubling and an addition for every bit of the scalar.
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Algorithm 10 Joye double-and-add ladder scalar multiplication
s Input: P € E(Fp) yk = (ki—1kj—2 .. .ko)2

: Output: kP

: Uses: Qo, Q1

QO < ﬁ

Q] < P

fori =0to/ —1do

Q14 <201k + QO

: end for

: return Qo

4.4 Joye m-ary Ladders

Algorithm 11, called regular m-ary, was presented in [13] and, with m = 2, is very
similar to the Montgomery ladder. Regarding its performance, Algorithm9, which
uses only the x coordinate, is the fastest one. The performance of Algorithm 11 with
m = 2 is better than that of Algorithm 10.

Algorithm 11 Regular left-to-right Joye m-ary scalar multiplication
s Input: P € E(Fp), k = (ki,,_ ki—m—2 ... ko)m Where k > 0

: Output: kP

: Uses: Q, Ro, Ry, ..., Ry—1

Q <« —P

: Precomputations

fori =0tom — 1do

Ri <~ (m+i—1)P

: end for

: Main loop

fori =1, —1to0do

Q <~ mQ + Ry, ~> t duplications and an addition if m = 2’
: end for

: Final correction

Q<0+ P

: return Q

— e e e
LME WD~ O

4.5 Co-Z Ladders

New scalar multiplication methods based on the co-Z Jacobian arithmetics (_# ) were
presented in [7, 20], later on extended in [8, 19]. As an example, the Montgomery
ladder algorithm can be converted to Algorithm 12. In this way it is possible to take
advantage of the ZADDU and ZADDC co-Z Jacobian addition formulas.
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In [15] it was pointed out that a formula of ZADDU which only uses the (X : Y)
coordinates could be used in scalar multiplication algorithms (in this case the for-
mula is denoted ZADDU’). The Z coordinate can be generally obtained at the end
with a few extra field operations. This can also be applied to Algorithm 12 (see
Algorithm 13), by using the ZADDC’ operation, which is a (X : Y)-only variant of
ZADDC [8, 20].

Algorithm 12 Montgomery ladder scalar multiplication using _# with co-Z addition

1: Input: P = (x,y) € E(Fp), k = (kj_1kj—2 ... ko)2 where k;_ =1
2: Output: kP

3: Uses: Qop, Q1

4: Q1 < (Xap: Yap: Zop) ~> Jacobian representation of 2 P
5: Qo < (xZ%P: yZ%P: Zop) ~ Jacobian representation of P
6: fori =/ —2to0do

T (Ql—k,‘ ’ Qk,') <~ ZADDC(Qk,s Ql—k,‘)

8 (O, Q1-k) < ZADDU(Q1 4, Ok)

9: end for
10: return Qg

Algorithm 13 Montgomery ladder scalar multiplication using / with (X : Y)-only
co-Z addition
1: Input: P = (x,y) € E(Fp), k = (kj_1kj—> ... ko)2 where k;_ =1
2: Output: kP
3: Uses: Qo, Q1
4: Q1 < (X2p: Yap)
50 Qo < (xZ3p: vZ3p)
6
7
8

fori=1—2to1do

(Q1-k;, Qx;) < ZADDC’(Qx;, Q1-;)
(Q;» Q1-k;) < ZADDU (Q1—4;, O1-k)

9: end for

10: (Q1-ky» Qky) < ZADDC'(Qy> Q1-ko)

11: Z < xY¥g, (Xg, — Xo,)

12: 1« yXQk(,

13: (Qk()s Ql—k()) <~ ZADDU,(Ql—k()v Qk())

14: return (A?>Xg,: A3Yg,: Z)
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1 Introduction

Supermanifolds appeared in Mathematics as a way to unify the description of bosons
and fermions in Physics. Of course, there would be nothing special about them if
the resulting theory were just the juxtaposition of separate theorems, what is really
interesting is the possibility of new phenomena arising from the interaction of both
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(the bosonic and the fermionic) worlds. From the point of view of Physics, the most
prominent exponent is the phenomenon of supersymmetry, much questioned these
days in view of the absence of experimental evidence coming from the LHC research,
but from a purely mathematical point of view there is the exciting possibility of
investigating geometric structures which can be understood only by looking at them
through “fermionic lenses”.

Symplectic scalar curvature is one of these structures: if one starts out with a con-
nection on a usual manifold, it is straightforward to define its associated curvature,
but if a refinement such as Ricci or scalar curvature is desired (as in General Rel-
ativity), then a non-degenerate bilinear form (a second-order covariant tensor field)
is required to take the relevant traces. Riemannian geometry enters the stage when
that tensor field is taken symmetric, leading to a plethora of well-known results, but
there is another possibility. A symplectic form could be used to make the successive
contractions needed to pass from the curvature four-tensor to the scalar curvature,
but it is readily discovered that the would-be symplectic scalar curvature obtained
this way vanishes due to the different symmetries involved (the Ricci tensor is sym-
metric and is contracted with the skew-symmetric symplectic form). Thus, it would
seem that there is no room for a non-trivial Riemannian-symplectic geometry, an
idea further supported from the observation that locally Riemannian and symplectic
geometries are quite opposite to each other, as in the symplectic case there are no
invariants because of the Darboux theorem.

However, things are different if we allow for supermanifolds. In this case, there
are two variants of symplectic forms, even and odd ones, and it is remarkable that,
while even symplectic forms lead to the same results as in the non graded setting,
for odd symplectic manifolds it is possible, a priori, to define a symplectic scalar
curvature, because the symmetries involved in this setting do not forbid its existence.
However, the explicit construction of examples is very difficult, and in this paper
we try to explain why. The ultimate reason is that the structure of odd symplectic
manifolds is very restrictive. In particular, they strongly depend on the existence on an
isomorphism between the tangent bundle 7M and the Batchelor bundle E (that is, the
vector bundle over M such that the supermanifold (M, /) satisfies o >~ I" AE).
When this isomorphism comes from a non-degenerate bilinear form on 7M with
definite symmetry (e.g., a Riemannian metric or a symplectic form), the symmetries
of the graded Ricci tensor lead to a trivial scalar curvature, as in the non-graded case.

While we will not deepen into the physical applications, neither of this odd sym-
plectic curvature nor supersymplectic forms in general (for this, see [1, 2, 4, 9]), we
will offer a detailed review of the mathematics involved in this construction under
quite general conditions, avoiding excessive technicalities with the aim of making
this topic available to a wider audience.

2 Preliminaries

Let M be a differential manifold, let 2" (M) denote the €°>° (M )-module of its vector
fields, and let V be a linear (Koszul) connection on it. The curvature of V is the
operator Curv : 2 (M) x 2" (M) — EndZ (M) such that
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Curv(X,Y) = [Vx, Vy] = Vix v,

where [X, Y] is the Lie bracket of vector fields and [Vy, Vy] is the commutator of
endomorphisms. Given a Riemannian metric on M (that is, a symmetric, positive-
definite, covariant 2-tensor field g € Si (M)), there is a particular linear connection
on M, the Levi-Civita connection, such that Vg = 0. With the aid of the metric, two
further contractions of the curvature can be defined, the first one leading to the Ricci
covariant 2-tensor

Ric(X,Y) =Try(Z — Curv(X, Z)Y), @))

and the second one to the Riemannian scalar curvature
S = Tr(g"'Ric). 2)

Let us remark that the Ricci tensor (1) is symmetric, as it is g, so the contraction in
(2) does not vanish a priori.

Now suppose that we use a compatible symplectic form w € £22(M) (that is, such
that Vo = 0) to compute these contractions. Using a superindex to distinguish them
from the previous ones, we obtain

Ric®(X, Y) = Tr(Z — Curv(X, Z)Y), 3)

and
$® = Tr(w~ 'Ric®). (4)

The symplectic Ricci tensor (3) is again symmetric, but this time the contraction in
(4) involves the skew-symmetric »~!, so we get S© = 0.

The study of symplectic manifolds (M, w) endowed with a connection V such that
Vo = 0 can be carried on along lines similar to those of Riemannian geometry (see
[7]). The resulting Fedosov manifolds appeared first in the deformation quantization
of Poisson manifolds (see [5]). The fact that a basic local invariant such as the scalar
curvature vanishes on any Fedosov manifold has led to a certain lack of interest in
its use in Physics and Mathematics, aside from the mentioned rdle in deformation
quantization. However, if supermanifolds are considered a new possibility appears.
There are two classes of symplectic forms on a supermanifold and, as we see below,
one of them has the symmetry properties required to obtain a non-trivial contraction
defining the symplectic scalar curvature.

A supermanifold can be thought of as a non-commutative space of a special
kind, one in which the sheaf of commutative rings of €°°(M) functions has been
replaced by a sheaf of Z,-graded supercommutative algebras, that is, to each open
subset U C M of a manifold, we assign an algebra 7 (U) = <4 (U) & < (U) witha
product such that &% (U) - ;(U) C i+ jymoaz(U) and a - b = (—1)1IP1p . g, where
lal, |b] denote the Z; degree of the elements a, b € o/ (U). An exposition of the basic
facts about supermanifolds oriented to physical applications can be found in [15].
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For completeness, let us give here the definition: a real supermanifold is a ringed
space (M, <), where <7 is a sheaf of Z,-graded commutative R-algebras such that:

(a) If 4 denotes the sheaf of nilpotents of <7, then </ /.4" induces on M the
structure of a differential manifold.

(b) The subsheaf .4 /.42 is a locally free sheaf of modules, with <7 locally iso-
morphic to the exterior sheaf A\ (.4//.4?).

The sheaf of differential forms on a manifold M, where 2(U) = @pEZ £22°7(U),
provide a good example. The nilpotents in this case are all the o € 27 (M) with
p>1,s0 )N =E>°(M) (the smooth functions on M). Moreover, A /N7 =
£2'(M), the space of 1-forms, is locally generated by the differentials dx!, ..., dx”
of the functions x‘ of a chart on M. Thus, as a model for a supermanifold we can think
of a usual manifold M endowed with “superfunctions”, which are just differential
forms and can be classified as even and odd by their degree. From now on, until
otherwise explicitly stated, we will assume that our supermanifold is (M, £2(M)),
and sometimes we will refer to it as the Koszul or Cartan—-Koszul supermanifold.’

The replacement of €°°(M) by £2(M) leads to the definition of other basic struc-
tures of differential geometry. For instance, (super) vector fields on the supermanifold
(M, 2(M)) are now the derivations Der £2 (M) (such as the exterior differential d,
which has degree |d| = 1, the Lie derivative %, which has degree |.Zx| = 0, or the
insertion iy, which has degree |ix| = —1). A straightforward corollary to a theorem
of Frohlicher—Nijenhuis (see [6]) states that, given a linear connection V on M, the
derivations of the form Vy, iy generate the £2(M)-module Der$2 (M).

The (super) differential 1-forms on (M, £2(M)) are defined as the duals
Der*§2 (M), and k-forms are defined by taking exterior products as usual, and not-
ing that they are bigraded objects; if, for instance, @ € 2%(M, 2(M)) (that is the
way of denoting the space of 2-superforms), its action on two supervector fields
D, D' € Der 2(M) will be denoted (D, D'; w), a notation well adapted to the fact
that Der §2(M) is considered here as a left £2(M)-module and 2%(M, 2(M)) as a
right one. Other objects such as the graded exterior differential can be defined as in
the classical setting, but taking into account the Z,-degree (for details in the spirit of
this paper, see [16]). Thus, ifa € 2°(M, 2(M)), its graded differential d is given by
(D; da) = D(@),andif B € 2'(M, 2(M)), wehavea2-formdf € 22(M, 2(M))
whose action is given by

(D, D';dB) = D(D'; B) — (=)!P'"PID'((D; B)) — (D, D'I; B),

where | D| denotes the degree of the derivation D.

I'This is not a great loss of generality in view of the existence of the vector bundle isomorphism
TM — E, between TM and the Batchelor bundle, already mentioned in the Introduction (see [13]),
so the changes needed to deal with the most general case are mainly notational.
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3 Symplectic Supergeometry

A supersymplectic form is a non-degenerate’ graded 2-form w € 2%(M, 2(M))
such that dew = 0. Notice that there are two classes of supersymplectic forms: the
even ones (for which |w| is even) act in such a way that, in terms of the induced
Z-degree,

|(D, D'; ®)| = |D| + |D/|

and lead to symmetry properties similar to that of the non graded case, but the odd
symplectic forms (for which |w| is odd) satisfy

(D, D'; ®)| = |D| + |D'| + 1.

As we will see below, these different properties translate into different symmetry
properties of the symplectic Ricci tensors.

By the aforementioned result of Frolicher—Nijenhuis, given a linear connection
V on M, the study of the action of any 2-superform w can be reduced to that of a
matrix of the type

((VX, Vy; ) (Vx, iy; w))

(ix, Vy; @) (ix,iy; ®)

where X, Y € 2" (M).

In the case of an odd symplectic form w, this structure can be made more explicit
as follows. Starting from a vector bundle isomorphim H : TM — T*M, we define
an odd 1-form Ay, given by its action on basic derivations,

(Vx; Ap) = H(X)
(ix;Ag)=0.

(notice that this action is actually independent of V). Next, we define @y by oy =
dA . Thus, the matrix of @y now reads

(Vx, Vy; o) = (VxH)Y — (VY H)X
(Vx,iy; op) = —H(X)(Y)
(ix, Vy; op) = H(Y)(X) )

(ix,iy; o) = 0.

In a sense, these are all the odd symplectic superforms, according to the following
result.

Theorem 1 ([11]) Let @ be an odd symplectic form on (M, $2(M)), then there
exist a superdiffeomorphism ¢ : 2 (M) — $2(M) and a fibre bundle isomorphism

2In a technical sense that we will not describe here. See [12] for the details.
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H:TM — T*M such that
o w = wy.

In what follows, we will restrict our attention to odd symplectic forms of the type
@y . Let us insist that the reason is that even symplectic forms give rise to graded
symmetric symplectic Ricci tensors (see [9] for details), and further contraction with
the graded skew-symmetric symplectic form gives zero, thus leading to a trivial
symplectic scalar supercurvature.

4 Fedosov Supermanifolds

Now that we know the essentials about the structure of supersymplectic forms, to
begin the program sketched in Sect.2 we need some facts about superconnections
V on (M, 2(M)). In particular, we will need the analog of the Levi-Civita theorem
concerning the existence of superconnections such that Ve = 0 for a supersymplectic
form w, and also their corresponding structure theorem. We follow here the approach
in [14], although with some differences, the main one being that we do not assume
that V is adapted to the splitting H (also, see Theorem 3 below).

A superconnection on (M, §2(M)) is defined just as in the non-graded case, as an
R-bilinear mapping V : Der 2(M) x Der 2(M) — Der £2(M), whose action on
(D, D') is denoted Vp D', with the usual properties of §2(M)-linearity in the first
argument and Leibniz’s rule in the second?:

Vp(aD') = D(@)D' + (—1)“'Plav,D’ .
The definition of torsion and curvature also mimics the non-graded case:
(D, D'; TotY) = Vp D' — (—1)'P"?'v, D — [D, D',

and
(D, D', D"; Curv¥) = [Vp, Vy1D" — Vip p D",

where [D,D'1=DoD — (—)PIYID' o D, [Vp,Vp]=VpVp — (=1)PIPI
V'V are the graded commutators. As in the case of supersymplectic forms, we
can describe a superconnection, once a linear connection V on M is chosen, by a set
of tensor fields characterizing its action on basic derivations,

Vo, Vy = Voyvakox.y) +iLyx.y)

Vyiy = Vi xy) +ivgy+L,(x,7)

3In particular, V is not a tensor, hence the difference in notation.
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Vi Vy = Vi,x,v) T ix,y)

Viviy = Visx,y) HiLyx.y),

where K;, L; : TM Q TM — AT*M @ TM, fori € {0, 1, 2, 3}. As a simplifying
assumption, we will take a symmetric V. The relevant result is the following.

Theorem 2 ([14]) Let V be a linear connection on M. A superconnection V on
(M, 2(M)) is symmetric if and only if

Ko(X,Y) =KoY, X) —Tor (X, Y), Lo(X,Y) = Lo(Y, X) + CurvV (X, Y),
Ki(X,Y) = Ky(Y, X), Li(X,Y) =LY, X),
K5(X,Y) = —K3(Y, X), Ly(X,Y) = —Ls(Y, X),
(6)
forall X,Y € & (M).

When the linear connection V on M is symmetric, in the first equation of (6) we
have,
Ko(X,Y) = Ko(Y, X),

and this will be assumed in the sequel.

The next step is to study those superconnections V which are compatible with a
given odd supersymplectic form wy, in the sense that Vo = 0. This amounts to
saying that

D((Dy, Dy; ) = (VpDy, Da; wy) + (—=1)!P'"21(D, V), Dy wh),

for all D, Dy, D, € Der §2(M). As a further simplifying assumption, we will take
the linear connection V compatible with the isomorphism H : TM — T*M, that
is, VH = 0 (so, (5) also gets modified). Then, we get the following result (which
corrects the one appearing in [14]).

Theorem 3 ([9]) A symmetric superconnection, V, is compatible with the odd sym-
plectic form oy if and only if

(a) H(K3(X,Y),Z) =—-H(K3(X, 2).,Y)
(b) H(Kx(X,Y),Z)=—-H(Y, L3(X, Z))
(c) H(X, Ly(Y,Z)) = H(Z, Ly(Y, X))
(d) H(K\(X,Y),Z) =H(K(X,Z),Y)
(e) H(Ko(X.Y),Z)=—-H(Y, Li(X, Z))
(f) HX, Lo(Y, Z)) = H(Z, Lo(Y, X)),

forall X,Y,Z € 2 (M).

It is a straightforward generalization of the corresponding result in the non-graded
setting, that superconnections compatible with a given supersymplectic form exist
and, moreover, they possess an affine structure (see [9] and, for a different approach
[3]). Also generalizing the non-graded case [ 7], a Fedosov supermanifold is defined as
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a supermanifold endowed with a supersymplectic form and a compatible symmetric
superconnection, see [8]. Combining Theorem 3 and (6) with (5), we get the follow-
ing. Let @y be an odd supersymplectic formon (M, 2(M)),withH : TM — T*M
the associated bundle isomorphism. Let V be a compatible, symmetric, linear con-
nection on M (that is, VH = 0), so the action of wy on basic derivations reads

(Vx,iy; og) = —H(X)(Y)
(ix, Vy; o) = H(Y)(X) (7
(Vx, Vy;op) =0 = (ix, iy; on) .
Finally, let V be a superconnection on (M, £2(M)), symmetric and compatible with

wy, characterized by the tensors K;, L;, i € {0, 1, 2, 3}. From the above results, a
pair (M, 2(M)), V, @g) is a Fedosov supermanifold if and only if:

(g) Ko issymmetric, Lo satisfies Lo(X, Y) = Lo(Y, X) + Curv¥ (X, Y),and K3, L3
are skew-symmetric (from (6)).

(h) K1(X,Y)=K,(Y,X)and L(X,Y) = L,(Y, X) (also from (6)).

(i) The above items (a) to (f) hold.

These conditions turn out to be very restrictive. From (b), (h) and (d), we get
—H(X,L3(Y,Z2)) = H(K>(Y, X), Z) = H(K\(X,Y), Z) = H(K\(X, Z), Y),
and, because of the skew-symmetry of L3 (g), this equals
H(X,L5(Z,Y))=—H(Kyx(Z,X),Y)=—-H(K (X, Z2),Y).

Thus, H(K,(X, Z),Y) = —H(K (X, Z),Y), which, in view of the fact that H is
an isomorphism, leads to

and, a posteriori,

An immediate consequence is the following.

Corollary 1 A symmetric superconnection V, compatible with the odd symplectic
form wy, acts as

Vv, Vy = Vo, vikox.y) +iLox.y)
Vy iy = ivyv+L,x.v)
ViuVy =i, .x)

Viiiy = Vgx,v),

forany X, Y € Z'(M).
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Notice that such a V is determined just by four ordinary tensor fields Ky, K3, Lo,
and L.

5 Odd Symplectic Scalar Curvature

To study the simplest case, we will start with an n-dimensional manifold M, an iso-
morphism H : TM — T*M and alinear connectionon M, V,suchthat VH = 0. We
also consider the odd symplectic form w (actually @y, but we suppress subindices for
simplicity) given by (7) (denoting H(X, Y) = H(X)(Y)) and acompatible supercon-
nection V as in Corollary 1. Due to the symmetry properties of CurvY, to characterize
the action of the symplectic curvature tensor

(D1, Da, D3, Ds; R®) := ((Dy, Dy, D3; CurvY), Dy ; @)

it suffices to study the following cases, which define corresponding 7 tensor fields
Ay, ..., As, By, and Bs (any other case gives a vanishing curvature) :

(Vx, Vy,Vz,Vr; R®) = H(T, Bi(X, Y, Z))
(Vx, Vy, Vz,ir; R®) = —H(A(X, Y, Z),T)
= (Vx, Vy,ir, Vz; R?)
(Vx,iy,Vz,Vr; R®) = H(T, B3(X, Y, Z))
= —(iy, Vx, Vz, Vr; R?)
(Vx,Vy,iz,ir;R®) = —H(Ax(X, Y, 2),T)
(Vx,iy, Vz,ir; R®) = —H(A3(X, Y, 2),T)
= (Vx,iy,ir, Vz; R?)
= —(iy, Vx, Vz,ir; R?)
= —(iy, Vx,ir, Vz; R®)
(Vx,iy,iz,it; R?) = —H(A4(X, Y, 2), T)
= —(iy, Vx, iz, ir; R?)
(ix,iy, Vz,ir; R?) = —H(As(X, Y, Z), T)
= (ix,iy,ir, Vz; R?).

Of course, these new tensors can be explicitly computed from the K;, L;’s. For
instance, Ay, A3 € I'(T*"M QT*M @ T*M @ T*M ® T M), are given by

Ax(X,Y, Z)- = —K3(Curv¥ (X, Y)-, Z) ®)
A3(X7 Y’ Z) =_K3(Ya LO(Xv Z)) (9)

From these expression and items (a)—(i) above, we get the following [9].

Proposition 1 [f (M, 2(M)), V, w) has the structure of a Fedosov supermanifold,
then

1. A3(Xa Ya Z) = A3(Za Y’ X) - AZ(Xa Za Y)



144 R. Hernandez-Amador et al.

2. HA3(X,Y,Z2), T)=H(A3(Z,Y,X), T) — H(A»(Z,X, T),Y).
3. HA3(Y, Z,X), T) =—-H(A3(Y, T, X), Z),

forany X, Y, Z, T € Z (M).

If some additional symmetry properties of H are added to these conditions, we get
those symmetries of the Ricci tensor mentioned in the introduction, leading to a
trivial scalar curvature as we will see below.

Corollary 2 If H comes from a Riemannian metric or a symplectic form on M, then
the graded Ricci tensor satisfies

<Vx, iy; Rlc"’) = — (iy, VX; Ric"’) .
Finally, we proceed to compute the symplectic scalar curvature from a graded Ricci
tensor with this property. To this end, we take a basis of homogeneous derivations

{Vx,,ix,} (where {X;},fori € {1, ..., n}is alocal basis of vector fields on M). The
odd supermatrix locally representing @ has the form

B 0 -—HX.X)\_ (0 —H,
C=\HX;. X)) 0 =\m. o )"

Thus, the graded morphism induced by w, " : Der 2(M) — 2'(M, 2(M)), has
a supermatrix representative
0 H
b ij
v = V)

This supermatrix is invertible, and its superinverse is readily found to be

by—1 0 —(H,f-)*‘
@)™ = ((Hij)_l 0] )

Now, the supermatrix associated to Ric® has the structure

Ric® = (é g) ,
o (AT —(=D)CY\ _ (A" —C'
(RlC ) - (Bt (_l)ODt ) - (Bt Dt ) .

The scalar curvature is defined by the supertrace of Ric® with respect to ; therefore,
a straightforward computation shows that

SO
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Scal® = STr ((a)b)_1 o (Ric“’)b)
= —Tr (C' (Hi)™") +Tr (—B" (H)™").

Now, if H has a definite symmetry, from Corollary 2 we get C = —B’ and conse-
quently
Scal® = —Tr (C" (H;))™") + Tr (C (H/)™") .

But for any homogeneous invertible block A we have
(AN = (=D

(because, for homogeneous blocks, (AB)" = (—1)!411BI B A"), and also, because of
the invariance of the trace under transpositions, Tr(A’ B) = Tr(A B'), so

Scal® = —Tr(C (H;;")") 4+ Tr(C (H;")") = 0.

Thus, we deduce the following obstruction result (where we put back the subindex
H for clarity).

Theorem 4 If (M, H) is either a Riemannian or a symplectic manifold, then
Scal®? = 0on (M, 2(M)).

We believe that the preceding computations shed some light on the origin of the
difficulties related to the construction of explicit examples of odd scalar supercurva-
tures (letting aside the question of their geometric meaning).

Let us finish by mentioning two possible ways of avoiding this obstruction. Of
course, one consists in taking a general H : TM — T*M, not symmetric nor skew-
symmetric. The problem here is that such objects are not as natural from the point
of view of Physics as a metric or a symplectic form, and its introduction should be
carefully justified. The other possibility involves the choice of a connection V such
that VH # 0. This one is more interesting, as physically the choice of a connection
is often part of the problem (for instance, in the Lagrangian version of Ashtekar’s
Canonical Gravity, connections are precisely the variables [10]). However, the study
of this case is much more difficult and will be treated somewhere else [9].
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Abstract Prime submodules of amodule N and its symmetric algebra S(N) are used
to study radicals of submodules and minimal components of symmetric algebras by
translating results from one categorie to the another one and vice versa.

Keywords Prime submodules - Radical of submodules + Symmetric algebra + Min-
imal components

1 Introduction

Let R be a (commutative and unitary) ring and let N be an R-module. The intersection
of all prime submodules of N containing a submodule M C N is called the radical
of M and it is denoted by rady (M) (see [8]). As is well-known, the radical VT of
an ideal I C R is characterized as the set of elements @ € R such that a” € I for
some n € Z7". This result has stimulated several efforts to obtain a somewhat similar
characterization for the radical of a submodule (see [2, 3, 8, 9]). In this article we
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first associate a prime ideal of the symmetric algebra of N—called the expansion
of M—to each prime submodule M C N and then we use it in order to obtain a
characterization of the radical of a submodule, which is as follows: an element of
a finitely generated R-module N belongs to rady (M) if and only if it is contained
in the radical of the ideal of the symmetric algebra of N generated by all elements
of M. As this result reduces the calculation of rady (M) to that of the radical of an
ideal in a symmetric algebra, we apply our characterization to design an algorithm
for computing some radicals of submodules of free modules by using the computer
software package CoCoA 3 (See [5, Sect.3.2]).

On the other hand, by using as main tool the theory of prime submodules we
describe the structure of the minimal prime ideals of the equidimensional symmetric
algebra of a finitely generated module. We first characterize when the ideal generated
by a submodule of a free module in the symmetric algebra is equidimensional and
determine the minimal components of equidimensional symmetric algebras. Prob-
ably the most outstanding result about this question was obtained by Huneke and
Rossiin [1, Sect. 3]. These authors showed, among other results, that if NV is a finitely-
generated module over a commutative Noetherian ring, then the symmetric algebra
of N, S(N), can have arbitrarily large number of minimal components and they tried
to identify the prime ideals of R which are the contraction of a minimal prime of
S(N).

Let R be auniversally catenary Noetherian domain and let N be a finitely generated
R-module such that S(N) is equidimensional. If p is a prime ideal of R, then the least
number of generators of N, is denoted by v(Ny). Let f: SpecS(N) — Spec(R)
denote the induced natural map. Then, given p eSpec(R), our basic purpose is to
prove that in f~!(p) there is a minimal prime ideal of S(N) if and only if V(N,) —
htp =rankN. If p fulfils this condition, then there exists a unique minimal prime
ideal of S(N) in f~'(p), denoted by &) and defined as

Ep0) ={b € S(N):abep-S(N)forsomea € R —p}.

2 Preliminaries

Let R be acommutative Noetherian ring with identity and let N be a finitely generated
R-module. If one tries to generalize the concept of a prime ideal (resp. primary) from
R to N, one is led to the following

Definition 1 Recall that a proper submodule P of N is said to be a prime (resp.

primary) submodule if for every a € R, the induced homothety N/ P N /P is
either injective or null (resp. nilpotent).

In light of this definition, it turns out that if P is a prime (resp. primary) submodule
of N then the set of homotheties of R vanishing on N/P, i.e.,

(P:N)={a€eR/aN C P} = Ann(N/P)
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is a prime (resp. primary) ideal of R. Furthermore, if P is a primary submodule
of N, the radical of the primary ideal (P : N), denoted by /(P : N), is a prime
ideal of R formed by all nilpotent homotheties of R on N/P, i.e., /(P : N) =
{ae R/a"N C P for some n > 0}. Thus if P is a prime submodule of N with
p = (P : N) we shall call P a p-prime submodule and if P is a primary submodule
of N being p = /(P : N) we will say that P is a p-primary submodule. Note that a
p-primary submodule P of N is p-prime if and only if (P : N) = p € SpecR.

Definition 2 Let L be a proper submodule of a R-module N. Given a prime ideal p
of R, we will denote by p(L) the following submodule of N:

p(Ly={ne N :an € L+ pN, forsomea € R — p}.

With the above notations, it is easy to see that either p(L) = N or p(L) is a p-prime
submodule of N, which is contained in every p-prime submodule of N containing L.

Definition 3 Let R be a Noetherian domain. Let N be a finite R-module. A submod-
ule M of N is said to be a O-prime submodule if N/M is a torsion-free R-module
or, equivalently, if zero is the unique noninjective homothety on N /M.

Definition 4 Let R be a (commutative and unitary) ring and let N be an R-module.
The intersection of all prime submodules of N containing a submodule M C N is
called the radical of M and it is denoted by rady (M) (see [8]).

Let S(N) = @izoSi (N) be the symmetric algebra of an R-module N endowed
with its natural Z-graduation. Throughout this paper we identify S°(N) (resp. S'(N))
to R (resp. N).

Definition 5 Let N be a finitely generated R-module and let M be a prime submod-
ule of N. We define the expansion &y of M to be the set of all elements b € S(N)
for which there exists a € R, a & py such that a -b € (py, M) - S(N).

Proposition 1 With the assumptions and notations above we have

&y is a prime ideal of S(N).

gMﬂRZpM,ngNZM.

&y is a homogeneous ideal; i.e., & = ;=08 éaj,l = &y N S'(N).

The mapping M + &) is an injection from the set of prime submodules of N
into SpecS(N). (See [4, Sect. 2])

Eal

3 Computing the Radical of a Submodule

In [9] it is shown that if R is a principal ideal domain and N a finitely generated
R-module then the radical of every submodule M C N coincides with the submodule
generated by its envelope; that is, rady (M) = (E(M)), where E(M) is the set of
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all x € N for which there exista € R, y € N such thatx =a -y and a”"y € M for
some n € Z". In this case the module N is said to satisfy the radical formula (in
short, N s.t.r.f). In [2] this result has been extended to any Dedekind domain R and
any R-module.

Now we obtain the following characterization of the M-radical of a submodule
which ensures that the radical of a submodule coincides to the radical of an ideal of
the symmetric algebra.

Theorem 1 Let R be a ring, let N be a finitely generated R-module and let Q € N
be a submodule. An element x € N belongstorady (Q) ifandonlyifx € /Q - S(N),
or equivalently, x" € Q - S(N) for somen € Z™.

Proof First, assume x € rady(Q). Let p € SpecS(N) such that O - S(N) C p. If
we set M = p N N, by applying [4, Proposition 1.2], it is easy to see that M is a
prime submodule of N. Moreover, since Q € M we have x € M. Hence x € p and
consequently x € /O - S(N).

Conversely, let x € N be an element such that x” € Q - S(N) for some n € Z*.
We must show that if M is a prime submodule of N such that Q € M, then x € M.
Indeed, let &), be the expansion of M. Since Q € M we have Q - S(N) C &) so that
x" € &y and since &) is a prime ideal we obtain x € &y. Hencex €e &y "N =M
and the result is proved.

Next we are going to apply the above result to calculate some radicals of submod-
ules.
From now on, we denote by A = R[xy, ..., x,] = @ A(i) the positively graded
i>0

ring of all polynomials over a ring R. If N is an R-module, then there is an exact
sequence of R-modules

0—K-—>F-5N—0 1)

where F is a free R-module. Given a proper submodule M C N weset L = 7~ (M).
If{ey, ..., e,} is abasis of F, we have an isomorphism ¢: F — A(1), ¢(e;) = x;,
1 <i <n. We denote by I, J the ideals ¢(K) - A, ¢(L) - A, respectively. Clearly
I € J and from (1) we obtain an exact sequence

0—I1—>A— S(N)— 0.

Moreover, I, J and T are homogeneous ideals with gradings [ = @y>0l (k), J =
®r=0J (k), and /T = @y=0+/J (k), respectively.

Proposition 2 With the above notations, the following equality holds true
rady (M) =~/ J(1)/1(1).

Proof From the exact sequence (1) we have rady(M) = radp(L)/K. Moreover,
since ¢(K) = I (1) and ¢ (L) = J(1), we can apply Theorem 1 to obtainrady (M) =
VI,
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By using the above result we can calculate some radicals of submodules of free
modules.

Let R = k[yi, ..., y,] be the ring of polynomials over a field &, let A = R[x;,
..., X,] and let M be a submodule of a free module F' generated by {ey, ..., e,}.
By using the isomorphism ¢: FF —> A(1) above it turns out that J = ¢(M) - A.
So if we know the generators of the submodule M, we only need to replace ¢; by
X; to obtain the generators of the ideal J. Once we know this, by using computer
algebra systems it is possible to obtain the generators of the ideal /J . Finally, taking
into account the preceding Proposition it follows that the rad z (M) is spanned by the
linear generators of /7 in the variables X1, ..., X,. To illustrate the whole process
we present the following

Example 1 Let R = Q[x, y, z] be the polynomial ring over Q in three variables and
let F be a free R-module with basis {ey, ..., es}. Let M be the following submodule
of F:

M = (x%e; + y?es, x’ze2 + yes, yizes +xtes, xes + yles).
By replacing {ey, ..., es} by {a, b, ¢, d, e} respectively, we shall consider the ideal
I = <x2a +y?b, x*zb+ y’c, ylze +x*d, xz°d + y4e).

Next, according to the computation made by T. Recio using the package Radical, by
M. Caboara, implemented in CoCoA 3.5, we obtain that the /7 is given by

VI = (xza + yzb, ycd2 + xabe, xcd* — ybze, xzd* — yzae, — yzac + x%bd,
yzb* — y?ac, xzb® — xyac, yz*b — x’yd, xz°b — x°d, x’zb + y’c,
xz2a +xy*d, xyd® + yza’e, yzlae + y’de, x*d’ + xza’e,
yzbd* + xya®e, yzicd — xy*be, xz*cd — x*ybe, xz2°d + y'e,
xza’c + xybzd, y3zc +x*d, xb?d® + ya3ce, xa’c? + xb'd,
ya*c? + yb*d, yztc — x3y%e, ybd® — ya*e®, xbd® — xae?,
v*bd* — xzade, yb3d3 —xa'ce, —y*a*cd + xybse).

Thus the radical of the submodule M of F is

radrp(M) = (x2e1 + yzez, yz2e2 — x2y64, XZ2€2 — x334, x22€2 + y3e3,

2 2 4 3 4 4 2
xZler +xy’es, xes + yles, y'zes + xtes, yi'es — x7y’es)
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4 Determining Minimal Components of Equidimensional
Symmetric Algebras

This section is devoted to describing minimal components of equidimensional sym-
metric algebras but to do it we need the following preliminaries results (see [6],
Sect.2):

Proposition 3 Let (R, p) be a Noetherian local ring, let F be a free R-module of
rank n and let M be a proper submodule of F. Then either p(M) = pF or p(M) =
pF + (e1,...,en), whereey, ..., ey, forma part of a basis of F.

Remark 1 From now on, we assume that / is the largest possible value.

Proposition 4 Let (R, p), F and M be as above. Then, either
Epauy = PS(F)

or
Epany = PS(F) + (x1, X2, ..., x) S(F),

where S(F) = R[xl,xz,...,xh,xh+],...,xn].

Proposition 5 Let (R, p), F, and M be as above. Then, either
tr. degk(p) k(gp(M)) =n if éap(M) =pS(F),

or

tr. degk(p) k(gp(M)) =n—h lf gp(M) = pS(F) + (x1, ..., x3)S(F).

Again, let (R, p), F and M be as above. Let us consider the short exact sequence
0— M — F -5 N —> 0and let V(N) be the minimal number of generators
of N. As we have seen, if M + pF = pF + (ey, ea, .. ., ep,), then there exists a basis
{e1,e2,....en, ens1,...,e,} of F.Thus, by Nakayama’s Lemma, v(N) =n — h.

Proposition 6 With the same hypotheses and notations as above,

4.1 Egquidimensional Ideals

Let R be a Noetherian domain, let F be a free R-module of finite rank, and let S(F)
be the symmetric algebra of F. In what follows, we assume that every irredundant
chain of prime ideals of S(F) has the same length.
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Remark 2 Let M be a submodule of F and denote by M - S(F) the ideal generated
by M in S(F). As is well known, the ideal M - S(F) is said to be equidimensional if
all its minimal prime ideals have the same codimension. These ideals are interesting
because the quotient S(F)/M - S(F) is an equidimensional symmetric algebra.

Proposition 7 Every minimal prime ideal over M - S(F) is the expansion &, for
some p €Spec(R).

Proof Letl € SpecS(F)beaminimal primeideal over M - S(F)andsetp = I N R.
Then it is easily shown that P = I N F is a p-prime submodule containing M. Hence
p(M) C P and we have &,y € &p C 1. Since [ is a minimal ideal over M - S(N)
and M - S(N) C &, itis deduced that &5y = I and the desired equality follows.

Proposition 8 With the same notations as above, let M C F be a submodule and
let ry(M) be the greatest rank of a free direct summand of F, contained in My,
p € Spec(R). Then,

hlgp(M) = htp-{—}’p (M).

Proof From the properties of localization it follows

htEpan = (ht &), -

On the other hand, we have
M, = M; @, (M),

where [, (M) is a direct summand of F, contained in M, of rank r,(M) and M;J
is a submodule of My. This implies that M, € pF), since if an element m’ € My, is
not included in pF, then (m’) would be a direct summand of F, as follows from
Nakayama’s lemma. Hence

M, = M;’ ® (m') & 1,(M),
thus contradicting the greatest rank of [, (M). Now it is not difficult to see that
p(Myp) =pF, ® l,(M).
By identifying, as usual, F to S;(F) it follows that pF, @ [, (M) generates an
ideal of S(F), whose height is just htp+r, (M). Again by properties of localization
we obtain that the precedent height coincides with the height of the ideal &} ), and

so the proof is completed.

Before passing to the statement of our next result, we need to prove the following
lemma:

Lemma 1 &y is a minimal prime ideal over M - S(M) such that

ht oy = rank(M).
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Proof First assume that &y is not minimal over M - S(M). Let I be a prime ideal
of S(F) such that
M-S(F)CI g (gf)(M).

If N R = (0) it is not difficult to see that I = &y, contrary to the initial
assumption. Thuslet / N R = p # (0). Since &y N R = (0), after localizing S(F)
by the multiplicative set S = R — (0) it turns out that (&yar)) (o) is a proper ideal of
S(F) ) and the same happens for the ideal /(g since I % Soy- Butin S(F) ) we

have p) = R it follows that /(g contains the identity element. Therefore (o) =
S(F)( which leads us to a contradiction. Hence /I = &yy). On the other hand,
S(F) ) is a polynomial ring over the field R g) in which M - S(F) ) is a prime ideal
whose height is just rank(M). Finally, since M - S(F) ) = (o)) o) we deduced
the desired result taking into account that ht&yary = ht (Eomy) (0)-

Theorem 2 With the same notations, the following conditions are equivalent:

1. M - S(F) is an equidimensional ideal.
2. If &y is a minimal prime ideal over M - S(F), then

htp+ry (M) = rank(M).

Proof Assume M - S(F) is an equidimensional ideal and let / be a minimal prime
ideal over M - S(M). By virtue of Proposition7 the ideal I is the expansion of a
prime submodule p(M) where by definition we have

INF =pM) and I = &,u).
By applying Proposition 8 it now follows that
htl = htp+r,(M).

On the other hand, by localizing M - S(F) in the generic point of R and by
contracting this localization to S(F') we obtain just the ideal &p)-

Using now the precedent lemma and the hypothesis of equidimensionality of
M - S(F), we deduce that

htp+ry, (M) = rank(M).
Let us assume now that for every minimal prime ideal &, over M - S(F) is

htp~+ry,(M) = rank(M). Clearly in this case M - S(F) is equidimensional and we
can conclude.
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4.2 Minimal Components of S(N)

We first need the following

Lemma 2 Let R be a universally catenary Noetherian domain, let p be a prime
ideal of R, let N be a finitely generated R-module and let

0 — M- S(F) — S(F) = S(N) — 0
be the exact sequence induced from the exact sequence of R-modules,
0—M—F- L N_—— 0,

in which F is free. Then, &y is a minimal prime ideal of S(N) if and only if &y
is a minimal prime ideal over M - S(F).

Proof Assume that &, ) is a minimal prime ideal of S(V). In this case, we can easily
see that A~ (&,()) is a minimal prime ideal over M - S(F) and 1~ &,y = &m)-

Conversely, if &) is a minimal prime ideal of S(F) over M - S(F), then
M&Epmy) = Ep(o) is also a minimal prime in S(N).

Theorem 3 With the same notations and assumptions as in the previous lemma,
&p(0) s a minimal prime ideal of S(N) if and only if rankN = v(Ny) — htp.

Proof Let T = T(S(N)) be the torsion R-module of S(N). By [1, p. 201] T is a
minimal prime ideal of S(N). Therefore AN(T)is a prime ideal of S(F) minimal
over M - S(F). Moreover, we have A~!(T) = oy, Where &) is the expansion
of the O-prime submodule 0(M), i.e.,

Eomy = (b € S(F) : ab € MS(F) for some a # 0} .
Assume now &}y is a minimal prime ideal over M - S(F). Taking into account that
S(F) is a catenary ring because R is universally catenary and by hypothesis S(N) is
equidimensional, it is not difficult to see that all minimal prime ideals over M - S(F)

have the same height. Then ht&, ) = htéo) (see [7, p. 118]). On the other hand,
by applying [3, Theorem 15.5, p. 118] is obtained

hl‘(%(M) =tr. degk(o) S(F)(()) —Ir. degk(o) k(é%(M)),

where k(0) is the field of fractions of R.
Next, from Proposition 4, we have

tr. degk(o) k(g()(M)) = U(N(())) = rankN.
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Hence
hl‘éao(M) =1Ir. degk(o) S(F)(O) — rankN.

Again by ([7, p. 118]) we have
hl‘(o@p(M) = tr. degk(o) S(F)(()) + htp — tr. degk(p) k(gp(M)),

thus
ht &y = tr. degy o) S(F) ) + htp — v(Np),

which implies that rankN = v(N,) — htp.
Conversely, suppose that rankN = v(Ny) — htp. By applying [7, p. 118] we obtain

hl@@p(M) = htp+tr. degk(o) S(F)(()) — tr. degk(p) k((gao(M))
= hp-+ttr.degy ) S(F) o) = v(Np),

On the other hand,

hl‘(op()(M) = tr. degk(o) S(F)(O) — Ir. degk(o) k(cg()M)
=tr. degk(o) S(F)(o) — \)(N(O))
= tr.degy ) S(F)) — rankN.

Then, by virtue of hypothesis ht &,y = htSym). By using the fact that S(F) is
a catenarian ring it is deduced that &}, 47y is a minimal prime ideal over M - S(F) in
S(F) since &, () is minimal in S(N).
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Application to Cybersecurity of the Stability
Theory of the Systems of Ordinary
Differential Equations

Angel Martin del Rey and Gerardo Rodriguez Sénchez

One machine can do the work of fifty ordinary men. No machine
can do the work of one extraordinary men (E. Hubbard).
Dedicated to Jaime Murioz Masqué, our mentor and friend, on
the occasion of his 65th birthday.

Abstract The main goal of this work is to show an application of the stability theory
of systems of ordinary differential equations to cybersecurity. Specifically, we will
focus our attention on the study of the systems used in the mathematical models to
simulate malware spreading on computer networks. Thus, a compartmental SCIRS
model for computer worms spreading is proposed and analyzed.

Keywords Malware propagation - Differential equations + Stability

1 Introduction

In the last three decades the scientific and technological progress of our society has
been enormous, which is due to the development of the information and communi-
cation technologies.

It is safe to say that the great majority of our relationships depend on these tech-
nologies, so that the so-called e-society becomes a reality. This suggestive scenario,
which managed in a timely manner can lead to high levels of welfare, it is not with-
out risks and dangers. Consequently, it is very important to manage their security
in an effective way. In this sense we can highlight the development of new and
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increasingly sophisticated malware specimens whose economic and social effects
can be very serious [2].

Cybersecurity is the branch of science that deals with protection (both reactively
and proactively) of the information that are stored, managed and transmitted elec-
tronically via different computer networks. The design and development of security
protocols involve different disciplines which include mathematical modeling. This
plays a very important role in the study of malware spreading on computer networks.
The great majority of mathematical models proposed to date to simulate this phe-
nomenon are based on the use of systems of ordinary differential equations [3]. Its
mathematical analysis allows us to draw conclusions that make us understand better
the propagation mechanisms and design control strategies to minimize the malicious
behavior of malware.

The main goal of this work is to show the use of the stability theory of
(autonomous) systems of ordinary differential equations in analyzing the behav-
ior of the dynamic of the last mentioned mathematical models. To achieve this goal,
we propose a new model to simulate the spreading of a computer worm in a computer
network such that the local stability of their equilibrium points is studied.

The rest of the paper is organized as follows: in Sect. 2 the basic notions on the sta-
bility theory of the systems of (three) ordinary differential equations are introduced;
the detailed description of the proposed model and the study of its local stability is
shown in Sect. 3; finally, in Sect.4 the main conclusions are stated.

2 Mathematical Background

Set
X' =f(x,y,2)
y(t) =gx,y,2) (1)
Z(t) = hx,y,2)

an autonomous system of ordinary differential equations such that f, g, h € €' (I"),
where I" is the feasible region. The point ¢* = (x*, y*, z*) € I is said to be an
equilibrium point of (1) if:

f (x*,y*’ Z*) =g (x*,y*, Z*) — h (‘x*,y*’ Z*) — 0 (2)

The equilibrium points can be classified according to the behavior of the trajectories
of the system near them as follows:

e The equilibrium point e* is (locally) stable if, for any R > O, thereisa0 < r <R
such that every trajectory within B, (e*) at ty, stay within Bg(e*) for every ¢ > t.
That is, e* is stable if all solutions starting near e* stay nearby.

e The equilibrium point e* is (locally) unstable if it is not (locally) stable.
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e The equilibrium point ¢* is (locally) asymptotically stable if it is stable and, in
addition, there is a § > 0 such that every trajectory within Bs(e*) at ¢t approaches
e*ast — oo.

The following result characterizes the equilibrium points:

Theorem 1 Let e* be an equilibrium point of the system (1) such that J(e*) is the
associated Jacobian matrix, and set Ay, Ay and )3 its eigenvalues. Then the following
hold:

(1) e* is (locally) asymptotically stable if Re();) < O for every 1 <i <3.
(2) e* is (locally) stable if Re(A;) < 0 forevery 1 <i < 3.
(3) e* is (locally) unstable if Re(A;) > 0 for some 1 <i < 3.

The Routh—Hurwitz method [4] helps to determine the position of the roots of the
characteristic polynomial in the complex plane.

Theorem 2 Let P(L) = A> + p1A% + paA + p3 be a polynomial whose coefficients
are real and positive numbers. The necessary and sufficient conditions for all roots
have real part negative are the following:

p1p pip3 0
Ar=p >0, Ay=|13150 A3=|1p0]>0. 3)
L p> 0
P1P3

Corollary 1 All roots of P(A\) = A + piA? + paA + p3 have negative real parts if
and only if p3 < pipa.

3 Description of the Proposed Mathematical Model

The mathematical model introduced in this work to study and simulate the spreading
of a computer worm through a computer network is a compartmental model, that is,
the population (of computers) can be classified into four types or compartments:

(1) Susceptible computers are those computers which have not been reached by the
computer worm, and remain “healthy”.

(2) Infected computers are those computers which have been reached by the com-
puter worm and are able to transmit it to other computers. These infected com-
puters can be further classified into the following two subtypes:

a. Carrier computers: infected computers that the computer worm is not able to
carry out its damaging function since the operating system of the computer
does not match with the OS targeted by the malware.

b. Infectious computers: infected computers whose OS is targeted by the com-
puter worm, and consequently, the malware can carry out the payload.
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(3) Recovered computers are those susceptible computers on which patches (or other
necessary security software) have been installed in order to avoid their infection
by the computer worm, or those infected computers (both carriers or infectious)
that the malware has been successfully detected and removed.

Here, it is supposed that computers are endowed with the recovery state during a
finite period of time. That is, the immunity period obtained when patches or other
security software have been installed and ran is a temporary period. As a consequence,
the recovery computers become susceptible again once the immunity period has
finished. Moreover, as the propagation speed of computer worms is high, we can
assume that the total population of computers remains constant through time.

3.1 The Equations that Govern the Dynamic of the Model

As was previously mentioned, the proposed model is a compartmental SCIRS model
(see Fig. 1).
Since the population of computers remains constant over the time, then:

N=S8)+C@) +1(t) +R(@), 4

where N is the total number of computers, and S(¢), C(¢), I(¢) and R(¢) stand for the
number of susceptible, carrier, infectious and recovered computers at time ¢, respec-
tively. The dynamic of the model is governed by means of the following (autonomous)
system of ordinary differential equations:

S'()=—a-S@t) - U@+ C@t) —v-S(t) +e-R(), (&)
CH=a 1-8S»-UH+CH)—b-C@), (6)
I'ty=a-8-SOUE) + C(t)) —b-1(1), (7
R(t)=b-(C(t)+1(1)+v-St) —¢&-R(@), (8)

with the following initial conditions:

(-6
. Y
Susceptible
e
£

Fig. 1 Flow diagram representing the dynamic of the model
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$(0) = Sp, C(0) = Co, 1(0) = Iy, R(0) =N — So — Cy — I, 9
S >0,C(t) >0,I(t) >0,R(¢t) = 0. (10)

Furthermore, the parameters involved in this model are the following: the transmis-
sion coefficient a, the vaccination coefficient v, the loss of immunity coefficient ¢,
the fraction § of computers whose operating system is the same as the attacked by
the computer worm, and the recovery coefficient associated to infected computers b.
Note that 0 < a,v,&,8,b < 1.

The Eq. (5) states that the variation of the number of susceptible computers is equal
to the difference between the recovery computers that have lost the immunity ¢ - R(?),
and the susceptible computers that have lost such status. The latter are the sum of
the susceptible computers that become infected at every step of time (the incidence:
a-S(t) - (C(t) + 1(1))), plus the susceptible computers that are “vaccinated” at every
step of time: v - S(1).

The Eq. (6) shows that the variation of the number of carrier computers is equal
to the difference between the new susceptible computers (whose operating systems
is different from the targeted one) that have been infected, a - (1 — &) - S(¢) - (I (¢) +
C(1))), and those carrier computers that have been recovered (once the computer
worm has been detected and successfully deleted): b - C(¢).

The evolution of the number of infectious computers is given in Eq.(7) such
that the variation of this compartment is the different between the new susceptible
computers (with the same operating system as the targeted by the malware) that have
been infected, a - 6 - S(#) (I (¢) + C(¢)), and the infectious computers that have been
recovered: b - 1(t).

Finally, Eq. (8) shows that the variation of the number of recovered computers is
the difference between the new recovered computers (both carriers and infectious), b -
(C(t) + (1)) and the “vaccinated” susceptible computers: v - S(f), and the computers
that loses the immunity: € - R(%).

Note that the system of four ordinary differential equations (5)—(8) can be reduced
to the following system of three ordinary differential equations by simply considering
the Eq. (4):

S'(t) = —a-S@) - U@+ C@) —v-SE) +¢&-R(@), (11)
C'(t)y=a-(1-8St) -t +Cwt)—b-C@), (12)
I')=a-8-SOUAG) +CH) —b-11). (13)

3.2 Determination of Parameters

The parameters involved in the system of ordinary differential equations that gov-
erns the dynamic of the model are the transmission coefficient a, the “vaccination”
coefficient v, the immunity coefficient €, the fraction of population running under the
same operating system as the targeted by the malware §, and the recovery coefficient
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b. In what follows, we will describe how to determine theoretically each of these
coefficients.

3.2.1 The Transmission Coefficient a

The incidence is defined as the number of new infected computers that appeared
in each step of time. Mathematically, it is defined as A - S(¢), where A is the force
of infection. To simulate the spreading of computer worms it is very important to
determine correctly A; this can be achieved in different ways taking into account
the different choices we can make to estimate the number of contacts between the
computers.

The malware infection is transmitted through adequate and effective contacts
(infectious contacts) between susceptible and infectious computers. Note that a con-
tact is said to be adequate when it enables the transmission of malware; moreover,
an adequate contact is said to be effective (and, consequently, an infectious contact)
when the malware successfully reaches the host computer. In this work, it is sup-
posed that the transmission vector is defined by the emails and, as a consequence,
the infectious contacts will be made by sending the malicious code by email.

The number of times a computer comes into adequate contact with other computer
per unit time is defined as the contact rate. Usually, the contact rate depends on the
total number of computers N, and consequently k£ = k(N). Let g be the probability
that an adequate contact becomes an infectious contact, then ¢ - k(N) stands for the
total number of infectious contacts between each computer with the rest of computers
per unit time. Consequently, the force of infection is given by the following equation:

A=q- % (CO +1Q). (14)

Note that this coefficient depends on time (it is not constant through the duration of
the epidemic period).

The epidemiological significance of this coefficient is as follows: as is the
average of the number of adequate contacts between each computer and the rest of
computers of the network at every step of time, then ¢ - k(N ) is the average number
of infectious contacts of each susceptible computer with the rest of computers of
the network at every step of time. Consequently A = ¢ - k(N k) - (P(t) + 1(1)) is the
average of infectious contacts of each susceptible computer W1th the total number of
infected computers at every step of time.

As a consequence, the transmission coefficient can be defined as follows:

k(N)

k(N)
=q.  —~. 15
a=q- — (15)
As mentioned above, the degree of plausibility of the simulations obtained with the
mathematical model depends strongly on the choice of the transmission coefficient
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and more specifically, on the contact rate k(N). In this sense, several explicit expres-
sions for the contact rate can be considered, and we can highlight the following:

e Bilinear contact rate: k(N) = « - N, where « stands for the average of contacts
between two computers of the network at every step of time. It yields to the so-
called bilinear incidence or mass action.

e Standard contact rate: k(N) = 8, where § stands the average of contacts of each
computer with the rest of computers of the network at every step of time. Conse-
quently, the standard incidence is obtained.

In this work, the proposed model is based on the bilinear incidence, then: A - S(r) =
a-S@) - (P(t)+1(t), wherea =g - a.

3.2.2 The “Vaccination” Coefficient v

The susceptible computers can acquire temporary immunity when necessary software
patches, operating system updates or/and other security software are installed. Then
v = v - &, where v stands for the fraction of the susceptible population that has been
vaccinated at every step of time, and 0 < & < 1 is the success rate of vaccination.

3.2.3 The Immunity Coefficient &

The immunity period (whose length is denoted by 77) is the period of time between
the instant at which the computer worm is removed from the infected computer and
the instant when the computer becomes susceptible again. Suppose that at a particular
step of time (for example, ¢ = 0, without loss of generality) all computers are isolated
(and, in particular, the recovered), then the evolution of this compartment is given
by the following equation:

® e R0y (16)
—_— =g s
dt
whose solution is:
R(t) = R(0) - ", 17)
thatis e *' = % is the fraction of the total number of computers that are still being

recovered ¢ time units after isolation.

Consequently, we can suppose that e=*7 is an estimator of the probability to
remain susceptible ¢ time units after isolation. Thus 1 — e~¢* stands for the fraction
of recovery computers that ceases to be at time step ¢, that is, it can be supposed
that it estimates the probability to stop being recovered at time ¢. As a consequence
1 — ¢~#" estimates the probability that the length of the immunity period will be .

Since Fg(t) = 1 — e~*" is a strictly increasing function of class €*°(R) then it
is the probability distribution function associated to the random variable X rep-
resenting the length of the immunity period. Thus, % () = p(Xg < t). Moreover,
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the associated probability density function is fx(f) = Fx(t) = & - e °7, so that the
expected value of Xy is the mathematical expectation:

o@[XR]=/oot~f1e(t)alt=/oo (e-1-e")dr = L (18)
0 0 &

Asa consequence € = TL
1

3.2.4 The Recovery Coefficient b

As discussed above, the recovery of an infected computer depends on two factors: the
malware detection and the malware successful removal (once it has been detected).
As a consequence if d stands for the probability to detect the computer worm at every
step of time, and e is the probability of successful removal, then b = d - e.

3.2.5 The Coefficient §

Usually, the targeted computers of malware are those whose operative system is one
in particular, such that no harm is caused to the rest of computers (even if they are
infected and act as transmission vectors). In this sense § stands for the fraction of the
number of computers running under the targeted operating system.

3.3 The Basic Reproductive Number

The basic reproductive number, %y, is perhaps the most important parameter in the
study of malware propagation since its numerical value will indicate whether or not
an outbreak of a malicious code will become epidemic (the number of infected com-
puters will grow). Roughly speaking the basic reproductive number can be defined
as the average number of secondary infections that occur when only one infectious
computer appears in a completely susceptible host population of computers. Then
if Zy > 1 the number of infected computers increases (and the outbreak becomes
epidemic), whereas if %y < 1 the computer worm will not spread. Consequently, it
is very important to explicitly determine this threshold parameter.

It is possible to compute the %, from the system of ordinary differential equations
(5)—(8) and it is therefore necessary to compute the equilibrium points of such system.
These points are the solutions of the following nonlinear system:

0=-a-S-U+C)—v-S+e-R,
0=a-(1-8)S-I+C)—b-C,



Application to Cybersecurity of the Stability Theory of the Systems ... 165

0=a-6-SU+C)—b-1,
O0=b-C+b-I+v-S—¢€-R.

A simple computation shows that this system has two solutions: the disease-free equi-
librium point £ = (Sg, G, 15, Rg) = (%, 0,0, ;TNV) , and the endemic equilibrium
point: Ef = (S}, Cf, I}, R}), where:

b . (=8B +e) —saN)
S = pe ¢ = 2 +D) (19)
I — 8 (v +e) —eaN) . _b@N—-b+v) o0

b a(e+b) ST G4+ b))

Note that the endemic equilibrium point exists if b (v + €) — eaN < 0, that is, the
total number of computers exceeds a certain threshold value:

N> b(v+8)‘
ca

21

The next generation method [1] will be used to determine the basic reproductive
number. This is a general method of deriving %, when more than one class of
infected computers are considered (recall that in our case we take into account two
subtypes: carriers and infectious). If

Fe(S,C,I,Ry=a-(1-8)-S-(+0C), (22)
F(S,C,I,R)=a-8-S-(I+C), (23)

are the appearance functions of new carrier and infectious computers respectively,
then the appearance matrix F is defined as follows:

9F¢ 9Fc
_|ac a1 | _(al=8)Sa(l-8S
F= oF; dF; _( ass ass : 24)
aC 01

On the other hand, if Vé' , Ve (resp. VI+ , V") are the transfer functions asso-
ciated to carrier computers (resp. infectious computers), then Vér S,C,I,R) =
V,+ S,C,I,R)=0,V-(S,C,I,R) =bC, V, (S,C,I,R) = bl, and the following
is obtained:

Ve (S,C,I,R) =V (S,C,I,R)— VL (S,C,I,R) = bC, (25)
Vi(S,C,I,R) =V, (S,C,I,R) — V;" (S,C,1,R) = bl. (26)
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Asa consequence:

Ve Ve

_|ac ar | _(bO

V=1 av, av, _(Ob)‘ @7
aC ol

Therefore the basic reproductive number %, is the spectral radius of the next gener-
ation matrix in the disease-free equilibrium:

a(l—=38)eN a(l—-38)eN
b(e+v) b(e+v)

—1 _
FEVIg =1 e aseN | (28)
b(e+v) b(e+v)
that is: N
ae
By = ———. 29
"7 bt 29

Note that in order to prevent that an epidemic occurs it is mandatory to reduce the
basic reproductive number %, as necessary. In this sense, and taking into account
its explicit expression given by Eq. (29), this is achieved by considering some of the
following measures: (1) Reducing the total number of computers on the network N
by means of, for example, isolation. (2) Reducing the transmission coefficient a by
reducing the number of effective contacts between computers or extreme caution
when opening suspicious emails. (3) Increasing the recovery rate b by improving the
performance of antivirus software.

3.4 Local Stability of the Disease-Free Equilibrium

The following result holds:

Theorem 3 The disease-free equilibrium point Ej = (;—ﬁo 0, %) is locally
asymptotically stable if and only if Zy < 1.

Proof The Jacobian matrix associated to the system of ordinary differential equations
(11)—(13) in the disease-free equilibrium is:

eaN eaN
—v—c¢ — —¢ — —¢
e+v eE+v
1—468)aN 1—38)aN
JE)=] o —b+8(_+m e +)“ : (30)
e+v e+v
0 gdéaN gdaN

+
e+v e+v
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Fig. 2 Evolution of the compartments when %, < 1

so that a simple calculus shows that its eigenvalues are:

gaN — (e +v)b

M=—v—g h=-b A=
: ? : e+

=b(=1+%). @3

As a consequence Re (A1) < 0 and Re (1,) < 0. Furthermore, Re (13) < 0iff %) <
1, thus finishing.

The evolution of the different compartments when a = 0.000138 (o = %, q=
0.01),v=10.005 (v = 45, £ = 0.5),& = 35, b =0.0375(d = 5;,¢ = 0.9) and § =
0.61s shown in Fig. 2. The time is measured in hours, S (0) = 100, C (0) = 1,1 (0) =
1, R (0) = 0 and the simulation period comprises the first 150h after the onset of
the first infectious computer. In this case Zp =~ 0.304659 < 1 and consequently the
number of infected computers does not increase.

The disease-free equilibrium is Ej ~ (82.2581, 0, 0, 19.7419), so thatat t = 150
the value of the compartments are S (150) &~ 81.7380, C (150) ~ 0.0073, I (150) =~
0.0148 and R (150) =~ 19.2399.

3.5 Local Stability of the Endemic Equilibrium

As was previously mentioned, the model exhibit the endemic equilibrium point EY =
(ST, Py I, RT) given by (19) and (20) if 2 = b (¢ + v) — eaN < 0. In this case, the
following result holds:

Theorem 4 The endemic equilibrium E} = (S}, CY, I}, R}) defined by (19) and (20)
is locally asymptotically stable if %y > 1.
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Proof The Jacobian matrix of the system in the endemic equilibrium point E7 is:

ge(b—v—aN) .

—-b—¢ —-b-—c¢
e+b
J(E) = _(1_5)((881217_8“1\]) 5 (A-8b |. 2
_8((8+v)b—£aN) s —(1—8)b
e+b

such that its characteristic polynomial is the following:

—aNe — b* — be —ve — &> _,
A
b+e
N be(—aN +v + &) — abNe — aNe> + b*(v + €) — bve —bszl\
b+e
N b*e(—aN + v + &) — abNe? + b3 (v + ¢)
b+e¢ '

PO =—1"+

(33)

By applying the Routh—Hurwitz stability criterion, the real part of the eigenvalues
of p (A) will be negative when the following conditions hold:

_ b+ bv+2be+ve — 2+ &

0, 34

1 b > (34)
A —bR2

AZ = aeN 2b+e > Os (35)
LG — 59
A —bR2 0

Ay=11 % — Q0 | =-bR24; > 0. (36)
0 A —b$2

Since §2 < 0, then A; > 0. Moreover, Az > 0if A, > 0. A simple (and long) com-
putation shows that this inequality holds if %, > 1. Then the endemic equilibrium
is locally asymptotically stable if % > 1.

The evolution of the different classes of computers when a = 0.000208 («¢ =
7.9 =0.01), v=10.005 (v =5, =0.5), e = 5, b=0.03125 (d = 3;, ¢ =
0.75) and 6 = 0.6 is shown in Fig.3. It is suppose that S (0) = 1000, C (0) =
1,1(0) =1, R (0) = 0. Moreover, the time is measured in hours and the simulation
period represents the first 200 h after the appearance of the first infectious computers.
In this simulation %, ~ 5.3871 > 1 and consequently the outbreak becomes epi-
demic. In this case the endemic equilibrium is EY = (150, 130.56, 195.84, 525.6),
and the values of the different compartments at t = 200 are the following S (200) ~
150.166, P (200) ~ 130.524, 1 (200) ~ 195.785 and R (200) ~ 525.525.
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Q sol ——— Susceptibles

% ol Carriers

§ Infectious
o Recovered
20+

Hours

Fig. 3 Temporal evolution of the compartments when %y > 1

4 Conclusion

The great majority of mathematical models proposed to date whose goal is to simu-
late malware spreading are based on systems of ordinary differential equations. The
stability theory plays an important role as it yields to the classification of the equilib-
rium points taking into account the behavior of the trajectories (and, consequently,
the evolution of the different types of computers). This classification depends on the
so-called basic reproductive number, %,. That is, if 2y < 1 (an outbreak does not
become epidemic) the disease-free equilibrium (where there are not infected comput-
ers) is locally and asymptotically stable, whereas the endemic equilibrium (there are
always infected computers) point is locally unstable. On the other hand, if % > 1
(the number of infected computers increases) then the disease-free equilibrium point
is unstable whereas the endemic equilibrium point is locally and asymptotically
stable.
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On the Non-triviality of the Eight-Form
74(w) on Manifolds with a Spin(9)-Structure

L.V. Mykytyuk

Dedicated to Jaime Muiioz Masqué on the occasion of his 65th
birthday.

Abstract It is proved that Parton-Piccinni’s expression t4(w) of the canonical 8-
form on a manifold with holonomy group Spin(9) is not trivial, by using the properties
of the octonions.

Keywords Spin(9) holonomy * Canonical 8-form

1 Introduction and Preliminaries

The group Spin(9) belongs to Berger’s list of restricted holonomy groups of locally
irreducible Riemannian manifolds which are not locally symmetric. Manifolds with
holonomy group Spin(9) have been studied by Alekseevsky [3], Brown and Gray [6],
Friedrich [8, 9], and Lam [10], among other authors. As proved in [3, 6], a connected,
simply-connected, complete non-flat Spin(9)-manifold is isometric to either the Cay-
ley projective plane OP(2) = F,/Spin(9) or its dual symmetric space, the Cayley
hyperbolic plane OH(2) = F4(_20)/Spin(9).

Moreover, Ag being the unique irreducible 16-dimensional Spin(9)-module,
the Spin(9)-module A8(A;) contains one and only one (up to a non-zero factor)
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8-form .Qg which is Spin(9)-invariant and defines the unique parallel form on OP(2).
It induces a canonical 8-form 2% on any 16-dimensional manifold with a fixed
Spin(9)-structure. This form is said to be canonical because (cf. [6, p. 48]) it yields,
for the compact case, a generator of H3(QP(2), R).

Some explicit expressions of £2§ have been given. The first one by Brown and Gray
in [6, p. 49] in terms of a Haar integral. Other expression was then given by Brada and
Pécaut-Tison [4, pp. 150,153], [5], by using a “cross product.” Unfortunately, their
formula is not correct (see [7] for more detailed explanations). Another expression
was then given by Abe and Matsubara in [2, p. 8] as a sum of 702 suitable terms
(see also Abe [1]). Their formula contains some errors (see [7] for more detailed
explanations).

In the paper [7] Castrillén Lopez, Gadea and Mykytyuk found an explicit expres-
sion for the canonical 8-form 2% on a Spin(9)-manifold in terms of the 9 x 9 skew-
symmetric matrix @ = (w;;) of the involved local Kéhler 2-forms. They proved the
invariance and non-triviality of £2® using the properties of the automorphisms of the
octonion algebra.

Later, another expression t4(w) for the canonical 8-form, as the fourth coefficient
of the characteristic polynomial of the matrix w, was proposed by Parton and Piccinni
in [11]. To prove the non-triviality of t4(w) they performed computer computations
with the help of the software Mathematica.

We recall that a Spin(9)-structure on a connected, oriented 16-dimensional Rie-
mannian manifold (M, g) is defined as a reduction of its bundle of oriented ortho-
normal frames SO(M), via the spin representation p(Spin(9)) C SO(16). Equiva-
lently (Friedrich [8, 9]), a Spin(9)-structure is given by a nine-dimensional subbun-
dle v? of the bundle of endomorphisms End(TM) locally spanned by I; € I"(v%),
0 < i < 8, satisfying the relations L,J; + [;[; = 0,i # j, [} = LI =1, tr I; = 0,
i,j =0,...,8. These endomorphisms define 2-forms w;, 0 <i <j < 8, on M
locally by (X, Y) = g(X, I,I;Y). Similarly, using the skew-symmetric involutions
LI, 0 <i < j < k < 8, one can define 2-forms 0. The 2-forms {w;, o} are
linearly independent and a local basis of the bundle A?M.

The expression for the (global) canonical 8-form on the Spin(9)-manifold (M, g,
v?) is given (see [7, Theorem1]) by

.ng Z Wij Ny Nwij N Oy, (1)
ij=0,....8
i',j'=0,....8
where w;; = —wj; if i > jand w; = 0if i = j. The expression t4(w) (see [11]) for

the canonical 8-form on (M, g, v?) is given by

2
774((1)) - Z (walaz Awa3a4_wa]a3 /\a)aza4 +a)ot1a4 /\a)()tzot3) . (2)

<o <ar <3<y <8

Remark that the fourth coefficient 74(w) (above) of the characteristic polynomial
of the skew-symmetric matrix o is computed with a summation over the squared
Pfaffians of the principal 4 x 4-submatrices of w.
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The main purpose of the present paper is to prove, using the properties of the
automorphisms of the octonion algebra (and without computer calculations), the
next result.

Proposition 1 The Spin(9)-invariant 8-form t4(w) is not trivial.
As a consequence, one has the following corollary.

Corollary 1 The two expressions 28 and t4(w) of the canonical 8-form on the
Spin(9)-manifold (M, g, v9) are related by 2% = —dr4(w).

2 Proof of Proposition 1

To prove that the form 74(w) is nontrivial consider its restriction 74(w)|7T,M and the
restrictions of the 2-forms w;|T,M,i,j = 0, ...,8, where p € M is an arbitrarily
fixed point. To simplify the notation we will write 74 () and w ; for these restrictions.

There exists an isomorphism between O = R'® and 7,,M such that the restriction
of g at p € M induces the standard scalar product (-, -) of Q?, given by

1 _ _
((x1, x2), 715 ¥2)) = (e, y1) + (2, 32), (Xas Ya) = E(xaya +YaXa),  (3)

for a = 1, 2. Since 74(w) is an 8-form, we consider the eight vectors X; = (u;, 0),
where up = 1€ Qandu;, i =1, ..., 7, stand for the imaginary units of O, and two
vectors X = (x, 0)and Y = (y, 0) belonging to the space Q2. Then fori,j=0,...,7,
i #j, we have [7, Eq.7]

wiX,Y) = (x,u;(yjy)) and wg(X,Y)=0. 4)
We can rewrite the expression for w; (X, Y) as

wi(X,Y) = (x, u;(wy)) = (u;x, u;y) = (xu;, yu;), )
because (cf. [6, Sect. 2]) for arbitrary octonions a, b, ¢ € O, one has

(ab,¢) = (b,ac) = (a,cb) and (a,b) = (a,b). (6)

It is clear that the 8-form 74(w) is nontrivial if

(o, 00, a3, 04)

2
= (a)a]az A Wosay — Dajas A (OFS P + WDy ay A wagcu) (X07 e 1X7) >0

for any subset {« 1, o2, a3, 4} C {0,...,7}.
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To reduce calculations we will prove that, for an arbitrary subset {1, a2, @3, 04}
of {0, ..., 7}, we have that

either t(ay, an, a3, a4) =7(0,1,2,3) or t(ay,ar,a3,a4) =1(0,1,2,4).

(7

Let Sy be the permutation group acting on the set {«1, a2, 3, a4} C {0, ..., 7}.
The form 74(w) is a linear combination of the 8-forms V(« 1, a2, a3, ay4; B%, v%),

where g%, y* € 8¢, B* = (B1, B2, B3, Bs), ¥* = (1, V2, v3, ¥4) and
Vi, oz, a3, a4; B %) = W18 N D3y N Oypyy N Dy,

Let Sg be the permutation group acting on the set B = {uy, ..., u7} and let B* =
{£uo, ..., £us}. Let {wy, wa, ws, ws} be an arbitrary subset of the set B* such that
w; # Zwj; for all i # j. Denote by S4 the permutation group acting on the set
{1,2,3,4}. Choose two permutations 8,y € Ss, B = (B1, B2, B3, f4) and y =
(1. ¥2, 73, va). Put

V(wi, wa, wa, was B,y) =271 D" Co (Wi, wa, wa, was B, v),

O'ESg

where C, (W1, wa, w3, wa; B, y), for o = (u;,, ..., ui,), is given by

C(T(Wla W27 W37 W4; ﬂ’ ]/)

= &(0) (i, wg, Wg,u;, ) (Ui, Wa, (Wg, Ui ) ) (Ui, Wy, (W, Ui )) (Ui, Wy (W 15))
As the elements w, wy, ws, wy occur in this expression twice, we have
Vwy, wa, wa, wa; B, y) = V(Ewy, £wy, ws, £wy; B, ¥). ()

By definition V (a1, a2, a3, o045 B%, y*) = V(Ug,, Ua,s Ugs, Uays B, V), Where the
permutation group Sy is identified naturally with the group S4. We will write simply
V(wy, wa, w3, wg) and C, (W, wy, ws, wy) if B =y = id.

We now prove two lemmas.

Lemma 1 For an arbitrary automorphism @ of the algebra O preserving the set
B*, one has V(wy, wa, w3, wa; B, y) = V(@ (w1), @ (w2), D (w3), D (Wa); B, ).

Proof 1t is clear that @ () = & 0 (), where &) = £1 and o is some per-
mutation in Sg. Moreover, since @ is an element of the compact exceptional Lie
group G, C SO(7), we have HZ:o gi -e(0®) = 1 and, consequently, we have
Coog (P(W1), P(W2), ®(W3), P(Wa); B.y) = Co(wi, wa, w3, wa; B,y), because

e(0®0) = e(0®)e(0) and 0o () = 2, P (0 (u)) (@ preserves the scalar

product and commutes with the conjugation). Since o?Sg = Sg, we conclude. [0



On the Non-triviality of the Eight-Form t4(w) on Manifolds ... 175
Lemma 2 For any u € B*, one has
V(wi, wa, wa, wa; B, y) = V(uwy, uwa, uws, uws; B8, 7).

Proof Since the lemma is obvious for u = Fuy, assume that u # Fuy. Due to the
relations (5), we can rewrite the expression for C, (w1, wp, ws, wy; B, ) as

(o) (W, iy, Wp, Ui, ) (Wpy Uiy, W, Uiy ) Wy Uiy, Wy, Uis ) (W Ui, Wy, Ui )

But for arbitrary octonions a, b, c, their associator (a, b, ¢) = (ab)c —a(bc) is skew-
symmetric with respect to the second and third arguments, i.e. (ab)c + (ac)b =
a(bc + cb) (cf. [6, Sect.2]). Thus, if upu = —uuy then (au)u = (—au)uy. Since
u # Zug, one has upu # —uuy if and only if either uy = up or up = =£u. It is
clear that in these two cases one has (au)u; = (au)u. Noting then that precisely
six elements of the set B anticommute with u# and that by (6), one has (au, bu) =
(a, (bu)it) = (a, blu|?) = {(a, b), we conclude. O

Suppose now as usual that the basis B coincides with the set {1,1, j, ij, e, ie,
je, (ij)e}, where i = uy, j = up and e = uy, so that for instance us = wujuy. Each
element of the algebra O admits a unique expression as gq; + g€ with gy, g, € H,
where H is the quaternion algebra generated by i, j. Then the multiplication in O is
defined by the standard multiplication relations in H and by the relations

q1(q2€) = (q2q1)e, (q1€)q2 = (q192)e, (q1€)(q28) = —q2q. )

Put B = B\{up}. Let i, j/, ¢ be three arbitrary distinct elements of the set B® U
(—B) such that e # +i’j’. Then there exists a unique automorphism @ of the
octonion algebra OQ such that @ (i) = u;, @(j') = up and @ (e’) = uy (cf. [12, Lect.
15]). It is evident that @ (1p) = uy. Now, taking into account Lemmas 1 and 2 we
obtain the relations (7).

Indeed, calculating V (uy,, o, Uy, Ue,; B, ¥), by Lemma 2 we can suppose that
Uy, = up. Since all elements uy, = uo, Uy,, Uy, Uy, are distinct, then according
to either uy, = LUy, Uy, OF Uy, 7 FUg,Uy,, We can obtain as image of the triple
Uy, , Ugy, Ug,, Under some automorphism @ of O, the triple u;, ua, us or uy, uz, ua,
respectively.

To calculate 7(0, 1, 2, 3) consider the following 4-form (see definition (2) of
T4(w)):

def
w0123 = W01 AWz — R A3+ ez A w12. (10)

Denote by a)’ij the restriction of the form w; to the subspace V C O? generated by
the vectors Xy, fork =0, ...,7. Let {xj, ..., x7} be the dual basis of V*. Using the
relations (9) it is easy to verify that
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Wy = Xg AXT X AXS X AXE—XEAXS,
Wy = XgAXT XS AXS — X AXE 4 XEAXS,
Wy = X5AXy —X] AXS X AXE+XEAX,
W3 = —x5 AXS +x] AXS x5 AXE 4 XEAXS,
Wy = Xg AXS X AXS + X AXS — X5 AXE,
&y = X5AXS X AXS — X AXS +XEAXE

Calculations are very simple because for each item w g g, A @ g, 4, in (10) the permu-
tation (B, B2, B3, Ba) of the set {0, 1, 2, 3} satisfies the relation: ug ug, = Fug,ug,.
Now it is easy to verify that

Wy AWy = —wp A3 = @y A, = 2x5 AXTAXS AXS 4 2x5 AXEAXEAXS,
and, consequently,

7(0, 1,2, 3) = (wo123 A w0123) Xo, ..., X7) = T72.

To calculate t(0, 1, 2,4) consider the following 4-form (see definition (2) of

T4(w)):

def
Wo124 = W01 AW — W AW1i4+ @os AWi2. (11)
Since w;; = —wj;, we can rewrite the expression for w24 A o124 as
—2w01 ANwe2 A w41 A gy — 2001 A@osg A @21 A @24 (12)

2 2 2
=20 Awu Awi2 Ao+ (@o Awau)” + (Wi Awig)” + (wes A @12)°.

Remark that the first three terms of this sum are terms of the form w jj Aw jy Aw yj Aw iy
for some sequence of distinct elements {i, j, i, j'} = {0, 1, 2, 4}. Therefore, by [7,
p.1170],

—2w01 N @R Aw4 Ao — 2001 004 A®21 A 024
— 2w ANwop ANwi12 Awi14(Xg, ..., X7) = 48.

Let us show that for each term above of the type (w; A @ ,-(,~/)2 we have (w;; A
a),‘/j/)z(X(), ey X7) = 8.

Note that for any i # j such that u;u; # Fug there exists some automorphism @
of O such that @ (£u;u;) = u;. Now taking into account the expression for the form
w'y; we obtain that

/o * * * * * * * *
Wi = €0X;) A X, + £2X;, A X, + £4X;, A Xig + £6Xj, A Xis
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where o;; = (iy, . .., i7) is some permutation of the set {0, ..., 7}, exx = %1, and
3 .
[ 10 €2« - €(03}) = —1. Consider also the form
Wy = EgX A XS+ €55 A XS+ ERX A X+ egx A X

where i # i andj # j'.
‘We now prove two more lemmas. Remark that for the terms (w; A @ ,vj/)z in (12),
u;u; 7é :l:u,vujr.

Lemma 3 For arbitrary distinct elements i,j,i',j € {0, ..., 7} such that uju; #
Luyuy, the 4-form a)/ij A a)/l] is a sum of at most eight linearly independent terms
(4/ — forms) w’k’ij,,j,, k=0,....7 of type £x; Nx; NXp, Axp.. For each such term
. . * 3 k
o', i7" there is a unique term &, X b NG L Ofa) and a unique term 82], /2 A
of 'y i such that their exterior product is propomonal 10 ' i (and, consequently,

it is equal to a)k,%” ).

Proof Putu; = fuu; and uy = £uyu;. By the assumptions of the lemma u; and uy
are two distinct imaginary units of Q. Therefore if a)’ij(u,-o, ui,) = E(u,, wu;,) #0
then u; = Fu; u;, and up # Fu; u;,, i.e. w’i,j/ (ui,» u;;) = 0. So precisely two terms of
of ; contain x; and x; as a factor. Therefore there exists precisely two terms of @', 7
such that their exterior product with x; A x}' is not zero. Since the form a)/ij contains
four terms, the number of linearly independent terms of a)/lj A w/i,j, is at most eight.
Assume that the product of the terms x} Ax} and x7 Ax? of the forms @, and oy

respectively, is not trivial, i.e. {ip, i1} N {]0,]1} = (. The forms a) and o’ vy contam a
unique term with the factor x;' . As we show above, in the form wl, ;v the second factor
of this term is not equal to x} . Assume that this factor is equal to xj*; ,k=0,1. Then
a)/i,j,(uio, u;,) # 0, ie. wy, = fupu;,. But uj, = fupu;,, ie. {io, it} N {jo,j1} # 9.
This contradicts our non-triviality assumption. We can proceed similarly in the case
of the factor x;;. (]

Lemma 4 For any distinct elements i,j,1,j € {0, ..., 7} such that u;u; # Fupuy,
the expression V (u;, uj, uy, uy) = 2~ —4 > Cy (u;, uj, Uy, Ujr), contains atmost2*-8
non-zero terms.

(IESS

Proof By the previous lemma, each term of ’; j A w’/], is the exterior product of a
uniquely defined pair of terms of the forms w and a) . On the other hand, this
term of a)lj Ay » determines a unique complementary factor inxj A--- Axj which
belongs to @ A @ - If such a factor exists, by the previous lemma this factor is the
exterior product ofa unlquely defined pair of terms of the forms a) and o', - Since
the number of terms of a) A v equals at most 8 and due to the skew symmetry of
the 2-forms, the lemma follows (]
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Suppose that i, j, ', j’ € {0, ..., 7} are distinct elements such that u;u; # Fu;u;.
Due to the skew-symmetry of the 2-forms, one has V (u;, u;, uy, uy) = Z[cﬂesg C, (u;,
u;, i, uy), where Sg = Sg/S” and the subgroup S’ C Sy is generated by the 4 trans-
positions (0, 1), (2, 3), (4,5), and (6, 7). By Lemma 4 this sum contains at most 8
non-zero terms. Let us describe these terms. To this end, using (5) we can rewrite
the expression for Co (u;, u;, uy, ;) as

—&(0) (ujguy, i, uj) (Uit , Uity ) (U i, Wisity) (it Uy, Ui Uyr)

since ity = —uy for all of the seven imaginary units. Let u € B and a € B*. Arguing
as in the proof of Lemma 2, we obtain that if au = —ua then (upa)u = (—uu)a.
But au # —ua if and only if a = £u or a = Fug or u = *uy. In all these cases
(ura)u = (uru)a. Since {(au, bu) = (a, b), we obtain the following expression for
Co (i, Ui, uj,, u;):

—& (o) ((uiywug, (i) u){ iy Wy, (uyu)uy )

’ <(I/t,'4 l/t) u;, (uis Lt) uJ)( (ui(‘ u)bt,'/ ’ (ui7 u)u//,)

(the elements u;,u;, u; u; occur in this expression twice).

Suppose now that C, (u;, u;j, uy, uy) # 0 for some o € Sg. Right multiplication
by u determines the permutation o of the set B: uyu = &, 0" (uy) (¢, = *1). This
permutation is even since if u # uo then u> = —ug and o” is a product of four
independent transpositions. The sequence (g, , . . ., &, ) contains an even number of
—1 (see [7, p. 1170]).

Thus Co (u;, uj, up, up) = Coug (u;, uj, uy, uy) for all of the eight even permuta-
tions o, k = 0,...,7. It only remains to be proved that the permutations c* o
determine distinct classes in the quotient group Sg.

Suppose that 0o = oo - s for some element s € S and k # p. Taking into
account that o0 = 0" o' = o', where u, € B and u, = fuu, = uyuy, we
can assume that u, = ug and o (ug) = up. But for u € B we have {fuou, fu; u} =
{Zuo, xu; } if and only if u € {up,u;}. Since Co (u;, u;, uy, uy) # 0, we have
u;, = uy and u;;, = Fuyu;,, where u; = fu;u; and uy = Jtuyu; . Taking into account
that u; # uy, we obtain that u;, # fuwu;, = £u; u;,, 1.e. ux = ug, a contradiction.

So V(u;, uj, uy, uy) = 8Cq (u;, uj, uy, uy), where o € Sg is an arbitrary permu-
tation such that Co (u;, u;, uy, uy) # 0. Using now the relations (9), we can show
that there exists a common odd permutation o = (0, 1,2, 4, 3,5, 6,7) for the fol-
lowing sequences (i, , i, j"): (0,1,2,4), (0,2, 1,4) (0,4, 1, 2). For all these cases
Cy (u;, uj, uy, uy) = 1 and, consequently,

(o1 A w2)? + (@ A @14)* + (@os A w12)> Xo, - .., X7) = 24.
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Thus 7(0, 1,2,4) = (o124 A wo124) Xos - . ., X7) = 72 and by expressions (2) and
(7), one has

8
T4(@)Xo, ..., X7) = (4) .72 =70 - 72 = 5040,

so concluding the proof of Proposition 1.
Noting now that .Qg(XO, ..., X7) = —14-1440 = —4-5040, Corollary 1 follows.
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Flaws in the Application of Number
Theory in Key Distribution Schemes
for Multicast Networks

A. Peinado

Dedicated to Jaime Mufioz Masqué, unquestionable reference
and irreplaceable guide in science and life on the occassion of
his 65th birthday

Abstract Inthis note, an interesting trend about the way in which the number theory
in multicast networks is often applied, is reported. Surprisingly, in recent years, some
new proposals for key distribution schemes are still proposed employing very simi-
lar erroneous concepts than those applied in 1999, which were already reported by
professor Mufioz-Masqué in 2005. Some apparently well-constructed cryptographic
equations suffer from a real weakness due to a flaw in the definition of the crypto-
graphic keys, allowing to perform an easy factorization and, as a consequence, the
recovering of the user’s keys. Thirteen years later, very similar weaknesses arise.

Keywords Integer factorization - Cryptanalysis - Key distribution scheme -
Multicast

1 Introduction

Unicast communication stands for the traditional scheme in which the information
is transmitted from one host to another. It is known as one-fo-one communication.
However, when the same information has to be transmitted to many users, the unicast
architecture turns inefficient because the transmitter sends multiples copies of the
same information. This is the case of live TV channels on Internet where many users
are watching the same content simultaneously. This causes the increasing of data
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traffic that could congest the entire network when the number of target users is high.
Furthermore, a computational overhead appears in the transmitter if the information
is encrypted, because each data frame or packet will be encrypted with a different
key in order to be decrypted by each user.

The alternative approach is the Multicast communication, defined as the trans-
mission of information from one host to multiple hosts, and known as one-to-many
communication. The advantages over the unicast communication turn more evident
in cases of huge numbers of receivers, such as multimedia communications. Multi-
cast operation sends only one message that will be duplicated following a tree-based
structure in order to reach the target users using the least numbers of messages. The
information is duplicated only when a bifurcation appears in the path to the multiple
destinations.

In general, secure multicast requires specific protocols and schemes, different
from those applied in classical unicast communications. One of the most important
and complex issues in secure multicast is the key management because of the network
topology and the amount of users that join or leave the multicast group continuously.
The encryption keys must be periodically renewed to avoid external attacks and to
provide forward and backward secrecy, so as to the users who joins to the system
cannot decrypt previous contents and the users who leaves the system cannot decrypt
future contents.

Many proposals for multicast/broadcast encryption and key distribution have been
presented from the last century, with the following objectives in mind: minimization
of the number of messages between the hosts; reducing the size of cryptographic
parameters and the messages; increasing of efficiency in cryptographic operations in
order to reduce the computation time; simplification of the processes related to the
joining and/or leaving of users; and providing forward and backward secrecy.

One of those proposals is the one presented by Liaw in 1999 [3]. It is a centralized
system with a Central Authority Server (CAS) which generates the keys of each
user that participates in the multicast scheme. That system, based on a multiplicative
group key, reduces the number of messages, thus facilitating the joining operation.
However, Sun [10] proved that it cannot be operated because a very large amount of
information (27! bits) must be kept by each user and be sent for each broadcast. Later,
Tseng and Jan [11] founded several weaknesses on the Liaw’s cryptosystem and
proposed a modification in 2001. Mufioz-Masqué and Peinado [5] reported in 2005
an inconsistency in the improvement of Tseng and Jan, provided a new cryptanalysis
of both the original and the improvement scheme, and presented a new modification
that overcomes the previous known attacks.

Many years later, in 2012, Naranjo et al. [6] proposed a centralized key distribution
scheme based on the extended Euclidean algorithm [2]. The main advantage of this
scheme is very similar to that of mentioned protocols, that is, only one message is
generated at each rekeying operation and only one long-term key is associated to
each user. This similarity has produced similar flaws, reported by Peinado and Ortiz
[7] in 2013. Despite of that, Vijayakumar et al. [12] has proposed again a slight
modification of this algorithm using the same approach and suffering from the same
flaws.
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Next section describes the Liaw’s cryptosystem and the improvement proposed
by Tseng and Jan. Section 3 shows the flaws detected in the application of the number
theory. Section4 deals with the recent secure multicast proposals, their similarities
with the previous schemes and the flaws that once more are presented in this kind of
schemes. Finally, Sect. 5 shows the conclusions.

2 Liaw’s Cryptosystem and Its Improvement

In this section, the Liaw’s original cryptosystem and its modification are described,
using the same notations as in [3, 11]. In both cases, the protocol is composed by
three phases, in which a CAS and n users U;, 1 <i < n, interact.

2.1 Liaw’s Cryptosystem

System setup phase. This is a previous phase to generate the necessary parameters.
The CAS generates the private and public keys of the system that allow the users to
communicate with the CAS. This pair of keys is generated using an RSA scheme [9].
Hence, the CAS computes the modulus N = p - g, where p =2p' +1,q = 2q" + 1,
are safe prime numbers, i.e., p,q, p’,q  are all prime. We set A(N) = lcm(p —
1, g — 1) and denote the Euler totient function by ¢ (V). The integers d, e are selected
such thatd - e = 1 (mod ¢ (A(N))). Hence, N and d are made public, whereas p, g
and e are kept secret.

Next, the CAS generates a pair of keys for each user U;. A secret integer K| is
chosen to compute the private key (¢#;, K;) and the public key f(#;) such that

K; = K{/ (mod N) (1)
f) =1f

where #; is prime.

Broadcasting phase. Without loss of generality, let us suppose than Uj is the user
who wants to transmit data to the group of users U,, Us, ..., U,. Then, U; sends a
request to the CAS in order to generate the encryption key M K. To do this, the CAS
computes the following parameters:

f(B1) = By
MK, = K} (mod N) )
PK, = E, (MK,)
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where B] =1, - t3 - - - 1, and Ey(.) is the symmetric encryption function of the system
with key k. Next, CAS sends f(B;) and PK] to the user U; and f(B)) to every user
U;,2 <i < a.When U, receives P K|, he can recover the encryption key as

MK, = D, (PK)). 3)

The user U; encrypts the message M as C = Ey g, (M). Finally, he broadcasts C.
Decryption phase. When a user U;, 2 < j < a, receives f(B;) and C, the se-
cret key M K| must be obtained to decrypt C. Hence, U; performs the following

computation:
d
( 1l t,.e)
(fBD/f@))* i#),2<i<a
J

MK, = K (mod N) = K,

= KZ"" (mod N) = K;' (mod N).

(mod N) 4)

2.2 Improvement of Liaw’s Cryptosystem

Only two modifications were proposed by Tseng and Jan [11] to improve the original
system. On the one hand, the private key #; is only known to the CAS. Therefore, the
private key and public key of every user U; are now K; and f{(¢;), respectively. This
modification tries to avoid a conspiracy attack to obtain K. Note that #; is no longer
known by the user U;.

On the other hand, the function f is redefined as f(x) = x¢ (mod A(N)). Hence,
the public key f(#;) of user U; and f(B;) are computed as

f) =t (mod L(N)), ®)
f(B) = (t2-t3---1,)° (mod A(N)).

3 Flaws in the Liaw-Type Cryptosystems

In this section, the different flaws detected in the previous systems by Tseng and Jan
[11], Sun [10] and Mufioz-Masqué and Peinado [5] are presented. All of them are
related with misapplications of the number theory.

Flaw 1. (Detected in Liaw’s cryptosystem [3]. Reported by Tseng and Jan [11],
Sun [10] and Mufioz-Masqué and Peinado [5]) In [3] the parameter f(#;) =1t isa
component of the public key of the user U;. Although it looks like an RSA system,
one can observe that no modular operation is applied. Hence, publishing the value
f(t;) =t/ compromises the security, though factoring integers is a hard problem,
detecting whether a given integer is a prime power is not that hard. In fact, if k = ¢,
7 being a prime, then by Fermat’s theorem we have
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b* = (Fo .¢. oF)(b) = b (mod 7) (6)

for every integer b, where F is the function defined by F (x) = x”. Hence, 7 divides
gced(b* — b, k) and for most values of b we will even have gcd(b* — b, k) = . The
running time for the Euclid algorithm is O ((Ink)?) and computing b* (mod k) is
O((Ink)*Inb). Hence, k = ¢ can be factored in O((Ink)?) (see [1], Algorithm
1.7.4).

Flaw 2. (Detected in Tseng’s cryptosystem [11]. Reported by Mufioz-Masqué
and Peinado [5]) Tseng and Jan proposed the utilization of the value f(;) =
tf (mod A(N)) instead of f(#;) = ¢, in order to increase the security level. However,
the procedure to recover the encryption key (Eq.4) suffers from an inconsistency. A
simple numerical example shows that the quotient f(B;)/f (¢;) may not be an integer
and hence the decryption process could fail. More precisely, the procedure to recover
the key M K is not valid as the quotient f(B;)/f (#;) does not always exist in Z.

4 Recent Proposals

Naranjo et al. [6], in 2012, and Vijayakumar et al. [12], in 2013, proposed very sim-
ilar centralized key distribution schemes based on the extended Euclidean algorithm
for multicast communications. In both schemes, the CAS generates a multicast en-
cryption key, that is distributed to the users. To do so, the CAS generates a long-term
secret key K; for each user U;. The main parameter of this scheme is L defined as

L= H K; (7N
i=1

where L is not a public parameter; it is a secret value of the CAS.

4.1 Similarities with Liaw-Type Cryptosystems

Although the protocols in [6, 12] are different to Liaw’s cryptosystem, there exist
several similarities that determine similar effects when they are analyzed from a
cryptographic point of view. The analogy can be summarized in two main items.

e No modular operation is performed to compute the main parameters. This affects
to the size of the parameters, increasing dramatically. Furthermore, it is a source
of insecurity as it is reported in the next subsection.

e The participation of the users is multiplicative; that is, the procedure defined to
recover the encryption key requires to perform a multiplication of some parameter
of each user. In Liaw’s cryptosystem B; = t, - t3 - - - t,, and in the recent proposals
L is the product of all the secret keys (Eq.7).
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4.2 Flaw of Recent Proposals

On the one hand, the secret long-term key of the users is defined to be 64-bit long;
a prime number in the case of [6], and an integer co-prime with the other keys, in
the case of [12]. In any case, this bit length allows a brute force attack. Probably, the
keys are not larger in order to bound the size of the parameters computed from the
product of all keys.

On the other hand, as it is reported in [7], the secret parameter L can be obtained
in most cases, but the most important weakness is that a multiple of L can always
be obtained. As a consequence, the factorization of L could be performed to get the
user’s key [4].

The flaw is a combination of a low key size and the multiplicative operation
without modular reduction. Although the size of L is very large, (6400 bits long for
64-bit keys and a hundred of users, see [6]), it does not provide a real protection. It
is important to note that the factorization problem is reduced to find prime factors of
64 bits. Hence, it is not a general factorization problem. In [7], a genetic algorithm
is applied to find those prime factors. The case of [12] if trivial, since small factors
are present in L. The Pollard’s rho method [8] can be applied to recover them.

5 Conclusion

The big numbers often convey a false sense of security. For that reason, we can
observe how the cryptographic protocols and schemes keep proposing the utilization
of big numbers as a method to provide security and protection. Sometimes, the
specific operational conditions are the source of this erroneous design. Multicast
communication is a representative example where a very big numbers are generated
(the dummy security parameter) from the product of many small numbers (the secret
key of users). This approach is employed due to the limitation in size of message
and parameters that a user has to store and transmit. In most cases, the definition of
the computations in a finite field reduces the size of the parameters and increases the
security. This note is an evidence that big numbers are not always secure.

Acknowledgments This work has been partially supported by project TIN2014-55325-C2-1-R
(ProCriCiS), funded by Ministerio de Economia y Competitividad, Spain.
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Abstract Let pr: FN — N be the bundle of linear frames of a C*° manifold N.
The Lagrangian induced on FN by the Einstein—Hilbert Lagrangian is written as a
differentiable function of the system of Diff N-invariant Lagrangian defined on the
linear frame bundle.

Keywords Bundle of metrics - Bundle of linear frames * Einstein-Hilbert Lagrangian *
Linear frame bundle - Jet bundles

1 Introduction

Letp y: # = 4 (N) — N be the bundle of pseudo-Riemannian metrics of a given
signature (n*, n™),n" +n~ = n = dim N, over a connected C* manifold N oriented
by a volume form v € £2"(N). The Einstein—Hilbert functional is the second-order
Lagrangian density Lgyv on .# defined along a metric g by S8v,, where S¢ denotes
the scalar curvature of g and vy its Riemannian volume form; namely,
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. ik [0 8] i i
Liy 0 2g=+/| det(gw)] "{ T = X (D8 (7)) — (7)) (ré')ﬂ},

where we confine ourselves to consider coordinate systems (x!, . .., x) on M adapted
tov,ie.,

v=dx' Ao AdX, Ve = /| det(ga)lV, & = gudx" ® dx?,

and where (I"¢ );k are the Christoffel symbols of the Levi-Civita connection V$ of
the metric g.

The bundle of metrics p_y : .# — N can be viewed as the quotient bundle FN /G,
where FN is the bundle of linear frames of N and G = O(n™, n™) C GL(n; R) is the
orthogonal group corresponding to the signature (n*, n™). Hence every Lagrangian
L on J"(.#') induces a Lagrangian L on J'(FN) in a natural way, which is DiffN-
invariant if L is Diff N-invariant. Accordingly, the problem of determining Diff N-
invariant Lagrangians on the bundle of metrics reduces to that of determining Diff N-
invariant Lagrangians on the bundle of linear frames which, in addition, are pro-
jectable onto the quotient bundle g: FN — FN/G = .# . Let 2" be the involutive
distribution on J"(FN) spanned by the natural lifts of vector fields on N, and let
Y7’ = kerJ"(q). be the involutive distribution of J"(g)-vertical vector fields. A
Lagrangian L on J"(FN) is Diff N-invariant if it is a first integral of the distrib-
ution &, and it is projectable onto J"(.Z) if it is a first integral of . Hence,
Diff N-invariant Lagrangians on J” (.#') can be identified to the first integrals of the
involutive distribution 2" 4+ #". Moreover, 7" has a simple gauge interpretation:
77; = J/(N, g), where g is the Lie algebra of G, thus providing a similar meaning for
the r-jet prolongation as the usual one in gauging g. Essentially, this is the geometry
behind the theory that considers General Relativity as a gauge theory from the initial
works by Kibble, Sciama, etc. (e.g., see [3, 8]); i.e., one first obtains Diff N-invariant
Lagrangians on the bundle of linear frames and then, one imposes them to be invariant
under the “gauge algebra” 7. Of course, one can work directly with orthonormal
frames, specially in the 1 4 3 approach (e.g., see [9]) but the former setting seems to
be very suitable in dealing with a spacetime N with no preferred geometric decompo-
sition. In any case, such an approach has the advantage of separating diffeomorphism
invariance—a purely geometric condition—from the invariance under the group G.

In [1], PL. Garcia and J. Mufioz Masqué determined a canonical basis for the
rings of r-order differential invariants of linear frames on a differentiable manifold
N with respect to the Lie algebra of the vector fields of N.

The purpose of the present paper is to write the Lagrangian induced on J?(FN) by
the Einstein—Hilbert Lagrangian as a differentiable function of the basis of Diff V-
invariant Lagrangians defined on J2(FN).
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2 Preliminaries and Notations

2.1 Jet-Bundle Notations

Let p: E — N be an arbitrary fibred manifold and let p*: JXE — N be the bundle
of k-jets of local sections of p, with projections pg‘: JE — J'E, k > 1. Letm =
dim E —dim N. Every fibred coordinate system o, y),1 <j<nl1<oa<m,forp
induces a coordinate system (o, ¥7),onthe r-jetbundle, where I = (i, ..., i,) € N*
is an integer multi-index of order |I| =i} + - - - + i, < r, given by,

oy G oy
i s) = ae . a0

where s is a local section of p defined on a neighbourhood of x € N. We set (j) =

)
©,...,0,1,0,...,0) € N, (jk) = (j) + (k), etc., and y§ = y*.
Every morphism @ : E — E’ whose associated map ¢: N — N’ is a diffeomor-
phism, induces a map
@ JJE — J'E
o lE= . )
D (jrs) _]WC)((D oso¢p ).

If &, is the flow of a vector field X € aut(p), then <D,(r) is the flow of a vector field
X" € X(J'E), called the infinitesimal contact transformation of order r associated
to the vector field X. The mapping aut(p) > X +— X € X(J'E) is an injection of
Lie algebras.

2.2 The Bundle of Linear Frames

Let pr: FN — N be the bundle of linear frames of N. Each coordinate system (x)
on an open domain U € N induces a coordinate system (x', x}) on (pr)~'(U), where

the functions xj’f are defined by,

w=((/9x")s, ..., (3/9x")x) - (xj(w)) , x = pr(u),Vu € (pr)~"(U),

or equivalently,

; a
u= Xy, ..., Xy € Fx(N), X; = xj(u) (a—) . l=j=n,
xl

X
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and also a coordinate system (x",xj’:,x]’.’!(klmkq)), l<qg<rk <. <kyonJ (FU)
defined by,

. 37(x! o 5)
5! (rs) = 7y
7tk wkg) Vi axk ... 9xke

2.3 The Bundle of Metrics

Letpy: # = .#(N) — N be the bundle of pseudo-Riemannian metrics of a
given signature (n*,n7), n* +n~ = n on N. Every coordinate system (x') on an
open domain U C N induces a coordinate system (x', Vi) on (p ») " (U), where the
functions yjy = yy; are defined by,

g = D y(8)(dx), ® (d¥),, Vg, € (p.a) " (U), 2)
i<j
and also a coordinate system (x",y,'j,y,j,(klmkq)), 1l <g<rk < - <kgon

J"((p.«)~"(U)) defined by,

- Bq(y,-j o S)
Vij.tky k) UeS) = m(x)-

2.4 Natural Lifts

Letf : # — M, cf. [7] (resp.f: FN — FN, cf. [2, p. 226]) be the natural lift
of f € DiffN to Ehe bundle of metrics (resp. linear frame bundle); namely f 4 (g,) =
(f_l)*gx (resp. f(Xl ) Xn) = (f*Xl y e ’f*Xn), where (Xl’ RN Xn) € Fx(N));
hence py ofyw = fop.y (tesp. prof = fopr),and fy: M — M (resp.
f: FN — FN) have a natural extension to jet bundlesf{i;[) I (M) — J( M) (resp.

F": JT(FN) — J'(FN)) as defined in the formula (1), i.e.,
19 (58) =i Faogof™) (resp.fO (jis) =iy Fosof ).

It f; js the flow of a vector field X € X(N), then the inﬁnitesin3a1 generator of (f;)y
(resp. f;) in Diff.Z (resp. Diff FN) is denoted by X , (resp. X) and the following
Lie-algebra homomorphisms are obtained:

XN) > X)), X=Xy
X(N) = ¥ (FN), X —~ X.
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2.5 DiffN- and X(N) -Invariance

A differential form w; € QX (A#)), k € N, is said to be Diff N-invariant—or
invariant under diffeomorphisms—(resp. X(N)-invariant) if the following equation
holds: (f, @ Y'or = wy, Yf € DIiffN (resp. Lxm wr = 0, VX € X(N)). Obviously,
Diff N-invariance implies X(/V)-invariance and ‘the converse is almost true (see [1,
4]). Because of this, below we consider X (N )-invariance only.

As N is an oriented manifold, there exists a unique p-horizontal n-form v, on
A such that, v, (Xi,...,X,) = 1, for every g.-orthonormal basis (X, ..., X,)
belonging to the orientation of N. Locally v, = pv, where p = /(=1)"" det(y;)
andv = dx'A- - -Adx". As provedin [7, Proposition 7], the form v, is Diff N-invariant
and hence X(N)-invariant.

A Lagrangian density A on J"(.#) can be globally written as A = £v, for a
unique function .Z € C*®°(J"(.#')) and A is X (N)-invariant if and only if the function
Z is X(N)-invariant. Therefore, the invariance of Lagrangian densities is reduced
to that of scalar functions.

A Lagrangian density A defined on J"(FN) can be written as follows: A =
LOA-- A0, where§ = (0!, ..., 0" isthe canonical 1-formon FN ([2, 111, Sect. 2,
p. 118]), and .Z € C*°(J"(FN)) is called the ‘canonical Lagrangian’ associated to
A. A Lagrangian density A is Diff N-invariant (resp. X(/N)-invariant) if and only if
Lol () = £, V¢ € DiffN (resp. XD(L) = 0,VX € X(N)), as 0 is DiffN-
invariant and hence, X (N)-invariant. Diff N-invariance implies X (N)-invariance and
both notions are equivalent except when N is orientable and admits an orientation-
reversing diffeomorphism onto itself (see [4, Sect.2.1]).

3 A Basis of Zx)

Let ,,?j;{ JY(FN) — R, j < k, be the Lagrangian .fj;'((j;s) = o'([X;, Xx])(x), where
s = X1,...,X,) and (0!, ..., ®") denotes the dual coframe. We remark that the
definition makes sense as the value w'([ , Xx]) (x) only depends on jxs Moreover,
from the very definition we have [X; Xk] = i”/}((/ $)(X;)x. The local expression of
this Lagrangian in an induced coordinate system on J!(FN), is

L = (& xp, — X% )2, )

where z]’f = (x;)’l. The Lagrangians .,Z;}( are Diff N-invariant and functionally inde-
pendent and every .Z € £ can be written locally as a differentiable function of
this system (see [1]).

As is known (see [1, Theorem 4.8], [5, formula (6)]), every X(N)-invariant
Lagrangian on J2(FN) can be written as a differentiable function of the following

=D+ in*(n—DH@2n+2)
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Lagrangians: £, a < b; £, ;. a < b, a < d, where £ is defined by the formula
(3) and .5 ab.d is given as follows:

c _ r
abd = Zde’ (-Zzb
r

Tl e ue c_ . r.s u e o u.e c_t
=Xy (xa,rxh,u xb,rxa,u)ze xdxz,r(xaxb,u xhxa,u)zx Ze

+ XZ (x‘a/xi,(rv) - XZXZ,(rv))Zg’ (4)

where D; denotes the total derivative with respect to the coordinate x'; that is,

o0

Z ”(‘)8 i

I =(i,...,i,) € N"being a multi-index of order |I| =i; + - - - + i,.

The geometric meaning of such functions is the following. If s: U — FN is the
section induced by a linear frame (X1, .. ., X,;) on an open neighbourhood of a point
x € N, we denote by V¥ the only linear connection on FU that parallelizes each
vector field X;; ie., (V¥)xX; =0, fori,j =1, ..., n. Then, we have

L5 (L) = —af (Torgs (Xq, Xp)) (%),
L5 (25) = —o° (V*Torys) (Xa, Xa, Xp) (%),

where (o', ..., ©") denotes the dual coframe. Moreover, the inequality a < d is due
to the constraints imposed by Bianchi’s first identity for the linear connection V*;
namely,
h cpc h
LabZha T Lo

ha

+Liain = Laa+ Lias + Lira

For the details of these facts, see [1, 4].

4 Einstein-Hilbert Lagrangian on .#

Following the notations in [2, Chap. VI, Sect. 5], the Ricci tensor field attached to the
symmetric connection I" is given by ST (X, Y) = trace(Z — R (Z,X)Y), where
R" denotes the curvature tensor field of the covariant derivative V!  associated to I"
on the tangent bundle; hence S” = (R"");;dx! ® dx/, where (R"); = (R ),kz» and

; 31“'
W%————+WW — I T o)

dxk ox!

(see [2, Chap. II1, Proposition 7.6]).
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The Einstein—Hilbert Lagrangian density is given by
ij h +2
(Agn)jg = 8% () (R®)jy; ()Vg(xX) = Lgp (j8) Vi

where v = dx' A -+ A dx", RS is the curvature tensor of the Levi-Civita connection
I' of the metric g, and v, denotes the Riemannian volume form attached to g; i.e., in

coordinates, v, = \/(—1)’r | det((gan)y p—1) V- Hence,

Len o8 = (00907 0 )Ry, p =/ (=1 [det(ap)! ),

where y;; is introduced in (2) and y/ = (y;)~".
Taking (5) into account, the local expression for Lgy is readily seen to be

i (30 _ o k h k h
— Y i o ih _
LEH = py ( ot o + I_;] Fhk I_'ih[}k) s

or, in terms of the local coordinates on J>(.#),

Lew = py"Y™ (yii.gw — vii.om)
+ %Pyijyakybh (—yab.h (yki.j + Yiji — yij,k)
+ YabjYini + % (Vaij + Yaj.i — Yij.a) Yook

—% (Vaih + Yani — Yina) orj + Yoik — Yip)) - (6)

5 The Einstein—Hilbert Lagrangian Induced on FN

The bundle of metrics p_y : .# — N can be viewed as the quotient bundle g: FN —
FN/G = ., where FN is the bundle of linear frames of N and G = O(n*,n™) C
GL(n; R) is the orthogonal group corresponding to the signature (n*, n~),n" +n~ =
n = dimN. In fact, if (X4, ..., X)) is a linear frame at x € N with dual coframe
(w', ..., @"), then the identification between FN /G and ./ is given by the bundle
map

X1y ..., X)modG > g = (@) 4+ -+ (0" ) — (@ TH2 — .. — (M2

A linear frame (X, ..., X,) € F.(N) is said to be orthonormal with respect to
gx € M+(N) (or simply g -orthonormal) if g,(X;, X;) = ¢€;6; where ¢; = 1 for
l<i<ntandeg; =—1fornt+1<i<n.

Theorem 1 The Lagrangian Lgy induced on J*(FN) by the Einstein—Hilbert
Lagrangian Lgy can be written as a differentiable function of the basis of Diff N-
invariant Lagrangians as follows:



196 L. Pozo and E. Rosado

Len = per (225, = L2y = 325 (L — eaen i)

ra,r ar

where

p = /det((z))h ,_ ).

Proof Let ¢®: J*(FN) — J?(.#') be the morphism induced by the bundle mor-
phism g: FN — .. Let yix = yix 0 ¢, Yijx = Yijk © ¢ and Yy any = yij.kmy © 42
be the coordinates system on J 2(.#) induced by the coordinates on J 2(FN); that is,
Vi = eizizh, (7)
ik = —€azy (217 +2027)) x4 (8)
Yij.am = EaZuXy 120 (212 +27) X0y

+ €az} (Z;Z/d + ZZZ;) X, X g

et (2520 + 2023) Sl
—eaz) (3120 +202)) X0 any» )

where zj’f is introduced in Sect. 3.

Taking (6) into account, the local expression for the Einstein—Hilbert Lagrangian
induced on J2(FN) is written as follows:

Len = py'5"™ (Sui.imy — Yis.om ) + 26 Lero,

where

Lem)o = V5" (<Fapn Grij + ig.i — ijk)
+ SavjVkni + 3 (Gaij + Vaji — Vij.a) Yohk
=3 (aish + Yani — Yina) Goky + Iojk — Yiv)) »

and
'5 = | det((yub)z,b=1)|~
Taking (7)—(9) and

)—]rs = gix/ X}

1770
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into account, after long but simple calculations, we obtain

Ley = 2,58ka. (xf’vxfl (kh) xhxw (kh))
+ 10 {28W XXy i Z - 48waxwzuxv hxr kzv + 28"’xcl/x:iv',rx§,hzli
+ 2£aapswxf (dchact, o — Xt ) Zizaxt
- %8rx?,bxf,a - err.axf,b
— 2e,x0x0 x|+ 2£,xhz,',‘xb X 4 26Xl xl xh
— e Zl',’xf,axz,h —&X thkxllc[ h.a
+ %er;leZ?Z];xZ b‘xk a Smgwenz Zs fn ;vn bxwxw a
a. b

3 n 1 b
+§8”8'"8Wzs Zr'xmxmxw b‘x w,a fgmgnngt ermxw,a'xw‘xm b
Finally, taking (3) and

a _ h _u v h o k _r
gma m )C )C hxv uZ - xmxv hzuxmxa kZr + Xm (xmxa,(hk) X xm (hk))zr ’

(see (4)) into account we obtain the statement.

Remark 1 The Einstein—Hilbert Lagrangian Lgy induced on J?(FN) is an affine
function and its Poincaré—Cartan form projects onto J!(FN) (see [6, Proposition

2.1]).
Let 7y, r]\z, be the mappings given by,
v J'(FN) — A'T*N @ TN, 14 (jls) = (Tory,),,

t2: J2(FN) — T*N @ A’T*N @ TN, 13 (j%s) = (V' Torys), ,

where V¥ is the linear connection parallelizing the linear frame bundle defined by
the section s.

Let C1 and C! be the contractions given by
Ci: T*N @ A°T*N @ TN —> T*N @ T*N,

Ci (rjbcdx“ Qdx" Adx‘ ® %) = 75.dx" ® dx’,

Cl: N*T*N ® TN — T*N,
C} (t5dx* Adx’ ® ) = t5,dx,
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and let C}, C3 be the contractions given by

Q{, 63: /\2 T*N® TN®/\2T*N® N — T*N®T*N

<) =

)_T v /bxdxa®dxa /\dx ®W

)

tzba c

aca

Proposition 1 The Einstein-Hilbert functional induced on J 2(FN) is the second-
order Lagrangian density Lgu0' A --- A 0" on FN where Ly is defined as follows

Gon= o ((6d ) - (chont) o (o)) -1 (€ 03) o oh)
(e (o).

where g*: T*"NQT*N — R, gf = (X1)* + -+ (X1)? — Kpry)? — ... — (X%,
with s = (Xi, ..., X,), and g* is the map induced by g* and g; on N*T*N ® TN ®
A*T*N ® TN.
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