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1 Introduction

This essay considers three aspects of the relation between utility discounting and cli-
mate policy: the sensitivity of policy recommendations to discounting assumptions,
the relation between discounting and catastrophic risk, and the difference between
discounting for intra- and inter-personal intertemporal transfers.

The utility discount rate converts future and current utility into the same units,
thereby making inter-temporal comparisons sensible.! Much of our intuition about
the sensitivity of climate policy to discounting comes from cost-benefit examples.
In this context, we are willing to spend very little to influence a non-catastrophic
event that occurs in the distant future; the amount that we are willing to spend may
be sensitive to the discount rate. These conclusions might be reversed if the date of
the policy outcome is random instead of deterministic (Sect.2). Analytic examples
and a review of numerical climate models show varying levels of sensitivity of opti-
mal policy to discounting assumptions. The complexity of these models makes an
explanation for these differences unattainable. But it may be interesting to note that

IThe utility discount rate (the pure rate of time preference, or PRTP) is related to, but distinct
from, the social discount rate, used to compare consumption (as distinct from utility) across two
points in time. In the standard deterministic setting, the social discount rate equals the PRTP
plus the growth rate multiplied by the inverse of the elasticity of intertemporal substitution.
The latter provides a measure of the willingness to substitute consumption between “infinitely
close” periods.
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when the underlying model is “more linear”, the solution appears more sensitive to
discounting. The definition of “more linear” is context-specific (Sect. 3).

Time-discounting and catastrophe-avoidance are logically distinct topics, but
recent papers claim that the risk of catastrophe swamps any consideration of dis-
counting. Sect. 4 explains why I am skeptical of this claim.

Most policy models use an infinitely lived agent model. That model makes no
distinction between intertemporal transfers involving the same agent, e.g. a person
when they are young and old, and transfers involving two different people. These
two types of transfers are quite different. Even if we use a constant discount rate
to evaluate each, there is no reason that we should use the same constant for the
two types of transfers. A two-parameter discounting model can distinguish between
these two types of transfers. A planner who gives equal weight to the welfare of
all people currently living, but distinguishes between intertemporal transfers for the
same person and intertemporal transfers between different people, has time incon-
sistent preferences. Sect. 5 illustrates the discount rate induced by such a planner in
an overlapping generations setting.

2 The Cost-Benefit Setting

Although society cannot literally insure itself against climate-related events, current
expenditures can reduce the probability of those events (abatement), and the cost
associated with them (mitigation). I consider the extreme case where society has a
binary choice, either to do nothing and face the risk (or the certainty) of the event, or
to take a costly action that eliminates the risk. I refer to the action as buying insur-
ance, and the cost of the action as the cost of the premium. The formal question is
to determine how the pure rate of time preference (PRTP) affects society’s maxi-
mum willingness to pay for “perfect” insurance, which eliminates the risk of climate
change (Karp 2009).

Society’s actual policy choice is not binary, but instead requires choosing among
many different types and levels of control; and the actions we take might reduce,
but cannot eliminate the risk or the consequences of climate change. However, the
simplicity of the model makes it easy to see how key parameters, in particular the
PRTP, affect society’s willingness to incur current costs to ameliorate future dam-
ages. Abstracting from the complications of more realistic policy-driven models
throws into relief certain relations between parameter assumptions and model rec-
ommendations.

I compare society’s willingness to pay to eliminate the risk in two extreme cases:
where the time of the event, T, is known with certainty, and where the event time,
T, is a random variable. I set the expected time, E (T), in the stochastic case, equal
to the known time in the deterministic case, 7, so that the two models are compara-
ble. The two noteworthy qualitative results are the same for both zero and positive
consumption growth. First, moving from a certain event time to a random event time
increases the maximum premium that society is willing to pay, especially for low
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probability events. Second, the premium is less sensitive to the PRTP in the stochas-
tic case, compared to the deterministic case.

The intuition for these results, based on Jensen’s inequality, is quite simple. In
moving from the deterministic setting, which concentrates all of the probability mass
at the expected event time, to the stochastic case, we transfer some of that concen-
trated probability mass to earlier times, and some to later times. The higher probabil-
ity of an earlier event increases the expected present value cost of the event, and the
higher probability of a later event decreases that expected present value. However,
because of discounting, the effect of the first change is larger than the effect of the
second. Therefore, moving from a deterministic to a stochastic event time increases
the premium that society is willing to pay.

The explanation for the greater sensitivity (to the PRTP) of the maximum pre-
mium in the deterministic case is only slightly more involved. The elasticity of the
maximum premium, with respect to the PRTP, in the stochastic case, is a weighted
expectation of the elasticity under certainty. This formula assigns higher weight to
the elasticities corresponding to earlier event times; those elasticities are lower than
their counterparts at later times.

Table 1 collects the parameter definitions used in this section.

2.1 Zero Growth

The payment of a premium and the loss associated with the event both reduce con-
sumption, and therefore reduce utility. With zero growth, these are the only factors
that affect consumption and utility. I express the costs associated with the event and
with payment of the premium in units of utility.

Table.: .1 Parameter Parameter | Definition
definitions -
p Pure rate of time preference
h= lT Hazard (inverse of expected event time)
A Fraction of income lost due to event
g Consumption growth rate
n Elasticity of marginal utility: — ‘:::((3
r Social discount rate
X Maximum willingness to pay to avoid event
(the premium)
1) Elasticity of premium wrt p: —:—; f
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2.1.1 Deterministic Event Time

For the deterministic case, suppose that by paying a premium that has a utility flow
cost of x per unit of time, society insures itself against (and in that sense avoids) a
utility flow loss of 100 in each period from time 7 to co. With a PRTP p, the present

value of the utility loss that begins at T is e‘”T%, and the present value of the

premium payment, beginning today, is f. Equating these expressions implies that

society would be willing to pay a premium of at most x (T, p) = e~*7 100 over (0, c0).
In this deterministic setting, the premium, x, is a convex function of T’ this fact is
key to understanding the effect of moving to an uncertain event time. If 7 = 200, the
premium, x, changes by a factor of 55, ranging from 13.5 to 0.25, as p ranges from
0.01 to 0.03 (1 to 3 % per annum); see Fig. 1. The elasticity of x with respect to p
is ¢ (x) = pT. Thus, x is particularly sensitive to the PRTP when the event occurs
in the distant future. This example illustrates the role of discounting in the simplest
cost-benefit calculation.

2.1.2 Stochastic Event Time

I begin with a two point distribution to provide intuition, and then move to the expo-
nentially distributed event time, which yields a simpler formula for the premium and
its elasticity with respect to p. With the two-point distribution, T takes two values,
T — £ and T + ¢, each with probability 0.5, so E (T) = T. The maximum premium
for the risk neutral planner, ', is the expectation over T of x (T, p):
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X =Epx= (e 4 ¢77749) 50 =
e—P(T—€) e PT+e)

N =2 —e) —— —
¢ )= py P ((T £) g (T +e) e—p(T—t>+e—p<T+s>)

:p(T—e(iliZ)) < pT.

The fact, noted above, that x (T') is convex, together with Jensen’s inequality, implies
that Ezx (T) >x (ETT) = x(T), so the first line implies that moving from a cer-
tain to a random event time increases the maximum premium. The second line shows
that the elasticity of the premium, with respect to the PRTP, is a weighted sum of the
probability-weighted elasticities; the first weight exceeds the second. The previous
subsection shows that the elasticity is higher at the high event time. Thus, the elas-
ticity in the stochastic case, ¢ (x’ ) , is lower than the expectation of the deterministic
elasticities, pT.

Where T is an exponentially distributed random variable with hazard rate h,

E(T) = %l The expected present value cost of the uncertain event is E (e‘pT@ > =

P
100 Equating this expression to the cost of the premium, =

gives the maxi-

plp+h)” 0’
mum premium that society would pay for perfect insurance, x’ = %. Setting % =T
makes the stochastic and deterministic models comparable, and yields x’ = %

2.1.3 Comparison of Deterministic and Stochastic Event Time

For T = 200 as above, the maximum acceptable premium in the stochastic setting,
x', ranges from 33.3 to 14.3 as p ranges from 0.01 to 0.03. A change from the deter-
ministic to the stochastic event time increases the maximum premium by a factor
that ranges from 2.5 for p = 0.01 to 57 for p = 0.03 (Fig. 1).

For general T, with h = l, the ratio of the maximum premium in the stochastic
compared to the deterministic event time is

p
) x exp(y)
premium ratio: — = > 1

x o 1+2

Figure 2 shows the graph of this ratio of premiums as a function of the ratio %. For
example, with an annual discount rate p = 0.02, f = 0.5 corresponds to an expected
event time of T = 25 years and a premium ratio of 1.1; ’Z’ = 7 corresponds to an
expected event time of 350 years and a premium ratio of 137. Thus, for low probabil-
ity events, moving from a deterministic to a stochastic model increases the maximum
premium by two orders of magnitude. “Low probability” means that the hazard rate
is small relative to the PRTP.

Although the maximum premium is higher in the stochastic compared to the
deterministic setting, the premium in the former is much less sensitive to the PRTP.
The (absolute value) elasticity of x (in the deterministic case) with respect to p
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is ¢ (x) = pT = £, which is linear in p; and the elasticity of x’ (in the stochastic

h
case) with respect to p is ¢ (x’ ) = h:r;p, which decreases in p. The ratio of these

elasticities is
L
¢ (x’) htp

elasticity ratio: =—=—,
TR T T

which is small for “low probability events”.

This example illustrates the two features described above: moving from the deter-
ministic to a stochastic setting increases the maximum premium, and also makes it
less sensitive to the PRTP.

2.2 Positive Consumption Growth

If per capita income is expected to grow, future generations will be richer than current
generations. With decreasing marginal utility of income, growth makes people today
less willing to sacrifice to avoid future damages. In the deterministic setting, the
Ramsey formula gives the social discount rate (SDR), r, as a function of the pure
rate of time preference, p, the growth rate, g, and the elasticity of marginal utility
(the inverse intertemporal elasticity of substitution), #: r = p + ng. With zero growth
or infinite intertemporal elasticity of substitution, the social discount rate equals the
pure rate of time preference. Positive growth and finite intertemporal elasticity of
substitution increases the social discount rate.

I normalize consumption at = 0 to 1, and assume that growth is constant, g, so
potential consumption at time ¢ > O prior to the event is ¢%’. The event results in a per-
manent A X 100 % reduction in potential consumption flow, so at a post-event time
t, consumption is ¢ = €% (1 — A). The insurance premium is deducted from poten-
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tial consumption (not investment), so payment of the premium does not change the
growth rate. The premium needed to eliminate the risk is proportional to the value-at-

risk, Ae®!, with proportionality factor X. If society pays the premium, consumption
-1 o
1-n °
In order for the premia to be easily compared with the zero-growth analogs, I
present them as a percent of A. In the deterministic case, the maximum premium (as

a percent of A) that society is willing to pay for perfect insurance is

is ¢ = ¢%" (1 — AX). Utility () is isoelastic in consumption: u (¢) =

1
_ (p+(=Dg)

1-((1—(1—A)1—n)<1—e - >+(1_A)1_,1>g
A

y= 100. (1)

In the exponentially distributed case, the maximum premium that society is willing
to pay for perfect insurance is

1- h MK
z=1_<(1_(1_A) ")(l_w)“l‘“ ) 100. @

As a consistency check, note that for g = 0 = #, y and z collapse to their determin-
istic and stochastic analogs in Sect. 2.1. Although the social discount rate, r, equals
the PRTP if either g = 0 or # = 0, we need both of those equalities to hold in order
for the premia in this section to equal their analogs in Sect. 2.1. For example, with
n > 0, utility is nonlinear in consumption, so it matters whether we express costs in
units of utility or of consumption, even if there is no growth.

Figure 3 graphs the premiay and z as functions of p, and Fig. 4 graphs the elasticity
of these premia with respect to p.> With g = 0 = #, the elasticity in the deterministic
case is linear, equal to £ = pT. With g > 0 and 5 > 0 the elasticity with respect to
p is approximately linear in p under the deterministic event time, ranging between 1
and 4 as p ranges from 0.005 to 0.02 (for T = 200). By this measure, it appears that
optimal policy is very sensitive to discounting assumptions. However, the elasticity
of the premium with respect to p under stochastic event time is small and insensitive
to p, reaching only about 0.5 at p = 0.02 and scarcely increasing thereafter.

Comparing these figures to Fig. 1 shows that introducing growth (g > 0) and mea-
suring costs in consumption rather than utility units (# > 0) leaves unchanged the
qualitative comparisons between deterministic and stochastic event times discussed
above: The maximum premium under the stochastic event time is much larger, but

2The model in this section is based on Karp and Tsur (2008). That paper considers non-constant
PRTP, whereas here the PRTP is constant. In the model here, society can eliminate the risk, whereas
in the Karp and Tsur model society is able only to prevent the hazard from increasing. Neither model
is nested in the other. Appendix 1 derives Eqs. 1 and 2.

3Figures 11, and 12 in Appendix 1 shows graphs of the premia as functions of 7, and g. Those para-
meters have the same qualitative effect as p on the two premia (under deterministic and stochastic
event time), although of course the magnitudes of their effects are different.
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also much less sensitive to the PRTP (and other discounting parameters) compared
to the premium under the deterministic event time.

Arrow (2007) examines the effect of the discount rate on our willingness to avoid
climate change, posing the question in terms of growth rates rather than levels of
damages. His examples suggest that the benefits of significant climate policy out-
weighs the cost to such a large extent that the cost-benefit ratio is not sensitive to
discounting assumptions.

3 Optimization Models

The comparison in Sect. 2 is based on a cost-benefit exercise. That material shows
that moving from a deterministic to random event time increases the maximum
acceptable insurance premium and makes that premium less sensitive to discount-
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ing assumptions. This section considers the sensitivity of policies in an optimizing
framework. I first consider two analytic examples, which (together with the results
above) illustrate circumstances where greater nonlinearity in the model makes the
optimal policy less sensitive to the discount rate. I then assess this relation using
several climate policy models.

3.1 Analytic Examples

Two familiar and tractable renewable resource models illustrate the relation between
the steady state and the discount rate. In the simplest fishery model, the change in
the stock, S, equals a growth function, f(S), minus harvest, /; and the utility flow,
u (h), depends on harvest but not on the stock. The growth equation is d— =8=
[ - h and the payoff, evaluated at time 0, is the infinite stream of discounted utility,
fo ( )dt where the discount rate is p. The optimal (interior) steady state
is the solution to f’ (S) = p. The elasticity of the steady state, with respect to the
discount rate, is

p dSe _ —1/"(Sw)

Se dp  Sefr(S.)

The elasticity of the steady state has the same form as the inverse of the Arrow-
Pratt risk aversion, but here applied to the growth (instead of utility) function. As
the growth function becomes more steeply curved (evaluated at the steady state) the
steady state becomes less sensitive to the discount rate.

For the logistic growth function, f = @S (1 - —) @ is the intrinsic growth rate

and £ is the carrying capacity. For this function, the elasticity of the steady state
with respect to the discount rate is

—1f/ (Soo) pP

Seo f" (Sm) o—-p

A higher intrinsic growth rate, ¢, increases the curvature of the growth function,
and makes the steady state less sensitive to the discount rate. Figure 5 graphs the
elasticity as a function of the PRTP for estimates of the intrinsic growth rate ¢ = 0.71
for Pacific Halibut and ¢ = 0.08 for Antarctic fin-whale (Clark 1975). Even for the
slow-growing fin-whale, the elasticity is less than 1 for reasonable discount rates. For
p = @, where it is optimal to drive the stock to extinction, the elasticity is infinite.
The second simplest fishery model allows harvest costs (and thus the utility flow)
to depend on the stock, but assumes that the flow of benefits due to harvest (like the
growth function) is linear in the harvest. If the price per unit of harvest, p, is constant
and the harvest costs linear in harvest, 4, then the flow of benefit equals (p - c(S,)) h
The payoff is the discounted stream of benefits, fooo et (p - c(S,)) h,dt. In this case,
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the optimal harvest policy is bang-bang: the harvest is set to its maximum feasible
level if the stock is above the steady state, and the harvest is set to 0 if stock is below
the steady state; when the stock is at the steady state, the harvest maintains it at that
level: h, =f (Soo). The steady state is the solution to
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Using the logistic growth model and ¢ (S) = é, with parameter values taken from
Clark (1975), Fig.6 (taken from Ekeland et al. 2012) shows the
elasticity of the steady state stock for Pacific halibut (solid graph) and Antarctic
fin-whale (dashed graph). The elasticities are non-monotonic in the discount rate,
but both are well below 1. For reasonable values of p (i.e., values much less than
0.2, or 20 % per year), the steady state is much less sensitive to the discount rate
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for the fast-growing halibut, compared to the slow growing whales. Again, a higher
intrinsic growth rate implies a more non-linear growth function, and for reasonable
parameter values causes the optimal policy to be less sensitive to the discount rate.

3.2 Climate-Related Models

The Stern Review (2006) (hereafter SR) is perhaps the most widely discussed doc-
ument on climate policy during the past decade. Several economists focused on the
SR’s discounting assumptions. SR chose a PRTP of p = 0.001, an elasticity of mar-
ginal utility of # = 1, and a growth rate of 0.013, implying a social discount rate
(SDR) of r = 0.014 (or 1.4 %).

Nordhaus (2007) illustrates the importance of these discounting assumptions by
comparing the results of three runs of the DICE model. Two of these runs use com-
binations of the PRTP and # consistent with a SDR of about 5.5 %, almost four times
the level in the SR. With the Nordhaus values, the optimal carbon tax in the near term
is approximately $35/ton Carbon (or $9.5/ ton CO,), and the optimal level of abate-
ment in the near term about 14 % of Business as Usual (BAU) emissions. A third
run, using the SR’s values of p and 7 (together with the DICE assumptions about
growth) led to a carbon tax of $350/ton and a 53 % level of abatement, close to the
level that the SR recommends. Thus, the carbon tax increases by a factor of 10 and
abatement increases by a factor of % = 3. 8 with the decrease in the SDR. Because
abatement costs are convex, the percent change in the tax (caused by changes in the
discounting assumptions) is larger than the percent change in abatement. Based on
these numbers, an estimate of the elasticity of the tax with respect to the discount
rate is approximately % = 2.5 and the elasticity of abatement with respect to the

tax is approximately % = 0.95. These values are in the range of elasticities of the
maximum premium, in the deterministic cost-benefit setting shown in Fig. 4.

In a different context (focused on the effect of catastrophic damages) Norhaus
(2009) compares optimal policy under a PRTP of 0.015 and 0.001, holding other
DICE parameters (including the elasticity of marginal utility) at their baseline levels.
He reports that the reduction in PRTP increases the optimal carbon tax from $42/tC
to $102/tC. This 2.4-fold increase in the optimal tax is much less than the 10-fold
increase reported in Nordhaus (2007), where both the PRTP and the elasticity are
changed.*

Karp (2005) uses a linear-quadratic model, calibrated to reflect abatement costs
and climate-related damages that are of the same order or magnitude as in DICE.
In this stationary, partial equilibrium model, there is no growth, so the pure rate

“The increase in the tax from $42/tC to $102/tC leads to a fall in per capital income (during the
period when it is lowest, presumably the first period) from $6,801 to $6,799, i.e. about 0.03 %. In
view of parameter uncertainty, a 0.03 % reduction in per capita income, equivalently a $15 billion
increase in aggregate abatement costs (at Gross World Product—GWP—of $50 trillion), is close to
rounding error.
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of time preference equals the social discount rate. A decrease in the discount rate
from 3 to 1 % increases abatement in the first period by a factor of 2.5. Nordhaus’s
(2007) experiments, described above, reduce the pure rate of time preference by
approximately 1.5 %, increasing abatement by a factor of 3.8. By this measure, the
sensitivity of policy to the discount rate is of the same order of magnitude in the two
models.

Fujii and Karp (2008) provide a more involved analysis of the role of discount-
ing, using a one-state variable model calibrated to approximate the costs and benefits
underlying the SR recommendations. In that model, A, is the consumption loss due
to mitigation expenditures and remaining climate-related damage, as a fraction of
the no-damage no-control scenario (i.e. where there is no potential for climate dam-
age). Reducing the discount rate increases abatement expenditures and reduces the
trajectory of the damages, as expected. However, the magnitude of those induced
changes was much smaller than the previous studies led us to expect. This insensi-
tivity is probably not due to a peculiarity of our climate model, because Fujii and
Karp (2006) find a similar relation using a standard renewable resource model. The
analytic examples in Sect. 3.1 provide some insight into this result.

The highly nonlinear relation between expenditures and damages may explain
this insensitivity. Figure 7, taken from Fujii and Karp (2008), shows the graph of
the steady state climate-related costs, A, as a function of steady state expenditures
(expressed as a fraction of income) x. This graph reaches a global minimum where
climate related expenditure is 0.845 % of consumption. This is the optimal steady
state level of expenditures under zero discounting. Total costs fall rapidly for smaller
values of x. This graph implies that small increases in expenditure, below the global
optimum, achieve significant reductions in total costs. Therefore, a very low SDR
achieves nearly the global minimum, and even substantially larger SDRs take us
close to the global minimum. Because initial expenditures (compared to steady state
expenditures) are even less sensitive to the SDR, the entire trajectory is “relatively
insensitive” to the discount rate.

Fig.7 The graph of steady 0.1 4
state costs, A, as a function
of stead.y state 0.08
expenditures, x
0.06
8
o)
el
0.04
0.02
0 0.01 0.02
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Gerlagh and Liski (2012), using an extension of Golosov et al. (2013), calibrate
a model to reflect climate-related damages and abatement costs similar to those
in Norhaus (2009). They find that the optimal tax is very sensitive to discounting
assumptions. The logarithmic utility is the inverse of the exponential damages, caus-
ing the flow payoff to be linear in the cumulative emissions (a state variable); the
state dynamics are also linear in emissions. Their model is thus linear in the stock
of emissions. I conjecture that this linearity contributes to the sensitivity of the tax,
with respect to the discount rate(s).

This selective review shows that the discount rate matters a great deal in some, but
not all, dynamic optimization models. All of this evidence comes from specific mod-
els or specific ways of presenting the tradeoff between abatement costs and avoided
damages, and therefore it cannot lead to general conclusions. It provides some (but
certainly not conclusive) examples where optimal policy tends to be less sensitive to
the PRTP when the model is highly nonlinear.

4 Do Catastrophes Swamp Discounting?

Weitzman (2009) examines the effect of parameter uncertainty on the social discount
rate. Using a two period model, representing the current period and the distant future,
he calculates the marginal expected value of transferring the first unit of certain con-
sumption from the present into an uncertain future. His chief result is open to several
interpretations. In my view, a “modest” interpretation is correct and useful. A contro-
versial interpretation is that the result undermines our ability to sensibly apply cost-
benefit analysis to situations where there is uncertainty about catastrophic events. A
“corollary” to this interpretation is that the recognition of catastrophic events makes
discounting a second order issue. I think that both the controversial interpretation
and the corollary to it are incorrect.

In order to explain these points, I consider a simplified version of his model. Let ¢
be the known current consumption, ¢’ the random future consumption, v the number
of certain units of consumption transferred from the current period to the future, g the
utility discount factor, and u the utility of consumption.’ The social discount factor
for consumption, i.e. the marginal rate of substitution between “the first” additional
certain unit of consumption today and in the future, is

du(c'+v)
I=—pE, | —& . 4)

du(c—v)

dv |v=0

3This model assumes that the sacrifice of one unit of consumption today makes one unit available
in the future period. If instead, the sacrifice of v units makes 6 (v) units available the future, the

. . . du(c'+6(v .
numerator of the right side of Eq.4 becomes "(;VM)G’ (v). These and other extensions can be
easily treated, but the simple model that I use is adequate for my purposes.
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The chief result is that, under the assumptions of the model, I = co; Weitzman dubs
this result “the dismal theorem”.

The model includes a number of important features, including: (i) the uncertainty
about ¢’ is such that there is a “significant” probability that its realization is O; (ii) the
marginal utility of consumption at ¢’ = 0 is infinite; and (iii) it is possible to transfer
a certain unit of consumption into the future. Features (ii) and (iii) are assumptions,
but (i) is an implication of the assumption that the variance of ¢’ is an unknown
parameter, and the decision-maker’s subjective distribution for this parameter has
“fat tails”.

Any of these assumptions can be criticized, but in my view, a more fundamental
issue involves the interpretation of the dismal theorem. A modest interpretation is
that uncertainty about the distribution of a random variable can significantly increase
“overall uncertainty” about this random variable, leading to a much higher risk pre-
mium (and therefore a much higher willingness to transfer consumption from the
present into the future) relative to the situation where the distribution of the random
variable is known. This modest interpretation is not controversial.

An extreme interpretation is that under conditions where the dismal theorem
holds, society should be willing to make essentially any sacrifice to transfer a unit
of certain consumption into the future. That interpretation is also not controversial,
because it is so obviously wrong. Even with O discounting (in this two period sta-
tionary model with the same utility function in both periods), we would never be
willing to transfer to the future more than half of what we currently have.

The controversial interpretation is that the dismal theorem substantially under-
mines our ability to sensibly apply cost-benefit analysis to situations with “deep
uncertainty” about catastrophic risks. The basis for this claim is that in order to use
the social discount rate given in Eq. (4), we need to modify the model so that I is
finite. Weitzman suggests ways of doing this, such as truncating a distribution or
changing an assumption about the utility function or its argument, in order to make
I" finite. The alleged problem is that the resulting I" is extremely sensitive to the par-
ticular device that we use to render it finite. Because we do not have a consensus
about how to achieve this finite value, we do not have a good way to select from
the many extremely large and possibly very different social discount rates. In this
setting, it is difficult to use cost-benefit analysis.

This controversial interpretation is not persuasive. Horowitz and Lange (2008)
identify clearly the nub of the misunderstanding; I rephrase their explanation. Nord-
haus (2008) also identifies this issue, and he provides numerical results using DICE
to illustrate how cost-benefit analysis can be used even when damages are extremely
large.® Millner (2013) contains a thorough discussion of the Dismal Theorem,
together with extensions.

These numerical results are interesting, but someone who accepts the controversial interpretation
of the dismal theorem will not regard them as a convincing counter-argument to that interpreta-
tion. All of the numerical experiments arise in a deterministic context, and in that respect they do
not really confront the dismal theorem, which makes sense only in a setting with risk and uncer-
tainty. For this reason, I think that Horowitz and Lange’s very simple treatment of the problem is
particularly helpful.
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The problem with the controversial interpretation is that the value of I" in Eq. (4)
is essentially irrelevant for cost-benefit analysis. This expression, which is evaluated
at v =0, gives the value of the “first” marginal unit transferred. The fact that the
derivative may be infinite does not, of course, imply that the value of transferring one
(non-infinitesimal) unit of sure consumption is infinite. If we want to approximate the
value of a function, it makes no sense to use a Taylor approximation evaluated where
that function’s first derivative is infinite. We would make (essentially) this mistake
if we were to use Eq. (4) as a basis for cost-benefit analysis with climate policy. The
only information that we obtain by learning that the value of the derivative evaluated
at v = 0 is infinite is that a non-infinitesimal policy response must be optimal. This
fact is worth knowing, but it does not create problems for using cost-benefit analysis.

Although I think that the controversial interpretation is unsound, it has a “corol-
lary” that is not so easy to dismiss. This corollary states that catastrophic risks
swamps the effect of the pure rate of time preference. The idea is that because
the expectation of the term in parenthesis in Eq. (4) is so large, the magnitude of
B, and thus of the pure rate of time preference, is relatively unimportant. Norhaus
(2009), despite his criticism of the controversial interpretation of the dismal theorem,
endorses this view (emphasis added.):

...discounting is a second-order issue in the context of catastrophic outcomes. ... If the future
outlook is indeed catastrophic, that is understood, and policies are undertaken, the discount
rate has little effect on the estimate of the social cost of carbon or fo the optimal mitigation

policy.

This corollary may hold in specific settings, but it would be surprising if it is a
general feature of catastrophic risk. The magnitude of the expectation of the term
in parenthesis in Eq. (4), evaluated at v = 0, can certainly swamp the magnitude of
p; but I have just noted that the former term is irrelevant for cost-benefit analysis
(beyond telling us that non-infinitesimal policy is optimal).

In order to get a sense of whether the corollary is likely to hold, and also to illus-
trate why the controversial interpretation of the dismal theorem is not persuasive,
I use an example with u = % Set f = exp(—pT) and choose a unit of time equal
to a century. With this choice of units, p is the annual pure rate of time preference
expressed as a percent. Suppose that ¢’ takes the value ¢ with probability 1 — p and
the value 0 with probability p. For p > 0 the right side of Eq. (4) is infinite, as in the
dismal theorem. The optimization problem is

mvax (u(c -vV+p [(1 —pu(c+v) +pu(v)]) .

Normalize by setting ¢ = 1, so that v equals the fraction of current consumption that
we transfer into the future. With a bit of manipulation, the first order condition for

the optimal v is
1 1—v\" 1—v\"
/’—f1“<<1—1’>(1—+v> (5 ))- ®
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Fig. 8 The relation between
the transfer, v € [0.01,0.3],
(the x axis) and the annual
percentage discount rate, p,
for p = 0.05 (dashed),

p =0.1(solid) and p = 0.2
(dotted), with n = 2 and

T =1 century

Using # =2 and T = 1 (so that the “future” is a century from now), Fig. 8 shows
the relation between the annual percentage pure rate of time preference, p, and the
optimal value of v for p equal to 0.05, 0.1 and 0.2. The figure shows that the fact that
the expression in Eq. (4) is infinite does not cause any problem in determining an
optimal value of the transfer. It also illustrates the less-obvious point that catastrophic
risk does not swamp the effect of discounting, in determining the optimal level of
the transfer.

We get a bit more insight into the relative importance of the PRTP, p, and the
probability of catastrophe, p, by taking the ratio of the elasticities of the optimal v
with respect to these variables. Define the elasticities and the ratio of elasticities as:

dvp dv p ¢
——=q; —=—=¢; T=——.
dpv dpv a

For 7 > 1, v is more sensitive to discounting than to the probability of catastrophe,
and the reverse holds for 7 < 1. For the isoelastic example,

= S — 1=vy’ _ L—v\"
T_<1+p((v+l)'7—V’7)>ln<p( Y >+(1 p)<1+v)>’ (6)

where Eq. (5) implicitly defines v = v (p, p, T). The ratio of elasticities shown in Eq. 6
depends explicitly on p and v and it depends implicitly on pT, because that product
determines the optimal value of v, given p and #.

Figure 9 shows the graphs of 7 for 7 =1 and p = 0.05, i.e. a 5% chance of the
catastrophe within 1 century, for # = 2 (the solid curve) and # = 0.5, the dashed
curve. If # = 2, the equilibrium transfer is more sensitive to the discount rate than
to the probability of catastrophe (r > 1) if p > 0.74 %; for n = 0.5, the transfer is
more sensitive to discounting than to the probability of catastrophe if p > 0.21 %.
Both of these critical values are much larger than the 0.1 % PRTP used in the Stern
Review, but they are much smaller than PRTPs used for other studies, e.g. the various
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Fig. 9 The graph of = for n =2 (solid) and n =0.5 (dashed), with T =1 and p=0.05. Forn =2, v
ranges from 0.03 to 0.22 as p ranges from 4 to 0.1 %. For n = 0.5, v ranges from 0.06 to 9 x 1077
asp ranges from 4 to 0.1 %. The dotted line shows 7 = 1

incarnations of DICE. Thus, the discount rate might be either more or less important
than the probability of catastrophe in determining the optimal transfer; it is likely to
be less important for discount rates commonly used.

Here I explain how to interpret Fig. 9. The dotted line shows = = 1; for values
of v where the graph lies above the dotted line, the equilibrium is more sensitive
to the PRTP p, than to the risk of catastrophe, p. As noted above, for given values
of n, T, p, the equilibrium value of v is a decreasing function of p. For n =2, v €
[3 % 1072,0.22] as p falls from a PRTP of 4 % (per year) to 0.1 %. For n = 0.5, v €
[9 x 1077, 0.06] as p falls from a PRTP of 4 % (per year) to 0.1 %. Given p,n, Eq.6
determines the value of v at which = = 1. Given this value of v, and p, T, 7, Eq.5
determines the critical value of p at which = = 1. Those critical values are p = 0.74 %
forp =2 and p = 0.21 % forn = 0.5.

5 How Do We View the Distant Future?

The sections above examine the importance, to climate policy, of the magnitude of
the PRTP. This section considers the applicability of a constant PRTP in the climate
context. The PRTP measures a person’s willingness to transfer utility between two
points in time. Even if this person uses a constant PRTP to evaluate a utility transfer
from one period to another for herself, there is no reason that society would use the
same constant rate to evaluate an intertemporal transfer between two different people.
If we are better able to distinguish among people who are closer to us, either in space,
time, or genetically, compared to people who are further from us, then we plausibly
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discount hyperbolically (with respect to space, time, or genetics), not at a constant
rate. More generally, if our willingness to transfer utility between two generations
depends not only on the distance between those two generations, but also on their
distance from us, then we discount at a non-constant rate.

Many papers discuss the plausibility of hyperbolic (more generally, nonconstant)
discounting, both in the context of individual decision problems (Phelps and Pollack
1968), (Laibson 1997), (Barro 1999), (Heal 1998), (Harris and Laibson 2001) and for
societal problems such as climate change (Cropper and Laibson 1999), (Karp 2005),
(Fujii and Karp 2008), (Karp and Tsur 2011), (Schneider et al. 2012), (Gerlagh and
Liski 2012), (Karp 2013b). The “Weber-Fechner law” states that human response
to a change in stimulus, such as sound or light, is inversely proportional to the pre-
existing stimulus. For example, from the standpoint of period 0, delaying utility from
period 1 to period 2 represents a much larger proportional increase in delay than does
a delay from period 10 to 11, even though the absolute increase in delay is the same in
the two cases. Heal (2001) invokes this observation as justification for a decreasing
discount rate. Applied to discounting, the “law” is consistent with a discount factor
of X, where K is a positive constant. Heal calls this “logarithmic discounting”.

Ramsey (1928) remarked “My picture of the world is drawn in perspective. ...
I apply my perspective not merely to space but also to time.” Karp (2013c) shows
that perspective applied to space corresponds to a special case of logarithmic “spa-
tial discounting.” To the extent that spatial perspective provides a useful analogy for
temporal perspective, this result provides further support for the hypothesis that our
view of the world corresponds to hyperbolic discounting.

A two-parameter model of preferences makes it possible to distinguish between
intertemporal utility transfers for a single individual and across individuals. The
PRTP, p > 0, measures a person’s willingness to sacrifice their own future utility in
order to increase their own current utility. A second discounting parameter, denoted
A > 0, measures a planner’s willingness to transfer utility across different people at
different points in time. I consider a pure public good (or bad), in which every per-
son alive in a period has the same utility flow. In this setting, there is no reason to
consider transfers between different people alive at a point in time. A richer model
would be able to evaluate transfers across different people at different points in time,
and across different people at the same point in time, but that is too much to ask of
a two-parameter model. I assume that the planner gives equal weight to all people
currently alive, and in that respect is utilitarian.

Consider the simplest constant-population OLG model in which agents lives for
two periods. A “public project”, e.g. emissions of a certain amount of greenhouse
gasses, increases current aggregate utility, and reduces next-period aggregate utility
by one unit. 7 What is the minimal increase in current aggregate utility needed to
justify these emissions? The evaluation is complicated by the fact that it involves a
utility exchange both between the current young people and their future old selves,

7In order to keep this example simple, suppose that current emissions affect only next period utility.
Obviously, a realistic climate model has to take into account that today’s emissions persist in the
atmosphere, affecting utility over a long span.
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and also between the next period young people and the current old people. That is
the nature of climate policy.

An increase in current utility of e™” leaves the current young people indifferent.
If A = p, the planner is willing to transfer utility between two people one period
apart at the same rate as a person would transform utility between her future and
current selves. If A = 0, the planner gives equal weight to the future young and the
current old people. If A = oo, the planner gives zero weight to the future young. It
is worth emphasizing that the value A = 0 (notA = p) implies that the planner treats
currently living and not-yet-born agents symmetrically. Readers will have different
views about the “reasonable” relation between p and A, but it is clear that smaller
values of 4 imply greater weight to the not-yet-born, and in that respect correspond
to greater altruism.

In this model, half of the people are young, and half are old in any period.
The planner would accept the project if and only if the current increase in aggre-
gate utility is no less than D (1) = 0.5 (e“’ + e"*), the planner’s one period dis-
count factor. This planner would accept a project that lowers aggregate utility by
one unit ¢ periods from now if it increases current aggregate utility by no less
than D (r) = 0.5 (¢*=De™ + =), the planner’s 7 period discount factor. The term
0.5¢*"=De7 equals the present value at  — 1 to the agents born at # — 1 of the one unit
loss in utility (¢7”) times the planner’s weight on those people’s welfare, 0.5¢*¢~D,
The second term, 0.5¢*, equals the weight the planner puts on the utility of people
born ¢ periods in the future. Defining f = %ei and 6 = e™*, gives D (1) = §é
and D (¢) = &' for t > 1. This particular form of discounting is known as f,6 or
quasi-hyperbolic discounting (Phelps and Pollack 1968). The case usually empha-
sized is A < p, where f# < 1. This model is typically used for a single-agent decision
problem, to capture present bias, whereas I use it to distinguish between transfers
across time for a single agent from transfers across time between different agents.

Karp (2013b) provides the formula for the discount factor in a generalization of
this model, where each agent lives for T years, and time is continuous. Ekeland and
Lazrak (2012) provide the discount function for a model in which agents’ lifetime
is exponentially distributed with mortality rate (hazard rate) 6. Setting 6 = % makes
the two models comparable. Figure 10, taken from Karp (2013b), shows the dis-
count rates under exponentially distributed and finite lifetimes, for parameter values
p=002=0= % and for A € {0.01,0.06}. The planner’s discount rate falls if A < p
(as with hyperbolic discounting), and rises for A > p. In both of these cases, the
planner’s preferences are time inconsistent. Preferences are time consistent only for
A = p, where the planner makes no distinction between transferring utility across
time for the same individual and between two different individuals.

For A # p in this two-parameter model, time consistency requires that the planner
gives less weight to the old than to the young agent in a period (Karp 2013a). Obstfeld
(1988) use this type of time consistent model to study fiscal policy, and (Schneider
et al. 2012) use it to study climate policy. Those authors discount the utility of cur-
rently living agents back to the time of their birth. This procedure means that, for
A < r, currently living people have less weight in the planner’s objective function,
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Fig. 10 Discount rates (d.r.) 0.06 -
for 6= 0.02 = r =L. Solid
curves (labelled E) 0.05 -

correspond to exponentially
distributed lifetime and
dashed curves (labelled F)
correspond to fixed lifetime.
Numerical values in label 0.03 7
show value of 4

0.04 1

d.r.

the older they are; with this procedure, the planner’s preferences are time consistent.
However, if the planner gives all currently living people equal weight, then for A # r,
the planner’s preferences are time inconsistent.

6 Conclusion

Agents who discount the utility of future generations may be unwilling to make much
of a sacrifice to avoid or ameliorate large damages that occur in the probably distant
future. The degree of sacrifice we are willing to undertake may be very sensitive to
discounting assumptions. Many prominent integrated assessment models illustrate
these conclusions. I do not dispute their importance, but it is worth remembering
that they are model-dependent. Moving from a deterministic to a random event time,
in a cost-benefit setting, can weaken both conclusions, merely as a consequence of
Jensen’s inequality. Using analytic models and a review of numerical results, I pro-
vide examples where policy prescriptions are more sensitive to discounting assump-
tions the more linear is the model.

Although most models emphasize the sensitivity of optimal policy to assumptions
about discounting, there is a strand in the literature that claims that discounting is rel-
atively unimportant when discussing potentially catastrophic events. In my view, the
model that has been adduced to support this conclusion in fact has little if anything
to say about the conclusion. In some circumstances, catastrophic risk does swamp
discounting in determining optimal policy, and in other circumstances it does not. I
do not think that we currently have a basis for thinking that either tendency is more
plausible.

Most climate policy models use an infinitely lived agent. These models pro-
vide a sensible starting point, because they admit normative conclusions. However,
intertemporal transfers across a single individual or between different individuals are
conceptually distinct. Even if, in the interest of tractability, we want to use a constant
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discount rate to evaluate both types of transfers, there is no logical reason for using
the same constant to evaluate the two types of transfers. If we accept that different
discount rates should be used to evaluate the two types of transfers, and if we also
want to attach the same weight to the welfare of currently living agents, then the
implicit social planner has time inconsistent preferences. In that case, the planner’s
problem becomes a sequential game instead of an optimization problem, and we lose
the straightforward normative implications of the model.

Appendix 1

If society pays the premium, thus eliminating risk, the present discounted stream of
utility is
) — [ (=AY 1
R(X,A,g,n)_f0 e — dt =

foo g—(ﬂ+(v1—1)g)i((l_Ax))l—v_e—pfdt _ (((I—AX))"" _ 1)
0 1-n (p+(n—1)g) P

If society does not pay the insurance premium, and the event occurs at time 7, the
payoff is

. _ ,n(eﬁ) -1 —pt (e(1=A)1 -1
P(T,A,g,n)_f e = d’r+f e == . dr

P G (L — 1) dr 4 [ en €Azt g

1-n 1-n
¢ 1-
_/ € ”(1_;1 5™ gz + /e —pt (1 IA_L)‘ “lar
_ (1=(=8)"") _e~tra-noT 1 ( (1-8)'" 1)
- 1-n (p+(n—1)g) 1-n \ (p+(-—1)g)  »

If the event time T is exponentially distributed with hazard A, then

Fe(r+a-DT _ / e S %
0 (p+gn—g+h)

Using this formula, we have

h
1-a-0")1-2om _ Ayl
EP(T;A,g,n) = ( ( ) ) (orgn—gth) 1 < (1-A4) 1>

17 (p+(n-1Deg (p+(n-Dg »

For the certain event time, with T = }ll, the maximum premium society would pay,
X, is the solution to

R(X;A,g,m)=P(T;A,g.1n)
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or

i («1—AX»'-" _ 1) =

I-n \ (p+(n—-1)g) p

(l—(l—A)l’”) 1—e~(p+n=DT " 1 < (1=A)"" 1)
I-n (p+(n-1)g) I=n \ (p+(n-1g)  »
Solving for X
((1—AX))“’1> — (1= (1= A" | —e—(p+0=1Q)T ( (1-A)" )
((/J+('1—l)g) ( ( ) ) (p+(n—-1)g) + (p+(n—-1)g) =

_ (p+(n=Dg)

(1—AX)=((1—(1—A)1—")(1—e i >+(1—A)1‘”>11":>

Solving for X and setting y = 100X gives Eq. 1. I obtain Eq. 2 by taking expectations
with respect to 7', using Eq. 7, and repeating the steps used to obtain Eq. 1 (Figs. 11
and 12).

Fig.11 Maximum premium
(as a percent of cost of event)
as a function of #, under
certain event time (solid) and
random event time (dashed)
for 7=200=1,A =04,

g =0.01 and p = 0.01

premium

35 4.0
Fig. 12 Maximum RN
premium (as a percent of N
cost of event) as a function N N
of growth, under certain 10 4 S
event time (solid) and ~ .
random event time (dashed) e RN
for T=200=1,A=04, 2 -
h g 20+ ~ o
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