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Preface

This volume contains notes based on lectures presented at the advanced course
‘Structure-preserving Integrators in Nonlinear Structural Dynamics and Flexible
Multibody Dynamics’ held at the International Centre for Mechanical Sciences
(CISM) in Udine, Italy, during October 7-11, 2013.

The objective of the five chapters in this volume is to provide insight into
state-of-the-art numerical methods for nonlinear structural and flexible multibody
dynamics. In the field of structural mechanics, finite element methods are com-
monly applied for the discretization in space. Due to the large dimension of the
resulting semi-discrete system, one is typically content with second-order accurate
schemes for the discretization in time.

Based on well-established time-stepping schemes for the linear regime,
energy-momentum consistent schemes and energy dissipating variants thereof have
been developed in the framework of nonlinear structural dynamics during the past
25 years. These schemes are known to possess superior numerical stability and
robustness properties when compared to standard methods.

The chapter written by I. Romero provides a general overview of high-frequency
dissipative integrators for linear and nonlinear elastodynamics. If the controllable
numerical dissipation is switched off, one typically gets back to energy-momentum
consistent schemes that are addressed in the chapter authored by P. Betsch.

Due to the presence of finite rotations, the configuration space of multibody
systems is typically nonlinear. In the chapter written by M. Arnold, A. Cardona, and
O. Briils, Lie group integrators are presented which preserve the Lie group structure
of the underlying nonlinear configuration space by design.

An alternative route to the design of structure-preserving numerical methods are
variational integrators. The newly emerging class of variational integrators is the
topic of the chapter authored by A.J. Lew and P. Mata A. Last but not least the
Chapter written by J. Gerstmayr, A. Humer, P. Gruber, and K. Nachbagauer pro-
vides insight into the absolute nodal coordinate formulation which is increasingly
popular in the field of flexible multibody dynamics.



vi Preface

The combination of these chapters provides a unique perspective on up-to-date
numerical methods for nonlinear structural dynamics and flexible multibody
dynamics. Sincere thanks are due to the colleagues for preparing their chapters for
this volume. Special thanks to Professors Martin Arnold, Alberto Cardona,
Johannes Gerstmayr, Adrian Lew, and Ignacio Romero for taking part at the course
and presenting their excellent lectures.

The course brought together nearly 40 participants from 8 countries. We are
grateful to all participants for their interest and the numerous discussions that took
place during and after the lectures. We are particularly thankful to the Scientific
Council of CISM for supporting this course and recognizing the importance of the
topic. We further thank the CISM staff for the excellent organization, support, and
hospitality. Professor Paolo Serafini is gratefully acknowledged for his encour-
agement to publish these lecture notes and his patience to wait for the final versions.

Peter Betsch
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High Frequency Dissipative Integration
Schemes for Linear and Nonlinear
Elastodynamics

Ignacio Romero

Abstract Time integration schemes with controllable, artificial, high frequency dis-
sipation are extremely common in practical engineering analyses for integrating in
time initial boundary value problems previously discretized in space with finite ele-
ments or similar techniques. In this chapter, we describe the structure of the most
commonly employed integration schemes of this type and focus in their numeri-
cal analysis for linear and nonlinear problems. These include spectral, energy, and
backward error analyses. For the nonlinear case, additionally, we study the preserva-
tion of conservation laws and the approximation of relative equilibria. The chapter
should provide a general overview of dissipative methods, their issues, and the tools
available for their formulation and analysis.

1 Introduction

Stiff ordinary differential equations, such as the ones commonly appearing in solid
dynamics and many other areas of applied mathematics, have solutions that involve
characteristic times of very different orders of magnitude. Whereas one is often
interested only in the slow response, integrating the fastest time scales is sometimes
necessary and always dictated by the time step choice (Wood 1990; Hairer and
Wanner 1991).

In systems of ordinary differential equations resulting from the spatial dis-
cretization of partial differential equations, the modes with highest frequencies are
inevitably resolved very poorly by the mesh. This is the case, for example, in solid
mechanics, where a finite element mesh—or a similar discretization technique—is
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2 I. Romero

employed to approximate the initial boundary value problem of continuum elasto-
dynamics by a semidiscrete initial value problem, governed by the same equations
as the problem of structural dynamics, which can then be integrated in time numer-
ically. In such a process, the one of interest in this chapter, the highest frequencies
modes are completely spurious, and so poorly resolved that their precise value is
often irrelevant for the analyst.

The mathematical analysis and the numerical experience accumulated during
decades indicates that, in nonlinear problems, the poorly resolved, high frequency
modes of the solution are ultimately responsible for many instabilities observed
in the numerical solution of stiff evolution problems. Since, as already mentioned,
those same modes are poorly resolved when deriving from a spatial discretization,
time integration algorithms that possess some kind of high frequency controllable
dissipation are frequently favored in research and commercial codes. It is the goal
of this chapter to discuss in which sense this is a valid approach and how it should
be addressed from the standpoint of the user and the algorithmic designer.

To understand the strengths and limitations of high frequency dissipative integra-
tors for solid mechanics, it is convenient to start by studying them in the context
of linear elastodynamics. The equations that describe this problem are amenable to
a complete mathematical analysis and guide the choice of algorithms that can later
be applied to more complex nonlinear problems. Most of the efforts in this regard
have been addressed toward the development of direct integration schemes, simi-
lar to Newmark’s classical method (Newmark 1956), but with optimal dissipation
properties and maximum accuracy. In fact, some members of the Newmark family
of methods, possibly the most commonly used integrators in solid and structural
dynamics, have controllable high frequency dissipation, although all of these are
only first-order accurate (Hughes 1983). The design of Newmark-like integrators
for solid and structural dynamics with second-order accuracy and controllable high
frequency dissipation motivated a large amount of works since the 1960s (Wilson
1968; Bathe and Wilson 1973; Hilber et al. 1977; Wood et al. 1981; Bazzi and Ander-
heggen 1982; Zienkiewicz et al. 1984; Chung and Hulbert 1993; Modak and Sotelino
2002; Zhou and Tamma 2004). Many commercial finite element and multibody codes
have adopted one of these methods as the default integrator for implicit dynamical
problems.

The stability of a time integration method, when employed in the solution of linear
elastodynamics, is best understood when a complete spectral analysis is performed
(Hughes 1983, 1987; Wood 1990; Bathe 1996). Such an analysis characterizes the
evolution in time of each of the independent modes that contribute to the global
solution, identifying their growth or decay, phase error, overshoot, etc. Alternatively,
amore direct method of analysis based on the energy of the solution can be employed
to assess the properties of the integrators (Hughes 1976, 1983; Romero 2002, 2004).
The latter approach, although less systematic than the spectral analysis, furnishes
global information that completes the information obtained from the former.
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The analysis of time integration schemes for general, nonlinear problems in elas-
todynamics demands completely different techniques. Since spectral analyses cannot
be performed on nonlinear equations, the study of the stability of time integrators is
often limited to the assessment of the energy evolution (Belytschko and Schoeberle
1975; Simo and Wong 1991; Simo and Tarnow 1992, 1994; Betsch and Steinmann
2001; Kuhl and Crisfield 1999; Armero and Romero 2001a, b; Bathe 2007). A note-
worthy exception is the work of Erlicher et al. (2002), where a complete nonlinear
analysis of the Generalized-a method is presented. In the context of nonlinear prob-
lems, however, stability analysis is not the only interesting information one needs to
know about a time integration scheme. Given that the dynamics of conserving—and
dissipative—solid mechanics often possesses symmetries and conservation laws it is
desirable to employ time integration schemes which can preserves exactly as many
invariants as possible, even when controllable high frequency dissipation is intro-
duced in the integration. With this goal in mind, many works have tried to extend clas-
sical high frequency dissipative schemes. See, among others, the works by Bauchau
and Theron (1996), Kuhl and Ramm (1996), Bottasso and Borri (1997), Kuhl and
Ramm (1999), Bauchau and Joo (1999), Kuhl and Crisfield (1999), Armero and
Petocz (1999), Armero and Romero (2001a,b), Bottasso and Borri (1997), Armero
and Romero (2003).

In this chapter we study time stepping algorithms for linear and nonlinear solid
elastodynamics, with a special emphasis in methods that possess controllable high
frequency dissipation. These methods are widely employed in solid, structural, and
multibody dynamics, but, for concreteness, we restrict our presentation to the former.
It should be noted that multibody dynamical systems often include, in addition to
rigid and flexible parts, a large number of constraints that turn the governing equations
into differential algebraic systems. The analysis techniques required to study these
are not the same as the ones presented in this chapter.

The chapter is structured as follows. First, the problem of linear elastodynam-
ics in described in Sect. 2. Section 3 discusses the discretization of elastodynamics,
including specific examples, and presents their numerical analysis based on spec-
tral and energy methods, and the modified differential equation. In Sect. 4 the initial
boundary problem of nonlinear elastodynamics is reviewed, with a special emphasis
in conservation laws and relative equilibria. There are a large number of methods
that have been specially designed for this problem, as described above, but in Sect. 5
we focus in the EDMC family of high frequency dissipative methods. We discuss
again their numerical analysis and study the solution of relative equilibria, by the
EDMC and other dissipative methods. Section 6 closes the chapter with a summary
of results.

2 Linear Elastodynamics

We present in this section the problem of continuum linear elastodynamics and
describe some of its main properties.
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2.1 The Weak Form of the Equations of Linear
Elastodynamics

The initial boundary value problem of linear elastodynamics is presented in weak
form since finite elements, the only spatial discretization considered in this chapter,
are based on the variational form of these equations. For that, consider a deformable
body occupying a set B C RY, where N can be 2 or 3, with boundary 913 partitioned
into disjoint subsets 0,8 and 0, B. Denoting points in 5 as x, the displacement of
one of them at time r € Z = [0, T'] is given by u(x, t). Using the notation (.) for
the partial derivative with respect to time, the velocity and acceleration fields are,
respectively, &z and i.

Assuming that the solid is elastic and homogeneous with elasticity tensor C, and
density p, the initial boundary value problem of linear elastodynamics consists in
finding u in the set

S={u:BxI—R", u(,t)e[H B,

. .. N (1
w(x,-),i(x,-) € [L(B)]", u=00n9,Bx1},
such that, for every v in
V={w:B—> R, wel[H B, w=0o0nd,Bl, )

the following variational equation is satisfied:

/o--e[w]dV—i—/pi)-de:/b-de+/ h-wdA | 3)
B B B B

with v = @ and H' being the Hilbert space of square integrable functions with square
integrable derivatives. In the previous equation, and below, b is a known field of body
forces and h a known field of tractions on the set 0,8; o = Ce is the stress tensor,
and € = (Vu 4+ VTu)/2 is the tensor of infinitesimal strain. In addition to (3), the
solution # must satisfy the following initial conditions

u(x,O):uo(x), "‘l(xvo):vo(x)9 X GB, (4)
where u,, v, are the known initial displacement and velocity, respectively. The dot

product in Eq. (3), and hereafter, denotes the inner product between tensors of any
order resulting from the pairwise contraction of all their indices.
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2.2 Energy

A pair (u, v) will be referred to as a state of the system, and will be denoted by the
symbol z. Given any state z, its energy E(z) is defined as the sum of kinetic and
potential energy of a body with displacement u and velocity v, i.e.,

E(Z):%/Be[u]-(Ce[u]dV +%/pr-vdV, (5)

and its (energy) norm as

lIzlle = VE(2) . (6)

The properties of the potential and kinetic energy guarantee that the function || - ||
has indeed all the properties of a norm. Moreover, it is a natural norm for the prob-
lem (3) which is reasonable for studying the convergence and stability of numerical
approximations of elastodynamics.

The evolution of the energy along a solution to the problem (3) is obtained by
taking the derivative of (5), using (3), and setting &z = v:

E:/s[u]-(Ce[it]dV +/pi)-vdV
B B

=/b~vdV ~|—/ h-vdA ,
B B

which corresponds to the external power exerted on the body. Obviously, if the
external forces vanish, the energy of the system is conserved. This a priori estimate
on the growth of the energy norm of the solution is the basis of the energy method
of stability analysis.

(7

3 Direct Integration Schemes for Linear Elastodynamics

We describe next the most commonly employed strategy for approximating numer-
ically the solution to linear elastodynamics. The idea, often referred in the literature
as the method of lines consists in projecting the solution in space first and later inte-
grating in time the resulting ordinary differential equations (see, e.g., Belytschko
1983; Hughes 1987; Wood 1990; Zienkiewicz and Taylor 2005).

3.1 The Spatial Discretization

We proceed next to study the spatial discretization of (3) by means of finite ele-
ments. This is done for concreteness, since it is the most common approach in solid
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dynamics. However, almost all the results that follow are valid when the finite element
spatial discretization is replaced by any other approximation method in space.

To define the finite element projection, let us consider a mesh on 3 connecting a
set A of nodes. The mesh is assumed to be regular and / its mesh size parameter. The
basic step in any Galerkin method is to replace the trial space S and the weighting
space V by finite dimensional subsets of the form

S"={u"(x,1) = Z Nex)u®(r) , with u(r) € [C2(D1V,
aeN
u'(x,t)=00n9,B,)},
V= (' @) =D Nx)w’, withw’ e RY,
aeN
w’ (x) =0 on 9,8},

®)

where C?(Z) is the space of continuous functions in Z, with continuous derivatives
up to order 2. The shape functions N : B — R are piecewise polynomials with com-
pact support and sufficient smoothness. The vectors u”(¢) are the nodal displacement
functions and likewise, w® are the nodal values of the weighting functions. The semi-
discrete solution u" is the displacement function in S” that verifies (3) for every w” in
the the space V. Denoting by ngos the number of unknown nodal components of the
displacement u”, the weak equation (3) can be written, after a standard manipulation,
in matrix form as system of n,4,, ordinary differential equations:

MU@) + KU@) =f(t), teZ
uo) = U, )
uo) =V, .

In these equations, M is the mass matrix, K the stiffness matrix, f the vector of exter-
nal forces and U the vector of nodal displacements, which collects in a single vector
all the unknown nodal components u“. The solution to the system of ordinary differ-
ential equations (9) is denoted z" = (u”, v"*) with v/ (x, ) = @ (x, t). Abusing the
notation, the same symbol will sometimes yefer to the vector form of the semidiscrete
displacement and velocity, i.e., z" = (U, U).

We note that there is no damping in Eq. (9) because the constitutive law employed
in its derivation is purely elastic. A damping term of the form CU, where C is the
damping matrix, might show in the dynamic equilibrium either due to a viscous
contribution in the material response or added ad hoc due to, i.e., Rayleigh damping.

3.2 The Time Discretization

To complete the numerical approximation of the equations of motion, the system of
ordinary differential equations (9) needs to be solved and a numerical method is used
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to integrate it. In this work we consider a certain type of linear multistep algorithms
which includes the most commonly employed integrators for linear elastodynamics,
namely Newmark’s method, the HHT method, the Wilson’s #-method, Hulbert’s «-
method, and others. Before defining this class of methods, consider a partition of the
time interval Z into N subintervals [¢,, t,,.1] of constant size At = t,,1 — t,,, where
0=t, <t <--- <ty_; <ty =T and denote by y, the numerical approximation
at time 7, of a variable y. With this notation, we have the following

Definition 3.1 (Geradin 1974; Hughes 1987) A linear k—step method for the
second-order differential equation (9) is a rule of the form

k

> [@iMU,i + APB; (=KU, i + f(t,40))] = 0., (10)
i=0

together with the initial conditions
U =UGAr, i=1—k,...,0. (11)

The scalars «;, 3; are constants and define each method.

The initial conditions (11) are given at negative time instants for simplicity of notation
and are equivalent to the usual initial conditions at positive time instants, up to a time
shift.

Many integration schemes have been developed for structural and continuum
elastodynamics, some of which have been mentioned in Sect. 1. As working examples
we mention two of them:

Example 3.2 Newmark’s method (Newmark 1956) is possibly the most commonly
employed direct integration scheme for continuum and structural dynamics. Given
the displacement U,,, velocity V,, and acceleration A, at time t,,, the value of these
vectors at time 7, is obtained by solving

MA, ;1 +CV, 1 + KU, =101,

At
Un+1 = Un + Atvn + 7 (1 - 25)An + 26A11+1) ) (12)
Vn+1 = Vn + Ar (1 — V)An + 'VAn+1) .

In these equations (3, ) are algorithmic parameters that select individual members
of the family, each of them with different properties. We note, for example, that
second order can only be attained if v = % A full analysis of this method can be
found, e.g., in Hughes (1987).

For reasons that will become apparent later, certain perturbations of Newmark’s
method have favorable properties from the numerical standpoint. As an example of
this class of integrators we consider the following:
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Example 3.3 The HHT method (Hilber et al. 1977) is a one-parameter family
of implicit algorithms for continuum and structural dynamics. As before, given
(U, V.., A,), the approximations to the displacement, velocity and acceleration,
respectively, at time ¢, their corresponding values at time ¢, are obtained from the
system of equations:

MAn-H + Cvn+a + KUn-H)z = fn+a s
At
Un+l = Un + AZ‘Vn + 7 ((1 - 2ﬂ)An + ZBAnH) s

(13)
Vn+1 = Vn + At ((1 - 'Y)An + ’YAn+1) s

a\2 3
07<a<l1, :(1__), 2 ..
<a= B 2 T=5 @
With the notation employed, « is the only free parameter and, as shown in Hilber
etal. (1977), it selects among different members of the family, all being second-order
accurate.

3.3 Spectral Properties of Direct Integration Schemes

As noted above, the most commonly used integration schemes in elastodynamics
are linear multistep methods for the second-order equation (9) and therefore may
be formulated as in Eq. (10). For analysis purposes, it proves convenient to express
these methods as a single-step recurrence relation. For example, if the velocity and
acceleration at time #, are denoted, respectively, as V,,, A,,, linear 3-step methods for
elastodynamics can be expressed as

Zon = AZ,+B,, with 2, = (U, AV, A%A,) . (14

The so-called amplification matrix .4 has dimensions (3ndof)2, and depends on the
parameters of the method; the vector B, has length 3n4,, and is obtained from a
weighted evaluation of the forcing terms at times #,_1, f, and #,,y.

Since (14) is a linear recurrence equation, much information can be inferred
from the spectral properties of the amplification matrix alone. But, moreover, since
the semidiscrete problem itself is defined by linear differential equations, the time
evolution of each of the modes of the solution is independent from the rest, and it
suffices to study the properties of the modal amplification matrices. More details
on this simplification can be found, for instance, in Hughes (1987). Following the
example above, the modal recurrence relation for a linear 3-step method must be of
the form

29, = AZY+ B with  ZY = (u, Ant, Alta?) . (15)
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In this equation, the vector Z¥ holds the amplitude, rate, and acceleration at time #,
and 7,4, of the mode with frequency w. The matrix .A,, and vector BY are, respectively,
the amplification matrix of the w—mode and the forcing associated with this mode
corresponding to the interval Z,,.

Expression (15) is very convenient for the study of the algorithm. It characterizes
in a very simple and compact way the evolution of each mode in the solution. In
particular, this frequency analysis helps to understand the dissipation (or lack thereof)
in the integration of the modes. Even though direct integration schemes do not make
use of any modal decomposition, they treat each mode in the solution independently,
as relation (15) indicates.

Since the equations of elastodynamics are linear, an explicit expression for the
modal amplification matrix can always be found, which would be a function of
the method’s parameters and the nondimensional frequency €2 = wAt. Once this
expression is obtained, all the conservation/dissipation properties of the method can
be deduced solely from its spectrum {);}. In particular, the spectral radius p of the
matrix or its algorithmic damping ratio £, defined respectively as

1
p=max(|Ai]), &= —glogmax(jAi])) . (16)

measure the growth or decay of each individual mode in a single step. Spectral
stability requires the spectral value not to be larger than one, and that eigenvalues
of unit modulus be simple. In addition, the spectral radii of dissipative integration
schemes need to be smaller than 1 for high frequencies.

Example 3.4 Following our previous example, the modal amplification matrix of
the HHT method can be shown to be

-1

Qa0 1 Qa—-10 0
A=| 1 0-0 1 11-5]. (17)
0 1 —v 0 11—~

The spectral radius of this matrix and its algorithmic damping ratio, for three values
of the algorithmic parameter «, is depicted in Fig. 1. It is clearly observed that the
spectral radius is never greater than 1 and that for o < 1, it decreases monotonically
with Q. It is pso, the limit value for &2 — oo, the one that defines the algorithmic
treatment of the high frequencies. An algorithm with efficient high frequency dis-
sipation must possess po, < 1, and controllable by the use via a parameter choice.
In the case of the HHT method, the parameter « clearly modulates the amount of
high frequency dissipation. The same conclusion can be drawn from the plot of the
algorithmic damping ratio.

If the case of Newmark’s method, it is possible to have high frequency algorithmic
dissipation, as Fig.2 shows, but only at the expense of selecting v > %, i.e., by losing
the second-order accuracy. Methods such as HHT were developed to preserve the
second-order accuracy of the trapezoidal rule (Newmark’s method with (3, v) =
(%, %), even with the addition of dissipation.
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3.4 Energy Stability Analysis

A space-time discretization is unconditionally stable when, for a forcing free prob-
lem, the total energy in the solution is uniformly bounded by the initial energy, i.e.,

U@, U g < CllWUa, VOl » (18)

for some constant C independent of # and At. This is the discrete counterpart of the
a priori energy estimate that was derived for the continuum problem and forms the
basis for the energy method of stability analysis.

It is often argued that spectral analyses, as described in Sect. 3.3, can give neces-
sary and sufficient conditions for stability of time stepping methods in linear elastic-
ity. The spectral stability condition, namely that the spectral radius must be smaller
than one for all frequencies or strictly smaller than one in the case of repeated eigen-
values, is equivalent to the energy-boundedness of each of the modes. However,
following Romero (2002, 2004), we claim that this is not enough to guarantee uni-
form boundedness across all modes in a solution and a stronger notion of stability
must be established. As a corollary, it turns out that some spectrally stable methods
such as the HHT are not unconditionally stable in the sense introduced before.
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1
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Fig. 2 Spectral radius (top) and algorithmic damping ratio (bottom) of Newmark’s method for
three values of the parameter 7 (0.5, 0.75, 1.0) and the parameter 3 = (/2 4 1/4)? selected for
maximum dissipation of high frequencies

The main result of Romero (2002, 2004) is the following:

Theorem 3.5 A time stepping method employed in the time discretization of an
initial boundary value problem is unconditionally stable when the amplification
matrices A“' are spectrally stable and the set

F={A" weR"}

is compact.

For one system of ordinary differential equations, like the one in Eq. (9), the
classical spectral stability criterion is necessary and sufficient for energy stability,
since the set of all amplification matrices is finite, and thus compact. However, when
a method is analyzed for all possible spatial discretizations of a problem, and in the
limit when the number of degrees of freedom goes to infinity, one must study if there
is a uniform bound for the energy, and Theorem 3.5 provides a sufficient condition.
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3.5 Backward Stability Analysis

Spectral analysis has traditionally been the main technique to evaluate the dissipation
properties of time integration schemes for elastodynamics, as described in Sect. 3.3.
Next, we outline an alternative approach, seldom employed in the literature, that may
cast some additional light on the dissipative/conservative behavior of these methods.

The idea of backward error analysis is to find a perturbed system whose exact
evolution closely resembles the solution furnished by a given numerical method.
Then, by analyzing the partial or ordinary differential equations of the perturbed
system, one might obtain relevant information about the numerical method itself.
This approach was first employed in the context of partial differential equations
(see, e.g., Warming and Hyett 1974). Since then, this technique has been extensively
employed for the stability analysis of linear and nonlinear problems (cf., Hairer 1994,
1999; Leimkuhler and Reich 2004, and references therein). A major advantage of this
approach is that the conclusions obtained are valid for both the linear and nonlinear
ranges.

We will use this idea to study time integrators, i.e., solutions to the semidiscrete
problem of elastodynamics. If we consider a numerical scheme which is order m
accurate, the goal of this analysis is to obtain a perturbed differential equation of
linear elastodynamics, for which the given numerical scheme is order n accurate
(with n > m). If we require that the solution of the modified differential equation
exactly coincides at discrete points with the numerical solution, the former may be
very difficult to obtain in general. However, enough information can be obtained if
the time step size At is small and only the lower order terms of the modified equation
are retained.

The procedure to obtain the modified equation is as follows. If a numerical scheme
has a truncation error of the form 7 = C,, At when it approximates a certain differen-
tial equation, there must exist another differential equation constructed by appending
an O(Ar™) term to the original one such that the resulting truncation error is one
order higher, 7 = C,,41 At™*!. To increase the accuracy, the process is repeated.

To clarify these concepts, a backward error analysis of the HHT method previously
described is presented next.

Example 3.6 For the one degree of freedom, elastodynamic equation with no physi-
cal damping and no external forces (d + w*d = 0), the fourth order accurate modified
differential equation corresponding to the HHT method is

d+ Gw*ArPd + (1 + G AP)w?d =0,  with
3, 1 1 (19)

G1=Za —a—i—ﬁ, and Gzzz(l—a)az.

Figure 3 depicts G| and G as functions of the parameter a.
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Fig. 3 Values of G| and G, 0.1
in the modified equation of
the HHT method
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To prove this claim, let A be the amplification matrix (17) of the HHT method and
let (Zy, 1, 73) be its three principal invariants. Using Cayley-Hamilton’s theorem
we can write:

AT A+ TLA-TI=0. (20)
Letz, = (d,, Atv,, At?a,)” be the vector of solution variables at time 7,,. Multiply-

ing both sides of Eq. (20) by the vector z,,_», and using z,,,, = A%z, 2,2, = A’Z,_,
Zpn—1 = Az, _, results in

Znr1 — L1zp +Tozpo1 — 132,20 = 0. 21

Finally, reordering the first row of this equation and calculating the expressions for
the matrix invariants, the following 3-step formula is obtained

dn+l - 2dn + dn—l
Ar?

dn - 2dn—l + dn—2
Ar?

2
+ Bdn -1 =0, (22)
where D =1+ (1 — $)?aQ?, 7; = ;50%(a — 1)Q?. The next step consists in
inserting the Taylor expansions of d,i, d,, d,—1 and d,_, at time ?,,, in expres-
sion (22). After simplifying the resulting equations we obtain:
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0= d(thra) + wd(tyta)

1 2 .
+ Ar? [(E + %)d“)(m) +a(l — %)wzd(fn+a):|
(23)

5 5 1 «
+ A [(60‘ — Z)Oé2wzd(3)(tn+a) -G+ az)gd@)(rm)]
+ O(Arh .

Inserting d= —G2w4At3d — (1 + G w?Ar?*)w?d and its derivatives in Eq.(23) we
observe that the O(Ar?) and O(Ar?) terms cancel for the choice

3 1 1
G =Za2—a+ﬁ and Gz=z(1—a)a2’ 24)

which are precisely of the form indicated in Eq. (19).

The interest in the previous result is that some of the properties of the HHT method
can be deduced by analyzing the solution to the differential equation (19).

First, we can interpret the modified differential equation as the equation of
motion of a one degree of freedom oscillator of mass m = 1, spring constant
k = (1 + G w?Ar*)w? and damping ¢ = Gow*Ar?. The natural frequency of the
corresponding undamped system is /k/m = /1 + G w2 At>w. In view of the value
of the constant G in (19), for a € [0, 0.7], the algorithmic natural frequencies must
be smaller than the exact ones. Hence, we expect that the periods in the numerically
computed solution be longer than the exact ones.

Second, since the artificial damping introduced by the HHT is of the form
Gow*Ar?, for a € [0, 0.7] this quantity is always nonnegative and maximum for
a = 0.7, as predicted by the spectral analysis (see Hilber et al. 1977). In particular,
for a = 1, no extra damping is added, as expected, since in this case the method
reduces to the trapezoidal rule, which is conservative for linear problems. In addi-
tion, since the damping is proportional to * we expect the numerical method to
be dissipative for high frequency modes, with highest dissipation for the highest
frequency modes.

Third, since for o > 1 the constant G, is negative, the energy of the corresponding
physical system will grow in time, even for vanishing forcing. This is clearly an
unstable system and indicates that for v > 1 the HHT method should be unstable,
as observed in the original article of Hilber et al. (1977).

The previous analysis has been restricted to a one-dimensional, linear problem, but
need not be. Although a full backward analysis of the method can provided insights
not obtainable by the spectral analysis, this limited application serves to illustrate
the connections between the two approaches.

Example 3.7 The following example shows graphically that the modified differential
equation possesses an exact solution which closely resembles the numerical solution
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obtained with the HHT method. In the following example the exact solutions to the
differential equations

d+w*d =0, d0)=dy, v(0)=uy, (25)
d+ Grw*Ard + (1 + G AH)Wd =0,  dO) =dy, v(0)=vy, (26)

are compared with the numerical solution of Eq. (25) obtained with the HHT method.
For this particular example, let w =5, At =0.1, « =0.7, dy =3 and vy = 0.
Figure4 shows the exact solution to the differential equation (25), the solution to
the modified differential equation (26), and the data points corresponding to the
HHT solution of the former equation. It is clear that the solution to the modified
equation and the HHT method are very close, illustrating that the modified equation
effectively captures the correct dissipation and period error of the numerical scheme.

4 Nonlinear Elastodynamics

Following the same structure as for linear problems, we introduce in this section
the problem of nonlinear continuum dynamics, focusing on the equations of the
problem and the symmetries that it possesses. In the Sect. 5, we will present a family
of high frequency dissipative methods for its solution, and we will discuss some of the
difficulties entailed by the design of dissipative integrators for nonlinear problems.

Following standard notation in continuum mechanics (see, e.g., Gurtin 1981),
let B, C RY denote the reference configuration of a deformable body with points
denoted by X, and ¢(-, 1) : B, — R" a one parameter family of deformations with
t € [0, T] being the time. The boundary of the body admits the partition 05, =
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0,8, U 0,B,. The (possibly empty) set d,, 3, is such that ¢ (-, 1) = () on its points,
with ¢ a known function. Similarly, the tractions on the boundary subset 0,5, C 955,
are also known, and of value T (¢). If the body is hyperelastic with stored energy
function W and is subjected to body forces B, its motion is described by an initial
boundary value problem that, in weak form, is:

/ (S-F'D[6p] dV +p,V -5 dV — p,B - dp) dV =/ T -6pdA ,
Bo

0,8,

27
for all admissible displacement variations d¢, and V = ¢ being the material velocity.
In these equations, and below, p, is the reference density, F = D¢ is the deformation
gradient, and S, the second Piola—Kirchhoff stress tensor, is defined as S = 20¢ W
with C = FT F being the right Cauchy—Green deformation tensor.

4.1 Conservation Laws

The elastodynamic problem has a rich geometric structure that reveals itself more
clearly when the problem is described in the Lagrangian or Hamiltonian formalism
(Marsden and Hughes 1983; Simo et al. 1988). Keeping with the style of the presen-
tation for linear systems we do not pursue either of these formalisms, discussed at
length in some of the references provided, but recognize that the presence of sym-
metries in the Eq. (27) lead to conservation laws for the motion which are of great
importance from the theoretical and practical points of view.

Before stating the most important conservation laws we define the linear momen-
tum L, the angular momentum J and the total energy H, respectively, as

L=/ P,V AV |

o

J:/pogodeV, (28)
B,

_ P2
H_/Ba(zlvl +W(<p)) av .

We summarize all the conservation laws in the following.

Theorem 4.1 The motion of a body with 0,8, = ¥ and no external forcing preserves
the linear and angular momenta as well as the total energy.

Proof The proof of these three conservation laws follows directly from Eq. (27) by
choosing the admissible deformation variations to be, respectively, dp = ¢, dp =
@ x ¢ and d¢p = V with ¢ being a arbitrary constant vector field on B,. Details are
omitted. O
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4.2 Relative Equilibria

Another characteristic feature of nonlinear elastodynamics is the existence of a par-
ticular kind of solutions known as relative equilibria (Simo et al. 1991; Marsden and
Ratiu 1994). These are motions along which not only the momenta and the energy
are preserved, but also the deformation, as described for example by C, is pointwise
time-invariant. In these motions the body might translate and rotate, but without
changing its shape. As shown in Simo et al. (1991) the boundary value problem
that defines the relative equilibrium deformation ¢, in a reference frame attached to
the center of mass of the solid for a given angular momentum g, and given linear
momentum p, is

p. :pOSz X Pe (29)
DIV[F.S.] =R x p,
where @ =i~ '(¢,) ., and i (¢,) is the inertia tensor at the equilibrium configura-
tion.

The conservation laws stated in Theorem 4.1 and relative equilibria are important
qualitative feature of the motion ¢. One of the driving stimulus for new discretization
techniques is precisely the preservation of these features, without losing accuracy,
or stability in the way.

5 Numerical Methods for Nonlinear Elastodynamics

As in the linear case, numerical methods for the equations of nonlinear continuum
dynamics can be obtained in several ways. The most common of them is the method
of lines already introduced in Sect.3.1. As in the linear case, the deformation ¢ is
approximated by a mapping ¢" € S", with

S'= [90” =D NX)g'() . ¢" = pon aw’o] : (30)
aeN

and the variations ¢ € V", with

Ph = Hwh = Z NYX)w" , w" =0on @B(,] . (31)
aeN

We note that the material velocities V" belong to the same space as the deformation

variations so their finite dimensional approximations will belong to 1" as well.
The time-continuous, spatially discrete version of the dynamic equilibrium equa-

tion is obtained by replacing the deformation, velocity and variations in Eq. (27)
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by their counterparts in S and 1. To complete the discretization, again as in the
linear case, the time-dependent fields are to be replaced by approximated values at
the time instants t,, t1, ..., t, and the rates by approximated values of the velocity
and acceleration.

This strategy is very general, and one is free to select any of the time stepping
methods mentioned in Sect. 1 to carry it out. We choose, however, to carry out the
time discretization with a fairly general class of methods introduced in Armero and
Romero (2001a,b), which are of the form

Vh _ Vh
/ (8" Fiijp DIS@" )+ pp—2—* ~5sah) dv
B, t

=/ poBniijn - 6" AV +/ Tyi1)2 - 6" dA
B, B

o

ook
/p,,v*-(svh dV:/ po%ﬁ-avh av | 32)
B

with $* and V* being consistent approximations to the second Piola-Kirchhoff stress
tensor and material velocity, respectively, at time #,..1>. More specifically, these two
quantities are defined to be

S = Scans + Sdiss s V= Vcons + Viss - (33)

In the previous equation, the quantities denoted with ().,,s are the conserving
part of the stress and velocity, respectively. They are exactly the same expressions
of the midpoint stress and velocity of the Energy-Momentum method, as described
in Gonzalez (2000), namely

oW W(Cll+1) - W(Cn)
Seons =2I—NQ®N)—(C, N
( ® )8C( +12) + 1Cri1 —Col
Cop1 —C, (34)

withN = ———
1Cni1 — Call

__ yh
Vcons = Vn+1/2 .

To complete the method definition it remains to define the dissipative terms in
Eq. (33), which must be of the form

Sdiss = fdist ) Vdiss = 8diss VZ.;,.]/Z ) (35)

with fz;ss and ggiss two scalar functions defined themselves as

ZDV 2,DK

Saiss = ————— > 8diss = .
— h 2 hn2
€1 — Call IV I =1Vl

(36)
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The final step is the formulation of the terms Dy and D, for which there is a certain
freedom, as long as the consistency of the method is guaranteed and

Dk +Dy >0. 37

This choice will be driven by the following result, which is the discrete counterpart
of Theorem 4.1:

Theorem 5.1 The scheme defined by Egs. (32)—(36) preserves the conservation laws
of momenta. Moreover, when there are no external forces applied on the body, its
total energy is nonincreasing.

Proof To show that the scheme preserves the conservation laws of the continuum,
consider a nonlinear dynamical problem with no forcing and 9,8y = ¥. By choosing
5Lph = ¢, a constant field, in Eq. (32), it follows directly that

0= / Vi = Vi g, _ € (L L) (38)
=C Po At = At n+1 nl)

o

which is just the discrete statement of the conservation of linear momentum. Simi-
larly, by choosing (5<ph =c X goz +1/20 with ¢ constant as before, we get

0 N VﬁH—VZd ¢ 39
=c- Bnp090n+1/2XT V=21 Una=Ju). (39)

that proves the conservation of angular momentum. Finally, by selecting d¢" =
Vi /2 We obtain

1 * * Vz+1 - VZ
0=— S* (Chyy —C,) dV + poV* ——=dV
Alt B, B, At (40)
= (H(@n11, Vi) = Hgy, Vi) + Dy +Dv)
Hence,
H(py, Vi) = H(@ 1. Vie) = Dk + Dy 41
which is nonnegative, in view of Eq. (37). U

The previous theorem motivates that methods of the type described are referred
to EDMC integrators, which stands for Energy Dissipative, Momentum Conserving.
Depending on the expressions for the dissipative terms Dy and Dy, first and second
order methods have been proposed. In the first-order case, the EDMC-1 method, the
expressions read:
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1 1
DV = % (EW(CVH-I) + EW(C”) - W(C,H-I/Z)) ’

: 1 (42)
Di =2 (Ekwf’,m + k) - W<Vﬁ+uz>) :

with xy > Oand k(V") = % ol V""|? being the kinetic energy density. The parameter
controls the size of the dissipation which grows proportionally to it. The EDMC-2
method, a second-order version of this type of integrators, is based on the expressions:

Dy = (€-€) ;CC—Co.

(43)
Dk = (0 —vy) - po (Vns1 — Va)
with v, = || Vﬁ 4ol and C.two auxiliary variables implicitly defined by
C=(1~pCy+FCus
At .
B = O‘T(UM—I — Uy) (44)

- At ~
Up —VUp = _04762(1 - ﬂn)”cn-H - Cn”2 s

for some user parameter o and a characteristic length and wave velocity denoted,
respectively, as & and c. Details on the dissipative character and accuracy of the
EDMC-2 method can be found in Armero and Romero (2001b).

Numerical integrators with artificial high frequency dissipation, like the ones dis-
cussed in Sect.2 can be used, and are actually very frequently employed, for the
solution of nonlinear problems. However, their greatest drawback is that they do not
possess properties such as the ones proved in Theorem 5.1 for the EDMC integra-
tors. First, most of these classical methods break the symmetries of the continuum
problem, and often the conservation of angular momentum is spoiled. Second, the
spectral dissipation, which is guaranteed in the linear setting cannot be proved in
the nonlinear case, when the modes in the solution change as the solid deforms. On
the contrary, it has been shown numerically that these methods can exhibit a patho-
logical energy growth leading invariably to a solution blow-up (cf., e.g., Bauchau
et al. (1995), Armero and Romero (2001a)). The conclusion is that the so-called
unconditionally stable methods possess this property only for linear problems.

5.1 Relative Equilibria

As studied in Sect. 4.2, the equations of nonlinear continuum dynamics possess solu-
tions in which, in addition to the usual conservation laws, the solid moves without
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changing its shape. From the numerical point of view it would be interesting to
discern which integrators preserve these solutions.

It can be shown that any EDMC method, when given initial conditions in relative
equilibrium, gives a solution which lies on the relative equilibrium for all times (see
Armero and Romero 2001a). Moreover, we have the following stability result:

Theorem 5.2 Given initial conditions sufficiently close to a relative equilibrium the
solution obtained with an EDMC method will converge asymptotically to the latter.

Proof 1t is shown in Simo et al. (1991) that the energy, as a function of deformation
and velocity, has a minimum in the relative equilibria, when constrained to the level
set of constant angular and linear momentum. Denoting by H, this value, close
to the relative equilibria, the function £ = H — H, is a Liapunov function. When
an EDMC method is employed to solve a problem with initial conditions close
to a relative equilibria, £ will decrease monotonically, while on the level set of
constant momenta, to its minimum, which corresponds to the relative equilibrium by
construction. O

On the other hand, we show next that, for example, Newmark’s method with
v > % or the HHT method with a < 1 can not preserve relative equilibria even for
the simplest nonlinear problem, that of a point mass m attached to a fixed point
through an elastic spring moving on a plane.

Let z = (g, p) € R? x R? collect the position and momentum of the point mass
on the plane and define the Hamiltonian of the system

H(z) =V(g) +K(p). (45)

to be sum of the potential energy V(q) = V(A) = ’%(/\ — X2, with A = |¢q|, and
the kinetic energy K = ﬁ |p|?. If the angular momentum of the system is p, the
equations that describe the relative equilibrium are:

l 1l
S ome= (46)

V(\) =

with A\, = |q,|, 7. = |p,| and p = g x p. Moreover, this relative equilibrium is
unique for every value of || due to the convexity of V.

From the property of conservation of angular momentum, both the position and
momentum of the point mass must remain orthogonal to p, and the relative equilib-
rium must be a motion in which the mass orbits around the fix point with constant
spring length, equal to \., and constant velocity v, = m,/m. To describe this motion
mathematically we can consider rotations Q : R> — R? of the form

sinf cosf 47)

0(0) = |:cost9 —sin9:|
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The relative equilibria of the spring-mass system must be a motion

q(t) = Q0@)) e,

) (48)
p(1) =mQO1)Ace =7 Q01) Q(r/2)e ,

for some unit vector e € R?.

We want to study next if the equations resulting from discretizing the equations
of motion of the spring-mass system with an integrator admit solutions which are
discrete relative equilibria, i.e., one parameter orbits of the point mass, and if they
do, whether they fall on top of the exact trajectories, or not. More specifically, we
would like to determine if an integrator can have solutions such as:

qn = ane = Qn)‘ee ’

Po= 0,p. =m0, 0(r/2e . “9)

for some values of A,, m, and Q, = Q(6,). Define

0, .=0-00,+a0,,,, P=0,,0,"=060, (50

where A6 is the angle formed by ¢, and ¢, ;. Note that @, , is not, in general, a
rotation matrix.

The application of the HHT method, as given by Eq. (13), to the spring-mass
model results, after eliminating the acceleration, in

A 1
(P - I)qn = ?[pn - ml/[(i _B)I +/8P] Qn+aqn ’

(51)
m
(P=D)p, = v (L= DI +7P|Q, 04,

with

L A2V g0 _ A2 V(QroNee])

(52)
m |qn+a| m | Qn+a)\€e|

From Eq. (51), after some straightforward manipulations, we obtain that the position
and momentum on the relative equilibrium must satisfy:

1
pe :A_t [P -1 + V(z - ﬁ) Qn+a + VﬁP Qn+ai| qe )

1
0=(P — I)’q, + v(P —I) [(5 oy ﬂP} 000t (>3)

+v[A=NI+~P]Q,, .9, -



High Frequency Dissipative Integration Schemes ... 23
To determine if these equations have a solution, let us define the scalars x», k1, KT, Ko

1
K0:l+y(§—25+3a5+7—2a'y),

(6%
fi= =24 (=3 + f+ 5 +ay)

(54)
Ky =14afv,
KT =V[(5—%)(1 —a)+( —7)(1—00} )
so that, Eq. (53), becomes
[F2P? + ki P+ ke PT + kol] Q,9, = 0. (55)
Without loss of generality, choose Q,g, = \.e, to finally obtain
[k2P? + 51 P + k7 PT + kol ]e=0. (56)

The trivial solution P = I, v = 0 is a solution for every combination of parameters
(a, B, 7y), but corresponds to the mass at rest. Any nontrivial solution corresponds to
the zero sum of four vectors. See Fig.5 for an illustration.

In the case of the trapezoidal rule, (o, 3,7) = (1, }P %), the identity (56)
evaluates to

v v
50=1€2=1+Z, 512_2"'5» kr =0,

(57)
0= [P2+3P+1]e.
Ko

See Fig. 6 for a graphical interpretation of Eq. (57). Defining n = x1/k,, Eq. (57)
can be rewritten as

Fig. 5 Graphical

interpretation of Eq. (56).
Each term of the equation
can be viewed as a vector
and their sum must vanish

i Pe

Ko€

;{TPTe
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Fig. 6 Graphical P2e
interpretation of the

relation (57). We identify

each term of the equation

with a vector, and their sum 0
must vanish
“Pe
0
e
0052§+ncosé =-1,
R N (58)
sin20 +nsinfd =0 .
These equations have a nontrivial solution = —2 cos 0, which implies that the trape-

zoidal rule possesses solutions which are discrete relative equilibria of the spring-
mass problem. For a given ¢q,, the corresponding p, is recovered from Eq. (53), using
the definition of 7:

m 0 25in§A m 01
— 1 0 —
P, = At |:_ 2Sint§A +8)S :| ’ q. = At\/;|:_1 0:| q. - (59)
I+cos 6

Moreover, the discrete relative equilibria obtained with the trapezoidal rule lie on
the exact ones. To see this, observe that by construction, the motion described by
Eq. (59) is a discrete orbit of the symmetry group with energy

H(z,) =K(p,) +V(q,) = K@)+ V), (60)

as the exact relative equilibria. To calculate the corresponding angular momentum,
letg, = |q.|e and by Eq. (59)

m
P, = A_\/l_/|qe|e2
g 61)
m NG, 2 (
/‘l’_qexpe_A_t V|qe| €3

implying
2 _ m’ Y VO N3 2
Il = s viglf =m V00 A (62)
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which coincides with the value of the of the angular momentum in the exact relative
equilibrium. In summary, the discrete relative equilibria of the trapezoidal rule are
discrete group orbits with energy and angular momentum equal to the corresponding
values in the exact relative equilibria. Hence, the discrete motions lie on the exact
relative equilibria.

The previous analysis is now modified for the parameter combination («, 3, y) =
(1, }1(% + 7)2, 7), with % < 7 < 1, that corresponds the first-order members of New-
mark’s method with maximum dissipation. By replacing o = 1 in Eq. (54) it follows
that

1
Ko = 1+1/(§+ﬁ—’7),

1
F1=-24+v(=20+5+7. (63)
Ky = l—l—l/ﬁ
IQTZO.

Inserting these parameters in Eq. (56) gives, after some manipulations,

—24v(3+7—-20)
L+ v(B =7+ 3)
(+p5v) (64)
l+v@B—v+3)
[P +mP+1I]e=0.

m=

=

The third equation is illustrated in Fig. 7. From this figure it is clear that a necessary
condition for the existence of solutions is that 7, = 1. But 1, is strictly greater
than 1 for every v > 0 and thus it can be concluded that the dissipative family of
Newmark’s method cannot have solutions which are relative equilibria of the spring-
mass problem.

Fig. 7 Graphical nP?e
interpretation of Eq. (64)3.

Each of the terms

represented by a vector. A

necessary condition for their

sum to be zero is that the

vertical components of e and

12 P%e are equal and

opposite. This implies

m=1

mPe
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To study the HHT method, the same analysis is repeated once more, for algorithmic
parameters (o, 3,7) = (o, (1 — a/2)2, 3/2 —a), 0.7 < a < 1. The value of the

scalars kg, K1, K2, KT 1S NOW

v 2
Ry = 1+ZOZ(30[ —60[+4),

v 3 2
ki =2+ —-(-3a"+9% " —8a+4),
4
4 (65)
Ky = 1+Zm2—m%
KT = Z042(1 — )
r=7 .
Using these parameters in Eq. (56), this last equation becomes
Ko cos(2é) + (K1 4+ KkT) cos ) +kyp=0, 66)
ko sin(20) + (k1 — k7)sind =0
The second equations gives
cos ) = fr — R 67)

2/€2

which is plotted in Fig. 8 as a function of «. Inserting Eq. (67) in Eq. (66),, results
in the algebraic equation

1
nﬂm—no+mmrwg=0©zm—n&ﬂ=o. (68)

Fig. 8 HHT method. 2.2
(kr — k1)/(2K2) as a
function of «. If this ratio
must be equal to cos 6, the
parameter o must belong ot
(0.35, 1)

| cos 01
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This equation has three solutions: when v = 0, corresponding to the trivial solution
as indicated before, oo = 1, corresponding to the trapezoidal rule, already studied,
and the case o = 0. This last solution must be rejected since Fig. 8 shows that for
a < 0.35 the function (k7 — K1)/(2K2) can not be the cosine of any angle. It can
be concluded that, as for the dissipative members of Newmark’s family, there is
no dissipative HHT scheme able to represent a discrete relative equilibrium of the
spring-mass system.

6 Summary

This chapter deals with the numerical approximation of the initial boundary value
problem of continuum dynamics. More specifically, it presents the most commonly
used methods to solve it, i.e. a discretization in space with finite elements followed
by an integration in time using methods for ordinary differential equations.

The main emphasis has been the discussion of the formulation and analysis of
discretization techniques that employ time integration schemes with controllable,
artificial, high frequency dissipation. These are extremely popular in commercial
codes for their ability to obtain approximate solutions to complex, stiff, problems in
linear and nonlinear mechanics.

The chapter has presented the derivation of space and time discretization, and the
most commonly used analysis techniques that can be employed to assess the stability
of this type of methods, and their dissipation properties. Since these techniques are
different in the linear and nonlinear regimes, we have presented them separately.

In linear problems, spectral analysis has been the de facto methodology to ana-
lyze time integration schemes. While this is an extremely useful tool, we argue that
it might lead to unsupported conclusions both for linear and nonlinear problems. In
linear problems, unconditional spectral stability is not sufficient to guarantee uncon-
ditional stability of the complete space-time discretization, as it is often believed. An
additional property of the method, originally obtained by the author, is reviewed.

Two are the most common methods for analyzing the stability of integration
schemes for linear problems, namely, spectral and energy methods. We have pre-
sented a third strategy, never used in this context to the author’s knowledge, which
is based on backward error analysis. Using this method we are able to show that the
response of high frequency dissipative schemes closely resembles the exact solution
of perturbed systems in which additional, frequency dependent, damping and stiff-
ness are added. This idea sheds new light into the understanding of dissipative time
stepping methods.

In nonlinear problems, the only way to assess the stability of a discretization is by
evaluating the evolution of the energy in the system. Since spectral analysis can not
be used to study this aspect, the focus needs to be shifted toward numerical methods
which can guarantee unconditional energy dissipation in the nonlinear regime. One of
these types of methods is the EDMC family, which in addition to controlling energy
growth for all hyperelastic models, exactly preserve linear and angular momenta in
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problems with translational and rotational symmetry. The EDMC are recalled in this
chapter, and their major conservation properties proven.

A very interesting feature of nonlinear solid and structural dynamics with sym-
metry is the existence of a particular kind of solutions, known as relative equilibria.
These are motions along level sets of constant momenta, energy, and with pointwise
constant deformation, stress (and thus strain energy density). We show that EDMC
methods preserve these solutions and, moreover, when a trajectory starts close to a
relative equilibrium, it will be attracted to it asymptotically. We show, also for the first
time in the authors’ knowledge, that standard dissipative schemes can not preserve
relative equilibria even in the simplest cases, explaining why long term simulations
obtained with such type of methods invariantly end up in static equilibria.

Acknowledgments Funding for this work has been provided by the Spanish Ministry of Science
and Competitiveness under Grant DP12012-36429.
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Energy-Momentum Integrators
for Elastic Cosserat Points, Rigid Bodies,
and Multibody Systems

Peter Betsch

Abstract The goal of this chapter is to present the development of energy-
momentum (EM) schemes in the framework of discrete (or finite-dimensional)
mechanical systems. EM integrators belong to the class of structure-preserving
numerical methods and have been originally developed in the field of nonlinear
solid and structural mechanics. EM schemes and energy dissipating variants thereof
typically exhibit improved numerical stability and robustness when compared to stan-
dard integrators. Due to their superior numerical properties, EM schemes have soon
been extended to more involved applications such as flexible multibody dynamics
and coupled thermomechanical problems. In this chapter, we start the development
of second-order EM schemes in the context of the Cosserat point (or pseudo-rigid
body). The theory of a Cosserat point shares main structural properties with semi-
discrete formulations of elastodynamics. Indeed, the Cosserat point can be directly
linked to the 4-node tetrahedral finite element. Besides its usefulness in explaining
main ingredients of EM schemes such as the algorithmic stress formula, the Cosserat
point is ideally suited to perform the transition to rigid body dynamics. In particular,
in the present work, the rigid body formulation is obtained by imposing the zero strain
condition on the Cosserat point. This way the rigid body is treated as constrained
mechanical system. Moreover, we show that the EM discretization of constrained
mechanical systems can be derived in a straightforward way from the EM scheme for
the Cosserat point. The resulting rigid body formulation is closely connected to nat-
ural coordinates. Eventually, we deal with the extension to multibody systems which
can be done in a straightforward way due to the presence of holonomic constraints
in the present rigid body formulation.
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1 Introduction

Energy-momentum (EM) integrators have been originally developed in the context
of nonlinear structural dynamics. Building upon the previous work by Hughes et al.
(1978), Greenspan (1984), Simo and Wong (1991) and Simo et al. (1992b), the first
EM scheme for nonlinear elastodynamics has been proposed in the seminal work
by Simo and Tarnow (1992). Due to their favorable numerical stability properties
(Gonzalez and Simo 1996) EM methods have soon been extended to the realm
of nonlinear structural and rigid body dynamics. The description of these systems
typically relies on the introduction of rotational coordinates. For example, in rigid
body dynamics one may use Euler angles, Euler parameters (or unit quaternions), or
Rodrigues parameters for the parametrization of the rotation manifold. It was soon
realized that the selection of specific rotational coordinates has a strong impact on
the design of structure-preserving integrators (Lewis and Simo 1994). In particular,
the use of minimal coordinates (like Euler angles for rigid body dynamics) in general
leads to highly nonlinear and elaborate expressions that typically impede the design
of time-stepping schemes featuring conservation of angular momentum.

In nonlinear structural dynamics the parametrization of the rotation manifold
does affect both the discretization in space and time. It has been shown in Simo et al.
(1992a) that the finite element interpolation of rotational variables in general destroys
conservation of angular momentum of the semi-discrete system. Strictly speaking
the available EM methods for nonlinear beams (Romero and Armero 2002a; Betsch
and Steinmann 2003; Leyendecker et al. 2006) and shells (Simo and Tarnow 1994;
Brank et al. 1998; Betsch and Sianger 2009a) confine the use of rotational parameters
to the nodes of the finite element mesh. Similarly, in these works the discretization
in time does not directly rely on the use of rotational parameters.

EM schemes provide a good starting point for the development of energy decaying
schemes. Energy decaying variants of EM schemes have been proposed, for example,
by Bauchau and Bottasso (1999), Kuhl and Crisfield (1999), Armero and Romero
(2001, 2003), Romero and Armero (2002b), Bottasso et al. (2002), Bottasso and
Trainelli (2004), Lens and Cardona (2007). More about energy decaying integrators
can be found in chapters “High Frequency Dissipative Integration Schemes for Linear
and Nonlinear Elastodynamics” and “A Lie Algebra Approach to Lie Group Time
Integration of Constrained Systems”.

Due to their desirable numerical properties, EM methods have also been extended
to more involved problems such as nonlinear visco-elastodynamics (Grofl and Betsch
2010), thermo-elastodynamics (Romero 2009; Grofl and Betsch 2011; Romero 2010;
Hesch and Betsch 201 1¢; Conde Martin et al. 2016), finite deformation contact prob-
lems (Laursen and Chawla 1997; Armero and Pet6cz 1998; Hesch and Betsch 2009,
2011b), and flexible multibody dynamics (Bauchau and Bottasso 1999; Ibrahimbe-
govic et al. 2000; Bottasso et al. 2001; Betsch and Steinmann 2002a,c; Lens et al.
2004; Betsch and Sianger 2009b; Leyendecker et al. 2008a). EM schemes have also
been incorporated into direct methods for the optimal control of multibody systems
(Bottasso and Croce 2004; Betsch et al. 2012; Koch and Leyendecker 2013).
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A good account on the development of EM schemes in the context of nonlinear
finite element methods can be found in the books by Crisfield (1997), Géradin and
Cardona (2001), Laursen (2002), Krenk (2009), Ibrahimbegovi¢ (2009), Bauchau
(2011).

An alternative route to the design of structure-preserving time-stepping schemes
are variational integrators. In the context of multibody dynamics variational integra-
tors have been dealt with, for example, in Leyendecker et al. (2008b), Ober-Blobaum
etal. (2011), Leyendecker et al. (2010), Johnson and Murphey (2009), Betsch et al.
(2010). For a tutorial on variational integrators we refer to the chapter “A Brief
Introduction to Variational Integrators”.

The goal of this chapter is to present the development of EM schemes in the frame-
work of discrete (or finite-dimensional) mechanical systems. To this end, we start
in Sect.2 with the Cosserat point (or pseudo-rigid body). The theory of a Cosserat
point shares main structural properties with semi-discrete formulations of elastody-
namics. Indeed, the Cosserat point can be directly linked to the 4-node tetrahedral
finite element as will be shown in Sect. 2.6. Besides its usefulness in explaining main
ingredients of EM schemes such as the algorithmic stress formula, the Cosserat point
is ideally suited to perform the transition to rigid body dynamics. In Sect. 3, the rigid
body formulation is obtained by imposing the zero strain condition on the Cosserat
point. This way the rigid body is treated as constrained mechanical system. More-
over, the EM discretization of constrained mechanical systems can be derived in
a straightforward way from the previously developed EM scheme for the Cosserat
point. The resulting rigid body formulation is closely connected to natural coordi-
nates as will be shown in Sect.3.7. Due to the presence of holonomic constraints
in the present rigid body formulation, the extension to multibody systems can be
done in a straightforward way. This is the subject of Sect.4. Eventually, in Sect.5,
representative numerical examples are presented.

2 EM Method for Cosserat Points

We start the description of EM schemes in the context of a Cosserat point (Rubin
2000). Similar to the theory of a pseudo-rigid body (Cohen and Muncaster 1988;
Nordenholz and O’Reilly 1998) the theory of a Cosserat point represents a finite-
dimensional model for a deformable body. This model problem already features
key structural properties of more complicated mechanical systems such as nonlin-
ear elastodynamics and structural dynamics. In contrast to the continuum theory the
equations governing the motion of a Cosserat point consist of ordinary differen-
tial equations (ODEs). Due to its relative simplicity, the theory of a Cosserat point
is deemed to be especially well-suited to convey main ideas of the design of EM
schemes.

In addition to that, the theory of a Cosserat point paves the way to rigid body
dynamics. To this end additional geometric constraints are imposed on the Cosserat
point leading to differential-algebraic equations (DAEs) governing the motion of a
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rigid body. Consequently, we shall regard the rigid body as a constrained mechanical
system. The DAEs not only govern the motion of rigid bodies but also the motion
of general flexible multibody systems. It will subsequently become apparent that the
development of EM methods for constrained mechanical systems is closely related
to the design of EM schemes for elastic bodies.

2.1 Governing Equations

The equations of motion pertaining to the present model problem of a deformable
body can be derived from the principle of virtual work for a general deformable
continuum. To this end, the assumption of spatially homogeneous deformations is
imposed by considering affine deformation maps of the form (Fig. 1)

x=®X,) =% +FH(X —X) (1)

Here, material points in the reference configuration 3 C R? are denoted by X € B,
X e Bis the center of mass, and X(r) € B, denotes the corresponding placement in
the configuration 5, C R3 at time ¢ € [0, T], the time interval of interest. Moreover,
F(t) = D®,(X) is the deformation gradient, where @,(X) = @ (X, 7).

Due to the kinematic assumption (1) the deformation gradient F does not depend
on X. This property gives rise to the present model problem of a Cosserat point.
Alternatively, the model problem could be termed homogeneous elasticity (see, for
example, Simo etal. 1991). Another perspective is to view the present model problem
as an extension of the classical model of a rigid body. This viewpoint leads to the
notion of a pseudo-rigid body. The configuration space of the free Cosserat point is
given by

Q= {® F) e R* x R¥3| det(F) > 0} )

Note that F € GL*(3) , where GL" (3) is the subgroup of the general linear group,
GL(3), consisting of 3 x 3 matrices with positive determinant. Obviously, dim(Q) =
12, so that the free Cosserat point has n = 12 degrees of freedom (DOFs). We further
remark that consistent with the definition of the center of mass in the reference
configuration we have the relationships

Fig. 1 Planar illustration of
the Cosserat point:
Reference configuration B
(left), and current
configuration B; (right) —_—
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— 1 —
X=— [ pXdv or / po(X —X)dV =0
M Bo BO

where M = |, B, PO dV is the total mass and pg : By — R is the reference density.
The principle of virtual work for a general continuum body can be written as

G(®;09) = Gayn(P; 0P) + Gint(P; 6P) — Gext(®; 60) =0 3)

where §@ : By — R3 can be interpreted as virtual displacement of the material point
X, Gex is the virtual work of the external loading, Gy, is the internal virtual work
due to deformation, and Gy, is the contribution of the inertia terms. In particular

Gdyn(¢; 6(b) = / p()5¢ : (b av 4
By

where @ = % @ (X, 1) is the acceleration of the material point X at time 7. The virtual

work of the internal forces is given by

Gint(P; 0P) :/ OF : PdV 5)
By

where 0F = DO®(X), and P is the first Piola—Kirchhoff stress tensor. Note that
P = FS, where S is the second Piola—Kirchhoff stress tensor. We further remark that
the scalar product of the two second-order tensors §F and P is given by

OF : P = tr(6F'P)

where tr(e) is the trace operator and 6F” denotes the transpose of dF. The virtual
work of the external loading can be written as

Gext(d);éd)):/ pod® -bdV + | @ -pdA (6)
Bo aBU

where b : By x [0, T] — R? is the body force per unit mass andp : 9B, x [0, T] —
RR? is the nominal traction vector on the boundary. For simplicity of exposition we
confine our attention to the pure Neumann problem (i.e., no Dirichlet boundary
conditions).
To derive the variational formulation of the present model problem we insert (1)
along with
@ (X) = 6x + 0F(X — X) (7)

into the principle of virtual work (3). Accordingly, the virtual work of the inertia
terms (4) yields

Gayn (%, F); (0%, 0F)) = 0% - Mx + OF : (FEy) (8)
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where E is the constant and positive-definite tensor given by
Eo=/ poX —X) ® (X —X)dV €))
By

Note that ® is the standard tensor product of two vectors. Tensor (9) is often called
the (referential) Euler tensor (Gurtin 1981), and is closely related to the classical
inertia tensor of rigid body dynamics, see Sect. 3.4 for further details.

Concerning the internal virtual work (5) the assumption of an homogeneous defor-
mation leads to the expression

Gint(F; O0F) = 0F : (F/ S(F)dV) (10)
By

where an elastic solid with stress response function S(F') has been assumed. In the
following we focus on constitutive models for hyperelastic solids. In particular, a
frame-indifferent hyperelastic stress response is given by

S(F) =2DW(C) (11)

where W denotes the strain energy density and C = FTF is the right Cauchy—Green
deformation tensor. Expression (10) shows that only the stress resultants

§=/ SdV =2V,DW(C) (12)
By

enter the internal virtual work. Here Vy = |, 5, 4V is the total volume of the body in
the reference configuration. We further introduce the total strain energy given by

U= W(C)dV = VyW(C) (13)
Bo

so that the second Piola—Kirchhoff stress resultants (12) can be written as

S =2DU(C) (14)
Now the internal virtual work pertaining to the hyperelastic Cosserat point can be
written as .
Gin(F; 6F) = 0F : (2FDU(C)) (15)
The virtual work of the external loading (6) together with (7) yields

Gexi (&, F); (6%, 0F)) = 0% - f oy + OF : My, (16)
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where

fext:/ pode+/ pdA (17)
Bo 9By

Mext:/ pob®(X—I_()dV+/ PR (X —X)dA (18)
By 0B,

Note that f ., is the resultant external force acting on the body. Moreover, Moy, may
be called referential external force-moment (Cohen and Muncaster 1988) relative
to the center of mass. Altogether the variational formulation emanating from the
principle of virtual work (3) can be written as

0% - (MX — f o) + OF : (FEo + 2FDU(C) — M) = 0 (19)

The last equation has to hold for arbitrary §x € R® and 0F € R**3. These equa-
tions give rise to the following initial value problem: Find ¥ : [0, 7] — R3 and
F : [0, T] — R3*3 such that

. Mf =f ext (20)
FE, +2FDU(C) = My

subject to the initial conditions X(0) = X, x(0) = By, F(0) = Fy, and F(0) = V,
whereXy, vp € R*and Fy, V, € R**? are given quantities. The above ODEs coincide
with the equations of motion in referential form in Cohen and Muncaster (1988).

2.1.1 Balance Laws
Before dealing with the balance laws we recast (19) in an alternative form. Note,
however, that the balance laws for linear momentum, angular momentum, and energy

can be directly deduced from the principle of virtual work in the form (19) as well.
For completeness, this procedure is outlined in Appendix A.1.

2.2 Formulation in Terms of Directors

For our purposes it is convenient to recast the previously derived equations of motion
in a form that is typically used in the theory of a Cosserat point (Rubin 2000). To
this end we write the homogeneous deformation gradient as

Fit)=d;() @D’ Q1)
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where d;(t) € R? are three director vectors that in general rotate, stretch and shear
with the body in its motion (Fig. 2). Note that in the last equation and in what follows,
the summation convention applies to indices appearing twice in a formula. The
directors are subject to the requirement that (d; x d,) - d3 > 0, which is consistent
with the condition det(F) > 0.

Corresponding to the directors d;(#) € R3, we introduce the vectors D; € R? con-
stituting the director triad in the reference configuration. In particular, D; represent a
basis fixed in space whose origin coincides with the center of mass. The correspond-
ing coordinates will be denoted by

X' =D .(X-X) (22)

Without loss of generality, we assume that the directors in the reference configuration
are mutually orthonormal, that is, D' . D/ = 6%, where 67 is the Kronecker delta. Note
that the last assumption implies D; = D'. We further assume that the reference con-
figuration of the Cosserat point is a natural (i.e., stress-free) configuration. Inserting
(21) into (1) and taking into account (22) yields

x =x@) + X'd;(¥) (23)

The last equation indicates that the kinematics of the Cosserat point confines the
(convected) coordinates X’ to remain straight. Differentiating (21) with respect to
time gives .
F(t)=d;() @D’
.. - . 24
F()=d,(t)®D' @4

In line with (7) we further have
6F =4d; @ D' (25)

Now we are in a position to recast the ODEs (20) governing the motion of the Cosserat
point in an alternative form. Substituting (25) along with (24), into the virtual work
(8) of the inertia terms we obtain

Gayn (%, dy); (0K, 0d,)) = 6% - MX + 0d; - EJd; (26)

Fig. 2 Planar illustration of
the Cosserat point:
Reference configuration B
(left), and current
configuration By (right)
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where the components Eg of the referential Euler tensor (9) are given by

El =D - E\D = . poX'X/ dV (27)
0

In the last equation use has been made of (9) and (22). Similarly, expression (15) for
the internal virtual work can be recast in the form

Gin(d; 0d;) = éd; - d; (D' - 2DU(C)D) (28)

where use has been made of (13). Note that the strain energy U(C) depends on the
right Cauchy—Green deformation tensor C = FTF which, in view of (21), can also
be written as

C=d;D'®D

where
dj=d;-d; 29)

play the role of metric coefficients. Accordingly, we have six independent metric
coefficients measuring homogeneous deformations of the Cosserat point. Specif-
ically, if the magnitude of d; changes, the Cosserat point experiences extension,
whereas shear deformation happens if the angle between any two directors changes.
Next consider

47(C) =DU(C) : € = DU(C) : (4D’ @ D) = 154y (30)
where the components
i 1A
s =D'.2DUC)D' =2— (31)
ddj;

have been introduced. Moreover, employing (29) in (30) yields the relationship
_U . . _U .
4y(C) = 15"@;-d;j+d;-d) =5'd; -, (32)
where the symmetry of 5’ (.e., 5/ = Eﬁ) has been taken into account. Next we

introduce the internal director forces

v

S =5"d;= 55 (33)

such that the internal virtual work (28) can be written as

Gin(d; 6d;) = od; - f! (34)

int
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Remark 2.1 For later use we note that applying the chain rule and taking into account
the symmetry of the metric coefficients dj one gets

U _ 9U ddi
ad; — 9dy ad,

ou ( si i
= 20 (5 + 5id;) (35)
U
= Zﬂdk
This result is consistent with (31) and (33).

The virtual work of the external loading (16) can be written as

Gex (%, d)); (6%, 0d;)) = 0X - f o + 0d; - f (36)

ext

i
ext

where the external director forces f. . € R3 are given by

fix =MoD' = | poX'bdV + / X'pdA (37)
By 9By

To get the last equation use has been made of (18) along with (22). Note that with
regard to the last equation the referential external force-moment M .y, defined in (18)
can also be written as _

Moy zfé:xt ®D; (38)

Now, using (26), (34), and (36), a variational formulation of the Cosserat point
equivalent to (19) can be obtained:

OF - (M —f o) + 0d; - (EJd) +flo i) = 0 (39)

Due to the arbitrariness of 6x € R3 and dd; € R3, i = 1, 2, 3, we obtain 12 inde-
pendent ODEs giving rise to the following initial value problem for the hyperelastic
Cosserat point: Find ¥ : [0, T] — R? and d; : [0, T] — R3 (i = 1, 2, 3) such that

Mf =fe t

i ; h (40)
E({d] +fim =fext

subject to the initial conditions ¥(0) = X¥,, ¥(0) = Ty, d;(0) = (d,)o, and d;(0) =

(v;)o, where Xg, Vg, (d;)o, (v;)o € R3 are given quantities. It is worth noting that the

ODE:s (40); coincide with the balances of director momentum in Rubin (2000). More-

over, in Rubin (2000), f.., € R? and f! € R? are called external director couples

ext int
and intrinsic director couples, respectively.
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2.3 Balance of Linear Momentum

The balance law for linear momentum can be directly obtained from the principle
of virtual work (39) by setting 0x = &, where £ € R? is a constant vector, together
with éd; = 0. Accordingly, we get

d
—1 = 41
dt fext ( )

where the total linear momentum of the Cosserat point is given by
I = Mx (42)

As before, the right-hand side of (41) characterizes the resultant external force applied
to the Cosserat point.

2.4 Balance of Angular Momentum

In preparation for the design of EM integrators, we next consider the fundamental
balance law for angular momentum. Substituting ¥ = £ x ¥ along with éd; = £ X
d; into (39) yields

(€ XD+ (MF—fo) + € xd) - (Bd; +fi —fi) =0 @3)

or . ‘
¢ (Mf XX — X X fou +Eld; xd; +5'd; x d; — d; xf'm) =0 (44
In the last equation use has been made of (33). Due to the symmetry of 57 and the

skew-symmetry of the vector cross product we have $'d; x d ; = 0. Now equation

(44) can be recast in the form

d . 45)
—J] = My
d i) t

where j € R is the total angular momentum of the Cosserat point and my, € R is
the resultant external torque acting on the Cosserat point:

j =M% xX+Eld; xd,

. 46
mextzfxfext+di Xflext o

Note that both quantities are referred to the origin of the inertial frame of reference.
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2.5 Balance of Energy

The balance law for energy can be obtained from the variational formulation (39) by
substituting X for 0x and d; for éd;. Accordingly, we get

. . . 8U

where (33) has been employed. The last equation can be recast in the form

d
EE Pext (47)
where ) o
Pex :fext X +flext -d; (48)

denotes the power of the external forces acting on the body. Moreover, E is the total
mechanical energy' given by
E=T+U (49)

where U denotes the total strain energy defined in (13) and
[ RV
T = EMx-x—}— EEOdi.dJ' (50)

is the kinetic energy of the Cosserat point.

Remark 2.2 Itis obvious from the balance law (45) that the total angular momentum
is conserved (or a first integral of the motion) if the resultant external torque vanishes,
that is, if mey = 0. Then (43) yields

(4 5)

£- (Mxxx+Ed xd) £-
¢ (ded) G
0

£ &

where use has been made of (33). Due to the arbitrariness of £ € R the last equality
implies thatj is constant.

Remark 2.3 According to Noether’s theorem conservation laws are intimately con-
nected with invariance (or symmetry) properties of the system. In the present case
conservation of angular momentum can be linked to the invariance of the potential
energy under rotations.

UIf the external loads or part of them can be derived from an associated potential energy function Ve,
their contribution to the balance of energy can be shifted to the left-hand side of (47) by replacing
U in (49) with U + V.
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Inessence, the principle of material frame-indifference requires the stress response
to be invariant under rigid motions. This requirement is satisfied by the fact that the
total strain energy (13) is a function of the metric coefficients (29). That is,

U=0d)=Udy) (52)

This implies invariance under rotations. To see this, let df (t) define a motion that
differs from d;(¢) by a rotation. Then, there is a rotation tensor Q(¢) € SO(3) that
belongs to the Special Orthogonal group in 3-space such that

t
d; =0Qd,;
It can be easily seen that the metric coefficients dj; are invariant under rotations:

d;=d d
= (Qd;) - Qd;
=d;- Q" 0d; (53)
=d; - d;
= dj;

With regard to (52) this implies rotational invariance of the total strain energy:
U(Qdy) = U(d) (54)

Let Q. = expg, (EE) € SO(3) for any € € R and skew-symmetric tensorg € so(3).

In this connection, expg 3, : $0(3) > SO(3) is the exponential map on the rotation

group SO(3), given by the Rodrigues formula (see, for example, Marsden and Ratiu
1999)

sin(e|[€1D5 2[Sln(€||£||/2)} G (55)

& =1
XPsocy (6) =T+ 78+ 1€/2]

Here, £ € s0(3) is a skew-symmetric tensor with associated axial vector & € R3
That is, € = £ x a for any a € R?. It can be easily verified that Q. = expg, (£8)

satisfies
d

% QE:€

e=0

O..o=1 and

Rotational invariance of the strain energy function (54) yields

O = di e=0 I,\J(dil)
S - &d; (56)

;—é-(ggxd)
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for any & € R®. Comparison of the last equation with (51); shows that rotational
invariance of the strain energy indeed yields the conservation law for angular momen-
tum.

Remark 2.4 The rotational invariance of the total strain energy (52) is in agreement
with Cauchy’s representation theorem (see Truesdell and Noll 2QO4, Sect. 11, or
Antman 2005, Chapter 8). Accordingly, if a scalar-valued function f (d;) is invariant
under the proper orthogonal group then it depends only on the set of invariants
S(n) U T(n), where i denotes the ordered set of directors n = {d1, d», d3} and

St) ={d;-d;,1 <i<j=<3}
T(n) = {d: x d,) -ds}

The fact that the metric coefficients dj; € S(n7) corroborates that the total strain energy
U(d;) = U(dy) is invariant under rotations.

2.6 The Link to Finite Elements

The initial value problem (40) fits into the standard framework for semi-discrete
mechanical systems resulting from a space discretization of nonlinear elastodynam-
ics. The finite element method is commonly used to perform the discretization in
space of continuum bodies. This results in the semi-discrete equations of motion
which assume the standard form

Mg + Fin(q) = Fex(q) (57)

The system of nonlinear second-order ODEs (57) is subject to the initial conditions
q(0) = g, and ¢(0) = vy, where ¢q,, vo € R" are given. For the free hyperelastic
Cosserat point we have n = 12 DOFs. In particular, the configuration vector ¢ :
[0, T] — R”" of the Cosserat point is given by

9 ;

_ . _ 1

9= =4 (58)
an d3

where N denotes the number of ‘nodal’ configuration vectors g, € R? needed
to describe the finite-dimensional mechanical system at hand. Obviously, for the
Cosserat point we have N = 4. Taking into account the above partition of the config-
uration vector ¢ € RV, the equations of motion (57) can be recast in the equivalent

form
N

> 0, (MG, +V,,V(q) - Fi (@) =0 (59)

A,B=1
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for arbitrary dq, € R3,A=1,...,N. Comparing (59) with (39) yields the mass
matrix M € R3V>*3V pertaining to the Cosserat point

MI 0 0 0
0 E'1EPIEPI
0 EJ'IEFPI EFI
0 E'IEEPI

M = (60)

where I denotes the 3 x 3 identity matrix. Note that the mass matrix is constant,
symmetric and positive-definite. In this connection we remark that, as is obvious
from (27), E! = E{; . Moreover, V : R* — Ris a potential energy function which, in
the case of the Cosserat point, originates from the strain energy (13). In addition to the
internal force vector Fi(q) = VV (q), the external force vector Fex(q) € R” might
represent configuration dependent (follower) loads. For the Cosserat point we have

F 1 f ext
ext f 1
Fext = = ngt (6 D
F N %xl

ext ext

2.6.1 The 4-node Tetrahedral Element

One of the most frequently used low-order elements is the 4-node tetrahedral element
and its two dimensional counterpart, the 3-node triangle. The present formulation of
the Cosserat point is equivalent to the 4-node tetrahedral element (Fig.3). Specifi-
cally, the configuration vector (58) of the Cosserat point, ¢ € R!2, can be directly
connected to the four nodal position vectors, x4 € R3, A € {1, 2, 3, 4}, characteriz-
ing the deformed configuration of the tetrahedral element. In view of the kinematic

Fig. 3 The 4-node
tetrahedral element and its
connection with the Cosserat
point
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relationship (23), the nodal position vectors of the 4-node tetrahedral element can be
expressed as .
Xp = X+ XA d i

where ¥ € R? denotes the center of mass of the tetrahedral element and
X\ =D (X4 —X)

are the material coordinates of the nodes in accordance with (22). We refer to Fig.4
for an illustration of the planar case.
Introducing the nodal configuration vector of the 4-node tetrahedral element
e T T T 71T
q° = [x] x3 x] x;]
we may write
g =Tq

where the configuration vector of the Cosserat point, ¢ € R'? is given by (58), and
T is a constant 12 x 12 transformation matrix of the form

I X1 X X1
I X X31 X351
I X X3 X31
I X1 X1 X1

For regular geometries of the tetrahedral element, matrix T is non-singular. Substi-
tuting the relationships

qu—lqe7 (5q=T_1(5qe, é:T_]ée

Fig. 4 The 3-node
triangular element in the
reference configuration. The
position of node 2 relative to
the center of mass, X € R2,
is characterized by the
coordinates le and X22
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into (59), the equations of motion can be written in terms of the nodal quantities
pertaining to the tetrahedral element. For example, the corresponding mass matrix
is given by

M =T"MT™'

where the mass matrix M of the Cosserat point is given by (60).

2.7 The EM Method Due to Simo and Tarnow

We start our treatment of EM schemes by applying the method developed by Simo and
Tarnow (1992) in the context of nonlinear elastodynamics to the model problem of an
elastic Cosserat point. In essence the discretization in time of the ODEs (40) consists
of a modification of the mid-point rule. Correspondingly, the resulting EM integrator
is an implicit second-order scheme. For the present purposes it is convenient to
confine our attention to the balances of director momentum (40),. Accordingly, we
shall consider the following initial value problem written in first-order form: Find
d;,v;: [0, T] —» R3, (i = 1, 2, 3), such that

d,‘:l)i
Elv=f. —5d;

ext

(62)

subject to the initial conditions d;(0) = (d;)o, and v;(0) = (v;), where (d,)q, (v;)9 €
R? are given quantities. Note that expression (33) for the internal director forces,

f fm =5'd ;, has been used in (62),. Consider a representative time interval [f,, f,,11]
with time step At =1,4; —¢,, and given state-space coordinates d; € R3 and
v, € R? at t,. The resulting algebraic problem to be solved is given as follows:
Find d;,,, v;.,) € R? x R3, (i = 1, 2, 3), as the solution of the algebraic system of
equations

i = Atviwl

in+]

d,  —d
: ; —ij (63)
E()j (vjn+1 - vjn) = At( (fexl)|n+% - Sxidj”%)

Here and in the sequel (o), +1 denotes the mean value of the quantity (e) in the time
interval [¢,, t,4+1]. That is,

1
@it = 5 (@ + (®ns1) (64)

Moreover, (f.,) |n 1 denotes the approximation of the external director forces in the

time interval [t,, ,1], the specification of which is left open at the present stage.
The distinguishing feature of the scheme (63) is the presence of an algorithmic stress

formula for the calculation of EZ. In particular, for the specific case of St. Venant-
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Kirchhoff material, in Simo and Tarnow (1992) the following closed-form expression
for S, is proposed:

S} = Gy, (65)

1
n+ 2

ijkl _ 4 _9*U _ ioi y
Here, C'" = 44 dyody A€ the components of the fourth-order elasticity tensor and -y;;

denote the components of the Green—Lagrangean strain tensor given by

1

Y = 5 (di = 3y) (66)

In view of (64) and (66), the algorithmic stress formula (65) relies on the mean value
of the metric coefficients

d:;

i =
n+y

% (dijn + dijnH)
% (d : dju + dir1+l . der—l)

In

Note that this is in contrast to the mid-point rule, in which

iJ nty ’ jn+%
— g 114 .4 4
=3y, +3(di i, +di., - d;) (67)
—d APy
=dy, — Vi, Y,

would have to be used. In the last equation use has been made of (63);. We next
show that the scheme is capable of conserving both angular momentum and energy.

2.7.1 Algorithmic Conservation of Angular Momentum

With regard to (46), the angular momentum j of the Cosserat point relative to its
center of mass can be written in the form.

J(@di, v) = EJd; x v; (68)
Obviously, the angular momentum is a quadratic function of the state-space coordi-

nates (d;, v;). To calculate the incremental change in the angular momentum we take
into account the following remark.

Remark 2.5 When the map f : R¥ — R is at most quadratic then the relationship

Df Q1) - Ot = ¥0) =fOni1) —f0) (69)

holds.
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Accordingly, settingy = (dy, ...,ds, vy, ..., v3), we get

jn+l _J_.n Zj(.Yn-H) _j(.Yn)

Pe Pr
= Ti@/1+%)(din+1 - din) + a_i/.(yn+%)(vin+1 - vin)
= —Egﬁjﬁ% @,., —d;)+ Egdj,,+% (Vi — Vi)

Substituting form (63); and (63); into the last equation and taking into account the
symmetry property E] = Ej yields

At( (Fly)

- - -~ —ji
=), =d; —5,d
Jn+1 J”l /”Jr% IH»% A ln+%)

= Atd; | x (fly) (70)

n+%
= Af Mex |n+%

where the symmetry of EZ has been accounted for. In the last equation ey, 1
denotes the discrete version of the resultant external torque relative to the center of
mass defined by '

mext Zdi Xfl (71)

ext

Note that this definition is in line with (46),. It is obvious from (70) that the present
scheme conserves the angular momentum provided that the external torque vanishes.

2.7.2 Algorithmic Conservation of Energy

Combining (63); and (63), using the dot product leads to
i <l i
(@i, —di,) - (( ex;)\,,+% - SAdj,H%) =i, - Eg (v, — v5,) (72)
Concerning the right-hand side of the last equation we get

. Gy _ ) = LEV (. L — s s
vanr% : EO (v]n+l v]n) - 2E0 (vln+l ) v}n+l vln ' v];x)
= Tn+l - Ty

where the symmetry of Eg has been taken into account. Moreover, T denotes the
relative kinetic energy given by

T = —Egv[ : ‘Dj (73)
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Note that the above expression for the relative kinetic energy is in line with definition
(50) of the total kinetic energy of the Cosserat point. Furthermore,

(din+l - diu) SAd n+1 = %EZ (diuH : dju+l - diu : dj’l)
= 381 (dy,.. — dy)
= 53 (s = )

where use has been made of the symmetry of EZ along with the definition of the metric
coefficients and the Green—Lagrangean strains (66). Employing the algorithmic stress
formula (65), the last equation gives

EZ (’Yij”*] - ’71/") = Cijkl,ykllﬁ% (ryl..inﬂ - ,Yijn)
= %(’Yij/x+l - Fyijn)CU l('Ykl,,H + FYkl,,)
= %(r}/ﬁnﬂcijkl’yklnﬂ — Yij Cljkl’ykl,l)

where the major symmetry C/% = C¥i of the elasticity tensor has been taken into
account. The total strain energy of the St. Venant-Kirchhoff Cosserat point is given
by
1 .
US[.V*K — E’yijCUkl’ykl (74)

Altogether, Eq. (72) can be recast in the form

+ US[V K USt.V—K

At (flext)’,H_% I)inJr2 =Tnt1 — n+1 n (75)

T,
=E, — E
where on the left-hand side of the last equition use has been made of (63);. Moreover,
on the right-hand side the total energy E has been introduced, analogous to (49).
The last equation corroborates algorithmic conservation of energy in the absence of
external loading.

Remark 2.6 The above investigation shows that in order to achieve algorithmic con-
servation of energy the stress formula has to satisfy the condition

(e

U1 — U, = s — dis,) (76)

This condition can be viewed as discrete counterpart of

d - ou . 1.
ZUdy) = —d;; = s¢
dt(” ady " /

In the last equation use has been made of (31).
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Remark 2.7 The nonlinear system of equations emanating from the EM scheme
(63) is typically solved iteratively by applying Newton’s method. As outlined in
Appendix A.3, the corresponding iteration matrix is nonsymmetric. This is in contrast
to standard schemes such as the mid-point rule which yield a symmetric iteration
matrix. This is the price one has to pay for the improved numerical stability of the
EM integrator.

2.8 The Discrete Derivative

The closed-form expression for the algorithmic stress formula (65) proposed by
Simo and Tarnow (1992) is restricted to St. Venant-Kirchhoff material. A general-
ized procedure for the design of second-order EM integrators relies on the notation
of a discrete derivative introduced in Gonzalez (1996). This approach makes pos-
sible the design of appropriate algorithmic stress formulas for general hyperelastic
constitutive laws. Moreover, symmetries of the mechanical system can be taken into
account by the introduction of specific invariants. If the invariants and the correspond-
ing momentum maps are at most quadratic, the resulting time-stepping scheme is
capable of conserving the respective momentum map. As has been shown above the
momentum map of primary interest in the present work is the total angular momen-
tum. In this connection the metric coefficients play the role of quadratic invariants
(see Remark?2.4). In analogy to (35), see Remark2.1, the discrete version of the
derivative U /8d; is chosen to be

_ ~ ad,
VaU(d;,.d;,..) = DUy, dy,,) 5@, ) (77
i 2
where S
ot i Un 1= Un - Adl
DU (dy, . dy,,,) = S* * L Ad; 78
(dik,» dix,,.,) + Ad A X (78)
with . 5
S* = pU (dikw%) and  Ady =dy,,, — dy,
Similar to (35), the discrete gradient (77) can be written as
VqU(d,,.d;,,) = 2DU(di,, di,, )dx, (79)

Using the discrete gradient (77), the EM scheme (63) can be recast in the form

di,., —d;, = Am;

i 2 — 80
B (01— 1) = M (L], ~ VaU. ;) )
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We refer to this scheme as the EM integrator for hyperelastic Cosserat points. In the
present context the discrete gradient (79) gives rise to the algorithmic stress formula

50 = 2DU(dy,. dy,.,) 81)

2.8.1 Directionality Property of the Discrete Derivative
In analogy to the following continuous relationship

d ou .
“v=2".4d
dt 3dk k

the discrete derivative satisfies by design the so-called directionality property
(Gonzalez 1996) o
Unt = Uy =VqU - (d;,, —d;,) (82)

To see this, substitute from (77) into the last equation to get

~ O
Uns1 = Uy = DUy, i) g @1 ) - (diy — d, ) )
= DU (dy,. dy,..) (dx,., — di,)

Here Remark2.5 has been applied since the metric coefficients dj are merely
quadratic functions of d;. It can be easily verified that formula (78) satisfies the

last equation by design.

2.8.2 Algorithmic Conservation Properties

Due to the directionality property (83), the algorithmic stress formula (81) automat-
ically fulfills the condition (76) for the conservation of energy. Moreover, the above
proof of algorithmic conservation of angular momentum remains unaltered.

Remark 2.8 Condition (76) for algorithmic energy conservation can be used as alge-
braic constraint in an optimization problem to devise suitable stress formulas for
second-order EM schemes, see Grof} et al. (2005, Sect. 6.8) and Romero (2012).
In particular, in these works, formula (78) is derived by applying the optimization
approach. Moreover, the optimization approach is employed in the Galerkin-based
discretization method in Grof} et al. (2005, Sect. 6) to construct higher-order EM
schemes for nonlinear elastodynamics.

Remark 2.9 While the notion of a discrete derivative makes possible the design of
EM schemes for general hyperelastic constitutive laws, stress formula (81) boils
down to (65) in the case of the St. Venant-Kirchhoff model. This can be shown by
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inserting the total strain energy (74) pertaining to the St. Venant-Kirchhoff model
into the discrete derivative (78).

Remark 2.10 The discrete derivative of a quadratic function coincides with the stan-
dard derivative evaluated at (e),, 1. In particular, since the strain energy of the St.
Venant-Kirchhoff model is merely a quadratic function of the metric coefficients or
Green—-Lagrangean strains, respectively, the discrete derivative (81) coincides with
the standard derivative ; N

S = 2DUS"V‘K(d,-jH+%)

F7StV-K
= DU (7,,-”%) (84)

= Clﬂd%lwl

2
where relation (66) between the metric coefficients d; and the Green—
Lagrangean strains 7; has been taken into account along with the strain energy

function (74). This result is in agreement with stress formula (65) due to Simo and
Tarnow (1992), and therefore complements Remark 2.9.

Remark 2.11 1In the linearized theory the strains are merely linear functions of the
displacements. In the present context the linearized strains are given by

o
V}Jm:g( i -D; +D; - uj)

Note that the director displacements u; € R? have been introduced such that the
relationship d; = D; + u; holds. The strain energy (74) thus becomes a quadratic
function of the displacements and can be written as

1 .
Uin = i - K'u;

where K € R3*3 constitutes a symmetric stiffness matrix. Consequently, due to the
properties of the discrete derivative (cf. Remark 2.10),

gd[ Ulin (djn . de] ) = VU]in (djn+% )
=1 (VUin(d,) + VUin(d;,,))
%KU (ujn + ule—l))

Accordingly, for linear problems the EM integrator (80) coincides with the trape-
zoidal rule (or average acceleration method) which is a member of the Newmark
family, see Hughes (2000). The average acceleration method is known to be energy
preserving, unconditionally stable, and one of the most widely used methods for
structural dynamics applications.
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3 Rigid Body Dynamics
3.1 From the Cosserat Point to the Rigid Body

We next perform the transition from the theory of a Cosserat point to rigid body
dynamics (Fig. 5). To this end we consider the imposition of geometric constraints on
the Cosserat point. In particular, the constraints can be included in a straightforward
way by replacing the strain energy (13) with an augmented potential function

R
Vad) = Ud) + D XNgidy) (85)
=1

Here, A : [0, T] — R are Lagrange multipliers for the enforcement of the (holo-
nomic) constraints g; = 0. Similar to the strain energy (52), frame-indifferent con-
straint functions are given by

g = gid;) = gi(dy) (86)

For example, the constraint g; =d; -d; — 1 = 0 eliminates extension in the direc-
tion of d;. For a rigid body we have to impose R = 6 independent constraints. To
this end we choose (85) to be of the form

6
VR = > Ngidy) = A : 5(C— D)
=1 . .
= A: 3 ((dy — 0D ® D) (87)
=D AD/ 3 (d; — &)
= AT1(d; — &)

Here, the Lagrange multipliers are contained in the symmetric tensor A according
to the following assignment

Fig. 5 Planar illustration of the transition from the elastic Cosserat point to the rigid body: The
director frame {d;} is forced to stay orthonormal for all time. Correspondingly, F € SO(3), see
Remark 3.1
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Al All
A2 A22
A3 A33
M= Ar (88)
23 A3
G A23
giving rise to the following six independent constraints of rigidity:
3y — 1)
1dn-1
1
[Gidp) = | 2@s =Dl =0 (89)
di
dis
da3

As before (see Sect. 2.2), we assume that the director triad {D;} in the reference config-
uration is orthonormal, that is, D; - D; = d;;. Accordingly, the constraints g;(6;) = 0
(I =1,...,6)areidentically fulfilled in the reference configuration. Imposing these
constraints forces the director triad {d;(¢)} to stay orthonormal for all time. The con-
figuration space corresponding to the motion of the rigid body about its center of
mass is given by

Q={d; eR|§(d) =0, 1<1<6,d xdy) -ds =1} (90)

Accordingly, the nine director components are subject to six independent constraints
of rigidity. This is in agreement with the fact that the rotational motion of a rigid
body has three degrees of freedom. The director velocities v; have to belong to the
tangent space to Q atd; € Q given by

T,Q={v, e R|v,=w xd;,w e R} (91)

where w is the angular velocity (Fig.6). It can be easily verified that the director
velocities v; € T, Q satisfy the constraints on the velocity level given by

d (1 1
7 (z(dij - 51’1)) =5 v +v-d;) =0 (92)

The equations governing the rotational motion of the free rigid body can be easily
deduced from the Cosserat point by replacing the internal director forces

; ou ou —ik
flnt ad, adik dk S dk (93)
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Fig. 6 Planar illustration of
the rotation of a rigid body
with angular velocity

w = wes3 and director
velocities v; € Ty,Q

with the constraint director forces

; VRB 9] ovy 4
. :E: N o =2 e = A, ©4)

Here, Remark 2.1 along with (87) have been taken into account. Now the initial value
problem governing the rotational motion of the rigid body can be directly deduced
from the corresponding problem pertaining to the Cosserat point (see Sect.2.7): Find
di,v)eR¥xR¥(G=1,2,3),and \, e R(I=1,...,6), such that

dl = vl
Efv; = fi, — Ad; (95)
aid) =0

subject to the initial conditions d;(0) = (d;)o, and v;(0) = (v;)9, where (d;)o € Q,
and (v;)o € T,4Q are given quantities. While the motion of the hyperelastic Cosserat
point is governed by ODEs, the present rigid body formulation relies on differential-
algebraic equations (DAEs). As is common with constrained mechanical systems
the DAEs (95) have (differential) index three. For more background on DAEs we
refer to Ascher and Petzold (1998) and Kunkel and Mehrmann (2006). Note that
the constraints (95); provide six algebraic equations for the determination of the six

independent Lagrange multipliers (88). In contrast to that, the six stress resultants s’
of the hyperelastic Cosserat point are depending on the Green—Lagrangean strains
(or metric coefficients) via the constitutive law.

Remark 3.1 Imposition of the six independent constraints of rigidity (89) is equiv-
alent to the enforcement of zero Green—Lagrangean strains, that is y; = 0, or

1 . .

The last equation implies
C=F'F=I



Energy-Momentum Integrators for Elastic Cosserat Points ... 57

Taking into account the original requirement det(F) > O for the Cosserat point, the
last equation yields
FTF=1 and det(F)=1

Consequently, in the case of the rigid body, the deformation gradient coincides with
a rotation tensor F € SO(3).

3.2 Balance of Angular Momentum

For the free rigid body, balance of angular momentum can be shown along the lines
of the previous treatment of the Cosserat point. In particular, the balance law (45)
together with the definition of the angular momentum and the resultant external
torque in (46) remain unaltered. Accordingly, scalar multiplying (95), by & x d;
yields . .

(€ xd)) - Egvj = (€ xd) - (o — AVd))

or
¢ (E(’{di x b —d; x i+ Ald; x d,) -0

Due to the symmetry of A¥ the constraint director forces drop out of the last equation.

The fact that the constraint director forces (94) do not contribute to the balance

of angular momentum can be linked to the rotational invariance of the function

VARB : Q — R. This is in complete analogy to Remark 2.3. Due to the arbitrariness

of € € R3, the last equation yields the balance of angular momentum

d ij _ i
o (Eodi x vj) =d; X fi, 96)

] = Mex

df

relative to the center of mass of the rigid body. Note that the quantities j and ey
have been introduced before in (68) and (71), respectively.
3.3 Balance of Energy

Balance of energy can be shown for the rigid body along the lines of the previous
treatment of the Cosserat point. Accordingly, scalar multiplying (95), by v; yields

v; (Eg'i;,- —fL L+ Affdj) =0 97)
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Due to the symmetry of A¥ the rate of work done by the constraint director forces
(94) can be written as .
f’c-v,« =Aijdj-vi
= AV3(d; v +d;-v)
=0

The last equality holds due to the constraints on the velocity level (92). This property
complies with the fact that ideal forces of constraint are workless. Finally, (97) can

be recast in the form 4

1y ,«
a (EEd"" ' ) =S v

This is the balance of energy for the rotational motion of the rigid body about its
center of mass. The last equation can also be written as %T = Pqy, where T denotes
the relative kinetic energy introduced in (73) and

Fext :féxt *V; (98)
denotes the power of the external director forces. Note that the quantities T and (98)

correspond to the quantities (50) and (48), respectively, in the previous treatment of
the Cosserat point.

3.4 Connection with the Classical Euler’s Equations

We next link the present equations for the rotational motion of the rigid body to the
classical Euler’s equations. To this end we recast (95), in the form

od.; - (Eg b —fl o+ Aijdj) =0 (99)

which has to hold for arbitrary dd; € R?. Now we impose dd; € T, Q. With regard
to (91), we set 6d; = 019 x d; for any 599 € R? such that (99) can be rewritten as

69 - (Ejd; x o) — di x fiy,) =0

ext

Note that in analogy to Sect.3.2 the constraint director forces drop out of the last
equation. The last equation can also be written as

EJd; X bj = Moy (100)
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where m.x; denotes the resultant external torque relative to the center of mass (see
(71)). We next introduce the angular velocity w € IR? to confine the director velocities
to v; € T;Q. Accordingly, we have v; = w x d; such that

Vi =wxdi+wxv;
=wxdj+wx (wxd)

Now the left-hand side of (100) can be written as

Eld; x v; = Ejd; x (W x dj) + Ejd; x (w x (w x d))) (100
=Ejd; x (w xdj) +w x (Ejd; x (w x d}))

The last equality can be verified by a straightforward calculation using the properties

of the vector triple product along with the symmetry of E. Next consider

Ejd; x (a x d;) = Ej[(d; -dj)a — d; - a)d;]
= Eg[é,jl — dj ®d,-]a
= [tr(E)I — Ela
=Ja

(102)

forany a € R3. Here, the current Euler tensor
E =FEF" = EJd; ®d,
has been introduced. Note that E has the same coefficients as the referential Euler
tensor (9). Moreover, in (102) the rigid body constraints, namely dj; = J;;, have been
taken into account. Eventually, the classical inertia tensor
J=tr(E) —E
has been introduced. Now we are in a position to recast (100) in the form

Jw+ w X Jw = Mey

which corresponds to the classical Euler’s equations for the rigid body.

3.5 EM Integrator for the Rigid Body

As has been shown above, the equations of motion for the rigid body can be directly
deduced from those for the hyperelastic Cosserat point by replacing the strain energy
(13) with the augmented potential function (87). To construct an EM scheme we
apply the notion of a discrete derivative to the new potential function (87). That is,
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in analogy to the continuous formulation (94), the discrete version of the constraint
director forces is given by

(f')|n+1 = Vd VP, d;,,.)

= Z MNVag(d;,.d;,)

—ZDV/FB(dzk,,’ ik )dk
— Azkdk
n+§

(103)

n+l1

Now the rigid body variant of the EM scheme (80) for the hyperelastic Cosserat
point can be written as follows. Given d; € Q and v;, € R3, (i=1,2,3), find

@i, vi,,) €eR*x R} and \,,, e R (I =1,...,6), as the solution of the alge-
braic system of equations
din+1 _din = Atv,-+l
i my .
Eq (v),,, — vj,) = At ;xt)|n+% - Ar{+1dj”+%) (104)
gid,,,,) =0

The scheme (104) provides 24 algebraic equations for the determination of the 18
state space coordinates (d;,,,, v;,,,) and the 6 independent Lagrange multipliers in

We further remark that (104); ensures thatd; .. € Q.

n+1 Int+1

3.5.1 Algorithmic Conservation of Energy

This can be shown as before (see Sect.2.7. 2) One just has to replace the stress

resultants S’ ", with the Lagrange multipliers A"
and (104), using the dot product yields

wt1- Accordingly, combining (104),

(din+1 - din) : ( (féxt)|n+% - AZ+ldj,,+%) = vi"+% : Eg (v]u+l IJ]‘”)

or
At (féxt)‘n.g_% A (din+l _din) . (flc)|n+% = Tn-H _Tn (105)

nt g

On the right-hand side of the last equation the relative kinetic energy T (see (73)) has
been introduced. On the left-hand side the discrete constraint director forces (103)
have been used. Now consider

(di,,+1 - ) (fl)| +1 = Z)\n_HVd gl( j”+1) . (di”H —di,,)
(106)

I
MC\

N (0, — aid;))

I
°r
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In the last equation use has been made of the directionality property of the discrete
derivative, see (82). In the present context we have

ad;,.) —a@,) =Vegd,.d,.) d,, —d,) (107)

Since the EM scheme satisfies the constraints at the end-point of the time step, see
(104))3, result (106) follows. Accordingly, in analogy to the continuous case the
discrete constraint forces do no work. Altogether, (105) yields the discrete balance
equation for the energy

At Pe)|,) = Toir = T,

Accordingly, if the work of the external loading vanishes, the EM scheme conserves
the energy.

Remark 3.2 Instead of using the directionality property (107), result (106) can be
obtained as well by a direct calculation. To this end consider the work done by the
constraint forces in the time interval [z, f,,11]:

At (fé:)|n+% : vi,,+% = (f:))|n+% ’ (dinJrl _din)

= AZJrlde% ’ (din+l - din)
= A;—H%( i +d;) - (di,, —d;) (108)
= A3 (i — di)

Here, it has been taken into account that (104); enforces the algebraic constraints at
the end-point of each time step such that dj;, = dj;,,, = J;;.

Un+1

Remark 3.3 Whereas the EM scheme (104) enforces the constraints on the position

level explicitly through (104)s, this is not the case for the constraints on the velocity
level 4 P
~ g1

dt gl( j) 8d, J ( )

However, due to the directionality property (107) of the discrete derivative applied
to the constraints, in the discrete setting the relationship

vdigl(djn ’ dle—I) : vin+% = ALl‘vd"gl(djn ’ djn-H) : (di'l+| - di”)
ad;,.)—gd;)

holds. The last equation can be viewed as discrete counterpart of (109). In analogy
to (92), the last equation can be recast in the form

d ' vjn+% + vin+% ’ dj L= 0

l»x+% nt+y
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Accordingly, the rigid body constraints on the velocity level are satisfied at the mid-
point of each time step.

3.6 The Director Triad in the Discrete Setting

The present rigid body formulation is based on the canonical embedding of the
rotation group SO(3) into the 9-dimensional linear space. Correspondingly, the 3 x 3
matrix corresponding to the rotation tensor F € SO(3) is viewed as vector in R’
composed of the three directors d; € R>. Due to the present discretization in time, the
configuration constraints are relaxed to specific points in time lying on the boundary
of the time intervals [#,, t,+1] (n = 0, 1, ...). Accordingly, for finite time steps At =
tw+1 — t,, the orthonormality of the director triad {d;} is generally violated inside
the time interval [7,, #,41]. This observation holds in particular for the mid-points

1
tn+% = E(ln + tar1).

3.6.1 Planar Rotations

In a first step we investigate the violation of the orthonormality of the mid-point
directors for planar rotations. To this end we consider rotations of the rigid body
that take place in the plane spanned by the Cartesian base vectors e; and e;. By
introducing an angle o € R, the orthonormality of the director frame can be ensured
for arbitrarily large rotation angles (see Fig.7):

di (o) = cos ae; + sin ae,

d,(a) = —sin ae; 4 cos aes

and d; = e3. Since in the discrete setting the orthonormality condition is always
enforced at the endpoints of the time steps we write

d\, =d(a,), d,, = dy (1)
d) =dr(ay), dy,, =dr(0,q1)

Fig.7 Left Finite rotation of
the director frame about the
axis e3 with angle a. Right
Incremental rotation of d
with angle A« and
corresponding mid-point
directord;

n+ 7
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where
Qi1 = oy + A

so that the incremental rotation from ¢, to ¢, is characterized by the angle Ac.. Now
a straightforward calculation shows that the mid-point directors d 3 . (B8=1,2)can
nta

be written as

ds

ntl

1
= —(d, d

5 (s, j- )
=A(Aoz)dg(o¢n+%)

1
where a1 = 3 (a4 1), and

ACAQ) — Ao
(Aa) = cos (T)

Accordingly, the mid-point approximation of the directors is still orthogonal, for
e ~
d1n+% 'd2n+% = (A(Aw)) di(o,y1) -dr(a,, 1) =0

but generally fails to be of unit length (see also Fig.7). In particular, we have

;-
dp,,, dw,,, = AA)" Idye,. ) |I?
=1 (1 +cos(Aq)) (110)
<i

To summarize, in the case of planar rotations, the mid-point directors stay mutually
orthogonal but their length is reduced. Note that this discretization error decreases if
the rotation increment (or time step) is reduced.

3.6.2 Three-dimensional Rotations

In the three-dimensional setting the mid-point directors are in general neither of unit
length, nor mutually orthogonal. That is, d; | -d; | # d; in general. In particu-

lar, a lengthy but straightforward calculation,jemploiling the well-known formula
(Bottema and Roth 1979; Hughes and Winget 1980)

d

In+1

—d,'“ =1 Xd,‘ 1
nt

shows that
d,-n+% -B(ﬂ)djw% = 0y (111)
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where : :

Thus, in the limit case of vanishing incremental rotations (i.e., ¥ = 0) we get B(0) =
I, and the orthonormality of the mid-point directors is recovered.
Moreover, if 9 - d; = 0, such as in the planar case, Eq.(111) yields
nta

1
(1 + 119 . 19) din+l .djn+l = 5,:,‘

Accordingly, the mid-point directors are mutually orthogonal. In addition to that,

the relationd;) |, -dg , = (1 + }119 -19)~! shows that the length of the mid-point
n+7 n+7

directors is generally smaller than one. This result is in agreement with (110). In

particular, it can be shown that

(A(Aa))? = 5 (1 + cos(Aw))
~(+ (@)2)"

for 121 = tan(42).

Remark 3.4 Similar geometric considerations apply to the elastic Cosserat point.
In particular, the application of the mid-point rule rests on the Green—Lagrangean
strains

(@5 — o) (112)

N =

MP __
Yi =

where
MP
dU = din+% ’ djn+%

Accordingly, if the elastic Cosserat point undergoes finite rotations, the mid-point
rule in general generates artificial strains. This discretization error is especially pro-
nounced for stiff material behavior and might trigger spurious oscillations leading
to numerical instabilities. Originally, artificial normal strains produced by the mid-
point rule have been observed in the context of an elastic pendulum (Tarnow 1993;
Crisfield and Shi 1994).

3.7 The Link to Natural Coordinates

The present formulation of rigid body dynamics is closely related to the notion of
natural coordinates advocated by Garcia de Jaloén and co-workers (Garcia de Jalén
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2007). This can be easily shown by considering the connection between the present
coordinates and the natural coordinates associated with the most general element
(Garcia de Jal6n and Bayo 1994). The configuration of the most general element is
specified by

g =[ri rfu” vT]T (113)

where ry, rg € R3 denote the position vectors of two basic points A, B, and u, v € R3
denote two non-coplanar unit vectors (Fig. 8). The natural coordinates in (113) can
now be expressed in terms of the present coordinates:

u = Uid,'
V= Vid,'

ry=x+X.d;

A=X+ 477" and

rp =X+ X B d i

Here X j\, X 1’; are the material coordinates of points A, B, and U i Viare the compo-

nents of the unit vectors u, v relative to the director (or body) frame. Alternatively,
we may write

q¢ =Tq

where ¢ € R'? contains the present coordinates according to (58), and T'isa 12 x 12
transformation matrix of the form

I X1 X31 X31
1 X1 X301 X1
0U'1 Ul U’
oVIVIVI

The mass matrix pertaining to the most general element is given by
M =T"MT

where the constant mass matrix M of the present formulation is given by (60). Since T'
is constant, M is constant too. The connection between further rigid body elements

Fig. 8 Connection between
the present director
formulation and natural
coordinates
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belonging to the family of elements provided by the natural coordinates approach
can be found in Garcia de Jalén and Bayo (1994, Sect. 4.2.2).

3.8 Application of External Torques

The application of external torques mey relative to the center of mass of the rigid
body can be accomplished via the external director forces f,,, cf. (71). For this
purpose one may use

i
ext?

f%xt | |42®ds—d;®d, | ﬁextxd;
= —F d3®d1—d1®d3 Moy = — 'Tlexth

ext

xt Wi |4, 9d; —d: @4, 2| i x P

This relationship is derived in Appendix A.2. In the discrete setting we make use of

1

elury =3 (114)

— i
mext|n+% x d el

Here, My, +1 represents an external torque applied in the time interval [#,, f,+1],

and d' |’Z .1 are contravariant mid-point directors that satisfy the condition
2

d|  -d

_ s

n+; nrd T 6]

To satisfy the balance of angular momentum in the discrete setting, it is of paramount

importance to distinguish between covariant mid-point directors, d; o and associ-
L

ated contravariant (or dual) mid-point directors, d i |n .

the properties of the mid-point directors investigated in Sect. 3.6. Formula (114) has
originally been proposed in Betsch et al. (2012), see also Betsch and Sianger (2013)
and Koch and Leyendecker (2013).

1. This fact is closely related to

3.9 Balance of Angular Momentum in the Discrete Setting

We next prove that formula (114) does indeed make possible the consistent appli-
cation of external torques. To this end we consider the discrete counterpart of the
continuous relationship d%] = My, See (96),, which is given by

n c o 9
Jnv1t —Jn = Atdj,,_,_% X (fexl) il
2
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cf. (70). Inserting from (114) yields

5 3 At — i
Jn+1 —JIn = Tdi“+% X (mext|n+% X dl|n+%)
At . o o .
=5 ((d,.w% ) Ml = @y Pl ) d'\%%) (115)
= At mextln.t,_%

Consequently, formula (114) guarantees that external torques are properly applied
in the discrete setting.

4 Extension to Multibody Dynamics

So far we focused on a single Cosserat point and a single rigid body. However,
the present framework can be easily extended to nonlinear structural dynamics and
flexible multibody dynamics by applying Cosserat theories for the description of
nonlinear beams and shells (Rubin 2000; Antman 2005; Bauchau 2011). Further
details of the extension of the present approach to more complicated mechanical
systems may be found in Betsch and Steinmann (2002b,c, 2003), Betsch (2006),
Betsch and Leyendecker (2006), Leyendecker et al. (2006, 2008a), Betsch and Uhlar
(2007), Betsch and Sanger (2009a, b).

In this work we illustrate the extension of the present approach to classical multi-
body systems, comprised of rigid bodies. First we consider the formulation of kine-
matic pairs.

4.1 Kinematic Pairs

We next illustrate the formulation of kinematic pairs with the example of a cylindrical
pair (Fig.9). To this end we consider two rigid bodies formulated as constrained
mechanical systems as described in Sect.3. Accordingly, the configuration of the
two-body system under consideration is characterized by redundant coordinates

. 14
q « adl
= h = 116
q [2q] where g = | ;' (116)
ad3

Note that the contribution of body « to the configuration vector coincides with (58).
The equations of motion pertaining to the constrained mechanical system at hand
can again be formulated as outlined in Sect. 3. Similar to (116), the contribution of
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€1

Fig. 9 Sketch of the cylindrical pair: Coordinates (“p, {°d;}) characterizing the current configu-
ration “B, of rigid body a. The additional systems (°¢’, {°d}}) are introduced for the description
of the motion of the second body relative to the first body (translation along and rotation about
1dg = 2dé). The connection between (%p’, {(’d;}) and the coordinates (%p, {°d;}) is defined in the
initial configuration of the multibody system

each rigid body to the external forces leads to the system vector

o
1

F = [;ﬁ] where °F = ?;2 (117)
af3

Note that the force vector °F associated with body « coincides with (61).

4.1.1 Initialization of Kinematic Relationships

To describe the motion of the second body relative to the first one we introduce
orthonormal body-fixed triads {°d}} in such a way that the unit vectors °d are parallel
to the axis of the cylindrical pair (Fig. 9). Moreover, we choose the two orthonormal
triads to coincide in the initial configuration, i.e. 1d;(O) = 2d;(O). The connection
between the newly introduced orthonormal triads {°d’} and the original triads {°d}
is given by

R’ = °F “Ay (118)
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where . '
F=9®e and R =4, ®c¢

The constant tensors “Aq in (118) are calculated in the initial configuration via
(}AO — (.‘zF—l (O) ()R/(O)

The origin of the newly introduced orthonormal triads {°d;} is fixed at material points
%@’ whose placement in the current configuration “B, of rigid body « is denoted by
%p'. Accordingly,

(y(p/ — (Y‘P + (y@i adi

Note that the location of the material points “®’ has to be specified during initializa-
tion.

4.1.2 Configuration Space of the Cylindrical Pair

The configuration space of the cylindrical pair can be easily defined by distinguishing
between internal constraints due the assumption of rigidity and external constraints
due to the interconnection between the rigid bodies in a multibody system (Betsch
and Steinmann 2002c). Accordingly, the present description of the cylindrical pair
reliesonn = 24 coordinates subject to 12 internal constraints gi“t ‘9@ =0(a=1,2),
where g™ : R!? — RO follows from (89), and 4 external constraints associated with
the constraint functions

ld/ . (290/ _ 190/)
ext 1
P 1d2 . (290 _ l‘p)
and
g (q) = [ld/‘ 'ng} (120)
R ld/2 . Zd/3

To summarize, we have n = 24 coordinates subject to m = 16 constraints which can
be assembled in the constraint function g€ : R** — R!® given by

g™ (;q)

int
o
gr' (@)

g“(g) =

Consequently, the configuration space of the cylindrical pair is defined by

Q={geR*|g(@¢g) =0} (122)



70 P. Betsch

4.2 Multibody Systems

As mentioned before, geometrically exact Cosserat models for beams and shells fit
perfectly well into the present framework. In particular, if the nonlinear beam and
shell formulations are discretized in space as proposed in Betsch and Steinmann
(2002b, 2003), Betsch and Sédnger (2009a), the equations of motion pertaining to
the resulting discrete mechanical systems fit into the framework outlined in Sect. 3.
Thus the use of director coordinates makes possible a uniform formulation of flexible
multibody dynamics.> Main characteristics of the present approach can be summa-
rized as follows:

1. The inertia parameters are always constant leading to the simple structure of the
inertia terms in the equations of motion. In particular, the differential part of the
equations of motion can be written as

Mg+VVyq —F=0

where the potential forces along with the constraint forces can be derived from
an augmented potential function of the form

Va(@) = U(@) + D_N'Valg)
=1

For example, the potential function U(q) can be associated with the action of
gravitational forces or with the deformation of flexible bodies such as nonlinear
beams and shells relying on hyperelastic constitutive laws.

2. The configuration vector of the complete flexible multibody systems is composed
of vectors g; € R? and thus given by

q=| . (123)
N
where N denotes the total number of 3-vectors ¢; needed to describe a specific
multibody system. Accordingly, in total, the configuration vector g € R" has
n = 3N components.

3. The total angular momentum of flexible multibody systems can be cast in the
form

N
J=> Mg, xv, (124)
a,b=1

2The present framework comprises as well domain decomposition problems (Hesch and Betsch
2010) and large deformation contact (Hesch and Betsch 2009, 2011a,b).
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where M contain the constant inertia parameters and v, = §,.
4. The balance of angular momentum can be written as

d al .
E] = ;qa x (F* =V, VA(@) (125)

The EM consistent discretization of the discrete mechanical systems at hand can be
performed in complete analogy to the Cosserat point and the rigid body dealt with
in detail in the previous sections.

S Numerical Examples

5.1 Spacecraft Attitude Maneuver

In the first numerical example we demonstrate the importance of formula (114) for the
consistent application of external torques. To this end we apply the present approach
to the control of spacecraft rotational maneuvers.

The spacecraft is modeled as multibody system consisting of four rigid bodies
(Fig. 10), namely the base body and three reaction wheels. A similar example has
been dealt with in Leyendecker et al. (2010). The data for the present 4-body system

Fig. 10 The spacecraft as
4-body system




72 P. Betsch

Table 1 Spacecraft: data for the 4-body system

Body M, EY E% E L

1 1005.3096 89.3609 201.0619 357.4434

2 424.1150 8.8357 106.0288 106.0288 0.9167
3 424.1150 | 106.0288 8.8357 106.0288 1.25

4 424.1150 | 106.0288 106.0288 8.8357 1.5833

Note that L denotes the distance between the center of mass of the reaction wheels and the base
body

have been taken from (Leyendecker et al. 2010). Using principal axis for each rigid
body the data used in the simulations are summarized in Table 1.

The reaction wheels are spinning about body-fixed axis of the base body. For
simplicity the three body-fixed axis are assumed to coincide with the director frame
{!d;} of the base body. Spacecraft attitude maneuvers are performed by applying
reaction wheel motor torques

m=wH'd,, m=uwdH'd, ‘m=u’ d; (126)

In the example we prescribe constant motor torques u' = 200.

A total of n = 48 coordinates are employed to describe the multibody system at
hand. Each body is subject to 6 rigid body constraints giving rise to m™ = 24 internal
constraints. Revolute joints are used to connect the reaction wheels to the base body.
This amounts to m®™' = 3 x 5 = 15 external constraints. Accordingly, in total there
are m = m™ + m™" = 39 independent constraints leading to n — m = 9 degrees of
freedom.

The newly devised formula (114) has been used to consistently apply the motor
torques to the reaction wheels. The torque acting on the base body is given by

'm=— (m +m + ‘m) (127)

Since no resultant external torque acts on the spacecraft, the total angular momentum
is a first integral of the motion. In particular,

4
Jn+1_Jn:Athd bei|n+%

bt )
b

I
=

Il
e
M»

b b byi
d,H% X (m x d |n+%)

b=1

olz

((bdiw% bl — (bdiH% bm) bdi|n+%)

M= 1=

Il
2
S
T
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Fig. 11 Spacecraft: 50
Comparison of angular
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where use has been made of (126) and (127). In the numerical simulations we focus
on the 3-component J3 of the total angular momentum and the total kinetic energy
T of the multibody system at hand. The numerical results due to the application of
the newly devised formula (114) are denoted by J5”""@ and T*o""e,

For comparison we apply the motor torques via the straightforward mid-point
evaluation of the continuous expression of the ‘original’ formulation (Betsch et al.
2012).

(128)

i i
i} 2 2 ntt

The corresponding results are denoted by Jé“’” and TV,

A number of N time steps is used to resolve the time interval [0, 5]. It can be
observed from Fig. 11 that ]§”’”"“ stays constant for all N. This corroborates algorith-
mic conservation of the total angular momentum. In severe contrast to that JA does
not stay constant. Accordingly the balance law for angular momentum is violated.
This discretization error can be decreased by raising the number of time steps N.
These observations are further supported by considering the total kinetic energy in
Fig. 12. Accordingly, T**""@ does hardly change if the time steps are refined. That
is, using only N = 5 time steps already leads to a very good approximation of the
kinetic energy. This is in severe contrast to TV,

5.2 Parallel Robot

In the second example we consider the planar parallel robot depicted in Fig. 13. Each
of the three legs of the parallel robot consists of a prismatic kinematic pair along
with two revolute joints. The parallel mechanism has three degrees of freedom and
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Fig. 12 Spacecraft: Comparison of kinetic energy

Fig. 13 The 3-RPR planar parallel robot

is referred to as the 3-RPR planar parallel manipulator, where the underlined letter
indicates that one of the revolute joints of each leg is driven.

In the forward dynamics simulation we rely on the results of an inverse dynamics
analysis due to McPhee and Redmond (2006). The goal of the inverse dynamics
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analysis is to determine the driving torques required to translate the center of mass
G of the end-effector in a figure-8 pattern, with a cycle time of 2 s, defined by

xg = 2 + sin(7t)

4 1
Y6 = 5 + 5 sin(@n1) (129)
b6 =0

The geometry and inertia properties of the parallel robot have been taken as well
from McPhee and Redmond (2006) and are summarized in Table2. In addition to
that, we remark that the position of points B and C (Fig.13) is given by xz = 2,
yg = 3.5, and x¢ = 4.0. The result of the inverse dynamics analysis gives rise to the
three driving torques, one of which is depicted in Fig. 14 (compare with Fig. 12 in
McPhee and Redmond 2006).

Obviously, using the three driving torques from the inverse dynamics analysis in
the forward dynamics simulation along with the data in Table 2 should lead to the
motion of the end-effector given by (129). That is, the trajectory of the center of mass
G of the end-effector should follow a figure-8 pattern, while the end-effector should
not rotate.

In the simulation we use 200 time steps and apply formula (114) for the consistent
application of external torques. It can be observed from Fig. 15 that the proposed

Table 2 Geometry and inertia properties of the parallel robot

Body Width (m) Length (m) Mass (kg) Moment of inertia (kg m?)
1,2,3 0.3 1.0 2.4 0.218

4,5,6 0.1 1.5 1.2 0.226

7 1.0 1.0 0.5 0.049
Fig. 14 Parallel robot: 200
Driving torque at joint A

determined by the inverse 150
dynamics analysis

torque m4

=501

-100 1

-150 R —
0 02 04 06 08 1.0 1.2 1.4 1.6 1.8 2.0

time
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Fig. 15 Parallel robot: Final
position simulated with the

proposed method. The
figure-8 trajectory is
correctly tracked by the mass
center of the end-effector

Fig. 16 Parallel robot: Final
position simulated with the .

original method. The
inconsistent application of
the driving torques leads to a
deviation from the correct
motion

simulation method yields the correct motion. In sharp contrast to that, using instead of
formula (114) the mid-point evaluation of the original formulation, Eq. (128), yields
a deviation from the correct motion (Fig. 16). This observation is further supported
by Fig. 17, where the rotation angle of the end-effector is plotted versus time. While
the advocated method correctly reproduces the constant angle 9’5’””” = 0, the angle
9’5"” determined by the original approach deviates significantly from the correct
value. These results strongly support the need for a consistent formulation of external
torques in the underlying rotationless formulation.
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Fig. 17 Parallel robot: 0.16 o
Rotation angle of the 0.14f efonm
end-effector G

0.12f
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0.06

angle 0
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0.02f

0
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A Appendix

A.l Balance Laws

For comparison, the balance laws are directly derived from the variational equations
(19) governing the motion of the pseudo-rigid body. To this end, we recast (19) in
the form

(130)
(131)

0% - (MX — foy)
tr (6F" (FEo + 2FDU(C) — M)

=0
=0
Applying the polar decomposition theorem to the deformation gradient, we get
F=RU and OF =J6RU+ RU (132)
Since RRT = I, SRR” + RSRT = 0, and consequently
@s = ORRT (133)

is skew-symmetric. A straightforward calculation shows that (131) can be rewritten as

tr (SUU(F'FEo +2DU(C) — F'Mcy)) =0 (134)
ws - (2vect(FEQF") — 2vect(MoF")) = 0 (135)
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Accordingly, the nine independent equations emanating from (131) have been con-
verted to six independent equations (134) plus three independent equations (135).

In (135), vect(e) denotes the vector invariant of a second-order tensor defined by

vect(a ® b) x ¢ = skew(a ® b)c

Since
1
skew(a ® b)c = z(a ®b—bRa)
1
=5 ((b-c)a— (a-c)b)
= E(b X @) X c
we have 1
vect(a ® b) = E(b X @) (136)
Accordingly,
2vect(FEoFT) = 2vect(Egéfi ®dj) = Egdj x d; (137)

2vect(Mex FT) = 2vect(fl, ® d;) =d; x fL = Mex (138)

i
ext

A.1.1 Balance of Angular Momentum
To get the balance law for angular momentum, substitute U = 0 into (134), ws =
£ into (135), and 6x = £ x X into (130). Subsequent summation of the resulting

equations yields

€ (Mx x X + 2vect(FEGFT) — X x f . — 2vect(Meu F")) = 0

d,
5' (EJ_mext) =0

The last equation has to hold for arbitrary & € R3. Accordingly, one obtains dj/dt =
My, Where

or

Jj =M% x X + 2vect(FEoF")
Moy =X X f o + 2vect(Mex F")
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denote, respectively, the total angular momentum and the resultant external torque
with respect to the origin of the inertial frame of reference. Note that the same conclu-
sions can be drawn by substituting 6x = £ x X into (130), and 6F = &F into (131).

A.1.2 Balance of Energy

Suppose that an external force f,,, € R* along with external director forces f. , €
R3,i=1,2,3,are acting on the body under consideration. Recall that the external

director forces f,, can be linked to the second-order tensor Moy Via Moy = fo, ® D;

(see Eq.(38) in Sect.2.2). To define the external director forces we introduce 9
independent quantities MY such that

M = M'D; ® D; (139)
and
My = FM = MVd; ® D; (140)
Note that the last equation implies
fiy = MNd, (141)

Now substitute ¥ for 0% into (130) and F for 6F into (131). Subsequent summation
of both equations yields

% (ME ~fo) +1w (' (FEy + 2FDUC) - Mey)) =0 (142)

Taking into account the relationships

we define the kinetic energy

T = imi i+ Lo (FE FT) (143)
= -MXx X+ =tr
2 2 0
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Moreover,

r (FTFZDU(C)) — (2DU(C)sym(FTF))

(
i

= U©)

1 .7 .
r(2DU(C) 5 (F'F + F'F)

1.

Now (142) can be recast in the form

d
EE = Pey (144)

Here, E is the total mechanical energy given by
E=T+U

where U denotes the total strain energy defined in (13). On the right hand side of
balance equation (144)

Pexl :fexl f+ tr (FTMexl)

denotes the power of the external forces acting on the pseudo-rigid body. We next
focus on the power of the director forces given by

Fexl =1r (FTMext)

Taking into account (140), the last equation can be rewritten as

Py =tr (F 'F M)

= ((M+ M)F'F)
In the last equation
M = sym (M)
M = skew (M)

have been introduced. Now

tr (ME'F) = & (Msym (87F) ) = %tr (#¢)
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Furthermore,
—_— T —_— . T
tr (MF F) =tr (Mskew (F F))

Applying the polar decomposition F = RU along withF = RU + RU and @ = RR”
(cf. (132) and (133) on p. 47), we get

tr (ﬂskew (FTF)) = w - 2vect (FMFT) +tr (MUTU)
Altogether the power of the external forces can be written in the form

Pext = fext X+ %tr (HC) + w - 2vect (FMFT) 4 tr (MUTU)
=fext E—i_ %mljdij +w- ’Tlext +tr (MUTU)

Here, m.x, can be identified as the resultant external torque relative to the center of
mass that has been introduced in (71). In particular, we have

me,; = 2vect (F MF T)
= Midi x d;
= e Mid*
=d; xf!

ext

In the last equation use has been made of (141). Moreover,
Eijk = (d, X dj) -dk = e,'jkx/g

where d = det(d;;) (or Vd =, xd») -ds)and e;jx denotes the alternating symbol.

A.2 Application of External Torques

It can be observed from the above treatment that the application of external torques
Mey relative to the center of mass is linked to the skew-symmetric tensor M =
MD; ® D;. In particular, given the covariant components of the external torque,
my = dj - Mgy, We obtain .

my = €ijiji
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from which it follows that

B = M2 = n
2V/d
RO = R = ™
2V/d
M2 = 2 = n3
2Vd
or
.. ik
Mi = 2—\2‘; (145)

where e/ = e;jx again denotes the alternating symbol. Accordingly, using the above
formulas for MY in terms of the torque components my, the corresponding director

forces can be calculated via

T = Md; (146)
or
S it B
Jext = m (d] ®dk) Mexy (147)

To summarize, the action of an external torque .y, relative to the center of mass can
be realized by applying external director forces of the form

-féxl 1 d, ®d; —d;®d,

=—— |d3®d, —d| Qd3 | Mex (148)
ext

e VA |4y 9ds — d> @1d

Remark A.1 Formula (148) can be viewed as an extension to flexible Cosserat points
of the method proposed in Betsch and Singer (2013). In this work the consistent
application of torques has been dealt with in the context of rigid body dynamics
formulated in terms of directors (or direction cosines). The formula proposed in
Betsch and Singer (2013) is given by

i _ 1 i
oxt = Emexl X d (149)
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The equivalence of (149) to (148) can be shown by a direct calculation:

]ext = Emext x d
1 .
= —md" x &
2
1 T
= ~md 2 eVd;
zmk e

where (145) has been used.

A.2.1 Fully Actuated Cosserat Point
If the Cosserat point shall be fully actuated, the 9 independent quantities M¥ in (139)
can be employed as control inputs. According to (141) this approach determines the

external director forces
few = M4
If required the external torque associated with the control inputs can be extracted via
mext = Mﬂdl X d,
Note that due to the presence of the cross product the skew-symmetric part of M
thatis, M/' = (MV' — MY)/2,is automatically extracted. The above result coincides
with

ITlext = mkdk where my = \/Eel‘jk./\/tﬂ

Again the skew-symmetric part of M/ is extracted due to the presence of the alter-
nating symbol.

A.3 Iteration Matrix of the EM Integrator

Consider St. Venant-Kirchhoff material with strain energy density
W(G) = % (rG)* + ptr (G?)

where the Green—Lagrangean strain tensor is given by

1 . .
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Note that the components v;; = %(dij — d;7) have been introduced in (66). According
to (11), the second Piola-Kirchhoff stress tensor is given by

S = 2DW(C)
= DW(G) (150)
= A\ (G I + 2uG

Moreover, the fourth-order elasticity tensor assumes the form

C = 4D’>W(C)
= D*W(G) (151)
=MQI+2ul

Since we have assumed that the director triad {D;} in the reference configuration is
orthonormal, it suffices to consider the Cartesian components of § and C. Accord-
ingly, we have

Sij = )qkké,-j + 2,u'y,-j (152)

and
Cij = A0 + 11 (00 + )

We next deal with the linearization of the internal director forces f%,, = S’d;. First
consider the time-continuous case where, according to the product rule of differen-
tiation, we get A ) )

Afi = ASYd; + S" Ad; (153)
With regard to (152)

ASyj = ANy 0y + 21 Ay

154
ZA(dkAdk)(su-f‘,U/(d,Adj+ded,) ( 3 )

Now, a straightforward calculation yields
Afty = (Kb + KL,) Ady (155)

where the contributions to the iteration matrix have been split into a material part

K Zlal and a geometric part K geo. The material part is given by

Kl =M; ®d; + pd; ®d; + pidy ® dy 6
and the geometric part assumes the form

KU =Sl

geo
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The symmetry of the iteration matrix follows from the properties Kf{l,dt = (K{ilat)T
and K’-g’eO = (ngo)T' Similar to (153), in the discrete case the EM scheme (63) leads
to

A (f;nt)|n+% = ASZde% + SIZAdjnJr%
Similar to (154), the algorithmic stress formula (65) leads to

ASZ = AA’YkkH% 65/' + ZMA,YUH%
= 2y, - Ady,.)0; + 2, - Ad;

In+1

(156)
+ djn+l ' Ad

in+l

Altogether the discrete counterpart of (155) is given by the consistent linearization

}’lJr;) Atijlx+1

+ KV
npl 0

A (fént)|n+% = (Kglat

where the material part is given by

i 1
Ki| =5 (Ad,»w% ®d,., +1d; | ®di,, +pdy | @y, 5,»,-)

mat
n+s

and the geometric part assumes the form

. 1
Y = _
ng(’ [

ST
n+3 2 A

It is obvious that in the discrete setting the material part destroys the symmetry of

the iteration matrix, for
ij i \!
K mat 1 75 K mat
n+3

We finally remark that due to definition (13) of the total strain energy of the Cosserat
poin;_, namely U(C) = VoW (C), the above stress components S¥ should be replaced

by §7 = V,8¥.

n+%
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A Lie Algebra Approach to Lie Group Time
Integration of Constrained Systems

Martin Arnold, Alberto Cardona and Olivier Briils

Abstract Lie group integrators preserve by construction the Lie group structure
of a nonlinear configuration space. In multibody dynamics, they support a repre-
sentation of (large) rotations in a Lie group setting that is free of singularities. The
resulting equations of motion are differential equations on a manifold with tangent
spaces being parametrized by the corresponding Lie algebra. In the present paper,
we discuss the time discretization of these equations of motion by a generalized-«
Lie group integrator for constrained systems and show how to exploit in this context
the linear structure of the Lie algebra. This linear structure allows a very natural
definition of the generalized-« Lie group integrator, an efficient practical implemen-
tation and a very detailed error analysis. Furthermore, the Lie algebra approach may
be combined with analytical transformations that help to avoid an undesired order
reduction phenomenon in generalized-« time integration. After a tutorial-like step-
by-step introduction to the generalized-a. Lie group integrator, we investigate its
convergence behaviour and develop a novel initialization scheme to achieve second-
order accuracy in the application to constrained systems. The theoretical results are
illustrated by a comprehensive set of numerical tests for two Lie group formulations
of a rotating heavy top.

1 Introduction

Structure-preserving integrators overcome limitations of classical time integration
methods from the fields of ordinary differential equations (ODEs) and differential-
algebraic equations (DAEs). They are known for their favourable nonlinear stability
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properties for the long-term integration of conservative systems, see, e.g., (Hairer
et al. 2006).

The focus of the present paper is slightly different since we consider a class
of time integration methods that is tailored to flexible multibody system models
with dissipative terms resulting, e.g., from friction forces or control structures. The
methods are applied to constrained systems with a nonlinear configuration space
with Lie group structure. They preserve this structural property of the equations
of motion in the sense that the numerical solution remains by construction in this
nonlinear configuration space.

The Lie group setting allows a representation of (large) rotations that is globally
free of singularities. Local parametrizations could be used to transform the system
in each time step in a linear configuration space such that classical time integration
methods could be used. As an alternative to such local parametrizations, Simo and
Vu-Quoc (1988) proposed a Newmark-type method that is directly based on the
equations of motion in a nonlinear configuration space with Lie group structure.

Starting with the work of Crouch and Grossman (1993) and Munthe-Kaas (1995,
1998), the time discretization of ordinary differential equations on Lie groups has
found much interest in the numerical analysis community. This work was summarized
in the comprehensive survey paper by Iserles et al. (2000). In that time, the application
of Lie group time integration methods to multibody system models was studied, e.g.,
by Bottasso and Borri (1998) and Celledoni and Owren (2003).

In 2010, the combination of Lie group time integration with the time dis-
cretization by generalized-a methods was proposed, see (Briils and Cardona 2010).
Generalized-o methods are Newmark type methods that go back to the work of
Chung and Hulbert (1993). They may be considered as a generalization of Hilber—
Hughes-Taylor (HHT) methods, see (Hilber et al. 1977), and have found new interest
in industrial multibody system simulation since they avoid the very strong damping
of high-frequency solution components that is characteristic of other integrators in
this field, see, e.g., (Negrut et al. 2005; Lunk and Simeon 2006; Jay and Negrut 2007,
2008; Arnold and Briils 2007).

Cardona and Géradin (1994) investigated systematically the stability and con-
vergence of HHT methods for constrained systems. This analysis may be extended
to generalized-a methods, see Géradin and Cardona (2001, Sect. 10.5), and shows
a risk of order reduction and large transient errors in the Lagrange multipliers and
constrained forces. Numerical test results for the generalized-« Lie group integrator
illustrate that this undesired numerical effect is strongly related to the specific Lie
group formulation of the equations of motion, see (Briils et al. 2011).

Therefore, the error analysis for the Lie group integrator has to consider the global
errors in long-term integration as well as the transient behaviour of the numerical
solution. In a series of papers, we developed a strategy for defining, implementing
and analysing the Lie group integrator that is based on the observation that the
increments of the configuration variables in each time step are parametrized by
elements of the Lie algebra, i.e., by elements of a linear space, see (Arnold et al.
2011b, 2014, 2015) and (Briils et al. 2011, 2012). In the present paper, we follow
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this Lie algebra approach and consider local and global discretization errors of the
Lie group integrator as elements of the corresponding Lie algebra.

We introduce the Lie group setting in a tutorial like style and show how to discretize
the equations of motion by a generalized-« Lie group integrator. There is a specific
focus on practical aspects like corrector iteration and initialization of the integrator. In
a comprehensive numerical test series, we consider different Lie group formulations
of a heavy top benchmark problem. For the convergence analysis, we follow to a
large extent the presentation in the recently published paper (Arnold et al. 2015).

The remaining part of the paper is organized as follows: Basic aspects of Lie
group theory in the context of multibody dynamics and the equations of motion of
constrained systems are introduced in Sect. 2. Furthermore, we discuss two different
Lie group formulations of arotating heavy top that will be used as benchmark problem
throughout the paper.

In Sect.3, we consider the generalized-a Lie group DAE integrator and study
its asymptotic behaviour for time step sizes # — 0. Classical results of Hilber and
Hughes (1978) on “overshooting” of Newmark type methods in the application to lin-
ear problems with high-frequency solutions are shown to result in an order reduction
phenomenon for the constrained case, see (Cardona and Géradin 1994). In Sect. 3.3,
the large first-order error terms are illustrated by numerical tests for the heavy top
benchmark problem. They may be reduced drastically by index reduction and a
modification of the generalized-« Lie group integrator that is based on the so-called
stabilized index-2 formulation of the equations of motion, see Sect.3.4. Implemen-
tation aspects and some technical details are discussed in Sects.3.5 and 3.6.

For the convergence analysis, we discuss in Sect.4.1 a one-step error recursion
of generalized-a methods for constrained systems. The coupled error propagation in
differential and algebraic solution components may be studied extending the conver-
gence analysis of ODE one-step methods to the Lie group DAE case, see Sect.4.2.
The convergence theorem for the generalized-a Lie group DAE integrators is given
in Sect. 4.3. It provides the basis for an optimal initialization using perturbed starting
values that guarantee second-order convergence in all solution components such that
order reduction may be avoided.

2 Constrained Systems in a Configuration Space
with Lie Group Structure

The main interest of this paper is in time integration methods for constrained mechan-
ical systems that have a configuration space with Lie group structure. In the present
section, we introduce this Lie group setting by studying the configuration space of a
rigid body (Sect. 2.1). Lie groups are differentiable manifolds that are in a very natural
way parametrized locally by elements of the corresponding Lie algebra (Sect.2.2).
Lie groups may be used to represent large rotations in R? without singularities.
They are part of the mathematical framework for a generic finite element approach



94 M. Arnold et al.

to flexible multibody dynamics that has been applied successfully for more than two
decades (Géradin and Cardona 1989, 2001). In Sect.2.3, we consider constrained
systems and discuss the general structure of the equations of motion. As a typical
example, two different Lie group formulations of a heavy top benchmark problem
are introduced in Sect.2.4. Finally, some technical details of the Lie group setting
are discussed in Sect.2.5.

2.1 The Configuration Space of a Rigid Body in R>

The position of arigid body in an inertial frame is represented by a vectorx € R, i.e.,
by an element of a linear space. There are three additional degrees of freedom that
describe the orientation of this rigid body but these degrees of freedom may not be
represented globally by elements of a three-dimensional linear space. In engineering,
small deviations from a nominal state are often characterized by three angles of
rotation like Euler angles or Bryant angles (Géradin and Cardona 2001, Sect.4.8)
that suffer, however, from singularities in the case of large rotations.

Alternative representations that are free of singularities are provided, e.g., by
Euler parameters that are also known as quaternions (Betsch and Siebert 2009 and
Géradin and Cardona 2001, Sect.4.5) or by the rotation matrix

ReSOB):={ReR*> :R'TR=1;, detR=+1}.

The set SO(3) is a three-dimensional differentiable manifold in R3>*3 and may be
combined in two alternative ways with the linear space R* to describe the config-
uration of the rigid body by an element g := (R, x) of a six-dimensional group G
(Briils et al. 2011; Miiller and Terze 2014a): In the direct product G = SO(3) x R?,
the group operation o is defined by

(Ra’ Xa) o (va Xb) = (Rava X, + Xb)
and results in kinematic relations
R=RQ, x=u 1)

with u € R? denoting the translation velocity in the inertial frame and a skew sym-
metric matrix

B 0 -
Q=] & 0 —Q |eRr¥> )
- @ 0

that represents the angular velocity € = (1, Q,, 23)" € R?. The semi-direct
product G = SO(3) x R3 is known as the special Euclidean group SE(3) with the
group operation
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(Ru, Xa) o Ry, xp) = (RyRy, RyXp, + X4,

kinematic relations ) _
R=R2, x=RU 3)

and U € R? denoting the translation velocity in the body-attached frame.

For group elements ¢ = (R, x), the group operations in SO(3) x R? and in SE(3)
are equivalent to the matrix multiplication of non-singular block-structured matrices
in R7*7 and in R**4, respectively, that are defined by

R 03,3 035 R x
SOBG) xR : (055 L x |. SE@) : . @)
01,3 1
01,3013 1

Therefore, the groups SO(3) x R? and SE(3) as well as the group SO(3) of all rotation
matrices R are isomorphic to a subset of a general linear group GL(r) = {A € R™" :
det A # 0} of suitable degree » > 0. The structure of the block matrices in (4) and
the orthogonality condition RTR = I3 imply that the groups SO(3) x R?, SE(3)
and SO(3) are isomorphic to differentiable manifolds in GL(7), GL(4) and GL(3),
respectively.

2.2 Differential Equations on Manifolds: Matrix Lie Groups

A group G with group operation o and neutral element e € G is called a Lie group if
G is a differentiable manifold and the group operation o : G x G — G as well as
the map g +— ¢! are differentiable (¢ o ¢~! = ¢). Lie groups that are subgroups of
GL(r) for some r > 0 are called matrix Lie groups if the group operation o is given
by the matrix multiplication. For a compact introduction to analytical and numerical
aspects of such matrix Lie groups, the interested reader is referred to (Hairer et al.
2006, Sect.IV.6).

It is a trivial observation that a continuously differentiable function ¢ (¢) with
q(tp) € G will remain in a Lie group G if and only if its time derivative ¢ (¢) is in the
tangent space T, G at the point g = q(t): g(t) € TG, (t = tp). The tangent space
at the neutral element e defines the Lie algebra g := T,G. As a linear space, it is
isomorphic to a finite dimensional linear space R* with an invertible linear mapping
(o) : RF 5> g, vi> V.

The group structure of G makes it possible to represent the elements of 7,G at
any element g € G by the elements V of the Lie algebra: The left translation

L, :G—>G, y— Ly(y):=qoy
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defines a bijection in G. Its derivative DL, (y) at y = e represents the corresponding
bijection between the tangent spaces g := 1.G and T, G, i.e.,

T,G={DLy(e)-V:Veg)={DL,e)-V:veRY}. (5)

With these notations, kinematic relations like (1) and (3) may be summarized in
compact form:
q(t) = DLy (e) - V(1) (6)

with a Vechity vector v(r) € R¥. In (6), the left translation L, as well as the tilde
operator (o) depend on the specific Lie group setting.
For constant velocity v, the kinematic relation (6) yields locally

q(t) = q(t) o exp((t — 10)¥) € G (7

with the exponential map exp : g — G. For matrix Lie groups, this exponential map
is given by

— |
exp®) =3, =¥ ®)
i=0

It is a local diffeomorphism, i.e., for any g, € G there are neighbourhoods U,, C G
and Vi C g such that any g € U,, may be expressed by

q = qa oexp(A,) 9)

with a uniquely defined element Zq € Vs

Example 2.1 (a) Using the block matrix representation (4), the groups SO(3) x R?,
SE(3) and SO(3) are seen to be matrix Lie groups. The Lie algebra corresponding
to Lie group G = SO(3) is given by the set

50(3) :={AeR™ : A+AT =0}
of all skew symmetric matrices in R**3. As a linear space, this Lie algebra is iso-

morphic to R? with the tilde operator being defined in (2). In SO(3), the exponential
map (8) may be evaluated very efficiently by Rodrigues’ formula

~ sin® ~ 1 —cos® ~»
eXpPsoc) () = I3 + Q4+ 5 Q (10)
D d
with @ := |||, since powers Q' with i > 3 may be expressed in terms of I3, Q

and € because each matrix € € R¥3 is a zero of its characterlstlc polynomlal
Xu(R) = det(uls — ) = 113 + QI3 1 = 122 + D, e, @ = —B2R (Cayley-
Hamilton theorem).
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According to (1), (3) and (6), the Lie algebras of SO(3) x R3 and SE(3) are
parametrized by vectors v = (2 ,u") T andv = (", UT)T, respectively. In block
matrix form, they are represented by (Briils et al. 2011)

2 03,505, =
03) xR V= 033055 u |, se(3): V= (0" g)
01,3013 0O 13
with exponential maps
eXpSO(S)(ﬁ) 03,3 0351
eXPsog3)xrs (V) = 05,3 L u |, (11a)
0,3 O3 1
ex ) T, . (2)U
€Xpgsg() (V) = ( p%?(j; ) 50(3)1( ) ) (11b)

and the so-called tangent operator Tso(3) : R3 — R3*3, see (33), that will be dis-
cussed in more detail in Remark 2.8(b) below.

(b) The linear space R¥ with vector addition + as group operation o is a trivial
example of a matrix Lie group since x € R* may be identified with the non-singular
2 x 2 block matrix

Ik X
(lek 1) € GL(k + 1). (12)

Substituting vector x by u € R¥ and the main diagonal blocks by 0, and by 0,
respectively, we get the block matrix representation of the corresponding Lie algebra
that is parametrized by u:

~ kakll ~ Ik u
u= (lek 0), expps (0) = (Ole 1). (13)

Alternatively, the exponential map may be expressed directly in terms of u € R
using exppr = idps, i.€., X 0 eXppe (W) = X + u.

(c) The block matrix representation of (R, X)so3)x®3 in (4) is block-diagonal
with diagonal blocks for R € SO(3) and x € R3, see (12). The same block-diagonal
structure is observed for the elements of the corresponding Lie algebra 50(3) x R?,
for the tilde operator and for expgq 3,y s, see (11a) and (13). It is typical for direct
products of Lie groups and may be used as well for Lie groups GY = G x G x -+ x
G that are direct products of N > 2 factors G with G = SO(3) x R? or G = SE(3).
In particular, we have

expgy ((V1, V2, ..., Vy)) = blockdiag, _;_y exp; (V) .
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Fig. 1 Interpolation in Lie
groups: g = qa o exp(A,)

Hence, the exponential map expgv : g% — G" in the direct product GV may be
evaluated as efficiently as the one in its factors G, see (10) and (11). In flexible
multibody dynamics, the configuration spaces (SO(3) x R*)" and (SE(3))" are of
special interest since they allow to represent the configuration of an articulated system
of rigid and flexible bodies in the nonlinear finite element method by N > 1 pairs of
absolute nodal translation and rotation variables, see (Briils et al. 2012; Géradin and
Cardona 2001).

Remark 2.2 The parametrization (9) offers a generic way to interpolate between g,
and any point g, in a sufficiently small neighbourhood U,, C G, see Fig.1: If g, =
qa o exp(A,) withavector A, € R* of sufficiently small norm || A, ||, then exp(ﬂA )
is well defined for any ¢ € [0 1] and q,, g» € G are connected by the path

{q(9; qus A)) = qaoexp(@A,) : ¥ €[0,11} CG.

Because of g, = g o exp(—zq) the parametrization of this path by ¢ € [0, 1] is
symmetric in the sense that ¢(¥; g4, A;) = q(1 —9; g», —A,). This expression is
the Lie group equivalent to the identity q, + JA, = q, — (1 — ¥) A, that is trivially
satisfied for a path that interpolates two points q, q, € R¥.

In the Lie group setting, the nonlinear structure of the configuration space G
makes it possible to represent large rotations globally without singularities. Under
reasonable smoothness assumptions, there are smooth functions g : [fg, fena] = G
solving the equations of motion on a time interval [fy, f.hq] Of finite length, see
Sect.2.3 below. Locally, for a fixed time t = t* € [ty, tenq], the configuration space
in a sufficiently small neighbourhood of ¢ (*) may nevertheless be parametrized by
elements of the linear space g that is independent of +* and ¢ (¢*), see (9).

The local parametrization of G by elements V € g provides the basis for an effi-
cient implementation of Lie group time integration methods and for the analysis
of discretization errors, see Sects.3 and 4 below. Using the notation exp(-) we will
assume tacitly throughout the paper that the argument of the exponential map is in a
small neighbourhood of 0 € g on which exp is a diffeomorphism.

The basic concepts of time discretization and error analysis in Lie group time
integration are not limited to the specific parametrization by the exponential map,
see, e.g., (Kobilarov et al. 2009) for an analysis of variational Lie group integrators
that may be combined with the exponential map exp, with the Cayley transform
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cay(v/2) = (I — v/2)~' (I 4+ ¥/2) or with other local parametrizations. In the present
paper, we restrict ourselves, however, to the exponential map that reproduces the flow
exactly if the velocity V € g is constant, see (7).

2.3 Configuration Space with Lie Group Structure:
Equations of Motion

In a k-dimensional configuration space G with Lie group structure, the kinematic
relations are given by (6) with position coordinates g () € G and the velocity vector
v(t) € RE.

We consider constrained systems with m < k linearly independent holonomic
constraints ®(g) = 0 that are coupled by constraint forces —BT (g) to the equi-
librium equations for forces and momenta. Here, A(t) € R™ denotes a vector of
Lagrange multipliers which is multiplied by the transposed of the constraint matrix
B(g) € R™** withrank B(g) = m that represents the constraint gradients in the sense
that

D®(q) - (DLy(e) - W) =B(q)w, (w e R). (14)

The notation D®(q) - (DLq (e) -v~v) is used for the directional derivative of @ :
G — R" atq € G in the direction of DL, (e) - W € T,G.

Kinematic equations, equilibrium conditions and holonomic constraints are sum-
marized in the equations of motion

g =DLy(e) -V, (15a)
M(q)V = —g(q.v,t) =BT ()X, (15b)
®(q) =0 (15¢)

that form a differential-algebraic equation (DAE) on Lie group G, see (Briils and
Cardona 2010). Matrix M(g) denotes the mass matrix that is supposed to be symmet-
ric, positive definite. The force vector —g(q, v, t) summarizes external, internal and
complementary inertia forces. Throughout the present paper, we consider equations
of motion (15) with functions M(q), g(g, v, t) and ®(g) being smooth in the sense
that they are as often continuously differentiable as required by the convergence
analysis.

Remark 2.3 (a) For linear configuration spaces, the equations of motion (15) are
well known from textbooks on DAE time integration, see, e.g., (Brenan et al. 1996,
Sect. 6.2 and Hairer and Wanner 1996, Sect. VII.1). Model equations of constrained
mechanical and mechatronic systems in industrial applications have often a more
complex structure with additional first-order differential equations ¢ = h.(g, v, ¢, t)
or additional algebraic equations 0 = hg(q, s) that are locally uniquely solvable w.r.t.
s = s(q) if the Jacobian (Ohg/0s)(g, s) is non-singular. Other useful generalizations
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of (15) are rheonomic, i.e., explicitly time-dependent constraints ®(g, t) = 0 and
force vectors g = g(g, v, A, t) that contain friction forces depending nonlinearly
on A, see (Arnold et al. 201 1¢ and Briils and Golinval 2006) for a more detailed dis-
cussion. All these additional model components may be considered straightforwardly
in the convergence analysis of generalized-« Lie group integrators, see (Arnold et al.
2015).

(b) The full rank assumption on B(g) is essential for the analysis and numerical
solution of (15) since otherwise the Lagrange multipliers A(¢) would not be uniquely
defined, see (Garcia de Jalén and Bayo 1994, Sect. 3.4) and the more recent material
in (Garcia de Jalén and Gutiérrez-Lopez 2013). On the other hand, the assumptions
on M(g) may be slightly relaxed considering symmetric, positive semi-definite mass
matrices that are positive definite on ker B(g), see (Géradin and Cardona 2001). The
extension of the convergence analysis to this more complex class of model equations
has recently been discussed in (Arnold et al. 2014).

The holonomic constraints (15¢) imply hidden constraints at the level of velocity
coordinates and at the level of acceleration coordinates. The first ones are obtained
by differentiation of (15¢) w.r.t. ¢:

d
0=®(q") = DB §(1) = DB(g) - (DLy(e) - ¥) =B(g)v.  (16)

For the second time derivative of (15c), we have to consider partial derivatives of
O(q,z) :=B(g)z wrt.g € G.Since ® : G x RF¥ — R™ is by construction linear
in z we have

D,0O(q,z) - (DLq(e) -v~v) =7Z(q)(z,w), (weR" a7

with a bilinear form Z(g) : R* x R¥ — R”. Using these notations, the time deriv-
ative of (16) gets the form

d d
0= E(B(q(l))V(t)) = EG(q(t), V(1) =B@V+Z@)(v,v).  (18)

It defines the hidden constraints at the level of acceleration coordinates.

The dynamical equations (15b) and the hidden constraints (18) are linear in v(¢)
and A(¢) and may formally be used to eliminate A(¢) and to express v(¢) in terms of
t, q(¢) and v(¢), see (Hairer and Wanner 1996, Sect. VII.1):

(M(q) B'(9) ) ( V) _ ( —g(q, v, 1) ) (19)
B(@) 0 A —Z(g)(v,v) ]’

Initial value problems for the resulting analytically equivalent unconstrained sys-
tem for functions g : [fo, fend] = G and v : [fy, tend] — RF are uniquely solvable

whenever its right-hand side satisfies a Lipschitz condition, see, e.g., (Walter 1998).
This proves unique solvability of initial value problems for the constrained system
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(15) if g(t) and v(ty) are consistent with the (hidden) constraints (15¢) and (16),
ie., <I>(q (to)) = B(q (to))v(to) = 0. The initial values v(#) and A(y) are given by
(19) with t =1y, g = q(#p) and v = v(tp).

The index analysis of Lie group DAE (15) follows step by step the classical
index analysis for the equations of motion for constrained mechanical systems in
linear configuration spaces, see (Hairer and Wanner 1996, Sect. VII.1). The alge-
braic variables A = A(g, v, t) are defined by the system of linear equations (19) that
contains the second time derivative of (15¢). A formal third differentiation step yields
A= )\(q v, t) and illustrates that (15) is an index-3 Lie group DAEin G x R¥ x R™.
Therefore, Eq. (15) is called the index-3 formulation of the equations of motion.

Remark 2.4 Block-structured systems of linear equations

M BT Xy r;
(5 %) (2)-( &
with a symmetric, positive definite matrix M € R*** and a rectangular matrix B €

Rk of full rank m < k are uniquely solvable since left multiplication of the upper
block row by BM~! yields equations

BM 'B'xy = BM 'r; — Bx; = BM 'r; — r)

that may be solved w.r.t. x5 € R” since BM~!'BT is symmetric, positive defi-
nite. Inserting this vector x, in the upper block row, we get x; € R from Mx; =
r; — BTx,. The most time-consuming parts of this block Gaussian elimination are
the Cholesky factorization of M € R (to get M~'BT € R**” and M~ 'r; € R¥)
the evaluation of the matrix-matrix product B(M~'BT) € R”*" and the Cholesky
factorization of this matrix.

Alternatively, we could follow a nullspace approach that separates the nullspace
of B € R"*¥ from a non-singular matrix R € R”*": For any non-singular matrix
Q € R“* with BQ = (R, 0, t—m) ), system (20) is equivalent to

M;; Mp; R Xy,1 i M. M
My Mz 0 Xy2 | = [ Ty2 | with (1\7[” Mlz ) =Q'MQ,
RT 0 0 Xx r) A

X; = Q 'x; and ¥y = Q' ry. This block-structured system may be solved in three
steps by block backward substitution to get X; 1, Xy 2 and X, since matrices RT,
M,, and R are non-singular. Betsch and Leyendecker (2006) discussed analytical
nullspace representations of the constraint matrix B for typical types of constraints in
engineering systems. If such analytical expressions are not available, then matrices
Q and R could be computed, e.g., by a QR-factorization of BT € R**”_ see (Golub
and van Loan 1996).
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Fig. 2 Benchmark problem

Heavy top (Briils and gl
Cardona 2010), see also
(Géradin and Cardona 2001)

2.4 Benchmark Problem: Heavy Top

The Lie group formulation of the equations of motion is the backbone of a rather
general finite element framework for flexible multibody dynamics (Géradin and
Cardona 2001). In the present paper, we focus on basic aspects of Lie group time
integration in multibody dynamics and restrict the numerical tests to the simulation
of a single rigid body in a gravitation field. This heavy fop has found much interest
in mechanics and serves as a benchmark problem for Lie group methods (Géradin
and Cardona 2001, Sect. 5.8). The simulation of more complex flexible structures by
Lie group time integration methods is discussed, e.g., in (Briils et al. 2012).

Figure 2 shows the configuration of the heavy top in R* with R(¢) € SO(3) char-
acterizing its orientation and the position vector x(t) € R? of the centre of mass
in the inertial frame. In the body-attached frame, the centre of mass is given by
X = (0, 1, 0)T. Here and in the following, we omit all physical units. We consider
a gravitation field with fixed acceleration vector v = (0, 0, —9.81)T. Mass and iner-
tia tensor are given by m = 15.0 and J = diag (0.234375, 0.46875, 0.234375) with
J denoting the inertia tensor w.r.t. the centre of mass.

In the benchmark problem, the top rotates about a fixed point. Therefore, the
configuration variables (R, x) are subject to holonomic constraints x = RX. We
consider an initial configuration being defined by R(0) = I3 with an angular velocity
Q(0) = (0, 150, —4.61538) T. All other initial values are supposed to be consistent
with0 = @ ((R, x)) := X — R"x and with the corresponding hidden constraints (16)
and (18) at the level of velocity and acceleration coordinates.

The equations of motion (15) of the rotating heavy top result from the principles of
classical mechanics. In (Briils et al. 2011), they were derived for configuration spaces
G =SO(3) x R? and G = SE(3) following an augmented Lagrangian method. In
SO(3) x R?, we get hidden constraints

d . - _
0:a@—RWh&RW—RW:—ﬁk%—RW:—Xﬂ—Nﬁ

and a constraint matrix B = (—X —RT). The equations of motion are given by
JR+exJ2+XxA=0, (21a)
miu — RX =m~, (21b)
X-R'x=0 (21c)
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Fig. 3 Heavy top benchmark, G = SO(3) x R3: Reference solution

with kinematic relations (1). Figure 3 shows a reference solution that has been com-
puted with the very small time step size & = 2.5 x 107>. The position x(¢) € R? of
the centre of mass varies slowly in the inertial frame. For the Lagrange multipliers
() € R3, we observe much higher frequencies that reflect the fast rotation of the
top being caused by the rather large initial velocity £2(0). Note, that the time scale
in the right plot of Fig. 3 has been zoomed by a factor of 10.

In the configuration space SE(3), we have X = RU resulting in hidden constraints
0 = — X — U with a constraint matrix B = (—X —1I3) that is constant and does
not depend on ¢ € G. The equations of motion are given by

JR+ 2 xJ2+XxA=0, (22a)
mU+m2xU—-X=R"my, (22b)
X-R'x=0 (22¢)

with kinematic relations (3). The position coordinates ¢ = (R, x) coincide for both
formulations (21) and (22) but there may be substantial differences between the
velocity coordinates u(z) in the inertial frame and their counterparts U(#) in the
body-attached frame. This is illustrated by the simulation results in Fig.4 that have
been obtained again with time step size 7 = 2.5 x 107°.In SO(3) x R?, we observe
low frequency changes of u(z) that correspond to the solution behaviour of x(¢) in
the left plot of Fig. 3. For the configuration space G = SE(3), we see in the right plot
of Fig. 4 the dominating influence of the large initial velocity £2(0) on the qualitative
solution behaviour of U(¢).

Throughout the paper, we will use the two different formulations (21) and (22) of
the heavy top benchmark problem for numerical tests to discuss various aspects of
the convergence analysis for the generalized-« Lie group integrator.
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o Velocity coordinates: SO(3) x R® 10 Velocity coordinates: SE(3)
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Fig. 4 Heavy top benchmark: Velocity coordinates in the inertial frame (u(¢), left plot) and in the
body-attached frame (U(t), right plot)

2.5 More on the Exponential Map

Equation (7) illustrates the crucial role of the exponential map for multibody system
models that have a configuration space with Lie group structure. Since the numerical
solution proceeds in time steps, we have to study the composition of exponential
maps with different arguments in more detail. Furthermore, the proposed Lie group
time integration methods are implicit and rely on a Newton—Raphson iteration that
requires the efficient evaluation of Jacobians (Gh/0v) (q o exp(V)) for vector-valued
functions h : G — R'. In the present section, we follow the presentation in (Hairer
et al. 2006, Sect. I11.4) to discuss these rather technical aspects of Lie group time
integration.

For matrix Lie groups, the exponential map exp is given by the matrix exponential.
For s € R and any matrices A, C € R"*", the series expansion (8) shows

exp(sA) exp(sC) = (I, + sA + §A2>(Ir +5C+ %CZ) +0(s%)
=L +sA+C)+ g(A2 +2AC + C*) + O(s?)
=L +sA+0C) + ;(A +C)* + %[SA, sCl+ O(s?)
= exp(sA +sC + %[SA, sCl) + OGs?), (s — 0)

with the matrix commutator [A, C] := AC — CA that vanishes iff matrices A and C
commute. For a slightly more detailed analysis of the product of matrix exponentials,
we use the Baker—Campbell-Hausdorff formula, see (Hairer et al. 2006, Lemma
[I1.4.3), to get the following estimate:
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Lemma 2.5 For s — 0, the product of matrix exponentials exp(sA) and exp(sC)
satisfies

exp(sA) exp(sC) = exp(sA +sC+ %[SA, sCl+ O@s)|I[sA, sC]||) . (23)

Proof The Baker—Campbell-Hausdorff formula defines the argument of the matrix
exponential at the right-hand side of (23) by the solution of an initial value problem
with zero initial values at s = 0. Solving this initial value problem by Picard iteration
with starting guess sA + sC + [sA, sC]/2, we may show that all higher order terms
result in a remainder term of size O(s)||[sA, sC]||, see (23). (I

For fixed argument A, the matrix commutator defines a linear operator
adp : R — R™ | Cr ady :=[A, C] (24)

that is called the adjoint operator. By recursive application of ady we may represent
directional derivatives of the exponential map exp(A) = >_. A’ /i! in compact form:
We denote adg(C) = Cand

ad}t' (C) := ady (ad} (C)) = Aad} (C) —ad}(O)A, (j > 1) (25)
and consider powers (A + sC)!, (i = 0), in the limit case s — 0. Fori = 2, we get
(A +5C)? = A> + 5(AC + CA) + O(s*) = A’ + 5(2AC + ad_» (C)) + O(s?) .

Here, the term ad_, (C) results from the non-commutativity of matrix multipli-
cation and could be represented as well by the adjoint operator ad, itself since
2AC 4+ ad_A (C) = 2CA + ad (C), see (Hairer et al. 2006). The use of ad_4 corre-
sponds, however, to the characterization of the tangent space T, G by left translations
L, see (5) and the discussion in (Iserles et al. 2000). In multibody dynamics, this
characterization implies that vector v in the kinematic relations (6) is a left-invariant
velocity vector. These left-invariant vectors are favourable since the associated rota-
tional inertia are defined in the body-attached frame and the body mass matrices
remain constant during motion (Briils et al. 2011).

Lemma 2.6 For s — 0 and matrices A, C € R™", the asymptotic behaviour of
(A + 5C) and exp(A + sC) is characterized by

i—1 .
(A+s5C) =A +5 Z(jjrl)A"-f—l ad’ ((C)+0(s?), (i=1), (26)
j=0

and
exp(A + 5C) = exp(A) (I, + 5 dexp_, (C)) + O(s?) (27)
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with the matrix-valued function

o0

dexp_,(C) == > ad’ , (C) (28)
j

—~ (j+1)!

that satisfies dexp_, (C) = C whenever A and C commute.

Proof To prove (26) by induction, we multiply this expression from the right by
(A + sC) and observe that A’ sC = sATD=/~1ad’ , (C) with j = 0. Taking into
account the identity

A= ad!  (C) A = AUFD-UFD=1 g/ i l(C) + ATV ad! (),

see (25), we get (26) with i being substituted by i + 1 since

i i _fi+1 - .
(j)+(j+1)_(j+1),(J—O,l,...,t ).

For the proof of (27), we scale (26) by 1/i! and use the series expansion (8) to get

i—1

1. 1 < i o A
exp(A 4+ 5sC) = Z i_‘Al +s z a Z (j _lF I)A’_f_1 ad’ , (C) + O(s?)
i=0 '’ © =0

=0

o] o] 1

[} 1 o )
=S La > > A1 ad ?
At T LG A A O F O

— 1)
i=0 j=0 Ci= J D!

Z7zﬂmm
= exp(A) (I, + s dexp_, (C)) + O(s?).

For commuting matrices A and C, the iterated adjoint operators ad’ A (C) vanish for
all j > O resulting in dexp_, (C) = C, see (28). O

Lemma 2.6 shows that the directional derivative of the matrix exponential is
given by (9/0A) exp(A)C = exp(A) dexp_, (C). In the Lie group setting, we use
this expression to study the Jacobian of vector-valued functions h(q ) exp(i)) w.r.t.
v € R¥. For elements v, W € g, the terms ad_3(W) and dexp_(W) are linear in w €
R* and may be represented by matrix-vector products in R¥ using the notation

(o) : RF = RP*  with Yw = ady(W) = [V, W], (v, w € R¥). (29)
With (29), the operators ady, ad_y and ad]; < correspond to k x k-matrices V, —v and

(—V)/, respectively, and the counterpart to Z = dexp_(W) € g, see (28), is given by
z = T(v)w € R* with the tangent operator
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oo
T: R - R T(v) =D
i=0

-
G+ D (30)

see (Iserles et al. 2000). Using the chain rule, we obtain

Corollary 2.7 Consider a continuously differentiable function h: G — R and a
matrix-valued function H: G — R'*¥ that represents the derivative of h in the sense
that

Dh(q) - (DLy(e) - W) = H(@)w, (w € RY),

see (14). The Jacobian ofh(q o exp(V)) w.r.t.v e RF is given by

Jh ~

E(q o exp(V)) = H(q o exp(v))T(v) . (3D
Remark 2.8 (a) For commuting elements of the Lie algebra (v, W € g with [V, W] =
0), the adjoint operator vanishes resulting in Vvw = 0; and T(v)w = w. Therefore,
the tangent operator satisfies T(v)v = v, (v € R¥), and Corollary 2.7 implies

dh - ~
o (g o exp(¥V)) = H(g o exp(9¥))v (32)

with ¥ € R and any vector v € R,

(b) The efficient evaluation of the tangent operator is essential for an efficient
implementation of implicit Lie group integrators. In the Lie group G = SO(3), the
hat operator maps € € R* to € := & with the skew symmetric matrix £ being
defined in (2). Similar to Rodrigues’ formula (10), the tangent operator Tso(3) may
be evaluated in closed form (Briils et al. 2011):

sin &

cosd —1 ~
Tsow(®@) =1 + —_5— @+ @2‘1’ . (33)

For G = SO(3) x R?, the Lie algebra g = s0(3) x R? is parametrized by vectors
v=(2",u")T e R° and we get

V= blockdlag ( gi, 03><3 ) N TSO(3)><R3 (V) = blockdlag (Tso(g,)(ﬂ), I3 ) .

More complex expressions are obtained for the Lie group G = SE(3) and its Lie
algebra se(3) that is parametrized by vectors v = (", UT)T e R® with

(2053
v_(U 9). (34)
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Using the identities 523~=~—<I>2§Z, uQ =-(Q'UL+QU", U9+ QU = —
®2U — (TU)Q and QUL = —(27U)Q with ® := ||2])», we prove by induction

A+ e B 0353
T\ (DU -2=H)(QTUe (-

and

~2
S22 _ (-3 @ 0353
(—0)) (TR + QU) — 2(—d) (TR (-0 @’
for all [ > 0 and get the tangent operator

_ Tso@3) () 03,3
Tsecy (®) = ( Sse3)(82,U)  Tsos) () 35)

with Sgg(3) (0, U) = —U/2 and

1 ~ sin ®
Sse3) (2, U) = &(—(1 —cos ®)U + (1 i

l1—cos® sind ~
2 — QU
+ (22— o )@ Lo+

) (UL + QU)+

1 sin ¢
+E(l—cos©—3(1—

) (szTU)ff)

if & # 0, see (Briils et al. 2011 and Sonneville et al. 2014, Appendix A).

(c) If R* with the addition is considered as a Lie group, then we get V = 0;; and
Tg« (v) = I for any vector v € R* since the group operation is commutative.

(d) Similar to the discussion in Example 2.1(c), we observe for direct products
like SO(3) x R3 that the matrix V and the tangent operator T(v) are block-diagonal.
In (SO(3) x RN and (SE(3))", the tangent operators are given by

Ton ((vi, V2, ..., vy)) = blockdiag, _;_y Tg(v;) € ROV*V

with G = SO(3) x R? and G = SE(3), respectively.

3 Generalized-a Lie Group Time Integration
The time integration of the equations of motion (15) by Lie group methods is based
on the observation that (15a) implies

2
qgt+h)=q(@)o exp(hV(t) + %50) + (’)(h3)) , (h—=0). (36)
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In Sect.3.1, a generalized-a Lie group method for the index-3 formulation (15)
is introduced. In Sect. 3.2, we recall some well-known facts about order, stability
and “overshooting” of generalized-a methods in linear spaces. For the heavy top
benchmark problem, second-order convergence of the Lie group integrator and an
order reduction phenomenon in the transient phase may be observed numerically
(Sect.3.3). In Sect. 3.4, we show that the error constant of the first-order error term
may be reduced drastically by an analytical index reduction before time discretiza-
tion. Implementation aspects and the discretization errors in hidden constraints are
studied in Sects. 3.5 and 3.6.

3.1 The Lie Group Time Integration Method

As proposed by Briils and Cardona (2010), we consider a generalized-a method for
the index-3 formulation (15) of the equations of motion that updates the numerical
solution (g, V,, a,, A,) in a time step t,, — ¢, + & of step size & according to

Gni1 = qu 0 exp(hAq,) , (37a)
Aq, =V, + (0.5 — B)ha, + Bha,, (37b)
Va1 = Vo + (1 = y)ha, + vha, 1, (37¢)
(1 — )apst + apay, = (1 — ap)Vup +apv, (37d)

with vectors Vv,,1, A+ satisfying the equilibrium conditions

M(Gni 1) Vi1 = —&(@nt1> Vasts tntr1) — B (Gur 1) Xnt1 5 (37e)
®(g,41) =0. (37f)

The term generalized-o method refers to the coefficients o, oy in the update for-
mula (37d) for the acceleration like variables a,. These auxiliary variables a, were
introduced by Chung and Hulbert (1993) who studied the time integration of uncon-
strained linear systems in linear spaces and proposed a one-parametric set of algo-
rithmic parameters o, o ¢, 5 and y that may be considered as a quasi-standard for
this type of methods, see Sect. 3.2 below.

Method (37) is initialized with starting values go € G and v, € R* that approx-
imate the (consistent) initial values g (#), v(#o) in (15). The starting values vy, ag
at acceleration level are approximations of v(¢y) € R, see (19). The convergence
analysis in Sect. 4 below will show that the starting values need to be selected care-
fully to guarantee second order convergence in all solution components and to avoid
spurious oscillations in the numerical solution \,.

In practical applications, variable step size implementations with error control
are expected to be superior to methods with fixed time step size h. For constrained
systems in linear configuration spaces, a step size control algorithm for generalized-
a methods with o, = 0 (HHT-methods, see Hilber et al. 1977) was developed in
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(Géradin and Cardona 2001, Chap. 11). For this problem class, Jay and Negrut (2007)
proposed a linear update formula for the auxiliary variables a, to compensate a first-
order error term resulting from a step size change at r = ¢,,.

An alternative approach is based on the elimination of these variables a, in
the multi-step representation of generalized-o methods according to Erlicher et al.
(2002). Here, the algorithmic parameters a,, o s, 3 and v have to be updated in each
time step considering the step size ratio h,/ h,, see (Briils and Arnold 2008).

There is no straightforward extension of the results of Erlicher et al. (2002) from
linear configuration spaces to the Lie group setting of the present paper. Furthermore,
the analysis of the error propagation in time integration is simplified substantially
if the time step size h is fixed for all time steps. For both reasons, the convergence
analysis for generalized-« Lie group integrators (37) with variable time step size h,,
will be a topic of future research that is beyond the scope of the present paper.

3.2 The Generalized-o« Method in Linear Spaces

For linear configuration spaces G = R* and unconstrained systems (15) with con-
stant mass matrix M, the generalized-a Lie group method (37) coincides with the
“classical” generalized-a method that goes back to the work of Chung and Hulbert
(1993). Multiplying (37d) by the (constant) mass matrix M and eliminating vectors
Aq, and v, , we get

Qos1 = Qn + hv, + (0.5 — B)h’a, + Bh*a,, , (38a)
Va1 = Vo + (1 = y)ha, + vha, 1, (38b)
0=(1—-a,Ma, +a,Ma, + (1 - af)gn+1 +arg, (38¢)

with g, := g(qy, V4, t,) and vectors q,, q,+1 € R¥ that are typeset in boldface font
to indicate the linear structure of the configuration space.

For a local error analysis, we suppose that a,, approximates v(t, + A,h) with a
fixed offset A, € R, see (Jay and Negrut 2008, Sect.2), and substitute in (38) the
numerical solution vectors qy, V,, a,, g, by q(t,), V(t,), V(t, + A,h) and —Mv(¢,),
respectively. The resulting residuals define local truncation errors I}, 1Y and 12:

Qtns1) = q(t) + hv(t,) + (0.5 — PRV (1, + Agh)+
+ BV (o1 + Agh) +18,  (39a)
V(tur1) = V(t) + (1 — Phv(t, + Agh) + Yty + Agh) + 10, (39b)
ME = (1 — a,)MV(ty11 + Agh) + o, MV (8, + Agh)—
— (I —ap)MV(ty41) —afMV(@,) . (39)

For sufficiently smooth solutions q(¢), the local truncation errors in (39) may be
analysed by Taylor expansion of functions q(¢), v(¢) and v(¢) att = t,,:



A Lie Algebra Approach to Lie Group Time Integration of Constrained Systems 111

19 = C,h*¥(1,) + Oh*) with C, := (1 —68—3A,)/6, (40a)
IV = (05— A, — NE%(t,) + OK), (40b)
B = (Ag — (n — ap)hii(s,) + O(h?) . (40¢)

We get local truncation errors Ii = O(h%), I = O(h?) and I2 = O(h?) if the algo-
rithmic parameters satisfy the order condition

y=05—A, with A, :=a, —ay. (41)

Chung and Hulbert (1993) studied the scalar test equation § + w?q = 0 with peri-
odic analytical solutions g (¢) = ¢; sinwt + ¢; cos wt and observed that (38) results
in a frequency-dependent linear mapping (¢,, Vn, a,) > (@u+1, Vn+1, Ane1). Scaling
the update formulae (38a, 38b) by factors 1/4% and 1/h, respectively, we get

(/wlj)z 0 —p w1261n+1 (h+)v 105-p5 wlzqn
0 1 — o | = 0 1 1—4 L,
l—ap01—ay An+1 —ar 0 —ay a,
=Ty, = Znt) =T, =:1z,

Recursive application yields z, = T} _zo with Ty, := (T} )~'T9 . Therefore, the
stability and (numerical) damping properties of the generalized-o method (38)
applied to § 4+ w?g = 0 may be characterized by an eigenvalue analysis of Ty, €
R3**3. Chung and Hulbert (1993) propose to choose a user-defined parameter po, €
[0, 1] to characterize the numerical damping properties in the limit case hw — oo.
They show that the algorithmic parameters ., o, 8 and y may be defined such that
the order condition (41) is satisfied and the spectral radius o(T},,) is monotonically
decreasing for hw € (0, 400) with limy,,_0 0(Ts,) = 1 and 0(Teo) = pPoo:

2000 — 1 Poo 1 1 1,
Oy = ———, Of = s = -4« — Oy, = — =+ = . 42
pot 1 YT 1 T T f=z0+37 @2

For these parameters, all three eigenvalues of Tj,, = T, (poo) coincide in the limit
case hw — oo and the Jordan canonical form of Toy (pso) € R3*? consists of a single
3 x 3 Jordan block for the eigenvalue 11 1= — oo, i.€., Too (Poo) = X()J ()X (1)
with

pol0 =@ —=Q+mw 0
1+u
Jw:=(0 p 1), X@w:=( 0 1 T
0 0 1% O 1 0

With algorithmic parameters o,, af, B and  according to (42) and a damping
parameter p,, < 1, the linear stability of the generalized-a method (38) is always
guaranteed. For the test equation § + wzq = 0, the numerical solution (g,, v, a,) "



112 M. Arnold et al.

will finally be damped out for any starting values go, vo, ao since z, = T}, (pso)Zo
and lim,,_, o T}, (poo) = 0 because o(Ty, (pc)) < 1, (hw € (0, 00) ).

In a transient phase, however, ||z, || may be much larger than ||zy| since ||T"|]
may be much larger than (o(T))"” for matrices that are not diagonalisable (non-
normal matrices). Typical values are max,, | T"|| = | T?|» = 7.4 for T = Too(po0)
with po = 0.6 and max,, | T[> = || T"||l, = 34.3 for T = Tu (poo) With p = 0.9.
In structural dynamics, this phenomenon is called overshooting since |g,| may
grow rapidly in a transient phase before the numerical dissipation results finally
in lim,_, ¢ g, = 0. Overshooting is a well-known problem of unconditionally stable
Newmark-type methods with second-order accuracy (Hilber and Hughes 1978) and
may be a motivation to prefer first-order accurate Newmark integrators in industrial
multibody system simulation (Sanborn et al. 2014).

In the quantitative error analysis, we denote the global errors of the generalized-«
method in linear spaces by efl') with (e)(t,) = (e), + e,(,'). For the auxiliary vectors
a, that do not have a corresponding component of the analytical solution, we take
into account the offset parameter A, from (41) and define the global error e? by
v(t, + Aqh) = a, + €2, For the scalar test equation g + w?q = 0, these global errors
as well as the local errors I, 1Y, 14 are scalar quantities and T:[wan = Tngn implies

1
wep, wef ﬁlz
1 1
T | —ery | =T | —er |+ L | 43)
h, h "
€nt1 €n 19

see (39). As before, the first and second row are scaled by 1/ 42 and 1/h, respectively.
The resulting first-order error term ;! / h? = C,hi(1,) + O(h?) may strongly affect
the result accuracy.

This order reduction phenomenon is known from the convergence analysis for the
application of Newmark-type methods to constrained mechanical systems in linear
configuration spaces, see (Cardona and Géradin 1994). In the limit case w — oo,
the transient solution behaviour is dominated by an oscillating first-order error term
that is finally damped out by numerical dissipation. To study this qualitative solution
behaviour in full detail, we introduce a new variable \ := w?q and rewrite the test
equation as a singular singularly perturbed problem with perturbation parameter
€ := 1/w, see (Lubich 1993):

L 4=-
jH+uwig=0 & 1 (44)

The corresponding reduced system (¢ = 0, i.e., w — 00) is a constrained system
(15)withG =Rand k =m = 1:
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§=—\
04 (43)
With the notation )\, := w?q,, the generalized-a method (38) for the singularly
perturbed system (44) converges for w — oo to the generalized-a method (37) for
the constrained system (45) and we get in (43) both for finite frequencies w and in
the limit case w — 00:

T ey = Thoeh +1; (46)
with
0
A
R A - N LAy
e, = |r, |, I =] Zpp 42t 47
o h" h?
n ZZ
and 1 1 1
o= (e + o 1) = 2 len + Coh?i(1y)) + O(h?). (48)

The error recursion in terms of e

-, Iy and e;; provides the basis for a detailed conver-
gence analysis:

Theorem 3.1 Consider the time discretization of the linear test equations (44) and
(45) by a generalized-o method with parameters oy, oy, 8 and v according to (42)
for some numerical damping parameter ps, € [0, 1).

(a) The discretization errors are bounded by

I = O, leh,, — Twelll = Ok, (49)
el — T efll = Oh?) (50)

and
lesll < 1T, I llefll + O . (51)

(b) For starting values Ny = \(tg) + O(h?), ap = V(ty + Ay h) + O(h?), we have
llegll = O(h) if vo = v(tp) + O(h?). This error estimate may be improved by
one power of h perturbing the starting value vy such that

v = v(to) + C,h*i(19) + O(’) . (52)
In that case, we get |[€t|| = O(h?), (n > 0).
Proof (a) Because of

1 =18 = Ch®(§(tyy1) — (1) + O(*) = O(*),

n
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the local error term I, is of size O(h?), see (40), and (49) is a direct consequence of the
error recursion (46). The assumptions on parameters o,, o ¢, 3 and v imply o(Th,,) <
1 and the existence of anorm || T||, with x := || T, ||, < 1, see, e.g., (Quarteroni et al.
2000, Sect. 1.11.1). Therefore,

ey — Thoeolly < lley — Thoey_ll, + I Thoe,_; — Ty €5,
-1
< lle;, — Thoey_llp + I Thll, ll€,_y — T, €l

hw
< Ch* +kle_, — T efll,
with an appropriate constant C > 0, see (49). Recursive application of this error
estimate results in

n—1
. 1
le; = Thoefll, < D n' Ch* + " llef — Tjefll, < —— Ch?
i=0

and (50) follows from the equivalence of all norms in the finite dimensional space

R3. Error bound (51) is a straightforward consequence of the triangle inequality.
(b) We get ||ef|| = |ro| + O(h?) and the estimates for ||ef|| and for [|€f ||, (n > 0),

follow from the definition of 7,,, see (48), and from part (a) of the theorem. U

The most natural choice of starting values A\ := A(ty), vo := v(fy), ap := v(ty +
Ayh) yields e = (0, ro, 0)" with ry = C, hi(ty) + Oh?), see (48). In error
estimate (50), we obtain for v (fy) 7# 0 a first-order error term being amplified by
matrix-valued factors T},  that are well known from the analysis of the “overshoot”
phenomenon by Hilber and Hughes (1978). In the limit case hw — oo, this term
may be studied in more detail using the Jordan canonical form of T, see (Cardona
and Géradin 1989, 1994). We get

T2, €f = X(— o) I (—po0) X~ (—poc) €

with the Jordan block J(—ps) € R3*3. It may be verified by induction that the
non-zero elements of J'(—po) are given by (—pso)”’, n(—peo)* ' and n(n —
1)(—poc)"~2/2. Straightforward computations show that the global error e (that
coincides up to a term of size O(h?) with the first component of T% ef ) satisfies
e) = c,hii(ty) + O(h?) with

2N 2 n—2 n—1
cn = Cy(1 + poo) (5(" — D(p5 — D(=poo)" > 4+ 12 = psc)(—psc)" ") .

(53)
After a transient phase, the first-order error term c,hv(fy) is damped out since
lim,_, » ¢, = 0 for any p € [0, 1). In the transient phase, however, the error con-
stants ¢, may become very large with maximum absolute values of size |c3| = 6.8

for poo = 0.6, |c15] = 31.9 for poo = 0.9 and |cy61| = 334.3 for py, = 0.99.
For the test equation (45) itself, this error analysis has not much practical relevance
since g (t) = 0 implies () = 0 and e, = 0 for exact starting values Ay = A(fp) =0,
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vo = v(ty) =0, ag = v(ty + A,h) = 0. Substituting the trivial constraint ¢ = 0 by
a rheonomic constraint ¢(t) = ¢3/6, we may construct, however, a slightly more
complex test problem with non-vanishing first-order error term ro = C,h since Ij =
C,h*i(t,) = C,h* and the local truncation errors [?, I¢ vanish identically. For this
test problem, the global error in A really suffers from order reduction since e = ¢, .
The convergence analysis for generalized-o methods shows that this order reduc-
tion phenomenon is typical for the initialization of method (37) with exact starting
values Ay = (%), vo = V(tp) and ag = v(fp + A,h), see (Arnold et al. 2015) and
Sect.4 below. For linear configuration spaces (G = R¥), the global error in X is
bounded by
[BM™'B"](q(t)) e = c,h B(qto))¥(10) + O(h?) (54)

with the error constants ¢, being defined in (53). The undesired first-order error term
is nicely illustrated by numerical test results for the mathematical pendulum, see
(Arnold et al. 2015, Sect.2.3):

Example 3.2 Consider a mathematical pendulum of mass m and length [ in Cartesian
coordinates q = (x, y) T with constraint (x2 + y> — [2)/2 = 0, see (15¢). In (15), we
have M = mI,, g = (0, g)T withm =1 =1, g = 9.81 (here and in the following,
all physical units are omitted). We fix the total energy E = m (i3 + y3)/2 + mgyo
to E = m/2 — mgl and determine the consistent initial values xo, yo, X0, Yo and Ao
by the initial deviation xy from the equilibrium position.

Method (37) is applied with algorithmic parameters according to (42) and damping
parameter po, = 0.9. The starting values are set to qo := (xo, yo) ', Vo := (X0, Yo) "
and Vo := (¥, Jo) | with accelerations ¥j, ji, that are obtained from evaluating
the equations of motion for the consistent initial values xo, yo, X0, Yo, Ao- The
acceleration like variables a,, are initialized with ag = V(fy) + A hV(ty) + Oh?) =
V(to + Anh) + O(h?) using the starting value Vo = V(#) and a difference approxi-
mation of V().

Figure 5 shows on a short time interval the global error in A for initial values xo = 0
(marked by dots) and xo = 0.2 (marked by “+”) for two different step sizes k. If we
start in the equilibrium position, the error is very small but for xo = 0.2, the oscillating

h =2.0E-2 h=1.0E-2
0.3 0.3
+++4

< 02f T < 02
c o1l.t “++++ c
P 1+ + « 01} +#
g N ++++++ g :+
o) [0 R + ;.+. o) 0 -
© + +++ = +
3 01}, RS 8 01}™
o + ++++ (To)
(O + + N

0.2 gttt 0.2

-0.3 -0.3

0 0.5 1 0 0.5 1

t t

Fig. 5 Mathematical pendulum: Global error in A for xo = 0 () and x9 = 0.2 (“+”)
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error in )\ reaches a maximum amplitude of 2.48 x 10! for 4 = 2.0 x 1072 and
1.23 x 107! for & = 1.0 x 1072 After about 100 time steps these transient errors
are damped out.

The numerical results in Fig. 5 show that in the transient phase the generalized-«
method (37) may suffer from spurious oscillations of amplitude O(h). According to
(54), this first-order error term is given by c,h B(q(t))V(to) with B(q(1))V(ty) =
—3gxpxo/yo. Therefore, the spurious oscillations and the order reduction disappear
if we start at the equilibrium position xo = 0. Reducing the damping parameter poo
in (42), the oscillations are damped out more rapidly but may still be observed.

3.3 Numerical Tests for the Heavy Top Benchmark Problem

In the present section, we study the convergence behaviour of the generalized-« Lie
group integrator (37) numerically. We use algorithmic parameters according to (42)
with the numerical damping parameter p., = 0.9 and apply (37) to the equations
of motion (21), (22) of the heavy top benchmark problem in configuration spaces
G = SO(3) x R? and G = SE(3), respectively. Initial values ¢ (t), v(t) are given
in Sect.2.4. In the numerical tests, the integrator was initialized with starting values
qo0 = q(ty), vo := v(ty), Vo := V(ty) and ay := v(fy) with v(#y) denoting the consis-
tent acceleration vector being defined in (19).

In Fig. 6, the asymptotic behaviour of the global errors in g,,, v, and A\, for h — 0
is visualized in terms of the maximum max, ||e,(l') II/ll(®),|l of the norm of relative
errors in the time interval [fg, fena] = [0, 1]. Here, the numerical solutions for & =
1.25x 1074, h=25x10"*, h =5.0x 107*,...,h = 4.0 x 1073 are compared
to a reference solution that has been obtained numerically with the very small time
step size h = 2.5 x 107>, In double logarithmic scale, the plots of global errors in g,
and v,, are straight lines of slope +2 (for both configuration spaces). These numerical
test results indicate second-order convergence for components g and v.

1o Heavy top in SO(3) x R® 100 Heavy top in SE(3)
S S
o 10 & 10
R R
= 10 s 10
° °
-3 -3
£ 10 —o—al| §" —
= 107" kv = 107 v
= —a— 1 < —a—
10_5 —4 -3 -2 10_5 4 3 2
10 10 10 10 10" 10
h h

Fig. 6 Heavy top benchmark (index-3 formulation): Global error of integrator (37) versus & for
t € [0, 1]. Left plot SO(3) x R3, right plot SE(3)
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The error constants depend on model parameters, initial values and configuration
space. With the test setup of Sect. 2.4, the velocity components v(¢) vary much more
rapidly for G = SE(3) than for G = SO(3) x R?, see Fig. 4. This might explain the
substantially larger error constants for g, and v, in the right plot of Fig. 6. For other
setups, much smaller error constants have been observed for the configuration space
SE(3), see, e.g., the numerical test results of Briils et al. (2011) for a slowly rotating
top with an initial angular velocity £2(0) that has been reduced by a factor of 100.

Note, that Fig.6 shows the norm of relative errors. The rather large nominal
values of v(¢) with ||2(0)|| = 150.0 result systematically in relative errors that have
a substantially smaller norm than the ones in the position coordinates g (t).

For the Lagrange multipliers A(¢), we observe order reduction since slope +1
of the curve for the global errors in A, in the left plot of Fig. 6 indicates first-order
convergence. The testresults for G = SE(3) in the right plot of Fig. 6 are qualitatively
different from the ones in the left plot since they indicate second-order convergence
for all solution components. A formal proof of this numerically observed convergence
behaviour will be given in Theorem 4.18 and Example 4.19 below.

Guided by the test results for the mathematical pendulum in Example 3.2, we
expect that the order reduction phenomenon might affect the numerical solution
only in a transient phase and the first-order error terms in A, are finally damped out
by numerical dissipation. This is nicely illustrated by Fig. 7 that shows the numerical
solution A, ; for ¢ € [0, 0.1] and two different time step sizes. In the configura-
tion space G = SO(3) x R (solid lines), spurious oscillations are observed that are
damped out after about 50 time steps and have a maximum amplitude that depends
linearly on /. Beyond this transient phase, the results coincide up to plot accuracy with
the dashed lines showing simulation results for the configuration space G = SE(3)
that do not suffer from order reduction.

Neglecting the transient behaviour, we observe for both Lie group formulations
second-order convergence in all solution components, see Fig. 8 that shows the max-
imum of the norm of global errors in time interval [0.5, 1], i.e., beyond the transient
phase.

500 500
1 1
250 250
z z
— 0 — 0
< <
< <
-250 -250
-500 -500
0 0.02 0.04 0.06 0.08 0.1 0 0.02 0.04 0.06 0.08 0.1
Time t[s] Time t[s]

Fig.7 Heavy top benchmark (index-3 formulation, G = SO(3) x R3 and G = SE(3)): Numerical
solution of Lagrange multiplier ), 1. Left plot h = 1.0 x 1073, right plot h = 5.0 x 10~
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1o Heavy top in SO(3) x R® o Heavy top in SE(3)
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Fig. 8 Heavy top benchmark (index-3 formulation): Global error of integrator (37) versus & for
t € [0.5, 1. Left plot SO(3) x R3, right plot SE(3)

| x 107"° Heavy top in SO(3) x R® X 10"®  Heavy top in SE(3)
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Fig. 9 Heavy top benchmark (4 = 1.0 x 1073, index-3 formulation): Residuals in constraints
(15¢). Left plot SO(3) x R3, right plot SE(3)

By construction, the Lie group integrator (37) defines a numerical solution g,
that satisfies the holonomic constraints ®(g) = 0. In a practical implementation, the
residuals remain in the size of the stopping bounds for the Newton method that is used
to solve in each time step the system of nonlinear equations (37). For the numerical
tests we applied a combined absolute and relative error criterion with tolerances
ATOL = 10~'° for the absolute errors and RTOL = 10~# for the relative errors and
observe constraint residuals of size || ®(g,)| < 107'°, see Fig.9.

Situation is different for the residuals in the hidden constraints (16) that are in
general of the size of global discretization errors since B(q (t))v(t) = 0. The left
plot of Fig. 10 shows these non-vanishing residuals B(g,)v, for 7 = 1.0 x 1073 and
G =S0@3) x R3. They are of size |B(g,) v, || < 0.025 and suffer from the transient
spurious oscillations being known from Fig.7 above. For the configuration space
G = SE(3), the constraint residuals are smaller by eight orders of magnitude with
max,, |B(g,)v,|l &~ 1.0 x 107'°. This unexpected solution behaviour is visualized
in the right plot of Fig. 10. It is closely related to the fact that the constraint Jacobian
B(g) in (22) is constant along the analytical solution ¢(#), see Sect. 3.6 below for a
more detailed analysis.
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Heavy top in SO(3) x R® x 10 ° Heavy top in SE(3)
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Fig. 10 Heavy top benchmark (& = 1.0 x 1073, index-3 formulation): Residuals in hidden con-
straints (16). Left plot SO(3) x R3, right plot SE(3)

In all numerical tests of the present section, the numerical damping parameter was
set to pso := 0.9. The qualitative behaviour of the numerical solution in configura-
tion spaces SO(3) x R? and SE(3) is, however, not sensitive w.r.t. this algorithmic
parameter, see, e.g., the results for po, = 0.8 and the test setup of Fig.7 in (Briils
etal. 2011) and the results for po, = 0.6 and the test setup of Fig. 20 below in (Arnold
et al. 2015).

3.4 Lie Group Time Integration and Index Reduction

The large amplitude of spurious oscillations in the numerical solution \,, see Fig. 7,
results from order reduction in Newmark-type methods that are directly applied to the
index-3 formulation of the equations of motion for constrained mechanical systems,
see (Cardona and Géradin 1994) and (Arnold et al. 2015). As an alternative to this
direct time discretization of the index-3 Lie group DAE (15) we consider in the
present section an analytical index reduction before time integration. We follow the
approach of Gear et al. (1985) that is well known for equations of motion in linear
spaces and was extended to the Lie group setting of the present paper in (Arnold
etal. 2011a).

Gear et al. (1985) introduced an auxiliary vector n(¢) € R” in the kinematic
equations to couple the hidden constraints at the level of velocity coordinates to the
equations of motion. In the Lie algebra approach to Lie group time integration, these
modified kinematic equations get the form () = DLy (e) - Aq(t) with Aq € g
being defined by Aq = v — BT (¢)7, see (6). The resulting stabilized index-2 for-
mulation of the equations of motion is given by

G =DLy(e)- Aq, (55a)

Aq=v—-B'(g)n, (55b)
M(q)V = —g(q.v,t) =BT ()X, (55¢)
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P(g)=0, (554d)
B(g)v=0. (55¢)

For the modified kinematic equations (55a), the time derivative of the holonomic
constraints (55d) is given by 0 = B(g) Aq, see (16). Therefore, Egs. (55b) and (55¢)
yield 0 = [BB71(g)n and n(z) = 0 since the full rank assumption on the constraint
matrix B € R”*¥ implies that BBT € R”*™ is non-singular. Hence, Aq(t) = v(¢)
and the stabilized index-2 formulation (55) is analytically equivalent to the original
equations of motion (15).

The index analysis of Gear et al. (1985) is extended straightforwardly from linear
spaces to the Lie group setting of the present paper and shows that the analytical
transformation from (15) to (55) reduces the DAE index of the equations of motion
from three to two.

The generalized-a method for the index-2 system (55) satisfies at ¢t = t,,4; the
holonomic constraints (55d) as well as the hidden constraints (55¢). An auxiliary
vector 17, € R™ is added to the definition of the increment vector Ay, see (55b):

Gns1 = qu o exp(hAq,) , (56a)
Aq, =v, —BT(g,)n,+ (56b)
+ (0.5 — B)ha, + Bha, i,
Vot1 = Vp + (1 —y)ha, + yha,y, (56¢)
(I — am)ay1 + apa, = (I — af)Vayr + apvy,, (56d)
M(Gni1) Vi1 = —&(@nt15 Vas1s tar1) — B (@) Ant1 (56¢)
®(g.r1) =0, (56f)
B(gnt+1)Vur1 =0. (56g)

Following the test scenario of Sect. 3.3, we study the asymptotic behaviour of inte-
grator (56) for h — 0 by numerical tests for the heavy top benchmark in configuration
spaces G = SO(3) x R3*and G = SE(3), respectively. As before, we scale the norm
of the (absolute) global errors by the norm of nominal values and consider the maxi-
mum of these relative errors in time interval [fg, fena] = [0, 1]. Figure 11 shows these
maximum values of the norm of global errors in g,,, v, and \,, versus time step size A.
In double logarithmic scale, we get in the step size range 4 > 2.5 x 10~* curves of
slope +2 indicating second-order error terms in all solution components.

For the configuration space SO(3) x R? (left plot) and very small time step sizes
h < 2.5 x 1074, the errors in A, are dominated by a first-order term. On the other
hand, the error constants of the second-order error terms are slightly smaller than
the ones in the corresponding plots for the index-3 integrator (37), see Figs. 6 and 8.
The results for configuration space SE(3) in the right plot of Fig. 11 coincide up to
plot accuracy with the ones in Figs. 6 and 8.
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Fig. 11 Heavy top benchmark (stabilized index-2 formulation): Global error of integrator (56)
versus h for ¢ € [0, 1]. Left plot SO(3) x R3, right plot SE(3)
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Fig. 12 Heavy top benchmark (A = 1.0 x 1073, stabilized index-2 formulation): Numerical solu-
tion A,,. Left plot SO(3) x R3, right plot SE(3)

The comparison of time histories for A, in Figs.7 and 12 shows that the spurious
oscillations seem to disappear if hidden constraints are taken into account for time
integration, see (56g). For a more detailed analysis, we consider in Fig. 13 the relative
global error in )\, | for G = SO(3) x R? and two different time step sizes. There is
an oscillating first-order error term of maximum amplitude 0.64 & that is rapidly
damped out. For time step sizes 7 > 5.0 x 104, it does not contribute significantly
to the overall global error in A, on time interval [0, 1] that is approximately of size
3.0 x 10° h?, see Fig. 11.

The test results in the right plot of Fig. 10 indicate that the index-3 integrator
(37) yields for the heavy top benchmark in G = SE(3) a numerical solution g, v,
that satisfies the hidden constraints (56g) up to (very) small residuals. Therefore, the
auxiliary variables ), € R™ that represent the differences between integrators (37)
and (56) vanish in that case identically, see also Sect. 3.6 below.

For the configuration space G = SO(3) x R?, we observed in the left plot of
Fig. 10 non-vanishing constraint residuals B(g,)v, for the index-3 integrator (37).
In integrator (56), they are compensated by auxiliary variables 7, = O(h?) for the
stabilized index-2 formulation of the equations of motion. Figure 14 shows n),, versus
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Fig. 13 Heavy top benchmark (stabilized index-2 formulation, G = SO(3) x R3): Global error
e)' /I Anll. Left plot h = 1.0 x 1073, right plot h = 5.0 x 10~4
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Fig. 14 Heavy top benchmark (stabilized index-2 formulation, G = SO(3) x R3and G = SE(3)):
Numerical solution 7,,. Left plot h = 1.0 x 1073, right plot h = 5.0 x 1074

t, for two different time step sizes. The maximum amplitudes of n), differ by a factor
of 4 if step sizes & and h/2 are considered, h = 1.0 x 1073. Therefore, we expect
second-order convergence for solution components 7,,.

Finally, we study the constraint residuals for a practical implementation of inte-
grator (56). As before, the residuals in the holonomic constraints (15c¢) at the level
of position coordinates are very small. For the hidden constraints (16) at the level of
velocity coordinates, the residuals for integrator (56) are shown in Fig. 15. For the
heavy top benchmark, they are of size 2.0 x 10~ for G = SO(3) x R? and of size
2.0 x 107" for G = SE(3).

In all these numerical tests for integrator (56), the extra effort for considering the
hidden constraints (16) helps to reduce systematically shortcomings like spurious
oscillations that were observed for the index-3 integrator (37) in Sect. 3.3.

3.5 Implementation Aspects

In each time step, the generalized-o method (37) defines the numerical solution
(Gn+1s Vat1s Va1, @nil, Any) implicitly by a mixed system of linear and nonlinear



A Lie Algebra Approach to Lie Group Time Integration of Constrained Systems 123

x 10~° Heavy top in SO(3) x R® 5 X 10'° Heavy top in SE(3)

0 002 004 006 008 0.1 0 002 004 006 008 0.1
Time t[s] Time t[s]

Fig. 15 Heavy top benchmark (h = 1.0 x 1073, stabilized index-2 formulation): Residuals in
hidden constraints (16). Left plot SO(3) x R3, right plot SE(3)

equationsin G x R¥ x R¥ x R¥ x R™, Despite the nonlinear structure of the config-
uration space G, these equations may be solved numerically by a Newton-Raphson
iteration in a linear space expressing ¢,+1 € G in terms of Aq,, € g.

For the practical implementation of this Lie algebra approach, the Newton—
Raphson method has to be combined with an appropriate scaling of equations and
unknowns to guarantee that the condition number of the iteration matrix is bounded
independently of £, see (Petzold and Lotstedt 1986) and the more recent discussion
in (Bottasso et al. 2007). Denoting the scaled residual in the equilibrium conditions
(15b) by

rn(q. V.V A 1) = h(M(@)¥ +8(g.v. ) + BT (q) - hX,

we may rewrite the corrector equations (37) in the scaled and condensed form

0=V, = ( r{0(AG), VA, VA% BAris, ) ) 57)
’ E ®(q(Aqy))
with €, == ((Aq,) ", kA, )" € RF™ and
Gni1 = q(AQ,) := g, o exp(hAq,), (58a)
Vort = V(Aq,) = %Aqn +(1 - %)vn +h(1 - %)an , (58b)
Vit = V(AQ,) = ﬂ(ll__o‘;f) (A " —0.58,) + al__;';ffv (58¢)

The Newton—Raphson iteration

Vi

n+1 a€ (€n+1

k+1 k k .
g =€l + AEY)| with

YAEW, = —w,, ") (59)
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may be started, e.g., with the initial guess &) = (v, +0.5ha], hA])T, see also

(Briils et al. 2012, Table 1) for an alternative definition of 52(21 and for a more detailed
description of the full algorithm. The iteration matrix 0¥, ,/0& has a 2 x 2-block
structure

1—ay ol
ow,, — " M+h-D+HKT BT
2 = | Ba-ap T (60)
3 BT 0

with mass matrix M = M(¢(Aq,)) € R**¥, damping matrix

0
D= 8—f(q(Aqn>, VAQ). fs1) € RO

constraint matrix B = B(¢(Aq,)) € R™** and the tangent operator T = T(hAq,) €
R¥*¥ that results from the derivative of the exponential map in (58a), see Corollary
2.7. The stiffness matrix K = K(g, v, v, A, ) € RExk represents the partial deriva-
tives of the equilibrium equations (15b) w.r.t. ¢ € G in the sense that

D,(M(q)v+g(q.v.t) + B"()A) - (DL, (e) - W) = K(q. v, V, A, ) w

for all w € R, It is evaluated at ¢ = g(Aq,), Vv = V(AQ,), V = V(AQ,), A = Ay
and t = f,41.

The algorithmic parameters c,,, oy and 3in (37) satisfy o, # 1,5 # 1and 3 #
0 since otherwise g,,+; would be independent of v,.;; (and therefore also independent
of the equilibrium equations (37¢) att = #,11). Hence, the iteration matrix 0¥, ;, /0§
in (60) is non-singular for sufficiently small time step sizes 4 if the mass matrix M(q)
is symmetric, positive definite and the constraint matrix B(g) has full rank (note, that
T(hAq,) =I; + Oh)).

For sufficiently small time step sizes & > 0, the convergence of the Newton—
Raphson iteration (59) may always be guaranteed under reasonable assumptions on

qns> Vn:

Lemma 3.3 Ifa, # 1, ay # 1, 8 # 0 and the numerical solution satisfies att = t,
the (hidden) constraints with residuals || ®(q,)| < Yoh and ||B(q,) V.| < Y and a
sufficiently small constant yy > O then the generalized-o method (37) is well defined
since the Newton—Raphson iteration (59) with initial guess 5,(1(21 = (V;lr ,0NHT 4+
O(h) converges for all sufficiently small time step sizes h > 0 to a locally uniquely

defined solution of (57) with &, ; = 5}21 + Oh) + O().

Proof The assumptions on ®(g,), B(g,)v, and 5521 are sufficient to prove
v, ,(E7) = O(h) + O(vp) sincer;, = O(h) by definitionand ¢ (AqL) = g(v,) +
O(h) = g, o exp(hv,) + O(h) resulting in
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1 d ~
W 1 (q(Aq)) | = - 1®(g0) + A a‘b(qn o exp(h¥,)) + O(h*)]|

A

Q ===~

1@ (gn) 1l + IB(gn © exp(h¥,))Vall + O(h)
(h) +OMo)

see (32). Therefore, the convergence of the Newton—Raphson iteration to a locally

uniquely defined solution§,, | = 62(21 + O(h) + O(y) of (57) is guaranteed when-

ever the constant vy > 0 and the time step size 2 > 0 are sufficiently small (Kelley
1995). O

The corrector equations (56) of the Lie group integrator for the stabilized index-2
formulation (55) may be condensed as well replacing the left equations in (58b, 58¢)
by

Vat1 = V(Aqn + BT(CIn)TIn) s “'n+1 = V(Aqn + BT(QH)nn) .

The resulting scaled system of nonlinear equations is given by

Qh(lAqnv h)‘n-Hs 77;1)
B(q(Aq,))v(Aq, +B'(gx)7,)

with €, == ((Aq,) ", kA, )T € RF2 and

Qh(Aqnv h)‘l’l-‘rl > nn) =
1 (q(AQy), v(AgQ, + BT(g)n,), V(AQ, + BT (g)n,). hAyit, tas1) -

The scaling of equations and unknowns guarantees again that the condition number
of the iteration matrix W, ;, /O€ is bounded for 7 — 0. This iteration matrix has the
3 x 3-block structure

M*+ 1 KT BT M*B'(q,)

0¢ IB+rz 0o  L1BBT(g)
3 oo
with
1 — Oy v
M =—— " M+h-D
B — ay) B

and a matrix Z € R** that represents (9/9(Aq,))B(g(Ag,))v in the sense that

Zw = Z(q(Aq,)) (V(Aq, + B (g,)n,), T(hAq,)W) , (w € RY),



126 M. Arnold et al.

see (17). Using the formal decomposition

I, 0 M'B'(g) M+ O0) BT 0
(9‘1’,1,h _ 0 Im 0 BT ( ) 0 0
0¢ 0 %Im %BBT@”) om 0 I,

see (62), we may verify that the iteration matrix is non-singular if # > 0is sufficiently
small. With the additional assumptions v # 0 and n® = O(h), Lemma 3.3 applies
also to the Lie group integrator (56) for the stabilized index-2 formulation. The
method is well defined and the corresponding condensed system (61) may be solved
by the Newton—Raphson method (59).

In the practical implementation of implicit ODE/DAE time integration methods,
the Jacobian (O, ,/0€) ("5:1121) in the Newton—Raphson step (59) is substituted by
an approximation that is kept constant during integration as long as possible, see,
e.g., (Brenan et al. 1996, Sect.5.2.2). In (Briils et al. 2011), the influence of different
Lie group formulations on the number of Jacobian updates was studied by numerical
tests for the Lie group integrator (37). A very small number of Jacobian evaluations
were observed for equations of motion like (22) that are characterized by a constant
mass matrix M and a constant constraint Jacobian B, see also Lemma 3.5 below.

If the generalized-« integrators (37) and (56) are applied to non-stiff systems
and the time step size 4 is sufficiently small, then we may neglect in (60) and (62)
the terms 2yD/3, h*KT and hZ. For the numerical tests in Sects.3.3 and 3.4, this
simplified Newton—Raphson method was combined with a damping strategy based
on Armijo line search, see (Kelley 1995). Convergence problems in the corrector
iteration were observed for just one simulation scenario (integrator (37) for the heavy
top benchmark, G = SO(3) x R, h = 4.0 x 1073, see the left plots of Figs. 6 and 8).
Here, we had to take into account a difference approximation of the term ~AyD/( +
h?KT in (60).

3.6 Constraint Residuals

Both generalized-« integrators (37) and (56) satisfy by construction the holonomic
constraints (15c) at the level of position coordinates: ®(g,) = 0, (n > 0). For the
stabilized index-2 integrator (56), the hidden constraints (16) at velocity level are sat-
isfied as well: B(g,)v, = 0, (n > 0), see (56g). For the index-3 integrator (37), these
residuals B(g,)v, remain in general in the size of global discretization errors since
B(g(#))v(t) = 0. For some problem classes, the constraint residuals B(g,,)v, vanish,
however, also for the index-3 integrator (37). Therefore, both integrators (37) and
(56) define in that case one and the same numerical solution (g,, V,, V,, a,, A,) with
auxiliary variables n,, = 0, (n > 0). In a practical implementation, the numerical
solutions will coincide up to round-off errors and errors that are caused by stopping
the Newton—Raphson iteration after a finite number of iteration steps.
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In the present section, we show that the numerical solution of the index-3 integrator
(37) will always satisfy the hidden constraints (16) at the level of velocity coordinates
if the constraint Jacobian B is constant (Lemma 3.4). In Lemma 3.5, this result is
extended to a special problem class in SE(3) with B(g) = const on the constraint
manifold 9 = {qg € G : ®(q) = 0}. This analysis gives the formal proof for the
numerical test results in the right plot of Fig. 10 that were obtained for the heavy top
benchmark in configuration space G = SE(3).

Improved error estimates for certain configuration spaces are a topic of active cur-
rent research on Lie group time integration methods, see also the recently published
results of Miiller and Terze (2014a,b).

Lemma 3.4 Consider equations of motion (15) with constant constraint Jacobian
B in the hidden constraints (16) at velocity level.

(a) For this problem class, the curvature term Z(q) (v, v) in the hidden constraints
(18) at acceleration level vanishes identically.

(b) If B = const and the starting values qo, Vo, ay are consistent (0 = ®(go) =
Bvy = Bay ) then the numerical solution (g, V., Vn, &y, A,) Of the generalized-
« method (37) satisfies for all n > 0 both the holonomic constraints (15¢) at
position level and the hidden constraints (16) at velocity level: ®(q,) =Bv, =0.

Proof (a) The time derivative of hidden constraints (16) with B = const is given
by 0 = Bv(¢). Comparing this expression with the hidden constraints (18), we get
Z(q)(v,v) =0.

(b) Because of ®(qp) = 0 and (37f), the numerical solution g, satisfies the holo-
nomic constraints (15¢) for all n > 0. To prove By, = Banj 0 by induction, we
observe that ®(g,+1) = ®(¢,) = 0 and g,+1 = g, o exp(hAq,,), see (37a), imply
W(1) = ¥(0) = 0 for_the continuously differentiable function ¥ : [0, 1] — R™,
¥ > ®(g, o exp(VhAq,)). Therefore,

W) -wO) 1 ['de

0=——_ """ __ [ (g YhAq,)) dv
; h/o (w(q o exp(VhAq,))

1
= / B(qn o exp(ﬁhAqn))Aqn dd, (63)
0

see (14) and (32). If B = const, then the integrand in (63) is constant as well resulting
inBAq, = 0.WegetBa,,; = 0(if Bv, = Ba, = 0) from left multiplication of (37b)
by matrix B and obtain finally Bv,,; = 0 multiplying also the velocity update (37¢)
from the left by the (constant) constraint Jacobian B. O
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Lemma 3.5 Consider a rigid body with configuration space SE(3) and holonomic
constraints (15c) of the form

0==®(g) = ®((R,x)sp3) =X —R'x (64)

with a constant vector X € R3.

(a) Along any solution q(t) of the constrained equations of motion (15) matrix
B(q (t)) is constant and the curvature term Z(q (t)) (V(t), V(t)) vanishes identi-
cally.

(b) If the generalized-a method (37) is applied with consistent starting values (0 =
D (g0) = B(qo)vo = B(qo)ag) and with sufficiently small time step size h > 0
to equations of motion (15) in SE(3) with holonomic constraints (64) then the
numerical solution satisfies both the holonomic constraints at position level and
the hidden constraints at velocity level: ®(q,) = B(g,)v, =0, (n >0).

Proof (a) Straightforward differentiation of constraint (64) shows

d . ~
0= a<I>(q;(r)) =-R'x—R'x=—-(R®2)'x—R'RU
— @R x-U=QR'x-U=-R'x2-U=B(@g)Vv

with ¢ = (R, X)sg3) € SE(3) and v = (2", U")" € R°. On the constraint man-
ifold, we have RTx = X, see (64), and the constraint Jacobian B(g) is constant:
B((R, x)SE(3)) =BX .= (—)~( — I3 ). Therefore, the hidden constraints (16) and
(18) are given by BXv(¢) = 0 and BXv(¢) = 0 with Z(q (t)) (V(t), v(t)) = 0 along
any solution (g (1), v(1)).

(b) This part of the proof is substantially more technical than the corresponding
proof of Lemma 3.4(b) since B(g) is not constant beyond the constraint manifold
9 and there is no straightforward way to prove that in (63) the argument g, o
exp(VhAq,) of B will remain in 9 for ¥ € (0, 1). .

In SE(3), the position update formula g, +1 = g, o exp(hAq,,) gets the form

R,:1 = R, expso) (1AR,) . Xup1 = X, + IR, Tgo 5 (MAR,)AX,
with Aq, = (ARI, AXI)T, see Example 2.1(a). Because of ®(gp) =0 and

®(q,+1) =0,(n > 0), see (37f), we get R;xn — RLIX,,H =X —X =0, see (64),
and
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R'x, — R, x,
0 = expgo3) (hAR,)— ni Tt

eXpsoy (WAR,)RTX, — R (xn + IR, T (hARn)Ax,,)
3

_ expso) (hAR,) — 1
B h

R, x, — Tdo;, (hAR,)AX, (65)

with

— 1, —
eXPso(3) (hARn) - I3 = Z l—'(hARn) = h z

In SO(3), the (o) operator maps AR, € R3 to the skew symmetric matrix ARn, see
(2) and we have AR, = AR, see Remark 2.8(b). Therefore, — AR, (AR,l)-r
(ARn)-r and the series expansion (30) proves

expsos) (hAR,) — Iy = h (Tso) (hAR,)) AR,
Inserting this expression in (65), we get
0 = Tl (hAR,) (AR, (R, x,) — AX,)
and therefore also
0 = AR,(R]x,) — Ax, = —R]x, AR, — Ax, = B(¢,)Aq,
since the tangent operator Tso3) (R AR,) = I3 + O(h) is non-singular for sufficiently
small time step sizes & > 0. Now, the proof may be completed following line by line

the proof of Lemma 3.4(b) since g, € 91 by construction and B(g) is constant on
the constraint manifold, i.e., B(g,) = BX = const. O

4 Convergence Analysis

The convergence of generalized-« time integration methods for nonlinear uncon-
strained systems in linear configuration spaces was studied by Erlicher et al. (2002)
using an equivalent multi-step representation. In the DAE Lie group case, this analy-
sis has to be extended to constrained systems in nonlinear configuration spaces with
Lie group structure, see (Briils et al. 2012). In the present section, we follow the direct
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convergence analysis for the generalized-a method in one-step form (37) that was
developed in (Arnold et al. 2015) to study the convergence in long-term integration
as well as in the transient phase in full detail.

4.1 Local Truncation Errors, Global Errors
and Error Recursion

For unconstrained systems in linear spaces, the local truncation errors were intro-
duced in (39), see Sect.3.2 above. Since there are no discretization errors in the
holonomic constraints (15¢), see (37f), these definitions may be used as well in the
constrained case.

For configuration spaces with Lie group structure, the definition of the local trun-
cation error I} in (39a) has to be adapted to the Lie group setting. In the Lie algebra
approach to error analysis of Lie group time integration methods, we follow the
proposal of Wensch (2001) to define local and global errors by elements of the
corresponding Lie algebra, see also (Orel 2010):

Definition 4.1 For the solution components g € G, the local truncation errorld € g
of the generalized-« Lie group method (37) is defined by

q(tas1) = q(t,) o exp(hAq(t,)) o exp(1?) (66)

with Aq(#,) :=v(t,) + (0.5 — B)hv(t, + Ash) + Bhv(t,41 + Ayh).

To get an error estimate for:l:,%, we compare the asymptotic behaviour of g (t,+) =
q(t, +h) and q(t,) oexp(hAq(t,)) for h — 0. For any smooth function v(¢),
the flow of ¢(r) = DL,(e) - V(r) is locally represented by a smooth function
V:[—hyhlxRxG—g:

qt+h)=q(@)o exp(hﬁ(h; t, q(t))). (67)

The asymptotic behaviour of hv is characterized by the Magnus expansion

h?~ hi h3 ~
hv(h;t,q(t)) = hv(t) + ?vm + gv(t) + EW(’)’ V(O] +Om*,  (68)

see (Hairer et al. 2006) and (Miiller 2010). The matrix commutator [V, v] vanishes
identically in linear spaces, see Sect.2.5. In the Lie group setting, it introduces an
additional local error term if the arguments v(¢) and v(¢) do not commute, see Lemma
4.2 below.
Inserting (67) with t = ¢, into the (implicit) definition of ln, see (66), we get
q(ty) o exp(hu(h t, (tn))) =q(t,) oexp(hAq(t,)) o exp(lq) Therefore, the term
exp(lq) may be expressed as product of matrix exponentials:
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exp(l) = exp(—hAq(1,)) o exp(hD(h; 1, ¢ (1)) .

In (Arnold et al. 2015, Lemma 1), we u§Ed the Baker—Campbell-Hausdorff formula
to show thatl} and h (D (h; 1., ¢ (1,)) — Aq(t,)) coincide up to higher order terms, see
also Lemma 2.5. Comparing the Magnus expansion (68) with the Taylor expansion
of Aq(t,), we get

Lemma 4.2 With A, := a,, — oy and Cy = (1 — 6 — 3A,)/6, the local trunca-
tion error 1} is given by

1 = C (1) + P [F(), V(1)1/12 + O(hY). (69)

If the parameters vy, oy, o r satisfy the order condition (41) then the local truncation
errors are bounded by
1= O, I, =1 =0xY, ILl=0w0), kl=0"). (70)
The linear relations between v,,, a,, and v,, in (37) result in linear relations for the
corresponding global errors. Here and in the following we will always assume that

the algorithmic parameters vy, o, and o satisfy the order condition (41) and the
local truncation errors are bounded by (70).

Lemma 4.3 Consider global errors €5 with v(t, + A h) = a, + €} and use
(&)(t,) = (o), + e,(;) to define e,(q') for all remaining solution components being ele-
ments of linear spaces. The order condition (41) implies

e, =e + (1 —hel +~hed  + O, (71a)
(1= )€, +aned = (1 —ayel, +asel +Oh?). (71b)

For linear configuration spaces G, the global error in q is given by q(t,) = q, + ej.

In the nonlinear case, we take into account the Lie group structure of the configuration

space G and consider global errors € being elements of the corresponding Lie
algebra g:

q(tn) = g, 0 exp(&) . (72)

This definition is compatible with the classical definition of ej € R* if the configu-
ration space G is linear.

The position update (37a) and the definition (66) of the local errorTZ yield a global
error recursion for €, in terms of matrix exponentials:

exp@, ) = (gus1) "' 0 q(tur1)
= exp(—hAq,) o (g,) "' 0 q(1,) o exp(hAq(t,)) o exp(If) .
R
= exp(&)
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This product of matrix exponentials may be studied by repeated application of
the Baker—Campbell-Hausdorff formula using Lemma 2.5. Omitting all technical
details, we get

Lemma 4.4 (Arnold et al. 2015, Lemma 2) The global errors e} satisfy
el =el +hAyel (73)
with

- ~ 1~
A€l =€ + (0.5 — p)ne; + phe; +[€l, v(t,)] + 7 17+

+ O (en + hlleg 1D (74)

and the notation
En = lel] + llelll + Alled || + hlle| (75)

that is used to summarize higher order error terms in compact form. In particular,
Egqs. (73) and (74) and the local error estimate (69) imply

el = el + O (e, + cnp1) + O, (76a)
IAsel]| < O() (e, + £ns1) + OR?). (76b)

Error estimates like the ones in Lemma 4.4 are valid if the numerical solution
remains in a small neighbourhood of the analytical one. More precisely, we suppose
that there are positive constants iy and C and a sufficiently small constant vy > 0
such that

lefll < Ch. llefll + lle2] + e} <o (77

issatisfied forall 2 € (0, ho] and all » with#y + rh € [tg, fena]- This technical assump-
tion may be verified using the results of the convergence analysis in Sect. 4.3 below,
see (Hairer and Wanner 1996, Theorem VII.3.5) and the slightly more detailed dis-
cussion in (Arnold et al. 2015, Sect.3.1).

Linearizing the equilibrium conditions (37¢), we may estimate €' in terms of ¢,
and e:

Lemma 4.5 (Arnold et al. 2015, Lemma 3) If the order condition (41) is satisfied
then

e el B =0(e,. lefl =0, + e} (78a)

e, +eM B = 0)e, + O (e, || + e, 1) + O¢) . (78b)

Here we used the notation e,(,C )= C(g(ty), v(ty), A1), tn)e,(ﬂ for matrix-valued
functions C = C(q, v, A, t).
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Inserting (78) into the error estimate (71b), we get a coupled error recursion

(1 — )€ | + ame + (1 —ap)eM B 4o M B =
= O()(ey + €ny1) + OR?) (79)

that has to be studied separately in tangential and normal direction of the constraint
manifold M :={q € G : ®(q) = 0} to get optimal error bounds, see (Hairer and
Wanner 1996). The error component in tangential direction is obtained by multipli-
cation with a matrix P(g) that projects into the tangential space 7,90t = ker B(q).
Such a projector P(g) is given by

P(g) :=1—[M'B'S™'Bl(g) with S(¢) :=[BM 'B'](¢) (80)

since PP = Pand BP=B — BM~'B"S™'B =B — SS~'B = 0. Taking into account
that this projector satisfies PM~'BT = 0, we get an optimal error recursion in tan-
gential direction by left multiplication of (79) with matrix P(g(#,+1)). The error
propagation in normal direction to the constrained manifold may be characterized
multiplying (79) by B(q (tn+1)):

Lemma 4.6 (Arnold et al. 2015, Lemma 5) The errors €2, e satisfy

n’> vn

(1 — el + el = O(1) (e, + ent1) + O(?) (81)
(1 —am)ept, + anep® + (1 —apen, + apef =

= O0()(ex +eny1) + O (82)

and €}l < [ley*|| + IM~'BTS™ ||| < O)(lle? || + lleg* ).

Estimate (81) defines a one-step recursion for the tangential error component eF*
in terms of €, ,41 and local errors O(h?).

The most crucial part of the convergence analysis are recursive estimates for the
error component €5 in normal direction to the constrained manifold. Similar to the
discussion in Sect. 3.2, we may scale the error recursion (71a) by the factor 1/ to get

Bv B

ey —e’Y
(1= ey + e, = 25— + O(he, + O(h?). (83)

The scaled error term eB¥/ h in the right-hand side of (83) is studied considering
error estimate (74) and its equivalent in R¥. We get

1 1
(e 4 SBa)I) =1 = r(h. €) + O(e, + Ol | (84)
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with the vector

1
= o (Bla) Avel + Zig ) (€] v(s)) - (85)
~B(q(t)) ((0.5 — B)e? — Bet,)

and a vector-valued function
1
ry(ty, €l) = 7 (Z(q (1) (€2, V(1)) + enqv(tn)) (86)

that is linear in e;. Here, the term €, v(z,) € R¥ represents the matrix commutator
[€}, V()] € g, see (29). By purpose, the notation r,'f in (84) adopts the notation r,
that was introduced in (48) to denote a scaled linear combination of global errors
in v and local errors in g for proving second-order convergence for the linear test
equation, see Sect.3.2.

The definitions of rf and ry, (7,, €}1) contain a term Z(q (#,)) (e}, v(t,))/ h with the
bilinear form Z(q) that is known from the hidden constraints (18) at the level of
acceleration coordinates. A time discrete approximation of these hidden constraints
shows that the first term in the right-hand side of (85) is of size O (1) (||e] | + || Anef ),
see (88):

Lemma 4.7 (Arnold et al. 2015, Lemma 4) The global errors e} € R satisfy

B(q(tn))el = Oh)|elll, (87)
B(q(t))) Anel + Z(q(t,)) (e, v(t,)) = O (llel ]| + | Awedl).  (83)

Proof Taking into account that ®(g(#,)) = ®(g,) = 0, we consider ®(g, ) for
Gn.o = q(ta) o exp(=U€}) € G, (¥ € [0, 1]), and get

1
0= —(®(g.) — (%)) = —((gn,1) — ®(gn.0)) =/0 B(gn0)e; d0 (89)

since B(g,.9)er = —(d/d9)®(g,.9), see (14). Assertion (87) follows from (89)
because B(g, ) = B(q(tn)) + O(h), see (77).

The proof of (88) is technically much more complicated and starts with the obser-
vation that

dd,

0— /1 B(Qil+1,19)e3+1 - B(Qn,ﬁ)eg
0 h

see (89). The integrand may be split into terms B(g,+1,9)(el ; —ej)/h and
B(qut1,0)€r — B(gn,0)el)/ h thatyield in (88) the terms B(q (#,)) Ay e and Z (g (1,))
e, V(l‘n)), respectively. For the detailed proof, we refer to (Arnold et al. 2015). [
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Lemma 4.8 (Arnoldetal. 2015, Lemma6) Ifo,, # 1, ay # 1, B # 0 and the order
condition (41) is satisfied then

ry + (0.5 — Bep* + fept; = O()(en + enp1) + Oh), (90)
(I—yeP +yept, =y — 1) + O (e, +enp) +OR) . (9D
Proof (a) Inserting error estimate (88) in (85), we get
) + (0.5 — Bep* + eyt = O()(lled |l + | Anel | + Rlled, 1) .
and (90) follows from (76b).
(b) With the assumptions on the algorithmic parameters «,,, as, 8 and vy, we

may substitute in (84) the term O(h) ||e}, | || by its upper bound O(1)e, + O(h?), see
(Arnold et al. 2015, Corollary 1a). In this modified form, estimate (84) implies

eBv, —ebv
S =0 =0 O (e + ) + OGF) (92)
since I, | — 1|l = O(h*), seeLemma4.2,andr; (t,, €1) = (...)/ h varies smoothly

in 7 in the sense that

rh(tn-‘rl s eZ+1) - rh(tna eZ)
= (h(tag1. € 1) = Tn(turr, €0)) + (04 (tugr, €7) — 14 (1, €1))
= hry(tay1, Apel) + iy (1, +9h, el) = O(D) || Agel || + O1) el ||

with some 9 € (0, 1), see also the more detailed discussion in (Arnold et al. 2015,
Lemma 6). Inserting (92) into (83), we get estimate (91). O

Finally, a one-step error recursion for the generalized-« Lie group integrator (37)

may be formulated in terms of r® and the vector-valued global errors e, €', eF2, B2,
€5 combining (71a), (76a), (81), (82), (90) and (91) to
IEY ., — TyEY || < O(h)(en + €ny1 + IEZ| + EZ D + oy, (93a)
IEZ | — TEZ| < O()(en + €nst) + O?) (93b)
with
S\
eq ePa en
E%::(:),Eﬁ::("r),Efl:z KRN (94)
en En eBa

O

Ty :=1Iy. T, := blockdiag (— i, (T7' T ®1,)) (95)

— Oy
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and
0O 0 —p 0 105-p
T, = 0 1 —v , To:= 0 1 I—v
l—a;01—a, —ay 0 —ay

The one-step error recursion (93) couples the convergence analysis for uncon-
strained systems (error components e;, €', ef®) to error bounds for the Lagrange

multipliers and other algebraic variables (error components e, r®, eB®). The latter
ones are closely related to the error analysis for the linear test equation § + w?q = 0
in the limit case hw — 00, see Eqs. (46)—(48) in Sect.3.2.

The error bounds (93) are the key to the convergence analysis of the DAE Lie
group integrator (37), see Sect.4.2 and Theorem 4.18 below. In the following, we
will call this integrator the index-3 integrator since it results from the direct time
discretization of the original index-3 formulation (15) of the equations of motion.
With a slightly different definition of vectors E} and matrix T,, error bounds (93)
may also be proved for the stabilized index-2 integrator (56) that is based on the
stabilized index-2 formulation (55) of the equations of motion. For this integrator,
the time discrete approximation of hidden constraints yields:

Lemma 4.9 (see Arnold et al. 2015, Theorem 2)

(a) The auxiliary variables m, in (56b) are of size |n,|| = O(1) (e, + €nt1) +
O(h?). Therefore, error estimate (76a) applies as well to integrator (56).
(b) For integrator (56), the error bounds in (84) and (91) get the form

1
e = (1, ) + O(D)(e +£i1) + OGY). (%)
(1 —7)eB* +veB? = O(1) (e, + enr1) + OR?) (97)

with .
£ (1, €1) == EZ(Q(ln))(v([n)» el).

Proof We sketch the basic ideas of the proof and refer to the proof of (Arnold et al.
2015, Theorem 2) for a more detailed discussion.

(a) For the stabilized index-2 formulation, the scaled increment A e in (73) and
(88) has to be substituted by A,e! + BT (g,)n,, see (56b). In this modified form,
estimate (88) yields

B(q(1:))B" (g:)m, = O (lle] | + | Anef ) (98)

with a right-hand side that is of size O(1) (¢, + €,41) + O(h?), see (76b). The asser-
tion may be proved solving (98) w.r.t. i, since the full rank assumption on B(g)
implies that B(q (t,,))BT(qn) = [BB"](g,) + O(h) is non-singular. Using this upper
bound for ||7,, ||, we get error estimate (76a) frome! | = e} + h(Ael + BT (g,)n,).
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(b) For the stabilized index-2 formulation, analytical and numerical solution sat-
isfy the hidden constraints (16) resulting in

0— B(q(tn))v(tr;/l) — B(qn)Vn = %B(Qn)ez +

B(q(t:)) —B(gn)
h

V() (99)

with B(g,)e] = efv + O(h)e,. For the analysis of the second term in the right-hand
side of (99), we use ideas of the proof of Lemma 4.7 and take into account that

(B(q(t2)) — B(g))V(ta) = —(B(gn,1) — B(gn.0))V(t)

with ¢, 9 := q(t,) o exp(—9€}). Because of

d
- @(B(qn,g)v(m) = Z(gn.9) (V(ty), €1) = hit; (t,, €1) + O(h*)e,

we get By (i, €1) = (B(q(t2)) — B(ga))V(tx)/ h + O(h)e, and estimate (96) is seen
to be a consequence of (99). With (96), the one-step recursion (97) for error vectors

eP? may be proved as in Lemma 4.8. a

Because of Lemma 4.9(b), there is no need to consider vectors r,'f in the global
error analysis of the stabilized index-2 integrator (56). Summarizing error estimates
(71a), (76a), (81), (82) and (97), we get the one-step error recursion (93) with

Om

L, (T;'To®1L,)) (100)

Ty := I, T, :=blockdiag (—
1 —a,

and
eSA - 0 —y - 0 1—7v
r .__ n  — .—
E_() T+._(1_af1_am), TO._(_af —a,,,)-

4.2 Coupled Error Propagation in Differential
and Algebraic Solution Components

The classical convergence analysis of ODE one-step methods provides the basis
for investigating the coupled error propagation in differential and algebraic solution
components of DAE Lie group integrators. We start this section with a perturbation
analysis for ODE initial value problems (Theorem 4.10) and consider in Theorem
4.11 the corresponding convergence result for ODE one-step methods. The main new
result of this section is the extension of this convergence analysis to the DAE case,
see Theorem 4.16.
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Theorem 4.10 (see Walter 1998) Consider the initial value problem
x(1) =f£(t,x(1)), (t € [to, tenal), X(0) = Xo (101)

with a continuous right-hand side f that satisfies for all t € [ty, tena] a Lipschitz
condition w.r.t. X with a Lipschitz constant L > 0. For functions X € C'[ty, tena] with

x(1) = £(1,%(1)) + 6(t), (t € [to, fenal) , (102)

the influence of perturbations & (t) may be estimated by

L(t=to) _

I%(1) = x()|| < "% (t0) — x(to) || + ———— max | I6¢Hll . (103)

L S€[10,tend

Proof Fort € [ty, tenal, we have

R() — x(t) = R(t0) — x(t0) + / (&(s) — k() ds

fo

= X(f) — x(to) +/ (f(s, x(s)) — £ (s, x(s))) ds +/ 0(s)ds.

fo fo

Therefore, the triangle inequality and the Lipschitz condition on f imply

IX(0) = x()Il < 4@ (104)

with the continuously differentiable function
t
Y1) = [X(t0) — x(t0) | + L/ [%(s) —x(s)[[ds + (r — 1) A
4]

and A := maX,e(y.q 10(s)]l . Note, that max; [|d(s)|| is well defined since X €
Ct0, fendl implies that d is continuous on the compact interval [fy, fenq]-
Because of (104), the time derivative of ¢ satisfies for all ¢ € [#, f.nq] the estimate
h(t) = LIRE) — x| + A < Lip(0) + A.
Hence, the derivative of o(7) := e/“~74)(7) is bounded by

o'(r) = eV (~Ly(1) +4)(1)) <7 A

and we get

o) =o(s) +/ o' (r)dr < o(s) +/ LT dr A,
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ie.,

() < e"VY(s) + / el dr . A (105)

for any s € [fg, fenal. Error bound (105) with s = #; proves (103) since

t L(t=n) _q
/ el =~ (106)
to L

and 9(19) = [|R(to) — x(10) |- U

For the numerical solution of ODE (101), we consider a one-step method that
updates the numerical solution in time step ¢, — #,+1 = t, + h, according to

Xp+1 = Xp +hnq)n(tn7 Xn;fa hn) (107)

with a continuous increment function @ that satisfies a Lipschitz condition w.r.t. X,
with a Lipschitz constant Lg > 0, see, e.g., (Hairer et al. 1993). The time discretiza-
tion error in one single time step defines the local error

le, := x(fp41) — (X(tn) + hy @ (1, X(1,); £, hn)) .

In the global error analysis, the accumulation of these local errors during time integra-
tion is studied by a discrete counterpart to the perturbation analysis for the continuous
problem (see Theorem 4.10).

Theorem 4.11 The global errors e, := X(t,) — X, satisfy the error recursion
lleir1 —eull < Lohylle,ll + Ille, || (108)

that results in the global error estimate

elot—t0) _

le, || < et~ leg || + ————— max l||l€!z|| (109)
" - Lq, 0§l<n h[ ’

Proof (a) Using the definition of local and global errors, we get

€yl — € = (X(fn+1) - Xn-H) - (X(fn) - Xn)
= X(tag1) — (X(1) + hy @ (10, X(1,): £, b))+
+ @ (1, X(00); £, By) = (Xns1 — X)
=1e, + hy (®(ty, X(1,); £, hy) — ®(ty, X3 £, By)) .



140 M. Arnold et al.

Therefore, estimate (108) follows from the triangle inequality and from the Lipschitz
condition on ®:

llenr1 —enll < llenll + huLolIX(#y) — Xull = Lohnllenll + [lle,| .
(b) Estimate (108) with n being substituted by some r € {0, 1, ..., n} implies
ler+ill < lleqll + Loh,lle |l + |le | = (1 + Lah,)lle-| + [le|| (110)
with &, = 1,4 — t.. For a recursive application of this error estimate, we substitute

the coefficients of |le,|| and |le,|| in the right-hand side of (110) by upper bounds
that are obtained from 1 4+ Lt < e’ and

_ byl Lyl
1 = u = i/ dr < l/ eLtb(trJrI*T) dr
hr hr t, hr Iy

Iry1 1
e 41l < ebelr7 e, || + / elelr=m gr . eI (111)

1 r

and get

(c) Estimate (111) is a special case of the more general expression

1y 1
leall < eb+ @ e, || + / eb+ @0 d7 - max —|le] . (112)
f, r<l<n hl
(r=0,1,...,n— 1),that may be considered as a time discrete counterpart to (105).

To prove the error bound (112) by induction, we observe that (111) is estimate (112)
with r = n — 1. For the induction step, we suppose that (112) is satisfied for r + 1:

I 1
IIenIISeL“’(’””’+‘)|Ier+1II+/ ef*®@ 7 dr . max 7 Neyl]
1

fst r+l<l<n
Inserting in this expression the upper bound (111) for ||e, 4 ||, we get estimate (112)

since
eleti—trin)gLle(tri1=7) _ oLo(tu—T)

for any 7 € [t,, t,1+1].
(d) To complete the proof, we use the identity (106) and see that (112) withr = 0
proves the global error bound (109). (]

Abstracting from the specific setting in Theorem 4.11, we may consider more
general one-step error recursions and the resulting error bounds. For simplicity, we
restrict this analysis to constant time step sizes /. In that case, we may substitute the
term ||le,| in (110) by 2M with an appropriate constant M > 0 and get a one-step
recursion
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Upr1 < (1 + Lh)u, + hM , (113)
(n > 0), that implies
elt—=10) _ 1
uy < el 4 — M (114)
withu, := ||le,|l,L := L¢ > Oandt, := ty + nh, see (109). The convergence analy-

sis of Theorem 4.11 may be generalized straightforwardly to more complex error
recursions:

Lemma 4.12 Consider sequences (v,)n>0, (Wy)n>0 of non-negative numbers that
satisfy
Vo1 < (1 4+ Lh)v, + Lhe"ey + hM , (115a)
Wpy1 < (k+ Lh)w, + Lhx"eg + M (115b)

with a positive constant L and non-negative constants x € [0, 1), M and e(. All these
constants are supposed to be independent of h > 0 and n > 0.
Using the notation t, := ty + nh, we get for all n > 0 the estimate

Ley S |

p < et h M. 116
v, <e (vo + - /@) + 7 (116a)
For the sequence (w,),>0, an estimate
Lé‘o M
n < Lh)" h 116b
w, < (k+ Lh)"wy + 1—n+1—(/1+Lh) ( )

may be shown foralln > 0 and all h € (0, ho] with hg > 0 denoting a constant such
that Kk + Lhy < 1.

Proof Following part (b) of the proof of Theorem 4.11, we rewrite the one-step error
recursions (115) in a form that is appropriate for recursive application:

try1
Vgl =< eL(tr+1*tr)(vr + thirEQ) +/ ellr=7) qr . M,

t

W, < (k+ Lh)w, + Lhe"eg + M .

Then, the error bounds

n—1

t
v, <0 (v, +h > K Ley) +/ el&=1dar. M, (117a)

I=r Ir

n—1 n—1
w, < (k+ Lh)""w, +h Z K- Leg + Z(m + L) D oM (117b)

I=r I=r
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(r=0,1,...,n—1), follow (similar to part (c) of the proof of Theorem 4.11) by
induction starting at » = n — 1. In the induction step, we have to take into account
that

n—1 n

-1
eltn=1) .1 +eL(tll_fr'+l) E Hl < el =1 2 /<&[ .
I=r+1 I=r

and (k + Lh)"~ D < 1 for any h € (0, hp]. Error bounds (117) with » = 0 prove
the lemma since « € [0, 1) and x + Lh € [0, 1) imply

n—1 00 n—1
1 1
I I _ Li)yn—(+D <
;H—gﬁ -k’ ;OH_ ) T 1—(s+Lh)
and the integral term in (117a) may be evaluated in closed form, see (106). O

Lemma 4.13 Let (E,),>0 be a sequence of vectors that satisfy
1En+1 — TE, || < Lo(R||Ex |l + AIE,411)) + hMo (118)

with a matrix T and positive constants Lo, My that are independent of h > 0 and
n > 0. If there is a norm ||.||, such that k, := ||T||, < 1 then (118) implies for time
step sizes h € (0, hy] a one-step recursion

Eni1 — T"MEoll, < (5 + Lo IIEy — T"Eoll, + Lohr | Eoll, +hMy  (119)
and error bounds

IEq |l < IT"Eoll + CollE, — T"Eqll, , (120a)
IEq |l < Co(lEoll, + IIE, — T"Eqll,) (120b)

with appropriate constants ho, Lo, My and Cy that are supposed to be positive. They
depend on the norm ||.|| and on the constants Ly, My in (118).

Proof (a) Since all norms in a finite-dimensional vector space are equivalent, there
are positive constants ¢, ¢ with

cllEll, < [IE]l < clE[l, 21
for any vector E. Therefore, estimate (118) implies
Ens1 — TE,ll, < Lo(hIIE,ll, + AIEu111l,) + 7 Mo (122)

with io :=—cLy/c, Mo = My/c.
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(b) For the proof of estimate (119), we use the triangle inequality and get
IEns1 — T ' Eoll, < By — TE, |, + I TE, — T"Eo)]l, -

The term || T(E, — T"Ey)||, is bounded by «, ||[E, — T"E||, with x, = || T||, < 1.
We obtain

1Byt — T Eoll, < k5, IE, — T"Eoll, + |Epq1 — TE, |,

and may substitute |E,; — TE,||, by the upper bound (122) taking into account
that

IEnll, < [IEx — T"Eoll, + Tl 1Eoll = 1E, — T"Eoll, + 5, | Eoll, -
The resulting inequality

(1 = Lo s — T Eoll, ) A
< (kg + Lo)|E, — T'Eoll, +2Lohrly | Eoll, + hMy

is multiplied by 1/(1 — ioh) to get an upper bound for ||E, | — T"“EOHQ. If we
suppose that & € (0, ho] with kg := 1/(2i0) then 1 — I:oh > 1/2 and we may use
the inequalities (k, + x)/(1 —x) < K, +4x and 1/(1 — x) < 2 that are valid for all
x € [0, 1/2]. To complete the proof of (119), we set Ly:= 4io and M, := ZMO.
(c)Becauseof |[E, || < || T"Eo|| + ||E, — T"Ey||, error bound (120a) with Cy := ¢

follows from the equivalence of norms ||.|| and ||.||,, see (121). With this def-
inition of Co, we have furthermore ||E,| < Cy||E,ll, and (120b) results from
IEqll, < IT"Eoll, + IE, — T"Eoll, with | T[], < &, < L. O

Corollary 4.14 Ifthe assumptions of Lemma 4.13 are satisfied with s, = || T||, = 1
then estimates (119) and (120b) imply

L eio(tu—fo) -1 -
IE, |l < Co(e™® | Eo + Z—Mo) (123)
0

witht, ;= tg + nh, (n > 0), and a constant C’o > (0 that depends on Cy and the norm

Proof For k, = 1, estimate (119) gets the form (113) with the notations u,, := ||E,, —
T'Eoll,, L := io and M = Z0||E0||g + A7I0. Inserting these expressions in error
bound (114), we get

_— elotti—t0) _ 1 _
IE, — T"Eqll, < (e“@= — 1)||Eoll, + — M
0
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since uy = ||Eg — TOE0||A, = 0. Therefore, the assertion of the corollary follows
directly from (120b) if constant Cy is set to Cy := Co/ min{1, ¢} such that C || Eo lo <
CollEo|l and CoMy < CoMo, see (121). 0

Remark 4.15 (a) For constant time step sizes h, = h = const, the convergence
result in Theorem 4.11 is a special case of the error analysis in Lemma 4.13 and
Corollary 4.14 withE,, =e,, T =1, C’o =1, I:O = Lg and M = max; ||le||/ h.

(b) In ODE time integration, the error estimate of Corollary 4.14 is used to prove the
convergence of linear multi-step methods by an equivalent one-step formulation,
see (Hairer et al. 1993, Sect. I11.4). For a k-step method, vector E,, is composed of
global errors e, ; at k consecutive grid points t,_—1y, . . ., t—1, &, and matrix T
has a Kronecker product structure T = A ® I with acompanion matrix A € R¥*
that satisfies ||A||, = 1 in a suitable norm ||. ||, if the method is zero-stable. For
a more detailed discussion of this convergence analysis, the interested reader is
referred to the above cited reference.

(c) For matrices T with spectral radius o(T) = 1, the transformation to Jordan
canonical form may be used to construct a norm .||, with || T||, = 1 provided
that all Jordan blocks corresponding to eigenvalues );[T] with |\;[T]| = 1 are
of dimension 1 x 1, see (Hairer et al. 1993, Lemma I11.4.4).

With appropriate matrices T of norm ||T||, = 1, Lemma 4.13 and Corollary 4.14
provide a unified framework for the error analysis of one-step and multi-step methods
in ODE time integration. Corollary 4.14 may be generalized to the technically more
challenging DAE case that is characterized by a coupled error propagation in differ-
ential and algebraic solution components. The error analysis employs two different
error propagation matrices satisfying || Ty|ly , = 1 and ||T,||,, < 1, respectively. It
is inspired by the classical convergence analysis of one-step methods for index-1
DAEs in (Deuflhard et al. 1987), see also (Arnold et al. 2015, Lemma 7).

Theorem 4.16 Let (E)), >0 and (E?),>0 be sequences of vectors that satisfy

IE) . — TyEN I < Loh (I} + I1E5 Il + 1EZ | + IES ) +hMo,  (124a)

IE},, — TEL | < Lo(E} Il + B}, Il + RIELN + AIE; 1D 4+ Mo (124b)
with matrices Ty, T, and positive constants Lo, My that are independent of h > 0
and n > 0. If there are norms ||.|ly, o, |l.llz,, such that | Tylly , =1 and | T,llz, < 1
then (124) implies for time step sizes h € (0, ho] error bounds

_ _ Lo(ta—to) _ 1 -
1B} < e (|E|| 4+ Coh|EGI) + — 7 My, (125a)
0

IEZ — TAEZ|| < Coe™ = (|BY | + h|EE| + Mo) (125b)

with t, ;= ty + nh, (n > 0). The constants h, Co, Lo and My are supposed to be
positive. They depend on constants Ly, My in (124) and may depend furthermore on
the vector norms ||.|| = ||.|ly and ||.|| = ||.|I5 for E} and EZ
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Proof (a) Using the same arguments as in parts (a) and (c) of the proof of Lemma 4.13,
we may verify that the assertion of the Theorem (with appropriate norm dependent
constants Cy, Lo and M) is valid for any pair of norms (||.|ly, |I.1lz) if it is valid for
one specific pair (||.|ly«, l|-llz+). To simplify the notation, we will therefore restrict
the error analysis to a pair of norms with ky := ||Ty|ly = 1 and &, := | T,||, < 1 and
will furthermore omit the indices y and z at the norm symbol ||.||.

(b) Similar to Lemma 4.13 and Corollary 4.14, the coupled error propagation is
studied in terms of sequences (u,),>0, (W, ),>0 With

uy = B} — TUEY|. w, := |} — T,E}]. (126)

For a one-step error recursion, we look for error bounds like (119) for u,,+; and w,, ;.
As in Lemma 4.13, we get from assumptions (124) the estimates

Unp1 < (14 Lohuy + Lohw, + Lohw |E§| + h(Mo + Lol EJl),  (127a)
W1 < Loty + (ki + Loh)w, + Lohr |E§|| + Mo + Lo|[E]| (127b)

with appropriate positive constants Lo and M. Here, we have taken into account that
= ||Tyll = 1 and x, = ||T,|| < 1 and restricted the analysis to & € (0, ko] with a
sufficiently small constant 2y > 0.
(c) The recursive application of error bounds (127) shows that the coupled
error propagation in differential and algebraic solution components may be stud-
ied analysing powers of the 2 x 2 error amplification matrix

W) = (' Lot Lok

Ly Kz + Loh
see (Deuflhard etal. 1987, Lemma 2). The eigenvalue analysis for matrix W (%) yields
aneigenvalue A(h) = k, + O(h).Becauseof k, < 1,thiseigenvalue satisfies A\(h) <
1 for all sufficiently small time step sizes & > 0. The corresponding eigenvector

—Lyh . Lo Lo
h) = v h L,:= = = O(h 128
o ( 1 ) . TF Lok A 1=ty (29

is used to transform W (%) to lower triangular form: We define the transformation
matrix

Vh) :=1[e; ¢(h)] —( ’I h) with V71(h) = ((1) L‘l)h) (129)

and observe that the second column vector of W(/)V (k) is a multiple of the second
column vector of V (k) since W(h){(h) = A(h){(h). Therefore, the scalar product
of the first row vector of V™! (%) and the second column vector of W (%) V (h), i.e., the
upper right element of V- (W)W (h)V(h), vanishes. Straightforward computations
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yield
_ 14+ Lo(Ly, + Dh 0
VIWWWm)V(h) = - . 130
(W)W (h)V (h) ( 2 KZHO(I_LM) (130)
and
Upi1 < (14 Lo(Ly 4+ DR)v,+ (131a)
+ Lo(Lyh + Dhel BE|| + (L, + Dh(Moy + LolES 1),
W1 < Lovy + (kg + Lo(1 — L)) w, + (131b)

+ Lohw! |E2|| + Mo + Lo||E}|

with a sequence (v,),>0 of non-negative numbers v, that are defined by

Uy _ vl Uy
(2)-vo()

see (127), (130) and (131). Note, that all matrix elements of V= (%) are non-negative
which is an essential assumption for the transformation from (127) to (131).

(d) The right-hand side of (131a) depends nonlinearly on z because L, = L, (h).If
we substitute L, for sufficiently small time step sizes & > 0 by the upper bound L, :=
21:0/(1 — Kg), see (128), then Lemma 4.12 may be applied with constants L :=
Lo(L, max{l, ho} + 1), 5 := k, < 1, €0 := |E%||and M := (L, + )My + L|[E}|.
Inequality (116a) yields the error bound

Uy < eI, — ”Eg” (132)

with

elt—t0) _

hL - -
err, 1= e V(B + —— IEFI) + Lo+ DMy (133)

because vg = ug + L,hwg = 0, see (126). Inequality (132) proves the global error
bound (125a) since u,, = v, — L,hw, < v, and

IEYI < ITyEQIl + I1E} — TyEQ|l < ITy " IEGH + un < IEGI + v, < err, .

For the proof of error bound (125b), we substitute in (131b) the variable v, by its
upper bound (132) and get

Wyt < (k4 Lh)w, + Lhk"eqg + My + Lo err,
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since i:o(l —L,) <Ly < L.Forall r <n, the term M, + Ly err, is bounded by
My + Ly err, because (err,),>o is monotonically increasing. Therefore, Lemma4.12
with

o " hL -
M := Mo+ Loerr, < Loe" " (|Ej|l + T IEGD + el pgy
see (133), yields
z z L(t,—1) y hL z Y
wy < CHRIEGN + e (IEGI + ——IEGI| + Mo))

with an appropriate constant C¢ > 0, see (116b). Error bound (125b) follows straight-
forwardly from ||[E? — T7EZ|| = w,, see (126). ([l

4.3 Convergence of Lie Group Time Integration Methods

For the application of Theorem4.16 to the one-step error recursion (93) we have to
verify the assumptions on error propagation matrices Ty and T,. Because of Ty = I,
we get | Ty |2 = 1. For proving || T, |5, < 1 in a suitable norm ||. || ,, we analyse the
spectral radius p(T,):

Lemma 4.17 (a) For algorithmic parameters oy, oy, 3, v that satisfy the order
condition (41) and the stability conditions

am <a; <05, v<28, (134)

the spectral radii of matrices T, in (95) and (100) are bounded by p(T,) < 1.
(b) For the “optimal” parameters of Chung and Hulbert (1993), see (42), the sta-
bility conditions (134) are satisfied for any po € [0, 1).

Proof (a) The block-diagonal structure of matrix T, € R”+3 in (95) implies that its
characteristic polynomial is given by

Ay m

det(C1—T,) = (c + )k(det T, det(CT, — TO))

— Qp

Straightforward computations show that matrix T, has an eigenvalue (, :=
—a /(1 — o) of multiplicity &, an eigenvalue (r := —as /(1 — o) of multiplic-
ity m and eigenvalues (), that are given by the roots of the quadratic polynomial
o(¢) := a¢® + b + ¢ with

a:=83, b:=05+~v—23, ci=1—a—b, (135)
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see also (Arnold and Briils 2007, Lemma 1). The stability conditions (134) imply
[Gul < 1, I(¢l <landy =054+ oy —a, > 0.5.

Therefore, the coefficients a, b, ¢ in (135) satisfya = (3> 0,b > 1 -2 =1 —
2aandc=1—a —b < a.Sincec/a < 1and (;(;, = c/a (Vieta’s theorem), we get
IC11? = |G = €& = ¢/a < 1 whenever o(¢) = 0 has a pair of conjugate complex

roots (i, (2.
If both roots of o are real then the discriminant

b* —4ac=b*—4a(l —a —b) = 2a+b)*> —4a

has to be non-negative. Hence,

Vb2 —dac < J(2a+ b2 =2a+b (136a)

sincea > 0and 2a +b =0.5+ v > 1 > 0, see (135). On the other hand, stability
condition v < 20 results in b < 0.5 and

Qa +b)* —4a = 2a — b)*> + 8a(b — 0.5) < 2a — b)?,

i.e.,

Vbr —4ac = \/Q2a+b)? —4a </ (2a— b2 =2a—b (136b)

since 2a —b =228 — ) + (v — 0.5) > 0. Estimates (136) show that the roots
€12 = (—=b £ /b* — 4ac)/2a of o satisfy —1 < (; < 1, (i = 1,2). This completes
the proof of p(T,) < 1 for matrix T, being defined in (95).

Substituting the quadratic polynomial o(¢) by o(¢) := ( + (1 — )/, we may
extend this analysis straightforwardly to the matrix T, in (100).

(b) With py € [0, 1), the algorithmic parameters «,, or in (42) satisfy o, <
ap <0.5andy = 0.5+ af — oy, > 0.5. For the second stability condition in (134),
we observe that (42) implies 23 — v = (y — 0.5)?/2 > 0. O

Theorem 4.18 Let the order condition (41) and the stability conditions (134) be
fulfilled and suppose that the starting values qo, Vo, Vo, a9 and Ay satisfy

leg Il + lleyll + klle§® | = OR?) . llejll + lleg*] = O™, (137a)
IM(q0)¥o + &(g0. Vo. 0) + BT (q0) Aoll = O(h'™) (137b)
with a non-negative constant 6 € [0, 1]. Then, there are positive constants Cy, L, ho

being independent of n and h such that we have for all h € (0, hyo] and all n > 0
with ty + nh < tenqg — h:
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(a) a global error bound

le? || + el < CoeX— 2, (138a)
lle | < Co(l (T3 To)" | 1"+ + eF—0 2) (138b)

for the index-3 integrator (37) provided that the starting values qo, vy satisfy the
additional assumption

1 A
ledll + e + EB(CI(to))lg | = Oh*™) (139)
and
(b) a global error bound
le? || + lleX || + Im, | < CoeX® h?, (140a)
e} < Co(ll(T7 To) | A1 0 4 L) p2) (140b)

for the stabilized index-2 integrator (56).

Proof These error estimates are a straightforward consequence of Theorem 4.16 and
Lemma 4.17 since error recursion (93) with matrices Ty and T, being defined in (95),
(100) and e, = OH(|E} || + h|EZ|)) imply (124). Furthermore, assumptions (137)
and (139) result in ||Ej|| = O(h?), |E|| = O(h) and |Ef|| = O(h'*?). Finally, the
upper bound for |1, || in (140a) is obtained from (98). O

Lemma 4.17 and Theorem 4.18 show that transient errors of size O(h!*?) are
damped out by numerical dissipation if the generalized-a methods (37) and (56)
have algorithmic parameters according to (42) with p, < 1. For starting values gy =
q(ty),vo = v(tg), Vo = V(tp) and Ag = (%) being defined by consistent initial values
q(to), v(tp), v(t9), A(tp), assumptions (137) and (139) are satisfied with § > Oifay =
v(ty) + O(h). Beyond the transient phase, we observe second-order convergence in
all solution components, see Fig. 8.

For the heavy top benchmark problem in configuration space G = SE(3), we may
even prove that there is no order reduction at all in generalized-« Lie group time
integration:

Example 4.19 (a) For consistent initial values g (¢y), v(#y), V(Zy) and A(%y), the start-
ing values gy = q(ty), Vo = V(to), Vo = V(ty), a9 = V(tp), Ao = A(tp) satisfy assump-
tion (137) with § = 1 ifB(q (to))'s?(to) = 0 since Taylor expansion of v(fy + A h) at
h = 0 shows in that case that ||eg"‘|| = ||B(q(to)) ("/(to + Ayh) — ao) | = O"?).
(b) Condition B(¢ (#)) V(o) = 0in part (a) of this example is satisfied for the equa-
tions of motion (22) of the heavy top benchmark in configuration space G = SE(3)
since B(¢(1)) = B¥ := (=X —I3) along any solution curve ¢ (¢) in the constraint
manifold 9 := {¢q : ®(g) =0}, see Lemma 3.5, and the hidden constraints (16),
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(18) are given by 0 = BXv(r) = B¥v(r) implying B(¢(#))V(¢) = 0. Therefore, The-
orem 4.18(b) proves second-order convergence of the stabilized index-2 integrator
(56) for this benchmark problem. These theoretical investigations are illustrated by
the numerical test results in the right plot of Fig. 11.

(c) The equations of motion (22) of the heavy top benchmark in configuration
space G = SE(3) fulfill the assumptions of Lemma 3.5. Therefore, the generalized-«
integrator (37) defines a numerical solution that satisfies the hidden constraints (16)
at the level of velocity coordinates. I.e., integrators (37) and (56) define identical
numerical solutions for this benchmark problem and we get 17, = 0. The numerical
test results in the right plots of Figs. 6 and 11 illustrate this coincidence.

For a more direct proof of the corresponding second-order convergence result for
integrator (37), we may verify that for this benchmark problem assumption (139)
in Theorem 4.18(a) is satisfied with § = 1: Taking into account B(q (t,,))"'f(tn) =
0 and the structure of the leading error term in I}, we get B(q (tn))lZ = O0*) if
B(q(1))¥(1)¥(t) = 0, see Lemma 4.2. Here, we have substituted the term [V, v] e
se(3) in (69) by its equivalent V¥ € R with v € R®* being defined in (34), see also
(29). For consistent velocity vectors v, the skew symmetric matrix U in (34) ) may be
expressed in terms of X and € since BXv = 0 implies U = —XQ =9X =9X,ie.,

=[R2, X] = @X — X, see (29). The identity & =  is valid for any € R3, see
Remark 2.8(b). We get

(% _ 2 0\ _oox
)_( X I3)(szx-xszsz)_9B

and therefore also B(q (t))’\?(t)"/(t) = 0 since BXv(r) = 0, see (18). Hence, B(q (tn))
I} = O(h*) and assumptions (139) are satisfied for this benchmark problem with
0 = 1 if the starting values in the index-3 integrator (37) are set to go = ¢ (%), Vo =
v(1)-

Ve

B(q(1)¥(r) = BY ( o

Example 4.19 illustrates that the trivial initialization ay = v(#;) results for cer-
tain problem classes in transient error terms of size Oh'%) with 6 =1 such
that second-order convergence is already observed in the transient phase. In gen-
eral, however, this trivial initialization yields transient errors of size O(h) since
e[l = O(h) ifag = V(t9) and B(q (1)) V(fo) # 0. These first order error terms have
been observed numerically for the heavy top benchmark problem in configuration
space G = SO(3) x R? in Figs. 6, 7 and 13.

More sophisticated initializations of sequence (a,),>o in HHT-a and generalized-
« time integration have been discussed, e.g., in (Jay and Negrut 2007) and (Arnold
et al. 2015). We follow the latter approach and set

Ve — Vg
a = v(f) + Ag with AS = Ayh : L

_ 141
2sh (141)

vectors Vg, = V(tp & sh) + O(h?) and a (small) parameter s € (0, 1] that may be
set, e.g., to s := 1/10. For the computation of A3, we have to evaluate the equations
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Table 1 Initialization of the stabilized index-2 integrator (56)

Data Consistent initial values ¢ (ty), v(fy); parameter s € (0, 1]
Result Modified starting values go, Vo, Vo, a9, Ao of integrator (56)
Step 1 Set starting values g, Vo to the consistent initial values:
qo := q (1), vo := Vv(to)
Step 2 Solve system (19) with t = ty, ¢ = qo, v = v to get consistent
starting values vo and Ag
Step 3 Get vy, from system (19) with t = 1y + sh and
qg=¢qoo exp(shvo + szhz\"o/Z), v =vg+ shvy
Step 4 Get v_g, from system (19) with t = 9 — sh and

q = qo o exp(—shvo + s2h>¥/2), v = vo — shvg

Step 5 Compute starting value ag := vo + Agh (Vo — V_g3)/(2sh)

of motion at #y 4+ sh and at ty) — sh. Then, vectors vy, and V_g, may be obtained
from block-structured systems of linear equations (19), see the numerical algorithm
in Table 1 for a more detailed discussion of this initialization phase.

Starting values ay according to (141) satisfy assumption (137) with 6 = 1 since
V(to) + Aah (Vg — V_g)/2sh = V(tg + A h) + O(h?). Hence, Theorem 4.18(b)
proves second-order convergence of the stabilized index-2 integrator (56) for all
solution components. This convergence result may be verified by a numerical test for
the heavy top benchmark problem in configuration space G = SO(3) x R?: Fig. 16
shows for time step size & = 1.0 x 1073 the global error e}l‘ /A1l of the stabilized
index-2 integrator (56) in time interval [0, 0.1]. The test results in the left plot are
already known from the left plot of Fig. 13. They show the transient oscillating first-
order error term being characteristic of the trivial initialization ay = v(fy). The test
results in the right plot illustrate that this first-order error term disappears if we use
the modified starting value ag = V(f) + A§ ~ V(o + Ayh).

8 a = (dv/dit) = a = (dv/dt)(t A h)

el /Il
n
e /Il

n

0 0.02 0.04 0.06 0.08 0.1 0 0.02 0.04 0.06 0.08 0.1
Time t[s] Time t[s]

Fig. 16 Heavy top benchmark (2 = 1.0 x 1073, starting values go = ¢ (ty), vo = v(#), stabilized
index-2 formulation, G = SO(3) x R?): Global error e;\,‘ /IAnll- Left plot ag = v(ty), right plot
ag ~ V(tg + Aqh)
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a, = (dv/dt)(t ) a,= (dv/dt)(tO+A0(h)
0.4 0.4

et /Il
eM /Il

0 0.02 0.04 0.06 0.08 0.1 "o 0.02 0.04 0.06 0.08 0.1
Time t[s] Time t[s]

Fig. 17 Heavy top benchmark (2 = 1.0 x 1073, starting values go = ¢ (ty), vo = v(fy), index-3
formulation, G = SO(3) x R3): Global error e,){‘ /A l- Left plot ag = v(ty), right plot ag ~ v(tg +
Ayh)

Note, that this modification of starting value ay does not contribute significantly
to the result accuracy of the index-3 integrator (37) since the additional assumption
(139) in part (a) of Theorem 4.18 is (as before) only satisfied with § = 0. The resulting
large first-order error term in A, ; is (up to plot accuracy) not affected by modified
starting values ay, see Fig. 17.

This first-order error term is well known from the convergence analysis for the
linear test problem in Sect.3.2. In Theorem 3.1(b), we proposed a systematic per-
turbation of starting values v, to get second-order convergence, see (52). In the Lie
group setting, these modified starting values are given by

Vo = V(o) + [M™'BT(BM™'B")'Bl(q (1)) 1§/ h + O(’) .

In a practical implementation, we restrict ourselves to the leading error term in 1Y,
see (69), and use again a difference approximation of V(f), see (141). The modified
starting values are given by vo = v(fp) + Af with

Ay =1 M 'B"BM'BT)'Bl(q(t))-
‘-’sh - “I—Sh 1 ~ . (142)
. (Cq —Zsh + EV(IO)V(IO)) .

They may be computed efficiently by the numerical algorithm in Table 2. The numer-
ical test results for two different time step sizes in Fig. 18 illustrate that the mod-
ified starting values eliminate the first-order error term. The maximum amplitude
of eﬁ‘/ [IA.]l is reduced by a factor of 4 if the time step size is reduced from
h=10x10"2toh=5.0x 107

The perturbation of size O(h?) in (142) results in starting values gyp = ¢(#) and
Vo = v(to) + Af that satisfy assumption (139) in Theorem 4.18(a) with § = 1. In
general, these starting values are not consistent with the hidden constraints (16)
at the level of velocity coordinates but introduce systematically a residual of size
B(qo)vo = O(h?) att = ty. The numerical test results in Figs. 19 and 20 show that this
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Table 2 Initialization of the index-3 integrator (37)

Data Consistent initial values ¢ (ty), v(fy); parameter s € (0, 1]
Result Modified starting values go, Vo, Vo, a9, Ao of integrator (37)
Step 1 Set starting value g to the consistent initial value: g := g (o)
Step 2 Solve system (19) with t = 1y, g = ¢q(t9), v = v(tp) to get consistent
starting values vo and Ao
Step 3 Get vy, from system (19) with r = fg + sh and
q = q(to) o exp(shv(ty) + s2h*¥/2), v = v(to) + shvy
Step 4 Get v_g, from system (19) with ¢ = #9 — sh and
g = q(to) o exp(—shv(ty) + s*h*¥o/2), v = v(tg) — shvg
Step 5 Compute starting value ag := Vo + Agh (Vs — V_gs)/(2sh)
Step 6 Get Aj := Xy from the system of linear equations (20) with
Vsh — V_sh 1 . .
ry =0, rx=h*B(q0)(C, 5257}18 + Ev(zo)v(zo)) and
matrices M = M(qp), B = B(go)
Step 7 Set starting value v to vo := v(tp) + A}, see (142)
4 X 107 h=1.0E-3 4 X 10 h = 5.0E-4
<" <" : ‘ : :
T oo ~ 0 \m
< c < c . . ; .
o 5 o 5
-4 -4
0 0.02 0.04 0.06 0.08 0.1 0 0.02 0.04 0.06 0.08 0.1
Time t[s] Time t[s]

Fig. 18 Heavy top benchmark (index-3 formulation, starting values gy = g (t0), vo = V(%) + Ay,

a9 = V(to) + A2, G = SO(3) x R3): Global error ¢, /|| An . Left plot h = 1.0 x 10~3, right plot
h=50x10"*

non-vanishing initial constraint residual helps to avoid the oscillating second-order
term in the constraint residuals B(g,,) v, as well as the corresponding oscillating first-
order error term in the Lagrange multipliers A, : In the left plots of Figs. 19 and 20, we
see the simulation data for (classical) starting values vy = v(#), ag = v(fy) that are
already known from the numerical tests in Sect. 3.3 (left plots of Figs. 10 and 7). The
test results in the right plots of Figs. 19 and 20 show that the transient oscillating terms
disappear up to plot accuracy for the modified starting values vo = v(zp) + A =
v(to) + O(h?) and ag = V(tp) + A} = V(1) + Ayh) + O(h?).

The algorithm in Table 2 spends moderate numerical effort to get (modified) start-
ing values g, Vo, Vo, ag and A for the generalized-a Lie group integrator (37) that
satisfy assumptions (137) and (139) in the convergence theorem with § = 1. The
error bounds (138) in Theorem 4.18(a) prove second-order convergence in all solu-
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Fig. 19 Heavy top benchmark (2 = 1.0 x 103, index-3 formulation, G = SO(3) x R3): Residu-
als in hidden constraints (16). Left plot classical starting values vy, ag, right plot modified starting

values v, ag
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Fig. 20 Heavy top benchmark (4 = 1.0 x 1073, index-3 formulation, G = SO(3) x R3): Numer-
ical solution \,,. Left plot classical starting values vy, ag, right plot modified starting values vy, ag
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Fig. 21 Heavy top benchmark (index-3 formulation, G = SO(3) x R?): Global error of integrator
(37) versus h for t € [0, 1]. Left plot classical starting values vq, ag, right plot modified starting

values vq, ag
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tion components. The right plot of Fig. 21 shows numerical test results for the heavy
top benchmark problem that are in perfect agreement with this asymptotic error
analysis for small time step sizes .

S Summary

The generalized-a method is a Newmark-type method and one of the standard time
integration methods in structural dynamics. The method is second-order accurate
for unconstrained systems in linear spaces and has a free algorithmic parameter that
allows to control the amount of numerical dissipation for high-frequency solution
components. Following a Lie algebra approach, the method may be applied as well to
mechanical systems that have a nonlinear configuration space with Lie group struc-
ture. In each time step, the increment of the configuration variables is parametrized
by an element of the corresponding Lie algebra that may be obtained numerically by
a classical Newton—Raphson iteration in linear spaces.

The Lie algebra approach is used as well in the asymptotic error analysis for the
application to constrained systems that are typical of multibody dynamics. Newmark-
type time integration methods of second-order accuracy are known to suffer from
“overshooting”, i.e., from an oscillating transient error term in the application to a
scalar linear test equation with high-frequency solutions. For constrained systems,
these large transient errors may result in order reduction unless the starting values of
the generalized-a method are perturbed by an appropriate second-order correction
term. Second-order convergence of the algorithm with perturbed starting values is
proved analytically studying a coupled error propagation in differential and algebraic
solution components that takes into account a quadratic approximation of hidden
constraints at the level of acceleration coordinates.

The order reduction phenomenon may be avoided by an analytical index reduction
before time discretization. The Lie algebra approach allows to modify the increment
of configuration variables such that the numerical solution satisfies in each time
step the original holonomic constraints at the level of position coordinates as well
as the corresponding hidden constraints at the level of velocity coordinates (stabi-
lized index-2 formulation). With an appropriate initialization of the acceleration like
variables a, in the generalized-« method, this stabilized index-2 Lie group DAE inte-
grator is second-order accurate for any starting values being consistent with original
and hidden constraints in the equations of motion.

All results of the convergence analysis have been verified in detail by numerical
tests for a heavy top benchmark problem in Lie groups SO(3) x R* and SE(3),
respectively. The theoretical investigations are limited to fixed time step sizes but will
be extended to variable step size implementations with error control in future work.
In that case, the acceleration like variables a, need to be updated whenever the time
step size is changed at t = ¢,,. Furthermore, the velocity vector v, has to be perturbed
by an appropriate second-order correction term unless the generalized-« Lie group
DAE integrator is applied to the index-reduced stabilized index-2 formulation of the
equations of motion.
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The Absolute Nodal Coordinate Formulation

Johannes Gerstmayr, Alexander Humer, Peter Gruber
and Karin Nachbagauer

Abstract The key idea of the absolute nodal coordinate formulation (ANCF) is to
use slope vectors in order to describe the orientation of the cross-section of structural
mechanics components, such as beams, plates or shells. This formulation relaxes
the kinematical assumptions of Bernoulli-Euler and Timoshenko beam theories and
enables a deformation of the cross-sections. The present contribution shows how to
create 2D and 3D structural finite elements based on the ANCF by employing differ-
ent sets of slope vectors for approximating the cross-sections’ orientation. A specific
aim of this chapter is to present a unified notation for structural mechanics and
continuum mechanics ANC formulations. Particular focus is laid on enhanced for-
mulations for such finite elements that circumvent severe issues like Poisson or shear
locking. The performance of these elements is evaluated and a detailed assessment
comprising the convergence order, the number of iterations, and Jacobian updates
for large deformation benchmark problems is provided.

1 Introduction

In a world with an increasing amount of automation, mobility, adaptive structures,
and miniaturized systems, the modeling and simulation of flexible multibody systems
gains importance. Large deformation of some components can significantly influence
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the behavior of the flexible multibody system. Examples are the dynamics of thin
rotor blades, transportation of sheets or strips, various kinds of cables, wires, and
tires.

There are several possibilities to study the dynamic behavior of slender structures.
A convenient way to model large deformations of beam-like structures is to combine
several beams described by the floating frame of reference formulation with an indi-
vidual frame for each beam. As soon as the number of beams becomes larger, the
solution of geometrically nonlinear problems converges to the solution of nonlin-
ear beam formulations, see Gerstmayr and Irschik (2003) and Dibold et al. (2009).
The floating frame approach has drawbacks like inappropriate modeling of nonlin-
earities for geometric stiffening and slow convergence and it cannot be extended to
shells. Furthermore, the equations of motion as well as the constraint conditions for
pairwise interconnection of beams become tedious. In finite element codes, large
deformation structural finite elements based on the large rotation vector formulation
of Simo and Vu-Quoc (1988) are available for studying the dynamics of thin struc-
tures. These elements require special time integration methods for stable long-term
dynamic simulations.

In the present chapter, we focus on beam finite elements based on the absolute
nodal coordinate formulation. Specifically, the focus of this chapter lies on a class
of thin beam finite elements, based on the Bernoulli-Euler beam theory, and a class
of thick beam finite elements, which include shear and cross-section deformation.
This chapter provides a brief overview of existing absolute nodal coordinate (ANC)
formulations, relations to other modeling techniques for large deformation beam
finite elements, details on the formulation and implementation of the equations of
motion, and some representative numerical tests that show the order of convergence,
the performance and the stability of ANC beam finite elements.

1.1 ANCF—Basic Ideas

This section aims to highlight various basic ideas for ANC finite elements. For a
recent review article on ANCF, which provides important references, see Gerstmayr
et al. (2013b). We like to emphasize that some of the subsequent ideas do not apply
to every ANC finite element published in the literature. In addition to that, there is
no general definition whether to call a finite element ANC element, or not.

The first, and probably most widely accepted, idea is that ANC finite elements
are based on slope vectors' rather than rotation parameters such as Euler angles
or Euler parameters. Rotational parameters can immediately lead to a numerically
induced blow up of the total energy in a conservative flexible multibody system, see
the examples section of this chapter as well as the classical literature on 3D nonlinear
beam formulations of the 1980s and 1990s, see Simo and Vu-Quoc (1988). As an
advantage of the ANCEF, slope vectors can be interpolated in space and time in

IFor an example of a slope vector, see X ¢, X or X ¢ in Fig. 2.
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the same way as displacements, which does not lead to well-known problems of
interpolation of rotations. As a disadvantage, the slope vectors are stiffly constrained
to the nearly-rigid-body motion of the cross-section, which can cause high-frequency
dynamics behavior.

As a result of a pure displacement (or displacement gradient) interpolation in
space, ANC finite elements usually employ a constant mass matrix. This can lead to
simpler implementation and computational efficiency. The straightforward kinematic
description of the motion of each point of the beam makes an extension to advanced
kinematics descriptions (such as ALE) or to multi-physics coupling much easier, see
Pechstein and Gerstmayr (2013).

From the computational point of view, ANC finite elements are solved according
to a Total Lagrangian (TL) scheme. This means, that no incremental (or co-rotational)
formulation is utilized, which is sometimes applied in formulations based on rota-
tional parameters.

ANC finite elements shall be capable of large deformations (in comparison to
structural finite elements based on the floating frame of reference formulation) and
can even be applied to (moderately) large strains. Specifically, in some sort of ANC
finite elements, 3D continuum mechanics material laws can be directly applied,
which makes this formulation attractive, e.g., for rubber-like materials, see Irschik
and Gerstmayr (2009a).

The original shear and cross-section deformable ANC finite elements relax the
assumptions of the classical Bernoulli-Euler and the Timoshenko beam theory, in the
sense that the cross-section is not rigid any longer. As a consequence, the shrinkage
of parts of the cross-section due to elongation can be modeled, which has many
applications, e.g., in rolling processes.

In the case of so-called fully parametrized ANC finite elements, which use three
slope vectors for the definition of the orientation of the cross-section, an intercon-
nection of finite elements at any angle is possible without the need of constraint
conditions, see Sugiyama et al. (2003).

There is a general transformation of the NURBS-based geometry of slender struc-
tures to ANC finite elements, which allows the direct computation of CAD geometry
without the need for an intermediate discretization, see Lan and Shabana (2010a, b).

1.2 ANCF—Short Summary

There exist a vast amount of structural finite elements in the literature. Many of the
proposed structural finite elements have specific objectives and purposes. Among
other things, ANC finite elements have been designed for simulation of the dynamics
of flexible multibody systems consisting of structural components. In this context,
the term “structural” is used in order to distinguish such elements from conventional
solid finite elements.

In one of the earliest papers on ANCF, Escalona et al. (1998) proposed
a polynomial interpolation of the position of the beam axis for the computation
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of the deformation energy, the kinetic energy and the mass matrix. In the latter paper,
the authors used a planar Bernoulli-Euler beam theory, using a cubic interpolation
along the axis of the beam finite element. A co-rotational frame is defined, which
is spanned by the end points of the beam finite element, in order to compute the
strain energy. However, the mass matrix becomes constant and the formulation can
be implemented very efficiently. In order to extend the latter idea, it is possible to
use cross-section slope vectors, see Yakoub and Shabana (2001), and to use a similar
co-rotational linearization, see, e.g., Gerstmayr (2009).

The absolute nodal coordinate formulation facilitates the application of constitu-
tive relations on the continuum mechanics level, therefore, almost arbitrary material
laws as well as large strain formulations can be incorporated in a straightforward
manner. The classical large deformation beam finite elements, which have been pro-
posed by Simo (1985) and Simo and Vu-Quoc (1986c¢), are based on a strain energy
which is a quadratic function of generalized strain measures such as axial strain or
curvature. These strain measures can be interpreted in terms of continuum mechan-
ics quantities, see Irschik and Gerstmayr (2009b), however, the ANCF allows for a
much simpler realization of nonlinear, e.g., hyperelastic, material laws, see Irschik
and Gerstmayr (2009a).

There are other approaches than ANC finite elements for the combination of con-
tinuum mechanics with structural finite elements, see Frischkorn and Reese (2012)
for a recent work on beams modeled with hexahedrals. The slope vectors in the
ANCEF can be directly related to well-known director based methods, if constraints
are applied to the length of the slopes vectors and for the orthogonality of the slope
vectors. Applying constraints on a fully parametrized ANC beam finite element is
in line with the approach proposed by Betsch and Steinmann (2003), see the cor-
responding chapter in this book. Furthermore, the latter approach is based on the
geometrically exact beam formulation of Simo (1985).

There is one important group of so-called fully parametrized ANC finite elements.
The term ‘fully parameterized’ indicates that all nine components of the spatial
deformation gradient (four in the planar case) are used as coordinates in each node.
Using these coordinates, it is possible to interconnect ANC finite elements with slope
discontinuities without any constraint equations, see Sugiyama et al. (2003). In this
chapter, a specific focus is laid on so-called gradient-deficient ANC finite elements,
which means that less slope vectors are used than in the fully parametrized case.

There are several issues concerning the ANCF, which are not discussed in detail
in the present chapter. The idea of using slopes as nodal degrees of freedom has been
extended to plates, see Mikkola and Shabana (2003), resp. shells and general 3D
solids, see Olshevskiy et al. (2013). In the present chapter, we only discuss planar
and spatial ANC beam finite elements. The continuum mechanics formulation, which
is frequently used for the computation of the elastic forces in ANCE, is well suited
for the modeling of nonlinear elastic material, see Irschik and Gerstmayr (2011), or
inelastic material behavior, see Sugiyama and Shabana (2004) and Gerstmayr and
Matikainen (2006). The latter topics are not addressed in the present chapter.
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2 General Formulation of ANC Beam Elements

2.1 Kinematics of ANC Beam Elements

In the present section, the kinematic preliminaries describing the deformation of
beams are introduced. Throughout the following sections, we employ a direct tensor
notation or tensor components where appropriate. Einstein’s notion of summation
over repeated indices is used for the sake of brevity. The scalar product of two vectors
is given as a’b = a;b;. The composition of two tensors and the linear mapping of
a vector by a tensor read AA™! = I and Ab = A;;b;, respectively. The double
contraction of tensors is indicated by a colon, e.g., the inner product of second-order
tensors, i.e., A : B = tr(ATB) = A; ; Bjj; the product of a fourth- and a second-order
tensor is defined as *C : A = C; k1 Axs. For the tensor product of two vectors, we use
the notationa ® b = a;b;.

Regardless of whether structural finite elements as beams and plates or con-
ventional solid elements are considered, large deformation problems in continuum
mechanics require an exact representation of the geometry of deformation. As is
customary in solid mechanics, a reference configuration is introduced which pri-
marily serves the purpose of identifying a body’s material points. In the material or
Lagrangian representation employed subsequently, the field variables are functions
of the material points, or rather, their positions in the reference configuration. In
order to avoid curvilinear coordinates, the reference configuration—not necessarily
occupied by the body in the course of deformation—is a straight beam whose axis is
aligned with the x-axis of some fixed Cartesian frame {e,, e,, e.}. Let (§, n, ¢) denote
the (straight) referential coordinates, see Fig. 1, such that the position of some point
P is identified by the vector &,

£ =Ce, +779y+Cez~ ()
Fig. 1 Important se,
geometrical definitions for : P
ANC elements V

u(g)

undeformed configuration

deformed configuration
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In general, the undeformed beam can be curved and arbitrarily oriented relative to the
previously introduced fixed frame. The undeformed configuration, relative to which
the deformation is measured, therefore has to be distinguished from the reference
configuration. The position of the material point P in the undeformed configuration
is denoted by X, whose coordinates (x, y, z) relative to the fixed frame are referred
to as material coordinates subsequently:

X = xe, + ye, + ze,. 2)

The position in the undeformed state is related to the current position in the deformed
configuration x by means of the displacement vector u, i.e.,

X =X+u=xe, + ye, + ze,. 3)

The position vector to a material point of the beam’s axis in undeformed configuration
is defined as r whereas in deformed configuration it reads r.

Besides the idea of cross-sectional stress resultants, restrictions concerning the
deformation of the beam’s cross-section are a key ingredient enabling a reduction
of a 3D problem to a 1D problem of a beam. All the beam finite elements dis-
cussed subsequently can be considered as more or less special cases of a single set
of kinematic assumptions: Cross-sections, initially plane and perpendicular to the
beam’s axis in the undeformed configuration, remain plane in the course of defor-
mation. In contrast to conventional formulations, however, we want to allow the
cross-sections to change their size and shape, i.e., a constant in-plane stretch and
shearing. Timoshenko’s hypothesis would be recovered by prohibiting the latter; the
classical assumption for slender structures attributed to Bernoulli and Euler would
be obtained by further restricting that the cross-sections remain perpendicular to the
beam’s axis during deformation.

In the most general case considered herein, the position of the material point P
can therefore be expressed in terms of the axis’ initial and current position, i.e., T
and r, respectively, as

X=r+AX-—T)+ ug, 4)

where u s denotes the in-plane deformation of the cross-sections and the second-
order tensor A represents the rotation of the local frame in P from the undeformed
to the deformed configuration:

A= e ® é,’. (5)

The notions of bending and shear deformation in beam theories are intrinsically
related to body-local directions. In order to specify the strain measures the subse-
quent formulations are based on, we therefore need to specify local frames in the
beam’s configurations used in the analysis. As the beam is straight in the reference
configuration, we choose the associated local frame in the directions of the global
Cartesian frame {er.f| = €, €rr2 = €,, €rr3 = €;}. Expressing the position in
the undeformed configuration in terms of the referential coordinates, X = x(, 7, (),
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the corresponding local (cross-section) frame may be defined in dependence of the
lateral slope vectors X, and X . Under the convenient assumption that the unde-
formed configuration is chosen such that X ,, and X  are perpendicular at every X, the
definition of the local frame (€, €;, €3) reads

»

_ X, XX _ X _
g= Tl = E= (6)
X % Xcll Xl Xl

Apparently, €; is perpendicular to the undeformed cross-section, whereas €, and e;3
lie within and are perpendicular to each other. The local frame is orthonormal and
independent of the local position within the cross-section. Concerning the deformed
configuration we proceed in a similar way, but here the lateral slope vectors are, in
general, no more perpendicular. Let x = x(&, 7, (), then the local frame (e, e;, e3)
is given by

e X,n X X,( X ¢ X (Xﬂl X X’g) X,C
1= 5 _ _ 2 = s = .
X5 x x|l ¢ % (x5 xx¢) | lIxcll

)

Note, that the definition of the local frame is chosen arbitrarily, regarding its rotation
about e,. Particularly, x  defines the rotation of the cross-section around e;. Alter-
natively, x ,, could define the rotation of the cross-section, or a symmetric definition
regarding the slope vectors could be built upon the polar decomposition—however,
at higher computational costs.

With the local basis in the undeformed and the deformed configuration introduced,
we can represent the respective rotation tensor from the reference to the undeformed
configuration as

A=¢€ ®eer,, (8)

and that from the reference to the deformed configuration becomes

AA = €; ® Cref,i- (9)

2.1.1 Continuum Mechanics Formulation

Having provided the key ideas and assumptions concerning the geometry of deforma-
tion, the strain measures entering the constitutive equations are to be defined next. In
the continuum mechanics formulation, Green’s strain tensor is employed to measure

the deformation,

E:%(FTF—I), (10)

where F denotes the deformation gradient, which is expressed as
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since we want to use the referential coordinates for the sake of simplicity. Green’s
strain—the change of the metric represented in the reference configuration—is con-
sequently given by

Crox\T | fox\" ox  fox\ (ox\| (ox\" 12
2 \0¢ ot) o€ 1913 1913 1013 '
In case of an initially straight beam, the undeformed configuration is typically chosen

as the reference configuration, i.e., £ = X. Accordingly, Green’s strain tensor then
reduces to the well-known representation

1 ax\" ox
=-1(5) = -1f (13)
2 1\0¢) o0&
in which I = e.f; ® e, denotes the identity tensor.
While the choice of the above strain measure is natural within continuum theory,
the structural mechanics formulation relies on the introduction of proper generalized

strain measures which originate in the Cosserat theory of solids, which is described
in what follows.

2.1.2 Structural Mechanics Formulation

Neglecting the in-plane deformation of cross-sections at first, a beam can be thought
of as an elastic line with cross-sections attached to it. In the nonlinear rod model,
the elastic line gets translated and stretched in the course of deformation; the cross-
sections, which are represented by the local frames introduced above, undergo a rigid
body rotation. The vector of generalized force strains describing both axial extension
and shear deformation is the change of the derivatives of the axis’s position vector
with respect to the undeformed arc-length S:

or or
'=—-A—. 14
0S oS (14
In order to compute the difference, the derivative in the deformed configuration is
transformed into the local frame of the beam’s undeformed configuration. Recalling
that we want to express the involved field variables as functions of the referential
coordinates, we use the relationship

R E N

5)
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for rewriting the generalized force strains as

—1 —
or or
—_A=—). 16
(7 %) (e
The definition of the generalized moment strains relies on the fundamental prop-
erty of orthogonal tensors that

oo
=5

OA OAT oA -\
AAT =1 = —AT=-A—=—(=—AT) . 17
oS oS oS 17
The vector of moment strains « is the vector associated with the above skew-
symmetric tensor such that the following identity holds for any vector v,

O0A
=(=—AT)v. 1
KXV (8S )V (18)

For an alternative representation of the generalized moment strains, the vector of
twist and curvature Kk is introduced,

k= Lo x 2 (19)
=356 X 75
2 oS
which describes the change of the local basis along a material line,
86,‘
ﬁ =k x €. (20)

Likewise, the vector of the curvature and twist in the undeformed configuration is
given by
k= lg x & @21)
= —€ X —.
2 oS

In terms of these vectors, the change of the local basis along the beam’s axis can be
written as
O0A _ 8e,~ oe

(A _ _ —
33 aS(XJe+e®aS kxe)Re —e ® (e xk) (22)

The product with the A7 yields

OA _ i}
ﬁAT =Kkxe)Qe —e Q€ xKAT = (kxe) Qe —e; ® (e; x Ak), (23)
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where the identity a x b = (Aa x Ab)A has been utilized. The skew-symmetry of
the above tensor allows us to rewrite the product with some vector v as

(g—?AT) v=(k xv)— (Ak x v) = (k — AK) x V. (24)

Comparing this result with the previous definition (18), we can immediately identify
the simple representation of k in terms of k and k as

2.2 Equations of Motion

Pursuing a finite element discretization, the equations of motion are discussed in
their weak form. According to d’ Alembert’s principle in Lagrange’s representation,
the virtual work of the external forces is balanced by the sum of the virtual work of
the internal forces, i.e., the variation of the strain energy, and the virtual work of the
inertia forces

5Winert + 5Wint — (SWeXt. (26)

Similar to other beam formulations, the virtual work of external forces can be given
in terms of products of concentrated forces and torques times virtual displacements
and rotations, respectively. The virtual rotations need to be determined from the
rotation tensor A and consequently from the slope vectors involved, cf. (6)—(7). The
virtual work of surface tractions and body forces is obtained from surface and volume
integrals over their products with the corresponding virtual displacements.

The virtual work of the inertia forces is given by the volume integral over the
beam’s domain €2 in the following reference configuration:

swinert — / poii’ SudV, (27)
Q

where the variation of the displacement field is indicated by a § and py denotes
the referential density. Regardless of the particular kinematic hypothesis employed,
the key idea of absolute displacements being interpolated results in a constant mass
matrix. This property underlies all ANC elements discussed subsequently, apart from
the ANC-like formulation concerning the thin spatial beam element with torsional
stiffness of Sect. 3.5.
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2.2.1 Continuum Mechanics Formulation

The virtual work of the internal forces in the continuum mechanics formulation
corresponds to what is known from the conventional continuum theory of solids.
Accordingly, the second Piola—Kirchhoff stress tensor T is work-conjugate to Green’s
strain tensor:

swint = / T:0EdV. (28)
Q

In case of alinearly elastic material—in finite strain theory, such constitutive behavior
is referred to as St. Venant—Kirchhoff material—the stress tensor is given as

T="D:E, (29)

in which “D is the fourth-order tensor of elastic moduli. In the isotropic case, e.g., it
contains two independent parameters, i.e., Young’s modulus E and Poisson’s ratio
v. From a computational point of view, the distinction between vectors and tensors
and their components with respect to some particular basis has to be taken care of
at this point. In the numerical implementation, one often prefers to represent all
quantities in the common inertial frame of the reference configuration {e,, e, e.}.
When evaluating Green’s strain tensor (12), the components are usually given with
respect to the inertial frame whereas the components of the tensor of elastic moduli
refer to the local frame in the undeformed configuration {e;, €,, €3}. Therefore, one
must either represent the components of *D in the inertial frame when evaluating
the stresses, or, alternatively, transform the components of the strain tensor into the
local frame of the undeformed configuration using the rotation tensor A:

[E] = [A]"[E][A] (30)

In the above relation, we have introduced brackets in order to clearly distinguish
between a tensor as an invariant object and its components relative to some ten-
sorial basis. Subsequently, the components of the stress tensor can be determined
from the constitutive equation (29), where a vector-matrix representation is typically
employed for the sake of simplicity. Collecting the six independent components of
both stress and strain tensor relative to the natural basis of the undeformed configu-
ration {e;, €;, €3} in vectors,

_ T
7 =T, T, Ts3, o3, Tz, T2 | (€29)]

_ - - e

& =[En, Ex, E33,2E5,2E13,2E] | (32)

Equation (29) can be equivalently rewritten in terms of the 6 x 6 matrix Dcy as

7 = DceméE, (33)
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where Dcy gathers all relevant components of the fourth-order tensor “D. In case of
a linearly elastic, isotropic material, for instance, the matrix is given by

l—v 1 1 0 0 0
1 1-v 1 0 0 0
- Ev? 1 1 1—-v O 0 0
Doy=— — o , 34
M=TFd—-2y| 0 0 0 = o o0 (34)
0 0 0 0 =k o
0O 0 0 0 0 122

2

where k, and k3 denote shear correction factors that account for the non-uniform
distribution of shear stresses within the beam’s cross-section. Note that these correc-
tion factors may be different from well-known structural mechanics shear correction
factors due to the specific integration over the cross-section in ANC finite elements.
While the shear correction factors provided above enable a correct transverse shear
stiffness, a correction for torsional stiffness is not accounted for in the present con-
tinuum mechanics formulation.

The components of the second Piola—Kirchhoff stress tensor T, which are col-
lected in the vector T, need to be transformed back into the reference frame afterwards

[1] = [A][T][A]". (35)

With the stress tensor given, the variation of Green’s strain tensor remains to be
determined when evaluating the virtual work of the internal forces (28):

1 fox\T o6\ ox  (ox\" 0% | (0x\
=3 (5) [( se) gt (ae) “ae | (5e) - oo

2.2.2 Structural Mechanics Formulation

As opposed to the continuum mechanics formulation, the question of rational stress
resultants that are conjugate to the previously introduced generalized strain measures
is raised on a structural level. The internal forces and moments f and m, respectively,
represent stress resultants that can be regarded as quantities obtained upon a static
condensation of the stress distribution within the cross-section relative to the beam’s
axis. The present variational formulation of the strain energy relies on the ideas
of Reissner (1972, 1973), Antman (1972) and Simo (1985) according to which the
internal forces are conjugate to the generalized force strains and the internal moments
to the generalized moment strains, respectively,

Swint = / f76T + m” 6k d€, (37)
L
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where L denotes the length of the beam in the undeformed configuration. In the case
of elastic material behavior, the constitutive equations for the cross-sectional forces
and moments can be expressed as

f=al +c¢'k, m = bk +cI', (38)

with a, b and ¢ denoting second-order tensors of cross-sectional stiffnesses. Once
again, the question of the respective basis of vectors and tensors involved needs to be
addressed. The components of I and k are typically available in the inertial frame that
is used throughout the numerical analysis. The constitutive behavior (38), however,
represents a locally linear behavior with a constant tangent stiffness that rotates with
the beam in the course of deformation. Similar to the continuum mechanics approach,
we have two options: one is determining the components of the material tensors
relative to the inertial frame. Alternatively, the components of the generalized strains
in the local frame of either the beam’s undeformed or its deformed configuration
are computed using the respective rotation tensor. Choosing the local frame in the
undeformed configuration, the components of I' and « are transformed by means of

[F]=[Allr].  [5]=[&][x]. (9)

Again, we can gather the stress resultants and the generalized strains in vectors
in order to represent the material behavior by means of a matrix equation:

Tsm = Dsmésm (40)
with
; e S oo o T
Tsm = [fi. fo. oy, ms]|, &sw=[[1, Do, Da, kL Ry is] . (4D

where Dgy is the 6 x 6 cross-sectional stiffness matrix. In case of simple symmetric
cross-sections, the coupling term disappears, i.e., ¢ = 0, and Dgy becomes diagonal,

DSM = dlag (EA, kQGAQ, k3GA3, GJ] s Elz, EI';) , (42)

with commonly used beam properties, i.e., the axial stiffness EA, corrected shear
stiffnesses ks 3 GA» 3, torsional rigidity GJ and bending stiffnesses EI 3.

To this point, the deformation of the cross-sections us in Eq. (4) has not been
addressed within the structural mechanics formulation. In conventional beam theo-
ries, the cross-sections are usually assumed to be rigid, i.e., they only undergo a rota-
tion relative to the undeformed configuration. Although such restriction has proven
useful in many engineering applications, a significant change of the cross-sections
size is inherent to certain problems as, e.g., rolling processes in metal processing.
Among some of the ANC elements discussed subsequently, the parametrization facil-
itates including such deformation of the cross-sections’ from a numerical point of
view. For this purpose, the question of how to consistently augment the virtual work
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of the internal forces in terms of appropriate strain measures and conjugate forces
needs to be answered. A natural approach is to extend the structural mechanics
formulation by the corresponding terms in the continuum mechanics formulation.
Following Eq. (4), the deformation gradient is expressed as

F=i{r+A(i—f)}+Gcs, (43)
o0x

where the displacement gradient G represents the additional contribution from the
deformation of the cross-sections given by

Ougg
ox

Gcs = (44)
The definition of Green’s strain (10) immediately reveals the coupling of the cross-
sections’ stretching and shearing with the conventional deformation allowed within
Timoshenko’s hypothesis. Subsequently, however, we introduce the key assumption
that the in-plane deformation of the cross-sections does not interfere with the original
structural mechanics formulation, or, in other words, the cross-section deformation
is decoupled from generalized strain measures introduced above. Accordingly, only
the in-plane components of the strain tensor (12), i.e.,

En=¢, (E&), Ep=¢; (E&), Exn=¢; (E&), (45)

are regarded when augmenting the virtual work of the internal forces. The above
requirement further implies that the cross-sections’ deformation does not affect the
generalized forces and moments of the structural mechanics formulation, which—
from a continuum mechanics perspective—represent cross-sectional resultants of the
stresses. In case of an elastic material, for instance, we have to stipulate v = 0 such
that the conjugate stresses are given by

Ty, = EEy, Ts3=EEy, Ty =2GEn, (46)

where E and G denote the Young’s modulus and the shear modulus, respectively.
The additional term in the virtual work of the internal forces consequently reads

5Wclgt = / E (E225E22 + E33(5E33) + 2GE23(5E23dV. “@n
Q

If the in-plane strains are distributed uniformly within the cross-sections, the above
relation simplifies to

SWint — / EA (EndEx + Es30Es3) + 2 GA EndExd, (“48)
L



The Absolute Nodal Coordinate Formulation 173

where the axial and shear stiffness have been introduced, which further connects
the cross-sections’ deformation to the structural mechanics formulation. The total
variation of the internal forces is obtained by adding the contribution from the cross-
sections (48) to the conventional expression for the virtual work of the internal
forces (37):

SW™ o = SW™ 4 SWI. (49)

Before we proceed with the derivations, a few comments on the cross-sections’
deformation seem to be appropriate. The numerous assumptions needed to eventually
arrive at the simple expression (48) may appear restrictive to such an extent that the
general applicability of the proposed formulation is questionable at best. The answer
to that question is twofold: indeed but deliberately. The extension of the structural
mechanics formulation for beams is not meant to contain all features of deformation
a structure can be subjected to. It is specifically aimed at problems in which uniform
in-plane stretch and shearing are relevant—as in the examples mentioned above—but
the assumptions underlying the structural mechanics formulation are sufficient oth-
erwise. That is to say, including the cross-sectional deformation widens the scope of
applicability of the efficient structural mechanics formulation. In problems showing
a more complex state of deformation, for which the coupling of in-plane and out-of-
plane deformation cannot be neglected, the continuum mechanics formulation needs
to be resorted to.

From a numerical point of view, the expressions to be evaluated in the general
case of a beam that is arbitrarily curved in its undeformed configuration are rel-
atively complicated since both the generalized strains and conjugate forces of the
structural mechanics approach and the components of the strain tensor and the con-
jugate stresses of the continuum mechanics formulation are required. For an initially
straight beam, however, the terms related to the cross-sectional deformation sim-
plify significantly. In this case, the relevant components of Green’s strain tensor with
respect to the global frame are given by

£ _l(%%_l) £ _l(%@_l) g, 1ox0x (50)
"= 2\ on oy P T o\ ac ac » P Y anac

Some of the ANC elements discussed subsequently are based on the interpolation of
the derivatives contained in the above relations which greatly facilitates the evaluation
of the strains related to the cross-sectional deformation.

2.3 Numerical Interpolation

The fundamental idea of ANCEF is the direct interpolation of positions and position
gradients with respect to the global frame—therefore, absolute—using positions and
position gradients of a finite number of points, i.e., the nodes. Accordingly, the
position vector—or rather, its components with respect to the global frame—of a
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beam’s material point is represented by a Ritz approach as

x(§, 1) =8€)q1), xeR" 61V

where q denotes the vector of n generalized coordinates and S is the m x n matrix of
interpolation or shape functions, which is briefly referred to as shape function matrix.
Naturally, the same representation is used for the position field in the undeformed
configuration,

X(§) =S(9)q. (52)

Regarding both formulation and implementation, it should be mentioned that it is
more or less a matter of taste of whether absolute nodal positions or displacements are
utilized as generalized coordinates. Employing a Galerkin projection, the variation
of the position is contained in the same function space as the position vector itself,
i.e., we use the same shape function matrix

0x(&) = S8(£)dq. (53)

2.4 Overview of Different ANC Finite Elements

In the absolute nodal coordinate formulation, the design of finite elements is based
on the choice of nodal degrees of freedom (coordinates).

In most ANC finite elements, the nodal coordinates consist of position or dis-
placement coordinates as well as the corresponding derivatives with respect to the
referential coordinates (&, 1, ().

Figure 2 shows selected 2D and 3D ANC finite elements. As a minimum, one axial
slope vector is employed in order to create a Bernoulli-Euler beam finite elements,
see Fig.2a, b. Another case is retrieved, if all components of the gradient at each
node are used to define shear and cross-section deformable ANC finite elements,
also denoted as fully parametrized, see Fig.2c, d. The term ‘fully parametrized’ is
used, because all components of the gradient at the nodal positions are parametrized
by three nodal slope vectors.

The coordinates of two- and three-noded beam finite elements according to Eq.
(51) can be given in the general form,

T
q(znode)z[q(l)f q(Z)T] . and

T
q(3node):[q(1)T q(2)T q(3)T] ) (54)
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Fig. 2 Overview of some basic ANC finite elements. a 8 DOF, planar ANC finite element, b 12
DOF, spatial ANC finite element, ¢ 12 DOF, planar ANC finite element with shear and cross-section
deformation, d 24 DOF, spatial ANC finite element with shear and cross-section deformation

in which q®" represents the nodal coordinates of the i-th node. Following the original
idea of the ANCEF, a fully parametrized set of nodal position and slope vectors has
been utilized,

. T T T 71T
ap =[x x0T (55)

The vector x'/) represents the current position of the node j of the beam finite element.
Note that the nodal coordinates of Eq. (55) are comprised of the position and three
slope vectors which represent the deformation gradient.

In order to efficiently model ANC beam finite elements based on the Bernoulli—
Euler theory, so-called gradient-deficient nodal coordinates are utilized, which means
that not all components of the gradient are employed in the nodal coordinates,

A A 7T
ol =[x x¢']". (56)
In case of ANC beam finite elements which cover the Timoshenko beam theory,

gradient-deficient nodal coordinate that which do not contain the axial slope vector
are frequently used

. . . 1T
) =[X(”T x0" xfé)] : (57)

cross—section ]
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3 ANC Finite Elements Based on the Bernoulli-Euler
Condition

In this section, the 2D and 3D formulations of thin beam (or cable) finite elements
based on the ANCEF are discussed. The original formulations of 2D Bernoulli—Euler
ANC beam finite elements have been developed by Shabana and Schwertassek (1997)
and later on by Berzeri and Shabana (2002). In the present section, an extended
formulation is presented for 2D and 3D thin beams, which follows the works of
Gerstmayr and Shabana (2006), Gerstmayr and Irschik (2008) and Gruber et al.
(2013).

3.1 Kinematics of Thin ANC Beam Finite Elements

For notational convenience, the derivative of a quantity with respect to the axial
coordinate £ is subsequently abbreviated as

20

— =(). 58
B¢ O (58)

The two-noded planar element has eight degrees of freedom, see Fig.2a. For such

beam element, the position (or displacement) of its axis can be interpolated by two

third-order polynomials in &,

&0 _ [ _ [0+ @€ + @ + ase’ (59)

x5 by + bi& + by + b3&’ |

The coefficients a; and b; are determined by requiring that the generalized degrees
of freedom q?P represent components of the nodal positions (or displacements) and
slope vectors. Using third-order polynomials also for the interpolation of the slope
vectors, we obtain the shape functions S;,

LN P D R
Si=5-36+ 78 52_8(1 E-+8),
EUNE P VY ISP
53_2+4§ 45, S4—8(1 E+E+8).

which are gathered in the shape function matrix S,, as

xP =[SI SI SI SJ1q°° =S,,q%°, (60)

in which I?" is the 2 x 2 unit matrix.
In addition to the thin planar ANC beam element, two formulations for spatial
(3D) thin ANC finite elements exist. The simplest spatial element considers bending



The Absolute Nodal Coordinate Formulation 177

and axial stretch only, see Gerstmayr and Shabana (2006), and thus can only be used

to model cable problems, whereas an extended formulation for spatial beam elements

can also handle torsion. The latter extends the idea of Dmitrochenko and Pogorelov

(2003) in order to prevent from singularities, see Gruber et al. (2013) or Sect.3.5.
For thin spatial beams, the polynomial interpolation of the position reads

Xy ap + ar1é + a&? + az&?
x=|x | =|bo+b1E+b%+ b€ |. (61)
X3 co + 1€ + 2€? + 363

Again, the coefficients a;, b; and ¢; are chosen such that the generalized coordinates
q correspond to the components of the position (or displacement) and slope vectors
at the nodes. For a compact representation of the relation between the position vector
and the element coordinates, the shape functions can be collected in the shape function
matrix,

x=[51I SI SI SiIlq =S,.q. (62)

Note that we will not distinguish between planar (*°) and spatial vectors in the
following since most mathematical operations are identical. In the planar case, the
vector product (x) is understood as the product of two spatial vectors that represent
the embedding of the planar ones in the 3D space.

3.2 Virtual Work of Elastic Forces for Thin Beams Without
Torsional Stiffness

In thin ANC beam finite elements, only a structural mechanics formulation exists
for the definition of the elastic forces, while in the thick ANC beam finite elements,
both a continuum mechanics and structural mechanics formulations are available for
the computation of the elastic forces.

3.2.1 Bending and Axial Strain

In the present section, the kinematics and the strain energy of a planar Bernoulli-Euler
beam undergoing large rigid body motions and large deformations (but small strains)
is investigated. In order to keep this section simple, the planar beam formulation is
written for an initially straight and undeformed beam, assuming that the undeformed
configuration is identical to the reference configuration (beam aligned along e, axis).

The kinematics of the beam element is according to Fig. 1. In a planar Bernoulli—
Euler beam, Eq. (4) reduces to

x(§,m) =) +nexd). (63)
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The local basis, which is rigidly attached to the cross-section of the beam in current
configuration, is simply defined within the relations

I or

e = —, ele; =0, efe, =0, and e;=e,. 64
1 ||r/||8§ 12 2 €z 3 4 ( )

The derivative of the position vector x with respect to £ is given by

ox

X = 5 =T O 16O, (65)

The derivative of the cross-section vector e, with respect to £ follows as
e, =—0'e,. (66)

Thus, the rate of change of the rotation of the cross-section 96/05S, also denoted as
material measure of curvature K, is given by

00 06 0. 1 r xr’\7
L. (X )3 67)

o5 ocos e\ IrP

The latter result follows from the general definition of the moment strain mea-
sure (25). In the planar case, the only nontrivial component of the vector of twist and
curvature k reads

| T T
kle, = 3 (e1 x % +e x %) e. = (e1 x %) e, (68)

where the identity e, = e, x e; has been utilized. Introducing Eq. (64) and using the
relation (15), the above equation yields

K7 ( r 1 )T 1 (r’ x r”)T K 9
e, =— x — — .= — |———) e. =K.
) el el )] S\ )2 ‘

Assuming that the beam’s axis may be curved but not stretched in the undeformed
configuration, i.e., |F'|| = 1, we obtain the familiar relation

r xr’\T
K = . 70
“W)% 70

Finally, the derivative of the position vector x reads

X' = (|r'©| —nk)e. (71)
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Thus, the computation of the deformation gradient simply becomes

FeZ oo+ Zgetese
_85 1 8’[’] 2 3 3

=(I'©] +nK)ei®e. +e®@e, +es@e..  (72)

Note that the condition e; = e, holds in the planar case. It immediately follows that
the only nonzero component of the Green strain tensor,

1 T
E = E(F F-1), (73)

in the local frame {e;, e;, es} is given as

1 /
Ev =3 {1 +nK)" =1}, (74)

Usually, Green’s strain tensor is not used in beam theories. Its quadratic dependency
on the beam’s cross-section coordinate 7 leads to nonzero strain at the beam axis for
pure bending, see Gerstmayr and Irschik (2008).

Therefore, the strain components are usually linearized with respect to the cross-
section coordinates. In the planar case of Bernoulli-Euler beams, a more elegant
way to obtain geometrically linearized strain measures is shown subsequently. Biot’s
strain tensor is obtained from the polar decomposition of the deformation gradient,

F = RU, (75)

in which R denotes the rotational part of the deformation gradient and U represents
the stretch, which is related to Biot’s strain by H = U —I. Due to the simple structure
of the deformation gradient in the planar case, it follows that R = A, which results in

U=A"F=(r|-nK)e;®e; +e:Qe, + &3 ®e.. (76)

The work-conjugate stress to the Biot strain H is the Biot stress B. Under the assump-
tion of a linear elastic material, the following relation can be applied:

By = EHyy, (77)

in which E represents the Young’s modulus.

In the beam theory, the strain component Hy; = g + €peng 18 split into a mean
value, the (sectional) axial strain £ and the bending strain proportional to the curva-
ture K,

go=r'l—1 and epena = nkK. (78)
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Finally, the stress resultants are introduced as the normal force

N = / BidA = / E(so — nK)dA = E Aey, (79)
A A

and the bending moment
M = / nBi1dA :/ E(ney—n"K)dA=EIK, (80)
A A
where the beam’s axis is chosen such that

/ EndA =0, (81)
A

In order to consider curved and pre-stretched beams, the curvature K and stretch €0
in the undeformed configuration need to be considered,

N =EA(so — &)), M =EI(K —K). (82)

The relations for the sectional strain measures (78) as well as the stress resultants
(82) represent the conventional linear elastic beam modeling for large deformation
beams, which has been used, e.g., for the extensible Euler elastica, Reissner’s shear
deformable beam Reissner (1972) or the geometrically exact beam model of Simo
and Vu-Quoc (1986a).

The virtual work of elastic forces for the sectional strain measures and stress
resultants based on Biot’s strain is provided as

SWs = / Nozy — MOK de. (83)
L

In contrast, the St. Venant—Kirchhoff material model (29) can be used instead.
The sectional strain measures as well as the stress resultants can be computed in a
similar fashion from Eq. (74). For details of the derivation of the stress resultants,
see Gerstmayr and Irschik (2008) and Irschik and Gerstmayr (2009b) for shear-
deformable beams. The stress resultants for the St. Venant—Kirchhoff material model
can be computed from the first Piola—Kirchhoff stress tensor, see Appendix A of
Gerstmayr and Irschik (2008), and result in

, 3
ND =l IXll + S ETK? ], ®Y

and 1
MPY = _ETK|IX|? + zE141<3. (85)
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Obviously, the fourth area moment of inertia E 14 enters the bending moment due
to the nonlinear distribution along the cross-section of the Green—Lagrange strain,
see Fig.2 of Gerstmayr and Irschik (2008). Equations (84)—(85) provide insight into
what happens in a continuum mechanics based formulation of an ANC beam finite
element, which is usually based on the St. Venant—Kirchhoff material.

The virtual work of elastic forces results into the classical form

SWSVK = / NEVSD 1 Y PVSK© ge, (86)
L

taking into account the cross-sectional strain measures based on Green’s strain, which
is indicated by a superscript ‘(G)’,

1 EI
e =& + zﬂKz, (87)

and
K© = K|r|. (88)

The quadratic dependency of the axial strain 5(()0) on the square of the curvature K

can be explained in terms of the quadratic distribution of Green’s strains, see Fig.2
of Gerstmayr and Irschik (2008).

A comparison of Egs. (83) and (86) reveals the difference of a continuum mechan-
ics and a structural mechanics model of a Bernoulli—-Euler beam in the ANCEFE. This
idea can be extended to 3D and shear-deformable beams, as well. The most important
contribution, however, is due to axial strain and bending.

3.3 Linearized Axial and Bending Strain and Relation to
Floating Frame of Reference Formulation

The Biot’s strain component (78) corresponds to a linearization of the local strain
components with respect to the local frame of the cross-section.

In the case of the Biot’s strain and Bernoulli—-Euler beam theory, the polar decom-
position exactly gives the rotation of the cross-section as the rotational part of the
deformation gradient, cf. Eq.(76). In order to further simplify the beam finite ele-
ment, it is possible to use a linearization about an average rotation of the whole beam
element. Early development of the ANCEF, see Shabana and Schwertassek (1997) and
Escalona et al. (1998), discussed the stiffness matrix of the ANC finite element for
such element-wise linearization.

A planar co-rotational coordinate system i and j has been introduced,

@ _p(

1= —||r(2) — D ” s (89)
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in which r™, r® are the positions of the left and the right node of the finite element.
The second local axis is perpendicular to i, i.e.,

j= [_."2] (90)
i

In this way, the vector u is introduced
u=r@ -r?, oD

and the projection of u into the local element frame leads to the relations for the local
beam deformation quantities

Ts
-[)-[5

Thus, the strain energy can be written as

U= %/ EAu? + EIv dé = %/ Ea{w)i- 1}2 +EI {(u”)Tj}2 d€.
L L ©3)

The latter approach fully corresponds to the floating frame of reference formula-
tion, which assumes geometrically linearized relations in the body or element frame,
see Shabana and Schwertassek (1997). An extension of this idea to shear-deformable
3D ANC beams has been introduced by Gerstmayr (2009), in which the linearized
strains are computed in a co-rotational configuration of the large deformation beam
element.

In a further work, a comparison of the floating frame of reference formulation
based on geometrically linearized relations in each beam finite element to the ANC
beam finite element with fully geometrically nonlinear formulation has been per-
formed by Dibold et al. (2009). It turned out that co-rotationally linearized finite ele-
ments converge to exactly the same solution of large deformation static and dynamics
examples as compared to Bernoulli-Euler ANC beam finite elements as discussed
in the present section. The CPU performance of both formulations is similar and
mainly depends on the type of mechanical problem.

3.4 Thin 3D ANC Beam Finite Element Without Torsional
Stiffness

The planar Bernoulli-Euler ANC beam finite element can be extended to 3D straight-
forward, by adding a third component to the position and slope degrees of freedom,
see Gerstmayr and Shabana (2006). In this way, a specific cable finite element is
found, which has the following restrictions:
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(a) The bending stiffness must be symmetrical, EI,,, = ElI., which applies to
homogeneous round or quadratic cables

(b) The torsional stiffness and the moment of inertia for a rotation of the cross-
section about the beam’s axis is neglected; thus, it must be guaranteed that the
physical problem which is modeled with the beam finite element does not show
a twist or rotation about the beam’s axis

If these restrictions are fulfilled, the 3D cable finite element becomes extremely
simple. The axial strain is identical to the planar case (78),

o= [Ir'| — 1, (94)

the bending strain (material measure of curvature) is derived from Eq. (18). Due to
simplicity of the structure of the rotation matrix, the formula of the curvature reads

[[e" < x| 95)

[l

Note that in the original work of Gerstmayr and Shabana (2006), slightly different

strain measures have been used, which has been discussed and corrected in the work
of Gerstmayr and Irschik (2008).

The virtual work of elastic forces for the ANC cable finite element is given by
Egs. (37) and (40), using only the axial stiffness and the bending stiffness.

The ANC cable finite element is superior to other finite elements because of
its simple structure and the resulting computational efficiency. If torsion plays an
important role, however, then it needs to be extended as described in the following
section.

3.5 Thin 3D ANC Beam Finite Element with Torsional
Stiffness

If torsional deformation is considered additionally to bending and axial deformation
of a spatial beam, then the correct representation of its configuration in space requires
additional information addressing the rotation of the cross-section about the beam
axis (at every point of the beam axis).

Particularly, let us choose a fixed £ for which r(§) and r(£) denote the position
of an axial point in reference and actual configuration, respectively (see Fig. 1). The
straightforward way in the ANCEF to describe the rotation of a beam’s cross-section
at this particular point would be to consider three more absolute nodal coordinates in
form of a slope vector in lateral direction, see Yakoub and Shabana (2001). However,
this vector would have to yield two more conditions: first, being perpendicular to the
beams axis (which is one of the basic assumptions in Bernoulli-Euler beam theory),
and second, remaining its length constant in order to avoid thickness deformation of
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Fig. 3 Geometrical
description of a thin beam
with torsional stiffness. The
orientation of the
cross-section at point r is
defined by the normalized
projection ej3q of the director
d into the normal plane of
the beam axis, and a
subsequent rotation about the
beam axis by the torsional
angle 6, which gives e3

deformed configuration

the beam. Owing to that, only one degree of freedom remains to be chosen (addressing
the torsional rotation of the lateral slope vector about the beam axis) in order to fully
describe the beam’s configuration.

We express this single degree of freedom by the natural choice of a torsional angle
0(¢) (see Fig. 3). Note, that this angle is no more an absolute, but a relative quantity. It
is measured relative to the projection of a vector d(§), called director, into the normal
plane of the axial slope r'(£). The torsional angle of the cross-section in reference
configuration is denoted by 6(¢) and measured also relative to the orientation of the
director d(§), i.e., its projection into the normal plane of r'(£). Note that the director
d(&), other than the axial position or slope vectors, basically represents a constant
vector in time ¢. Let us—for the moment, and the sake of simplicity—additionally
assume, that the director is constant in space, meaning d(¢) = d for all £, and omit
the explicit notion of the variables £ and ¢ in the following formulas. The rotation of
the local frame at a particular axis point, see Eq. (6), may be defined as

r/

e = T (96)
|

€ = €y COS(Q) + €39 sm(0) , (97)

€3 = €39 COS(Q) — €2 sm(H) , (98)

in which e3y denotes the normalized projection of the director d into the normal plane
of the axial slope ”, i.e.,

, &p=d—(@d"e)e, (99)

and the bi-normal ey is obtained by the cross product

€0 = €39 X €. (100)
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Thereby, the curvature strain « from Eq. (18) and the axial strain ¢g = T e,,
utilizing I" from Eq. (16), can be computed. Combining these strain measures together
with the assumption of vanishing shear strains, i.e.,

IT"e)| +T"e| =0,

the variational formulation of the strain energy according to Eq. (37) is fully defined.
Note that a spatially non-constant director approach may be required combined with
a temporal director update (see Sect. 3.6) in order to guarantee the Gram—Schmidt
projection in Eq. (99) being well defined along the beam’s axis.

Let us turn to the spatial discretization by means of an ANC beam finite element
with two nodes. In addition to the cubic interpolation of the axial position r, see
Eq. (62), also the torsional angle at ¢ is obtained by interpolation between nodal
degrees of freedom,

0(&) = Smp(©)qo - (101)

The presented ANC beam finite element provides a linear interpolation of the tor-
sional angle

1 £ 1 ¢
m = s =< — =, = = -, 102
Smg(§) = [S5(€) S6(&)], S5(5) 37T S6(8) St T (102)
with the generalized coordinates ¢y defined by the nodal values
T
@ =[01 ObL] . (103)

To prevent the element from locking, a reduced numerical integration order of 5
(e.g., via 3 point Gauf3’ integration) is recommended when integrating bending and
torsional stiffness terms over the beam’s axis in Eq. (37), whereas the axial stiffness
term shall be integrated exact, which means a numerical integration order of 9 or
higher.

3.6 Director Update

For small deformation problems it is sufficient to consider a director d, which is
constant in space and time. However, problems arise, if the beam’s axis, i.e., the
axial slope r'(§) becomes (numerically) collinear with the director for any &. In
this case the projection Eq. (99) becomes singular and the orientation of the beam’s
cross-section remains unknown. Note that the same holds not only for the deformed
configuration, but also for the undeformed configuration. As a remedy, the director
is chosen to vary
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1. in space, achieved, e.g., by a spatial interpolation of d(£) between the two neigh-
boring nodal directors d' and d?, e.g., by a linear interpolation

d(¢) = Ssd' + Sed?,

2. in time, by performing an update of the nodal directors d' and d? past each time
or load step, given as a function of the current orientation of the local frame at
the ith node, e.g.,

L
d%pzerz—Engqx

L
a’(t) = e3¢ =+=

2,l= ti—1),

or optionally by the post-rotated update

L

d@) =esE =~ 1 =1;0), 0'(tj) =0
L

) =esE =+, 1=1,0), 0*(t;) =0

for all time steps ?;.

Let it be finally mentioned that the proposed Bernoulli—Euler beam finite element
provides C'-continuity along element borders only for the geometry of the beam
axis, whereas the torsion of the cross-section, i.e., angle 6, is just C O_continuous.
Hence, the element has fourth-order convergence in problems with insignificant
torsional effects, and a second-order convergence in all remaining problems. A fully
C'! continuous setting, requiring the rate of the torsional angle 6 to remain zero at the
FE-nodes (in order to serve as a generalized coordinate) together with a conforming
interpolation of the torsional angle  (and the director d) along the beam axis, is left
for further investigation.

4 ANC Finite Elements with Shear and Cross-Section
Deformation

In this section, the 2D and 3D formulations of thick ANC beam finite elements which
include shear and cross-section deformation are discussed. In addition to the previous
sections, displacements and displacement gradients are utilized rather than position
and position gradients.
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4.1 Kinematics of Thick Gradient-Deficient ANC Beam
Finite Elements

Omar and Shabana (2001) presented an ANC finite element, in which a slope vector
is used for modeling the shear deformation. For the 2D gradient-deficient ANC finite
element, the latter finite element is modified by omitting the axial slope vector. The
element is parametrized by displacements and displacement gradients at the nodes
which form the degrees of freedom. Figure 2¢ shows a sketch of the fully parametrized
element. The gradient-deficient element is obtained, if the axial slope vector X ¢ is
eliminated. The interpolation for a two-noded resp. a three-noded beam element is
given with linear resp. quadratic shape functions. In case of the two-noded element,
the shape functions are chosen according to Matikainen et al. (2009),

S—1L§ S, =nS
1—L2 , 2 =191,

1 /L
3 L(z-i-f) 4 =183 (104)

In case of the three-noded element, the shape functions are chosen similar to those
given by Mikkola et al. (2007) as

2 L
51=—ﬁ§(5—§), $2 =181,
2 L
S3:+ﬁ§ (54‘5), Sy =1S;,
4 L L
S = (5_5) (g+5>, S6 = 1Ss. (105)

The 3D gradient deficient ANC beam elements can be defined as the generalization
of the 2D elements discussed above. Here, the two transverse slope vectors, which
are in the cross-section plane, are used as degrees of freedom, compare Fig.2d. In
the spatial case, the shape functions of the linear (two-noded) element are given by

Sl(§’ 7, C) == ) 52(57 1, C) =7751, S3(£v 1, <) ZCSM

= N =
N~ o

S4(§’ m, C) = +

o S O =08 Se(€,m, ) =CSs. (106)

The shape functions for the quadratic (three-noded) ANC beam finite element are
given by

2 L
S]:_E (E_g)v Sz:nSl’ S3:<Sl’
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2 L
S4=+§§ 5+§ ) S5 = 1S4, S6 = (Sa,

S7 = 4 L L Ss =nS So = (S 107
7——§(5—5)(§+5), g = N7, 9 = (8. (107)

4.2 Virtual Work of Elastic Forces for Thick Beams with
Shear and Cross-Section Deformation

In addition to the structural mechanics formulation, which is customary for thin
beams, a structural as well as a continuum mechanics based formulation is provided
for shear and cross-section deformable ANC finite elements. Following the work
of Gerstmayr et al. (2008), the work of elastic forces can be based on Reissner’s
nonlinear rod theory, see Reissner (1972), as implemented by Simo and Vu-Quoc
(19864a), and a continuum mechanics based formulation, using a St. Venant—Kirchhoff
material. For the 3D case, see Nachbagauer et al. (2011).

4.2.1 Continuum Mechanics Formulation

In the original shear-deformable ANC beam finite element by Omar and Shabana
(2001), the elastic strain energy is defined using the Green’s strain and the second
Piola—Kirchhoff stress, as provided in Eq. (28). The main problem of this original
continuum mechanics based formulation is the Poisson-locking phenomenon. In the
original approach, the strain energy of a beam element with a rectangular cross-
section is written in terms of the engineering strain vector € and the elasticity matrix
Dcy as presented in Eq. (33). The main problem of the original continuum mechanics
based formulation arises since the Poisson ratio v couples axial strains E;; and
transverse normal strains E», in the stress-strain relation. For pure axial deformation,
the Poisson effect is modeled exactly. However, for bending deformation, the Poisson
effect would require a trapezoidal deformation of the cross-section, which is not
available in the original formulation. To avoid the locking effect, the strain energy is
modified based on the idea of Gerstmayr et al. (2008). The elasticity matrix is split
into two parts:

Dey = D2y + Dl (108)

in which ]_)%M does not include the Poisson ratio v, while D” involves the Pois-
son effect only. Hereafter, the strain energy is integrated over the cross-section, see
Eq. (28), in which the part related to DY, is integrated over the cross-section and
the other part related to D¢, is integrated along the beam axis only using the cross-
sectional area.
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4.2.2 Structural Mechanics Formulation

The idea of the structural mechanics formulation is to incorporate the strain energy
of classical nonlinear rod theories into the ANCEF, for details see Gerstmayr et al.
(2008) and Nachbagauer et al. (2011). The planar case of Eq. (37) reads

5Wim:/EAmfl+kXGAf25f2+Em5ad5, (109)
L

in which the axial stiffness E A, the shear stiffness G A with the shear correction factor
ky, and the bending stiffness £/ are coupled to the generalized strain measures for
axial, shear, and bending strains, respectively. As proposed by Simo and Vu-Quoc
(1986a), shear locking is eliminated by means of reduced integration here.

An additional term in the strain energy is necessary regarding the degrees of
freedom of the cross-section deformation. Following Gerstmayr et al. (2008), the
additional thickness strain energy WM in case of a 2D beam finite element can be
defined—in case of a rectangular cross-section—by

5Wést=/EAE225E22d§, (110)
L

which is defined similar to Eq. (48). The enhanced strain energy in the structural
mechanics based formulation is the sum of the conventional strain energy Wi in
Eq. (109) and Wci‘;‘ in Eq. (110), see Eq. (37). In the 3D case, the structural mechanics
based formulation follows Simo (1985). For the case of simple symmetric cross-
sections, see Egs. (42) and (37) can be given for the single components,

SWint — / EAT6T 4+ G AkyT,0T, + G AksT30T3 (111)
L

+GJkik10k1 + ELkydky + Elzk30ks3 d€

In the 3D case, the virtual work of elastic forces covering cross-section deformation
follows from Eq. (48).

5 Evaluation of the Accuracy and Performance of ANC
Finite Elements

This section is dedicated to outline the numerical behavior of four of the proposed
ANC beam finite elements, all of which are implemented in the open-source flexible
multibody system dynamics code HOTINT,? see Gerstmayr et al. (2013a). Hence-
forth, let us use abbreviations as in Table 1.

Zhttp://www.hotint.org/.
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The interested reader is referred to the works by Gerstmayr and Irschik (2008),
Gerstmayr et al. (2008), Nachbagauer et al. (2011), Nachbagauer et al. (2013) and
Gruber et al. (2013), in which each of the proposed ANC beam finite elements is
tested separately.

5.1 Static Example (Planar): Largely Deforming Cantilever

In this example we aim to compare the convergence and performance properties of
all proposed ANC beam finite elements (Table 1) at once, i.e., both thin and thick
elements are studied on behalf of the same setup.

A cantilever with length L and square cross-section with side-length a is subjected
to a point load F acting at the material point B (which is the tip of the beam axis, see
Fig.4). The material parameters of the cantilever are defined by Young’s modulus E
and Poisson’s ratio v as

E =2.07 x 10" N/m?, v=03,

based on which the shear modulus G and the shear correction factor &, are given by

E _10(1 +v)

G =———N/m?, ky = . (112)
2w+ 1) 124+ 11v
Table 1 Types of ANC beam finite elements tested in Sect. 5
Name Theory Description
BE2D Sect. 3 Thin beam in 2D (acc. to Bernoulli-Euler theory)
BE3D Sect. 3.5 Same in 3D
SQ2D Sect. 4 Shear deformable beam in 2D
SQ3D Sect. 4 Same in 3D

Throughout the whole section the shear-deformable ANC beam finite elements SQ2D and SQ3D
are considered to use quadratic shape functions, as defined in Eq. (105)

Fig. 4 Geometrical setup of ey
the cantilever of Sect. 5.1 in e ! Ta
reference configuration : | ‘
Y & oo
4 B L=20m
z X e & T a=0.1m

F F,=3EI/I*N
L F=Fe,
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A reference solution to the problem has been computed in the mathematical soft-
ware framework Maple by solving an elliptic integral equation utilizing global poly-
nomial shape functions, see Gerstmayr and Irschik (2008). The respective polynomial
degree was chosen such that the first 12 digits of the displacement at material point
B, reading

B [ —0.50853730436 e, + 1.20723985455e, , for BE2D and BE3D,

Vet = —0.50946471774 e, + 1.20882282955 e, , for SQ2D and SQ3D,
(113)

have been converged.

All of the four beams, cf. Table 1, were tested in a scenario with ten uniform load
steps, i.e.,

F, = —F.
10

At each of those load steps a nonlinear system is solved by means of Newton’s
method, utilizing the solution of the previous load step as initial guess at the current
load step. Newton’s method is terminated if the relative error (i.e., max-norm of the
actual residual over max-norm of the initial residual) becomes less than the bound
¢ = 1078, The overall performance and convergence behavior of the respective ANC
beam finite elements are documented in Table2 as well as in the convergence plots
of Fig. 5 and a performance plot in Fig. 6.

Studying these tables and figures we arrive at the following conclusions:

1. All of the elements of Table 1 require roughly the same number of Newton itera-
tions, independently of the underlying spatial refinement level.

2. Comparing the error of tip deflection |u?ef - u§E| versus number of elements (see
also the left plot in Fig.2), a quantitatively slightly different, but asymptotically
equal behavior of all element types can be observed, namely a convergence order
of 4 (meaning a decrease of the error roughly by a factor of ¢~* if the number of
elements is increased by a factor of ¢ > 0.

3. The right plot in Fig. 2 seems to be a consequence from the left plot, owing to the
fact that thick (i.e., shear-deformable) beam elements naturally own more degrees
of freedom than their thin counterparts. The same holds of course with respect to
the dimensionality of the several beam types.

4. The final plot in Fig. 6 shows that thin and thick elements need roughly the same
computational time asymptotically, both in the planar and in the spatial case.

5.2 Free Beam Flying in Plane

By this planar dynamic benchmark example we aim to compare the computational
speed of all the ANC finite elements presented in Table 1, as well as their convergence
in terms of a displacement error, integrated over time.
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Table 2 Performance table for the example Largely deforming cantilever of Sect. 5.1

Spatial discretization Performance
#NEL #DOF Err. (m) CPU (s) #lts.
SQ2D
1 12 1.098e-001 0.109 51
2 20 1.516e-002 0.187 49
4 36 1.327e-003 0.297 49
8 68 9.159e-005 0.531 49
16 132 5.874¢-006 0.952 49
32 260 3.695¢e-007 1.731 49
64 516 2.312e-008 3.244 50
BE2D
1 8 2.585¢-001 0.094 49
2 12 3.755e-002 0.156 49
4 20 2.035e-003 0.265 49
8 36 5.060e-005 0.655 49
16 68 1.202¢-006 0.827 49
32 132 3.876e-008 1.716 49
64 260 1.820e-009 3.136 49
SQ3D
1 27 1.098e-001 1.482 54
2 45 1.516e-002 2.324 55
4 81 1.327¢-003 4.586 55
8 153 9.159¢-005 8.471 55
16 297 5.874¢-006 16.41 55
32 585 3.695e-007 32.6 55
64 1161 2.312¢-008 70.86 55
BE3D
1 14 2.585e-001 0.905 49
2 21 3.755e-002 1.404 49
4 35 2.035e-003 2.652 49
8 63 5.060e-005 4.695 49
16 119 1.202e-006 9.002 49
32 231 3.876¢-008 17.94 49
64 455 1.820e-009 35.47 49

CPU-time in seconds (CPU (s)) and number of Newton iterations (#Its.) for various levels of
spatial approximation including number of elements (#NEL), total degrees of freedom (#DOF), and
approximation error (Err. (m)), measured by the error of the tip deflection, i.e. Err. = |u|]_3ef - ug‘E|
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Fig. 5 Convergence plot of the example problem in Sect. 5.1 showing the error of tip deflection

|urB;f — uEEl versus number of elements (left) and degrees of freedom (right)
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Fig. 6 The performance of the ANC beam finite elements in the example problem of Sect. 5.1 is

compared in terms of CPU-time versus error of tip deflection |urBicf - u]gEl
77777777777777 ‘ L,=0.6m
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F,=03N, F(t) = f(t) Fy e,
L, M, =0.3Nm, M(t)=f(t)M.e.

Fig. 7 Geometrical setup of the free beam of Sect. 5.2 in reference configuration
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A free beam with a square cross-section, as shown in Fig. 7, is subjected to a force
F(¢t) and a moment M(#), both acting over the time ¢ € [0, 10] at the beam axis
point B. The material parameters of the beam are defined by Young’s modulus E,
Poisson’s ratio v, and the material density p as

E=1x10°N/m?, v=03, p = 2500 kg/m? (114)

based on which the shear modulus G and the shear correction factor k; are computed
up to double precision, utilizing Eq. (112).

Note that the problem setup is defined similar but not equal to the well-known
flying spaghetti problem of Simo and Vu-Quoc (1986b). The reason for considering
not the original but a modified problem setup is to end up with less differences in the
kinematic behavior of thin and shear-deformable beam elements.

Time integration is numerically performed by a uniform time step size At =
0.001 s utilizing a two staged trapezoidal rule (Lobatto), which means three integra-
tion points per time step and a fourth-order global convergence in time. In difference
to the test example largely deforming cantilever of Sect. 5.1, where a classical New-
ton method was used per load step, we choose to update the Jacobian not at each
time step, but only if required, i.e., if the Newton residual is not converging fast
enough. Although generally resulting in much more iteration steps, such a modified
Newton method speeds up the simulation, particularly if the considered time steps
are comparatively small. Alike the classical Newton method, the modified Newton
method is terminated, if the relative error (i.e., max-norm of the actual residual over
max-norm of the initial residual) becomes less than the bound € = 1078.

Two convergence plots in Fig.8 and a performance plot in Fig.9 conclude this
example. In all of these plots, the integrated deflection error

T 1/2
B B |2
o= ([ - ubear) (115)
0

g 10 g1
§ 107 § 107
o o
2 2
8 3
e 2 4
b= 107} = 107
2 2
o o
=) =3
.%10'3 |l S S K S S D .‘310'5 P 1.g2]iigl 1 .3 Liild)

10" 10' 10° 10' 10° 10° 10"

number of elements degrees of freedom

Fig. 8 Convergence plot of the example problem in Sect. 5.2 showing the integrated tip deflection
error, as defined in Eq. (115), versus number of elements (left) or degrees of freedom (right)
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Fig. 9 The performance of 10",
the ANC beam finite '
elements in the example 10°, B..q
problem of Sect. 5.2 is i) B -
compa.red in terms of 2 .ol B - 23 e
C.PU-tlme. versus integrated 3 ' [——sq20 i
tip deflection error, as S ' —%—BE2D
defined in Eq. (115) 10"t _6-sqap
-83--BE3D
0
%0° 10" 107 10°

integrated tip deflection error (m)

at material point B (see Fig. 7) served as a measure of the finite element approximation
error. The reference solution ur%f (which is different for thin and for shear deformable
beams) is computed by means of a highly refined FE-solution of 128 elements, also

at a time step size of At = 0.001 s.

5.3 Free Beam Flying in Space

If a spatial beam formulation uses angular in addition to absolute coordinates (which
is the case in the beam class BE3D, but not so in the beam class SQ3D), the shape
function interpolation of those angular coordinates (evaluated at the integration points
along the beam’s axis) causes the total energy of the beam to be no more conserved,
and thus any time integration scheme becomes unstable and must fail to converge. To
demonstrate this effect in this third test example, we consider a similar problem setup
as in Sect. 5.2, however with slightly different material and geometrical parameters,
and with a different loading scenario causing the beam to move out of plane.

A free beam with a square cross-section, as shown in Fig. 10, is subjected to a
moment M(7) acting at the time 7 at the beam axis point B. The material parameters
of the beam are defined by Young’s modulus E, Poisson’s ratio v, and the material
density p asin Eq. (114), based on which the shear modulus G and the shear correction
factor k; are computed up to double precision, utilizing Eq. (112).

Although the beam class BE3D shows better convergence compared to the beam
class SQ3D (as shown in Fig. 12) the simulation with type BE3D elements would
become unstable after a while. To be precise, an implicit time integration scheme
(of type Lobatto using 2 stages and a uniform time step size of 0.001 s) would fail
to converge after 8 s of simulation time when using a spatial discretization with 8
elements, after 9s when using 16 elements, and after 12 s when using 32 elements
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Fig. 10 Geometrical setup of the free beam of Sect. 5.3 in reference configuration
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Fig. 11 Sum of kinetic and potential energy of the beam computed with a uniform time step of
0.001 s and a spatial discretization of 8, 16, and 32 elements of type BE3D compared to 64 elements
of type SQ3D

of beam type BE3D, whereas simulations with the same type of integration scheme
but using SQ3D elements did not show instability effects at all (at least, in our tests
the simulation remained stable until 50 s of simulation time).

This issue becomes even more evident if we study the total (i.e., the sum of kinetic
and potential) energy, see Fig. 11. Analytically the total energy of the flying beam
must stay constant as soon as the outer forces, i.e., the tip moment, become zero
(which happens past 3 s of simulation time, see the definition of the time ramp f (¢)
in Fig.10). In case of simulations with BE3D elements, sudden energy blowups
occur whereas in simulations with SQ3D elements the total energy is conserved,
independently of the spatial refinement.
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Fig. 12 Displacement in x-, y-, and z-direction of the axial point B of the beam in Sect. 5.3
computed with 32, 64, and 128 elements of type SQ3D (left), and 8, 16, and 32 elements of type
BE3D (right)

6 Conclusions

In the present chapter, the absolute nodal coordinate formulation has been introduced
and some specific finite elements, which are based upon this formulation, have been
presented in a unified notation regarding kinematics and work of elastic forces. The
finite elements under investigation have been studied regarding its convergence as
well as the stability. It turned out that displacement-based finite elements, which do
not employ rotations as degrees of freedom, are not showing numerical instabilities
as compared to those which contain at least one rotational parameter. Finite elements
with rotational parameters, however, have other advantages. For those elements, it
is necessary to obtain stable numerical integration schemes, which are discussed in
detail in other chapters of this book.
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Abstract In this chapter, a brief introduction to the formulation of variational meth-
ods for finite-dimensional Lagrangian systems is presented. To this end, the first
two sections focus on describing the Lagrangian and Hamiltonian points of view of
mechanics for systems evolving on manifolds. Special attention is paid to the con-
struction of the Lagrangian function and to the role of Hamilton’s variational principle
in the deduction of the balance equations. The relation between the symmetries of the
Lagrangian function and the existence of invariants of the dynamics along with the
symplectic nature of the flow are also addressed. In the third section, the discussion
turns towards the formulation of a time-discrete analogue of the theory. The corner-
stone of such a construction is given by a discrete analogue of Hamilton’s variational
principle which provides a systematic procedure to construct discrete approxima-
tions to the exact trajectory of a mechanical system on both the configuration space
and the phase space. The approximation properties and the geometric characteristics
of the resulting discrete trajectories are explained. Finally, we apply the variational
methodology to construct symplectic and momentum-conserving time integrators
for two problems of practical interest in engineering and science.
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1 Introduction

1.1 Overview

A bumper sticker explaining how to construct variational integrators (VI) would read

“Approximate the action instead of the equations of motion.”

This simple idea turns out to be very powerful, as we shall have the opportunity
to explore in these notes. In fact, it has underpinned the solutions to elastostatics
problems with the finite element method for 60 years now. Why, when, and how an
approximation of a fundamental object in classical mechanics, the action, gives rise
to a convergent scheme to integrate the equations of motion are questions that we
shall address.

To explain the implications of the above bumper sticker, in the following sections
we briefly review the Lagrangian formulation of the mechanics of a conservative
system, and then we mimic this process at the discrete level to construct variational
integrators.

1.2 Perspective

Early approaches toward the creation of time integrators for ordinary differential
equations (ODE’s) consisted in constructing a suitable discretization of equations,
without accounting for additional structure these equations might have. See for
example, (Hughes 1987; Bathe 1996; Hairer et al. 1993; Hairer and Wanner 1996;
Holmes 2007) among others.

An alternative point of view is given by the formulation of the so-called structure-
preserving methods. Those methods are designed to preserve the geometric properties
of the flow of the differential equations. This category includes but is not limited to:

e Methods that conserve the invariants of the dynamics such as energy-conserving
integrators applied to conservative systems (Bayliss and Issacson 1975; Labudde
and Greenspan 1976) or energy-momentum conserving methods (Simo etal. 1992;
Simo and Wong 1991) which conserve energy as well as linear and angular momen-
tum. These ideas have been also applied to problems described by partial differ-
ential equations (PDE’s), such as for example to the dynamics of nonlinear solids
(Gonzalez 2000). The list of contributions in this area is long, with for example
(Armero and Romero 2001; Armero and Petoz 1999; Bauchau and Bottasso 1999;
Betsch and Uhlar 2007; Borri et al. 2001), to name only a few of them.

e Numerical methods for dynamical systems evolving on general manifolds rather
than on linear spaces. The key feature of these methods consists in that the result-
ing discrete trajectory belongs to the same configuration manifold as the time-
continuous system (Iserles 1997; Desbrun et al. 2014). Many important problems
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in physics are described in terms of dynamical systems evolving on Lie-groups
(see Sect. A.2) such as for example, the dynamics in space of N-interacting rigid
bodies, the dynamics of slender structures such as rods and filaments, the dynam-
ics of shells and the motion of incompressible and inviscid fluids among others.
Lie-group methods are numerical integrators specifically formulated for dynam-
ical problems on Lie groups or on manifolds acted upon by Lie groups (Iserles
et al. 2000; Celledoni et al. 2014).The application of these methods to the full-
body problem can be consulted in (Lee et al. 2007; Celledoni and Owren 2003),
to the dynamics of elastic and inelastic rods in (Mata 2015; Mata et al. 2008,
2009; Romero and Armero 2002, Simo et al. 1995) and to the dynamics of shells
e.g., in (Simo and Tarnow 1994; Sansour and Wagner 2003). An error analysis of
Lie-group methods can be consulted in (Faltinsen 2000).

e Symmetric methods for reversible problems. Reversible dynamical systems are
characterized by the fact that inverting the direction of the velocity vector while
keeping the initial position fixed, results in an inversion of the solution trajectory.
Conservative mechanical systems are reversible. Numerical methods able to gen-
erate reversible numerical flows when applied to a reversible differential equations
constitute an active field of research in geometric time integration (Hairer et al.
2006, Chap. V; Cano and Sanz-Serna 1988).

e Symplectic methods for Lagrangian/Hamiltonian problems. The Lagrangian/
Hamiltonian systems are among the most important dynamical systems in sci-
ences and engineering. As noted in (Feng and Qin 2010) any conservative real
physical process can be formulated as a Hamiltonian system, whether they have
finite or infinite degrees of freedom. An outstanding property of Hamiltonian sys-
tems is the symplectic nature of their flows on the phase space. See Sects.2.3 and
3.5 for a precise definition of continuous and discrete symplecticity. Examples
of Hamiltonian systems appearing in science and engineering include but are not
limited to the structural biology (Gay-Balmaz et al. 2009), molecular dynamics
(Stavros 2014; Manning and Maddocks 1999), mathematical models in ecosystem
dynamics (Kirwan 2008), superconductivity (Bogolyubov 1972), plasma physics
(Larsson 1996), celestial mechanics and cosmology (Arnold et al. 2006), fluid
mechanics (Desbrun et al. 2014; Gawlik et al. 2011), mechanics of materials and
structures (Simo et al. 1988), theoretical physics (Esposito et al. 2004; Marsden
1988), aerospace engineering (Kasdin et al. 2005), satellite dynamics and con-
trol (Kuang et al. 2003; Koon et al. 2011), kinematics and dynamics of mecha-
nisms and robots (Macchelli et al. 2009; Chen 1990) and other areas of seismic
(Luo et al. 2013), mechanical and electrical (Clemente-Gallardo and Scherpen
2003) engineering. Symplectic integrators are methods specially formulated to
produce a symplectic flows on the phase space. This property is intimately related
to the ability of these methods to reproduce the long-time structure of the solutions
of Hamiltonian ODE’s (e.g., limit cycles, attractors, invariant manifolds, etc.) as
it has been reported in several occasions e.g., (Bou-Rabee and Marsden 2009).
A survey on symplectic time integration of Hamiltonian ODE’s and Hamiltonian
PDE’s can be consulted in (Leimkuhler and Reich 2005; Feng and Qin 2010) and
(Hairer et al. 2006, Chap. VI). The nonlinear stability of symplectic integrators
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is considered in (McLachlan et al. 2004). The role of symplectic integration in
optimal control is reviewed in (Chyba et al. 2009).

Therefore, formulating numerical methods able to preserve the geometric struc-
ture of the solutions of Hamiltonian systems will have extremely broad applications.
This chapter focuses on describing a particular methodology, based on the discretiza-
tion of a fundamental principle in mechanics, to construct structure-preserving meth-
ods for Lagrangian systems with symmetries.

1.3 Variational Integration

Variational integrators (VI’s) constitute a more recent approach toward the creation
of structure-preserving methods for finite-dimensional Lagrangian systems or for
appropriate discretizations of some Hamiltonian continuum systems. Their construc-
tion is based on the formulation of a discrete analogue to Hamilton’s variational
principle. The basic idea consists in constructing a time-discrete approximation of
the action integral called the discrete action sum. Stationary points of the discrete
action sum are then the discrete-in-time trajectories of the mechanical system, and
can be proved to approximate the exact trajectories as the time-step goes to zero.
These ideas were originally explored in the works of (Maeda 1980; Maeda 1982)
and of (Veselov 1988; Moser and Veselov 1991) in the context of integrable systems
in mechanics.

The procedure used to construct a time-discrete trajectory defines a variational
time integrator that shows a number of remarkable properties among which are:

(1) It conserves the invariants of the dynamics associated to the symmetries of the
original mechanical system if the discrete action sum is designed to preserve
the same symmetries. See Sects.2.3 and 3.4. This is also known as a discrete
version of Noether’s theorem, see e.g., (Marsden and West 2001; Lew et al.
2004, 2003).

(i1) A discrete version of the Legendre transform allows to construct an alternative
but otherwise equivalent form of the method that defines a discrete symplectic
flow over the phase space. See Sect. 3.5.

(ii1) The discrete trajectory displays an outstanding energy behavior. To be more
precise, the value of the energy computed over the discrete trajectory remains
close to its initial value for very long times, provided the time step is small
enough, see e.g., (Leimkuhler and Reich 2005; Hairer et al. 2006).

(iv) Symplectic and momentum-conserving methods of arbitrarily high order of
accuracy for dynamical systems evolving on nonlinear manifolds can be sys-
tematically constructed following the standard methodology of variational inte-
gration.
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The essential aspects of VI’s can be reviewed in (Wendlandt and Marsden 1997,
Marsden and Wendlandt 1997; Marsden and West 2001) and in (Leok and Shingel
2012a; Leok 2005) general techniques for constructing variational integrators are
provided. Spectral variational integrators are described in (Hall and Leok 2014a)
and prolongation—collocation methods in (Leok and Shingel 2012b).

The variational methodology has been successfully applied to a broad range of
fields such as for example:

e Mechanical problems with multisymplectic geometry. In (Marsden et al. 1998)
a geometric-variational approach to continuous and discrete field theories is
described and in (Marsden et al. 2001) the authors present a variational and multi-
symplectic formulation of both compressible and incompressible models of con-
tinuum mechanics. Asynchronous variational time integrators for finite element
discretizations of deformable solids and field theories are formulated in (Lew et al.
2004, 2003; Lew 2003; Kale and Lew 2006; De Ledn et al. 2008). An analysis of
the stability properties of asynchronous VI’s can be found in (Fong et al. 2008).
See (Focardi and Maria-Mariano 2008) for a converge analysis of asynchronous
VI’s in linear elastodynamics and (Patrick and Cuell 2009) for a complete error
analysis.

e Dynamical systems evolving on nonlinear manifolds. Discrete analogues of Euler—
Poincaré and Lie—Poisson reduction theory for systems on finite-dimensional Lie
groups with symmetries are developed in (Marsden et al. 1999). A Lie Poisson
structure for a discrete mechanical system evolving on a Lie group is deduced
in (Marsden et al. 2000). Lie group VI’s applied to the full-body problem are
formulated in (Lee et al. 2007) and VI’s on two-spheres in (Lee et al. 2009). The
extension of spectral variational integrators to Lie groups is developed in (Hall
and Leok 2014b).

e Structural elements: beams, rods, plates, and shells. An explicit, second-order
accurate VI that can be identified with a Lie-group, symplectic, partitioned Runge—
Kutta method for finite element discretizations of geometrically exact rods is pre-
sented in (Mata 2015). The formulation of VI’s for spatial beams and plates is
carried out in (Demoures 2012; Demoures et al. 2014). In (Nichols and Murphey
2008) a VI for simulating the dynamics of cable structures is formulated. A discrete
model for shells is formulated in (Grispun et al. 2003).

e Contact and impact. In (Fetecau et al. 2003b; Fetecau 2003) the classical theory
of (smooth) Lagrangian mechanics is extended to the nonsmooth case in order to
include collisions and the foundations of the multisymplectic formulation of non-
smooth continuum mechanics are presented in Fetecau et al. (2003a). An example
of asynchronous collision integrators can be consulted in Wolff and Bucher (2013)
and an application to polymer chains in (Leyendecker et al. 2012). In (Ryck-
man and Lew 2010, 2011, 2012) a new explicit dynamic contact algorithm that
takes advantage of a variational asynchronous time integrator is formulated. A
variational formulation of contact is formulated in (Harmon et al. 2009) and an
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optimization of this method is carried out in (Ainsley et al. 2012). See also (Cirak
and West 2005).

e Multibody dynamics and control. A comparison between the numerical perfor-
mance of VI’s and energy-momentum schemes when applied to the numerical
simulation of flexible multibody dynamics is presented in Betsch et al. (2010).
The solvability of some geometric integrators for multibody systems is analyzed
in (Kobilarov 2014). A discontinuous version of VI’s is formulated in (Johnson
etal. 2014) to treat collisions in multibody systems. In (Jiménez et al. 2013) numer-
ical methods for optimal control of mechanical systems in the Lagrangian setting
are formulated.

e Stochastic differential equations. In (Bou-Rabee and Owhadi 2009) a contin-
uous and discrete Lagrangian theory for stochastic Hamiltonian systems on
manifolds is presented. See also (Wang et al. 2009; Wang 2007). The long-
time statistical properties of a Lie-Trotter splitting for inertial Langevin equa-
tions are presented in (Bou-Rabee and Owhadi 2010). The splitting is defined
as a composition of a variational integrator with an Ornstein—Uhlenbeck flow
(Van Bargena and Dimitroff 2009). Further material about geometric integrators
for stochastic dynamical systems can be found in Tao et al. (2010). Variational inte-
grators for constrained, stochastic mechanical systems are presented in Bou-Rabee
and Owhadi (2007).

e Constrained and forced problems. The formulation of variational integrators
applied to Lagrangian systems subjected to holonomic constraints or forces can
be consulted in (Marsden and West 2001; West 2004). A variational discrete null
space method is proposed in (Leyendecker et al. 2008). See also (Leyendecker et al.
(2007)). A study of the I'-convergence of VI’s to the corresponding continuum
action functional and the convergence properties of the discrete trajectories to sta-
tionary points of the continuum problem is presented in Schmidt et al. (2009). The
use of a discrete version of Lagrange—D’ Alembert principle allows to include non-
conservative generalized forces. This is particularly useful for weakly dissipative
systems (Kane et al. 1999, 2000).

e Dynamics of fluids. A geometric theory for fluid dynamics can be found in (Mars-
den and Ratiu 1999; Arnold and Khesin 1998; Pavlov 2009). Traditionally, numer-
ical methods for fluid dynamics have been rarely designed to preserve the geo-
metric structure of the solution trajectories, resulting in the introduction of spu-
rious numerical artifacts. In contrast, in (Pavlov et al. 2011) discrete equations
of motion for fluid dynamics are derived from first principles in Eulerian form.
In (Gawlik et al. 2011) a variational discretization of continuum theories arising
in fluid dynamics, magnetohydrodynamics and the dynamics of complex fluids
is presented and in (Desbrun et al. 2014) a structure-preserving scheme for the
dynamics of rotating and/or stratified fluids is formulated.

e Thermoelasticity and nonequilibrium thermodynamics. The dynamics of systems
undergoing irreversible processes has motivated the formulation of structure-
preserving integrators able to satisfy the first (energy conservation) and second
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(nondecreasing entropy of an isolated system) laws of thermodynamics along
with the conservation of the invariants associated to the symmetries of the sys-
tem. Those methods are frequently called thermodynamically consistent. See e.g.,
(Romero 2009; Bargmann and Steinmann 2008a, b). The simplest type of such sys-
tems are likely to be the thermomechanical systems. A Lagrangian/Hamiltonian
formulation of thermoelasticity is obtained by introducing the concept of ther-
mal displacements (Maugin 2000; Maugin and Kalpakides 2002) and (Green and
Naghdi 1993, 1991, 1995). In this formulation, the temperatures are obtained as
the time derivatives of the thermal displacements and the entropy is the conju-
gate momentum to the temperature. In (Mata and Lew 2011) a class of variational
integrators for finite-dimensional adiabatic thermoelastic is formulated. The same
ideas are applied in (Mata and Lew 2014) to develop thermodynamically consistent
methods for finite element discretizations of deformable elastic solids with second
sound. Unfortunately, it is not possible to construct a Hamiltonian formulation of
thermoelasticity with heat conduction of Fourier type.' In (Mata and Lew 2012),
an entropy flux term of Fourier type is added as a dissipative perturbation to the
Hamiltonian form of the balance equations of adiabatic thermoelasticity and a dis-
crete version of D’ Alembert’s principle is used to formulate structure-preserving
methods. A similar approach has been followed in (Kern et al. 2014).

Other applications of variational integration can be reviewed, e.g., in (Kharevych
et al. 2006; Kraus 2013; Ober-Blobauma et al. 2013; Stern and Grinspun 2009).

1.4 Objectives and Layout of the Chapter

This chapter presents an introduction to the formulation of variational methods for
finite-dimensional Lagrangian dynamical systems.

In Sect. 2 we revisit the Lagrangian and Hamiltonian points of view of mechanics
for systems evolving on manifolds. To this end, we first introduce the concepts of
generalized coordinates, configuration space, tangent space and the consistent com-
putation of variations. Every concept is illustrated through some simple examples.
Special attention is given to the construction of Lagrangian functions and to the
role of Hamilton’s variational principle in the deduction of the balance equations. In
Sect.2.3, we introduce the concept of (group) symmetries of the Lagrangian func-
tional and we explain how they are related with the existence invariants of the dynam-
ics. The symplectic nature of the flow is also discussed. Section2.4 introduces the

! Alternative variational principles have been proposed for thermoelasticity with heat conduction,
see e.g., (Yang et al. 2006; Vujanovic and Djukic 1971; Gambar and Markus 1994; Hutter and
Tervoort 2007; Cannarozzi and Ubertini 2001). Structure-preserving methods may be consulted in
(Armero and Simo 1992; Gross and Betsch 2006, 2007; Simo and Miehe 1992) to name only a few of
them. Outstanding among the most recent approaches are the methods formulated by Romero (2009,
2010) which may be considered as energy-momentum methods applied to irreversible thermoelastic
systems.
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Legendre transform to compute the conjugated momenta along with the Hamiltonian
form of the balance equations presented as a dynamical system evolving over the
phase space.

The discrete version of Lagrangian mechanics is the main topic of Sect.3. The
standard methodology to construct variational integrators is explained in Sect. 3.1 and
the position-momentum of the methods is given in Sect. 3.2. Section 3.3 is devoted to
the implementation of the algorithms. The approximation properties and the geomet-
ric characteristics of the resulting discrete trajectories, including a discrete version
of the symplecticity, are studied in Sect.3.5.

Finally, in Sect. 4, we exemplify the usage of the variational methodology to con-
struct structure-preserving methods for two problems of practical interest. First, we
develop a VI based on the trapezoidal rule for a free-flying body that is able to
undergo arbitrarily large rotations and displacements in space. The second exam-
ple corresponds to the formulation of an explicit, second-order accurate variational
integrator for the finite element discretization of geometrically exact rods.

This chapter is further complemented with the appendices A, B, and C.

2 Lagrangian and Hamiltonian Mechanics for
Finite-Dimensional Systems

In the following, we will introduce (or review) the basic concepts in Lagrangian and
Hamiltonian Mechanics. We shall make the abstractions concrete by applying them
to two working examples, a particle in a hoop, and two particles joined by a rigid
rod moving in a plane.

A particle in a hoop. Consider a particle of mass m that can slide without friction
on arigid circular hoop of radius R. The hoop is rigidly attached to an inertial frame,
see Fig. 1.

Two particles joined by a rigid rod in a plane. Consider two particles of mass m
joined by a rigid massless rod of length 2L which can freely move in R.

As we shall see, these simple examples contain a lot of the concepts we discuss
next.

2.1 Basic Concepts

For the first part of these notes we are going to consider mechanical systems for
which all possible positions or configurations of the system can be identified with a
finite-dimensional configuration space or, more generally, configuration manifold Q
(see also Sect. A). The configuration manifold Q is a datum of the mechanical system,
or at most, a modeling assumption. Prototypical systems of this type are multibody
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Fig. 1 Sketch of a particle in a hoop (left), and two particles joined by a rigid rod (right)

dynamical systems, involving a finite number of particles and rigid bodies moving
together in R”, n € N.
To identify points in Q, we adopt a set of generalized coordinates

q=(‘]1,-~~»Qd)’

(Iengths, angles, etc.), where d € N is the dimension of Q. A trajectory of the
mechanical system over the time interval [0, T'] is a map

q(): [0, T] — Q.

In generalized coordinates, a trajectory is indicated with maps ¢;(¢),i =1, ...,d.

For mechanical systems consisting of m particles moving in some subset of R,
we can regard the configuration manifold as a subset of R¥*”_ This means that we
can define k x m maps x,,(q1,...,q4),r =1,..., k,a=1,..., m that return the
rth Cartesian coordinate of particle « for the given configuration of the system.

Particleinahoop. Q =S ! or the unit circle in R2. This is a one-dimensional
manifold. The single generalized coordinate could be chosen as g; = 0, the angle
shown in Fig. 1. Notice that we could have chosen as a generalized coordinate any
bijective and monotone function of §, such as g, = —63. The choice of generalized
coordinates is not unique. An example trajectory of the particle is 6(¢) = cos?.
For this system, we can define x; ;(0) = r cos 0, x; 2(f) = r sin 0, to recover the
Cartesian coordinates of this particle in R2. Henceforth, we set g1 = 0 for this
example.

Two particles joined by a rigid rod. Q = R? x §', which is a three-dimensional
manifold, d = 3. A possible set of generalized coordinates is

(91,92, q3) = (xcq, Ycg. 0),
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where (xcg, ycg) are the Cartesian coordinates of the center of mass of the
system and @ is the angle shown in Fig. 1. As before, other choices of generalized
coordinates are possible, such as (g1, q2, g3) = (x1, y1, 8), where (x;, y;) are the
Cartesian coordinates of the position of one the masses. Henceforth, we choose
the former set of generalized coordinates for this example. An example trajectory
of the two particles is

(xca (), yea (), 0(0) = (¢, 21, 1%).
The Cartesian coordinates of this system in R* are

x1,1(x¢cG, YcG.0) = xcc + Lcosd
x12(xcG, yc6,0) = ycg + Lsinf

X21(xcg, Yeg.0) = xcg — Lcosd

x22(xce, yeG,0) = ycg — Lsiné.

O

Given a trajectory q(-), the generalized velocity of the system at time ¢ is q(¢).
Given a point q € Q, the set of all possible generalized velocities of the system at
q is called the tangent space TqQ, which is a vector space. The union of all points
in Q with the tangent spaces attached is the tangent bundle T Q, and it is also a
manifold. An element of the tangent bundle is, roughly speaking, a pointq € Q with
a generalized velocity vector q attached to it. Coordinates on 7' Q are denoted by

(qvq)Z(qlv"'sqd9ql9""éd)'

For a system of m particles in R¥, we can recover the traditional Cartesian com-
ponents of the velocities as

d
. . 3 0x,,
Ua.r(le~-~»5]d7q17~',Qd): ql a;.r(ql7"'aqd)'
i=1 !

Particleinahoop. 7Q = S' x R. A point in T Q has coordinates (6, 0). For
example, for the trajectory 6(f) = cost, and the coordinates of the point of 7 Q
in which the systemis at# = 1 is (cos 1, — sin 1). The tangent space at § = cos 1,
Teos1Q, is the line tangent to the circle at such point, with origin at # = cos 1.
This is the space to which possible velocities of the particle at that point belong,
so velocities are always tangent to the hoop. Figure 2 shows the position vector
of the particle in space is given by

r'=r (cos 0'ey + sin 0’e2) ,
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Fig. 2 Position vector, i Y A
and velocity vector, 7, of the 7l
particle at times '
(i =1.2.3) m
o) i
,2 €2
2 A ()
> >
o(t%) x
-3
,r',3

and the corresponding velocity vector by
=70 (cos@'e; —sinfley),

where 0 and §' denote the values of 6(¢) and (¢) at the time ' (i = 1,2, 3),
respectively. Note that we may think the motion of the particle in a hoop as a
two-dimensional motion restricted by the condition r* - 7 = 0.

Two particles joined by arigidrod. 7Q = (S' x R?) x (R x R?), which has
coordinates (xcg, Yca, 0, XcG» YcG, 9). For the trajectory (¢, 2t, %), the gener-
alized velocities at time + = 1 are (1,2, 2), and the coordinates in 7 Q are
(1,2,1,1,2,2). A graphical depiction of the tangent space is difficult here,
because we should be thinking about the tangent space to the surface defined
by the configuration manifold when embedded in R*. (]

Given q(-): [0, T] — Q, we consider a one-parameter family of trajectories
q°(-) : [0, T] — Q such that qo(-) = q(-) for all ¢ € (—¢, ¢), for some ¢ > 0.
A variation 6q(-) of q(-) is defined as

d
oq(t) = aqe(t) Y )]

Coordinates of a variation are (dqi, ..., dq). Different one-parameter families
of trajectories generally give rise to different variations, but of course, multi-
ple one-parameter families of trajectories give rise to the same variation. Clearly,
(q(1), 0q(t)) € Ty Q for each ¢. An intuitive graphical interpretation of a variation
is shown in Fig. 3.
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Fig. 3 Sketch of a trajectory
q(-) over Q, and a variation
dq(-). The variation at each
time ¢, 6q(t), is tangent to Q
atq(r)

For a system of m particles in R¥, we can compute the Cartesian components of
the variation as

d € €
6xa,r = _xa,r(qlv ey qd)

de qi

— i axa.r(qlv IR qd) 6q
e=0 el 0 '
Particle in a hoop. Consider the one-parameter family of trajectories 6°(¢) =
cost + eAf(t), for some A : [0, T] — R. Then, §0(r) = AO(¢) at all times.
The Cartesian components of the variation are

0x11(t) = —rsinf@)AO(t)  Ox12(t) = rcosf(t)AO(t),
which clearly shows that d¢(¢) is tangent to the circle at ¢(z), for all times.

Another example of a variation follows by selecting 6°(¢) = cos(t + [Je), for
( € R. In this case §0(t) = —sint at all times.
O

A functional is defined as a map from a set S to R. Scalar-valued functions are
functionals. More interesting functionals, however, are found when the set S contains
functions, for example,

b
S[y(')]=/ y(t) dt 2

is a functional that takes values over the set S of integrable functions over [a, b].
We are going to be interested in functionals that take values over sets of trajectories.
The variation of a functional S at a trajectory q(-) for a variation dq(-) is defined as

, 3)

e=0

(6S[a(]. 6q) = %S [4°C)]

where q°(-) is any of the one-parameter families that defines dq. This is also called
the Gateaux derivative of S at ¢(-) in direction dq(-).



A Brief Introduction to Variational Integrators 213

2.2 Lagrangian Mechanics

The starting point for Lagrangian mechanics is the definition of the Lagrangian
L:TQ — R, L(q,q),orin coordinates, L(q1, ..., 44, q1, - - - » 4a)- Notice that the
Lagrangian returns a real number for each point of the tangent bundle 7 Q.

Different physical theories give rise to different Lagrangians. For mechanical
systems, the Lagrangian has the general form L = K — U, where K: TQ — R
is the kinetic energy of the system, and U: Q — R is the potential energy of the
system.

Particle in a hoop. The Lagrangian for this system, in the presence of gravity in
the negative-y direction is

L@, 6) = %rzéz — mgrsin. (4)
Two particles joined by a rigid rod. In this case, in the absence of gravity,

L(xca, Ye 0, %ca, yea, 0) = m(ig + y2g + L26%). )

General multibody systems. A general class of Lagrangians obtained in multi-
body dynamics has the form

1
L(g. @) =59 -M(@)q - U(@). (6)

where for each q € O, M(q) is the symmetric and positive-definite d x d mass
matrix of the system at q. The particle in the hoop and the two particles connected
by a rigid rod are particular cases of this Lagrangian.

Thermoelastic systems. Finite-dimensional and adiabatic thermoelastic systems
may be constructed following (Maugin and Kalpakides 2002; Romero 2009; Mata
and Lew 2011, 2012, 2014). We consider N masses connected by M thermoelas-
tic springs, such as those shown in Fig. 4. The spatial position of the masses at time
t is described by q(¢) = (q1(¢), .., q4(t)) € Qs, where Qy is the a d-dimensional
manifold. Additionally, each thermoelastic spring is assigned a time-dependent
thermal displacement di(r) e R,i =1, ..., M, such that the empirical tempera-
tures are computed as

d . .
() = Edm) = (D1(1), ..., Pu ().

The configuration manifold for this system is Q = Qg x R™, and it is speci-
fied by points of the form (q, ®). Trajectories of the system are time-dependent
functions (q(z), ®(¢)), and the generalized velocities are (q(z), 6(¢)); therefore,
in this system the temperatures of the springs are generalized velocities. The
thermoelastic behavior of each spring is described by a Helmholtz free-energy
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Fig. 4 A typical thermoelastic system: an assembly of three masses connected by eight
thermoelastic springs and subjected to boundary conditions

function A;(q, #"),i € {1, ..., M} so that the Helmholtz free energy of the system
follows as

M
A(g.0) =D Ai(q.0").
i=1
A Lagrangian for this system is constructed as

1

O

The second step in Lagrangian mechanics is the definition of the action functional
over the time interval [0, T']

T
S[a0)] =/O L(q(),q(®)) dr. (®)

In Lagrangian mechanics the physical trajectories, namely, those that satisfy New-
ton’s laws whenever the acceleration is well-defined, are obtained from a variational
principle, Hamilton’s principle. This principle states that: The physical trajectory
q(-) is such that

{S[a].dq) = 0. 9)

for all variations oq that satisfy dq(0) = dq(T) = 0. The set of all variations that
satisfy these last conditions receive the name of admissible variations. Because the
variation of S is the Gateaux derivative of S, we also say that the action functional
is stationary at the physical trajectory with respect to all admissible variations.
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This variational principle completely characterizes trajectories of the system. It
even gives meaning to physical trajectories when accelerations are not defined, and
hence when Newton’s second law cannot be applied. This is the case of impacts,
for example. In principle, there would be no need to go any further to characterize
trajectories. However, an alternative characterization of the stationary points of S is
given by a system of ordinary differential equations that we shall find next. These
are the equations of the trajectory of the system.

To find these equations, we proceed first by computing the variation of S for
smooth enough L (q, q), q(-), q(-):

d . .
(35190 ) = —-Sla" ()|

d T
- | raoo a

d
=3 / —(q(r) a0 6q:(1) + —(q(r) a0 84 (0) dr

oL .
Z / [—(q(r) a0 - (a—q(q(r>,q(t>>)} 6a; (1) di
=1 l
oL . T
+55 @0, 40 50| (10)

In Hamilton’s principle dq(0) = dq(7T") = 0, so the last term of the last expression
is identically zero. Then, (9) implies that

0_0L 1), qt d (oL 1), qt 11
—8—%(q( ), q( ))_E(a_q,-(q( ), 4( ))) (11)

forallt € (0,T),andi =1, ..., d. These are the Euler-Lagrange (E-L) equations
of the system, and can be regarded as Newton’s laws in terms of the chosen general-
ized coordinates. This is precisely part of the beauty of Lagrangian mechanics: The
equations of motion are written as in (11) for all choices of generalized coordinates.

Particle in a hoop. The equations of motion are
d Y
0= —mgrcosf — o (mr*9) .

Two particles joined by a rigid rod. The equations of motion are:

d d d .
mE)'cC(;:O, mE)"CG=0 and mL2E9=o

2The rigorous justification of this step requires the careful definition of the set of trajectories and
corresponding variations, and then the use of some version of the fundamental lemma of the calculus
of variations.
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General multibody system. The equations of motion in this case take the form

oM
2q aq

ou d
q— —(q) — — M(q)q) .
(@q a4 (@) — - M(Q)q)
Thermoelastic systems. In this case, the equations of motion are given by

d .1, oM, A
o M(q)q) — 54 a—q(q)q = —a—q(q, 0),

d O0A

To interpret these equations, it is useful to recall the thermodynamic relations
(see, e.g., Coleman and Noll 1963),

OA O0A

where f is the vector of thermoelastic forces on the particles, and n is the vector
of entropies, one entropy component per spring. Thus, the first equation states
Newton’s second law for the system in the case of a configuration-dependent
mass matrix. The second equation states that the entropy of each one of the
springs remains constant in time, as it should when no heat is transferred between
springs. (I

2.3 Conservation Properties: Lagrangian Point of View

A fundamental realization by E. Noether almost a century ago (Noether 1918)
was that a (variation of a) motion that leaves the value of the Lagrangian invari-
ant defines associated conserved quantities. Such motions are called symmetries
of the Lagrangian, and we show some examples below. Typical examples of these
conserved quantities are linear and angular momenta, and by adopting time as an
independent coordinate as well, it is possible to regard energy as one such quantity
as well (see, e.g., Kane et al. 1999). In summary, Noether’s theorem states that to
each symmetry of the Lagrangian corresponds a conserved quantity.

The simplest invariance or symmetry of the Lagrangian we may find is when for

some i,
(q’ q) 0’

for all (q,q) € T Q. In this case a trajectory q that satisfies the E-L equations,
satisfies that
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OL __ .

g(q qQ

is constant in time, and hence it is a conserved quantity for the motion q. In such
case, coordinate g; is called a cyclic coordinate.

Of course, the definition of the symmetry is independent of the choice of coor-
dinates. To keep the discussion at an intuitive level, it is useful to think about a
symmetry of the Lagrangian in the following way: Given a trajectory q(¢) and some
e > 0, we say that a one-parameter family of curves q°() with q°(t) = q(¢) is a
symmetry of the Lagrangian if at all times ¢

L(q(),q°@®) = L(Qq),q()) 13)

for any € € (—¢, €). The variation of this symmetry,

£(t) = (5511(1‘)7 cees 5%1(0)

computed according to (1), is called an infinitesimal symmetry direction, see e.g.,
(Marsden and West 2001; Lew et al. 2004).

If follows from integrating (13) in time that
Slq° ()1 = Slq()] (14)

forall € € (—¢, €). Clearly, the variation of S in the infinitesimal symmetry direction
is equal to zero, a result of computing the derivative with respect to € on both sides
of (14). Then, for a trajectory q(#) that satisfies the Euler—Lagrange equations (11)
the only nonzero terms in (10) are the boundary terms, i.e.,

d T
0= Tc (/ L(q“(), ('lf(t)dt)
€ \Jo

oL
= z ( (a(T), 4(T)) &(T) — Q(Q(O) aO) & (0)) 15)

i

e=0

The above equations are a formal statement of Noether’s theorem which show that
the initial and final values of the momentum

OL . oL .
p@t) = (— q@®,q@®), ... 5= (q@), Q(f))) ,
04, 9qa

are equal in the £(¢) direction,

p(T) - &(T) = p(0) - £(0). (16)
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The following examples illustrate the application of Noether’s theorem.

Particle in a hoop. Consider the particle in the hoop in the absence of gravity and
a one-parameter family of curves of the form 6°(t) = 6(r) + €0y where 6 is a
constant but otherwise arbitrary increment superposed onto 6(z). In words, we
are considering trajectories identical to 6(¢) that are simply rotated by a constant
angle 0. A simple inspection reveals that the Lagrangian is invariant

L(6%) = L),

and thus, according to Noether’s theorem a conserved quantity exists. The infini-
tesimal symmetry direction in this case is

66(t) = 0o,

and the momentum is
= — =mr-b, 7
po

which is the angular momentum of the particle with respect to the center of the
hoop.
From (16), we conclude that

po(T) = mr*0(T)0y = mr*0(0)0y = py(0),
for any 6y, and hence that
mr20(T) = mr26(0),

which shows that in the absence of external potentials breaking the symmetry of
the Lagrangian, the angular momentum is a constant of the motion.

Two particles joined by a rigid rod. For this example we consider the
one-parameter family of curves

2°(1) = (xgg (1. yeg (1), 0°(1))
= (xcG (D) + X, yea (1) + €3, 0(1) + ef)
=z(t) +ex,
where x = (%, 7, 0) is an arbitrary vector in R>. The first two components of x,
¢ = (X, y), represent an imposed rigid body translation in space, and 6 represents

an imposed rigid body rotation, see Fig.5. This family of curves is a symmetry
of the Lagrangian, since it is simple to check that

Lz, %) = L(z,7).
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Fig. 5 Two particles joined by a rigid rod: rigid body translation (/eft), and rigid body rotation
(right)

with infinitesimal symmetry direction

b= L)
7= —1 = .
d6 e=0 X

The momentum in this case is computed as
p(t) = 2m (kca(t). Yo (), LO()).
It then follows from Noether’s theorem that

p0) - x =p() - x, (18)

for any such . In particular, this implies that each component of p is conserved
(choose x = (1,0, 0),x = (0, 1,0),and x = (0, 0, 1)). Thus, the linear momen-
tum of the system is constant in time

2mxcg(0) =2mxcg(T), 2mycg(0) =2myc(T),
as it is the angular momentum of the system,
2mL*0(0) = 2mL*6(T).

Thermoelastic system. We consider the thermoelastic system described in
Sect.2.2 with constant mass matrix M = diag(m, ..., m), m € R and for which
Qs = R?. For concreteness, we will let q; denote the Cartesian coordinates of
the ith particle in R?, and set q = (qy, ..., qn) = (q1, . .., g4) € R?. Moreover,
we assume that a Helmholtz energy function of the form
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M
Ag, 0) =D A (i@, 0),

i=1

where /;(q) denotes the distance between the two masses connected by the i th
thermoelastic spring.
We first consider a one-parameter family of curves (q°, ®¢) of the form

qQ)=q@)+ev i=1,...,N
®(1) = (1) + k,

where v € R? and k € RM are constant but otherwise arbitrary vectors and € € R.
This family of curves results from applying arbitrary rigid body displacements
onto both the mechanical and the thermal positions of the system. As we see below,
this is a symmetry of the Lagrangian, with infinitesimal symmetry direction

£ = (VN’k)v

where vy = (v,...,v) € R To check that this is a symmetry of the
——

N times

Lagrangian (7), note that
40 =q@) and (1) =6°() = O(1),

and therefore the kinetic energy is invariant upon changing ¢, i.e.,

L., P .
;4 M@ =5q-Mq.
Additionally, considering that the distance between masses is conserved by rigid
body translations in space, i.e., [;(q°) = [;(q), and that the constant translations
of the thermal displacements do not change the temperature, as stated above, we
have that

A, 09=A(q,0),

from where it follows that the Lagrangian is invariant as well, and hence that

(q¢, ®°) is one of its symmetries.
The momentum vector has components

P(1) = (ma(®), n(qa®), 6(1))). 19)

It follows from Noether’s theorem that

p(T) - &£ =p0)-¢&, (20)
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for any & = (vy, k) € R? x RY. Equivalently,

N N
(Z mq,-<T)) v = (qui(O)) v, @1
i=1 i=1

Thus, the linear momentum of the system is conserved (we can, for example,
choose v = ¢; fori = 1,2,3 to conclude this, where {e;}; is a basis in R?),
namely,

N N
> m@i(T) =D m@; (0). (22)
i=1 i=1

Similarly, we can conclude that the entropy of each spring n; = —0A;/0¢' is

conserved (this follows by choosing E-/ = (0,k/) for j =1,..., M, where
k! = §/), namely,
n:i(0) = n:i (T),

fori = 1,..., M. This is precisely what is expected from a system without heat
conduction, and it follows as a consequence of the symmetry of the Lagrangian
upon rigid translations of the thermal displacements.

Next, we consider a second family of one-parameter curves, which involve rigid
rotations of the mechanical displacements and leave the thermal ones unaltered.
The family of curves is

4 (1) = exp(e@)q;(1),  i=1,...N,

(1) = ®(2),
where
0 —W3 wy
w=| w3 0 —w|=skew[W],
—Wy Wi 0

is a skew-symmetric but otherwise constant tensor, @ = (wy, wy, w3) is the axial
vector of &, which satisfies v = @ x v forany v € R3, and expl-] is the tensor
exponential operator; see Sect. B for a brief introduction to finite rotations.

Because this family of curves rigidly rotates the trajectory, it is simple to verify that
the magnitude of the velocity of each particle does not change with ¢, and neither
does the distance between any two particles. Therefore, this family of curves is
also a symmetry of the Lagrangian, with infinitesimal symmetry direction given by

£Q(t) = (Sls "'7£N70M)9
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where 0, is an M-dimensional vector of zeroes and

=0q(t)=wxq(t), i=1,..,N.

_ dq;
@) = Te () .

With this new infinitesimal symmetry direction in Noether’s theorem (20) using
the momentum (19) we obtain that

N
(q'(T) x mg (1)) - & = > (q'(0) x md'(0)) - @.

1 i=1

N
=
Again, since this holds for any @ € R?, we can conclude that the angular momen-

tum of the system
N

A@t) = Zqi (t) x mq' (1)

i=1

is conserved, namely,
A0) = A(T).

2.3.1 Conservation of Energy

When the Lagrangian is a convex function of the generalized velocities,® such as
when it is a quadratic function of ¢, the energy of the system is defined as

oL

This is the case for a general multibody system, whose Lagrangian is (6). In this
case, the energy takes the form

1
E@.9 =54 -M@q+U(@. (24)

The energy of the system is conserved along its solution trajectory. This can
easily be seen by computing its time derivative and using the Euler-Lagrange equa-
tions. However, this result can also be obtained if we note that for an autonomous
Lagrangian the following relation hods

3 And as assumed here, the Lagrangian does not depend explicitly on time. Such Lagrangian is said
to be autonomous.
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T T+e
/ L (q(),q(1)) dt =/ L(q(s —€),q(s —€) ds =1(e)
0

O+e

for any € € R. Equivalently, since the Lagrangian does not depend explicitly of
time, this statement says that a trajectory can be translated uniformly in time without
changing the value of the action. This is called a time-translation symmetry, and
there is a way to frame this symmetry in the context of Noether’s theorem, which
we shall not pursue here (see, e.g., Marsden and West 2001). Differentiating this last
expression, we get

dlI(e)
de

e=0

T+e d T
= [/ d_L qGs —6),q(s — 6))dS] + L (q(1), q(2)) o
0+F e=0
L)
— ; 3q t—/ a—qdl—i—L(q q)‘

Integrating by parts the first term of the right-hand side

T oL Ji = (6L) /Td(aL),dt
, 9qdd = aq )|, ~ )y ar\oq) 1"

and replacing in the above equation yields

T rd (0L oL oL 1"
= _— _— L _— =
» /o(dr(aq) aq)“‘”*[ @0 -5 “} 0

The term under the integral vanish identically since q(¢) is a solution trajectory of the
system. The remaining boundary term is precisely a statement of the conservation
of the energy, i.e.,

dl (e)
de

E(T) = E(0).
Therefore, the energy of mechanical systems described by autonomous Lagrangians
is an invariant of the dynamics, and it is a result of the invariance of the action upon
time-translating a trajectory in time.

2.3.2 Symplecticity: Lagrangian Point of View

Lagrangian mechanical systems also have another important conservation property:
they conserve a skew-symmetric bilinear form known* as the symplectic Lagrangian

4We recall that a bilinear form on a vector space V is a mapping w : V x V — R that is linear in
both arguments. It is skew-symmetric if w(u, v) = —w(v, u) forallu,v € V.
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Fig. 6 Consider two points
q0, 4, belonging to the
configuration manifold Q
such that ¢; = (q). The
tangent map T ¢ relates the
vectors ug, v € Tg, O with
uy, vy € Ty, Q according
to (25). The two-form
Q:TOXxTQ — Ris
conserved by ¢ if

Q4 (1o, vo) = R4, (u1,v1)

Jform along solution trajectories (Marsden and Ratiu 1999). In contrast to the conser-
vation of energy or Noether’s theorem, which are properties associated to individual
trajectories, the symplectic form is associated to the behavior of nearby trajectories,
namely, trajectories with very close initial conditions. We will discuss the closest to
an “intuitive” explanation of the symplectic form we are aware of in a later section.
We also refer the reader to Leimkuhler and Reich (2005), which contains a very
approachable (the geometric concepts are progressively introduced) introduction
and discussion on this topic.

Symplectic Map and Symplectic Form. We start by considering a N-dimensional
configuration manifold Q with N € N being an even number and a smooth enough
and one-to-one mapping ¢ : Q@ — Q. The image through the mapping ¢ of an
arbitrary point ¢, € Q is given by ¢, = ¢(q,) which also belongs to Q. As
explained in Sect.2.1, it is possible to attach a tangent space to every point in a
configuration manifold. Therefore, we construct the tangent spaces T, Q and T, O.
See Fig. 6.

Additionally, we define rangent map of ¢, denoted by T o, as a mapping between
elements of the tangent spaces according to

Te: TQ —-TQ
(qovu()) = (qlsul)v

where ¢, = p(q,) and u; € T, Q is obtained as
d
up =T up = “2(e@)| (25)
s s=0

and c(s) is a s-parametrized curve on Q such that ¢’(0) = ug. As it is schematically
depicted in Fig. 6, T ¢ maps elements in the tangent space of g to elements in the
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tangent space of ¢ ;. In terms of components, we have that

N

a U
MIZZWM'(S, Clzl,...,N.
j=1

Further details can be found in (Marsden and Hughes 1983).

Furthermore, assume that we are given with anondegenerated and skew-symmetric
bilinear form defined for every ¢ € Q according to

Q. T,0xT,0—>R
(w,v) = Qu,v).

The explicit form of £, is problem depend. Some examples are given in e.g., (Mars-
den and Ratiu 1999, Chap. 2). The subscript in £, highlights the dependency of the
two-form on the point of the manifold.

The map ¢ is called symplectic or canonical is it preserves £, in the following
sense:

Qy, (o, v0) = Lyq) (T - uo, T - ),

where ug, vo € Ty, Q. Note that the above expression equals to zero, unless N is an
even number. If this is the case, £, is called a symplectic two-form. See Fig.6 for a
schematic representation.

In following, we explain how the solution trajectory of a Lagrangian mechani-
cal system implicitly defines a time-dependent symplectic transformation over the
tangent space of the configuration manifold, T Q. Furthermore, we show that the
Lagrangian function of the system allows to construct the matrix representation of
the corresponding symplectic two-form.

Lagrangian symplecticity. Consider a mechanical system characterized by a
Lagrangian L(q, q) evolving on a configuration manifold Q. We construct a solu-
tion trajectory over T Q by means considering the following smooth enough and
one-to-one mapping,

Y:TOx[0,T]— TQ 26)
(z,1) > P(z,1)
where z = (q, q) is anarbitrary pointin 7 Q. The mapping v is such that ¢ (z, 0) = z.
Therefore, given certain initial conditions zo € T O, we define the trajectory of the
mechanical system as

z(t) = P (z0, 1),

forallz € [0, T]. Note that T Q posses the structure of a (even-dimensional) smooth
manifold and therefore, it is possible to attach a tangent space to every z € T Q. See
Sect. A.1 and Fig.7.
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Fig. 7 Consider two points
z(0), z(T) over the solution

trajectory in the tangent
space T Q. These points are
related by 1) according to

2(T) = (z(0), T). The

variations dz; (0) and dz; (T), O
i = 1,2, belong to the

tangent spaces Ty 7' Q and

Ty(ryT Q, respectively

A remarkable property of Lagrangian systems is given by the fact that (-, r)
results to be symplectic or in other words, there exist a skew-symmetric bilinear
form, 2, , defined for every point over the solution trajectory z(¢) which enjoys the
following conservation property,

2. (20) (2100, 822(0)) = @4 (z(1) (62:(1). 62(T)).  (27a)

for arbitrary variations

(SZi(t) = [gglgg] € TZ(T)TQ, i=1,2, (27b)
such that
6z:(T) = T(2(0), T) - 6z;(0), i=1,2. (27¢)

Moreover, the Lagrangian symplectic two-form may be represented in matrix form
by

0 A12 AIN B11 BIN T
—A12 0 AZN Bz] BZN
QL(q, q) = _AIN —AQN e O BN] . BNN s (27d)
—By1 —B» ... _BIN 0o ... 0
_—BN| _BNZ _BNN 0o ... 0 i
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where

. . 1 9*L . 9L .
Aij(q,q) =—Aji(q,q) = 3 W(qs qQ — W(q, Q)
j i

i J
) (27¢)

0q;0q;

Bij (q7 ‘I) = (q’ Q)

To show how the above result can be deduced, we follow the procedure presented
in (Marsden and West 2001; Lew et al. 2004). Consider a two-parameter family of
solution trajectories (" (¢), v©”(t)) € T Q withe, v € R and compute the following
variations

6 (%
Sqi (1) = (‘;V (1) (28a)
v=0
8 €,V
dqs(t) = 36 (1) (28b)
e=0
ane,l/
2
- 2
0°q(?) e ) o (28¢)

and the same applies for §v{(¢), dv5(¢), and 6%v(¢). See Fig. 8. Moreover, we write

5qi(1) = 0q(t), Oqu(t) =0q5(t) and q°(r) = q“°(1). (28d)

Example. We build the two-parameters family of curves

q°"(t) = explew] (q(t) + v k),

Fig. 8 Two-parameter
family of solution
trajectories z ()" =
(g)", q()"") € T Q. The
corresponding variations
0z1(t) and 0z2(¢) belong to
the tangent space Ty T Q
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where & is a constant and skew-symmetric tensor and k € R3. Then, we have

0qi(t) = exp[ew]k,
oqy (1) = @ (q(?) + k),

5q(t) =k,

5q3(1) = wq(t),
doq dsq

Pqin) = Ul = D%yl —gk
de e=0 dv v=0

O

Since we assumed that q“” (¢) are solutions of the Euler—Lagrange equations, then

0

ov

N oL '
Slav]= 3 @ w. it oo e
i=1 1

v=0

for any e. We obtain the second variation of the action in the direction of these
variations as (omitting arguments of functions for simplicity)

N
oL r
—_— 6q‘i
2

N
0’L T 2L r
> | 011002+ —o 0110
ij:l[%aéi DB, T 55,04, ‘”f’o]

N
oL
PR
i=1

An equivalent expression is obtained by reversing the order of differentiation with
respect to € and v since mixed partial derivatives are equal. Subtracting both expres-
sion we obtain

0

Oe

0

o OV

€V a
Sla™]= 5

v=0

T
0

N
O*L T 9L ) T

0= E [ 'y (5611i5612j - 5612i5611j) ‘ + o (5611i5612j - 5612i56]1j) ‘0} .

i,j=1

9994 0 0q;0q;
(30)

This identity can be rewritten to obtain an expression equivalent to (27a) with the
(2N) x (2N) Lagrangian symplectic matrix given by (27d) and (27e), i.e.,
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[010) 6,0)]" - 2@ a0 - | 30|

0q2(0)

[6q,(T) 66, (T) | - 24.(q(T). 4(T)) - [‘5‘12(“] . 6D

0q2(T)

Therefore, we say that the Lagrangian symplectic two-form is exactly conserved
along solution trajectories over 7 Q.
Particle in a hoop. Considering the Lagrangian function (4) we have that
O’L O’L
- =0 and —.:mrz,
0000 062

and thus, the matrix representing the symplectic two-form is

) 2
Q. (01). 6(1)) = [_ngrz " } .

Consider, for example, the following bi-parametric family of solution trajectories

0V (t) = e0(t) + vt
docv(t)
t

05V (1) = =e0(1) + v,

where €, v € R. Then,
50,(t) =1, 80,(1) = 0(t), 66,(t) =1 and 86,(r) = 6(1).

Notice that (86;(7), 66;(t)) € Tg(,),é(,)TSl, i = 1,2. The conservation of the
symplectic two-form along solution trajectories (31) implies that

661 (0) @ 662(0) | _ [061(T) @ 66>(T)
601(0) | T [6620) | T | 061(T)| T [662(T) |

or equivalently,

of [ © mr? (9_(0) (T [ O mr? Q(T)
1 —-mr* 0 [|600)| |1 -mr* 0 |6 |
Two particles joined by a rigid rod. We note that the only nonzero coefficients
of the Lagrangian symplectic two-form are

O’L O’L O’L
By = 5 =2m, Byp=_75—="12m, B33=—.2=2mL2,
dicg e o0
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and therefore, the symplectic two-form is represented by

wuteo) =[50 ]

where z(1) = (xcg (1), yea (1), 0(t), %cG (1), Yea (1), 0() € TQ, 053 isa3 x 3
matrix with of zeros and
100

B=2m |01 0
00L?

Consider two admissible variations 0z;(¢) € T;(n T Q,i = 1, 2, computed accord-
ing to (28a)—(28d). The conservation of the symplectic two-form along solution
trajectories ensures that

022(1) - R (2(1))0z1 (1),

remains constant for all r € [0, T].

2.4 Hamiltonian Mechanics

Hamiltonian Mechanics reformulates Lagrange’s equations of motion in generalized
coordinates in a way that presents the motion of the system as a flow over phase
space, as we explain next.

Given a Lagrangian L, the conjugate momenta are defined as

OL .
p= y(q, Q. (32)
q

or in coordinates,
OL

pi:a—'(q,(i) i=1,...,d. (33)
qi

This defines a map (q, q) — (q, p), or (q, p) = FL(q, q). This map is termed the
Legendpre transform. The space of all possible values of (q, p) is called phase space
T*Q. To be precise, T Q is the cotangent bundle, also a manifold, which informally
speaking is defined by attaching to each point g € Q the dual space 7,70 to 7, Q.

For typical mechanical systems FL. : T Q — T*Q is bijective (and hence invert-
ible) and onto, because the Lagrangian is strictly convex in  for each q. This means
that for these systems all possible values of the conjugate momenta are attained at
each point q € Q, and hence FL™!(q, p) is defined for all p € R.
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The Hamiltonian H : T*Q — R is defined as

Hp.q)=p-q—-L(q. 9, (34)

where ¢ = FL™!(q, p).

Lagrange’s equations of motion can then be written in terms of (q,p) as
(in coordinates)

. OH
Gi=5@p) (352)
Di
OH
pi = —a—(q, p). (35b)
qi

These are Hamilton’s equations of motion, and are, again, valid for any choice of
generalized coordinates. These equations follow easily from using (34), namely,

oH . [ 0 L aq'i] .
— =q;+ Pig —— a3 A | =4
op; IZ::‘ op;  0q op; ]V
O 3 [pdi O _OLOA)_ oL
0q; <= |"'0q; 0q; 04; Iq; 9y,

and replacing in (11).
Particle in a hoop. The Legendre transform is
po = FL(0, 6) = mr?6
which is precisely the angular momentum of the particle around the origin. By
solving the above equation for , and replacing in (34), we obtain the Hamiltonian
2

H(@, py) = 2:1(;2 + mgrsin6.

Hamilton’s equations of motion are

_OH  py
~ Ops  mr?
) OH
Do = o0 = —mgr cos 6.

General multibody system. The Legendre transform in this case is

™ = M(q)q. (36)
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Since M(q) is positive definite for any (, it is invertible for any q. Hence,
q=M"(@m. (37)
The Hamiltonian then follows as
1 ~1
H(q,m) = T M~ (@7 + U(q), (38)
and Hamilton’s equations of motion as

q=M (g,
1 aM—

—

2

O

Hamilton’s equations (35a) and (35b) can be written in a more succinct form as
OH

zJa—(y) =Xnu(y), (39)
y

where y = (¢, p) is a point on the phase space T*Q, X (y) € T,T*Q is known as
the Hamiltonian vector field and the skew-symmetric matrix

J— [ 045y Idxd] ’ (40)

—Lixa Oaxa

is the canonical symplectic matrix which represents a skew-symmetric bilinear form,
the canonical symplectic two-fom, that is conserved along solution trajectories on the
phase space. This crucial aspect will be considered in detail in the following section.
In (40) I;xq4 and 0444, are the d x d identity and zero matrices, respectively.

The expression (39) provides an intrinsic definition for Hamiltonian systems since
given a smooth enough Hamiltonian function H : T*Q — R, the matrix J may be
though as a the linear transformation that maps 9H (y)/dy which belongs to 7,7 Q,
to the Hamiltonian vector field X y (y) which belongs to 7, 7* Q. See Fig.9.

Note that as long as a solution of the system (39) exists, it is possible to define a
function

P:T"OxR—> T*Q

5.1) > B(y.1) “1

with @(y,0) = y, so that the trajectory of the mechanical system that starts at
Yo € T*Q is given by
(@) = @(yy, ). (42)
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(b)

Fig. 9 Consider a point y = (q, p) belonging to the phase field 7* Q. a Shows how the gradient
OH (y)/0y which belongs to the linear space Ty T* Q is related to the Hamiltonian map Xy (y) €
TyT* Q through the map J. In (b) a geometric interpretation of Hamilton’s equations is provided.
The Hamiltonian vector field X g (y) = (OH/Jp, —OH/Jq) is shown as a velocity vector which
is tangent to the solution trajectory

The map ® is called the flow map of the Hamiltonian vector field X, and it enables to
consider the mechanical system as evolving collections of initial conditions, instead
of only individual ones.

2.5 Conservation Properties: Hamiltonian Point of View

Since the Hamiltonian and Lagrangian points of view of mechanics are equivalent,’
conservation properties may be stated in terms of variables on 7* Q. In this section we
show how the properties described in Sect. 2.3 look when observed from the Hamil-
tonian point of view of mechanics. In particular, we present a comprehensive descrip-
tion of the connection existing between the symplectic nature of Hamiltonian flows
and the conservation of volume in the phase space. This might seems at first glance,
as a technicality of minor significance, however it has important consequences in the
study of conservative and dissipative perturbations of nearly integrable Hamiltonian
systems (Meyer et al. 2009; Maddocks and Overton 1995; Stoffer 1997, 1998; Hairer
and Lubich 1999) and in the formulation of structure-preserving algorithms (Hairer
et al. 2006, Chap. X, XI, XII; Channell and Scovel 1990; Meyer et al. 2011). The
uninterested reader may skip this section, and continue directly to the formulation
of variational integrators.

SThere exist some exceptions in this regard such as for example, when the Legendre transform is
not well defined.
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2.5.1 Conservation of Energy

An autonomous Hamiltonian system conserves the energy, or in other words, its
Hamiltonian function is exactly conserved along solution trajectories. This conser-
vation property is readily verified by computing the time derivative of the Hamiltonian
function (34) over a solution trajectory (q(z), p(¢)) that satisfies (35a) and (35b), i.e.,

. OH . OH OH OH OH OH
H@.p) =2 P+ 5 -d= -

_OH OH | OH OH 43
op P op oq  oq op “3)

2.5.2 Symplecticity of the Flow

An outstanding property of Hamiltonian systems is the symplecticity of their
flows (41) on the phase space. In fact, the preservation of a discrete form of this
property by the so-called symplectic methods (Yoshida 1993; Hairer et al. 2003)
contributes to explain their superior performance in numerical simulations in terms
of long-term stability and error propagation, when applied to Hamiltonian problems
and/or to perturbations of them (Maddocks and Overton 1995; Hairer and Lubich
1999; Hairer et al. 2006, Chap. XII). A nice introduction to this subject can be con-
sulted in (Leimkuhler and Reich 2005, Chap. 3) where a geometric interpretation
of symplecticity in terms of volume preservation on the phase space is provided.
A complete survey about symplectic forms on differentiable manifolds can be found
elsewhere, e.g., (Arnold 1989; Marsden and Ratiu 1999).

To make a proper introduction of this geometric property of Hamiltonian flows,
we closely follow (Leimkuhler and Reich 2005) and (Hairer et al. 2006). We first
restrict the discussion to mappings from R?? to itself and we show that for d = 1 the
symplectic nature of the flow is manifested through area preservation on the phase
space. The generalization to d > 1 allows to identify symplecticity with volume
preservation. Finally, we provide some rudiments in order to extend the ideas to
symplectic maps on cotangent bundles.

Symplectic two-fom. Consider two points z; = (g, ..., ¢}, pi, ..., p}) and z, =
(g3, ..., 45, pa, ..., P3) both belonging to R*". The oriented area of the parallelogram
spanned by the projections of z; and z» on the coordinate plane (¢', p') is given by

pi=phgi —aspi.  i=1,..n, (44)
see Fig. 10. The sum of all the oriented areas is

w(z1,z1) =p1+--+ pn. (45)
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Fig. 10 Consider p D
z1 = (q1, p1) and A
22 =(q2, p2) € R2. The area 21 Az,
of the parallelogram spanned /\

is given by z1 and z is

w(z1,2%) = p1g2 — paqi. Az
The linear mapping %2 q q
A : R? — R? is symplectic
ifw(z1, z2) = w(Az1, Az2).
This is equivalent to area
conservation

This expression defines the skew-symmetric bilinear map w : R*" x R*" - R that
may be represented in matrix form as

w(zi,22) =22+ 17 'z, (46)

where J is the canonical symplectic matrix (40).
Symplectic mappings. A linear mapping A : R? > R?" is called symplectic if

AJ A=, 47)
which is equivalent to
w(z1,22) = w(Azy, Azp), forallzy,zp € R?", (48)

Then, a symplectic linear map conserves the sum of the oriented areas of the paral-
lelograms spanned by the projections of any two arbitrary points z; and z, on the
coordinate planes (¢', p'),i = 1, ..., n. Forn = 1 itis equivalent to area preservation
in the phase space and for n > 1 to volume preservation. See Fig. 10.

For nonlinear maps, an analogous result holds. A differentiable map v : U C
R?>" - R?" is symplectic if its Jacobian matrix 9 (y)/0y is symplectic for all

yeU,ie.,
0 ! 0
(a—”yb(y)) J! (%(y)) =J, (49)

which is equivalent to (48) after replacing A by dv(y)/0y. A geometric interpre-
tation of symplecticity for nonlinear maps can be consulted in for example (Hairer
et al. 2006, Chap. VI.2) or (Leimkuhler and Reich 2005).

Taking into account the above definitions it is possible to state the following
fundamental result due to Poincaré:
Theorem (Poincaré 1899). For each fixed time #, the flow map ®(y,, ¢) of a Hamil-
tonian system with a twice continuously differentiable function H(y), defines a
symplectic transformation, i.e.,
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9 N (2% ) 2y
(8y0 (.Y()vf)) J (3y0 (y()’t)) —J . (50)

Proof See (Hairer et al. 2006, pp. 184—185) or (Arnold 1989, Chap. 8) O

Equation (50) provides an intrinsic definition for Hamiltonian systems in the sense
that any continuously differentiable f : U C R*" — R?" can be locally written as

OH
f= JW()’),

for an appropriate Hamiltonian function H (y) if the flow generated by

y=rf»,

is symplectic for all y € U and small enough ¢ (Hairer et al. 2000).

Hamiltonian flows on manifolds. The form in which Hamiltonian systems generate
symplectic flows on the phase space can be alternatively explained following the
ideas presented in Sect.2.3.2. To this end, we consider a Hamiltonian system with
differentiable flow map ®(y,t) where y € T*(Q and ¢ > 0. We also consider the
elements u and v which belong to 7, 7* Q. Owing to the fact that @ is symplectic, it
preserves the canonical symplectic form w, according to

wy @, v) =wey,)(T® -u, TP -v),
u-J'v=T® -u) -J' TP v

which, since
o® ,
T®(y,t) - u=—(~y,)u = Pu,
dy

yields to
u-J'v=u (®"J'®) 0.

The condition given in (50) is recovered after noticing that u# and v are arbitrary
elements.

Figure 11 shows an illustration of the flow map @ for the particle in the hoop
settingm = 1,r = 1, and g = 1. The horizontal axis has the angle coordinate ¢, and
the vertical axis has the momentum, mrzé, which for these constants reduces to £. We
consider initial conditions belonging to the boundary of the square [0, 4] x [-2, 2] €
T*(Q C R? drawn in black color and to the boundary of the square [0, 2] x [—1, 1] C
R? drawn in blue color. Then, we define the set of initial conditions as

B’ = boundary([O, 2] x [—1, 1]) U b0undary([0,4] X [—2, 2]). (&29)
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B

B! B2 B3 B*
III,7'29
2 T°Q
1
-1
-2
[

0 2 4

Fig. 11 Illustration of the flow map ® for the particle in the hoop withm = 1,r = 1,and g = 1.
The horizontal axis has the angle coordinate and the vertical axis has the momentum. For every time
instant {¢'} i=1,...,4 the map ® generates an updated configuration, B!, of the set of initial conditions
(51) according to (52). Despite the fact that the shape of the set B’ deforms drastically in time, its
area remains invariant due to the symplectic (volume-preserving) nature the flow

The area enclosed by the figure is 16. The flow map & deforms the shape of the set
of initial conditions in such a manner that the sets

B = {v cT*Q ‘ v =D 1), up € B(’}, i=1,234 (52

represent updated configurations of B at later times {t'};—; 4. The same figure
shows that even though the shape of the B'’s changes drastically, its area remains
invariant due to the fact that ® is a symplectic map.

3 Discrete Lagrangian Mechanics

This section focuses on presenting a systematic methodology to construct structure-
preserving methods for finite-dimensional and autonomous, Lagrangian dynamical
systems. To this end, we take advantage of some concepts in discrete Lagrangian
mechanics (Marsden and West 2001). The basic idea is to consider discrete trajecto-
ries for the mechanical system, and to define the dynamics of those trajectories via
a discrete version of Hamilton’s principle applied to an approximate action.

3.1 Construction of Variational Integrators

We begin by considering a discretization 0 = 1 < ¢! < ... <N <N =T
of the interval [0, T'], for some N € N. In the most common case t" = nh, with
h = T /N, and for simplicity, this is the case we shall adopt for these notes. A discrete
trajectory associated to this discretization is an element of
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Q" =0 x---xQ,

N times

and it is indicated by

{q)izo..v=1q"q",....q" . q") c OV

Let us then introduce a discrete Lagrangian L;: Q x Q x R — R such that

h
Lo, q' ) ~ / L(q(0). () di (53)
0

when q° = q(0) and q' = q(h), where q(¢) is the exact trajectory of the system in
that time interval. We shall discuss this approximation in more length later. Notice
that the tangent space 7' Q has been replaced by O x Q x h. Notice as well that
the discrete Lagrangian is not an approximation of the Lagrangian, but rather of the
action over a time interval [0, &].

The discrete Lagrangian will be used to select a discrete trajectory for the system,
inasmuch the Lagrangian is used to select a trajectory in the time-continuous system.

Example We explain how the discrete Lagrangians of some of the most popular time
integrators for ODE’s are constructed. We also apply the method to some particular
Lagrangian functions.

e Rectangle rule (case 1). A general guideline for the construction of discrete
Lagrangians is to combine an approximation space for a trajectory of the sys-
tem and a quadrature rule for the integral over [0, /]. In this simplest case, we
approximate the exact trajectory of the system q(¢) over [0, T'] with a continuous
piecewise linear polynomial, i.e.,

.0
q(t)%q°+—qhqt, ¢ € [0, h].

Therefore, the exact velocity, (t), is approximated by
'@ —a) = a0, 1el0.hl,

see Fig. 12. The discrete Lagrangian is then constructed as

0,0 1 _ 0 q —q ~ " .
L,(q",q ,h)=hL|q", W ~ A L(q(1), q(1))dt, (54a)
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Fig. 12 Piecewise linear
approximation of q(7),
continuous across time
intervals. The approximation
obtained for the velocity is
constant over the time
interval, and hence generally
discontinuous across time
interval boundaries

which is equivalent to using a single quadrature point at the beginning of the interval
[0, i] (rectangle rule). For the particle in the hoop, this discrete Lagrangian takes

the form )
01 _ 90
Lo, 0" h) =h [%rz ( ; ) — mgr sin 90} . (54b)
For thermoelastic systems we have
Ly’ q', @°, @' h) = (54¢)

1 ql_q() 0 ql_qO Otbl_q)()
[ (5) e (5) A (e 555) )

¢ Rectangle rule (case 2). Alternatively, it is possible to approximate the action
functional by

q —q°
Ly(q°,q', h) =hL (ql, p ) (54d)
e Trapezoidal rule. Both, (54a) and (54d) are particular cases of the discrete
Lagrangian
L@’ q'. i) = (1 - )Ly@’ q'. h) +aLyq’, q', ). (54e)

which for a = % is known as the trapezoidal rule.
e Midpoint rule. The so-called implicit midpoint method is derived from the mid-
point discrete Lagrangian

1 0 1 0
m + -
Ld(q‘),ql,h)=hL(q zq,q hq). (54f)
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For the two particles joined by the rigid rod, it is given by

La(x°,y°,6% x', y!, 0" h) =

|:(x(1?G _hng)z n (J’(l:G _hng)z ! (93?0 _heocc;)z:| ,

(54g)

and for thermoelastic systems,
Ly’ q', @°, @', h) =
1 /a' — q° 1 0 1 _ 0
nlt qQ —q ‘M q +q q9 —q)
2 h 2 h

1 0 @&l _ &0
A(q ta ¢ q’)]. (54h)
2 h

Back to selecting the discrete trajectory, we construct the discrete Action Sum
Sq: OVl = Ras

N-1

Sa(@’,....q") =D La(d', q""" h). (55)
i=0

The discrete Variational Principle is formulated mimicking the continuous case:
The trajectory {q;}i—o.... n is a stationary point of the discrete action sum among all
variations that leave the endpoints fixed. In other words,

N

S, ‘
(Sa(q°, ..., q"), 5¢°, ..., 5q")) = a—q‘i’(q(’, . q™)oq =0 (56)
i=0

for any variations that satisfy 5q° = §q" = 0. This happens if and only if

a5,
a—f(qo,...,qN)zo, i=1,...,N—1. (57)
q

In terms of the discrete Lagrangians, this reads

oL,

0= :
oq’

i OLa iy ;
(q’q+1’h)+a_¢(q g h), i=1,...,N—1. (58

These are the discrete Euler—Lagrange equations, or DEL equations, and they define
the discrete trajectory. They also define the algorithm: If q'~!, q are known, these
equations need to be solved to find q'*".
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Fig. 13 Schematic representation of a the discrete Lagrangian map <I>,f 10 x0— 0xQand
b the discrete Hamiltonian map ®;, : T Q* — T Q*

Thus, the discrete Euler—Lagrange equations implicitly define a map

@ 0x0 > 0x0 o
@ 'q)—~ @ (", q) = (¢, q"")’

known as the discrete Lagrangian map. If OL4/0q' is invertible over Q x Q, then
this map is well defined. The map @} then flows the system forward over Q x Q
between consecutive time-steps. See Fig. 13a.

As we shall see later, under simple conditions the discrete trajectories will approx-
imate the exact trajectories of the Lagrangian in (53). The map ®% can thus be con-
sidered a time-integrator, and because it satisfies the DEL equations of the discrete
variational principle, it is called a variational integrator.

Example In this example, we derive the DEL equations for the discrete Lagrangians
introduced so far, as applied to a general multibody system with a configuration-
independent mass matrix.

e Rectangle rules 1 and 2 and trapezoidal rule. Consider first the discrete
Lagrangian LY for such system. Then, we have that

oLy o ( ) ou
—2",q',n)=-M —h—
aqo(q q.h) aq(q)

h
OLgs o q —q°
@ q',h =M ,
8q1(q q.h) h

q'—q°
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from where the DEL equations follow as

g+ —q ou q—q!
o=-M(L_—9) _,Z@g)+m (L9
( i ) oq Dt ( r

qi-H _ 2qi + qi—l) oU )
= —M - h_ ' .
( A a4 (q’)

(59)

These are the equations of Newmark’s second-order explicit algorithm, known
also as central differences or Stormer-Verlet.

Since M is positive definite, it is possible to solve (59) to get

ou

qi+1 — 2ql _ qi—l _ th—la_(qi).
q
The discrete Lagrangian map is then
. . S . ou .
(g q) = (q’,qu —-q —th—‘a—qm‘)). (60)

It is simple to check that the discrete Lagrangian

10
LY(qo, qi, h) = hL (q', a : k! )

gives rise to the same DEL in this case! Therefore, the trapezoidal rule (54e)
yields the same DEL independently of the value chosen for a. This may not the
case when the dependence of the Lagrangian on the velocities is more complex,
such as in thermoelastic systems, see for example (Mata and Lew 2011, 2014).

e Midpoint rule. Using the midpoint rule, the discrete Lagrangian is given by

1 1 _ 0 1 _ .0 1 0
=L (50 o (] o

and thus,

oLy o q' —¢q° hoU (q'+q°
T h) = -M _ 1

oq° (@.q%.m) h 2 0q 2 '
oLy o q' —q° hoU (q'+q°
—(q,q,h) =M - ——

oq! (@ a.h) 2 0q 2
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Therefore, the DEL equations are given by

0 M (qi+1 —2q + qil)
h

_h (aU q' +q Lo (qi+qi‘1))
2 \ dq 2 aq 2 '

Compare with (59). Note that in this case it is not possible to provide an explicit
expression for the discrete Lagrangian map ®5(q'~!, q). O

More Discrete Lagrangians. The discrete Lagrangians shown so far give rise to
first- or second-order variational integrators. In the following, we show some discrete
Lagrangians that give rise to higher order time integrators.

e Quadratic rule. Consider a piecewise continuous quadratic approximation of the
trajectory over [0, i], i.e.,

¢/ =Ni(g° + Na (g + Ns()q' ~ q(1), 1 €0, hl,
where q% ~ q(h/2) is a coefficient needed for the quadratic interpolation and
N; : [0, h] — R, i=1,2,3,

are a set of basis functions for the set of second degree polynomials over [0, %],
P2([0, h]), which satisfy

Nl(T]) =5,'j fOI'Tj e {0, h/2,h},
see Fig. 14a. The velocity is approximated by
q/" =N (g’ +No(Ng® +Ns(Ng' ~ q(1), 1 € [0, Al.

The next step to construct a discrete Lagrangian consists in providing a quadrature
rule, described by a set of quadrature points over [0, 2] and weights

{gi’ wi}i:l,....nq .
Then, the discrete Lagrangian is given by
Li(q’.q". )= _ inf  Ly(q".q"%.q" ) (62a)

q() € P*([0,h])
q(0)=q’, g(h)=q'
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where the unoptimized Lagrangian is defined as
nq .
Liq’. q"%. q" h) =D wiL@E). &) (62b)
i=1

When a unique solution exists, the infimization in this last equation implicitly
defines the value of q'/? given those of q° and q'. In practice, the infimization is
imposed by requesting q'/? to satisfy the stationarity condition

oLy
oq1/2

(a°.4'%.q".h) =0. (62¢)

The DEL equations are then given by (58). In order to clarify the procedure consider
the thermoelastic Lagrangian (7) with constant mass matrix along with the Gauss—
Lobatto quadrature rule with points {0, 4 /2, h} and weights {h /6, 4h /6, h/6}. First
we define the unoptimized discrete Lagrangian

Li(q°, @°. q*, ®*.q', @, h) = % (L° FALY Ll) : (62d)
where
L0=¢ Mg’ — A (q", <i>°) :
L} = q -Mq? —A(q%, <i>%),
L'= 4 -Mq' —A(ql,él).
and
o' =h' (400 —30" ), b =n'(a' -9,
é' = p! (<1>° — 4% + 34»1) . q=h (4q% ~3q° - q') :
a:=hr"(q'—q°), q'=h"" (q°—4q% +3q‘)-
Then, the discrete Lagrangian follows as
Ly’ ®°.q' @' h) = inf Li(q" @ q>,.®7.q", @2, h).  (62)

q2,02

The values of q% and @2 that infimize L}, for given values of q’, ®°, q' and ®'
satisfy the equations

OLY  4m

—4 = = (d" —2¢"" 7 + ¢ — 1 =0, (62)
0q: h?
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aLY
&Tzi — rk+ _ r(k+1)7 =0, (62g)
where
k1 _ gk
et o OA (e 9780y
aq h

ke _ aA( L 30N 44kt — q>’<+1)

A h ’
e _ _a_A( I L +3<I>k)

A h ‘

e General Galerkin variational integrators. The basic idea behind the formulation
of general Galerkin VI’s consists in increasing the order of the approximation
polynomial along with the order of the quadrature rule used to approximate the
action of the system. To this end, we consider s + 1 control points over [0, /],

which satisfy q* = q” and q% = q' and correspond to the values of the trajectory
at control times

{dh},—o , with 0=dy<dj <..<d,=1.

.....

Moreover, we assume that the exact trajectory over [0, &] is approximated by a
unique s-degree polynomial

q,(; 9, ...,q", h) € P*([0, h])

such that
qp(dt/h) ZqOV, VZO, 1,...,S.

See Fig. 14b. Then, the discrete Lagrangian is obtained after providing an appro-
priate quadrature rule, {w;, &};_; n,» a8

.....

Li(q°, q', h) = inf LY (q%, ..., q%, h), 62h
d(q 7q ’ ) q(f)E}P’I}([O,h]) d(q sq ’ ) ( )
q(0)=q’,q(h)=q"

where

Li(a%,....q" h) =D wil(g,&), 4,(&)). (62i)

i=1
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Fig. 14 a The polynomial q'/” defines a continuous piecewise quadratic approximation of q(t)

over [0, 2]. b Higher order approximation of the trajectory by means of high-order polynomials

The infimization in (62h) implicitly defines the value of { q” }V=1 ., giventhose

......

of q° and q'. In this case the stationarity conditions are given by

oLy
oq%

(@, ....q" n)=0, v=1,...5-1 (63)

O

Example Consider the discrete Lagrangian (62e) for thermoelastic systems along
with the stationarity (62f) and (62g). The DEL equations follow as

m fk+ _|_fk—
ﬁ(—q"+l +8¢"2 — 14¢" + 8¢ 2 — ¢t = —— (64)
kD= _qrk+s — 3% 4 3Tk 4410k 2 —T¢DF =, (64b)
where
OA [, —3®F + 4kt — @k
£ = —a—q(q", > ) (65a)
OA O — 4@k 4 30K
- — _a_q(qk’ : ) (65b)
aA q)k-H _ <I>k
s = _%( kg, T) (65¢)

Together, (62f), (62g), (64a) and (64b) provide enough equations to solve for
(qur%’ qk+1’ (I,k-ﬁ-%’ (I)k-‘r]) giVGIl (qk7%’ qk’ (I)k—%7 (I)k)

Remark Higher order methods can be constructed by means of dividing [0, /] into
subintervals and applying composition methods. The basic idea consists in combining
several discrete Lagrangians together to obtain a new discrete Lagrangian with higher
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order of accuracy. In (Marsden and West 2001, pp. 49-51) the methodologies to
construct both multistep and single step, multisubsteps methods are presented. [J

3.2 Computation of Conjugate Momenta

The discrete Lagrangian map defines an evolution over Q x Q, so it does not define
either velocities or conjugate momenta. To do this, it is necessary to introduce the
discrete Legendre transforms F*Ly: Q x Q — T*Q as

OL
F'Li(q’, q', ) = (q',p") = (ql, a—(ﬁ’(q",ql, h)) (66)
oL
FLs(q", q" ) = (¢’ p°) = (q°, —a—qg’@’, q, h)) : (67)

So, the discrete Legendre transforms define conjugate momenta p° and p' at q°
and at q!, respectively. Notice that along a discrete trajectory a single value of a
conjugate momentum is defined for each ', instead of possibly two, coming each of
the two surrounding time-steps. This is because the discrete trajectory satisfies the
DEL equations, which state that

oLy
oq’

. . OL L
@ . q.h)= —a—q;’(q',q'“,h), (68)

SO
o 9L, .
F Lyq',q" h) = (ql, —a—qj.’(q’, qt, h))

- OLy . A A A
= (q’, a—qf’(q"l,q’,h)) =F"Li(q"". ¢, h)

and the momentum at ¢ is uniquely defined.

The introduction of the conjugate momentum permits rewriting the DEL in the
so-called position-momentum form:

) oLy . .
=@ g (692)
q
i oL i
pitl = 8q’j1 (q.q*', h). (69b)

Then, given (q', p'), these equations define (q‘*', p'*!). Themap ®;,: 7*Q — T*Q
defined as (q'*!, p'™') = ®,(q’, p) is the discrete Hamiltonian map. See Fig. 13b.
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The velocities do not have an intrinsic definition in discrete Lagrangian mechanics
in terms of L4, instead the velocities are approximated by inverting the Legendre
transform, namely,

q.q4)=FL'(q,p) (70a)
or
. OH i
q =a—(q,P) (70b)
P

for each i. Notice that ¢’ defined in this way will generally be different than the
approximation of the velocities that might have been used to construct the discrete
Lagrangian. As we shall see later, approximating the velocity as in (70a) guarantees
it will enjoy the same rate of convergence that q and p have.

Example In following we derive the position-momentum form of the DEL of some
discrete Lagrangians.

e Rectangle rules (cases 1 and 2). The position-momentum form of the DEL cor-
responding to L5(q’, q', &) is given by the equations

0 q —q° OL 0L
0= —— |hL(q° h— 4 —
P oq° [ (q " h )} [ aq " Gq]

q

(o (71
pi =2 [nr qoql—qO _ oL oq—°
oq! " h Toq
which for the case of a particle in the hoop are
91 _ 9()
P’ =mr (r ( : ) +hgcos€0) ,
91 _ 90
p'=mr? ( p ) :
therefore, the discrete Hamiltonian map is
hp®  h?
@', phH = @2(90, P°) = (90 + Lz T8 cos 6°, p° — hmgr cos 00) .
mr
For the case of L}i(qo, q', h) we have
o q1 _ q0 oL ql _ qO
0 — I’ZL 1 _ = 1
b aqO[ (“’ ) aq(q’ h )
(72)

h
o) q —q°
1 9 1
= g (o 5

|: oL 8L]'
=|h—+ .
8(] (9(] (quq‘;qo)
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As we mentioned earlier, both discrete Lagrangians L) and L, lead to the same
DEL. However, they define different approximations to the momenta, and hence

to the velocity. This is how these two discrete Lagrangians, and hence their inte-
grators, differ.

In the case of the particle in the hoop,

91_90
0o_ 2
p_mr( p ),

o' —g°
plzmr(l"( p )—hgcos@l),

and the discrete Hamiltonian map is given by

h 0
@', pH =} ©°, p° = (90 + Lz, p° — hmgr cos@l) .
mr

The velocities are approximated considering (70a) as

. po
° = FL7'L(6°, p°) = —
mr
1
' =FL™'©0", 6" = L.
mr

e Trapezoidal rule. If the trapezoidal rule is selected to construct the discrete

1
Lagrangian for the particle in the hoop, L (6°, ', h), the following discrete Hamil-
tonian map is obtained

1 1
(mmb=¢ﬂﬁp%=5@%wp%+%wﬂw»

h 0 h2 91 _ 90
— 90+L — _gcosgo’po_hmgru
mr*  2r 2

e Midpoint rule. Consider the midpoint discrete Lagrangian (54g). The position
momentum form of the DEL equations is given by

0
0 pic) 2m X%G - X%G
P = py = _7 Yece — Vg s (733.)
Py R
and |
Py
p'=|(pr|=-p" (73b)
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(|
The relations (69a) and (69b) are also valid for Galerkin VI’s. However, they need
to be complemented with (63) in order to fulfill the condition (62h).

Example Consider the discrete Lagrangian (62¢) for the thermoelastic systems. The
conjugate momenta are given by

Mmoo gyl S TR N v
= —(8q"*2 —7q" — — —fkt 74
p 3h( q q-q7) 5 (74a)
AR L Y Sy A k+1 ﬁ (k+1)—
p = —3h(q 8q" "> +7q"7) + 6f , (74b)
3 1 4 i
Kk _ 2kt (k+1)— k!
= r*__r —rkts, 74
T =% 6 te (74c)
3 1 4 i
k+1 _ (k+1)— k+ k+1
=T — 1kt 4 ks, 74d
n 5 G + 5 (744d)
O

3.3 Implementation of Variational Integrators

The position-momentum form of the DEL equations provide a natural way to imple-
ment a variational integrator in a computer code. We describe the general format of
an implementation next.

3.3.1 Initial Conditions
Most commonly initial conditions are provided in terms of positions and velocities
instead of positions and momenta as required by variational integrators in position-

momentum form. Then, we take advantage of the Legendre transform to compute
the initial momentum as

o 0L ,
p = T(Q(O),Q(O))- (75)
q

3.3.2 Basic Algorithm

The computer implementation of variational methods in position-momentum form
follows a general structure summarized in Algorithm 1.

3.3.3 Post-processing Velocities

Consistent approximations to the velocities can be computed with the help of (35a) as
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Data: Require (q°, p®), 2 and N.
forallthe k =0,1,..., N — 1 do

OL
Solve p¥ = —TZ(qk, a1, h) for gt
q
JLg4
Setpt! = 7 gy (@, a L b).
end

Algorithm 1: Basic implementation of variational integrators.

. OH
q = a—(qk, ph).
P

3.4 Approximation Properties and Convergence

In contrast to the traditional approach to constructing time integrators, which begins
by approximating the equations of motion, the construction of a variational integrator
departs from an approximation of the action. The order of convergence of a traditional
integrator is generally assessed by the order of the consistency error. The question
is then how the order of convergence of a variational integrator can be determined
from the approximation of the action. This question was answered in (Marsden and
West 2001, Sect. 2.3), and we describe the main ideas next.

First we define the exact discrete Lagrangian

h
Li (4’ q' ) =/O L(q(r), q()) dt,

where q(¢) is the solution of the E-L equations satisfying q(0) = q° and q(h) = q'.
In other words, L5 is a discrete Lagrangian that exactly matches the value of the
action for the exact trajectory in the time interval [0, &].

We can now define the local variational order. The discrete Lagrangian L, is of
order » > 1 if for any solution q of the E-L equations there exists 4, > Oand C, > 0
independent of & such that

|La(a(0), a(h), ) — L (@(0), qh), )| < C.A"*, (76)

forall0 < h < h,.0

%Notice that C, can depend on (q(0), q(0)). For simplicity, we deliberately avoided the additional
requirement that C,, should be uniformly bounded over a subset of 7Q (see Marsden and West
2001). In designing a variational integrator and evaluating its order, this is a secondary condition
not difficult to satisfy.
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We are now ready to answer the question we started from: A fundamental result
presented in (Marsden and West 2001, Theorem2.3.1, pp. 43—44) states that the
variational integrator obtained from a discrete Lagrangian of order r +1 has order r.
Thus, to design a variational integrator of order r it is enough to construct a discrete
Lagrangian of order » 4 1. We show examples of order calculation below.

3.4.1 Order Calculation

To compute the order of L,;(q(0), q(h), h), we expand it in a Taylor series of &
around 7 = 0 and compare the terms with those of the Taylor series expansion of
the exact discrete Lagrangian. The first few terms of the latter are

L (q(0), q(h), h) = hL (q(0), 4(0)) +
2

n? (0L oL
+7 (8_ (q(0), (0)) - q(0) + = (q(0), q(0)) - ii(O)) +OMm?). (17)
q 0q

If the first r terms of the series of both discrete Lagrangian are the same, then the
discrete Lagrangian is of order r + 1.

Example Consider the discrete Lagrangian built on the trapezoidal rule,

L3(q(0), q(h), h) = f(h) =
(I —a)hL (q(O)a W) +ahL (q(h), M) :

Here we introduced the name f(h) to explicitly indicate that the left-hand side is a
function of /& only. Then,

fO) = Ld(Q(O) q(0),0) =0,
f1) = %hd (q(0), q(0),0) = L(q(0), q(0)),
0 0
770 = T2 ((I(O) q(0),0) —ZOz*L(Q(O) q(0)) - q(0) + *L(Q(O) q(0)) - 4(0),
therefore,

L3(q(0), q(h), h) = hL(q(0), 4(0))
2

h 0 ) .
+2 [Zaa—L(q(O), a(0)) - 4(0)
q

0
+ 8—qL<q<0),q<0>> : q(O)] + 0 (h?), (78)
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Comparing with (77) have that

2
Lg (@(0). q(h), i) — LG (@(0). a(h), h) = %(1 —m%uq(m, a(0)-4(0)+0 (h)
and hence r + 1 = 3 if and only if « = 1/2, and » + 1 = 2 otherwise. This
means that the two rectangle rules (o« = 0, 1) are only first-order integrators, while
a = 1/2 gives rise to a second-order algorithm. A rather curious aspect of this last
remark is that, as mentioned earlier, all the aforementioned algorithms give rise to
the same DEL, but they differ on the discrete Legendre transform, or the definition
of the discrete momenta. Thus, while the coordinate values q' coincide in all three
algorithms, the momenta p’ do not, and this is where the order difference between
the algorithms comes from.

The midpoint rule gives rise to the same expansion (78) with a = 1/2, so its a
second-order algorithm.

3.5 Conservation Properties: Discrete Point of View

This section focuses on the geometric properties of the flows generated by variational
integrators. As we highlighted before, they correspond to symplectic flows that show
an excellent long-term energy behavior along with the exact conservation of the
invariants associated to the symmetries of the discrete Lagrangian. These properties
along with the existence of a standard methodology to construct high-order methods
for Lagrangian systems evolving on general manifolds have contributed to increase
the use of VI’s in both the scientific and engineering communities.

e Symmetries and invariants of the dynamics. A discrete Lagrangian posses a
symmetry when it remains invariant under the action of a group on the configuration
manifold. Moreover, each symmetry of the discrete Lagrangian leads to a quantity
conserved by the dynamics (Marsden and West 2001) according to a discrete
version of the celebrated Noether’s theorem. This theorem reads as follows,

Discrete version of Noether’s theorem. Consider a discrete Lagrangian

e > 0 and q*F = ¢, that leaves the discrete Lagrangian invariant in the following
sense,

Ly (qe,k’ qe,kJrl’ h) =1L, (qk7 qk+17 h) ’
foralle > 0Oand k = 0, ..., N — 1. Moreover, consider the infinitesimal symmetry

direction,

d
¢dH=—q*
de =0
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Then
0Ly

a_qk(qk_l’ qk’ h)s

1(q", p" =p* - ¢(g") with p'=

is an invariant of the dynamics for all k =0, ..., N.
Proof See, e.g., (Lew et al. 2004) or (Hairer et al. 2006, Chap. VI.6) ([

Example Consider the thermoelastic system described in page’ 20. We know the
Lagrangian function is invariant under rigid body translations and rigid body rotations
in the physical space and under rigid body translations of the thermal displacements.
Therefore, total linear momentum, the total angular momentum and the entropy of
each thermoelastic spring are invariants of the dynamics.

We construct a discrete Lagrangian by means of applying the midpoint rule as

h (ot — qf k1 ok
it e () ()

kg gkt @it _ @k
_hA (q ta )

2 ’ h (79)

First, we consider the one-parameter group of discrete curves

..........

where v € R? and k € RM are constant but otherwise arbitrary vectors. The corre-
sponding infinitesimal directions are given by

¢ = (vy, k), k=0,...,N,,

where vk, € R?. Noticing that
qe,k+1 _ qe,k — qk+1 _ qk
q)f,k+1 _ q>€,k — q)k+1 _ q>k

and considering that the distance between masses is conserved by rigid body trans-
lations in space, i.e.,

e,k+1 ek k+1 k
() (Y g,
2 2

7In this example N; denotes the total number of time instants of the discrete trajectory and N is
reserved for the number of masses of the thermoelastic system.
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it is possible to verify that the discrete Lagrangian remains invariant and thus

.....

The momentum vector is given by
(" 7).

where

p= h 2 9q 2 h
. oA ¢+ g B — @
90 2 & ’

. M(qk+1 _qk) h OA (qk+1 +qk P! q,k)

and according to the discrete version of Noether’s theorem
vy -pF+ k-1,
is conserved forallk =1, ..., N, and (vy,k) € RY x RM, Choosing
(vv.K)=((e;,...,€),0y), i=1,2,3

where {e;};—1 23 is a basis in R3 and 0,, is a M-dimensional vector of zeros, allows
to deduce that every component of the total linear momentum is exactly conserved.
Moreover, setting

(V. k) = (On. k),

where kl-j = 5{ yields to the exact conservation of the entropy of every thermoelastic
spring.

Alternatively, we can consider a one-parameter group of discrete curves corre-
sponding to rigid body rotations in the physical space, namely

.....

{‘l?k(f)}k:o N {exp [e&] q{‘{(t)}k=0 N, (802)

k,e _ k
(@ O}icy v = {2 O}y - (80b)
where @ is a constant and skew-symmetric but otherwise arbitrary tensor with axial
vector @ € R?. The corresponding infinitesimal symmetry direction is given by

¢ ={(@xd}, .0 xaf),0m)},_o -

The discrete Lagrangian (79) is invariant under the transformations defined in (80a)
and (80b) for all € > 0, since both the discrete version of the kinetic energy and the
distance among the masses of the system remain unaffected by rigid body motions
in the physical space.
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Then, according to the discrete version of Noether’s theorem
k k
P - &(q),

is exactly conserved by the dynamics for all k = 0, ..., N,. The above expression
can be rewritten as

N k+1 k
koW — k " —a)_9A o\ o
A W_lzll(qix[M( - ) 8qf(q ,0) w,
where

_ K+l ok ot _ @k
W =(@,..., @), qk+% =u and @F = —
—_— 2 h

N times

Therefore, since & is an arbitrary vector in R3,itis possible to conclude that a discrete
version of the total angular momentum, AX, remains invariant. O

e Discrete symplecticity. In Sect. 3.2 we described how the discrete Legendre trans-
form allows to define the discrete Hamiltonian map

®,: T*Q — T Q
@, p") = @(q",p") = (@"", p'h)’

which can be used to construct the position-momentum form of a variational
method. In this section we show that ®;, also defines a discrete symplectic flow
onT*Q.

Remark Given a particular discrete Lagrangian, to demonstrate that its discrete
Hamiltonian map is symplectic, it is enough to verify that ®,; fulfils (50), i.e.,

0% '—1(% k)_ =
(ayk@))J oy D) =

where y* = (¢*, p*) € T*Q. O
However, to prove this in a more general setting, we consider the following result:
Theorem Anysmooth enough and nondegenerate function S(q, Q) generates a sym-

plectic flow (q,p) — (P, Q) if

N oS
_6_q(q’ Q) and P= %(q, Q. 81)

Proof See (Hairer et al. 2006, pp. 196-197) ]

p:
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The function S(q, Q) is a particular case of the so-called generating functions.

Consider a sequence of points {q'};—o_.y on Q that is the solution of the DEL
equations (58) subjected to boundary conditions q° and q" . Then the discrete action
sum (55) can be regarded as a function of the initial and final configuration points,

ie.,
N-1

S, (qo, qN) — Z Ly (qi, qi-H’ h) )
i=0

Taking into account the discrete Legendre transformations (69a) and (69b), we have
that

% 0 N_% 0 1 _ .0
oq0 (4 47) = 505 (@00 h) = —p",
0S4 _8Ld

aq_N (qo’ qN) _ aq_N (qul’ q", h) —p",

and therefore applying Theorem 3.5, the flow (q°, p%) — (q", p") results to be sym-
plectic. This result can be applied to an arbitrary time interval [/, 1 +1],i =0, ..., N,
which shows that the discrete flow of any variational integrator is automatically sym-
plectic and that the corresponding generating function is the discrete Lagrangian

Ly(q', g, h).

Example (Hairer et al. 20006, pp. 190). Consider the midpoint discrete Lagrangian,
L@’ a' 1) = ~M(g' —q*) - (' — g*) +hU (q%) :
2h

where q% = %(q1 + q°). The corresponding variational integrator in position-
momentum form is given by

' =¢"+hM'p:
oU [

1 _ 0 _ o 7~ 3

p=p—hg (q )

which can be rewritten as
OH
2 =2"+h]— (z%),
0z

where z = (q, p) and H (z) is the Hamiltonian function of the problem. Differenti-
ating the above equation yields

h 0*H\ 0z' h O*H
(‘—zJa—zz)a—zo—(”zJa—zz)’
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oz'\' . (07! _
(5) 7 (5) =

e Long-term energy behavior. As it has been explained in Sect.2.5 the flow on
the phase space of an autonomous Hamiltonian system is constrained to remain
on a constant energy manifold which depends on the initial conditions. Unfortu-
nately, the discrete flows generated by symplectic methods with constant time step
cannot conserve exactly the energy of the original Hamiltonian system (Ge and
Marsden 1988; Kane et al. 1999). However, in spite of this limitation, they show
an excellent long-term behavior with errors in the energy that remain bounded
for exponentially long periods of time. See, e.g., (Marsden and West (2001)). In
following, we explain the reasons for the superior behavior of symplectic methods.

from which it is clear that

O

In Fig. 15 the numerical flow of the Symplectic-Euler method (obtained from the
discrete Lagrangian (54a)) is compared with the numerical flow of the Explicit-
Euler method, when both methods are used to simulate the dynamics of the system
described by the Lagrangian

) L. 5 2
L(g(®),q()) = 561(1) —=5(g@® — 17,

subjected to the initial conditions ¢ (0) = 2, ¢(0) = 0. This system is conservative
and thus there should be no loss of energy over time. This figure shows that while

Fig. 15 Comparison
between the
Symplectic-Euler and the
Explicit-Euler methods.
Trajectories on the phase
space

Momentum

Symplectic—Euler
Explicit-Euler

_5 . . . . .
-0.5 0 0.5 1 1.5 2 25
Position
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Exact
——o—— Symplectic-Euler
Explicit-Euler

Fig. 16 Comparison between the Symplectic-Euler and the Explicit-Euler methods in terms of the
numerically computed energy

the trajectory of the Explicit-Euler method departs progressively from the exact
one, the trajectory of the Symplectic-Euler remains bounded and close to the exact
trajectory.

In Fig. 16 a plot of the energy

Lo 2
H(q(), p) = Zm="p(t)"+3(q(t) = 1),

evaluated on the discrete trajectories versus time is shown. The striking aspect of
this graph is that while the energy associated with the Explicit-Euler method blows
up due to numerical instability, for the Symplectic-Euler method the energy error
remains bounded over a long period of time.

Backward error analysis. For a better understanding the above results, we may
resort to use the so-called backward error analysis applied to symplectic methods
(Marsden and West 2001; Lew et al. 2004; Faltinsen 2000).

Consider a numerical method, here represented by its discrete flow map ) neQ—
0O, which we use to approximate the flow of the differential equation

y=1£@y), y0) =y"ec0.

The basic idea of backward error analysis consist constructing modified differential
equation
¥ =6 =@ + hf@) + h @) + .. (82)

such that its exact solution trajectory ¥ (z) exactly matches the discrete flow of the
numerical method, i.e.,

v =@, =Fkh), k=1,2,..,N.



260 A.J. Lew and P. Mata A

Then, the numerical analysis focuses on studying the difference between f (y)
and fh (y) in an appropriate norm instead of studying the difference between y*

and <I>kh (y") which is the focus of the more traditional forward error analysis.
In practice the series (82) diverges and has to be truncated after a finite number
of terms. Therefore, this approach allows to interpret the numerical solution of a
differential equation as a higher order approximation of a modified system. We
can now understand why variational integrators are different to standard methods.
To this end we first consider the next theorem, which for sake of simplicity is
restricted to Hamiltonian functions taking arguments in R??.

Theorem The modified equation of a symplectic method ®,, applied to a Hamil-
tonian system with a smooth Hamiltonian H : R* — R is also Hamiltonian. It
means that there exist smooth functions H; : R* — R for j =2,3, ..., such that

OH.

H
y = J( (y) + h—— (y>+h2—y3(y>+---).

Proof See, e.g., (Hairer et al. 2006). (]

In other words, @, is a higher order approximation to the flow of the dynamical
system defined by a shadow Hamiltonian

N
Hy(y) = H(y) + > h'"""Hy(y),

i=2

which remains at least O(h) close to H.

Since every Lagrangian system admits a Hamiltonian representation, the modified
differential equation of every variational integrator is Hamiltonian. This means that
the discrete trajectory has all of the properties of a conservative mechanical system,
such as energy conservation. This property explains the shape of the closed trajectory
described by the Symplectic-Euler in Fig. 15. This also explains why the energy plots
for variational integrators contain a typical oscillation about a value close to the true
energy. See Fig. 16. The modified energy level set will be close to the true energy
level set everywhere, but it will typically be inside it at some locations and outside
it at others.

Finally, we mention a few words regarding to how much the discrete trajectory
moves away from both the exact energy manifold and the constant energy manifold
defined by the shadow Hamiltonian. If we apply an order p numerical method ®,
with step size & to approximate the flow of a Hamiltonian system with analytic
H : D c R¥ — R, and if the numerical solution stays in the compact set K C D,
then there exist 1y and N = N (h) such that
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Hy" = H") + O ("),
H(y" = HY°) + O(h?),

over exponentially long time intervals kh < e/?" See (Hairer et al. 2006,
Chap. IX) for details.

Therefore, it is possible to see that the discrete trajectory remains exponentially close
to the constant energy manifold defined by the shadow Hamiltonian for exponentially
longs periods of time. Moreover, it also remains O(h?”) close to the manifold of exact
energy.

4 Final Examples

In this section, we formulate variational time integrators for two problems of practical
interest in science and engineering. First, we develop a second-order method based
on the trapezoidal rule for a free-flying body that is able to undergo arbitrarily large
rotations and displacements in space. This problem has been extensively studied
from both theoretical and numerical aspects (see, e.g., Meyer et al. 2009; Bauchau
and Bottasso 1999; Chaturvedi et al. 2011; Lee et al. 2007; Marsden and Ratiu 1999;
Simo and Wong 1991) among others) since its configuration space corresponds to
a nonlinear differentiable manifold rather than a linear space. The second example
corresponds to the formulation of an explicit, second-order accurate varitational
integrator for finite element discretizations of geometrically exact rods. We only
consider linear finite elements in space since a more general formulation can be
consulted in (Mata 2015). In both examples the time interval of interest [0, T'] is
partitioned into N > 1 subintervals with constant time step At = T /N, and we set
t*=kT/N,k=0,1,..,N.

4.1 Rotating Rigid Body

Consider an inertial reference frame {e;};—; 23 in the three-dimensional space and
a rigid body B with mass density p > 0 which has rigidly attached to its center of
mass an orthogonal reference frame {¢;};—; 3. See Fig. 17. The orientation of the
body-fixed frame with respect to the inertial frame is specified by means of a rotation
tensor A according to

t,-:Aei, l=1,2,3
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Fig. 17 Free-flying rigid
body. {e;};=1.2,3 is a inertial
reference frame and

{ti}i=1.2.3 an orthogonal S
body-fixed reference frame €9 es >

The position vector of a material point of B is given by

3 3
y=x+ &Gti=x+ ) &Ae,
i=1 i=1

where & = (£, €2, €3) is a set of coordinates with respect to {#;};=123 and x =
x'e; + x%es + x3ej is the position vector of the center of mass of the body. The
spatial position of the body is specified by the pair (x, A) which is composed of a
position vector plus a rotation tensor measuring the deviation of body-fixed frame
with respect to the inertial reference frame.

Note that although x belongs to R?® which is a linear space, A is an element of
the noncommutative (Lie) group of proper rotations

SOB)={oc eR>® | 07! =0’ and detfo] =1},

which is a nonlinear manifold. A brief introduction to finite rotations is given in
Sect. B. Then, the configuration the manifold is SE(3) = R? x SO(3).

A motion of the body can be described by means of the time-dependent curve
®=(x,A):[0,T] = SEQ3), (83)
with velocity given by
® = (&, A) € TuASEB) =R x ThSO3).

For free-flying bodies the Lagrangian function L : TSE(3) — R is equal to the
kinetic energy

L(®, &) = % (m ikt [fszfz’]) , (84)

where m = f 3 P dv is the total mass of the body,
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is the angular velocity tensor expressed in the body-fixed frame which belongs to
the (linear) space of skew-symmetric tensors so(3), and

Jd=/BP£®£dU,

is a nonstandard moment of inertia tensor which is related to the standard symmetric
moment of inertia tensor, J, by

J=/pE’Edv=tr[Jd]I—Jd,
B

where E = skew[£] € so(3) is the skew-symmetric tensor obtained from & € R3.
See Sect. B.3. More details about this relation can be found in (Lee et al. 2007).

The application of Hamilton’s principle requires computing

dL .
(351011, 60 (1) = == (.. Aclr). %), A (1) =0, (85)

where d® (1) = (0x(¢), A(r)) represents a variation over an arbitrary element ®(¢)
belonging to the set C composed by all the smooth enough trajectories of the form
(83) that leaves the endpoints of the trajectory fixed. This is by no means a trivial
task owing to the nonlinear nature of SE(3). On one hand, we have that

=u(1),
e=0

dx (1) = 4 (x(t) + eu(t))
de

= O()A(),

SA(r) = 4 (exp [e®O)] A1)
de
e=0

where _
u:[0,T]— R® and ©:[0,T]— so(3).

Therefore, a variation over ®(-) is given by
5@ = (u, OA) € ToC.
The above results allow to see that
St=i and 0% = A'©A.

Replacing the above results in (85) yields

1T [ ~(d r
<5S[<I>],5<I>>= 5/ tr[é@ (E(jd5+c5jd))]dt—/ mi-udi=0,
0 0
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where @ = AQA’ and j, = AJ, A" are the spatial forms of the angular velocity
tensor and nonstandard inertia tensor, respectively. Noting that since (u(¢), O(t))
are arbitrary for all r € [0, T'] and that

skew[jw]=js @+ @js. (@ = skew[w]),

the following system of Euler—Lagrange equations is obtained
. d .
mx =0 and o (skew [j w]) =0,

where w € R? is the axial vector of @ and j = AJA'. Basically, both equations are

alternative statements for the conservation of the total linear momentum and total

angular momentum.

4.1.1 Legendre Transforms

The momentum vectors are computed with the help of the Legendre transformation as
p = mx, and = jw,

which allows to define the Hamiltonian function, H : T*SE(3) — R, as

17r~7r),

(m™'p-p+i-

N =

H(p, m) =
and therefore, the E-L equations may be rewritten as
p=0 and T=0, (86)

respectively.

4.1.2 Discretization

The procedure to construct a variational integrator for this problem follows some
ideas presented in (Lee et al. 2007) for the full-body problem. We denote by
xk ~ x(*) and A* ~ A(5), k = 1,..., N and we assume that the velocities
are approximated by

(87a)

e[, (87b)
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and therefore,

o Al — A Al — A%\
tr[ﬂJdﬂt]%tr[AOlTJd (AO’T) , (88)

which, taking into account that for any two matrices A,B € R™", trf[AB] =
tr[BA] = tr[A’B’], yields

o161~ 2 0r Al
w[21,8' ] ~ Su[t-A"A" 5],
Then, the discrete Lagrangian based on the trapezoidal rule is given by

La(x° x", A°, A)—%m(x -x% &' - 0)+%tr[(I—A°’A1)Jd]. (89)

Remark 1f the midpoint rule is preferred, the following approximation has to be used
for the angular velocity tensor
AOt 4 All Al _ AO

2 o

Q~

Moreover, denoting by

A=A"+A"A = A,
B — (Alt _ AO[)(AO +A1)

and applying the fact that trAB] = tr [A’B'], it is possible to obtain
[ @12 |~ st [Js (1— AVAAVAY)]

which contains a higher power of (A A%) [ ]
From (89) it is possible to define the discrete translational momenta as
p’ = —DwlL, = Z(x —x9, (90a)
p' = DuLs=p" (90b)

Determining the momenta associated to the rotational part of the motion is a little

bit more involved. On one hand, considering that §A°? = 2) A0 we have that the
following relation holds

tr[— (DyoLa) 6A°] = tr [—(:)OAODAoLd] — [éo (%AleAOt):| =0.
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On the other hand, we know that fIO, the momentum conjugated to the rotation A,
belongs to the linear space so(3)* which is the dual space of so(3). Moreover, so(3)*
is also composed by skew-symmetric tensors. See, e.g., (Wendlandt and Marsden
1997; Marsden and Ratiu 1999).

Therefore, since 0’ is skew-symmetric and
w[6'8] = Ju[6'® - 8],
for any 3 x 3 matrix B, we have that the above equation can be rewritten as
I 7150 a1 0r 0 1t I T&0:0
Ztr[@ (A'J/A” = A% A )| = }—ltr[(-) il
which allows to identify

=0 1 ins . in
I :Z(A 39— A0y, (90c)

with the momentum conjugated to A after defining j5 = A°J;A” and A" = A'A".
On the other hand, following an analogue procedure allows to compute the skew-
symmetric momentum associated to A' as

o' =’ (90d)

Note that (90b) and (90d) are the DEL equations. They also are discrete counterparts
of the conservation laws (86)"2.

4.1.3 Solution Procedure

Since the translational and rotational momenta are exactly conserved by the algo-
rithm, we only need to determine (x!, A') from (x°, A, p°, II°). The procedure is
as follows.

e The position in space is updated using (90a) as

h
x'=x"+ —p°.
m

e To determine A' we parametrize the incremental rotation tensor A™ in terms of
an incremental rotation vector 8 € R3 as

A" = exp[é],
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where 6 = skew[0] is the skew-symmetric tensor obtained from 6 and exp[e] :
so(3) — SO(3) is the exponential map (see Sect. B.3). Then, replacing in (90c)
yields to the following nonlinear system of equations

sinf . 1 —cosf .
(55 so+ () oxito—m on

where 6 = ||@||. This system is solved with the help of the Newton-Raphson
scheme. Having obtained 6, we update A' = A" A°.

4.2 A Model for Geometrically Exact Rods

In this example, we take advantage of some of the previous results to build an explicit
time integrator for finite element discretizations of geometrically exact rods made of
an isotropic, homogeneous and hyperelastic material.

4.2.1 Continuum Model

First, we briefly review some basic results of the continuum model. The reference
configuration corresponds to a straight rod of length L and constant cross-section
A C R2. The position vector of a material point in this configuration is

X(s, &1, &) = sE| + LEs + GEs,
where {E;};—; 3 is an (orthogonal) inertial reference frame, s € [0, L] is an arch-
length coordinate and (&3, £&3) C A are coordinates on the cross section. The geomet-

ric place of points of the form X(s, 0, 0) defines a reference curve ¢,. The current
configuration of the rod is characterized by the fields

®=(p,A):[0,L] > R}x SO3), (92)

where ¢ is obtained by adding a displacement field onto ¢, and A defines the
orientation of the reference frame

ti(s) =AE;, se€l0,L], i=123,
which rigidly attached to the cross-section at s € [0, L] and oriented along the

principal axis of inertia by convenience. The position vector of a material point in
the current configuration is given by

X(s, £, &) = @(s) + Lata(s) + &t3(s).
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Fig. 18 Reference and ts
current configurations of the
elastic rod t3
t2
E; 7
E t

See e.g., (Simo 1985; Simo and Vu-Quoc 1986, 1988; Kapania and Li 2003) and
Fig. 18.

Then, the configuration manifold, Q, is the set of all the smooth-enough fields
of the form (92) subjected to the prescribed boundary conditions ®(0) = ®, and
® (L) = ®; and to the restriction %‘SE -t; > 0 (Simo et al. 1995).

_ Given a motion ®(-) : [0, T] — Q, the corresponding velocity is obtained as
® = (¢, A) which yields to the following expression for the velocity of a material
point: B

X=@+ AVZ, 93)

where Z = £E, + EE3 and V= A‘A, is the material form of the angular velocity
tensor.

Moreover, consider a stored energy function per unit of reference length (I, £2)
such that the material form of the cross-sectional stress resultants and stress couples
are given by

m_ O _ m_ 9Y _
"= oS(T2) = CrT, and m" = (T, @) = Co. (94)

where 9
®
F=A"(=L—t¢
(8s 1

is the (translational) strain vector,  is the axial vector of the curvature tensor

~ OA
Q=A—

Os
and the constitutive tensors Cr and Cg, are given by

EA O GJ 0 O
Cr‘ = 0 G.A 0 and CQ = 0 E12 0 s
0 0 GA 0 0 EL



A Brief Introduction to Variational Integrators 269
where E, G, J, I, and I3 are an elastic modulus, a shear modulus, a torsional
stiffness, and two flexural stiffnesses, respectively. We also define the spatial forms
of the stress resultants and couples as

n=An" and m=Am",

respectively.

4.2.2 Hamilton’s Principle

The Lagrangian function L : 7Q — R is constructed as the kinetic minus the
potential energy of the system, i.e.,

L(®, &) = K(®, d) — U(®), (95a)
where ;
K(®, ) = % / (A, - ¢ — TI[VE,V]) ds, (95b)
0
L
U(®) :/ (T, R) ds. (95¢)
0

In (95b) the mass density per unit of reference length is given by
.Ap = Lo dA
A

and
E,,:/pOZ®ZdA,
A

a cross-sectional nonstandard inertia tensor. Compare with (84).

Consider the set C composed by all the smooth enough motions @ : [0, T] — Q.
Hamilton’s principle states that the trajectory followed by the system is a stationary
point of the action under all variations in C that leaves fixed the end points ®(0) =
®(T) = 0. This principle yields to the following Euler—Lagrange equations

d*>¢ On
AI;W = a + N, (9621)
d _ om  0p. _0p -
- (skewli,v)) = 2 + 8—fn - na—": M, (96b)
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which have to be supplemented with adequate initial conditions. In the above equa-

tions i, is the spatial form of the inertial tensor, N a vector of the external forces and
M a skew-symmetric tensor of external moments.

4.2.3 Hamiltonian Framework
The Momentum densities
p=A¢p and 7 =skew[i,v], 97)

are introduced by means of the Legendre transforms. Rewriting the kinetic energy
in terms of (p, 7r) it is possible to define the Hamiltonian function H : T*Q — R as

1 L
Hp, 7, ®) = K(p, m) + U(®) = 5/0 (A;lp -p +i;17r . 7r) ds + U(®),

from which it is possible to obtain the balance equations in Hamiltonian form as

¢ =A'p,
A= skew[i;]Tr]A,
on
= — N’
P s +
. om QJdp_ _O0p -
=—+—n—-n—+M.
T s + 5‘sn “as +

Regarding to the invariants of the dynamics, we note that the Lagrangian is invariant
under translations in time and under rigid body translations and rotations in space.
These properties yields to the conservation of energy along with conservation of the
total linear momentum, L, and total angular momentum, J;, which are given by

L L
L = / pds and Ji= / (pxp+m)ds. 99)
0 0

4.2.4 Discretization in Space: Finite Elements

The discretization in space of the problem is carried out with the help of the finite
element method. We consider a partition of [0, L] in N, linear elements with constant
length i. The basic idea consists in approximating Q by means of a finite-dimensional
subspace Qj,. In following, calculations are performed on the basis of a generic finite
element.
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(i) We consider first the translational part of the motion. The current position of ¢
is approximated by

1 1
@) =10 =Qp+ (1 +0p,.  Cel-1L1]. (100)

where ¢, ¢, are the position vectors of the initial and final nodes of a generic
element in the mesh (Hughes 1987). It is worth noting that ¢, (¢) belongs to R?
for all ¢ € [—1, 1] and that

]
Os

(C)Z%v CG[_lal]v
since ds/d( =2/ h.

(i1) Since the rotation group is a nonlinear manifold, (100) cannot be applied. Instead,
we adopt the following procedure proposed in (Sansour and Wagner 2003),

e Use the Spurrier’s algorithm (Spurrier 1978) to represent the nodal values of
the rotation tensors, {A, A,}, in terms of unit quaternions8 {q1, q2}-

e The nodal values of the rotation vectors {¥, W,} are extracted from {q, q>}
with the help of the procedure given in (Simo and Vu-Quoc 1986).

e W, (s) can be obtained by applying (100). Then, q;, (s) is computed from W, (s)
following standard procedures (see e.g. Crisfield 1998, Chap. XVI).

e Finally, A;(s) is obtained from q;(s) by applying the classical relation
between rotation tensors and quaternions.

The construction of a semi-discrete counterpart of the Lagrangian function (95a)
is as follows. The semi-discrete kinetic energy K" : TQ, x R — R and the internal
and external components of the potential energy U™ U™ : 0, x R — R are
given by

h . . e oo
K' = 2 (A1 1P + 16217) —Te[ViE, Vi + V.E, V| (1010)

U™ = k4 (T4(0), 25,(0)), (101b)
U" = 1 Wexc (04, (0), A4 (0)), (101c)

where the explicit dependence on time has been omitted to simplify notation and
0
I,(0) = A0 24 0) ~ Ey.

2,,(0) = axial [, (0)] = axial [A;,(O)%(O)] :

8Theoretical aspect about unit quaternions can be consulted, e.g., in (Mcrobie and Lasenby 1999;
Crisfield 1998).
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The semi-discrete Lagrangian is then constructed as

Lh — Kh _ Uh,int _ Uh,ext
The application of Hamilton’s principle allows to obtain the corresponding EL equa-
tions on the nodes of the mesh.
4.2.5 Discretization in Time: Variational Integrators

We denote by
(i AD, i=12, (102)

to the approximation of the nodal variables (goi ), A’a‘ (tk)).
The nodal value of the translational velocity is approximated by

g~ T—FL =12, Te(@ M, (103)

and time derivative of the rotational tensor by

. A/f+1 _ Ak
Ai(r) ~ —— "

IR i=1,2, 7e(@* . (104)

The fully discrete (in space and time) counterpart of the kinetics energy is obtained
by replacing ¢; by (103) and A; by (104) in (101a) to obtain

2
h A
h k
Ki (2. ®1) = 307 >, (T’Jllcpﬁ<+1 — P+ T (1= AP AR Ep]) :
i=1

(105)
Correspondingly, the discrete potential energy, U, : Q, — R, is given by

Us@h) =h (v (T50). Z(0)) = weue (£ 0, A}©)) . (106)

Consider a € [0, 1] and apply the generalized trapezoidal rule (Marsden and West
2001) to construct a discrete Lagrangian,

Ly (@), @) = ar (K} (@5, @}) — aUj (@) = (1 = )Uj (@})) . (107)

The application of the discrete Hamilton’s principle yields to the following DEL
equations
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L ks B
’ (A1)? i TS0
R.(k)l _ R(k Dt Rk R.(k_l) B N
i i + i :hfc_|_Hf‘7 i=1,2,
(Ar)?
where ,
m; = 2 Ay, (109a)
2
Abr
Jp(,) in(i)’ (109b)
k __ ik
si = (—=D'my, (0), (109¢)
( 1)l+1~ (0) + —(()02 ) Q01)~k(0) (0)&7 (109(1)
k h k I3k h Tk
Si = —ENh(O) and Hi = EMh(O)’ (1096)
with B8, = AL, AL and AL, = AVAL

For the translational part of the motion, the discrete Legendre transform allows
to obtain

k+1 k

Pt = m% +ant (s +85), (110a)
k+1 ok

p{(+1 _ QOI N Pi _ ( Oz)At ( k+1 + Sk'H) 1 = 1, 2. (110b)

For the rotational part the following relation holds,

R — RK ~ o~
= L —aAt (hf +HY), (111a)
. R — Rk _ _
Hfﬂ=#+(1—Q)At(hf+l+ﬂf+l), i=1,2 (I11b)

Subtracting (110a) from (110b) and (111a) from (111b), yields to the following
relations:

p{(+1 _ pfc _ ( k+o + Sk+a) (1 ]2a)

o =1 + A (b + ), i=1,2, (112b)

where (0)kT® = (1 — a)(e)*! + a(e). A detailed deduction of (110a), (110b),
(111a), and (111b) may be found in (Mata 2015).
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4.2.6 Solution Procedure

The updating procedure for the nodal values of the configuration variables is as
follows.

e Since mass matrix is diagonal, it is possible to update the nodal positions explicitly
according to

Pt = o+ 2 (bl — e (s + 81)). an)

e Equation (111a) yields to

2At [~ ~ ~
A{(n(i)J]/j(i) - Jl,igMﬁfEf) =7 (Hf( + At (hf + Hf)) : (114)

To determine A{‘n(i) we follow the method proposed in (Lee et al. 2007). We
parametrize the incremental rotation tensor in terms of an incremental rotation

vector as
Al ) = exp [skew (6))].

Then, replacing the above expression in (114) the following nonlinear system of
equations is obtained

sin 9;‘

1 —cos6F
& pk k
g W0) + 052

k.
- (67 x iy

6%) =Y, (115)

where # = ||@] and Yf‘ is the axial vector of the right-hand side of (114).The
system (115) is solved with the help of the Newton—Raphson scheme.

Having obtained 0;‘, we update the nodal rotation tensors according to
ACH = exp[B/ 1A% (116)

e Finally, the nodal values of the momenta are updated with the help of (112a) and
(112b).

Remark We formulated an explicit method to update translational part of the con-
figuration variables, (see (113)). However, to update the rotational part a nonlinear
system of equations has to be solved iteratively in every node of the mesh. |

4.2.7 Properties of the Resulting Scheme

The resulting integration scheme enjoys several properties which are described in
following.
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e The discretization in space allows to formulate an explicit time integrator since
mass matrix is diagonal and positive. Moreover, the order of accuracy with the
mesh size does not result affected as explained in (Mata 2015; Cohen et al. 2001).

e Fixing & > 0, the order of accuracy of an algorithm in position-momentum form
coincides with the order of accuracy with which the discrete Lagrangian approx-
imates the exact discrete Lagrangian (if some standard smooth conditions hold).
See (Marsden and West 2001). In our case, second order of accuracy is obtained

ifa= % since the resulting method is symmetric.

e Variational methods automatically conserve a discrete analogue of the symplec-
tic two-form (see, e.g., Lew et al. 2003; Marsden and West 2001 for a proof).
Moreover, the discrete total energy

1
HE = 2D (my b+ Tl T - T1E) + Uy (b AT A ),
(117)

a=1

remains O ((At)z) close to the exact value for exponentially long periods of time
if a small enough Az > 0 is provided (Hairer et al. 2006). In the above equation
n, is the total number of nodes in the mesh.

° LZ’“ results to be invariant under the action of rigid body translations and rota-
tions. Therefore, according to a discrete version of Noether’s theorem the discrete
versions of the total linear momentum and total angular velocity

ny ny
=k
L= p, and Jg= > (I, + ¢k xph), (118)
a=1

a=1

are invariants of the discrete trajectories.
e Regarding to the stability limit, we follow (Lew et al. 2003) choosing Af as a
fraction of the critical time step length imposed by the Courant condition.

4.2.8 Numerical Example: Elastic Ring

In this example, we use the rod model to simulate the dynamics of the elastic ring
shown in Fig. 19. The applied load are

mit) =m(r)e; and mo(t) = —m(1),

where
(160/3)t, 0<t<1.5

m{) = 0 t>0

(119)

Since the applied moments are self-equilibrated, both the total linear momentum
and the total angular momentum are equal to zero and exactly conserved during the
free-fly phase of the motion. The mechanical properties of the cross-section are:
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Fig. 19 Elastic ring

EA=GA=3x%x10* EI =17 x 103, A,, = land I, = 10. The ring is discretized
using 80 linear elements. The simulation is carried out during 4.5 s with a time
step length At = 0.0015 s. The system exhibits drastic changes in the configuration
during the motion. Figure 20 shows a sequence of snapshots of the motion in the e;-e;
plane. Finally, the time evolution of total energy is shown in Fig.21 from which it is
possible to verify the excellent long-term energy behavior of the algorithm.

O X £=2.063
£=2.250
t=1.688

£=0.000 £=0.750
t=1.125

Fig. 20 Sequence of snapshots of the motion in the ej-e> plane. Note that self-contact is not
prevented in the present form of the algorithm

4405+

3e+05

2e+05

Energy

le+05

0
0 1 2 3 4
Time

Fig. 21 Time evolution of the total energy
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A (Smooth) Manifolds and Lie Groups

In this section, we briefly introduce the concepts of smooth n-dimensional manifolds
and Lie groups in order to use them to make a proper introduction to finite rotations
in the following section. The interested reader may consult standard textbooks such
as, e.g., (Abraham et al. 1988, Arnold 1989, Mishchenko and Fomenko 1988).

A.1 Smooth n-Manifolds

A smooth n—manifold or manifold modeled in R” is a set M such that:

e For each element P € M there exists a subset I of M containing P and an one-
to-one mapping called a chart or coordinate system, {x*}o=12....n, from{ onto an
open set V € R"; x* denote the components of this mapping (« = 1,2, ...,n).

o If x* and X* are two of such mappings, the change of coordinate functions
X(xt, ..., x™) are C™ (ie. it is continuously differentiable as many times as
required).

Tangent Space

Let M C R” be an open set (manifold) and let P € M. The tangent space to M at
P is simply the vector space R” regarded as vectors emanating from P; this tangent
space is denoted Tp M.

A.2 Lie Groups

A Lie group is a smooth n—dimensional manifold M" endowed with the following
two smooth mappings:

(i) Multiplication:
Gy M X M > M"
(u,v) > Z,(u,v) =uQ@v.
where © is used to indicate an abstract operation (multiplication) between ele-
ments of the manifold M".
(ii) Construction of the inverse element:
ﬁﬂ : M” g M”
u— Fsu) = ul.
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Moreover, a Lie group posses a marked point e € M”" (the identity) which satisfies
together with %, and .%; the following relations:

e X1 O (X20x3) =(x1 Ox2) Ox3, forall xi,x,x3 € M".
eeOx; =x0e=ux, x,e e M".
exOx'=x"'ox=e x,x!eecM

Lie Algebra
The Lie algebra, g, of the Lie group G is given by its tangent vector space at the
identity, g = T.G, equipped with a bilinear, skew—symmetric brackets operator [, -]
satisfying the following relations (Dubrokin et al. 2000; Mishchenko and Fomenko
1988):
(1) Jacobi’s identity:

[xa, [xp, X1+ [x5, [Xc, Xa]] + [Xc, [Xa, Xp]] =0 forall x,,xp, xc €g.
(ii) Skew-symmetry:

(x4, xp] = —[xp, x,] forall x,, x,€g,

where the Lie brackets are given by [x,, xp] = x, O X — X O X,

B Finite Rotations

This section provides a brief introduction to finite rotations and to the rotational
motion. We restrict the survey to such concepts that are used through the sections of
the chapter. A more extensive review can be found, e.g., in (Argyris 1982; Argyris
and Poterasu 1993; Atluri and Cazzani 1995; Bauchau and Trainelli 2003).

B.1 Noncommutative Rotations

Consider the rotation vector

~

¢ = (¢xxs ¢yy’ ¢Zz) = (7T/2’ 77/21 71-/2)

Figure22 shows that the order in which we apply the components of the rotation
vector on a rigid body (in this case a rigid box) affects its final configuration in
space. Therefore, ¢ can not be used to represent uniquely a rotation in space. Or, in
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Fig. 22 Noncommutativity
of the components of the
rotation vector
¢ = [¢xxs ¢yyv ¢zz]
E ' (zz

other words, rotations are not elements of a vector space (Jeleni¢ and Crisfield 1999;
Simo and Vu-Quoc 1986).

Alternatively, we may think of a rotation 3 as a linear application from the Euclid-
ean vector space, E3, to itself. Therefore, when 3 is applied to a vector u € E3, the
result is a new vector v = Bu conserving the original length. Consider the set

R ={B:E — E| Bisarotation},
and define the sum of rotations as
By ® By)(x) = B, (By(x))  Bu By € R, x cE. (120)

Clearly B, ® 3, € R is a compound rotation applied on x.

The set R equipped with the operation ® posses the algebraic structure of
noncommutative group (Bauchau and Trainelli 2003; Mikinen and Marjaméaki
2005; Mikinen 2004; Mishchenko and Fomenko 1988) and enjoys the following
properties:

(1) Associativity:

/@u ® (ﬂb ® Bc) = (/811 ® Bb) ® ﬁcﬂ for all ﬁav Iab’ Bc e R

(i1) There exists a unique identity element i € R such that
BRIi=iB=0, forall 3ecfR.

(iii) Foreach B € fA there exists a unique element belonging to R called the inverse
of 3 and denoted by 3! such that

BleB=8ep"=
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(iv) The operation ® is, in general, noncommutative, i.e. ,

lgu ® ﬂb(x) # IBb ® 5a(x)-
forall 3,, 3, € Rand x € E.
The following result is fundamental:

Theorem The group SR is isomorphic to the set composed by all the real and orthog-
onal matrices of order 3, with determinant equal to 1.

Proof See, e.g., (Pérez-Moran 2005) and references therein |

This theorem allows to identify each finite rotation with an orthogonal rotation
tensor belonging to the special orthogonal group, SO (3), defined as

S0B3)={AeM™ | A'A=AA"=1; det[A] =1}, (121)

where I is the identity matrix and M**3 is the set composed by all the 3 x 3 matrices
with real coefficients. It is not difficult to see that SO (3) also has the structure of
a smooth differentiable manifold (Dubrokin et al. 2000). See Sect. A.1. Moreover,
under the usual matrix multiplication, it has the structure of a Lie group. See Sect. A.2.

The components of a rotation tensor depend on the reference frame adopted and
thus to compose two rotations A,, A, € SO(3) two situations can happen:

(1) Spatial description of rotations. In this case the components of A, and A, are
expressed in terms of a fixed reference frame (Argyris 1982). The rotation tensor
representing the result of applying A, after A, is obtained as

ApoA, =A,A, € SO(3),

Therefore, the inverse multiplicative rule for rotation tensors applies.

(i) Material description of rotations. In the second case, A, moves the reference
frame and therefore, the components of A; are expressed in an updated reference
frame. Then, we have that

Ab o Aa = AaAb € 50(3)

B.2 Parametrization of S O (3)

The rotational motion can be described by a means of a trajectory on SO (3). There-
fore, it can not be described trivially by using standard coordinates such as those
employed for trajectories belonging to a linear space. Rotations may be parame-
trized using suitable charts which are inherently not global and/or singular. Over
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the years, numerous techniques have been developed to cope with the description
of rotational motion (Pérez-Moran 2005; Simo and Vu-Quoc 1986; Bauchau and
Choi 2003; Milenkovic and Milenkovic 1997; Stuelpnagel 1964; Grassia 1998; Cot-
tingham and Doyle 2001; Innocenti and Paganelli 2006). All these techniques show
certain balance between advantages and drawbacks when compared each to other. In
the following, we describe a (minimal) parametrization of rotation tensors in terms
of rotation vectors. It is based on the following result:

Fundamental Theorem of Euler

The general displacement of a rigid body or vector, with one point fixed is a rotation
about some axis which passes through that point.

Proof See (Crisfield 1998, Vol 2.) |

Basically, the above theorem shows that the rotational motion is completely
described by a unit vector &€ € R* defining an axis of rotation in space and a rota-
tion angle of magnitude 6 € [0, 27]. Moreover, the corresponding rotation tensor is
expressed according to the Rodrigues’s formula:

inf~ (1 —cosf)~~
A=I+SH; 54! 90205 )88 = I+ sin 66 + (1 — cos 0)e. (122)

where we use u to denote the skew-symmetric tensor obtained from the vector
ucR.

B.3 Tangent Spaces

Consider A € SO(3). The variations of AA” and A" A are given by

S(AA") = GAA" + ASA' =+ =0

S(A'A) = SA'A + A'6A =@ + & =0,
from which it is possible to deduce that a& and ® are skew-symmetric tensors.
Moreover, we have that

SA = dA = AD. (123)

Clearly 6 A belongs to the tangent space to SO(3) at A, TASO(3).
The tangent space at the identity forms the Lie algebra of S O (3) and is denoted by

so(3) =Ti1SOQ3).
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From (123) it is possible to see that so(3) corresponds to the linear space of skew-
symmetric tensors of the form

_ 0 —6; 6,
0=| 063 0 —60, | = skew[0]. (124)
-6, 6; 0

Smce s0(3) is isomorphic to R, every 0 € so(3) can be represented by a vector
= (01, 65, 63) € R3. Moreover, ® = A'$pA and ® = A’ .

The exponential map

exple] : s0(3) — SO(@3)
0 exp[8]=A(6), (125)

allows to parametrize any rotation tensor in terms of an element of so(3). See (122).

C Quaternions

The (minimal) vectorial parametrization of SO (3) shows some limitations due to
the fact that the exponential map is not a bijective application for angles greater
than 7 (Pérez-Moran 2005; Simo and Vu-Quoc 1988; Crisfield 1998). The problem
can be avoided if unit quaternions are used. A unit quaternion is defined using four
parameters, gy— g3, SO that:

. () A
qo = cos (0/2) + sin (0/2) & = [; } - [Sm (-g)e] , (126)
0 2

where 6 and € are an angle of rotation and an axis of rotation, respectively. It is
possible to see that |qg| = 1.

Arotationtensor A € SO (3) isuniquely parametrized in terms of a unit quaternion
(g according to the formula:

A(qo) = (g5 — q- QI +2q ® q + 24,4, (127)

The quaternion compound rotation of the quaternions q, = (ag, a) and q; = (b, b)
is given by
Quv = qpqq = aobp —a-b 4+ apb + bpa —a x b.
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C.1 Normalized Quaternion from the Rotation Tensor

A general procedure for obtaining the rotation vector from the rotation tensor
involves the computation of the Euler parameters, q,—qs. This can be achieved via
the Spurrier’s algorithm (Crisfield 1998), which involves computing

a= max[Tr[A], A1, Ao, A33]

where Tr[e] is the trace operator and

. =11+a):
if a=TrA) — | 2 .
(4) [q,» = (At — Ay fAqe; i = 1,3
4 = (ta + 1 = THAI])
elseif a=A; — {qo=1(A — Aj)/qi
q = $ (A + Ai)/g; l=j.k

where i, j, k are a cyclic combinations of 1, 2, and 3.
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