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In Memoriam

S. Twareque Ali (1942-2016)

As this volume went to press, we were saddened to learn of the sudden passing of
our good friend and colleague, S. Twareque Ali. As a member of the Organizing
Committee of the Workshop on Geometric Methods in Physics, and a participant
each summer for 25 years, Twareque gave selflessly of his time and energy to ensure
the success of the series. He will be long remembered for his scientific achievements,
his generosity of spirit, and his devoted leadership.






Preface

The Workshop on Geometric Methods in Physics, also known as the “Bialowieza
Workshop”, is an annual conference organized by the Department of Mathematical
Physics at the Faculty of Mathematics and Computer Science of the University
of Bialystok in Poland. The idea of the conference is to bring together mathe-
maticians and theoretical and mathematical physicists to discuss emerging ideas
and developments in physics, which are important and require a mathematically
precise formulation.

The Workshop, with open participation, is truly international and there are
participants from many countries and almost all continents.

The range of topics discussed and the mathematical tools presented is always
very ample. It includes descriptions of non-commutative systems, Poisson geome-
try, completely integrable systems, quantization, infinite-dimensional groups, su-
pergroups and supersymmetry, quantum groups, Lie groupoids and algebroids and
many more.

Antoinette and Gérard Emch during the XXV Workshop in Bialowieza,
2006 (Photo by Tomasz Golinski)



xii Preface

The papers included in this volume are based on the plenary talks and other
lectures given by the participants during the Workshop.

This year we had a special session dedicated to the memory of Gérard G.
Emch, the outstanding mathematical physicist, who participated many times in
our Workshops. Dr. Antoinette Emch, wife of Gérard Emch, gave a very interesting
account of his efforts to understand and clarify the difference between Newton’s
and Leibniz’ concepts of calculus.

The chapter Representation Theory and Harmonic Analysis contains the pa-
pers on groups, supergroups and group representations and also applications of
group theoretical methods in mathematical and physical problems.

In the chapter Quantum Mechanics and Integrable Systems the discussed
subjects comprise various properties of quantum systems, like supersymmetry,
bound states or inverse scattering.

We also have two chapters Algebraic Structures and Field Theory and Quan-
tization, which are devoted to discussions of new problems arising in quantum
field theory and string theory and the new mathematical methods applied to such
structures.

We conclude with a contribution of Bogdan Mielnik. Besides his strictly sci-
entific interest Bogdan Mielnik likes to pinpoint some general problems of modern
society and science. In his article he addresses possible obstacles which he sees for
the future development of science. Being personal his observation and conclusion
are nevertheless worth to be discussed in the community.

The Workshop in 2015, as in the previous years, was followed by the School on
Geometry and Physics. It consisted of several mini-courses by top experts aimed
mainly at young researchers and advanced students with the intention to help
them to enter current research topics.

Biatowieza, the traditional site of the Workshop, is a small village in eastern
Poland at the border with Belarus. Bialowieza is a place of remarkable and un-
spoiled beauty with an internationally known, unique National Park, containing
the remnants of Europe’s last primeval forest and the European bison reserve.
These natural surroundings help to create a friendly atmosphere for discussions
and collaboration.

The organizers of the Workshop gratefully acknowledge the financial support
from the University of Biatystok and the Belgian Science Policy Office (BELSPO),
TIAP Grant P7/18 DYGEST.

Finally, with great pleasure we thank the young researchers and graduate
students from the University of Bialystok for their indispensable help in the daily
running of the Workshop.

The Editors January 2016
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Gérard G. Emch

S. Twareque Ali

A special session, honouring the memory of Prof. Gérard G. Emch, was held on
Tuesday, June 30, 2015. The sudden passing away of Gérard Emch (1936-2013),
in his home in Gainesville, Florida, on March 5, 2013, left a pall of sadness over
the mathematical physics community, his family, friends and colleagues and in
particular the community surrounding the Bialowieza workshops. Emch had been
a frequent participant at the Bialowieza meetings where, apart from contribut-
ing enormously to the scientific life of the meetings, he also endeared himself by

Prof. Gérard G. Emch (1936-2013)
(Photo by Tomasz Goliriski)
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his unique personality, incisive wit and cultural breadth. Among other contribu-
tions to the Bialowieza workshops, he co-edited a special volume entitled, Twenty
Years of Bialowieza: A Mathematical Anthology: Aspects of Differential Geometric
Methods in Physics, (Springer 2005), which was brought out to commemorate the
twentieth anniversary of the Bialowieza meetings in 2001. During the 1996 and
2006 meetings, special sessions were organized to celebrate Emch’s sixtieth and
seventieth anniversaries. In the general scientific arena, Emch was an influential
figure in contemporary mathematical physics, his work spanning the foundations
of quantum mechanics, the algebraic approach to quantum physics and, during the
last few years of his life, the history and philosophy of science. He was one of the
pioneers in the axiomatic formulation of quaternionic quantum mechanics and the
C*-algebraic approach to quantum statistical mechanics, in particular quantum
ergodic theory and quantum K-systems. His passing away has left an enormous
void in the world of mathematical physics.

A number of Emch’s former students, colleagues, friends, as well as his wife,
attended the special session. Unfortunately not all of them managed to send in
their contributions. We have collected together, in one section, the papers that were
sent in. In particular, we include a paper based on a talk, given by Emch’s wife,
Antoinette, in which she reminisces about her life with Emch, the physicist, math-
ematician and philosopher, focusing in particular on his work on the history and
philosophy of science. We dedicate this volume to the memory of Gérard G. Emch.

S. Twareque Ali
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The Gérard I knew for Sixty Years!

Antoinette Emch-Dériaz

Abstract. This paper is a very brief, and certainly not exhaustive, intellectual
biography of Gérard G. Emch. The aim is to track and trace in his career
recurring themes or subjects that led to the choice of his last years’ research:
which was to elucidate the philosophical difference between Newton’s and
Leibniz’ conceptions of calculus as well as that behind the inventions of their
methods.

It is not without trepidation and with much emotion that I stand here in this
auditorium where Gérard stood so many times in the past. My purpose today is
to bring to you a bit of what went on in his life and research since he spoke here
in 2006.

Yet, before I dive into the last years of Gérard’s research, I would like to
recall some threads — recurring themes or particular subjects — that built the weft
of his lifelong intellectual endeavor. I am now a historian, yet early in my life I was
a scientist. As such I am curious about process and about how we get “there”; and
this is why I want to elaborate on how Gérard got “there”: that is, his last years’
research on Isaac Newton (1642-1727), Gottfried Wilhelm Leibniz (1646-1716)
and the philosophical differences behind their inventions of Calculus.

About 62 years ago, Gérard and I met for the first time; I had decided — with
my father’s blessings — to jump ship, leave the only girls’ high school to join the
College de Geneve, founded by Calvin in 1559 to educate boys, at the time mostly
for the ministry. Since the 1920s, this move was possible under two options: the
classic and the scientific, which had courses in subjects not taught at the girls’
high school. By the end of my two years in the scientific section of the College and
approaching graduation, some of us decided to study more intensively Calculus and
History in order to win some prizes offered to the graduating class. Gérard and 1
were among those who made this decision and it is how we started growing closer
and finally dating following graduation. And sure we did win prizes! First thread.

We both enrolled at the Université de Geneve in the Faculté des Sciences.
We had many classes together, but not always, in particular, Gérard took some
courses with Jean Piaget (1896-1980). It is well known that Piaget was interested



6 A. Emch-Dériaz

in the acquisition of knowledge in children. Thus for someone interested in the
teaching profession as Gérard was this was a natural. Piaget and his collaborators
of the Institut Rousseau® had the whole system of the Genevan public schools
at their disposal to gather data as we the children took years after years of tests
that allowed Piaget to built his theory of genetic epistemology. In view of all the
controversies about testing for grade-level learning that are currently raging in the
USA, T will say that the tests were fun, that our schools or teachers were never
ranked according to our results, and/or their financial support or salaries were
never tied to them. Whatever scores we got, as far as I am concerned, they never
affected my view of myself nor that of my teachers or parents. Yet Piaget’s theories,
especially those that led to what is called the “new math” and its teaching, are
not exempt of criticism. Piaget’s new math and the controversy it generated will
be explored by Gérard in his later years. Second thread.

In 1959 we got married. Gérard was in the PhD program in Physics at the
Université de Geneve and I in the master’s in biophysics. Joseph M. Jauch (1914—
1974) had not yet arrived in Geneva; he came in 1960 and that changed Gérard’s
research direction toward more theoretical than solid states physics. At Jauch’s
urging, Gérard applied to the 1962 NATO Summer School in Theoretical Physics in
Istanbul. There he met the stars of the day, including Eugene Wigner (1902-1995)
who won the Physics Nobel Prize soon after. Gérard’s questions and comments on
how to simplify a proof or render it more elegant or even immediately generalizable,
after some of Wigner’s lectures, led the organizing committee to invite him to give a
talk entitled, On the introduction of the concept of superselection rules in Quantum
Mechanics. I brought that paper with me should anyone want to peruse it. Then, to
Gérard’s surprise, Wigner personally asked him to publish together on the subject
in the proceedings. Too modest about his contribution, Gérard turned down the
offer ... you can imagine his astonishment at what he had missed when the Nobels
were announced in the Fall of 1962. Yet Wigner will re-appear in Gérard’s career.
Third thread.

In June of 1963, Gérard defended his PhD and Valentine Bargmann (1908—
1989), who was for that year on sabbatical from Princeton University at the Federal
Institute of Technology in Zurich, had agreed to be on the committee. After the
defense, as we were celebrating with champagne, Bargmann offered Gérard a post-
doctoral position at Princeton. Going to the USA was almost “de rigueur” at the
time to obtain any kind of position or promotion in Swiss Universities; it even
had an acronym TAG, that is “in Amerika gewesen”. After the shock of an offer
not done under the influence of too much champagne, we decided to give in and
add the TAG to Gérard’s credentials, while overlooking the consideration that we
might never return permanently to Switzerland.

Tnamed after the Genevan writer Jean-Jacques Rousseau (1712-1778) for his treatise Emile

(1762) on education.
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In September 1964, with two children in tow, we moved to Princeton and two
years later to the University of Rochester, where most of Gérard’s PhD students
got their degrees; in 1984 I also got my PhD degree in intellectual history with an
emphasis on the Enlightenment. As I had accompanied Gérard to some of his con-
ferences, he reciprocated by attending the Eighteenth-Century Studies Meetings
with me. At them, Gérard went to sessions on sciences or on music. At one annual
meeting at MIT in 1981, in particular, where he listened to many talks on Newton,
the quarrels of priorities with Leibniz, the wars on notation, and the politics of
Newton’s studies, he discovered that often the presenters did not know enough
mathematics to buttress, even understand their cases, e.g., translating square by
double! Fourth thread.

Today, STEM (science, technology, engineering, and mathematics) is at the
forefront of university teaching and research. At the University of Rochester since
the 1980s and still now (as I found out recently), the emphasis was on STEAM,
that is to add the arts or the humanities to the program in what U of R called
“clusters”. This motivated Gérard and his philosopher colleague Henry E. Kyburg
(1928-2007) to explore the possibilities of organizing weekly colloquiums in the
Philosophy of science. They went to the then President O’Brien, whose specialty
was Greek philosophy, with a padded yearly budget, sure to have it cut, and to their
surprise O’Brien approved it and added: Come back next semester! And they did
for five years until Gérard left to become chair of the Mathematics Department
at the University of Florida in 1986. The colloquiums were held in the Physics
Department auditorium; at first it was easy to find a seat, by the second year it
was standing room only. Fifth thread.

Now, bringing these five threads together, I will show how their inter-play
led to and informed Gérard’s last research quest.

Wigner, again!

In the early 1990s, while Gérard was away at a conference, I picked up the phone
and the caller asked for him. Dutifully I said that he was not home, that he would
return in a few days, and that I would be happy to take a message. The caller
identified himself as Jagdish Mehra and that he wanted Gérard to participate in
the publishing of Wigner’s complete works?2. I got all of the information needed
and waited for Gérard’s return with great anticipation. But Gérard was not really
interested. He had other projects on his mind, but this time I pressed him not to
let the occasion slip away because he thought his contribution would not add value
to this publication or was too small as he had done in Istanbul. I was determined
not to let Gérard’s self-abnegation prevail again. So he called Mehra back to ac-
cept the invitation. Mehra told him that his task was to annotate Wigner’s more
philosophical and reflective papers. Reading through hundreds of pages, Gérard

2The complete works, part A the scientific papers were edited by Arthur Wightman; Part B
historical, philosophical, and socio-political papers by Jagdish Mehra were published by Springer-
Verlag in 1993.
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really found enjoyment in the process of discovering the maturing of Wigner’s
mind. Thus the nascent philosopher of science grew real roots in Gérard’s life. He
wrote the introduction to volume VI entitled: Philosophical reflections and syn-
theses. In his review of the eight volume Complete Works, the physicist/historian
Silvan S. Schweber noted: “Volume VI, ... is introduced with a very helpful essay
by Gerhard [sic] G. Emch ...” and “... It would be wonderful if ... this volume
could be made available in an inexpensive paperback edition.” And it was, the only
one (Springer, 1997) in that series of eight volumes. The success of Philosophical
Reflections and Syntheses as a paperback induced the Springer editor Beiglbock
to approach Gérard about writing a book on “foundations”. Gérard had been
mulling on such a project, but did not feel completely confident he could bring it
to fruition without a philosopher co-author close at hand. By then the Rochester
connection with Kyburg was out-of-reach as we have been in Gainesville for almost
10 years. At the University of Florida there was a young assistant professor in the
Philosophy Department whose specialty was philosophy of science. Would he be
the one willing to bet his tenure on a book with a mathematical physicist and
would he be the one to provide the know-how of writing philosophy? To find the
answers to these questions and to test his knowledge of the field, Gérard decided
to attend a Philosophy of Science Conference in Berlin on Einstein and relativity.
This was just the experience Gérard needed to gain confidence in his philosophical
abilities and to explore his presumed collaborator’s credentials. The results were
a book, The Logic of Thermo-Statistical Physics with Chuang Liu in 2002 and an
invitation to be an All Souls College visiting fellow in 2004.

Calculus again!

All the while, at the back of Gérard’s mind was “calculus”. In Rochester, Gail
Young, the Mathematics Department’s chair had suggested to Gérard to write a
text-book about teaching calculus that includes its foundation’s context, because
they had many conversations about the lack of historical and of philosophical per-
spectives on its development in the ones available. Gérard kept the suggestion in
his to-do-list. As it happens in many places, the department’s elder members do
teach calculus, so it was at UF now for Gérard. He grew more and more frustrated
with the assigned text-books that were more like cook-book recipes or mere turn
the crank formulations. The memories of eighteenth-century studies meetings came
back in force when I learned that a session on Madame du Chételet (1706-1749)
was in the making for the 1999 International Congress on the Enlightenment in
Dublin/Ireland. Madame du Chéatelet, had among many other things, translated
Newton’s third Latin edition (1726) of Philosophiae Naturalis Principia Mathemat-
ica into French, the only French complete translation to these days. The Principia
first edition had appeared in 1687 and a second in 1713. Here was finally the oc-
casion for us to put our expertise together, to fulfill an old and recurrent dream
to study the intellectual pair Voltaire/du Chéatelet. So began the trek with a pre-
sentation in Dublin on her translation, posthumously published in 1759, and how
she dealt with a theory — calculus — still in the making and its weakness without
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falling into the quarrels of priorities or traps of notations. The 2006 tricentennial
celebrations of Madame du Chatelet’s birth allowed us to expand on her clarifi-
cations of the Principia that she elaborated in her commentaries on the original
text, and published in the same volume as her translation. We picked it up again
with her Institution de physique, published anonymously in 1740, which chronicled
Madame du Chatelet’s journey from a supporter of Leibniz to one of Newton. We
had bought this leather-bound book way back to use it once upon a time. This
original edition stayed on our shelves as a constant reminder of what today is, in
American parlance, called a “bucket list”; at some point in time, its content would
become a primary source for research. And that time came to Gérard when he
retired from the University of Florida in 2005.

Free from teaching, which had become more and more burdensome because of
mobility problems, Gérard was now able to immerse himself completely in research
and writing. He had two projects on his mind. The first was a carry-over from his
All Souls College fellowship: chapter 10: Quantum Statistical Physics in Philosophy
of Physics, one of the volumes of the Handbook of Philosophy of Science (Elsevier,
2007). The second, which he pursued to his ultimate day, was “the why two hows
of calculus”. At first look, the why two hows corresponds to the different notations
of Newton and Leibniz. The dot on top or the d in front. Much has been written
on dot-age and d-ism, as plays on words to insinuate obsolescence or emergence.
These somewhat ironic expressions were first coined in the nineteenth century by
the astronomer John Frederick Herschel (1792-1871) and his student friends at
Cambridge, who were annoyed by the enduring fuss over the by whom, when,
and why one or the other notation was used or not use in Great Britain or on
the Continent and whether or not the choice of notation determined creativity
or stagnation in the pursuit of the sciences. Even national pride was invoked by
some propagandists. Newton had been given a national funeral; Voltaire (1694—
1778) had noted?® that England knew how to honor his scientists in contrast to the
Continent. Later it was insinuated that the towering figure of Newton had dimmed
inventiveness in his followers. Herschel and his friends felt unjustly put upon and
set apart from their Continental contemporaries for a mere dot.

But for Gérard this was just a superficial game for the sake of argumentation
He had to seek a deeper meaning, perhaps rooted in the evolving political and
economic contexts of Great Britain and of the Continent, probably and more easily
apprehensible to him in the variant ways of thinking and of conceiving Calculus
in Newton’s and in Leibniz’ writings. In Madame du Chatelet’s commentary on
the Principia, where she used throughout Leibniz’ notation, a notation adopted
by the Continental mathematicians as early as de L’Hopital’s treatise on analysis
(1696), there was a hint when she had alluded to the geometry of the Ancients
and the analysis of the Moderns. And that turned out to be the needed clue for
Gérard to come to the conclusion that Newton constructs his theory on geometry,
while Leibniz devises his on analysis, even if both tried to cover their tracts, which

3in his Fourteenth Letter concerning the English Nation (London, 1733).
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makes it so hard to tease out the fundamentally different approaches that explain
the why two hows.

There also intervenes a question of definition: what is meant by analysis for
Newton or for Leibniz and what a casual reader understands it is. Since Francis
Bacon (1561-1626) published his treatise Novum Organum in 1621, the pursuit of
scientific explanations for natural phenomena had become more and more anchored
on observation and experimentation, from which by induction one may discover
their causes, and less and less justified by the Medieval notion that anything
the human imagination could produce was possible; since God had allowed the
thought, it had to exist in some form somewhere in order not to restrict God’s
omnipotence. Flight of fancy would not serve anymore as an answer. And that
is what Newton called analysis, first to collect data, then to devise inductively
probatory “principles”, and finally to deduce future phenomena and verify their
predictability power, for example, the shape of the earth or the return date of a
comet. This method also referred as probatio duplex or double proof, Gérard used
in his pursuit of the why two hows. Yet besides calculus, Newton’s most important
contribution was finally to put to rest the Aristotelian view of the two worlds,
their motion governed by two sets of laws, the immutable incorruptible above and
the decaying corrupt below. Just one cause, gravitation, explains motions in the
sky and on earth, affirmed Newton, yet he was accused of using occult power in
his attraction-at-a-distance explanation. Gravitation as description or explanation
was also part of the Newton/Leibniz controversy.

The modern meaning of the term analysis traced back to René Descartes
(1596-1650), who reversed Bacon’s process to begin at the top with the famous
cogito ergo sum and proceed to construct systematically a world based on analyt-
ical geometry. He tried to tackle natural phenomena such as the nature of light
or how the planets stay in their orbits, but for Gérard’s quest it is Descartes’ in-
fluence on Leibniz that is important. While in Paris (1672-1676) on a diplomatic
mission, Leibniz met the intelligentsia of the day, perfected his mathematical skills
along Cartesian lines, and devised his version and notation of calculus which he
published in 1684. As mentioned above, Leibniz’ notation was quickly adopted
by the Continent mathematicians over Newton’s, which was published three years
later. Leibniz also invented a calculating machine that brought an invitation to
London in 1673 where he met acquaintances of Newton and, naturally, discussed
mathematics with them. It is in recalling this visit that the participants in the
quarrel over the invention of calculus priority found their pretext of accusing Leib-
niz of intellectual espionage, since he was as much a courtier than a philosopher,
a man of the world as a mathematician; an almost antithesis to Newton’s retiring
personality, he could easily be accused of duplicity. But the quarrel per say was
not Gérard’s interest, his was in using probatio duplez to explore the mathematical
and philosophical conflicts, not the priority one.



The Gérard I knew 11

Philosophy again!

Now I turn to a paper Gérard wrote in 2007 entitled: Three mathematical conflicts
revisited in the light of probation duplex

The abstract reads as follows:

Three mathematical conflicts illustrate the misunderstanding that may result
from neglecting the methodological complementarity of (analysis versus synthesis)
taught in the ancient probatio duplex. These conflicts are: (1) the calculus wars
between Newtonian and Leibizian tribes; (2) the misinterpretation of different in-
tentions (explanation versus description) in promoting universal gravitation; (3)
the attempts to conjugate the efforts of collaborators and disciples of Bourbaki and
of Piaget toward a viable reform of the teaching of mathematics.

To enter into all the details of the article would take too much time. I have
brought a copy for anyone wanting to read it, yet I will read the introduction that
Gérard wrote for it:

The extremely long duration of the calculus controversy between Newton, Leib-
niz, their respective disciples and their successors demands an explanation that
involves more than the usual arguments of priority, notational effectiveness or
national pride, rendered on the following statement, first published anonymously:

‘By the help of the new Analysis Mr. Newton found out most of the
Proposition in his Principia Philosophia: but because the Ancients for
making things certain admitted nothing into Geometry before it was
demonstrated synthetically, he demonstrated the Proposition syntheti-
cally, that the System of Heavens might be founded upon good Geometry.
And it makes it now difficult for unskilled Men to see the Analysis by
which those Propositions were found out.” [Newton, 1715, 206].

This statement was condemned as a fake in the tribunal of Newton scholars; hence,
we review first the reasons advanced to support this opinion. We propose in Section
3 a revision of the trial in the light of probatio duplez; the ancient methodology,
still recognized by Newton, is summarized in our Definition 4. Then, we exam-
ine in Section 4 the logical, methodological, and educational studies in Britain
after Newton, especially during the first half of the nineteenth century; and show
how and why a reconciliation with the Continent became possible. In Section 5 we
discuss another manifestation of the different interpretation of probatio duplex
which predicate the positions of Newton and Leibniz on universal gravitation. In
Section 6 we move to the twentieth century and we examine the relation between
the fundamental investigations of Bourbaki and of Piaget; the explorers discovered
structural similarities between their programs and theoretical achievements, then
tried but failed in the venture called new math. We emphasized how this episode
re-enacts some of the eighteenth-century methodological misunderstanding we had
exposed. Section 7 sums up our conclusions.
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The content of Subsection 4.3 entitled, “Three contributions that marked the
British mathematical renaissance”, addressed the work of George Green (1793-
1841), George Biddell Airy (1801-1892), and William Rowan Hamilton (1805
1865). It was Gérard’s most researched subject, which should be of no surprise.
The last book Gérard was reading was The Philosophical Breakfast Club by Laura
J. Snyder (Broadway Books, NY, 2011), which deals with how and who initiated
this renaissance.

In Section 6, digging in the same vein of what motivates a renewal of activ-
ity after a dearth of achievement, Gérard studied the making and success of the
Bourbakis and the link with Piaget’s genetic epistemology in the new math. He
came to the conclusion that its failing was due to the following:

The failure of the many new math initiatives proposed in the second half of
the twentieth century, when would be reformers bypassed the explicit and repeated
warnings of Bourbaki and of Piaget: neither the statements of abstract axioms nor
the conduct of synthetic rigorous proofs can be assimilated by the novice students
who have not been exposed first to a preparatory analysis of simple, elementary
examples already familiar to them.

Gérard then concluded his paper by stating:

All three of our case-studies illustrates how theorems or theories, besides being
correct become interesting by the strength and complexity of their connections in a
wider web of knowledge. We showed that the complementarity of analysis and syn-
thesis, the modern adaptations of the Ancients probatio duplex, may help ensure
correctness and relevance.

This paper was circulated among colleagues, but never published, for circum-
stances which are not worth repeating here.

From 2007 on to his death in 2013, Gérard worked on his projected book
on the historical and philosophical development of calculus. Here, he had to make
choices of audiences: general educated public, scholars, or students, as well as the
scope of the book in terms of chronology and territory. He could never really made
up his mind as shown in the two tables of content he drew that are given below:

NEWTON’S DOT-AGE versus LEIBNIZ’ D-ISM
a LESSON in METHODOLOGY
by
Gérard G. Emch

Table of contents
PREFACE

Chapter 1: FROM ARISTOTLE TO NEWTON

THE ANCIENTS
VICISSITUDES of a METHOD
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NEWTON MAKES HIS CASE for the CALCULUS
SYNTAX versus SEMANTICS in NEWTON’S GRAVITATION

Chapter 2: FROM AL’KARAJI TO LEIBNIZ

ANTECEDENTS in INDIA and CHINA

ALGEBRA BEYOND GEOMETRY

LEIBNIZ" ALGEBRAISATION of the CALCULUS
LEIBNIZ’ CRITICISM OF NEWTON’S GRAVITATION

Chapter 3: FROM NEWTON & LEIBNIZ TO BOURBAKI

BRITISH LOGICISM
STRUCTURALISM
POSITIVISM
BOURBAKI'S METHOD

Chapter 4: MATERIALS TO INSERT ABOVE OR ADD BELOW

NON STANDARD ANALYSIS
AND MORE (?)
HERE IS TO COME THE LESSON OF THE TITLE

Kokookok kR ok kok

Aug. 02, 2012

The Why Two Hows of Calculus:
an episode in the History of Ideas
by
Gérard G. Emch

TABLE of CONTENTS
Preface

Chapter 1 The alleged gap in British mathematics

Wiener’s view
Current view

Chapter 2 Newton and Leibniz

Original statement

Newton’s calculus

Necessary complements

Leibniz’ differential
Original statement
Leibniz’ calculus
Necessary complements
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Chapter 3 The real numbers

Cauchy’s approach

Cauchy sequences

The definition of limit
Dedekind’s approach

Dedekind cuts

The definition of limit
Standard properties of the reals

Chapter 4 Non standard analysis

General definitions
Accounting for the infinitesimals
The “transfer” Theorem

Chapter 5 Realism, formalism and all that

* ok ok ok ok ok kx

And they were the sirens’ calls of the internet, one search leading to another
ad infinitum. This is the pleasure and peril of retirement. Gérard had the time,
he thought, to research each and every link no matter how obscure and perhaps
the more obscure the better. He accumulated about 10 meters of documentation
neatly organized in filing cabinets, not counting the books on his shelves. Despite
two partial knee replacements and two cataract removals to better his quality of
life, Gérard had difficulty securing enough drive to pull out a finished product
from what he had amassed ... or perhaps it was the thrill of the search that kept
him going!

And in guise of epilogue and to evoke Gérard’s sense of humor, here is what
he told me one evening while we were recapping our day’s activities:

Pour Newton comme pour Adam, la chute d’'une pomme changea sa vie et la
notre!* (gge dixit Aug. 20, 2011)

Antoinette Emch-Dériaz
Gainesville, Florida, USA
e-mail: antemch@cox.net

4For Newton as for Adam, the fall of an apple changed his life and ours!
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Pseudo-bosons and Riesz Bi-coherent States

F. Bagarello

Abstract. After a brief review on D-pseudo-bosons we introduce what we
call Riesz bi-coherent states, which are pairs of states sharing with ordinary
coherent states most of their features. In particular, they produce a resolution
of the identity and they are eigenstates of two different annihilation operators
which obey pseudo-bosonic commutation rules.

Mathematics Subject Classification (2010). 46N50, 81R30.

Keywords. Pseudo-bosons, coherent states, Riesz bases.

1. Introduction

In a series of papers the notion of D-pseudo bosons (D-PBs) has been introduced
and studied in many details. We refer to [1] for a recent review on this subject,
and for more references. In particular, we have analyzed the functional structure
arising from two operators a and b, acting on a Hilbert space H and satisfying,
in a suitable sense, the pseudo-bosonic commutation rule [a,b] = 1. Here 1 is the
identity operator. We have shown how two biorthogonal families of eigenvectors of
two non self-adjoint operators can be easily constructed, having real eigenvalues,
and we have discussed how and when these operators are similar to a single self-
adjoint number operator, and which kind of intertwining relations can be deduced.
We have also seen that this setting is strongly related to physics, and in particular
to PT-quantum mechanics [2, 3], since many models originally introduced in that
context can be written in terms of D-PBs.

In connection with D-PBs, the notion of bicoherent states, originally intro-
duced in [6], has been considered in some of its aspects, see [4, 5]. Since a and
b are unbounded, several mathematical subtle points need to be considered when
dealing with these states, as it is clear from the treatment in [5]. However, it is
possible, and instructive, to consider a simpler situation, and this is exactly what
we will do in this paper: more explicitly, we will adapt the notion of Riesz bases

This paper is dedicated to the memories of Gérard Emch and of Twareque Ali.
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to coherent states, introducing what we can call Riesz bicoherent states (RBCS),
and we will study some of their features.

This article is organized as follows: in the next section, to keep the paper self-
contained, we review few facts on D-PBs. In Section III we introduce our RBCS
and analyze their properties, while our conclusions and plans for the future are
discussed in Section IV.

2. A few facts on D-PBs

We briefly review here few facts and definitions on D-PBs. More details can be
found in [1].

Let H be a given Hilbert space with scalar product (.,.) and related norm
[I]l. Let further @ and b be two operators on H, with domains D(a) and D(b)
respectively, at and b' their adjoint, and let D be a dense subspace of H such that
a*D C D and b*D C D, where z# is = or zf. Of course, D C D(a) and D C D(b%).

Definition 1. The operators (a,b) are D-pseudo bosonic (D-pb) if, for all f € D,
we have

abf—baf=7F. (1)
Our working assumptions are the following:
Assumption D-pb 1. — there exists a non-zero ¢y € D such that a @y = 0.
Assumption D-pb 2. — there exists a non-zero ¥y € D such that bt Uy = 0.
Then, if (a, b) satisfy Definition 1, it is obvious that ¢g € D> (b) :=Nj>0D(b")
and that Uy € D> (al), so that the vectors
1
o 1= Jnl b" vo, U, = !
n > 0, can be defined and they all belong to D and, as a consequence, to the
domains of af, b* and N*, where N = ba. We further introduce Fy = {¥,, n > 0}
and F, = {¢n, n > 0}.
It is now simple to deduce the following lowering and raising relations:

at" W, (2)

b‘pn - \/n + 1<Pn+1, n Z 07
apo = Oa apn = \/n(Pn—la n > 17 (3)
aT\I/n:\/nJrl\I/nH, n >0,

bWy =0, bW,=nV, ;, n>1,

as well as the eigenvalue equations N, = ny, and Ntw, = n¥,, n > 0.In
particular, as a consequence of these two last equations, choosing the normalization
of g and ¥q in such a way (o, Uop) = 1, we deduce that

<<p’m \Ijm> = 671,7”7 (4)

for all n,m > 0. Hence Fg and F, are biorthogonal. Our third assumption is the
following:
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Assumption D-pb 3. — F is a basis for H.

This is equivalent to requiring that Fy is a basis for H as well, [7]. How-
ever, several physical models suggest to adopt the following weaker version of this
assumption, [1]:

Assumption D-pbw 3. — For some subspace G dense in H, F, and Fy are G-quasi
bases.

This means that, for all f and ¢ in G,

(£,9)=>_(fr0n) (Tn,g) =D (£, ¥0) (0n,9) (5)

n>0 n>0

which can be seen as a weak form of the resolution of the identity, restricted
to G. To refine further the structure, in [1] we have assumed that a self-adjoint,
invertible, operator ©, which leaves, together with © !, D invariant, exists: @D C
D, ©7'D C D. Then we say that (a,b’) are ©-conjugate if af = ©7167 O f, for
all f € D. One can prove that, if 7, and Fy are D-quasi bases for H, then the
operators (a,b') are ©-conjugate if and only if ¥,, = O, for all n > 0. Moreover,
if (a,b') are ©-conjugate, then (f,©f) > 0 for all non zero f € D.

In the rest of the paper, rather than using Assumption D-pbw 3, we will
consider the following stronger version:

Assumption D-pbs 3. — F is a Riesz basis for H.

This implies that a bounded operator S, with bounded inverse S—!, exists
in H, together with an orthonormal basis 7. = {e,,, n > 0}, such that ¢,, = Se,,
for all n > 0. Then, because of the uniqueness of the basis biorthogonal to F,
it is clear that Fyg is also a Riesz basis for H, and that ¥,, = (S’l)Ten. Hence,
putting © := (STS)~!, we deduce that © is also bounded, with bounded inverse,
is self-adjoint, positive, and that ¥,, = Oy, for all n > 0. © and ©~! can be
both written as a series of rank-one operators. In fact, adopting the Dirac bra-ket
notation, we have

@:Z|\Iln><\11n|, @_1:Z|§0n><§0n|'

n=0 n=0

Of course both |, )( ¥, | and |, ){ .| are not projection operators® since, in
general the norms of ¥,, and ¢,, are not equal to one.

Notice now that, calling £, and Lg the linear span of 7, and Fy respec-
tively, both sets are contained in D and dense in H. Moreover, © : L, — Ly,
so that it is quite natural to imagine that © also maps D into itself. This is, in
fact, ensured if both S* and (S~!)* map D into D, condition which is satisfied in
several explicit models, and for this reason will always be assumed here. Hence,
both © and © 'map D into itself. Of course, this assumption also guarantees that
en € D, for all n.

Here (|f)(f])g=(f,9) f, forall f,g €H.
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The lowering and raising conditions in (3) for ¢, can be rewritten in terms
of e, as follows:

S~ taSe, = vVnen_1, S7Se, =vVn+1len 1, (6)
for all n > 0. Notice that we are putting e_; = 0. It is now possible to check that
STbTS—'f=S"taSf,  StalS™'f=S5"'bS¥,

for all f € D. Also, the first equation in (6) suggests to define an operator ¢ acting
on D as follows: cf = S~taSf. Of course, if we take f = e,, we recover (6).
Moreover, simple computations show that ¢l satisfies the equality ¢ f = S~1bSf,
f € D, which again, taking f = e,, produces the second equality in (6). These
operators satisfy the canonical commutation relation (CCR) on D: [c,cf|f = f,
vVf eD.

We end this section by noticing that, since each pair of biorthogonal Riesz
bases are also D-quasi bases, Proposition 3.2.3 of [1] implies that (a,b') are ©-
conjugate: af = OO f, Vf € D, and that © is positive, as we have already
noticed because of its explicit form.

3. Riesz bicoherent states

In [4, 5] we have considered the notion of bicoherent states, and we have deduced
some of their properties. Here we discuss a somehow stronger version of these
states, which we call Riesz bicoherent states (RBCS).

We start by recalling that, calling W(z) = zel—z ¢, a standard coherent state
is the vector

ok
D(z) =W(z)eg = e I2/2 s (7)
0 kZ:O T &

Here ¢ and ¢! are operators satisfying the CCR, and F, is the orthonormal basis
related to these operators as shown in Section 2. The vector ®(z) is well defined,
and normalized, for all z € C. This is just a consequence of the fact that W (z) is
unitary, or, alternatively, of the fact that (ey, e;) = dx,;. Moreover,

c®B(z) = 20(z),  and i/(cd2z|(1>(z)><(l>(z)|:]1.

It is also well known that ®(z) saturates the Heisenberg uncertainty relation, which
will not be discussed in this paper.

What is interesting to us here is whether the family of vectors {®(z), z € C}
can be somehow generalized in order to recover similar properties, and if this
generalization is related to the pseudo-bosonic operators a and b introduced in the
previous section. For that, let us introduce the following operators:

U(z) = e®=79, V(z) = 7 =20, (8)
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Of course, if a = bf, then U(z) = V(2) and the operator is unitary and essentially
coincide with W (z), with a = ¢. However, the case of interest here is when a # bt.
In [4, 5] we have introduced the vectors

They surely exist if z = 0. We will see that, in the present working conditions,

they are well defined in H for all z € C. A way to prove this result is to use the
Baker-Campbell-Hausdorff formula which produces the identities

U(Z) — €—|z|2/2 ezbe—za) V(Z) — e—\z\2/2 ezaT B_ZbT.
Then,
EEETEAIAD DIV TOETSELED DUV (L)
o V! n=o V1!
These clearly extend formula (7) for ®(z). Now, [4], since ||¢on] = [|Senll < [|S]|
and ||¥,|| = [|[(S™YTen| < |IS7Y, the two series converge for all z € C. Hence

both ¢(z) and ¥(z) are defined everywhere in the complex plane. Incidentally
we observe that this is different from what happens in [5], where F, and Fy are
not assumed to be Riesz bases, and some estimate must be satisfied by ||, || and
[[¥,]|. Also in view of possible applications, and in particular of the relation with
Definition 3 below, it is interesting to show how to deduce the same result (i.e.,
©(z) and ¥(z) are defined everywhere) using a different strategy, assuming that
a, b and ¢ are related as in Section 2.

The key of this strategy is the following
Proposition 2. With the above definitions the following equalities hold:
Uz)f = SW(2)S'f, and  V(2)f = (S Y)W (2)STf (11)
for all f € D.

Proof. We prove here the first equality. The second can be proved in a similar way.

First of all we can prove, by induction, that, for all f € D and for all & =
0,1,2,3,...,

S(ch—zc)kalf:(zb—za)kf. (12)
This equality is evident for k£ = 0. This equality for k = 1 follows from the equations
cf = S 'aSf and ' f = S~'bSf, f € D. Now, assuming that this equation is
satisfied for a given k, we have:
S (ch — z:c)k—s_1 Slf=5 (ch — zc) S1s (ch — zc)k Sif
=S5 (ch —zc) S (2b— za)k 1.
Now, since (zb— za)* f € D, it follows that
S (2" —zc) St (2b— za)" f=(zb—za)(zb—za)" f = (zb—za)" " f.

Hence (12) follows. Notice that all the equalities above are well defined since D is
stable under the action of all the operators involved in our computation.
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Now, let us compute SW(z)S~!f. Because of the boundedness of S, S~ and
W (z), we have:

o0

SW(z)S™'f=258 (Z ;! (zcf — zc)k> STUf

k=0
1 = 1
= Z k!S(ch —zc)kS_lf = Z il (zb—za)kf.
k=0 k=0

Then, since SW (z)S~! is bounded, the series > ;7\ (b — za)" f converges for
all z € C and for all f € D, and define U(z) on D. O

This proposition implies that, if S and S~! are both bounded, the three
displacement operators U(z), V(z) and W(z) are almost similar, meaning with
this that a similarity map S indeed exists, but the equalities in (11) makes only
sense, in general, on D and not on the whole 7. This can be understood easily:
while W(z), S and S~! are bounded operators, U(z) and V(z) in general are
unbounded, so they cannot be defined in all of H.

An immediate and interesting consequence of the equations in (11) is that
V(z) and U(z) satisfy the following intertwining relation on D:

SSYW(z)f =U(2)SS'f (13)

for all f € D. This may be relevant, since this kind of relations have useful conse-
quences in general. We refer to [8] for some results on intertwining operators. We
will not insist on this aspect here, but still we want to stress that the operator
doing the job, SST, is close to © = STS, but S and ST appear in the reversed
order. Of course, these two operators coincide if S is self-adjoint.

Our results allow us to conclude now (once more, see formula (9)) that the
two vectors in (9) are well defined for all z € C, and, more interesting, that

p(2) = Ul2)po = S8(2),  ¥(z) = V(2)¥ = (5 )®(2), (14)
for all z € C. The proof is straightforward and will not be given here. We just notice
that, in particular, these equations imply that ¢y € D(U(z)) and ¥y € D(V(z)),
VzeC.

In analogy with the notion of Riesz bases, formula (14) suggests to introduce
a general notion of RBCS:

Definition 3. A pair of vectors (n(z),£(2)), z € &, for some & C C, are called
RBCS if a standard coherent state ®(z), z € £, and a bounded operator T' with
bounded inverse 7! exists such that

n(z) =T®(2),  &(z) = (T @(2), (15)

It is clear then that (¢(z), U(z)) are RBCS, with & = C. It is easy to check
that RBCS have a series of nice properties, which follow easily from similar prop-
erties of ®(z). These properties are listed in the following proposition:
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Proposition 4. Let (n(z),£(2)), z € C, be a pair of RBCS. Then:

(1) (n(2),6(2)) =1, VzeC
(2) For all f,g € H the following equality (resolution of the identity) holds:

o) = | [ =0 (€).0) (16)

(3) If a subset D C H exists, dense in H and invariant under the action of T*,
(T~Y) and c*, and if the standard coherent state ®(z) belongs to D, then two
operators a and b exist, satisfying (1), such that

an(z) = zn(z),  bE(2) = 2€(2) (17)

Proof. The first statement is trivial and will not be proved here. As for the second,
due to the fact that both T and 7! in Definition 3 are bounded, we have, for all
[r9eH,

(f,9)

(T = | [ (T 80) (8, 77)

— [ @ Te) (@ 0@.0) = | [ @) )0,

T Jc T Jc
because of (15). To prove (3) we first observe that our assumption implies that the
two operators a and b defined as a = T¢I " and b = Tc!T~" map D into D, and
that [a,b]f = f for all f € D. The eigenvalue equations in (17) simply follow now
from (15). O

It is interesting to notice that the resolution of the identity is valid in all of
‘H. This is true in the present settings, but we do not expect a similar result can be
established if Assumption D-pbs 3 is replaced with one of its weaker versions. We
refer to [5] for some results concerning this situation. Concerning the saturation of
the Heisenberg uncertainty relation, this cannot be recovered by these RBCS using
the standard, self-adjoint, position and momentum operators ¢ and p. However,
if ¢ = \}2(c+ cand p =i \}Z(CT — ¢) are replaced by @Q = \/12((1 +0b) and P =
i \}2 (b— a), then we believe that a deformed version of the Heisenberg uncertainty
relation involving these operators can, in fact, be saturated. This aspect will be
discussed in a future paper, together with several examples of RBCS. Here we just
consider a first simple example of these states, related to the harmonic oscillator.

An example from the harmonic oscillator. Let ®(z) be a standard coherent state
arising in the treatment of the quantum harmonic oscillator with Hamiltonian
H = cte+ ; 1, [c,cf] = 1. In the coordinate representation this state, which we
indicate here ®,(z), z € C and x € R, is the solution of ¢ ®,(z) = 2P, (x). With
a suitable choice of normalization we have

1 — 152 zz—R(2)?
Dula) =, €3 TYEITREN
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Now, let P = |eg ){ eg| be the orthogonal projector operator on the ground state
eor) = 1. e~2%" of the harmonic oscillator. Then the operator T = 1 + iP is

bounded, invertible, and its inverse, 7-' = 1 — 15”' P, is also bounded. Hence we

can use formula (15) deducing that

0. (z) = T®,(z) = eo(z) (e\/2za:—§R(z)2 . Z.e_%‘z‘?_;'_é%(z)%(z)) )

. (x) = (T @, (z) = eg(2) (eﬂwwz _— eélz|2+;‘%<z>%<z>> .
These are our RBCS, in coordinate representation. They both appear to be suit-
able deformations of the original vector ®.(z). It is not hard to imagine how to
generalize this construction: it is enough to replace the operator P with some dif-
ferent orthogonal projector, for instance with the projector on a given normalized
vector u(x), P, = |u){ul, u(x) # ep(x).

4. Conclusions

We have seen how bounded operators with bounded inverse can be used to con-
struct not only Riesz biorthogonal bases, but also bicoherent states, having several
properties which are similar to those of standard coherent states. More important,
we have seen that these RBCS are naturally related to D-PBs of a particular kind,
the ones for which Assumption D-pbs 3 holds true. It is clear that what we have
discussed here is just the beginning of the story. There are several aspects of RBCS
which deserve a deeper analysis. Among them, we cite the (maybe) most difficult:
what does happen if Assumption D-pbs 3 is not satisfied? And, more explicitly,
what can be said when Assumption D-pbw 3 is true? This is much harder, but
possibly more interesting in concrete physical applications, since in this case, even
if we can introduce a pair of bicoherent states [5], in general there is no bounded
operator with bounded inverse mapping these states into a single standard coher-
ent state. Moreover, we have several problems with the domain of the unbounded
operators appearing in the game, and this, of course, requires more (and more
delicate) mathematics.

Another aspect, which was just touched in [5], but not here, and which surely
deserves a deeper analysis, is the use of bicoherent states, of the Riesz type or not,
in quantization procedures. This may be relevant in connection with non conserva-
tive systems, or with physical system described by non self-adjoint Hamiltonians.

Another interesting open problem, which has been widely considered for stan-
dard coherent states along the years, is to check if completeness can be recovered
for some suitable discrete subset of RBCS, i.e., if we can fix a discrete lattice in C,
A :={z; € C, j € N}, such that the set {(n(z;),£(z;)), z; € A} is rich enough to
produce a resolution of the identity in H. Stated in a different way, is it possible
to extend the results deduced in [9] for standard coherent states to RBCS or to
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bicoherent states in general? We believe that this can in fact be done for RBCS,
while for general bicoherent states this is not so evident.
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Abstract. In scope of CP-convezity theory, we study the mathematical struc-
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maps and information quantities which recover the natural meaning and in-
equalities in the quantum information theory.
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1. Introduction

In the algebraic approach in quantum physics (cf. G.G. Emch’s monograph [5]),
quantum interactions are described by contractive completely positive maps which
is called operations (cf. [17]). This formulation provided a fundamental tool in
quantum information theory, and in recent years it is even influential to other areas
including cosmo physics and particle physics. So, it would be worth reviewing the
basic notions and mathematical descriptions of these phenomena in this context.

Let us assume that we have a quantum state on a quantum system described
by a density operator p on a Hilbert space H, and a quantum state on an exterior
system described by a density operator o on a Hilbert space K, so that initially we
have the compound state wy = p ® o on the tensor product Hilbert space H ® K,
which is a separable state with no quantum correlation between these subsystems.
Suppose that there exists an interaction between the two subsystems for some time
interval, then the compound state is changed to a state w described by

w=U(pxo)U"
where U is a unitary operator representing the quantum evolution of the joint

system, which becomes now an entangled state with quantum correlation between
subsystems. After the interaction, the states of the subsystems on H and K are
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described by Trxw and Tryw respectively. Then the channels ¢* on T(H), and
¢* on T(K), are defined by

7" (p) = TexU(p @)U and  ¢™(0) = TegUlp @ 0)U”,

which are the duals of the operations ¢ on B(H), and ¢ on B(K) respectively,
representing the change of observables. Recall from K. Kraus [17] that the unital
operation ¢ is a completely positive map on B(H) of the form

=Y V;iaV; for a € B(H) with V; € B(H) such that »  V;'Vi = Iy,

and ¢ has a similar representation. Actually, contractive CP-maps, such as each
term in the above decomposition, are called operations in general.

# (o) = P F o) o' (p)
N vV N

|| 2

ceT(K) — wy=0®p < peT(H) o P

FIGURE 1. Quantum interactions

We can compare this to the standard description of quantum interactions in
quantum field theory, which is a particular case where Hilbert spaces are Fock
spaces, since every quantum interaction should be subject to this formulation as
far as the systems are described by quantum theory.

We also note that the normal state w on the tensor product B(H) @ B(K)
is represented by a normal completely positive map v, from B(K) to T'(H) with
Try,(Ix) =1, ie.,

w(a®b) = Tr(a, (b)) for a € B(H) and b € B(K),

where we can observe that 1, (Ix) = ¢*(p) and w (Ig) = ¢*(o) in the above
diagram. We then define the correlation CP-map 1 from B(K) to B(H) by
W(b) = 9" (p) 2% (D)9 (p) "2 for b€ B(K),

where ¢*(p)~2 is defined on the support of ¢*(p). Then 1) is a unital CP-map
from B(s(¢*(0))K) to B(s(¢*(p))H), where s(¢*(c)) [resp. s(¢*(p))] denotes the
support projection of ¢* (o) [resp. *(p)], so that it can be represented as

= Zj W; bWJ where Wj c B(H, K) with Zj W;Wj = Ls(p*(p))H

We will see later that the entanglement of the state w (the intensity of the quantum
correlation) is equal to the dissemination of the channel ¢
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It should be noted here that the CP-map ¢ depends on o and U, ¢ depends
on p and U, and v depends on p, o and U. We also note that, when we focus on
the operation ¢, we can assume that o is pure without loss of generality, i.e., the
system K is closed before the interaction. In fact, we can consider the Hilbert space
K = K ® K and take a pure state ¢ on K (which we call a purification of o), and
a unitary U on H ® K such that U|ggr = U and TrzU(p®&)U* = ¢*(p). In this
situation, the correlation CP-map ¢ can be derived by the symmetric arguments
with those for ¢.

In the second section, we overview the basic results in CP-convexity theory,
which was initiated in [6]. The above diagram can be applied to the measurement
process, where B(K) is generalized for C*-algebra A (where we assume that A is
unital in this note), and the set Qg (A) of contractive CP-maps from A to B(H),
which are the complementary CP-maps ¢¢ of ¢, play the quantized state space of
the system, which we call CP-state space. We then introduce an operator convexity
in the CP-state space Qp(A), where ¢ is said to be a CP-convex combination of

©V; GQH(A) if
= ZSZ* i S; with S; € B(H) such that lefSi = Iy,

which will be abbreviated by ¢ = CP- Y. 5" ¢; S;.

We can thus develop a quantization of convexity theory, that is CP-convexity
theory. We first show that A is *-isomorphic to the set of all B(H)-valued weakly
continuous CP-affine functions on the CP-state space Qp(A) (cf. [7]). To identify
the extreme elements of the CP-state space, we shall introduce two types of con-
vexity, which inherently correspond to the algebraic structure and the statistical
structure of the quantum system. In the first case, the extreme elements are just
the set of irreducible representations Irr(A : H) of A on H if the dimension of H
is large enough. On these extreme elements, we can realize the non-commutative
Gelfand-Naimark theorem (cf. [9]), where A is *-isomorphic to the set of all B(H)-
valued weakly uniformly continuous equivariant functions on the extreme elements
Irr(A : H). In the latter case, where the CP-convex combination is considered for
positive operator coefficients, the extreme elements are the set of conditional trans-
forms from A to B(H), which have the physical meaning of minimal interactions,
including annihilations and creations in Fock Hilbert spaces. In [8], we developed
CP-measure and its integration theory, and showed the CP-convexity version of
Choquet’s theorem, called CP-Choquet theorem. Therefore, we can view that the
quantum interactions are the CP-measure distributions on the minimal interac-
tions, so CP-convexity is essential to quantum interactions, which is no more possi-
ble to be described in scalar convexity. Furthermore, for T'(H)-valued CP-maps in
quantum information theory, this convexity is important since the CP-coefficients
give rise to the notion of the entanglement of formation of the representing state.

In the third section, we apply our methods to find out the relations between
the statistical and informational quantities. We shall introduce a new entropy
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for CP-maps which represents the statistical complexity including the entangle-
ment information of the representing systems, form a concave function over the
CP-maps, which recover the natural meaning and inequalities in the quantum
information theory.

2. Quantization of convexity theory

We review some basic notations and results for CP-maps and CP-convexity. Recall
that, by the Stinespring representation theorem, every CP-map ¢ € CP(A, B(H))
from a C*-algebra A to B(H) can be represented as ¢ = V*rV where 7 is a
representation of A, and V € B(H, H;) (cf. [2, 21]). We call ¢ to be a CP-state if
it is contractive, and denote by Qp(A) the set of all CP-states, i.e.,

Qu(A) ={¢=V'nV € CP(A;B(H)); |Vl <1},
and by Sg(A) the set of all unital CP-states, i.e.,
Su(A) ={=V*aV;V*V =Ig}.
¥ = V*rV is pure iff 7 is irreducible, and we denote by Pg(A) the set of all
pure elements in CP(A, B(H)), and by PSy(A) = Py(A) N Su(A) the set of all
unital pure CP-states. Recall also that Rep(A : H) [resp. Rep.(A : H), Irr(A : H)]

represents the set of all [resp. cyclic, irreducible] representations of A on H (i.e.,
whose representation spaces are subspaces of H). We can show that

Qu(A) = CP-convRep (A : H)

if H is large enough, i.e., dim H > «a.(A) := sup{dim Hr; 7 € Rep,(A)}, which
guarantees that all cyclic representations of A are realized on H.
A function v : Qg (A) — B(H) is defined to be CP-affine if

o =CP- Z S; i S; implies that () = Z S7 (i) Si.
We denote by AC(Qp(A), B(H)) the set of all B(H)-valued BW-w continuous
CP-affine functions on Qg (A), where the BW-topology is the point-wise weak
operator topology in Qi (A). The following theorem generalizes Kadison’s function
representation theorem (cf. [15, 16]).

Theorem 1 (CP-duality Theorem). Let A be a C*-algebra and H be a Hilbert space
with dim H > a.(A). Then,

A= AC(Qu(A),B(H)) (*-isomorphism).

Thus two C*-algebras A and B are *-isomorphic iff their CP-state spaces
Qu(A) and Qg (B) are CP-affine BW-homeomorphic. This implies that CP-con-
vexity captures C*-structure while the scalar convexity was limited in Jordan
structure of the algebra (cf. [7])

The natural questions would arise: “What are the extreme elements of the
CP-ctate space Qm(A) in the sense of CP-convexity?” Our first definition and its
characterization of CP-extreme elements are as follows (cf. [10]).
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Definition 1. A CP-state is defined to be CP-extreme ifp = CP-3" . vi1;v; implies
that 1); is unitarily equivalent to ¢¥. We denote by Dy (A) the set of all CP-extreme
states.

Theorem 2.

(i) If dim H = oo, then Dy (A) =Trr(A: H).

(ii) If 1 <dim H < oo, then Dg(A) =Trr(A: H)U PSy(A).
(iii) If dim H = 1, then Dy (A) = P(A).

We can now generalize the Gelfand-Naimark theorem [13] to the non-com-
mutative case on the CP-extreme elements Irr(A : H) as follows. A function ~ :
Irr(A : H) — B(H) is called equivariant if it preserves unitary equivalence. We
shall denote by AZ(Trr(A : H), B(H)) the set of all uniformly BW-w continuous
B(H)-valued equivariant functions on Irr(A : H).

Theorem 3 (CP-Gelfand-Naimark Theorem). Let A be a C*-algebra and H be a
Hilbert space with dim H > «.(A). Then,

A= AE(Irr(A: H), B(H)) (*-isomorphism).

This result sharpens Takesaki’s duality theorem on Rep(A : H) [4, 22]. For
the proof and applications of this theorem, see [9].

On the other hand, we have another definition of CP-extreme states, restrict-
ing the CP-coefficients to positive operators.

Definition 2. A CP-state is defined to be conditionally CP-extreme if ¢ = CP —
>, vitiv; with v; > 0, then s(v;)1;s(v;) = v, where s(v;) denotes the support of

v;. We denote by Er(A) the set of all conditionally CP-extreme states.
Theorem 4. Ey(A) = {¢p = u*mu € Py(A);u*u =py}.

Thus conditional transforms are minimal interactions as expected, where CP-
coefficients are partial isometries, and they contain the information of correlation
in quantum information theory.

We note that Choquet’s representation theorem (e.g., [1]) was generalized for
CP-convexity context by introducing CP-measure (operation-valued measure) and
its integration theory (see [8] for details).

Theorem 5 (CP-Choquet Theorem). Let A and H be separable. Then, for any
CP-state 1 € Qu(A), there exists a CP-measure Ay supported by Dy (A) such
that

Y(a) = / adAy for all a € A,
Dy (A)
where we say that ¥ is the barycenter of Ay, i.e., ¥ = b(Ay).

Thus, every quantum interaction is decomposed into minimal interactions
where the distribution is represented by a CP-measure, so that CP-convexity is
an essential tool for quantum interactions.
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3. Quantization of information theory

It is well known that in quantum information theory we do not have the natu-
ral generalization of classical information quantities, such as joint entropy, mu-
tual entropy, conditional entropies. For example, consider an entangled pure state
with marginal entropies H(A) and H(B), then the joint entropy H (A, B) satisfies
H(A,B) =0 < H(A), H(B), which is impossible in the classical information the-
ory. Moreover, the mutual entropy I(A, B) is customarily defined by the relation
I(A,B) = H(A) + H(B) — H(A, B), so in this case I(A,B) = H(A) + H(B) =
2H(A), which cannot happen in the classical theory. Also, note that the condi-
tional entropy is defined by Hp(A) = H(A) — I(A, B) in the classical case, but
in this case Hg(A) = —H(A) < 0 which would be unacceptable. These situations
are illustrated as follows:

Classical case Quantum case
H(A) H(B) Entangled pure state
H(A,B) H(A,B)=0
H(A,B)> H(A), H(B) H(A,B)< H(A), H(B)??
I(A,B)= H(A)+ H(B)—H(A4, B) I(A,B)=2H(A) > H(A)??
< H(A), H(B) H,(A)=—H(A4)<0?7?

Hy(A)=H(A)—-1(4,B)=0
Fiqure 2. Comparison of information quantities

The purpose of this note is to define a new informational joint entropy
H(A, B) so that it should include the information from the entanglement of the
bipartite system, it is symmetric with respect to A and B, it satisfies the inequal-
ity H(A,B) < H(A) + H(B), and it is concave with respect to the representing
state. Once H(A, B) is constructed, then the natural generalization of other infor-
mational quantities would automatically follow.

Recall that there exists a one-to-one correspondence between a normal state
w on the compound system B(K) ® B(H) and a normal completely positive map
¥, from B(K) to T(H) as we have seen in Introduction. Our scheme therefore
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can be reduced to find an appropriate definition of the entropy of the completely
positive map v,,. Recall that the notion of entropy is defined for atomic probability
measure in scalar convexity theory, and that every operation is represented by
a CP-convex combination, our problem will be reduced to define an appropriate
entropy for such CP-measures. In this process, scalar coefficients in classical theory
should be generalized for operator coefficients, which eventually means the process
of quantization of information theory.

Now, let ¢ on B(H) be an operation in the diagram in Figure 1, and then ¢*
is a channel on T'(H), and let p € T(H), i.e., Trp = 1, which we call a reference
operator. Let o, = p'/2pp'/? € CP(B(H),T(H)), and ¢, be decomposed as

where p; = Trofv; > 0 with Y p; = 1 and ¢; = pi_l/Qvi are the normalized
coefficients such that ©9; € T'(H); and ), piv;0; = ), v;v; = p. Note here that
u; - u; are conditional transforms which represents minimal interactions. We shall
denote by A, the CP-measure corresponding to the above CP-decomposition, i.e.,
@, = b(\y,). For the notion of entropy of CP-maps, the following quantities are

fundamental.
Definition 3.
(i) Let S¥(X\,,) := =, piInp;, and define
SH(p) = 1nf{SL( op =b(Ap, )}

which we call the Lindblad entropy of ¢ with respect to p.
(ii) Let E(Ay,) := >, piS(0;0;), and call the entanglement of A,,. Then

Ep(‘P) = ;I;f{E(A@p) PPp = b()‘%)}

is called the entanglement of formation of ¢ with respect to p.
(ili) Let p =3, urPr be a decomposition of p, and let

D(p}) lnfz 1S (@ (Pr))s

where inf is taken over all decomposition of p, which is called the dissemina-
tion of ¢* with respect to p.
(iv) Let SP(X,,) := — >, Trvjv; Invjv;, and we define

S == IS, 0 = bA, )}
to be an operator entropy of ¢ with respect to p.

The entropy S% () was originally defined by G. Lindblad [18] (see also [19]),
which is called the information exchange in the field of quantum communications.
The notion of entanglement of formation E,(¢) was introduced by [3] (cf. also [20]).
We also note here the relations among the above-defined informational quantities.
In the diagram in Figure 1, there exist states w,, and wy, corresponding to the
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CP-maps ¢, and ¢, respectively. Then, considering a pure state which corresponds
to the unitary transform in the diagram, and assuming that o is a pure state oy,
we can deduce that there exists a partial isometry which connects ¢*(og) and
Wy, 80 that we have SE(p) = S(¢*(00)). Similarly, from the unitary equivalence
between wy and w which corresponds the correlation CP-map 1, we conclude that
Eg+(50)(¥) = D,y(*). Observe also that

SP(Ay,) = — Z Trojv; Invjv; = — Zpi Inp; + ZplS(f)z*f)z)
Hence, we have

Theorem 6.

(i) SH(p) = S(¢*(00)) and Egs (o) (¥)) = Dp(p*).
(ii) SP(Xp,) = SE (N, ) + E(Xy,), so that S (@) > SE(p) + E, ().

Let A be the system described by p and B be the system described by ¢*(p).
We may consider SpP(¢) or S,f((p) + E,(p) as a candidate of the joint entropy
H(A, B), however the inequality H(A, B) < H(A) + H(B) may not be satisfied.
Actually, we do not have a counterexample at the present, but we can easily
find some cases where there exists a CP-decomposition A, such that S°?(X,, ) >
S(p) + S(¢*(p)). Another problem is that SPP(¢) is not concave with respect to
, since there is a counterexample.

We note here that SPL (p) = 0 for all p iff ¢ is a conditionally CP-extreme, and
E(yp,) =0 for all p iff ¢ is a separable CP-maps (i.e., all CP-coefficients are one-
dimensional), and SgP(¢) = 0 for all p iff ¢ is an separable CP-extreme map, i.e.,
one-dimensional conditional transform, which we call an atom. This observation
suggests that we may try to find a suitable separable state on the tensor space over
A ® B such that its partial traces are p and ¢*(p), satisfying our requirements,
i.e., inheriting the entanglement information, symmetric with respect to A and B,
satisfying the triangle inequality, and concave with respect to (. For this, let us
consider the decomposition of ¢, again,

p = Zl v v = ZZ lvi[us - ug|vi| = Zipiwim; ||

where Y, pi070; = Y viv; = p and Zip}-f}if}f =Y v = ¢*(p). Now, let p; :=
0FY; = Zj ai;Pij, pi == 0;0F = Zj a;; P;; be the spectral decompositions of p;
and p; respectively, and set u;; := u;F;;, where we note that p; = u;p;u; and
Pij = ’U,ZP,LJ’U:

Definition 4. Let gp‘/{’;p = Zu piaijufj - u;, and define
St () = mf{ ST (@5 ) 1 0p = b(Ap,)}
to be the atomic entropy of ¢ with respect to p.

Then Sgt(cp) satisfies the requirements above, i.e., it includes the informa-
tion both of the Lindblad entropy and the entanglement of formation of the
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bipartite system, symmetric with respect to p and ¢*(p), and satisfies the in-
equality S5* () < S(p) + S(¥*(p)) since cpiip is separable (cf. [14, 23]). More-
over, we can show that S,‘jt(go) is concave with respect to ¢, which is a desir-
able property as an entropy. We now propose to set H(A, B) := Sgt(cp) and
I(A,B) := S(p) + S(¢*(p)) — S5* (). We can show that S3*(p) < SIP(), and
then recover the desired inequalities for the new information quantities (cf. [12]
for details).
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1. Questions motivating the discussion

Interesting questions arise in connection with the description of indistinguishable
particles in quantum mechanics. Let us consider several of them:

1. What meaning should we ascribe to the wave function (for example, in a
positional representation)?

2. How should we understand the construction of multiparticle states from
single-particle ones?

3. How dependent are our descriptions on assumptions of strict linearity in
quantum mechanics?

Thanks to the organizers of WGMP XXXIV for their dedication in continuing this extraordinary
workshop series. I would like to extend special appreciation to S. Twareque Ali for his initiative
in planning the memorial session to honor Gérard Emch, and for the opportunity to participate.
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4. What physical meaning attaches to the action of a group of permutations on
particle coordinates?

5. What are the relationships among: (a) the exchange statistics of indistin-
guishable particles (Bose, Fermi, or other) expressed through a symmetry
condition on the wave function; (b) configuration space topology; (c) self-
adjoint extensions of densely-defined operators describing momentum, an-
gular momentum, or energy; and (d) boundary conditions satisfied by wave
functions? Which of these constructs are physically fundamental?

6. What are the implications for exotic particle statistics (e.g., anyons, non-
abelian anyons, particles obeying parastatistics, configurations of extended
objects, or particles in non-simply connected spaces)?

Various standard, easy answers (and some not-so-easy answers) to these ques-
tions are to be found in many textbooks and articles. But certain subtleties are
overlooked in these answers, and I think there is something to be learned from
probing more deeply. This paper is intended to highlight some important distinc-
tions, and in so doing to stimulate possibly skeptical thinking about fundamental
issues in quantum mechanics. I think that is something Gérard Emch would en-
courage us to do from time to time.

In a short presentation I can touch on only some of the above questions, and
these these only partially; but I shall endeavor to provide a certain perspective from
which to approach them. I cannot here include adequate references to the many
researchers whose work should be cited; the reader is referred to more complete
citations in [1, 2], and [3].

2. Positional representation of operators

In the conventional quantum mechanical description of a single particle, or of N
particles, the interpretation of the wave function depends (of course) on how the
observables are represented.

In a “positional” representation, the single-particle (complex- or spinor-
valued) wave function is ¢)(x), where = coordinatizes physical space; the operators
for position coordinates ()7 are represented by multiplication, Q7¢(x) = x7¢(x);
and the operators for momentum coordinates P* are represented by differentiation,
Pky(z) = —iR(0/02%)y(z). In a “momentum” representation the single-particle
wave function is 1/;(p), momentum coordinate operators are represented by multi-
plication, and those for position coordinates by differentiation. These are just two
unitarily equivalent representations of the Heisenberg algebra, with the Fourier
transform implementing the equivalence.

So to ask about an interpretation to be given to the wave function, we must
first specify how some set of observables is being represented; otherwise, the ques-
tion is not well posed. Here I focus on positional representations, partly because
there is a fundamental sense in which actual measurements may be reduced to
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sequences of positional measurements (at different times) [4]. Then we need to
describe the time-evolution of wave functions.

The time-evolution of the positional wave function v (z;¢) (for a single par-
ticle) is governed by a Schrodinger equation established by our representation of
the Hamiltonian operator (corresponding to the energy observable). This time-
evolution preserves the L? norm || - || of 1. We then typically interpret v (x;t)
as a “probability amplitude;” i.e., |¢(z;t)[?/||¢||* is the probability density for
an idealized measurement localizing the particle in the vicinity of = at time ¢.
To describe a sequence of two positional measurements, we must also specify the
continued time-evolution after an outcome of the first (idealized) measurement.
The initial condition after such a measurement localizes the particle in a region
X at time ¢ is often assumed to be the orthogonal projection of the wave function
¥ (z,t) onto the subspace having support in X.

But the interpretation of the single-particle wave function v in a positional
representation does not end here. We must also say something about its phase.
The interpretation of the phase of ¢ depends further on how we choose to rep-
resent observables such as momentum and energy. After a gauge transformation
P/ (x;t) = explif(x;t)] ¥ (x; t), the representation is still positional, but the phase
of 1) has been modified (so its interpretation must also change). Likewise, the rep-
resentations of the Hamiltonian (energy) and momentum as differential operators
have also been changed by the gauge transformation. We refer explicitly to these
operators when we specify the gauge. While the modulus of ¢ is gauge-invariant
(under the usual gauge transformations of quantum mechanics), its phase is not.

Nevertheless, a gauge-invariant (probability flux) current density may be con-
structed from the phase. Its specification becomes part of the physical interpreta-
tion of ¥. Thus we have, in a positional representation, the interpretation of the
single-particle wave function as describing a probability density and flux density
in the one-particle configuration space (often identified with the physical space),
providing predictions for the distribution of outcomes of positional measurements.

Let us also remark that use of a positional representation does not rule out
additional, “internal” degrees of freedom needed to describe observables such as
components of the particle spin. Then v is no longer scalar-valued, but may take
values in an inner product space carrying a representation of an internal symmetry
group (a Lie group) associated with the particle.

3. Many-particle systems

The conventional procedure for describing many-particle systems is to write the
wave function in the form v (z1,...,2y), even in the case of indistinguishable
particles. That is, 1) is taken to be a complex-valued L? function on the space of
ordered N-tuples of points (the particle coordinates) in the physical space.

When the particles are indistinguishable, one then imposes an additional
condition of exchange symmetry. Conventionally, one then interprets ¢ as a prob-



38 G.A. Goldin

ability amplitude for finding (simultaneously) particle 1 at x1, particle 2 at x4, and
so forth. This motivates the need for an exchange symmetry condition — since the
particles are indistinguishable, the probability density for simultaneously finding
particle j at x; and particle k at xj (j # k) must be the same as that of finding
particle k at x; and particle j at xy.

But this conventional interpretation raises some difficulties. Even in the case
of distinguishable particles (when no additional symmetry is imposed), the charac-
terization of “particle k,” for a specific k, depends on some other, not-yet-specified
measurement to be taken (e.g., of the particle mass) which distinguishes one par-
ticle from another. Furthermore, actual measurements take place in the physical
space, not in the configuration space. How should the latter limitation be ex-
pressed?

Returning to the situation of indistinguishable particles, the usual symmetry
condition imposed relates ¢ (x1,...,7N) t0 Y(Zy(1) - - To(n)), Where o€ Sy (the
symmetric group) is a permutation of the N indices. The relationship is by means
of a unitary (typically, 1-dimensional) representation of Sy. The trivial represen-
tation characterizes bosons (totally symmetric wave functions), the alternating
representation characterizes fermions (totally antisymmetric wave functions). A
fundamental difficulty with this description, however, is that one has artificially
labeled the indistinguishable particles with indices, and then introduced a sym-
metry to “undo” that step. What can this possibly mean physically?

An alternative approach is to refer to unordered configurations of particles
in physical space, since the ordering is unnatural for distinguishable particles and
unobservable for indistinguishable ones. Then a configuration is just an N-point
subset of the spatial manifold M. Note that it is not necessary to include con-
figurations where more than one particle occupy the same point. These form a
Lebesgue measure zero set.

We write ¥ = (21,...,2y) for an ordered configuration, and v = {z1,..., 2N}
for an unordered configuration. Then ¥ — 7 is a projection from the coordinate
space T(Y) (of ordered N-tuples of distinct points in physical space) to the con-
figuration space I'V) (of N-point subsets of physical space).

It is natural to consider writing wave functions for identical particles on
') rather than T™); indeed, T is the physically relevant space. But we must
then find a different way to characterize the exchange symmetry — to describe
how bosons are to be distinguished from fermions, and what other particle sta-
tistics might be possible. This must now be done via representations of the op-
erators, as there is no way available to impose a symmetry condition on wave
functions on T'V),

We may also consider wave functions for distinguishable particles from this
point of view. Then one is led quite naturally to the idea of marked configurations.
A marked configuration is an N-point subset of a bundle B for which the base is
the physical space M, and for which a fiber is a space in which additional values
of particle attributes may be taken. This is discussed a little further below.
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4. Diffeomorphism group representations and particle statistics

Taking seriously the comment that measurements occur in physical space (rather
than configuration space), we observe that the mass density and momentum den-
sity operators form an infinite-dimensional Lie algebra of local currents modeled
on physical space. This current algebra describes a natural class of kinematical
observables. The group obtained by exponentiating the local currents is the group
of compactly-supported diffeomorphisms of M. [5]

Let us take M = R (d > 2) for specificity. For a diffeomorphism ¢ of R,
one may write a unitary representation of the group on a space of wave functions
Y(x1,...,2Nn), 7; € RY, as

V(@)1 an) = (@), ..., San NIy [ To(an) 1)

where J4(x) = [dug/dp](x) is the Jacobian of ¢ at « (here p is Lebesgue measure).

Note that the representation is unitary, and the exchange symmetry of v is
preserved. The representation 1% acting on the Hilbert space of totally symmetric
wave functions is unitarily inequivalent to the representation acting on the Hilbert
space of totally antisymmetric wave functions.

Alternatively, suppose we consider representing the diffeomorphism group on
the space of unordered configurations, as suggested in earlier constructions. [5] To
do this, we set

V(@®)¢]({z1,...,zn})

(2)
= xo{z1,...an Do), ... oan) DI/ To(an)
where x obeys a 1-cocycle equation. Note that set brackets have replaced the
parentheses. In a shorter way, we can write

VO)(0) = Xo (67 ey er /T (a) (3)

where v denotes the unordered configuration.

In this construction, noncohomologous cocycles describe unitarily inequiv-
alent representations. The information regarding particle statistics has been en-
coded in the cocycle (i.e., in how the observables are represented), not in the wave
function symmetry! Thus we have a fundamental change in perspective on the
meaning of the wave function itself. On the left-hand side of Eq. (1), the expres-
sion x; (the jth entry in the N-tuple forming the argument of ) refers to the
location of particle j. In Eq. (2), the expression z; refers simply to the location
of a particle — any particle. The subscript j has no intrinsic meaning; it is just a
way to indicate that there are N elements in the configuration . No extraneous
labeling has been introduced.



40 G.A. Goldin

5. A comment about linearity vs. nonlinearity
in quantum mechanics

In exploring the possibility of nonlinear modifications of quantum mechanics, it
is of interest to examine the different ways in which the usual assumptions of
linearity are introduced [3, 4, 6].

One assumption of linearity inheres in the conventional method for con-
structing a theory of composite systems from their components — in particular,
constructing multiparticle states from single-particle states. The Hilbert space of
states describing the composite system is normally taken to be the tensor product
of the Hilbert spaces for the subsystems — i.e., the space constructed from lin-
ear combinations of product states. For indistinguishable particles, product states
are replaced by symmetric or antisymmetric linear combinations of product states,
leading to the symmetrized or antisymmetrized tensor product Hilbert space. Then
configurations for the composite system are ordered N-tuples, as discussed above.
Subsystem observables are extended by linearity from product states to the full
Hilbert space.

But adopting the perspective suggested here, one begins naturally with (spa-
tial) configurations for the subsystems (as subsets of the physical space, or subsets
of bundles over the physical space). One then constructs the configurations for
the composite system from generalized unions of these subsets. In particular, this
leads to a direct construction of ™) from N copies of I'1). The state-space for
the composite system is the space of square-integrable functions on the composite
configuration-space. Linearity need not be assumed in the construction (and there
is no need for symmetrization or antisymmetrization of product states).

Without the initial assumptions of linearity, there is no obstacle to the dis-
cussion of the nonlinear gauge transformations introduced in [6]. Later, one can
describe the quantum kinematics on this space of generalized unions by unitary
representations of the group of compactly-supported diffeomorphisms of the physi-
cal space, identify irreducible representations, associate the particle statistics with
inequivalent cocycles, and so forth.

6. Induced representations and the homotopy
of configuration space

Select a particular configuration v e '™) and consider the stability subgroup K,.
This is the group of those (compactly supported) diffeomorphisms of R¢ which
leave v fixed. Note that a diffeomorphism can do this by implementing a permuta-
tion of the points in . For d > 2, there is thus a natural homomorphism from K,
to Sny. A unitary representation of Sy thus defines a continuous unitary represen-
tation (CUR) of K, which in turn induces a CUR of the diffeomorphism group.
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Such an induced representation may be regarded as acting on a Hilbert space
of equivariant wave functions on a covering space V) of TV) — or, equivalently, as
acting directly on wave functions defined on T'N) but with a cocycle as in Eq. (3).

For d > 3, Sy is the fundamental group (first homotopy group) of ),
The coordinate space T'™) defined earlier is then the universal covering space,
and we recover the conventional description in terms of wave functions on ordered
N-tuples.

For d = 2, however, the fundamental group of I'™) is the braid group By,
and one obtains intermediate (or anyon) statistics [7] by inducing. This led to one
of the early discoveries of the possibility of intermediate statistics for particles in
two-space [8-10].

7. Label permutations and value permutations

Label permutations (also called index permutations) act on the indices of labeled
particle coordinates, so that oeSy takes xy to x5 (k). The label permutation o),
for example, exchanges z1 with zo in an ordered N-tuple, regardless of the actual
values of the two variables.

Value permutations (in certain contexts, called wave function permutations)
do not see the indices, but make reference to some specified ordering of points in the
physical space M. In an ordered N-tuple, the value permutation o(;2) exchanges
those entries having the two lowest values, regardless of where they occur in the
N-tuple.

This distinction does not show up in 1-dimensional representations of Sy, so
it is easily overlooked in discussing bosons and fermions. But it matters essentially
if we want to consider higher-dimensional representations of Sy, describing par-
ticles satisfying parastatistics [11]. Furthermore, diffeomorphisms “see” only the
values of the z,, not the labels. Thus, whether they are acting in T™) or a cov-
ering space, the relevant permutations are the value permutations. The inducing
construction leading to anyon statistics involves discussion of homotopy classes of
paths in configuration space, which refer to the values of the particle coordinates,
not their labels (see also [10]). And it is clear why we require d > 2; in one dimen-
sion, a compactly supported diffeomorphism can never exchange two points on the
real line.

8. Implications for exotic statistics

We have outlined a point of view that accommodates well the description of quan-
tum configurations obeying statistics other than those of bosons and fermions.
These include anyons and nonabelian anyons in two-space, distinguishable parti-
cles satisfying colored braid group statistics in two-space, and paraparticles when
the spatial dimension is 2, 3, or more. The key unifying idea is the nontrivial
homotopy of the respective configuration spaces, and how this allows particular
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classes of unitarily inequivalent diffeomorphism group representations modeled on
those spaces.

Likewise, the quantum mechanics of configurations in physical spaces which
themselves have nontrivial homotopy can be understood well from this point of
view. A well-known example is the Aharonov—Bohm effect. Different self-adjoint
extensions of densely-defined operators (describing, for example, kinetic angular
momentum) have different spectra, and arise from different sets of boundary con-
ditions satisfied by wave functions in their domains. These operators occur as the
infinitesimal generators of the unitarily inequivalent group representations associ-
ated with the nontrivial homotopy.

This approach extends naturally to the study of infinite but locally finite
particle configurations, as well as extended quantum configurations (embedded
submanifolds or fractals in the physical space) and their internal symmetry — e.g.,
closed and open strings, vortex filaments and ribbons, or knotted configurations.

9. The meaning of the wave function and the notion
of indistinguishability

We have seen that in a positional representation, the interpretation of 1 is quite
different if we consider it to be defined on the space of unordered configurations
(i.e., subsets of the physical space), rather than the space of ordered configurations.
This point of view actually extends to the description of “distinguishable” particles
via marked configurations.

Let us elaborate on this briefly. Consider a two-particle system, where the par-
ticles have distinct masses m and p. Conventionally, one would interpret i (x1, x2),
as a probability amplitude for finding the first particle (the one with mass m)
at x1, and the second particle (having mass p) at zo. But 9 makes no explicit
reference to these masses. Alternatively, consider (m,x) as an element of a real
bundle B over the physical space M, with fiber RT. A generalized configuration
is v = {(m,z), (1,y)}, where m,u € R" and x,y € M; and 1 = 9(7). Now ~
can be understood as describing “indistinguishable” particles with distinct spatial
coordinates (when x # y) and distinct mass coordinates (when m # ).

Another way of saying this is that in the perspective taken here, particles
can be “distinguished” by their coordinates. References to “the particle measured
to have mass m” are analogous to “the particle measured to be in position x.”
The philosophical meaning of “indistinguishable,” as well as the interpretation of
the coordinates that appear as the argument of the wave function, thus change
according to which view one chooses to take.
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Abstract. Hyperbolic flows, as formulated by Anosov, are the prototypes of
chaotic evolutions in classical dynamical systems. Here we provide a con-
cise updated account of their quantum counterparts originally formulated by
Emch, Narnhofer, Thirring and Sewell within the operator algebraic setting
of quantum theory; and we discuss their bearing on the question of quantum
chaos.
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1. Introduction

Classical hyperbolic flows, as formulated by Anosov [1], are flows over smooth com-
pact connected Riemannian manifolds that admit stable expanding and contract-
ing foliations. Thus they are prototype examples of chaotic dynamical systems,
in that orbits stemming from neighbouring points of their phase spaces diverge,
generically, exponentially fast from one another.

In view of the fundamental character of both quantum ergodic theory [2—4]
and quantum chaology [5, 6], it is natural to ask whether a formulation of a
quantum counterpart of these flows is feasible. This question was addressed by
Emch et al [7] in a treatment that overcame the obstacle imposed by the fact that
quantum mechanics does not accommodate the differential geometric structures
on which the classical treatment was based [1, 8]. In fact, their treatment was
carried out within the framework of operator algebraic quantum theory [9, 10],
wherein the observables of a model were represented by the self-adjoint elements
of a W*-algebra and the non-commutative differential structure was carried by
derivations of that algebra.
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The present article is devoted to a concise updated account of the picture of
quantum hyperbolic flows presented in Ref. [7]. Its essential content comprises a
general formulation of these flows and their chaotic properties, together with con-
crete examples both of models for which chaos survives quantization and models
for which it does not.

We start, in Section 2, with a brief account of the classical picture of hyper-
bolic flows. Here the generic model comprises a one-parameter group of diffeomor-
phisms of a manifold that satisfies a certain hyperbolicity condition. Prototype
examples of these flows, which we provide, are the Arnold cat model and the geo-
desic flow over a compact Riemannian manifold of constant negative curvature.

In Section 3 we recast the classical model into the operator algebraic form
given by the Gel’fand isomorphism. This enables us to express the hyperbolic-
ity condition in terms of automorphisms of the resultant commutative algebra of
observables.

In Section 4 we provide a simple passage from the classical commutative alge-
braic picture to the quantum non-commutative one, thereby formulatng the hyper-
bolicity condition for the quantum model in term of automorphisms of its algebra
of observables. In particular we show that this condition implies the chaoticity of
the quantum model in that the evolutes of neighbouring states, as represented by
density matrices, diverge exponentially fast from one another.

In Section 5 we provide an explicit treatment of the quantum version of the
Arnold cat model and prove that its hyperbolicity, and thus its chaotic property,
survives the quantization.

Correspondingly, in Section 6 we provide an explicit treatment of the quan-
tum version of the geodesic flow over a compact Riemannian manifold of negative
curvature and show that, by contrast with the Arnold cat model, it violates the hy-
perbolicity condition. In other words, quantization of its original classical version
destroys its hyperbolicity.

In Section 7 we generalize this result to arbitrary finite quantum Hamiltonian
systems by showing that they cannot support hyperbolic flows.

We conclude in Section 8 with a brief discussion of the results presented here
and their consequences for quantum chaology.

The Appendix is devoted to the proof of a key proposition involved in the
formulation of the classical hyperbolicity condition of Section 2.

2. The classical picture

The classical model, %, is given by a triple (M, u, ¢) [8], where M is a smooth,
connected, compact Riemannian manifold, ¢ is a representation of R or Z in the
diffeomorphisms of M, the representation being continuous in the former case;
and p is a ¢-invariant probability measure on M. Thus ¢ and p represent the
dynamics and a stationary state, respectively, of the model. Specifically, for meM
and teR or Z, ¢ym is the evolute of m at time ¢; and for measurable regions A of
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M, u(¢ptA) = u(A). We denote the tangent space at the point m of M by T'(m)
and note that, for fixed time ¢, the differential d¢; of ¢; maps T'(m) into T'(pym).

In order to formulate the condition for the hyperbolicity of the dynamics of
Y., we first assume that M is equipped with vector fields Vi,...,V,,, where n =
dim(M) or (dim(M)—1) according to whether the time variable ¢ is discrete or con-
tinuous!. It is assumed that at each point m of M these fields are linearly indepen-
dent and that each V; has a global integral curve C;(m) = {m;(s)|s€R; m;(0) =
m}, given by the unique solution of the equation

() = V; (my(s)); my(0) = m. 1)
Thus, the curves {C;(m)/meM} are generated by the action on M of a one-
parameter group {6;(s)|s€R} of diffeomorphisms, defined by the formula
0;(s)m =m;(s), VmeM, seR. (2)
The orbits of the 6;’s are termed horocycles.We note here that the correspondence
between the group 6; and the vector field V; is one-to-one since Egs. (1) and (2)
may be employed to define V; in terms of 6; by the formula
Vi(m) = 60'(0)m ¥V meM. (3)

To establish consistency, we remark that this equation, together with the group
property of 6;, implies that

Vi (0;(s)m) = 05(0)(6;(s)m)

_ 9 0.

ot

as demanded by Egs. (1) and (2).

(4)
(t)0;(s)m =0 = aatej (t 4 s)ymj—o = 05(s)m,

Definition. We term the dynamics of the model ¥.; hyperbolic if the action of the
differential of ¢; on the vector fields V; takes the form

dp:Vi(m) = Vi(¢ym)et’, (5)

where the \’s are real numbers such that, for some positive integer r less than
n, A; is positive for je[1,r] and negative for je[r + 1, n].

Thus, if m’ and m are neighbouring points of M whose difference, as rep-
resented on a chart at m, is Z?Zlajvj(m), the hyperbolicity condition signifies
that N

e — (btm’zzl a; Vi(gem)erit. (6)
Hence, defining T (m) (resp. T—(m)) to be the subspace of T'(m) spanned by the
vectors V; for which \; is positive (resp. negative), the hyperbolicity condition is
that the action of ¢; on neighbouring points of M serves to expand their separation
exponentially fast if their relative displacement on a chart at m lies in T (m)
and contracts it if that displacement lies in T (m). Thus the \’s are Lyapunov

IThe difference between n and dim(M) in the continuous case corresponds to the one dimen-
sionality of the space generated by the velocity vector
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exponents and, as some of them are positive, the hyperbolicity condition signifies
that the flow is chaotic. The following Proposition will be proved in the Appendix.

Proposition 1. The hyperbolicity condition given by Eq. (5) is equivalent to the
following one.

¢t9j (5)¢—t = 9j (Sekjt) . (7)
Example 1 (The Arnold Cat).? This is the model (M, ¢, 0, i), where
(i) M is the torus [0,1) (mod1)]? with Euclidean metric;

(ii) the time variable t is discrete, its range being Z, and the dynamical transfor-
mations are {¢" (:= ¢, )|n€Z}, where

o= (1 3): (8)

(iii) p is the Lebesgue measure on the torus M; and

(iv) denoting the eigenvectors of ¢ by V4 and Vs and their respective eigenvalues
by k1 (> 1) and ko (< 1), 6 is the pair of one-parameter groups 6; and 6
defined in terms of V5 and Va2 by Egs. (1) and (2). Thus

6;(sym =m+ V;s (mod (1,1)) VmeM, seR, j=1,2. 9)

It now follows from these definitions that the model satisfies the hyperbolicity
condition (7), with \; = In(k;).

Example 2 (Geodesic Flow on a Manifold of Negative Curvature [8]). This is a
model of the free dynamics of a particle on a compact region of the Poincaré
half-plane M := {(z,y)|z€R, yeR+ }, whose metric is given by the formula

ds® =y~ ?(da® + dy?). (10)

The points (z,y) of M will sometimes be represented by the complex numbers
z = (x +1y). )

The manifold M is equipped with the symmetry group G = SL(2,R) [11],

which acts transitively on it. The elements g of this group are represented by two-
by-two matrices with real-valued entries and unit determinant. Its actions on M

are given by the following formula. Denoting ¢ (€G) by <Z Z) ,

(az +) - (11)
(cz+d)

We denote by K the subgroup of G whose elements leave the point ¢ invariant. It
then follows from the transitivity of G that G/K may be identified with the space
M. Correspondingly, for a discrete co-compact non-abelian subgroup I', T\G/K
is a compact manifold, M , of constant negative curvature. Its unit tangent bundle,
WM = M may then be identified with T'\G. We take this to be the phase space
of the model.

9z =

2This model of automorphisms of the torus is often so termed because of Arnold’s illustration [8]
of their actions on a cat’s face placed in the torus.
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The dynamical group ¢ for the free geodesic motion of a particle on M is
given by the formula [7, 11]

£(t) = (exp(at/ 2) eXp?t /2)) . (13)

We note that the measure dy := y~2dxdy is ¢-invariant. Further, the horocyclic
actions are given by the formulae

0;(s)m =mg;(s) ¥V seR, j=1,2, (14)

a)= (g 3) (15)

a6 = (1 1) (16)

It follows directly from these formulae that the model satisfies the hyperbolicity
condition (7).

where

where

and

3. The classical operator algebraic picture

As a first step towards a passage from the above classical picture to a corresponding
quantum mechanical one, we now exploit the Gel’fand isomorphism, according to
which the model (M, ¢, 1) is equivalent to the W* dynamic system (Aci, e, per),
where A, is the abelian W* algebra of observables Lo (M,du), {aq(t)[teR} is
the one-parameter group of automorphisms of A representing the dynamics of
the model and given by the formula

[aer(t)Al(m) = A(p—+m) V A€ A, meM, teR, (17)

and pg; is the state on A corresponding to the measure p, i.e.,

pa(A) = / Ady. (18)

It follows immediately from these specifications that the ¢-invariance of y is equiv-
alent to the ay;-invariance of p;.

Furthermore the diffeomorphism groups 6; correspond to representations o ¢
of R in Aut(A.), given by the formula

[0).c1(5)A](m) = A(6;(—s)m) V A€ A, meM, seR. (19)
The hyperbolicity condition (7) is therefore equivalent to the following one.
e (t)ojc(s)aa(—t) = 0ja(sed’) VseR, t ERor Z, j=1,...,n. (20)
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4. The quantum picture

We assume that the generic quantum model corresponds to the algebraic picture
of the classical one, but with the difference that the algebra of observables is
non-commutative. Thus the quantum model is a triple (A, «, p), where A is a W*-
algebra, in general non-commutative, p is a normal state on A and {o;|t€R or Z}
is a one-parameter group of automorphisms of A, which is continuous w.r.t. ¢ in the
former case, and p is a normal a-invariant state on A. Furthermore, we assume
that the model is equipped with n horocyclic actions, given by one-parameter
groups {o;(s)[s€R, j=1,...,n} of A whose infinitesimal generators are linearly
independent both of one another and of that of the group « in the case where the
variable ¢ runs through R. Accordingly, we take the hyperbolicity condition to be
the natural generalization of Eq. (20) for the possibly non-commutative case, i.e.,

a0 (s)a_y =0j (seAjt) VseR, teRorZ, j=1,...,n, (21)

where again A is positive for j = 1,...,r and negative for j = r +1,...,n. This
condition implies the following one for the duals, a; and o7 (s), of a; and o;(s),
in their actions on the normal states, N'(A), on A.

aZ,07(s)ay =0} (se)‘ft). (22)
We denote by 47 the infinitesimal generator of the group o7, in the w* topology.
It follows from this formula that its domain, D(*), is stable under the group o*
and that, if p; and p, are states in this domain, then

157 (p1 = p2) | = 118" (p1 — p2)[[e™". (23)
Thus, in the quantum context, A; is a Lyapunov function that provides a measure
of the speed at which the evolutes of p; and py separate along the horocycle o;.
Since some of the \’s are positive, this represents a chaoticity condition.

We shall show, in the following sections, that quantization does not affect
the hyperbolic property of the Arnold cat model, but that it destroys that of the
geodesic flow over the manifold of negative curvature; and that, in general, it does
not admit chaos in finite Hamiltonian systems.

5. The quantum Arnold cat

In order to quantize the classical Arnold cat model, we start by expressing that
model in a form readily amenable to quantization. Thus we first note that it follows
from the definition of the classical algebra A, in Section 3 that this algebra is
generated by the sinusoidal functions {We(v)|v = (v1,v2)€Z?}, defined by the
formula

W (v)[m] = exp(2miv.m) ¥ v = (11, v9)€Z2, (24)
where the dot denotes the Euclidean scalar product. Correspondingly, since p is
the Euclidean measure on the torus M, it follows from Eqgs. (18) and (24) that

pet(Wer(v)) = 6u,0, (25)
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where § is the Kronecker delta. Moreover since, by Eq. (8), ¢ is Hermitean, it
follows from Eqs. (17) and (24) that

Ozcl(t)Wcl(I/) = Wcl(d)ftl/) V teZ, Z/GZZ; (26)

while, by Egs. (9), (19) and (24), the horocyclic actions for the model are given
by the formula

0 (8)Wa(v) = Wa(v) exp(2miv.Vs) V¥ s€R, veZ?. (27)

Thus Eqs. (24)—(27) define the classical model. One may readily check that they
satisfy the hyperbolicity condition (20), bearing in mind that Vj is the eigenvector
of ¢ whose eigenvalue is exp()\;).

We now quantize the classical model by basing the algebra of observables on
Weyl operators instead of the sinusoidal function W,;. Thus, in order to construct
A, we start with an abstract algebra of elements {W (v)|v€Z?} which satisfy the
Weyl condition that

W)W (') =W(v+ 1) exp(ive(v, V), (28)
where & is the symplectic form defined by the formula
k(v V') = v — v (29)

and v is a constant that plays the role of that of Planck. Thus the algebra Ay
of the polynomials in the W (v)’s comprises just the linear combinations of them.
We define p to be the positive normalized linear form on this algebra given by the
precise analogue of the classical state p., as given by Eq. (25), i.e.,

p(W(¥)) = b0, (30)

We define the algebra of observables, A, to be the strong closure of the GNS
representation of A in the state p defined by this last equation. We then define the
dynamical and horocyclic automorphisms, o and o, by the canonical counterparts
of the classical ones of Egs. (26) and (27). Thus

at)W(v) = W (p_v) V teZ, veZ?; (31)
and
oi(s)W(v) = W(v) exp(2miv.V;s) V s€ER, veZ®. (32)

It follows from the last two formulae that the model satisfies the hyperbolicity
condition (21). Thus we have established the following proposition.

Proposition 2. The chaoticity of the flow of the Arnold cat model survives quanti-
zation.



52 G.L. Sewell

6. Quantum geodesic flow on a compact manifold
of negative curvature

The model we now consider is the quantized version of that of Example 2 in
Section 2, and it may be described as follows [7, 11]. Tts W*-algebra of observables
is B(#H), the set of bounded operators in the Hilbert space H := Lg(M,du),
where the measure du is defined following Eq. (13). The state space of the model
comprises the normal states of A and its Hamiltonian is —A, where A is the
Laplace-Beltrami operator for the manifold M. The dynamical automorphisms of
the model are thus given by the formula

ar A = exp(—iAt)Aexp(iAt) V Ac A, teR. (33)

Moreover, the spectrum of A is discrete [12]. We denote by {fx|k€N} a complete
orthonormal set of eigenvectors of this operator and by {ej} the corresponding set
of its eigenvalues. We then define the operators Fj;, with k,[€N, by the equation

Frufi = 61fr Yk, l.ieN. (34)
It follows now from Egs. (33) and (34) that
arFry = exp(iwgt) F V teR, k,l€N, (35)
where
Wi = €] — €. (36)

We denote by L(F') the set of finite linear combinations of the Fy;’s. It follows from
this definition that £(F) is closed with respect to involution and binary addition
and multiplication. It is therefore a *-algebra, and it follows from our specifications
that its strong closure is A.

Proposition 3. Under the above assumptions, the quantum geodesic flow on the
manifold cannot be hyperbolic.

We base the proof of this proposition on Lemmas 4 and 5 below.

Lemma 4. Assume that the model satisfies the hyperbolicity condition with respect
to horocyclic automorphisms o(R). Then it follows from the discreteness of the
spectrum of A that any normal stationary state p of the model is o-invariant.

Assuming the result of this lemma, we denote the GNS triple for the state p
by (H,,7,, ®,) and define U, and V, to be the continuous unitary representations
of R in H, that implement the automorphisms «; and o(s), respectively, according
to the standard prescription

Up(t)mp(A) @) = mp(ar A) 2, (37)
and
Vo(s)mp(A)D, = 7y (o(5) A) @, (39)
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Hence, by the cyclicity of ®, and the hyperbolicity condition (21), as applied to
the horocycle o, that

U, ()V,y(s)Uy(—t) = V,(se) ¥ 5,teR (39)

We define H, to be the Hamiltonian operator in the GNS space, H,,, according to
the formula U, (t) = exp(iHt).

Lemma 5. Under the assumptions of Lemma 4 and with the subsequent definitions,
the formula (39) implies that the spectrum of H, is R.

Proof of Proposition 3 assuming Lemmas 4 and 5. Our strategy here is to infer
from Lemma 4 that the assumption of hyperbolicity implies that the spectrum of
H,, is discrete. Since this conflicts with Lemma 5, we conclude that that assumption
is invalid.

We start by noting that, by Eqgs. (35) and (37),

Up(t)’/Tp(Fkl)q)p = Wp(Fkl)CI)pexp(iwklt). (40)

Since p is a normal stationary state of the model, it follows from the definition
of the vectors fi that p corresponds to a density matrix of the form ) _yw, P,
where the w,’s are non-negative numbers whose sum is unity and P, (= F.,.) is
the projection operator for the vector f,.. Hence

(o (A0, 7, (B)O,) = (i (A°B) = 3w, (£ ABf,) Y A BEA.  (41)
It follows from this formula and Eq. (34) that
(Mo (F1ut)®@p, mp (Frrir @) = wika O (42)
Therefore, defining D := {(k,1)eN?;w; 70} and
Uy = w, P, (Fu)®, ¥ (k,1)ED, (43)

the set of vectors {Wy;|(k,l1)eD} is orthonormal. It is also complete for the fol-
lowing reasons. By the definition (34) of the operators Fy;, the algebra A consists
of linear combinations of these operators. Therefore, by the normality of the rep-
resentation m,, the algebra m,(A) consists of linear combinations of the operators
7, (Fr1). Hence by Eq. (43) and the cyclicity of II, with respect to that algebra,
the set {Wy|(k,l)eD} of orthonormal vectors in H, is complete.

Now, by Eqgs. (40) and (43),

Up(t)\pkl = \Ilklexp(iwklt) v (k’,l)ED
and consequently, since {U;|(k,l)€D} is an orthonormal basis in H,,
Up(t) = Z(k,l)GDPkleXp(iwklt)’
where Py, is the projector for ¥y;. Hence

H, = Z(k,l)eDwklPkl’ (44)
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and therefore the spectrum of H, comprises the discrete set wy|(k,l)€D. As this
conflicts with Lemma 5, which was based on the assumption of a hyperbolic flow,
we conclude that the model does not support such a flow. O

Proof of Lemma 4. By the hyperbolicity condition (21), as applied to the horocy-
cle o,

(pyaro(s)a_iFiy) = (p;o(se™)Fiy). (45)

By Eq. (35) and the stationarity of p, the Lh.s. of this equation is equal to (p :
o(s)Fyyexp(iwyt). On the other hand, in the limit where At— — oo, it follows by
continuity that the r.h.s. of Eq. (40) reduces to {p; Fi;). Compatibility of these
expressions for the two sides of Eq. (40) implies that (p; o(s)Fy;) and (p; Fy;) are
equal to one another if wg; = 0 and are both zero if wy;#0. Hence they are equal in
all cases. In view of the normality of p and the strong density of L(F'), this result
implies that p is o-invariant. (]

Proof of Lemma 5. This is achieved in Ref. [7] on the basis of a version of Mackey’s
imprimitivity theorem. (]

7. Generic non-hyperbolic flow of finite quantum
Hamiltonian systems

The generic model of a finite quantum Hamiltonian system is not quite the same as
the model presented in Section 4. Specifically it consists of a triple (A, a, N) [10,
13], where A is the W*-algebra of bounded operators in a separable Hilbert space
H, N is the set of normal states on A corresponding to the density matrices in
H, and « is a representation of R in the automorphisms of A implemented by a
unitary group whose infinitesimal generator is ¢ times a self-adjoint operator H.
Thus

ar A = exp(iHt/h)Aexp(—iHt/h) V A€ A, teR. (46)

Here H is the Hamiltonian of the model. In general, it is the sum of the kinetic and
potential energies of its constituent particles and its spectrum is discrete. Note that
these specifications do not include the assumption of a hyperbolicity assumption
such as given by Eq. (21). In fact, the following proposition establishes the contrary
of that assumption for this model.

Proposition 6. Finite quantum Hamiltonian systems, as defined above, cannot sup-
port hyperbolic flows.

Proof. This follows immediately from the discreteness of the spectrum of H by
the same argument that led from Lemmas 4 and 5 to Prop. 3. O
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8. Conclusions

The general picture of quantum hyperbolic flows, presented in Section 4, is the
natural analogue of its algebraically cast classical counterpart and exhibits the
chaotic property represented by Eq. (23). Moreover, this picture is realized by
the quantum Arnold cat model. On the other hand, finite quantum Hamiltonian
systems, including the geodesic flow over a compact manifold of constant negative
curvature, do not support hyperbolic flows. This accords with a vast body of work
on models for which chaos in classical systems is suppressed by quantization [5, 6].
Since, in those works, the classical chaos leaves its mark on the resultant quantum
system in the form of certain scars on its eigenstates, we expect that this is also
the case for the quantum Hamiltonian models treated here.

Appendix: Proof of Proposition 1
In order to derive Eq. (7) from Eq. (5), we start by defining

mj () = ¢0; (exp(f)\jt)s)qﬁ,tm Vs, teR, meM, j=1,...,n (A1)
and inferring from this formula that, for fixed ¢ and j,
ﬁz;-yt(s) = exp(—)\jt)dqﬁt(%-_’t (exp(—)\jt)s)(b_tm. (A.2)

Hence, by Eq. (1),
ﬁz;-yt(s) = exp(—)\jt)dqﬁtV(Hj,t (exp(—)\jt)s) G_ym.

and therefore, by Eqgs. (5) and (A.1),

mj i (s) =V (imju(s)), (A.3)
which signifies that 71 4(s) is the unique solution of Eq. (4), i.e., that m;(s) =
0;(s)m. In view of Eq. (A.1), this implies that

0 (exp(f)\jt)s)gb,t =0i(s), Vs,teR, meM, j=1,...,n,

which is equivalent to Eq. (7).

Conversely, in order to derive Eq. (5) from Eq. (7), we note that, in view of
the formula (A.1), the latter equation signifies that m;.(s) = m;(s). Hence, by

Eq. (1),
m),(s) =V (mja(s)). (A.4)

it
Furthermore, by Eq. (A.1), the Lh.s. of this formula is equal to

aasqﬁt@(exp(—)\jt)s) ¢_ym = exp(—)\jt)dqﬁtt% (exp(—)\jt)s) ¢_ym,
which, by Eq. (1), is equal to
exp(—A;t)dey V (0 (exp(—\;t)s) p—ym.
Hence, by Eq. (A.1), Eq. (A.4) reduces to the form
deyV (0; (exp(—Ajt)s)d—_ym) = exp(A\;t)V (11,(s)),
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ie., by Eq. (A.1),
AV (¢—11mj,i(s)) = exp(At)V (11,4(s)).
Thus, putting
i = i o(s). (A.5)
dV () = V(ge).
Since, by Eqgs. (A.1) and (A.5), the correspondence between m and 7 is one-to-one,
this last equation is equivalent to Eq. (5). O
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1. Introduction

Notation. In the following, we shall use the notations given below: H, B(H),
Bsa(H), Bi(H), Bi+(H), Bi—(H), B2(H), Bp(H) denote a separable Hilbert space,
set of bounded linear operators, set of bounded self-adjoint linear operators, set of
trace class operators, set of positive trace class operators, set of negative trace class
operators, set of Hilbert—Schmidt operators and Schatten-p class operators respec-
tively with ||.||, as the associated Schatten-p norm. Furthermore by o(A), Ea()\),
D(A), p(A), we shall mean spectrum, spectral family, domain, resolvent set, and
resolvent of a self-adjoint operator A respectively, and Tr(A) will denote the trace
of a trace class operator A in H. Also we denote the set of natural numbers and
the set of real numbers by N and R respectively. The set C'(I) is the Banach space
of continuous functions over a compact interval I C R with sup-norm ||.||~, and
C™(I) (n € NU{0}), the space of nth continuously differentiable functions over a
compact interval I with norm

LA™ =D 19| for f € C™(I)
j=0

and fU) is the jth derivative of f (for n = 0, C™(I) is C(I)), and LP(R) the
standard Lebesgue space. We shall denote (1), the first derivative, as f’. Next we
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define the class C(I) C C(I) as follows
1 A
cim={recw =, [1f@I0+oa)da <o},

where f is the Fourier transform of f; and it is easy to see that C}(I) € C(I)
(since ||.||* < |.]li); and denote the set of all f € C{(I) such that f* > 0 (< 0
respectively) by C1, (I) (Ci_(I) respectively). Similarly we denote the set of all
polynomials with complex coefficients in I by P(I) and the set of all p € P(I)
such that p’ > 0 (< 0 respectively) by P4.(I) (P—(I) respectively).

Let T € B(H) be a hyponormal operator, that is, [T*,7] > 0. Set T =
X +1Y, where X, Y € By, (#H) and it is known that Re(o(T')) = o(X), Im(c(T)) =
o(Y) [14], [T*,T) € Bi1(H) if an additional assumption of finiteness of spectral
multiplicity is assumed [2, 10, 13, 14]. A hyponormal operator T is said to be
purely hyponormal if there exists no subspace S of H which is invariant under T'
such that the restriction of 7" to § is normal. For a purely hyponormal operator T
it is also known that its real and imaginary parts, that is, X and Y are spectrally
absolutely continuous [10, 16].

(A) The main assumption of the whole paper is that

T = X +1iY is a purely hyponormal operator in B(#) such that [T, T] =
—2i[Y,X] =2D? € B1+(H) and o(X) U (Y) C [a,b] CR.

The details of the proofs of some of the stated results have been omitted for
reasons of brevity and these can be found in an article by the authors [7].

2. Main section
Let us start with few lemmas which will be useful to prove our main result.
Lemma 1. Let T satisfy (A). Then for 1 € Ct([a,b]) or P([a,b]),

[W(Y),X] € Bi(H) and —iTr{[v(Y),X]} = Tr{¢/(Y)D?}. (1)
Similarly,

Y. o(X)] € Bi(H) and —iT{[Y,¢(X)]} = Tr{s/(X)D?}. (2)
Proof. Now for ¢ € C}([a,b]) we have

[w(Y% \/271-/1/) 1aY Xd \/271-/1/) 1aYX7XeiaY) do
= Jon /R U(a)do / iel =AYy, X1e!#Y dp (3)

0

1 R a ,
== Jon / U(a)da / el (=P)Y D26iBY 3.
R 0
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Since D* € Bi(H) and [, [i)(@)||e|da < o0, then from the above equation (3) we
conclude that

(YY), X] € By (H) and [|[(¥), X][l1 < D j% / (00 laddo

Moreover,
ST X = [ dada [ e Das
_ a(a)da Tr{e'®Y D?
oy L (@) T D2)

1 " ia 21 ! 2
=Tr{ Jon /le/)(a)e Yda D?} = Tr{¢/(Y)D?},

where we have used the cyclicity of trace and the fact that

gy = iarh(a)e' P da
V) = [ o).

By interchanging the role of X and Y in the above calculations, we conclude that
YV, 0(X)] € Bi(H) and —iTe{[Y,(X)]} = Tr{y/(X)D?}.

By an identical calculation as above, we conclude that (1) and (2) are also true
for ¢ € P([a,b]). This completes the proof. O

Lemma 2. Let T satisfy (A). Then —i[y(Y), X] € Bix(H
Ct,([a,b]) or P ([a,b]) respectively. Similarly, —i[Y, ¥ (X)]
as ¥ € Ct([a,b]) or P+([a,b]) respectively.

) according as ¥ €
€ B+ (H) according

Proof. Let v € C{([a,b]). Then from equation (3) in Lemma 1, we have

e x) = ) sbada [C @Y D2 g

Next by the spectral theorem for Y we get

—i[y(Y), X = Jor / da/o dﬁ// ia=01ei8 pY) (qr) D*EY) (dt'),

where E(Y )() is the spectral family of the self-adjoint operator Y. Note that
E(A x 8)(S) = EM(A)SEY)(S) (S € B2(H) and A x § € R x R) extends to a
spectral measure (finite) on R? in the Hilbert space By(H). Therefore by Fubini’s
theorem

Sifp(Y), X = j% / a)da / / mt,_tlatE(Y)(dt)DzE(Y)(dt’)}

\/27r i w(t tE(dt x dt')(D?),
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where

W)
bey=4 om0 ML
W (1), ift=1¢.

Note that for ¢ € Cl,([a,b]), we have ¥(t,#) > 0 (or < 0) respectively for
t,t' € [a,b] and hence from the equation (4) we conclude that —i[¢)(Y), X] > 0
or —i[y(Y), X] < 0 accordingly. Similarly by the same above calculations with X
and Y interchanged we conclude that —i[Y, ¢ (X)] > 0 or <0 if ¢ € C{, ([a,b]) or
Ci_([a,b]) respectively. The same conclusions follow similarly for ¢ € P([a,b]).
This completes the proof. O

Lemma 3. Let T satisfy (A). Then —i[y(Y), ¢(X)] € Bi+(H) according as ) and
¢ € C1y([a,b]) or P+([a,b]) respectively.

Proof. The proof the lemma is identical to that of Lemma 2 with —i[Y, ¢(X)] and
—i[4(Y), X] replacing D? accordingly for ¢ and ¢ € C{,([a,b]) or Px([a,b]). O

As the title suggests, we shall next state Krein’s theorem and study its conse-
quences on commutators like [¢(Y), ¢(X)] for 4, ¢ € Ci([a,b]) or P([a,b]).

Proposition 4 (Krein’s Theorem [11, 12, 17, 18]). Let H and Hy be two bounded
self-adjoint operators in H such that V.= H — Hy € By1(H). Then there exists a
unique Epy () € LY (R) such that for ¢ € Ct([a,b]) or P([a,b]), ¢(H) — ¢(Ho) €
Bi(H) and

b
Te{o(H) ~ 6(Ho)) = [ /()i
where o(H) U o (Hy) C [a,b]. Furthermore
[ e x <11 [ i =T,

and if V€ Bi1(H) or Bi—(H), then {u, u(N) is positive or negative respectively
for almost all \ € [a,b].

Theorem 5. Assume (A). Let ¢ and v be two complez-valued functions such that
o, ¥ € Ci([a,b]) or P([a,b]). Then [Y(Y),p(X)] is a trace class operator and there
exist unique L*(R)-functions £(t;v) and n(¢; \) such that

b
T }—/¢> twwz/wmmm»w. (5)

Furthermore if ¢,¢ € C1, ([a,b]) or Py ([a,b]), then &(t;4)), n(¢; A) > 0 for almost
all t, X € [a, b]

/m B)ldt < ||~ify m,/s Te (¢ (V) D?)
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and

b b
/ In(: Ml < ||V GO, / n(; N)AA = Tr (¢ (X)D?) .

a

Proof. At first assume that ¢, ¥ are real valued. Now let us consider the self-adjoint
operators Hy = X and H = () Xe= () Then

1
H — H, :/ d (eisw(y)XefiSd’(Y)) ds
0 dS (6)
1
=i / YO y(Y), X]e ¥V ds € By (H),
0

by Lemma 1. On the other hand for ¢, ¢ € C{([a,b]), a computation similar to
that in (3) yields that

6(1).0(0)] = [ ibte)da [ " OBV [y, (XY dB € Bi(H),  (7)

since [, [i()]|alda < oo and since [Y, ¢(X)] € By(#), by Lemma 1. Similarly for
o, P(t) = Z c;jt? € P([a,b]), we conclude that

o =S V()] = S e SV Y 6KV € ByH), (8)
=0 j=0 k=0

since [Y,¢(X)] € Bi(H), by Lemma 1. Thus by applying Proposition 4 for the
above operators H, Hy with the function ¢, we conclude that there exists a unique
function £(t;90) € LY(R) such that ¢(H) — ¢(Hp) is trace class and

Te{¢(H) — ¢(Hy }_/ o (t 9)

Furthermore from equation (6) we conclude that H—Hy < 0, since i[)(Y), X] <0
by Lemma 2 for ¢ € Ct, ([a,b]) or P4 ([a, b]). Therefore from Proposition 4 we also
note that &(t;1) < 0 for almost all ¢ € [a, b]. Now if we compute the left-hand side
of (9), we get

Tr{¢(H) — ¢(Ho)} = Tr{p(e ¥ Xe 1)) — ¢(X)}

= Tr{eiib(Y)qﬁ(X)efid)(Y)) (X)) =iTr {/1 S5 (Y) [T/J(Y),(b(X)]eisw(Y)ds}

= iTe{[y(Y), o(X)]}, (10)

where for the second equality we have used functional calculus, for the third equal-
ity we have used equation (6) and for the last equality we have used the cyclicity
of trace. Thus by combining (9) and (10) we have

STE{[(Y), 6(X)]} = /¢ Ety)dt = /¢ (11)
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where £(t;9)) = —£€(t;9) > 0. Next if we consider the operators Hy = Y and
H = 2y e=19(X) Then by repeating the above similar calculations we conclude
that

ST {[p(Y), ()]} = / e (12)

where 1(¢; A) > 0 for almost all A € [a, b]. Therefore the conclusion of the theorem
follows from (11) and (12) for real-valued ¢, 1. The same above conclusions can be
achieved for complex-valued functions ¢, 1 € C{ ([a, b]) or P([a, b]) by decomposing

¢ =¢1+ipa and ¢ =y + i,

and by applying the conclusion of the theorem for real-valued functions ¢1, ¢2,
1, 2. By equation (6) of Proposition 4 and Lemma 1, it follows that

/ Gt 0)ldt < | Ho — HI, < |-il(¥), X]I,
and
/ ()t = Tr(Ho — H) = Tr (<i[b(Y), X)) = Tr (¢/(Y)D?).
The other results for 7 follows similarly. O

Remark 6. It is clear from equation (5) that both £(¢;-) and n(-; A) depend linearly
on ¢’ and ¢’ respectively and not on ¢ and ¢ themselves as the left-hand side in
(5) appears to. Therefore, to avoid confusion it is preferable to replace ¢’, ¢’ by
1 and ¢ respectively, demand that ¢, ¢ € P([a,b]), and consequently replace v,
¢ by their indefinite integrals J () and J(¢) respectively. Thus the equation (5)
now reads: For ¢, ¢ € P([a, b])

b b
B{-T@)LIT@O) = [ o0t = [ vnenan 1)
where we have retained the earlier notation £(¢; ) and n(¢$; A). Furthermore, for
almost all ¢, A € [a,b], the maps
Pllab]) 5 & — () € L(R) and P((a,b]) 36— n(éi ) € LI(R)

are positive linear maps. The next theorem gives L!-estimates for £(-;4) and n(¢; -)
which allows one to extend these maps for all ¥, ¢ € C(]a, b]).

Theorem 7. Assume (A).
(i) Then
P([a,0]) x P([a,b]) 3 (¢, ) — Te{=i[T(¥)(Y), T (&)(X)]}

can be extended as a positive linear map on C([a,b]) x C([a,b]). Furthermore
if A, Q € Borel([a, b]), then

Tr{—i [T (xa)(V), T (xa) (X)]} = / £t A)dt = /A WD, (14)
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where we have written £(t; A) for £(t; x ) and n(2; N) for n(xq; A). For almost
all fized t, X € [a,b], £(t;-) and n(-; \) are countably additive positive measures
such that

b

b
[ttt = (o (V)D?) [ (600 = T (xa () D)

and
b b
[ etelabhie= [ (o, =1e(0?).
(ii) The set functions
Borel([a,b]) 2 A+ &(t: A)  and Borel([a,b]) 3 Q — (4 \)
are absolutely continuous with respect to the Lebesque measures and the
Radon—Nikodym derivatives satisfy:
§(t;dN) _ n(dt; A)
= =r(t,\) >
dA g =BV =0
Jor almost all t, \, with ||7|| L1 ((a,p2) = Tr(D?).

(iii) The statement of Theorem 5 now takes the form: For ¢, ¢ € C'([a,b])
T, 6000 = [ 0w 00rte (15)

with the unique non-negative L ([a,b]?) function r, which is sometimes called
Carey—Pincus principal function.

Proof. Let ¢, ¢ € P([a,b]), then J(v) and J(¢) are also polynomials. As in (8),

a similar computation with ¢, ¢ € P([a,b]) and if T(¢)(t) = Y ¢;t/ leads to
=0

Tr{-1[T(@)(Y), T(@)(X)]} = Tr{o(X) (=1 [T (4)(V), X])} (16)

and interchanging the role of X and Y (along with an associated negative sign)
the above is equal to

Tr{=i[T()(Y), T(@)(X)]} = Te{(Y) (=1 [V, T () (X))}, (17)

and all these expressions are also equal to (by Theorem 5)

b b
/ S(OE(t: )dt = / B AN

for respective ¢ and 9. Now let ¢ = ¢4 — ¢ and ¢ = ¢y —_, then ¢4, 1y are
all non-negative. The domains of definitions of ¢ are open sets which are each a
disjoint union of a countable collection of open intervals and furthermore, clearly
Supp ¢4+ N Supp ¢ = {t € [a,b]|¢(t) = 0}, which is a finite discrete set. Therefore
¢+ and ¢_ and hence |¢p| = ¢+ + ¢ are polynomials if ¢ € P([a,b]). By Lemma 3,
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—i[y(Y), ¢(X)] € B1+(H) according as 1, ¢ € P4 ([a, b]) respectively. Therefore by
linearity, we have

=T (@) (¥), T (@) (X, < Tr{lo|(X) (=i [T ([¥N(Y), X])} (18)
and similarly

=T @) (Y), T (@) (Xl < Te{[¢|(Y) (=1 [V, T(18[) (X))} (19)

Next by using the above estimates (18) and (19) we make two steps of approxima-
tions of characteristic functions of Borel sets {2 € Borel(o(X)), A € Borel(o(Y))
by continuous functions and polynomials to conclude part (i).

(ii) From the equality, for © € Borel(c(X)), A € Borel(o(Y)), [£(t; A)dt =
Q
J (€ N)dA with € and 7 both non-negative, it follows that both £(¢; ) and 7(-; \)
A

are absolutely continuous with respect to the respective Lebesgue measures, and
we set

§(t;dN)  m(dt; )

= = > 0.

) =" i =Y
The uniqueness of r follows from the equation (15) and the fact that r € L!([a, b]?)
and that it has compact support. O

Next, we want to compute the trace of
Tr{[a(X)p(Y), o(X)]} = Tr{a(X)[(Y), ¢(X)]}
and by symmetry between X and Y,

Te{[a(X)p(Y), BV} = = Te{ (V) [B(Y), a(X)]},
where ¢, 1, «, 8 € P([a, b]), which constitutes the next theorem.
Theorem 8. Let T satisfy (A). Let ¢,¢,«, B € P([a,b]). Then

[a(X)p(Y), ¢(X)] € Bi(H)

and

ATV, 900 = [ e o)t et i, e0)
where r is the function obtained in Theorem 7 and
0 0 0 0
T, )0 = (w5 (6(0) — 5 (@)
is the Jacobian of arp and ¢ in [a,b] x [a,b] = [a,b]?. Similarly,

[a(X)y(Y), B(Y)] € Bi(H)

(o(1))

and

ST {[a(X)(Y), BV} = / J(a, B)(E NF(E NN, (21)

[a,b]?
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where 1 is the function obtained in Theorem 7 and

T, $)(1,0) = o (@) ) (B) — ) (altbN)

is the Jacobian of ap and B in [a, b]?.

Proof. Using (7) we say that [a(X)Y(Y),o(X)] = a(X)[W(Y), d(X)] € Bi(H).
Next from (8) we conclude for ¢, ¢ € P([a,b]) that

I Tr{[p(Y), o(X)]} = —1Tr{¢ (X[ (Y), X}
b
= [ ¢ (B -ilev), X)),
where we have used spectral theorem for the self-adjoint operator X and E(X)(.)

is the spectral family of X. On the other hand from Theorem 7(iii) we conclude
that

(BN)

(22)

ST, 000 = [ 0w Qe N (23)

for 1, ¢ € P([a,b]). Therefore combining (22) and (23) we get

/abqﬁ’(t)Tr(E(X)(dt){—i[w(Y),X]} / ( / WA tAdA) dt, (24)

for ¥, ¢ € P([a,b]). Since A — Tr (EX)(A){-i[y(Y),X]}) (A C R, a Borel
subset of R) is a complex measure with finite total variation and r € L'[a, b]? and
since the equality (24) is true for every ¢ € P([a,]), it follows that the measure
A — Tr (EX)(A){—i[(Y), X]}) is absolutely continuous with respect to the
Lebesgue measure and

Tr (E<X>(dt){—i[¢ ( / W (Nt \) dA) dt. (25)

As in (16), a similar computation with ¢, ¢ € P([a,b]) and if p(A) = > b N
§=0

leads to

STHCOR(Y), 601} = [ e O (B @), X)), (26)

where we have used the cyclicity of trace and the spectral theorem for the self-
adjoint operator X and EX )() is the spectral family of X. Thus by combining
(25) and (26) we conclude that

ST XU, 600N = [ Il 0)0)re

Next by interchanging the role of X and Y in the above calculations, we can
establish equation (21). This completes the proof. O
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Remark 9. If T satisfy (A), then the conclusion of the above Theorem 8 also can
be achieved for ¢, 1, a, B € C1([a,b]).

The next theorem replaces effectively the so-called “Wallach’s Collapse The-
orem” [13].

Theorem 10. Let T be as in the statement of Theorem 8. Let ¢, v, a, € P([a,b]).
Then the following is true

—iTr{[a(X)y(Y), o(X)B(Y)]} = s —J(arh, pB)(t, N)r(t, A)didA,

where

Tk, 090 0) = 1 (@liV6O) 51 (DB — ) (BN ¢

is the Jacobian of avp and ¢S in [a,b]?.

Proof. By using the cyclicity of trace and the fact that [¢(X), 5(Y)] € B1(H), we
conclude that

— 1 Tr{[a(X)9(Y), (X)B(Y)]}

27
= S T{[a(X)@B)Y ), 6]} i Tr{{(@)(X)w(¥). BY N,
and the right-hand side of the above equality is equal to
| —av.8)e (e Ntax
[a,b]?
by using Theorem 8. O

Now we are in a position to state our main result, the Helton-Howe-Carey—
Pincus trace formula [1, 8, 9, 13].

Theorem 11. Let U(t,\) = 3" ¢ja; ()5 (N) and ®(t,3) = 3> d;i (£)x(N), (m,n
j=1 k=1

e N) and aj, ¢;, ¢;, B; are all in P(la,b]). Then —i[¥(X,Y),®(X,Y)] € B1(H)
and
Tr{-i[¥(X,Y),®(X,Y)]} = J(U, @) (£, \)r(t, \)dtd.
[a,b]?

Proof. The proof follows easily by applying Theorem 10 and the fact that

m

Te{—i [U(X,Y), (X, V)]} =Y > ejdy Tr{—i[o;(X)¢(Y), 61 (X)Bs(V)]}. O
j=1k=1
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Quasi-classical Calculation of Eigenvalues:
Examples and Questions

Tomoyo Kanazawa and Akira Yoshioka

To the memory of Gérard G. Emch

Abstract. We discuss the Maslov quantization condition, especially a method
of quasi-classical calculation of energy levels of Schrédinger operators. The
method gives an approximation of eigenvalues of operators in general. We give
several concrete examples of Schrédinger operators to which the quasi-classical
calculation gives the correct eigenvalues and pose some open problems.
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Introduction

Maslov introduces the so-called Maslov index and the quantization condition for
Lagrangian submanifolds and studies the “asymptotic solutions” of the eigenvalue
problems in quantum mechanics [7]. The Malsov quantization condition can be
regarded as a generalization of the Bohr quantization rule. By means of the quan-
tization condition we can obtain good approximate eigenvalues of Schrédinger
operators (see, for example, [4, 8-10]).

On the contrary, there exist several concrete quantum mechanical systems
where we obtain exact eigenvalues and multiplicities by means of the Maslov quan-
tization condition (see, for example, [1]). Thus, as far as these systems are con-
cerned, we need not to consider the operator theory to obtain the exact quantum
mechanical energy levels and their multiplicities. What we need is only classical me-
chanics, invariant Lagrangian submanifolds and Maslov’s quantization condition.

Our question is:

Why there is such a coincidence?

As far as we know, we have no mathematical proof of the coincidence at present.

The work was supported by JSPS KAKENHI Grant number 15K04856.



70 T. Kanazawa and A. Yoshioka

In this note, we explain a concept of quasi-classical calculation of eigenvalues
of Schrédinger operators. We also show examples for which the Maslov quantiza-
tion condition gives exact eigenvalues.

We should also mention the paper of Leray [6], inspired by Malsov’s theory,
where he constructed a theory of a Lagrangian analysis and treated such a kind
of concrete examples.

Maslov quantization condition

Let 0 be the canonical 1-form of the cotangent bundle T*M of a smooth manifold
M and 7 : T*M — M be the canonical projection. We consider the symplec-
tic manifold (7 M, df). Consider a Lagrangian submanifold L of (T*M, d#). The
Maslov quantization condition is then written as

1 1
om0 4 (mnld) €2,

where % (Planck constant) is a positive parameter, [¢] € Hy(L,Z) and my, is the
Maslov class of L.

Example 1: Harmonic oscillator

We explain here how the Maslov quantization condition determines discrete en-
ergy levels of a Hamiltonian. We consider the case where M = R and then the
cotangent bundle is T*M = T*R = R2?. We write points as (z,p) € R2 Then
the cotangent bundle has the canonical symplectic form df, where 8 = pdx. We
consider a Hamiltonian function H = é(p2 + 22) of the harmonic oscillator.

Now we consider a level set of the function H for every constant E > 0, such
that

L(E) = {(z,p) e R* | H(z,p) = B}.
The level set L(E) is a Lagrangian submanifold of (R?, df). We consider the Maslov
quantization condition for the Lagrangian submanifold L(E). The equation of
motion is
T=p, p=-—x

and an orbit in L(E) is

cg: x(t) = xgcost + posint, p(t) = pgcost — xgsint,

where (z¢, po) is a point in L(E) and then E = H(zg,po) = 4 (pd + x2). Hence the
action integral along cg is

27 1
/ 0 =/ p(t)i(t)dt = 2(p% +a2) 21 = 27E.
¥} 0

As to the Maslov index, we prepare the following lemma.
We consider the symplectic manifold (T*R", df). Let

Hl(‘rap)7 H2(z7p)7 s 7Hn(z7p)
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be smooth functions on a domain D in T*R". Suppose they are in involution, or
Poisson commuting each other. We denote their level set by
L(Clv C2y .-y Cn) = {(-’E,p) €D | Hl(z7p) = 617H2(z7p) =C25.. ., H’ﬂ(xap) = Cn} :
We put H = (Hq, Hs, ..., H,) and define n x n matrices by

OH, OH;
H, = J H, = J L k=1,2,...,n.
<8$k), p <8pk>7]7 y 4y ) TV

Then we have (see [11])

Lemma 1. The Maslov form on L(ci,ca,...,cn) is given explicitly as
1
myp =  d(argdet(H, +iH,)).
7r

For the harmonic oscillator H(z,p) = 1/2 (22 + p?), we have
det(Hy, +iH,) = p +ix.
Hence, on the curve
cg: x(t) = xgcost + posint, p(t) = pocost — xgsint

we see my, = (1/m) d(argdet(H, +iH,)) = (1/m) dt, and then the Maslov index

for cg is
1 2
<mL,[cE]>:/ g, = / gt =2
cB ™ Jo

Then the Maslov quantization condition for L(F) becomes

1 1 E 1
27Tﬁ/6974<mL7[c]>7 o €Z

and the level set L(E) satisfies the Malsov quantization condition if and only if
the parameter FE is given as

1
EFE=F,= (n—|—2) h, n=0,1,2,...,

which gives exactly the eigenvalues of the Schrodinger operator of the harmonic
oscillator.

Example 2: the hydrogen atom

In this section, we see that the Maslov quantization condition determines the
eigenvalues of the Schrodinger operator of the hydrogen atom, the angular mo-
mentum operator and the Lenz operator, and also determines multiplicities of the
eigenspaces for the hydrogen atom.
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The operators of the hydrogen atom, the angular momentum operator and
the Lenz operator are respectively given by

h o K2 1 ’ v
0 = — - p— 2
H (z, ; 830) == A m || (E zk>

k=1

~ h O . ~

iz, . = T2p3 — T3P2,
i 0x

R h 0 P PN o -2y~ T

e\ T, gy | = T2P1P2 +x3p1p3 — x1(py +p3) + D1+

|’

where A is the 3-dimensional Laplacian and p, = ?ng’ k =1,2,3. These opera-

tors are mutually commuting. Denote the corresponding Hamiltonian functions of
H,ly and €; by
1

jz|”

1

li(z,p) = xaps — w3p2,

T
61($,p) =p1 <l',p> - .I'1|p|2 + |.’L’|)

where (x,p) € T*(R3\0) and (z,p) = Zizl xipr. It is easy to see that the func-
tions H,l; and e; are in involution, or Poisson commuting, with respect to the
canonical Poisson bracket. We consider the level set of H,Il; and e; such that

_f@p) e TV(®RS —0) | H(z,p) = —E (E >0)
L(Eallyel){ l1($,p)=l1,€1($,p)=61 }

The functions H,l; and ey satisfy a priori inequality (see [11, Proposition 1.1])

1/V/=2H(z,p) = |li(x,p)| + ler(z,p)|/ v/ ~2H (z,p)

for any (z,p) € T*(R?—0). For parameters (E, [, e1) satisfying an inequality such
that

1V2E > |I1] + (|el|/\/2E>
it is easy to see that the level sets L(E,lq,e1) are compact. Then we have

Proposition 2. The level sets L(E,l1,e1) are Lagrangian submanifolds and are
diffeomorphic to 3 torus generically.

Now we calculate action integrals and also the Maslov indices along certain
closed curves ¢, co,c3 on L(E, 11, e1) which generate Hi(L(E,l1,e1),Z) as before,
and by a direct calculation we can check the Malsov quantization condition. We see

1 1 ! 1 lea| 1
“orh /019 gtmelal =g, <\/2E * Vam Hl) R
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1 1 1 1 lea| 1
: 9 — - _ L)- ez
2rh /cz gtmelel) =g, <\/2E N R 1> 2 &%

1 1 Iy
: — = 7.
@QMLf L mofesly =1 e

C2

Then we have ([11])

Theorem 3. L(E,l1,e1) satisfies the Maslov quantization condition if and only if

1 ny —ng
E:En: llillm:mh €1 = €1.ny.ne —
2n2h2’ ’ ’ ;11,12 n )
where

n=mny+ns+|m|+1, n,ni,ne,méeZmng,ng > 0.

Theorem 4. The numbers E,, 11, and e1 pn, n, are just equal to the eigenvalues
%%rﬂ, the
number of level sets L(E,,l1,e1) satisfying the Maslov quantization condition n =
ny + ng + |m|+ 1, ny,na > 0 is equal to the multiplicity of the eigenspace of H
belonging to E, .

of the operators ﬁ, lAl and €1, respectively. Moreover, for each E, =

Example 3: MIC-Kepler problem

The MIC-Kepler problem is the Kepler problem under the influence of Dirac’s
magnetic monopole. The quantized MIC-Kepler problem is formulated and solved
by Iwai-Uwano as follows [3]: For every m € Z, Dirac’s monopole field is defined
by a closed two-form on R?\ {0}

Q= —(m/2)|Z| 73 (F1 diia A dTs + T3 dFy A dTy + To dTs A dT ),

where T = (1, Z2, 73) € R*\ {0} and |2| = (2% + 73 + 53)1/2. A simple calculation
yields |, g2 (~2m = 27m, where S? is the unit two-sphere and ﬁm is an integral. Then
we have a complex line bundle E,, over R3\ {0} with a Hermitian inner product
(, ),, and a linear connection V™ with the curvature form Q. The Hamiltonian

of the quantized MC-Kepler problem is given by

N B2 S

w2, (m/2)% 1
Hp==, > (V') +
j=1

207> |7’
where V7 stands for the covariant derivative in the direction of 9/07;, j = 1,2,3.
The operator ﬁm has mutually commuting operators

- n (m/2)

lr,n — . ~2 ~ 5
1 i (fL‘ C 3 X3 C 2 ) + | | X1
em. . m,2 m,3 m,3 m,2 ~
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The eigenvalue problem is exactly solved by Iwai-Uwano [3] as follows. Con-
sider a non-negative integer n subject to the condition: |m| < n and n—m is even.
Then the eigenvalues of H,,, and their multiplicities are

g _ 2 (n—m+2)(n+m+2)
" (n +2)2h2’ 4 ’
respectively.

On the other hand, the corresponding classical mechanical system is the
following. The symplectic manifold is (T*(R?\ {0}), o, ), where

3
Om =D dp; NdT; + 7, (7,5) € T*(RM\{0}) = (R*\ {0}) x R?
j=1
and 7 : T*(R3\ {0}) — R3\ {0} is the canonical projection. The classical Hamil-
tonian of the operators H,,, [y, 1 and €, 1 are respectively given by
(m/2)* 1
2z )

/2) -

~ - - m/2
lm,1(Z,p) = Tops — T3pa + foat

~ 1,
Hm(z7ﬁ) = 2|p|2 +

_ SR m/2)(Z2pP3 — Zapa z
e’m,l(xai)’) = —$1|p|2 +p1 <$7§> + ( / )( |5| ) |:’i'/| .

The classical Hamiltonian functions H,,, [, and e, are in involution, and we
consider their level sets

_ {(5»13) € T*(RS —{0}) | Hn(7,p) = —E, (£ > 0)}

L(E7lm.1aem 1)* ~ - .

) ’ lm,1($,@ = lm,la em,l(xyi;) = €Em,1

By a similar way as in the Kepler problem, we see that the parameters
(E,lm.1,em1) satisfy a certain natural inequality, and generically the level set
L(E,lm1,em,1) is diffeomorphic to 3-torus.

Iwai-Uwano [2] showed that the classical MIC-Kepler problem is obtained
by the Marsden-Weinstein reduction by U(1) action on the cotangent bundle
(T*(R* — {0}),df). Using this structure Yoshioka-Ii [12] defined a quantization
condition on the symplectic manifold (7(R3\ {0}), 0, ) which is regarded as a
U(1)-reduction of the Maslov quantization condition on the symplectic manifold
(T*(RY — {0}), df).

Similarly as before, we can check the quantization condition for the level set
L(E,lm,1,em,1) and we obtain ([12])

Theorem 5. The Lagrangian submanifold L(E, 1y 1, em 1) satisfies the quantization
condition if and only if the parameters (E,lpy 1, €m 1) coincide with the eigenvalues
of the corresponding Hamiltonian operators. For each eigenvalue E = —E,Sm) =
(n+§)252, the number of the Lagrangian submanifolds L(E,ly 1,em,1) satisfying

the quantization condition is equal to the multiplicity of the operator f[m.
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Example 4: The Bochner-Laplacian associated with the harmonic connection
on the line bundle over CP™

In this section, we consider quasi-classical eigenvalues of the Bochner-Laplacian as-
sociated with the harmonic connection on the line bundle over CP™. The harmonic
connection is given as follows (see [5]).

We provide C"* = {z = (z0,...,2,)} with the Hermitian inner product
n
(2,2 = Z 2%
=0

and the real inner product (z,2’); = Re (z,2’). Consider the 2n + 1-dimensional
sphere with radius 2,

5[227]L—~_1 ={z=(0- - 2) | (520 =4},

which is endowed with the canonical Riemannian metric g, induced from (z, 2’) 5.

The action of U(1) ={A € C | |A| =1} on S[QQ?H denoted by R is given by

R(Nz=Xz, AeU(1), ze Sy

As a quotient space, we get the principal fibre bundle (Hopf fibre bundle) v, :
Sé’f“ — CP". We fix a Riemannian metric g on CP™ so that v, is a Riemannian
submersion. Define a connection on S[QQTH by means of the Riemannian metric g
such that 5 = g,(7,*)/|v|, where v is the fundamental vector field on Sé’f“ of

the action R. Its curvature form is denoted by ). For every m € Z, we consider a
U(1) action p on C such that

p(MNw =A"w, XeU(l),weC.

We then have a Hermitian line bundle (E,,,(, ),,) associated with 5[227]”1 by pim.
The metric connection d,, induced by B is called the harmonic connection in
(Em, (s ),,). We denote by D, the Bochner-Laplacian associated with d,,. The

eigenvalues and their multiplicities are already known ([5]).

Proposition 6. The eigenvalues of D,, are
AE) = (k4 |m|/2)(k + |m|/2 +n) —m?/4, k=0,1,2,...

and the multiplicity of )\g,]f) 18

k+[m[+n][k+n] [k+|ml+n—1][k+n—1
k + |m| k k4 |m|—1 k-1 |

We consider the corresponding quasi-classical calculation. Consider the cotan-
gent bundle 7w: T*CP"™ — CP". We denote the energy Hamiltonian of g by H.
We consider a symplectic structure on T*CP"™ such that o, = df + 7*mf2, where
0 is the canonical 1-form of T*CP™. The function H is completely integrable and
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we take certain functions Hy, ..., Ha, 1, Ha,, = H, which are Poisson commuting.
Similarly as before, we consider a level set

L(Ey,...,Eo) ={peT*CP" | Hj(p) = Ej, j=1,2,...,2n}.
We check the quantization condition directly for the level sets L(E, - -+ , Ea,) and
we obtain ([13])
Theorem 7. The quasi-classical eigenvalues of H are
B = (k + [m|/2)(k + |m|/2 +n) —m? /4 +n? /4
=AB) 4 n?/4 k=0,1,2,...

m
Remark 8. As to multiplicities, we have that for each k the number of
L(Ey,..., Ea,)
satisfying the quantization condition is equal to the number of tuples of integers

(717 o s Yn—15P0,P1y - - - 7pn)
such that

n n
Zpl:m, kZ’Yn—1Z"'Z%Z<Z|pl|_|m|>/2-
1=0

1=0
(For details, see [13].) We can check directly the number of tuples is just equal to

the multiplicities of the kth eigenvalue of the Bochner-Laplacian )\7(5) for every k.

Question

Now we would like to ask:

e Can we find other examples which have such coincidence?
e Can we prove mathematically why such coincidence occurs?
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Supergroup Actions and Harmonic Analysis

Alexander Alldridge

Abstract. Kirillov’s orbit philosophy holds for nilpotent Lie supergroups in a
narrow sense, but due to the paucity of unitary representations, it falls short
of being an effective tool of harmonic analysis in its present form. In this note,
we survey an approach using families of coadjoint orbits which remedies this
deficiency, at least in relevant examples.
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1. Introduction

The correspondence principle states that in the limit of large quantum numbers,
quantum mechanics should reproduce classical mechanics. Quantization is the en-
deavour of reverse-engineering this correspondence in order to produce viable quan-
tum models.

A prominent approach to this task is Geometric Quantization. Its notable
strength lies in its ability to associate, with non-linear phase-space symmetries
(a.k.a. symplectic Lie group actions), unitary symmetries of the quantum Hilbert
space (a.k.a. unitary representations). Taking this ideology to extremes, one may
entertain the idea that all irreducible unitary representations of some given Lie
group G might be obtained by the quantization of some universal homogeneous
symplectic G-spaces.

It is a famous result due to A.A. Kirillov [9] (partly reformulating earlier
results due to J. Dixmier [8]) that this sanguine assumption is a hard fact, at least
for nilpotent Lie groups.

Research funded by Deutsche Forschungsgemeinschaft (DFG), grant nos. SFB/TR 12 and ZI
513/2-1, and the Institutional Strategy of the University of Cologne in the German Excellence
Initiative.
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Theorem 1 (Kirillov 1962). Let G be a simply-connected and connected nilpotent
Lie group. There is a bijection between the isomorphism classes of irreducible uni-
tary representations of G and the orbits of G in the coadjoint representation on g*.

Moreover, Kirillov showed that the regular representation of G decomposes in
a natural fashion as a direct integral over the orbit space g*/G. His ideas have been
vastly extended and generalized, under the epithet of the “orbit method” or “orbit
philosophy”, thereby also shedding light on some older results. For example, the
Peter—Weyl decomposition for a compact Lie group G can be obtained by applying
Geometric Quantization to T*G.

It is with these applications to harmonic analysis in mind that we will
outline, in this survey, a new approach (developed jointly with J. Hilgert and
T. Wurzbacher) to bring the orbit philosophy to fruition for Lie supergroups. Lie
supergroups appear as the non-linear classical counterparts to the supersymme-
tries of quantum field theories, both fundamentally in high-energy physics and
as effective symmetries of quasiparticles in condensed matter theory. The lack of
a fully satisfactory theory of harmonic analysis for Lie supergroups is therefore
a major drawback. In fact, as B. Kostant notes in a fundamental paper on the
subject [11]: “[Lie supergroups are| likely to be [...] useful [objects] only insofar
as one can develop a corresponding theory of harmonic analysis”.

We reassess this basic problem and extend the basic notion of “orbits” by
allowing for the presence of auxiliary parameters. This entails some necessary up-
grades to the terminology, which we motivate and explain at length in this survey.
As we show in examples, the resolution of the attendant technical difficulties dis-
pels some of the basic limitations of the more traditional approaches, hopefully
bringing us closer to the fulfilment of Kostant’s vision.

Let us close this introduction with a synopsis of the article. After a pedestrian
introduction to the wherewithal of supermanifolds in Section 2, we proceed to
illustrate the failure of the orbit philosophy (in its traditional sense) for Lie super-
groups in Section 3. We introduce our approach in Sections 4 and 5. In Section 6,
we show how these ideas help to overcome some of the apparent limitations of the
orbit philosophy, at least in some pertinent examples.

2. Supermanifolds in a nutshell

Supermanifolds arose in an attempt to define geometries supporting classical field
theories which correspond to the bosonic and fermionic fields encountered in quan-
tum field theory. In addition to the ordinary “even” (or bosonic) coordinates,
such geometries allow for “odd” (or fermionic) coordinates which mutually anti-
commute and commute with their even counterparts.

Formally, such geometries are modelled by extending the algebra of (smooth,
analytic, or holomorphic) functions to

FM)[E,....¢ =F(M) @ \E,....€)



Supergroup Actions 83

where F(---) is the algebra the ordinary functions and A(---) denotes the Grass-
mann algebra in the generators £#. This is a superalgebra, i.e., it admits a grading
with respect to Zy = {0,1}.

Thus, a superspace X consists of the data of a) a topological space, denoted
by Xo, and b) a sheaf of local algebras Ox on X (where the ground field K is
C or R). Here, Ox is an abstraction of the “algebra of functions”, assigning to
any open subset U C X the “functions” defined on U, and the word “local” is a
technical condition ensuring that the notion of the value (or “numerical part”) of
a function is well defined at every point x € U.

The most basic example of a superspace is obtained as above, viz.

APlT — ((Ap\q)o’om‘q)’
(AP1)g = kP, Opple = Fir(— K) @ A(€",-., £9).

Here, k € K is R or C and Fye(—,K) is the sheaf of K-valued functions on k?
— where, according to our persuasion (which may vary over time), we take the
liberty to consider smooth or k-analytic functions. Given any superspace X and
an open subset U C X, we may define the open subspace X |y on the set U to be
the pair (U, Ox|v).

Just as important as the notion of a “space” is the notion of a “map”, incorpo-
rating central physical concepts such as trajectory, field, and gauge transformation.
In local coordinates, maps of (smooth, analytic, or complex) manifolds take the
form

y“ = 50#(‘7;17 cee ’xn)
where on the right are arbitrary (smooth, analytic, or holomorphic) functions.

This is no different for supermanifolds; the only new distinction is between
the parity (even/odd) assigned to the coordinates. Thus, grouping the coordinates
according to their parity as y = (v,n), z = (u,§), “maps” of supermanifolds are
of the form

v =% (ut, . uP gD,

n’ =Pt .. P €L €T,
where again, the functions on the right are arbitrary — up to their parity, which is
fixed by the left-hand side.

To make sense of this in our formal framework, we are faced with a conun-
drum: In order to speak of local coordinates, we need a notion of charts, so we need
to know what a map is in the first place. The solution is to change perspective
and consider maps as devices which pull back functions; the statement that for
supermanifolds, the thus defined maps are indeed determined by the data in (1)
(that is, by the pullback of coordinates), is then a non-trivial fact, due to D. Leites
[12].

Thus, technically, a morphism ¢ : X — Y of superspaces comprises the
following data: a) a continuous map denoted by ¢ : X9 — Yo and b) a local
morphism of superalgebra sheaves ¢ : Oy — (0)«(Ox). That is, on any open

(1)
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set V' C Yy, to any function f € Oy (V) defined on V is assigned the pulled back
function ¢f(f) € Ox(¢y'(V)) — whilst preserving the algebra structure and the
grading. As before, the word “local” is a technical condition ensuring that the
pullback preserves values, that is, that the equality ©*(f)(xz) = f(@o(z)) holds
whenever it makes sense.

As an example, consider the morphism ¢ : A2 — A2 determined by the
assignment

Pu)=ut+g'e’, @) =¢" (b=12).

Its effect on a general function f =", f1&! = fo + f1€! + 262 + f1261€? is

Ofz
By 142 I
P =fot PTE2+Y  hiel.
With these notions in place, we may now pose the following definition.

Definition 2. A supermanifold X is a superspace whose underlying topological
space X is Hausdorff and which is locally isomorphic to A?I9. Here, the latter
statement means that for any « € Xy, there are open sets U and V' (with x € U)
and an isomorphism X |y — AP4|y.

Notice that according to our persuasion (i.e., our choice of function sheaf on
the model space A”‘q), we have defined the notion of smooth, analytic, or complex
(i.e., holomorphic) supermanifold.

A popular example of a supermanifold is obtained thus: Take any manifold
X and define

nrx = (X, Q}),
where Q% is the sheaf of differential forms on X, with the exterior product as
algebra multiplication and the Zs-grading induced by the degree of differential
forms. This supermanifold is called the parity-reversed tangent bundle on X. Its
main distinction is that it carries a canonical odd vector field — i.e., a parity-
reversing endomorphism of the function sheaf Onrx = Q2% following a graded
Leibniz rule — namely, the de Rham differential d.

Much of the local theory of manifolds goes through for supermanifolds with-
out essential changes; in-depth accounts can be found in Refs. [6, 7, 12, 13]. In
particular, supermanifolds admit direct products, and this allows us to define the
notion of a Lie supergroup, generalizing that of a Lie group.

Definition 3. A Lie supergroup is a group object in the category whose objects are
the supermanifolds and whose morphisms are the morphisms of superspaces. In
other words, a Lie supergroup is the datum of a supermanifold G, together with
morphisms m : G x G — G, 1: ¥ — G (where * = A% is the singleton space),
and ¢ : G — G, which respectively obey the defining equations of multiplication,
unit element, and inverse in a group.

Similarly, a (left) action of a Lie supergroup G on a supermanifold X is a
morphism a : G x X — X satisfying the defining equations of a group action
on a set. A way to express this formally is to postulate the commutativity of the
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following diagrams:

(1,idx)
R

GxGxX ™Y qgxx X GxX
idcxal ia \la
Gx X X X

a

that express, respectively, the associative and unit laws for the action.

An example of a Lie supergroup structure on G = A2 is obtained by writing
its standard coordinates (u, &, n) in a matrix of the following shape:

1 u =€
01 —m|. (2)
0 0 1

Matrix multiplication and inversion will then define a Lie supergroup structure.
(The signs do not play a role here, but are vital in other contexts.) The Lie
supergroup thus determined will be called the Heisenberg supergroup with odd
centre. Explicitly, we have

mi(u) = u' +u?, mhE) =&+ E +uln?, mi(n) =0t + 07
and expressions for the inverse can be similarly derived. An example of an action

of G on X = A2l is given by writing its standard coordinates (s,t,6) in a column
as follows:

t
—0
and multiplying from the left by the matrix in Equation (2). It is immediate that
this action fixes any point of the form (0,¢g) € A(Q) t= k2, although the coordinate
t is not fixed, but instead mapped to t 4+ nb.

A less contrived example of an action is obtained by integrating the odd
vector field d on ITIT'X (where X is any manifold) to an action of the additive Lie
supergroup G of A%': If @ is the coordinate on G = A%, then the action morphism
a is determined by

)

a*(w) == w + Odw
for any differential form w on X. Notice that ag is the identity of X, but the
action is far from trivial: The invariant functions on IIT'X are exactly the closed
differential forms on X.
It is instructive to write this in coordinates, say for X = A!. We have [IT'X =
A" with the coordinates (u,& = du) where u is the standard coordinate on X.
Then
a*(u) =u+0¢, df(§) =¢ (3)

This can again be realized by matrix multiplication:

((1) 19) <u€> - (u +£9£) '
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3. The orbit nightmare for Lie supergroups

While the basic definitions in the theory of supermanifolds appear innocent enough,
the simple examples discussed in the previous section may serve as an indication
to all that is not well in the world of Lie supergroup actions. Nonetheless, one may
still hope for a generalization of Kirillov’s orbit philosophy to this universe.

In fact, quite some work has been done in this direction, beginning with
B. Kostant, who, among other things, defined the coadjoint action of a Lie su-
pergroup more or less simultaneously with the introduction of the latter concept
[10]. He also defined homogeneous spaces of Lie supergroups, using the language
of Lie—Hopf algebras. This was later recast in the language we are using here by
Boyer—Sanchez-Valenzuela [4]. We briefly review the results.

Given an action a of a Lie supergroup G on a supermanifold X and a point
x € Xy, there is a natural notion of isotropy supergroup. (We will come back
to this later.) As the above authors show, it is a closed subsupergroup G, of
G. Moreover, there is a natural supermanifold G/G, and a surjective submersion
m: G — G-z = G/G, satisfying the obvious universal property. In particular, the
inclusion * — X of the point x factors through a natural G-equivariant injective
immersion G-x — X — this is the orbit of x. In the case of the coadjoint action of
G of g*, the orbits G - f carry a natural supersymplectic structure invariant under
the action.

Thus, coadjoint orbits are in place, and there is also a natural notion of
representation for a Lie supergroup. For the case of k = K = R, there is also a
natural notion of unitary representation [5].

The following striking result of H. Salmasian [15] shows that these concepts
are in unison, in perfect agreement with the orbit philosophy.

Theorem 4 (Salmasian 2010). Let G be a simply-connected and connected nilpotent
Lie supergroup. The orbits through points of the coadjoint action of G on g* are
in bijection with the irreducible unitary representations of G up to parity and
isomorphism.

Let us apply to the simplest possible example, the additive group G of the
affine supermanifold g = A%, The coadjoint action is trivial since G is Abelian.
There is only one point of g*, so there is only one orbit, the singleton space. On
the other hand, there is up to parity and isomorphism only one irreducible unitary
representation, namely, the trivial one.

While this confirms Salmasian’s theorem and thereby in a narrow sense the
orbit philosophy, it shows also that a decomposition of the regular representation
on the space of functions O¢ into unitary irreducibles is not conceivable in the
traditional sense, as this representation is far from trivial.

What has gone wrong? The examples of Lie supergroup actions considered
above suggest that orbits through ordinary points retain only an insufficient frac-
tion of the information on the action. As we shall now argue, a remedy to this
defect is to generalize the notion of points.
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4. Points manifesto

In order to generalize the notion of points, it is first necessary to rephrase it. As
we observed above, a point x € Xy of a supermanifold gives rise to a morphism
% — X from the singleton space * = A°9 which assigns to a function on X its
value at x. This actually sets up a bijection between the elements of X and the
morphisms * — X.

FIGURE 1. A point is a map from the singleton space.

The problem with such simple-minded ordinary points is that they have no
“odd directions” with which to trace out those of X. So it is natural to allow
them to acquire further degrees of freedom, that is, to replace the singleton * by
a general supermanifold 7'. This leads to the following notion.

Definition 5. Let X be a supermanifold. A T-point of X, where T is another
supermanifold, is a morphism z : T' — X. We write x €7 X and denote the set
of T-points of X by X(T).

Intuitively, a T-point of X is a family of points in X parametrised by the
auxiliary space T'— but this intuition has a limited validity, since a T-point carries
more information than the range of the underlying map.

FIGURE 2. A T-point is a T-parameter family of points.

Working with T-points has many advantages: One is that it replaces the
supermanifolds and their morphisms by sets and maps of sets.

Indeed, the supermanifold X is replaced by sets of T-points, for any 7T'. Sim-
ilarly, a morphism ¢ : X — Y is replaced by the maps X (T) — Y (T'), defined
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by © — ¢(x) := ¢ o . The Yoneda Lemma from category theory states that
X is determined up to canonical isomorphism by the contravariant functorial as-
signment T — X(T), (¢ : S — T) +—— (x —— x o), called the functor of
points. Moreover, morphisms X — Y are in bijection with natural transforma-
tions (o1 : X(T') — Y (T)) of the functors of points.

Another advantage of T-points is that they lead to the notion of base change.
We will not discuss this in all generality, but instead apply it to extending the
notion of supergroup orbits, as we now explain.

5. Isotropies and orbits in families

Let us reconsider the notion of isotropy supergroups through ordinary points.
Thus, let a : G x X — X be an action of a Lie supergroup G on a supermanifold
X and let x be an ordinary point. The equation defining the isotropy can be
written out in terms of T-points as follows: A T-point g €7 G is a T-point of the
isotropy supergroup if and only if

g-T ==z

Here, we write g - z for a(g,z) = a o (g,z) and « is considered as a T-point of X
via the composition

T —— % —2> X,

where the morphism 7" — * is unique. Thus, the isotropy supergroup of Kostant
and Boyer—Sénchez-Valenzuela is the supergroup G, unique up to canonical iso-
morphism, whose functor of points is

G.(T) = {gETG|g-x:x}.
An equivalent way to state this is that G, is the fibre product of the point map

2 : %+ — X and the orbit map a, : G = G x* — X, defined by a, = ao(idg x x),
i.e., the following diagram is Cartesian:

Gy, — G

i

* —— X

That is, any pair of morphisms to * and G that lie over the same morphism to X
factors uniquely through G,.

In a similar vein, the orbit G - z := G /G, is defined by the requirement that
the following diagram is a coequaliser:

GXGIP£GL>G~$

That is, any morphism defined on G that yields the same morphism on G x G,
when composed with m and p; factors uniquely through .
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If now z is a T-point to start with, then the orbit map
ao(idgxz):GXxT — X
is defined on G x T'. (Actually, we prefer to put the T factor first, exchanging factors

in the definition.) Thus, the Lie supergroup G gets replaced by a “family” of Lie
supergroups G =T x G. Formally, this is captured in the following definition.

Definition 6. A superspace over T is a morphism X — 7. A morphism of super-
spaces over T is a commutative square

-

A supermanifold over T is a superspace over 1 locally isomorphic to the model
space A’}‘q = T x APl with the projection onto 7. (“Locally” here means locally
in the domain.) A Lie supergroup over T is a group object in the category of
supermanifolds over T" and morphisms over 7.

This definition actually makes sense for base superspaces 7' much more gen-
eral than supermanifolds, see Ref. [2].

With these notions, the definition of the isotropy supergroup through zx is
immediate: It is the fibre product of (p1,z) : T — Xy =T x X and

ay = (pr,ao0(idg xx)0(12):Gr =T xG — Xpr =T x X,
with (12) denoting the flip. Thus, it makes the following diagram Cartesian:

Gx*’GT

[

T —— Xr.
(p1,7) T

In terms of the functor of points, we have
Go(R):={(t,9) €r Gr | g-2(t) = (1)}
for any supermanifold R over T'. Here, recall that x(t) = z o t.
The notion of isotropies through T-points was defined by Mumford [14] in
the context of group schemes. By the Yoneda Lemma, it is clear that G, is indeed
a Lie supergroup over T if only it exists as a supermanifold over 7T'.

A tame example of an action is given by G = GL(2,R) acting naturally on
X = A? (where K =R). For T = Al and

cost
2(t) = (sin t>
we obtain

o — . 1+ scostsint scos?t
T ’ —ssin?t 1 — scostsint

s,teR}.
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In this case, the isotropy supergroup exists and is a Lie group over Al
On the other hand, consider the action of G = A% on X = A!' defined in
Equation (3). Let T = A% with standard coordinate 7 and define « by

Fu) =0, 2*¢) =1
In this case, G, does not exist as a supermanifold over T'. However, it does exist
as a superspace which is locally finitely generated in the sense of Ref. [2]. One
computes easily that
G, = (*,K[G,T]/(@T)).
In any case, if G, exists, then one may define G-z := G /G, by the requirement
that the following diagram is a coequaliser:

m Ta
GTXTGQ;4; GT%G-‘I,
p1

provided this exists as a supermanifold over T'.
In order to understand when the isotropy supergroup exists, we need a piece
of data encoding the geometry of the action.

Definition 7. Let a : G x X — X be an action of a Lie supergroup G on a
supermanifold X. For v € g, the fundamental vector field of v is the unique vector
field a, on X such that

(v®1)oaf = (1®ay,)od.

The fundamental distribution <7y is the Ox-submodule of the tangent sheaf I
spanned by the fundamental vector fields.

FI1GURE 3. The fundamental distribution .27;.

The following theorem is proved in Ref. [3].

Theorem 8 (Alldridge-Hilgert—Wurzbacher 2015). The following are equivalent:
(i) The isotropy supergroup G, exists as a Lie supergroup over T'.
(ii) The orbit morphism a, : Gp — X1 has constant rank over T. (That is, its
tangent map on the tangent sheaf over T has a locally free cokernel.)
(i) The pullback x* <ty is locally direct in x*Tx.
In this case, G - x is a supermanifold over T and the canonical morphism
G -z — X is an injective tmmersion.
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We remark that the notion of constant rank morphisms of supermanifolds
is much more subtle than for manifolds; in particular, it is not implied by the
weaker condition that the rank of the tangent map on the level of tangent spaces
is constant.

The theorem subsumes the previous results by Kostant and Boyer—Sanchez-
Valenzuela. Moreover, it explains why the isotropy does not exist in the example
before Definition 7: the fundamental distribution is spanned by the differential
d=¢ 8‘1, and its pullback along x is spanned by 7 (:pﬁ o 8%), so is not a direct
summand.

This phenomenon is not restricted to actions of Lie supergroups. The action
on X = A% of the additive group of A! that is generated by the even vector field
13 666 is also an example where the theorem’s assumption fails.

For the particular case of the coadjoint action of G on g*, whenever an orbit
through a T-point f €7 g* exists, it carries a symplectic structure (& la Kirillov—
Kostant—Souriau), as the following theorem from Ref. [3] shows.

Theorem 9 (Alldridge-Hilgert—Wurzbacher 2015). Let f €1 g* be a T-point of
g*. If the orbit morphism ay with respect to the coadjoint action a = Ad* of G
has constant rank, then the coadjoint orbit G - f carries a canonical invariant
supersymplectic structure wy over T

Here, a supersymplectic structure is a non-degenerate super-antisymmetric
bilinear form on the tangent sheaf over T (whose sections are vector fields along
the fibres of the projection onto T') that is closed for the relative differential dx /7.

We emphasize two points: a) The definition of wy is the standard one (the
precise formulation is somewhat technical since one has to handle the sheaves
correctly), and b) in previous attempts by G.M. Tuynman [16] to handle coadjoint
orbits through T-points in a more ad hoc fashion, it was necessary to consider
symplectic forms that where no longer homogeneous with respect to parity. This
difficulty disappears in our systematic treatment.

6. Applications to harmonic analysis

We now illustrate in some examples how the point of view introduced in the two
previous sections resolves some of the issues around the orbit philosophy for Lie
supergroups.

We fix a Lie supergroup G and a T-point f of g*. We think of representations
of G as families over T'. For several reasons, the simplest (and most general) way
to phrase its representation theory is in terms of contravariant functors on the
category SMany of supermanifolds over T'. One basic such functor is O, defined by

OU) =T(0pyg), Of :U—U"):=f":0U") — OU).
Here, I" denotes global sections and the subscript (—)g the even part. Then O is

a ring object in the category of contravariant functors on SMany. The functor of
points of Gt is a group object in this category.
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Definition 10. A representation (H,m) of G consists of an O-module object H in
the category of contravariant functors on SMany and an O-linear action

Tm:Gr xH— H.
Let h be an Op-subalgebra of gy := Op ® g (preferably, one that is polarizing

in some sense). Then we define a representation (Q( fh), 7153) of G as follows. On
(t:U — T) € SManr, we define
Q(f,0)(t) = {¢ € T(Opwxrro) | Yo e T((£*h)5) : Ry = —i(f(t),v)¢}.

Here, R denotes the right regular representation (by right translation). On mor-
phisms ¢ : U — U’ over T, we set

Q(f,5)() = (¢ xridg, ).

The action 7T;)c is given by restriction of the left regular representation, viz.

719 = (=97 (=) = ((idv x7m)o ((idv,g~") x7 idg))* ()

for ¥ € Q(f,h)(t) and g €y G. When the coadjoint orbit G - f exists as a super-
manifold over T', Q(f, ) can be seen to define an Op-module. But it makes sense
as a functor in any case.

Let us come back to the most basic example of the Abelian supergroup G =
A% Recall from Section 3 that this could not be handled satisfactorily in the
traditional approach.

In this case, we have Gy = G, G- f =T, and the Kirillov-Kostant-Souriau
form wy is zero. Thus, the only reasonable choice for h is gr. For any (¢t : U —
T) € SMany, the O(t)-module Q(f, h) is generated by

wt — 677; Zj tj‘sj.

Here, t is determined by t*(¢&;) = t;, where (£;) is a basis of g and (¢7) the dual
basis. That is, Q(f,5) comes from a rank 1|0 locally free Op-module (or vector
bundle on 7). The action on 1), is given by

w(g)th = ey

These representations suffice for a decomposition of the regular representation
of G. In fact, taking T'= g* and f = idp, one of them is enough.

Proposition 11 (Alldridge-Hilgert—Wurzbacher 2015). Denote ’/T; by w. For any
superfunction h on G, we have

/ D) stra(h) = (—1)"+D/2m 0 0),
T
where w(h) is defined by

w(h) = /GD(f) hm,

and the integrals are Berezin integrals, cf. Refs. [7, 12, 13].



Supergroup Actions 93

This is just the standard inversion formula for the fermionic Fourier trans-
form. In our framework, it acquires an interpretation as the decomposition of the
function algebra as an odd direct integral of representations.

We end our discussion by a brief account of the representation theory of the
Clifford supergroup G in our framework. Recall that G is the simply-connected
Lie supergroup with Lie superalgebra g = (x;,y;, 2|7 = 1,...,q) where z;,y; are
odd, z is even, and the bracket is given by

['rj’ yj] =z
with all other relations zero. If we choose T' = A'\ 0 and f = 2*, where (27,17, 2*)
is the dual basis, then the orbit G - f exists as a supermanifold over 7. We choose

h = <x1, Coy T, z>OT. Then we obtain the following nice characterization of the
representation attached to the orbit G - f.

Proposition 12 (Alldridge-Hilgert—Wurzbacher 2015). The representation m = 7'(‘?
on Q(f,h) is the bundle of spinor modules over T of central character —it.

This result can also be reached by other methods, but it is still delightful to
see that the spinor module naturally comes out of our construction. Furthermore,
this fits nicely together with the following result from Ref. [1].

Theorem 13 (Alldridge-Hilgert-Laubinger 2013). For any f contained the
Schwartz space . (G), we have the Fourier inversion

(—1)¢ Dt str 21q,
f(]') = 27T /Al (2t)L(q+1)/2J T(?T(f)), T= {2(1q)/26i7r/4 tr(€') 2 ,i, q.

While a number of issues remain open, these examples may serve as a moti-
vation to study Kirillov’s orbit method for Lie supergroups from the more general
vantage point that we have suggested here.
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Representations of Nilpotent Lie Groups
via Measurable Dynamical Systems

Ingrid Beltita and Daniel Beltita

Abstract. We study unitary representations associated to cocycles of measur-
able dynamical systems. Our main result establishes conditions on a cocycle,
ensuring that ergodicity of the dynamical system under consideration is equiv-
alent to irreducibility of its corresponding unitary representation. This general
result is applied to some representations of finite-dimensional nilpotent Lie
groups and to some representations of infinite-dimensional Heisenberg groups.
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Keywords. Dynamical system, ergodic action, semidirect product.

1. Introduction

A measurable dynamical system is a measure space (X, u) endowed with a group
action on the right X x S — X, (z,s) — x.s, for which the measure y is quasi-
invariant, hence du(z.s) = j(z, s)du(z) for a suitable a.e. defined positive measur-
able function j(-,s) on X. A scalar cocycle of this measurable dynamical system is
a family {a(-, s)}ses of a.e. defined measurable functions on X with values in the
unit circle T, for which the map m,: S — B(L?(X, p)) is a unitary representation,
where

Ta(s): LP(X, 1) = LA(X, 1), (ma(s)9)(2) = j(x, ) 2a(z, s)p(.5).

Our main abstract result is Theorem 7 which establishes conditions on the co-
cycle a, ensuring that ergodicity of the above dynamical system is equivalent to
irreducibility of the unitary representation 7,. The unifying force of this result is

This research has been partially supported by the Grant of the Romanian National Authority
for Scientific Research, CNCS-UEFISCDI, project number PN-II-ID-PCE-2011-3-0131.
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then illustrated by a variety of applications, including unitary irreducible repre-
sentations of finite-dimensional nilpotent Lie groups and some representations of
infinite-dimensional Heisenberg groups.

Some preliminaries on measure theory

Lemma 1. Let (X,p) be any measure space and H := L?(X,u). For any ¢ €
L>(X, ) let My € B(H) be the multiplication-by-y operator, and define A :=
{My | € L>®(X, pn)}. If at least one of the following conditions is satisfied:

1. X is a locally compact space and i is a Radon measure;
2. one has u(X) < oo and H is separable;
then A is a mazimal abelian self-adjoint subalgebra of B(H).

Proof. If the first condition is satisfied then the assertion follows by [5, Ch. I,
§7, no. 3, Th. 2]. If the second condition is satisfied, then the constant function
1€ L>®(X,pn) C L?(X,p) is a cyclic vector for A, hence the conclusion follows by
[7, Th. 2.3.4]. O

Definition 2. Let a: G x X — X be any group action by measurable transfor-
mations of a measure space (X, ). The action « is called ergodic if for every
measurable set A C X with u((AA ay(A)) = 0 for all ¢ € G, one has either
u(A) = 0 or u(X \ A) = 0. (Here, for two sets X and Y, X AY denotes the
symmetric difference X AY = (X \Y)U (Y \ X).)

Remark 3. In the framework of Definition 2 it is straightforward to check that
the group action « is ergodic if and only if the equivalence classes of a.e. constant
functions in L*°(X, p) are the only elements ¢ € L>(X, u) with poay = ¢ for all
g € G. This implies that if « is a transitive action (or more generally, if for every
x € X with its orbit G.z := {ay(z) | g € G} one has p(X \ G.x) = 0), then « is
ergodic.

We refer to [8] for the role of ergodic actions in the theory of operator algebras.

2. General results
To begin with, we recall some ideas from [6, Ch. I, Subsect. 1.4].

Definition 4. A measurable dynamical system consists of a measure space (X, )
endowed with a group action on the right

B: X xS =X, (z,5)— fs(x)=:x.5,
for which the measure p is quasi-invariant. Then for every s € S there is an a.e.
defined positive function j(-, s) on X for which (8s).(p) = j(-, s)u, where (8s). (1)

denotes the pushforward of the measure p through the map g5. Hence for every
measurable set £ C X one has

H(Bo(E)) = / 3, 8)du(a).

E
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A scalar cocycle of this measurable dynamical system is a family {a(-, s)}ses con-
sisting of a.e. defined measurable functions on X with values in the unit circle T,
satisfying the conditions

a(x, s182) = a(x, s1)a(x.s1,s2) and a(x,1) = x

for a.e. z € X and all s1,s0 € S.
In the above setting we also define H := L?(X, u) and for every s € S,

Ta(s): H = H, ma(s)p = (-, 8)"2al-,5)(p 0 B:) ().

Remark 5. In Definition 4, since (Bs,s,)« (1) = (Bs; )« ((Bsy)«(p)) for all s1,s2 € 5,
it is easily checked that the family {a(:, s)}ses satisfies the conditions of a scalar
cocycle, except that the functions from this family take values in the multiplicative
group (0, 00) instead of the unit circle T.

The following result is a special case of [6, Ch. I, Props. 1.1-1.2] whose proof
was not included therein, so we give the sketch of a proof here, for the sake of
completeness.

Proposition 6. Assume the setting of Definition 4. Then the following assertions
hold:

(i) The map mq: S — B(H) is a unitary representation.
(i1) If the representation 7, is irreducible, then the action of S on X is ergodic.
(iil) If S 4s a topological group and one has
lim u(E A (E.s)) = lim / li(, 9)"% = 1)*dp = lim /(a(s, )= 1)dp =0
s—1 s—1
E

s—1
E A (E.s)
for every measurable set E C X with u(F) < oo, then the representation m,
18 continuous.

Proof. Assertion (6) is based on a straightforward computation.

For Assertion (6) note that for every measurable set £ C X which is G-
invariant, the multiplication operator M,, € B(#) is an orthogonal projection
whose image is invariant under 7, (s) for all s € S.

For Assertion (6) we use that the values of 7, are unitary operators on H,
hence an (g/3)-argument shows that it suffices to check that ;Lni lma(s)p—pl =0

for ¢ in some subset of H that spans a dense linear subspace. Using the assump-
tions, one can check that lini |7a(s)xE — xE|| = 0 for every measurable set E C X
s—

with p(E) < oo, and this completes the proof. O

For the following theorem we recall that a multiplicity-free representation is
a unitary representation whose commutant is commutative.

Theorem 7. Assume the setting of Definition 4, where (X, u) satisfies either of the
conditions in Lemma 1, and let

So:={s€S|xz.s=ux for ae x € X}.



98 I. Beltiti and D. Beltiti

If the set {a(-,s) | s € So} spans a w*-dense linear subspace of L (X, u), then
ot S — B(H) is a multiplicity-free representation and moreover the following
assertions are equivalent:

(i) The action of S on (X, p) is ergodic.

(ii) The representation w, is irreducible.

Proof. Recall that H = L?(X, ) and for any ¢ € L°°(X, ) we denote by My, €
B(H) the operator of multiplication by . By Lemma 1, the operator algebra

A= {My | € L¥(X, 1)} € BH)

is a maximal self-adjoint subalgebra of B(#). To prove that 7, is a multiplicity-
free representation, we will show that 7, (S)" C A. Hence we must prove that if
T € B(H) and Tn(s) = w(s)T for all s € S, then T € A. In fact we will prove a
stronger fact, namely if T' € B(H) and T'n(s) = w(s)T for all s € Sy, then T € A.

If s € Sy, then it is clear that j(z,s) = 1 and ¢(z.s) = p(x) for a.e. x €
X, where ¢ € L?(X,p) is arbitrary, and it then follows by the definition of =,
that 7,(s) is the operator of multiplication by a(-,s) € L*(X,u). Since the set
{a(,s) | s € So} spans a w*-dense linear subspace of L*°(X, i) by hypothesis, it
then follows that if T € B(H) and Tw(s) = mw(s)T for all s € Sy, then T € A'.
We have seen above that A is a maximal self-adjoint subalgebra of B(?), hence
A" = A, and then T € A, as claimed above. This completes the proof of the fact
that 7, is a multiplicity-free representation.

Moreover, if the representation , is irreducible, then the action of S on
(X, u) is ergodic by Proposition 6 (6). Conversely, let us assume that the action of
S on (X, p) is ergodic. In order to prove that the representation 7, is irreducible,
we must show that if T € B(H) satisfies Tnw(s) = w(s)T for all s € S, then T
is a scalar multiple of the identity operator on H. In fact, using the condition
Tr(s) =m(s)T for all s € Sy, we obtain by the above reasoning that T = M, for
some ¢ € L*°(X, ). Then for all s € S and ¢ € L*°(X, 1) one has

D(2)j(x,5) P p(w.s) = (Myma(s)p)(z)
= (T'ma(s)p)(x)
= (ma(s)T0)(x)
= (ma(s) My p)(z)
= j(z,8) Y (x.5)p(.5)
for a.e. x € X. This implies that for all s € S one has ¢(z) = ¢(z.s) for a.e. z € X.
Since 1 € L*°(X, ) and the action of S on (X, u) is ergodic, it then follows that

1 is constant a.e. on X, hence the multiplication operator T' = M, is a scalar
multiplication of the identity operator on H, and this completes the proof. O

Remark 8. As we will see in the examples presented in the following sections of this
paper, the group Sy from Theorem 7 is an abstract version of the Lie subgroup that
corresponds to a polarization of a nilpotent Lie algebra. More precisely, one can
interpret the representation m,: S — B(L*(X,u)) as the representation induced
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from the character xo: So — T, xo0(s) := a(zo, s), for some fixed xy € X (if any)
with xg.s = zg for all s € Sy. It is worth noting that if there exists such a point
zo € X, then the above yg is a group homomorphism because of the cocycle
properties of a.

3. Applications to group actions on locally compact spaces

The following proposition establishes irreducibility of some unitary representations
that play a very significant role in [1] and [2]. See Examples 12-13 below for more
specific information in this connection.

Proposition 9. Let G be a group and (X, ) be any locally compact space endowed
with a Radon measure. Assume that a: GXx X — X, (g, x) — a4(x), is an action of
G on X by measure-preserving transformations. Let F be any G-invariant vector
space of real measurable functions on X, with the corresponding representation
A: G — End (F), A\g(f) := foay-1. Assume in addition that the linear span of
the set {exp(if) | f € F} is w*-dense in L>°(X, u). Then the following conditions
are equivalent:

1. The action « is ergodic.
2. The unitary representation

m: Foin G = B(LA(X, ), (w(f.9)9)(2) = /P p(ag1(2))

is irreducible.

Proof. This is just a special case of Theorem 7, with S = F x G. Indeed in this
case Sp = (F,+), and it acts trivially on X. The fact that group action of F x G
on (X, p) is ergodic is equivalent to ergodicity of the action of G on (X, 1), since
the action of F on (X, ) is trivial. O

Remark 10. In Proposition 9 the ergodicity hypothesis is necessary for the repre-
sentation m to be irreducible, without imposing any condition on the linear span
of the set {exp(if) | f € F}. This follows by Proposition 6 (6).

For the transitive group action of a connected simply connected nilpotent Lie
group on itself by left translations, the following corollary implies that the uni-
tary representations constructed in [1, Subsect. 2.4] are irreducible. Using suitable
global coordinates on coadjoint orbits of nilpotent Lie groups and the transitivity
of coadjoint action on its orbits, this corollary also recovers the result of [2, Prop.
5.1(2)]. See Examples 12-13 below for more details in this connection.

Corollary 11. Let G be a group and X be a finite-dimensional real vector space with
a Lebesgue measure pi. Assume that o: Gx X — X, (g,x) — ag(x), is an action of
G on X by measure-preserving transformations. Let F be any G-invariant vector
space of real measurable functions on X, with the corresponding representation
A G = End (F), A\g(f) := foag-1, and define the unitary representation

m Foin G = BLA(X,p),  (n(f,9)¢)(x) = e/ Pp(ag-1(x)).
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If the linear dual space of X satisfies X* C F, then the following conditions are
equivalent:

(i) The action « is ergodic.
(ii) The representation 7 is irreducible.

Proof. If the representation = is irreducible, then « is ergodic by Remark 10.

Conversely, the result will follow by Proposition 9 as soon as we will have
proved that the linear span of the set {exp(i¢) | £ € X*} is w*-dense in L™ (X, u).
To check this, recall that the predual of the von Neumann algebra L>°(X, u) is
LY (X, u1) and the corresponding duality pairing is

L¥(X,p) x LN X, p) = C, (p,9) = {9, 9) 1= /cm/)du-
X
On the other hand, if v € L'(X,u) and 0 = (exp(if),v) = [exp(if)ydp for
X

all £ € X*, then v = 0 by the injectivity property of the Fourier transform. It
then follows by the Hahn—-Banach theorem that indeed the linear span of the set
{exp(if) | £ € X*} is w*-dense in L*°(X, i), and this completes the proof. O

Example 12 ([1, Subsect. 2.4]). Let G be any connected, simply connected, nilpo-
tent Lie group with some fixed left invariant Haar measure, and F C C*°(G) be
a linear subspace of the space of smooth functions on G. satisfying the following
conditions:

1. The linear space F is invariant under the representation of G by left trans-
lations, \: G — End (C*(G)), (\g¢)(z) = ¢(g97*x). We denote again by
A: G — End (F) the restriction to F of the above representation A of G.

2. The mapping G x F — F, (g, ¢) +— Ay¢ is continuous.

3. We have g* C {¢poexpy | ¢ € F}.

We define 7: F x G — B(L*(G)) by

(n(¢,9) ) (@) = ¥ f(g~1a)
for all p € F, g € G, and f € L?(G), and almost all z € G.

Hence 7 is as in Proposition 9. In order to apply that proposition we must
check that the linear span of the set {exp(i¢) | ¢ € F} is w*-dense in L*>(G),
hence that if ¢» € L'(G) and [ exp(ip) = 0 for all ¢ € F, then necessarily ¢ = 0.

G

To this end, using the above condition for ¢ = £ olog with arbitrary £ € g* (note
that ¢ € F by the hypothesis 3), we obtain that the Fourier transform of 1 is zero,
hence ¢ = 0. Finally, the right action of 7 x G on G given by

Gx(FxG) =G, (v,(9¢)—>g 'z

is transitive, hence ergodic (see Remark 3), and then by Proposition 9 the repre-
sentation 7 is irreducible.

Let us also note that the above hypotheses on F ensure that F is a admissible
function space in the sense of [1, Def. 2.8].
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Example 13 ([2, Prop. 5.1(2)]). Let G be any connected, simply connected, nilpo-
tent Lie group, with its center Z and the corresponding Lie algebras 3 C g. Endow
the coadjoint orbit O with its Liouville measure and define

T Gxaag = B(LA0)),  (7(g,Y))(€) =M f(AdG (97 1)E)
Then the following assertions hold:
(i) The group G := G X aq g is nilpotent and its center is Z x 3.
(i) 7 is a unitary irreducible representation of G.
We recall that the multiplication in the semi-direct product group G is
given by
(91, Y1) - (92, Y2) = (9192, Y1 + Adg(g1)Y2) (1)
and the bracket in the corresponding Lie algebra g = g X.q g is defined by

[(Xlﬁyl)’ (XQ’YQ)] = ([X1’X2]7 [X17Y2] - [XQ&Yl])'

An inspection of these equations shows that g is a nilpotent Lie algebra with its
center 3 X 3.
To see that 7 is a representation we need to check that the function

a:Ox G — T, a(&(g,Y)):= el6Y)

is a cocycle in the sense of Definition 4. In fact, using the right action of Gon O
given by B

OxG =0, (£(9.Y)) = €oAdalg) = Adg(g7)E, (2)
it follows by (1) and the above definition of a that

a(§, (91, Y1)(g2,Y2)) = a(§, (9192, Y1 + Ada(g1)Y2))

— ei<f,Y1+Adc(gl)Y2>

— ol(&Y1) i(€0AdG (91),Y2)

= a(&, (91, Y1))a(€.(91, Y1), (92, Y2)).

The property a(§,1) = £ for al £ € O is clear from the definition of a. Also note
that the Liouville measure on O is invariant under the group action (2). It then
follows by Proposition 6 that 7 is a continuous unitary representation.

Moreover, to see that 7 is irreducible we will use Corollary 11. To this end,
first note that the group action (2) is transitive, hence ergodic (see Remark 3).
Furthermore, recall that the mapping

04)9:7 §*>£|Qe

is a global chart which takes the Liouville measure of O to a Lebesgue measure
on g, where e is the jump index set of O with respect to some Jordan-Holder
basis in g (see for instance [2]). Then we can use the Fourier transform to see
that the linear subspace generated by {e*) | Y € g} is weak*-dense in L>(O)
(~ L'(O)*). Therefore we can use Corollary 11 to obtain that 7 is irreducible.

In addition to the above properties of 7 we also recall some additional infor-
mation on the irreducible representation 7 that was obtained in [2, Prop. 5.1(2)].
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Firstly, the space of smooth vectors for the representation 7 is S(O). Moreover,
select any Jordan—Holder basis X, ..., X, in g and define
5o (0,X;) forj=1,...,n,

’ (Xj-n,0) forj=n+1,...,2n
Then X Ty--- ,)~(2n is a Jordan-Holder basis in g and the corresponding predual for
the coadjoint orbit O C g* associated with the representation 7 is

aE:geXgegaa

where ¢ is the set of jump indices for 0.

4. Application to Gaussian measures on Hilbert spaces

We first recall here a few facts from [3] and [4].

Definition 14. If V is a real Hilbert space, A € B(V) with (Az | y) = (x| Ay) for
all z,y € V, and moreover Ker A = {0}, then the Heisenberg algebra associated
with the pair (V, A) is the real Hilbert space hH(V, A) =V +V + R endowed with
the Lie bracket defined by [(z1, y1,t1), (T2, y2,t2)] = (0,0, (Az1 | y2) — (Az2 | y1)).
The corresponding Heisenberg group H(V, A) = (h(V, A), %) is the Lie group whose
underlying manifold is h(V, A) and whose multiplication is defined by
(T1, 41, t1) * (T2, 92, t2) = (21 + @2, 1 + Y2, b1 + b2 + ((A21 | y2) — (Az2 [ 11))/2)

for (z1,y1,t1), (22, y2,t2) € H(V, A).

Let V_ be a real Hilbert space and (- | -)_ be its scalar product. For every
a € V_ and every symmetric, nonnegative, injective, trace-class operator K on V_
there is a unique probability Borel measure v on V_ with

(Vo e V) /ei<x|y>,dv(y) _ cilala) -~ L (Kalr) -
V_

and v is called the Gaussian measure with the mean a and the variance K.

Now assume that ¢ = 0 and let V, := RanK and Vy := RanK'/? be
endowed with the scalar products given by (Kxz | Ky); = (z | y)_ and (K/?x |
K'2y)o := (x| y)_, respectively, for all x,y € V_, which turn the linear bijections
K:V_ =V, and K'/2: V_ — ), into isometries. We thus obtain the real Hilbert
spaces

V+ —Vy — V,,
where the inclusion maps are Hilbert-Schmidt operators, since K1/2 € B(V_) is
a Hilbert—Schmidt operator. Also, the scalar product of Vy extends to a duality
pairing (- | -)o: V- x V4 = R.

We also recall that for every z € Vi the translated measure dy(—z + -)
is absolutely continuous with respect to dv(-) and we have the Cameron—Martin
formula

dy(=z + ) = po()dy()  with p,() = ellmomz(xlmo,
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Definition 15. Let V., be a real Hilbert space with the scalar product denoted by
(z,y) = (z | y)4. Also let A: V4 — V; be a nonnegative, symmetric, injective,
trace-class operator. Let Vy and V_ be the completions of V; with respect to the
scalar products
(2,9) = (x| y)o == (A2 | AV2y),
and
(@,y) = (z|y)- = (Az | Ay)4,

respectively. Then the operator A uniquely extends to a nonnegative, symmetric,
injective, trace-class operator K € B(V_), hence by the above observations one
obtains the Gaussian measure v on V_ with variance K and mean 0.

One can also construct the Heisenberg group H(V,, A). The Schrédinger
representation w: H(V4, A) — B(L*(V—,7)) is defined by

(@, y, 1) = po ()12l H WMot W) g )
for (x,y,t) € H(V4,A) and ¢ € L2(V_, 7).

Proposition 16. The representation m: H(Vy, A) — B(L*(V_,v)) from Defini-
tion 15 is irreducible.

Proof. See for instance from [3, Rem. 3.6] or [4]. O

Corollary 17. In the above setting, the action by translations of Vi on (V_,7v) is
ergodic.

Proof. In the present framework, the representation 7 is the unitary representation
associated to the measure space (V_,~) acted on by the additive group (V,+) by
translations. The cocycle of that measurable dynamical system which gives rise to
the representation 7 is given by

A, (@, £)) = et Clno+ (el)o)
for all (z,y,t) € H(V,,A). The conclusion follows by Propositions 16 and 6 (6)
for the right group action
Vo xHWV4, A) =V, (v, (x,y,t) = —z+v

and we are done. O
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Symbolic Interpretation of the
Molien Function: Free and Non-free
Modules of Covariants

Guillaume Dhont and Boris 1. Zhilinskii

Abstract. A mathematical problem originating from molecular physics leads
to the exploration of the algebraic structures of sets of multivariate polyno-
mials whose variables are the (z;,y;) components of n vectors in a plane with
a common origin. The symmetry is assumed to be described by the SO(2)
Lie group. The irreducible representations (irreps) of the group are labeled by
the integer m. The ring of invariants is the set of polynomials that transform
under the action of the SO(2) group according to the m = 0 irrep. Such a ring
admits a Cohen—Macaulay decomposition. The set of polynomials changing
as the (m) irrep, m # 0, under the elements of the group defines the module
of (m)-covariants. The module of (m)-covariants is free when |m| < n and
the expression of the Molien function is symbolically interpreted in terms of
a standard integrity basis containing one set of denominator polynomials and
one set of numerator polynomials. In contrast, the module of (m)-covariants
is non-free when |m| > n and a generalized integrity basis has to be intro-
duced to throw light on the Molien function. A graphical representation of
the algebraic structures of the free and non-free modules is proposed.

Mathematics Subject Classification (2010). 13A50; 15A72; 16W22.

Keywords. Molien function, integrity basis, invariant theory, covariant.

1. Introduction

1.1. Invariant theory and Molien function

It is frequently beneficial to introduce group-theoretical concepts when dealing
with a symmetrical physics problem. In particular, group and invariant theory
have been introduced to qualitatively understand the dynamics of atoms and
molecules [1, 2]. The existence of equivalent atoms, the symmetrical shape of a
molecule in its equilibrium configuration or the rotational symmetry in the ab-
sence of external fields naturally ask for the introduction of a symmetry group,
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such as the SO(2) and SO(3) Lie groups [3, 4], a molecular point group [5], or a
permutation-inversion group [6].

A typical case in molecular physics is the following: given a symmetry group
G and a collection of objects spanning an initial reducible representation I';, it
is asked to build from these elements new objects that transform according to
a given final irreducible representation (irrep) I'y. The objects considered here
will be multivariate polynomials whose variables are the (x;,y;) components of n
vectors in a plane with a common origin.

A common procedure to build symmetry-adapted polynomials in molecular
physics uses the projector or Reynolds operator to project to a given irrep [5, 7]
together with the shift operator when the dimension of the final irrep is greater
than one. An improved method of construction is based on the Clebsch—Gordan
coefficients of the considered group. However, neither technique takes into account
the global algebraic structure of the problem.

Invariant theory, on the contrary, takes care of the algebraic aspects of the
problem [8, 9]. In particular, the invariants, i.e., the objects transforming according
to the totally symmetric representation I'g of the group, have a structure of a ring.
The objects are otherwise said to be I'-covariants when they transform according
to an irrep I' different from I'y. The I'-covariants have a structure of a module over
a ring of invariants. Sometimes, it is convenient to discuss the ring of invariants
as the module of I'g-covariants.

Some information about the algebraic structure of the I'y-covariants can be
encoded in a formal power series. Let ¢ denote the dimension of the vector space of
I' f-covariant multivariate polynomials of total degree k built from the elementary
bricks that span the reducible representation I'; of group G. The formal power
series in the dummy variable A written as:

coteid+ e+ e\ 4= MY (THTHN),

defines in the right-hand side the Molien function. One interesting fact is that
the Molien function can be directly determined without any knowledge of the ¢
numbers [10, 11]:

x Ts:9)
M (Ff,F“A |G| Z det nxn_)‘DF ( )) (1)

where the sum in (1) runs over the |G| elements of the group G, x (I'y; g) is the
complex conjugate of the character of element g in the final irreducible representa-
tion I'¢, 1, x5, is the nxn unit matrix and DT (g) is the nxn matrix representation
of element ¢ in the initial reducible representation I';.

The two different symbolic interpretations of the Molien function are illus-
trated in the next section on the trivial example of the C; point group with a single
vector in the plane. We then deal with the SO(2) group acting on two vectors in
the plane and discuss the existence of free and non-free modules.
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2. A trivial example

2.1. Point group C;
Let C; = {e,i} be the two-element group with e the identity operation and ¢
the central inversion which reverses all the coordinates of a point in the plane:

(z,y) = (—x,—y). The problem is to find the first terms (ordered by the total
degree in = and y) that may appear in the Taylor series of a C;-invariant function
at (.Z' =0,y = O): fa, (x,y) = fa, (_‘T’ _y)'

The character table of the group C; has only two irreps: the irrep A; is the
totally symmetric representation and A, denotes the unique covariant irrep of the
group C;. The initial reducible irrep spanned by x and y is I'; = Ay ® As and its
2 x 2 representation matrices are:

po=(p 9). mo=(30 YY)

The Molien function for the Cj-invariant polynomials built from the z and y vari-
ables is easily determined through formula (1):
11—\ 1+ A2
M (A Ay ® Ag: \) = = . 2

Arids O AN = = (12 ey @
Both rational functions have obviously the same Taylor expansion:
MY (A Ay @ Ags N) = co+ i d+ X2+ = A0 £ 302 450 1700 + 9X8 +
where ¢ indicates the number of linearly independent polynomials of degree k or
the dimension of the vector space of invariant polynomials of degree k, see Table 1.

TABLE 1. A basis for C;-invariant polynomials in (z,y) up to degree eight.

degree k linearly independent polynomials dimension
0 1 1
2 22, 2y, y? 3
4 4’ | 23y, 2292, 793, yt 5
6 26 2By, zt y x5y3 22y, xyP, 4P 7
8 | 28, 27y, 252, 253, 2y?, 2390, 22y8, 2y, o8 9

The next two subsections show that each of the two rational functions in (2)
has its own symbolic interpretation.
2.2. Symbolic interpretation a la Hilbert

The rational function
11—\
2\37 (3)
(1=2%)
allows for a symbolic interpretation a la Hilbert. Its denominator is a product of
three terms (1 — )\2), suggesting that the Cj-invariant polynomials may be built
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as polynomial functions of three polynomial generators of degree two, which are
chosen as 22, 42 and xy.

However, it is easy to see that some Cj-invariant polynomials may be formed
in two different ways from these generators. The polynomial z?y? can, for example,
be seen as the square of the generator xy or as the product of the generators z2
and y2. In the words of invariant theory, the three generators z2, 4% and zy form

a syzygy of degree four:
(%) (v°) = (ay)*.

Without taking into account the syzygy, the number of linearly independent poly-
nomials of given degree k is overcounted. The (—)\4) term in the numerator of
(3) indicates that enumeration of the Cj-invariant polynomials with the syzygy of
degree four in mind gives the correct result.

2.3. Symbolic interpretation of the Molien function in terms of integrity basis

The rational function
14+ X2
o (1)

is written as a product of two terms in the denominator and a sum of two terms
with positive coefficients in the numerator. A symbolic interpretation can be as-
signed to (4) if we note that the results in Table 1 hint at the decomposition (5)
of the ring of C;-invariant polynomials in x and y:

Clz,y]“" = Cl[61,02]1 ® C[b1, 6] o, (5)

as a free module over the subring of invariants C[fy, 6], with 6; (z,y) = 22 and
0> (z,y) = y?. The polynomials #; and 6, can then be found with any positive
exponent. They are associated to the two terms of degree two in the denominator of
the rational function (4) and are called denominator polynomials. The polynomials
1 and g (z,y) = xy are the basis of the module. Decomposition (5) indicates that
they only appear linearly and are respectively related to the terms of degree zero
and two in the numerator of (4). They are named numerator polynomials.

The sets of denominator and numerator Cj-invariant polynomials {{91, 02},
{1,¢1 }} form an integrity basis or a homogeneous system of parameters for the ring
of Cj-invariants. This decomposition of the ring of invariants is called a Hironaka
decomposition and such a ring is an example of a Cohen—Macaulay ring.

In general, for a group G acting on n variables 1, ..., z,, the form (6) sug-
gests an integrity basis with D denominator polynomials and N numerator poly-
nomials:

k=N i
MY ([TpTpN) = Zh=! , vp €N, & € Ng =N\ {0}. (6)
he1 (L= A%)
Then any G-invariant polynomial p admits a unique decomposition as a polynomial
in denominator and numerator polynomials, reminding the constraint that the
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numerator polynomials only appear linearly:

N
p(X1y. ., 2Tn) :Zpk(el (1, yn) sy Op (21,00, 20)) X o (X1, ),
k=1

which corresponds to the Cohen—Macaulay decomposition of the ring of invariants:
Clzr,...,2n)° =Cl01,...,0p] 01+ +C[1,...,0p] on-

The set of invariants is a free module over the subring C[61, .. .,0p] of denominator
invariants.

2.4. Case of covariants

The Molien function for the As-covariant polynomials in « and y is computed via
formula (1):

2\
(1—22)*
This form can be correlated to an integrity basis: the two Cj-invariant denominator
polynomials of degree two are chosen as 6y (z,y) = 22, 65 (z,y) = y?, and the two
Ag-covariant numerator polynomials of degree one as ¢ (z,y) = x, w2 (z,y) = y.
Again, the set of the As-covariants has a structure of free module over the subring
C[b1, 03] of invariants. The Cohen—-Macaulay decomposition of the module of Aa-
covariants reads as:

MY (Ag; Ay @ Ag; ) =

C[b1, 62]1 + Clb1, 02 .
This decomposition is general: for a finite group, it is possible to write the
ring of invariants or a module of covariants as a module with a Cohen—Macaulay
decomposition [8, 9].

3. Invariants and covariants of SO(2)

The elements of the group SO(2) are parametrized by one angle ¢, 0 < ¢ < 27.
The sum over the group elements in the Molien formula (1) is replaced by an
integral over the angle (Haar measure). It is known that generally the invariant
rings of reductive groups are Cohen-Macaulay [12]. The character table of the
SO(2) group is given in Table 2. There is an infinite number of irreps: the irrep
(0) corresponds to the invariants, while the irrep (m), m € Z, corresponds to the
(m)-covariants.

TABLE 2. Character table of the group SO(2), m € Z. The C,, is the
rotation around the z axis by an angle ¢.

‘ e C,
© 1 1
(m) 1 ei?mp
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Let us consider two vectors of the plane, respectively of coordinates (x1,y1)
and (z2,y2), in a Cartesian basis (€5, €y). They span the initial reducible repre-
sentation I'; = (1)@ (—1)® (1) & (—1). The problem is to construct integrity bases
for the (m)-covariants in the (x1,y1,22,y2) coordinates [13, 14].

Table 3 gives the expressions of the Molien functions MSO(2) (Ty; T4 A) for
the final irreducible representation I'y = (m), 0 < m < 3. All the functions in
Table 3 have a symbolic interpretation in terms of integrity basis.

TABLE 3. Expressions of the Molien functions MS9®) (T';; T';; \) for the
final irreducible representation I'y = (m), 0 < m < 3 and decomposition
of the module. The expression of the polynomials are 61 (21, y1, x2,y2) =
ZL’% + y%v D) (z17y17x27y2) = ‘T% + ygv 05 (z17y17x27y2) = I1T2 + Y1¥2,
o1 (21,y1,%2,92) = 1, @2 (@1,91,%2,92) = Z1y2 — Tay1, and m; =
™ (25,y5) = zj —iy;, j €N,

r, MSO@) (T';T3;A)  Module  Decomposition

(0) (llj/\)‘;)g free C [01,02,05] o1 & C[01, 02, 05] o

(1) (172;2)3 free  Cl01,02,03]m1 © C[01,02,03] 72

@ (13122)3 + (1:\;)2 non-free - C (61,05, 03] ;rl ® C[01, 02, 05] mms
) &C (02, 65] m3.

(8) (Phep + Dy non-free C[r,02,05] 7 & C[01, 02, 0] wims

aC [92,93] 7T17T% o C [92,93] Wg

3.1. Free modules: invariants and (1)-covariants

3.1.1. Invariants. The expression in Table 3 of the Molien function for invariants
(I'y = (0)) suggests an integrity basis for invariants consisting of three denomi-
nator polynomials of degree two: 61, 02, 03, and two numerator polynomials: one
polynomial of degree zero, ¢1, and one polynomial of degree two: ¢2. This choice
of polynomials 61, 02, 63, ©1, 2 is of course not unique. The set of invariants is a
free module over the subring of denominator invariants C[fy, 02, 85].

Any SO(2)-invariant in the (z1, y1, 2, y2) coordinates is uniquely decomposed
as a C-linear combination of 671052053, i € {1,2}:

Z Csu n2,n39n1 9”2 9;7'3(‘01 + Z csLl,nz,ndenl 9”2 9;7’3 (102 (7)
(n1,m2,n3)EN3 (n1,n2,n3)€EN3

A simple geometric representation of the vector space generated by the

07105205° p; polynomials is proposed: each of these polynomials is represented

by a point of coordinates (n1,n2,n3) in the three-dimensional lattice associated

to either ¢; or ps, see Figure 1. With such a correspondence, the set of all poly-

nomials in (7) can be pictorially described as the two three-dimensional lattices of
Figure 2.
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P2 by ¢
N3 N3

n, n,

FIGURE 2. Lattice for the C-basis of invariants built
from two planar vectors.

3.1.2. (1)-covariants. The integrity basis for (1)-covariants consists of three de-
nominator polynomials of degree two: 61, 65, 03, and two numerator polynomials
of degree one: 71, m2. The module of (1)-covariants is free and we have a Cohen—
Macaulay decomposition of the module, see Table 3. Similar to the invariant case,
the graphical representation of the basis of (1)-covariant polynomials is just two
copies of a three-dimensional lattice, see Figure 3.

3.2. Non-free modules of (m)-covariants, m > 2

3.2.1. (2)-covariants. A naive generalization of the results for invariants and (1)-
covariants would lead us to decompose the module of (2)-covariants as a module
over the subring C [0, 02, 05] with 72, w172 and 73 as a basis. However, a careful
inspection shows the relation (8) between (2)-covariants:

29371'171'2 — 927‘1’% — 9171'% = 0, (8)

which indicates that the module of (2)-covariants is not free. It is impossible to
rewrite the Molien function as a unique rational function with a finite product
of terms in its denominator and a sum of terms with positive coefficients in its
numerator. However, the Molien function for (2)-covariants can be rewritten as
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FIGURE 3. Lattice for the C-basis of (1)-covariants built
from planar vectors.

a sum of two such rational functions, see Table 3. The second rational function
has one term less in the denominator. We associate to the first rational function
(13’;2)3 three denominator polynomials of degree two: 61, 62, 63 and two numer-
ators polynomials of degree two: ﬂ'%, m . We associate to the second rational
function 1 j‘;)Q only two denominator polynomials of degree two: 05, 3 and one
numerator polynomial of degree two: 73.

The graphical representation of the C-basis of (2)-covariants is made of two

three-dimensional lattices and one two-dimensional lattice, see Figure 4.

FIGURE 4. Lattice of the C-basis of (2)-covariants built from two
planar vectors.

3.2.2. (3)-covariants. The module of (3)-covariants is not free either due to the
relations between 73, wimo, 173, and 75
29377'177'% — (9171'% — 9271’%77'2 = O, 29371’%772 — 9177'171’% — 9277'% =0.
2)°
1-22

The first rational function ( e suggests 61, 02, 03 as the three denom-

inator polynomials of degree two and the two numerator polynomials of degree



Symbolic Interpretation of the Molien Function 113

two are chosen as 3, mimy. As for the (2)-covariants case, the two denominator
polynomials of the second rational function are chosen as €5 and 3. The two
numerator polynomials of degree two are selected as w75, m5. The C-basis of (3)-
covariants is then graphically represented by two three-dimensional lattices and
two two-dimensional lattices, see Figure 5.

2

FIGURE 5. Lattice of the C-basis of (3)-covariants built from two
planar vectors.

4. Conclusion

The power series expansion of the Molien function gives information on the dimen-
sion of the linear vector space of I'-covariant polynomials of degree k. For finite
point groups, the Molien function can be rewritten as a single rational function
whose canonical form is different whether a symbolic interpretation & la Hilbert
or in terms of integrity basis is looked after.

For the compact Lie group SO(2), we found for the case of n = 2 vectors
in the plane that a structure of free module exists for the invariants and (1)-
covariants: the expression of the Molien function suitable to an interpretation in
terms of integrity basis can be written as one rational function and there is a
Cohen—Macaulay decomposition over a subring of invariants generated by three
denominator invariants.

In contrast, the (m)-covariants, m > 2 have a non-free module structure:
the Molien function has to be written as a sum of two rational functions with
a different number of terms in the denominator. The concept of integrity basis
has to be generalized and we introduced subrings of invariants generated by only
two denominator invariants next to the subrings of invariants generated by three
denominator invariants.

This change from a free module structure to a non-free module structure
occurs in SO(2) for higher values of n too [13, 14] and in an extension of the
problem to SO(3) [15]. Further exploration is required for a better understanding
of these algebraic structures induced by physical systems. In particular, the Stanley
decomposition of [16] may be useful.
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Momentum Maps for Smooth
Projective Unitary Representations

Bas Janssens and Karl-Hermann Neeb

Abstract. For a smooth projective unitary representation (p, H) of a locally
convex Lie group G, the projective space P(H™) of smooth vectors is a lo-
cally convex Kéhler manifold. We show that the action of G on P(H™) is
weakly Hamiltonian, and lifts to a Hamiltonian action of the central U(1)-
extension G* obtained from the projective representation. We identify the
non-equivariance cocycles obtained from the weakly Hamiltonian action with
those obtained from the projective representation, and give some integrality
conditions on the image of the momentum map.

Mathematics Subject Classification (2010). 20C25, 37J15.

Keywords. Momentum map, projective representation.

1. Introduction

Let G be a locally convex Lie group with Lie algebra g, and let p: G — PU(H) be
a projective unitary representation of G. It is called smooth if the set P(H)> of
smooth rays is dense in P(H), a ray [¢)] € P(H) being called smooth if its orbit map
G = P(H): g~ p(g)[] is smooth. For finite-dimensional Lie groups, a projective
representation is smooth if and only if it is continuous. For infinite-dimensional
Lie groups, smoothness is a natural requirement.

In [3, Theorem 4.3], we showed that for smooth projective unitary represen-
tations, the central extension

G*:={(9,U) € G x U(H); plg) = [U]}

of G by U(1) is a central extension of locally convex Lie groups, in the sense that the
projection G* — G is a homomorphism of Lie groups, as well as a principal U(1)-
bundle. Moreover, the projective representation p: G — PU(H) of G then lifts to

B.J. is supported by the NWO grant 613.001.214 “Generalised Lie algebra sheaves” and K.-H. N.
is supported by the DFG-grant NE 413/7-2, Schwerpunktprogramm “Darstellungstheorie”.
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a linear representation p: G¥ — U(H) of G¥, with the property that p(z) = 21 for
all z € U(1). If H* C H is the space of smooth vectors for p, then P(H>) is equal
to P(H)>°, the space of smooth rays for p.

The main goal of these notes is to reinterpret this central extension in the
context of symplectic geometry of the projective space P(H>°) and its prequantum
line bundle, the tautological bundle L(H*>) — P(H°). In order to equip P(H>)
with a symplectic structure, we need to consider it as a locally convex manifold.
For this, we need a locally convex topology on H* that is compatible with the
G*-action.

Definition 1. The strong topology on H> is the locally convex topology induced
by the norm on H and the seminorms

pB(1) = sup [[dpx (§)V,
¢cB

where B C (g#)*, k € N, runs over the bounded sets, and the derived representation
dp of g is extended to (g*)* by dpr (&1, .-, &) = dp(&1) - - dp(&r).

We will show that with this topology, P(#°°) becomes a locally convex Ké&hler
manifold with prequantum line bundle L(H>) — P(H°). If we identify its tangent
space TjyP(H>) for any unit vector ¢ with {dv € H>; (¢),dv) = 0}, then the
symplectic form  on P(H*°) is given by

Qpy (6v, 0w) = 2Im(dv, dw) .
Similarly, the sphere S(%°°) becomes a locally convex principal U(1)-bundle over
P(H*°), to which the prequantum line bundle L(H*®) — P(H°) is associated along
the canonical representation U(1) — GL(C). The connection V on L(H*) with
curvature Ry =  is associated to the connection 1-form « on S(H*°), given by

ay (dv) = —i(y, 6v)
under the identification T,,S(H™) ~ {dv € H*; Re(y, dv) = 0}.

The group G acts on P(H>) by Kéhler automorphisms, hence in particular
by symplectomorphisms. The action of the central extension G* lifts to L(H>) —
P(H>°), on which it acts by holomorphic quantomorphisms (connection preserving
bundle automorphisms). If the projective representation of G is faithful, then the
central extension G* is precisely the group of quantomorphisms of (L(H>),V)
that cover the G-action on (P(H™), ).

Gt O Aut(L(H>),V)

G O Aut(P(H>),Q).
We show that for any locally convex Lie group G, the action
G X P(H™®) — P(H™)

obtained from a smooth projective unitary representation is separately smooth in
the following sense.
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Definition 2. An action a: G x M — M, (g,m) — a4(m) of a locally convex Lie
group G on a locally convex manifold M is called separately smooth if for every
g € G and m € M, the orbit map om,: G = M, g — ay(m) and the action maps
ag: M — M are smooth.

For Banach Lie groups G, the action is a smooth map G x P(H>®) —
P(H>°) by [11, Theorem 4.4], but a certain lack of smoothness is unavoidable
as soon as one goes to Fréchet—Lie groups. Indeed, consider the unitary represen-
tation of the Fréchet-Lie group G = RY on H = (N, C), defined by p(¢)y =
(€14hy, €24y, ...). Then H>® = C™ with the direct limit topology [3, Exam-
ple 3.11], but by [11, Example 4.8], the action of g on CN is discontinuous for any
locally convex topology on H>. We therefore propose the following definition of
(not necessarily smooth) Hamiltonian actions on locally convex manifolds.

Definition 3. An action a: G x M — M of a locally convex Lie group G on a
locally convex, symplectic manifold (M, Q) is called:

e Symplectic if it is separately smooth, and a3 = for all g € G.

o Weakly Hamiltonian if it is symplectic, and ix, (2 is exact for all £ € g, where
X¢ is the fundamental vector field of £ on P(H™).

e Hamiltonian if, moreover, ix, Q = du(§) for a G-equivariant momentum map
w: M — g’ into the continuous dual of g, which is smooth if g’ is equipped
with the topology of uniform convergence on bounded subsets.

Our main result is that the action of G¥ on P(H>) is Hamiltonian in the
sense of the above definition.

Theorem 4. The action of G* on (P(H>),Q) is Hamiltonian, with momentum
map p: P(H®) — g* given by

(¥, 1)

Since the G-action on P(H>) factors through the action of G¥, we immedi-
ately obtain the following corollary.

Corollary 5. The action of G on (P(H>),Q) is weakly Hamiltonian.

Note that the (classical) momentum associated to & € g¥ at [1)] € P(H™) is
precisely the corresponding (quantum mechanical) expectation of the self-adjoint
operator (observable) idp(€) in the state [¢].

Sections 2 and 3 of this paper are concerned with the proof of Theorem 4. In
Section 2, we show in detail that P(H>°) is a locally convex, prequantisable Kéhler
manifold, and in Section 3, we use this to show that the action of G¥ on P(H>) is
Hamiltonian, and lifts to the prequantum line bundle L(H>) — P(H>).

In the second half of this paper, we give some applications of this symplec-
tic picture to projective representations. In Section 4, we calculate the Kostant—
Souriau cocycles associated to the Hamiltonian action, and show that these are
precisely the Lie algebra cocycles that one canonically obtains from a projective

(1)
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unitary representation and a smooth ray, cf. [3]. We then prove an integrality re-
sult for characters of the stabilizer group that one obtains as the image of the
momentum map. Finally, in Section 5, we close with some remarks on smoothness
of the action in the context of diffeological spaces.

Momentum maps have been introduced into representation theory by Norman
Wildberger [13]. Studying the image of the momentum map has proven to be an
extremely powerful tool in the analysis of unitary representations, in particular to
obtain information on upper and lower bounds of spectra ([1], [7, 8, 10]). Smooth-
ness properties of the linear Hamiltonian action on the space H>° of smooth vec-
tors of a unitary representation and the corresponding momentum map g (§) =
(¥, dm(&)Y) have been studied by P. Michor in the context of convenient calculus
in [5].

2. The locally convex symplectic space P(V')

In order to equip P(H>) with a symplectic structure, we need to consider it as
a locally convex manifold (in the sense of [4, Def. 9.1]). Later on, it will be im-
portant to choose a locally convex topology on H> that is compatible with the
group action, but for now, it suffices if the scalar product on H> C H is continu-
ous. We will go through the standard constructions of projective geometry, using
only a complex, locally convex space V with continuous hermitian scalar product
(-,-): VxV — C (antilinear in the first and linear in the second argument).

Proposition 6. The projective space P(V') is a complex manifold modelled on locally
convex spaces. The tautological line bundle L(V) — P(V) is a locally conver,
holomorphic line bundle over P(V').

Proof. We equip P(V) with the Hausdorff topology induced by the quotient map
V — {0} — P(V). The open neighbourhood

Uy = A{x] € P(V); (¢, x) # 0} (2)
is then charted by the hyperplane
Ty ={veV; (¥,v) =0}, (3)

and the chart ry: Upy) — Ty, defined by ry([x]) :== (¥, x) " 'x — ¢ (cf. [9, §V.1]).
Note that the map k, depends on the choice of representative ¢ € [¢], which
we will assume to be of unit length. The inverse chart is %;1(1)) = [¢p + v]. We
have k.y([x]) = zky([x]) for z € U(1). More generally, the transition function
Kpr + Kooy (Upg) N Upyr) = kg (Upg) N Upyr) s given by v = (w#:ﬁv) — 9. Since
v = (', + v) is continuous and nonzero on ky(Upy N Upy), the transition
functions are holomorphic, making P(V') into a complex manifold.

For (V) = V — {0}, define the charts Ay : Tjy x C — L(V) by Ay(v,2) =
z(¥ + v). The transition functions

Awwlt Iiw(U[w] n U[l/)/]) X (C — H¢I(U[w] n UW’]) X C
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are given by (v, z) = (Kyy (v), (¥, + v)2). Since these are holomorphic isomor-
phisms of trivial locally convex line bundles, the result follows. O

For [|1]| = 1, we identify the tangent vectors dv,dw € Tj,P(V') at the point
[¢] € P(V) with their coordinates dv,dw € Tj,) by the tangent map Tiy(ky).
Accordingly, we define the Hermitean form H on P(V') by

Hiy (6v, 0w) := 2(0v, dw) . (4)
Note that this does not depend on the choice of chart .

Proposition 7. Equipped with the Hermitean forms Hpy of equation (4), P(V) is
a Hermitean manifold.

Proof. As compatibility with the complex structure J(dv) = idv is clear, the only
thing to show is that H is smooth. Using that the transition map

o Y+

D alya /:T —>T ’ f =
vy Ly CUER v+ vl

is given by
_ 1 P+v Y4v
Doy (60) = by (0 = (970000 550 -
one sees that in local coordinates for T?P(V'), the map Ty X Tiy) x Ty > Cis
1
(0v, dw) — <5U,v><v,5w)> ) (5)
L+ o2 (1 +[jol[?)?

which is evidently smooth. O

H,(6v, 6w) = 2 (

As the real and imaginary parts of H, we obtain the Fubini-Study metric
Gy (0v, ow) = 2Re (v, dw)
and the 2-form
Qpy (6v, 0w) = 2Im(dv, dw) . (6)
The 2-form 2 is nondegenerate in the ‘weak’ sense that Q(dv,dw) = 0 for
all dw implies v = 0. In order to show that € is a symplectic form, and hence

that P(V) is Kéhler, it thus suffices to prove that it is closed. We will do this by
showing that  is the curvature of a prequantum bundle.

Proposition 8. The sphere S(V) = {¢ € V'; ||[¢]| = 1} is a locally convex manifold,
and the projection S(V') — P(V) is a principal U(1)-bundle.

Proof. The sphere inherits the Hausdorff topology from its inclusion in V. The
locally convex space

Ty:={veV;Re(®,v)=0}CV (7)
can be naturally identified with the open neighbourhood
Uy = {x €S(V); Re(s, x) > 0} (8)

of ¢ by the chart k: Uy — Ty with ry(x) = (Re(y,x)) " 'x — 1, which has

YU If ¢ and ¢ are not antipodal, then the transition

. 1 -
inverse k" (v) = oo -
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Uyyr = Uy MUy is nonempty, and the transition function ky (Uyyr) — Ky (Upeyr)

is given by v — Re(,ﬁ' v toy ~ ¢)’. This is continuous for the strong topology that
Ty and Ty inherit from V' because the scalar product (-, -) is continuous, and
Re(y’, 1+ v) is nonzero on ky (Uy N Uy ). In particular, the tangent space T, S(V')
can be canonically identified with T7.

The canonical projection S(V) — P(V) is a smooth principal U(1)-bundle,
with local trivialization 7y : Tjy) x U(1) — S(V) given by 7y (v, 2) := 2 |I$izll . (Note
that this depends on the representative ¢ of [¢].) For [x] in its image Uy, UU_y U

Uip U U_jy, we have zy([x]) = ﬂiﬁ?\

functions gyy 2 Upy) N Upyp — T are

and zy ([x]) = \Eiiiiw so the clutching

gy - (@x) ‘<w’,x>' O
9o DD =30 / W x) |
Identifying T,,S(V') with T, in (7), we define the 1-form a on S(V') by

ay (dv) = —i(1, ov) . (9)

Proposition 9. The form « is a connection 1-form on S(V) — P(V) with curva-
ture ).
Proof. We start by showing that « is smooth. Using the derivative

1 Re(v, 6v)

DU alyaly! = v —
wour@0) = o (8= 1 e

for the transition function with ¢’ =

)) v Re(v, 6v)

WH0) = 1yt T g+ o)

v
l+oll?

the function Ty, x Ty, — R given by (v, 0v) —
smooth.

If we identify Ty, S(V') with Ty and T, S(V) with Ty, then the pushforward
R..: Ty — T,y of the U(1)-action is R..(dv) = zdv. It follows that « is U(1)-
invariant,

(¥ +v)

one sees that a is represented by

1+H1,U”2Im<v, ov), which is evidently

(B2 )(00) = @z (200) = =iz, 260) = —ilth, 6v) = ay (d0),

and since the vector field X; generated by the U(1)-action on S(V) is X;(¢)) =
;t|t:06”1/) = 1), we have ay(Xi(¢)) = 1, so that « is a principal connection
1-form on S(V') — P(V). If we introduce the constant vector fields év and dw on
Uy C S(V), then at v = 0, we have

dou, (0v, dw) = Ly, (0w) — Lsyay, (dw) = 2Im(dv, dw) , (10)

which agrees with the local expression (5) for Q(y)(6v, dw) at v = 0, asrequired. [

In particular, € is closed, so P(V') is a Kéhler manifold. Since the tautological
line bundle is associated to S(V) in the sense that L(V') := S(V) xy(1) C, we have
the following result (see also [9]).
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Theorem 10. The projective space P(V') with Hermitean form H is a locally convex
Kahler manifold. The tautological bundle L(V') — P(V), equipped with the connec-
tion inherited from the U(1)-principal 1-form «, is a prequantum line bundle for
the corresponding symplectic form Q.

3. Hamiltonian action of G* on P(H*>°)

We return to the situation of a smooth, projective, unitary representation p of
G, and the corresponding unitary representation p of G*. In order to obtain a
Hamiltonian action of G* on P(H>), we need a locally convex topology on H>
that is compatible with the G¥-action. We will equip H>° with the strong topology of
Definition 1. As the scalar product (-, - ): H>®xH> — C is manifestly continuous,
Theorem 10 applies to P(H>).

Proposition 11. The group action G* x H> — H> is separately smooth for the
strong topology.

Proof. For fixed g € G¥, we show that the linear map p(g): H>® — H> is continu-
ous. If B C (g*)* is bounded, then so is Ad,(B), as the action Ad,: (g*)* — (g*)*
of g in the k-fold product of the adjoint representation is a homeomorphism. From

pe(p(9)) = 2’22 lldpr(&)p(9)¥||
= s lo(g)dpr(Adg-1(E)) Y[l = paa,_, (5) (V)

we then see that p(g) is strongly continuous. If we fix ¢ € H*, then the orbit
map g — p(g)y is smooth in the norm topology on H*> C H by definition, but
we still need to show that it is smooth in the strong topology. This follows from
[3, Lemma 3.24]. O

Our (somewhat laborious) proof of Theorem 10 now allows us to apply Propo-
sition 11 in local coordinates, yielding the following result.

Proposition 12. The locally convex Lie group G acts separately smoothly on P(H>)
by Kdhler automorphisms. This action is covered by a separately smooth action of
GY on the prequantum line bundle L(H>) — P(H*>°) by holomorphic, connection-
preserving bundle automorphisms.

Proof. In local coordinates, the action of G¥ looks like Ty = Tp(g)w): v = pg)v
on P(H>), like Ty, — Tpgyy: v+ p(g)v on S(H>), and like

T[l/)] xC— Tp(g)[w] xC:v®z— p(g)’U ©® z on L(HOO)

It thus follows from Proposition 11 that the group action is separately smooth, and
a holomorphic line bundle isomorphism of L(H*>®) — P(H°). In local coordinates,
the pushforwards p(g)s: Tiy) — Tp(g)p) and p(g)«: Ty — Tpg)y are simply given
by dv — p(g)dv, so p(g)*H = H and p(g)*« = « follow from unitarity of p(g) and
the definitions (4) and (9). O
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For ¢ € g¥, the fundamental vector field X¢ () = dp(&)t on S(H>°) is smooth,
as it is given in local coordinates v € Ty, by

Xe(u) = dp(&)(¥ +v) = Re(, dp(§)v) (¥ +v).
Since Ly a =0, we have d(ix, ) +ix da = 0, so since = da, we find
ix.Q=d(—ix.a). (11)
We therefore find the comomentum map gf — C°(P(H>)), & — p(€) with

1) (§) = ap(=Xe(¥)) . (12)

This evaluates to (¢, idp(€)y), the expectation in the state [¢)] of the essentially
selfadjoint operator idp(§) (cf. Definition 1), which is the observable corresponding
to the symmetry generator ¢ € g. Note that for fixed &, the expression ¢ +—
ay(—Xe (1)) is independent of the unit vector ¢ € [¢)], and smooth because both
a and X¢ are smooth.

We now prove the theorem announced in the introduction (Theorem 4):

Theorem 13. The action of G* on (P(H>),Q) is Hamiltonian, with momentum
map p: P(H®) — (g*) given by

iy (€) = <w,<¢zi(f>)w> . (13)

This is a smooth, G*-equivariant map into the continuous dual (gﬁ)’ , equipped with
the topology of uniform convergence on bounded subsets.

Proof. Since the Gf-action preserves a, it preserves €2, and i x. £ is exact by equa-
tion (11). Combining (11) and (12), we have ix,Q = dp¢(€). The momentum map
is equivariant by

tgy) (€) = (p(9)¥,idp(§)p(g9)) = (1, idp(Ady-1(£))¥) .

To prove that p is smooth, consider its pullback to S(#H°°), which is the restriction
to S(H>) of the map i: H> — (g*)’ defined by iy, = (1, dp(-)1). Note that the
map

H> — Lin(gh, H>), ¢~ dp(- )y

is linear, and continuous if Lin(g¥, H>) is equipped with the topology of uniform
convergence on bounded subsets of g. As the scalar product H® x H>® — R
is continuous, the linear map H>™ x H>® — (g*)’, (v, x) — (¥,dp(-)x) is also
continuous, and hence smooth. Since ji is the composition of this map with the
(smooth) diagonal map H™ — H>® x H>°, the result follows. O



Momentum Maps for Smooth Projective Unitary Representations 123

4. Cocycles for Hamiltonian actions

A symplectic action of a locally convex Lie group G on a locally convex, symplectic
manifold (M, Q) gives rise to Kostant-Souriau cocycles.

Proposition 14 (Kostant—Souriau cocycles). For every m € M, the map
wWm:gxXg—R

defined by wy,(§,m) = Qn(Xe, X)) is a continuous 2-cocycle. If M is a Kdihler
manifold, then w,, = Imh,, for a continuous, positive semidefinite, Hermitean
form hp,: gc X gc — C.

Proof. Since the action is symplectic, Lx, € = 0, and we have
LXgQ(Xna XC) = Q([XE7 XTI]? XC) + Q(Xm [Xﬁa XC]) :
As Q is closed, it follows that for all £,7n,( € g,

0= dQ(X§7X777XC) = (Lxgg(XTleC) + cycl.) — (Q([X§7X7’I]7XC) + cycl.)
= Q(X,, [X¢, X¢]) + cyel. = ow(€,n, Q) ,

and wy, is a cocycle for every m € M. Since the orbit map g — a4(m) is smooth,
the map £ — X¢(m) is continuous. Since Q,,: T, M x T,, M — R is smooth,
the cocycle wy, is continuous. If M is Kahler, then €2, is the imaginary part of a
positive definite Hermitean form H,, on T, M. We then have w,, = Im h,,, for the
pullback h,,: gc X gc — C of H,, along the complexification D,,a: gc — T, M
of the derivative of the orbit map. O

4.1. Cocycles for projective unitary representations

For the weakly Hamiltonian action of G on P(H) derived from a smooth projec-
tive unitary representation, the Kostant—Souriau cocycles are given by

Wiy (& m) = 2Im(dp(E)e, dp(n*)ep) , (14)

where &8 n* € g* are arbitrary lifts of £, 7 € g. (This does not depend on the choice
of lift because (1, idp(£%)1) is real.)

In particular, we see that the Kostant—Souriau cocycles related to a smooth
projective representation arise as the image of the momentum map p: P(H*®) —
(g*)’, concatenated with the differential §: g* — Z2(g) that maps A € (g#)’ to the
2-cocycle

(BN)(&n) == A%, n"),

which is again independent of the choice of lift.

Proposition 15. For the weakly Hamiltonian action of G on P(H™) derived from
a smooth projective unitary representation, we have Wiy = 5#[1/;]'
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Proof. This is a direct computation. From (13), we obtain

(1, idp([¢F, n])¥)

Sppy) (§;m) = (1h,0)
_ <<dp(£ﬁ)w,dp(nﬁ)w> B <dp(nﬁ)w,dp(€ﬁ)w>>
(¥, 9) (v, ¥)
_ o Im(ap(&9)¢, dp(n)e)
(¥, 9) ’
which equals wiy)(§,n) for [[1[| = 1 by (14). O

From a smooth projective unitary representation, we thus get not only a class
[wiy)] € H 2(g,R) in continuous Lie algebra cohomology, but a distinguished set
C = {wpy; [¥] € P(H>®)} C Z%(g) of (cohomologous, cf. [3]) cocycles. As both p
and § are G-equivariant, this set C = Im(dopu) of cocycles is G-invariant, and every
w € C is the imaginary part of a continuous, positive semidefinite, Hermitean form
on gc by Proposition 14. This sheds geometric light on Propositions 6.6, 6.7 and
6.8 of [3].

4.2. Characters of the stabilizer group
The derivative of the momentum map p: P(H>) — (g*)’ is given (for ||¢| = 1) by

Diyp(6v)(§) = 2Re(idp(§)¢, 0v) - (15)
This has some interesting consequences. We denote the real inner product on H>
by (v, w)r := 2Re(v, w), and the orthogonal complement with respect to (-, - )g by
Lg. Then the kernel Ker(Dpyp) € Tiy = (Cap)*= is precisely the real orthogonal
complement (iR @ idp(g#)y)L* in H>®.
Proposition 16. The derivative Dyyp: Ty — @' is injective if and only if dp(gh)y
spans Y% C H as a real Hilbert space, and zero if and only if the identity compo-
nent Go stabilizes [1].

Proof. The first statement follows immediately from the formula for the kernel.
For the second statement, note that Djyu = 0 is equivalent to dp(g*)y = iR,
By the Fundamental Theorem of Calculus for locally convex spaces, G stabilizes
[¢)] € P(H™) if and only if g stabilizes [)], which is the case if and only if dp(g#)1) C
iR, O

We denote the stabilizer of A € (g*)’ under the coadjoint representation by
Gﬁ/\. Further, we denote by

Gl =19 € G : [plo)v] = W]}
the preimage in G* of the stabilizer Gy of [¢] € P(H>), and we denote
ofy = {¢ € 0% ap(Q)y € iRy}

Proposition 17. For every [¢p] € P(H™), we have G?w] - Gg[w]'
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Proof. Since the momentum map is G¥-equivariant, we have g € G pyy if and only if

(p(g),idp(§)p(g)) _ (b, idp(&)) (16)

(p(9), p(9)) (1, )

for all £ € g. This is clearly the case if g € G?d)]' O

Proposition 18. The restriction of —ipipy: g! = iR to g?w] is a Lie algebra char-

acter. It integrates to a group character on any Lie subgroup of G?w].

Proof. For £ € g?w], we have dp(&)y = —iu(&)y. As
dp([&,n))v = [ap(€),dp(n]Y =0 for &n e gfy,

it follows that —iy is an iR-valued character. Similarly, the smooth map

F:G' > C, F(g) := (1, p(9))

(¥, )
is a U(1)-valued character when restricted to G?w], as p(g)Y = F(g)y¥ on that
subgroup. In fact, F: G¥ — C takes values in the unit ball A C C, and G?d)]

is the preimage of the unit circle 9A. The derivative of F' at the unit 1 € G is
D1 F = —ippy, so for any Lie subgroup H C G?w], the restriction of F to H is a
U(1)-valued smooth character that integrates —ifiy)|Lie()- O

"1 C (g") of
elements that evaluate to —1 on 1 € R = Ker(gf — g). Now suppose that the
image of Dyyjp is dense in Ty, ("), = (g")) ~ ¢’. Since Im(Dpyyp) € (gﬁ/gfb)’,
we then have gfb = {0}, so that g?w] = R. For points [¢)] € P(H*°) where the
image of Dy is dense, the identity component of any Lie subgroup H C G|y

Note that the image of ; is contained in the hyperplane (g*)

is therefore U(1), and since the character on U(1) C G? ) 18 always the identity,
Proposition 18 yields no extra information.

However, Proposition 18 does yield nontrivial integrality requirements if G?, "
is strictly bigger than U(1), which one expects to be the case for extremal points
of the momentum set Imy. Compare this to Lemma 2.1 and Theorem 8.1 in [2],
where it is shown that for compact Lie groups G, the vertices of the momentum
polygon are integral lattice points in the dual b’ of the Cartan subalgebra.

5. Diffeological Smoothness

As noted in the introduction, the action G* x P(H>) — P(H>) is separately
smooth, but not necessarily smooth. However, if we settle for smoothness in the
sense of diffeological spaces, then one can hope for this action to be smooth for
the (large) class of regular Lie groups modelled on barrelled spaces, which includes
regular Fréchet and LF Lie groups. Here we prove the infinitesimal version of
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this, namely that the infinitesimal action g# x H> — H> is a smooth map of
diffeological spaces.

5.1. Infinitesimal action

Let p be a smooth projective unitary representation of a locally convex Lie group
G modelled on a barrelled Lie algebra g.

Lemma 19. If £&: R™ — g and ¢¥: R™ — H™ are continuous, then the map
dp(&): R™ x R™ — H> defined by (s,t) — dp(&))s is continuous.

Proof. Since the Lie algebra action g# x H>® — H™ is sequentially continuous
by [3, Lemma 3.14], the same holds for its concatenation with the continuous
map (&,7): R® x R™ — gf x H>®. Since R™ x R™ is first countable, this implies
continuity. O

Lemma 20. If &: R™ — g% and ¢: R™ — H™> are C1, then so is dp(€), and
D(Uh’uz)(dp(g)w) bt = dp(aﬂ1€8)1/)t + dp(gs) vat

Proof. For the directional derivative along (v1,v2) € Ts(R™ x R™), note that
Dy, 0, (dp(§)Y) st = i% dp(A&s(€))Yttev, +dp(Es)Athe(e),

with difference quotients A and At defined by A&(e) = i(fsﬁﬂl — &) and
A'(/Jt( ) . ("/’t-i—auz 1pt) for e 7é O and Afb( ) - 8“65 and Awt( ) - auz'(/Jt

for ¢ = 0. Since A¢ and At are continuous in e, the formula for D,, ., (dp(§))
follows by Lemma 19. Another application of this lemma to (D&, ) and (&, Dw)
shows that the derivative is continuous.

Proposition 21. If £: R — gt and ¢: R™ — H> are C* for k € N or k = oo,
then so is dp(&).

Proof. This follows by induction on k, using Lemmas 19 and 20. O

If we equip all locally convex manifolds M with the diffeology of smooth
maps from open subsets of Euclidean space into M, then the following is simply
a reformulation of Proposition 21.

Proposition 22. If G is modelled on a barrelled Lie algebra g, then the infinitesimal
action gt x H>® — H> is a smooth map of diffeological spaces.
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Canonical Representations for Hyperboloids:
an Interaction with an Overalgebra
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Abstract. Canonical representations for the hyperboloid X = G/H where
G = SOo(p,q), H = SOo(p,q — 1), are defined as the restriction to G of
maximal degenerate series representations of the overgroup G = SL(n, R).
We determine explicitly the interaction of Lie operators of G with operators
intertwining canonical representations and representations of G associated
with a cone.
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This paper continues the series of our papers [2-5], devoted to the interaction of
Poisson and Fourier transforms associated with canonical representations and Lie
operators of a larger group (an “overgroup”).

This activity was inspired by Neretin’s paper [7] (an old Mukunda paper [6]
should be also mentioned) for the Lobachevsky plane G/K, where G = SOy(2, 1),
K = SO(2). In these papers the authors essentially used the Plancherel formula
for this manifold.

We use another approach. We use the notions of canonical representations,
Poisson and Fourier transforms and “overgroups” and do not need any Plancherel
formulae. Nevertheless, even in the framework of our version the computations of
explicit formulae is a very difficult analytic problem. Earlier we already studied
hyperboloids X = G/H with G = SOq(p, q) and the overgroup G = SOy (p+ 1, q),
see [2-4], and hyperboloids (Lobachevsky spaces) with G = SOg(n — 1,1) and
G = SL(n,R), see [5]. Now we consider the hyperboloid X = G/H, where G is
the pseudo-orthogonal group SOg(p,q), H = SO¢(p,q — 1), and the overgroup is
G= SL(n,R), n = p+q. This case is the most difficult. Notice that expressions of

Supported by grants of Minobrnauki: 2014/285, No. 2476, the Russian Foundation for Basic
Research (RFBR): 13-01-00952-a and Russian Science Support Foundation.
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the interaction involve differential operators of the fourth, second and zero order
(just as in [4]).

One of sources of getting canonical representations consists of the following.
Let G be a semi-simple Lie group. We take some group G (overgroup) containing
G such that G is a symmetric subgroup of C:‘ i.e., G is the fixed point subgroup
of an involution. Let P be a maximal parabolic subgroup of G. We take a series
of representations R, of G induced by characters of P they can depend on some
discrete parameters, we do not write them. As a rule, representations RA are
irreducible. They act on functions on some compact manifold Q (a flag space for
C:‘) Denote by Ry restrictions of ﬁA to G:

Ry = Ry,
G

We call these representations Ry canonical representations of the group G. They
act on functions on 2.

Generally speaking, the manifold €2 is not a homogeneous space of the group
G, this group has several orbits on 2. Open G-orbits are semi-simple symmetric
spaces G/ H;. Subgroups H; can be not isomorphic. The manifold € is the closure
of the union of open G-orbits.

Canonical representations Ry give rise to boundary representations, related
to boundaries of G-orbits G/H;. There are two types of boundary representations.
The boundary representations of the first type act on distributions concentrated
at the union S of boundaries. The boundary representations of the second type
act on jets transversal to S. These two types are dual to each other. Boundary
representations are interesting both themselves and as a tool for the decomposition
of canonical representations, they glue representations on separate G-orbits.

One can also consider another version of canonical representations: the re-
striction of these representations above to some open G-orbit in €. It is just the
case we consider in this paper.

With the canonical representation Ry, we associate Poisson transforms P .
and Fourier transforms F) ,. They are operators intertwining the representation
Ry with (irreducible) representations Ty, of G occurring in the decomposition of
RA Our aim is to find out how the Lie operators of G in R>\ (i.e., the representation
R, of the Lie algebra g of G) interact with these transforms.

This problem can be treated as a version of the classical problem on the action
of a group (or a Lie algebra) in a basis that is an eigenbasis for some subgroup.

This theory can be considered as a new approach to representation theory
of Lie algebras (and Lie groups): in this theory elements of a Lie algebra go to
differential-difference operators.

In this paper we do not touch the decomposition problem for the canonical
and boundary representations, which will be considered elsewhere. Also we do not
consider the Fourier transform and do not discuss coefficients of the interactions,
since this goes exactly as in [5].

Let us introduce some notation and conventions.
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For a character of the group R* = R\ {0} we use the following notation:
th = [t|Msgnt)”, tER*, N€C, veEZ.

This character depends on v modulo 2 rather than v itself.

For a manifold M, D(M) denotes the space of compactly supported infinitely
differentiable complex-valued functions on M, with the usual topology.

For a representation of a Lie group, we retain the same symbol for the cor-
responding representations of its Lie algebra.

1. Pseudo-orthogonal group and hyperboloid

The group G = SOy(p, q) is the connected component of the identity of the group
of linear transformations of R™ = RP x RY, n = p+ ¢, preserving the bilinear form

[:L‘,y] =—T1Y1 — " — TpYp + Tpr1Yp+1 + - T TnYn-
The matrix of this form is I = diag{\1,...,\,}, where
M==p=-1L ==\ =1

Let K be a subgroup of G consisting of elements g such that g = Igl. It is a
maximal compact subgroup of G, it is isomorphic to SO(p) x SO(q).
Let us denote by (-, -) the standard inner products in R? and RY, let us

denote by | - | and || - || corresponding norms in RP and R? respectively. For a
point € R™ written as the pair z = (u,v), u € R, v € R?, we denote |z| = |u]
and ||z|| = ||v]| respectively.

We shall consider that G acts on R™ from the right:  +— xg. In accordance
with this we write vectors in the row form. Let X be the hyperboloid defined by
equation [x,2] = 1, or —|z|> + ||z||*> = 1. The group G acts on it transitively.
The stabilizer H of the point 2° = (0,...,0,1) is SOg(p,q — 1), so that X is a
homogeneous space G/H. It is more convenient for us to use another realization
of the hyperboloid X. Let us attach to a point x € X’ the point y = x/||x||. Then
X becomes a cylinder Y, the direct product of the unit ball B C R?, defined by
ly| < 1, and the unit sphere Sy C R?, defined by |ly|| = 1.

Let dy be the Euclidean measure on ), then a G-invariant measure dx on X is

da = [y,y]"/?dy.

The Lie algebra g of the group G consists of matrices X € Mat(n,R) satis-
fying the condition X’ = —XTX, the prime means matrix transposition. A basis
of g is formed by matrices L;; = Fi; — MAjEj;, © < j, where E;; is the “matrix
unit”: it has 1 at the place (¢, j) and 0 at other places.
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2. Representations of G associated with a cone

Recall [1] some material about representations of the group G associated with a
cone (class one representations). We use the “compact picture”.
Denote by S the section of the cone [z,z] = 0 in R™ by the sphere x? +
-+ 22 = 2. It consists of points s such that |s| = ||s|| = 1. The section S is the
direct product of two unit spheres S; C RP and S C RY, defined by equations
824+ 512, =1 and sf)ﬂ + -+ 52 = 1 respectively. Let ds be the Euclidean
measure on S.

For local coordinates on spheres S; and S5 we take variables s; omitting one
of them for either sphere, say, s, for S; and sg for S,. The Laplace-Beltrami
operators A; on S7 and Ay on Sy are given respectively by formulae:

A1:H17D%7(p72)D1,
AQZHQ_Dg_(q_2)D2,

where

0? 0
Hl:zaz’ Dl:zsiasi’

0
Sy

and derivatives with respect to s, and sg have to be omitted.

Let 0 € C, £ =0, 1. Let us denote by D.(S) the space of functions ¢ € D(S)
of parity e: p(—s) = (—1)%¢(s). The representation Ty . of the group G acts on
D:(S) by

(Toe(9)p)(s) = ¢ (;;) |sg]”.

If o is not integer, then Ty . is irreducible and equivalent to 15—, .. For X € g,
differential operators T, .(X) do not depend on v, so we omit ¢ in the notation
and write T, (X).

Here are operators corresponding to basis elements Ly,:

To(Lim) = Agm, 1<k<m<por p+1<k<m<n,
Ta(Lkm) = 0 SkSm + 37rLBk + SkBma 1< S k < p< m < n,
where
0
A m — —Sm ’
k 5 (3'Sk +Sk85m
0 0
Bk = - Slea B?n = - S’"LD27

aSk aSm

as before, derivatives with respect to s, and sg have to be omitted.
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3. Canonical representations

For an overgroup for the group G, we take the group G = SL(n,R). Let A € C,
v =0,1. Denote by D, , (R") the space of functions f € C>(R™ \ {0}) satisfying
the following homogeneity condition:

ftx) =" f(2), xR\ {0}, t € R\ {0},

Representations E,\W of G act on D_ ,\_,L,I,(R") by translations:

(Ran(@)f) (@) = fzg).

These representations form a maximal degenerate principal series.

Now let J be a manifold in R”, defined by ||y|| = 1 (it contains )). Restrict
functions in D_x_,_ ., (R™) to 37 We obtain some space D_A_,W(jﬂv) of functions f
on )N) of parity v:

f=y) = (=D)"fy), ye.

In this space the representation ]?b\,l, acts as follows:

(B (9)f)(y) = f( v9 ) lygll =", g€ G.
vyl

Restrict the representation ]?b\,l, of the group G to its subgroup G. Since G
preserves the manifold ), we also restrict this representation to the space D, ())
of functions in D(Y) of parity v. Let us call this restriction the canonical repre-
sentation.

Thus, the canonical representation Ry ,, A € C, v =0, 1, of the group G acts
on the space D, (Y) by

(mut) N =1 () Inall " g <.
lygll

The Lie algebra g of the group G consists of matrices X € Mat(n,R) with
trace zero. It splits into the direct sum g + m where m is the space consisting
of matrices X such that X’ = XIX. Decompose m into the direct sum of two
subspaces: m = a+n where a is the subspace of diagonal matrices and n consists of
matrices with zero diagonal. A basis of n is formed by matrices M;; = E;;j+ N\ Eji,
i < j, or, more detailed, by matrices My, = Exm + Emi, 1 < kE < m < por
p+1<k<m<n,and Mg, = Egn — Enk, 1 <k < p < m < n. The subalgebra
a is spanned by matrices Yiy = Exr — Emm, 1 <k <m < n.

For X € g, differential operators ﬁAVU(X) do not depend on v, so we omit v
in the notation and write Ry (X).

The centralizer of the group K in g is one-dimensional, a basis is the following

matrix in a:
1 (qE 0
Yy = P 1
o G} W

where Ej, is the identity matrix of order k.
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In particular, let us write ﬁA(Y})). Write y as a pair y = (u,v), u € RP,
v € R%. Then

EA_,,, (ety") flu,v)=f (etu,fu) et(=A=n)(=p)/n_

Differentiating it with respect to ¢ at the point ¢ = 0 and passing to polar coordi-
nates: u =rw, 0 < r < 1, w € 51, we obtain

9.
Z“kauk n)\—l—n) T8r+n()\+n)' (2)

4. Interaction of the overalgebra with the Poisson transform

The Poisson transform Py .., is an operator D, (S) — C>°()), defined by

(Pruo)(y) = al—>=0—m)/2 /S [y, 5] (s) ds, 3)

where
a=yyl=1-lyP

It intertwines To_,, o, and Ry ,:
R)\,l/(g)P)\,l/;O' - P)\,V;O'T2—n—<7,u(g)a g e G. (4)

The integral converges absolutely for Reoc > —1 and can be continued by
analyticity to other A\, o to a meromorphic function. Considered as a distribution,
the function (P ,,¢)(y) has poles in o (depending on \) at points

c=A—-2k, 0=2—-—n—X+2I,

where k.1 € {0,1,2,...}. These poles are simple for generic .

We determine explicitly the interaction of the Poisson transform Py , , with
Lie operators of the overgroup G in the representation R>\ v, 1.e., with the repre-
sentation RM, of the Lie algebra g (“overalgebra”) of the group G.

We have to write explicitly the compositions ITIA(X ) Prvo where X € g. If
X € g, then, by (4), the answer is simple:

EA (X) PA,U,G = P)x.,v;a T27nfa(X)-

Therefore, it is sufficient to take for X elements in the subspace m, see Section 3,
for example, basis elements M., and Yi,.

We write explicitly expressions of ITIA(X )P0 for the following elements
X € m: basis elements My, in n and Y}, in a. The crucial step is a computation
of the composition RA( Yo)Pa 0, where Yy is the basis element in the centralizer
of the group K, see (11). In order to find expressions for other X € m, we use
expressions for Y and commutation relations.
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Theorem 1. Let o be not a pole of the Poisson transform P, .. The operator
Rx\(X), X € m, interacts with this transform as follows:

E)\(X)Pk,u;a = a()‘a O-)PA,V;U—FQ KO'(X)
+ b()‘a O-)PA,I/;U E, (X) + C(}\, O-)PA,V;U—Q C(X)a (5)

where coefficients a,b, ¢ are given by formulae:

Ato+n
)= D)o+ 2) 20 +n—2) (20 +1)’ (6)
22 +n
P2 = (95 40— 4)(20 4+ n) ®
(A o) = A—0+2)o(c—1) (8)

(20 +n—4)(20+n—2)’

and Ko(X), E;(X) and C(X) are differential operators on S of order 4, 2 and
0 respectively (the operator C(X) does not depend on o) linearly depending on
X € m. In particular, for X =Yy, see (1), we have

Ky (Yo) = (A1 — A2) + (20° + 2n0 + ng + 2(p — 9)) A
+ (20% 4 2no +np — 2(p — q)) A2

+(c+2)(c+p)oc+q)(oc+n—2). (9)
EU(YI)):Al7A2+p;qa(a+n—2), (10)
C(Yo) =1, (11)

Proof. We prove the theorem by straight computations of R, (X)Py o for basis
elements X € m.

Let us outline the proof of formulae (5)—(11). Recall (Sections 2 and 3): we
write y € Y and s € S as pairs: s = (§,7) and y = (u,v), so that [y, s] = —(u, &) +
(v,m). Denote also A = [y, s] and z = (u, &), w = (v,7n), so that A = —z + w. We
use polar coordinates u = rw, 0 < r <1, w € 5.

To simplify the notation, we omit the symbol v in notation ¥, so that, say,
A7 A% gtand for A%Y, A7ELVEL regpectively, etc. Then the Poisson transform
(3) can be rewritten as

Prvop = a“/s A%¢p(s)ds, (12)
where
MZ_)\_;_H, W12 13)
Let us apply to a#A° the operator Ry (Yp), see (2). Using (13), we obtain:
E/\(Yb) (a"A%) = (A + o +n)a""tA7 —gat -w- AT —¢q Atn A AT (14)
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so that, see (12), we get
> A+n
Ryr(Yo)Prvop = A+ 0+n)Pri2ocp —0Pri10-1(w-p) —¢q " Py s.
To prove (5)—(11), we have to present function (14) as a linear combination
of the following functions:
a,u+1A0727
a"AT P AAC,
at AT gt IN AT I AN AT

where 4,7 € {1,2}. We do it by rather long computations, we omit them. Note
only some relations: we use

AA” = —o(0+p—2)A° + (20 +p—3) -w- A7 !
+o(oc—1)A2(1 —a — w?),
a(

MA° = —o(0+q—2)A° —0(20 +q—3)-z- A7}
+o(o—1)A772(1 — 22).
Ao (w-A%) =w- A A7 + Ay AT — AN, A°. O

Now let us go to other elements X € m. We use expressions for X = Y| just
found and commutation relations.

Suppose we know (5) with coefficients a, b, ¢ given by (6), (7), (8) for an
element X € m and want to find expressions EA (M)Py,,» for the element

M =[X,L] €m, (15)
where L is an element in g. From (15) we have

Rx(M) = Ry(X)Rx(L) — Rx(L)RA(X).

Multiplying this equality by Pj . from the right and using (4) with L instead of
g, we obtain expression (5) for Ry(M) where
KO'(M) = KO(X)TQ—n—U(L) - T—TL—O’(L)KO'(X)7
E,(M)=E;(X)To—p—o(L) — To—pn—o(L)E,(X),
C(M) = C(X)Tyno(L) — Tyn_o(L)C(X).
For example, for M = My, we take X =Yy, L = Ly,; for M =Y}, we take
X =(1/2)My,, L = L, and so on. Expanded expressions for operators K, (M)
turn out to be rather cumbersome, we reduce them to products (compositions)

of differential operators. Omitting long analytical computations, let us bring the
result.
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Introduce the following differential operators on .S:
Zi(o) = sk (A1 — Ag) + (20 + n)By, — (0 +n — 2)(0 + p) s,
Vi (0) = sm (A1 — Ag) — (20 +n)Bp, + (0 + 1 — 2)(0 + Q) S,
where k=1,...,p,m=p+1,...,n.

Then we have

for X = My (K <p<m):

~—

Ka(Mkm) = —Zk(a + 1)Vm(a) — Vm(O' + 1)Zk(0'),
Ea(Mkm) = 78mZk(0) — Ska(U),
)

KU(Ykm) = Vm(O')Vm(O' + 1) + Zk(O')Zk(O‘ + 1),
Ea(Ykm) = 82} (T) + 5V, (O’),
C(Ylwn) = Si + 5%@7

for X = My, (1< k<m<p):

Ka(Mkm) = Zk(O' + 1)Z7rz(0) + Z?n(U + 1)Zk(0)7
Eo’(Mkm) = SkZ7rL(U) + 37rLZk(U)a
C(Mkm) = QSkSm.
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On p-adic Colligations and ‘Rational Maps’
of Bruhat—Tits Trees

Yury A. Neretin

Abstract. Consider matrices of order k+ N over p-adic field determined up to
conjugations by elements of GL(N) over p-adic integers. We define a product
of such conjugacy classes and construct the analog of characteristic functions
(transfer functions), they are maps from Bruhat-Tits trees to Bruhat—Tits
buildings. We also examine categorical quotient for usual operator colligations.
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Keywords. Colligation, Bruhat—Tits trees, buildings, characteristic functions.

1. Introduction

1.1. Notation

Denote by 1 = 1, the unit matrix of order . Below K is an infinite field', K is
a locally compact non-Archimedian field, O C K is the ring of integers. In both
cases we keep in mind the p-adic fields. Let Mat(n) = Mat(n, K) be the space of
matrices of order n over K, GL(n, K) the group of invertible matrices of order n.
We say that an co x oo matrix g is finite if ¢ — 1 has finite number of nonzero
matrix elements?. Denote by Mat(co) = Mat(oo, K) the space of finite oo x oo
matrices, by GL(co, K) the group of finite invertible finite matrices.

1.2. Colligations

d
of size (a+00) x (a4 00). Represent the group GL(oco, K) as the group of matrices

Consider the space Mat(« + 0o, K) of finite block complex matrices g = (Z b>

Supported by the grants FWF, P22122, P25142.
I'We prefer infinite fields, otherwise the rational function (6) is not well defined.
2Thus 1 is finite and 0 is not finite.
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la
0
with respect to GL(oo, K), i.e., matrices determined up to the equivalence

-1
a b 1., O a b 1. O
(c d) ~ (0 u) (c d) (0 u) , where u € GL(00,K). (1)
We call conjugacy classes by colligations (another term is ‘nodes’). Denote by
Coll(«r) = Coll(ex, K)

the set of equivalence classes. There is a natural multiplication on Coll(«, K), it
is given by

of the form of size o+ oo. Counsider conjugacy classes of Mat(a + oo, K)

a b 0 p 0 g¢q ap b aq
(Z Z)O<Ir) 3): c d 0 01 0)=\|cp d cq]. (2)
0 0 1 r 0 r 0

The size of the last matrix is
o+ 00+ 00 = a + 0.
The following statement is straightforward.

Proposition 1.

a) The o-multiplication is a well-defined operation
Coll(a) x Coll(ar) — Coll(«x).
b) The o-multiplication is associative.

There is a way to visualize this multiplication. We write the following ‘per-
verse’ equation for eigenvalues:

(5= (¢ ) (&) ®

q = ap + Abx; (4)
x = cp+ M\dz. (5)

where A € K. Equivalently,

We express x from (5),
z=(1-Xd) ep,
substitute it to (4), and get
7= xsNp,

where x4(X)

Xg(A) = a+ Ab(1 — \d) e (6)
is a rational function K — Mat(«). It is called characteristic function of g. The
following statement is obvious.

Proposition 2. If g1 and go are contained in the same conjugacy class, then their
characteristic functions coincide.
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The next statement can be verified by a straightforward calculation (for a
more reasonable proof, see below Theorem 20).

Theorem 3. Xgoh(A) = Xg(AN)xn(N).

Theorem 4. Let K be algebraically closed. Then any rational map K — Mat(a, K)
regular at O has the form x4(X\) for a certain g € Mat(oo, K).

See, e.g., [5], Theorem 19.1.
1.3. Origins of the colligations

The colligations and the characteristic functions appeared independently in spec-
tral theory of non-self-adjoint operators (M.S. Livshits, 1946) and in system theory,
see, e.g., [3, 5, 8, 9, 1315, 28, 30]. It seems that in both cases there are no visible
reasons to pass to p-adic case.

However, colligations and colligation-like objects arose by independent rea-
sons in representation theory of infinite-dimensional classical groups, see [16, 25].

First, consider a locally compact non-Archimedian field K and the double
cosets

M =SL(2,0) \ SL(2,K)/ SL(2,0).

The space of functions on M is a commutative algebra with respect to the convo-
lution on SL(2,K). This algebra acts in the space of SL(2, Q)-fixed vectors of any
unitary representation of SL(2,K). Next (see Ismagilov [10], 1967), let us replace
K by a non-Archimedian non-locally compact field (i.e., the residue field is infinite
[10] or the norm group is non-discrete [12]). Then there is no convolution, however
double cosets have a natural structure of a semigroup, and this semigroup acts in
the space of SL(2,0)-fixed vectors of any unitary representation of SL(2,K). In
particular, this allows to classify all irreducible unitary representations of SL(2, K)
having a non-zero SL(2, 0)-fixed vector.

It appeared that these phenomena (semigroup structure on double cosets
L\ G/L for infinite dimension groups®* and actions of this semigroup in the space
of L-fixed vectors) are quite general, see, e.g., [16, 18, 19, 24-26].

In [23] there was proposed a way to construct representations of infinite-
dimensional p-adic groups, in particular there appeared semigroups of double
cosets and p-adic colligation-like structures. The present work is a simplified paral-
lel of [23]. If we look to the equivalence (1), then a p-adic field is an representative
of non-algebraically closed fields. However, [23] suggests another equivalence,

£0)-(5 C G L) o o

(we conjugate by the group GL(co, Q) of integer matrices). Below we construct
analogs of characteristic functions for this equivalence and get ‘rational’ maps from

3There is a elementary explanation initially proposed by Olshanski: such semigroups are limits
of Hecke-type algebras at infinity. For more details, see [22].

4Conjugacy classes are special cases of double cosets, conjugacy classes G with respect to L are
double cosets L\ (G x L)/L, where L is embedded to G x L diagonally, | — (I,1).
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Bruhat-Tits trees to Bruhat—Tits buildings (for « = 1 we get maps from trees to
trees), the characteristic function (6) is its boundary value on the absolute of the
tree.

It is interesting that maps of this type arise in theory of Berkovich rigid
analytic spaces®, see [1, 2, 4]. However I do not understand links between two
points of view. For instance, we show that any rational map of a projective line IP’Q;)
to itself admits a continuation to the Bruhat—Tits tree, and such continuations are
enumerated by the set GL(c0, Qp)/ GL(00, 0)). In Berkovich theory continuations
of this type are canonical.

1.4. Structure of the paper

In Section 2 we consider characteristic functions over algebraically closed field. We
discuss categorical quotient [Coll(«)] of Coll(e) with respect to the equivalence
(1), the main statement here is Theorem 14. In Section 3 we examine the case
a = 1. We show that the semigroup [Coll(1)] is commutative. Also we show that
for non-algebraically closed field any rational function K — K is a characteristic
function.

In Section 4 we consider p-adic fields and introduce characteristic functions
for conjugacy classes of GL(c + 00, Q)) by GL(00,Oy).

In Section 5 we briefly discuss conjugacy classes of GL(« + moo,Q,) with
respect to GL(oc0, Oy).

2. Formalities. Algebraically closed fields

In this section K is an algebraically closed field. For exposition of basic classical
theory, see the textbook of Dym [5], Chapter 19. See more in [9, 15, 30, 31]. Our
‘new’ element is the categorical quotient® (in a wider generality it was discussed
in [21]).

Denote by PK! the projective line over K. For an even-dimensional linear
space W denote by Gr(W) the Grassmannian of subspaces of dimension } dim V.

2.1. Colligations
Fix @« > 0, N > 0. Consider the space of matrices Mat(a + N, K), we write

its elements as block matrices g = (Z Z) Consider the group GL(N, K), we

represent its elements as block matrices (16" 2) Denote by Colly(«, K) the

space of conjugacy classes of Mat(a+ N) with respect to GL(N, K), see (1). Denote
by [Colly (e, K)] the categorical quotient (see, e.g., [27]), i.e., the spectrum of the
algebra of GL(N, K)-invariant polynomials on Mat(« + N).

5In Berkovich theory objects are lager than trees and buildings. However, our ‘characteristic
functions’ admit extensions to these larger objects.
61 have not met discussion of this topic, however sets of ‘nonsingular points’ of Coll(a) and its
completions were discussed in literature, see [9, 30].
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2.2. Characteristic function

For an element g = (‘; 2) of Mat(« + N) we assign the characteristic function
Xo(A) = a+ Ab(1 — A\d) e, A ranges in K. (8)
If d is invertible, we extend this function to the point A = co by setting
Xg(o0) = a —bd e
Passing to the coordinate s = A~! on PK!, we get
Xg(8) =a+b(s—d) te.

Theorem 5. Any rational function K — Mat(«, K) regular at 0 is a characteristic
function of an operator colligation.

See, e.g., [5], Theorem 19.1.
2.3. The characteristic function as a map PK! — Gr(K?2%)
See [9, 15, 31]. If X¢ is a regular point of x4(\), we consider its graph X;(Xo),
Xy(Mo) C K* & K.
Singularities of rational maps of PK! to a projective variety Gr(K® & K<) are
removable. Let us remove a singularity explicitly at a pole A = A\g. We can represent
Xg(A) as
h

(A—Ao)m1 }?
A\ = Xo) 0 G-xgymz o | B(A=X0) +S(A = Xo), (9)

where A(...), B(...) are polynomial functions K — Mat(«), A(0), B(0) are in-
vertible, the exponents m; satisfy mq > mq > ..., and S()\) is a rational functions
K — Mat(«) having zero of any prescribed order M > 0 (proof of this is a straight-
forward repetition of the Gauss elimination procedure). Denote by e; the standard
basis in K“. Consider the subspace L in K @ K“ generated by vectors

e; 0, for m; > 0;

hje; @ ej, for m; = 0;

0 ey, for m; < 0.

Applying the operator A(0) & B(0)™! to L we get x4(Ao)-

2.4. An exceptional divisor

A characteristic function is not sufficient for a reconstruction of a colligation.
Indeed, consider a block matrix of size oo + k + 1

a b 0
c d 0
0 0 e

Then the characteristic function is independent of e.
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For g € Colly(a) we define an additional invariant, a divisor” £, C PK! in
the following way: Z, as the divisor of zeros of the polynomial
pg(A) = det(1 — Ad)
plus A = oo with multiplicity /N — degpy. In the coordinate s = A~! this divisor is

simply the set of eigenvalues of d.

Proposition 6.
a —Ab
ety _det(c 1>\d)
XsN = Get(1 — ad)

Proof. We apply the formula for the determinant of a block matrix. O

Corollary 7. The divisor 24 contains the divisor of poles of det x4(N).

Theorem 8. For any rational function xK — Mat(a) regular at 0 there is a colli-
gation g with characteristic function x such that the divisor =, coincides with the
divisors of poles of det x(X).

See [5], Theorem 19.8. Such colligations g are called minimal.

2.5. Invariants

Theorem 9. A point g of the categorical quotient [Colly ()] is uniquely determined
by the characteristic function x4(\) and the divisor Z.

Proof. Let us describe GL(N, K )-invariants on Mat(a+N). A point g = (Z Z) €

Mat(c + N) can be regarded as the following collection of data:

a) the matrix d;
b) « vectors (columns c[j] of ¢);
¢) a covectors (rows bli] of b);
d) scalars a;;.
The algebra of invariants (see [29], Section 11.8.1) is generated by the follow-
ing polynomials

blild"clj], (10)
trd”, (11)
Qi (12)

Expanding the characteristic function in A,

Xg(N) =a+ > AFlbdbe
k=0

i.e., a finite set with multiplicities.
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we get in coefficients all the invariants (10), (12). Expanding
Inp,(A) = Indet(1 — \d) Z L b dr,

we get all invariants (11). O

Corollary 10. Any point of [Colly ()] has a representative of the form

a b 0
c d 0],
0 0 e

b) .
18 minimal.

where e is diagonal matriz and the colligation (Z d

2.6. o-product

Now we define the operation

Colly, () x Colly, () — Colln, 4, ()
by the formula (2).
Theorem 11.

a) Xgoh(A) = Xg(A)xn(A).
b) Egoh = Eg + =5,

The statement b) is obvious, a) is well known (see a proof below, Theorem 20).

Corollary 12. The o-multiplication is well defined as an operation on categorical
quotients,

[Colly, ()] x [Colly, ()] = [Colly, +n, ()]
Proof. Indeed, invariants of g o h are determined by invariants of g and h. O

2.7. The space Colls ()

Consider the natural map

Iy := Mat(a+ N) — Mat(a + N + 1)

defined by
a b 0
In: (‘Z Z) c d 0
0 0 1

We have

XIng(A) = Xg(N);
Eivg = Zg +{1},
where {1} is the point 1 € K.
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Lemma 13. The induced map [Colly ()] — [Collyy1(a)] is an embedding.

Proof. The restriction of invariants (10-12) defined on Mat(a + N + 1) to the
subspace Mat(a + N) gives the same expressions for Mat(a + N). O

Thus, we can define a space [Coll(a)] = [Colls ()] as an inductive limit

[Colleo(a)] = lim [Colly ()]
N —oc0
It is equipped with the associative o-multiplication.
Characteristic function of an element g € [Collo ()] can be defined in two
equivalent ways. The first way, we write the expression (8) for infinite matrix g.
The second way. We choose large N such that g has the following representation

a b 0) }la
g=| ¢ da 0 |IN (13)
0 0 1/ }oo

and write the characteristic function for the upper left block of the size o + N.
Next, we define the exceptional divisor =, in PK L. 'We represent ¢ in the

form (13), write the exceptional divisor for and add the point A = 1 with

b

d )
multiplicity oo (in particular, the multiplicity of 1 always is infinity). Thus, we can
regard the ‘divisor’ as a function

¢€:PK' > Z, Uoco

satisfying the following condition.

a) £(A\) = 0 for all but finite number of A.
b) £(1) = oo, at all other points £ is finite.

We reformulate statements obtained above in the following form. Denote by
I',, the semigroup of rational maps x : PK! — Mat(«) regular at the point A = 0.
Denote by A the set of all divisors in the sense described above. We equip A with
the operation of addition.

Next, consider the subsemigroup R, C I' X A consisting of pairs (x, E) such
that divisor of the denominator of det x(A) is contained in the divisor =.

Theorem 14. The map g+ (Xq4,2¢) i an isomorphism of semigroups
[Collo(a)] and Ra.

Notice, that the semigroup [Colls («) itself is not a product of semigroup of
characteristic functions and an Abelian semigroup. A similar object appeared in
[16], IX.2.
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3. The case o =1

3.1. Commutativity

Theorem 15. The semigroup [Colls(1)] is commutative.

Proof. Indeed, I'1 is commutative, therefore I'y X A is commutative. O

REMARK. The semigroup Colly (1) is not commutative,

1 0 1 1 oo
1 1)%\o 1) =\ B
0 0 1
1 1 1 0 Lo
o 1)°\ 1))=Y L Y]
1 0 1
and blocks ‘d’ on the right-hand side have different Jordan forms. O

3.2. Commutativity — straightforward proof

The proof given below is not necessary in the context of this paper. However, it
shows that the commutativity in certain sense is a non-obvious fact (in particular,
this proof can be modified for proofs of non-commutativity of o-products in some
cases discussed in [19]).

First, an element of Colly(1) in a general position can be reduced by a
conjugation to the form

a b1 b2 bg
C1 )\1 0 0
C2 0 )\2 0 ,

C3 0 0 )\3

where \; are pairwise distinct. To be short set N = 2. Consider two matrices

p br b P @ @
g = C1 )\1 0 s h = rop1 0
Co 0 Ao T2 0 U2

with A1, Ag, p1, pe being pairwise distinct. We evaluate

ap b1 by aq age
ap M1 0 caq g
S=goh=|cop 0 X2 coq1 coq2
1 0 0 M1 0
) 0 0 0 M2
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and
p 0 0 ¢ @ a by by 0 0
0O 1.0 0 O ct A1 0 0 O
T=hog=]10 01 0 O ca 0 X 0 O
rm 0 0 pp O 0O 0 0 1 0
ro 00 0 s 0O 0 0 01
ap bip bp @ @
C1 )\1 0 0 0
= Co 0 )\2 0 0
ary b17“1 527“1 M1 0
arg blT'Q b27’2 0 U2
Proposition 16. In this notation,
1 0\ './1 0
= w) s v)
where
U=U;'UU-,
matrices Uy, U_ are upper (lower) triangular respectively,
L0 0% L 0 0
U 0 1 /\CQ‘JL )\CQ‘If U 0 1 0
= 2—H1 2—H2 _ = r r
1o o "1 o | Mot a1
0 0 0 1 bira 272 0

Al—p2  Az—pe2
and Uy is a diagonal matriz with entries

qim qa72 » qir1 qar2
)\1*#1 >\1*u2’ >\2*M1 >\2*M2’

b1(31 bQCQ > -1 ( b1(31 bQCQ > -1
a+ + , a+ + .
< Ml_)\l /,[/1—)\2 MQ_)\l MQ_)\2
Proof. We represent T" and S as block matrices,
T11 T12 Sll 512
T = , S =
(TZI Tzz) (521 522>
of size (1 +4) x (1 +4). We must verify equalities

UTyy = 520U,
UTy = Yo, T2 = S12U.

p+

Represent the first equality in the form
Ug(U-TooUZ") = (U4 SooU MU,

— O O O
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The matrices Uy are chosen in such a way that

M0 0 0
o 4 o a0 0
UTpUZ! =UsSpUS = | o

0 0 0 pue
Therefore (16) holds for any diagonal matrix Uy. It remains to choose Uy to sat-

isfy (15). O

3.3. Linear-fractional transformations

B
)

Let vg + & be nondegenerate®. Let x4(s) be the characteristic function written in
the coordinate s = A= Then the characteristic function of the colligation

h=(ag+B)(vg+ )"

—1
(0 (5035)#7) O (5035) +9)

Proof. We represent the equation

(%) =)

ag+PBp\ _[(a b 7q + 6p
asr+Bx)  \c d) \vysx+dx)’

Passing to the variable y = (ys + ) we get

(s Bt s0) = (0 a) (737)

This implies the desired statement. O

Proposition 17. Let (i ) be a nondegenerate 2 x 2 matriz. Let g € Colly(«).

1S

as

3.4. Non-algebraically closed fields
Now let K be a non-algebraically closed infinite field.

Proposition 18. Let

be a rational function on PK' such that v(0) # 0. Then it is a characteristic
function of a certain element of Colly(1).

8This is independent on the choice of a representative.
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Proof. By induction. Pass to the variable s = A~1. We say that degree of w(s)
is degv(s) (since s = oo is not a pole of w(s), we have degu(s) < degw(s)). For
functions of degree 1 the statement is correct. Assume that the statement is correct
for functions of degree < n. Consider a function w(s) of degree n. Take a linear
fractional transformation
~ ow(s
Be) e )+
yw(s) +
such that w(s) has a pole at some finite point o and a zero at some point 7. Then
we can decompose w(s):
_ 5—T
w(s) = 5),
(s)=_ s
where y(s) is a rational function of degree < m. Both factors are characteristic
functions, therefore w(s) also is a characteristic function. O

4. Maps of Bruhat—Tits trees

Now K is the p-adic field Q, and O C K is the ring of integers. All consider-
ations below can be automatically extended to arbitrary locally compact non-
Archimedian fields (few words must be changed).

4.1. Colligations

Denote by Colly(«) the set of all matrices (Z Z) over K of size a + N defined

up to the equivalence

(i (bj) - <(1) 2) (Z Z) (é 2) 71, where u € GL(N, 0). (17)

We define the o-product
Q:O[[Nl (Oé) X Q:O[[NQ (Oé) — Q:O[[N1+N2 (Oé)

by the same formula (2).
As above we define €oll,, () and the associative o-product on Colly ().

4.2. Bruhat-Tits buildings

Consider a linear space K™ over K. A lattice R in K" is a compact Q-submodule
in K™ such that K- R = K”. In other words (see, e.g., [20, 32]), in a certain basis
e; € K", a submodule R has the form @;0e;. The space Lat,, of all lattices is a
homogeneous space,

Lat,, ~ GL(n,K)/ GL(n, Q).

We intend to construct two simplicial complexes BT,, and BT},.
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1. Consider an oriented graph, whose vertices are lattices in K”. We draw arrow
from a vertex R to a vertex T if T O R D pT. If k vertices are pairwise
connected by arrows, then we draw a simplex with such vertices. In this way
we get a simplicial complex BT,,, all maximal simplices have dimension n.
The group GL(n,K) acts transitively on the set of all maximal simplices (and
also on the set of simplices of each given dimension j =0, 1, ..., n).

2. Consider a non-oriented graph whose vertices are lattices defined up to a
dilatation, R ~ R" if R = AR’ for some A\ € K*. Denote

Lat) := Lat, /K*.

We connect two vertices R ¢ T by an edge if for some A we have pT' C AR C
T. If k vertices are pairwise connected by edges, then we draw a simplex with
such vertices. We get a simplicial complex BT}, dimensions of all maximal
simplices are n — 1. The projective linear group
PGL(n,K) = GL(n,K)/K*
acts transitively on the set of all simplices of a given dimension j =0, 1,.. .,
n—1.
We have a natural map
BT, (K) — BT, (K),
we send a lattice (a vertex) to the corresponding equivalence class, this induces a
map of graphs. Moreover, vertices of a k-dimensional simplex fall to vertices of a
simplex of dimension < k.

These complexes are called Bruhat—Tits buildings, see, e.g., [7, 20]. For n = 2
the building BT2(K) is an infinite tree, each vertex is an end of (p + 1) edges.

4.3. Construction of characteristic functions
Consider the space K? = K! @ K!. For any lattice R C K? consider the lattice

RoON c K2 KN = KN ¢ KV.

For a colligation g = (Z Z) we write the equation

(=25 () 19

Consider the set x,(R) of all ¢ p € K* @K such that there are y x € R KV
satisfying equation (18).

Proposition 19.

a) The sets xq4(R) are lattices.

b) If R, T € Laty are connected by an arrow, then x4(R) and x4(T) are con-
nected by an arrow or coincide.

c) A lattice x4(R) depends on the conjugacy class containing g and not on g
itself.

d) xg(AR) = Axg(R) for X € K*.
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The proof is given in the next subsection.
Thus x4 is a map
Xg : BT2(K) — BT, (K).
Since it commutes with multiplications by scalars, we get also a well-defined map
X, : BT2(K) — BT, (K).

4.4. Reformulation of the definition
Consider the space
H=K*oK*oK" o KV

consisting of vectors with coordinates ¢, p, y, . Consider the following subspaces
and submodules in H:

— G C H is the graph of g;

-~ U=000pKN ¢K";

- V=K*@K*® 00 0;

— the O-submodule S = K* ® K* @ (R ® KV).

Consider the intersection G N .S and its projection to V' along U. The result

is xg(R).

Proof of Proposition 19. The statements a), b), d) follow from new version of the
definition, c¢) follows from GL(N, Q)-invariance of R ® OV . O
4.5. Products

Now we wish to obtain an analog of Theorem 11. For this purpose, we need a
definition of multiplication of lattices.

Let S, T C K* @ K* be lattices. We define their product ST as the set of all
u P w € K*@ K* such that there is v € K* satisfyingu® v € S, v w € T. This
is the usual product of relations (or multi-valued maps), see, e.g., [16].

Theorem 20.
Xgon(S) = Xg(9)Xn(S).

Proof. Let g = <z Z), h = (3 g) Let 7 = x4(S)¢, ¢ = xn(S)p. Then there

are z, y, y', x such that

y®rz e ROM, ¢y oz’ e Reo0O™
satisfying
r\ _(a b\ [(q g\ (o B\ (p
y)  \c d)\z)’ y )  \vy 6)\z' )"
Then
r a b 0 q a b 0 a 0 g q
y|l=1c d 0 x|l =|c d O 0 1 0 x
y' 0 0 1 y 0 01 v 0 ¢ x’

This proves the desired statement. O
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Consider the natural projection
pr: Colly(a) — Colly(c).

Formally, we have two characteristic functions of an element of €olly (), one is
defined on PK!, another on BT5(K). In fact, the second function is the value of
the first on the boundary of the building. Now we intend to explain this.

4.6. Convergence of lattices to subspaces

We say that a sequence of lattices R; € Lat,, converges to a subspace L C K" if

a) For each ¢ for sufficiently large j a lattice R; is contained in the e-neighbor-
hood of L.
b) For each compact set S C L we have R; N L C S for sufficiently large j.

Proposition 21. Let a sequence R/ € Lat,, converge to a subspace L C Q™. Let
M C O™ be a subspace. Let w: Q™ — Q™/L be the natural projection. Then

a) RjNM converges to L N M.
b) m(R;) converges to w(M).

The statement is obvious.

We say that a sequence R} € Lat™ converges to a subspace L if we have a
convergence [f; — L for some representatives of ;. Notice that a sequence R} can
have many limits in this sense” 1. However a limit subspace of a given dimension
is unique.

4.7. Boundary values

Proposition 22. Let g € €olly (). Let A € PK! be a nonsingular point of the char-
acteristic function Xpr(g)(A) defined on PK'. Let L be the line in K2 corresponding
A. Let R; € Lat,(K) converges to £. Then x4(R;) converges to Xpr(g) (M)

Proof. The statement follows from Subsection 4.4 and Proposition 21. O

4.8. Rational maps of Bruhat—Tits trees

Corollary 23. Any rational map PK' — PK' can be extended to a continuous map
of Bruhat-Tits trees, such that image of a vertez is a vertex and image of an edge
is an edge or a vertex.

Proof. Represent a rational map as a characteristic function of a colligation g €
Colls(1). We take a colligation g € Collo(1) such that pr(g) = ¢, and take the
corresponding map BT5(K) — BT5(K). O

9Moreover, 0 and Q" are limits of all sequences according our definition.
10Gee [17].
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5. Rational maps of buildings
5.1. m-colligations

Fix @« 2 0, m > 1. Let N > 0. Consider the space Mat(«a + mN,K) of block

matrices of size « + N + - - - + N. Denote by €olly(a|m) the set of such matrices
up to the equivalence

a b1 . bm
C1 d11 . dlm
Cm d’ml AR d’m'm
10 ... 0\ [a b ... by\ /1 O 0\ '
0 u ... 0 C1 d11 N dlm 0 u 0
00 ... u Cm dm1 .. dm;mm 00 ... u
where u € GL(N,0). (19)

We define a multiplication

Colly, (alm) x Colly, (alm) — Colly, 4N, (a|m)

by
a bl ce b'm p q1 v dm
ca din ... dim re ot ... tim
. . O
Cm d'ml d'm'm Tm t'ml s t'm'm
a by 0 ... bn 0 p 0 Q 0 m
C1 d11 0 e dlm 0 0 ].]\/'1 0 0 0
0 0 ].N2 0 0 71 0 t11 0 tlm
Cm dm1 0 dmm 0 0 0 0 1N, 0
0 0 0 0 1N, Tm tm1 0O 0 tmm
a b1 aq ... by aqm
ap din aq ... dim  C1gm
71 0 t11 - 0 tlm
CmP dm1 Cmqr - dmm CmQm
T'm 0 tmi .- 0 trmm

5.2. Characteristic functions
For a lattice R € Lata,, (K) consider the lattice

R@@N c K2m®KN _ (Km®KN)@ (K"L@KN)
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For g € Mat(a + km) we write the following equation

q a by ... bn P
Y1 cr din ... dim T
Um Cm dm1 ... dmm T

where p, ¢ range in K%, and z;, y; € K. Denote by Xg(R) the set of all ¢&p € K2«
such that there exists y @ r € R ® O, for which equality (20) holds.

Theorem 24.

a) xg(R) is a lattice in K* & K.
b) The characteristic function x4(R) is an invariant of the equivalence (19).
c) The map x4 : Lata,, — Lata, induces maps

BT — BTsa, BT}, — BTS,.
d) For any g € Colly, (a|m), h € Colly, (alm), the following identity holds
Xgon (1) = Xg(R)xn(R).
Proof. Repeats the proof given above for m = 1. See also a more sophisticated

object in [23]. O

5.3. Extension to the boundary

Next (see [18, 21]), we extend characteristic functions to the distinguished bound-
aries of buildings. Let S € Mat(m,K). Again write equation (20). We say ¢ =
Xg(S)p if there exists y such that ¢, p, y, * = Sy satisfy equation (20). In other
words,

Xq(S) =a+ bS(1—dS) e,
where S = S ® 1y,

811'].]\7 Slm']-N

Sml']-N Smm']-N
Theorem 25.
a) For any g € Colly, (a|m), h € Colly, (a|m),
Xgon(S) = X4 (5)xn(5).

b) If a sequence of lattices R; € Lat(K™ @ K™) converges to the graph of S,
then x4(R;) converges to x4(S).

The proof is the same as above for m = 1.
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Resonances for the Laplacian: the Cases BC),
and C; (except SOy(p, 2) with p > 2 odd)

J. Hilgert, A. Pasquale and T. Przebinda

Abstract. Let X = G/K be a Riemannian symmetric space of the noncompact
type and restricted root system BC3 or Cs (except for G = SOq(p,2) with
p > 2 odd). The analysis of the meromorphic continuation of the resolvent
of the Laplacian of X is reduced from the analysis of the same problem for a
direct product of two isomorphic rank-one Riemannian symmetric spaces of
the noncompact type which are not isomorphic to real hyperbolic spaces. We
prove that the resolvent of the Laplacian of X can be lifted to a meromorphic
function on a Riemann surface which is a branched covering of the complex
plane. Its poles, that is the resonances of the Laplacian, are explicitly located
on this Riemann surface. The residue operators at the resonances have fi-
nite rank. Their images are finite direct sums of finite-dimensional irreducible
spherical representations of G.

Mathematics Subject Classification (2010). Primary: 43A85; secondary: 58J50,
22E30.

Keywords. Resonances, resolvent, Laplacian, Riemannian symmetric spaces
of the noncompact type, direct products, BC, rank two.

1. Introduction

The study of resonances has started in quantum mechanics, where they are linked
to the metastable states of a system. Mathematically, the resonances appear as
poles of the meromorphic continuation of the resolvent (H —2)~! of a Hamiltonian
H acting on a space of functions F on which H is not selfadjoint. In the last
thirty years, several articles have considered the case where H is the Laplacian
of a Riemannian symmetric space of the noncompact type X and F is the space
C°(X) of smooth compactly supported functions on X. The basic problems are
the existence, location, counting estimates and geometric interpretation of the
resonances. All these problems are nowadays well understood when X is of real
rank one, such as the real hyperbolic spaces. The situation is completely different
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for Riemannian symmetric spaces of higher rank. The pioneering articles proving
the analytic continuation of the resolvent of the Laplacian operator across its
continuous spectrum are [7] and [8]. However, in these articles, the domains where
the continuation was obtained is not sufficiently large to cover the region where the
resonances could possibly be found. Indeed, the existence of resonances is linked
to the singularities of the Plancherel measure on X. The basic question, whether
resonances exist or not for general Riemannian symmetric spaces for which the
Plancherel measure is singular, is still open. If the general picture is still unknown,
some complete examples in rank 2 have been treated recently: SL(3,R)/SO(3) in
[5] and the direct products X; x Xo of two rank-one Riemannian symmetric spaces
of the noncompact type in [6].

The present paper is a natural continuation of [6] and deals with the cases of
Riemannian symmetric spaces X = G/K of real rank two and restricted root system
B(C5 or O except the case when G = SOq(p, 2) with p > 2 odd. The reason is that
for all the spaces X considered here the analysis of the meromorphic continuation
of the resolvent of the Laplacian can be deduced from the same problem on a direct
product X; x X; of a Riemannian symmetric space of rank one not isomorphic to
the real hyperbolic space.

We prove that for all the spaces X we consider, the resolvent of the Laplacian
of X can be lifted to a meromorphic function on a Riemann surface which is a
branched covering of C. Its poles, that is the resonances of the Laplacian, are
explicitly located on this Riemann surface. If zg is a resonance of the Laplacian,
then the (resolvent) residue operator at zg is the linear operator

Res., R : C°(X) = C=(X) (1)
defined by
(Resso Bf)(y) = Resa—s[R(2)fl(y)  (f € CZ(X), y € X). (2)

Since the meromorphic extension takes place on a Riemann surface, the right-
hand side of (2) is computed with respect to some coordinate charts and hence
determined up to constant multiples. However, the image ReSZOﬁ(Cé’O (X)) is a
well-defined subspace of C°°(X). Its dimension is the rank of the residue operator
at zgp. We prove that ReSZO§ acts on C2°(X) as a convolution by a finite linear
combination of spherical functions of X and is of finite rank. More precisely, write
X = G/K for a connected noncompact real semisimple Lie group with finite cen-
ter G with maximal compact subgroup K. Then the space ResZOE(C;’O(X)) is a
G-module which is a finite direct sum of finite-dimensional irreducible spherical
representations of G. The trivial representation of G occurs for the residue op-
erator at the first singularity, associated with the bottom of the spectrum of the
Laplacian.



Resonances for the Cases BCs/Co 161

2. Preliminaries

2.1. General notation

We use the standard notation Z, R, RT, C and C* for the integers, the reals,
the positive reals, the complex numbers and the non-zero complex numbers, re-
spectively. For a € Z, the symbol Zx>, denotes the set of integers > a. We write
[a,b] = [a,b] NZ for the discrete interval of integers in [a, b]. The interior of an in-
terval I C R (with respect to the usual topology on the real line) will be indicated
by I°. The upper half-plane in C is CT = {z € C : 3z > 0}; the lower half-plane
—C* is denoted C™. If X is a manifold, then C*°(X) and C2°(X) respectively de-
note the space of smooth functions and the space of smooth compactly supported
functions on X.

2.2. Noncompact irreducible Riemannian symmetric spaces of type BC» or C,

Let X = G/K be an irreducible Riemannian symmetric space of the noncompact
type and (real) rank 2. Hence G is a connected noncompact semisimple real Lie
group with finite center and K is a maximal compact subgroup of G. We can
suppose that G is simple and admits a faithful linear representation. Let g and ¢
be respectively the Lie algebras of G and K, and let g = ¢®p be the corresponding
Cartan decomposition. Let us fix a maximal abelian subspace a of p. The (real)
rank 2 condition means that a is a 2-dimensional real vector space. We denote by
a* the dual space of a and by ag, the complexification of a*. The Killing form of g
restricts to an inner product on a. We extend it to a* by duality. The C-bilinear
extension of (-,-) to af will be indicated by the same symbol.

Let ¥ be the root systems of (g,a). In the following, we suppose that % is
either of type BCy or of type Co = Bsy. The set X1 of positive restricted roots is
the form ¥ = Zf‘ U uUXt, where

m

R i T e

with E;L = () in the case Cy = Bs. The two elements of El'*' form an orthogonal
basis of a* and have same norm b. The elements of X, and X} have therefore norm

‘éQb and 5, respectively. We define a% = {A € a* : (A, 8) > 0 for all 3 € ©T}.
The system of positive unmultipliable roots is ¥ = ;" L 5. The set ¥,

of unmultipliable roots is a root system. A basis of positive simple roots for X, is
{ﬂl , 52551 }

The Weyl group W of ¥ acts on the roots by permutations and sign changes.
For a € {l,m,s} set ¥, = I} LU (—=X}). Then each ¥, is a Weyl group orbit in
Y. The root multiplicities are therefore triples m = (my, mm, ms) so that m, is
the (constant) value of m on 3, for a € {l,m,s}. By classification, if X = G/K
is Hermitian, then m; = 1. We adopt the convention that mgs = 0 means that
YT =10, ie., ¥ is of type Cy. In this case, if X is Hermitian, then X is said to be
of tube type.
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The half-sum of positive roots, counted with their multiplicities, is indicated
by p. Hence

m
2p = Z Mo = (ml—i- )ﬁ1+(m1+mm+ 23)52- (3)
aext
Table 1 contains the rank-two irreducible Riemannian symmetric spaces

G/K with root systems of type BC5, their root systems, the multiplicities m =
(my, mm, ms), and the value of p.

Type AITI BDI CII DIII EIII
G SU(p.2) (p>2) | SOo(p,2) (p>2)| Sp(p.2)(p=2) |SO*(10) E(—14)
K S(U(p) x U(2)) SO(p) x SO(2) Sp(p) x Sp(2) U(5) | Spin(10) x U(1)
Hermitian yes yes no yes yes
s BC: c p=2C, BC BC
2 2 p>2: BCy 2 2
m = (my, Mm,ms) (1,2,2(p — 2) (1,p —2,0) (3,4,4(p — 2)) (1,4,4) (1,6,8)
2p (p— 1B+ (p+1)B2 B+ (p—1)82 561+ (54 2(p — 2))B2 | 361+ 7B2 581 + 882

TABLE 1. Rank-two irreducible symmetric spaces with root systems
‘BCE oer

Notice that we are using special low rank isomorphisms (see, e.g., [1, Ch. X,
§6, no. 4]), which allow us to omit some cases:

SU(2,2)/S( (2) x U(2)) =2800(4,2)/(SO(4) x SO(2)), (4)
Sp(2,R)/U(2) = 500(3,2)/(S0(3) x SO(2)), (5)

SO™(8)/U(4) = 500(6,2)/(SO(6) x SO(2)). (6)

Observe also that SO(2,2)/(SO(2) x SO(2)) = SL(2,R) x SL(2,R) is not in the

list because not irreducible.

Remark 1. Up to isomorphisms, there are four additional irreducible Riemannian
symmetric spaces of rank two:
1. SL(3,R)/SO(3) (type Al, with root system of type A2 and one root multi-
plicity m = 1; see [5]),
2. SU*(6)/Sp(3) (type AII, with root system of type A and one even root
multiplicity m = 4; see [8]),
3. Eg(—26)/F1 (type EIV, with root system of type Az and one even root mul-
tiplicity m = 8; see [8]),
4. Ga(—14)/(SU(2) x SU(2)) (type G, with root system of type G2 and one root
multiplicity m = 1).

2.3. The Plancherel density of G/K
For A € af and 8 € ¥ we shall employ the notation

(A, B)

M= 5.8
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Observe that
<>‘7 /62> =+ <>‘7 /81>

A =2 = MNg, £ Ag, . 9
(B2%£B1)/2 <52752> + <B1751> B2 B1 ( )
For 8 € 3., we set
~ 1 mﬁ/g
po= (ma+"0") (10)

where mg denotes the multiplicity of the root 3, and
2722 (2)p)
cg(A) = M (1 g -
P(As+ ™97 +3)T(As + )
Observe that pg = pg = éggi if 8 is a simple root in ¥, (but not in general). In
particular, pg, = pg,-

Harish-Chandra’s c-function cpc (written in terms of unmultipliable instead
of indivisible roots) is defined by

cucN) =co ] es(N), (12)
gest

where ¢g is a normalizing constants so that cuc(p) = 1.

In the following we always adopt the convention that empty products are
equal to 1. As a consequence of the properties of the gamma function, we have the
following explicit expression.

Lemma 1. The Plancherel density is given by the formula

[enc(A)enc (=)~ = CIIA)P(MQ(N), (13)
where
o) = J[ As. (14)
et
(mgy2)/2-1 2p—2
Py=TI ( IT Do =0 +# TT be—Gs -0 +k), (15)
sesT k=0 k=0
QN = J] cot(m(As—7p)), (16)
s e

and C' is a constant. Consequently, the singularities of the Plancherel density
[crc(A)enc(—=N)] 71 are at most simple poles located along the hyperplanes of the
equation

tA\g=ps+Ek
where 8 € X has odd multiplicity mg, and k € Z>o.

Proof. The singularities of [cic(A)cae(—)] 71 are those of cot(m(A\g—pp)), for B €
¥} with mg odd, which are not killed by zeros of the polynomial II(A\)P(\). O
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The following corollary will allow us to establish a region of holomorphic
extension of the resolvent.

Corollary 2. Set
L =min{ps|8|: B € &, ms odd} . (17)
Then, for every fized w € a* with |w| = 1, the function
7 [enc(rw)enc(—rw)] !

is holomorphic on C\ (] — oo, —L] U [L, 400]).

The values of pg for the roots in X, as well as the value of L, are given in
Table 2. Recall that b = (1, 81) = (B2, B2)-

| G |SUP2) (p>2) | SO0(p,2) (p>2) | Sp(p:2) (0 >2) | SO*(10) | Eo-a) |
| Pa=a(m+) || @-D/2 | 1/2 - 1/2 | 3/2 |52 |
| Ppatse ="y I 1 \ (p—2)/2 2 I I
St iestimeoa) || (g | o {;‘j{'ﬁif}ﬁ%m} Gl | )| ()
_ 3. V2
L:luin{ﬁg\ﬁ|!5€2todd} H \/T;_lb ‘ Z;z 24 b b ‘ ‘ ‘

TABLE 2. The values of pg for 8 € &} and of L

A computation using the values in the tables together with [6, §2] yields the
following corollary.

Corollary 3. If G # SOq(p,2) with p odd, then {8 € X} : mg is odd} is equal to
{1, B2}. Hence

[ere(Merc(=2)] 7 = To(X) Po(V)[egic Mefia (M) (18)
where
HO()‘) = )‘(52*51)/2)‘(52+51)/2 = )‘52 )‘51 ’ (19)
2552

rpN= I I Ds-@s-1+4H, (20)

B=(B2%B1)/2 k=0

and [cf;(N)egsa(=N)] 7t is the Plancherel density of the product X1 x Xy of two
isomorphic rank-one Riemannian symmetric spaces with root systems of type BCy
(or A1) and multiplicities (mg,,mg, /o) = (M1, ms).
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If G = SO¢(p, 2) with p > 3 odd, then ¥} = X% and
H(A) = >‘51 >‘52 (>‘,(25’2 - >‘,(231)

p—2 _ -
P\ = H ()\(52,51)/2 - (p 9 2 - 1) + k') ()‘(52+f31)/2 - (p 2 ? a 1) + k)

k=0

= p—2 p—2
H}(Aﬁ2>‘ﬁ1< 9 1>+k)(>‘52+>‘51( 9 1)+k>
Q(\) = cot (’/T()\gl - é)) cot (’/T()\gz - é)) cot (W()\gz — g, — 5+ 1))
x cot (m(Ag, +Ag, — 5 +1)).
2.4. The resolvent of A

Endow the Euclidean space a* with the Lebesgue measure normalized so that the
unit cube has volume 1. On the Furstenberg boundary B = K/M of X, where M
is the centralizer of a in K, we consider the K-invariant measure db normalized so
that the volume of B is equal to 1. Let X be equipped with its (suitably normal-
ized) natural G-invariant Riemannian measure and let A denote the corresponding
(positive) Laplacian. As in the cases treated in [5] and [6], it will be convenient
to identify a* with C as vector spaces over R. More precisely, we want to view
ai and a3 as the real and the purely imaginary axes, respectively. To distinguish
the resulting complex structure in a* from the natural complex structure of ag,
we shall indicate the complex units in a* = C and af, by ¢ and i, respectively. So
a* = C = R + iR, whereas ai. = a* + ia*. For r,s € R and \,v € a* we have
(r+is)(A+1iv) = (rA —sv) +i(rv + sA) € af.

By the Plancherel Theorem [3, Ch. III, §1, no. 2], the Helgason—Fourier trans-
form F is a unitary equivalence of A acting on L?*(X) with the multiplication
operator M on L*(a% x B, [cuc(iX)cuc(—iN)] 7! dAdb) given by

MF(\b) = T(A)INEFA D) = ((p,p) + (MLA)FND) ((A\b) €a* x B). (21)

It follows, in particular, that the spectrum of A is the half-line [p%, +oc[, where
0% = (p, p). By the Paley-Wiener theorem for F, see, e.g., [3, Ch. I, §5], for every
u € C\ [p%, +oo[ the resolvent of A at u maps C2°(X) into C*°(X).

Recall that for sufficiently regular functions f1, fo : X — C, the convolution
f1 % f2 is the function on X defined by (f1 X fa) om = (f1 om) x (f2 o 7). Here
7 : G — X = G/K is the natural projection and * denotes the convolution product
of functions on G.

The Plancherel formula yields the following explicit expression for the image
of f € C2°(X) under the resolvent operator R(z) = (A — p§ — 2%)~! of the shifted
Laplacian A — pg:

[R(z)ny) = fa* <,\,)\%722 (f X ‘Pik)(y) CHC(i)\)(iiC(*iA)’ (Z eCt Y € X) . (22)

See [4, formula (14)]. Here and in the following, resolvent equalities as (22) are
given up to non-zero constant multiples.
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3. Meromorphic extension in the case G # SO¢(2,p), p > 2 odd

3.1. The resolvent kernel in polar coordinates
We write af = RB; and a5 = Rfs, so that a* = af @ ad and A = A\ + Ay =
x1P1 + x2P2 € a*. Introduce the coordinates

R? 3 (z1,22) = 2181 + 22P2 € af ® aj = a*. (23)

Hence z; = g, if A = 2161 + x20.
In view of Table 2, the functions Il and Py from (19) and (20) can be
rewritten in these coordinates, as

Ho(A) = o(z181 + 22B2) = x5 — a7, (24)

Po(N) = Po(2181 + 2232) = H H {)\5 - (n’;m - 1) + k}

B=(B2£B1)/2 k=0

3
g

-1
mIIl mIIl
= 1 |:(:L'2+l‘1)* 9 +k:| |:(£L'2 7331) — 9 +k:|
M —1 m 2
= [(362 - 2m + k) - xf] (25)
k=1
since
+1 forj=1,
. — (B)a. + (B =
(ﬁj)(ﬂ2i51)/2 (ﬂ])ﬁz (ﬂ])ﬁl {1 fOI'j —9
We write
m 1
_ 9
Io(z1,12) = Ho(A\)Py(\) = (23 — x3) kli[l [(m -yt k) — :cf] . (26)
Further we write
[Fa (AN i (V)] 71 = O1IL (IV) P (IN) Q1 (V) (27)

for the Plancherel density of the space X; in Corollary 3, so that
[Cﬁc(i)\)cﬁc(flA)]il = 012]._[1 (ZIL‘l)Hl (ZZL‘Q)Pl (ZZL‘l)Pl (ZIL‘Q)Ql(Zl‘l)Ql(ZZL'Q) (28)
See [6, §1 and §2]. Using (18) and omitting non-zero constant multiples, we can
therefore rewrite (22) as
1 1
R = i dA
G0 = [yl <)

CHC (i)\)CHc(fi)\)
_ / (f X Pias p1-+iza2) (Y)
Rz 1302 4 23b% — 22
X Ql(iZCl)Ql(i.Z'g) diEl dZEQ .

Introduce the polar coordinates

190(i£61, i$2)$1$2P1 (iiﬁl)Pl (ng)

zlzg(:OS@, xQ:ZSinG 0<r, 0<0<2n)
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on R? and set
pi(z)=Pi(i7) and  qi(z) = Q1 (7). (29)
In these terms (up to a non-zero constant multiple)

o 1
R(2)f(y) = / , o F(r)rdr,
where
27
FO) = [ (% g cont 5 ) () Do 1, O cosBsing
0

X p1(rcos@)qi(rcos@)py(rsinb)g (rsinb)df, (30)

where
2
Yo,pol(1,0) = Vo(i 21, i20) = 722 (sin2 6 — cos® )
M My A
X kl;ll [(bzsmt?— ) —l—k;) + y2 €05 9] . (31)

Here and in the following, we omit from the notation the dependence of F' on the
function f € C2°(X) and on y € X.
Recall the functions
wH+w ! w— w

c(w) = 5 , s(w) = ) = ic(—iw) (weC*) (32)
from [6, (20)] and notice that
(i s s(e’) (s if _ de'®
cosf =c(e"), sinf = ; = c(—ie"), do = it

For z € C and w € C* define
Y (w) = (f x @igc(w)ﬂ1+i;c(—iw)ﬂz)(y) (33)
6-() = —=2e(w)™ ) py (zew)) s (ze(a) s (e i) s (i), (34)

as in [6, (32) and (33)] together with

9, (w) = ij (c(w)? — o(—iw)?) mﬁl [(Zs(w) - 7”2 + k)2 + ch(w)ﬂ . (35)
k=1

which is a polynomial function of z. Then
Py = [ ) @) do. (36)
w|=1

Lemma 4. Let z € C and w € C*. Then:
Voz(w) =¢:(w),  Y.(-w)=1v.(v), V2 (iw) = ¥z (w),
p—z(w) =¢z(w),  ¢(~w)=—¢:(w),  ¢:.(iw) = —ig.(w),
Do) = a(w),  Ou(—w) = Ou(w),  Da(iw) = 0. ().
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Proof. Set pu(z,w) =i} c(w)pr+ijc(—iw)Bz, so that V. (w) = fX@u(zw)(y). Then
w(—z,w), p(z, —w) and u(z,iw) are transformed into u(z,w) by sign changes and
transposition of 81 and of 3. The equalities for ¢, (w) then follow because the
spherical function ¢, is W-invariant in the parameter .

The equalities for ¢,(w) are an immediate consequence of (32) and the fact
that the functions c, s and p;q; are odd.

To prove the relations for 9. (w), notice that —";* + k = ";» — h where
h=mmn—ke{l,...,my—1} when k € {1,...,my — 1}. Hence

My —1 Zq Mm 2 22 _ M —1 Zq Mm 2 22
et (= pstw) = )+ )] =TT [(Gstw) = 5+ h)* + S e(w)?]

This proves the first two equalities for ¥, (w) since s(—w) = —s(w). For the last
equality, notice that
2 2
(‘Zs(m) - QO + k) + ;C(iw)Q

= {'Zz‘c(w) - ”; +k+ izz’s(w)} {’Zic(w) - mQ +h— izis(w)}
_ [—zs(w) . ””; y —|—i§c(w)} [is(w) - ”"2 - i'zc(w)} .
Hence, since my, is even,
My —1
(oo )"+ ]
k=1
My —1
=11 [zs(w) =T k+izc(w)} (=1t
k=1
M —1
X 11 [zs(w) - QO +h— zzc(w)}
Mm—1 2 M 2 22 )
- {(bs(w)f 2 +k> erQC(w)}'
k=1

This proves the claim because ¢(w)? — ¢(—iw)? changes sign under the transfor-
mation w — tw. 0

Thus [6, Lemma 3] generalizes as follows.
Lemma 5. The function F(r), (36), extends holomorphically to
w|=1
where
z € C\i((—o0,—L] UL, +00))

and L is the constant defined in (17). The function F(z) is even and F(z)z? is
bounded near z = 0.
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The following proposition, giving an initial holomorphic extension of the re-
solvent across the spectrum of the Laplacian, has been independently proven by
Mazzeo and Vasy [7, Theorem 1.3] and by Strohmaier [8, Proposition 4.3] for
general Riemannian symmetric spaces of the noncompact type and even rank. It
shows that all possible resonances of the resolvent are located along the half-line
i(—00, —L]. According to our conventions, we will omit f and y from the notation
and write R(z) instead of [R(z)f](y).

Proposition 6. The resolvent R(z) = [R(z)f](y) extends holomorphically from C\
((foo, 0] Ui(—o0, fL]) to a logarithmic Riemann surface branched along (—oo, 0],
with the preimages ofz'((foo, —LJU[L, +oo)) removed and, in terms of monodromy,
it satisfies the following equation

R(2e*™) = R(z) + 2im F(2) (z € C\ ((—00,0] Ui(—o0, —L] Ui[L,400))).

The starting point for studying the meromorphic extension of R across
i(—o00,—L] is the Proposition 7 below. It says that this meromorphic extension
is equivalent to that of function F. This proposition is analogous to [6, Proposi-
tion 4] and its proof is omitted.

Proposition 7. Fiz ¢ > 0 and yo > 0. Let
Q={z€C;Rz >0, yo >z >0}
U=QU{zeC;3z <0}

Then there is a holomorphic function H : U — C (depending on f € C°(X) and
y € X, which are omitted from the notation) such that

R(z) = H(z) + mi F(z) (z € Q). (38)

As a consequence, the resolvent R(z) = [R(z)f](y) extends holomorphically from
CT to C\ ((—00,0] Ui(—o0, —L]).

3.2. Meromorphic extension and residue computations

This section is devoted to the meromorphic extension of the function F' (and hence
of the resolvent) across the half-line i(—oo, —L]. We set

V2 (w) = 0 (w): (w) (39)
and follow the stepwise extension procedure for F' from [6, §2 and §3] with v, (w)
replaced by ¢?(w). Some formulas are simplified by the fact that we are only
dealing with the special case of X; = Xy with 57 and s of equal norms b; = by = b
and equal odd multiplicities mg, = mg,. Notice also that in this paper, studying
the singularities of the Plancherel density, we are replacing the elements pg, and
pg, used in [6] with pg, and pg,, which are equal and have value }(m; + "3*).
Indeed, in the case of direct product of rank one symmetric spaces treated in [6],
there was no need of introducing multiple notation by distinguishing between pg
and pg for § € X,. The distinction is now necessary since pg, = pg, = pPg, 7 PBs-
Furthermore, we omit the index j from the notation used in [6] when it only refers
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to which of the two factors one considers. So, for instance [6, (38)] yields, for the
set of singularities of the product piq; from (29), the set

S§=5,U(=54), (40)
where )
g~ . ms
St =ib(ps, +Z>o) = zb(2 (m1 + 5 ) + Zzo)- (41)
For r > 0 and ¢,d € R\ {0} recall the sets
D, ={z€C; |z| <1},

Eed= {€+in e (§) + ()< 1} :

and the role they play in [6, §1.4] for the functions s and c introduced in (32).
Then [6, Prop. 6] translates in the following proposition.

Proposition 8. Suppose z € C\ i((—o0o,—L]U [L,0)) and r > 0 are such that

SN ZaEC(T)A,s(r) = (Z) (42)
Then
F(Z) = F7(Z) + 2 Fr,res(z)a (43)
where
Frz)= [ ¢l (w)g.(w)dw,
oD,
Fr,res(z) = 211/15 (wO) wlieui) ¢z (U}),

and Z’wU denotes the sum over all the wo such that
ZC(’LUO) cSnN Z(Ec(r),s(r) \ [71, ].]) (44)
or
ZC(*Z.’LU()) esSn Z(EC(T),S(,.) \ [7]., 1]) (45)
Both F, and F, yes are holomorphic functions on the open subset of C\i((—oo0, —L]U

[L,0)) where the condition (42) holds. Furthermore, F, extends to a holomorphic
function on the open subset of C where the condition (42) holds.

To make the function F} yes(%) explicit, we proceed as in [6, §3.1]. The present
situation is in fact simpler, because only the case Ly, = La ¢ occurs. We denote
this common value by Ly, i.e., we define for £ € Z>q

Lo =b(@s, +0) = (" + 7 +1). (46)
So S+ = {Z'Lg;g S Zzo}.

If 0 # z € C\ i((—00, —L¢] U [L¢, +00)), then 2 € C\ [~1,1] and we can

uniquely define wi € D; \ {0} satisfying

ze(wi) +iLy. (47)
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Since ¢(—w) = —c(w), we obtain that w, = —w; . Moreover, w; satisfies (44) if
and only if we = iw; satisfies (45) because z(Ec(y)s(ry \ [~1,1]) is symmetric with
respect to the origin 0 € C. Hence

Frre(2) = 3 [02(0]) Res o) +02wr) Res ox(v)

w=w
1
'w;r

+w£<z'w1+> Res ¢.(w)+v!(iwy) Res o.(w)], (48)

where >/, + denotes the sum over all the wi such that zc(w)) € S4N2(Ee( s \
[—1,1]) and wy = —wy .
Then, using Lemma 4, we obtain the following analogue of [6, Lemma 9].

Lemma 9. For{ € Z>q and 0 # z € C\i((—00, —Lg]U[L¢, +00)), let wi be defined
by (47). Then

¥ (wi) = ¥ (wy) = ¢ (iwf) = ¥ (iwy) (49)
RGS ¢z( ) = 5687 ¢z( ) = Res ¢z( ) = ies N ¢z(w) : (50)
(51)

Explicitly,
vwi) = v (7 ())
wR?US ¢=(w) = —Cyp1 (iz(socfl)(iie» ¢ (iz(socfl)(i?» ,

where .
Cg = ﬂ_szl(iLg) 7é 0. (52)
Corollary 10. Let { € Z>g and 0 # z € C\ i((—00, —L¢] U [L¢, +00)). Set
Go(z) = —Co? (71 (*2) ) (iz(s 0 ) (") ) @ (iz(s0 e ) (2)) . (53)
S7',z7+ = {E € ZZO tilyg € Z( c(r),s(r) \ [ ])} . (54)
Then the function Fy yes(z) on the right-hand side of (43) is given by
Frres(2) =4 Y Gu(2). (55)
LESH 2 +
The following proposition is analogous to [6, Proposition 10].

Proposition 11. For 0 <r <1 and 0 # z € C\ i((—oo, —L]U[L, +0)), let Sy . +
be as in (54). Moreover, let W C C be a connected open set such that
SN WOIEc()stry =0 (56)
and set
S»,\7W7+ = {E S ZZO : ZL[ S WEC(T),S(T)} (Z eWw \ Z]R) . (57)
Then Sy . + = Sr,w,+. In particular, S, . + does not depend on z € W \ iR.
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Proceeding now as in [6, Corollaries 11, 13 and Lemma 12], we obtain the
following result for points on iR.

Corollary 12. For every iv € iR and for every r with 0 < r < 1 and ve(r) ¢ iS
there is a connected open neighborhood W, of iv in C satisfying the following
conditions.

1. SN anEC(T)VS(T) = 0.

2. Spw, 4 =€ Lo :ily € i0E(y) sy} = [0, Ny] for some N, € Z>o.
3. Forn € Z>o, set
I, = bﬁﬁl + b[n7n + 1) - [Lna Ln+1) . (58)
If v e I, then N, =n. Hence
Frres(z) =4) G(2) (2 € W, \iR). (59)
=1
We recall the relevant Riemann surfaces from [6, (76)]. Fix ¢ € Z>¢. Then
B « N AT
M= {(z:0) e C x (C\{i,—i}) : ¢= (") -1} (60)

is a Riemann surface above C*, with projection map mp : My 3 (2,{) — z € C*.
The fiber of 7y above z € C* is {(z,(), (z,—¢)}. In particular, the restriction of
e to My \ {(£iL¢, 0)} is a double cover of C* \ {+iL,}.

Now [6, Lemma 15] has the following analogue. The difference is that we
have replaced 1, (w) by ¥?(w). So we have to look for possible cancellations of
singularities arising from the additional polynomial factor 9.

Lemma 13. In the above notation,

Goi M3 (5,0) > ng pr(GLe)W? (“j _ g) P20 (iz0) €C (61)

is the meromorphic extension to My of a lift of Gy.
The function Gy has simple poles at all points (z,() € My such that

o= i J13 1 12, (62)

where m € Zo \ [0 — (" — 1), ¢+ (" = 1)].

Proof. Formula (61) is obtained using the lifts of ¢ and soc ™%, as in [6, Lemma 15].

The poles of Gy are the points (z,¢) € My for which the function 192(152 —
C)pl (i2¢)q1(:2¢) is singular, i.e., the points for which p; (iz{)q1 (i2() is singular and
9, (”j — () # 0. By construction, p1(iz¢)q1(iz() is singular if and only if iz¢ € S,
see (40). In this case, there exist e € {£1} and m € Z so that = SLZ Hence

2= sz" Since (2,¢) € My, we also have ¢* = J;? — 1. Thus z = +i\/L? + L2,.
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We now compute 192(15" — C) for such (z,¢). Set

iLy iLy €L, iLy — €L,
w = —(= - = .
z z z +iy/L? + L2,
Then
-l = +iy/Lj+ L3, _ iLe+eln .
iLé - €L7n :l:Z\/L% —+ L12n
So,
C(w)_w—i—uf1 _ Ly
2 /L7 + L3,
o(—iw) = w—w! B €L,
2i + /L2 +12,°
Hence
ze(w) =Ly, ze(—iw) = i€Lyy, , zs(w) = —€Ly, .
Substituting in (35), we obtain
(L2, - L) "ex 1 (=€l m Y
go(w) = (=) =t 63
(w) = 1_I<b k) - (63)

The same argument used in the proof of Lemma 4 shows that the right-hand side
of this equation is independent of € € {£1}. Using (46), we therefore obtain

Mm—1
~ ~ ~ mIIl ~
9:(w) = (B, +m)* = B +0°) [ (B +m = "7 +8)" = (B, + 0]
k=1
Mm—1
=(m—L)(m+L+2ps,) H (m—g_ m2m +k)(m+€+2561 B QO —i—k)
k=1
771,2,1]71
=(m—-0Om+t+2p5,) ][] (m—£+h) (m+€+2,551 +h> .
h=—("3" —-1)
The values of m € Z>(¢ making this polynomial vanish are:
m=/{, (64)
meZsoN[l— (" —1),0+ (" -1)], (65)
m e ZzoN[—0—2ps — (" —1),—0—2ps, + (" = 1)] . (66)

Observe that —¢ —2pg, + ("5 — 1) > 0 if and only if (0 <)¢ < —2p4, + ("5 —1).

Looking at the first two rows of Table 2, we see that this can happen if and only
if G = SO0y(p,2) with even p > 6. In this case,

o= (=1 e (-] = [£+2-3,0-2+ 1]
[—¢—20, — (" —1),——2pp, + (" —1)] =[-0+1-5,—0-3+1%].
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Hence
ZsoN[—0+1-2,—0-3+2]=[0,—¢—-3+7%]
does not add zeros to those in (65). In fact, —¢ —3 + 5 < £ —2 4 ¥ and, if

——=3+85>0,ie,<8) -3, thenl+2-% <0. O
For ¢, m € Z>¢, set
2 = i/ 4 L2, (67)
and
. L2,

Let ¢ € {£1}. Then all points (+zg,m,€Cr,m) are in My. Open neighborhoods in
My of these points are the sets

Up+ ={(2,0) € My ; £32 > 0}, (69)
and local charts on them are
Re 4+ 'UE:I:E(Z C)*)CEC\i((*OO,*].]U[].,%»OO)), (70)

inverted by setting z = +1

\/<2+1

Lemma 14. The local expressions for C~¥4 in terms of the charts (70) are

Gronpt)©) =] LemtiLapa( f Jan( 5, )00 o (VERH170).

V241
(71)
Suppose m € Zxo \ [[E — (mzm — 1),€ + (’”2“‘ — 1)]] Then the residue of the local
expression of C~¥4 at a point (z,¢) € My with z = £z, is

~ _ 1
Bes (Grom)O) =+ L, 0unll < prm) ). ()
n (72), o
Com = bLemiGLopa(iLn) (T (73)

where Vg is as in (26), is a positive constant.

Proof. The computation of the residues is as in [6, Lemma 16]. The constant
190( A l;”) agrees with (63) with (z,¢) = (2¢,m, €{r,m), and we only need to prove
that it is positive. Recall that (63) is independent of e. Hence
Ly Ly, (L%, —L3)
Wy y) =
b’ b b2

TG00 D095 o

Ifm >0+ (" — 1) > ¢, then all factors appearing in the above product are

positive. If m < £ — (" — 1) < /¢, then all factors Ll;” — (mQ — k) + ng are
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positive, whereas L2, — L? as well as the my, — 1 factors % — ("> — k) — ¢ are

2
negative. Since my, is even, we conclude that 190(%)’5, Lg”) > 0 in all cases. (|

A different parametrization of the singularities of ée will turn out to be more
convenient. Observe first that, by (3) and (10),

ﬁﬂl = pPpr = PB2 — )

We will use the following notation for (¢1,£) € Z2,:

AMl1,€2) = (pg, +£1)B1 + (pp, +L2)B2 = 2(L4151 + Loy B2). (75)

Corollary 15. Keep the notation of Lemma 14. If £ € [0, "> — 1], then Gy has
simple poles at the points (z,() € My with z = +i|z| and

b 2|22 = (pp, + £)* + (pp, + £+ k)? (k € Zso). (76)

Ift e " +Zxo, then Gy has simple poles at the points (2,¢) € My with z = +i|z|
and satisfying either (76) or

b72|2|2 = (pﬁl + m)2 + (pﬁz + 60>2 (m € [[ng()ﬂ) ’ (77)

where o = £ — "
The residue of the local expression of ée at a point (z,¢) € My with z = +i|z|
satisfying (76) is
~ _ 1
Res  (Groky1)(¢) = £ 5 Crermp (f X xe,etr)) (W) - (78)

C=£Cp eq mm g

The residue of the local expression of Gy at a point (2,¢) € My with z = +i|z|
satisfying (77) is

=~ _ 1
(Bes (Gromg)(Q) =%, ,Crom(f * xtmn) W) (79)

Proof. We have ¢ € [0, "5 —1] if and only if 0 € [ — ("5 — 1), £+ ("3 —1)]. In
this case, m € Z>¢ \ [¢ — (m;‘ - 1),6 + (’”2“‘ - 1)]] =L+ "i» 4 Zxo is of the form
m={+ " +kwith k € Z>o. Hence ¢ = ps, +Cand " = pg, + " + 0+ k =
pg, L+ k.

On the other hand, if £ € "s» +Z>o and m € Zxo\ [{— (mQ 71) O+ (m2 - 1)]],
then either m € £+ "y +Z>¢ (and the above applies), or m € [0, £o]. In the latter
case, Lbf = pp, + "5 + Lo = pp, + Lo and me = pg, + m. Observe also that
PA(Lo,m) = PA(m,t) by W-invariance. O

We now proceed with the piecewise extension of F' along the negative imag-
inary half-line —i[L, +00). Recall from Corollary 12 that for v € I,, = [Ly, Lp41)
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FIGURE 1. On the left: A\(¢, (+Fk) for £ € [0, " ]. On the right: A(¢, £-+k)
and A(m, £o) for £ > "y

with n € Z>( there exists 0 < r, < 1 and an open neighborhood W, of —iv in C
such that

F(z) =F,,(2) +4> Gu(z)  (z€W,\iR), (80)
=0

where the function F,. is holomorphic in W,. This equality extends then to I_; =
(0, L) by allowing empty sums. By possibly shrinking W,, we may also assume
that W, is an open disk around —iv such that

—il,, forv e I?

n’

—i(I, — %) forv=L,.

WUm’Rg{
2

In addition, for 0 < v < L we define W, to be an open ball around —¢v in C such
that W, NiR C (0,L). If v € I,,, v' > L and W,, N W, # (), then we obtain for
z € Wy N Wy
0 ifv' €1,
F’I' ’ = Fr, + .
w(2) =B (2) {4Gn(z) if 0 € Iy

Now we set

Wen=J Wo and Wiy =J W (neZx).

vel_ 4 vely,

For n € Z>1 we define a holomorphic function Fi,) : W,y — C by

Fo(2) = F. (2) ifné€Zsop,vel, and z €W,
(M7= F(z) ifn=—1landzecW_y.
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We therefore obtain the following analogue of [6, Proposition 18].

Proposition 16. For every integer n € Z>_1 we have

F(z)= Fny (z) + 42 Go(z) (z € W) \ iR), (81)
£=0
where Fyy is holomorphic in Wy, the Gy are as in (53), and empty sums are
defined to be equal to 0.

We can continue F' across —i(0, +00) inductively, as in the case of the di-
rect product of two rank one symmetric spaces in [6]. Our specific case X1 = Xy
is slightly easier, as for instance one gets just one regularly spaced sequence of
branching points L. Since the procedure does not involve new steps, we will limit
ourself to overview the different parts and state the final result, referring the reader
to [6] for the details.

For a fixed positive integer N, we construct a Riemann surface My) by
“pasting together” the Riemann surfaces M, to which all functions Gy, with ¢ =
0,1,..., N, admit meromorphic extension. Namely, we set

My = {(2,¢) € C= x CN*L: ¢ = (Co, ..., Cn), (2,C0) €My, L€ Zxo, 0<L<N}. (82)
Then My is a Riemann surface, and the map
TNy Mny 2 (2,0) = 2€C™ (83)

is a holomorphic 2V¥*'-to-1 cover, except when z = —iL, for some ¢ € Z>o with
0 < ¢ < N. The fiber above each of these elements —iL, consists of 2" branching
points of M(y). A choice of square root function ¢/ (z), see [6, (81)], for every
coordinate function ¢, on My yields a section

UE"N) sz = (2,0 (2), ., R (2)
of the projection (). All possible sections of 7y are obtained by choosing a
sign +¢; for each coordinate function. We obtain in this way a parametrization

of all sections of m(yy by means of elements ¢ = (eo, ... ,en) € {£1}V T
For 0 < ¢ < N consider the holomorphic projection

TN, - My 2 (2,0) = (2,8) € My. (84)
Then the meromorphic function
é(Nyg) =Gyo TN, s My = C (85)
is holomorphic on (W(N))fl((C* \ iR). Moreover, on C™ \ iR,
é(N.,e) o UE"N) =Gy.

So, é(N_’g) is the meromorphic extension of a lift of Gy to M(y). Using the right-
hand side of (81) with F{,) constant on the z-fibers, we obtain a lift of F' to
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The next step is to “glue together” all these local meromorphic extensions of
F', moving from branching point to branching point, to get a meromorphic exten-
sion of F" along the branched curve vy in My covering the interval —i(0, Ly1).
Define, as in [6, section 4.3], the open sets Un ., Uspvy (With n € Z>g, € €
{£1}¥+1) and the open neighborhood M., of vy in M. Every open set Ue(,vyU
Un,e is a homeomorphic lift to M(y) of the neighborhood W,y of —[Ly, Lyy1).
Then we have the following analogue of [6, Theorem 19].

Theorem 17. For n € {—1,0,...,N}, ¢ € {£1}¥*! and (2,¢) € Uetnvy UUne
define

F(z,0) = Fiuy(2) +4Y . Gwp(2,€)
=0

+4 Z [Givo(2,0) — Gnal(z,—0)], (86)

n<l<IN
with e = —1

where the first sum is equal to 0 if £ = —1 and the second sum is 0 if e = 1

for all ¢ > n. Then F 1is the meromorphic extension of a lift of F' to the open
neighborhood M., of the branched curve yn lifting —i(0, Ln11) in M.

Order the singularities according to their distance from the origin 0 € C, and
let {2(n)}nezs, be the resulting ordered sequence. For a fixed h € Z>¢ set

Sp = {l € Z>o; 3k € Z>¢ so that b~ >|z)|> = (pg, +£)° + (ps, + L+ k)*}. (87)
Notice that if £ € S}, then the corresponding element £ is uniquely determined. Let
N € Z>o be such that |z;)| < Lyy1 and n € [0, N] such that |z(,)| € [Ly, Lnt1).
Then the possible singularities of F at points of M above z(j, are those of

D Gv(2,0) = Gul(z.¢) .
=0 =0

Indeed, the singularities of é(NA’Z)(Z,C) = ég(z,(:g) occur at points (z,¢) € M)
with |z]? = L7 + L2, > L2. Hence the second sum on the right-hand side of (86)

m

is holomorphic on U,(,,v)y U Upe.

The singular points of F above Z(n) are parametrized by € € {£1}V+1 We
denote by (z(h),C(h’a)) the one in Ug(,vy U Uy, . The local expression of F on
Ue(nv)UUp,c is computed in terms of the chart x,, . defined for (2, () € U,(,,vyUU,, ¢
by tne(z,C) :~Cn-

Suppose G (n,¢)(2,() is singular at (z(h),((h’g)). Then, by [6, Proposition 21],

2 4 /lzm|? — L? ~
Ln \/ w ‘ Res (Gg o KZi) (Cg) .

Res (CNT'(NAVZ) o Ii;le)(gn) = g,
’ L} 2wy? = L2 ¢o=c™®

Cn :C’Slh)a)
(88)
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If ¢ satisfies (76) with z = z(;) for some k € Zx, then |z()|*> — L = b*(pg, + £ +

k) = L} mm - I £ > Ton satisfies (77) with 2 = z(,) for some m € [0,4o] and
2

bo =0 — "4 then |z |* — L7 = b*(pg, + m) = L2, .

In the first case, by (78), the right-hand side of (88) is equal to

1S L2 Lé+m2m+k_ ~
o Res Geor, b))
\/|Z(h)|2 - 12 L? Ce=—Cops ™ 11 ( ‘, )
i en L2 Loy mm 1k
= n Cé7é+mru +k f X ) 0,04k (y) .
™ V0wl -2 Lf at (€+5)

In the second case, by (79), the right-hand side of (88) is equal to

enl? L ~
nn ™ Res (Gyor,!
ViIewl? = L2 L Q:—@’m( 0 ren) ()

: 2
LI —
Observe that in both cases, the constants appearing are ¢ times a positive constant.
Observe also that if £ > "3 and Gy ) is singular at (z(), ¢(1#)) with ¢ satisfying
(77) with 2z = 2y, some m € [0,4o] and £y = £ — "4, then (z(;), ¢9)) is also a
singularity of (NJ(NJ,L) and m satisfies (76) with z = z(,) and k = £y —m € Zx¢. Of
COUTSE, Y(m,ly) = PA(m,m+k) i this case. It follows that the set Sy, is sufficient to
parametrize the residues of F at (2(h)» ¢(he)),
It follows that
Res (For,1)(¢) = ienLn Z ce(f X oaeerr)) () (89)
(he) ) \/|Z(h)|2 _ L?L peret )

Cn=Cn
where k € Z>( is associated with ¢ as in the definition of S), and ¢, is a positive
constant depending only on £.

By Proposition 7, the meromorphic extensions on the half-line i(—oo, —L]
of F' and of the resolvent R of the Laplacian are equivalent. Thus the resolvent
R can be lifted and meromorphically extended along the curve vy in M, . Its
singularities (i.e., the resonances of the Laplacian) are those of the meromorphic
extension F of F and are located at the points of M, above the elements z(p).
They are simple poles. The precise description is given by the following theorem.

Theorem 18. Let f € C°(X) and y € X be fized. Let N € N and let vy be the curve
lifting the interval —i(0, N + 1) in M(yy. Then the resolvent R(z) = [R(z)f](y)
lifts as a meromorphic function to the neighborhood M., of the curve yn in M(y).
We denote the lifted meromorphic function by E(N)(z,(:) = [R(N) (z,0) f] ().

The singularities of E(N) are at most simple poles at the points (2 (), C(h*g)) €
My with h € Zxq so that |z4)| < Lyy1 and € € {£1}N*+L Explicitly, for
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(n,e) € [0, N] x {£1}V*+1,

Riny(2,0) = Hivme) (2:Q) + 210 Y Gwvy(2,C)  ((2,€) € Uenvy UUn ), (90)
=0

where I?I(N_’mye) 18 holomorphic and é(N,e)(Z, ¢) is in fact independent of N and e
(but dependent on f and y, which are omitted from the notation). The singularities
of ITI(N) (2,€) in Ugyvy UUy e are simple poles at the points (zp), ¢(M)) belonging
to Ug(nvy UUp . The residue of the local expression of E(N) at one such point is
im times the right-hand side of (89).

4. The resolvent operators

Recall the notation A(¢1,f2) = (pg, + ¢1)51 + (pp, + ¢2)B2 introduced in (75).
For a fixed h € Z>¢, the sum over S, appearing on the right-hand side of (89)
is independent either of NV or n. It can be used to define the residue operator
Reszw)é of the meromorphically extended resolvent at z(j). Explicitly,

Res., R =Y ceRxr.ein) (91)
LeS

where, ¢ are non-zero constants and, as in [5, (57)], Ry : C*(X) — C*(X) is
defined by Rxf = f X @a. We know from [2, Chapter IV, Theorem 4.5] that
Rx(C(X)) is an irreducible representation of G. Furthermore, two such repre-
sentations are equivalent if and only if the spectral parameters A\ are in the same
Weyl group orbit. Since, in our case, the Weyl group acts by transposition and
sign changes, the element A(¢1, ¢3) is dominant with respect to the fixed choice of
positive roots if and only if

Mm

PB, + 42> pg, +41 >0, ie., lr+ 9 > /.
In particular, all A(¢, ¢ + k:g) are distinct and dominant. Hence, as a G-module,
Res.,, R( = D Bagernn(CE(X). (92)

éES(h)
Theorem 19. If (. k € 72, then dim Ry ¢14)(Ce®(X)) < 00. Thus
Resz(h)R(C"”( )

is a finite-dimensional G-module.
The G-module Resz(h)R(Cc’o( )) is bounded (and unitary) if and only it is

the trivial representation, which occurs for h =0, i.e., when z) = fi\/<p,p>.

Proof. By [3, Ch II, §4, Theorem 4.16], dim R, ¢,)(C2°(X)) < oo if and only if
there is w € W such that

(wA(l1,42) — p)g € Z>o (B € £}, 3 simple). (93)
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Recall that the simple roots in ¥} are 31 and ﬂQ;’ﬁl . Moreover, e e
for p € af. Since

>‘(£7£+k) —pP= (pﬁl +£)ﬂ1 + (pﬁz +L+ k)ﬂ? - (pﬁlﬂl +p52ﬂ2> =01+ (£+ k)ﬂZ )

we conclude that

()\(6,6 + k) - p)ﬁl =Ll€Z>o,
AL+ k) = p)(ps—pr)j2 = k € L0,
which satisfies (93) with w = id. O
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1. Introduction

In this note we would like to shed some light at the wide open problem of under-
standing the distribution character ©1, [8], of an irreducible unitary representa-
tion IT of a real reductive group G. The representations of low Gel’fand—Kirillov
dimension are of special interest.

The notion of the Gel’fand—Kirillov dimension GK dimII of an irreducible
admissible representation II of G (or rather of the corresponding Harish-Chandra
module X7) was introduced in [21]. Tt is equal to one half times the Gel'fand—
Kirillov dimension of the algebra U(g)/ Ann X1, a concept defined earlier in [7].
(See also [4] for more explanation.) Here U(g) is the universal enveloping algebra
of the Lie algebra g of G and Ann X is the annihilator of Xi.

We explain why Howe’s correspondence, [15], is a suitable tool for construct-
ing irreducible unitary representations of low Gel’fand-Kirillov dimension and
recall a conjecture concerning the distribution characters of the representations
occurring in the correspondence [3].

2. The Weil representation

Let W be a vector space of finite dimension 2n over R with a non-degenerate
symplectic form (-, -). Denote by Sp C GL(W) the corresponding symplectic group.
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Denote by sp the Lie algebra of Sp. Fix a compatible positive complex structure
J on W. Hence J € sp is such that J? = —1 (minus the identity in End(W)) and
the symmetric bilinear form (J-,-) is positive definite on W.

For an element g € Sp, let J;, = J~!(g — 1). Then its adjoint with respect to
the form (J-,-) is J; = Jg~'(1—g). In particular .J, and J; have the same kernel.
Hence the image of J; is

JyW = (Ker J})* = (Ker Jy)*

where L denotes the orthogonal complement with respect to (J-,-). Therefore,

the restriction of J; to J;W defines an invertible element. Thus it makes sense to

consider det(J,); "y, the reciprocal of the determinant of the restriction of J, to
g

JgW. Let

Sp={3=(9,) €SpxC, & =iV det(J); 1} (1)

Then there exists a 2-cocycle C' : Sp x Sp — C, such that §1; is a group with
respect to the multiplication

(91,61)(92:&2) = (9192,£162C(91,92)) - (2)
In fact, by [1, Lemma 52],

det(ng )ngw det(ng)J”W

C =
| (91792)| det(Jg1gz)J9192W

(3)

and by [1, Proposition 46 and formula (109)],

|gg1:§z§| - X(é Sgn(qglygz)% (4)

2mir

where x(r) = e*™", r € R, is a fixed unitary character of the additive group R and
sgn(qy, 4,) is the signature of the symmetric form

1
gy g, (U, u") = 2((91 +1)(g1 — 1)~ u) (5)
1
+2<(92 +1)(go — 1) W), W u" € (g1 — )W N (g2 — 1)W.

By the signature of a (possibly degenerate) symmetric form we understand the
difference between the maximal dimension of a subspace where the form is positive
definite and the maximal dimension of a subspace where the form is negative
definite. The group Sp is known as the metaplectic group.

Let dw be the Lebesgue measure on W such that the volume of the unit cube
with respect to this form is 1. (Since all positive complex structures are conjugate
by elements of Sp, this normalization does not depend on the particular choice
of J.) Let W = X @Y be a complete polarization. We normalize the Lebesgue
measures on X and on Y similarly.
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Each element K € S*(X x X) defines an operator
Op(K) € Hom(S(X), §%(X))
by
Op(K)v(z) = /}(K(x,x’)v(x’) da'. (6)

Here S(V) and S*(V) denote the Schwartz space on the vector space V and the
space of tempered distributions on V, respectively. The map Op : $*(X x X) —
Hom(S(X), S*(X)) is an isomorphism of linear topological spaces. This is known
as the Schwartz Kernel Theorem, [12, Theorem 5.2.1].

Fix the unitary character x(r) = e2™" r € R, and recall the Weyl transform

K : 8" (W) = & (X x X)
K = [ flo= v (G ta)) dr (e sW).
Let

(@ =x(J @+ D=1 ) == D we W, (@

(7)

(In particular, if g — 1 is invertible on W, then x.(5)(u) = x(}{c(g9)u,u) where
c(g) = (g +1)(g — 1)t is the usual Cayley transform.) For § = (g, &) € Sp define

@(g) =, T(g) = e(g)Xc(g)ﬂ(gfl)Wa W(g) =0OpokKo T(g)a (9)

where f1(;_1)w is the Lebesgue measure on the subspace (g — 1)W normalized so
that the volume of the unit cube with respect to the form (J-,-) is 1. In these

terms, (w, L?(X)) is the Weil representation of Sp attached to the character .

3. Dual pairs

A real reductive dual pair is a pair of subgroups G, G’ C Sp(W) which act reduc-
tively on the symplectic space W, G’ is the centralizer of G in Sp and G is the
centralizer of G’ in Sp, [13]. We shall be concerned with the irreducible pairs in
the sense that there is no non-trivial direct sum decomposition of W preserved
by G and G’. For brevity we shall simply call them dual pairs. They are listed in
Table 1.

4. Howe’s correspondence

For a member G of a dual pair, let R(G,w) C R(G) denote the subset of the
representations which may be realized as quotients of S(X) by closed G-invariant
subspaces. Let us fix a representation II in R(G,w) and let Nij € S(X) be the
intersection of all the closed G-invariant subspaces N C S(X) such that II is
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Dual pair || D | L | (,) | (,) | dim W | stable range
GL.@), 6L |k ¢, m| | | |2mdimi@m) | m<y
Op.q, SP2,(R) R t=1] + - 2n(p +q) ptgs<n
Spa, (R), Op.q R t=11] - + | 2n(p+9q) 2n < min{p, q}
0,(C), Sp,,(C) C =1 + - |4np p<n
Sp,, (C), 0,(C) C =11 - + | 4np 2n < P
Up,qs Urs C LA + - [2(p+q@)(r+s)|p+q<min{r, s}
Spp.q Oin H t#£1| + - | 8n(p+4q) p+qg<n
O3n, Sp,., H L#£1] - + |8n(p+4q) 2n < min{p, q}

TABLE 1. Dual pairs

infinitesimally equivalent to S(X)/N. This is a representation of both G and G'.
As such, it is infinitesimally isomorphic to

eI, (10)

for some representation II; of G’. Howe proved, [15, Theorem 1A], that IT} is a
finitely generated admissible quasisimple representation of (~}’, which has a unique
irreducible quotient I € R(G’,w). Conversely, starting with II' € R(G/,w) and
applying the above procedure with the roles of G and G’ reversed, we arrive at

the representation IT € R(G,w). The resulting bijection
R(G,w) 3T = 1I' € R(G,w) (11)

is called Howe’s correspondence, or local § correspondence, for the pair (G, G').
Recall the unnormalized moment map

7! :W*)g/*a T/(’LU)(X) - <X(U})7w> (XEQI,'LUGW), (12)

and the notion of the wave front set WF(II) of an irreducible admissible repre-
sentation II of a real reductive group G, [14], [20, Theorem 3.4]. Then, in terms
of (11),

WEI') € 7/(W), (13)

see [17, Corollary 2.8]. Since the wave front set is contained in the nilpotent cone
N’ C g’*, see [14, Proposition 1.2] and [20, Theorem 3.4], we actually have

WF(II') C (W) NN/ (14)
Recall that, by [21, Theorem 1.1], [2, Theorem 4.1] and [20, Theorem C],

GK dim(Il') = ; dim W F(IT'). (15)
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Hence we get a bound for the Gel’fand—Kirillov dimension of IT',
1
GK dim(IT') < 5 dim (7 (W) N N7). (16)

One may realize the symplectic space as the tensor product of the defining modules
for the groups G and G’. For example if G = O,, and G’ = Sp,, (R), then
W = RPt9®@R?", Hence, roughly, the smaller the dimension of the defining module
for the group G, the smaller the right-hand side of (16). One may compute this
number for each dual pair using [5, Corollary 6.1.4] and [6, Table 3, page 456], but
the formulas are not illuminating. We provide a sample in Table 2 below.

On the other hand, as shown in [16, Theorem A], for dual pairs in the stable
range, with G-the smaller member (see table 1), if IT is unitary then so is IT'.
(The case (G, G’) = (Oz2p,2n, Sp,y,,) and II trivial is excluded.) Later this fact was
generalized beyond the stable range in [17, Theorem 3.1] and in [10, Theorem 1.1].
Thus Howe’s correspondence provides a method for understanding irreducible uni-
tary representations of classical groups of low Gel’fand—Kirillov dimension. What
remains is to understand their characters and we propose an approach in the next
section.

Dual pair G, G’ H dim /(W) N A’
GLn(D), GL,(D), m<n, D=R,CH|  dimD@mn—m—m?)
Op, Sp2,(R), p<n 2np —p* +p
Op, Spy,(R), p>n n(n+1)
02;(C), Spy,(C), p<n 2(2n* = 2(n —p)* = 2(n — p))
O2p41(C), Spy,(C), p<n 2(2n* = 2(n—p)> +2(n — p))
Sps, (C), 02,(C),p<n 2(4pn — 2n — 2n?)
SP2n(C), O2p41(C), p<m H 2(4pn — 2n?)

TABLE 2. Examples of dim 7/(W) N N’

5. The Cauchy Harish-Chandra integral
The wave front set of the character © of the Weil representation is given by
WF(©) = {(g,€) € Sp x sp™s £ € WF1(0), Ad(9)"(©) =€}, (17)

where the fiber over the identity, WF;(0) is the closure of O,,;p, one of the two
minimal non-zero nilpotent coadjoint orbits in sp*. (The closure of the other min-
imal nilpotent orbit is in the wave front set of the contragredient Weil representa-
tion.) The formula is a key to a construction of an operator from the space of the
invariant eigen-distributions on G to the space of the invariant eigen-distributions
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on é’, [19], [3], assuming that the rank of G is less or equal to the rank of G’. We
recall it below.

A maximal compact subgroup K C G consists of the points fixed by a Cartan
involution 6 : G — G. Let P C G be the subset of the elements g € G such that
0(g) = g~'. Then G = KP. Any Cartan subgroup H C G is conjugate to one
which is invariant under 6. Thus let H be a #-stable Cartan subgroup of G. Set
A =HNP. This is called the vector part of H, [22].

Denote by A’ C Sp the centralizer of A and let A” C Sp be the centralizer of
A’. There is a measure dw on the quotient space A”\W defined by

/ o(w) dw :/ ¢(aw) da dw. (18)
W A//\W A//
Let A’ be the preimage of A’ in the metaplectic group. Recall, (9), the embedding
T :Sp — S*(W).
The formula
che(h)= [ [ HoT@widgdi  (fecE@®), 9
AII\W A/

where each consecutive integral is absolutely convergent, defines a distribution on
A’ [19, Lemma 2.9]. Fix a regular element h € H™®Y. Let h be an element in the
preimage of h in the metaplectic group. The intersection of the wave front set of
the distribution (19) with the conormal bundle of the embedding

G'>§— hg' €A (20)
is empty (i.e., contained in the zero section), [19, Proposition 2.10]. Hence there
is a unique restriction of the distribution (19) to G, denoted Chc;.

Harish-Chandra’s Regularity Theorem, [9, Theorem 2], implies that the char-
acter of an irreducible representation coincides with a function multiplied by the

Haar measure. Thus for IT € R(G) we may consider the following integral
[ eulh)ldet(ad(n ) = 1)yyolCheg(Pdh (f e C@). (21)
Hreg

In fact, this integral is absolutely convergent, [19, Theorem 2.14].
Recall the Weyl-Harish-Chandra integration formula

1 -1y T o=\ 7. 97
L5045 = 3 i oy o, 19004007 =Dl [ piohg g

(22)
where W(H, G) is the Weyl group of H in G and the summation is over a maximal

family of mutually non-conjugate (f-stable) Cartan subgroups G. In terms of (22),
set

O = Cn Y fyyat. o o, O IdeA() = 1)y Chicy(1) .

(23)

Hreg
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where Cpy is a non-zero constant. This is an invariant distribution on G’. Hence a
finite linear combination of irreducible characters, see [11, page 52]. In fact, with
the appropriate normalization of all the measures involved, [3, Theorem 4], O
is an invariant eigen-distribution whose infinitesimal character is equal to the one
obtained from the infinitesimal character of O by ([18, Theorem 1.19]). There
are reasons to believe that (for an appropriate constant Cr) Of coincides with
the character of the representation I}, (10). Since quite often, IIj = IT’, the above
construction could explain Howe’s correspondence on the level of characters in
the sense that knowing the character of the representation of the small group
gives a formula for the character of the representation of the large group. Though
the conjecture holds in many cases, see for example [19], there is no proof of the
equality ©p = Ory in general. In the next section we recall how is our conjecture
related to the classical Cauchy Determinantal Identity.

6. The pair G = U,, G' = U,

In this case IT} =II', O = O and the formula (23) coincides with the following
equality

[ [ the gen(s) dg dg = / O () f(g') dg,
G JG G’

where each consecutive integral is absolutely convergent. This is an explicit version
of the following equality of distributions

Z;de@n@UMJGWQU, (24)

which is equivalent to the First Fundamental Theorem of Classical Invariant The-
ory. By restricting to the maximal tori one sees that, for r = s, (24) is equivalent
to the Cauchy Determinantal Identity:

det ( 1 ) _ Hz‘<j(hi = hy) - H1<J(h: o h;)

(25)
1— hilt, [T, (1 — hih})
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Local Inverse Scattering

A.V. Domrin

Abstract. We develop a local version of the inverse scattering method for
studying soliton equations of parabolic type (this includes, for example, Korte-
weg—de Vries, nonlinear Schrodinger, and Boussinesq equations, but not sine-
Gordon). The potentials are germs of holomorphic matrix-valued functions,
without any boundary conditions. The scattering data are matrix-valued for-
mal power series in the spectral parameter. We give a precise description of
all possible scattering data and exact criteria for solubility of the local holo-
morphic Cauchy problem for a soliton equation of parabolic type in terms
of the scattering data of the initial conditions. As an application, we prove
the strongest possible version of the Painlevé property for such equations:
every local holomorphic solution admits a global meromorphic extension with
respect to the space variable.

Mathematics Subject Classification (2010). Primary 37K15; Secondary 35Q51,
35A01, 32D15, 30D30.

Keywords. Soliton equations, holomorphic solutions, analytic continuation.

1. Introduction

The first general result in the theory of partial differential equations was the
Cauchy—Kowalevsky theorem [1, 2]. We need only the following simple version
of it. Let P be a holomorphic function of x,t in a neighborhood of a given point
(70,t0) € C? and a polynomial in the other variables. Then the Cauchy problem

a;nu = P(ZL‘, t, {85aéu}k-i-lg?n,(k,l);é(Oﬂn));
dlu(z,to) = pj(x), 0<j<m—1,

has a unique local holomorphic solution u(x,t) in a neighborhood of (xo,ty) for
all holomorphic germs ©o, @1, .., om—1 € O(xo). To explain the necessity of the
conditions k +1 < m and (k,1) # (0, m), Kowalevsky [2] established the following

This paper has been written with the financial support of the Russian Foundation for Basic
Research (grants no. 13-01-12417, 14-01-00709, 13-01-00622).



194 A.V. Domrin

theorem on forced analytic extension for solutions of the heat equation. FEach
solution uw € O(D) of the equation u; = Uz, on an arbitrary bidisk D = {(z,t) €
C? ||z — x| < e1, |t — to] < €2} admits an analytic continuation to a solution
u € O(S) of the same equation on the strip S = {(x,t) € C*||t — to| < e2}. In
other words, every local holomorphic solution u(z,t) extends to an entire function
of x for each admissible value of ¢. Subsequent works of Salekhov [3], Kiselman [4]
and Zerner [5] showed that the same assertion holds for all local holomorphic
solutions u(z, t) of all equations in the following larger classes:

m—1
Fu=0ru+ Yy c;du, (1)
j=0
Ofu= Y cudkoju, (2)
k+l<m
oy = Z a (z,t)0% 0, (3)
k4+l<m

where m > 2 and p, 1 < p < m are integers, c;,cp; € C are constant coefficients,
and the functions ag € O({(x,t) € C*||t — to| < &}) are assumed to be entire
functions of x and holomorphic germs in ¢ at the point ¢ty € C. Modern exposition
of the results about analytic extension of holomorphic solutions of linear partial
differential equations is given in Hérmander’s well-known monograph [6, § 9.4],
and papers of Henkin [7] and Rigat [8].

Up to now, all attempts to generalize these results and approaches to nonlin-
ear equations and systems led only to partial and sporadic results (see, for example,
[9, 10] and references therein). One can mention the extensive recent studies of the
dissipative smoothing phenomenon (the regularizing effect of dispersive evolution-
ary equations of mathematical physics), which produce results looking very similar
to the forced analytic extension (see various approaches in [11, 12] and references
therein). However, the solution u(z,t) in these results must always satisfy certain
global restrictions as a function of x for ¢t = ¢ty € R, and the conclusion about
analytic extension to a neighborhood of the real axis RL C Cl is derived only for
real t > to. There are several exceptions from this rule [13, 14], but neither of
them gives any information about analytic extension of arbitrary local solutions
that are holomorphic in = and ¢.

It was a long-standing challenge to obtain such information at least in the
case of soliton equations!, where it is referred to as “rigorous Painlevé analysis”.
As Kruskal et al. put it [15, p. 195], “To date there is no proof that the Korteweg—
de Vries equation possesses the Painlevé property. The main problem lies in a
lack of methods for obtaining the global analytic description of a locally defined
solution in the space of several complex variables.” In what follows we present such
a method (which was suggested in [16, 17]) and use it to give a definitive answer to
the question of analytic continuation of all local solutions (see Theorem 1 below).

LOf parabolic type since the hyperbolic case is trivial by the Cauchy—Kowalevsky theorem.
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Before doing this, we briefly explain the notion of a soliton equation starting
with the most popular examples:

Up = Alggy + DU, a,b e C\ {0}, (4)
Ugt = AUggz + UL, + bu2, a,be C\ {0}, (5)
iUy = Qg + bulul?, a,b e R\ {0}. (6)

In (6), |u|? is understood as u(z,t)u(z,t). The inverse scattering method first ap-
peared as a tool for solving the Korteweg—de Vries equation (4) (with real a,b),
which describes long waves on shallow water. It was noted in the pioneering paper
of Gardner, Green, Kruskal and Miura [18] that if the potential u(x,t) evolves
according to (4), then the evolution of its scattering data (certain spectral charac-
teristics of the operator L = 02 +u(z,t) on the Hilbert space L?(R)) turns out to
be linear and “explicitly integrable”, which enables one to construct examples of
solutions and study the properties of all solutions in certain classes. An explana-
tion of the unexpected success of this approach was given by Lax [19], who showed
that the equation (4) (to be definite, with a = 1/4, b = 3/2) is a necessary and
sufficient condition for solubility of the auziliary linear problem

Lp =X,  ¢p=Py (7)

for the operators L := 92 +w and P := 92+ (3/2)ud, + (3/4)u,. In other words, (4)
may be written in the form L, = [P, L]. Since P is skew-Hermitian, it follows that
the evolution of L consists in its conjugation by a t-dependent unitary operator
on L*(RL). This conjugation clearly preserves the spectrum, and then it is no
surprise that the more refined spectral characteristics (scattering data) also evolve
in a simple and tractable way.

The nonlinear Schrédinger equation (6) describes the evolution of a slowly
varying dispersive wave envelope in nonlinear media and arises in optics, hydro-
dynamics and plasma physics. It was first studied in terms of the inverse scatter-
ing method by Zakharov and Shabat [20], who modified (7) replacing the scalar
second-order differential equation Li) = A by a matrix first-order 2 x 2-system
of differential equations with subsequent reduction (that is, a choice of matrices
of special algebraic structure: in the present case, skew-Hermitian). The auxiliary
linear problem takes the form

E,=UE, E,=VE (8)

for some matrix-valued polynomials U(x,t,z) and V(z,t,z) of degrees 1 and 2,
respectively in the spectral parameter z € C (which is related to the parameter A
in (7) by the formula A = 2" in case of n x n-matrices). Hence the equation (6)
turned out to be written, although implicitly, as a reduction of the zero curvature
equation

U= Vo +[U,V]=0, (9)
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which plays a fundamental role in our approach. The first explicit presentation of
soliton equations as reductions of zero curvature equations and first corollaries of
this presentation are due to Novikov [21].

Finally, the Boussinesq equation (5) describes water waves (like the Kor-
teweg—de Vries equation) but admits wave motion in any direction (unlike the
Korteweg—de Vries equation). It was studied in terms of the inverse scattering
method by Zakharov (1973) and turned out to be the first physically relevant
example where the 2 x 2-matrices in (8) or second-order operators L in (7) should
be replaced by 3 x 3-matrices or third-order operators.

Thus all equations (4)—(6) are reductions of (9), where U and V' are polyno-
mials in z, the degree of U is equal to 1 and the degree of V is equal to m > 2.
Taking this property for the definition? of a soliton equation of parabolic type, we
shall give a complete answer to the question about analytic continuation of local
holomorphic solutions of such equations. The situation appears to be almost the
same as for the linear equations (1)—(3) with the only difference: the solutions now
extend to globally meromorphic (not necessarily entire) functions of x.

Theorem 1. For each of equations (4)—(6), every local holomorphic solution u(z,t)
in a bidisk D = {(x,t) € C?||z — x| < &1, |t —to| < e2} (with real centre (xo,to) €
R? in case (6)) admits an analytic continuation to a meromorphic function u(x,t)
in the strip S = {(z,t) € C? ||t — to] < e2}.

It follows from the Cauchy-Kowalevsky theorem (with z as a time variable)
that Theorem 1 is unimprovable: for each of equations (4)—(6) one can find a
solution u whose extension ¥ admits no further extension (holomorphic or mero-
morphic) beyond the strip S. In other words, the envelope of meromorphy of any
local holomorphic (or meromorphic) solution covers the whole complex line in the
z-direction and may be arbitrary (any prescribed Riemann surface over the t-axis)
in the t-direction.

To prove Theorem 1, we develop a local version of the inverse scattering
method for soliton equations of parabolic type (this method was previously used
only for equations of hyperbolic type, where the results and techniques are quite
different; see [22, Ch. I} or [23, Part II, Ch.I, §§6-8]). The potentials are holo-
morphic germs without any boundary conditions. When one additionally imposes
rapidly decaying or quasiperiodic (finite-gap) boundary conditions, the local ver-
sion becomes naturally isomorphic to the corresponding standard version of the
inverse scattering method. This may be regarded as a step towards solving another
old puzzle: give a unified treatment of finite-gap solutions and rapidly decaying
solutions (in the words of Bennequin [24, pp. 35-36], “. .. comment marier les solu-
tions géometriques, attachées aux courbes algébriques [...| avec les diffusions qui
viennent du scattering-inverse (solutions L? de KdV par exemple)?”). Many other
applications of the local inverse scattering approach are yet to be developed.

2This definition will be sharpened in §2.
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Structure of the paper. In § 2 we recall the construction of some holomorphic
solutions of zero curvature equations using a very simple version of the Riemann
problem. It serves to motivate our approach and describe the algebraic structure
of zero curvature equations. Then § 3 introduces the main definitions and results
of the local inverse scattering method. We give only the barest sketches of proofs
(along with references to their full versions) but preserve all motivations and ac-
curate statements in the hope to present the logical structure of the theory clearly
and comprehensively. In § 4 we formally deduce Theorem 1 from the results of § 3.
Thus our exposition is organized as a proof of Theorem 1 and all other results
should be regarded as lemmas. However, we call some of them theorems in view
of their importance.

2. The Riemann problem and zero curvature equations

We start with the zero curvature equations (9), where U(x,t,z), V(x,t,z) are
gl(n, C)-valued® rational functions of an auxiliary parameter z with coefficients
depending on the space and time variables z,t. Here the poles of U,V must be
fixed in advance and independent of x,t, and the coefficients of a rational function
are defined as the coefficients of its partial fraction expansion or, equivalently, as
the coefficients of the principal parts of its Laurent expansions at all poles. A
holomorphic solution of (9) on a domain Q C C2, is a pair of rational gl(n, C)-
valued functions U, V of z with prescribed positions and multiplicities of poles such
that all coefficients of U,V are defined and holomorphic on € and all coefficients
of the rational function U; — V, + [U,V] of z are identically equal to 0 on {.
Equation (9) with a fixed z (different from the poles of U and V') holds on a
simply connected domain Q C C2, if and only if the auxiliary linear system (8)
with the same value of z has a holomorphic solution E : @ — GL(n, C). Note that
this solution is unique up to right multiplication by an invertible matrix (possibly
depending on z).

Our approach uses the Riemann problem (see, for example, in [25, Ch. I1]]
or [23, PartI, Ch.II and PartII, Ch.I, §§6-8]) on factorization of matrix-valued
functions on a circle, or rather a generalization of this problem to the case of
divergent series of Gevrey type (see the next section). Let Di, D_ be disjoint
open disks whose closures cover the whole extended complex plane Dy U D_ =
C := CU{o0}. A continuous function v : I' = GL(n, C) on the circle T := D, ND_
is said to be left-factorable (resp. right-factorable) if there are continuous functions
v+ : Dy — GL(n,C) that are holomorphic on D1 and satisfy v = 7,7~! on
T (resp. v = yZ1v, on I'). We regard the function v as data of the Riemann
problem and the pair (v4,v-) as a solution. If a solution exists, it is unique up to

3Throughout the paper gl(n,C) stands for the set of all n x n-matrices with complex entries,
GL(n,C) is the group of all invertible matrices in gl(n,C), and [A, B] = AB — BA is the com-
mutator of matrices A, B € gl(n,C).
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right (resp. left) multiplication of both elements of the pair by the same invertible
constant matrix.

We now describe a holomorphic version of the Zakharov-Shabat dressing
method [26]. Let (Uy, Vp) be a holomorphic solution (which may, for example,
be identically equal to zero) of equation (9) on a domain @ C C2, and let Ep
be the corresponding solution of the auxiliary linear problem (8) normalized by
the condition Fy(zo,to,z) = I (the identity matrix) for all z, where (xo,ty) €
Q is a fixed point. Consider any covering of the extended complex plane C by
the disks D4, D_ such that the circle I' = D4 N D_ contains no poles of the
rational functions Up, Vj, and take any right-factorable continuous function g :
I' — GL(n,C). For every (z,t) € Q pose the Riemann problem of finding invertible
continuous functions 6+ : Dy — GL(n, C) that are holomorphic on D and satisfy

Eo(z,t,2)9(2)Ey Yz, t,2) = 0~ (x,t, 2)04 (2,t,2) for z€T. (10)

To make the solution 61 unique, we fix a point zg € D_ and impose the additional
condition 0_(x,t, z0) = I for all z,t. By a theorem of Malgrange [27, § 4], the set
Q, of all points (z,t) € Q for which the Riemann problem (10) is soluble, is either
the whole domain 2, or the complement to a complex curve Cy C 2 that does
not pass through the point (zg, tp), and the matrix-valued functions 04 (z,t, z) are
meromorphic on 2 x Dy with at most a pole in (z,t) along this curve for every
fixed z € D+. We put

Ui(z,t,2) = {(9+)I9+1 +0,Upf;" for ze€ Dy,

11
(9—)w9:1+9_U09:1 for z€ D_ (11)

and define Vi (z,t, z) by the same formula with Uy replaced by V and the deriva-
tives in « replaced by the derivatives in ¢. Then the pair (Ui (x,t,2), Vi(x,t, 2)) is
a holomorphic solution of (9) on the domain 2, C C2, (or a meromorphic solution
on §2) with the same positions and multiplicities of poles of the rational functions
Uy, V1 as they were for the rational functions Uy, V. We say that this solution is
obtained by dressing the solution Uy, Vo by means of the function g.

In what follows we always assume that the divisors of poles of the rational
functions U,V are equal to co and moo for some integer m > 2, that is, U is a
polynomial of degree 1 in z, and V is a polynomial of degree m > 2 in z (see
the definition of soliton equations of parabolic type in the Introduction). Then
it is natural to consider a limiting case of the dressing method when the disk
D_ contracts to the point co and the disk D, expands to the whole plane C. (An
analogue of this construction was studied by Krichever [22, Ch. I] in the hyperbolic
case when the sets of poles of U and V are disjoint*.) For the dressing function g(z)
we take the germ at oo of an arbitrary holomorphic invertible matrix-valued map,

4This enabled him to present all local holomorphic solutions of (9) with disjoint sets of poles
of U and V as a result of dressing of “trivial” solutions and write any local holomorphic solution
as a non-linear superposition of two waves running along the characteristics similarly to the
d’Alembert formula for solutions of the wave equation. Clearly, none of these results holds in the
case of parabolic equations, which we study here.
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and for the contour I" we take any circle of large radius lying in the domain of
that germ. To state the limiting version of the dressing method, we digress on
the algebraic structure of zero-curvature equations (9) for polynomials U, V' of the
form specified above. It may be assumed from the very beginning that

{U(ac,t,z) =az+q(x,t),

12
V(z,t,z) = b2 +ri(z,t)2" L+ (2, 1) (12)

for some diagonal matrices a,b € gl(n, C) and holomorphic matrix-valued functions
G713 Tm 2 = gl(n,C) on a given domain Q C C2 Then (9) is a system
of m + 1 matrix equations for m 4+ 1 unknown matrix functions q,r1,...,7p.
Assume for non-degeneracy that the matrix a has simple spectrum (that is, all of
its eigenvalues are distinct) and the matrix-valued function ¢(z,t) is off-diagonal
(that is, g;;(z,t) = 0 for i = 1,...,n). Then the first m equations of the system and
the diagonal part of the last (m + 1)th equation are soluble in a purely algebraic
way. Hence the system can be reduced to one off-diagonal matrix equation for one
off-diagonal unknown matrix-valued function ¢(z,t).

To state this more precisely, we fix an arbitrary point zg € C and introduce
the set R(xq) of all germs of holomorphic gl(n, C)-valued maps at xy and the set
R(z0)°? of all off-diagonal germs ¢ € R(x), that is, the germs with ¢;;(x) = 0 for
t=1,...,n. Amap F : R(zo) = R(zo) is called a differential polynomial if each
entry of the matrix-valued function F'(k) is an ordinary polynomial (the same for
all k) in the entries of x and their derivatives (of any order) with respect to x.
We need the following assertion ([28, Lemma 1]) whose content and proof must be
regarded as well known.

Lemma 1. Let a,b,c1,ca,... € gl(n,C) be diagonal matrices such that a has simple
spectrum. Then there is a unique sequence of differential polynomials F; : R(xo) —
R(zo) (j =0,1,2,...) with the following properties:
(a) Fo(s) =D,
(b) Fj(0)=c¢; forallj=1,2,...,
(¢c) the formal Laurent series F(k,z) := Z;‘io Fj(k)277 satisfies the differential
equation 0, F(k, z) = [az + K, F(k, z)| identically with respect to x and z for
all k € R(ZL‘())Od.

Arguing as in the proof of [28, Theorem 1], we see that a pair of polynomials
U(x,t,z), V(z,t,z) of the form (12) with diagonal matrices a,b € gl(n,C) (where
a has simple spectrum) and off-diagonal function ¢(x,t) is a holomorphic solution
of (9) in a domain Q C C? if and only if the following two conditions hold. First,

the coefficients r1,...,7, : @ = gl(n,C) of the polynomial V' must be expressed
in terms of the off-diagonal function ¢ : Q@ — gl(n, C) by the formulae
ri=Fi(q), ..., m=Fn(Q

for some diagonal matrices ¢1(t), ..., cn(t) € gl(n, C) that depend holomorphically
on t in the domain equal to the projection of €2 to the coordinate axis C}. Second,
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the holomorphic off-diagonal function ¢ : Q@ — gl(n, C) must satisfy the equation
gt = [aa F?n-‘rl(q)] (13)

on Q) for the same choice of the diagonal matrices ¢;(¢),..., ¢y, (t) as in the first
condition and for an arbitrary diagonal matrix ¢,,4+1 € gl(n,C) (the right-hand
side of (13) actually does not depend on the choice of ¢p,41).

Among all solutions U, V of the form (12) of the zero curvature equations (9),
we are interested only in those that correspond to solutions of (13) for some t-
independent diagonal matrices cy, ..., c;. We also assume for non-degeneracy that
both matrices a, b have simple spectrum. Then we call (13) the soliton equation of
parabolic type defined by the matrices a,b,cq,...,cn. This equation is equivalent
to the zero curvature equation Uy — V,, + [U, V] = 0 for the polynomials

m

Uz, t, z) = az + q(z,t), V(z,t,z) = Z Fr_j(q)(z, )27, (14)

§=0
where Fy, FY, ..., F,, are the differential polynomials determined by the sequence
of matrices a, b, c1, . . . , ¢y, according to Lemma 1. Examples of reductions of soliton

equations of parabolic type are the linear equations of the form u, = P(9,)u for
an arbitrary polynomial P of degree > 2, the Korteweg—de Vries equation (4), the
nonlinear Schrédinger equation (5) and others (see, for example, [28, end of §2]).

We now state the limiting version of the dressing method for constructing
holomorphic solutions of the equations studied. The identically zero solution Uy, Vj
will be dressed by means of any germ g = f~! € D, where D is the set of all
holomorphic GL(n, C)-valued functions f on {z € C||z| > Ry}U{cc} (Ro depends
on f) with f(oo) = I. In other words, D consists of the germs of holomorphic
GL(n, C)-valued functions f at oo with f(co) = I. The following assertion ([28,
Theorem 1]) must be regarded as well known, although it was not explicitly stated
and completely proved anywhere in the literature. Versions of it are contained in
[29, Proposition 2.7], [30, Theorem 3.2.6] and [31, Proposition 2.9].

Lemma 2. Let a,b,cy,ca,... € gl(n,C) be diagonal matrices such that a has simple
spectrum. We fix an integer m > 2 and a point (z9,t9) € C2. For every function
f €D let Q(f) be the set of all (x,t) € C? such that the function
Y(z,t, 2) == explaz(x — 20) + (b2™ +c12™ 4+ -4 cp)(t — o)} fTH(2)

is right-factorable on some (and then on any) circle {|z|=R}, Ry < R < +o0.
Then the set Q(f) C C? is either the whole of C* or the complement to an entire
complex curve (the set of zeros of an entire function) not passing through (xo,to).
For every point (z,t) € Q(f) let (v4(x,t,2),v—(z,t,2)) be the solution of the
Riemann problem

7(x7t7z) :7:1(z7taz)7+(z7taz) fOT’ R() < |Z| < +00, (15)
normalized by the condition v_(x,t,00) = I. We put

qr(x,t) == ZILI{:O z[y—(z,t,z) — I,al. (16)
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Then the function g : Q(f) — gl(n,C) is an off-diagonal holomorphic solution
on Q(f) of the soliton equation of parabolic type (13) determined by the matrices
a,b,ci,c9,. .. .

We note that the Riemann problem (15) coincides with (10) up to the no-
tation f = g7', v_ = 0_, v4 = 0, Fp, and the definition (16) of the solution
constructed in Lemma 2 is obtained by equating the coefficients of 2° in second
equation (11).

The class of solutions gf(x,t) constructed in Lemma 2 contains all finite-gap
solutions (they correspond to those matrices f € D whose columns are eigenvec-
tors of some non-degenerate® rational gl(n, C)-valued function G(z); see [32, The-
orem 5]) and many rapidly decreasing solutions (as described in [32, § 5]). In both
cases the construction of Lemma 2 coincides with the corresponding version of
the inverse scattering method if we understand the germ f € D as the scattering
data of a matrix-valued potential q;(z,t9) € R(x). This is explained at length
in [32, §§ 4, 5]. Note that our “potentials” determine their “scattering data” not
uniquely, but only up to right multiplication by any diagonal germ in D. This can
be expressed in the following form (see [32, Theorem 4(A)] and its proof).

Lemma 3. Two functions f,g € D determine the same solution qr(x,t) = qq4(x,t)
of equation (13) in a neighborhood of the point (wo,to) € C? if and only if the
function g~'f € D is diagonal. This condition is also necessary and sufficient for
the equality q¢(z,to) = qq(x,to) in a neighbourhood of the point xy € C.

3. The main definitions and results

The construction of solutions described in Lemma 2 is far from giving all local
holomorphic solutions of (13) in a neighborhood of the given point (xg,t) € C2.
(For example, all solutions constructed in Lemma 2 extend meromorphically to C2,
while the Cauchy-Kowalevsky theorem stated in the introduction enables us to
construct local solutions with any prescribed singularity in ¢.) We now present a
natural modification of this construction which is free from this disadvantage as
well as from the non-uniqueness (described in Lemma 3) of the correspondence
between potentials and their scattering data®. Recall that the set D of “scattering

5Here non-degeneracy means that the complex curve Cg := {(z,w) € C2?| det(G(z) — wI) = 0}
splits into m distinct holomorphic branches over a punctured neighbourhood {|z| > R} of the
point z = co. This automatically holds if the matrix G(oo) has simple spectrum. The algebraic
curve Cg is known as a spectral curve and plays an important role in the theory of finite-gap
solutions. Replacing “rational” by “holomorphic at co” in the definition of G gives an equivalent
description of the set of all solutions constructed in Lemma 2.

6Note, however, that this non-uniqueness is sometimes an asset: it provides a flexible and natural
language in some important constructions. For example, adding a soliton to a given solution gy
is very conveniently described in the notation of Lemma 2 as multiplication of f by a Blaschke
factor (see, for example, [25, Ch.III, §2] or [31, Proposition 4.2]), but this description becomes
cumbersome if we insist on using the normalized scattering data, which are introduced below.
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data” consists of all convergent (in a neighborhood of the point z = co) series of
the form co o

where g, 91, ... € gl(n, C). We now want to replace it by the set D; /,,, of all formal
power series of the same form with off-diagonal matrices ¢ € gl(n, C) (this makes
the correspondence between the germs of solutions and their scattering data one-
to-one in contrast to Lemma 2) and with

oo
Z [ AF < 0o for some A > 0,
k1i/m
k=0

where m > 2 is the number of the equation (13) in its hierarchy. The class D; /,, is
natural because its elements are precisely those formal power series for which the
left-hand side of (15) (that is, the data of the Riemann problem) is well defined as a
formal Laurent series in z for all (z,t) in a neighborhood of the point (g, ) € C2.
(This follows from Lemma 4 below.) In the case when m = 1 (or, equivalently,
b=c; =cy=---=0),equation (13) takes a trivial form ¢; = 0, but its “solutions”
(that is, all germs ¢(z) of holomorphic off-diagonal gl(n, C)-valued functions at the
point xg € C) are also described by their scattering data. This is an important
part of the whole method (see Theorem 3 below).

Let us describe appropriate Banach spaces of formal power series. For every
a > 0 we introduce the set Gev,, (referred to as Gevrey class «) of all formal
power series of the form ¢(z) = 52 prz~*Y oy € gl(n, C) such that the series
S e o () ~%|¢k |2z has a non-zero radius of convergence. Here |-| is any fixed norm
on gl(n,C) with the property |AB| < |A||B|. The vector space Gev,, is the union
of an increasing family of Banach spaces isometrically isomorphic to [;. Namely,
Geve = UpsoGal(A), where G, (A) is the set of all formal power series p(z) =
Sre o prz” Y with ¢, € gl(n, C) such that [@]la,a = 3 pe o (kD) ™% |pr| AF < oo,

In the same vein, for every m > 1 we write the vector space Ent,, of all
gl(n, C)-valued entire functions of order < m and finite type (for order exactly m)
in the form Ent,,, = U~ Em(B), where E,,,(B) is the set of all formal power series
e(z) = Y12, e12! with g; € gl(n, C) such that |||/, 5 = sup;s |e1| (1N B~ < o0
(this condition guarantees that the series converges for all z € C). Clearly, each
E,.(B) is a Banach space isometrically isomorphic to lo.

An important property of the Banach spaces G, (A) and E,,(B) is the possi-
bility to multiply their elements for am < 1 and B < A (and, generally speaking,
these inequalities are unimprovable). This fact is expressed by the following asser-
tion [17, Lemma 1], where {-}+ and {-}_ stand respectively for the positive and
negative parts of a Laurent series: {_, ., axz"} 1 = >~ 0 anz®, {3, anz®}- =
> k<1 apz”.

Lemma 4. Suppose that A > B >0, m > 1 and 0 < a < 1/m. Then the product

of elements of Go(A) and E,,(B) in any order is a well-defined formal Laurent
series belonging to the direct sum Go(A— B)+ Epn(B). The maps (p,e) — {pe}s
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and (p,e) — {ep}s are continuous bilinear forms on G (A) X E,(B) with values
in Go(A — B) and Ep(B).

We can now state the main result (a slightly extended version of [17, The-
orem 3] with basically the same proof) on the solubility of the Riemann prob-
lem (15) in the context of divergent power series and on the analytic proper-
ties of its solutions as functions of parameters. We actually need only two very
special cases: first, when 2 is C2, and the polynomial P(z,t,z) is of the form
a(z —x0)z + (bz™ + c12™ L + -« + ¢ (t — to) for some integer m > 2 with the
same diagonal matrices a, b, ¢, ¢, ... € gl(n,C) as in Lemma 2 and, second, when
Q2 is CL, the polynomial P(x, z) is equal to a(x — x¢)z, and m = 1. In part (B) we
use the notation Gev,_q := U0<S<a Gevs.

Theorem 2.

(A) Let Q be a complex manifold, m > 1 an integer, po,pi1,...,Pm : Q — gl(n,C)
holomorphic maps, and & € Q a point with pr(&) = 0 for k =0,1,...,m.
Put P(&,2) == Y pu(€)z" for all € € Q, z € C. Then for every series
[ € I+ Gevyyy, one can find a neighborhood Q(f) of the point & in €,
numbers A, B > 0 and holomorphic maps v— : Q(f) — I + G1/m(A) and
Y+ : Q(f) = En(B) such that the following equality of formal Laurent series
holds for all & € Q(f):

eP(f’Z)f_l(Z) = ’Y:l(faz)’)/-‘r(gaz) (17)

and all values of the entire function z — v4 (&, z) belong to the group GL(n,C)
of invertible complex n X n-matrices and satisfy the equality

detyy (€,2) = e P& forall 2 C. (18)

(B) Under the hypotheses of part (A), if we additionally know that f € I +
Gev(1/m)—o and Q is a Stein manifold” with H*(Q,7Z) = 0, then there is
a holomorphic non-vanishing at & function 7y € O(Q) with the following
properties.

(a) The germs of the holomorphic maps & — 77(&)(v=(&,2) — I) and § —
(&) (7= (&, 2) — I) at the point & admit an analytic continuation to
holomorphic maps Q — G4/, (A) for every A > 0.

(b) For every exhaustion {&} = Ko C Ky C --- of the manifold 2 by holo-
morphically conver compact sets K; C int K41 with H*(int K;,Z) =
0 there is a sequence of numbers B; > 0 such that the germs £ —
€)Y+ (&, 2) and & — T (f)'y;l(f, z) admit an analytic continuation to
holomorphic maps int K; — E,,(Bj) for every j =1,2,....

(c) The equalities (17) and (18) hold for all & € Q with T4(€) # 0.

7A Stein manifold may be defined as a closed complex submanifold of CN. The additional
requirements on € in part (B) guarantee the solubility of the second Cousin problem on 2
(see, for example, [33, subsections 41 and 49]). All the hypotheses of part (B) automatically hold
in our cases when  is either C2 or C!.
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To say this in simpler words, if a formal gl(n,C)-valued power series f(z) =
I+@oz~ 41272+ - - belongs to a Gevrey class such that the left-hand side of (17)
is well defined in a neighborhood of {y by Lemma 4, then the Riemann problem (17)
is soluble in some neighborhood of &y, and its solution v4 (€, z) is holomorphic with
respect to £ in this neighborhood. This fact further supports the idea of natural
appearance of the Gevrey classes in our approach. But if we additionally assume
(as in part (B)) that the series f(z) belongs to a strictly smaller Gevrey class than
in part (A), then the Riemann problem (17) becomes soluble everywhere on €
except possibly for a complex hypersurface {{ € Q| 77(§) = 0} that does not pass
through &y, and the solution 4 (&, z) is globally meromorphic with respect to & in
with at most poles along this hypersurface. The hypotheses of part (B) certainly
hold (for any m) when f(z) is an ordinary convergent series in a neighborhood
of z = oo (this situation was described in Lemma 2), and we thus recover the
(needed part of the) result of Malgrange [27, which was mentioned in §1].

To prove part (A) of Theorem 2, we reduce the Riemann problem (17) to
a linear inhomogeneous equation of the form X (£)¢ = u(§) on the Banach space
E = G, (A) for appropriate values of & < 1/m and A > 0, where p = p(§) € E is
the unknown vector, X (§) : E — F is a known linear operator (a slightly modified
version of the Toeplitz operator on the Hardy space) and u(§) € E is a known
vector. Here X (§) and u(§) depend holomorphically on £ in a neighborhood of &,
and X (&) = I is the identity operator. Once this is done, it is clear that the
solution p(€) = X (&) tu(€) exists, is unique and depends holomorphically on & in
a neighborhood of &. The details are given in [17, § 5].

To prove part (B) of Theorem 2, we note that under the hypotheses of part (B)
the operator X (£) and the vector u(§) are defined and holomorphic with respect
to £ on the whole parameter space € and, moreover, the operator Y (§) := X (&) -1
is compact for every & € (). Therefore the desired conclusion follows from the
“meromorphic Fredholm alternative” contained in the following lemma®, which
can be found along with a proof in [17, Lemma 8§].

Lemma 5. Let Q be a Stein manifold with H*(Q,Z) = 0 and let Y : Q — B(E)
be a holomorphic map from Q to the Banach space B(E) of all linear continuous
operators on a Banach space E. Suppose that the operators Y (§) are compact for
all £ € Q and the operator I + Y (&) is invertible for some point & € Q. Then
there is a holomorphic function 7 € O(Q) with 7(£) = 1 such that the following
assertions hold.

(i) The operator I+Y (§) is invertible for those and only those & € §) that satisfy

(&) # 0.
(ii) &€ 7(E)T +Y (€))7 is a holomorphic map Q — B(E).

8This result seems to be first stated at the needed level of generality (that is, for operators on
general Banach spaces and not only on the Hilbert space) by Gokhberg (1953). Then it was
rediscovered many times by various authors. Amazingly, references to the possible authorship of
this result in the well-known monographs of Kato (1966), Lang (1975), Reed and Simon (1978)
and Yafaev (1993) give us four mutually disjoint sets of authors.
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Theorem 2(A) enables us to define the inverse scattering transform for all
f € I+Gevy (recall that Lemma 2 did so only for f € I+Gevg) by the formula (16)
with ¢ = to (or, equivalently, with b = ¢; = ¢3 = -+- = 0). We now describe this
definition in more detail. Fix a diagonal matrix a € gl(n, C) with simple spectrum
and an arbitrary point xy € C. For every formal power series ¢ € Gevy consider
the solution 4 (z, z) of the Riemann problem (17) with P(x, z) = a(z — 20)z and
f(z) =1+ p(z). Let R(xo) be the set of all germs of holomorphic gl(n, C)-valued
functions at zp, and let R(z0)°? be the set of all off-diagonal germs ¢ € R(x)
(that is, those with ¢;(z) =0 for I = 1,...,n). Then all coefficients gi(x) of the
expansion y_(z,2) = I + 3 70 ge(2)z~**D belong to R(x¢), and the formula
(basically (16) with ¢ = ¢g)

Bp(z) :=[go(x),a] for z—z€ Q(f) (19)

determines a map B : Gev; — R(20)°%. We call this map the inverse scattering
transform. The notation B is chosen in honor of the classical Borel transform, to
which (19) reduces for upper-triangular gl(2, C)-valued convergent series ¢ € Gevg
(as explained in [28, § 6], or [17, § 2]).

The direct scattering transform L : R(x0)°? — Gev; is defined by the formula

Lq(z) := p(xo,2) — 1, (20)

where pu(z,2) = I+ Y po, mi(x)z~*+1 is a unique solution of the differential
equation u, = (az + q(z))pu — paz in the class of formal power series of the form
indicated with my € R(xg), k =0,1,2,..., such that all coefficients of the series
wu(xg,z) — I are off-diagonal (the existence and uniqueness of this solution are
proved in [17], § 6, the paragraph before Lemma 10). The notation Lq is chosen
in honor of the classical Laplace transform

Lu(z) = /OO u(x)e™ "% dx,

0

to which (20) reduces in case of upper-triangular gl(2, C)-valued potentials g(x)
that are entire functions of exponential type (see [28, § 6], [17, § 2]). The definition
of Lg may seem strange (where does the differential equation p, = (az + q(x))pu —
paz come from?), but it is natural in view of the following observation (which is
rather standard in the Riemann-problem approach to integrable systems). Con-
sider the Riemann problem (17) with £ = z and P (¢, z) = a(x — z¢)z, differentiate
it with respect to = (the Leibniz rule for the derivative of a product still holds
because of the last assertion of Lemma 4) and separate the positive and negative
powers of z in the resulting Laurent series. This yields that the components of the
solution of the Riemann problem satisfy the differential equations

vt = (az +q(@))y4,  Ouy- = (az+ q(2))7- —7-az (21)
with initial conditions vy (zo, 2) = I, v—(zo,2) = f(z), where ¢(x) := Bf(z) is
defined in (19). Thus we see that the differential equation for u(z, z) just selects
the candidates for the role of v_ (z, z), and the initial condition restores f(z) by the
formula (20). This observation also motivates the first part of the following theorem
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(an extended version of [17, Theorem 1]) which says that the maps L and B are
indeed inverse to each other if we restrict ourselves by only off-diagonal series
in Gev; (as already mentioned in the definition of Dy, above, this restriction
removes the non-uniqueness described in Lemma 3). The second part of Theorem 3
follows from the first part and Theorem 2(B). It says that all potentials whose
scattering data belong to strictly smaller Gevrey classes than necessary for the
Riemann problem (17) to be well defined, are globally meromorphic in z.

Theorem 3.

(A) The map q — Lq is a bijection of the set R(x0)° onto the set Gev$? of all
off-diagonal series in Gevy. The inverse map is the restriction to Gev‘l’d of
the map B : Gevi — R(20)°? defined in (19).

(B) If ¢ € R(20)°Y and Lq € Gevi_g, then the germ q(x) admits an analytic
continuation to a globally meromorphic off-diagonal gl(n, C)-valued function
on CL (denoted again by q(z)) such that for every z € C the auziliary linear
system E, = (az + q(x))E has a globally meromorphic fundamental system
of solutions.

A key role in the proof of part (A) of Theorem 3 is played by the following
particular case of a theorem of Sibuya on formal solutions of singularly perturbed
ordinary differential equations (see [34, Theorem A.5.4.1 on pp.254-256] or [35,
Theorem XII-5-2]). Let m,v > 1 be integers, A : C* — C” an invertible linear
operator, and y(z,z) = > peyar(x)z=" a formal power series whose coefficients
ai(x) are C”-valued holomorphic germs at xo € C. Suppose that

dy m—1
WAy + Y B ) (22)
7=0
for some C¥-valued polynomials B;(x,y) in the components of the vector y with
coefficients in O(xo). Then the series y(xo,z) belongs to Gevy /p,.

In our applications of this result, C” is the vector space of all off-diagonal
matrices X € gl(n,C) and the operator AX := [C, X] sends every such matrix
to its commutator with a given diagonal matrix C' € gl(n,C). The role of C is
played by a in the proof of Theorem 3 and b in the proof of Theorem 4 below.
Since the operator A is invertible if and only if the matrix C' has simple spectrum,
this explains our non-degeneracy assumptions (made in the definition of soliton
equations of parabolic type in §2) that the matrices a and b have simple spectrum.

The detailed proof of part (A) of Theorem 3 is given in [17, §56, 7] and we
shall not repeat it here. Once part (A) (or rather the equality ¢ = BLq for all
q € R(z0)°%) is proved, part (B) follows easily. Indeed, if Lg € Gevy_g, then the
germ BLg(z) admits a global meromorphic extension from a neighborhood of zg
to the whole of CL by Theorem 2(B). Since BLq = ¢, this proves the first assertion
of Theorem 3(B). To prove the second assertion, note that the component v, (z, z)
of the solution of the Riemann problem (17) with P(xz,z) = a(x — x¢)z satisfies
the auxiliary linear system E, = (az + ¢(x))E for all z € C (this follows from
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the first equality in (21)) and its columns are linearly independent by (18). Hence
its columns form a fundamental system of solutions. On the other hand, it follows
from Theorem 2(B), assertion (b), that v (z, z) is a globally meromorphic function
on C! with denominator 7¢(z) for every fixed 2. This proves the second assertion
of Theorem 3(B), which is also known as the trivial-monodromy property.

We can now state a criterion for solubility of the local holomorphic Cauchy
problem for soliton equations of parabolic type. Consider any system of evolution
equations of the form (13), where g(z, t) is an unknown off-diagonal gl(n, C)-valued
function, m > 2 is a given integer and Fy, I, F5,... is the sequence of differ-
ential polynomials in = corresponding to a given sequence of diagonal matrices
a,b,c1,ca,... € gl(n,C) according to Lemma 1. We always assume that the non-
degeneracy condition holds: the matrices a,b have simple spectrum. Let R(xq, to)
be the set of all germs of holomorphic gl(n, C)-valued maps at the point (zo,to) €
C2, and let R(xo,t0)°? be the set of all off-diagonal germs in R (g, to). The local
holomorphic Cauchy problem for (22) is posed as follows. Given an off-diagonal
holomorphic germ gy € R(z0)°4, it is required to find a germ q € R(x¢,19)°? that
satisfies equation (13) and the initial condition ¢(z,t9) = go(z). The following
theorem is an extended version of [17, Theorem 2].

Theorem 4.

(A) The Cauchy problem q(z,to) = qo(x) for equation (13) admits a local holo-
morphic solution at the point (xq,to) € C? if and only if Lqy € Gevy/m. If
such a solution q(x,t) ewxists, it is unique.

(B) Ewery local holomorphic solution q(x,t) of equation (13) in an arbitrary bidisk
D = {(z,t) € C*| |z — x| < 01, |t — to| < b2} admits an analytic continua-
tion to a meromorphic function in the strip S := {(x,t) € C?| |t — to| < 52}
possessing the trivial-monodromy property with respect to x (in the sense of
Theorem 3(B)) for every fixed t. On the other hand, one can find a holomor-
phic solution qo(x,t) of (13) in D that admits no further analytic extension
beyond the strip S.

(C) The envelope of meromorphy of any local holomorphic solution q € R(xg,ty)°?
of equation (22) can be written in the form Cl x X, where X is a Riemann-
ian domain over C}. Conversely, for every Riemannian domain 7 : X — C;
over C! and every point (xg,t9) € Cx w(X) one can find a local holomorphic
solution q € R(xo,t0)°? of equation (22) whose envelope of meromorphy is
equal to CL x X.

(D) In the notation of part (A), if the germ qo(x) = q(x,to) satisfies Lgy €
Gev(1/m)—o, then the solution q(x,t) of the corresponding Cauchy problem ad-
mits an analytic continuation to a meromorphic off-diagonal gl(n,C)-valued
function on C? possessing the following trivial-monodromy property with re-
spect to x and t. For every z € C the auxiliary linear system E, = (az +
q(z,))E, By = (bz™ + 301, Fi(q)(z,t)2™ ) E (which is defined by the for-
mulae (8) on account of (14)) has a globally meromorphic fundamental sys-
tem of solutions on C2,.
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In connection with the terminology in part (C) of the theorem we recall
that a Riemannian domain over CV is a complex manifold X together with a
holomorphic locally invertible map 7 : X — C (see [33, Subsection 22]), and the
envelope of meromorphy of an arbitrary family of germs of holomorphic functions
at a point (g € CV is defined as the largest holomorphically separable Riemannian
domain over CV such that all the germs in this family can be analytically continued
to meromorphic functions on this Riemannian domain (see [33, subsection41]).
This domain over CV admits a more constructive description as the union of the
results of all possible analytic extensions along chains of polydisks, similarly to the
definition of a complete analytic function in the sense of Weierstrass ([33, Russian
page 276]). By the envelope of meromorphy of a gl(n, C)-valued germ (or a family
of such germs) we understand the envelope of meromorphy of all entries of these
germs.

To prove the necessity of the condition Lgg € Gevy,, for the existence of a
local holomorphic solution ¢(x,t) of the Cauchy problem, one should reduce the
ordinary differential equation for p(zo,t,z) (where u(z,t,z) is the formal series
from the definition (20) of the scattering data Lq(t,z)) to the form (22) with z
replaced by ¢ and then apply Sibuya’s theorem mentioned above (using the as-
sumption that the matrix b has simple spectrum). This part of the argument is
done in [17] by a reference to [28], but the exposition of this proof in [28, § 5]
contains an inaccuracy that will be corrected now. Contrary to the last paragraph
of [28, § 5], one cannot in general remove all terms with negative powers of z from
the formula (5.1) of [28] by making the transformation indicated there. However,
there is no actual need to remove them. Just replace the last paragraph of [28, § 5]
by the following paragraph (which uses our current notation u(x,t,z) for what
was denoted by m(z,t, z) in [28]; the other notation is from [28]).

By the definition of the series V in [28], the off-diagonal series N (t,z) :=
(o, t, z) — I satisfies the differential equation Ny = V(I + N) — (I + N)V, where
V is defined by (14). Taking the diagonal parts of both sides of this equation,
we have 0 = Vg + (VoalN)g — V. Now, substituting V=Vy+ (VoaN)q into the
equality of the off-diagonal parts, we obtain the following equation of the form (22)
for N(t,z):

Ny =VN = NVq+ Voa— (I + N)(VoalN)a,

where the subscripts “d” and “od” denote the diagonal and off-diagonal part re-
spectively. To verify that this equation is indeed of the form (22) (with the vari-
able t instead of x and after rearranging all entries of the matrix N into one vector
y € C, v =n(n—1)), we note the following. First, V,q and the difference between
VN — NVy and [bz™, N] are polynomials of degree at most m — 1 in z whose
coefficients depend holomorphically on ¢ and polynomially on N. Second, the lin-
ear operator N — [b, N| is invertible’ on the space of all off-diagonal matrices.
Therefore all the hypotheses of Sibuya’s theorem hold, and we arrive at the desired

9This is the only place where we use the assumption that b has a simple spectrum.



Local Inverse Scattering 209

conclusion: the formal series Lqo(z) = N (to, z) belongs to Gevy /,,. This proves the
necessity in part (A).

To prove the sufficiency of the condition Lgy € Gevy,,, for the existence of
the local holomorphic solution of the Cauchy problem, we consider the Riemann
problem (17) with parameter & = (z,t) € C?, the polynomial P(£,2) = az(z —
xo) + (b2™ + c12™ L 4+ ) (t — to), and the formal series f(z) = I + Lqo(2).
By Theorem 2(A), the solution 4 (z, ¢, z) of this problem exists in a neighborhood
of the point (z9,%p) € C? and depends holomorphically on z,t. Putting q(x,t) :=
[g0(w,t), a], where go(x,t) is the coefficient at z~! in the expansion v_(z,t,2) = I+
oo gk(z, t)z~*+1) we claim that the holomorphic off-diagonal gl(n, C)-valued
function ¢(x,t) satisfies equation (13) in a neighborhood of (xg,tp) along with
the initial condition ¢(z,tp) = go(x). Indeed, the initial condition ¢(z, o) = go(x)
follows from the equality BLgy = qo, which holds by Theorem 2(A). Furthermore,
the first equality (21) shows that in a neighborhood of (xg,ty) we have E, = UE,
where E(z,t,2) := vy4(x,t,2) and U(x,t,2) := az + q(x,t). Repeating verbatim
the proof of Lemma 2 (which is legitimate in our case because of Lemma 4), we
obtain that F; = VE, where V(x,t, z) is given by the formula (14) with the same
differential polynomials F; : R(z9) — R(zo) as in (13). The resulting equations
E, = UE and E;, = VE form the auxiliary linear system (8) whose solubility
(with invertible E) implies that we have the zero curvature condition (9): U, —
Ve 4+ [U, V] = 0, which is equivalent to the equation (13). This completes the proof
of part (A) of Theorem 4.

Once part (A) is proved, part (B) follows easily from it and Theorem 3(B)
since we always have 1/m < 1 for all m > 2. Examples mentioned in the last asser-
tion of part (B) can be constructed in abundance using the Cauchy—Kowalevsky
theorem (this was done in [36, § 4], for all equations appearing in Theorem 1). The
rest of Theorem 4 can also be easily obtained from part (A) and Theorems 2, 3, but
we omit the details since these results have no direct use in the proof of Theorem 1.

4. Proof of Theorem 1

We start by showing that every local holomorphic solution u(x,t) of any of equa-
tions (4)—(6) induces a local holomorphic solution ¢(z,t) of an appropriate sys-
tem (13). Indeed, if u satisfies (4), then a rescaling of = and ¢ yields that u, =
Ugze — 6ul,, which is equivalent to (13) for m = 3, a = b = diag(1/2,-1/2),
1 =c2 =c3 =0 and g(z,t) = ((1) “(f)’t)). If u satisfies (6), then a rescaling of
and t by real factors yields that iu; + uz, = Fulul?, which is equivalent to (13)

for m =2, a = b =diag(~i/2,i/2), e, = ¢ =0 and q(z,t) = (.0 ") 1w

satisfies (5), then the reduction is more complicated. It is described, for example,
n [36] and follows Drinfeld and Sokolov [37]. First, a rescaling of = and ¢ yields
that uy = —1/3uUzgee — 4/3(uuy),, which is the condition for solubility of the
system

O = U, Pr = —1/3Uggs —4/3uuy
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in the bidisk D. This enables us to write the rescaled equation (6) in the form
Ly = [P, L] (see (7)), where L := 93 4+ ud, + 1/2(¢ + uy) and P := 92 + 2/3u.
Second, writing L = (9, — v3)(9y — v2)(0z — v1) for some vy, va,v3 € O(D), we
define an off-diagonal (because vy + v2 +v3 = 0) matrix-valued function ¢(z,t) :=
K~ tdiag(vi(z,t),v2(z,t),v3(x, 1)) K with K € GL(3,C) being the matrix with
entries K;; = (ozj)i’l, where a1, as, a3 are the cubic roots of 1 written in an
arbitrary order. Then the rescaled equation (6) is equivalent to (13) for m = 2,
a = diag(a, az,a3), b =a? and ¢; = c3 = 0.

Now, to prove Theorem 1, we apply Theorem 4(B) to g(x,t) and conclude that
q(z,t) extends to a global meromorphic function of x for every fixed t. Recovering
u(z,t) from q(x,t) by the formulae above, we see that the same conclusion holds
for u(z,t), as required. O
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Painlevé Equations and Supersymmetric
Quantum mechanics

David J. Ferndndez C.

Abstract. An algorithm to generate solutions to the Painlevé IV and V equa-
tions is presented, based on supersymmetric quantum mechanics applied to
the harmonic and radial oscillators, respectively. These solutions are expressed
in terms of confluent hypergeometric functions, leading to a classification in
solution hierarchies, according to the specific special functions they involve.
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1. Introduction

The generation of explicit solutions of nonlinear differential equations is a subject
of mathematical physics worth studying. This applies, in particular, to the six
nonlinear ordinary second-order differential equations, discovered by purely math-
ematical considerations by Paul Painlevé at the beginning of twentieth century,
which nowadays are called Painlevé equations [1-4].

Another topic concerns the polynomial deformations of the Heisenberg—Weyl
algebra (polynomial Heisenberg algebras, by short) such that the commutator be-
tween the annihilation and creation operators is substituted by a polynomial of
the Hamiltonian. It turned out that such deformations can be realized straightfor-
wardly by the supersymmetric (SUSY) partners of the harmonic and radial oscilla-
tors [5-8]. Furthermore, a connection can be established between second- (third-)
order polynomial Heisenberg algebras and Painlevé IV (Painlevé V) equations,
where the annihilation and creation operators are of third (fourth) order [9-20].
In particular, the existence can be shown of SUSY partner Hamiltonians for the
harmonic (radial) oscillator possessing also third- (fourth-) order ladder operators,
and thus being connected with Painlevé IV (Painlevé V) equation. Consequently,

The author acknowledges the support of Conacyt, project 152574.
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an algorithm to generate solutions of the Painlevé IV (Painlevé V) equation can be
designed, by identifying the so-called extremal states of the system (for a review
of this subject see, e.g., [20]).

In this paper, based on the harmonic and radial oscillators, we will try to
combine the three subjects previously mentioned, namely, polynomial Heisenberg
algebras (PHA), Painlevé equations and supersymmetric quantum mechanics (for
reviews on the last subject, see, e.g., [21-26]). In order to achieve this goal, we
have organized this article as follows.

In the next section the polynomial Heisenberg algebras will be introduced,
paying special attention to those of second and third order. In Section 3 the SUSY
partners of the harmonic oscillator will be constructed, as well as the corresponding
solutions to the PIV equation. In Section 4 the same treatment will be applied to
the SUSY partners of the radial oscillator and the PV equation. Our conclusions
are contained in Section 5.

2. Polynomial Heisenberg algebras

The (m — 1)th-order polynomial Heisenberg algebras are deformations of the
Heisenberg—Weyl algebra with three generators {H, L}, L.} satisfying [7]:

[H, L) = +LF, (1)
(Lo LY = Np(H 4 1) — Ny (H) = Py (H). (2)

The analogue of the number operator, N,,,(H) = L} L is a polynomial of degree

m=~m?

m of the Hamiltonian H, which can be factorized as:

m
No(H) =] (H-&). (3)
i=1

A straightforward representation of such a structure is a differential one,
where H acquires the standard Schrodinger form

e T ) ()

while £ are mth-order differential ladder operators.
Note that there are special states of the system, the so-called extremal states
of H, such that £, v, = 0 and Hepe, = Eitpe,, ¢ = 1,...,m. They supply all

information we can get about the spectrum of H, Sp(H). In fact:

(a) Suppose that s extremal states {1g,,i = 1,..., s} satisfy the right boundary
conditions. Then, Sp(H) will consist of s infinite energy ladders, arising from
the iterated action of £} onto {t¢,,i=1,...,s} (Figure 1, left).

m

(b) However, if for the jth extremal state it turns out that (E,fl)"_l Ye; # 0 and
()" te, = 0, then the jth energy ladder instead of being infinite will end

m
up after n steps, while the s — 1 remaining ladders will stay infinite (Figure 1,

right).
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H
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FIGURE 1. Spectrum of H when s extremal states obey the boundary
conditions (left) and when the jth one satisfies also (ﬂ;@)n_l Yve;, # 0
and (L;1)" ¥e, = 0 (right).

Since they are connected with Painlevé equations, let us present a brief overview
of the polynomial Heisenberg algebras of second and third order.

2.1. Second-order PHA
Let Eét be the following third-order differential operators

Ly = AJATAT, Ly =A7Aj Ay, (5)
A CNETAT ()
such that
HjAh = ATH;, HjA; = A7 Hjy, j=1,2,3 (7)
In addition, let us suppose that the closure relation is satisfied,
Hy=H —-1=H -1, (8)

which ensures that the commutator between H and £F in Eq. (1) is valid. A
diagram representing the chain of intertwining relations of Eq. (7) as well as the
global one is shown in Figure 2.

H_'[ A+ H2 A+ H-; A+ H4

= -4’_—'I4——-".

+
— 4 >
Hi=H Ly Hy=H-1

FIGURE 2. Representation of the intertwining relations of Eq. (7) and
the global one leading to Eq. (1).

Equations (5-8) lead to a system of coupled differential equations for the
unknown functions f; and the potential V. After a long but straightforward cal-
culation [20], it turns out that all these unknowns become expressed in terms of
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just one function g:

g g €1 — €2
= — 9
fl 92 29 g ’ ( )
g 9 ea-—e
__9_ _ 10
P 5 " 9 g (10)
.1'2 g/ g2 1
1% = — 12
@="5 -5+, Tegteat,, (12)
which satisfies the Painlevé IV equation:
1 3
gg”:29’2—|—2g4+4xg3+2(x2—a)g2+b, (13)
with parameters a = €1 +e2 —2e3—1, b= —2(e; — 62)2. Moreover, the generalized

number operator
N3(H) = (H — &) (H — &)(H — &),

has three roots & =¢; + 1, i = 1,2, 3, which are associated to the three extremal
states:

g g 1] b g g 1/ b
wgloc(29—2—g\/—2—x)expl/<2g+2—g\/—2>dx1, (14)

g g 1] Db g g 1/ b
1/)520<<292+g\/2z)exp[/<2g+2+g\/2>dz], (15)
1/)ggo<exp<x;/gdx). (16)

Thus, once we get a solution g of the PIV equation the system we are dealing with
becomes determined, since all relevant quantities are expressed in terms of such a
g. This is the so-called direct approach to the problem.

On the other hand, in the inverse approach the extremal states of a system
ruled by a second-order PHA determine the solutions to the PIV equation. In fact,
from Eq. (16) it is obtained:

9(z) = —z — {In[ye, (2)]}". (17)
In this way we can generate three solutions of the PIV equation, by selecting as
e, any of the three extremal states of the system.

2.2. Third-order PHA
Now, let £ff be the fourth-order operators

Ly =AfAJATAT,  Lp=A7A; A5 A7, (18)

4% = ;2 (i - fj> , (19)
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such that
HjAf = ATH;, H;A7 = A7Hj, j=1,2,3,4. (20)
In order to ensure that Eq. (1) is satisfied, the following closure relation has to be
fulfilled:
H5:H1—IEH—1. (21)

A representation of the chain of intertwining relations of Eq. (20) as well as the
global one is shown in Figure 3.

H, A+ Hp At H1A+ Hi g3 H

I4—I—'4—I4—I

+
£ -

- L

H=H Ly Hy=H-1

FIGURE 3. Representation of the intertwining relations of Eq. (20) and
the global one leading to Eq. (1).

Equations (18-21) produce a system of coupled differential equations for the
functions f; and the potential V. After an even longer calculation than in the
previous case, it turns out that all of them depend on just one function w(z)
which satisfies now the Painlevé V equation:

/ 12
W' — 1 n 1 W (w 21) aw + b ¥ +dw(w+ 1)7 (22)
2w w-—1 z z w z w—1

where z = 22 and the PV parameters are given by

(€1 —€2)? (€3 — €4)? €1+ € —€3—€4—1 1
= b= — = d=—_. 23
“ 2 2 o ° 2 ’ g 3

Two functions are going to be quite important for generating solutions of the PV
equation later on:

g(x) = w(z?) — 1 h(z) = —x — g(z). (24)

Note that the number operator Ny(H) is now a polynomial of fourth degree
in H:

Ny(H) = (H — &) (H — &)(H — &)(H — &),
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with roots £ =€; +1, j = 1,2,3,4 and associated extremal states given by:

D.J. Fernandez C.

h g/ h x Ey— & 53—|—54_
W”X_2<2g_2h_2 g )78t o]
! —
xexp{/(§g+g+g2g&>dx], (25)
[h g/ n x E1— & E3+ &4
¢52u_2<292h2+ g —&t T, |
/ J—
xexp[/<gg+g+glg(€2>dx], (26)
Ve, oc ef (Bt b ,5 )de. Ve, oc o (Bt b5 )ar, (27)

As in the previous case, once w(z) is found all the relevant functions of the
system can be determined, in particular the potential V(x). Once again, this is
nothing but the direct approach to the problem.

On the other hand, in the inverse approach one uses the expressions for the
two extremal states of Eq. (27) in order to find h(z), which in turn is related with
the solution w(z) to the PV equation as follows:

2(E3 — &4) /
={In[W wS 711)5 )
Infiie,) — In(use, )~ 1 (Ve ve)l)
h
Vz+ h(y/2)

Thus, if we choose as g, and g, any pair between the four extremal states
for systems ruled by third-order PHA we can build several solutions of the PV
equation.

Let us explore next the possibilities offered by these techniques to generate
solutions to the PIV and PV equations by constructing the SUSY partners of the
harmonic and radial oscillators.

h(z) = (28)

(29)

3. Harmonic oscillator SUSY partners

The kth-order SUSY transformation applied to the harmonic oscillator employs &
Schrédinger seed solutions for Vo (x) = 22 /2 of the form [5]:

a2 1—-2 1 , INGa) 3—-2 3
u=e 2 {1F1( 4 ’2;33)+2$’/F(1—425)1F1( 4 ,Q;z) . (30)
If the transformation creates k new levels with the following ordering:
€ < €1 <o <€ < FEy= (31)

2 K
then the constants v;,7 = 1,..., k, must satisfy

lvi| < 1forodd i, |v]>1 foreven i.



Painlevé Equations and SUSY QM 219

The new potential is given by

Vi(z) = :”22 —{In[W(uy,...,u)]}", k>1, (33)

while the eigenfunctions of Hy read (the corresponding eigenvalues are written to
their right):

B
(k) _ k- E, 34
¥n [(En —€1)...(En —ex)]V/?’ ’ (34)

W1y ooy Ujety Ujg 1y - vy UE)

(k) y y Wj—1, Uj+1, ) - 35
ey’ o W(u, ..., ug) > (35)

Thus, the spectrum of Hy turns out to be:

1

Sp(Hk){ej, En:n+2, ji=1,...k, nO,l,...}. (36)

There is a pair of intertwining relations for Hy and Hy:

HyB} = B} H, HyBy = BiHy. (37)
Thus, the following factorized expressions appear:
BBy = (Hy —€1)...(Hy, — €x), (38)
BkB,;L =(Ho—e€1)...(Hp — €k). (39)
As a consequence, there is a natural pair of ladder operators for Hy:
L, = B,jaBk, (40)
L} = Bfa' By, (41)
which are (2k + 1)th-order differential operators such that:
[Hy, L] = L. (42)

Moreover, the analogue of the number operator becomes a polynomial of degree
2k + 1 in Hy:
1\ E
N(Hk)ELZ_L;: (Hk_Q)H(Hk_ei_l)(Hk_'fi)- (43)
i=1
Hence, the operators {L, , LZ‘, Hj} generate a (2k)th-order polynomial Heisen-
berg algebra, since
[L,;,Li]:N(HkJrl)—N(Hk). (44)
A diagram representing the action of the operators L,;,L;,Bk,Bk+ is given in
Figure 4.

Note that for £k = 1 the natural ladder operators Lli are of third order, so
there is a straightforward link with the PIV equation. Furthermore, for k£ > 1 it
can happen that some SUSY partner Hamiltonians Hj have as well third-order
ladder operators, thus connecting also with the PIV equation. The requirements
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H, H,
P Bk+
EZ [ Il ;. Ez
- + Bk
L || L, . al|la’
E, m* B mE
S ;AT
Ly IL,( N alla
< B,
E,m B, »8 E,
c, n
€, n

FIGURE 4. Diagram representing the action of the operators L, , LZ‘, By, B,j.

to produce such an order reduction are contained in the following theorem, which
has been proven elsewhere [8, 18].

Theorem 1 (Reduction Theorem). Suppose that Hy, is generated from the harmonic
oscillator Hamiltonian Hg by k connected seed solutions

uj=a’tu, g=ea—-G-1), j=1,...,k, (45)
ug being a nodeless seed solution given by Eq. (30) for e < 1/2 and |v1]| < 1. Thus,
L = P (Hy)l, (46)
P._1(Hi)= (Hy—€1)...(Hp — €x—-1), (47)

where llj is a third-order differential ladder operator such that
[Hi, 1] =1 (48)

;) (Hy, — e — 1). (49)

l;l; = (Hk — Ek) <Hk —

An immediate consequence of this theorem is that Hy, 1, , l,j generate a
second-order polynomial Heisenberg algebra. Thus, solutions of the PIV equation
can be obtained departing from the extremal states of the system (the correspond-
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ing energies appear to the right):
1

e, & Bfe ™12, 1=, (50)

”(/}5‘2 o B;a"’ul, 52 = €1+ ]., (51)
W(Ul, ce ,uk_l)

: E3 = €. 52

1/)83 * W(u17"'7uk) ’ ’ . ( )

Indeed, by using Eq. (17) the corresponding PIV solution turns out to be

1(2) =~ = {Infve, @)} =~ {1 | Pl )] } (53)

The parameters associated to this solution are given by:
3 1\*
a:7€1+2k72, b=-2 €1+2 . (54)

Now, by permuting the indices for the extremal states of Egs. (50-52) we obtain
two additional PIV solutions for different parameters a, b:

ge(z) = -z — {ln [B;€7z2/2] }17 a=26e—k b=-2k%, (55)

3 1\?
. b2<elk+2> . (56)

As an illustration, in Figure 5 we have shown some PIV solutions generated
through first-order SUSY (k = 1), while in Figure 6 we are plotting the ones
generated with second-order SUSY (k = 2).

gr(x) = —x — {1n [B,;"aJrul] }/, a=—€ —k—

1.5¢
1.0
0.5t
0.0f
-0.5¢
—-1.0f
13 =3 o 5 7y

X

g1(x)

FIGURE 5. Solutions of the PIV equation generated through first-order
SUSY for (e;,v1) = (0.25,0.99) (blue), (e1,21) = (0,0.1) (magenta),
(e1,11) = (—1,0.5) (vellow), and (e1,v1) = (—4,0.5) (green).
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3
2_
R 1
5
0_
—1!
—4 ) 0 2 4
X

FIGURE 6. Solutions of the PIV equation generated from second-
order SUSY for (e1,v1) = (0.25,0.99) (blue), ¢; = {0.25 (magenta), —
0.75 (yellow), —2.75 (green)} and v4 = 0.5.

It is important to notice that our previous formulas for generating solutions
to the PIV equation, and the reduction theorem, remain valid even if the seed
solutions are complex [27-30]. In particular, for real €; we can take,

» 1-2¢ 1 32 3
uy(z) = e~ /2 [1F1< 4 1,2;$2>+A$1F1< 4 1,25372”7

where A = A+ixk (\, k, €1 € R). These complex seed solutions give place to complex
solutions of the PIV equation; some examples are given in Figures 7 and 8, for
k =1 and k = 2 respectively.

Since the general seed solution u(x) is given in terms of confluent hypergeo-
metric functions, it is said that the PIV solutions belong to the confluent hyper-
geometric function hierarchy, as at the end they are expressed in terms of these
special functions. In addition, more specific hierarchies appear for particular values
of €1 [8, 31, 32], e.g., the error function hierarchy arises for

1 3 5 (2m+1)
616{2,2,2,..., 9 ,} (57)
For example, PIV solutions belonging to the error function hierarchy are:
21/1
g1z, -1/2) = ) 58
(@12 = (59)
Pu, ()
r,—3/2) = , 99
91 /2) 1+$<,01,1($) (59)
41 + oo, (T

2+ (14 222)p,, (z)’



FIGURE 7. Real (solid) and imaginary (dashed) parts of a complex PIV

g(x,a,b)
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solution for a;;; = =5, bj;; = -8 (k=1,e1 =5/2, \=r =1).

FIGURE 8. Real (solid) and imaginary (dashed) parts of the complex

g(x,a,b)

X

PIV solution for a; =12, b;; = -8 (k=2,e1 =7, A\=r =1).

dvi[v1 + 6y, (2)]

2ETUD= o @) @) - 2w, (@) - 23]

223

(61)

where ¢, () = /me® [1+ vy erf(z)]. There appears also the rational hierarchy for

1 = 0 and

27 2

{ 1 5 (dm+1) }
€1 € Tt T T yeee -

(62)
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Explicit expressions for elements of this hierarchy are given by:

4
_5/2) = 63
gi(@,=5/2) = | ) o (63)
8(3z + 22°)
—9/2) = 4
9, =9/2) = 3 | pa 4 gp0 (64)
12(15x + 2023 + 42°)
—13/2) = 65
91(#, =13/2) = | 0002 4 60 4 826 (65)
Az 1623
_5/2) = — 66
92(2,-5/2) 14222 T 34 gt (66)
8(3x + 223) 32(1523 4 1225 + 427)
g2(x,—9/2) = — 2 4 4 6 8’ (67)
34+ 1222 + 4z 45 + 12024 4 642° + 16x
12(152 + 202° + 42°)
~13/2) = —
95(z,~13/2) 15 + 9022 + 6024 + 8
48(5252% + 8402° + 60027 + 1602° + 162'1) (68)

1575 + 630024 + 672026 + 3600x® + 768210 + 64212’

4a(27 — 722% + 162°)

—5/2) = 69
93 =5/2) = o7 | 5402 4 96u6 — 4825 4 32010 (69)
_32(152° +122° + 427)

45 + 120x* + 6426 + 1628
24(225z — 15023 + 1202° + 24027 + 8029 + 32x11)
675 + 270022 — 90024 4 48026 + 72028 4 192210 4 64212

93(337 *9/2) =

On the other hand, the imaginary error function hierarchy arises for ¢; > Ey, for
example:

4A(1 — 2%) 4 22(—3 + 222) ¢’ (2)

i (235/2) = i ) 71
9iis(235/2) 2Az + (1 — 222)¢Y (2) (71)
where ¢4 = e=7"[4 + Ar'/2erfi(z)]. Moreover, the first kind modified Bessel func-

tion hierarchy appears for e =0,k =1, A = i:
-2 (%) -1 (%))

P [y (5)+0-a1y (5)]+2i70 ()
gi (ZC, 0) = 3 x2 . 5 2
xF(4)I—i ( 2 )+2mF(4)I}1 ( 2 )
(72)
It is important to explore a similar link, arising now between the SUSY
partners of the radial oscillator and PV equation, which is the subject of the next
Section.
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4. Radial oscillator SUSY partners

The radial oscillator Hamiltonian reads
1 d2 1 d? x? LL+1)

H, = — —
T R (73)
where ¢ > 0. It has second-order differential ladder operators given by:
1/ d2 d 22 fU+1) 1
b = - 4
¢ 2<dx2q:zdx+4 22 ¢2)’ (74)
which generate a first-order polynomial Heisenberg algebra [33]:
[Hy, bf] = b, (75)
[b[,bj] = 2H,. (76)
The analogue of the number operator takes the form:
¢ 3 ¢ 1
o, = (Hy—&)(Hy— &)= (H— | — H, - .
by = (He—&)(He — &) ( = 4>( ety (77)

The associated extremal states, which are formal eigenfunctions of Hy annihilated
also by b, , become:

‘3
Ve, ozt exp(—2?/4), & = o T 4 = Eoe, (78)
Ve, x " exp(—a”/4), & = o + 4 —Eo + 1. (79)

Since the first one fulfills vanishing boundary conditions for ¢ > 0, it leads to a
ladder of physical eigenfunctions of Hy. The spectrum of the radial oscillator is
therefore:

2 4

Let us apply now a kth-order SUSY transformation to H, by using k seed
solutions of the form [7]:

. 1—20—4¢ 1—2¢ 22
_ —5—42 F .
u(z,€) = 2 "e {1 1< 4 P 2)

+VF(3+25746) 22\ T2 - 3420 — de 3+2£.x2 (81)
F(BEZE) 92 141 4 ) 9 ) ’

which creates k new levels below Egy, ordered as follows:

Sp(Hg):{Eng:n—i—f-i-g,n:O,l,...}. (80)

€ < €1 < - < €1 < Eyy. (82)

In order to avoid singularities in the new potential for x > 0 it must be fulfilled
that v; > —T (1_2%) /T (1_22_45) for 1 odd and v; < —T° (1_224) /T (1_2ﬁ_46) for ¢
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even. Thus, the new potential and associated spectrum become

vitw) = %+ Y gy (58)
Sp(Hk) = {Ek,...,61,E()2,E1@,...}. (84)

The natural ladder operators for Hy are now of (2k + 2)th order,

Lf = BibviB,, (85)

and generate a (2k + 1)th-order polynomial Heisenberg algebra since:
[Hy., L] = £Li, (86)
[Ly, L] = N(Hy + 1) — N(Hy), (87)

where the number operator is a polynomial of degree 2k + 2 in Hy:

k

N(Hy) = (Hk _ 5 - i) (Hk + 5 - i) TT(He — ) (He —e; — 1), (38)

j=1

For k£ = 1 the natural ladder operators LI—L are of fourth order, then the
corresponding system is linked directly with the PV equation. Moreover, for & > 1
some SUSY partner Hamiltonians Hy have as well fourth-order ladder operators,
thus they are also connected with the PV equation. The requirements for producing
such an order reduction are formulated in the next theorem, which proof is given
in references [8, 34].

Theorem 2 (Reduction Theorem). Let the SUSY partner Hamiltonian Hy, of the
radial oscillator be generated by k connected seed solutions

ui:(b[)i_lul, Gi:€1—(i—1), izl,...,k, (89)
where uy is a nodeless seed solution given in Eq. (81) for e < Ep = g + Z,
T 1;22 )
vy 2 71—‘(172[47461 ) . Thus:
L} = Poq (HpL, (90)
Py (Hy) = (Hr —€1) ... (Hp — €x—1), (91)

lz being a fourth-order differential ladder operator such that
[Hi, 1] =1, (92)
11, = (Hy — Eo) (Hi + Eg — 1) (Hy, — ex)(Hg — €1 — 1). (93)

This theorem ensures that the operators {Hk,l,;,lg} satisfy a third-order
polynomial Heisenberg algebra and thus they can give place to solutions of the
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PV equation, departing from the associated extremal states

wgl X B;’b""ul’ gl = €1 + 1, (94)

Ve, < B [.Z'_Z exp(—x2/4)] , Ey=—FEy+1, (95)
W(ula s 7uk—1)

: &3 = 96

Vea Wi(ug, ..., ug) 5T (96)

Ve, < B [ac”l exp(—z?/4)], &y = Eyp. (97)

If we remember that
h(z) = {In [W(¢e,, ve, )]} (98)
_ h(Vz)

using first-order SUSY we have produced the PV solutions of Figure 9, while those
of Figure 10 were generated with the second-order SUSY.

00 5 710 15 20 25 30 35
Z

FiGURE 9. Real PV solutions generated through first-order SUSY for
=16 =1, 1y = {0.905 (blue), 0.913 (magenta), 1 (yellow), 10
(green)}.

We can employ the same formulas for generating complex solutions of the
PV equation, by taking complex transformation functions. One of them is shown
in Figure 11, where we have plotted a complex PV solution by using a complex
transformation function for real e;, which makes the PV parameters a, b, ¢, d to be
real.

In general, the solutions we have derived belong to the so-called confluent
hypergeometric function hierarchy, since the involved seed solution u; contains
such a special function. In addition, for particular values of the factorization energy
€1 and the parameter v; of the seed solution more specific hierarchies will be
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0 5 10 15 20
Z

FicURE 10. Real PV solutions generated from second-order SUSY for
£=0,v1 =0, e ={1/4 (blue), —3/4 (magenta), —7/4 (yellow), —11/4
(green)}.

wi(2)

FicUure 11. Complex PV solution generated through first-order SUSY
ford =2,¢,=2,v1 =1.

obtained, e.g., below we are showing two elements of the Laguerre polynomial
hierarchy:

wi(z) = 1—27Y2 (100)
_ o APPLYE2)
2L\ (22/2) —2a -1’

wi (z) (101)
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where o = —(2¢ + 1)/2. Another hierarchy of solutions is the Hermite polynomial
hierarchy, two of its member being:

L 2:3/2H2n(z)
wi(z) =1 (22 + 1) Hon(2) — 4nzHap_1(2) (102)
wi(z) =1+ 22 Hon(2) (103)

dnHoy1(2) — 2Hap(2)

It is clear that more hierarchies can be identified; a deeper and more detailed study
of them can be found in [34].

5. Conclusions

We have shown that systems ruled by polynomial Heisenberg algebras are interest-
ing from a physical as well as from a mathematical point of view. The ones having
a second-order polynomial Heisenberg algebra as their intrinsic algebraic structure
are connected with the PIV equation, while those with a third-order polynomial
Heisenberg algebra are linked with the PV equation. In addition, by applying su-
persymmetric quantum mechanics to the harmonic and radial oscillators we have
found the simplest non-trivial examples realizing such algebras. Moreover, we have
introduced a recipe for generating solutions to the PIV and PV equations, which
employs the SUSY partners of the harmonic and radial oscillators, respectively.

As a final remark, let us point out that we have achieved our initial goal of
combining successfully polynomial Heisenberg algebras, supersymmetric quantum
mechanics and Painlevé equations, three subjects of mathematical physics which
from now on cannot be seen as independent anymore.
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Change in Energy Eigenvalues
Against Parameters

Toshihiro Iwai and Boris Zhilinskii

Abstract. A topological characterization of energy-band rearrangements
against parameters for molecular problems with slow/fast variables comes
around to a study of a Dirac equation with a parameter. In this article, the
Dirac equation of space-dimension two is studied under both the APS (an ab-
breviation of Atiyah—Patodi-Singer) and the chiral bag boundary conditions,
where the mass is viewed as a parameter ranging over all real numbers. The
APS boundary condition requires that eigenstates evaluated on the boundary
should belong to the subspace of eigenstates associated with positive or neg-
ative eigenvalues for a boundary operator, and the chiral bag boundary con-
dition requires that eigenstates evaluated on the boundary have chiral com-
ponents related by a unitary operator. The spectral flow for a one-parameter
family of operators is the net number of eigenvalues passing through zeros in
the positive direction as the parameter runs. It is shown that the spectral flow
for the Dirac equation with the APS boundary condition is +1, depending
on the sign of the total angular momentum eigenvalue. A counterpart of the
spectral flow in the case of the chiral bag boundary condition is treated as
an extension of spectral flow. In addition, discrete symmetry is discussed to
explain the pattern of eigenvalues as functions of the parameter.

Mathematics Subject Classification (2010). 81Qxx, 81Q05, 35Q41.

Keywords. Energy band, Dirac equation, APS boundary condition, chiral bag
boundary condition, spectral flow, winding number.

1. Setting up

There is a class of band structures of molecular spectra, in which energy excita-
tions can be separated into low and high ones. For example, the energy of typical
rotational excitation is much smaller than the typical vibrational excitation (see
Fig. 1). The low and the high excited levels form high density states and a small
number of isolated states, respectively. Accordingly, the whole dynamical variables
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T rotational
4| excitations

vibrational
excitations

FIGURE 1. A characteristic pattern of energy levels for a molecular
problem with one slow (rotational) and one fast (vibrational) degrees of
freedom.

are separated into slow and fast variables in such a way that the slow variables are
for describing high density states and the fast ones for a small number of isolated
states.

We give a simple model Hamiltonian consisting of slow and fast variables of
different nature. Let J, and Sy be generators of SU(2), which are taken as de-
scribing the orbital and the spin variables, respectively. We define a one-parameter
family of Hamiltonian operators to be

3
HT:(14)1@(*53)“21621@@5,6, 0<7<1. (1)

For the representation parameters j = 1,5 = %, the H. takes the form of 6 x 6
Hermitian matrix. The eigenvalues are easily found as functions of the parameter
7, which exhibit the band rearrangement against 7, as is shown in Figure 2.

If j is sufficiently large, the Ji can be taken as slow variables and treated as
classical ones but the fast variables Sy remain to be quantum ones. The treatment
of slow and fast variables as classical and quantum variables, respectively, is called
a semi-quantum model.

On the assumption that the Ji can be treated as classical variables [2], the
operator ﬁT with Ji replaced by xj is converted into

l=7/-1 0 T x3 T1 — T2 2 3
H. (x)= 5 (0 1)+2(x1+m2 s ) rzeS°CR, (2

where = () has been restricted to the unit sphere S? by the normalization
Ji/J due to the conservation of the angular momentum. The eigenvalues of H, (x)
are

W)=y T T, -, ()

which are degenerate if and only if z3 =1 (or @ = e3 = (0,0,1)) and 7 = }.
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T T
-rf4+sqrt(0.25-%3‘r)f4+ 17*7**2)/16)
-7/4-sqrt(0.25-(3* J/4+(17°7**2)/16) -

-Ti4+sqrt(0.25-7/4+(9*T"*2)/16) --------

-Ti4-sqrt(0.25-7/4+(9°7°*2)/16)

0.5+7 ———-

0.5 ==

0.5 ==

-1 L L i i a

0 0.2 0.4 0.6 0.8 T 1

FI1GURE 2. A redistribution of eigenvalues for H. against the parameter 7.

For each of eigenvalues A\*(7,z), the associated eigenspace is attached at
x € 52, and the totality of such eigenspaces forms a complex line bundle over
S?, which we denote by L*(7), respectively, and call the eigen-line bundles. As
long as the eigenvalues are not degenerate, we have the direct sum of eigen-line
bundles, LT (1) & L~ (7). When 7 = 0, both of the eigen-line bundles are trivial;
L*(0) = S? x C. When the parameter passes the value 7 = é, the direct sum
of the eigen-line bundles fails, since the eigenvalues are degenerate at * = e3
for 7 = ; This means that accompanying the variation in the parameter 7, the
eigen-line bundles topologically change. This change can be detected by using the
first Chern number assigned to each of L¥(7). For 7 = 1, the Hamiltonian is
expressed as

o 1 I3 xl—il‘g 2 3
Hl(m)2<x1+m2 ) e S CR?, (4)

and the first Chern numbers of L*(1) are easily calculated as

er(LE(1)) = 2; Rttt (5)
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where F'* denote the curvature forms assigned to L* (1), respectively. Since the
Chern number is integer-valued and depends continuously on the parameter 7, it
is constant in 7 except for 7 = é Thus, the modification of band structure against
the parameter 7 shown in Figure 2 finds a counterpart in the corresponding semi-
quantum model, in the form of a piece-wise constant behavior of Chern numbers
shown in Figure 3.

0 (L= (1)) =+1

A\

c(LF T))E
. :( ( Q§ '

L er(LH(r) = -1

Ficure 3. Change in the Chern numbers against 7 for the
semi-quantum model (2).

We give here, after [3], a more complicated semi-quantum Hamiltonian than (2),

(X Y-iZ o s
H(w)_(YJrz'Z X)’ xeS CR, (6)

where
X(x) = by (y* — %) + byzy, (7a)

Y(x) = 2byyx — bazz, (7b)

Z(x) = a1z + agy(y* — 32%), (7c)

)

and (a1, a9,b1,be) are real constants with the assumption that (a1, a2) # (0,0
and (b1, b2) # (0,0). We note that this Hamiltonian admits D3 symmetry,

D¥(g)H(x)D"(g)"" = H(D"®*(g)x), g€ Ds, (8)

where Ds is a discrete subgroup of SO(3) and where E and Ay denote a two-
dimensional and one-dimensional not totally-symmetric representations of Ds, re-
spectively. The action of D3 on the sphere, denoted by the symbol DF®4z s
illustrated in Figure 4. The z-axis is the C3 symmetry axis. Three Co symmetry
axes belong to the zy-plane. Two intersection points of the C3 symmetry axis
and the sphere form the two-point orbit with C3 stabilizer. Six points of intersec-
tion of three Cy symmetry axes with the sphere form two three-point orbits with
stabilizer Cs.

After [3], we describe the Chern numbers of the eigen-line bundles for the
Hamiltonian (6). Owing to the invariance of the Chern numbers with respect to
the scaling of the parameters (ay, as, b, b2), the parameter space (R? —{0}) x (R? —
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FIGURE 4. D3 group and its action on the sphere.

{0}) reduces to the two-torus T2 described as a; = cos¢1,as = sing; and by =
COS (2, by = sin ¢5. The reduced parameter space is divided into a certain number of
connected regions to which respective fixed Chern numbers are assigned, and such
regions are called iso-Chern domains. The parameter space with such partition
and Chern numbers is called the iso-Chern diagram. The iso-Chern diagram for
the eigen-line bundle associated with the positive eigenvalue is shown in Figure 5.
The red and blue lines (¢1 = £7,¢2 = £7) and black curves (cos ¢ cos gy =
sin ¢ sin® ¢ are the sets of degeneracy points in the reduced parameter space T2.

The iso-Chern diagram for the eigen-line bundle associated with negative
eigenvalue is obtained by opposing the sign of the Chern number assigned to each
iso-Chern domain.

In view of Figure 5, we observe that when we move from an iso-Chern domain
to an adjacent one, passing the boundary between them, the change in the Chern

q)zazi: SR

,3, N

FI1GURE 5. The iso-Chern diagram for the eigen-line bundle associated
with the positive eigenvalue of the D3 invariant Hamiltonian (6)
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number, which we call a delta-Chern, is one of the four values, £2, 6. The numbers
2 and 6 are the orders of D3 orbits with stabilizers C's and C, respectively. In fact,
we can show that degeneracy points on S$? form D3 orbits and that the delta-Chern
is given by “+1 times the order of the orbit in question [5]”. The number +1 or —1
originally comes from a winding number, and is called a local delta-Chern, which
has already appeared in Figure 3. In the case of Hamiltonian (2), the number of
degeneracy points is one and the initial bundle L*(7) with 7 < é is trivial, so that
the delta-Chern and the local delta-Chern coincide.

The local delta-Chern can be evaluated through a linearization method at
the degeneracy point in question. Let (79, 2¢) be a degeneracy point, where 7q is
a parameter value at which a path in the parameter space crosses the boundary
between adjacent iso-Chern domains and where x is a degeneracy point on the
sphere at which the two eigenvalues are degenerate for 75. Then, the Hamiltonian
can be homotopically deformed to the linearized Hamiltonian Hj..(t, p; 70, o) in
the neighborhood of (79, o) by means of deleting higher-order terms in (¢, p1, p2),
and hence the winding number attached to the degeneracy point can be evaluated
by using Hioc(t, p; T, ) to obtain the local delta-Chern. This idea is mentioned
not in [3] but in [6]. For the semi-quantum Hamiltonian (2), the linearized Hamil-
tonian at (7,2) = (4,@0) is given by

1 .
Hioc(t, q; 271130) =tH (zo) + p1VH1(x0) - €1 + p2VH1(20) - €2
- 1 < 4t P11 — ip2) (9)

4 \p1t+ipe —4
where ej, are the standard basis vectors with g = e3, and where ey, es are viewed
as tangent vectors to S2 at xo.
We are interested in what corresponds to the delta-Chern, in full quantum
description. To this end, we consider a full quantum Hamiltonian corresponding
to a linearized semi-quantum Hamiltonian. For notational simplicity, we take up

the simple semi-quantum Hamiltonian, in place of (9),

e = (L ") (10)

p1 + D2 —t

Replacing py by —i0/9qx, we obtain the corresponding full quantum Hamiltonian
expressed as

) t -0 — 0 2 d
Ho=\_.5 ) on 8q2> =—t) 0ok, +los, (11)
<_Z¢9Q1 + 0q2 -t ; Oak

where oy, are the Pauli matrices. Thus we come to a Dirac operator Hy.
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2. The Dirac equation on a bounded domain

A Dirac operator on R? is given by

d
H = —iZkak + WYgp1s Vi =0/0xy, (12)
k=1
where p is a mass parameter which is assumed to take all real values in this article,
and where v, are the gamma matrices satisfying

VeV TV = 205kL, g k=1,....d,
ViVa+1 Va1 Ve = 0
(Yap1)? =1,
(v =, v=1,....d,d+1,

with I denoting the identity matrix of the same size as ;. In the present article,
our interest centers on the case of d = 2, and the gamma matrices are realized as
the Pauli matrices, v, = 0, v = 1,2,3 (see (11)).

To pose a boundary condition, we need Green’s formula [1]. Let V and S
denote a bounded domain in R? and its boundary, respectively. Green’s formula
for the Dirac operator H is given by

(©, HY)y — (H®, W)y = —i{¢,7 - i 1))s, (13)

where ¢ = ®|g,9 = ¥|g and -7 = ) y;n; with 7 being the outward unit normal
to S.

Any boundary condition for the Dirac equation H® = E® should require
the vanishing of the right-hand side of the above equation. If such a boundary
condition is adopted, the operator H becomes a symmetric operator. Furthermore,
with some Sobolev conditions, it becomes self-adjoint.

In what follows, we give two boundary conditions, the APS and the chiral bag
boundary conditions. The APS boundary condition is given as follows: If we can
find a self-adjoint boundary operator B on S such that B has no zero eigenvalue,
we obtain the decomposition of the Hilbert space H(S) into

H(S) =HD(S) dH(S), (14)

where H(*)(S) are subspaces such that Blyysy > 0 and Bly sy < 0. We
assume further that
(7 - D (8) = HF(S). (15)
The APS boundary condition requires that eigenstates evaluated on the boundary
should belong to H(H)(S) or H(7)(S).
To describe the chiral bag boundary condition, we decompose spinors into
the sum of chiral components,

1
P=Cp+ D, Dpi= (I£7-7)9. (16)
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The components 4 belong to the eigenspaces associated with the eigenvalues +1
of 4 - 7, respectively, and those eigenspaces are orthogonal to each other, so that
any chiral components, &1 and ¥, satisfy

F¥id, =0, F¥-AaP_=-D_, (U, d_)=0. (17)
Then, the right-hand side of Green’s formula is brought into
—i{¢, 7 - ih)s = —i(d4,¥4)s +i(d—, Y- )s. (18)
If the chiral components ¥y of ¢ = ¥|g are related by
Y- = U1+, (19)

where U is any unitary operator acting on spinors defined on the boundary and
further commutes with 47, then those components satisty (¢_,v¥_)s = (d4,%+)s,
so that the boundary integral vanishes. The above equation is called the chiral bag
boundary condition.

From a physical point of view, we have to consider currents on the boundary.
The continuity equation of the current and the density is described as

0

d
0
o (Y0 (i) 0, (20)
k=1

where 7 denotes the time parameter in this equation only. The transverse compo-
nent of the current vector J = (T, ¥), which is given by
(- @), (21)

should vanish on the boundary S in time-independent models.

3. Feasible solutions to the 2D Dirac equation

Before solving the Dirac equation for the Hamiltonian H; given in (11), we have
to mention the U(1) symmetry of H;. Let

ir e /2 0 cosT —sinT
D(e'm) = ( 0 e”/2> . R(1):= ( ) , TER (22)

sinT  cosT

Then, the U(1) action U, on the two-component spinor ® on R? is defined to be
U,® = D(e"™)® o R(—7). (23)

As is straightforwardly verified, the H, admits the U (1) symmetry,
U.HU ™ = H,. (24)
The infinitesimal generator J of U,, which is defined through U, :exp(—iTj ),
is called the (spin-orbital) angular momentum operator. By differentiation of U,

with respect to 7 at 7 = 0, we obtain

~ 1 ) 0 0 1 0
J = 503 +Z]l(q26q1 7q18q2> = 503 72189’ (25)
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where (r,0) are the polar coordinates. The differentiation of (24) with respect to
T at 7 =0 yields

[J,H,] = 0. (26)
The Hamiltonian (11) is expressed in the polar coordinates as
B o 1 0
Hy = —io, , — 2
o= —ior o = 065, +103, (27)

where

0 e 0 —ie ™
Or = (eie 0 ) ) 09 = (ieie 0 ) . (28)

We now apply the separation of variables method in the polar coordinates.
We start with the eigenvalue equation J® = j®, which is solved by

(=304
<I>j(r,9)<eﬂ b9, (7“)>, je{i;,iz,...}, (29)

ei(j+§)6¢§+) (r)

where qbgi) (r) are unknown radial functions. The Dirac equation H,® = E® then

reduces to H;®; = E;®;, which gives for radial functions ¢§-i)(r)

gttt

=i = G ) e = Biel (30a)
det 1
=i S G )8 et = Bl (30D)

These equations are put together to give rise to a second-order differential equation.
According as |E;| > |t| or |E;| < |t, the differential equation in question is the
Bessel equation or the modified Bessel equation.

L

E < il

FIGURE 6. The (E,t)-parameter space is divided into four
regions with different solutions to (30).

To each of four regions shown in Figure 6, assigned is a type of feasible
solution:
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(i) Feasible solutions with |E;| > |t|:

Ej +teili=2)07.
Q;(r,0) =c <\\//E _ teel(JﬂL JJ ((ifj r))> for E; >0, (31a)
VB el 20T (8
©;(r.0) = ¢ (_\Z/J/'E _|te|em+ )9J+((Jﬁ]))> for B <0, (31D)

where 3; = \/ EJ2 — 12 and where ¢ and ¢’ are complex constants.
(ii) Feasible solutions with |E;| < |t:

Vt+ Ejél G=2)0p 1(e57)
D;(r,0) = I=2 for t>0 32
ir8)=c (z\/t — Ejellitz )OIJ+§ ;7) o ’ (32)

(
VIt EjletVm 200, (o)
D;i(r,0 f t 2b
j(r0) = <\/|tEJ|6 (G+3)01 j+ 1 (g57) or t<0, (32b)

m»a

where €; = \/ 2 — EJ2 and where ¢ and ¢’ are complex constants.

In the limit as ¢ — 0 within the constraint |E;| < [¢|, one has E; = ¢ = 0.
(iii) Feasible solutions with E; =t = 0:

0 .
Q;(r,0) =c <ei(j+§)9r(j+§)) for j <0, (33a)
i(j— 30,53
O,(r,0) = (e 20 " > for j>0. (33D)
In terms of z = re*, these solutions are expressed as
el -1 for j<0, and ¢ 0 for j >0, (34)

respectively, where |j]| — 2 and j — ; are non-negative integers.

4. The APS boundary condition

Let A; be the restriction of f[t to the circle »r = R. The boundary operator B; is
then defined to be and expressed as

i 9 o —i0
. —ite
B, = io Ay = (;}e% T ) (35)
R 86

where t # 0. The case of t = 0 will be treated separately. Further, we note that

1
orB; + Bio, = RO (36)
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Eigenvalues and associated eigenstates of B; are easily obtained as follows:

it eiG—15)0 1

(g ite 2 - _
¢; (0) = <( A7) i<j+;)9> for K} = A <0, (37a)

) gy — —it '3 +._ 1 +
¢;(0) = c; ((}]'%Jr)\'.")ei(j*é)e for K = 2R+>\j >0, (37b)

J
where
'2

A= i\/RQ +12, t#0. (38)

Let D% and 0D% denote the 2-disk of radius R and its boundary, respectively.
Define

H(i)(ﬁD%):span{qbg-i),jG {:I:;,j:g,...}}. (39)
Then, the Hilbert space H(9D%) attached to D% is decomposed into
H(0D3,) = HD(9D}) @ H ) (0DF), (40)
where
H(0D%) L H(OD3), o, HT(9D%) = HE) (9DF). (41)
The APS boundary condition for ¢ # 0 is now described as
®;(R,0) e H(OD%) or &,(R,0) € HH)(aD%). (42)

In what follows, we list functional equations to determine eigenvalues [6].

(i) Edge state eigenvalues with ®;(R,0) € H(7)(0D?%) are determined by the
functional equations

t+ B j
t\/ K I 1(gR) = (R + \/R2 —|—t2)I 1(g;R), for t>0, (43a)

t+E J J?

These equations can be solved numerically to provide edge state eigenvalues
as functions of ¢, as is shown in Figure 7.

(ii) There exist no edge state eigenvalues with ®;(R,0) € H(F)(9D%).

(iii) Regular state eigenvalues with ®;(R,6) € H(7)(9D?%) are determined by the
functional equations

E;
_t\/E' ti J* (ﬁ] ) (é + \/R2 +t2) (ﬁj ) for E] > O’ (44a)

E;+t
t :E i—t: j-1(BiR) = (IJ%Jr\/]J%QthZ) 1(B;R) for E; <0. (44b)
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FiGURE 7. Edge state eigenvalues as functions of ¢. Left panels are for
j=11/2, j =5/2, and right panels for j = —11/2 and j = —5/2.

(iv) Regular state eigenvalues with ®;(R,0) € H(+)(0D%) are determined by the
functional equations

B+t ]
—t IE +t: i—s (BJ ) (é \/R2 +t2) (6_] ) for EJ>O, (45a)

B+t ]
: IE +t: -8 = (- \/32“2) i3 (BiR) for Ej<0. (45b)

Equations (44) and (45) are numerically solved to give regular and edge state
eigenvalues as functions of ¢, respectively, as is shown in Figure 8.

We turn to the case of t = 0. To pose the APS boundary condition for
t =0, we find eigenstates of the boundary operator By. From (35) with ¢ = 0, the
eigenvalues and associated eigenstates for By prove to be given by

0, 1 . 1 0, 0, 0
B()d)§» "= R(] + 2)¢5 +)7 ¢§ = <aje¢(j+é)9) ) (46&)

o1, 1 - L (et b8
BW?’RQQW?’,%Q’<ﬂOQ . (46b)
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FiGURE 8. Regular state eigenvalues as functions of ¢ under the
APS boundary condition. Green lines are eigenvalues with ®;(R,0) €
H()(0D%). Blue lines are eigenvalues with ®;(R,0) € H(H)(9D%).
Black lines are edge state eigenvalues.

Now we are in a position to state the APS boundary condition for ¢ = 0.
Define

%gﬂ”(apg):span{qsgo’i);j:i;,iz,...}. (47)
Then, we obtain the decomposition
H(OD%) = Hi" (0D%) @ Hy (9D%), (48)
where
HyP(9D%) L G (0D%), oG (0D%) = HTT (ODR). (49)

In spite of the superscripts (+), both H(()i) (0D%) have eigenstates associated with
negative, zero, and positive eigenvalues of By.
The APS boundary condition for ¢ = 0 is expressed as

0;(R,0) € H ' (OD%) or ®;(R.0) € HST (0D3). (50)
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The solutions given in (33) are shown to satisfy the APS boundary condition
®;(R,0) € H P (0D2) for j <o, (51a)
®;(R,0) € HS)(0D2) for j>o0. (51b)

Eigenstates associated with zero eigenvalue are called zero modes.

We now show that the zero modes are indeed linked with edge eigenstates
when the parameter ¢ reaches the zero value. To this end, we introduce the power
series I (z) through

= 1

LE) = () E =3 s nin @) (52)

n=0
Using I Ji 1 (2) with j > 0 and choosing suitable constant factors, we can modify
2

(32) with prescribed ¢; into the edge eigenstates of the form

(+) e (‘772)07*‘7 QIP ( )
(I)edg it EJ pit s eili+s GI (5JT) for >0, (53a)
N (7) 7‘(] 2)9"".] 2 IP ( )
(I)Edg ( [t—E; |T]+261(J+ )HIP ( ﬂ“)) for ¢ <0. (53b)
Then, as t tends to zero, the both edge states @Sg) prove to reach the same limit,
~(_ ]_ 7"77%61‘(‘77;)0 (+)
) — 9 E; — 0. 4
edgﬂf(j—f'l) < 0 cagr 85 L =0 59

In a similar manner, for the eigenstates defined for j < 0 to be

t+Ej 71(‘]‘+%)0T‘J‘+%IP (5-7*)
+) 2 € 1]+ 4 &
Uiy = ( _ie—i(ljl—é)er\j\—513712(5-7“) ) for ¢ >0, (55)

) _‘t+2Ej|€*i(‘jH’ )0 7«\]\+2I|P|  (&57)
\Pedg —je—ilil=2)0plil-2 [P (5 ") for t <0, (55b)
lj|— 1 \&3"
we find that
v ! 0 +H) _
\Ijedg 7 F(|]| + ;) <_'Le_l(|J|_;)9r|J|_;) qjedg? as EJ — 0 (56)

In the rest of this section, we discuss discrete symmetry and currents on the
boundary. As is easily verified, the operators Hy,J, and B; defining the Dirac
equation with the APS boundary condition satisfy

UlHtal = 7Ht, (57&)
0'1J0‘1 = —J, (57b)
0'1Bt01 = Bt. (57C)
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These equations imply that if E; is a regular (resp. edge) state eigenvalue with
the angular momentum j then —Ej is a regular (resp. edge) state eigenvalue with
the angular momentum —j. This fact explains the pattern of eigenvalues shown in
Figures 7 and 8. If the graph of one of left panels is reflected with respect to the
t-axis (the horizontal axis with E = 0), then the resultant graph coincides with
the graph of the adjacent right panel.

We turn to another discrete symmetry. In a similar manner to the above, we
verify that

iooHi(—ios) = H_4, (58a)
’iUgJ( ZO'Q) J, (58b)
iJQBt( ZO'Q) B_ t- (58C)

It then follows that if Ej; is a regular (resp. edge) state eigenvalue with the angular
momentum j for ¢, then E; is a regular (resp. edge) state eigenvalue with the
angular momentum —j for —t. This fact explains that the pattern of eigenvalues
shown in Figures 7 and 8 is of t-reflection along with j-inversion.

We proceed to currents on the boundary. We recall that the boundary values
of both edge and regular eigenstates are proportional to eigenstates of the bound-
ary operator B,. Then, we can easily verify that the radial and the tangential
components of the current for (b;-i) given in (37) are evaluated as

(05000 =0, (65 ool = 2tlef? (1, + J L), 69)

respectively, where ¢ is a constant. While the radial component vanishes, the tan-
gential component alternates the sign, according as ¢t < 0 or ¢t > 0.

5. The chiral bag boundary condition
If the unitary operator U in (19) is chosen as

U= 621' arctan e)\]l (60)
the chiral bag boundary condition is brought into

o) = —ie* P a3p. (61)

With this boundary condition applied to feasible solutions, the functional

equations for determining edge and regular state eigenvalues are found to be given
as follows [7]: (i) For |E;| < [t|, those functional equations are

t+ Fj _
\/tEI 1(eR)=e ”\Ij+é(€jR) for t>0, (62a)

1+ E;
\/:th:IJ L(ejR) = e 1 (e5R) for t<0, (62D)
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and (ii) for |E;| > |t|, they are

Ej+t )

\/Ej - tJj—é (BiR) = —e A‘]j+§(ﬁjR) for E; >0, (63a)
Ej+t )
:Ej._t:‘]i—;(ﬂR)@ My (BiR)  for Ej <O (63b)

Though Eq. (62b) has no solution, the other functional equations for regular and
edge state eigenvalues are numerically solved to provide the eigenvalues as func-
tions of ¢, as is shown in Figure 9.

j=si2 j=5i2

FIGURE 9. Eigenvalues of regular (blue) and edge (red) eigenstates with R =
10, A = 0.1 for j = 5/2 (left panel) and for j = —5/2 (right panel).

A remarkable property observed in Figure 9 is that one of regular state eigen-
values is connected with an edge state eigenvalue. We refer to the state as a critical
state, which corresponds to the eigenvalue as a limit of both the regular and the
edge state eigenvalues. Since the critical states are characterized by the conditions
that E = +t, we can easily solve Eq. (30) with E = £t to find the critical states
within constant multiples, along with the eigenvalues,

Y S SV T N Y N/ 1
(I)—(W 2¢H3) ) Ejri*—e(3+2),forj>0, (64a)

e;rj+éei(j+§)9 R
_e == 3)pili— )0 . e*>‘(| |+ 1)
= R r € 2 cri _ J 2 .
*= ( ir—(+3)eili+3)0 . B = R , for j < 0. (64Db)

Like (34), these critical states are also described in z = e’ as

i2i=2 .
¢ = e)\ J+1 ) ] > 0, (653.)
R% Z

_e il
q>< R Z ) j <. (65b)

izlil=3
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We can verify that the transition indeed occurs from a regular eigenstate to
an edge eigenstate. Like (53), choosing a suitable scaling factor, we can introduce
a regular and an edge eigenstates for j > 0 of the form

- ri=2¢i0=2)0 JP  (B.r)
@reg< v ) (66a)

Bt g+ o (G+5)0 JP (3.
=iy et Jﬁé(ﬂﬂ’)

- W=2)0pi=2 1P | (e;7)
Poag = 1m, 1 iy , (66b)
& (zt 2’7’”26(3*2)91;1%(%7’)
respectively, where JI is a power series defined through
Z\v > (_1)n Z\2n
Ju(z) = Jr JP(z) = . 67
(2) (2) v (2), Jy(2) ;R!F(VJFHJFD(Q) (67)
It is easily shown that as E;(t) — —t, there occurs the transition
Preg — T+ 3) <—z J+2ez(1+ jo | < Peds: (68)

For j < 0, we take

Bkt =il 1)0plil+} g
Vyeg = i1 1) \:\f 2P ot (27 (692)
rImR I s Gm)
t+E]‘ —4(|q 1 1 1
o (" e (‘J‘+2)0T‘j‘+21‘1‘;‘+%(€jr) (69b)
egd —ie—iil=3)0,l31=5 P (g,»r) '
l3l—3\7

Then, a straightforward calculation shows that as E;(t) — t, there occurs the
transition

T(jj] + ) \ —ie=idl=2)07131=

In the rest of this section, we mention discrete symmetry and boundary cur-
rents. Like (57), we verify that

§ 1 e g=illjl+ 10,11+ §
Uyog —> ( rRC DT T e W (70)

O'1Ht0'1 = 7Ht, (71&)
0‘1JO’1 = —J, (71b)
oro1) = —ie g0 ). (71c)

In contrast to (57c), the chiral bag boundary condition is not invariant under
the 01 K, where K denotes the complex conjugation. In fact, in the right-hand
side of (71c), the exponent A of the boundary condition (61) is replaced by —A.
However, if the ) is viewed as a real parameter, the inversion A — —\ is acceptable
as a transformation, so that we may view the above equations as representing a
pseudo-symmetry of the family of the Dirac equations with the chiral bag boundary
condition depending on A. It then turns out that if E; is a regular (resp. edge) state
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eigenvalue with the angular momentum j then —FE); is a regular (resp. edge) state
eigenvalue with the angular momentum —j under the boundary condition with
the parameter value —\. This symmetry is observed in the pattern of eigenvalues
shown in Figure 10.

=TI tambce=0.5, =100

40 pgg

ast
aor

FIGURE 10. Eigenvalues of regular (blue) and edge (red) eigenstates with |j| = 7,
R =10 and with A = —0.5 (left panel) and A = 0.5 (right panel). The solid and
dashed curves are for j > 0 and for j < 0, respectively. Black lines are auxiliary
lines F = +t separating the regions referred to in Figure 6.

In contrast to (58), the operator ico K cannot be a symmetry operator for
the eigenvalue problem with the chiral bag boundary condition. In fact, we obtain
the following equations in correspondence with (58),

iooH(—ios) = H_4, (72a)
iUQJ(—iUQ) = —J, (72b)
o (i02)Y = ie 22 o3(i02 ). (72¢)

As is seen in (72c), the boundary condition is not (pseudo-)invariant under the
action of i3 K. In the right-hand side of the (72c), the factor —i of the condition
(61) is replaced by ¢. This gives a reason why the pattern of eigenvalues shown in
Figure 10 is not of t-reflection along with j-inversion.
Currents on the boundary for edge states (32) with r = R and E; specified
are given, within constant multiples, by
Yio =0, (73a)
Vlog = =2(t + Ej)eM;_1(e;R)* for ¢ >0. (73b)
For regular states (31) with » = R and E; specified, one has, within constant
multiples,

Yo =0, (74a)
—Z(t + Ej)e)‘Jj_é (5JR)2 for E; >0,

T _
1/) 0'61/} o { —2|t + Ejle)‘J-ié(ﬁjR)Q fOI" Ej < 0. (74b)



Change in Energy Eigenvalues Against Parameters 251

6. Comparison between the APS and the chiral bag
boundary conditions

We are interested in transition states both for the APS and the chiral bag bound-
ary conditions. As is well known, the spectral flow for a one-parameter family of

E E=t E E=t
(j <0) (J <0)
w1 o1
(j>0) (j > 0)
E=—t E=—t

F1GURE 11. A schematic view of transient eigenvalue curves. The left and the
right panels are for the chiral bag and the APS boundary conditions, respectively.
In the left panel, the parameter is chosen as A = 0 for simplicity.

operators is the net number of eigenvalues passing through zero in the positive di-
rection as the parameter runs. This notion works well for characterizing the band
rearrangement under the APS boundary condition. In fact, the spectral flow in
question is given by —sgn(j). However, it does not serve as a characteristic quan-
tity under the chiral bag boundary condition, since the zero eigenvalue does not
carry a special meaning.

=50, R=1.0

280 Y AP LTS L L D
RENMASIUMH0LLEA545-25-005 25 48 €8 151051250 S1Z510585-6545-25005 25 4.5 65 85 10512514 5185185205225
' i

FIGURE 12. Eigenvalues of regular (black) and edge (red) eigenstates against j
under the APS boundary condition with R = 1.0 for ¢ = —5.0 (left panel) and for
t = 5.0 (right panel). The dashed horizontal lines in the left and the right panels
correspond to the lines F = 4+t with ¢ = —5.0 and ¢ = 5.0, respectively.
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FIGURE 13. Eigenvalues of regular (black) and edge (red) eigenstates against j
under the chiral bag boundary condition with R = 1.0,A = 0.0 for ¢t = —5.0
(left panel) and for ¢ = 5.0 (right panel). The dashed horizontal lines in the left
and the right panels correspond to the lines £ = 4+t with ¢ = —5.0 and t = 5.0,
respectively.

We need an extended notion of the spectral flow to characterize the band
rearrangement under the chiral bag boundary condition. In the case of the chiral
bag boundary condition, there exists a transient eigenvalue curve which crosses
one of the boundary lines E = =+t, depending on whether j > 0 or j < 0 (see
Fig. 11, the left and the right panels of which are abstracted from Figure 9 and
Figure 7, respectively). If we assign —1 and +1 to the crossing of the boundary
lines £ = —t and E = t, respectively, the extended spectral flow for the chiral bag
boundary condition is given by —sgn(j). Then, band rearrangement is character-
ized by —sgn(j) in both cases of the APS and the chiral bag boundary conditions.

In conclusion, we compare two boundary conditions from another point of
view. If we plot energy eigenvalues against j under the chiral bag boundary con-
dition with the parameter t fixed at a value, we obtain Figures 12 and 13 for the
APS and the chiral bag boundary conditions, respectively. Difference is distinc-
tively observed in the pattern of edge state eigenvalues (red dots).
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Time-dependent Pais—Uhlenbeck Oscillator
and Its Decomposition

Hirosuke Kuwabara, Tsukasa Yumibayashi and Hiromitsu Harada

Abstract. The Pais-Uhlenbeck(PU) oscillator is the simplest model with
higher time derivatives, and its properties has been studied for a long time.
In this paper, we extend the 4th-order free PU oscillator to a non-trivial case,
dubbed the 4th-order time-dependent PU (tdPU) oscillator, which has time-
dependent frequencies. We show that this model cannot be decomposed into
two harmonic oscillators in contrast to the original PU oscillator by a linear
coordinate canonical transformation derived by Smilga. As a result of sustain-
ing canonicality of this transformation for the tdPU oscillator, an interaction
is added.

Mathematics Subject Classification (2010). Primary 34C15, 7T0H50; Secondary
T0Hxx, 7T0H15.

Keywords. Pais—Uhlenbeck oscillator, higher-order theories, canonical trans-
formations.

1. Introduction

The higher derivative theories [1-5] are worth investigating and the Pais—Uhlen-
beck (PU) oscillator [6] is a good theoretical laboratory for studying classical and
quantum models with higher derivatives. The key property of the PU oscillator is
that it can be decomposed into two standard harmonic oscillators by a canonical
transformation shown by Smilga|[7]. In the following section, we review this fact. In
higher derivative theories, their Hamiltonian needed for quantization and examin-
ing stability can be obtained by Ostrogradski’s method [8, 9]. The Hamiltonian of
the PU oscillator given by this method seems a little complicated, but it can be
rewritten by a canonical transformation in a very simple form in terms of several
independent harmonic oscillators. For example, as regards the 4th-order PU os-
cillator, whose equation of motion(EOM) has up to the 4th-order time derivative,
its Hamiltonian Hpy can be separated into two independent harmonic oscillator
Hamiltonians, Hpy = H; — Ho, by Smilga’s canonical transformation [7]. The
important point is that Smilga’s transformation is canonical, which means that it
preserves the EOM of the 4th-order PU oscillator. When one applies a transfor-
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mation for some purposes in the Hamiltonian formalism, for instance, to simplify
calculation or to make physical meaning clearer, it is necessary to restrict it to
canonical transformation not to change physics. In the decomposed form, in fact,
quantization is quite simple, just by quantizing each of harmonic oscillators.

One may wonder, whether the decomposition still applies to an interacting
PU oscillator. In this paper we demonstrate that it is not the case for the 4th-order
time-dependent PU(tdPU) oscillator, which has time-dependent frequencies, and
it is needed to add interaction terms when one uses the time-dependent Smilga
transformation. When we “naively” use the time-dependent Smilga transformation
in the tdPU oscillator, a problem arises, that is, the transformation ceases to be
canonical. Here “naively” means to take an assumption that the tdPU Hamiltonian
is invariant under the transformation. If one imposes this assumption, equations of
motion before and after the transformation are not equivalent, which shows that
this transformation is not canonical in our model. Therefore, for making the time-
dependent Smilga transformation canonical, we need to add some correction terms
to the “naively” transformed Hamiltonian. We find those correction terms to obtain
a canonical transformation in two steps, (i) a heuristic method: a comparison of
the differential equations, and (ii) a generating function method: we confirm to
reproduce the same result obtained in (i). Finally, we show that the separability
of our model is surely deformed because the corrections become the interaction
terms of two time-dependent harmonic oscillators.

2. 4th-order free PU oscillator
In [6, 7], the 4th-order PU oscillator is defined as

1 1 1
Lpy(z, &, %) = 2352 - 2915;2 + 292z2, (1)
and its EOM is
where Q; = w2 + wy?, Qo 1= w;?w,?. Let us introduce the PU Hamiltonian by

applying Ostrogradski’s method [8] to (1). The PU Hamiltonian Hpy is

Hpu(q1,92,p1,p2) = p1d1 + p2g2 — Lpu
1

1 1
2p22 + 291q22 - Qngf, (3)

=p1g2 +

where ¢;,p; (i = 1,2) are canonical coordinates,

q =,
OLpy d 0Lpy i i
P ot dt 0% e ’ (4)
q2 = jj7
P2 = . =

o0x
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In [7], Smilga gave the transformation that separates Hpy as follows:

Q1= i (w12Q2 +p1),
w1
Q2 =v(wi’q + p2), (5)
P = w1y(p2 + wq1),
Py = ~(p1 + wq2).

In this paper, we call it Sm and where v := 1/\/w12 — wy? We also assume wy > wo
for simplicity, and this transformation is a canonical transformation. According to
(5), Hpy can be rewritten to

Hpy(Q1,Q2, P, P2) = Hi(Q1, Pr) — H2(Q2, P»), (6)

where H;(Q;, P;) := 5 P;? + jw;2Q,?. Thus we see that the PU oscillator can be
separated into two harmonic oscillators. Smilga used this property to quantize the
PU oscillator and investigate its quantum stability.

3. Time-dependent PU oscillator

Our Lagrangian of the time-dependent PU(tdPU) oscillator is

1
2

where Q1(t) 1= w2(t) + wy?(t), Qa(t) := w,?(t)w,2(t). This Lagrangian can be
obtained by replacing w; — w;(t) (i =1,2) in (1). Its EOM is

Q)i+ Qi () + Qa(t)z = 0. (8)
The Hamiltonian and its EOM are

1 1
Ltde(ZL‘,i‘,i‘) = i‘z — 291(t)i'2 + QQQ(t)l‘Z, (7)

Hiapu(qr, g2, p1,p2) = P11 + p2G2 — Liapu

1 1 1
=pi1qe + 2]922 + 291(15)(]22 - 292(75)(112a 9)
d
dt(Qlanaplap2)T = A (q1,92,p1,p2)" (10)
where

0 1 0 O

0 0 0 1
A= Qg(ﬁ) 0 0 O (11)

0 —0u(t) -1 0

Here T denotes transpose of a matrix, p;,q; (i = 1,2) are defined by (4) with
time-dependent frequencies, (8) and (10) are equivalent in our case.
By using (5) with time-dependent frequencies, (9) can be written as

Hiaru(Q1, Q2, P1, Po) = (Hea)1(Q1, Pr) — (Hea)2(Q2, P2), (12)
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where (Hia)i(Qi, P;) = 3 P2 + Jw;2(1)Q;. Its EOM is

d
dt(Q1,Q2,P1,P2)T = B (Q1,Q2 P, P)". (13)
where
0 0 1 0
0 0 0 -1
B=|_,20p) o o0 o] (14)
2

0 w?(t) 0 0

It is straightforward to check that (9) is equal to (12) under the Smilga trans-
formation. However, the time-dependent Smilga transformation is not a canonical
transformation. In other words, it doesn’t reproduce the EOM (8) or, equivalently,
(10) does not follow from (13). In the next two sections, we show that some correc-
tion terms are needed to correct the situation, and they become interaction terms
of the harmonic oscillators.

4. Comparison of EOMs

Here we find the correction term by a heuristical method, a comparison of the
EOMs (10) and (13). Let us introduce some notation first.

X = (q1,42,p1,2)", (15)
Y = (Q1,Q2, P, Py)", (16)
X,Y and A, B are related by

Y = MX, (17)
MA = BM, (18)

where M is the coefficient matrix of the Smilga transformation (5). With this
notation, the EOM (10) and (13) can be written as

X = AX, (19)
Y = BY +a. (20)

Here « represents a correction to (13). Differentiating the first relation (17) with
respect to t and substituting into the left-hand side of (20), we find

Y =MX+MX=MAX + MX =BY +a=BMX + .

Then,
a=MX=MM"'Y.
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Therefore, o # 0, unless the model is time-independent. More explicitly, « is

¢i 0 0 E;
0 Cy Ei O

a=(t) 0 B C; 0 Y,
E2 0 0 04
where
= 0 ) O L o 16
Ch = 73(75) + w1(t)Ql(t)a Co ’yS(t) +2 1(t) 1(t)7
. ) Gut) TN
Cs: V() ()72t 2wa(t)wa(t), Cy: 23(8) Qws (1) o (t),

Ey = —20(t), Ba = 2w (t)wz(t)wa(t), ~(t):=1/ \/ wi(t) — wy? (1)

5. Generating function method

In this part, we show that the correction term can be also obtained by using a
canonical Hamiltonian HYp;. The latter can be found by the generating function
method, via solving the equations

_ 6W(q7 Qat) P = _GW((], Qat)

Di aql ) [ an )

(3'W b) 7t
Hiapu(q, p) — Higpy(Q, P) = — (th )’

where q 1= (q1,q2),p := (p1,p2), Q = (Q1,Q2), P := (P1, P2) and W(q,Q,1t) is a
generating function of a canonical transformation. Then we find

tapu (@, P) = Hiapu(Q, P) + 6‘81/;/ = Hypu(Q, P) + Hing, (21)
where
Hing = = 29° (Hwr (w2 (1)w2(£)Q1Q2 — 27 (1)dn (1) P P

7283(&2)(1&) (w1 ()2 () + @1 (w2 (8))PLQ1 + 2 (t) (w1 (B)an (t)  (22)

+ wa (w2 (1)) P2Q2 + g(1),
and ¢(t) is an arbitrary time-dependent function. Its EOM is
ci 0 0 E;
0 Cy Ei O
0 FEy, C3 O
Ey 0 0 C4

+

Y = BY ++2(t) Y,

It is easily confirmed that the last term is equal to «. Hence, the interacting
Hamiltonian (21) is canonical and the correction « of the EOM (13) is equivalent
to the interaction terms in the canonical Hamiltonian (21).
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6. Conclusion

In this paper, we extended the free 4th-order PU oscillator to the non-trivial case,
the 4th-order tdPU oscillator, whose frequencies depend on time. We found that
our model cannot be written down in the form of two harmonic oscillators. This is
because the Smilga transformation is not canonical in our extended model, so that
it was necessary to add some correction terms to make it canonical. We obtained
those corrections in two steps: (i) a comparison of the differential equations, and
(ii) the generating function method. We showed that the correction terms in the
tdPU EOM can be written as interaction terms in the canonical tdPU Hamiltonian.
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Quantum Walks in Low Dimension

Tatsuya Tate

Abstract. Discrete-time quantum walks are defined as a non-commutative
analogue of the usual random walks on standard lattices and have been for-
mulated in computer sciences. They are new objects in mathematics and are
investigated in various areas, such as computer sciences, quantum physics,
probability theory, and discrete geometric analysis. In this article, recent
works on point-wise asymptotic behavior and an effective formula for nth
power of the discrete-time quantum walks in one dimension are surveyed.
The idea to obtain the formula for the nth power in one dimension is applied
in this paper to compute the nth power of certain two-dimensional quantum
walk, called the Grover walk to obtain a new formula for the two-dimensional
Grover walk. The formula for nth power in one dimension has been used to
prove a weak limit theorem. In this paper, the large deviation asymptotics,
in one dimension, is deduced by using this formula which is a new proof of a
previously obtained result.

Mathematics Subject Classification (2010). Primary 41A60; Secondary 81Q99.

Keywords. One-dimensional quantum walks, two-dimensional Grover walk,
semi-direct products, asymptotics.

1. Introduction

The notion of discrete-time quantum walks is discovered in computer sciences ([1,
2, 12]), and recently it is investigated in various areas such as computer sciences,
quantum physics, probability theory and discrete geometric analysis. A historical
background to this area can be found in [8] and some of results introduced here are
surveyed in [11]. Tt is defined as a non-commutative analogue of usual random walks
and it is sometimes discussed in comparison with usual random walks. It seems
that this notion is going to have appropriate positions in mathematics. However,
compared with usual random walks, the investigations to this area seems to be far
from being enough.

The author is partially supported by JSPS Grants-in-Aid for Scientific Research (No. 25400068).
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One of main purposes of the present paper is to review some of known results,
mainly obtained by the author and a collaborator, in order that the notion itself,
results on it and ideas behind them can be shared among researchers in various
different areas.

We mainly consider here one-dimensional discrete-time quantum walks with
“two interior degrees of freedom”. This is a simplest one among many other models.
Let us give its definition here. The Hilbert space on which the transition operators
of quantum walks are defined is the ¢?-space, £2(Z,C?), consisting of all square
summable functions on the set of integers, Z, taking values in the two-dimensional
complex vector space C? with the standard Hermitian inner product (-, )c2. We
choose a two-by-two unitary matrix C', which is called a constant coin matriz. For
simplicity of notation, the unitary matrix C' is assumed to have determinant one.
Then the matrix C' is written in the form

c=(" v) (@hec, ja P =1 1)

which is decomposed as

0 0 b
C = Po+Qc, Pc=<“b 0), ch(o a).

Now the operator U(C') defined by
U N)(@) = Pe(fle = 1))+ Qe(f(x +1)) (f€(Z,C*), xeZ) (2)

is what we call a discrete-time quantum walk with a constant coin matrix C'. This
is a unitary operator on the Hilbert space £?(Z, C?), and the transition probability
is defined by the formula

Pn(x) = po(d52) = |U(C)" (0, @ 6)(@)||=, (3)
where the initial state, which is a function in ¢?(Z, C?), can be taken arbitrarily

but here only the initial state of the form 6, ® ¢ with z € Z and ¢ € C? with
||#]lcz = 1 defined by

<@®@@{38#3’

is considered. One of the main issue for the quantum walks is, as in the theory
of random walks, to obtain various aspects of asymptotic behavior of transition
probabilities in the long-time limit. As in the case of random walks the transi-
tion probability is defined in terms of the nth power of the transition operator,
U(C). Therefore, the computation of the nth power would be necessary to ana-
lyze its asymptotic behavior. A usual method is to compute the eigenvalues of the
Fourier transform of the unitary operator U(C'), which is in this case two-by-two
unitary matrix-valued function on the unit circle, and to diagonalize it. However,
the computation of powers of higher-dimensional quantum walks by using this
method would become complicated because the size of the matrix becomes large.
Thus it would be reasonable to find an algebraic structure behind it and to use
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it to compute nth powers. In Section 4, an effective formula for nth power for
one-dimension case is reviewed. The original idea for this formula is a decompo-
sition of U(C) into two other quantum walks, and which leads us to the regular
representation of the infinite dihedral group. In this section the formula is easily
obtained from the de Moivre formula for unitary operators. However this idea is
applicable to some other types of quantum walks. In particular, this idea is applied
to the two-dimensional Grover walk in the section. It seems that this formula for
the two-dimensional Grover walk is new.

Section 3 is devoted to review some results on the asymptotics of transition
probability of one-dimensional quantum walks defined above. After describing the
weak limit theorem due to Konno ([9]), we explain point-wise asymptotics of the
transition probability. There are three types of asymptotic behaviors. One is for
the case that the points accumulate a point inside the wall of the weak limit
measure, and in this region the transition probability has oscillation. The behavior
is asymptotically expressed by the Airy function when the points are close to the
wall. Outside the wall is the region for the large deviation asymptotics. These are
originally obtained by using the concrete expression of eigenvalues and hence it
would be rather hard to generalize it to higher-dimensional case. However, it turns
out that the nth power formula can be also applicable to obtain the asymptotic
behavior inside the wall and in the large deviation region. In particular, a new
computation for the rate function in large deviation asymptotics is given here.
Hopefully the nth power formula for the two-dimensional Grover walk could be
applicable to get its rate function as well.

2. An algebraic structure

2.1. De Moivre formula

As in Introduction, it is necessary to compute or to analyze, in an appropriate
sense, the nth power of U(C), because the transition probability is defined by
U(C)™. We start with the de Moivre (or de Moivre-Euler) formula for the nth
power of the complex number e = cos 6 + i sin @ of modulus one. By introducing
the Chebyshev polynomials

sin nf
T = _ = =
n(x) =cosnb, U,_1(x) sind (x = cos?),
the de Moivre-Euler formula is written in the form
(e = T, (x) 4+ iyUp_1(x) (z = cosh, y = sinf). (4)

The same formula holds for any unitary operator on any Hilbert space. Indeed, let
U be a unitary operator on a Hilbert space H and we set X = (U +U*)/2,Y =
(U—=U*)/(2i) so that U = X +14Y. These operators are self-adjoint and commute
with each other. Since U is unitary, we see X2 +Y? = I. Simple application of the
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binomial expansion shows
U’ =(X+iY)" (5)
[n/2] [(n=1)/2]

Rl SO B

where [n/2] denotes the integer not greater than n/2. Since the sums in the above
coincide, as is easily shown, with 7, (X) and U, _1(X), respectively, we have ob-
tained the following.

Lemma 1. In the above notation, the following formula holds.
U =Tn(X)+iYU,—1(X). (6)

2.2. One-dimensional quantum walks and the dihedral group

For the one-dimensional quantum walk U(C), the formula (6) is extremely useful.
One of reasons for the usefulness of (6) in one dimension comes from the fact that X
is an operator acting on scalar functions. However, for higher-dimensional quantum
walks, the real part X has rather complicated structure. One of a strategies to
analyze the nth power is, in general, to utilize an algebraic structure behind the
operators. In the one-dimensional case an algebraic structure is brought to us by
the infinite dihedral group T'. This is not quite necessary, in one dimension, for
the asymptotic analysis of the transition probability. However, it is still worth
mentioning, because there is an algebraic structure for certain two-dimensional
quantum walks which is similar to the one-dimensional case.

One way to define the infinite dihedral group I is to specify a set of generators
and relations as

I=(ev|ve=ert & =1),

where 1 is the unit. The group I is isomorphic to the semi-direct product Z x Zs
defined by an obvious action of Zs = {41} on Z. Suppose we are given a unitary
representation p of I' on a Hilbert space H. We set

Vi=p), W=ip(e) (7)
to get two unitary operators V, W satisfying the relations
VW =WVl W?=-I. (8)
The above relations make an operator of the form
U=sV+tW (s,teR, s*>+1>=1) 9)
unitary. We set
= ;(v+v*), v = ;i(va*), w = tW. (10)

The operators z, v and w satisfy the relations zv = va, 2w = wz, vw+wv = 0. The
imaginary part y of the unitary operator U defined by (9) is written as y = v —iw.
Hence by the de Moivre formula (6) we have the following.
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Lemma 2. For the unitary operator U defined by (9) we have
U" =T,(x) + i(v —iw)Up_1(x).

To relate the above with the one-dimensional quantum walks, we only need
to construct a unitary representation (p,H) of the dihedral group I'. For a fixed
coin matrix C given in (1), we suppose that ab # 0 and set a = a/|al, 8 = b/|b|.
Then, the two quantum walks

V=U®WV,), W=UW, (11)

a 0 0 B
O A

satisfy the relation (8) and hence they define, through (7), a unitary representation
of I'. The following theorem is proved in [15] and also easily shown.

with coin matrices

Theorem 3. The unitary representation (p,(*(Z,C?)) of the infinite dihedral group
T defined by (11), (7) is unitarily equivalent to the reqular representation (R, (*(T')).
2.3. Two-dimensional Grover walk

Almost the same discussion can be applied to a certain two-dimensional quantum
walk, called Grover walk which was used for an improvement ([3]) of Grover’s
quantum search algorithm ([6]).

2.3.1. Grover walk and a semi-direct product. This time, the infinite dihedral
group Z x Zs is replaced by the semi-direct product Z? x K where K is the Klein
four group isomorphic to Zs X Zs. We set K = {1,p,q,pq} with the relation
p? = q*> =1, pg = qp. Then, K acts linearly on Z? by the following way:
per = —e2, pez = —e€1, qe; = €2, ez = €1,

where {e1, ez} denotes the standard basis of Z2. The group Z? x K has the pre-
sentation

Z° x K = (di,do,w | w? = (dido)? = (didy")? = (wdy)? = (wd2)? = 1),
which can be proved by the correspondence

dl = (elap)7 d2 = (7617(])7 w = (627pq)' (12)

Therefore, any unitary representation of the group Z? x K gives three unitary
operators Dy, Do and W satisfying the relation

W? = (D1Ds)* = (D1D;")? = (WD,)? = (WDy)* = I. (13)

To relate this with quantum walk, we need to introduce the Grover walk in two
dimensions. Let G, be a 4 x4 unitary matrix, which is sometimes called the Grover
matrix, defined by

1
= —I
G, 2J ,

where J is the matrix whose entries are all 1 and I is the identity matrix. This
simple matrix is self-adjoint and unitary so that we have G = G,! = G,. Let



266 T. Tate

{e1,es,e3,e4} denote the standard basis of C*, and let P; with i = 1,...,4 denote
the orthogonal projection onto the one-dimensional subspace spanned by e;. The
two-dimensional Grover walk is then defined as a unitary operator on ¢2(Z2, C*)
by the formula

G = U(Go) = G()PlTl —+ GOPQTl_l + GOPST2 + G0P47-2_17
where 7; denotes the shift operator along e;-axis defined by
(rif)(x) = flz —e;) (f €22, CY), x € Z?).

As in the one-dimensional case, it would be reasonable to express the Grover walk
G as a linear combination of other quantum walks. To obtain useful decomposition,
we note the following decomposition of G, itself:

1
Go = 2(_I + Wo + (D1)o + (D2)o) (14)
where I is the identity matrix and other matrices W,, (D1),, (D2), are defined by
01 0 O 0 0 0 1 0 0 1 O
1 0 0 O 0 0 1 0 0 0 0 1
Wo="1o 00 1| Po= g 1 0 of Po= |1 ¢ o 0
0 0 1 0 1 0 0 O 01 0 O

The corresponding quantum walks
A=U(I), W=UW,), D1=U(D1)o), D2=U((D2),) (15)

satisfy the relations (13) and A = DWW D5, and hence we obtain the representation
(p, 03(Z?,C*)). We have the following

Theorem 4. The unitary representation (p,¢>(Z*,C*%)) of Z?> x K defined by the
Grover walk as above is unitarily equivalent to the right regular representation
(R, (%(Z* x K)).

Proof. The unitary operator u : £2(Z* x K) — ¢?(Z?,C*) defined by
U(S(a,l) =0, R e3, U(S(ayp) =0, R e, U(S(a_’q) =, Req, U(S(a_’pq) =0, Rey

intertwines the two representations. ]

2.3.2. nth power of the Grover walk. As in the above, the two-dimensional Grover
walk G can be written in the form

1
G = 2(*A+W+D1+D2).

The real part X of the two-dimensional Grover walk G does not have quite easy
form. To simplify the computation, it would be better to work in the group Z2 x K.
The element in Z? x K corresponding to the operator A given in (15) under the
isomorphism (12) is a = dywdy = (—ez,1). We set b = wdids = (e1,1). The
two elements a, b generate a subgroup isomorphic to Z? and the corresponding
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operators A = D1WDs, B = WDjDs are easy to handle. Thus, it would be
rather natural to consider the sum of their real parts

1
Z = 4(A+A—1 +B+ B,
which, in the representation defined by using the Grover walk, is given by
1
Z= (m+mt+n+n .

4

Thus, the self-adjoint operator Z is essentially the transition operator of the usual
random walk on Z? acting on scalar functions. Here is a lemma.

Lemma 5. We have the following.
(G-GHGE+G T +22)=0,

, (16)
(X +2)>=(W+2)(X + 2).

These can be easily deduced for the representation of Z? x K defined by
using the Grover walk as above. In particular the first formula is proved by the
Hamilton—Cayley theorem. However, it can be shown directly by using only the
relation (13), although the computation becomes a little bit long. The first formula
in equation (16) is equivalent to

Y(X+2)=0 (17)

and it is easy to show that Z commutes with X and Y, where Y is the imaginary
part of G. Thus we have YU,,_1(X) = YU,_1(—Z). Somewhat complicated is the
term T,,(X) in (6). By using (5), relations (17) and X2 — I = —Y?2, we see

T.(X)=X"—(-2)"+T.(—2).
From this and the second formula in (16), it is not hard to show the following.

Theorem 6. The nth power of the two-dimensional Grover walk G is given by the
following formula.
(X+2)(W" = (=2)")

G" =
W+ Z

+To(=2Z) +iYU,_1(=2).

According to the above formula, the nth power G™ is computable by W* and
Zk. Since Z is essentially an operator acting on scalar functions and W?2 = I, the
above formula gives us a computable formula for G™.

3. Asymptotics for one-dimensional quantum walks

3.1. Weak limit theorem and its dynamical structure

First of all, let us review a weak limit theorem of the transition probability of
one-dimensional quantum walks. The following is due to Konno ([9]).
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Theorem 7 (Konno, [9]). Let ¢ = (¢1,p2) be a unit vector in C2. Suppose that
ab # 0, where a, b are the components of the coin matriz C given in (1). Then,
we have the following weak limit formula:

: . _ [b](1 = Ac(¢)€)
yiloxgl%pn@, )0 /n = X(—\a\,\a\)(g)ﬂ(l ) /|af2— €2

where 0/, denotes the Dirac measure at x/n, x(,|a|7|a|)(y) is the characteristic
function of the interval (—|al,|a|) and the constant Ao (¢) is given by

A(@) = lrf* = fool” = al|2 (abésy do + abrby).

dg,

Konno uses a set of relations satisfied by the matrix units of size two and
an asymptotic properties of the Jacobi polynomials. But there is another method,
see for example, [5]. The nth power formula in Lemma 2 is also used to prove
Theorem 7 in a systematic way ([15]). It would be worth mentioning that the
constant A\c(¢) can be expressed in terms of the moment map of S'-action on S?
and the Hopf fibration S° — S2.

In Theorem 7 the reason why the case a = 0 or b = 0 are excluded is obvious;
one can compute thoroughly in these cases. However it is interesting to note these
cases, where the corresponding weak limit formulas become

w-lim Y i (¢32)0sn = 61200 + 6201 (b=0),

TEZL (18)
w-_l}imZp,Aqﬁ; )0y /m = 0o (a=0).
TEL

Equation (18) shows that when b = 0 the quantum walker is repelled from the
initial position and when a = 0 the quantum walker is attracted to the initial
position. This dynamical behavior is expressed in the algebraic relation (8), and the
decomposition (9) for U = U(C') describes a competition of these two dynamically
different terms.

3.2. Pointwise asymptotics

In the decomposition (8) of U = U(C), we have W? = —I. Since the transition
probability is defined by the norm square, the minus sign here is not important.
The nth power W™ could be regarded as giving a fluctuation for the transition
probability. The following version of the pointwise asymptotic behavior indeed
shows such a fluctuation.

Theorem 8 ([13]). Suppose that a sequence of integers x,, satisfies that

§n =8+ 0(/n), & =an/n (19)
for some & € (—lal,|a]). Then we have the following:
(L4 (=1 ol

(1 — €2)\/|af? — €2 (1= Ac(9)§ + OSCr(&n) + O(1/n)]  (20)

pn(¢§ $") -
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as n — oo uniformly in x satisfying (19). Here OSC,,(§) is a function of the form

A(E) cos(nd(€)) + B(E) sin(nb(E)).

We remark that the term (1 + (—1)"*%=) in (20) reflects the fact that the
left-hand side vanishes if n 4 x,, is odd. According to Theorems 7 and 8 it would
be rather easy to think that the transition probability will achieve its maximum
around x ~ =*|a| because the leading term diverges at & = +la|. Indeed we have
the following

Theorem 9 ([13]). Suppose that a sequence of integers x,, satisfies that
xn = tnla| +dp, dn, = O(n1/3). (21)
Then we have

Pu(dian) = (1 + (—1)"*)a2n=2/3
’ (22)
(1 F [alAc(6)) + O(1/n),

where o = (2/]a||b|?)Y/? and Ai(z) is the Airy function.

X ‘Ai (:I:omfl/gdn>

In the formula (22), the argument n~'/3d,, of the Airy function is bounded
and hence the transition probability is, in this region close to the wall z = +|al,
of order O(n=2/3). In the region inside the wall, |z| < |a|, Theorem 8 tells us that
it is of order O(n~!), and hence the transition probability grows around the wall.

The transition probability can be still positive even if the point x is outside
the wall. However, if the wall = +la| could be regarded as an analogue of
potential wall, the transition probability outside the wall should be exponentially
decaying. An asymptotic formula for this region corresponds in probability theory
to something which is called the large deviation asymptotics. The following is the
large deviation asymptotics for one-dimensional quantum walks.

Theorem 10 ([13]). Let & € R satisfy |a| < |£| < 1. Suppose that a sequence of
integers x,, satisfies (19). Then we have

(14 (=1)m+e=)[o]
(1 — €2),/€2 — |af?

where &, = xn/n, G(§) is a smooth non-negative function in |a| < |§] < 1, and the
function Hg (), which is positive and convex in this region, is given by

Ho(€) = 2I¢] 1og (1bllg] + v/&? — |al?) — 210g (|b] + V€2 ~ Ja]?)
+(1—[¢) log (1 - €2) — 2[¢|log al.

The function Hg(§) given in (24) is what we call the rate function in large
deviation asymptotics, and this function expresses the exponential decay of the
transition probability. Indeed, the following is directly deduced from Theorem 10.

Pn(d;an) = e M (G(€) + O(1/n)), (23)

(24)
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Corollary 11. Suppose that a sequence of integers x,, satisfies (19). If p,(¢; xn) is
not zero for every sufficiently large n, then we have the following:

T logpn(g50) = — Ho(©). (25)

Note that, in equation (23), the function G(£) can be computed concretely
in terms of the components of the coin matrix C' and the initial state ¢. It is also
interesting to note that the rate function Hg(€) does not depend on the initial
state, ¢.

Theorems 8, 9 and 10 tell us the whole picture of the behavior of the one-
dimensional quantum walks. There is a wall at £ = =+|a| where the weak limit
distribution diverges. In finite time, the transition probability penetrates this wall.
However the probability penetrating the wall is so small that, as time tends to
infinity, it decays exponentially. This exponential decay rate is given by the rate
function Hg(&). The probability reaches its maximum around the wall. Inside of
the wall, the probability has a fluctuation.

Strangely enough the point-wise behavior of the Hermite function is very
similar to this picture. It can be deduced from the Plancherel-Rotach formula.
The readers who are interested in this formula may be referred to [14]. But it is
interesting to note that the weak limit distribution for rescaled Hermite functions
is quite similar to that of one-dimensional quantum walks given in Theorem 7.
Indeed, let @, (x) denote the Hermite function, which is an eigenfunction of the
harmonic oscillator —(d/dx)? + 22, normalized so that its L?-norm on R is one.
The eigenvalue corresponding to ¢, is A2 with A\, = /2n + 1. We rescale the
Hermite function as

pn(-r) = )\n"Pn()\nx)Fa
whose L?-norm is still one. Hence we can regard it as a probability distribution
on R, and it is not hard to show that

d
w-lim p,, (z) dz = v (26)

n—o0 /1 — a2
This weak limit distribution has the wall at x = £1, and it would be very natural
to think that this wall is created by an effect of the potential term z2 of the
harmonic oscillator. Therefore, the wall for one-dimensional quantum walks might
be regarded as a ‘virtual potential wall’. However, there is no information about
such a potential term in the definition of the one-dimensional quantum walks. It is
also interesting to note that the weak limit distribution for continuous-time one-
dimensional quantum walk ([4]), which is the unitary evolution of the adjacency
operator, is precisely equal to (26) ([10]). Here, again there is no information
about such a potential term because the adjacency operator is essentially the
graph Laplacian. Hence the discretization of the time might not be so crucial for
the creation of the wall. It is not clear what kind of dynamical structure of both
of discrete- and continuous-time quantum walks creates such a wall.
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4. nth power formula and the large deviation

In this section, we give a new approach to the large deviation asymptotics given
in Theorem 10. The same analysis also proves Theorem 8, although the detail is
omitted. In this section, the sequence of integers x = z,, is assumed to satisfy the
condition (19). Furthermore, for simplicity we assume that

s< )¢l < (27)

1
V142
When this condition does not hold it is necessary to use some other analytic
continuation of a function used below.

The transition probability p,(z) (x € Z) is defined by

pa(x) = [|U(C)" (50 @ ¢) ()|
where ¢ € C? with ||¢|| = 1. The quantum walk U(C) is written in the form
U(C) = z + iv + w where z, v and w are self adjoint operators defined in (10),
(11). These operators are given explicitly as follows:

s _ s _
ar+a v HI v=_ (ar —a 7)),

2( 21(

o (4 Yee ) )

where o = a/|al, B =b/|b], s = |a|, t = |b|, I is the identity matrix of size two and

J = (1) 701 . Denoting by {ei, ez} the standard basis of C?, we have

€Tr =

z(0m R e; [(a7+a T Nl ®e; (i=1,2),

v(0m ® €1 [(047 —a 't hHe] ®e,

[(on' e 17'*1)5m] ® eq,

)
)
V(0m ® €2)
w(dm ®er) —tﬁfém ® ey,
wW(0y ®eg) =BT 16, @e.
We define the polynomials p;(z) in z € C* = C\ {0} by
(2) = Tuls(z+27)/2) + | (2 = ™ YWaor(s(z+271)/2),
(2) = ~tUna(s(z+7)/2),
Pla(2) =t U 1 (52 + 271 /2),
(2) = Tu(s(z+27)/2) = | (2 = =~ YWaor(s(z +271)/2),

so that we have
U(C)" (6o @ e1) = pty(ar)dy ® e1 + afps, (aT)dy @ ez,
U(C)" (60 ® e2) = afpiy(at)dy @ e1 + phy(ar)dy @ ea.
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For any Laurent polynomial ¢(z) = ch(q)zy with coefficients ¢, (¢) € C, we
yeL

have [q(7)do ® ¢]() = Cx(q)$. Therefore, since each C(pj;) is real, we obtain the

following:

U(C)"(d0 ® 0)(x) = a® [(¢1Ca(pfy) + d20BC.(p1)) €1
+ (1aBC.(p5)) + d2Ce(P)) €2] ,
Pa(@) = |61Ca (7) + $20BCq (i) + [ d108C2 (051) + b2 (90|
= (Ca(@1)? + Ca(P51)?) 1017 + (Co(PT2)? + Ca(p52)?) |¢2|?
+ 2 (C2(p11)Ca (PTs) + Cz(Ph1)Ca (P32)) Re (@1 p2aB).

Using the relations p3,(z) = pty(2) and phy (z) = —piy(z) for z € U(1) we arrive
at the following
pn(x) = (Cw(p?l)Q + C—x(p?2)2) |¢51|2 + (C—x(p?l)Q + Cw(p?2)2) |¢52|2
+ 2 (Cz(p11)Ca(PY2) — C—2(p1)C—a(P12)) Re (41 4208).  (28)

Therefore, it is only necessary to find asymptotic formula for ¢, (p?y) and ¢, (p7s).
What we are going to prove the following about these coefficients.

Proposition 12. Suppose that x = x,, € Z satisfies (19) with £ € R satisfying (27).
We set © = né + ay,. Then we have

Ca(p?) = (14 (=1)*t)n 12 A(€)e M (9)/2
X (W Qe 2RE + 07,
Ca(ply) = (14 (=1)"t")n= 12 4(¢)e He(©)/2
X (—\/1 — g2e*imn/2R(§)an+1 + O(n71)>
where Hg(&) is defined in (24), and A(§) and R(&) are positive functions given by

t 1 tle) — /€2 — s
A(f) = , R(E) = .
\/277 \/(1752)\/52,52 5\/1752

According to Proposition 12 and equation (28), transition probability decays
exponentially and its exponential decay rate is given by —Hg(§).

4.1. Asymptotics of ¢, (p7,)
For any = € Z, we have

dz

2miz’

qmmz/z%mwaz%m+%w,@=
z|l=1
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where the measure @z is the normalized Lebesgue measure on the unit circle and
the integrals I, (x) and J,(x) are given by

T

I,(x) = /| - 2T T (s(z + 271 /2)dz = 2171-/ e, (s cos 0) d,

Jn(z)/ll_lzxs(zzl)Unl(s(z+zl)/2)dz

= ;jr/ e s sin OU,, 1 (s cos B) db.

From this we have
I(—x) = L,(z) = L,(z), Ju(—x)=—Jdu(x)=—Jp(z).

Then, the asymptotic formula for ¢, (p};) can be deduced from the following
lemma.

—T

Lemma 13. Under the same assumptions as in Proposition 12, we have
IL(z) = (14 (=1)*)n Y2 A(g)e nHa(9)/2
< (em 2R + O)
Jn(@) = (1 + (=1)"+")n~1/2 A(g)e~mHa(©)/2
% (Iele= ™2 R(€)* + O(n ™).

It is interesting to note that the integral I,,(x) can be written in the following

form:

=1 [ mane) "

7™ Jo V1—u?

Thus, we have obtained asymptotic expansion of the integral of this form.

4.1.1. Computation of I,,(x). First let us simplify the integral I,,(z). Using the
identity Tp,(—z) = (=1)"Ty(z), we see

T o 2m
and hence I,,(z) = 0 when = +n is odd. Thus we assume that = +n is even. Then,

changing the integral contour for the integral I, (z) leads us to

1 /™ . 1™
L,(z) 7T/O e_weTn(SCOSQ)dQZﬂ_/O e~ @O (scos(f +ip))do  (29)

o L4 (1)t ™
I, (x) / e 0T, (scos 0) df = + (1) / e 0T, (s cos 0) df,
0

—T

for every p € R, since the integrals on the vertical lines for the rectangle are
identical by the assumption that x + n is even. Let Log and /z be the principal
branch of the logarithm and the square root, respectively. Then a branch of the
arccosine function is given by

arccos(w) = —iLog (w VA w2)
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which coincides with the inverse function of cosé for 6 € [0, 7], when w € [—1,1].
We define a function h(¢) by

h(¢) = darccos (s cos()
= Log (5 cos(f 4 ip) +ir/1 — 52 cos?(6 + zp)) , (=0+ip.

Since cos(f + ip) = cos 8 cosh p — i sinf sinh p the function h({) is holomorphic on
the region |sinh p| < t/s. Thus we choose p in (29) so that |sinh p| < t/s. Now we
write & = né + a,, with |a,| < C. For 0 # p € R with |sinh p| < t/s, we set

D,(0) =i(0 +ip)€ —h(0 +ip), P,(0) =1i(0+1ip)§+ h(0+ip)
so that

L@ =, (

_ ) /W efn<1>,3(0)efi(0+ip)an do + /ﬂ— efn\I/p(G)efi(OnLip)an d9> )
s

0 0

4.1.2. Critical points of the phase functions. In what follows, we assume for sim-
plicity £ > 0. To use the method of stationary phase, we need to examine the
phase functions ®,, ¥,. We note that

v i e ssn@+in)

7,(0) = (‘5 V1 - s2cos?(6 + ip)) ’
. ssin(f + ip)

U, (0) = (“ V1 — 52 cos?(0 +z‘p>> '

To find a critical point of ®, and ¥,, we need to examine the equation

s?sin®(0 +ip) 82— s?cos?(0 + ip)

2 p—
¢ 1—s2cos2(0 +ip) 1—s2cos2(0+ip)’

which is solved as

182752 1 52752
2 SN _
cos“(0 +ip) = 21 " T21_g

Since we have assumed s < £ < 1, we have cos?(6 + ip) < 0 and hence cosf = 0.
Since 0 < 6 < 7, we find that the critical point occurs only at 8 = 7/2. We see
that

) scoshp ) scosh p
O (m)2) =i |&— , U(n/2)=i| &+ )
o(m/2) ( \/1+328inh2p> o(m/2) ( \/1+52sinh2p>

Therefore, when s < £ < 1, ¥, has no critical points, and ®, has only critical
points at § = 7/2. We set

p(€) ;== —sinh ™" <i\/§12_;22> (s <€<1/V/1+12).
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Then, we see that p(§) < 0, |sinh(p(§))| < t/s and for p = p(§), ¢, has the
critical point # = /2 and there are no other critical points. In what follows, we
put p = p(&). By our assumption that s < & < 1/v/1 + 2, we see

ik — 1 /&2 —s2 L 1t
sinhp = — g2 cos pis\/lng’
€2

tg
cos(f +ip) = cosf + S1n9,
( p) 5\/1 o 52 \/ 1— 52
t y 2 _ g2
sin(0 + ip) = ¢ sinf — ' s cos 6.
S\/]. — 52 S
A direct computation shows

t2 cos(6 + ip)

" _ " 2
q)ﬂ (9) - i (1 _ 82 COSZ(p + 29))‘3/27 q) (7-(/2 g \/52

and hence the critical point § = 7/2 is non-degenerate.

4.1.3. Real parts and asymptotics. Next we consider real parts
Re®, = —p{ —Reh, ReV,=—p&+Reh,
Reh = log |scos(d 4 ip) +iv/1 — 52 cos2(6 + zp)‘
of the phase functions. A direct computation shows
d ssin(6 + ip)
Reh(¢)) = Reh'(¢) = .
1o (Reh(C) (©) ( V1 s eo( 1 ip)
Thus, we see
ssin(f + ip)
Re®,)g = —(Reh)g =Im =—(ReW,)p.
( o)o ( Jo <\/1 — 52 c052(9+ip)> ( o)o
Hence, if (Reh)y = 0, we see that

ssin(f + ip)
V1 — s2cos2(0 +ip)

is real. Therefore, if (Reh)y = 0, we see that cos?(f + ip) is real. This means
that cos@sinf = 0. When cosf = 0, that is § = 7/2, 1 — s?cos?(7/2 + ip) =
t2/(1 — €2) > 0 and sin(7/2 + ip) = t£/s\/1 — £2 are real. When sinf = 0, still
we have 1 — s cos?(6 + ip) = 1_(112522)52 > 0 with = 0, 7. But sin(6 + ip) with
0 = 0,7 is pure imaginary. Thus, we see that (Re®)y = 0 or (Re ¥)y = 0 if and
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only if = w/2. The values Re (®(ip)), Re (®(m +ip)), Re (P(7m/2 +ip)) are given
as

Re (®(ip)) = Re (®(r + ip)) = —Ep = Re (¥(ip)) = Re (¥(r + ip))
log(1 — €2) — log(t + /€2 — s2),

log(1 — €2) + log(t + /€2 — s2).

Re (®(m/2+ip)) = —&p +

)
1
2
Re (¥(n/2+ip)) = ~€p— |

Now it is easy to show that

; log(1 — €2) — log(t + /€2 — ) < 0.

From this it follows that Re (®,()) attains its minimum at § = w/2 and Re (¥,(0))
attains its minimum at = 0 or § = 7 with minimum —£p(§) > 0. We then define
the function Hg(§) by (twice of) the minimum value of Re (®,¢)(f)), namely

Hq(§) == 2Re (P ) (7/2))
= = 2p(&) + log(1 — %) — 2log (£ + /&2 — s?)
= 2¢1og (1 + /€2 — 5?) + (1 - ) log(1 - %)
—2log (t /g2 - 52) — 2% logs.
Then we see that
Re (¥,6)(#)) — Ha(€)/2 = — loa(1 — € + log (1 + V& — 2) >0,
and hence we obtain

/ e~V () g=ien(O4i0) g — o=nHa(O)/20)(c~mel€))
0

where ¢(€) is a constant depending on &. The integral with the phase function
®,(¢) is localized around the critical point 6 = 7/2 with an exponentially decaying
error term. Therefore, a method of stationary phase ([7]) tells us that

/ﬂ- e—n®p(5)(9)e—ian,(9+i/)) do
0
2 e—n‘bp(E)(Tr/Q)

- n
Ve (7/2)
_ \/27rt eanQ(g)/Q(efian('fr/2+ip(6)) + O(nil)).

Jn—e)ye -5

Since R(¢) = e®), we have obtain the formula for I,,(z) given in Lemma 13.

(e—ian(fr/2+ip(£)) + O(n—l))
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4.1.4. Asymptotics of J,,(z). We have

. 1 71 x+n ™ .
ZS( + ( ) ) / e~ 8 gin oU,,_1 (5 CcoS 9) do.
2m 0

In(x) =

From this we see J,(z) = 0 if  + n is odd. Thus, we may suppose that x + n is
even, and in this case we see

_is T ie(04ip) 04 sin(—inh(0 + ip))
In(@) ™ A ¢ sin(0 +p) sin(—ih(0 + ip))
Set
i ; in(6 + ip)
0) = iy, (0+ip) Sln( )
fo0) =e sinh(h(6 + ip))
Then we have

@ = o (

:271

/ " () fo(0) d6 — / " ) £o(0) do) :

0 0

It is easy to see that f,.)(m/2) = Set@n(7/2+(9) and hence we have obtained
Lemma 13.

We note that when & < 0, we take the different sign in the definition of p(&)
and then the main term in the asymptotics is now given by the integral whose
phase function is W, (6).

4.2. Asymptotics of C.(p7,)

Finally we analyze the coefficient of the Laurent polynomial p7,. A computation
similar to that for ¢, (p};) shows that it is zero when = +n is odd, and when x +n
is even we have

t [T .
Ca(plo) = / e 001, _1(scos6) do.

™ Jo

The same computation as before shows

t T —n T —n
Calply) = o ( / e g (0)do — / e W”gp(o)do)

0 0
where g¢,(0) is given by
eii(o‘f’ip)
sinh(h(0 + ip)).

Therefore, the same computation shows Proposition 12.

gp(0) = e~ OFiPIn

Acknowledgment

This paper has been written during a stay of the author in Fudan University in
Shanghai. He would like to thank professors Quanshui Wu, Bobo Hua and all the
other staffs in the School of Mathematical Sciences in Fudan University for their
hospitality.



278 T. Tate

References

[1] D. Aharonov, A. Ambainis, J. Kempe and U. Vazirani, Quantum Walks on Graphs,
Proc. of the 33rd Annual ACM Symposium on Theory of Computing (2001), 55-59.

[2] A. Ambainis, E. Bach, A. Nayak, A. Vishwanath and J. Watrous, One-dimensional
Quantum Walks, Proc. of the 33rd Annual ACM Symposium on Theory of Computing
(2001), 37-49.

[3] A. Ambainis, J. Kempe and A. Rivosh, Coins make quantum walks faster, Pro-
ceedings of the Sixteenth Annual ACM-SIAM Symposium on Discrete Algorithms,
1099-1108, ACM, New York, 2005.

[4] A.M. Childs, E. Farhi and S. Gutmann, An example of the difference between quan-
tum and classical random walks, Quantum Information Processing, 1 (2002), 35-43.

[5] G. Grimmett, S. Janson and P.F. Scudo, Weak limits for quantum walks, Phys. Rev.
E, 69, 026119 (2004).

[6] Lov K. Grover, Quantum mechanics helps in searching for a needle in a haystack,
Phys. Rev. Lett., vol. 78, No. 2 (1997), 325-328.

[7] L. Hérmander, “The Analysis of Linear Partial Differential Operators 1,” (Second
Edition) Springer-Verlag, 1989.

[8] J. Kempe, Quantum random walks — an introductory overview, Contemporary
Physics, vol. 44 (4), 307-327, 2003.

[9] N. Konno, A new type of limit theorems for the one-dimensional quantum random
walk, J. Math. Soc. Japan, vol. 57 (2005), 1179-1195.

[10] N. Konno, Limit theorem for continuous-time quantum walk on the line, Phys. Rev.
E, 72 (2005), 026113.

[11] N. Konno, Quantum walks, Quantum potential theory, 309452, Lecture Note in
Math., 1954, Springer, Berlin, 2008.

[12] A. Nayak and A. Vishwanath, Quantum walk on the line, preprint (arXiv: quant-
ph/0010117).

[13] T. Sunada and T. Tata, Asymptotic behavior of quantum walks on the line, J. Funct.
Anal. 262 (2012), 2608-2645.

[14] G. Szegd, “Orthogonal Polynomials” (Fourth ed.), American Mathematical Society,
Colloquium Publications. vol. 23, Amer. Math. Soc., Province, R.I., 1975.

[15] T. Tate, An algebraic structure for one-dimensional quantum walks and a new proof
of the weak limit theorem, Infinite-Dimensional Analysis, Quantum Probability and
Related Topics, vol. 16, No. 2 (2013), 1350018 (12 pages).

Tatsuya Tate

Mathematical Institute, Graduate School of Sciences
Tohoku University

Aoba, Sendai 980-8578, Japan

e-mail: tate@math.tohoku.ac. jp


mailto:tate@math.tohoku.ac.jp

Part IV

Algebraic Structures



Geometric Methods in Physics. XXXIV Workshop 2015

Trends in Mathematics, 281-293
(© 2016 Springer International Publishing

Center-symmetric Algebras and Bialgebras:
Relevant Properties and Consequences

Mahouton Norbert Hounkonnou and Mafoya Landry Dassoundo

Abstract. Lie admissible algebra structures, called center-symmetric algebras,
are defined. Their main properties and algebraic consequences are derived and
discussed. Bimodules are given and used to build a center-symmetric algebra
on the direct sum of the underlying vector space and a finite-dimensional vec-
tor space. Then, the matched pair of center-symmetric algebras is established
and related to the matched pair of sub-adjacent Lie algebras. Besides, Manin
triples of center-symmetric algebras are defined and linked with their associ-
ated matched pairs. Further, center-symmetric bialgebras of center-symmetric
algebras are investigated and discussed. Finally, a theorem yielding the equiv-
alence between Manin triples of center-symmetric algebras, matched pairs of
Lie algebras and center-symmetric bialgebras is provided.
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1. Introduction

Consider an algebra (A, ), i.e., a K vector space A endowed with a binary oper-
ation or law (bilinear homomorphism) p defined as:

prAxA— A
(z,y) — p(z,y).

Define the associator of the binary product by a trilinear homomorphism on A as
follows [4]:

ass, tAXAXxA— A
(‘Ta Y, Z) — ,LL(,LL(IL', y)7 Z) - ‘LL(IL', ,Ll(y, Z))
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Let o € 33 (here 3, is the symmetric group of degree n (n € N)), acting on the
associator as:

o(x1,22,23) = (To-1(1); To—1(2)s To-1(3)) -
Definition 1 ([9]). The algebra A = (A, i) is called Lie admissible if the commu-
tator of p, denoted by [,],, defines on A a Lie algebra structure, i.e., [z,y], =

p(x,y) — p(y,x) (bilinear and skew-symmetric) and [[z,y],, 2], + [[2, @] u, ylu +
lly, 2], z] = 0 (Jacobi identity).

Definition 2 ([4]). The algebra (A, ) is called Lie-admissible if and only if p

satisfies:
Z (—1)") ass, oo =0, (1)

ogEXg
where ¢ is the signature of o.

Definition 3 ([8]). Let G be a subgroup of 33. We say that the algebra law is

G-associative if
Z (—1)°) ass, oo = 0. (2)
ceG

The subgroups of X3 are well known. We have: G; = {id}, Go = {id, 712},
Gz = {id, 723}, G4 = {id, 113}, G5 = {As} (the alternating group) and Gg = Xs.
Here 7;; is the transposition between i and j, i.e., explicitly:

(1 2 3 (1 2 3 (12 03y L (t 23
M2=19 1 3)™M=\3 2 1))™=\1 3 2/ %=1 2 3)°

We deduce the following types of Lie admissible algebras:

1. If p is Gi-associative, then p is an associative law.

2. If p is Ge-associative, then p is a law of a Vinberg algebra [12]. If A is finite-
dimensional, then the associated Lie admissible algebra is provided with an
affine structure.

3. If u is Gg-associative, then p is a law of a pre-Lie algebra (also called left-
symmetric algebra).

4. If pu is Gy-associative, then u satisfies

(zy)z — x(y2) = (2y)z — 2(yx),  Vo,y,2 € A. (3)
We called the corresponding algebra center-symmetric algebra.
5. If p is Gs-associative, then u satisfies the generalized Jacobi condition, i.e.,
(zy)z + (y2)z + (22)y = x(yz) + y(22) + 2(2y). (4)
Moreover, if the law is antisymmetric, then it is a law of a Lie algebra.
6. If v is Gg-associative, then p is a Lie admissible law.

This work aims at studying Gg-associative structures, called center-symmetric
algebras. Their algebraic properties are investigated. Related bimodule and
matched pairs are given. The associated Manin triples look like the Manin triples
of Lie algebras [2]. Besides, from the symmetry role of matched pairs, equivalent
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relations are established in the framework of center-symmetric bialgebras making
some bridges with the Lie-bialgebra construction by Drinfeld [3].

Throughout this work, we consider A, a finite-dimensional vector space over
the field K of characteristic zero (0) together with a bilinear product - defined as
tAXxA— Asuchthat (z, y)— 2z - y.

2. Basic properties: main definitions and algebraic consequences

In this section, we give the definition of a center-symmetric algebra, provide
their basic properties and deduce relevant algebraic consequences, similarly to
the known framework of left-symmetric algebras [1].

Definition 4. (A,-), (or simply A), is said to be a center-symmetric algebra if
Va,y,z € A, the associator of the bilinear product -, defined by ( z, y, z ) :=
(z-y)-z—x- (y-z),is symmetric in z and z, i.e.,

(2,9, 2)=(2y, z) (5)

To simplify the notation, we will denote x - y by zy if there is no danger of
confusion.

Remark 5. Any associative algebra is a center-symmetric algebra.

Proposition 6. The bilinear product (commutator) [-,-]: Ax A — A,
(x,y) — [z,y] = -y —y-x gives a Lie bracket structure on A, known as the
sub-adjacent Lie algebra G(A) := (A, [-,]) of (A,-).

Proof. By definition of the commutator, [-, -] is bilinear and skew symmetric. The
Jacoby identity comes from a straightforward computation. O

Thus, as in the case of left-symmetric algebras, (A, -) can be called the com-
patible center-symmetric algebra structure of the Lie algebra G(A).

Considering the representations of the left L and right R multiplication op-
erations:

L:A— gl(A)
A — A (6)
rx+— L, :
— x-y,
R: A— gl(A)
v R — A (7)
_— Y-,

we infer the adjoint representation ad := L — R of the sub-adjacent Lie algebra
G(A) of a center-symmetric algebra A as follows:
ad: A — gl(A)
A — A (8)
xr+— adg :
y — [z,
such that V z,y € A,ad,(y) := (L. — R.)(y).
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Proposition 7. Let (A,-) be a center-symmetric algebra, and L, (resp. R), be the
linear representation of the left, (resp. right), multiplication operator. Then,
1. Forallz,y € A we have: [Ly, Ry] = [Ly, Ry] and Ly.y,—L,L, = RyRy,— Ry ;.
2. ad = L — R is a linear representation of the sub-adjacent Lie algebra G(A)
of (A,-), i.e., adp,) = |ads,ady], Vz,y € A

Proof. Tt is immediate from the definitions of considered operators. O

3. Bimodules and matched pairs

Definition 8. Let A be a center-symmetric algebra, V' be a vector space. Suppose
I,r: A— gl(V) be two linear maps satisfying: For all z,y € A,

[, ry] = [ly, 7a] (9)

loy = laly = 1ory — Ty (10)

Then, (I,7,V) (or simply (I,7)) is called bimodule of the center-symmetric alge-
bra A.

In this case, the following statement can be proved by a direct computation.

Proposition 9. Let (A,-) be a center-symmetric algebra and V be a vector space
over K. Consider two linear maps, l,r: A — gl(V'). Then, (I,r,V) is a bimodule of
A if and only if, the semi-direct sum A®V of vector spaces is turned into a center-
symmetric algebra by defining the multiplication in A®V by (x1+v1)*(xa+v2) =
x1 - X2 + (lp,v2 + ryy1), Va1, 22 € A, v1,v2 € V. We denote it by A, V or
simply A x V.
Furthermore, we derive the next result.

Proposition 10. Let A be a center-symmetric algebra and V' be a vector space over
K. Consider two linear maps, l,r : A — gl(V'), such that (I,7,V) is a bimodule of

A. Then, the map: l —r: A — gl(V) © — I, — ry, is a linear representation of
the sub-adjacent Lie algebra of A.

Example. According to Proposition 7, one can deduce that (L, R, A) is a bimodule
of the center-symmetric algebra A, where L and R are the left and right multipli-
cation operator representations, respectively.

Definition 11 ([6]). Let G and H be two Lie algebras and let p: H — gl(G) and p :
G — gl(H) be two Lie algebra representations satisfying: For all z,y € G,a,b € H,
p(x) [a,b] = [p(x)a, b] — la, p(x)b] + p(p(a)x)b — p(u(b)z)a =0,  (11)

p(a) [z, y] = [pla)z, y] = [z, pla)y] + plp(x)a)y — w(p(y)a)z = 0. (12)

Then, (G, H, p, 1) is called a matched pair of the Lie algebras G and #, denoted by

H MZ G. In this case, (GBH, *) defines a Lie algebra with respect to the product *
satisfying:

(x+a)* (y+0) = [z,y] + pla)y — ud)z + [a,b] + p(x)b — p(y)a.
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Theorem 12. Let (A,-) and (B,0) be two center-symmetric algebras. Suppose that
(la,74,B) and (Ig,rB, A) are bimodules of A and B, respectively, obeying the re-
lations:

—ra(x)(aob)+ra(lgd)z)a+ ao (ra(z)b) +la(rr(b)x)a

+ (la(z)b) 0 a — la(x)(boa) =0, (13)
—rg(a)(z - y) +rzs(lA(y)a)l‘+w-(Tzs(a)y)+ls(u(y) )z
+ (Is(a)y) -z — Ig(a)(y - z) = (14)
o (la(z)b) + (ra(z)b)oa— (ra(x)a) ob—Ila(lp(a)x)b+ra(rg(d)x)a

+ila(lp®)z)a —bo (lg(x)a) —ra(rp(a)z)b =0, (15)

(
z-(Is(a)y) + (rs(a)y) -« — (rs(a)z) -y — Is(la(z)a)y + r5(raly)a)e
+1s(lay)a)z —y - (s(a)r) —rp(ra(z)a)y =0, (16)

for any x,y € A and a,b € B. Then, there is a center-symmetric algebra structure
on A®B given by: (x+a)*(y+b) = (z-y+is(a)y+re(b)z)+(acb+ia(x)b+r4s(y)a).
We denote this center-symmetric algebra by A l><1§5 7;‘ B, or simply by A > B.

Then (A, B,la,7r4,l,78) satisfying the above conditions is called matched pair of
the center-symmetric algebras A and B.

Proof. Consider z,y € A and a,b € B. We have:
(@ +a)*(y+0b) = (zy +is(a)y +ra(b)x) + (a0 b+ la(x)b+ray)a),

and the associator takes the form:
(x+a,y+bz+c)=(x,y,2)+ (a,b,c) + {rgle)(x-y) + la(x - y)ec
— - (r(c)y) — La(@)(la(y)e) — ra(laly)c)
+ {rs(c)
+ (la(z)
+ 18(La(2)b)z + ra(z)(La(z)b) — - (I5(D)
—ra(ra(z)b)r —la(z)(ra(z ) )} +{(s(a)y) - 2
+ls(ra(y)a)z +ra(z)(raly)a) —ls(a)(y -
—raly - z)ay +{rs(c)(is(a)y) + ( A(y)a) o
+ La(ls(a)y)e — Is(a)(rs(c)y) —ao (La(y)c)
- TA(TB(C)Z/)G} +{islacb)z+r ( )(aob)
I(a)(I(b)z) — ao (ra(z)b) —ra(ls(b)z)a},
which can also be re-expressed as:
(x+a,y+b,z+c)=(x,y,2)+ (x,y,¢) + (x,b,2) + (x,b,¢)
+ (a,y,2) + (a,y,¢) + (a, b, 2) + (a,b,¢).  (17)

8

(c }
(re(b)x) + la(rg(b)x)c —rp(bo c)x
b)ocflA( )(bOC)}+{(TB(b):E)

~—
—
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Similarly,
(z+c,y+c,z+a) = (z,y,z)+(z,y,a)+(z,b,x)+(z,b,a)
+ (c,y,2) + (¢,b,a) + (¢,y,a) + (¢, b,2).  (18)

Using the fact that (I4,7.4) is a bimodule of A and (Ig,rz) is a bimodule of B,
one arrives at the following result:

(x+a,y+bz+c)=(z+cy+bz+a) <=

la,ra,B), (5,75, A)
are bimodules of

A and B, respectively,

=4 (z,y,0) = (cy,x) (14)
(2,b,2) = (z,b,2) (16
(x,b,¢) = (c,b,x) (13)
(a,y,¢) = (¢,y,a).(15) .
This last relation ends the proof. O

Moreover, every center-symmetric algebra which is a direct sum of the un-
derlying spaces of two center-symmetric sub-algebras can be obtained in the above
way.

Corollary 13. Let (A, B,la,74,l5,78) be a matched pair of center-symmetric al-
gebras. Then, (G(A),G(B),la —ra,lg —1rg) is a matched pair of sub-adjacent Lie
algebras G(A) and G(B).

Proof. By using Proposition 10, the bimodules (I 4,74, B) and (I, 75, .A), we have:
ady := lq — r4 and adp := Iz — rg are the linear representations of the sub-
adjacent Lie algebras G(A) and G(B) of the center-symmetric algebras A and B,
respectively. Then, the statement that G(A) MZS‘;‘ G(B) is a matched pair of the Lie
algebras G(A) and G(B) follows from Theorem 12. Hence, ( G(A), G(B), ad 4, adg)
is a matched pair of sub-adjacent Lie algebras G(A) and G(B). O

Definition 14. Let (I,r, V) be a bimodule of a center-symmetric algebra A, where
V' is a finite-dimensional vector space. The dual maps [*, r* of the linear maps [, r,
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are defined, respectively, as: I*,7* : A — gl(V*) such that:
r:A— gl(V")
V*

— (19)
xr— U, R P V — K
Y sy e (lru*,v) == (u*, lv),
r e A— gl(V")
e N SR e . V. — K
ut — riu
z v ({riu* ) = (ut, ),

forallz € A,u* € V*veV.

Proposition 15. Let A be a center-symmetric algebra and l,r : A — gl(V') be two
linear maps, where V is a finite-dimensional vector space. The following conditions
are equivalent:

1. (I,r, V) is a bimodule of A.

2. (r*,1*,V*) is a bimodule of A.

Proof. Tt stems from Definition 14. O

Theorem 16. Let (A, -) be a center-symmetric algebra. Suppose that there exists a

[

center-symmetric algebra structure “o” on its dual space A*. Then,
(A, A", RY, L, R}, L3)
is a matched pair of center-symmetric algebras A and A* if and only if
(G(A),G(A"), —ad’, —ad; )
is a matched pair of Lie algebras G(A) and G(A*).

Proof. By considering Theorem 12, setting |4 := R, rq := L*,lg := R%, rg := L},
and exploiting Definition 11 with G := G(A),H = G(A*), p := R* — L*,u :=
R! — L}, and the relations (19) and (20), we get the equivalences. O

Proposition 17. Let G be a Lie algebra. Suppose p: G — gl(V') and p: G — gl(W)
be two linear representations of G, where V. and W are two vector spaces. Then,
the linear map p@1+1®@pu: G — gV W) given by (p@1+ 1 p)(v,w) :=
plx)v @ w+v @ p(x)v is also a representation of G.

Proof. Tt comes from a straightforward computation. O

Theorem 18. Let A be a center-symmetric algebra with the product given by the
linear map B* : AQA — A. Suppose there is a center-symmetric algebra structure
“” on the dual space A* provided by a linear map o* : A* @ A* — A*. Then,
(G(A),G(A*), —ad’, —ad}) is a matched pair of Lie algebras G(A) and G(A*)
if and only if « : A — A® A is a l-cocycle of G(A) associated to (—ad.) ®
1+1®(—ad) and B : A* - A" ®@ A* is a 1-cocycle of G(A*) associated to
(—ado) ®1+1® (—ad,).
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Proof. Let {e1,ez, - ,en} be a basis of A and {ef, e}, -+ ,ef} its dual basis.
n n

Consider e; -e; = E cfjek and e oej = E fi’;-ez, where cfj, fij € K are structure
k=1 k=1

constants associated to - and o, respectively. Then, it follows that

n
k
= Z fijei ®ej, Z c”el ®e

i,j=1 1,j=1
and
alleiei]) = DY Al =)l em®en, (21)
m,l=1k=1
Blleres) = > Y AUl — kit e e, (22)
m,l=1k=1
and we get:

{(—ad)(e:)) @1 +1® (—ad.)(ei) }ale;)
—{(~ad)(e;) ® 1+ 1® (—ad.)(e;) ale;)
= 30N { - e — ey + filen — )
m,l=1k=1

- sz(cék - Cém‘) + f:nk(cz'k - Cécj)}em X ey.

Taking into account the fact that « is a 1-cocycle of G(A) associated to (—ad.) ®
1+ 1® (—ad.), and using the relations (21) and (23) yield:

> (el = i) (24)

k=1

n

j il ! ! !
Z fkl CZ;) f}gl(%_cz)""f;qk(cjk_ckg) an( ik Cki)}'
k=1

Besides, we obtain:
{(—ado)(e) ® 1+ 1@ (—ado)(e7) }5(ej)
—{(—ado)(e]) ® 1 +1® (—ado)(e})}Ble])
Z Z ckl — fri) + Ckz( = Iry) (25)

m,l=1k=1

= ik = i) + r (i — fig)Hem @ ef).
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As f is the 1-cocycle issued from (—ad,) ® 14+ 1® (— ad,) and using the relations
(22) and (25), we obtain:

n

Dl = Fem (26)
k=1
7Z{ckl fkj : ( sz)+cmk( fk_]) ’mk( fkl)}

Now, let us find the relations associated to equations (11), (12) of the matched
pair of Lie algebras G(A) and G(A*). We have Vi, j, k

(- ad" e o) = - <2<c4k a>ek,ek>

k=1
providing
(—ad’)(er)e; = = Y (¢l — cli)ei- (27)
k=1
Similarly,
(—add)(e))e; = = Y _(fh — flens (28)
k=1
(_ adZ)( 7n)[el’e]] = Z(cfj C )( ad; )( 7n) €k
k=1 n n
—ZZ(CZ _cz)( flm)
=1 k=1
Then,

== D (el = ) = fhn)er — ads(ad (e:)er, )e;

T e adi(el)es) + adi(ad (e;)el,) — [ad3(el)er 5]
0o (29)
= Z {—(cik — Ckz)(fkl flk) f k(c ik Cgm)
=1 k=1 , ,
+ fém(cik - Cii)(cﬂ - C%)(fil — fh) = (k= fhm) (CkJ )}el

Using the fact that (G(A),G(A*),ad’, ad}) is a bimodule of Lie algebras, we have

Z(CZ - C;Cz)( j%z - fl]fn)

o . 30
=S A ) — Pl — )+ (e — ey )

+ (cfk ij)(fkl fllk)""(f'rlnk_flim)(cé'k_cgcj)a
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that is,

Z( l 7nl + Z ckl fk:l (clk Cgm) J
( 3’12 ij)fkl (c lk Cgcj)f’rink
= Z(C fzm + Z — ) f + (e = ki) fi,
k=1
- (C;rfc - ij)flk - (Cg'k - cécj)flzclm'
Replacing [ (resp. m) by m (resp. [) in the right-hand side of the equality leads to:
l l J
Z 7i) = Z { — fkl (cik = i) Fomi
k=1 (31)
+ (¢ — s ) fru + (Cé Ckg k)
which is identical to equation (24). Besides,
(—ad’)(em)le;], e;]

- ZZ {(fl; = £3)(emi = ci) } e — ad” (ad3 (e])em )e;

=1 k=1

— [eﬂ-K ad* (€m)€ﬂ + ad* (ad: (e;)em)e:q - [ad*( )61 ’ ej] (32)
= Z{ = (el — ) = A (Fle = 1)

=1 k=1

+ cljcm sz) ( i fm)(dd - C%k) - (Cfnk ck:m (fkj }@l

Then, with G(A) >_ Zj G(A*) and the relation (32), we obtain

n
E z 7nl cl?n)

k=1
= Z — fii)( Ckl — ) — Cfnk(filk — fii)

+ G (e = fha) + (7 = S (Cha = i) + (i = S (e = Fig)s

ie.,
Z 7i) +Z w(fi = 1) + e (k= i)
k= k=1 .
_ka( ik _fki) — Cpi( jlk _fllcj)
( Clm+zc’l]k e— i)+ e (fie = 1)
76‘]1771( fk:z) Ckm( fk:j)

—

I
Mz

b
Il
—
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Replacing [, (resp. m), by m,(resp. 1), in the right-hand side of the equality leads to

> UG = Fidem = D = culfik = Fid) + el fi = i)
k=1 k=1 (33)
— (e = fla) + Cznk(fllcj - jl'k)a
which is identical to equation (26). O

4. Manin triples and center-symmetric bialgebras

In this section, similarly to the notion of a Manin triple of Lie algebras introduced
in [2], we first give the definition of a Manin triple of a center-symmetric alge-
bra and investigate its associated bialgebra structure. Then, we provide the basic
definition and properties of center-symmetric bialgebras.

Definition 19. A Manin triple of center-symmetric algebras is a triple (A, A™, A7)
together with a non degenerate symmetric bilinear form % ( ; ) on A which is
invariant, i.e., Vz,y,z € A, B(x xy, z) = B(z,y * z), satisfying:

1. A= A" @ A~ as K-vector space;

2. At and A~ are center-symmetric subalgebras of A;

3. AT and A~ are isotropic with respect to B(;).

Two Manin triples (A;, AT, A7, B1) and (As, AT, A5, B5) of center-symme-
tric algebras .A; and As are homomorphic (isomorphic) if there is a homomorphism
(isomorphism) ¢ : A; — As such that: o(AT) C AS, (A7) C Ay, Bi(x,y) =
©*Ba(p(), p(y)) = Ba(e(z), p(y)). In particular, if (A,-) is a center-symmetric
algebra, and if there exists a center-symmetric algebra structure on its dual space
A* denoted (A*,0), then there is a center-symmetric algebra structure on the
direct sum of the underlying vector spaces of A and A* (see Theorem 12 ) such that
(A®A*, A, A*) is the associated Manin triple with the invariant bilinear symmetric
form given by Ba(x + ™,y +b*) =< 2,0 >+ < y,a* >, Vz,y € A;a",b" € A",
called the standard Manin triple of the center-symmetric algebra A.

Theorem 20. Let (A,-) and (A*,0) be two center-symmetric algebras. Then, the
siz-tuple (A, A*, R*, L*; R%, L%) is a matched pair of center-symmetric algebras A
and A* if and only if (A® A*, A, A*) is their standard Manin triple.

Proof. By counsidering that (A, A*, R*, L*; R%, L%) is a matched pair of center-
symmetric algebras, it follows that the bilinear product * defined in Theorem 12
is center-symmetric on the direct sum of the underlying vectors spaces, A & A*.
Computing and comparing the relations, we get:

Ba((z+a)*(y+D),(z4+¢) =Ba((z+a),(y+b)*(z2+c)) Vz,y,z € A,

a,b,c € A*, which expresses the invariance of the standard bilinear form on A®.A*.
Therefore, (A ® A*, A, A*) is the standard Manin triple of the center-symmetric
algebras A and A*. O
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Definition 21. Let A be a vector space. A center-symmetric bialgebra structure
on A is a pair of linear maps (o, ) such that a: A - AR A, f: A* - A* @ A*
satisfying:

1. o : A* ® A* — A* is a center-symmetric algebra structure on A*,
2. B A® A — A is a center-symmetric algebra structure on A,

3. ais a l-cocycle of G(A) associated to (—ad.)® 1+ 1® (—ad.),

4. B is 1-cocycle of G(A*) associated to (—ads) ® 1 + 1 ® (— ads).

We also denote this center-symmetric bialgebra by (A, A*, a, 8) or simply (A, A*).

Proposition 22. Let (A,-) be a center-symmetric algebra and (A*,0) be a center-
symmetric algebra structure on its dual space A*. Then the following conditions
are equivalent:

1. (A A", A, A*) is the standard Manin triple of considered center-symmetric
algebras;

(G(A),G(A*), —ad’, — ad}) is a matched pair of sub-adjacent Lie algebras;

. (A, A*, R*, L*, R%, LY) is a matched pair of center-symmetric algebras;

4. (A, A*) is a center-symmetric bialgebra.

2o 1

Proof. From Theorem 16, (2) <= (3), while from Theorem 18, (2) < (4).
Theorem 20 shows that (1) <= (3). O

5. Concluding remarks

In this work, we have defined Lie admissible algebra structures, called center-
symmetric algebras for which the main properties and algebraic consequences
have been derived and discussed. Bimodules have been given and used to build
a center-symmetric algebra on the direct sum of a center-symmetric algebra and
a vector space. Then, we have established the matched pairs of center-symmetric
algebras, which have been related to the matched pairs of sub-adjacent Lie alge-
bras. Besides, we have defined the Manin triples of center-symmetric algebras and
linked it with their associated matched pairs. Further, we have investigated and
discussed center-symmetric bialgebras of center-symmetric algebras. Finally, we
have provided a theorem yielding the equivalence between Manin triples of center-
symmetric algebras, matched pairs of Lie algebras and center-symmetric algebras,
and center-symmetric bialgebra.
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N-point Virasoro Algebras Considered
as Krichever—Novikov Type Algebras

Martin Schlichenmaier

Abstract. We explain how the recently again discussed N-point Witt, Vi-
rasoro, and affine Lie algebras are genus zero examples of the multi-point
versions of Krichever—-Novikov type algebras as introduced and studied by
Schlichenmaier. Using this more general point of view, useful structural in-
sights and an easier access to calculations can be obtained. As example, ex-
plicit expressions for the three-point situation are given.
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1. Introduction

In the context of genus zero conformal field theory (CFT) the Witt algebra and
its universal central extension, the Virasoro algebra, play an important role by
encoding conformal symmetry [1]. Krichever—Novikov algebras are higher genus
and multi-point analogs of them. For higher genus, but still only for two points
where poles are allowed, some of the algebras were generalized in 1986 by Krichever
and Novikov [18-20]. In 1990 the author [22, 24, 25] extended this approach fur-
ther to the general multi-point case. These extensions were not straightforward
generalizations. The crucial point was to introduce a replacement of the graded
algebra structure present in the “classical” case. Krichever and Novikov found
that an almost-grading, see Definition 1, will be enough to allow constructions
in representation theory, like triangular decompositions, highest weight modules,
Verma modules and many more things. In [24, 25] it was realized that a splitting
of the set of points A where poles are allowed into two disjoint non-empty subsets

Partial support by the OPEN scheme of the Fonds National de la Recherche (FNR) with the
project QUANTMOD 013/5707106 is acknowledged.
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A = T UO is crucial for introducing an almost-grading. For every such split-
ting the corresponding almost-grading was given. Essentially different splittings
(not just corresponding to interchanging I and O) will yield essentially different
almost-gradings. For the general theory (including the classical case) see the recent
monograph [31].

The genus zero but more than two point case was also addressed by Bremner
[3-5]. Recently, there was again a revived interest in the genus zero, multi-point
situation. See, e.g., work by Cox, Jurisisch, Martins, and collaborators [6-9, 15]. In
particular, this interest comes from representation theory and its interpretation in
the context of quantization of (conformal) field theory. In some of these articles the
vector field algebras were called N-Virasoro algebras, affine algebras N-point affine
algebras, etc. Here we like to stress the fact, that these algebras are also examples
of genus zero Krichever—Novikov (KN) type algebras in their multi-point version
as introduced by the current author.

In a recent manuscript [32] I showed this in detail. Furthermore, I give a
common treatment of all these kinds of algebras. Taking this interpretation se-
riously, gives a better understanding of the situation and an easier approach to
calculations. Furthermore, it explains certain properties remarked by the authors
of [7, 9, 15].

In this write-up of a talk presented at the Bialowieza meeting in 2015, I will
report on the results obtained in [32] and add some additional comments. For
all proofs and calculations I refer to [32]. For general background information on
Krichever—Novikov type algebras see [31], or the review [30].

Here we will recall the geometric setup for KN type algebras, introduce the
algebras including their almost-grading and triangular decomposition. Then we
determine “all” their central extensions.

The outcome will be that all cocycle classes for the vector field algebra and
the differential operator algebras are geometric and that their universal central
extensions can be explicitly given. The same is done for the current algebra. In
this way multi-point affine algebras are obtained. The Heisenberg algebra will
be obtained from the function algebra by cocycles which are multiplicative or
equivalently L-invariant, see the definitions below. The presentation allows an easy
access to calculations of structure constants and cocycle values for these algebras.
As an illustration we give explicit results for the three point genus zero situation.

2. Classical algebras

In purely algebraic terms the Virasoro algebra V can be defined in terms of gener-
ators {e,(n € Z),t} and (Lie algebra) relations !

[en? 67”] = (m - n)en-‘r?n + (n3 - n)&;?n -1, [ta en] =0. (1)

1
12
The element ¢ is called the central element.

L§m is the Kronecker delta, which is 1 if n = m, otherwise 0.
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Without term coming with the central element the algebra is called the Witt
algebra VWW. With respect to W, the algebra V is its universal central extension.

There are other algebras which are relatives of the Virasoro algebra. We only
recall the definition of the affine algebras [16, 21]. Let g be a finite-dimensional
simple Lie algebra, and 3 the Cartan—Killing form. For g := g ® C[z, 27!] we take
the Lie algebra structure

[r®2"y®:2"] = [r,y @2"T, x,y€g, n,mecLZ (2)
Now we set g = C ® g as vector space, denote by TRz = 0,z ® z™) and

t:=(1,0), and take as Lie structure on g
£ @2,y @ 2™ = [z,y] @ 2 — Bla,y) ndy" o, [tg] =0. (3)

Indeed, this is a Lie algebra g. It is called the affine Lie algebra associated to g.
Without central term, the algebra is called current or loop algebra.

We remark that all these Lie algebras are infinite-dimensional graded Lie
algebras. The grading is given by defining

deg(e,) =n, deg(zx®z")=n, deg(t)=0. (4)

3. Geometric set-up

Even if the results which we present here are dealing with genus zero, for a deeper
understanding of the structure it will be helpful to consider Riemann surfaces of
arbitrary genus. Hence, let X, be a compact Riemann surface of genus g = g(X,)
and A be a finite set of points of ¥, (also called marked points). Let furthermore
A be decomposed into A = TUO, I = {Py,...,Pxg} (in-points) and O =
{Q1,...,Qn} (out-points), both non-empty and disjoint. All points should be
pairwise distinct.

For the case of genus zero with A = {Py, P5,..., Px}, by a fractional linear
transformation (i.e., a complex automorphism of the Riemann sphere), the point
Py can be brought to co. We obtain

P=a;, a€C,i=1,...,N—1, Py = o0, (5)
with the local coordinates z—a;, i =1,..., N —1, w = 1/z, at the marked points.
The classical situation is given by

Yo = 5%, I={0}, O={c0}. (6)
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4. Geometric realizations of the Krichever—-Novikov type algebras

Let K be the canonical line bundle, i.e., the line bundle over ¥ whose local sections
are the local holomorphic differentials. We consider the tensor power

KA = K®A for A € Z. (7)

Its sections are the forms of weight A. For example, for A = —1 we obtain the local
holomorphic vector fields and A = 0 yields the functions. After fixing a square root
L of K (also called theta characteristics, or spin structure) we can even consider
half-integer A powers. For higher genus g we have a finite number of choices. But for
g = 0 there is only one square-root, the tautological bundle U. In this presentation
we ignore the half-forms (e.g., the supercase).

Next we set

FA:= FMA) := {f is a global meromorphic section of K* |
such that f is holomorphic over ¥\ A}. (8)

These are infinite-dimensional vector spaces, their elements are called meromorphic
forms of weight A. We sum over all A € Z (respectively € 1/27)

.7:::@]:)‘. 9)

AEZ
An associative structure
CFAN X FY s FATY (10)
is defined in terms of local representing meromorphic functions
(sdz? tdz") — sdz® - tdz” = s -t d™. (11)

This turns F to an associative and commutative graded algebra. Note that A := F
is a subalgebra and that the F* are modules over A.
Next we define a Lie algebra structure

FAXFV — PR (s,1) e [s, 1], (12)
in local representatives of the sections as
dt d
(sdz* tdz") v [sdz? td2"] = [ (=\)s | +wvt N dz v (13)
dz dz
The space F with [.,.] is a Lie algebra and with respect to - and [., .] it is a Poisson

algebra. Obviously, £ := F~! is a Lie subalgebra (the algebra of vector fields),
and the F*s are Lie modules over L.

The subspace FC @ F~! = A® L =: D' is also a Lie subalgebra of F. It is
the Lie algebra of differential operators of degree < 1.

Finally, we define the (generalized) current algebra as follows. We fix an
arbitrary finite-dimensional complex Lie algebra g. The generalized current algebra
is defined as g = g ®c A with the Lie product

z® fiy®gl=[z,y|® f-g, r,ycg, fgeA (14)
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All the above algebras consist of meromorphic objects defined over compact
Riemann surfaces. We call them Krichever—Novikov (KN) type algebras. The clas-
sical algebras of Section 2 are obtained for the classical geometric situation (6).

5. Almost-graded structure

In the classical situation the introduced algebras are graded algebras. In the higher
genus case and even in the genus zero case with more than two points where poles
are allowed there is no non-trivial grading anymore. As realized by Krichever and
Novikov [18] there is a weaker concept, an almost-grading, which to a large extent
is a valuable replacement of a honest grading. As shown in [24] such an almost-
grading is induced by a splitting of the set A into two non-empty and disjoint sets
I and O.

Definition 1. Let £ be a Lie or an associative algebra such that
L= @nezln (15)

is a vector space direct sum, then £ is called an almost-graded (Lie-) algebra if

(i) dim £,, < o0,

(ii) There exist constants L1, Lo € Z such that

n+m-+La
Lo LmC B Ln, nmel
h=n+m-—1L;

The elements in £,, are called homogeneous elements of degree n, and L,, is called
homogeneous subspace of degree n.

In a similar manner almost-graded modules over almost-graded algebras are
defined. In [24], see also [31], an almost-grading for F* is introduced by exhibiting
certain elements f,?_’p € F» p =1,...,K which constitute a basis of a subspace
F; of homogeneous elements of degree n.

For the current presentation the details are not of importance. We only note

that the basis element f;l\_’p of degree n fulfills
ordp,(fp,)=n+1-X) =06 Pel i=1,. K, (16)

and that there are certain prescriptions at the points in O such that the element
'r)L\,p is essentially unique. In the next section we will give the elements for genus

zero explicitly.
But here a warning is in order: The decomposition (and hence the almost-

grading) depends on the splitting of A into I U O.
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6. Genus zero — standard splitting
Now we return to the genus zero case. We take the standard splitting:
I:{Pl,PQ,...,PN_l}, O:{OO}, (17)

and have K = N — 1. It is enough to construct a basis {A,,} of A, as then
F) = A,_xdz*, with f'r)L\,p = A, pdz*. We set for n € Z

K
App(z) = (z—ap)"- H(z —a)" ™ alp)"tt, p=1,...,K. (18)
&
Here a(p) is a normalization factor such that in the local coordinate (z — ap)
Anp(2) = (2 = ap)"(1+ O(z — ap)) . (19)

The order at co is automatically fixed as —(Kn + K —1). For the vector fields we

take
1 d

enp = frp= A"+1’pd2’ p=1,....K. (20)
The above algebras are almost-graded algebras. In fact,
FP=@7F, with dmF) =K, (21)
meZ

and there exist Ry, Ry (independent of n and m) such that

n+m-+Ry n+m+Rs
-An : A?n g @ Ah ) [£n7£7n] g @ ﬂh . (22)
h=n+m h=n+m

For genus zero and the standard splitting we have

0, N=2 0, N=2
Ry =37 7 Ry=<1, N =3, (23)
1, N>2,
2, N>3.

An important consequence of the almost-grading (not only in genus zero) is the
existence of a triangular decomposition U = U_) © Ujq) © U4 with

m=0
Z/{H_] = @Z/{m, U[O] = @ Z/{m, U[_] = @ Um. (24)
m>0 m=—R; m<—R;

Here U[y) and U|_; are subalgebras, whereas U[g) is only a subspace. Such a trian-
gular decomposition is of relevance for the construction of highest weight repre-
sentation.

Another basis. Our algebra A can also be given as the algebra
A=C[(z—a1),(z—a1) ' (z—a2)™ ..., (2 —an_1)"], (25)
with the obvious relations. If we set A% := (z —a;)", then

A neZ i=1,...,N—-1 (26)
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is a generating set of A. A basis is given, e.g., by
AV nez, AY neN,i=2,...,N—1. (27)

—n’
But this basis does not define an almost-graded structure.

7. Central extensions

Next we want to introduce central extensions of our algebras. The following is also
valid in arbitrary genus.

Let C; be positively oriented (deformed) circles on the Riemann surface X,
around the points P; in I, ¢ =1,..., K, and C} positively oriented circles around
the points Q; in O, j =1,...,M. A cycle Cs on ¥, is called a separating cycle if
it is smooth, positively oriented of multiplicity one and if it separates the in-points
from the out-points.

In the following we will integrate over closed curves C' meromorphic differ-
entials on ¥, without poles in X, \ A. In this context integration over C' and C’
gives the same value if [C] = [C'] in Hq (X, \ 4,Z). Moreover,

K M
(Cs]=>_[Ci]==>_[C;). (28)
i=1 j=1
Given such a separating cycle Cs (respectively cycle class) we define the linear
form

F' =, w 1./ w. (29)
27 Jeog

This integration corresponds to calculating residues

K M
1
W /Csw = ;resa(w) = —ZresQl(w). (30)

=1

AA central extension of a Lie algebra U is defined on the vector space direct
sumU =Ca U (& :=(0,z), t := (1,0))

(@3] = [l + @, y) - £, [10]=0, wyel, (31)

with a bilinear form ® on /. Recall that U will be a Lie algebra, if and only if ®

is antisymmetric and fulfills the Lie algebra 2-cocycle condition for all x,y, z € U

0= da®(x,y,2) := ®([z,y],2) + ®([y, 2], 2) + ®([2, 2], ). (32)
A 2-cocycles @ is a coboundary if there exists a ¢ : i — C such that

It is well known that the second Lie algebra cohomology H?(U, C) of U with values
in the trivial module C classifies equivalence classes of central extensions.

A Lie algebra U is called perfect if [U,U] = U. Perfect Lie algebras admit
universal central extensions.
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8. Local and bounded cocycles

In the previous section we considered all central extensions. Now we are heading
towards central extensions which are “compatible” with the almost-grading.

Definition 2.

(a) Let v be a 2-cocycle for the almost-graded Lie algebra U, then ~ is called a
local cocycle if 3T, T such that

’Y(Un,um)#o — Th <n+m<Tj. (34)
b) A 2-cocycle «v is called bounded (from above) if 377 such that
( yele y
YUp,Um) 0 = n+m <Tj. (35)

(¢) A cocycle class [y] is called a local (bounded) cohomology class if and only if
it admits a representing cocycle which is local (respectively bounded).

Note that, e.g., in a local cocycle class not all representing cocycles are lo-
cal. Obviously, the set of local (or bounded) cocycles is a subspace of all cocy-
cles. Moreover, the set H2 (U, C) (respectively HZ (U, C)) of local (respectively
bounded) cohomology classes is a subspace of the full cohomology space.

In [27] and [28] I classified all bounded and local cocycles for the KN type
algebras.

A cocycle v : U x U — C is called a geometric cocycle if there is a bilinear
map 7 : U x U — F', such that v is the composition of ¥ with an integration, i.e.,

1 [
Y= = ./v (36)
C

with C a curve on X, \ A.
Given 7 only the class of C' in Hy(X, \ A, C) plays a role. Recall that

2 A=N=0,1
dimH; (3, \ 4,C) = - 7 ” (37)
29+ (N—-1), #A=N>2.
In particular, for genus zero and N > 1 we have

In this case a basis is, e.g., given by circles C; around the points P;, where we leave
out one of them. For example [C;], i = 1,..., N — 1 will do. But there might be a
more convenient choice, e.g., for the standard splitting we take [Cs] = —[Cs] and
€], i=1,...,N—2.
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9. Main results

The results presented in this section are valid for genus zero and the multi-point
situation. In this situation the algebras are sometimes called N-Virasoro algebra
or N-point g-algebras.

The results presented here (and some more) are obtained in [32]. There also
the proofs can be found. Here I only give the results and the basic strategy em-
ployed.

1. We show that all cocycle classes are bounded cocycle classes with respect to
the almost-grading induced by the standard splitting.

2. Next, the classification result of bounded cocycle classes [27, 28] of the au-
thor is used which gives a complete classification and explicit expressions by
integrals over curves.

3. In particular, in genus zero our cocycles classes are geometric cocycles classes
with respect to certain explicitly given one-forms.

4. In genus zero the geometric cocycles can be obtained via integration over
circles around the points in I, or alternatively around oo and hence can be
calculate via residues.

5. In case that the Lie algebra is perfect the universal central extension can
directly be given.

9.1. Function algebra — Heisenberg algebra

The function algebra is abelian, hence there are too many Lie algebra cocycles.
For the above classification we have to restrict ourselves to the following naturally
given cocycle classes:

e A cocycle 7y is called L-invariant if and only if

vie.f,9)+7(f,e.9)=0, fgeA eeLl. (39)
e A cocycle v is called multiplicative if
v(fg.h) +(gh, f)+y(hf,g) =0,  fg.heA (40)

Theorem 3 (32]). If one of the above properties is fulfilled then it is a geometric
cocycle. It is linear combination of

1
W) =y, [ g =res (), =1 N1 )

The cocycle is bounded from above with respect to the almost-grading given by the
standard splitting.

As one can show that the cocycles of the type (41) are both L-invariant and
multiplicative, we obtain that every L-invariant cocycle is multiplicative and vice
versa.

The unique cocycle (up to scaling) of this type which is local with respect
to the standard splitting is obtained as the sum of the ’yiA, i=1,...,N—1, or
alternatively as y2 [27].
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In the two point situation we obtain

Y(An, Am) = - (—=n) - 4,,". (42)

m

The Heisenberg algebra is a central extension of the function algebra obtained via
such a cocycle. This could be either the local one or the “full” one (depending on
the convention one is using). For the full one the center is (N — 1)-dimensional. Of
course, the function algebra does not have a universal central extension, but the
full Heisenberg algebra might be some kind of substitute.

9.2. Vector field algebra

Theorem 4 (32]). Every cocycle class is geometric and given by

nle )= o [ (es” =)~ Rlef = ¢ )dz, (43)
C

2mi

where R is a projective connection.

We do no repeat the definition of a projective connection here, as for our co-
ordinates we can take R = 0. The strategy explained above yields that H?(L, C) is
(N —1)-dimensional and is generated by integrating (43) over the C;. Furthermore,
these cocycles generate the universal central extension.

By different techniques Skryabin [33] has shown the existence of a universal
central extension for arbitrary genus.

9.3. Differential operator algebra

Also here the main result is that all cocycle classes are geometric. The L-invariant
cocycles for A and arbitrary cocycles for £ define two cocycle types for D. But
there is a another type, called mixing cocycles

(m)

1
Tor(eg) = . / (eg” +Teg')dz,  e€L,g€A, (44)
C

2mi
Here T is an affine connection. As it can be taken to be zero on the affine part we
do not repeat its definition here.

Theorem 5 (32]). All cocycle classes are geometric and are linear combinations of
the introduced three types. The Lie algebra D' is perfect and the universal central
extension has a 3 - (N — 1)-dimensional center.

9.4. Current algebra

Recall that the current algebra g is defined with respect to a finite-dimensional
Lie algebra g. For the classification results we assume that g is simple. Let 8 be
the Cartan—Killing form, then we show [32] that all cocycles are geometric and
cohomologous to (with C' an arbitrary curve)

Vole® fly®g)=B(x,y) V4 (f.9) = Blx,y) - 2;1 /Cfdg- (45)
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As g is perfect, it admits a universal central extension which has a (N — 1)-
dimensional center which can be explicitly given. If we consider only central ex-
tensions which admit an extension of the almost-grading (e.g., with respect to the
standard splitting) we obtain that this central extension class is unique [28].

The author has also corresponding results for the general reductive case.
Furthermore, the superalgebra can be treated in the same manner [29].

10. Three-point algebras

The case of only three points where poles are allowed is to a certain extent spe-
cial as we have additional symmetries. These symmetries can be used to simplify
the calculations of structure constants even further. Additionally, the three-point
case plays a role in quite a number of applications. See, e.g., the tetrahedron al-
gebra appearing in statistical mechanics, in particular the work of Terwilliger and
collaborators [2, 13, 14]. See also Kazhdan and Lusztig [17]. For applications to
deformations of Lie algebras see also [10-12, 26].

By a fractional linear transformation, respectively by a PGL(2) action, the
three points can be brought to the points 0,1 and oo. After having fixed A =
{0,1, 00}, by applying an automorphism from the remaining symmetry group, we
obtain the situation

A=1U0, I:={0,1}, and O :={o0}. (46)
This we will consider here. We will “symmetrize” and “anti-symmetrize” our basis
elements (18)
Ap(z):=2"(z—1)", Bu(z):=2"(z—1)"(2z—1). (47)
The structure equations read as
An . Am - An+m7
An . Bm = Bn—i—ma (48)
Bn ' Bm = An+m + 4An+m+1~
The space of cocycles is two-dimensional. First we take the residues around oo and
get for the cocycle values
,Y(;i (Ana A?n) =2n 5771"7
’Yéi(Am Bn) =0, (49)
’ygi (B, Bm) =206, " +4(2n+1)6, " 1.
Then around 0 and get
’)/64(147“ A?n) = - nén_qna

> 2k — 3)!
’764(‘471’ Bm) — né;n +2n 5;171—1 + Zn (_1)k—12k( r ) 577_1"_ka (50)
k=2

754(37“ B,) = —né, " —22n+1)0," .

m
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We see that the cocycle ¥4 is local but ~g' is not. This is in accordance to the
uniqueness result of [27].

Next we come to the vector field algebra. The basis is given by

jz’ fn = Bni1
This yields the structure equations
[en, em] = (m - n) Smin,
[ens fm] = (M —n) emgn + (4(m —n) +2) enpmr1, (52)
[frs fm] = (M = 1) frin +4(m — 1) frpmir.

Its universal central extension is two-dimensional, and as above obtained by cal-
culating residues of (43) at co and 0:

'Yé:(eaf) =1/2resp(e - "= f- e///)dz

d
, necz. (51)

Ep = An+1 dx

53
vE (e, f) =1/2resoo(e- f" — f-€"). (53)
We get at oo:
Ve (ensem) = 2(n® = n) 6,7 + dn(n + 1)(2n + 1),
£ €n, Jm) = 0,
Voo €ns fm) »

V& (frs fn) = 2(n® = n) 6" + 8n(n + 1)(2n + 1)6,."
+8(n+ 1)(2n + 1)(2n + 3)5,," 2,

and at 0O:
Vé:(en, em) = — (n3 —n)d, " —2n(n+1)(2n+ 1)(5:””71
V6 (en, fmn) = (0> = n) 6" + 6n*(n +1)8,," " + 6n(n +1)%6,," >
2% -5
+;n(n+ D(n+k—1)(-1)*2%.3. ( " ) 5" % (55)
>3
V6 (frs fm) = — (n® = n) 6, — 4n(n + 1)(2n + 1)5," "

—4(n+1)(2n+1)(2n + 3)8,," 2.

m

In accordance with the results in [27] ¥4 is local, but ¢ is not.

The principal picture should be clear now. For the corresponding results for
the differential operator algebra and the Lie superalgebra I refer to [32]. Also there
(in Appendix B), the universal central extension for the s[(2, C) current algebra is
given.



N-point Virasoro are Krichever—Novikov Type Algebras 307

References

[1] Belavin, A.A., Polyakov, A.M., Zamolodchikov, A.B., Infinite conformal symmetry
in two-dimensional quantum field theory. Nucl. Phys. B 241, 333-380 (1984).

[2] Benkart, G. and P. Terwilliger, The universal central extension of the three-point sla
loop algebra. Proc. Amer. Math. Soc. 135(6), 1659-1668: 2007.

[3] Bremner, M.R., Structure of the Lie algebra of polynomial vector fields on the Rie-
mann sphere with three punctures, J. Math. Phys. 32 (1991), 1607-1608.

[4] Bremner, M.R., Generalized affine Kac—Moody Lie algebras over localizations of the
polynomial ring in one variables, Canad. Math. Bull. 37 (1994), No. 1, 21-28.

[5] Bremner, M.R., Four-point affine Lie algebras, Proc. Amer. Math. Soc., 123 (1995),
1981-1989.

[6] Cox, B., Realizations of the four point affine Lie algebra sl(2, R) ® (Qr/dR). Pacific
J. Math. 234(2), 261-289: 2008.

[7] Cox, B., Guo, X., Lu, R., and Zhao, K., n-point Virasoro algebras and their modules
of densities. Commun. Contemp. Math., 16(3):1350047, 27, 2014.

[8] Cox, B., and Jurisich, E., Realizations of the three-point Lie algebra sl(2,R) @
(Qr /dR). Pacific J. Math., 270(1):27-48, 2014.

[9] Cox, B., Jurisich, E., and Martins, R., The 3-point Virasoro algebra and its action
on Fock space, arXiv: 1502.04102v1, Febr. 2015.

10] Fialowski, A., Schlichenmaier, M., Global deformations of the Witt algebra o

g

Krichever—Novikov type, Comm. Contemp. Math. 5 (6) (2003), 921-946.

[11] Fialowski, A., Schlichenmaier, M., Global geometric deformations of current algebras
as Krichever—Novikov type algebras, Comm. Math. Phys. 260 (2005), 579-612.

[12] Fialowski, A., Schlichenmaier, M., Global Geometric Deformations of the Virasoro
algebra, current and affine algebras by Krichever—Novikov type algebras, Inter. Jour.
Theor. Phys. Vol. 46, No. 11 (2007) pp. 2708-2724.

[13] Hartwig, B. and P. Terwilliger, The tetrahedron algebra, the Onsager algebra, and
the sly loop algebra. J. Algebra 308(2), 840-863: 2007.

[14] Tto, T. and P. Terwilliger, Finite-dimensional irreducible modules for the three-point
sly loop algebra. Comm. Algebra 36(12), 4557-4598: 2008.

[15] Jurisich, E. and Martins, R. Determination of the 2-cocycles for the three-point Witt
algebra. arXiv:1410.5479.

[16] Kac, V.G., Simple irreducible graded Lie algebras of finite growth. (Russian) Izv.
Akad. Nauk SSSR Ser. Mat. 32 (1968), 1323-1367.

[17] Kazhdan, D., Lusztig, G., Affine Lie algebras and quantum groups, Int. Math. Res.
Notices, Vol. 2 (1991), 21-29.

[18] Krichever, .M., S.P. Novikov, Algebras of Virasoro type, Riemann surfaces and struc-
tures of the theory of solitons. Funktional Anal. i. Prilozhen. 21, No. 2 (1987), 46-63.

[19] Krichever, .M., S.P. Novikov, Virasoro type algebras, Riemann surfaces and strings
in Minkowski space. Funktional Anal. i. Prilozhen. 21, No. 4 (1987), 47-61.

[20] Krichever, .M., S.P. Novikov, Algebras of Virasoro type, energy-momentum tensors
and decompositions of operators on Riemann surfaces. Funktional Anal. i. Prilozhen.
23, No. 1 (1989), 46-63.



308 M. Schlichenmaier

[21] Moody, R.V., Euclidean Lie algebras, Canad. J. Math. 21 (1969), 1432-1454.

[22] Schlichenmaier, M., Krichever—Novikov algebras for more than two points, Lett.
Math. Phys. 19 (1990), 151-165.

[23] Schlichenmaier, M., Krichever—Novikov algebras for more than two points: explicit
generators, Lett. Math. Phys. 19 (1990), 327-336.

[24] Schlichenmaier, M., Central extensions and semi-infinite wedge representations of
Krichever—Novikov algebras for more than two points, Lett. Math. Phys. 20 (1990),
33-46.

[25] Schlichenmaier, M., Verallgemeinerte Krichever—Novikov Algebren und deren Dar-
stellungen. Ph.D. thesis, Universitdt Mannheim, 1990.

[26] Schlichenmaier, M., Degenerations of generalized Krichever—Novikov algebras on tori,
Journal of Mathematical Physics 34 (1993), 3809-3824.

[27] Schlichenmaier, M., Local cocycles and central extensions for multi-point algebras of
Krichever—Novikov type, J. reine angew. Math. 559 (2003), 53-94.

[28] Schlichenmaier, M., Higher genus affine algebras of Krichever—Novikov type. Moscow
Math. J. 3 (2003), No. 4, 1395-1427.

[29] Schlichenmaier, M., Lie superalgebras of Krichever—Novikov type and their central
extensions. Anal. Math. Phys. 3(3), 235-261: 2013, arXiv:1301.0484.

[30] Schlichenmaier, M., From the Virasoro algebra to Krichever—Novikov algebras and
beyond. (In) Vasiliev, A. (ed.), Harmonic and Complex Analysis and its Applications,
pp- 325-358, Springer 2014.

[31] Schlichenmaier, M., Krichever—Novikov type algebras. Theory and Applications. De
Gruyther, 2014.

[32] Schlichenmaier, M., N point Virasoro algebras are multi-point Krichever—Novikov
type algebras, arXiv:1505.00736, (to appear in Comm. in Algebra).

[33] Skryabin, S., Degree one cohomology for the Lie algebra of derivations. Lobachevskii
Journal of Mathematics, 14 (2004), 69-107.

Martin Schlichenmaier

University of Luxembourg

Mathematics Research Unit, FSTC

Campus Kirchberg

6, rue Coudenhove-Kalergi

L-1359 Luxembourg-Kirchberg, Luxembourg
e-mail: martin.schlichenmaier@uni.lu


mailto:martin.schlichenmaier@uni.lu

Part V

Field Theory and
Quantization



Geometric Methods in Physics. XXXIV Workshop 2015

Trends in Mathematics, 311-320
(© 2016 Springer International Publishing

Star Products on Graded Manifolds and
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Abstract. Originally proposed as an O(d, d)-invariant formulation of classical
closed string theory, double field theory (DFT) offers a rich source of math-
ematical structures. Most prominently, its gauge algebra is determined by
the so-called C-bracket, a generalization of the Courant bracket of general-
ized geometry, in the sense that it reduces to the latter by restricting the
theory to solutions of a “strong constraint”. Recently, infinitesimal deforma-
tions of these structures in the string sigma model coupling o were found.
In this short contribution, we review constructing the Drinfel’d double of a
Lie bialgebroid and offer how this can be applied to reproduce the C-bracket
of DFT in terms of Poisson brackets. As a consequence, we are able to ex-
plain the o/-deformations via a graded version of the Moyal-Weyl product in
a class of examples. We conclude with comments on the relation between B-
and [-transformations in generalized geometry and the Atiyah algebra on the
Drinfel’d double.
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1. Introduction: Brackets and deformations in DFT

Due to the extended nature of closed strings moving in a background, the field
theory describing its classical dynamics is different from that of a point particle.
In particular, the string can “wind” around compact cycles of the background
manifold. This gives rise to two sets of parameters (or zero modes) characterizing
the solutions to the classical equations of motion. One of them is associated to the
center of mass momentum p; of the closed string and the corresponding configu-
ration space coordinates z¢ span the phase space of the center of mass treated as
a point particle. The second set p° is associated to the winding and gives rise to a
second set of coordinates z;. DFT is a field theory on this “doubled configuration
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space” which can be reduced to ordinary configuration space by using the strong
constraint

0i¢(x,7) IP(x,7) + 0'¢(x, T) iy (x, 7) = 0, (1)
for functions ¢, ¢ on the doubled configuration space. This constraint has its origin
in the level matching condition for physical fields in string theory and restores the
right amount of coordinates of a physical configuration space. We refer to the
reader especially to [2] and the lecture notes [1] for an introduction to DFT.

1.1. C-bracket and bilinear form

In [3, 4], a Lagrangian action for DFT was formulated and gauge symmetries
were identified. Due to a lack of space, we only present results that are important
for the rest of the presentation. To state the gauge symmetries, we use notation
conventions of generalized geometry. On a d-dimensional manifold M, generalized
vector fields V are locally given by sections of TM & T*M, i.e., V = V0; + Vida'.
To state local expressions in DFT, the components are allowed to depend on
the doubled configuration space with coordinates (2, ;). Furthermore one uses a

capital index to denote objects transforming in the fundamental representation of
0(d,d), i.e., VM = (Vi(z, %), Vi(z, 7)), where A € O(d,d) obeys

5 _ _ (0 id
AnA® =, n(id 0>’ (2)

and id is the d-dimensional identity matrix. We will denote the bilinear form
represented by 1 by (-, ). Capital indices are raised and lowered by the latter, so
for generalized vectors V, W we have

(VW) = VEW9pg = VW, + ;W' . (3)
The gauge symmetries of DFT are given by the action of a generalized Lie de-

rivative, acting on functions ¢ by' Ly¢ = VEOx¢ and generalized vectors W
according to

(ﬁvW)K = VpapWK + (8KVP — aPVK)Wp ,
(LyW)E =vPopWE — (9pVE — 0KV )WT .

Finally, the commutator of two generalized Lie derivatives gives the generalized
Lie derivative with respect to the C-bracket of two generalized vectors, which is
given in components by

(4)

([V, W]C>P — VEoWP — WK VP - ;(VKGPWK - WKaPVK) G

Note that for the specific solution di = 0, this bracket reduces to the well-known
Courant bracket of generalized geometry. In the following subsection, we will
present a deformation of the bilinear form 7 and the C-bracket found in double
field theory.

1We use the notation 8y for the pair (Bi,éi), so expressions like VM9, are expanded as
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1.2. a’-deformations

Classical closed string theory is described by a two-dimensional sigma model. Per-
turbative expansions are formal power series in the coupling constant o/ = [2,
where [, is the fundamental string length. Recently, corrections to the bilinear
form and C-bracket up to first order in o were given in [5, 6]. For the correction
of the bilinear form, we introduce the notation (V, W), = (V,W) — o/ {((V,W)),
where the component expression for the correction is

(VW) = 9pV QW™ . (6)

Similarly, for the correction to the C-bracket, we introduce the short notation
[V, W]y = [V,W]c — [[V, W]], where the correction is given by

(v, W) = ;(aKaQVPaPWQ VR W) . (7)

Note that this expression has a form part and a vector part. As an example, we
expand the vector part in terms of partial derivatives:

1 - -
VWi = ) (0:00V" 0™ + 0,0, V20" W™ + 00" V"0, W,
L (8)
00V, I, — V < W) .

The goal of this work is to get a systematic explanation of the derivative expan-
sions (6) and (8). In the following section, we are going to set up a mathematical
formalism to rewrite the bilinear form and the C-bracket in terms of Poisson brack-
ets. This will allow us finally to identify the deformation using a Moyal-Weyl star
product on a specific symplectic supermanifold.

2. Lie bialgebroids and double fields

For finite-dimensional vector spaces V, it is a standard exercise to show the isomor-
phism between the exterior algebra and the algebra of polynomials in the parity
reversed version IIV:

A®V* >~ Pol® (I1V) . 9)

For a finite-dimensional Zs-graded vector space W = Wy & Wi, parity reversion
IT acts according to (IW)g = W, and (IIW); = Wy. In (9), elements of V have
degree 0 and elements of ITV have degree 1. In the case of vector bundles, differ-
entials are derivations of the exterior algebra, which get mapped to derivations
on functions, i.e., vector fields. Squaring to zero means that the vector fields are
actually homological. These statements are summarized by the structure of a Lie
algebroid:

Definition 1. A Lie algebroid is a vector bundle A — M together with a homolog-
ical vector field d of degree 1 on the supermanifold ITA.
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A pair (A, A*) of a Lie algebroid and its linear dual has the structure of a Lie
bialgebroid if the differentials respect the brackets on the dual spaces. This will be
the basic structure used in the following sections.

2.1. Lie bialgebroids and the Drinfel’d double
Let (A4, A*) be a pair of dual Lie algebroids over a manifold M. The homological
vector field d4 can be lifted to a function on the cotangent bundle T*ITA LS YS

Similarly, the corresponding operator d 4+ for the dual can be lifted to T*IIA* LN
M. Similarly to the case of standard phase spaces, there is a Legendre transform
L :T*IIA — T*II1A*, which can be used to pull back functions. Thus we have the

situation
L

T 1A — T*I1A*

l P l ﬁ . (10)

1A InA*
For local formulas we use coordinates (z%,£%) on I1A, where z° are coordinates
on the base manifold and £* denote the (Grassmann odd) fibre coordinates. On
its cotangent bundle, we have in addition the canonical conjugate momenta, i.e.,
(2%, €%, 27, &), As in the purely even case, there is a canonical Poisson bracket on
T*IIA, given by the relations

{zi7$;'} = 6; ’ {fa,fg} = 0 - (11)
Using this Poisson structure and the “lifted” vector field
0:= hq, + L*hdA* , (12)

it is possible to write down the following concise characterization of (A4, A*) being
a Lie bialgebroid:

Theorem 2. The pair (A, A*) is a Lie bialgebroid if and only if {0,6} =0 .

We refer to [7] for a proof and further details on the mathematical structures
introduced in the present work. Theorem 2 is the motivation for the following
definition:

Definition 3. For a Lie bialgebroid as above, the bundle T*IIA, equipped with the
homological vector field {0, -} is called the Drinfel’d double of (A, A*).

We refer to [9, 10] for the original work on the Drinfel’d double in this context.
The essential ingredient for the homological vector field is the function 6 in (12).

2.2. C-bracket in terms of Poisson brackets

Let M be a Poisson manifold. Then the standard example of a Lie bialgebroid
is (A, A*) = (T M, T*M). The respective brackets are the Lie bracket and Koszul
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bracket?, giving rise to the de Rham and Poisson-Lichnerowicz differential, respec-
tively. We use their lifts to functions on the Drinfel’d double to define two sets of
momentum variables p;, p':

hay = al(2)z}€ — L fh(a)E'dey = Ep;,
ha,. = a”(x)2;& + 5Q) (2)E° ¢ = &7,

(13)

where we denote the anchor maps by ag and @, and f and @ are determined by
the brackets on A and A*, respectively®. We consider the momenta p; and p* to
act on functions on T*IIA by using the Poisson bracket, e.g., {p;, -}. In particular,
lifting functions ¢ € C>°(M) to T*IIA (we use the same letter ¢ for the lift), we
define the following two differential operators:

06 = {pi,0}, O'¢:= {p' ¢}. (14)

Lifting furthermore generalized vectors to T*IIA, i.e., if locally X?0; + w;dx’ €
[(TM @& T*M), we define V := X' + w;§" € T*ILA, we are able to show the
following result by rewriting the proof done in [7] for Courant brackets, but using
9; and O' here:

Theorem 4. For vanishing f and Q, let V,W be lifts of generalized vectors to
T*ITA. Furthermore, define the Dorfmann product o by

vow = {{gn+ & VW] (15)

Then the C-bracket of V,W (lifted to T*I1A) is given by
1
vV, Wle = 2(voW—Wov). (16)

The proof is an easy evaluation in local coordinates of T*IIA, and comparison
with (5), see [11]. The generalization for non-vanishing f and @ would give a
version of the C-bracket containing “fluxes”, which, as far as we know, has not
been done so far in the physics literature. As a final remark for this subsection, we
observe that the bilinear form (V, W) is given by evaluating the Poisson bracket
{V,W?} of the lifted quantities to T*ILA. These observations will be used in the
following sections to suggest a way to understand the deformations (6) and (8) of
the bilinear form and C-bracket encountered in DFT.

2The Koszul bracket of forms wy,ws € T'(T*M) is given by
w1, wal e = Lot (w) @2 ~ bt (wg) @1 5
where L is the Lie derivative and 7! is the anchor determined by the Poisson structure.

3The notation f and Q is common in the physics literature, where these objects play a role in
flux compactifications of string theory.
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3. Deformation of the metric and C-bracket

The result of Theorem 4 immediately suggests the interpretation of o’-corrections
such as (6) and (8) in terms of deformation theory. Given a formal star product
on the algebra of smooth functions on a Poisson manifold?*, the star-commutator
reproduces the Poisson bracket in the first non-trivial order:

troy=Jim , (Frg-gxf). ()

Thus, higher orders lead to deformations of the Poisson bracket and as a conse-
quence of Theorem 4 of the metric and C-bracket. In the following, we will define
an appropriate notion of star-commutator taking into account the Koszul signs
on the graded manifold T*IIA. Furthermore, we will give a (constant) Poisson
structure on T*IIA such that the corrections of DFT are reproduced by taking
star-commutators w.r.t. the corresponding Moyal-Weyl product.

3.1. Star-commutator and Poisson structure
For the Moyal-Weyl case, let I = iy ---ix, J = j1 -+ jg, with Or = Opiy -+ Opir,
then the star commutator for purely even manifolds has the standard form

(fogt = St (S mb 01 f0s9 — 19011)) - (18)
k=1 1J

In the case of the symplectic supermanifold T*IIA, we will replace this by the

following expression:

0y =Y (X @rfos9— (~1)°0190.1)) - (19)

k=1 IJ
The sign (—1)¢ takes care of the Zs-grading and is given by

e= |fllgl+127[(1f| = 1)+ |2"|(lg] = 1), (20)
where |f| denotes the Zy-degree of a function and the shorthand notation |z7| :=
|zt |+ - -+ |2’ | is used. We remark that in contrast to the Moyal-Weyl case where
the odd powers of the deformation don’t contribute due to the antisymmetry of
the Poisson tensor, in the graded case there are such contributions due to the
different sign rule. In our case this will open the possibility to get the appropriate
o’-correction.

Finally, we have to choose a Poisson structure on 7*IIA which correctly
reproduces both, the correction to the bilinear form (-, -) and the C-bracket. Fur-
thermore, the corresponding Poisson brackets, i.e., the first-order star commutators
still have to give the result of Theorem 4. It turns out that this is indeed possible.
To avoid long calculations we choose a setup which is as simple as possible, but
still shows the essential features. Let M be a symplectic manifold with Poisson

4More precisely on formal power series in a deformation parameter t, usually denoted by
C>®(M)|[[t]]. We refer to [12-15] for recent applications of deformation theory in closed string
theory and to [16-18] for star products on graded manifolds.
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tensor 7. In this case (T'M,T*M) is a Lie bialgebroid. In the expressions for the
o’-corrections, there are no f- and Q-fluxes. We can achieve the latter by taking
the standard basis of vector fields on the tangent bundle. As a consequence, we get

ha, = € L*hg,. = Ennmnal . (21)

m m

This is a special solution of the strong constraint of double field theory, with
J'f = {p*, f} = 78; f. We choose the following Poisson structure on the Drinfel’d
double:
0 0 0 0 0 0 i 0 0

A= e N oai T oer Nog T owt N ogr T owt M og
We will give our results for the deformation for this situation. In the general case,
we have a differential operator di = {p%, -}, whose action on functions depends on
the chosen Lie bialgebroid. If it is possible to associate a vector field 8‘; to this

operator, the corresponding Poisson structure would be

0 0 0 0 0 0 0 0
A= e N owi T oe N og T ow " oer T o, Mo )
We will leave the investigation of existence and properties of such a Poisson struc-
ture and its relation to double field theory for future work and give our deformation

results for the Poisson tensor (22) in the following.

(22)

3.2. Deformation of the metric

Due to the various terms of the graded Poisson structure (22), computing higher
orders of the graded Moyal-Weyl product is lengthy, but straightforward. We
therefore refer the reader to [19] for computational details and only give the results.
We will use the notation " for {p,-}. Furthermore, we use the following notation
for star-commutators:

{f.g=> t"{f.0}) - (24)
k=1

Taking V' = V™(x)&, + Vi ()€™ and W = W™ ()&, + Wi ()€™ to be lifts of
generalized vectors to T*IIA, we get the following results for the first two orders
in the deformation parameter:

{(V.W}ha = (VW + VW) = (V,IV) |

(ViW}iay = =0 VI, W' — 0;V;00W* — O'VIg;W; — 9'V;07W;
Comparing the latter expressions with the formulas from DFT (6), we get the
following statement:

Theorem 5. Let V = Vi + Vi€ and W = W+ W€ be two generalized vectors,
lifted to T*I1A. Then we have

(25)

VWY = (VW) — (V, 1) +0(#), (26)

i.e., the graded star-commutator gives the deformation of the inner product (-,-)
up to second order.
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For convenience of notation, we always denote the generalized vectors V, W
and their lifts to T*IIA by the same letters. It is clear from the context which
objects are used.

3.3. Deformation of the C-bracket

Using Theorem 4, we are now able to compute corrections to the C-bracket. First,
it is easy to see that the Poisson structure (22) together with the sign rule given
in (19) correctly reproduce the Dorfmann product o:

VoW = {{H,V}(l),W}( . (27)
1

To see which Poisson brackets contribute to the first non-trivial corrections to

V o W, we expand the double Poisson bracket up to order t*:

{{9,V},W}* _2Ve W+t3{{9,v}(2),W}(1) .
+ t3{{9,V}(1),W}(2) +ot).

A short calculation shows the vanishing of {6, V' } (2 for the chosen setup (7 con-
stant) and we have

{97 V}(l) = §7n§"am‘/n + €;§7U7Tknan‘/7n + €Z€;wknanvm
+ VoM 4 an V.

Inserting this expression into {{H,V}(l),W}( : gives exactly the contribution
2

which was encountered for this setup in DFT, see equation (8). Thus we state
the following result:

Theorem 6. Let V = Vi&r + Vi€t and W = WEEF +WiEF be two generalized vectors
lifted to T*11A, then we have

1

o ({oviw) = {owy v} = vwle +dv.wie + o), (29)

i.e., the two-fold star commutator coincides with the o -corrected C-bracket of DF'T
up to second order in the deformation parameter t = o/.

The proof is a straightforward but lengthy evaluation in local coordinates.
We refer the reader to the original article [19] for details, especially concerning
the Koszul signs. To sum up, in the framework chosen above, it is possible to
explain o'-corrections to the bilinear pairing and C-bracket encountered in string
theory via a star commutator with respect to a graded version of the Moyal-Weyl
product.
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4. Outlook: B-, 3-transformations and the Atiyah algebra

In the final section we want to give additional evidence for the relevance of the
introduced mathematical framework in physics, especially to the structures aris-
ing in DFT. First we recall that a B-transform of a generalized vector (X,w) is
defined by

(X,w)— (X,w+txB), BecT(N*T*M). (30)
Furthermore, a S-transform is given in an analogous way by
(X,w) = (X +1,8,w), BeT(N*TM). (31)
Finally a linear transformation is given by the following definition
(X, W)= (X +0X),w+C ' w), CeTl(TM®T*M), (32)

where A~! means the inverse transpose of the invertible matrix C. The idea to lift
these transformations to T*IIA lies at hand, thus introducing the lifts

B= B¢, p=3p7¢¢, C=Clge, (33)
it is a straightforward exercise to show that the action of B-, 8- and linear trans-
formations on the lift ¥ = X'¢F + w;&" of a generalized vector (X,w) is given by

Y=Y+ {¥,B}, T—=X+{% 5}
S B4 {%,C}.

Comparing with [20], we see that the transformations (34) are the lifts to T*IIA
of the generators of the Atiyah algebra of infinitesimal bundle transformations
of A @ A*, preserving the bilinear form 7. With this very convenient rewriting
of the transformations used frequently in the generalized geometry applications
to string theory, an immediate open question is about the deformation of these
transformations. The tools established in this work will be helpful to investigate
this further. In addition to that, the inclusion of fluxes as “fibre translations” in
the sense of [20] could be performed conveniently as suggested in [19].

(34)
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The hyperbolic Ginzburg—Landau equations arise in gauge field theory as the
Euler—Lagrange equations for the (1 + 2)-dimensional Abelian Higgs model de-
scribing the interaction between the electromagnetic and scalar fields. They are
nonlinear hyperbolic equations containing, in particular, a nonlinear covariant
D’Alembertian. The main problem is to describe the moduli space of solutions of
these equations. This problem for static solutions, called otherwise the Ginzburg—
Landau vortices, was successfully solved by Taubes but the corresponding problem
for general, or dynamic Ginzburg-Landau solutions is far from being completed.

Manton proposed to study dynamical solutions with small kinetic energy with
the help of adiabatic limit procedure by introducing the “slow time” parameter
on solution trajectories. In this limit dynamical solutions converge to geodesics on
the space of vortices with respect to the metric, generated by the kinetic energy
functional. Thus, the original equations reduce to ordinary Euler geodesic equa-
tions so that by solving the latter equations we can describe the behavior of slowly
moving dynamical solutions.

It turns out that this procedure has a 4-dimensional analogue. Namely, for
Seiberg-Witten equations on 4-dimensional symplectic manifolds it is possible to
introduce an analogue of the adiabatic limit. In this limit solutions of Seiberg—

While preparing this paper the author was partly supported by the RFBR grant 13-01-00622, the
Leading Scientific Schools program (grant NSh-2928.2012.1), and Scientific Program of Presidium
of RAS “Nonlinear dynamics”.



322 A. Sergeev

Witten equations reduce to families of vortices in normal planes to pseudoholomor-
phic curves which may be considered as complex analogues of geodesics parameter-
ized by the “complex time”. This case may be considered as a (2 4 2)-dimensional
analogue of Abelian Higgs model.

1. Static Ginzburg-Landau equations

1.1. Ginzburg-Landau Lagrangian

The Ginzburg-Landau Lagrangian, defined on the plane szl with coordinates

-,12)
(21, x2), has the form

1
L(A,@) = [Fal* + |da®|* + (1 |D*)*.

From the physical point of view the variable A represents the electromagnetic
vector-potential while mathematically it is a U(1)-connection on R%zl_m), given by
the 1-form '

A= Aydxy + Asdas
with smooth pure imaginary coefficients.

The curvature Fs of this connection, given by the 2-form
2
FA =dA = Z Ejdl‘z A dlL‘j = 2F12dl‘1 A dlL‘Q
ij=1
with coefficients
Ej = &AJ — 6'in, ﬁj = 8/8xj,

is physically interpreted as the electromagnetic field strength so that the term
|F4|?> may be identified with the Maxwell Lagrangian.

The variable ® is the Higgs field, given by a smooth complex-valued function
® = P + iP5 on R?th). From the physical point of view it is a scalar field,
interacting with the electromagnetic field A. In superconductivity ® describes the
superconducting current so that ® = 0 means that the superconductivity is absent
while |®| = 1 relates to pure superconductivity.

The covariant exterior derivative d4® in the second term of the Ginzburg—
Landau Lagrangian is given by the formula

2
da® = d® + AD =Y (9; + A;)®dux;,
i=1
and the term |d4®|? is responsible for the interaction of the electromagnetic field
with the Higgs field .

The last term ; (1 —|®|?)? is the most important ingredient in the Ginzburg—
Landau Lagrangian. It is responsible for the nonlinear character of the “self-
interaction” of the field ®. We require that |®| — 1 for |z| — oo which means,
physically, that we have pure superconductivity at infinity. The zeros of the func-
tion ® = pe’? correspond to the points where the superconductivity is absent. In
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a neighborhood of a zero the vector field v = V6 behaves like a hydrodynamical
vortex. By this reason solutions of the considered model are also called vortices.

1.2. Vortices

We define the potential energy of our model as the integral of the Ginzburg—Landau
Lagrangian:

U(A, @) = ; /.c(A,cp) dz.

The condition |®| — 1 implies that the considered problem has a topological
invariant, given by the rotation number of the map @, sending circles of sufficiently
large radius to topological circles. This invariant is called the vortex number and
has integer values.

We give now the mathematical definition of vortices. These are the pairs
(A, @), on which the minimum of the potential energy U (A, ®) < oo is realized in
the given topological class, fixed by the value of the vortex number d. If d > 0 then
such pairs are called d-vortices while for d < 0 they are called the |d|-antivortices.

One of the most important features of our model is the invariance of the
potential energy U (A, ®) under the infinite-dimensional group of gauge transforms,
given by the formula

Ar— A+idy, ®— e XD
where  is an arbitrary smooth real-valued function on R?

(x1,22)"

We are interested in the moduli space of d-vortices, defined as the quotient
{d-vortices (A, ®)}

Mg = .
{gauge transforms}

This space is described by the following theorem of Taubes.

Introduce the complex coordinate z = x1 + ix2 in the plane R

2
(z1,22

2

(21,22)’ identi-

fying R ) with the complex plane C, and suppose that d > 0.

Theorem 1 (Taubes, [1],[12]). For a given integer d > 0 and any unordered collec-
tion z1, ...,z of different points on the complex plane C taken with multiplicities
di,...,dy such that Z?Zl d; = d there exists a unique (up to gauge transforms)
d-vortex (A, ®) such that the map ® vanishes precisely at the points z1, ...,z with
given multiplicities dy, . .., dg.

Moreover, Taubes has proved (cf. [1]) that any critical point (A4, ®) of the
functional U(A, ®) < oo with vortex number d > 0 is gauge equivalent to some
d-vortex. In other words, all solutions of the Euler-Lagrange equations for the
functional U (A, ®) with finite energy are stable and have minimal energy in their
topological class.

The Taubes theorem implies that the moduli space Mg of d-vortices may be
identified with the vector space C? by associating with the collection z1, ...,z
with multiplicities dy, ..., d; such that Z?Zl d; = d the monic polynomial, having
its zeros precisely at the points z1, ..., z; with given multiplicities dy, ..., dy. The
antivortices with d < 0 admit an analogous description.
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This result has the following physical interpretation. Solutions of the Euler—
Lagrange equations for the functional U(A,®) consist either of vortices, or of
antivortices. Our model cannot contain simultaneously both vortices and antivor-
tices — such bound states should “annihilate” before the system is transformed
into the static state.

2. Dynamical Ginzburg-Landau equations

2.1. Ginzburg-Landau action

Let us switch on the time in our model by adding the variable xy = ¢. In this case
the Higgs field ® = (¢, 21, x2) will be given by a smooth complex-valued function
on the space R3 while the 1-form A will be replaced by the form

(t,x1,x2)
A = Agdt + Ardzy + Asdxs

with the coefficients A, = A, (t,z1,22), pp = 0,1, 2, being smooth functions with

pure imaginary values on the space R?t7xl7x2). Denote by AY = Aydt the time

component of the form A and by A = Ajdxy + Aadxs its space component.
The potential energy of the system is given by the same formula, as before,

ie, U(A,®) = U(A, ) while the kinetic energy is given by
1
T(.A,(I)) = 9 / {|F01|2 + |F02|2 + |dA0q)|2} dxidxs

where Fy;, j = 1,2, are defined in the same way, as before, i.e.,
Foj = 00A; — 0; Ao,

and d4o0® = d® + Agdt. In other words, the formula for the kinetic energy con-
tains the same terms, as those entering the formula for the potential energy, but
containing the derivative in time.

The described dynamical model is governed by the Ginzburg-Landau action
functional:

S(A, @) = / VA - DAY dr.

2.2. Ginzburg-Landau equations
The Euler-Lagrange equations for the Ginzburg-Landau action functional, called
also the Ginzburg-Landau equations, have the form

01Fo1 + 02Fpg = —i Im(®V 4 ,oP)

OoFoj + Zizl g0 Fra = —iIm(®V 4 ;®), j=1,2

(v,%x,o - v,24,1 - V12472)q> = ;@(1 - |q>|2)’
where

Vap=0,+A,, p1=0,1,2; e1p0=—e21 =1, €11 =€20=0.

The first of these equations is of the constraint type meaning that it is satisfied
for any ¢ if it is fulfilled at the initial moment of time. The last equation, containing
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the covariant D’Alembertian in its left-hand side, has the form of a nonlinear wave
equation.

The Ginzburg-Landau equations, as well as the action S(A, ®), are invariant
under the dynamical gauge transforms, given by the same formula, as in the static
case

Ap— Ay +i0,x, @r—e X®, pn=0,1,2,

3
(t,Il,Ig)'
Our main goal is to describe the solutions of the above Ginzburg-Landau

equations up to dynamical gauge transforms. We call solutions of these equations,
for brevity, the dynamical solutions (in contrast with static solutions, considered
before). The quotient of the space of dynamical solutions modulo gauge transforms
is called the moduli space of dynamical solutions.

but with x being now a smooth real-valued function on R

3. Adiabatic limit in Ginzburg-Landau equations

3.1. Temporal gauge

For the analysis of dynamical solutions it is convenient to choose the gauge function
x so that the time component of the potential vanishes, i.e., Ay = 0. Such a choice
of x is called the temporal gauge. (Note that after imposing this condition on the
gauge function x we are still left with the gauge freedom with respect to static
gauge transforms.)

In the temporal gauge a dynamical solution of the Ginzburg—Landau equa-
tions may be considered as a trajectory of the form

vt [A(E), (1))

where [A, @] denotes the gauge class of the pair (A, ®) with respect to static gauge
transforms. This trajectory lies in the configuration space

{(4, @) with U(A, ®) < oo and vortex number d}
{static gauge transforms}

Ny =
which contains, in particular, the moduli space of d-vortices M.

The configuration space Ny may be thought of as a canyon with the bottom
coinciding with the moduli space M, of d-vortex solutions, having the minimal
energy in Ny. We can also think of a dynamical solution as the trajectory v(t) of
a small ball rolling along the walls of the canyon. The lower is the kinetic energy
of the ball, the closer is its trajectory to the bottom. Our ball may even hit the
bottom but cannot stop there since, having a non-zero kinetic energy, it should
assent the canyon wall again.

3.2. Adiabatic limit

Consider a family of dynamical solutions 7. of Ginzburg-Landau equations, de-
pending on a parameter € > 0, with trajectories

Ve 1t [Ac(t), De(t)].
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Suppose that the kinetic energy of these trajectories

T(v.) = / Tt ~ e

tends to zero for € — 0, proportional to €. Then in the limit ¢ — 0 the trajectory
~e converts into a static solution, i.e., a point of M.

However, if we introduce on . the “slow time” 7 = et and consider the limit
of the “rescaled” trajectories v.(7) for ¢ — 0 then in this limit we shall obtain not
a point, but a trajectory vy, lying in M. Of course, such a trajectory cannot be
a solution of the original dynamical equations since any of its points is a static
solution. However, these trajectories describe approximately dynamical solutions
with small kinetic energy.

The described procedure is called the adiabatic limit. In this limit the original
dynamical equations reduce to the adiabatic equations whose solutions are called
the adiabatic trajectories.

3.3. Adiabatic principle

The adiabatic trajectories admit the following intrinsic description in terms of the
space M.

Theorem 2 ([9],[10]). The kinetic energy functional generates a Riemannian metric
on the space My, called the kinetic or T-metric. The adiabatic trajectories vo are
the geodesics of this metric.

The idea of the approximate description of “slow” dynamical solutions in
terms of the moduli space of static solutions was proposed on a heuristic level
by Manton [2] who postulated the following adiabatic principle: for any geodesic
trajectory o on the moduli space of d-vortices M it should exist a sequence {v.}
of dynamical solutions, converging to =y in the adiabatic limit.

A rigorous mathematical formulation and the proof of this principle were
given recently by Roman Palvelev [4] (cf. also [5]).

So we have the following correspondence established by the adiabatic limit
procedure:

solutions of Ginzburg— geodesics on the vortex moduli
Landau equations space in T-metric

and

Ginzburg-Landau Euler geodesic equations on the
equations vortex moduli space

3.4. Scattering of vortices

The adiabatic principle reduces the problem of scattering of vortices in our model
to the description of geodesics on the moduli space of d-vortices My in the kinetic
metric, i.e., to the solution of ordinary Euler geodesic equation on the space Mgy
provided with T-metric. Unfortunately, apart from the case d = 2, no explicit
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formulas for this metric are known. (In the case d = 2 such a formula was obtained
in a joint paper with Sergey Chechin [11].)

The reason is that the Taubes theorem itself does not provide any explicit
formula for the d-vortex solution with zeros in the prescribed points of the complex
plane. This theorem only states the existence of such a vortex in a neighborhood
of the linearized solution with given zeros.

Despite the absence of explicit formulas in the general case we can establish
some useful properties of the kinetic metric. For example, it can be proved that it
is smooth in the coordinates, given by the symmetric functions of zeros of ®.

Recall that, according to Taubes’ theorem, the moduli space of d-vortices can
be identified with C? by assigning to a given collection of k points 21, ..., 2, on
the complex plane with multiplicities d, ..., d; such that
25:1 d; = d the monic polynomial with zeros in these points with given multi-
plicities dy, . .., di. The coefficients of this polynomial, being symmetric functions
of zeros, define in a natural way coordinates on the moduli space My. In these
coordinates the kinetic metric is proved to be smooth (this result was also obtained
by Roman Palvelev [3]).

Using this property, Palvelev has proved [3] that in the process of central-
symmetric head-on collision of d vortices their trajectories rotate by the angle 7/d.
In particular, two vortices after their collision scatter by a right angle. This effect
is well known to physicists and can be observed in physical experiments.

4. Adiabatic limit in Seiberg—Witten equations

4.1. Seiberg—Witten equations on Riemannian 4-manifolds

The Ginzburg—Landau equations, as it became clear recently, are closely related
to the Seiberg—Witten equations. The Seiberg-Witten equations, along with the
Yang—Mills equations, are the limiting cases of a more general supersymmetric
Yang-Mills theory (cf. [7], [8]). Note that, opposite to the conformally invariant
Yang—Mills equations, the Seiberg—Witten equations are not invariant under the
change of the scale which is one of their main features. So to draw “useful informa-
tion” from these equations one should introduce the scale parameter A\ into them
and take the limit A — oo.

Let us recall the definition of Seiberg—Witten equations (a detailed discussion
of these equations may be found in [6] or [10]). Let (X, ¢g) be an oriented compact
Riemannian 4-manifold. We assume that X is provided with a Spin®-structure
given by the spinor bundle W = WT @& W~ of rank 4 provided with a spinor
connection given by the covariant derivative V4 generated by a connection form
A on the characteristic line bundle L — X of the structure.

The Seiberg—Witten action functional is defined by the expression

1 |2

d
S(A,®) = 2/X{|FA|2+|VA<I>|2+ A (s+|<I>|2)} dvol
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where ® is a section of the positive spinor bundle W, s = s(g) is the scalar
curvature of (X, g) and dvol is the volume element on (X, g). Note that S(A4, ®)
may take negative values if the curvature s is negative.

The equations for the local minima of this functional may be written in the
form

Dpa®=0

F;‘L =0® P — §|@|2 -Id
where D 4 is the covariant Dirac operator associated with the connection V4 and
FX is the selfdual component of the curvature F4.

4.2. Seiberg—Witten equations on symplectic 4-manifolds
If the manifold X is symplectic, i.e., provided with a symplectic form w compatible
with the Riemannian metric g, then the pair (w, g) uniquely determines an almost
complex structure J compatible with both structures.

The almost complex structure J determines a canonical Spin®-structure

Wean = Wi, & W,,, and canonical spinor connection Va, with

Wit =A(X)e A (X), W,,=A"(X)

can can

and characteristic line bundle Lea, = A%?(X).

Having a Hermitian line bundle £ — X provided with a Hermitian connec-
tion B we can construct the corresponding Spin“-structure on X. For this structure
the spinor bundle Wg is the tensor product We,, ® E and the spinor connection
coincides with the tensor product of the canonical connection A,y on Lea, and B.

In other words,

Wh =Wl oE=AX,E)oA"(X,E), W, =W_,®E=A""(X,E)

can can

with the characteristic bundle
Lcan = Lcan QF = AO,2(X7 E)
and spinor connection V4 = Vean + B.
In this case the Dirac operator D4 will coincide with
Dy = 53 + 5‘%
where 0% is the operator L2-adjoint to dp, and @ is a section of the positive spinor
bundle W} having the form
P = (0, 2) € (X, E) © Q"*(X, E).

In this case the Seiberg—Witten equations with scale parameter A will have
the form B B
Opyax+0p Br=0
iFgf = OZAﬂ)n
‘i\ngA =47 + |Ba]? — | |?
where a) = 5‘;\, Br = 51 are the normalized forms and F7, is the component of
the curvature Fg, parallel to the form w.
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We assume that the necessary solvability conditions, having the topological
nature (cf. [6], [13]), are satisfied. Then these equations will have solutions for all
sufficiently large .

4.3. Adiabatic limit in Seiberg—Witten equations

Taubes in [13] has shown that these solutions have the following behavior for
A — o0

1) |ax| = 1 for A = oo everywhere outside its zeros;
2) 8] = 0 for A — oo everywhere with its first derivatives.

Denote by Oy := a, '(0) the zero set of ay. Then (cf. [13]) C) converge (in
the sense of currents) to some pseudoholomorphic divisor, i.e., a chain composed
of pseudoholomorphic curves Cj, taken with multiplicities my. In the same limit
the original Seiberg—Witten equations will reduce to a family of vortex equations
defined in the complex planes normal to the curves Cy. The chain > m;Cj may
be considered as a complex analogue of adiabatic geodesics in (1 4 2)-dimensional
case.

Conversely, in order to reconstruct the solution of Seiberg—Witten equations
from the chain > myCy, the family of vortex solutions in normal planes should
satisfy a nonlinear d-equation which may be considered as a complex analogue of
the Euler equation for adiabatic geodesics with “complex time” (cf. [10]).

So we have the following correspondence established by the adiabatic limit
procedure:

solutions of Seiberg— families of vortices in normal planes to
Witten equations pseudoholomorphic divisors
and
Seiberg-Witten families of vortex equations in normal
equations planes to pseudoholomorphic divisors
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Abstract. By making use of the variational tricomplex, a covariant procedure
is proposed for deriving the classical BRST charge of the BFV formalism from
a given BV master action.
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1. Introduction

The BRST theory provides the most powerful approach to the quantization of
gauge systems [1]. It includes the Batalin—Vilkovisky (BV) formalism for La-
grangian gauge systems and its Hamiltonian counterpart known as the Batalin—
Fradkin—Vilkovisky (BFV) formalism. Usually, the two formalisms are developed in
parallel starting, respectively, from the classical action or the first-class constraints
on the phase space of the system. In either case one applies the homological per-
turbation theory (hpt) to obtain the master action or the classical BRST charge at
the output. A relationship between both the pictures of gauge dynamics is estab-
lished through the Dirac-Bergmann (DB) algorithm, which allows one to generate
the complete set of first-class constraints by the classical action. All these can be
displayed diagrammatically as follows:

Lagrangian gauge theory hpt Master action
with action Sy S=Sy+---
DB algorithm ?
\
Hamiltonian theory with hpt N BRST charge
the 1-st class constraints T, Q=C% y +---

Looking at this picture it is natural to ask about the dotted arrow making
the diagram commute. The arrow symbolizes a hypothetical map or construction
connecting the BV and BFV formalisms at the level of generating functionals.
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As we show below such a map really exists. By making use of the variational
tricomplex [10], we propose a direct construction of the classical BRST charge
from the BV master action. The construction is explicitly covariant (even though
we pass to the Hamiltonian picture) and generates the full spectrum of BFV ghosts
immediately from that of the BV theory. We also derive a covariant Poisson bracket
on the extended phase space of the theory, with respect to which the classical
BRST charge obeys the master equation. The construction of the covariant Poisson
bracket is similar to that presented in [5], except that our Poisson bracket is defined
off shell.

Finally, it should be noted that the first variational tricomplex for gauge
systems was introduced in [6] as the Koszul-Tate resolution of the usual variational
bicomplex for partial differential equations. Using this tricomplex, the authors
of [6] were able to relate various Lie algebras associated with the global symmetries
and conservation laws of a classical gauge system. Our tricomplex is similar in
nature but involves the full BRST differential, and not its Koszul-Tate part.

2. Variational tricomplex of a local gauge system

In modern language the classical fields are just the sections of a locally trivial,
fiber bundle 7 : E — M over an n-dimensional space-time manifold M. The
typical fiber F' of E is called the target space of fields. In case the bundle is trivial,
i.e., E = M x F, the fields are merely the smooth mappings from M to F. For the
sake of simplicity, we restrict ourselves to fields associated with vector bundles. In
this case the space of fields I'(E) has the structure of a real vector space.

Bearing in mind gauge theories as well as field theories with fermions, we
assume 7 : E — M to be a Z-graded supervector bundle over the ordinary (non-
graded) smooth manifold M. The Grassmann parity and the Z-grading of a ho-
mogeneous object A will be denoted by €(A) and deg A, respectively. It should be
emphasized that in the presence of fermionic fields there is no natural correlation
between the Grassmann parity and the Z-grading. Since throughout the paper we
work exclusively in the category of Z-graded supermanifolds, we omit the bor-
ing prefixes “super” and “graded” whenever possible. For a quick introduction to
the graded differential geometry and some of its applications we refer the reader
to [7-9].

In the local field theory, the dynamics of fields are governed by partial dif-
ferential equations. The best way to account for the local structure of fields is
to introduce the variational bicomplex A**(J>°F;d, ) on the infinite jet bundle
J*°FE associated with the vector bundle 7 : E — M. Here d and § denote the hori-
zontal and vertical differentials in the bigraded space A**(J*E) = @ AP4(J>*E)
of differential forms on J>*°FE, where p and ¢ refer to the vertical and horizontal
degrees, respectively. A brief account of the concept of a variational bicomplex can
be found in [4, 5].
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The free variational bicomplex represents thus a natural kinematical basis
for defining local field theories. In order to specify dynamics two more geomet-
rical ingredients are needed. These are the classical BRST differential and the
BRST-invariant (pre)symplectic structure on J°E. Let us give the corresponding
definitions.

2.1. Presymplectic structure

By a presymplectic (2, m)-form on J*° E we understand an element w € /N\Q*m(JOOE)
satisfying !

dw~0. (1)
The form w is assumed to be homogeneous, so that we can speak of an odd or
even presymplectic structure of definite Z-degree. The triviality of the relative “0
modulo d” cohomology in positive vertical degree (see [5, Sec. 19.3.9]) implies that
any presymplectic (2, m)-form is exact, namely, there exists a homogeneous (1, m)-
form @ such that w ~ 0. The form @ is called the presymplectic potential for w.
Clearly, the presymplectic potential is not unique. If 6 is one of the presymplectic
potentials for w, then setting wy = d0y we get

dwp =0, wo X Ww.

In other words, any presymplectic form has a §-closed representative.

Denote by kerw the space of all evolutionary vector fields X on J>*°FE that
fulfill the relation?

ixw ~0.

A presymplectic form w is called non-degenerate if kerw = 0, in which case we
refer to it as a symplectic form.

An evolutionary vector field X is called Hamiltonian with respect to w if it
preserves the presymplectic form, that is,

Lxw>~0. (2)
Obviously, the Hamiltonian vector fields form a subalgebra in the Lie algebra of
all evolutionary vector fields. Eq. (2) is equivalent to

dixw~0.
Again, because of the triviality of the relative §-cohomology, we can write

ixw~dH (3)

for some H € A%™(J®E). We refer to H as a Hamiltonian form (or Hamiltonian)
associated with X. Sometimes, to indicate the relationship between the Hamilton-
ian vector fields and forms, we will write Xz for X. In general, the relationship is
far from being one-to-one.

1By abuse of notation, we denote by w an element of the quotient space AZm = AZm™ JdAZm L
and its representative in A%"™. The sign ~ means equality modulo dA**.

2Recall that a vertical vector field X is called evolutionary if ixd+ (—1)6(X)dix = 0, where ix
is the operation of contraction of X with differential forms.
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The space A%™(J*®E) of all Hamiltonian m-forms can be endowed with the
structure of a Lie algebra. The corresponding Lie bracket is defined as follows: If
X4 and Xp are two Hamiltonian vector fields associated with the Hamiltonian
forms A and B, then

{A’ B} = (_1)E(XA)iXAiXBw' (4)
The next proposition shows that the bracket is well defined and possesses all the
required properties.

Proposition 1 ([10]). The bracket (4) is bilinear over reals, maps the Hamiltonian
forms to Hamiltonian ones, enjoys the symmetry property

{A, B} ~ _(_1)(6(A)+e(w))(e(3)+e(w)){B’ A}, (5)
and obeys the Jacobi identity
{CAA, BY} = {{C, A}, B} + (- 1) (D+NDrfa {0, BY} . (6)

2.2. Classical BRST differential
An odd evolutionary vector field @ on J*®FE is called homological if

Q,Q] =2Q% =0, deg @ =1. (7)
The Lie derivative along the homological vector field () will be denoted by dg. It
follows from the definition that (% = 0. Hence, d¢ is a differential of the algebra

A**(J*°E) increasing the Z-degree by 1. Moreover, the operator dg anticommutes
with the coboundary operators d and 9:

dod + dég =0, 0gd + 04 =0.
This allows us to speak of the tricomplex A***(J*E;d,d,dq), where
5g : APOT(JXE) — AP J®E) .

In the physical literature the homological vector field @ is known as the clas-
sical BRST differential and the Z-grading is called the ghost number. These are
the two main ingredients of all modern approaches to the covariant quantization
of gauge theories. In the BV formalism, for example, the BRST differential car-
ries all the information about equations of motions, their gauge symmetries and
identities, and the space of physical observables is naturally identified with the
group HO™O(J®E;dq/d) of “6g modulo d” cohomology in ghost number zero.
For general non-Lagrangian gauge theories the classical BRST differential was
systematically defined in [2, 3].

The equations of motion of a gauge theory can be recovered by considering
the zero locus of the homological vector field ). In terms of adapted coordinates
(2%, %) on J®FE the vector field @, being evolutionary, assumes the form3

Q= 01Q" (9/965)

3We use the multi-index notation according to which the multi-index I = i1i2 - - - i} represents
the set of symmetric covariant indices and 9r = 9;, - -+ 9;, . The order of the multi-index is given
by |I| = k.
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Then there exists an integer [ such that the equations
01Q* =0, Il =k,

define a submanifold ¥* C J'**E. The standard regularity condition implies that
Yk+1 fibers over ©F for each k. This gives the infinite sequence of projections

> Yi+3 > nit2 > Y+l >3t — M,
which enables us to define the zero locus of ) as the inverse limit
¥ =lim %",
—

In physics, the submanifold ¥°° C J*°F is usually referred to as the shell. The
terminology is justified by the fact that the classical field equations as well as their
differential consequences can be written as

(1=¢)"(0rQ") = 0.

In other words, the field ¢ € I'(E) satisfies the classical equations of motion iff
JP € B>

2.3. Q-invariant presymplectic structure and its descendants

By a gauge system on J*°E we will mean a pair (Q,w) consisting of a homological
vector field @ and a Q-invariant presymplectic (2, m)-form w. In other words, the
vector field @) is supposed to be Hamiltonian with respect to w, so that dgw ~ 0.
The last relation implies the existence of forms wy, H, and 6; such that

dow = dwr , iow =0H +db: . (8)

As was mentioned in Section 2.1, we can always assume that w = 66 for some
presymplectic potential 8, so that dw = 0. Then applying d to the second equality
in (8) and using the first one, we find d(w; — 661) = 0. On account of the exactness
of the variational bicomplex, the last relation is equivalent to

wp X~ (591 .

Thus, w; is a presymplectic (2, m—1)-form on J* E coming from the presymplectic
potential #;. Furthermore, the form w; is @-invariant as one can easily see by
applying d¢g to the first equality in (8) and using once again the fact of exactness
of the variational bicomplex. Let H; denote the Hamiltonian for () with respect
to wq, i.e.,

igwi ~0H,,  H, e A" YJ®E).

Given the pair (Q,w), we call wy the descendent presymplectic structure on J*FE
and refer to (Q,w1) as the descendent gauge system.

The next proposition provides an alternative definition for the descendent
Hamiltonian of the homological vector field.
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Proposition 2 ([10]). Let w be a d-closed representative of a presymplectic (2, m)-
form on J*®FE and degH; # 0, then

dHy = — ) (H, H}. (9)

Corollary 3. H is a Maurer—Cartan element of the Lie algebra A%™(J>E), that is,
{H,H}~0.

Corollary 4. The Hamiltonian form Hy is d-closed on-shell. In particular, for
m =n it defines a conservation law.

Proposition 5 ([10]). Suppose that the Q-invariant presymplectic form w of top
horizontal degree has the structure

w= Py A6 A 5¢°, Puy € A°"(J®E), (10)

and H is the Hamiltonian of Q with respect to w. Then the presymplectic potential
for the descendent presymplectic (2,n—1)-form wy ~ 66, is defined by the equation

oH
OH = 0 A —db; . 11
6N e — A0 (11)
The above construction of the descendent gauge system (Q,w;) can be iter-
ated producing a sequence of gauge systems (Q,wy), where the kth presymlectic
form wy € A2™~F(J®E) is the descendant of wy_;. The minimal %k for which
wy ~ 0 gives a numerical invariant of the original gauge system (Q,w).

3. BFV from BV

In this section, we apply the construction of the variational tricomplex for estab-
lishing a direct correspondence between the BV formalism of Lagrangian gauge
systems and its Hamiltonian counterpart known as the BFV formalism. We start
from a very brief account of both the formalisms in a form suitable for our pur-
poses. For a systematic exposition of the subject we refer the reader to [1].

3.1. BV formalism

The starting point of the BV formalism is an infinite-dimensional manifold M,
of gauge fields that live on an n-dimensional space-time M. Depending on a par-
ticular structure of gauge symmetry the manifold M is extended to an N-graded
manifold M containing My as its body. The new fields of positive N-degree are
called the ghosts and the N-grading is referred to as the ghost number. Let us
collectively denote all the original fields and ghosts by ®4 and refer to them as
fields. At the next step the space of fields M is further extended by introducing the
odd cotangent bundle IIT*[—1]M. The fiber coordinates, called antifields, are de-
noted by ®%. These are assigned with the following ghost numbers and Grassmann
parities:

gh(®%) = —gh(®4) — 1, (@) =€e(@M) +1 (mod2).



Variational Tricomplex and BRST Theory 337

Thus, the total space of the odd cotangent bundle IIT*[—1]M becomes a Z-graded
supermanifold. The canonical Poisson structure on II7*[—1]M is determined by
the following odd Poisson bracket in the space of functionals of ® and ®*:

5,A §B  5,A 6B
A B) = — "r. 12
(4,B) /M (M)A 5%, 607 5@A) e (12)

Here d™x is a volume form on M and the subscripts [ and r refer to the standard
left and right functional derivatives. In the physical literature the above bracket
is usually called the antibracket or the BV bracket.

The functionals of the form

A= [ G=or @,

where ¢ = (®,®*) and a € A®"(J®E), are called local. Under suitable boundary
conditions for ¢s the map a — A defines an isomorphism of vector spaces, which
gives rise to a pulled-back Poisson bracket on KO’”(J‘X’E). This last bracket is
determined by the symplectic structure

w =060 NP AN d" (13)

according to (4). By definition, gh(w) = —1 and ¢(w) = 1.

The central goal of the BV formalism is the construction of a master action
S on the space of fields and antifields. This is defined as a proper solution to the
classical master equation

(5,5)=0. (14)

The local functional S is required to be of ghost number zero and start with the
action Sy of the original fields to which one couples vertices involving antifields.
All these vertices can be found systematically from the master equation (14) by
means of the so-called homological perturbation theory [1].

The classical BRST differential on the space of fields and antifields is canon-
ically generated by the master action through the antibracket:

Q=(5,-). (15)
Because of the master equation for S and the Jacobi identity for the antibracket
(12), the operator @ squares to zero in the space of smooth functionals. The
physical quantities are then identified with the cohomology classes of @ in ghost
number zero. When restricted to the subspace of local functionals the classical

BRST differential (15) induces a homological vector field on the total space of the
jet bundle J*FE.

3.2. BFYV formalism

The Hamiltonian formulation of the same gauge dynamics implies a prior splitting
M = N x R of the original space-time into space and time; the factor N can be
viewed as the physical space at a given instant of time. The initial values of the
original fields are then considered to form an infinite-dimensional manifold A.
To allow for possible constraints on the initial data of fields the manifold Nj is
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extended to an N-graded supermanifold N by adding new fields, called ghosts,
of positive N-degree. Then the space of original fields and ghosts is doubled by
introducing the cotangent bundle T*A endowed with the canonical symplectic
structure. If we denote the local coordinates on N by ®* and the linear coordinates
in the cotangent spaces by ®,, then the canonical Poisson bracket in the space of
functionals of ®* and @, reads

5.A 5B 5,A8BY .
A B} = T (—1)(®a) T "z, 1
{4, B} /N<5c1>a 5o, VT 58, 5q>a> v (16)

Here d" 'z stands for a volume form on N. By the definition of the cotangent
bundle of a graded manifold

gh(®q) = —gh(®?),  €(®q) = €(2).

Again, the space of local functionals, i.e., functionals of the form
B:/ i@ b)),  o=(2,®), beATI(ITE),
N

appears to be closed w.r.t. the even Poisson bracket (16) and the map b — B
induces an even Poisson bracket on A%"~1 (J*°E). The latter is determined by the
even symplectic form

w1 = 0Py AP A dV

of ghost number zero.

The gauge structure of the original dynamics is encoded by the classical
BRST charge €. This is given by an odd, local functional of ghost number 1
satisfying the classical master equation

(Q,0} =0.

The classical BRST differential in the extended space of fields and momenta is
given now by the Hamiltonian action of the BRST charge:

Q=1{2, }. (17)

It is clear that Q% = 0. The group of Q-cohomology in ghost number zero is then
naturally identified with the space of physical observables. Upon restriction to the
space of local functionals the variational vector field (17) induces a homological
vector field on the total space of the infinite jet bundle.

3.3. From BV to BFV

It must be clear from the discussion above that any gauge system in the BFV for-
malism may be viewed as the descendant of the same system in the BV formalism.
More precisely, we can define the even presymplectic structure w; on the phase
space of a gauge theory as the descendant of the odd symplectic structure (13):

0S 0S )

— * (I)A m — q)A P*
dwy = 60D AN 0D” Ad™x) 5(6 /\5q)A+(5 A/\M)Z
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The corresponding classical BRST charge is given by
o = [ %6 (),
N

where N C M is a space-like Cauchy hypersurface and J € AZ" 1(J*FE) is the
Hamiltonian of the classical BRST differential @ = (5, -) w.r.t. the descendent
presymplectic form wy, i.e.,

0J ~igu . (18)
It is clear that gh(Q) = 1. In virtue of Corollary 3, the functional 2 obeys the
classical master equation {Q,Q} = 0 with respect to the even Poisson bracket
associated with wi. According to Corollary 4 the form J represents a conserved
current, the BRST current. Formally, this means that the “value” of the odd charge
Qn does not depend on the choice of N provided that j*°¢ € ¥°°.

Since the canonical symplectic structure (13) on the space of fields and an-
tifields is d-exact, we can give an equivalent definition for J in terms of the an-
tibracket (12). For this end, consider the dynamics of fields in a domain D C M
bounded by two Cauchy hypersurfaces N; and Na. The fields and antifields are
assumed to vanish on space infinity together with their derivatives. By Proposi-
tion 2,

1 00\ _ 50\ _
~55.8) = [ (=07 (@n) = [ =) () = o, — .

Let us illustrate the general construction by a particular example of gauge
theory.

3.4. Maxwell’s electrodynamics

In the BV formalism, the free electromagnetic field in a 4-dimensional Minkowski
space is described by the master action

1
S = /L, L= 7(4FWF‘“’ + C@“A;)d%. (19)

Here
F,, =0,A,-0,A,

is the strength tensor of the electromagnetic field, Ay, is the antifield to the elec-
tromagnetic potential A,, and C' is the ghost field associated with the standard
gauge transformation 6. A, = 0,¢.

Since the gauge symmetry is abelian, the master action (19) does not involve
the ghost antifield C*. The odd symplectic structure (13) on the space of fields
and antifields assumes the form

w = (0A;, NSA" +6C" NSC) A d*z, d*z = da® A dxt A dx? A da?
and the action of the classical BRST differential is given by
oA, =0,.C, dQA;, = 0"F,,, 0oC =0, dC* = 0" A, . (20)
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The variation of the Lagrangian density reads
0L = (0" FludA” + 0" AL6C + 0" C A}, — 0"0,,) A d*z, 0y = Fud6A” +C6A;, .
One can easily check that igw ~ 0L. By Proposition 5 the form
01 = —0, NdPxH, Pzt = i o, d*z,
defines the potential for the descendent presymplectic form
w1 =601 = —(0F,, ANSA* +6C NSAL) A dPa . (21)

(Of course, one could arrive at this expression by considering the BRST variation
dow = dw; of the original symplectic structure.)

Applying the BRST differential to the form w; yields one more descendent
presymplectic form

wp =0C NOF,, N d? , d?p = nti 520 d3zv .

This last form, being “absolutely” invariant under the BRST transformations (20),
leaves no further descendants.

The 3-form of the conserved BRST current J associated to the BRST sym-
metry transformations (20) is determined by Eq. (18). We find

J = J,d*z" ~ —CO'F,,d*z" .

Once we identify 2° with time in the Hamiltonian formalism, the antifield Aj
plays the role of ghost momentum canonically conjugate to C' with respect to
the presymplectic structure (21). The on-shell conservation of the corresponding
BRST charge €2 = ng Jod3x expresses nothing but the Gauss law 0°Fjy = 0.
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Abstract. We review the geometry of the moduli space of flat connections and
Hitchin’s moduli space for an orientable or non-orientable surface, and study
various line bundles over the moduli spaces. After a survey of the background
materials, we consider the quantization of Hitchin’s moduli space for a non-
orientable surface by branes and mirror symmetry.
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1. Introduction

The aim of quantization is to obtain, from a classical system, a quantum Hilbert
space and an algebra of quantum operators acting on it. Geometrically, a classi-
cal system is a symplectic manifold and, though outstanding questions still exist,
geometric quantization [23, 32] is a well-developed procedure for achieving these
goals. On the other hand, deformation quantization [4] produces a deformation of
the algebras of functions on a symplectic or Poisson manifold in a formal power se-
ries, beginning with the Poisson bracket in the first order. There are also problems
such as the convergence of the formal series. A few years ago, a new method called
quantization via branes was proposed [13] using a suitable topological A-model on
a complexification of the symplectic manifold to be quantized. Both the algebra of
quantum observables and the space of quantum states are realized as the spaces
of open strings ending on branes. A dual point of view via mirror symmetry was
subsequently studied [12] using a topological B-model. In this paper, we explore
the quantization of Hitchin’s moduli spaces for a non-orientable surface.

On an orientable surface, Hitchin’s equations were introduced in [15] as a re-
duction of the self-dual Yang—Mills equation in four dimensions. The moduli space
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of solutions (up to gauge equivalence) is hyper-Kahler. When the gauge group is
replaced by its Langlands dual [10, 25], Hitchin’s moduli space turns to its mir-
ror manifold [8, 14]. In [21] (see [37] for recent development), a twisted version
of the N = 4 gauge theory in four dimensions was compactified in two directions
to obtain, at low energies, a sigma-model whose target space is Hitchin’s moduli
space. The electric-magnetic duality (or S-duality) in four dimensions reduces to
the mirror symmetry in two dimensions and explains the geometric Langlands cor-
respondence [21]. Hitchin’s moduli space for a non-orientable surface was studied
in [19], building upon earlier works [17, 18] on the moduli space of flat connections
on a non-orientable surface. The mathematical structures were further explored in
[39] from the point of view of four-dimensional gauge theory, using especially the
discrete electric and magnetic fluxes [34] and their duality.

The present paper is structured as follows. In §2, we review the construction
in [30] of the prequantum line bundle over the moduli space of flat connections on
an orientable surface, beginning with a finite-dimensional model for clarity. In §3,
we recall Hitchin’s moduli space for an orientable surface and study various line
bundles over it by applications of the finite-dimensional setting. We give a survey
of branes in sigma-models using Hitchin’s moduli space as an example. In §4, we
explain the geometry of the moduli space of flat connections and Hitchin’s moduli
space for a non-orientable surface and study the line bundles over them. In §5,
we review the general theory of quantization via branes and mirror symmetry. We
then apply it to the quantization of Hitchin’s moduli space for a non-orientable
surface.

2. Line bundle on moduli space of flat connections

2.1. Symplectic quotient and prequantum line bundle

Let (M,w) be a symplectic manifold and let G be a compact Lie group with Lie
algebra g. Suppose G acts on (M,w) on the left and the action is Hamiltonian
with a moment map pu: M — g*. This means that if X, is the vector field on M
corresponding to a € g, then 1x,w = du,, where g = (u,a), and w(X,, Xp) =
—Xapy = Xopta = {tas 1o} = ey for all a,b € g. If 0 is a regular value and G
acts freely (or with a constant stabilizer) on ~1(0), then the symplectic quotient
MY := ;71(0)/G is a smooth manifold with an induced symplectic form w° [26, 27].
For simplicity, we will make this assumption throughout our discussion. In general,
MY is a stratified symplectic space [31], but we will then consider only the smooth
part of MPO.

A symplectic manifold (M, w) is (pre)quantisable if there is a Hermitian line
bundle L — M with a unitary connection V with curvature w//—1. We assume
that the Hamiltonian G-action on M can be lifted to L preserving the connection
V. Let Z be the vector field on the principal U(1)-bundle P or on L* (the total
space L with the zero section deleted) that generates the standard U(1)-action.
Let X be the horizontal lift to P or L* of a vector field X on M. Then [X,Y] =
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[X,Y]+w(X,Y)Z for all vector fields X,Y on M. For a € g, let X, be the vector
field of the lifted action on L. Then X, = X, + aZ on P or on L* [23]. The
restriction of L to p~1(0) descends to a Hermitian line bundle L% — MY with

an induced connection V? with curvature w®//—1, i.e., LY is a prequantum line
bundle over (M, w?) [11].

2.2. A finite-dimensional model

Now suppose the symplectic form w on M is exact, i.e., w = df, where 0 is a
1-form on M. In this case, we can take L = M x C with a (unitary) trivialization
under which the gauge potential of the connection V is #/1/—1. Suppose the lifted
G-action on L is g - (z,2) = (gz,v(g,x)z), where g € G, x € M, z € C. Then
v: G x M — U(1) satisfies the cocycle condition

V(gh, x) = y(h, ©)v(g, hx) (1)

for all g,h € G, v € M. Writing v, = v(g,-): M — U(1) for each g € G as a
U (1)-valued function on M, the condition (1) is equivalent to 4, = vn h™y4. Since
V is G-invariant, g € G pulls back the gauge potential to a gauge transformation
(determined by ) of itself, i.e.,

g0 — 0= —V/—1y, dv,. (2)

We study the function v, := —\/—ljt}t:()’y(et“, -y on M, where a € g. It is
clearly linear in a € g. The vector field of the lifted action on P = M x U(1) or
on LX =M x CXis Xy = X, + Yo Z. We have the identity

Xao — XoYa = —V]a,b] (3)
for all a,b € g. This follows either from differentiating (1) with respect to g, h at
e € G or from [Xa,Xb] = f)A([a,b]. On the other hand, the horizontal lift of any

vector field X on M is X = X +1x0 Z, and since Xa =X, + peZ, we get, for any
acg,
Ya = o + tx,0. (4)
In fact, this identity almost follows from (1) and (2): by differentiating (2) with
respect to g, we get v, = fg + tx,0 + ko, Where K, is a constant which is also
linear in a € g (hence k € g*). Using (3), we can prove that « is zero on [g, g].
So k = 0 if g is semi-simple; in general, x can be made zero by shifting either the
G-action or the moment map.
We show that v: G x M — U(1) and 0 € 2'(M) satisfying (1) and (2) (as
well as k = 0) are sufficient to determine the prequantum line bundle L° over M
and its connection V. First, the total space LY = p=1(0) x., G is the quotient
of u71(0) x C by G. So a section ¥ of LY can be identified with a complex-
valued function ) on p~'(0) satisfying ¥ (gx) = (g, z)id(z) for all g € G and
z € p10), or g* = 'ygi/;. Second, the connection V° on L is given by V0 =
dip — \/—161p. We can check that it is covariant under G, i.e., g*V0y = Y4 VO,
and horizontal, i.e., tx, VO = 0; the latter follows from (4) and from u, = 0
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on £~ 1(0). Alternatively, consider the connection 1-form « := v~ 'du — /=16 on
P =M xU(1) or on L* = M x C* satisfying tza = v/—1. The same identity
(4) shows that a on p=1(0) x U(1) or on p~1(0) x C* is basic with respect to the
G-action and thus descends to a connection 1-form o on P° = =1(0) x, U(1) or
on (L%)* = pu=1(0) x, C*.

If we take a different (unitary) trivialization of L related to the previous one
by 8: M — U(1), then we obtain a cocycle 4" cohomologous to v, i.e.,

7'(g,2) = Blgz)y(g,2)B(x) ", (5)

for all g € G, x € M, or equivalently, v, = g*8, B~1. Also, w = df’, where
0 :=0—/—-15"1dp. (6)
Then ¢ and 7}, := —v/—-15|,_ 7/ (") (for a € g) satisfy the analogs of (2),

(4). Conversely, given +/, ¢ that are related to v, 8 by (5), (6), they define a
prequantum line bundle (L°)" over M? that is isomorphic to L°. In fact there is
a bundle isomorphism gz : LY — (L%, [(z,2)] = [(z,8(z)z)], where x € p=1(0),
z € C. We show that it respects the connections on L? and (L°). If ¢y € I'(L°) and
V' = gg oy € I'((LY)), they define functions v, ¢’ on p~'(0) that are related by

¢ = B. It is easy to check that (VoY = i —/—10') =3 VA‘@ Alternatively,
the new connection 1-form o/ = u~tdu — /—16’ on p=*(0) x U(1) is related to «
by a gauge transformation, o’ = a — v/—187'df3, and it descends to a connection
1-form (a)" on (P%)" := u~'(0) x» U(1) that is related to a” by gj(a’)’ = a”.

On the other hand, if # = #' + X in w = df, and \ is a G-invariant 1-form
on M, then a cocycle v satisfying ¢g*0' — 6’ = —\/—1v, " dv, also satisfies (2). Let
w' = df’, which is not necessarily symplectic on M. Suppose p': M — g* (or
w, = (i, a), a € g) satisfies vx,w’ = dul,, W' (Xa, Xp) = —Xapy, = Xopl, = Mfu,b]
and v, = pl, +1x,0" for all a,b € g. Then u: M — g* given by pq = p, —tx, A
satisfies tx,w = du, and

{ttas i} = =Xa(ph — 1, N) = Biap) T LX0 XA = Hiab)-

Therefore  is the moment map of the Hamiltonian G-action on (M,w). Since i,
also satisfies (4), we obtain a prequantum line bundle L° on M° = p=1(0)/G (with
curvature w®//—1). In particular, if @ = 0 and § = X itself is G-invariant, then
we can choose v = 1 and u given by u, = —tx, A (a € g). In this case, the bundle
L% = M x C is topologically trivial and A on p~1(0) descends to a 1-form A° on
M?O such that the covariant derivative of L% is V0 = d — /—1)°.

2.3. The Ramadas—Singer—Weitsman construction

We specialize to the infinite-dimensional setting of [30]. Let G be a compact
semisimple Lie group with Lie algebra g and let C' be a closed orientable sur-
face of genus ¢g(C) > 2. Given a principal G-bundle P over C, let A(P) be set
of connections on P and let §(P) be the group of gauge transformations. When
G is a matrix group, the gauge transformation of A € A(P) by g € G(P) is
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g-A = gAg~t —dggt. The Lie algebra of G(P) is Lie(§(P)) = 2°(C,adP). Its
dual has an identification Lie(G(P))* = 2?(C,adP) by the pairing

<F’€>:7217r/0tr(6F)

between € € 2°(C,adP) and F € 2?(C,adP). Here tr is the standard trace on
matrices when G = SU(n); in general, — tr denotes the inner product on g such
that the long roots of each simple factor of G are of length /2.

Note that A(P) is an affine space and the tangent space at any A € A(P) is
TaA(P) = 2(C,adP). There is a symplectic form w on A(P) given by

wHa.p) ==, [ tlans) @

where «, 3 € £2'(C,adP). With respect to w?, the action of G(P) is Hamiltonian
and the moment map is p: A(P) — Lie(G(P))*, A+ F4 (the curvature of A) [2].
The symplectic quotient M(P) := pu=1(0)/G(P) is the moduli space of flat connec-
tions up to gauge equivalence. In fact, we will consider the subset of irreducible flat
connections on P in a smooth part of M(P), which we denote by the same notation.
It has a natural symplectic form w and is of dimension 2(g(C) — 1) dim G [2].

To construct the prequantum line bundle over M(P), we recall the Chern—
Simons functional

CS(A) = 417r/BtrA/\ (aa+ ;[A,A])

of a connection A on a 3-manifold B. Now choose a 3-manifold B whose boundary
is C. Then the bundle P over C and all g € §(P), A € A(P) extend to B [30]
(which we denote by the same notations). We define

(9, A) = exp [V =1(CS(g-A) — CS(4))]. (8)
It can be shown that y(g, A) does not depend on the choice of B and the extensions
of g and A, and satisfies the cocycle condition in (1) [30]. Curiously, the exponent
in (8) is equal to the Chern—Simons functional on a closed 3-manifold. In fact, let
B =BUc (—B) be the double of B by gluing B and —B (B with the opposite
orientation) along C, [:’g be the gluing of the same bundle P over B and —B
along C' by the gauge transformation g. Then the connections g-A on B and A
on —B defines a connection Ag on ]59 over the closed 3-manifold B such that
CS(g-A) — CS(A) = CS(A4,).
We will explore the fact that the symplectic form (7) is exact. Explicitly, we
have w! = d0, where 0 is a 1-form on A(P) defined by*

0a(a) = —417r /C t(A A ), )

IStrictly speaking, A on the right-hand side should be A — Ag € 21(C,adP), where Ag is a fixed
reference connection on P. On the oriented double cover of a non-orientable surface (cf. §4), Ag
should be invariant under the involution.
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for all A € A(P), a € 2'(C,adP). On the other hand, the differential of y at
(9, A) € G(P) x A(P) is given by [30]

1
—V =1y "ty a)(e, @) = n / tr(dgg ' Ng-a—2eFyq —dgaeNg-A),
c

where ¢ € 2°(C,adP), a € 2'(C,adP). Here dgg~! is the (pull-back of) the
(right invariant) Maurer—Cartan form on G and g-a = Adya (which is gag™!
when G is a matrix group). This implies that v and 0 satisfy (2), (4). Therefore
following the construction in §2.2, we obtain a Hermitian line bundle £ — M(P)
with a unitary connection whose curvature is w/y/—1. It is also the determinant
line bundle of a family of d operators [30].

If we use, instead of vy, the cocycle

Yk(gaA) = Y(gaA)k = exp [\/—1]€(CS(gA) - CS(A))]a

where k € Z, then we get the line bundle L% over M(P) whose curvature is
kw/+/—1. The bundle is positive if and only if k& > 0.

We can combine the moduli spaces M(P) with various topological types of
P which are labeled by wi(P) € H?(G,m(G)) = m1(G). The resulting (usually
disconnected) space M(C,G) can be identified with the representation variety
Hom(7(C), G)/G. The symplectic form and prequantum line bundle on M(C, G)
are denoted by the same notations, w and £, respectively.

3. Line bundles and branes on Hitchin’s moduli space

3.1. Hitchin’s moduli space as a hyper-Kihler quotient

As above, C' is a closed orientable surface of genus g(C) > 2, G is a compact
semisimple Lie group, and P is a principal G-bundle over C. The group §(P)
of gauge transformations acts on the space A(P) of connections as before and on
21(C,adP) by g: @ — g& = Ad,P. We consider the space A(P)x 2'(C,adP) and
we denote a tangent vector at (A, ®) by (a, &), where , € € 21 (C, adP). Choosing
a complex structure on C' (which defines the Hodge star * on the 1-forms on C), the
space A(P) x 21(C,adP) is hyper-Kéhler [15], and the three complex structures
I*, J¥, K*% are given by (in the convention of [21])

Iﬁ(Oz’f) - (*Oé,**f), Jﬁ(a7£) - (ga 70‘)7 Kﬁ(a,f) - (*ga *Oé).

The metric and the three corresponding symplectic forms are, respectively,
1
g((@ 8. (0m) ==, [ tanss+en,
T Jo

w}{(0.9).(3n) ==, [ wlans—can
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o (@, 6), (B.m) = — /C tr(—a A w + €A %B),

27
(@ 0.60.m) ==, [ w@nn+en).
where (a,€), (8,7) € T(a,3)(A(P) x 2Y(C,adP)) = 2*(C,adP)®?. Moreover,
wh = wif +dN, wh =aN, W = dak
where w’# = d0’, with (see for example [21])

0 ((0.0) ==, [ wlane). N(@o) =, [ w@ne
A ((,6)) :—217r/ctr(¢/\*a), Ao ((,€)) :—;ﬂ/ctr(é/\a).

The action of G(P) on A(P) x £2'(C,adP) is Hamiltonian with respect to
all three symplectic forms. For € € Lie(G(P)) = 02°(C, adP), the vector field V. at
(A, D) is (—dae, [e &]). The three moment maps are [15]

ur(A, @) = JP.0], wi(A,D)=—da*xP, px(A D) =dsd, (10)

all valued in Lie(9(P))* =~ ()%(C,adP). The 1-forms 7\%, 7\?], 7\ﬁK are invariant under
G(P) and are related to the moment maps by (cf. §2.2)

(ur€) = (W) — v AL, (€)= = Ay, (i, €) = —ip AL,
where p; = Fa satisfies ¢y, cUIﬁ = d{p),e) as in §2.3. Hitchin’s moduli space
Mu(P) := p; 1 (0)Nu; ' (0)Nug' (0)/G(P) is the space of gauge equivalence classes
of solutions to Hitchin’s equations

nr(A, @) = py(A,P) = puk(4,9) =0. (11)

It is the hyper-Kéhler quotient [16] of A(P) x £21(C,adP) by G(P) at level 0, and is
of real dimension 4(¢g(C) — 1) dim G. We will only consider the smooth part of the
moduli space, which is also denoted by My(P). We denote by I, J, K the three
complex structures and by wy, wy, wg the three symplectic forms on My (P).
The forms w'f, ?\ﬁj, ?\?], ?\ﬁK descend, respectively, to w’, Ar, Ay, Ax on My (P),
where we have the equations

(U]Zw/[-l-d)\[, wy=d\;, wg =d\g.

There is an involution o#: (4,®) (A, —®) on A(P) x 2'(C,adP), which
is holomorphic with respect to I# but anti- holomorphlc with respect to J# and
K*. The action of of on the tangent spaces is ot: (o, &) — (a,—€). Thus we
obtain (o*)* ?\5 = ?\%, (of)* ?\?] = ?\?,, (%) ?\ﬁK = —?\ﬁK, and hence (Uﬁ)*wg = wﬁl,
(Uﬁ)*wg = fw?], (aﬁ)*wﬁK = fwﬁK. Since ¢ does not act on §(P) and commutes
with the action of G(P) on A(P) x 21(C,adP), it descends to an involution o on
the hyper-Kéhler quotient My (P), which is holomorphic in I but anti-holomorphic
in J, K, and which satisfies c*A; = A, 0*Ay = —Ay, 0*Ax = —Ax and oc*w; =
wy, c*wy = —wy, c*wg = —wg. Therefore the fixed-point set My (P)? is a
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complex submanifold of My (P) with respect to I but a Lagrangian submanifold
with respect to w; and wg. It contains M(P) as a connected component [15].

Given a pair (4,®) € A(P) x 2'(C,adP), the combination A — \/—1® is a
connection on the GC-bundle P® := P xg GC. Two of Hitchin’s equations (11),
1w = ug = 0, are equivalent to the flatness of A —+/—1®, and moreover, Hitchin’s
moduli space My (P) can be identified with the moduli space M(P®) of (reductive)
flat GC-connections on P up to complex gauge transformations [6, 9]. In this
way, My (P) naturally inherits the complex structure J, under which o is anti-
holomorphic.

Finally, Hitchin’s moduli spaces My (P) with various topological types of P
also combine to a (usually disconnected) moduli space My (C, G), and the complex
structures, differential forms, involution on each My (P) define those on My (C, G),
denoted by the same notations. Also, My(C,G) can be identified with the repre-
sentation variety Hom(m;(C),G)//G®.

3.2. Line bundles and complex Chern—-Simons gauge theory

We begin with a simple observation in the finite-dimensional setting. Let M be a
(finite-dimensional) hyper-Kéhler manifold with an action of a compact Lie group
G that is Hamiltonian with respect to all three symplectic structures wy, wy, wg,
and let yur, puy, prc: M — g* be the respective moment maps. Let w?, w9, w9 be the
induced symplectic forms on the hyper-Kihler quotient M° := 17 (0) N ;' (0) N
M}I(O) /G. Assuming all spaces concerned are smooth, we can regard M? as either
the symplectic quotient of the symplectic manifold (1" (0)N ' (0),w;) by G or a
symplectic submanifold (with respect to w?) of the symplectic quotient u; *(0)/G.
Therefore the method in §2.2 applies to hyper-Kéhler quotients. Suppose L; is a
prequantum line bundle of (M,w;) and the G-action on M lifts to L; preserving
the connection. As in §2.2, suppose wy = df; and let v;: G x M — U(1) be the
cocycle defined by the G-action on Ly = M x C. Then 6; and ~; satisfying (1),
(2) and (4) define a prequantum line bundle LY of (M° w?). Similarly, we can
construct prequantum line bundles LY of (M° w9) and LY of (M°,w9%).
Returning to Hitchin’s moduli space My (P), where P is a principal G-bundle
over C, we consider the 1-forms 0; = 0} + ?\%, 07 = 7\?], O = ?\ﬁK on A(P) x
0Y(C,adP) given in §3.1. Since ?\ﬁj, 7\?], 7\ﬁK are invariant under G(P), the cocycles
are YI(97A7¢) = 7(97"4) as in (8) and YJ(gaA7¢) = YK(gaA7dj) = ]-7 where
g € §(P) and (A,®) € A(P) x 2'(C,adP). We then obtain prequantum line
bundles £y, £y, Lx over My (P) with respect to wy, wy, wg. (See [7] for an
approach using determinant line bundles.) To relate £; to the bundle £ — M(P) in
§2.3, we recall that (the total space of) the cotangent bundle T*M(P) is contained
in My (P) as an open dense subset [15]. Topologically, the restriction of £ to
T*M(P) is the pull-back of the bundle £ — M(P), but the connection is modified
by Ar/v/—1, which has a non-zero contribution to the curvature along the fibres of
T*M(P), so that the total curvature of £7 is wz/y/—1. The line bundles £; and
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L are topologically trivial, but their connections d —v/—1A; and d — /—1Ag are
non-trivial and their curvatures are w;/v/—1 and wg /v/—1, respectively.

Under the involution of on A(P) x 2°(C,adP), the cocycle vy is invariant,
hence the induced involution o on My (P) lifts to £;. Moreover, since (o#)*0; = 07,
the connection on Ly is preserved by ¢ and the restriction of £; to M(P) C
Mu(P)? is the line bundle £ — M(C, G) constructed in §2.3. On the other hand,
since (aﬁ)*?\g = 77\?] and (Jﬁ)*AﬁK = f?\ﬁK, there are bundle isomorphisms o*£ ; =
L}l, oL = Ll}l respecting the connections. In particular, the restrictions of
Ly, Lk to M(P)?, or to M(P), together with their connections, are trivial. These
are the refinements of the fact that M(P) or My (P)? is symplectic in w; but
Lagrangian in wj, wg.

The line bundles constructed above are related to the Chern—Simons gauge
theory with a complex gauge group. For an oriented 3-manifold B and a principal
G-bundle P over B, if A is a connection on P and @ € 2'(B,adP), then A—+/—1¢
is a connection of the G€-bundle PC := P x ¢ GC. The action

Si(A,®) :; CS(A — vV—18) + ; CS(A + vV—18)

ik 1
*47r/3tr (AN (@A + (A, A)) — @ A dao)

,;(/Btr(2¢AFA+§¢A[Q¢])+/

4 qs)),

where t = k + +/—1s € C (with k € Z and s € R) is a complex parameter, is
invariant under the group G(PC) of complex gauge transformations [35].

In fact, Hitchin’s moduli space, equipped with the symplectic form w; :=
kwr + swg (t = k ++/—1s), is the phase space of the above three-dimensional
complex Chern—Simons gauge theory. On the other hand, the symplectic form w s
appears when we regard Hitchin’s moduli space as the total space of a cotangent
bundle (up to a compliment of high codimensions).

Returning to the G-bundle P over a closed orientable surface C, given A €
A(P), ® € 2(C,adP) and g € G(P), we choose a 3-manifold B with boundary
0B = C and we extend P, A, @, g to B. Let

yt(g7A7¢) = eXp[\/il(St(gAag@) - St(A74i))] (12)

Since k € Z, v+(g, A, ®) is independent of the choice of B and the extensions.
A simple calculation shows that

Yt(ga A7¢) = Bs(gA7g¢)Yk(ga A)BS(A7¢)717

where v (g, A) = v(g, A)* as in §2.3 and B is a U(1)-valued function on A(P) x
021(C,adP) defined by

V—1s

BS(A,é):exp[— i )

tr(AA qs)]
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By differentiating (12), we verify that the cocycle y; and the 1-form
0, := k(0 +A3) + sAL — V—1p;tdB,

satisfy the analogs of (2), (4).

As explained in §2.2, we can replace y; and 0; by vi(g,A4,P) = vi(g, A)
and 0 := k(0} + AY) + sAL, respectively, as the difference in the cocycles is a
coboundary. The resulting Hermitian line bundle (with a unitary connection) on
My (P) is thus £; = L}@k ® L%, where ££° means the topologically trivial line
bundle with connection d — y/—1sAk and curvature swg/v/—1. (Compare [7],
where a complex-valued Chern—Simons term CS(A — /—1®) was used to produce
a non-Hermitian line bundle over My (P).)

Finally, the line bundles £, £, L, £ on My(P) with various topological
types of P form line bundles over My (C, G) denoted by the same notations and
with the same properties.

3.3. Branes on Hitchin’s moduli space

In a two-dimensional sigma-model whose target space is Y, a brane B is a pair
(Z, E), where Z is a submanifold of Y and F — Z is a complex vector bundle with
a unitary connection. If the worldsheet 3 has a boundary 90X, then Z is where
0% maps to while E gives extra degrees of freedom on the boundary. (See [1] for a
comprehensive survey of branes in mathematics and physics.) A brane B = (7, F)
is called space-filling if Z =Y.

A-model and B-model are topological sigma-models depending on, respec-
tively, a symplectic structure and a complex structure on the target Y [36]. If
(Y,w) is symplectic, an A-brane requires a boundary condition that is compati-
ble with the supersymmetry of the A-model. Typically, an A-brane consists of a
Lagrangian submanifold Z with a flat bundle E. There are exceptional A-branes
supported on coisotropic submanifolds [20]. In particular, let £ be a Hermitian line
bundle over Y with a unitary connection whose curvature is F'. Then the condition
for the space-filling brane B.. = (Y, ¢) to be an A-brane is that w=!(y/—1F) is an
integrable complex structure on Y. More generally, an A-brane can be an object
in the (extended) Fukaya category of (Y,w). On the other hand, when Y is a com-
plex manifold, a B-brane, consistent with the supersymmetry of the B-model, is
of the form B = (Z, F), where Z is a holomorphic submanifold of ¥ and E is a
holomorphic vector bundle over Z. More generally, a B-brane can be an object in
the (derived) category of coherent sheaves on Y.

Hitchin’s moduli space My (C, G) is the target space of a sigma-model on an
(orientable) two-dimensional worldsheet X, as the low energy theory of the N =4
gauge theory on a four-dimensional manifold X' x C, compactified along C' [21]. Here
C' remains a closed orientable surface of genus g(C) > 2. Recall that (the smooth
part of) My (C, G) is a hyper-Kéhler manifold of real dimension 4(g(C')—1) dim G,
with complex structures I, J, K and symplectic forms wy, w, wg. Consider the
Hitchin fibration h: My (C,G) — B, where B is a vector space of real dimension
2(g(C) — 1)dim G [15]. For a generic b € B, the fibre F}, := h~(b) is a union
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of tori of real dimension 2(g(C) — 1)dim G. It is Lagrangian in w?] and wﬁK but
holomorphic in I. Given a flat line bundle ¢’ on Fy,, we have a brane Bp, = (Fp, ¢') of
type (B, A, A) [21]. Another brane B’ of type (B, A, A) is from the most degenerate
fibre h=1(0) = M(C, @) with a flat line bundle over it. M(C, G) is only part of
Mu(C, G)?; other components also support branes of type (B, A, A).

Being hyper-Kéhler, Hitchin’s moduli space My (C, G) also carries a number
of space-filling branes. First, B; := (Mu(C,G), L1) is clearly a B-brane with re-
spect to I. Since the curvature of £; is (.U]/\/—l and w}le =-K, w;(le =J,
they are coisotropic A-branes with respect to the symplectic forms wy, wg (or
any combination wycosa + wg sina). So By is a brane of type (B, A, A). Fur-
ther, the brane BY* := (Mu(C,G),L%*) (k € Z\{0}) is also of type (B, A, A)
in the sense that it is a B-brane with respect to I and an A-brane with re-
spect to kwy, kwg. Second, B; = Mpu(C,G), L) is likewise a brane of type
(A, B, A), and so is BY® := (Mu(C,G),L5*) (s € R\{0}), which is a B-brane
with respect to J and an A-brane with respect to swy, swg. When s > 0 takes
a particular value determined by the gauge coupling in four dimensions, B?s is
the canonical coisotropic brane B, in [21]. Third, Bx = Mu(C,G),Lk) and
BE = Mu(C,G),LL*) (s € R\{0}) are branes of type (A, A, B) for the same
reason. Finally, if t = k +/—1s # 0 (k € Z, s € R), then B, := (Mu(C,G), L;)
is a B-brane for the complex structure (kI + sK)/|t| and is an A-brane for the
symplectic form [¢t|w ;.

4. Line bundles on moduli spaces from a non-orientable surface

4.1. Moduli spaces from a non-orientable surface

Now let C' be a closed non-orientable surface, while G remains a compact semisim-
ple Lie group. Following the work [17] on the moduli space M(C, G) of flat con-
nections on C, Hitchin’s moduli space My (C,G) was studied in [19] using the
orientation double cover C' of C. As in [17] for M(C, G), it is related to part of the
space MH(C’, () that is invariant under an involution,

Let m: C' — C be the orientation double cover of C. Here C' is a connected
closed orientable surface on which the non-trivial deck transformation 7 acts as an
orientation-reversing involution without fixed points. Given a principal G-bundle
P — C, let P = n*P be the pull back. Then 7 acts naturally on P as a G-
equivariant involution (cf. [18]), and hence also on the set of differential forms
2*(C,adP) on C (valued in adP), the space A(P) of connections on P and the
group 9(16) of gauge transformations. The fixed-point sets in these spaces are the
corresponding spaces from C, i.e., 2°(C,adP)” = 2°(C,adP), A(P)" = A(P)
and G(P)™ = §(P) [17, 18].

The moduli space M(P) of flat connections on P over the orientable surface
C has a symplectic form @ and a complex structure .J (if we choose a complex
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structure on C' so that 7 is anti-holomorphic). On M(P), the action of 7 is anti-
symplectic, i.e., 7" = —®, and anti-holomorphic. Therefore the fixed-point set
M(P)7 in M(P) is Lagrangian and totally real [18]. The moduli space M(C, G)
of flat G-connections on C' on bundles of all topological types is identifiable with
the character variety, and there is an anti-symplectic involution 7 on it so that
M(C,G)7 is Lagrangian and totally real.

The moduli space M(C, G) for topological types of bundles over C' is a regular
cover of a subset M(C, G)§ in M(C,G)™ via the pull-back map 7* with Z(G)pz)
as the group of deck transformations [17].? Here the centre Z(G) of G is a finite
Abelian group, and Z(G)j) is the subgroup of 2-torsion elements. In particular, if
Z(@) is of odd order, then M(C, G) coincides with M(C, Q)™ [17], but in general,

M(C,G) — M(C,G)" is a local diffeomorphism which is neither surjective
nor injective. What covers other parts of M(C‘, G)7 are the moduli spaces of flat
connections twisted by flat torsion gerbes (or B-fields) on C, or twisted character
varieties [38].

To formulate Hitchin’s equations on a non-orientable surface C, we choose a
conformal structure on C'; then the Hodge star * on the 1-forms on C' is defined
up to a sign. Therefore Hitchin’s equations (11) on (A, ®) € A(P) x 21(C,adP)
by setting the right-hand sides of py, py, px in (10) to zero still make sense
even though C' is not orientable [19]. Let My(P) be the moduli space of the
solutions (A, ®) to Hitchin’s equations on C' up to gauge equivalence. Although
C is non-orientable, there is a complex structure J* and a symplectic form w?]
on A(P) x 2Y(C,adP) which descend respectively to J and w; on My(P). The
complex structure J can also be understood from the moduli space of flat G°-
connections on C' [19]. Let My (C, G) be the union of My (P) with all topological
types of P.

On the oriented double cover C, there is a unique complex structure which
is compatible with the conformal structure on C' and the orientation on C. So
Hitchin’s moduli space My (C Q) for C is hyper-Kéhler, with three complex struc-
tures I, J, K and three symplectic forms @y, Wy, Wg. The involution 7 acts
on MH(C’,G) and it is holomorphlc and symplectlc in J and @, but anti-
holomorphic and anti-symplectic in I and @jy, K and dk-. Consequently, the
fixed-point set MH(é' ,G)™ is holomorphic and symplectic in My (C G) with re-
spect to J and @y but totally real and Lagrangian with respect to I and @;, K
and g [19].3

More interestingly, when restricted to appropriate smooth part, Hitchin’s
moduli space My (C,G) for the non-orientable surface C' is a regular cover via

21t was stated in [17] that M(C,G) is a |Z(G)/2Z(G)|-sheeted cover of My(C,G)§. This is
compatible with the slightly more refined statement (cf. [19, 38]) here because Zy is always of
the same order as Z/2Z if Z is a finite Abelian group.

3In fact, similar results hold for Hitchin’s equations on higher-dimensional non-orientable mani-
folds [19]. See [3] for anti-holomorphic involutions on surfaces with possible fixed points and [5]
for involutions that also acts on the structure group.
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the pull-back map 7* of a subset MH(C’,G)S of Mu(C,G)", with the 2-torsion
subgroup Z(G)g of the centre Z(G) as the group of deck transformations [19]
(compare the same pattern [17] for M(C, G) explained above). The covering map
is Kihler with respect to J, wy; on M(C,G) and the restrictions of J, @ to
Mu(C, G)§. There are similar coverings of other parts of Mg (C, G)™ by the moduli
spaces of solutions to Hitchin’s equations for twisted G-bundles over C, or twisted
character varieties of the group G© [38].

4.2. Line bundle on moduli space of flat connections (non-orientable case)

We study line bundles over M(C,G) and M(C,G)", where C is a closed non-
orientable surface, 7: C' — C is its orientation double covering, 7 is the non-trivial
deck transformation on C, and G is a simple, connected and simply connected
compact Lie group.

Let P — C' be a principal G-bundle. Then the moduli space M(C, Q) of flat
connections on P := 7* P over C has a symplectic structure @ and a Hermitian line
bundle £ over M(C, G) with a unitary connection whose curvature is @/+/—1. In
the construction of £ (cf. §2.3), we need a cocycle given by (8) (g € §(P), A € A(P)
in our context), as well as a 1-form 8 on A(P) defined by (9) (but replacing C
by C), satisfying the analogs of (1 ), (2). Recall that 7 acts as an anti-symplectic
involution on M(C, G). In fact, since 7 reverses the orientation of C, we have a
stronger statement 76 = —0. We claim that for all g € §(P), A € A(P), we have

y(7g, 7" A) =v(9,4) 7" (13)

To prove (13), recall that in (8), we need to choose an oriented 3-manifold B
whose boundary is C' and extend P, g, A to B (denoted by the same notations).
Likewise, choose another oriented 3-manifold B’ with the same boundary C' and
extend P, 7%g, 7*A to P, ¢', A’ on B’. Consider a closed 3-manifold B, obtained
by gluing B and B’ along the boundary C via 7. We note that since 7 reverses the
orientation on C, there is no need to reverse the orientation of B or B’ to obtain
a consistent orientation on B,. Moreover, the bundles P — B and P’ — B’ glue
along C via the lifted action of 7 on P to form a G-bundle PT over BT. Then the
connections A on P and A’ on P’ determine a connection A, on PT, and the gauge
transformations g of P and ¢’ of P’ determine a gauge transformation §, of P,
Therefore, (13) follows easily from the equalities

CS(A;) = CS(A) + CS(A), CS(g--A,) = CS(g-A) + CS(g'-A")

and the fact that CS(g,-A,) — CS(A,) € 27Z.

(13) shows that the involution 7 on M(C, G) does not lift to an action on £,
but there is a bundle isomorphism L — L1 preserving the respective connec-
tions. Since the curvature of the connection on £~ is —/+/—1, this statement
is a refinement of 7@ = —®@ that we saw earlier. In particular, restricting to the
fixed-point set M(C, G)™ (on which 7 is the identity map), the bundles £ and £}
are isomorphic. That is, the restriction of £ to M(C,G)7 is flat and £2? (with
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its connection) is trivial on M(C, G)7. This is a refinement of the statement that
M(C,G)T is Lagrangian in (M(C, G), @).
Let ig: M(C,G)5 — M(C,G) be the inclusion map and po: M(C,G) —
M(C, @) be the |Z(G )[2]| sheeted covering map [17, 38] explained in §4.1. Then
the bundles £ := p§i§L over M(C, G) is clearly flat and 2-torsion. We argue that
it is in fact trivial. Using A(P) = A(P)7, §(P) = §(P)", the space

M(C,G) = (A(P) N 1(0))/S(P) = ' (0)7/S(P)"

is a Lagrangian quotient [29], and the bundle £ can be identified with the quotient
of A(P) N u=1(0) x C by the §(P)-action g: (A, z) — (g9-A4,vc(g,4)z), where
vel(g, A) = y(n*g,m*A) for all g € G(P), A € A(P). It suffice to show that
ve = 1. Indeed, we extend the bundle P, the connection 7*A and the gauge
transformation 7* to a 3-manifold B whose boundary is C. Then they descend
to a closed orientable 3-manifold obtained from B by collapsing the boundary C
to C. Thus the exponent in (8) is an integer multiple of 27/—1, and the result
follows.

Finally, the regular coverings po: M(C,G) — M(C,G)j itself induces flat
line bundles over M(C’, G)g- Let e be a character of the group Z(G)pg, i.e., e €
(Z(G)jg))Y := Hom(Z(G) (o), U(1)), the Pontryagin dual of Z(G)5). Then for each
e € (Z(G)p)Y, we have a flat line bundle £, := M(C,G) x, C over M(C,G)j.
The trivial line bundle over M(C,G) pushes down via py to the vector bundle
®66(Z(G)[2])V L, over M(C, G)].

4.3. Line bundles on Hitchin’s moduli space (non-orientable case)

Our goal is to study the properties of the line bundles ZZI, fJJ, L over MH(C’, Q)
under the action of 7, the restriction of these bundles to the fixed-point set
Mu(C,G)7, and subsequently the pull-back of these restrictions to Mg (C, G).
We will obtain refinements of the statement that 7 on My(C,G) is symplectic
with respect to @ but anti- symplectic with respect to Wy, M k.

First, recall that the bundle £ is defined by the cocycle vy (g, A 45) v(g,A)
which satisfies (13). The arguments in §4.2 show that 7*L; = L as bundles.
Moreover, the 1-form 91 on MH(C, G) satisfies T 91 = —91, hence the above
bundle isomorphism respects the connections. Therefore, the restriction of L7 to
My(C, G)™ is flat and 2-torsion, i.c., £&? (together with its connection) is trivial
on Mu(C,G)7. Let ig: Mu(C,G); — Mu(C,G) be the inclusion map and let
po: Mu(C,G) — My(C,G)5 be the |Z(G)pz)|-sheeted covering map. Then the
bundle £; := p§isL; on My (C,G) is not only flat and 2-torsion, but is in fact
trivial as in §4.2.

Second, the bundle £ is quite different. Since yJ(g,A d) = 1, Ly is a
product bundle topologically. However, the connection on Lyisd— V—1A J, where
A, is the 1-form on MH(C’ G) defined in §3.1 such that @ = dA . Since 75A; = Ay,
there is an isomorphism 7 L, Ly respecting the connections. That is, the action
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of 7 on MH(C’, G) lifts to L preserving the connection, a fact that will be very
crucial in §5. Consequently, the restriction of L to J\/E(Cv G)} is a prequantum
line bundle, and its pull back £; := pgigLs to Mu(C,G) is also a prequantum
line bundle (with respect to w ).

Third, since yx (g, A, @) = 1, Lk is topologically trivial again. The connec-
tion on LK is d — /— 1?\K, where ?\K is a 1-form such that O = d?\K Since

T*AKk = —Ag in this case, there is a bundle isomorphism 7*£ j 2 L;( respecting
the connection. The restriction of £ K to Mu(C, G)7, with its connection, is trivial,
and so is the pull-back Ly := ponLK to Mu(C, G).

To summarize, if L I, Iy 7 Ly are the prequantum line bundles on MH(C’ Q)
with respect to @y, ®j, Ox and if Ly, L;, Lk are the pull-back to My (C, G)
of the restriction of these bundles to Mg(C, G)J, then L, Lx are trivial while
L is the prequantum line bundle of (M(C, G), w ). In particular, the line bundle
L, = L®k L®“’ from complex Chern—Simons gauge theory with parameter t =
k++v/—1s (k € Z, s € R) is flat and 2-torsion when restricted to Mg (C,G)7,
its pull back £; — My (C, G) is trivial with a trivial connection.

Finally, we construct the flat line bundles induced by the regular covering
map po: Mu(C,G) = Mu(C,G)f. As in §4.2, we get a flat line bundle ¢, over
Mu(C, G)j for each e € (Z(G)[2))Y, and hence a brane B/, := (Myu(C,G)5, ) of
type (A, B, A). Furthermore, we have

(po)+ Ly = @ L@l (14)
e€(Z(G)2))V

as vector bundles over My (C,G)3.

5. Quantization via branes and mirror symmetry

5.1. General theory and example

We begin with an outline of quantization via branes and mirror symmetry [12,
13]. Let (M,w) be a symplectic manifold to be quantized. Assume that there is
a complexification of M, i.e., a complex manifold Y (whose complex structure
is denoted by I) with an anti-holomorphic involution 7 such that M is one of
the components of the fixed-point set. Assume also that there is a holomorphic
symplectic (2,0)-form 2; = wy + v/—lwg on Y such that 7%02; = 2; and wy
restricts to w on M. In several important examples, Y is hyper-Kéahler, and we will
use the notations suggested by hyper-Kahler geometry. Assume further that there
is a Hermitian line bundle ¢ over Y with a unitary connection whose curvature
is Re2;/v/—1 = wy/v/—1 and that the action of 7 can be lifted to ¢, acting
trivially over M and preserving its connection. Then the restriction of £ to M is a
prequantum line bundle.

Consider the A-model of the symplectic manifold (Y, wg). Though ultimately
the A-model depends on wg only, to define (pseudo-)holomorphic curves, one
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needs to choose an (almost) complex structure K on Y compatible with wgk.
Given two branes B; and Bs in the A-model, let Hom(B1,Bs) be the space of
states of open strings whose boundary conditions at the two ends are given by
Bq, Ba. If By, By are Lagrangian A-branes, then Hom(B1, Bs) is the symplectic
Floer homology. If one of them is coisotropic, the result is more complicated. For
example, if Y = My (C,G), where C' is orientable, B, = B?s is the canonical
coisotropic brane and B’ is supported on a fibre of the Hitchin fibration (cf. §3.3),
then Hom(Bcc, B') gives rise to a sheaf of D-module on M(C, G) related to the
geometric Langlands programme [21].

For quantization, we use two A-branes: a canonical coisotropic brane B, :=
(Y,¢) and a Lagrangian brane B’ := (M, ¢'), where ¢ is a flat line bundle on
M. According to [13], Hom(Bc, Bc) is the space of quantum observables and
Hom(B..,B’) is the space of quantum states when quantising the symplectic
manifold (M,w) with the prequantum line bundle L := (¢|5;) ® (¢')~1. In fact,
Hom(Bec, Bcc) is a deformation of the algebra of classical observables (which are
analytic functions on Y), whereas Hom(B.., B) is the space 3 = H°(M, L®K}V;2)
of quantum states normally constructed by geometric quantization. In this way, J
is naturally a Hom(Bec, B )-module. The algebra Hom(B., B..) remains the same
if we quantize a submanifold of Y fixed by another anti-holomorphic involution.

The involution 7 defines a Hermitian structure on H, and analytic functions
f on Y satisfying 7*f = f act as self-adjoint operators on H. To obtain enough
quantum operators acting on H, we need many analytic functions on Y. This
is best achieved by choosing Y as the minimal complexification of M, which is
homotopic to M and Stein [24].

In the dual approach, we consider the B-model on the mirror manifold YV of
Y in the complex structure JV. For two B-branes B1 and @2, the space of string
states in the B-model is simply Ext(B,B,), whose (virtual) dimension is given
by the Grothendieck—Riemann—Roch formula

Z(—l)kdimExtk(@l,@g):/ ch(B1)* A ch(By) Atd(YY),
k v

where o* := (—1)**la if a is a 2k-form. Kontsevich’s homological mirror symme-
try [22] maps an A-brane B in Y to a B-brane BY in YV, and for two A-branes B,
B,, there is an isomorphism Hom(B1, Bs) = Ext(BY,BY). Therefore, by mirror
symmetry, quantization of (M, w), which is a problem in the A-model of (Y, wg), is
transformed to an easier problem of finding Ext(BY,, B, ) and Ext(BY,, (B')Y) in

cec) cc?

the B-model of (Y, .JY), provided that YV, BY,, (B")" are known explicitly [12].

When there is a fibration p: Y — B by (special) Lagrangian tori, the mirror
manifold YV is the dual torus fibration p¥:YY — B [33]. In this case, each
fibre p~1(b) (b € B) in Y together with a flat line bundle on it is an A-brane,
and its mirror is the B-brane supported on the point in the dual torus (p¥)~1(b)
representing this flat line bundle on p~1(b). If the fibration of Y is holomorphic

in another complex structure J and if B is a B-brane in Y with respect to J,
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then the mirror BY of B can be calculated by a Fourier-Mukai transform, i.e.,
BY = R(hV).(h*B ®P), where P is the Poincaré line bundle over the fibre product
Y xg Y"V. Hence

ch(BY) = / p* ch(B) A ch(P).
(YXBYV)/YV

In particular, if B = (Y,¢) is a space-filling brane and the restriction of the line
bundle £ to each fibre h=1(b) (b € B) is flat, then the mirror BY is supported on
the subset in YV consisting of elements p € YV representing the flat line bundle
n=1(nv (p))-

An archetypical example in mirror symmetry comes from Hitchin’s moduli
spaces. Let GV be the Langlands dual [10, 25] of a compact semisimple Lie group G.
If C is a closed orientable surface, then the mirror of My (C, G)) with the symplectic
structure wg is My (C, GV) with the complex structure JV [8, 14, 21]. In fact, con-
sider the Hitchin fibrations h: Mu(C, G) — B and hY: Mg (C,GV) — BY. There
is a natural identification =: B — B" of base spaces and for a generic b € B, the
fibres h=1(b) and (hY)~1(Z(b)) are dual Lagrangian tori. If G is simply connected,
then My (C, Q) is connected but My (C,G") is not, and a connected component
of Mu(C,GY) corresponds to a flat, torsion gerbe (or B-field) on My (C,G). In
general, both My (C, @) and Myu(C,G") are disconnected and carry non-trivial
flat B-fields.

In [12], quantization of M := M(C, G) with the symplectic form kw (k € Z,
k > 0) is studied by using the complexification Y := My (C, G) = M(C, G®) with
the complex structure J. The involution o is anti-holomorphic in J and M is in
the fixed-point set (cf. §3.1). Moreover, o lifts to the line bundle ¢ := L?k onY,
which restricts to L2* on M (cf. §3.2). Let Be. := (Y, £) = BY* and let B’ be the
brane supported on M with a trivial line bundle. Both B.. and B’ are branes of
type (B, A, A) and hence their mirrors are of type (B, B, B) [21]. The space H of
quantum states is given by Hom(Bcc, B’) on the A-side and by Ext(BY., (B')") on
the B-side. The mirrors BY., (B’)Y can be calculated by Fourier-Mukai transform.
The brane (B’)Y is supported on the most singular point of My (C, GV) represented
by the trivial connection and ¢V = 0, while BY, is space-filling, and its rank is
equal to the volume of the Hitchin fibres in My (C, GV) [12].

5.2. Quantization of Hitchin’s moduli space (non-orientable case)

Let C be a closed non-orientable surface and let 7: C — C be its orientation
double covering, with a non-trivial deck transformation 7 on C. Let G be a compact
semisimple Lie group. Then Hitchin’s moduli space My (C, G) is Kéhler [19] with
complex structure J and symplectic form w; (cf. §4.1) and has a prequantum line
bundle £; (cf. §4.3). We consider the quantization of My (C, G) using branes and
mirror symmetry, in the framework of [12, 13].

For the oriented cover C, Hitchin’s moduli space MH(C’, G) is hyper-Kéhler
with complex structures I , J ,f( and symplectic forms @y, @y, Wk, and T acts
on My (C‘ , G) reversing I, K but preserving J. In particular, the 7-invariant part
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MH(C’,G)T is Kéhler with respect to J, @y, and moreover, there is a K&hler
local diffeomorphism from My (C, G) to My (C, G)7, which is a covering map onto
My (C, G)f [19] (cf. §4.1). The prequantum line bundle £; on My(C, G) restricts
to that on MH(C’, ()7, which then pulls back to the prequantum line bundle £ ;
on My (C, G) (cf. §4.3).

There is a close relation between quantization of My (C,G) and that of
Mu(C, G)§. Recall that for each e € (Z(G)z))Y, there is a flat line bundle £
on MH(C',G)g. Let H(C,G) denote the space of quantum states by quantizing
(Mi(C,G), £ ;) and H,(C,G), that by quantizing (Mg (C,G)5, L5 ® (£,)~1). By
(14),we have H(C,G) = @eG(Z(G)[z])V H(C,G).

We regard Y := My(C, G) as a complexification of M := Mg(C,G)j. The
action of 7 on Y is anti-holomorphic in I, and there is a (2,0)-form 2; := @ +
V—1dk in the complex structure I that satisfies 707 = ;. The line bundle
¢ := L has a unitary connection whose curvature is d),]/\/fl = Re QI/\/fl.
Further, the action of 7 lifts to ¢ preserving the connection. Therefore by choosing
a flat line bundle ¢ on M, we obtain the quantization of M as Hom(B., B’) in
the A-model of (Y, k), where B, =: (Y,£) and B’ := (M, (') are branes of type
(A, B, A). Thus H.(C,G) = Hom(Bec, B.), where B’ is defined by ¢, for each
e € (Z(G)p)Y. The algebra Hom(B.c, Bec) remains the same if we quantize a
manifold fixed by another involution that is anti-holomorphic in I (for example,
the involutions in [5]).

On the mirror side, we consider the B-model of YV := My(C,G") in the
complex structure JY. The mirrors of B, and B! are again of type (A, B, A)
[21]. Since the restriction of ¢ to each fibre of the Hitchin fibration h: Y — B
is a flat line bundle, the mirror of B.. is supported on a section of the dual
fibration hY of YV (at least in the generic fibres) determined by these flat line
bundles. To describe the mirror of B/, we consider a special case when G is simply
connected. Then M is connected but has non-trivial flat bundles £/, whereas in the
mirror manifold YV, My (C‘ ,GY)T is disconnected but each component is simply
connected. The connected components are labeled by elements in w1 (GY)/2 71 (GY)
and let @;nv be the brane supported on the component labeled by mY. It turns out
that 71 (GY)/271(GY) 2 (Z(G)g)" and the mirror of B, is B/, [39].# Thus we have
H.(C,G) = Ext(BY,,B’) from the B-side. The general case is quite delicate [39]
and involves the coboundary map §: H'(Zy, Z(G)) =2 Z(G)jg) — H?*(Zy, m(G)) =
7T1(G)/27T1(G).

Of course, we can choose to quantize My (C, G) with the symplectic form sw ;
(s # 0). Then we should use BE* = (Y, £%%) (cf. §4.3) while keeping B/, the same.
The mirror (B*)Y is supported on the same subspace in Y. Let H*(C, G) be the

4The branes B. and ﬁ’e are supported on some connected components of My (C~', G)T and
Mg (C, GV)T, respectively. In [3], treating branes as submanifolds, it was argued that the mirror

of Mu(C,G)™ is Mg (C,GV)".
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space of quantum states. Then H°(C,G) is the direct sum of H:(C, G) over e €
(Z(G)pg))Y, where H5(C,G) is Hom(BZ?, B.) on the A-side and Ext((BE*)Y,BL)
from the B-side.
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Bergman Kernels on Complex Manifolds
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Abstract. We study the limit behavior of weighted Bergman kernels on a
sequence of domains in a manifold M and show that under some conditions
on domains and weights, weighted Bergman kernel converges uniformly on
compact sets.
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1. Introduction

The Bergman kernel (see for instance [1-4, 6]) has become a very important tool
in geometric function theory, both in one and several complex variables. It turned
out that not only classical Bergman kernel, but also weighted one can be useful.
Let D ¢ CV be a bounded domain. One of the classic results for unweighted
Bergman kernels is Ramadanov’s theorem (see [9]):

Theorem 1 (Ramadanov). Let Dy € Dy € D3 --- be an increasing sequence of
domains in CV and set D := Uj Dj. Then, Kp, — Kp uniformly on compact
subsets of D x D.

We prove this theorem for weighted Bergman kernels (see [7, 8, 10]) and for
sequences of domains in a complex manifold (see also [3] for the definition of the
Bergman kernel on a complex manifold). In this last case we consider holomor-
phic (n,0)-forms instead of holomorphic functions. Because we are considering a
sequence of Hilbert spaces {L%,(D;, p1;)}52, we give a conditions which allow us to
formulate and prove weighted version of the Ramadanov theorem. It turns out that
even pointwise convergence of weights gives uniform convergence of kernels. More-
over, the considered weights are of a very general nature, they just provide that
the weighted Bergman spaces generated by them are Hilbert, and that weighted
Bergman kernels exist. Note that some generalizations of the Ramadanov theorem
on complex manifold have been considered recently but only in the special case of
weights (see [6]).
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2. Definitions and notations

Let M be an n-dimensional complex manifold dim¢ M = n and let D be a domain
in M. Any holomorphic coordinate chart © : U — V', where U is an nonempty
open subset of M and V is an nonempty open subset of C" will be denoted by
(U,0). Let W(D) be the set of weights (of integration) on D, i.e., W(D) is the
set of all Lebesgue measurable, real-valued, positive functions on D (u € W (D)
if w: D — (0,00) and for any chart (U,©) the function po ©~! is Lebesgue
measurable on V' = ©(U) C C"). We consider two weights py, e € W(D) as
equivalent if they are equal almost everywhere on D (for any chart (U, ©) the 2n-
dimensional Lebesgue measure Ao, ({z € O(U) : 11 (071(2)) # pu2(071(2))}) = 0).
If p € W(D), we denote by L2(A™°T*D, 1) the set of all (Lebesgue measurable)
(n,0)-forms f such that

I1£112 = (—1)“2/2/ w(FA ) < oo
D

It is easy to prove that if M has a countable basis of topology then L2(A™°T* D, 1)
is a (infinite-dimensional) separable Hilbert space with the norm || - ||, and the
scalar product

(f.9)n = (1) /Du {(fAg). f.g € LP(A™T*D, p)

(see [5]). If M =C™ and 21, ..., z, are (complex) coordinates in C", any element
of L2(A™°T*D, i1) can be written in the form

f(Z):f()(Z)d,Zl/\"'dZn,ZGD, (1)

where fo : D — C is a measurable function on D such that

1A = [ 1) Pliran(:) < o

It means that in this case L2(A™T* D, 1) can be identified with the space L?(D, )
of all Lebesgue measurable functions on D which are square integrable with respect
to the weight of integration u (see [7] or [8]).

From now on we assume that M has a countable basis of topology. Denote by
L?H(A™°T™* D, 1) the space of all elements of L?(A™9T*D, ;1) which are holomor-
phic (n, 0)-forms on D. We have that f € L>H(A™°T*D, ) if f € L2(A™°T*D, )

and for any holomorphic coordinate chart (U, © = (z1,...,2,)) the function fg in
the representation formula
f(p) :f®(p)dzl|p/\"'dzn|pa peU: (2)

is holomorphic on U. Then for any p € U we can define the functional of evaluation

Eop(f) = fo(p), f € L*H(A™°T*D, p).
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Note that if (W, ¥ = (wi,...,wy,)) is an another holomorphic chart on D such
that p € U N W then

8(21, e ,Zn)

8(w1,...,wn)(qj(p))’ f e L2 HA™T*D, ) (3)

Eup(f) = Eop(f)

where ;((Zl"”"z") (¥(p)) # 0 is the holomorphic Jacobian of the map © o W' at

W1 ,yeeey W)

the point ¥(p) € ¥(W) C C™.

Definition 2. A weight u € W(D) is called an admissible weight, an a-weight
for short, if L2H(A™°T*D, i) is a closed subspace of L2(A™°T*D, i) and for any
p € D and some holomorphic coordinate chart (U,©) on D such that p € U
the evaluation functional £g , is continuous on L?H (A™T*D, ). The set of all
a-weights on D will be denoted by AW (D).

It follows from (3) that if p € AW(D), (U,© = (21,...,2,)) and (W, ¥ =
(t1,...,tn)) are holomorphic charts on D and p € U NW then holomorphic (n, 0)-
forms e, e, and e, v, representing (by Riesz representation theorem) linear func-
tionals £g , and £y ;, respectively fulfills the equation

8(21, ce ,Zn)

€n,0,p =
=P t, .. tn

€u,W,p-
hence the formula

Kp, .(p,q) = ep0p(q) Ndzijpy A+ Ndzy,, p€U,q € D,

defines 2n-form Kp, , on D x D independently on the choice of the chart (U,© =
(21,...,2n)) such that p € U. Precisely we have

KD,/J(pa q) = e,u,@.,p(q)dzl JARERWAY dzn

If (W, ¥ = (t1,...,tn)) is a holomorphic chart on D such that ¢ € W and
eu,@,p(q) = k;?7\1l(p7 q)dt1|q VANREIRWAN dtnlq

then

Kp u(p.q) = kY (p,q)dty g A+ Ndtng Ndzapy, - Adzg,. (4)

Definition 3. The 2n-form Kp,, introduced above is called the y-Bergman kernel
2n-form of the domain D.

For p =1 we obtain the 2n-form Kp , = Kp introduced by S. Kobayashi
in his famous work [3]. By the very definition of e, o, Wwe obtain that for any
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feL*H(A™T*D, p)
1772 [ Ko, A S0
D
( ].) 2/2/‘u eH@p/\dsz /\dZn|p/\f

= [(71)71 /2/ /Lf'e,u.,@,;n]/\dzl|p"'/\dzn|p
D
= (fa eu,@,p)udzlkn SRRIVAN dZn|p = Eg,pdzup A dzn|p

= fo(p)dz1)p--- Ndzn)p, = f(p)-

The above formula express reproducing property of Kp ,. Similarly as in [3] one
can prove that if (f,,) is a complete orthonormal system in L2H (A™°T*D, i) then

KD,;L b,q an /\fn paqEDa

where the series on the right-hand s1de converges locally uniformly on D x D.
For £, # 0 it follows from the proof of Riesz representation theorem that
it B:={f € L*H(A™°T*D, u): £o,(f) = 1} there exists exactly one (n,0)-form
¥up in E minimizing the norm || - ||, ({tup} = E N (Ker o ,)*) and
1
p = €4,0,p- 6
Vup k@"@(p,p) 1,0,p (6)

Moreover, for any p € D and any holomorphic chart (U, ) such that p € U

k;?’e(p,p) = (en,0,p €n0,0)u = llen,e p”u =z (7)

If (W, ) is an another holomorphic chart on D and ¢ € W we have (by Schwarz
inequality)

K (,0)| = (e emo)ul < VKoK (0, 0) (8)

3. Ramadanov theorem for weighted Bergman kernels

Theorem 4 (Weighted generalization of the Ramadanov theorem on manifolds).
Let {D;}2, be a sequence of domains in a complex n-manifold M and set D :=
U; Dj. Let p € AW(D) and pij € AW (D;) for k € N (extend p; by p on D\ Dj).
Assume moreover that
a) For any j € N there is N = N(j) s.t. Dj C Dy, and pj(z) < pm(z) < u(z)
form >N, z € D;.
b) w; ﬁ—oo> 1 pointwise a.e. on D.

Then for weighted Bergman 2n-forms Kp, ., and Kp, , we have
Jlggo Kp; u; = Kpu

locally uniformly on D x D.
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The first step in the proof is to show the monotonicity property of local
coeflicients of the weighted kernels.

Lemma 5 (Monotonicity property). For any j € N, t € D; and any holomorphic
chart (U,© = (z1,...,2,)) on D; such that p € U the inequality k%@(p,p) >

0,6 .
k.2 (p,p) holds for m > N(j), where

Kp, u(p,q) = k%@(p,q)/\dzl‘p'u/\dzn‘p/\dzl‘pu'/\dzn‘p
for any p,q € U,l € N.

Proof. Let us fix j € N, p € D; and a holomorphic chart (U, ©) such that p €
U. The inequality in the statement of the lemma is true if kSﬁ(p,p) =0 (ie.,
Kbp,, un(p,p) = 0). Then suppose that kz?f (p,p) > 0. In the proof we will use
the simple remark that by (6)

2
! = (—1)”2/2/ I Cu;©.p A €u;j ©,p €u;,0,p
B 7,0,0 0,0 =l 0.6
ki, (P, p) D, “kp (pp) ku(p,p) k22 (p,p) N
e,
since kf?;@(p,p) >0 (Knguj (p,p) # 0). Moreover the term k@fg"(zpp is the only
Mg )

element in the class {f € L2H(A"°T*D;, u;),E0.,(f) = 1} (see (6)) with the
minimal norm. Thus for m > N(j) we have
2

1 €1im,0,p _ n2/2 €1;,0.p €1;,0.p
2oen = |28, =V Lo i s ™
2 €l .0, €m0,
S R
e . O
k@) ], Kl (0p)
Remark 6. One can show similarly that k:?j’@(p,p) > ks’@(p,p) for 7 €N.
Lemma 7 (Uniqueness of the limit). If Jlggo Kp; ., = K locally uniformly on

D x D, thenk =Kp .

Proof. Since the sequence (Kp,, ;) converges locally uniformly on D x D and any
2n-form Kp, ,, is continuous we obtain that K is continuous (and then Lebesgue
measurable) on D x D. Fix a holomorphic chart (U,0 = (21,...,2,)) and p € U
such that U C D; for some j € N. Then the (n,0)-forms e, o, for U C Dy, and

the (n,0)-form e, g, are given by the inner products (m > N(j))

g A N g K
e — “ e 1
Hm,O,p 5'21|p 3Zn|p Doyt



372 Z. Pasternak-Winiarski and P.M. Wéjcicki

and
0 0
= A A Kp.,.
n.O.p (32’11) 3an)J Do
0 0
Denote eg p 1= ( A >4K. Then by Fatou’s Lemma
' Oz11p Oznp

(71)"2/2/ w(z)eop Aee pdV < lim inf(fl)”zﬂ/ HmCu. . 0.p N eu,,.0pdV
D D,

I m—0o0
= lim inf k:?f)(p,p) = k99(p, p).
m—ro0
where K(p,p) = k@*@(p,p)dzl|p o ANdzp, Ndz1)p, - - Adzp),. Since there exists an
increasing sequence {D};, such that D = |J;—, D;, we obtain

2 : n2 N
(077 [ peapnean = lim (<077 [ u(z)eanhco, <KOO(p) < .
Dj k— o0 Dik
)

It means that eg, € L*(A™°T*D,p). On the other hand, by the Weierstrass
theorem eg j, is a holomorphic (n,0)-form on D. Hence eg , € L*H(A™"T*D, j1).
By Lemma 5 we get

ki ®(p.p) = kg (p,p), p€ Dy
In the limit j — oo we obtain
k€ (p,p) > k®(p,p),p€ Dj, p€D. (10)
It suffices to show that for any holomorphic charts (U,© = (z1,...,2,)) and
(W, U = (tl, S ,tn)) if K|U><W = k@’q}dtl‘p .- '/\dtn|p/\d21|p .- ~/\dZn|p and KD_# =
kY dty ), - Adtny, Adzapy ... A dzy, then for any p € U,qg € W k®¥(p,q) =
kﬁ*‘l’(p, q). We should consider two cases:

1. Kp,.(p,p) =0, for some p € D.
For a chart (U,0) s.t. p e U

— kO (p.p) = lleponl2 = (~1)"/2 /D Hewop Aoy =0

which implies that e, e, = 0 and by (8) ks"l’(p, q) = 0 for any ¢ € D and
any chart ¥ defined in a neighborhood of ¢. Then Kp ,(p,-) = 0 and for any
f € L2H(A™OT*D, 1)

f(p) = (~1)7°/2 /D WK D (0, ) A f =0

(see (5)). In particular eg,(p) = 0 which gives k®©(p,p) = 0. But by (9)
|lee p||7 = 0 and therefore
e@,p(q) = k@-’qj(pﬂ])dtl\q ERWAN dtn\q =0
for any ¢ € W. This implies £%©(p,q) =0 = kl‘f’@(p, q).
2. Kp, u(p,p) #0 (ie., k$°(p,p) > 0), for some p € D.
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By (10) we obtain that k®:©(p,p) > 0. We know that the (n,0)-form
€u,0,p
ki (p.p)
is the only element in the set
Ey ={f € L2 H(A™T*D, ), €0 ,(f) = 1}

€oe,p

which minimizes the norm || - ||,,. Since the (n,0)-form
1- 1, (1, 0Mform 570

by (10) that

€ E, we have

lleosll, < /K0 (p,p).
Hence (again by (10))

‘ €o,p \/k@,@(p’p) — 1
kOCmp)ll, = k°°Mmp) /KOO (p,p)
< = wa‘
\/kﬁ)’e(p,p) k()]

So k9®(p,p) = kl(?’@(p,p) and eg ), = €,,0,, which implies that for any ¢ € D
K(p7q):KD,,u(paq)' O

Proof of the main theorem. We will show that for j € N, {Kp,, ... }tm>n() I8
locally bounded on D; x D;. Choose two holomorphic atlases A" = {(U,, O%)}aca
and {(Ua, ©q)}taca such that for any o € A U, C U/, and the closure cl(U,) in
M is a compact subset of U/,. Then for any o, 8 € A and any p € U, and q € Ug
we obtain

04,0 «,On ©3,0
K" (py )| < \/keme (p,p)\/kmi *(4,9)

®a7®a S] ?9
< \/k,” (p,p)\/kuf *(¢:9) < mamg,

where m 1= max,cq(v,) \/k,(?j”’e” (s, ) (see (8) and Lemma 5). By Montel’s prop-
erty any subsequence of { Kp,, ... } has a subsequence convergent locally uniformly
on D x D. By Lemma (7) the limit does not depend on a subsequence and is iden-
tically equal to Kp,,. Thus

lim KD

m— 00

:KD,u

ms hm

locally uniformly on D x D. O

Remark 8. Look that by means of Theorem 4 we may consider the limit behavior
of the so-called Skwarczyniski distance (which is biholomorphically invariant).
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A Characterization of Domains
of Holomorphy by Means of Their
Weighted Skwarczynski Distance

Zbigniew Pasternak-Winiarski and Pawel M. Wjcicki

Abstract. M. Skwarczyriski (T) introduced pseudodistance on domains in C"
which under some conditions (if the domain is bounded for instance) gives
rise to biholomorphically invariant distance, i.e., invariant under biholomor-
phic transformations. One can find a proof that completeness with respect
to Skwarczyniski distance implies completeness with respect to Bergman dis-
tance, which implies that the considered domain is a domain of holomorphy.
In this paper we give a characterization of domains of holomorphy with the
help of a weighted version of Skwarczynski pseudodistance. We will work with
a special kind of weights, called “admissible weights”. Midway, we obtain a
new proof (even in the unweighted case) of the theorem that the so-called
Kobayashi condition implies Bergman completeness, which may be helpful
in answering the (open) question if Bergman completeness and Skwarczy$nki
completeness are equivalent or not.
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The Bergman kernel [1, 3, 5, 6, 14, 17] has become a very important tool in
geometric function theory, both in one and several complex variables. It turned
out that not only classical Bergman kernel, but also weighted one can be useful,
particularly from the quantum theory point of view (look at Ref. [7]; see also In-
troduction of the paper [12] in this volume). Using the theory of Bergman kernels,
Maciej Skwarczynski introduced pseudodistance on domains in C", which under
some conditions (if the domain is bounded for instance) give rise to a distance
invariant under biholomorphic transformations which preserve the weight of inte-
gration. Explicitly:

1/2
B _ |KD,;4(pa q)|
QD,M(p7q) = <1 \/KD,H(p’p)\/KD”u(q’q)> )
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where Kp , is a weighted Bergman kernel of a given domain D C C", and p is
admissible weight on D, u € AW (D) for short (we assume that Kp ,(z,2) > 0
for all z € D, for example, all bounded domains share this property).

We shall study the limit behavior of the weighted Skwarczynski pseudodis-
tance using the results obtained in [11, 12, 18]. We will give a weighted analog
of the fact that completeness with respect to Skwarczynski distance implies com-
pleteness with respect to Bergman distance, which implies that the considered
domain is a domain of holomorphy [3, Th. 12.9.6; 15.1.1]. We shall give condi-
tions implying that the considered domain is complete with respect to weighted
Skwarczytiski pseudodistance (idea is taken from [4, 15]). Thus we will give a char-
acterization of domains of holomorphy by means of their weighted Skwarczynski
distance. We get a new proof of the theorem that Kobayashi condition implies
Bergman completeness (look at [4] for the original proof).

1. Definitions and notations

Let D C CV be a domain, and let W (D) be the set of weights on D, i.e., W (D)
is the set of all Lebesgue measurable, real-valued, positive functions on D (we
consider two weights as equivalent if they are equal almost everywhere with respect
to the Lebesgue measure on D). If u € W (D), we denote by L?(D, ) the space
of all Lebesgue measurable, complex-valued, p-square integrable functions on D,

equipped with the norm || -||p,, := || - || given by the scalar product
o= [ FEaEUEES f9e D0,
The space L2H (D, ) = H(D) N L?(D, i) is called the weighted Bergman space,

where H (D) stands for the space of all holomorphic functions on the domain D.
For any z € D we define the evaluation functional E, on L2H (D, j1) by the formula

E.f = f(Z), fELZH(Daﬂ)'
Let us recall the definition [Def. 2.1] of admissible weight given in [10].

Definition 1 (Admissible weight). A weight ¢ € W(D) is called an admissible
weight, an a-weight for short, if L2H (D, i) is a closed subspace of L?(D, ) and
for any z € D the evaluation functional E, is continuous on L?H (D, ). The set
of all a-weights on D will be denoted by AW (D).

For closed subspace L?H (D, u) an orthogonal projector P, : L*(D,u) —
L?H (D, 1) is well defined. Continuity of E, provides the existence and uniqueness
of the weighted Bergman kernel. In [9] the concept of an a-weight was introduced,
and in [10] several theorems concerning admissible weights are given. An illustra-
tive one is:

Theorem 2 (10, Cor. 3.1]). Let u € W (D). If the function p~* is locally integrable
on D for some a > 0 then u € AW (D).



A Characterization of Domains of Holomorphy 377

Now, let us fix a point ¢ € D and minimize the norm [|f]|, in the class
Ey={f € L*H(D,p); f(t) = 1}. It can be proved in a similar way as in the clas-
sical case, that if p is an admissible weight then there exists exactly one function
minimizing the norm. Let us denote it by ¢,(z,t).

The weighted Bergman kernel function Kp , is defined as follows:

bu(2,t)
bullZ

Let (H,(-,-)) be an arbitrary Hilbert space. Let us consider the following
relation between non-zero elements: z ~ y if and only if there exists a complex
constant ¢ # 0 such that 2 = cy. The set of equivalence classes forms (generally
infinitely dimensional) projective space P(H). This is a complete metric space
with respect to the distance

dp ([z], [y]) = dist([z] N Su, [y] N Sk),
where Sy C H is the unit sphere. Explicitly

KD»H(Zat) =

dfy ([]. [y]

~—

= in
», PE[0; 2m)

=l
lel Iyl
etle—1)
—  inf [2 ~ 2Re (x’y)}
¢, ¥E[0; 27] B
P {(x,y)(y,fc)} V2
(z,7)(y,y)

Using this fact M. Skwarczynski introduced in [15, p. 20] a pseudodistance on
domains in C™. We will build an analogue of this for weighted Bergman kernels.
Let D C C™ be a domain such that Kp ,(z,z) does not vanish at any point z € D
and u € AW (D). Define the map 7 : D — P(L*H(D, ;1)) by the formula

7(2) := [Kp, u(- 2)].
It enables us to introduce the following continuous pseudodistance on D x D :

00 u00) 1= iz, (7(0).7(0)

1/2 (1)
_ (1 - KD, u(p, q)| )
VED, 1(p,0)vV/Ep, u(q:q)

op,1 is called the Skwarczyriski pseudodistance.

Remark 3. Observe that the following conditions are equivalent:
(a) 7 is injective;
(b) for each two distinct points p, ¢ € D the functions
Kp,.(-,p), Kp, u(-,q) are linearly independent;
(¢c) op,, is a distance.
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If D is bounded for instance, then op , is a distance. From now on, we
assume that D is bounded. It is easily verified that every linear isometry between
two Hilbert spaces

L:H—H

induces an isometry

L:P(H)— P(H)
given by the formula L([h]) = [L(h)]. Let ¢ : D — D be a biholomorphic mapping
and p € AW(D), i € AW(D). Then the map L : L*(D, i) — L?(D, ) defined
by the formula

Lf =(fop)dety’
is the isometry if only jio ¢ = u. Note that L(L2H(D, [i)) = L2H (D, 11). The rule
of transformation of the weighted Bergman function [2, Lemma 1] can be written
in the form

Kp,u(,p) = Kp (-, 0(p) o () det ' (-)det ' (p), p € D. (2)
Therefore Kp, ,(-,p) = const - LKf)_’ﬁ(', ©w(p)), so
[Kp, u(-,p)] = L[Kf)_’ﬁ(', ©(p))]. We have
V200, (P, 4) = drzr(o, 1) ([Kp, u(2)] [Kp, (- 0)])
= A, (LK 5 (00 LI 52 ( 0(@)
= dL?H(ﬁ,ﬁ)([Kﬁ,ﬁ('a ¢(p))], [Kﬁ,ﬁ('a ©(q))]
= V205 4 (¢(p), #(q))-

Thus op, ,, is invariant under biholomorphic transformations if 101 = p (this can
be actually shown directly from formula (1) by the direct use of (2)).
Example. For the unit disc D C C
P—q '
L —pq
is called the pseudohyperbolic metric (see [6]).

op,1(p,q) = '

2. Skwarczynski distance and domains of holomorphy

From now on, we assume that p € L(D)N AW (D). The weighted Bergman kernel
Kp,, leads to the following positive semidefinite Hermitian form
n 2

d
Bp u(z: X) = > 9202 log Kp, u(2,2)X2X,, z€D,X ecC"
A, v=1 v

We will assume then (similarly as for D-bounded and p = 1) Bp , is positive
defined (look in Ref. [2]). The Riemannian metric $p,,, induced by Bp, , is called
the weighted Bergman metric on D. Let bp,,, be the distance defined by 8p,, on
D. Then bp, , is called the weighted Bergman distance on D.



A Characterization of Domains of Holomorphy 379

In [3, Th. 15.1.1] one could find the proof of the fact that any bounded
Bergman complete (b-complete for short) domain D is pseudoconvex. Now we will
state the same theorem for weighted version of Bergman distance.

Theorem 4. If D is bp, ,-complete then it is pseudoconves.
Proof. Suppose the contrary. Denote B = B(0,1) — the unit Euclidean disc in C.
There exist a polydiscs A = zp + eB™ C D and A = 29+ RB® ¢ D, R > ¢, such

that for every f € H(D) the restriction f |a extends holomorphically to A. In
particular, by Hartog’s theorem, there exists a function F' : A x A — C satisfying:

(1) F|axa= Kb, u|laxa, o N N

(2) F(z,w) is holomorphic on A x A’, where A’ = {w € C": w € A}.
By hypothesis there exists 2/ € A N @D such that the segment [20,2") € DN
A. By (1) log Kp, (2, 2) = log F'(2,z) near [z9,2’), it follows that any sequence
(zj)jen C [20,2") such that lim; . z; = 2’ is a bp, ,-Cauchy sequence, so 2’ € D;
a contradiction. O
Denote by ©(D) the family of all pseudodistances p : D x D — R such that

Ya € D3IM,r>0:p(p,q) <Ml|p—ql, p, q€ Bla,r)C D.

Now we do define operators * and D ([3, p. 140]), by means of which we will
establish some inequality between ¢p, , and bp .

Operator p — p'. Let p € D(D) and let « : [0,1] — D be a continuous curve. Let
N
Lo(a) := SUP{ Zp(a(tj_1),a(tj)); NeN O=ty<ti1 <---<iny= 1}-
j=1

The number L,(a) € [0,00] is called p-length of a. If L,(r) < 00, then we say
that « is p-rectifiable. Define:

p'(p,q) :== inf{L,(c); avis|| - ||-rectifiable curve in D joining p and ¢, p,q € D}.
Obviously, p < p.
Remark 5. [3, Prop. 4.3.1] || - |-rectifiable curve is p-rectifiable.
Operator p — Dp. Let p € D(D). Define

1
(Dp)(a; X) := limsup |)\|p(z,z+ AX), aeD, X eC"

A+0,z—a

Proposition 6 (3, Rem. 4.3.8; Prop. 4.3.9]). If p € (D), is a
C'-pseudodistance, then

L. pi(a,b) = [(Dp) = inf{ [o(Dp)(c(t), c(t))dt; ¢ € C*([0,1], D),
c(0) = a,c(1) = b}

2. (Dp)(a; X) = lim pp a)
P, g—a,p#q ||p — qH

Theorem 7 ([3, Th. 12.9.6]). o}, , = (1/V2)bp, .

a€D,||X]||=1 and - X.

)

P—q
lp— qll
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Proof. According to Proposition 6 we have to only make sure that gp,, is a C'-
pseudodistance with Dop , = (1/v/2)8p, 4. So, fix w € D and take
(pn)nENa (q’m)EN cD
with
lim p, = lim ¢, =w, p, #¢q, forallneN
n—oo m—00
and

nh_{go(pn - QH)/Hpn - an =Xe aBna
where B,, is the unit Euclidean ball in C™. We have:

1/2\ 1/2
o KD,u(pnaqn)KD,u(qnapn)
QD,u(pnaQn) =|1-
KD, ,u(pnypn)KD, u(Qna Qn)

1/2
_ \/KD,u(p7Lapn)\/KD,;4(qna qn) - \/KD,;L(pna qn)\/KD,;L(QHapn)
\/KD,;4(pnapn)\/KD,;4(qna qn)

_ ( q)(pna Qn) ) v
\/KD,u(pnapn)\/KD,,u(Qna Qn)

1/2
1 /
\/KD.,,u(pnapn)\/KD,u(QHaQH)+ |KD7#(pnaQn)| .

Here ®(p, q) := Kp, u(p,p)Kp,(¢:9) — Kp, (P, 0) KD, u(q,P), P,q € D, is a C>-
function with ® > 0 and ®(p,p) = 0,p € D. Applying the Taylor formula for
®(-,qn) up to second order and the holomorphicity properties of the weighted
Bergman kernel one gets

3 oD, u(pna qn) 1 ( n (62KD7;4
lim — w0, w) K 0.
n— oo ||pn - qn” 2K%7M(w’w) )\Zl 32}5‘2,, ( ) D,u( )
0Kp,, OKp. 1/2
B 82)\ (’U.),w) 62,/ (’U.),’U.)) X)\Xl/
= (1/2Bp, (X)), .

Thus we have \/2@]_‘),,4 < \/QQiD,H =bp, -

3. Completeness with respect to the weighted Bergman distance

Following the ideas of [4] and particularly [15] we can study the completeness with
respect to the weighted invariant distance.

Theorem 8. A sequence p,, € D, m = 1,2,..., is Cauchy with respect to the
distance op, . if and only if the sequence T(py,) is Cauchy in P(L*H (D, p)).

Proof. Tt is immediate consequence of the definition. O
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For simplicity we restrict our remarks to bounded domains.

Theorem 9. A sequence p,, € D, m =1,2,..., is Cauchy with respect to pp, . if
and only if there exists an f € L?H(D, p) such that ||f||, =1 and

el

=1. 3
m—00 KDVH(pm,pm) ( )

Proof. By the previous theorem, a sequence p,, is Cauchy in D if and only if
7(pm) is Cauchy in P(L?H(D, p)). By completeness of P(L>H (D, 1)), {7(pm)}
converges to some [f]. We may assume that ||f||, = 1. Now, by the definition we
can easily observe that (3) holds iff

lim szH(E,ﬁ) (T(pm)a [f]) =0. =

m—0o0

Theorem 10. The Euclidean distance and the weighted distance op, . induce the
same topology in D C C™.

Proof. Assume that p; € D converges to p € D in the Euclidean norm. Then
lim; 00 0p,u(pj, p) = 0 since the weighted Bergman function is continuous. Con-
versely, im;_,oc 0p,,(p;, p) = 0 implies that

eijD,,u('apj) o KD.,,LL('ap)
\/KD,u(pJapJ) \/KD,u(pap) "

Thus, there exist constants ¢; #0, j =1,2,..., such that
¢;Kp, u(,p;) & Kp, (-, p). Since 1 € L2H(D, p),

(]ﬂchDv#('apj))H = (LKD,/J(';p))# =1

Let 7, denote the kth coordinate function. We have

lim
j—o0

lim ¢; = lim
Jj—o0 Jj—o0

lim Wk(pj) = lim (Wk(')aKDw('apj))u = lim ! (Wk(')achD,u("pj))u

j—o0 Jj—oo J—0o0 Cj

(m1(:), Kp, u(-sp))p = me(p), ie., lim pj =p. O

Jj—oo

Hence, the two topologies coincide. In other words, ¢p, ,-completeness implies
bp, ,-completeness (additionally, we will prove now that the so-called Kobayashi
condition implies gp, ,-completeness). So from Theorems 4 and 7 follows directly

Theorem 11. Under assumptions from Theorem 4, any op, ,-complete domain is
a domain of holomorphy.

Theorem 12 (Weighted version of Kobayashi Th.). Assume that for every sequence
pm € D without accumulation point in D and for every f € L>H(D, ),

2
m—oo Kp, H(pm,pm)
Then D is op, ,-complete, thus is a domain of holomorphy.

~0. (4)
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Proof. Suppose that p,, € D is a Cauchy sequence without limit in D. Thus p,,
has no accumulation point in D, and (4) holds. But (4) contradicts (3). Thus there
is a limit point of p,, in D. O

Theorem 13. The assumptions of Theorem 12 are equivalent to the following: for
every point p € D and every sequence pp,, m = 1,2,..., without an accumulation
point in D,

Jim_op u(p, pm) = 1. (5)

Proof. Assume that for every sequence {p,,} € D without an accumulation point
in D and for every f € L?H(D, p) (4) holds. Take f = Kp (-, p) to get (5).
Conversely, if (5) holds then

lim |KD,u(p7nap)|2 —

m—o0 KD,,u(pmJJM)
Denote by F,, C L?H(D, p) the set of all f such that (4) holds. We will show that
F, is a closed linear subspace of L2H (D, u1). One can easily observe that F), is a
linear subspace of LH (D, ). We show that F}, is closed. Let {f;}52,, f; € Fj,
be a sequence convergent to f € L2H (D, p). So for any € > 0 there is a jo such
that || f;, — fI] <, thus

0.

(s — 1)) = \ [ (50 = DK (e pmln(z)a

< H-fjo - f”#\//D |KD7#(pm,Z)|2/L(Z)dZ < 6\/I(D-,I»L(pmapm)

for all m € N. Thus |(fj, — f)(pm)|*> < €Kp, u(Pm,pm). By (4) there is M such
that

| fio (Pm)[?

<€
KD,;L(pmypm)

for m > M. Thus
|f(pm)|2 < 2|(fj0 _f)(pm)|2+2|fj0(pm)|2

< < 4é?
KD,;L(pmapm) KD,u(pmapm)
for m > M. Thus f € F,. Since {Kp .(-,p)}pep is the linearly dense set in
L*H(D, p), and Kp, ,(-,p) € F, for all p € D, F,, = L*H (D, p). O

Theorem 14. Suppose that for each boundary point p € 0D there exists a function
h € H(D) s.t.

(A1) |h(2)| <1 for z€ D
(A2) lim [h(2)| = 1.

Then D is op, ,-complete, thus is a domain of holomorphy.
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Proof. Let p,, be an arbitrary sequence without an accumulation point in D. We
want to show that for every f € L2H(D, u) (4) holds. We may assume that p,,
converges to p € dD. We may use Lebesgue Dominated Convergence Theorem to
show that khﬁngo ||hkf||i = 0, so for each € > 0 there is k € N s.t. [[RFf[|2 < e.

Assumption (A2) implies that (1 —€) < |h¥(p,,)|? for m large enough, and thus

(L= m)|* < 10 i) f (0m)1? < K, (s ) IW* 13-
It follows that for sufficiently large m

2
KD,u(pmapm) 1—e¢

Theorem 15. Suppose that
(S1) for each boundary point p € 0D lim Kp ,(z,2) = oco.
Z*)p

(S2) The set of all functions bounded in a neighborhood of OD is linearly dense in
L?H(D, p).

Then D 1is op, ,-complete, thus is a domain of holomorphy.

Proof. As before, we shall show that condition (4) is satisfied, and we may assume
that p,, converges to p € dD. It is evident that the linearly dense set from (52) is
a subset of F), of all f satisfying (4). Since F}, is closed linear subspace, it follows
that F,, = L*H (D, p). O
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Science and its Constraints
(an unfinished story)

Bogdan Mielnik

Abstract. It is noticed that in the present day societies the progress of sci-
ence is too dependent on the mass sociology. Some steps to moderate the
phenomenon are briefly discussed.

The science in our world depended always on its economic, political or even reli-
gious trends. Enough to mention the Pythagoras theorem, which became the state
secret in ancient mini totalitarian regimes. Then the polemics between the geocen-
tric (Ptolemean) and heliocentric doctrines [1]. Also the cosmological ideas about
the origin of our universe. One would like to think that the modern societies, at
least in the democratic countries, created finally the conditions in which the sci-
ence can develop without artificial barriers, but it is enough to contemplate our
XX and XXI centuries to see that this opinion might be too optimistic.

As it seems, the relatively natural development of science occurred in the first
part of XX c. thanks to spontaneous exchange of opinions in the historical con-
gresses (Solvay and others). Their polemics, not limited by an undue ‘correctness’,
were crucial for the advance of some (right or wrong) ideas.

So today, one can enjoy Einstein discovery of special relativity. Then his
hypothesis about the light quanta, together with the persistent Millican attempts
to defeat the quantum model, an effort which turned quite fertile — though not to
reject but rather to understand the idea better [2].

We can also follow the early arguments of Pauli about the nonsense of the
electron spin. Yet, after changing his opinion he proposed to describe it by 2 x 2
matrices, today called the Pauli spin.

In the next decades, the most fruitful relations (though not quite innocent!)
between the scientists and politicians were typically due to the personal contacts
between the scientists and government representatives, creating the support for
military and technical projects.

For some time the publications of papers seemed to obey certain natural rules
of submissions, referee opinions and public discussions described, e.g., in [3] Yet,
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the authors paint an almost ideal equilibrium between the individual effort and
the public response. In reality, this equilibrium, since several decades, is in danger.

The Profession Fxpands

Already in 60s the number of scientists was relatively large and soon, the personal
contacts became difficult, if not impossible. A class of intermediaries thus appeared
and turned out to be increasingly powerful. The administrators, bureaucrats, etc.
had to classify the scientists and their work without reading papers. The same
about scientific projects. Part of the information could be deduced from some ac-
cessible numerical data, such as the number of publications, citations, graduations
etc. The rest was left to various levels of referees, chosen by experience or just
intuition of the Editors (and/or the Institute directors). Their opinions were quite
important but not always correct. Still, the science was progressing reasonably well.

“Publish or Perish”

I did not succeed to check precisely at which moment appeared the famous slogan:
“publish or perish”. If you search in Google, you can see that this simplified rule is
still quite alive. Some recent observations are made by David Colquhoun, neuro-
scientist from London, who discusses the problem in his (2014) article: “Publish-
or-perish: Peer review and the corruption of science” [4]. The scientists, afraid of
their reputation (or survivall), started to hurry up and the number of papers was
increasing fast, at cost of their quality. The devastating stress to keep publishing
affected many areas of science producing almost an ecological disaster.

The Referees Missing!

As an inevitable consequence, there was soon not enough specialists to evaluate the
“productive avalanche”. The authors of the medium quality papers had therefore
to evaluate the other medium quality papers. Even this could not help. A lot of
contributions which could be of interest if elaborated patiently, were not indeed
completed, aborted rather than published. The masses of “fast papers” could not
be consumed by “fast referees”.

An exception among the “publication champions” was Peter Higgs, the Ed-
inburgh professor (Nobel 2014). According to Dekka Aitkenhead report in The
Guardian, (Dec. 6, 2013), Higgs confesses that before getting his Nobel Prize, he
was an embarrassment to his department in all moments of the research reports.
When asked about the list of his recent publications, he could only say: “None”.
He noticed: “Today, I wouldn’t get an academic job. It’s as simple as that”. He
also doubts that his breakthrough could be achieved in today’s scientific culture,
because of obligations to collaborate and keep churring out papers. “It is difficult
to imagine how I would ever have enough of peace and quiet (...) to do what I did
in 1964”. Skeptical and unbeliever, he regrets that the particle he identified in 1964
is known as “God particle”. In 1999 he turned down his knighthood, considering
that too many honors are used for political purposes. ..

Trends and Mainstreams
Of course, the case of Higgs is an exception. What the organism of science must
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assure is to create the majority of ‘regular workers’, i.e., the scientists whose des-
tiny is not necessarily the Nobel prize, but who work in equilibrium between the
formal obligations and free moments for some independent ideas. Unfortunately,
this equilibrium is also in danger.

The reaction of the science organism were “trends”, and “mainstreams”. As-
sociated with high reputation journals they create the international power groups.
By a natural mechanism of sociology, the authors ‘navigating’ in the mainstreams
discuss mostly with themselves, cite mostly works of their groups. The referees
privilege the papers of their “friends in trends”, sometimes converting themselves
into the subconscious trend guardians, rejecting the outsiders or critical articles.
This did not moderate, but focused only the publication efforts, an effect clearly
observed in theoretical or mathematical physics, existing also in natural sciences.

As remembered by one colleague, in certain epoch it was rather difficult to
publish a work in elementary particle physics without mentioning the Regge poles.

Later on, the similar “magic subject” became strings. In several scientific
centers it became almost an obligation to cultivate the subject (even with a dam-
age for the rest) “because it is the only game in town”. After his 20 years of
work on strings the known physicist Lee Smolin published the book “Trouble with
physics” [5]. But the trouble persists. To mention that some of your results con-
firm (or seem to confirm) some string predictions immediately assures the positive
interest of a large number of referees.

The price of trends is high; it consists in producing the large numbers of
secondary papers which not even the most dedicated archaeologist of XXII century
will have patience to read! To dissent or to criticize the mainstream could be rather
difficult.

The situation reminds inevitably an aphorism of Jean de La Fontaine from
XVII ¢: “All minds of the world are impotent against any stupidity which became
fashionable” [6]. Indeed. Even if not stupidity, the minds are still helpless. . .

The trends and mainstreams, have some true achievements by focusing the
efforts and accelerating the progress in some particular areas. This may be justified
if contributes to the training (and graduations) of the young students, but even
so, some mass phenomena, like the huge numbers of authors of one publication,
can make quite difficult to appreciate the individual merits.

The Editorial Empires
Unable to protect the market from the avalanche of publications the Editors of
prestigious journals, quite frequently, take the problem into their hands: they don’t
even worry to send a paper to a referee, but just decide themselves. I happen
to know about a paper submitted to the Physical Review Letters to which the
Editor answered: “Sorry, but this is not interesting to our community.” Given the
situation, this is not an offence, though on margin of this humorous incident the
question arises, what is exactly “our community”?

The illustrations are many. On one occasion one of our colleagues submitted
to the Physical Review A an article about the operational techniques of controlling
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the charged particle by the §(¢) potential pulses in an ion trap. The referee decided
that even if the mathematical result were true, the §(¢) pulses cannot be experi-
mentally achieved, so the subject is outside the areas of the Physical Review A,
which traditionally takes care to be close to the experiment. Yet, at this moment,
the Physical Review Letters receives gladly the articles on “bam-bam control” of
quantum evolution, the bam’s meaning the J-pulses, though now they are called
“separators” or “interruptors”, published, by the authors who already had a large
number of papers in the Physical Review Letters, Physical Review A, etc., typi-
cally from the highly prestigious centers like, e.g., Harvard, MIT, etc., though, till
now they do not seem to lead to any efficient experimental methods (even in “our
community”?). Of course, these remarks may be premature, since the practical
applications of theoretical results are unpredictable and almost never immediate.
So, maybe, in some 10 years we shall see a technological bam-bam revolution? On
other occasion, I could detect two essential critical articles against a leading trend,
one of them waiting about one and a half years and the other about two years be-
fore they could be published. This was no longer the symptom of a light disease. . .

An excessive power of some elite groups certainly is not limited to the Phys-
ical Review Letters et al. The same phenomenon can be noticed in Nature, Cells,
Science, etc., criticized recently by the known scientist. Thus, in his article “How
journals like Nature, Cell and Science are damaging science” published in The
Guardian, Monday, Dec. 9 2013, 19:30 GMT, the known specialist Randy Schek-
man (one day before receiving his Nobel prize!) wrote: “...These luxury journals
are supposed to be the epitomes of quality, publishing only the best research.
Because founding and appointment panels often use the place of publication as a
proxy for quality of science, appearing in these titles often leads to grants and pro-
fessorships. But the big journals reputations are only partly warranted...” And
later on: “It builds the bubbles of fashionable fields where researchers can make
the bold claims these journals want, while discouraging other important work...”
(remember Jean de La Fontaine?!),

The criticism of Schekman is just a detail compared with much wider dis-
cussions in biological sciences, concerning the evolution of life. For the groups of
colleagues sympathizing with the leftist ideas, the Charles Darwin theory of the
natural selection [8] is almost sacred. Yet, Darwin never claimed that his theory
explains everything. In fact, attempts of modifying Darwin appeared in the Soviet
regime in form of Michurin and Lysenko doctrines that the living organisms “can
learn” to modify themselves (however, forbidding the genetics of Mendel as an
antisocialist intrigue). The evolution steps difficult to explain by Darwin’s theory
indeed exist and were recently explored by the opposite current of the religion sym-
pathizers who launched the idea of the “intelligent design”. As a result, in some
modern educative centers the theory of Darwin is unwelcome, as offending religious
dogmas. It thus seems, that the role of religions in science is not over. In fact, the
religious problems of our world are visibly increasing. Curiously, in many modern
cultures an obligatory principle seems to be “the respect for religious feelings”.
How nice! But then, what about any other feelings?
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All that are, perhaps, just anecdotes hardly sufficient to reflect the mag-
nitude of the desperate scientists’ battle to legitimize themselves by streams of
“creativity”. Since the numbers of the scientists and their works are still grow-
ing (according to the statistics performed by D. Colquhoun [4] about 1.3 millions
of papers published in 23.750 journals in 2006), it was inevitable that the social
organism had to find some new channels to expand.

The Open Access, Paid-Journals

The answer were the new type journals, accessible on line to anybody, in which
the authors must however pay for their publications. It is assumed, that the papers
submitted to those journals are carefully revised, but it can be easily understood
that the main reason to accept an article is money paid by the author rather than
the article quality. While in physics few of these journals already gained some
positive reputation, the most of them are just business enterprises, caring basically
to earn money. The socio-economical study of this phenomenon was recently made
by the workers of the (criticized) Science by submitting some senseless articles to
a huge number of the on-line paid journals. This is what one of them reports [7]:

On 4 July, good news arrived in the inbox of Ocorrafoo Cobange, a
biologist at the Wassee Institute of Medicine in Asmara. It was the of-
ficial letter of acceptance of the paper he submitted 2 months earlier
to the Journal of Natural Pharmaceuticals, describing the anticancer
properties of a chemical that Cobange extracted from a lichen. In fact,
it should have been promptly rejected (... ) Its experiments are so hope-
lessly flawed that the results are meaningless. I know because I wrote the
paper. Ocorrafoo Cobange does not exist, nor does the Wassee Institute
of Medicine. Over the past 10 months, I have submitted 304 versions of
the wonder drug paper to open access journals. More than half of the
journals accepted the paper, failing to notice its fatal flaws. Beyond this
headline result, the data from this sting operation reveal the contours
of an emerging Wild West in academic publishing.

The business of the open access journals is certainly worth of careful attention.
According to Science report, the journal described above is one of 270 in one of
the largest open access publishers, with 2 millions of its articles downloaded by the
researchers every month. In 2011 it was bought by Wolters Kluver Netherlands (the
company with the annual revenues of nearly $5 billion). Published in Science [7].

The Support for Scientific Projects?

On this complicated background, specially in the crisis time, the increasingly diffi-
cult task is to choose, which scientific projects of the Universities and other science
institutes should obtain the financial support. Despite the fact that the funds for
the science go recently down, the state organs controlling them don’t shrink but
rather systematically grow: they need more regulations and personnel to spend
their money truly well! (remember Parkinson’s law?)
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About three years ago I heard a curious story about a group of our colleagues
in Prague working hard to formulate an ambitious research project with partici-
pation of well-known specialists from several UE countries. In order not to make
errors in presenting the ‘formats’, they asked help of a colleague who was recently
working in the European Evaluation Commission. The formats were filled care-
fully under the expert control and presented to the Commission. As required, they
contained the original together with a high quality copy. Yet, one week later, they
received the answer that the project was rejected, with no possibility of reclama-
tion. The reason was that the signature on the original was in the blue color and
on the xerox copy it was black. No revisions accepted!

Something from my personal observations (as the referee on several occa-
sions). It is of course natural that the project’s authors should inform the com-
missions about their expected work topics, with some approximate timing, also
about their planned experiments and measuring devices, some hopes about the
results, etc. The phenomenon which I have seen, however, were the data of the
kind: after the first year of the project, we shall publish 4 papers, after the second
year, again 4 papers and after the third year, the 5 papers... Quite shocking! The
authors, after one or more months of working hard on the project, were so afraid
that their effort may be in vain, that they were blind to the idiocy of reporting
the exact numbers of their future publications (and, as somebody told: blind also
to their own blindness!)

Several years ago I had an occasion to ask Bill Phillips (Nobel in physics
1997): “What do you think about the short, two or three years long projects,
whose authors are asked to present from the beginning the ‘calendar of activities’
including even the future publications?”. “Yes, we have them too” he answered,
“but the power of US is, that we have also a large variety of institutions which
can support the science without this kind of nonsense!”. (I just wonder whether it
is still true?). This is, however, not the end of the story.

Science AND Technology?

One of the reasons of so high interest in science are the technical applications
which changed completely our lives (for good and for bad!). However, the relations
between the scientific and technical progress are seldom free of conflicts.

A known historical example was the collaboration of the famous US inventor,
Thomas Edison with his colleague, the equally famous Nicola Tesla [10]. The son
of the Serbian family, Tesla, already as a youngster showed exceptional talents.
He was specially fascinated by electricity. The electricity generators at this time
were producing only the constant voltage (direct current), which could be sent
by cables at small distances. In his moment of inspiration Tesla predicted the
generators of alternating currents, but in the conservative Austro-Hungary nobody
was interested. Tesla therefore decided to go to the U.S.A. He was accepted in the
laboratory of T. Edison, who promised him the reward of $50,000 if he succeeded
to construct a better electric generator. As it seems, Edison did not expect any
great success. He already invested millions into an electric plant in the Pearl Str.
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which could only send with difficulty the direct current at the 1.5 km distance
to Manhattan. Meanwhile, Tesla worked intensely and soon he created the first
generator of the alternating current. Edison, however, was completely absorbed in
his competition for the better generation of the direct current (the challenge was
again of $millions ) Some journals report that he just fired Tesla without paying
him the promised reward of $50,000. According to a more exact study [10] this
was not so. Anyhow, Edison blocked further work on alternating currents. Furious
Tesla abandoned the Edison’s laboratory and patented his discovery, which was
bought by an American millionaire for $60,000. Tesla did not even suspect that
he lost an enormous fortune for a miserable price.

In this old story Tesla represented the scientific idea and Edison the tech-
nology. It can be noticed that some elements of their antagonism were repeated
in the future. In fact, after the golden time of historical collaboration, some prod-
ucts of the science were inconvenient for industry: by simplifying the production
they could cause the looses if not ruin of the already developed production pat-
terns. A notable phenomenon was that the industrial enterprises were buying the
interesting patents, not to apply, but inversely, to avoid their applications! The
phenomenon does not seem limited to the past.

Another trouble is the different dynamics of the science and its applications.

It seems essential that the application of the scientific discoveries can be un-
predictable; on some occasions it happens by pure accident, not by any carefully
elaborated project. The historical examples are multiple. Just to mention one, the
discovery of penicillin was not the success but rather an obstacle of a microbiolog-
ical research program. If Alexander Fleming continued his planned experiments
without worrying about his spoiled microbe cultures, he would probably ended up
with some routine results without even suspecting what he had lost!

It must be also remembered that the most important technical applications
must take their time. The discovery of the electrodynamics of Maxwell and Faraday
was seen with extreme skepticism by lords of the British Parliament. “What use
there can be out of some partial differential equations?”, they asked. According to
the existing memories, Faraday answered: “And what use of a child?”. In fact, the
child was growing. Not immediately, but after about 50 years, the radio and then
the radar were invented. Later on the use of optical fibers. The internet seemed a
little practical trick, not even patented, but within about 30 years it turned on the
most powerful revolution, causing the rebellions and governments fall. Our today
civilization is based on fibers. The question arises, could all this be accelerated?
Apparently not by bureaucratic pressures.

In physics, and other exact sciences, while the mountains of publications were
growing fast, the increase of valuable applications was much slower. Some state
administrations, helped by the industry leaders invented the concept of “Science
AND Technology”. The hopes were that it would convince the successful industries
to invest into the science programs. At the beginning it was almost true (just re-
member the NASA investment into the International Conferences). Soon, however,
the dependence was inverted.
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In 1989 after the change of regimes in the Eastern Europe, the hope was
that the scientific institutes finally will obtain enough grants to develop ambi-
tious research projects. Yet it was not exactly so. In the first years of the “new
deal” in Poland, the funds for the universities and research centers did not satisfy
the initial hopes. A group of scientist from various institutes, decided to exam-
ine the situation. The result was shaking: several million dollars missing! The
delegation of scientists visited the Science Ministry demanding the information.
“No trouble, nothing disappeared”, they were told. “In the framework of “Science
and technology”, several large enterprises also presented their scientific projects
which the Ministry considered of interest. Then, they reported quite satisfactory
results. . .

Today, the neologism “Science AND Technology”, in spite of the entire op-
timism, works as a linguistic tumor which sucks funds out of the scientific work,
for enterprises which have never enough. The cases are abundant. About three
years ago, our colleagues checked that an enormous part of the “science support
funds” all over the world are consumed by industrial establishments which (spe-
cially in the crisis time) care only about the short term profits. A shaking example
is the sequence of industrial projects with costs notably higher than the custom-
ary university projects, approved by one of the world science ministries, including
quite costly scientific project of Volkswagen factory. Thanks to this kind of mech-
anisms, many state bureaucracies can report, e.g.: “We spend around 0.4% of
national income to develop the science”. Yes... but of this quantity, how much
were the souvenirs to the great (transnational) enterprises, which had nothing
against simply consuming the funds and then, no difficulty in presenting the sat-
isfactory reports? The Journal “El Pais” in Spain some weeks ago asked: “And
where is the promised 1%7” An extremely naive question. It would be very for-
tunate if some part of 1% was really invested into the basic science in any world
country.

Instead — the scientific communities all over the world are now incessantly
bombarded by marketing announcement, how to make, how to organize our own
enterprise, in spite of the world crisis... (Should I cite hectares of promising an-
nouncements?) In UE e-mail boxes, some of the business proposals are quite dif-
ficult to remove: by trying to cancel, the announcement responds by sending you
to some new links, which neither want to disappear. To cancel the entire sequence
and return to your e-mail, you need some additional computer tricks. All this is no
longer an innocent marketing, but a heavy parasitism!... One would like to think
that this is the last unpleasant problem, but it isn’t!

The Far Fast Catastrophe

As if it was not enough, a new challenge is now developing in China. The article
“China’s Publication Bazaar” (Science [9]) reports the existence of the new lucra-
tive commerce which permits the young desperate scientists to buy the authorship
of papers already accepted for publication. The report is so shaking, that I permit
myself to quote some fragments.
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The Science investigation has uncovered smorgasbord of questionable
practices including paying for author’s slots on papers written by other
scientists and buying papers from online brokers (... ).

“There are some authors who don’t have much use for their papers
after they’re published and they can be transferred to you” a sales agent
told to a Science reporter posing as a scientist. (...) The company
would sell the title of first co-author on the cancer paper for 90,000
yuan ($14,800) Adding two names, first co-author and corresponding
co-author, would run $ 26,300, with a deposit due upon acceptance and
the rest on publication.

(...) On 6 July, a few weeks after our conversation (...) the pa-
per appeared online in the International Journal of Biochemistry & Cell
Biology. The printed version followed in September, roughly when the
agent said it would. The title and the abstract had undergone minor
revisions from the e-mail solicitation. But the list of authors was trans-
formed. On the published paper, two first authors shared the honor.
(Our reporter did not pay for authorship). (...) Following an inquiry
from Science, an investigation by the International Journal of Biochem-
istry & Cell Biology found that a total of four authors had been added
and two dropped (...)

Science documented authorship fees ranging from $ 1600 to
$26,300. At the high end fees exceed the annual salary of some Chi-
nese assistant professors. But SCI papers — particularly those published
in journals with a high impact factor — are so critical for getting pro-
motions that researchers shell out.

The section “Paper-pushers” quotes the Chinese dealer: . .. ‘Several agencies claim
they collaborate with specific journals indexed in SCI to guarantee publication,
The representative for one company (...) was blunt about the collaboration: “We
rely on our guanxi” — a Chinese concept evoking relationships often deepened by
exchanging gifts. “To put it simply, we give them money”. At least three companies
offer to assist the scientists who have written a paper and want to ensure the
publication. Other firms claim to purchase a number of pages in journals. Several
agencies specified both the journal and issue in which a paper would appear — even
though the paper had yet to be written.’

The article quotes an opinion of one of ex-editors that the phenomenon is not
too abundant, but “it completely destroys the academic environment”. Let us add:
already damaged by the “publish or perish”. Moreover, the Chinese “Publication
bazaar” can be so prosperous only because its brokers have accomplices in the
Editorial Boards of some world SCI journals outside of China! The corruptive
process illustrated here has an almost cancerous mechanism!

Certain uneasy Conclusions must follow.

1. The bureaucratic pressure of “publish or perish” must disappear. The scien-
tific results cannot be estimated by numbers of publications.
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. Enough of the scientific projects which promise the number of publications.

The scientific research is needed only if the results cannot be predicted. If
authors can predict the number of their papers, it means that their work is
unnecessary.

Be careful with numerical rankings of the scientific institutions. Their signif-
icance can be very misleading.

Careful with the linguistic tumor of “Science AND Technology”. Shouldn’t
these two concepts be at least partly separated to grant some modest contri-
bution to the basic science?

. An investigation of the corrupt activities on the Chinese Publication Bazaar

as well as their partners in all world journals is urgently needed.

Enough of ideologies, religions and ‘political correctness’. The scientist should
not offend his colleagues, but has no obligation to care that his results won’t
antagonize anybody.

Enough of the trend, mainstreams and obligatory worship of the “excellence
groups”. Yet, in some near future, we might offer our friendly patience to
the “luxury journals” and their leaders (of course, not without some friendly
critiques!).
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