Chapter 9

Snap-Through Buckling of Micro/
Nanobeams in Bistable Micro/
Nanoelectromechanical Systems

Xue Chen and Shaker A. Meguid

Abstract In this chapter, we investigate the instability behavior of an initially
curved micro/nanobeam subject to an electrostatic force. The general governing
equations of the curved beam are developed using Euler-Bernoulli beam theory and
are solved using the Galerkin decomposition method. Firstly, the size effect on the
symmetric snap-through buckling of the microbeam is studied. The size effect is
accounted for in the beam model using the modified couple stress theory. The
fringing field effect and the intermolecular effects, such as van der Waals and
Casimir forces, are also included in the snap-through formulations. The model
simulations reveal the significant effect of the beam size, and to a much lesser
extent the effect of fringing field and intermolecular forces, upon the snap-through
criterion for the curved microbeam. Secondly, the surface effects on the asymmetric
bifurcation of the nanobeam are studied. The surface effects, including the surface
elasticity and the residual surface tension, are accounted for in the model formula-
tion. The results reveal the significant size effect due to the surface elasticity and the
residual surface tension on the symmetry-breaking criterion for the considered
nanobeam.

9.1 Introduction

Micro/nano-electro-mechanical systems (MEMS/NEMS) have aroused great inter-
est for their unique advantages such as small size, high precision, and low power
consumption. One benchmark of MEMS/NEMS is the initially straight micro/
nanobeam system driven by electrostatic force, whose static and dynamic behaviors
have been largely investigated in the literature (Carr et al. 1999; Dequesnes
et al. 2002; Jia et al. 2011; Ke et al. 2005; Kinaret et al., 2003; Li et al., 2013;
Ruzziconi et al., 2013; Tilmans and Legtenberg, 1994; Verbridge et al., 2007
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Fig. 9.1 Schematics of instability behaviors of arch under transverse force

among many others). Recently, the bistable MEMS/NEMS based on initially
curved micro/nanobeams have drawn more and more attention from the scientific
community for their various potential applications such as optical switches, micro-
valves, and non-volatile memories (Charlot et al., 2008; Goll et al., 1996;
Intaraprasonk and Fan (2011); Roodenburg et al., 2009).

The initially curved beam (arch) under transverse forces may exhibit two main
instabilities: symmetric snap-through buckling and asymmetric bifurcation. The
symmetric snap-through buckling is the transition between two stable states
(Medina et al. 2012). After the snap-though, the arch shape is symmetric, as
depicted in Fig. 9.1a. However, for the asymmetric bifurcation, the arch may
exhibit one of the asymmetric deformations shown in Fig. 9.1b.

The existence of snap-through buckling and asymmetric bifurcation depends on
various factors, e.g., initial arch rise and beam thickness. Pippard (1990) conducted
experiments to develop a phase diagram of instability in terms of the arch span and
the initial angle at the clamped ends. This work was followed by Patricio
et al. (1998) in which they developed theoretical model simulations to derive a
similar phase diagram. As a result of the earlier experiments and model simulations,
Krylov et al. (2008) revealed that the symmetric snap-through buckling occurs at
large initial deflections. Pane and Asano (2008) conducted energy analysis and
further found that the existence of bistable states in an initially curved beam
depends on the ratio of its initial deflection to its thickness. Park and Hah (2008)
conducted theoretical investigations and showed that the existence of bistable states
also depends on the residual axial stress in the beam. Das and Batra (2009a)
developed a finite element model to study the transient snap-through behavior of
the initially curved beam, and found that at high loading rates (i.e., voltage is
applied at a high rate), the snap-through buckling is suppressed. Moghimi Zand
(2012) also developed a finite element model and found the significant inertia effect
on the dynamic snap-through behavior. Medina et al. (2012, 2014a) examined the
symmetric snap-through buckling and the asymmetric bifurcation of an electrostat-
ically actuated mircobeam with/without residual stress. They derived the criteria of
symmetric snap-through and symmetry breaking for quasi-static loading
conditions.

Careful literature review indicates that many studies consider a uniform mechan-
ical force as the applied load. However, the electrostatic force applied on the curved
micro/nanobeam is highly nonuniform and strongly depends on the beam deflec-
tion. Several studies consider the electrostatic force, but they fail to examine the
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fringing field effect and/or the influence of the intermolecular forces such as
Casimir and van der Waals forces. Furthermore, the size effect at the microscale
and the surface effects at the nanoscale are neglected in almost all the existing
studies.

For the microstructures, the size effect on deformation behaviors has already
been observed experimentally (Fleck et al. 1994; Lam et al. 2003; Ma and Clarke
1995; McFarland and Colton 2005), and such size dependency is attributed to the
non-local effects, which cannot be described by the classical continuum theories of
local character. Various nonclassical continuum theories with additional material
length scale parameters have been proposed (Eringen 1983; Fleck and Hutchinson
2001; Lam et al. 2003; Mindlin 1965; Toupin 1962; Yang et al. 2002). Among
them, the modified couple stress theory developed by Yang et al. (2002) with a
length scale parameter is one of the most used. Determining the microstructure-
dependent length scale parameters is difficult, so it is desirable to use the theories
with only one length scale parameter (Reddy 2011). Based on the nonclassical
continuum theories, the size effect on various behaviors of microbeams has been
theoretically studied, including bending, buckling, free vibration, and pull-in insta-
bility (Belardinelli et al. 2014; Farokhi et al. 2013; Kong 2013; Ma et al. 2008).

For the nanostructures, experiments have shown that their elastic properties are
size dependent (Cuenot et al. 2004; Jing et al. 2006; Li et al. 2003; Poncharal
et al. 1999; Sadeghian et al. 2009; Salvetat et al. 1999; Shin et al. 2006), and such
size dependency can be explained by the associated surface effects (Cuenot
et al. 2004; Dingreville et al. 2005; Jing et al. 2006; Miller and Shenoy 2000;
Sadeghian et al. 2011; Zhu 2010). The surface elasticity theory of Gurtin and
Murdoch (1975, 1978) can predict the size-dependent effective elastic properties
of the nanostructures, which has been extensively validated by experiments
(Asthana et al. 2011; Fu et al. 2010; He and Lilley 2008; Xu et al. 2010). Based
on this theory, the surface effects on various deformation behaviors of nanobeams
have been investigated, such as bending, buckling, free vibration, and pull-in
instability (Fu and Zhang 2011; He and Lilley 2008; Wang and Feng 2007, 2009).

In this chapter, we extend the earlier studies to investigate the size effect and the
surface effects on the instability behaviors of the initially curved micro- and
nanobeams under electrostatic force. Section 9.2 is devoted to the size effect on
the symmetric snap-through buckling of microbeam. The beam model is developed
considering the modified couple stress theory (Yang et al. 2002). The fringing field
effect is taken into account by Meijs-Fokkema formula (van der Meijs and
Fokkema 1984), and the influence of the intermolecular forces is also examined.
In Sect. 9.3, the surface effects on the asymmetric bifurcation of nanobeam are
studied. The surface elasticity and the residual surface tension are accounted for in
the beam model by using the surface elasticity theory of Gurtin and Murdoch (1975,
1978) and the generalized Young-Laplace equation (Chen et al. 2006; Gurtin
et al. 1998). Based on the models and simulation results, the criteria for the
existence of snap-through buckling and asymmetric bifurcation are derived,
which can be used for the design of the bistable MEMS/NEMS.
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9.2 Size Effect on Symmetric Snap-Through Buckling
of Microbeam

9.2.1 Formulation
9.2.1.1 Governing Equations

Consider an initially curved rectangular microbeam of span L, width b, and
thickness / undergoing in-plane bending (x — z plane in Fig. 9.2). The respective
displacements u,, u,, and u. along x-, y-, and z-coordinates are assumed to
be dependent only on x and z. u, is further assumed to be 0. For a thin beam
(h < < L), the Euler-Bernoulli beam theory is applied:

e (x,2) = u(x) — 2w (x) (9.1a)
uz(x,z) = wix) (9.1b)

where u(x) and w(x) are, respectively, the axial (along x-coordinate) and transverse
(along z) displacements of a point on the midplane of the beam; a superimposed
apostrophe denotes a derivative with respect to x. During the snap-through buck-
ling, the midplane stretching can be important. To consider this effect, the von
Karman nonlinear strain is used. With the aid of Eq. (9.1a, b), the nonzero strain
component (i.e., axial strain €},) can be obtained as (Reddy 2011)

XX

£ =u —w + % (w,>2 (9.2)

Considering the initial strain egx related to the initial deflection wy(x) by

e = —zwy + (w;))2 /2, we calculate the axial strain change &,, from Eq. (9.2) as

. . 4 i . .
+ Electro- y . -

; static force b
I o v Intermolecular

forces

L' —* Rigid electrode

Fig. 9.2 Initially curved double-clamped micro/nanobeam under electrostatic force. The direc-
tions of electrostatic and intermolecular forces are indicated by arrows
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* O ’ " " 1 ! 2 ! 2
Exy =€ —E =U — z(w - wo) + 3 (w) - (WO) (9.3)

The symmetric curvature tensor y conjugated to the deviatoric couple stress tensor

y in the modified couple stress tﬂeory is (Yang et al. 2002)
1 T
z=3(Va+ (Vo)) (9.4)

where w(= (V x u)/2) is the rotation vector, with u (: (14, uy, uZ)T) being the

displacement vector; the superimposed T denotes the transpose of the matrix. With the
aid of Eq. (9.1a, b), the nonzero curvature components in Eq. (9.4) are calculated as

® *® 1 "

)(xy :)(yx = _§W (95)

Considering the initial nonzero curvature ;(By = ;(?W = ,Wé)’ /2 due to the initial
deflection wy, we obtain the curvature change y., and y,, from Eq. (9.5) as

* 1 " "
)(xy :ny :)(xy 7)(,(\)y = 75 (W - WO) (96)

To derive the governing equations, the theorem of minimum potential energy is
used:

5Uelas - 5Wexl =0 (97)

where 60U, and 6W.,, are, respectively, the variations of the elastic strain energy,
and the work done by the external forces. Considering the nonzero strain compo-
nent &,, and the nonzero curvature components y,, and y,,, we can calculate 6U,,s
as (Yang et al. 2002)

L L

OUelas = J

J(g:ég—f—y/:é)()dsdxzj
olds\= = = =

J (O'xxéexx + 21//)0,5)( xy)ds dx (98>
0JS

where J ds is the integral over the cross section (y—z plane in Fig. 9.2). Introduce
s
Egs. (9.3) and (9.6) into Eq. (9.8), integrate the resulting equation by parts with

respect to x, and we obtain
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L L

6Uelas:_J N/(Sde_J <M +C +<NW)>(SWdX
0
+

0

— N(0)8u(0) + N(L)u(L) — (M (0) + C (0) + N(0)w (0))dw(0)

’

+ M (L) + (HNUW@)@)(() C(0))sw'(0)
— (M(L) + C(L))éw (L)
(9.9)
where the stress resultants N, M, and C are defined as

N = J Oy ds (9.10a)

s
M= J 20y ds (9.10b)

S
C= J W,y ds (9.10c)

s

Neglecting the gravity, we can calculate the variation W, of the work done by the
external forces as

L

Wex = J fo(x)éw dx (9.11)
0

where the distributed transverse load f, is composed of

fz :felec +fcasi +fVDW (912)

Setees feasi> and fypw are, respectively, the electrostatic force, Casimir force, and van
der Waals force per unit length.

The electrostatic force f... per unit length can be calculated using (Batra
et al. 2006; Dequesnes et al. 2002)

1V2 dCeqp

= -1
felec dg (9 3)

where the sign of the force depends on the coordinate system, V is the applied
voltage between the beam and the rigid electrode, Cc,p is the capacitance per unit
length of the capacitor composed of the beam and the electrode, and g is the gap
between the beam and the electrode as being

8(x) = go +w(x) (9.14)

with g being the initial gap (i.e., distance between the clamped beam ends and the
rigid electrode (see Fig. 9.2)). For a small gap g (<< beam length), the beam with



9  Snap-hrough Bucklingof Micro/Nanobeams in Bistable. . . 241

the electrode can be regarded as a parallel-plate capacitor. To further take into
account the fringing fields at the edges of the microbeam, the capacitance Ce,p is
estimated using the Meijs-Fokkema formula (van der Meijs and Fokkema 1984):

b b 0.25 h 0.5
C(g) = o <—+0.77 +1.06 (—) +1.06 <—) ) (9.15)
g 4 g

where ¢, is the vacuum permittivity. It is noted that the error of the estimated
capacitance using Eq. (9.15) is within 6 % for the microbeam systems satisfying
beam-width-to-gap ratio (b/g) larger than 0.3 and beam-thickness-to-gap ratio (4/g)
smaller than 10 (van der Meijs and Fokkema 1984). So to ensure the proper
application of Eq. (9.15), this chapter only studies the microbeam systems with
the width-to-initial-gap ratio (b/go) larger than 0.5 (considering wy,,x =0.5 go in
Eq. (9.14)) and the thickness-to-initial-gap ratio (4/g¢) smaller than 5 (considering
Wmin = —0.5 go). Introduce Egs. (9.14) and (9.15) into Eq. (9.13), and after several
calculations we obtain (Krylov et al. 2008)

S A b\ 7 rgo+wy 0T b\ ' rgo+ w03
felecim<1+0.265<z> (T) +0.53(7 (T)
(9.16)

The intermolecular forces can be described by Casimir and van der Waals forces.
The former force is attributed to the attraction between two closely spaced
conducting surfaces, and the latter one is due to the electrostatic interactions
among dipoles at the atomic scale (Batra et al. 2007; Lifshitz 1956). For a small
gap (<< beam length), the parallel-plate approximation is applied (Casimir 1948;
Israelachvili 2011):

hch
fcasi = T P (9173)
240(gy +w)
Ab
= 9.17b
fVDM 677,'(g0 + W)3 ( )

where 7 is the reduced Planck constant; c is the speed of light; A is the Hamaker
constant.
Introducing Egs. (9.9) and (9.11) into Eq. (9.7), we arrive at

L, L
J Néudx-l—[
0

(M” +C (Nw')/ + fz> Swdx + N(0)6u(0) — N(L)su(L)
0

/ ) . ) ) , 9.18
+(M (0) + C (0) + N(0)w (0))éw(0) — (M (L) + C (L) + N(L)w (L))éw(L) ( )

—(M(0) + C(0))dw (0) + (M(L) + C(L))éw (L) = 0
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To satisfy Eq. (9.18) with arbitrary variations of displacements éu and ow, we
obtain the following governing equations:

su: N =0 (9.19a)

sw: M +C + (Nw)l +£.=0 (9.19b)

With Eq. (9.19a), Eq. (9.19b) can be reduced to
M +C +Nw +f.=0 (9.20)

Suppose the beam material is elastically isotropic with Young’s modulus £ and
Poisson’s ratio v. For an Euler-Bernoulli beam undergoing in-plane bending, the 1D
constitutive relation is

Oxx = ngx (921)

The deviatoric couple stress v, is related to the symmetric curvature y,, by (Yang
et al. 2002):

EP
Yy = m){xy (922)
where / is a length scale parameter. With Egs. (9.3), (9.6), (9.21), and (9.22),
Eq. (9.10a, b, ¢) is changed to

N(x) = ES <u + %(w’)z - %(wlo)2> (9.23a)
M(x) = —EI (w” - wg) (9.23b)
Clx) = — % (w” - w;;) (9.23¢)

where S (=bh) is the cross-sectional area (y—z plane in Fig. 9.2); I (=bh*/12) is the
second moment of area. Introduce Eq. (9.23a, b, c) into Eq. (9.20), and we have

" <1 G (2)) (" = i)
(i) 3 o) e

Equation (9.19a) shows that the axial force N is constant. So N can be
estimated as the average value calculated from Eq. (9.23a):

(9.24)
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ES((“( . 1/ N2 17 \2 _
T u + E(W) — 5(”’0) dx |. In Eq. (9.24), replace N with the average
0

value, consider the boundary conditions of double-clamped beam, and we obtain

6 (I\°
EIl1 v me o
<+<1+V>(h)><w v
ES L ! 2 ! 2 "
() ) a0
Introducing Eqs. (9.12), (9.16), and (9.17a, b) into Eq. (9.25), and we have
6 (I ES((F (7 2 2 y
EIl1 L mr_ oy =P _
( el >(W o) = (], (0) = () e

1 gbV? b\ "7 rgy + w075 b\ " rgy + w03
—— [ 1+0.265(— e 0.53( -
s (veoas(f) T 0 () ()
n’heb Ab
240(g0 + W)4 677,'(g0 + W)3

(9.25)

—0
(9.26)

It is seen from Eq. (9.26) that the length scale parameter / has the effect of
increasing the effective Young’s modulus (E).¢ for bending, being

6 (I\’
(E)ess :E<1 *m(%) ) (9.27)

For thin beams (beam thickness / close to /), the effective Young’s modulus for

bending can be as large as (1 + ﬁ) (=5.7 at v=0.27) times the conventional

Young’s modulus (E), while for thick beams (% >> [) the effective Young’s modulus
is nearly equal to the conventional one, indicating that the size effect is negligible.
Rewrite Eq. (9.26) in the following non-dimensional form:

(WW . W—O////) B a(Jl ((W/)Z _ (W—O/)2> df) W+ Avpw 1 b A 1
0 (w1 W)
p

Y b —-0.75 1 —\ 0.75 b -1 1 —\ 0.5
P (140265 (—) (—f W) 40.53 <—) (—f W>
(1+w) h h h h

(9.28)

where the non-dimensional quantities are defined in Table 9.1; a superimposed
apostrophe in the non-dimensional equations denotes a derivative with respect to
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Table 9.1 Non-dimensional quantities adopted in this chapter

Quantity Expression Meaning
h hlgo Dimensionless thickness
4o r/go Dimensionless initial arch rise
w w/go Dimensionless deflection
Wo wolgo Dimensionless initial deflection
x x/L Normalized coordinate
a 2\ 2 6 (I\2 Stretching parameter (size effect considered)
6/ (g) /(1 + 1 (7) )
a 1) (n)? ( E l) Stretching parameter (surface effects
6<1 2 h>/<é’0> ASRAL considered)
) - -
by £obL*V? / (ZEIgg ) / <1 + - iu) (’1) ) Voltage parameter (size effect considered)
/M obL*V?/ (2 E Ig?)) / (1 L6E }lz) Voltage paramet'er (surface effects
£ considered)
Acasi x2hebL* / (240E13) /< 1+ 3”) (é)Z) Casimir force parameter
As 2bL2TO/E*I/ <1 + 6% %) Dimensionless residual surface tension
Avpw AbL4/ (67‘[E1g8)/ (1 + (l«ﬁHz) (£)2> van der Waals force parameter

the normalized coordinate ¥. The non-dimensional boundary conditions of double-
clamped beam are

0 (9.29a)
w(0)=0, w(1)=0 (9.29b)

9.2.1.2 Influence of Intermolecular Forces

In the non-dimensional governing equation (Eq. (9.28)), we can identify the
dimensionless van der Waals force fypw, Casimir force f,, and electrostatic
force f .. as

fvow = _AVDWW (9.30a)
1
feasi = _lm(l—i-iw)“ (9.30b)

(1 + W) 0.5
h

(9.30¢)

ﬂv <b> —0.75 <1+W)OA75 <b)—1
=" (1+40265(2 T Los3(”
Joee = Ty h h h
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Table 9.2 Values of constants

Constant Meaning Value
A Hamaker 107! J (Hamaker constants of condensed phases are about 10~
constant J for interactions in vacuum (Israelachvili 2011))
¢ Speed of light 3%x108m-s!
Reduced Planck 1.0546 x 1073*J - s
constant
€0 Vacuum 8.8542 x 1072 F-m™!
permittivity

where Avpw, Acasi> and f, are, respectively, the van der Waals force parameter, the
Casimir force parameter, and the voltage parameter. With the aid of Table 9.1, we
can compare Aypw and A, with g, as follows:

bow _ A (9.31a)
B  3rep gOV2 '
Feui _ 7L (9.31b)

B, 120g g2V?

Consider g, ~ 10 °m for the microscale systems and V & 10'V for the order of
applied voltage, and with the values of the constants in Table 9.2 we calculate
Eq. (9.31a, b) as

!
YOW ~ 1073 (9.32a)
By
Acasi
W x3x107° (9.32b)

v

With Egs. (9.30a, b, c¢) and (9.32a, b), the force ratios can be estimated as

— s 1

[Fyow /fetec| < 10 51+—W (9.33a)
— 6 1
lfcasi/felec‘ < 3x10 ém (933b>

The maximum force ratios are determined by the minimum stable deflection, i.e.,
deflection at pull-in instability, which is roughly half gap (w = —0.5) (Ballestra
et al. 2010; Dequesnes et al. 2002; Hu et al. 2004). Then Eq. (9.33a, b) leads to

max[fVDW /E} ~2x107° (9.34a)
max|fong /Faee| 2 1 % 1073 (9.34b)
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Equation (9.34a, b) shows that the intermolecular forces (van der Waals and
Casimir forces) are negligible with respect to the electrostatic force when studying
the snap-through buckling of microbeams.

9.2.1.3 One Degree of Freedom Reduced-Order Model

In the previous subsection, we have proved that the intermolecular forces can be
neglected in the study of snap-through buckling of microbeams. So the governing
equation (Eq. (9.28)) can be further reduced to

(" — ") - a(j () - (w—o’f)dx) W

0

-0.75 —\ 0.75 -1 —\ 0.5
- _L2<1 +0.265 (9> <1+J> +0.53 (9> <1+J> )
(1+w) h h h h

(9.35)

Equation (9.35) with the boundary conditions expressed in Eq. (9.29a, b) can be
solved using the Galerkin decomposition of the dimensionless deflection w(X) (Das
and Batra 2009b; Krylov et al. 2008; Medina et al. 2012):

WE) =Y qubi(¥) (9.36)
k=1

where ¢, (k=1, 2, ..., n) is the kth eigenmode of the straight beam, and g is its
generalized coordinate. The buckling eigenmodes are taken here, which have been
found more suitable for the studies on the buckling behaviors (Medina et al. 2014a, b):

cos (A4) — 1
sin (ﬂ.k> — Ak

cos (A) — 1

NPT ) —
sin (4%) — cos (LX) — & sin () —

(%) Ak< X+ 1> (9.37)

where Ay is a constant satisfying n}gx] | (X)| = 1, and 4, is the eigenvalue satisfy-
0,1

ing A sin (&) + 2 cos (4) = 2.

It is shown by Das and Batra (2009b) that the numerical simulations using n > 6
in Eq. (9.36) are indistinguishable from each other. They also found that a reason-
ably accurate prediction of the symmetric snap-through behavior can be given by
considering only the first mode, which indicates that the first mode approximation
of the deflection can capture the characteristics of the symmetric snap-through
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behavior. So in order to simplify our study for an analytical snap-through criterion,
we decided to make the first mode approximation here. Suppose that the dimen-
sionless initial deflection wg (%) is also in the first mode, then we have

W(X) = g1 (X) (9.38a)
wo (X) = qodb (%) (9-38b)

where ¢, is the dimensionless midpoint deflection; g, (= 7/go) is the dimensionless
initial arch rise, with r being the initial arch rise (i.e., initial deflection at the
midpoint). Introduce Eq. (9.38a, b) into Eq. (9.35), multiply the result by ¢;, and
then integrate over the domain [0, 1]. Further integrate by parts with respect tox and
consider the boundary conditions (Eq. (9.29a, b)); we obtain the following reduced-
order model with one degree of freedom:

asi, qS_bll —as%lq%ql bi1gy
Li(g) ™! Li(qy) Li(qy)

B, =— (9.39)

where the values of by; and s;; are given in Table 9.3, and the expression of /; is

B 1 ¢1 (é) —0.75 <1 +q1¢1>075
Il(q‘)_Joi(qugf)l)z 1+0.265(7 —hh

| 05 (9.40)
b\ [1+ ’
+0.53 <E) (%d") ) d¥
Table 9.3 Values of Coefficient Expression Value
coefficients related to first and I
. . 2% iy o 194.8182
second buckling eigenmodes J (¢,)dx
0
ba J“ (¢”)2ch 1667.9624
2
0
1 0.5000
g [ o
Jo
m 1 0.3750
1 % .
0
1{5)) 1 2 0.4262
[
Jo
S11 1 /2 4.9348
| @
s L 20.6529
= |, e
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Table 9.4 Dimensional quantities of electrostatically actuated microbeam system obtained from
Krylov et al. (2008) and Zhang et al. (2007)

Quantity Meaning Value
b Beam width 30 um
E Young’s modulus of silicon 160 GPa
g0 Gap between beam ends and rigid electrode 10 pm
h Beam thickness 2.5 pm
L Span of arch 1000 pm
r Initial arch rise 0-5 pm
% Applied voltage 0-120 V
v Poisson’s ratio of silicon 0.27

9.2.2 Results and Discussions
9.2.2.1 Influence of Initial Arch Rise on Snap-Through Behavior

Let us consider an electrostatically actuated microbeam system described by the
dimensional quantities in Table 9.4, which is obtained from Krylov et al. (2008) for
the experiments, and Zhang et al. (2007) for the material properties. Taking the
material length scale parameter / = 10" um for silicon (Rokni et al. 2013), and with
the aid of Tables 9.1 and 9.4, we calculate the corresponding dimensionless
quantities, and introduce them into Eq. (9.39). The obtained equation is plotted in
Fig. 9.3 at different levels of gy (0~0.5). The experimental results from Krylov
et al. (2008) are also shown. It is seen that the model (Eq. (9.39)) can approximately
describe the snap-through behavior observed from the experiments. The difference
in the critical voltages (i.e., voltage parameters at the extreme points) is possibly
due to the non-ideal clamping conditions, residual stresses, initial imperfections in
the beam shape, and variations of beam geometry due to the low fabrication
tolerances (Krylov et al. 2008).

Figure 9.3 shows that the existence of the snap-through buckling depends on the
level of the dimensionless initial arch rise go. For very small ¢y (e.g., go=0 in
Fig. 9.3a), there is only one extreme point ¢, on the 8,—¢; curve. With the increase
of the voltage (f, increases), the microbeam bends towards the rigid electrode due
to the electrostatic force. The equilibrium position of the beam can be determined
by the balance of the elastic and electrostatic forces. Therefore, the beam deflection
decreases gradually (see the loading path A — ¢, in Fig. 9.3a). When the critical
point g, is reached, the microbeam becomes unstable (i.e., the elastic force can no
longer resist the electrostatic force), so it collapses onto the rigid electrode
(gp — B). This behavior is called pull-in instability.

For a larger value of ¢, (e.g., 0.35 in Fig. 9.3b), two more extreme points ¢, and
q. appear, which correspond, respectively, to the snap-through buckling and the
release (snap-back). With the increase of f,, the beam deflection decreases gradu-
ally (C — ¢, in Fig. 9.3b) until reaching the critical point g, where two stable states
(g5 and D) coexist. A slight increase in f, makes the state at gs unstable, which
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Fig. 9.3 Evolution of voltage parameter 8, with dimensionless midpoint deflection ¢, at different
levels of dimensionless initial arch rise go. The extreme points g, ¢, and ¢, correspond,
respectively, to the critical points of the snap-through buckling, the release (snap-back), and the
pull-in instability. The insets show the evolutions of the deformed beam

results in a sudden transition from g, to the second stable state D. Such transition is
called snap-through buckling. After the snap-through buckling, the beam deflection
continues to decrease gradually with $, (D — ¢,,) until reaching the pull-in insta-
bility where the beam collapses onto the rigid electrode (g, — E).

9.2.2.2 Size and Fringing Field Effects on Necessary Snap-Through
Criterion

The extreme points g, g;, and g, on B, — ¢, curve (refer to Fig. 9.3) can be obtained
by solving the following equation with the aid of Eq. (9.39):

ag, _
dg;
= ast gy — 3ast g} +L(bi — as%lqé)ql = (bn - as%lqg)h

— biil2qq
=0 (9.41)

0

where [, is calculated from Eq. (9.40) as
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Fig. 9.4 Evolutions of the extreme points (gs, ¢, gp) With the dimensionless initial arch rise ¢ at
different levels of stretching parameter a and width-to-thickness ratio b/h

dI, —2¢?

I, =
dq,

J:(

+0.3975 (—

B\ 075
=P {1 40.165625 (—) ( g
1+q,41) h h

>1 <1 +q1¢1>045 .
h

1+ q1¢1>0.75

(9.42)

Equation (9.41) containing integrals (I, I,) cannot be solved analytically. So we
solve the equation numerically, and show the typical results in Fig. 9.4. It is seen
that ¢, must be larger than a critical value g§'" for the existence of the snap-through

points g and g,. At go =g
we take ¢; =0 in Eq. (9.41) and find

min_both g, and ¢, are near 0. So for a first approximation,

min _ bu
0 as?,

£\ 2 %

bumy, _b11m11
2 S

asfy

* (9.43)
as%lfl

where the values of b and s, are given in Table 9.3; f] and m], are
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b —0.75 075 b -1 05 1
fi= (1 +0.265 (—) (h) 7 +053 (—) (h) ) J $idx  (9.44a)
h h 0
—0.75 -1 1
m, = (1 +0.165625 (%) (7)™ +0.3975 (g) (7) ‘("5> J Pid
0

(9.44b)

Introducing Eq. (9.44a, b) into Eq. (9.43) and replacing the non-dimensional
quantities (@, qo) with the expressions in Table 9.1, we obtain the following
necessary criterion for the existence of snap-through buckling:

O (v () ) (men) ey o (1)) (Lt eosns '@ 2y
Wi\ 653\ (1+2)\h 6shfi )\ (L) \h 14+0.265(2) % (1) ™ +0.53(2) 7 (1) "

_h|1n1117<1, 6 (1)2> (1+o.165625(;-;)*°75(z)’°75+o.3975(g)*1(ﬁ)*“)

o2\ o \h 1+0.265(§)’“75(E)’°75+0'53(%)*1@*05

h

(9.45)

where the values of by, 511, f, and my; are given in Table 9.3. Eq. (9.45) is plotted
in Fig. 9.5 to show the size effect (by introducing the length scale parameter /,
normalized as I/h) and the fringing field effect (considering the finite beam width b,
normalized as b/h) on the minimum allowable ratio (r/h)y,. It is seen that both
effects increase (1/h)min and the size effect is much more significant. Eq. (9.27)
shows that the size effect (/h) increases the effective Young’s modulus for bending,
so the microbeam becomes stiffer and more difficult to exhibit snap-through
buckling. As a result, the minimum allowable ratio (r/h),,;, increases.

L)

in

1 15 2 25 3 35 4 45 15 2 25 3 35 4 45

Minimum allowable initial arch- T

Minimum allowable initial arch- @
rise-to-beam-thickness ratio (r/h),,;,

rise-to-beam-thickness ratio (v/h),,;,

Gap-to-beam-thickness ratio g,/h Gap-to-beam-thickness ratio g,/h

Fig. 9.5 (a) Size effect (//h) on the minimum allowable ratio (/4)y;, at b/h = +oc. No size effect
at [/h=0 (i.e., beam thickness 2 >>/). (b) Fringing field effect (b/h) on the minimum allowable
ratio (r/h)min at I/h = 0. No fringing field effect at b/h = +oco (infinitely wide beam)
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9.3 Surface Effects on Asymmetric Bifurcation
of Nanobeam

9.3.1 Formulation
9.3.1.1 Surface Effects

In the surface elasticity theory of Gurtin and Murdoch (1975, 1978), the surface
layer is regarded as a thin film of negligible thickness. In the surface layer, there
exists a surface stress 0% (N/m), which is related to the surface energy density y (J/m?)

by (Cammarata 1994)

0
agv

<

S

(9.46)

IS

[

where ¢ is the Kronecker delta; €° is the strain tensor in the surface layer. Assuming

an elas_tic surface, we can deriv_e a linear constitutive equation from Eq. (9.46) as
(Miller and Shenoy 2000)

S=170+ (9.47)

|1

K3
)

ey

where z° is the residual surface stress tensor; C* (N/m) is the surface elasticity

tensor. Both z° and C* can be calculated by atomistic simulations, and they can be

either positive or negative depending on the crystallographic structures of the
materials (Miller and Shenoy 2000; Wang and Feng 2009). We only consider the
axial stress here. Then Eq. (9.47) can be reduced to the following 1D form (He and
Lilley 2008; Wang and Feng 2009):

ot =1+ E° (9.48)

where 7° is the residual surface tension; E® (N/m) is the surface elastic modulus,
which is related to the surface Lame constants p° and A° by E*=2u*+ A° in 1D
condition.

It is seen from Eq. (9.48) that there are two contributions to the surface effects:
the residual surface tension (z°) and the surface elasticity (E*). The surface elasticity
(E®) introduces an additional axial elastic stress 6* being

c* = E°¢° (9.49)

And the residual surface tension 7° results in a distributed transverse load f°, which
can be determined by the generalized Laplace-Young equation (Chen et al. 2006;
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Gurtin et al. 1998). This equation relates the stress jump [¢] across an interface to
the curvature k and the surface stress ¢° of that interface, from which we have (Chen
et al. 2006; Miller and Shenoy 2000; Wang and Feng 2007)

n:e:n=o9": (9.50)

IS}
IS
1>

where n is the interface unit normal. By only considering the axial stress, we can
simplify the right-hand side of Eq. (9.50) to ¢°, where « is the beam curvature.
Suppose that the slope of the beam is small compared with the unity; then « can be
approximated as w”, with w being the beam deflection (transverse displacement).
Considering a rectangular beam of width b, we can obtain the distributed transverse
load f* from Eq. (9.50) as (He and Lilley 2008; Wang and Feng 2007, 2009)

15 = 2w (9.51)

9.3.1.2 Governing Equations

Consider an initially curved rectangular nanobeam subjected to an electrostatic
force (Fig. 9.2). For a thin beam (4 <L), the axial strain change ¢,, is given in
Eq. (9.3). Then the variation 6U,y, of the elastic strain energy including the surface
elasticity can be calculated as

L
OUeqlas = J J 0y O€ds + J o*be.dl |dx
o \Js 2s

= —J N'Sudx — J (M + (Nw') )dwdx
0 0
— N(0)8u(0) + N(L)su(L) — (M (0) + N(0)w'(0))6w(0)
+ (M (L) + N(L)w (L))éw(L) + M(0)éw' (0) — M(L)éw (L)
(9.52)

where stress resultants N and M are defined as

N= J owds + J o*dl (9.53a)
S oS
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M= J 26, ds —l—J zo*dl (9.53b)
s as

o* is the additional axial stress from surface elasticity (Eq. (9.49)), andJ d/is the
oS
integral over the boundary of the cross section. Neglecting the gravity and the

intermolecular forces, we can calculate the variation 6W,,, of the work done by the
external forces as

L
Wext = Jo (fetee +/°)0wdx (9.54)

where f* is the distributed load due to the residual surface tension (Eq. (9.51)); feiec
is the distributed electrostatic force. Suppose that the beam is infinitely wide (width
b>> thickness h); then the fringing field can be neglected, and Eq. (9.16) can be
reduced to

1 gbV?
felec P —

2 (2o w)2 (9.55)

Introducing Egs. (9.52) and (9.54) into the theorem of minimum potential energy
given in Eq. (9.7), we obtain the following governing equations:

su: N =0 (9.56a)
sw: M +OW) +fuee +=0 (9.56b)

With Eq. (9.56a), Eq. (9.56b) can be rewritten as
M” +NW” +.felec +fb =0 (957)

Suppose that the beam material is elastically isotropic with Young’s modulus
E and Poisson’s ratio v. Then the 1D constitutive equation for an infinitely wide
beam becomes

oo = E'e (9.58)
where the effective elastic modulus E* is

« E

EFE =—
1 —212

(9.59)

Introduce Egs. (9.3), (9.49), and (9.58) into Eq. (9.53a, b), and consider b >> h; we have
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N =E's(14+2E1 ’+1()2—1(’y (9.60a)
X) = i u 5 w > W .60a
% E‘S 1 " "
M@:—Elumj_(w—%) (9.60b)
Eh
The effective axial stiffness (ES).¢ can be derived from Eq. (9.60a) as

(ES) g = E"bh + 2E*b (9.61)

And the effective Young’s modulus (E). for bending can be derived from
Eq. (9.60b) as

« E* 1
(mﬂ:E<HmE%) (9.62)

It is seen that the surface elasticity (E°) has the effect of increasing or decreasing
(E)etr, depending on the sign of E°.

Introduce Egs. (9.51), (9.55), and (9.60b) into Eq. (9.57), replace the axial force
by the average value calculated from Eq. (9.60a), and we obtain the following
governing equation:

ES 1\, . E*S E 1N/t s
E*1<1+6E_*Z)(W W)= 5p (”ZE—*z)(JO (047 = (o))
" p 1 ebV?
W = 20w = = %

2 (80 + W)2

Rewrite Eq. (9.63) in the non-dimensional form as

(ww-womq-(g+a*(£i“w52—(wO05dX))W”—(1iiw2 (9.64)

with the non-dimensional quantities given in Table 9.1, and the non-dimensional
boundary conditions given in Eq. (9.29a, b).

9.3.1.3 Two Degrees of Freedom Reduced-Order Model
Equations (9.64) and (9.29a, b) can be solved using the Galerkin decomposition

method (see Eq. (9.36)). For the asymmetric deformations, the participation of the
second mode is more than that of the fourth and sixth modes (Das and Batra 2009b).
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So we decided to focus on the first two modes (i.e., n=2 in Eq. (9.36)).
The dimensionless initial deflection Wwg(X) is assumed to be in the first mode
state; then we have

W(X) = q1¢1(X) + g2, (X) (9.65a)
Wo (X) = qo¢py (%) (9.65b)

where ¢ is the dimensionless midpoint deflection (since ¢, (0.5) = 1, ¢,(0.5) = 0);
qo (= r/go) is the dimensionless initial arch rise, with r being the initial arch rise
(deflection at the midpoint). Introduce Eq. (9.65a, b) into Eq. (9.64), multiply the
result by ¢; and ¢,, respectively, and then integrate over the domain [0, 1]. Further
integrate by parts and take into account the orthogonality of ¢, and ¢,; we obtain
the reduced-order model with two degrees of freedom:

¢ : a*sﬁq? + (bn - (X*S%lq(z) +le11)‘11 + a*S11S22Q1(I§ —bugy = —ﬂjf;(‘ll»flz)
(9.66a)

¢, : a*sézqi + (bzz - 0!*811S22613 + ﬂsszz)% + a*SnSzzCI%% = —ﬁiIZ(CIuCIz)
(9.66b)

where by, by, S11, 522, and fj are given in Table 9.3; the integrals I and I are given
below:

1

I = 9.67
1(41,42) JO (1 + g1y + g2th2)’ (-67a)
L(q1,42) = Jl ¢ dx (9.67b)
2 0(1+611¢1+612¢2)2

9.3.2 Results and Discussions

9.3.2.1 Influence of Initial Arch Rise on Asymmetric Bifurcation
Behavior

Introducing @ = 600 and 4, = 2 into Eq. (9.66a, b), we plot the obtained equation in
Fig. 9.6 at different levels of the dimensionless initial arch rise go. The dimension-
less residual surface tension A is calculated using the expression in Table 9.1 with
the surface parameters z° = 0.6056 N - m~!and £* = —10.036 N - m~! from Miller
and Shenoy (2000), and the beam dimensions and bulk material properties
L=15pm, b=400 nm, 2 =200 nm, E = 185 GPa, and v=0.28 from Intaraprasonk
and Fan (2011).



9 Snap-hrough Bucklingof Micro/Nanobeams in Bistable. . . 257

a  g=01 n: b

1500

1000

s00]- !

Voltage parameter S,
Voltage parameter S,

T 3

Fig. 9.6 Bifurcation diagram of nanobeam actuated by electrostatic force. @ and (3) are bifurca-
tion points. The insets show the evolutions of the deformed beam

It is seen from Fig. 9.6 that when ¢ is small (e.g., 0.1 in Fig. 9.6a), the solution
of the asymmetric deformation doesn’t exist (i.e., g =0), so the beam always
deforms symmetrically. When ¢ is large enough (0.3 in Fig. 9.6b), the solution
of the asymmetric deformation exists. With the decrease of the midpoint deflection
(g, decreases), the beam deforms symmetrically (D — @ in Fig. 9.6b) until
reaching the bifurcation point @ where there are two asymmetric deformations
given by Eq. (9.66a, b). By following one of the asymmetric deformations, the
beam deforms asymmetrically (@ — (3)) until reaching another bifurcation point
(3. After (3), the beam returns to deform symmetrically with the decrease of the
midpoint deflection.

9.3.2.2 Surface Effects on Necessary Symmetry-Breaking Criterion
Near the asymmetric bifurcation points (2 and (3) in Fig. 9.6b), ¢ is about 0. So we
linearize the governing equations (Eq. (9.66a, b)) around ¢, =0 as (Medina

et al. 2014a)

Gy ashqy + (b —a'stq5 + Asu) g — bugo = —B,11(¢1,0)  (9.68a)
472 : (bzz — a*s“szzqg + /133‘22 + a*s”szzq%)qz = Zﬂvlg (ql)qz (968b)

with 5 being
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' #
I3(q1) = J dx (9.69)
o (1+q,¢,)
oy
To obtain Eq. (9.68a, b), the following relations are used: J — dx =0,
o (1+q141)

1

J Lz dx = 0. For the asymmetric deformations (g, # 0), Eq. (9.68b) can
o(l+q1¢)

be further reduced to

byt by — a siisngp + Asn +a sisngt = 28,15(q;) (9.70)

Express f;, respectively, from Eqs. (9.68a) and (9.70), equilibrate these expres-
sions, and we obtain the following equation for the asymmetric bifurcation points:

2a*s%llzq? + a*snszng(ql ,0)g% + 2(b11 - a*s%lq% + ﬂssn)lqu

+ (ba + Ass22)11(q1,0) — 2b1115q0 — @ s1152211(q1,0)g3 =0 6-11)

Taking A;=2 in Eq. (9.71), we solve the obtained equation numerically and
show the results in Fig. 9.7. It is seen that the dimensionless initial arch rise gq
should be larger than a critical value qg‘i" for the existence of the asymmetric
bifurcation points. It is also seen that at q{)nin, g1 is near 0. So as a first approximation
of qg‘i", we take ¢; =0 in Eq. (9.71) and find
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Fig. 9.7 Evolutions of asymmetric bifurcation points (2 and (3)) with dimensionless initial arch
rise at different levels of the stretching parameter o
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, by + Ass bumy \>  bym
ghin = 22* s 22+< ! 117122 ) o 11122 (9.72)
a’s1182 a s1150f o si1snf
where b1, bys, S11, S22, f1, and m,, are given in Table 9.3. In Eq. (9.72), replace the

non-dimensional quantities (g, a’, As) with the expressions in Table 9.1, and we
obtain the necessary symmetry-breaking criterion as follows:

8o

2
. b 1 4 [L\? 1 0 b 1 n\?
('—) = |72 1144 i Top(onme g
h/ min 651152 h 4] su h h 5 | B \bsusnafy =12

— EJE
E'JE EJE
b 1 h
_bumn f L |
651152f | h 108
EJE

(9.73)

Equation (9.73) is plotted in Fig. 9.8, from which it is found that the positive
residual surface tension (z"/E* >0 in Fig. 9.8a, 7%/E* <0 in Fig. 9.8b) increases
(7/h)min, while the negative one decreases it. The positive surface tension (traction)

g/h=10 E>0 b

g/h=10 Es<0

T

2/ Es = ~0.04

(r/h)min
(r/h)min

0 10 20 30 40
I
E'/E

Fig. 9.8 Minimum allowable ratio (#/h),;, between the initial arch rise r and the beam thickness
h for the asymmetric bifurcation at different levels of beam thickness / (normalized as h/(ES/E*))
and residual surface tension z° (normalized as °/E®). The beam length-to-thickness ratio L/h =25



260 X. Chen and S.A. Meguid

reduces the arch rise, so larger initial arch rise (larger (7//)mi,) is required for the
existence of asymmetric bifurcation, and vice versa for the negative surface tension
(compression).

It is also found from Fig. 9.8 that the beam size (thickness 4, normalized as h/(E®/
E")) affects (+/h)min. Such size dependency of (1/h)n,in can be explained by the
influences of the effective Young’s modulus (E).¢ and the residual surface tension 7°.
In the case of positive surface Young’s modulus E° (refer to Fig. 9.8a), the
effective Young’s modulus (E).s increases with the decrease of h (see
Eq. (9.62)), so the nanobeam becomes stiffer, which will lead to an increase of
(r/h)min- On the other hand, since the effective axial stiffness decreases when
decreasing & (see Eq. 9.61), the negative surface tension z° will induce more arch
rise, so the required initial arch rise ((#/h)n;,) for asymmetric bifurcation is
reduced. When 7 is small (i.e., negative residual surface tension is large enough),
the influence of z° is dominant, so (r/h)min appears to decrease when reducing
h (see the curve at 7°/E* = —0.04 in Fig. 9.8a). When Vis large, (E)et is dominant,
SO (r/h)min increases when reducing / (see the curve at 2°/E* = —0.01). Both
positive ° and (E)err have the effect of increasing (r/h)n,;, when reducing
h (see the curves at 7°/E*=0.02 and 0.04). The size effect on (r/h)m;, in the
case of negative surface Young’s modulus (refer to Fig. 9.8b) can be explained in
the similar way.

It is noted that in Fig. 9.8, (#/h)m;, is plotted in the range (i.e., W(EIE" Y < —6
and > 0) where the effective Young’s modulus (Eq. (9.62)) is nonnegative. More-
over, if (r/h)m, 1S negative or an imaginary number, the asymmetric bifurcation
may take place in an initially straight beam. In this case, (#//)ny;, is taken to be 0 in
the figure.

9.4 Conclusions

In this chapter, we examine the instability behaviors of the electrostatically actuated
micro/nanobeam. The governing equations are developed with the aid of Euler-
Bernoulli beam theory and are solved using Galerkin decomposition method. The
symmetric snap-through of the microbeam is studied first. The fringing field effect,
the beam size effect, and the intermolecular forces are accounted for in the model
formulation. Our results, which are based on the first mode approximation, reveal
that the size of the microbeam plays a major role in dictating the existence of the
snap-through behavior of the beam, while the fringing field and intermolecular
forces play an insignificant role. In the second part, the asymmetric bifurcation of
the nanobeam is investigated. The surface effects at nanoscale are accounted for in
the beam model. Our results, which are based on the reduced-order model of two
degrees of freedom, show that the beam size and the residual surface tension play
significant roles in the symmetry-breaking criterion.



9 Snap-hrough Bucklingof Micro/Nanobeams in Bistable. . . 261

Acknowledgements The financial support provided by the Natural Sciences and Engineering
Research Council of Canada, the Discovery Accelerator Supplements, and the Qatar National
Research Foundation under the National Priority Research Program is gratefully acknowledged.

References

Asthana, A., Momeni, K., Prasad, A., Yap, Y.K., Yassar, R.S.: In situ observation of size-scale
effects on the mechanical properties of ZnO nanowires. Nanotechnology 22, 265712 (2011)

Ballestra, A., Brusa, E., De Pasquale, G., Munteanu, M.G., Soma, A.: FEM modelling and
experimental characterization of microbeams in presence of residual stress. Analog Integr.
Circ. Sig. Process 63, 477-488 (2010)

Batra, R.C., Porfiri, M., Spinello, D.: Electromechanical model of electrically actuated narrow
microbeams. J. Microelectromech. Syst. 15, 1175-1189 (2006)

Batra, R.C., Porfiri, M., Spinello, D.: Review of modeling electrostatically actuated
microelectromechanical systems. Smart Mater. Struct. 16, R23-R31 (2007)

Belardinelli, P., Lenci, S., Brocchini, M.: Modeling and analysis of an electrically actuated
microbeam based on nonclassical beam theory. J. Comput. Nonlin. Dyn. 9, 031016 (2014)
Carr, D.W., Evoy, S., Sekaric, L., Craighead, H.G., Parpia, J.M.: Measurement of mechanical

resonance and losses in nanometer scale silicon wires. Appl. Phys. Lett. 75, 920-922 (1999)

Casimir, H.B.G.: On the attraction between two perfectly conducting plates. Proc. Kon. Ned.
Akad. Wetensch. Ser. B 51, 793-795 (1948)

Cammarata, R.C.: Surface and interface stress effects in thin films. Prog. Surf. Sci. 46, 1-38 (1994)

Charlot, B., Sun, W., Yamashita, K., Fujita, H., Toshiyoshi, H.: Bistable nanowire for
micromechanical memory. J. Micromech. Microeng. 18, 045005 (2008)

Chen, T., Chiu, M.-S., Weng, C.-N.: Derivation of the generalized Young-Laplace equation of
curved interfaces in nanoscaled solids. J. Appl. Phys. 100, 074308 (2006)

Cuenot, S., Frétigny, C., Demoustier-Champagne, S., Nysten, B.: Surface tension effect on the
mechanical properties of nanomaterials measured by atomic force microscopy. Phys. Rev. B
69, 165410 (2004)

Das, K., Batra, R.C.: Pull-in and snap-through instabilities in transient deformations of
microelectromechanical systems. J. Micromech. Microeng. 19, 035008 (2009a)

Das, K., Batra, R.C.: Symmetry breaking, snap-through and pull-in instabilities under dynamic
loading of microelectromechanical shallow arches. Smart Mater. Struct. 18, 115008 (2009b)

Dequesnes, M., Rotkin, S.V., Aluru, N.R.: Calculation of pull-in voltages for carbon-nanotube-
based nanoelectromechanical switches. Nanotechnology 13, 120-131 (2002)

Dingreville, R., Qu, J., Cherkaoui, M.: Surface free energy and its effect on the elastic behavior of
nano-sized particles, wires and films. J. Mech. Phys. Solids 53, 1827-1854 (2005)

Eringen, A.C.: On differential equations of nonlocal elasticity and solutions of screw dislocation
and surface waves. J. Appl. Phys. 54, 4703—4710 (1983)

Farokhi, H., Ghayesh, M.H., Amabili, M.: Nonlinear dynamics of a geometrically imperfect
microbeam based on the modified couple stress theory. Int. J. Eng. Sci. 68, 11-23 (2013)
Fleck, N.A., Hutchinson, J.W.: A reformulation of strain gradient plasticity. J. Mech. Phys. Solids

49, 2245-2271 (2001)

Fleck, N.A., Muller, G.M., Ashby, M.F., Hutchinson, J.W.: Strain gradient plasticity: theory and
experiments. Acta Metall. Mater. 42, 475-487 (1994)

Fu, Y., Zhang, J.: Size-dependent pull-in phenomena in electrically actuated nanobeams incorpo-
rating surface energies. Appl. Math. Model. 35, 941-951 (2011)

Fu, Y., Zhang, J., Jiang, Y.: Influences of the surface energies on the nonlinear static and dynamic
behaviors of nanobeams. Phys. E. 42, 2268-2273 (2010)



262 X. Chen and S.A. Meguid

Goll, C., Bacher, W., Biistgens, B., Maas, D., Menz, W., Schomburg, W.K.: Microvalves with
bistable buckled polymer diaphragms. J. Micromech. Microeng. 6, 77-79 (1996)

Gurtin, M.E., Murdoch, A.L: A continuum theory of elastic material surfaces. Arch. Ration. Mech.
Anal. 57, 291-323 (1975)

Gurtin, M.E., Murdoch, A.I.: Surface stress in solids. Int. J. Solids Struct. 14, 431-440 (1978)

Gurtin, M.E., Weissmiiller, J., Larché, F.: A general theory of curved deformable interfaces in
solids at equilibrium. Philos. Mag. A 78, 1093-1109 (1998)

He, J., Lilley, C.M.: Surface effect on the elastic behavior of static bending nanowires. Nano Lett.
8, 1798-1802 (2008)

Hu, Y.C., Chang, C.M., Huang, S.C.: Some design considerations on the electrostatically actuated
microstructures. Sens. Actuators A Phys. 112, 155-161 (2004)

Intaraprasonk, V., Fan, S.: Nonvolatile bistable all-optical switch from mechanical buckling. Appl.
Phys. Lett. 98, 241104 (2011)

Israelachvili, J.N.: Intermolecular and Surface Forces, 3rd edn. Academic, Waltham, MA (2011)

Jia, X.L., Yang, J., Kitipornchai, S.: Pull-in instability of geometrically nonlinear micro-switches
under electrostatic and Casimir forces. Acta Mech. 218, 161-174 (2011)

Jing, G.Y., Duan, H.L., Sun, X.M., Zhang, Z.S., Xu, J., Li, Y.D., Wang, J.X., Yu, D.P.: Surface
effects on elastic properties of silver nanowires: contact atomic-force microscopy. Phys. Rev.
B 73, 235409 (2006)

Ke, C.-H., Pugno, N., Peng, B., Espinosa, H.D.: Experiments and modeling of carbon nanotube-
based NEMS devices. J. Mech. Phys. Solids 53, 1314-1333 (2005)

Kinaret, J.M., Nord, T., Viefers, S.: A carbon-nanotube-based nanorelay. Appl. Phys. Lett. 82,
1287-1289 (2003)

Kong, S.: Size effect on pull-in behavior of electrostatically actuated microbeams based on a
modified couple stress theory. Appl. Math. Model. 37, 7481-7488 (2013)

Krylov, S., Ilic, B.R., Schreiber, D., Seretensky, S., Craighead, H.: The pull-in behavior of
electrostatically actuated bistable microstructures. J. Micromech. Microeng. 18, 055026 (2008)

Lam, D.C.C., Yang, F., Chong, A.C.M., Wang, J., Tong, P.: Experiments and theory in strain
gradient elasticity. J. Mech. Phys. Solids 51, 1477-1508 (2003)

Li, Y., Meguid, S.A., Fu, Y., Xu, D.: Unified nonlinear quasistatic and dynamic analysis of
RF-MEMS switches. Acta Mech. 224, 1741-1755 (2013)

Li, X., Ono, T., Wang, Y., Esashi, M.: Ultrathin single-crystalline-silicon cantilever resonators:
fabrication technology and significant specimen size effect on Young’s modulus. Appl. Phys.
Lett. 83, 3081-3083 (2003)

Lifshitz, E.M.: The theory of molecular attractive forces between solids. Sov. Phys. JETP 2, 73-83
(1956)

Ma, Q., Clarke, D.R.: Size dependent hardness of silver single crystals. J. Mater. Res. 10, 853-863
(1995)

Ma, H.M., Gao, X.-L., Reddy, J.N.: A microstructure-dependent Timoshenko beam model based
on a modified couple stress theory. J. Mech. Phys. Solids 56, 3379-3391 (2008)

McFarland, A.W., Colton, J.S.: Role of material microstructure in plate stiffness with relevance to
microcantilever sensors. J. Micromech. Microeng. 15, 1060—-1067 (2005)

Medina, L., Gilat, R., Krylov, S.: Symmetry breaking in an initially curved micro beam loaded by a
distributed electrostatic force. Int. J. Solids Struct. 49, 1864—1876 (2012)

Medina, L., Gilat, R., Krylov, S.: Symmetry breaking in an initially curved pre-stressed micro
beam loaded by a distributed electrostatic force. Int. J. Solids Struct. 51, 2047-2061 (2014a)

Medina, L., Gilat, R., Krylov, S.: Experimental investigation of the snap-through buckling of
electrostatically actuated initially curved pre-stressed micro beams. Sens. Actuators A 220,
323-332 (2014b)

Miller, R.E., Shenoy, V.B.: Size-dependent elastic properties of nanosized structural elements.
Nanotechnology 11, 139-147 (2000)

Mindlin, R.D.: Second gradient of strain and surface tension in linear elasticity. Int. J. Solids
Struct. 1, 417-438 (1965)



9 Snap-hrough Bucklingof Micro/Nanobeams in Bistable. . . 263

Moghimi Zand, M.: The dynamic pull-in instability and snap-through behavior of initially curved
microbeams. Mech. Adv. Mater. Struct. 19, 485-491 (2012)

Pane, 1.Z., Asano, T.: Investigation on bistability and fabrication of bistable prestressed curved
beam. Jpn. J. Appl. Phys. 47, 5291-5296 (2008)

Park, S., Hah, D.: Pre-shaped buckled-beam actuators: theory and experiments. Sens. Actuators A
Phys. 148, 186-192 (2008)

Patricio, P., Adda-Bedia, M., Ben Amar, M.: An elastic problem: instabilities of an elastic arch.
Physica D 124, 285-295 (1998)

Pippard, A.B.: The elastic arch and its modes of instability. Eur. J. Phys. 11, 359-365 (1990)

Poncharal, P., Wang, Z.L., Ugarte, D., de Heer, W.A.: Electrostatic deflections and electrome-
chanical resonances of carbon nanotubes. Science 283, 1513-1516 (1999)

Reddy, J.N.: Microstructure-dependent couple stress theories of functionally graded beams.
J. Mech. Phys. Solids 59, 2382-2399 (2011)

Rokni, H., Seethaler, R.J., Milani, A.S., Hosseini-Hashemi, S., Li, X.-F.: Analytical closed-form
solutions for size-dependent static pull-in behavior in electrostatic micro-actuators via
Fredholm integral equation. Sens. Actuators A Phys. 190, 3243 (2013)

Roodenburg, D., Spronck, J.W., van der Zant, H.S.J., Venstra, W.J.: Buckling beam
micromechanical memory with on-chip readout. Appl. Phys. Lett. 94, 183501 (2009)

Ruzziconi, L., Bataineh, A.M., Younis, M.I,, Cui, W., Lenci, S.: Nonlinear dynamics of an
electrically actuated imperfect microbeam resonator: experimental investigation and
reduced-order modeling. J. Micromech. Microeng. 23, 075012 (2013)

Sadeghian, H., Goosen, H., Bossche, A., Thijsse, B., van Keulen, F.: On the size-dependent
elasticity of silicon nanocantilevers: impact of defects. J. Phys. D. Appl. Phys. 44, 072001
(2011)

Sadeghian, H., Yang, C.K., Goosen, J.F.L., van der Drift, E., Bossche, A., French, P.J., van
Keulen, F.: Characterizing size-dependent effective elastic modulus of silicon nanocantilevers
using electrostatic pull-in instability. Appl. Phys. Lett. 94, 221903 (2009)

Salvetat, J.-P., Briggs, G.A.D., Bonard, J.-M., Bacsa, R.R., Kulik, A.J., Stockli, T., Burnham, N.
A., Forro, L.: Elastic and shear moduli of single-walled carbon nanotube ropes. Phys. Rev.
Lett. 82, 944-947 (1999)

Shin, M.K., Kim, S.I., Kim, S.J., Kim, S.-K., Lee, H., Spinks, G.M.: Size-dependent elastic
modulus of single electroactive polymer nanofibers. Appl. Phys. Lett. 89, 231929 (2006)
Tilmans, H.A.C., Legtenberg, R.: Electrostatically driven vacuum-encapsulated polysilicon reso-

nators: part IL. theory and performance. Sens. Actuators A Phys. 45, 67-84 (1994)

Toupin, R.A.: Elastic materials with couple-stresses. Arch. Rational Mech. Anal. 1, 385414
(1962)

van der Meijs, N.P., Fokkema, J.T.: VLSI circuit reconstruction from mask topology. Integr. VLSI
J. 2, 85-119 (1984)

Verbridge, S.S., Shapiro, D.F., Craighead, H.G., Parpia, J.M.: Macroscopic tuning of
nanomechanics: substrate bending for reversible control of frequency and quality factor of
nanostring resonators. Nano Lett. 7, 1728-1735 (2007)

Wang, G.-F., Feng, X.-Q.: Effects of surface elasticity and residual surface tension on the natural
frequency of microbeams. Appl. Phys. Lett. 90, 231904 (2007)

Wang, G.-F., Feng, X.-Q.: Surface effects on buckling of nanowires under uniaxial compression.
Appl. Phys. Lett. 94, 141913 (2009)

Xu, F., Qin, Q., Mishra, A., Gu, Y., Zhu, Y.: Mechanical properties of ZnO nanowires under
different loading modes. Nano Res. 3, 271-280 (2010)

Yang, F., Chong, A.C.M., Lam, D.C.C., Tong, P.: Couple stress based strain gradient theory for
elasticity. Int. J. Solids Struct. 39, 2731-2743 (2002)

Zhang, Y., Wang, Y., Li, Z., Huang, Y., Li, D.: Snap-through and pull-in instabilities of an arch-
shaped beam under an electrostatic loading. J. Microelectromech. Syst. 16, 684—693 (2007)

Zhu, H.X.: Size-dependent elastic properties of micro- and nano-honeycombs. J. Mech. Phys.
Solids 58, 696-709 (2010)



	Chapter 9: Snap-Through Buckling of Micro/Nanobeams in Bistable Micro/Nanoelectromechanical Systems
	9.1 Introduction
	9.2 Size Effect on Symmetric Snap-Through Buckling of Microbeam
	9.2.1 Formulation
	9.2.1.1 Governing Equations
	9.2.1.2 Influence of Intermolecular Forces
	9.2.1.3 One Degree of Freedom Reduced-Order Model

	9.2.2 Results and Discussions
	9.2.2.1 Influence of Initial Arch Rise on Snap-Through Behavior
	9.2.2.2 Size and Fringing Field Effects on Necessary Snap-Through Criterion


	9.3 Surface Effects on Asymmetric Bifurcation of Nanobeam
	9.3.1 Formulation
	9.3.1.1 Surface Effects
	9.3.1.2 Governing Equations
	9.3.1.3 Two Degrees of Freedom Reduced-Order Model

	9.3.2 Results and Discussions
	9.3.2.1 Influence of Initial Arch Rise on Asymmetric Bifurcation Behavior
	9.3.2.2 Surface Effects on Necessary Symmetry-Breaking Criterion


	9.4 Conclusions
	References


