
Inflation: Observations and Attractors

Diederik Roest and Marco Scalisi

Abstract In these lecture notes, we present the latest status of CMB observations
and outline a particular set of inflationary models to explain these data. As an intro-
duction, we provide the necessary background to understand the Planck results on
the temperature fluctuations of the CMB. We then explain how these results can be
interpreted in terms of the number of e-folds during inflation. Finally, we discuss
theoretical models that underpin this interpretation and yield robust predictions for
future CMB observables.

1 Introduction and Outline

These notes are an extendedwrite-up of a set of lectures given by the first author in the
school “Theoretical Frontiers in Black Holes and Cosmology” in Natal, Brazil, from
June 8–12, 2015. They do not aim to give an exhaustive overview of cosmological
inflation; instead we will highlight a number of recent developments, both at the
observational as well as theoretical front, with an interesting interplay between them.
We hope they serve as an interesting stand-alone introduction to these particular
aspects of inflation. When possible we will avoid technical details, deferring these
to the original literature, and take a more pedestrian approach.

We will first introduce the standard cosmological viewpoint. This leads one to
conjecture a period of inflation in the very early Universe. In order to understand the
consequences of this phase, we study a consistent quantum formulation of the para-
digmwhere initial quantum fluctuations represent the natural seeds for the formation
of the cosmological structures. This allows us to present the most recent observa-
tions on the cosmic microwave background, and provide a theoretical interpretation
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of them. Finally, we discuss progress in inflationary model building, focusing on the
notion of cosmological attractors. Throughout these noteswewill refer to some of the
relevant papers. Complementary material can be found in more extensive reviews,
see e.g. [1–5]

2 Standard Cosmology in a Nutshell

In 1929 the astronomer EdwinHubblemade a discovery [6] which has revolutionized
the understanding of our Universe as a whole, and has given rise to the subsequent
establishment of cosmology as a science. He observed the mutual recession of galax-
ies, which was almost immediately interpreted as first evidence that we live in an
expanding Universe. This simple idea led to the development of the standard model
of Big Bang cosmology, whose predictions are in excellent agreement with observa-
tions. Despite the name, the model says nothing about the “Big Bang” which remains
a mathematical singularity as well as an unsolved physical question. On the other
hand, it furnishes a clear and precise picture of the cosmic evolution from a few
seconds after this mysterious start: the temperature decreases as the expansion of the
Universe proceeds, light elements form during a process called Big BangNucleosyn-
thesis (BBN), recombination of nuclei and electrons takes place followed by the last
scattering of photons which freely reach us today as cosmic microwave background
(CMB) radiation, observed in the sky at the temperature T = 2.73K.

Although the model has had many successful experimental confirmations, it con-
tains some serious theoretical shortcomings which can be better understood once we
know the geometric properties of the Universe we live in.

2.1 FRW Geometry and Dynamics

A dynamical Universe is what comes naturally from Einstein theory of general rela-
tivity which relates the geometry of spacetime to its matter-energy content, through
the field equations (throughout these notes we have fixed Newton’s constant by set-
ting the reduced Planck mass to unity: MPl = 1)

Gμν = Tμν. (1)

Prior to Hubble’s discovery, Einstein had already noticed such a genuine prediction
of a non-static Universe. However, puzzled by its cosmological implications, he
augmented his equations with a specific cosmological constant in order to avoid
such a phenomenon. Hubble’s discovery however confirmed that we do live in a
non-static Universe.

The simple observation that our Universe is homogeneous and isotropic at large
scales (>100Mpc) imposes stringent constraints on the form of both sides of (1).
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Originally an assumption, this so-called cosmological principle has been beautifully
confirmed by the observations of the distribution of galaxies at large scales REF and
the homogeneity and isotropyof theCMBradiationREF.Assuming these symmetries
leads to the Friedmann–Robertson–Walker (FRW) metric which, written in terms of
polar spherical coordinates (r, θ, σ ), reads

ds2 = −dt2 + a(t)2
[

dr2

1 − r2
+ r2(dθ2 + sin2 θ dσ 2)

]
. (2)

The scale factor a(t) sets the physical distances among objects and can vary with
respect to the cosmic time t (the proper time as measured by a comoving observer at
constant spatial coordinates) allowing, then, for an expanding Universe. The coordi-
nates (r, θ, σ ) reflect the symmetries assumed and are called “comoving coordinates”
as they are decoupled from the effect of the expansion. An FRW Universe can be
thought as an expanding grid where objects can be fixed on it (i.e. at constant comov-
ing coordinates) and still recede from each other as an effect of a growing scale factor.
Typical scales, e.g. the wavelength λ of a photon, will increase as λ ∝ a as the expan-
sion proceeds. However, the comoving wavelength λ/awill remain constant in time,
if no other external process occurs (see Fig. 1).

Homogeneity and isotropy still allow for a constant curvature of the 3-dimensional
spatial slices which can correspond to an open, flat or closed Universe and is parame-
trized by κ = −1, 0, 1, respectively. Moreover, the stress-energy tensor Tμν , com-
patible with such symmetries, is the one of a perfect fluid, that is

Tμ
ν = diag(−ρ, p, p, p), (3)

where ρ is the energy density and p the pressure as measured in the rest frame of the
fluid.

Due to the symmetries assumed, the independent equations (1) turn out to be two
which are known as Friedmann equations and read

Fig. 1 The expanding Universe with a typical scale λ. The grid schematically represents comoving
coordinates which do not change with time. Physical distances increase proportionally with the
scale factor a(t)
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H2 = ρ

3
− κ

a2
,

ä

a
= −1

6
(ρ + 3p), (4)

where dots denote derivatives with respect to the time t and we have defined the
Hubble parameter as

H ≡ ȧ

a
. (5)

In order to extract the evolution of the scale factor a(t), one must specify the
type of matter and solve (4). In fact, these two equations can be combined into the
continuity equation

ρ̇ + 3H(ρ + p) = 0, (6)

which, alternatively, can be also derived from the condition of energy conservation
∇μTμν = 0.Depending on the relation between energy density and pressure, dictated
by the equation of state parameter

p = wρ, (7)

we obtain the following scaling for the energy density

ρ ∝ a−3(1+w), (8)

which, plugged back into (4), yields

a(t) ∝
{
t

2
3(1+w) , w �= −1

eHt, w = −1
(9)

in the case of flat curvature (κ = 0). The parameter w can be assumed to be constant
and depends on the specific species filling the Universe at any epoch:

• Radiation, or any species with dominating kinetic energy (e.g. photons or neutri-
nos), is characterized by w = 1/3. The energy density scales as ρ ∝ a−4 which
implies that a Universe dominated by such type of matter expands as a ∝ t1/2.

• Matter, or any pressure-less species where kinetic energy is negligible with respect
to the mass (e.g. baryons or dark matter), is characterized by w = 0. One has
ρ ∝ a−3 and a Universe dominated by matter will have a scaling a ∝ t2/3.

• Dark energy, the mysterious component dominating the Universe nowadays, is
characterized by w = −1 (when described by a cosmological constant) with neg-
ative pressure and constant energy density. A Universe dominated by that will
expand exponentially as given by (9).

In standard cosmology, therefore, the history of the Universe is characterized
by early times dominated by radiation, a moment of matter-radiation equality and
subsequent domination of matter. Just recently we have entered an era in which dark



Inflation: Observations and Attractors 225

Fig. 2 Standard evolution of the energy densities (left panel) and the scale factor (right panel).
According to the standard cosmological model, going back in time, the Universe becomes radiation
dominated and the scale factor shrinks up to a singular point a = 0, commonly called “Big Bang”

energy constitutes most of the total energy in the Universe, at present 68.3% of the
entire content. This evolution is shown in Fig. 2.

Finally, one may write the Friedmann equation in a form which is better for
the discussion of the shortcomings affecting the standard cosmological model. By
looking at (4), one may define, at any time, a critical energy density

ρc ≡ 3H2 (10)

corresponding to a perfect flat sectional curvature κ = 0.After normalizing all energy
densities as

Ωi ≡ ρi

ρc
, (11)

one can rewrite (4) as

Ω ≡
∑
i

Ωi = 1 + κ

(aH)2
. (12)

2.2 Flatness Problem

In standard cosmology, an expandingUniverse is naturally driven away fromflatness.
This can be well understood by differentiating (12), that is

Ω̇ = HΩ (Ω − 1) (1 + 3w), (13)

which can be rewritten as
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Fig. 3 Evolution of the total
energy density in standard
cosmology. The point
Ω = 1, corresponding to flat
curvature, is a repeller

d|Ω − 1|
d ln a

= Ω|Ω − 1|(1 + 3w). (14)

A Universe with a growing scale factor a(t) that is dominated by ordinary mat-
ter (subject to the strong energy condition 1 + 3w ≥ 0) therefore has Ω = 1 as an
unstable fixed point as displayed in Fig. 3.

This is exactly what happens in the standard cosmological picture where the
Universe has been dominated by such type of energy from the beginning until the
present time, as shown in Fig. 2. A Universe starting with generic initial curvature is
driven away from flatness during its evolution. The same conclusion can be reached
by looking at (12) and noticing that, in a Universe filled with radiation or matter, the
sum of the energy densities Ωi diverges from unity as the quantity (aH)−1 increases
with time.

The surprise comes with cosmological observations that suggest that the Universe
today must be flat with an accuracy of 10−2. This implies that, going back in time,
the curvature of the Universe should have been even closer to perfect flatness: at the
BBN epoch |Ω − 1| � 10−16, at the Planck scale |Ω − 1| � 10−64. Generally, such
an incredible amount of fine-tuning for the initial conditions of the Universe makes
physicists uncomfortable. A dynamical explanation of what we observe today would
be certainly more desirable.

2.3 Horizon Problem

Given a space–time, the scale of causal physics is set by null geodesics, being the
paths of photons. In an FRWUniverse, with flat curvature, radial null geodesics (i.e.
at constant θ and φ) are defined as

ds2 = −dt2 + a(t)2dr2 = 0 ⇒ dr = ± dt

a(t)
≡ ±dτ (15)
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where, in the last step, we have introduced the conformal time τ which simplifies the
description of the causal structure of the FRW metric: the propagation of light is the
same as in Minkowski space and take place diagonally (at 45◦) in the (r, τ ) plane.

If we assume the standard picture given by Fig. 2, the Universe was dominated
by ordinary matter with state parameter w > −1/3 for most of its evolution and,
going back in time, the scale factor a(t) decreases up to the singular point a(0) = 0.
In this case there is a maximum distance to which an observer, at time t0, can see
a light-signal sent at t = 0. In comoving coordinates, this is given by the so-called
comoving particle horizon, that is

rph =
∫ t0

0

dt

a(t)
=

∫ a0

0
(aH)−1d ln a. (16)

If the comoving distance between two particles is greater than rph, they could have
never talked to each other. Assuming (9) and integrating (16), we get

rph ∼ a
1
2 (1+3w)

0 ∼ (a0H0)
−1. (17)

Then, in an expanding Universe filled with ordinary matter, the horizon grows with
time which means that comoving scales entering the horizon today have been never
in causal contact before, as shown in Fig. 2.

The quantity (aH)−1 is called comoving Hubble radius and determines the dis-
tance over which one cannot communicate at a given time. It basically fixes the causal
structure of the space–time and its time-evolution is crucial for the particle horizon
in (16).

3 Inflation

The shortcomings of standard cosmology concern the initial conditions of our Uni-
verse that require serious fine-tuning in order to reproduce what we observe today.
The flatness problem can be solved by assuming that the initial value of the curvature
was precisely flat. Similarly, in order to solve the horizon problem, one should imag-
ine at least 106 causally disconnected spatial patches to have started their evolution
exactly in the same physical conditions, in particular at the same temperature and
same magnitude of perturbations. Postulating all this is possible but hardly attractive
to a physicist that aims to understand the very early Universe.

In order to do better, inflation was proposed in the 1980s [7–9] to solve these
problems all at once. The fundamental idea is that the primordial Universe underwent
a finite phase of quasi-exponential expansion (similar to the one we are experiencing
nowadayswith dark energy) which changed the causal structure and how information
propagates.As a bonus, one gets a physicalmechanism to explain the presence of very
small inhomogeneities as quantumfluctuations in the very earlyUniverse; ultimately,
these represent the seeds for the large scale structures we observe in the sky.
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3.1 Basic Idea

Standard cosmology assumes that the early Universe was dominated by some form
of energy satisfying the strong energy condition ρ + 3p ≥ 0 which implies a decel-
erating phase of the scale factor, ä < 0, as dictated by (4). This is at the core of both
the flatness and horizon problems.

Inflation is nothing but inverting such a behavior and postulating a phase of accel-
erated expansion such as

ä > 0, (18)

which implies that the Universe was filled with some kind of matter with negative
pressure, satisfying

ρ + 3p < 0. (19)

The idea that, at very early times, neither matter nor radiation represented the dom-
inant components of energy is not in contrast with any well-tested physical theory.
In fact, the standard model of particles physics (SM) cannot be assumed to work
up to the first moments after the Big Bang, when energies were several orders of
magnitude higher than the domain of validity of the SM (which extends up to around
one TeV). Inflation lives off the idea that something non-trivial might have happened
due to high-energy physics.

3.2 Decreasing Hubble Radius

Interestingly, the condition (18) turns out to be equivalent to a decreasing comoving
Hubble radius

d

dt
(aH)−1 < 0, (20)

which gives a deeper insight into the causal structure of aUniverse undergoing a phase
of inflationary expansion. Typical scales, being initially inside the horizon, leaves the
radius of causal contact as inflation proceeds and theHubble radius (aH)−1 decreases.
They start reentering the horizon when inflation ends, the standard cosmological
evolution progresses and (aH)−1 increases. This situation is illustrated in Fig. 4.

The horizon problem is solved if one allows for enough inflation such that also
the largest scales we observe in the sky today (CMB and LSS scales) were inside
the horizon at early times. Then, the CMB photons had enough time to exchange
information and thermalize. Quantitatively, this means that the comoving scales of
the observable Universe today (a0H0)

−1 must fit inside the comoving Hubble radius
at the beginning of inflation (aiHi)

−1, that is

(aiHi)
−1 > (a0H0)

−1. (21)
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Fig. 4 The Hubbleand a typical comoving scale as a function of the scale factor. Due to the
anomalous scaling of the comoving Hubble radius, which does not remain constant in time as it
happens for all typical scales, the zone of causal physics change with time

The amount of inflation needed to allow for this resolution is quantified by the number
of e-folds N :

eN = aend
ai

, (22)

determined by the increase of the scale factor during inflation. A number N � 50–60
suffices to explain the thermalization of the largest observational scales at present.

The flatness problem is overcome bymeans of the samemechanism. A decreasing
comoving Hubble radius (aH)−1 drives the value of the total energy density Ω to
unity, providing a physical explanation for this apparently fine-tuned configuration.
After inflation, the curvature will start diverging from Ω ≈ 1, as it happens in a
Universe filled with ordinary matter. Interestingly, the same amount of inflation
needed to solve the horizon problem is enough to explain the flatness we observe
today. In fact, during inflation we have

Ω − 1 = κ2

(aH)2
∝ e−2N → 0. (23)

The same number of e-folds quoted before would give the accuracy required for the
value observed today.

3.3 Scalar Field Dynamics and Slow-Roll Inflation

The Einstein equations tell us that inflation should be supported by some form of
matter with a negative pressure, as given by (19). However, we are still left with the
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issue of identifying the origin of such an incredible energy which led the scale factor
to increase by an order of 1028.

The simplest example is to imagine that (a small portion of) the primordial Uni-
verse is filled with a scalar field, often called inflation field, minimally coupled to
gravity with Lagrangian

L = √−g
[
1
2R − 1

2g
μν∂μφ ∂νφ − V(φ)

]
, (24)

leading to the energy-momentum tensor

Tμν = ∂μφ ∂νφ − gμν

[
1
2∂

σφ ∂σφ + V(φ)
]
. (25)

In the case of a homogeneous scalar field φ(t) filling a patch of the Universe with
flat FRW metric (2), the energy density and pressure turn out to be simply

ρ ≡ T00 = 1
2 φ̇

2 + V(φ), p ≡ Tii = 1
2 φ̇

2 − V(φ). (26)

The dynamics and interaction of the spacetime metric and scalar field is described
by the two equations

H2 = 1

3

[
φ̇2

2
+ V(φ)

]
, φ̈ + 3Hφ̇ + V ′ = 0, (27)

where primes denote derivatives with respect to φ. The first is simply the Friedmann
equation (4), with κ = 0. The second is the equation of motion for the scalar field
which is derived by varying its action. It describes a particle rolling down along its
potential and subject to a friction due to the expansion term 3Hφ̇.

This region of the Universe will inflate if the state parameter w = p/ρ < −1/3,
which is easily realizable if the potential energy dominates over the kinetic energy,
that is

V(φ) � φ̇2. (28)

The regime described by (28) is said slow-roll inflation as the field will evolve really
slowly with respect to the quasi-exponential growth of the scale factor. Further, in
order to have an inflationary period lasting long enough, one must ensure a small
acceleration of the field and therefore impose

|φ̈| � |3Hφ̇|. (29)

Intuitively, such a scenario is possible any time that the shape of the potential is
sufficiently flat (in some measure) as it is shown in the cartoon of Fig. 5.
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Fig. 5 Cartoon picture of a
typical inflationary potential.
The scalar field slowly rolls
down along the shape driving
the quasi-exponential
expansion. Inflation ends at
φe and starts at φ∗, at least
around 60 e-foldings before
the end

Within the slow-roll regime, the dynamical equations (27) become

H2 ≈ V(φ)

3
≈ constant, φ̇ ≈ − V ′

3H
. (30)

Given a scalar field with its potential V(φ), one can verify whether such scenario is
suitable for inflation or not by calculating the so-called slow-roll parameters, defined
as

ε ≡ 1

2

(
V ′

V

)2

, η ≡ V ′′

V
, (31)

and check that
{ε, |η|} � 1, (32)

which is equivalent to (28) and (29).
Eventually, inflationmust end andgiveway to the standard cosmological evolution

(with an increasing Hubble radius and ordinary matter domination). This happens
when the conditions (32) are violated: the trajectory becomes first too steep and
the inflaton eventually falls into a local minimum. The oscillations around the vac-
uum convert the inflationary energy into ordinary particles, within a process called
reheating.

4 Quantum to Classical Perturbations

4.1 The Inhomogeneous Universe

The inflationary paradigm elegantly solves the standard cosmological puzzles, pro-
viding a natural explanation for the homogeneity and isotropy at large distances.
However, at scales smaller than 100Mpc, we do observe structures in form of
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galaxies, stars and so on. The standard cosmological theory allows us to accurately
trace the evolution of such structures back in time.We are able to identify their origin
in the gravitational instability of small density perturbations of a primordial plasma
made up of photons and baryons, which have evolved into the large-scale structures
of the present Universe.

This idea of structure formation is confirmed by the oldest snapshot we have of
our Universe: the cosmic microwave background (CMB). It was produced at the
time when electrons and nuclei have just recombined, around 300,000years after
the Big Bang, leaving the CMB photons to freely stream. The tiny temperature
fluctuations of order δT/T ∼ 10−5, indicated in Fig. 6, reflect the presence of regions
with slightly different densities; the wavelength of the photons is red-shifted or blue-
shifted depending on the value of the local density. Indeed the properties of the CMB
can be time-evolved into a forecast for the Universe that has an excellent match with
our observed one.

Despite the stunning success of the theory of structure formation, we are left with
some puzzling questions: what set those initial density perturbations? Which is their
fundamental origin? Why are they of the same magnitude at any scale? Why were
they there at all?

Surprisingly, inflation suggests a possible answer that is in excellent agreement
with observations, thus definitively establishing itself as the leading paradigm for the
understanding of the earlyUniverse physics. This answer stems fromadding quantum
mechanics to the fundamental inflationary dynamics. The scalar field implementa-
tion provides once more a very useful stage in order to discuss such a physics. In
fact, quantum fluctuations δφ are unavoidable in the homogeneous background rep-
resented by φ(t). These source metric perturbations via the Einstein equations and
vice versa according to the following scheme

φ(t, x) = φ(t) + δφ(t, x) ⇔ gμν(t, x) = gμν(t) + δgμν(t, x), (33)

where gμν(t) is simply the unperturbed FRW metric, as given by (2). Due to the
symmetries and gauge invariance of the coupled system, the resulting physical per-
turbations reduce to a scalar and a tensor one (vector perturbations decay during the
quasi-exponential expansion). Intuitively, quantum fluctuations excite all the light

Fig. 6 The fluctuations of 1
part in 105 around the
average temperature of
T = 2.73 of the CMB. Image
ESA
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particles, in the minimal scenario being the inflaton and the graviton. The scalar per-
turbations couple to the energy density and eventually lead to the inhomogeneities
and anisotropies observed in the CMB. The tensor perturbations are often referred to
primordial gravitational waves. They do not couple to the density but induce polar-
ization in the CMB spectrum [10–15]. This is considered to be a unique signature of
inflation and many current and proposed experiments are searching for it in the sky.

A detailed treatment of the cosmological perturbations theory goes beyond the
aim of the present lecture notes. The interested reader might consult the references
[2, 3, 5]. In the following, we would like just to sketch the main consequences of a
consistent quantum formulation of the inflationary paradigm. In order to simplify the
discussion, we will firstly discuss the pure de Sitter and massless case. In the Sect. 5,
we will focus on the proper inflationary analysis, regarded as a small deviation
from the case studied here, and eventually extrapolate the significant observational
parameters.

4.2 Quantum Scalar Fluctuations During Inflation

Scalar fluctuations can be fully attributed to the quantum nature of the inflaton field
living in an unperturbed FRW background. This corresponds to a specific gauge
(usually called spatially flat slicing) where metric perturbations are set equal to zero.
It is a perfectly consistent choice in order to discuss the relevant physics and show
how scalar fluctuations behave in an inflationary background metric. The decreasing
Hubble radius (aH)−1 will play again a crucial role, as we will see.

Let us consider the inflaton field φ(t, x) with a small spatial dependence as given
by (33). The corresponding equation of motion is

φ̈ + 3Hφ̇ − ∇2

a2
φ + V ′ = 0, (34)

which differs from the homogeneous equation (27) of the background field φ(t) for
the third extra term. We can Fourier expand the fluctuations such as

δφ(t, x) =
∫

d3k
(2π)3/2

δφk(t)e
ik·x, (35)

with x andk being respectively the comoving coordinates andmomenta. Note that the
Fourier modes δφk depend just on the modulo k = |k| because of the isotropy of the
background metric. Then, we can perturb at first order (34), plug the decomposition
(35) in and get

δφ̈k + 3Hδφ̇k + k2

a2
δφk = 0, (36)
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where we have neglected the additional term V ′′δφk due to the slow-roll conditions
(32) during inflation. Equation (36) can be rewritten in a simpler form, without the
Hubble friction term, once we introduce the variable

vk ≡ aδφk, (37)

and switch to conformal time τ . This was defined by (15) and it is naturally related
to the comoving Hubble radius as

τ = − 1

aH
, (38)

during a perfect exponential expansion with H constant. Then, the dynamics of
the scalar perturbations can be described simply by the equation of a collection of
independent harmonic oscillators

d2

dτ 2
vk + ω2

k (τ )vk = 0 , (39)

with time-dependent frequencies

ω2
k (τ ) = k2 − 2

τ 2
= k2 − 2(aH)2. (40)

The quantization of the physical system now becomes very easy and one proceeds
as in the case of the simple harmonic oscillator, following the canonical procedure.
In particular, the modes vk become nothing but the coefficients of the decomposition
of the quantum operator

v̂(τ,k) = vk(τ )âk + v∗
k (τ )â†k, (41)

where the creation and annihilation operators satisfy the canonical commutation
relation [

âk, â
†
k′

]
= δ3

(
k − k′) . (42)

The quantum zero-point fluctuations are given by

〈
0

∣∣ v̂†(τ,k)v̂(τ,k′)
∣∣ 0〉 = |vk(τ )|2δ3 (

k − k′) (43)

where the vacuum is defined by âk |0〉 = 0 for any k. Therefore, computing the
quantum perturbations of the inflaton field reduces to solving the classical equation
(39) and, then, extracting the time dependence of the Fourier modes vk(τ ).

The physics of the mode functions vk , during inflation, is non-trivial and crucially
depends on the fact that the comoving Hubble radius shrinks with time. In fact,
fluctuations are produced on every scale λ and therefore with any momentum k.
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While initially being inside the horizon, they leave the zone of causal physics at one
point of the accelerated expansion, as schematically shown in Fig. 4.

One can prove that an exact solution of (39) is

vk(τ ) = α
e−ikτ

√
2k

(
1 − i

kτ

)
+ β

eikτ√
2k

(
1 + i

kτ

)
, (44)

where α and β are some free parameters to be set by means of the initial conditions.
These are defined at very early times, when the relevant scales were still inside the
horizon. In the sub-horizon limit (k � aH), that is when k|τ | → ∞, the frequencies
(40) become time-independent and (39) reduces to

d2

dτ 2
vk + k2vk = 0, (45)

basically the one of a simple harmonic oscillator. We can exploit this fact in order to
get the correct normalized solution

lim
k|τ |→∞

vk = e−ikτ

√
2k

, (46)

which comes from the requirement of a unique vacuum (so-called Bunch–Davies
vacuum) being the ground state of energy. This sets α = 1 and β = 0 in (44), thus
yielding the definitive expression for the Fourier modes

vk(τ ) = e−ikτ

√
2k

(
1 − i

kτ

)
. (47)

Oncewehave the complete solution (47),we are particularly interested in studying
when the modes leave the horizon. We would like indeed to understand how they
behave after inflation and affect late time physics. How can quantum fluctuations
produced during inflation source density perturbation at CMB decoupling? These
events are separated by a huge amount of time where physics is very uncertain.
Fortunately, something special happens as we explain below.

The super-horizon limit (k � aH), that is when k|τ | → 0, corresponds to the
solution

lim
k|τ |→0

vk = − i√
2k3/2τ

. (48)

Since the conformal time is related to the scale factor by (15), the latter represents
a growing mode vk ∝ a, in de Sitter background. Switching to the physical scalar
perturbations by means of (37), one obtains that the amplitude δφk remains constant
as long as the Hubble radius is smaller than their typical length.Modes freeze outside
the horizon and this is a crucial result in order to connect the physics of the early
Universe to the time when the density perturbations are created. It is a great bonus



236 D. Roest and M. Scalisi

we get from inflation as we do not need to worry about the time evolution of such
fluctuations for a very substantial part of the cosmic evolution.

Now we can return to (43) and properly evaluate the dimensionless power spec-
trum Δ2

v of the quantum fluctuations vk , defined as

〈
0

∣∣ v̂†(τ,k)v̂(τ,k′)
∣∣ 0〉 ≡ 2π2

k3
Δ2

v(k) δ3
(
k − k′) . (49)

Then, the power spectrum of the fluctuations after horizon crossing is

lim
k|τ |→0

Δ2
v(k) = k3

2π2
|vk|2 =

(
aH

2π

)2

, (50)

where we have used (43) in the first step while (48) and (38) in the last. Therefore,
the power spectrum of the physical fluctuations of the inflaton field on super-horizon
scales is

Δ2
δφ(k) =

(
H

2π

)2

, (51)

which is scale-invariant as no k-dependence enters the expression above. Note that
this result was first derived in [16], in a perfect de Sitter approximation, before
inflation was proposed. A proper inflationary analysis would bring corrections of
order O(ε, η).

4.3 Classical Curvature and Density Perturbations

In the previous section, we have learned that quantum fluctuations, produced dur-
ing inflation, stop oscillating once they are stretched to super-horizon scales. Their
amplitude freezes at some nonzero value, with scale invariant power spectrum given
by (51). This situation lasts for a very long period until the point when the modes
re-enter the horizon, during the standard cosmological evolution, as schematically
shown in Fig. 4. At horizon re-entry, the amplitude of the modes starts oscillating
again inducing the density perturbations. However, the energy density directly inter-
acts with the gravitational potential. Therefore, how do quantum fluctuations of the
inflaton affect the metric curvature and ultimately become density perturbations?
Here, we present a very simple and heuristic derivation, mainly based on the time-
delay formalism developed in [17].

The presence of quantum fluctuations δφ(t, x) over the smooth background φ(t)
translates into local differences δN of the duration of the inflationary expansion,
directly related to curvature perturbations ζ . In fact, not every point in space will end
inflation at the same time thus leading to local variations of the scale factor a. Then,
fluctuations δφ induce curvature perturbations equal to
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ζ = δN = H
δφ

φ̇
= δa

a
. (52)

The corresponding dimensionless power spectrum is

Δ2
ζ (k) = H2

φ̇2
Δ2

δφ(k) = H2

4π2φ̇2
, (53)

which, during slow-roll, reads

Δ2
ζ = 1

12π2

V 3

V ′2 = 1

24π2

V

ε
, (54)

where we have used (30) in the first equality and (31) in the second one.
Once inflation ends and the standard cosmological history begins, the energy

density will evolve as ρ = 3H2 and, then, decrease as given by (8) (the evolution
is shown in Fig. 2). Local delays of the expansion lead to local differences in the
density, schematically being δN ∼ δρ/ρ. The amplitude of the density fluctuations
will be directly related to the amplitude of the curvature perturbations with power
spectrum (54).

4.4 Primordial Gravitational Waves

Primordial quantumfluctuations excite also the graviton, corresponding to tensor per-
turbations δh of the metric. These have two independent and gauge-invariant degrees
of freedom, associated to the polarization components of gravitational waves (usu-
ally denoted by h+ and h×). One can prove that the Fourier modes of these functions
satisfy an equation analogous to (36). Therefore, onemay proceed identically to what
done in Sect. 4.2. The dimensionless power spectrum turns out to be

Δ2
h(k) = 2 × 4 ×

(
H

2π

)2

, (55)

where the factor 2 is due to the two polarizations and the factor 4 is related to different
normalization.

5 Observations and Extrapolation

The last 50years have seen extraordinary success in the development of observational
techniques and in the experimental confirmation of our cosmological theories. The
discovery of the CMB in 1965 [18] gave the start to a new scientific era where
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speculative ideas about the very early Universe have found empirical verification.
Analysing this primordial light has become our fundamental tool for the investigation
of the very early Universe physics.

Via CMBmeasurements, we are able to probe the inflationary era and set stringent
constraints on the fundamental dynamical mechanism. In the language of the scalar
field implementation, we can use observational inputs to impose restrictions on the
form of the scalar potentialV(φ). The reasonwhywe are able to have access to such a
primordial era is closely connected to themechanismoutlined in the previous section:
fluctuations produced during inflation freeze outside the horizon thus providing a link
between two very separated moments in time. This situation is depicted in Fig. 7.

In the following, we sketch the basic strategy to extract the inflationary parameters
from the CMB data. However, as we will explain, the observational window we have
access to is quite small (red region in Fig. 7) and corresponds to a short period around
50–60 e-folds before the end of inflation (this number was derived in Sect. 3 in order
to account for the homogeneity and isotropy of the CMB at its largest scale). This
implies that different scenarios, with very diverse potentials, may lead to the same
observational consequences, as long as they agree in that CMB window. Extrapo-
lating generic predictions, beyond the specific details of the model, and identifying
related universality properties will be our primary interest. A description of inflation
in terms of the number of e-folds N will turn out to be very useful.

Fig. 7 Quantum fluctuations produced during inflation (green area) freeze at the horizon exit. They
reenter the horizon after reheating thus sourcing acoustic oscillations of the plasma (yellow part).
At decoupling time, the CMB photons freely stream towards us who measure their power spectrum
just in the small red window
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5.1 CMB and Inflationary Observables

TheCMBis essentially the farthest pointwe canpushour observations to. It is nothing
but an almost isotropic 2D surface surrounding us and beyond which nothing can
directly reach our telescopes. One can draw an analogy to the surface of the Sun:
the inner dense plasma does not allow any light to freely stream outwards and the
analysis of the last scattering photons (around 8min old) becomes essential in order
to probe the internal structure. In fact, the homogeneity and isotropy of the CMB
together with its tiny and characteristic temperature anisotropy (see Fig. 6) naturally
led us to study inflation in Sects. 3 and 4 and consider it as our best probe of what
lies beyond that last scattering surface, around 13.4 billions years old.

The power spectrum of the temperature fluctuations in the CMB contains valu-
able information on the dynamics of inflation. The characteristic shape is simply
dictated by the two-point correlation function of the inflaton fluctuations calculated
in Sect. 4. A proper investigation of the CMB physics is required in order to under-
stand the functional form, which goes beyond the scope of the present work (see e.g.
[2, 19] for a detailed treatment). In practice, it is the so-called transfer functionwhich
relates the two power spectra: it contains all the information regarding the evolution
of the initial fluctuations from the moment when they re-enter the horizon to the
time of photon-decoupling (yellow part in Fig. 7) and, subsequently, their projection
in the sky as we observe them today. The final result is the solid line of Fig. 8 with
the peculiar Doppler peaks originated from the acoustic oscillations of the baryon-
photon plasma. The first peak corresponds to a mode that had just time to compress
once before decoupling. The other peaks underwent more oscillations and, on small
scales, are damped. The high suppression of the power spectrum, at small angular
scales, reflects why we are able to probe just a small window of the inflationary era.

Fig. 8 Power spectrum of the CMB temperature anisotropy as measured by Planck 2015. Image
ESA
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In terms of the number of e-folds this corresponds to aboutΔN ≈ 7. On the contrary,
scales to the left of the first peak show no oscillations as they were superhorizon at
the time of decoupling, and hence have not experienced any oscillations.

In Sect. 4, we have derived the power spectrum of perturbations in a perfect de
Sitter (H ≈ const) and massless (V ′′ ≈ 0) approximation. However, an appropriate
inflationary analysis would bring some corrections (order slow-roll) and hence a
small k-dependence. This is because, during inflation, the energy scale (set byH) will
slightly change together with time and the inflaton mass is non-zero, although being
very small (order η). In order to parametrize the deviation from scale-invariance, we
introduce the spectral indexes ns and nt defined by

ns − 1 ≡ d lnΔ2
ζ

d ln k
, nt ≡ d lnΔ2

h

d ln k
, (56)

respectively for scalar and tensor perturbations. In terms of the slow-roll parameters,
they read

ns − 1 = 2η − 6ε, nt = −2ε. (57)

Furthermore, since observations probe just a limited range of k, we can express
the deviation from scale-invariance by means of the power laws

Δ2
ξ (k) = Δ2

ζ (k0)

(
k

k0

)ns−1

, Δ2
h(k) = Δ2

h(k0)

(
k

k0

)nt

, (58)

where k0 is a normalization point called pivot scale. Note that we have only included
the first coefficients of scale-dependence; higher-order effects lead to a scale depen-
dence of these coefficients themselves (referred to as running). Finally, the tensor-
to-scalar ratio is defined by

r ≡ Δ2
h(k0)

Δ2
ζ (k0)

= 16ε, (59)

and indicates the suppression of the power of tensor with respect to scalar modes.

5.2 Planck Data

The Planck satellite [20, 21] has mapped the Universe with unprecedented accuracy.
In this way it has set stringent constraints on the parameters related to the inflationary
dynamics. First of all, at k0 = 0.05Mpc−1, the experimental value for the scalar
amplitude (first detected by COBE [22]) is

Δ2
ζ (k0) = (2.14 ± 0.10) × 10−9. (60)
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Secondly, the deviation from perfect scale-invariance has been definitively con-
firmed and the scalar spectral index ns has been measured to be

ns = 0.968 ± 0.006. (61)

On the other hand, the value of the tensor-to-scalar ratio has been observationally
bounded to be

r < 0.11. (62)

These values can be read from Fig. 12 of [21] where Planck 2015 results for the
spectral index and tensor-to-scalar ratio with the predictions of different inflationary
models are superimposed.

5.3 Universality at Large-N

As we saw in Sect. 5.1, the window we can probe by means of CMB observations
corresponds to a small portion of the inflationary trajectory. The measured values of
the cosmological parameters (61) and (62) constrain the form of the scalar potential
just on a limited part. This sensitive region is located around 50–60 e-folds before
the end of inflation, when the modes relevant for the CMB power spectrum left the
region of causal physics. The practical situation is that several scenarios can give
rise to the same predictions despite the details of specific model. This situation is
visually explained in Fig. 9.

In Sect. 3, we have described the inflationary background dynamics in terms of
the canonical normalized field φ. A valid alternative description is the one in terms
of the number of e-folds N , provided the relation

dφ

dN
= √

2ε. (63)

Fig. 9 Cartoon of a typical
inflationary scalar potential
(blue line) with different
deviation (grey lines). The
details of the models are
different but they agree on
the CMB window thus
yielding identical
observational predictions
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This can be interpreted as a background field redefinition from φ, with canonical
kinetic terms, to the field N with Lagrangian

L = √−g
[
1
2R − ε(N)(∂N)2 − V(N)

]
. (64)

Once switched to theN-formulation, we can expand the cosmological variables at
large number of e-foldsN , in order to keep the relevant features for observations. This
approach is also motivated by the percentage-level deviation of the Planck reported
value for the spectral index (61) from unity which can be interpreted as

ns = 1 − 2

N
, (65)

withN being equal to the number of e-folds between the pointsN∗ of horizon crossing
and Ne where inflation ends, that is

N = N∗ − Ne. (66)

These arguments naturally lead to assume the first slow-roll parameter scaling as
[23–25]

ε = β

Np
, (67)

where β and p are constant and we have neglected higher-order terms in 1/N as not
relevant for observations. This simple assumption (67) yields to

r = 16β

Np
, ns =

{
1 − 2β+1

N , p = 1,

1 − p
N , p > 1,

(68)

where we have discarded the case p < 1 as it generically not compatible with the
current cosmological data.

The analysis at large-N allows us to identify the generic predictions of the cos-
mological scenarios with a first slow-roll parameter scaling as (67) (implications on
the inflaton excursion Δφ studied in [26, 27]). Most of the inflationary models in
literature have this property and many examples are listed in [24, 25]. Specifically,
by means of (68), we can exclude a consistent region of the (ns, r) plane and make
definite predictions for our cosmological variables [24, 28]. The allowed regions can
be seen in Fig. 1 of [24] where are shown the predictions of the inflationary scenarios
with equation of state parameter given by (67) superimposed over the Planck data.
Given the favored value of the spectral index (65), one has generically a forbidden
region for value of the tensor-to-scalar ratio r. In particular, given the best fit value
for ns and the strict bound on r, we will generically expect a very low value for the
tensor-to-scalar ratio, probably order 10−3.
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6 Inflation, Supergravity and Attractors

In the last chapter of these lecture notes, we change gears somewhat and will discuss
a more theoretical underpinning of inflationary models. In particular, we consider
inflation in the context of supersymmetry. Due to the presence of gravity, this natu-
rally implies the framework of supergravity [29]. Although not observed (yet) at the
energies of particle colliders, i.e. up to 1TeV, supersymmetry is a natural ingredient
of many theories of UV physics such as string theory. Given that inflation takes place
at far higher energies than the Standard Model, this appears as a theoretically natural
framework. Moreover, supersymmetry helps in protecting the inflaton mass from a
very large contribution which would render inflation inviable: the inflaton mass is
protected from being raised above the Hubble scale. This reduces the amount of nec-
essary finetuning/modelbuilding by a few orders of magnitude. Finally, supergravity
naturally includes (many) scalar fields, yielding a magnitude of possible inflaton
candidates. In this chapter we will address the type of scalar potentials that arise (or
can be embedded) in this set of theories, and extract inflationary predictions from
these.

6.1 Flat Kähler Geometry

We will start from the simplest possible supergravity models, with N = 1 and a
single superfield Φ. Moreover, we take a flat geometry for this superfield: it is given
by ds2 = dΦdΦ̄. Note that it has an ISO(2) isometry group. We will assume that
inflation proceeds along the real part of Φ, which is one of the isometry directions.
The canonical Kähler potential reads

K = ΦΦ̄. (69)

However, the scalar potential will be of the form V = eK × · · · , where the dots
are determined by the superpotential. For generic choices of the latter, the present
Kähler potential will therefore induce order-one contributions to the second slow-
roll parameter η of inflation [30]. The reason for this is the particular choice of
Kähler potential: it has a rotational invariance but breaks the translational symmetry
along the inflationary direction.

To remedy this, one can invoke a Kähler transformation

K → K + λ + λ̄, W → e−λW , (70)

with holomorphic parameter λ, which leaves the entire N = 1 theory invariant. A
bringsbrins one to [31]

K = − 1
2 (Φ − Φ̄)2, (71)
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which does respect the shift symmetry of the inflaton. As a consequence, the scalar
potential does not receive order-one contributions from the Kähler potential: we
have evaded the η-problem. Additional simplifications arise as both K and its first
derivative KΦ vanish along the real inflationary direction.

In this simple set-up with a single superfield, one can introduce a superpotential

W = f (Φ). (72)

Provided the function f is a real holomorphic function, it is consistent to truncate to
the real part of Φ. We have therefore succeeded in identifying a possible single-field
inflationary trajectory. However, its scalar potential reads

V = −3f (Φ)2 + f ′(Φ)2, (73)

whichmakes it difficult to realize e.g. the simplest inflationarymodelwith a quadratic
scalar potential in this set-up.

At this point we will follow [31] and extend the field content. In addition to
the chiral superfield Φ that contains the inflaton, we introduce a second superfield
S. Its role will be to “soak up” the effects of supersymmetry breaking, leaving no
constraints on the inflationary potential. Indeed we will see that one can introduce
arbitrary inflationary models in this way [32].

The two-superfield model reads

K = − 1
2 (Φ − Φ̄)2 + SS̄, W = Sf (Φ), (74)

where we have added an additional piece to the Kähler potential, and moreover we
have assumed that the superpotential is linear in the new field S. As inflation will
take place along Φ − Φ̄ = S = 0, the F-term contributions read

DΦW = 0, DSW = f , (75)

confirming that indeed supersymmetry breaking takes place in the S-superfield. Since
both K and W vanish during inflation, the potential is given by

V = f (φ)2, (76)

where φ is the real part of Φ. At this point one can choose f = mΦ in the original
superpotential, thus reproducing the quadratic inflationary potential from a super-
gravity theory. This was the original motivation and result of [31]. However, as was
pointed out in [32], the same set-up allows for arbitrary real functions f (Φ). This
shows that one can build an arbitrary scalar potential in this simple scenario. This
implies that the predictive power of supergravity is rather limited! However, we will
see in the next subsection that this conclusion changes dramatically when including
curvature.
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6.2 Hyperbolic Kähler Geometry and α-Attractors

Instead of a flat geometry, we now turn to the other maximally symmetric possibility.
This is the hyperbolic space of the Poincaré half-plane (or disc). We will use half-
plane coordinates with Re(Φ) > 0. In this case the metric takes the form

ds2 = 3α
dΦdΦ̄(
Φ + Φ̄

)2 , (77)

whose curvature is given by

RK = − 2

3α
. (78)

Note that it is negative (corresponding to hyperbolic space), and maximal sym-
metry implies it to be constant over moduli space. Its isometries are given by the
Möbius group, which contain

• Nilpotent symmetry: Φ → Φ + ic, corresponding to a vertical shift,
• Non-compact symmetry: Φ → eλΦ, corresponding to a horizontal shift,
• Compact symmetry with a more complicated action.

The usual Kähler potential for this space is given by

K = −3α log(Φ + Φ̄). (79)

Note that it breaks all but one of the isometries: it is only invariant under the nilpotent
generator. Therefore it is not invariant under shifts of the inflaton, which again we
will take along the real axis of Φ. Similar to the flat case, one can however do a
Kähler transformation to make this isometry explicit in the Kähler potential. In this
case one finds [33]

K = −3α log

[
Φ + Φ̄

(ΦΦ̄)1/2

]
, (80)

which is invariant under the non-compact generator. Again both K and KΦ vanish
along the inflationary trajectory. This therefore seems to be the most natural starting
point for our discussion of the curved case.

Inclusion of the supersymmetry breaking sector leads to

K = −3α log

[
Φ + Φ̄

(ΦΦ̄)1/2

]
+ SS̄, (81)
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while we retain the simple superpotential of the flat case:

W = Sf (Φ). (82)

Again this allows us to restrict to the real axis ofΦ: the truncation toΦ − Φ̄ = S = 0
is consistent provided the function f is real. The single-field inflationary potential in
this case reads

V = f 2
(
e−

√
2
3α ϕ

)
, (83)

where ϕ is the canonically normalized scalar field that is related to the real part of
the superfield Φ by

φ = e−
√

2
3α ϕ. (84)

Note that the curvature has a dramatic effect on the inflationary potential: the argu-
ment of the arbitrary function f is now given by an exponential of the inflaton. For
a generic function f that, when expanded around φ = 0, has a non-vanishing value
and a slope, the resulting inflationary potential reads

V = V0(1 − e−
√

2
3α ϕ + · · · ). (85)

The potential therefore attains a plateau at infinite values of ϕ and has a specific
exponential drop-off at finite values. At smaller values of ϕ, higher-order terms
will come in whose form depends on the details of the function f . However, when
restricting to order-one values of α, none of these higher-order terms are important
for inflationary predictions: in order to calculate observables at N = 60, one only
needs the leading term in this expansion. This means that all dependence of the
function f has dropped out: the only remaining freedom is the parameter α.

In more detail, the inflationary predictions of this model are given by

ns = 1 − 2

N
+ · · · , r = 12α

N2
+ · · · . (86)

The dots indicate higher-order terms in 1/N , whose coefficients depend on the details
of the function f ; however, at N ∼ 60, none of these higher-order terms are relevant
for observations. The leading terms are independent of the functional freedom and
only depend on the curvature of the manifold. This is what is referred to as α-
attractors [34–40]: as α varies from infinity (i.e. the flat case) to order one or smaller,
the inflationary predictions go from completely arbitrary (in the flat case) to the very
specific values above. Turning on the curvature therefore “pulls” all inflationary
models into the Planck dome in the (ns, r) plane. The specific predictions include
the magnitude of the tensor-to-scalar ratio, which naturally comes out at the permille
level, as well as the scale dependence of the spectral index of scalar perturbations:
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this is referred to as the running parameter, and takes the expression

αs = − d

dN
ns = − 2

N2
+ · · · . (87)

Future observations will hopefully shed light on these crucial inflationary observ-
ables, and thus can (dis)prove the α-attractors framework.

7 Discussion

The topic of these lecture notes has been dual: both to provide the reader with
an understanding of recent CMB observations, as well as a theoretical proposal
to explain these data. We hope to have given a flavour of the excitement on the
present status of observations and the theoretical expectations for possible future
observations. First and foremost amongst the latter are tensor perturbations: a cru-
cial signature of inflation, a detection of these would prove the quantum-mechanical
nature of gravity as well as provide the inflationary energy scale. Moreover, depend-
ing on its value, such a detection would either disprove or lend further evidence to
the inflationary models known as α-attractors.
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