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Abstract Having in mind Galois connections, we establish several consequences
of the following definitions.

An ordered pair X(<) = (X, <) consisting of a set X and a relation < on X
is called a goset (generalized ordered set).

For any x € X and A C X, we write x € ubx(A) if a < x forall a € A, and
x € inty(A) if uby(x) € A, where uby(x) = uby({x}).

Moreover, for any A C X, we also write A € %x if A C ubyx(A), and A € F
if A Cinty(A). And in particular, A € & if inty(A) # @.

A function f of one goset X to another Y is called increasing if # < v implies
f(u) <f(v) forall u, v eX.

In particular, an increasing function ¢ of X to itself is called a closure operation
if x < ¢(x) and ¢(¢(x)) < ¢(x) forall x € X.

The results obtained extend and supplement some former results on increasing
functions and can be generalized to relator spaces.

1 Introduction

Ordered sets and Galois connections occur almost everywhere in mathematics [12].
They allow of transposing problems and results from one world of our imagination
to another one.
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In [48], having in mind a terminology of Birkhoff [2, p. 1], an ordered pair
X(<) = (X, <) consisting of a set X and a relation < on X is called a goset
(generalized ordered set) .

In particular, a goset X (<) is called a proset (preordered set) if the relation <
is reflexive and transitive. And, a proset X (<) is called a poset (partially ordered
set) if the relation < is in addition antisymmetric.

In a goset X, we may define several algebraic and topological basic tools. For
instance, for any x € X and A C X, we write x € ubx(A) if a < x forall a € A,
and x € inty(A) if ubyx(x) € A, where uby(x) = uby({x}).

Moreover, we write A € %y if A C ubx(A), A € Jx if A C intx(A), and
A € & if intx(A) # 0. However, these families are in general much weaker tools
than the relations uby and inty which are actually equivalent tools.

In [58], in accordance with [11, Definition 7.23], an ordered pair (f, g) of
functions f of one goset X to another Y and g of Y to X is called a Galois
connection if forany x € X and y € Y we have f(x) <y ifand only if x < g(y).

In this case, by taking ¢ = g o f, we can at once see that f(u) < f(v) <
u=<g(f(v)) < u=(gof)(v) < u=<¢(v) forall u, v e X. Therefore,
the ordered pair (f, ¢) is a Pataki connection by a terminology of Szaz [58].

A function f of one goset X to another Y is called increasing if u < v implies
f(u) <f(v) forall u, v € X. And, an increasing function ¢ of X to itself is called
a closure operation on X if x < ¢(x) and ¢(¢(x)) < ¢(x) forall x € X.

In [53], we have proved thatif (f, ¢) is a Pataki connection between the prosets
X and Y, then f is increasing and ¢ is a closure operation such that f < fo¢ and
foe <f. Thus, f =fo¢ ifin particular Y is a poset.

Moreover, we have also proved that a function ¢ of a proset X to itself is
a closure operation if and only if (¢, ¢) is a Pataki connection or equivalently
(f, @) is a Pataki connection for some function f of X to another proset Y.

Thus, increasing functions are, in a certain sense, natural generalizations of not
only closure operations but also Pataki and Galois connections. Therefore, it seems
plausible to extend some results on these connections to increasing functions.

For instance, having in mind a supremum property of Galois connections [51],
we shall show that a function f of one goset X to another Y is increasing if and
only if f[ubx(A)] € uby(f[A]) forall A C X.

If X is reflexive in the sense that the inequality relation in it is reflexive,
then we may write max instead of ub. While, if X and Y are sup-complete
and antisymmetric and f is increasing, then we can state that squ(f [A]) <
A (SUPX(A)) .

Here, the relations maxy and sup, are defined by maxx(A) = ANubx(A) and
supy(A) = miny(ubx(A)) = ubx(A) Nlbx(ubx(A)) forall A C X. Moreover, the
goset X is called sup-complete if supy(A) # @ forall A C X.

In particular, we shall show that if ¢ is a closure operation on a sup-complete,
transitive, and antisymmetric goset X, then ¢(supy(A)) = ¢ (supy(@[A])) for
all A C X. Moreover, if ¥ = ¢ [X] and A C Y, then sup,(A) = ¢ (supy(A)).

In addition to the above results, we shall also show that a function f of one goset
X to another Y is increasing if and only if f[cly(A)] € cly(f[A]) forall A C X,
or equivalently f~'[B] € Jx for all B € .y if in particular Y is a proset.
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Finally, by writing R and S in place of the inequalities in the gosets X and Y,
we shall show that a function f of one simple relator space X (R) to another Y (S)
is increasing if and only if f o R € Sof, orequivalently R C f~'oSof.

The latter fact, together with some basic operations for relators [56], allows of
several natural generalizations of the notion of increasingness of functions to pairs
(%, 9) of relators on one relator space (X, Y)(Z) to another (Z, W) (.%).

Here, a family Z of relations on X to Y is called a relator, and the ordered pair
X, ) (Z%) = ((X, Y), %’) is called a relator space. Thus, relator spaces are
substantial generalizations of not only ordered sets but also uniform spaces.

Moreover, analogously to Galois and Pataki connections [55, 60], increasing
functions are also very particular cases of upper, lower, and mildly semicontinuous
pairs of relators. Unfortunately, these were not considered in [35, 46, 56] .

2 Binary Relations and Ordered Sets

A subset F of a product set X x7Y is called a relation on X to Y. If in particular
F C X?, with X? = XxX, then we may simply say that F is a relation on X. In
particular, Ay = {(x,x) : x € X} is called the identity relation on X.

If F is arelation on X to Y, then for any x € X and A C X the sets F(x) =
{yeY: (x,y)eF}and F[A] =, e, F(a) are called the images of x and A
under F, respectively. If (x, y) € F, then we may also write x F'y.

Moreover, the sets Dp = {x € X : F(x) # @} and Ry = F[X] are called the
domain and range of F, respectively. If in particular Dr = X, then we say that F
is a relation of X to Y, or that F is a total relation on X to Y.

In particular, a relation f on X to Y is called a function if for each x € Dy there
exists y € Y such that f(x) = {y}. In this case, by identifying singletons with
their elements, we may simply write f(x) = y in place of f(x) = {y}.

Moreover, a function * of X to itself is called a unary operation on X. While, a
function * of X2 to X is called a binary operation on X. And, for any x, y € X,
we usually write x* and x x y instead of *(x) and ((x, y)).

If Fisarelationon X to Y, then F = |, oy {x}xF(x). Therefore, the values
F(x), where x € X, uniquely determine F. Thus, a relation F on X to Y can be
naturally defined by specifying F(x) for all x € X.

For instance, the complement relation F€¢ can be naturally defined such that
F¢(x) = F(x)¢ = Y\ F(x) for all x € X. Thus, it can be shown F¢ = XxY \ F
and FC[A]° = (,ea F(a) forall A C X. (See [57].)

Quite similarly, the inverse relation F~' can be naturally defined such that
F7'(y) = {x € X: y € F(x)} for all y € Y. Thus, the operations ¢ and —1
are compatible in the sense (F¢)~! = (F~1)c.

Moreover, if in addition G is arelationon Y to Z, then the composition relation
G o F can be naturally defined such that (G o F)(x) = G[F(x)] for all x € X.
Thus, we also have (Go F)[A] =G [F[A] ] forall A C X.

While, if G is arelation on Z to W, then the box product relation FIX G can be
naturally defined such that (FX G)(x, z) = F(x) X G(z) forall xe X and z € Z.
Thus, we have (FX G)[A]=GoAo F~! forall A C XxZ. (See [57].)
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Hence, by taking A = {(x, z)}, and A = Ay if Y = Z, one can see that
the box and composition products are actually equivalent tools. However, the box
product can be immediately defined for an arbitrary family of relations too.

If F is arelation on X to Y, then a subset @ of F is called a partial selection
relation of F. Thus, we also have Dy C Dy . Therefore, a partial selection relation
@ of F may be called fotal if Dy = Dy .

The total selection relations of a relation F' will usually be simply called the
selection relations of F. Thus, the axiom of choice can be briefly expressed by
saying that every relation F has a selection function.

If Fisarelationon X to Y and U C Dp, then the relation F|U = FN (UxY)
is called the restriction of F to U. Moreover, if F and G are relations on X to Y
such that Dr € D¢ and F = G| D, then G is called an extension of F.

For any relation F on X to Y, we may naturally define two set-valued functions,
F°of Xto Z(Y) and FO of Z(X) to Z(Y), such that F°(x) = F(x) for all
xeX and FO(A) = F[A] forall A C X.

Functions of X to &(Y) can be identified with relations on X to Y. While,
functions of & (X) to & (Y) are more general objects than relations on X to Y.
They were called corelations on X to Y in [59].

Now, a relation R on X may be briefly defined to be reflexive if Ax C R, and
transitive if R o R C R. Moreover, R may be briefly defined to be symmetric if
R CR, and antisymmetric if R N R cC Ay,

Thus, a reflexive and transitive (symmetric) relation may be called a preorder
(tolerance) relation. And, a symmetric (antisymmetric) preorder relation may be
called an equivalence (partial order) relation.

For instance, for A C X, the Pervin relation Ry = A2 U A°xX is a preorder
relation on X. (See [24, 52].) While, for a pseudo-metric d on X and r > 0, the
surrounding B¢ = {(x, y)€X?: d(x,y) < r} is a tolerance relation on X.

Moreover, we may recall that if <7 is a partition of X, i.e., a family of pairwise
disjoint, nonvoid subsets of X such that X = | J &7, then Soy = |J e A? is an
equivalence relation on X, which can, to some extent, be identified with <.

According to algebra, for any relation R on X, we may naturally define R* =
Ax, and R" = Ro R"! if n € N. Moreover, we may also naturally define
R = U:io R". Thus, R is the smallest preorder relation containing R [16].

Note that R is a preorder on X if and only if R = R . Moreover, R® =
R and (R®)~! = (R™!)*. Therefore, R~ is also a preorder on X if R isa
preorder on X. Moreover, R *° is already an equivalence on X if R is symmetric.

According to [48], an ordered pair X (<) = (X <), consisting of aset X and a
relation < on X, will be called a generalized ordered set or an ordered set without
axioms. And, we shall usually write X in place of X(<).

In the sequel, a generalized ordered set X (<) will, for instance, be called
reflexive if the relation < is reflexive on X. Moreover, it is called a preordered
(partially ordered) set if < is a preorder (partial order) on X.

Having in mind a widely used terminology of Birkhoff [2, p. 1], a generalized
ordered set will be briefly called a goset. Moreover, a preordered (partially ordered)
set will be call a proset (poset).
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Thus, every set X is a poset with the identity relation Ay. Moreover, X is a
proset with the universal relation X*. And, the power set 2(X) of X is a poset
with the ordinary set inclusion C.

In this respect, it is also worth mentioning that if in particular X a goset, then
for any A, B € X we may also naturally write A < B ifa < bforall a € A and
b € B. Thus, & (X) is also a goset with this extended inequality.

Moreover, if X (<) is a goset and Y C X, then by taking <y=<nN Y2, we can
also get a goset Y (<y). This subgoset inherits several properties of the original
goset. Thus, for instance, every family of sets is a poset with set inclusion.

In the sequel, trusting to the reader’s good sense to avoid confusions, for any
goset X (<) and operation % on relations on X, we shall use the notation X* for
the goset X (<*). Thus, for instance, X 1 will be called the dual of the goset X.

Several definitions on posets can be naturally extended to gosets [48]. And,
even to arbitrary relator spaces [47] which include ordered sets [11], context
spaces [15], and uniform spaces [14] as the most important particular cases.

Moreover, most of the definitions can also be naturally extended to corelator
spaces (X, Y) (%) = ((X, Y), %) consisting of two sets X and Y and a family
% of corelations on X to Y. However, it is convenient to investigate first gosets.

3 Upper and Lower Bounds

According to [48], for instance, we may naturally introduce the following

Definition 1. For any subset A of a goset X, the elements of the sets
uby (A) ={xeX: A<{x}} and by (A) ={xeX: {x}<A}

will be called the upper and lower bounds of the set A in X, respectively.

Remark 1. Thus, for any x € X and A C X, we have

(1) xeubyx(A) ifandonlyif a <x forall a € A,
(2) xelbx(A) ifandonlyif x <a forall a € A.

Remark 2. Hence, by identifying singletons with their elements, we can see that

1) ubx(x)=<(x)=[x, +oo[= {yeX: xfy},

2) bxy(x)=>x)=]—00,x] = {yeX: xzy}.

This shows that the relation uby is somewhat more natural tool than Iby .
By using Remark 1, we can easily establish the following

Theorem 1. For any subset A of a goset X, we have

(1) ubx(A) = Ibx—1(A),
(2) Tbx(A) = uby—1(A).
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Proof. If x € ubx(A), then by Remark 1 we have ¢ < x for all a € A. This
implies that x <~ g forall a € A. Hence, since X! = X(<™!), we can already
see that x € Iby—1(A). Therefore, ubyx(A) C lby—i(A).

The converse inclusion can be proved quite similarly by reversing the above
argument. Moreover, (2) can be derived from (1) by taking X~' in place of X.

Remark 3. This theorem shows that the relations uby and lby are equivalent tools
in the goset X.

By using Remark 1, we can also easily establish the following theorem.
Theorem 2. If X is a goset and Y C X, then for any A C Y we have

(1) uby(A) = ubx(A)NY,
(2) Iby(A) = Iby(A) N Y.

Concerning the relations uby and lby, we can also easily prove the following
theorem.

Theorem 3. For any family (A;);e; subsets of a goset X, we have

(1) UbX(iLGJI Ai) = ubx(A)),

iel
2) lbx(U A,-) = () Iby(4;).
iel iel

Proof. If x € uby (Uie[ Ai), then by Remark 1 we have ¢ < x for all a €
Uie[ A;. Hence, it is clear that we also have a < x forall a € A; with i € I.
Therefore, x € ubx(A;) forall i € [, and thus x € (),;¢; ubx(A;) also holds.

The converse implication can be proved quite similarly by reversing the above
argument. Moreover, (2) can be derived from (1) by using Theorem 1.

From the above theorem, by identifying singletons with their elements, we can
immediately derive the following corollary.

Corollary 1. For any subset A of a goset X, we have
(1) ubx(A) = [ ubx(a),

a€A

(2) Ibx(A) = ) Ibx(a).

a€A

Remark 4. Hence, by using Remark 2 and a basic fact on complement relations
mentioned in Sect. 2, we can immediately derive that
(1) ubx(A) ==<“[A]". (2) Ibx(A) ==[A]".

From Corollary 1, we can also immediately derive the first two assertions of
Theorem 4. [f X is a goset, then

(1) ubx(@) =X and 1bx(@) =X,

(2) ubx(B) € ubx(A) and lbx(B) C Ibx(A) if ACBCX,

(3) U ubx(A)) € ubx<ﬂ A,-) and |J Iby(A;) € lbx(ﬂ Ai) if A;CX for
iel i€l

i€l iel
all i€l



Generalized Ordered Sets 557

Proof. To prove the first part of (3), we can note that if A; € X for all i € I,
then ﬂie ;A; € A; forall i € I. Hence, by using (2), we can already infer that
uby(A;) C uby (ﬂie ;A ,-) for all i € I, and thus the required inclusion is also
true.

However, it is now more important to note that, as an immediate consequence
of the corresponding definitions, we can also state the following theorem which
actually implies most of the properties of the relations uby and lby .

Theorem 5. For any two subsets A and B of a goset X, we have
B C ubx(A) <— AC lbx(B) .
Proof. By Remark 1, it is clear that each of the above inclusions is equivalent to the

property that a < b forall a € A and b € B.

Remark 5. This property can be briefly expressed by writing that A < B, or equi-
valently AxB C <, thatis, B € Ubx(A), or equivalently A € Lbx(B) by the
notations of our former paper [47].

From Theorem 5, it is clear that in particular we have
Corollary 2. For any subset A of a goset X, we have

(1) ubx(A) = {x€X: A Clby(x)},
(2) Ibx(A) = {x€X: A Cuby(x).

Remark 6. Moreover, from Theorem 5, we can see that, for any A, B C X, we
have

Ibx(A) S 'B <= A C ubg(B).

This shows that the set-valued functions Iby and uby form a Galois connection
between the poset ZZ(X) and its dual in the sense of [11, Definition 7.23], suggested
by Schmidt’s reformulation [36, p. 209] of Ore’s definition of Galois connexions
[30].

Remark 7. Hence, by taking ®@x = uby olby, for any A, B C X, we can infer that
Ibx(A) € 'by(B) <= AC ®x(B).

This shows that the set-valued functions lby and ®x form a Pataki connection
between the poset #(X) and its dual in the sense of [51, Remark 3.8] suggested
by a fundamental unifying work of Pataki [32] on the basic refinements of relators
studied each separately by the present author in [42].

Remark 8. By [53, Theorem 4.7], this fact implies that lby = lby o @x, and Py
is a closure operation on the poset & (X) in the sense of [2, p. 111].
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By an observation, attributed to Richard Dedekind by Erné [12, p. 50], this is
equivalent to the requirement that the set function @x with itself forms a Pataki
connection between the poset #(X) and itself.

4 Interiors and Closures

Because of Remark 2, we may also naturally introduce the following

Definition 2. For any subset A of a goset X, the sets
inty(A) = {x €X: uby(x) QA} and cly(A) = {x €eX: uby(x)NA # 0}

will be called the interior and closure of the set A in X, respectively.

Remark 9. Recall that, by Remark 2, we have uby(x) =< (x) = [x, +o0 [ for
all x e X.

Therefore, the present one-sided interiors and closures, when applied to subsets
of the real line R, greatly differ from the usual ones.

The latter ones can only be derived from a relator (family of relations) which has
to consist of at least countable many tolerance or preorder relations.

By using Definition 2, we can easily prove the following theorem.
Theorem 6. For any subset A of a goset X, we have
(1) intx(A) =X\ clx(X \ A),
(2) clx(A) =X\ intx(X \ A).
Proof. If x € intx(A), then by Definition 2 we have ub(x) € A. Hence, we can
infer that ub(x) N (X\A) = @. Therefore, by Definition 2, we have x ¢ cly(X\A),
and thus x € X \ clx(X \ A). This shows that intx(A) € X \ clx(X \ A).

The converse inclusion can be proved quite similarly by reversing the above

argument. Moreover, (2) can be derived from (1) by writing X \ A in place of A,
and applying complementation.

Remark 10. This theorem shows that the relations inty and cly are also equivalent
tools in the goset X.

By using the complement operation %, defined by ¥ (A) = A = X \ A for all
A C X, the above theorem can be reformulated in a more concise form.

Corollary 3. For any goset X, we have

(1) inty = (clxo €)= cl§o ¥,
(2) cly = (intXO‘f)C = intg o .

Proof. To prove the second part of (1), note that by the corresponding definitions,
for any A C X, we have

(clyo %) (A) = (clx 0 €)(A)* = clx(E(A)) = clg(F(A)) = (clgo %) (A).
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Now, in contrast to Theorems 1 and 2, we can only state the following two
theorems.

Theorem 7. For any subset A of a goset X, we have

(1) intg—1(A) ={xeX: lby(x) CA},

(2) clx—1(A) ={xeX: lbxy(x)NA#0}.

Theorem 8. If X is a goset and Y C X, then for any A C Y we have

(1) inty(A) N'Y Cinty(A),
(2) cly(A) Ccly(A)NY.

However, concerning the relations inty and cly, we can also easily prove

Theorem 9. For any family (A;);e; subsets of a goset X, we have
(1) intx () A7) = ) inty(4)),
iel iel

2) clx(U A[) = U clx(A)).

i€l i€l

Proof. If x € inty (ﬂiel Ai), then by Definition 2 we have uby(x) C ();c; A;-
Therefore, uby(x) € A;, and thus x € intx(A;) for all i € I. Therefore, x €
e, intx(A;) also holds.

The converse implication can be proved quite similarly by reversing the above
argument. Moreover, (2) can be derived from (1) by using Theorem 6.

Remark 11. This theorem shows that, despite Remark 10, there are cases when the
relation cly is a more convenient tool than inty.

Namely, from assertion (2), by identifying singletons with their elements, we
can immediately derive the following corollary.

Corollary 4. For any subset A of a goset X, we have

clx(A) = U clx(a).

a€A

Remark 12. Note that, for any x, y € X, we have
yeclkk(x) < ubx(y)N{x}#0 <= xecubx(y) < yelbx(x),

and thus also cly(x) = lbx(x). Hence, by using Theorem 1, we can immediately
infer that clx(x) = uby—1(x).
Therefore, as an immediate consequence of the above results, we can also state

Theorem 10. For any subset A of a goset X, we have

Clx(A) = U lbx(a) = U lle—l(a).

a€A a€A
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Remark 13. Hence, by using Remark 2 and Theorem 1, we can at once see that

cx(A) = J = (a) == [A] and cy—1(A)=|J <(a)==<][A].

a€A a€A

And thus, by Theorem 6, also inty(A) => [A€]¢ and inty—1 (A) =< [A€]°.
Now, analogously to Theorem 4, we can also easily establish the following
Theorem 11. If X is a goset, then
(1) clx(@) =@ and intx(X) =X,
(2) Clx(A) - Clx(B) and Hltx(A) - il’ltx(B) L]C A - B - X,
(3) C])((m A,) - ﬂ Clx(Ai) and U il’ltx(Ai) - il’ltx<U Al) lf Ai cX
iel iel i€l i€l
forall i€l

However, it is now more important to note that, analogously to Theorem 5, we
also have the following theorem which actually implies most of the properties of the
relations inty and cly .

Theorem 12. For any two subsets A and B of a goset X, we have
B Cintx(A) <= cly-1(B)CA.

Proof. If B C intx(A), then by Definition 2, we have uby(b) € A forall b € B.
Hence, by Theorem 10, we can already see that cly—1(B) = |J,czubx(b) CA.

The converse implication can be proved quite similarly by reversing the above
argument.

Remark 14. Recall that, by Remark 13, we have cly—i(B) =< [B]. Therefore,
by Theorem 12, the inclusion B C intx(A) can also be reformulated by stating
that < [B] C A, or equivalently < [B] N A = @. Thatis, B € Intx(A), or
equivalently B ¢ Clx(A€) by the notations of Széz [47].

From Theorem 12, it is clear that in particular we have

Corollary 5. For any subset A of a goset X, we have
inty(A) = {x €eX: cly-1(x) C A} .

Remark 15. From Theorem 12, we can also see that, for any A, B C X, we have
cly-1(A) € B <= A Cintx(B).

This shows that the set-valued functions cly—1 and inty form a Galois connec-
tion between the poset & (X) and itself.
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Remark 16. Thus, by taking @y = inty o cly—1, for any A, B € X we can state
that

cly—1(A) Cely—1(B) < AC dx(B).

This shows that the set-valued functions cly—1 and @x form a Pataki connection
between the poset & (X) and itself. Thus, cly—1 = cly—1 o @y, and Dy is closure
operation on the poset Z(X).

Remark 17. The upper- and lower-bound Galois connection, described in

Remark 6, was first studied by Birkhoff [2, p. 122] under the name polarities.
While, the closure—interior Galois connection, described in Remark 15, has been

only considered in [61] with reference to Davey and Priestly [11, Exercise 7.18].

5 Open and Closed Sets

Definition 3. For any goset X, the members of the families
IHx={ACX: Agintx(A)} and Fx={ACX: ch(A)gA}

are called the open and closed subsets of X, respectively.

Remark 18. Thus, by Definition 2 and Theorem 10, for any A C X, we have

(1) A € 9 if and only if uby(a) C A forall a € A.
(2) A € Zy ifand only if Iby(a) C A forall a€ A.

Namely, by Definition 2, for any a € A we have a € inty(A) if and only if
ubx(a) € A. Moreover, by Theorem 10, we have clx(A) = |J,c, Ibx(a).

Remark 19. Because of Remarks 2 and 18, the members of the families 7% and
Fx may also be called the ascending and descending subsets of X.

Namely, for instance, by the above mentioned remarks, for any A € X we have
A € Jx if and only if forany a € A and x € X, with a < x, we also have x € A.

Remark 20. Moreover, from Remarks 2 and 18, we can also see that
() Fx={ACX: < [A]CA}. ) Fx={AcX: z[A]CA}.
Namely, for instance, by a basic definition on relations and Remark 2, for any
A < X we have = [A] = UaEA = (Cl) = UaEA ubX(a)'

By using Definition 3 and Theorem 6, we can also easily prove the following
theorem.

Theorem 13. For any goset X, we have

(1) Zx={ACX: A°eFx},
(2) Fx={ACX: A°e I}
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Proof. If A € %, then by Definition 3 we have we have A C inty(A). Hence,
by using Theorem 6, we can infer that cly(A€) = inty(A)¢ € A€. Therefore, by
Definition 3, the inclusion A€ € Fx also holds.

The converse implication can be proved quite similarly by reversing the above
argument. Moreover, (2) can be derived from (1) by using Theorem 6.

Remark 21. This theorem shows that the families J% and Fy are also equivalent
tools in the goset X.

By using the element-wise complementation, defined by o/ ¢ = {AC D Aed }
for all & C & (X), Theorem 13 can also be reformulated in a more concise form.

Corollary 6. For any goset X, we have

(1) Ix = Zy,
2) Fx = T

Now, as an immediate consequence of Remark 20, we can also state the
following theorem which can also be easily proved with the help of Definition 3
and Theorem 12.

Theorem 14. For any goset X, we have

(1) Fx = Ty,
(2) Fx = Ty

Proof. If A € 9%, then by Definition 3, we have A C inty(A). Hence, by using

Theorem 12, we can infer that cly—i1(A) C A. Therefore, A € .%x—1 also holds.
The converse implication can be proved quite similarly by reversing the above

argument. Moreover, (2) can be derived from (1) by writing X! in place of X.

Remark 22. Moreover, because of Remark 14 and Theorem 13, forany A C X we
can also state that A € Jx if and only if A € Inty(A), and A € %y if and only if
A€ ¢ Clx(A).

By using Definition 3 and Theorem 8, we can easily establish the following
theorem.

Theorem 15. For any subset Y of a goset X, we have

(1) FHxN2(Y)< H,
(2) FxN P(Y)C Fy.

Proof. Namely, if, for instance, A € Ix N Z(Y), then A € Ty and A € Z(Y).
Therefore, A C inty(A) and A C Y. Hence, by Theorem 8, we can already see
that A C inty(A) NY C inty(A), and thus A € 9} also holds.

Moreover, by using Definition 3 and Theorems 9 and 11, we can also easily
prove the following.
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Theorem 16. For any goset X, the families Jx and Fx are ultratopologies [10]
(complete rings [1]) in the sense that they are closed under arbitrary unions and
intersections.

Proof. Namely, if, for instance, A; € Jx forall i € I, then A; C intyx(A;) for all
i € I. Hence, by using Theorems 9 and 11, we can already infer that

N4 S N ina) = ine(N4;) and U A € U inte(an) S inee (U 45).
i€l i€l i€l i€l i€l i€l
Therefore, the sets ();¢; A; and | J;c;A; arealsoin Jx.

Remark 23. From the above theorem, by taking the empty subfamily of % and
Zx, we can immediately infer that {@, X} € Jx N Fx.

Finally, we note that the following theorem is also true

Theorem 17. For any subset A of a goset X, we have

() U &N P(A) < intx(A),
(2) cx(A) € (| FxN 27 (A).

Proof. Define B =] Jx N #(A). Then, we evidently have B C A. Moreover,
by Theorem 16, we can see that B € Jx. Hence, by using Definition 3 and
Theorem 11, we can already infer that B C inty(B) C intx(A). Therefore, (1)
is true.

Moreover, from (1), by using Theorem 12 and the fact that U € 2-(v) if
and only if V C U, we can easily see that (2) is also true.

Example 1. If, for instance, X = R and < is arelation on X such that
=) ={x—1}U[x, oo
for all x € X, then by using Remarks 2 and 18 we can easily see that Jx =
{9. X}, and thus by Corollary 6 also .#y = {0, X }.
Namely, if A € x such that A # @, then there exists x € X such that x € A,
and thus by the abovementioned remarks =< (x) = ubx(x) € A. Therefore,
{x—1} U [x, +o0[ C A.
Hence, we can see that x — 1 € A. Therefore, < (x — 1) C A, and thus
{x=2}U[x—1, o0 C A.

Hence, by induction, it is clear that for any n € N we also have

{x—n—1}U [x—n, +oo[ C A.
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Thus, by the Archimedean property of N in R, we necessarily have A = X .
Now, by using that .Fy = {0, X}, we can easily see that

U ZNZ 1 (A)=0 if A=0 and |J FHNLP N A)=X if A#0.
Moreover, we can also easily see that, for any x, y € X,
yElby(x) <= x€ubx(y) < x€x(y) <= x€{y—1} U [y, +00]
< x=y—1 or y<x < y<x o y=x+1 < ye]—oo x]U{x+1}.
Therefore,
Iby(x) =] —o0, x] U{x+1}.

Thus, by Theorem 10,

clx(A) = U Ibx(@) = U (] —oc0. a] Ufa+1}).

a€A a€A

for all A € X. Hence, it is clear that equality in the assertion (2) of Theorem 17
need not be true.

Remark 24. This shows that the families % and %y are, in general, much weaker
tools in the goset X than the relations inty and cly . However, later we see that this
is not the case if X is in particular a proset.

6 Fat and Dense Sets

Note that a subset A of a goset X may be called upper bounded if ubx(A) # @.
Therefore, in addition to Definition 3, we may also naturally introduce the
following.

Definition 4. For any goset X, the members of the families
Sy ={ACX: iny(A) # 0} and  Zx={ACX: clx(A) =X}
are called the fat and dense subsets of X, respectively.

Remark 25. Thus, by Definition 2, for any A C X, we have

(1) A € & ifandonlyif ubyx(x) € A for some x € X.
(2) A€ Yy ifandonly if ubx(x) NA # @ forall x € X.
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Remark 26. Moreover, by Remark 13 and Theorem 10, we can also see that
Ix={AcX: X=>[A]} ={ACX: X=U,e4lbx(@)}.

Therefore, for any A C X, we have A € Yy if and only if for any x € X there
exists a € A such that x € Ibx(a), i.e., x <a.

Remark 27. Because of the above two remarks, the members of the families &
and Zx may also be called the residual and cofinal subsets of X.

Namely, for instance, by Remarks 2 and 25, for any A C X, we have A € & if
and only if there exists x € X such that forany y € X, with x <y, wehave y € A.

By using Definition 4 and Theorem 6, we can easily prove the following.
Theorem 18. For any goset X, we have

(1) &x={ACX: A°¢ Dy},
(2) Ix={ACX: A°¢ &y
Proof. If A € &%, then by Definition 4 we have inty(A) # @. Hence, by
Theorem 6, we can infer that cly(A¢) = X \ intx(A) # X. Therefore, A€ ¢ Px
also holds.

The converse implication can be proved quite similarly by reversing the above
argument. Moreover, (2) can be derived from (1) by using Theorem 6.

Remark 28. This theorem shows that the families & and %y are also equivalent
tools in the goset X.

By using element-wise complementation, Theorem 18 can also be written in a
more concise form.

Corollary 7. For any goset X, we have

(1) & = (2(X)\ %),
(2) Zx = (P(X)\ &)".

Moreover, concerning the families &x and Py, we can also prove the following.

Theorem 19. For any goset X, we have

(1) &x={ECX: YDe%x: END#0}
2) 9x={DCX: VEe&: END#0}.

Proof. If E € &, then by Remark 25, there exists x € X such that uby(x) C E.
Moreover, if D € P, then by Remark 25, we have uby(x) N D # @. Therefore,
END # @ also holds.

Conversely, if E C X such that EN D # @ for all D € 9, then we can also
easily see that £ € & . Namely, if E ¢ &%, then by Theorem 18 we necessarily
have E¢ € D . Therefore, E N E¢ # @ which is a contradiction.

Hence, it is clear that (1) is true. Assertion (2) can be proved quite similarly.
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Now, a counterpart of Theorem 14 is not true. However, analogously to
Theorems 15 and 16, we can also state the following two theorems.

Theorem 20. For any subset Y of a goset X, we have

(1) & NZ(Y) C éy,
(2) ZxN P(Y) C Dy.

Theorem 21. For any goset X, the families & and Px are ascending subfamilies
of the poset P (X) such that

(1) Ix \ {0} C &,
(2) FxNIDx C{X}.

From this theorem, we can immediately derive the following

Corollary 8. For any subset A of a goset X, the following assertions are true:

(1) If BC A forsome Be Ix\ {0}, then A € &.
(2) If A€ Dy, then A\B# @ forall Be %x\{X}.

Proof. To check (2), note that if the conclusion of (2) does not hold, then there
exists B € Zx \ {X} suchthat A\ B = @, and thus A N B = @. Hence, by
defining C = B¢ and using Theorem 13, we can already see that C € Jx \ {0}
such that AN C = @, and thus C € A°. Therefore, by (1), A¢ € &, and thus by
Theorem 18, we have A ¢ Py .

Remark 29. The converses of the above assertions need not be true. Namely, if X is
as in Example 1, then 9% = {@, X}, but & is quite a large subfamily of Z7(X).

This shows that there are cases when even the families & and % are better
tools in a goset X than Jx and %y . However, later we shall see that this is not the
case if X is in particular a proset.

The duality and several advantages of fat and dense sets in relator spaces, over
the open and closed ones, were first revealed by the present author at a Prague
Topological Symposium in 1991 [40]. However, nobody was willing to accept this.

Remark 30. An ascending subfamily <7 of the poset &?(X) is usually called a
stack in X. Itis called proper if @ ¢ &/ or equivalently &/ # Z(X).

In particular, a stack 7 in X is called a filter if A, B € o/ implies ANB € <.
And, & is called a grill if AUB € o/ implies A € &/ or B € /. These are
usually assumed to be nonempty and proper.

Several interesting historical facts on stacks, lters, grills and nets can be found in
the works [62, 63] of Thron

Concerning the families & and Zy, we can also easily establish the following
two theorems.

Theorem 22. For any poset X, the following assertions are equivalent :

(1) & # 9,
(2) X € &,
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(3) 0 ¢ D,
(4) X £ 0.

Proof. To prove the equivalence of (1) and (4), note that, by Theorem 21,
assertions (1) and (2) are equivalent. Moreover, by Remark 25, assertion (2) holds
if and only there exists x € X such that ubx(x) € X . That is, (4) holds.

Theorem 23. For any poset X, the following assertions are equivalent :

(1) 0 ¢ &,
(2) Ix # 9,
(3) X € 9,
4) X == [X]

Proof. To prove the equivalence of (1) and (4), note that by Remark 25 assertion
(1) holds if and only if, for any x € X, we have ubx(x) € @. Thatis, uby(x) # 0,
or equivalently < (x) # @. That is, the relation < is total in the sense that its
domain is the whole X.

Remark 31. A subset 4 of a stack .« in X is called a base of o7 if for each
A € & there exists B € & such that B C A. Thatis, % is a cofinal subset of the
poset o ' =/ (C7) = (2).

Note that if #8 C (X), then the family

B*=clp-(B)={ACX: 3IBecAB: BCA}

is already a stack in X such that A is a base of %#*.
Now, as a more important addition to Theorem 21, we can also easily prove

Theorem 24. For any goset X, the stack & has a base A with card(#) <
card(X).

Proof. By Remarks 25 and 31, itis clear that the family %y = {ubx(x) cxeX }
is a base of &Y.
Moreover, we can note that the function f, defined by f(x) = ubx(x) for x € X,
is onto By . Hence, by the axiom of choice, the cardinality condition follows.
Namely, now f~! is a relation of %y to X. Hence, by choosing a selection
function ¢ of f~!, we can see that ¢ is an injection of % to X.

Remark 32. Now, a corresponding property of the family Zx should, in principle,
be derived from the above theorem by using either Theorem 18 or 19.

Remark 33. The importance of the study of the cardinalities of the bases of the stack
of all fat sets in a relator space, concerning a problem of mine on paratopologically
simple relators, was first recognized by J. Dedk (1994) and G. Pataki (1998). (For
the corresponding results, see Pataki [31].)



568 A. Széz

7 Maximum, Minimum, Supremum, and Infimum

According to [48], we may also naturally introduce the following.

Definition 5. For any subset A of a goset X, the members of the sets
maxy(A) = A N ubyx(A) and miny(A) = A N lbx (A)

are called the maxima and minima of the set A in X, respectively.

Remark 34. Thus, for any subset A of a goset X, we have

(1) ubx(A) = maxyx(A) ifand only if ubyx(A) CA.
(2) 1lbx(A) = miny(A) ifand onlyif lbx(A) CA.

Moreover, from Definition 5, we can see that the properties of the relations maxy
and miny can be immediately derived from the results of Sect. 3.

For instance, from Theorems 1 and 2 and Corollaries 1 and 2, by using
Definition 5, we can immediately derive the following four theorems.

Theorem 25. For any subset A of a goset X, we have
(1) maxyx(A) = miny—i(A),
(2) maxyx(A) = miny—i(A).

Remark 35. This theorem shows that the relations maxy and miny are also equi-
valent tools in the goset X.

Theorem 26. If X is a goset and Y C X, then for any A C Y we have
(1) maxy(A) = maxx(A),

(2) miny(A) = miny(A).

Theorem 27. For any subset A of a goset X, we have

(1) maxy(A) = () ANubx(a),
(2) ming(A) = aﬁAA N Ibx(a).

a€A
Theorem 28. For any subset A of a goset X, we have
(1) maxy(A) = {x€A: AClbx(x)},
(2) ming(A) = {x€A: A Cuby(x)}.

Remark 36. By Corollary 2, for instance, we may also naturally define
ubg (A) = {xe X : ANuby(x) € lby(x)},

and also max}(A) = A Nubg(A) forall A C X.

Thus, for any x € X and A € X, we have x € ub}(A) if and only if x < a
implies a < x forall a € A. Therefore, maxy (A) is just the family of all maximal
elements of A.
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The most important theorems on a poset X give some sufficient conditions in
order that the set max* (X) be nonempty. (See, for instance, [18, p. 33] and the
references of [54].)

Now, by using Definition 5, we may also naturally introduce

Definition 6. For any subset A of a goset X, the members of the sets
supy (A) = miny (ubx(A)) and infy (A) = maxy (le(A))

are called the suprema and infima of the set A in X, respectively.
Thus, by Definition 5, we evidently have the following

Theorem 29. For any subset A of a goset X, we have

(1) supX(A) = llbx(A) n le (ubX (A)),

Hence, by Theorem 1, it is clear that we also have the following.

Theorem 30. For any subset A of a goset X, we have

(1) supy(A) = infy—1(A),
(2) infx(A) = supy—1(A).

Remark 37. This theorem shows that the relations supy and infy are also equi-
valent tools in the goset X.

However, instead of an analogue of Theorem 2, we can only prove
Theorem 31. If X is a goset and Y C X, then for any A C Y we have

(1) supy(A)NY C supy(A),
(2) infy(A) N'Y C infy(A).

Proof. To prove (1), by using Theorems 2, 4, and, 29 we can see that

supy(A) = uby(A) N lby(uby (A))
=uby(A) N Y N Ibx(uby (A) N Y) Nuby(A)NY
= ubx(A) N Iby(ubx (A) NY) N Y D ubx(A) N lbyx(uby (A)) NY
= s;p(A) ny.

Remark 38. In connection with inclusion (2), Tamas Glavosits, my PhD student,
showed that the corresponding equality need not be true even if X is a finite poset.

For this, he took X = {a, b, ¢, d}, Y = X\{b} and A = Y\ {a}, and consid-
ered the preorder < on X generated by the relation R = {(a,b), (b,c), (b, d)}.
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Thus, he could at once see that infy(A) = maxY(lby(A)) = rnaxY({a}) = {a},
but infy(A) = maxx(le(A)) = maxx({a, b}) = {b}, and thus infxy(A)NY = @.

Now, by using Theorem 29, we can also easily prove the following theorem
which shows that the relations supy and infy are, in a certain sense, better tools in
the goset X than maxy and miny .

Theorem 32. For any subset A of a goset X, we have

(1) maxx(A) = A Nsupyx(A),
(2) ming(A) = A Ninfyx(A).

Proof. To prove (2), note that by Theorem 29 and Definition 5, we have
ANinfy(A) = A N lbx(A) N uby (le (A)) = miny(A) N uby (le (A)) .

Moreover, by Definition 5 and Remark 8, we have

miny(A) C A C uby (lbx (A)), and so miny(A) N uby (lbx (A)) = miny(A).

Remark 39. By the above theorem, for any subset A of a goset X, we have

(1) maxyx(A) = supy(A) if and only if supy(A) CA.
(2) ming(A) = infx(A) if and onlyif infy(A) CA.

Moreover, by using Theorem 29, we can also easily prove the following
theorem which will make a basic theorem on supremum and infimum completeness
properties to be completely obvious.

Theorem 33. For any subset A of a goset X, we have

(1) supy(A) = infx(ubx(A)),
(2) infx(A) = supx(lbx(A)).

Proof. To prove (2), note that by Theorem 29 and Remark 8, we have

Remark 40. Concerning our references to Remark 8 in the proofs of Theorems 32
and 33, note that the assertions

A - llbx (le (A)) and lbx(A) = ]bx (llbx(lbx(A)))

can also be easily proved directly, by using Definition 1, without using the corres-
ponding theorems on Pataki connections.

Definition 7. A goset X is called inf-complete (sup-complete) if infy(A) # @
(supy(A) # @) forall A C X.
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Remark 41. Quite similarly, a goset X may, for instance, be also naturally called
min-complete if miny(A) # @ for all nonvoid subset A of X.

Thus, the set Z of all integers is min-, but not inf-complete. While, the extended
real line R = RU {—00, 400} isinf-, but not min-complete.

Now, as an immediate consequence of Theorem 33, we can state the following
straightforward extension of [2, Theorem 3, p. 112].

Theorem 34. For a goset X, the following assertions are equivalent :

(1) X is inf-complete,
(2) X is sup-complete.

Remark 42. Similar equivalences of several modified inf- and sup-completeness
properties of gosets have been established in [3, 4].

Finally, we note that, by Definition 5 and Theorem 27, we evidently have

Theorem 35. For any subset A of a goset X, we have

(1) infy(A) = {x €lbx(A) : 1Ibx(A) C lbx(x)},
(2) supy(A) = {x € uby(A) : ubyx(A) C ubx(x)}.

Moreover, by using this theorem, we can also easily prove the following.
Theorem 36. For any subset A of a proset X, we have

(1) infy(A) = {xe€X : Ibx(x) =1lbx(A)},
(2) supy(A) = {xeX: ubx(x) =ubx(A)}.

Proof. Define
P(A)={xeX: lby(x) =Ibx(A)}.

Now, if x € @(A), we can see that

(@) Ibx(x) < Ibx(A),
(b) Tbx(A) < lbx(x).

From (a), since X is reflexive, and thus x < x, i.e., x € lby(x), we can infer that
x € Ibx(A). Hence, by (b) and Theorem 35, we can already see that x € infy(A).
Therefore, @ (A) C infx(A) evenif X is assumed to be only a reflexive goset.

Conversely, if x € infy(A), then by Theorem 35 we also have

(c) x €lbx(A), (d) Ibx(A) S lbx(x).

From (c), we can infer that x < a for all a € A. Hence, by using the transitivity
of X we can easily see that if y € lbx(x), and thus y < x, then y < a also holds
for all @ € A, and thus y € lby(A). Therefore, Iby(x) C lbx(A) even if X is
assumed to be only a transitive goset. Hence, by using (d), we can already see that
Ibx(x) = Ibx(A), and thus x € @(x). Therefore, infy(A) € @ (A) evenif X is
assumed to be only a transitive goset.

The above arguments show that (1) is true. Moreover, from (1) by using
Theorems 1 and 30, we can at once see that (2) is also true.
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8 Self-bounded Sets

Analogously to Definition 3, for instance, we may also naturally introduce

Definition 8. For any goset X, the members of the family
Uy ={ACX: AC ubX(A)}

are called the self-upper-bounded subsets of X .

Remark 43. Thus, by the corresponding definitions, for any A € X, we have A €
Uy ifandonly if x <y forall x,ye€ A.

Therefore, A € % if and only if A < A or equivalently A% C <. That is, by
the notations of Szaz [47], we have A € Ubx(A) or equivalently A € Lbx(A).

Because of the above remark, we evidently have the following three theorems.
Theorem 37. For any goset X, we have Uy = Ux—1 .
Theorem 38. For any subset Y of goset X, we have Uy = Ux N P (Y).

Theorem 39. For any goset X, we have
%Xz{AgX: Vx,yeA: {x,y}e%x}.

Hence, it is clear that, in particular, we also have the following corollary.

Corollary 9. For any goset X, the family %y is a descending subset of the poset
P(X) such that \ ] ¥ € Uy for any chain ¥ in Ux.

However, it is now more important to note that, by using the corresponding
definitions, we can also prove the following

Theorem 40. For any subset A of a goset X, the following assertions are equi-
valent :

(1) A€ %,

(2) A = maxx(A),

(3) A C supyx(A),

(4) A C lbx(A),

(5) A = miny(A),

(6) A C infx(A).

Proof. By Definitions 5 and 8, we evidently have
AeUy << AC ubx(A) — AC AﬁubX(A) <— AC maxX(A).

Hence, since maxy(A) C A, itis clear that (1) and (2) are equivalent.
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Moreover, by using Definition 8 and Theorem 5, we can at once see that (1)
and (4) are also equivalent. Hence, by using the inclusion A C uby (le(A)) and
Theorem 29, we can also easily see that

A€Wy < ACIbx(A) < A Clbx(A)Nubx(lbx(4)) < A C infx(A).

Therefore, (1) and (6) are also equivalent. The proofs of the remaining implica-
tions are quite similar.

Remark 44. This theorem shows that, in a goset X, the family %% is just the
collection of all fixed elements of the set-valued functions maxy and miny .

Now, as some immediate consequences of Theorem 40 and Definition 6, we can
also state

Corollary 10. For any subset A of a goset X, the following assertions are
equivalent :

(1) ubx(A) € U;

(2) ubx(A) = supy(A),

(3) ubx(A) € uby(ubx(A));
(4) ubx(A) C lbx(ubx(A)).

Corollary 11. For any subset A of a goset X, the following assertions are
equivalent :

(1) bx(A) € U

(2) Ibx(A) = infx(A);

(3) Ibx(A) < Ibx(Ibx(A));
(4) 1bx(A) C uby(lbx(A)).

However, it is now more important to note that, by using Theorem 40, we can
also easily prove the following theorem.

Theorem 41. For any goset X, we have

(1) U = {maxX(A) : AgX},

Proof. If V € %, then by Theorem 40, we have V = maxx(V). Therefore, V is
in the family &/ = {maxx(A): AC X}.

Conversely, if V € o, then there exists A € o/ such that V = maxy(A).
Hence, by Definition 5, it follows that V € A and V C ubx(A). Now, by Theo-
rem 4, we can also see that uby(A) C uby(V). Therefore, V C uby(V), and thus
V € % also holds.

This proves (1). Moreover, (2) can be derived from (1) by using Theorems 25
and 37.

Remark 45. This theorem shows that, in a goset X, the family % is just the range
of the set-valued functions maxy and miny .
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By using Remark 43, we can also easily prove the following three theorems.

Theorem 42. For any goset X, the following assertions are equivalent :

(1) X is reflexive,
(2) {x} € U forall x € X.

Theorem 43. If X is an antisymmetric goset, then for any A € Ux we have
card (A) < 1.

Proof. If A € % and x,y € A, then by Remark 43 we have x <y and y < x.
Hence, by the assumed antisymmetry of <, it follows that x = y.

Theorem 44. If X is reflexive goset such that card (A) < 1 forall A € U, then
X is antisymmetric.

Proof. If x, y € X such that x < y and y < x, then by taking A = {x, y} we
can see that A < A, and thus A € % . Hence, by the assumption, it follows that
card (A) < 1. Therefore, we necessarily have x = y.

From the latter two theorems, by using Theorem 41, Definition 6 and Theo-
rem 32, we can immediately derive the following two theorems.

Theorem 45. If X is an antisymmetric goset, then under the notation ® = maxy,
miny, supy, or infx, forany A € X we have card (®(A)) < 1.

Theorem 46. If X is a reflexive goset such that, under the notation @ = maxy,
miny, supy, or infy, for any A € X we have card (®(A)) < 1, then X is
antisymmetric.

Proof. Note that, if, for instance, card (supX(A)) < 1 forall A € X, then
by Theorem 32, we also have card (maxy(A)) for all A € X. Hence, by using
Theorem 41, we can infer that card (A) < 1 for all A € % . Therefore, by
Theorem 44, we can state that X is antisymmetric.

Remark 46. In connection with the above results, it is worth noticing that the goset
X considered in Example 1 is reflexive, but not antisymmetric.

Namely, concerning the relation <, we can easily see that, for any x, y € X, we
have both x <y and y <x ifandonlyif x=yorx=y—1lory=x—1.

Therefore, for any A C X, we have A € %y ifandonlyif A =@ or A = {x}
or A={x, x—1} forsome x € X.

This fact, together with 9% = {0, X}, shows that there are cases when even
the family %% is also a better tool than the family . .

In the sequel, beside reflexivity and antisymmetry, we shall also need a further,
similarly simple and important, property of gosets.

Definition 9. A goset X will be called linear if for any x, y € X, with x # y, we
have either x <y or y < x.
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Remark 47. If X is a goset, then for any x, y € X ,we may also write x < y if both
x<yand x#y.

Therefore, if the goset X is linear, then for any x, y € X, with x # y, we
actually have either x <y or y < x.

Moreover, as an immediate consequence of the corresponding definitions, we can
also state the following.

Theorem 47. For a goset X, the following assertions are equivalent :

(1) X is reflexive and linear,
(2) Forany x,y € X, we have either x <y or y < x,
(3) maxx(A) # @ (miny(A) # @) forall AC X with 1 <card(A) <2.

Proof. To check the implication (3) = (2), note that if x, y € X, then A =
{x, y} is a subset of X such that 1 < card(A) < 2. Therefore, if (3) holds, then
there exists z € X such that z € maxx(A). Hence, by Definition 5, it follows that
z € A and z € uby(A). Therefore, we have either z = x or z = y. Moreover, we
have x < z and y < z. Hence, if z = x, we can see that y < x. While, if z =y,
we can see that x < y. Therefore, (2) also holds.

From this theorem, it is clear that in particular we have

Corollary 12. If X is a min-complete (max-complete) goset, then X is reflexive
and linear.

The importance of reflexive, linear, and antisymmetric gosets is also apparent
from the next two simple theorems.

Theorem 48. If X is an antisymmetric goset, then x <y implies y £ x for all
x,y€X.

Theorem 49. If X is a reflexive and linear goset, then x £ y implies y < x for all
x,y€X.

Proof. If x, y € X suchthat x £ y, then by Theorem 47 we have y < x. Moreover,
by the reflexivity of X, we also have x # y, and hence y # x. Therefore, y < x
also holds.

Remark 48. Therefore, if X is a reflexive, linear, and antisymmetric goset, then for
any x, y € X ,we have

x££y &= x<ly.

Note that, analogously to the equivalences in Remarks 6 and 15, this is again a
Galois connection property.



576 A. Széz

9 The Importance of Reflexivity and Transitivity

Several simple characterizations of reflexivity and transitivity of a goset X, in terms
of the relations uby and lby, and their compositions considered in Sect. 7, have
been given in [49].

Now, by using the techniques of the theory of relator spaces, we shall give some
more delicate characterizations of these properties in terms of the relations inty and
cly and the families 9% and %y .

Theorem 50. For any goset X, the following assertions are equivalent :

(1) X is reflexive,

(2) x e ubx(x) forall x € X,

(3) intx(A) CA forall ACX,

(4) inty(ubx(x)) € ubx(x) forall x€X.

Proof. By Remark 2, it is clear that (1) and (2) are equivalent. Moreover, if A C X
and x € intx(A), then by Definition 2 we have uby(x) € A. Hence, if (2) holds,
we can infer that x € A, and thus (3) also holds.

Now, since (3) trivially implies (4), it remains to show only that (4) also implies
(2). However, for this, it is enough to note only that, for any x € X, we have
uby(x) € ubyx(x), and hence x € inty (ubx(x)) by Definition 2.

From this theorem, by using Theorem 6, we can immediately derive
Corollary 13. For any goset X, the following assertions are equivalent :

(1) X is reflexive,
(3) ACclx(A) forall ACX.
Proof. For instance, if (1) holds, then by Theorem 50, for any A < X, we

have intx(A¢) € A°. Hence, by using Theorem 6, we can already infer that
A Cinty(A°)° = clx(A). Therefore, (2) also holds.

From the above results, by Definition 3, it is clear that we also have
Theorem 51. If X is a reflexive goset, then

(1) Zx={ACX: A=intx(A)},
2) Fx={ACX: A=clx(A)}.
Remark 49. This theorem shows that, in a reflexive goset X, the families % and

Fx are just the collections of all fixed elements of the set-valued functions inty
and cly, respectively.

However, it is now more important to note that, in addition to Theorem 50, we
can also prove the following.
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Theorem 52. For any goset X, the following assertions are equivalent :

(1) X is transitive,

(2) ubyx(x) € I forall x €X,

(3) intxy(A) € Fx forall A CX,

(4) intx(ubx(x)) € 9 forall xeX,

(5) x € inty (intx(ubx(x))) forall xeX.

Proof. If (1) holds, then the inequality relation < in X is transitive. Therefore,
if x € X and y € uby(x), then by Remark 2, for any z € uby(y) we also have
Z € uby(x). Hence, we can see that ubyx(y) < uby(x), and thus by Definition 2
we have y € inty(uby(x)). This shows that uby(x) C inty(ubx(x)), and thus by
Definition 3 we have uby(x) € Jx . Therefore, (2) also holds.

Conversely, if (2) holds, then by Definition 3, for any x € X, we have uby(x) C
inty (ubx(x)). Therefore, by Definition 2, for any y € ubx(x) we have uby(y) C
uby(x). Therefore, z € ubyx(y) implies z € uby(x). Hence, by Remark 2, it is
clear that the inequality relation < in X is transitive, and (1) also holds.

Next, we show that (2) also implies (3). For this, note that if A € X and
x € inty(A), then by Definition 2 we have uby(x) € A. Hence, by using
Theorem 11, we can infer that intX(ubX(x)) C intx(A). Moreover, if (2) holds,
then by Definition 3 we also have uby(x) C inty(uby(x)) . Thus, uby(x) C intx(A)
is also true. Hence, by Definition 2, it follows that x € inty(inty(A)). This
shows that inty(A) C inty(inty(A)), and thus by Definition 3 we also have
inty(A) € Jx . Therefore, (3) also holds.

Now, since (3) trivially implies (4), it remains only to show only that (4) implies
(5), and (5) implies (2). For this, note that if (4) holds, then by Definitions
2 and 3, for any x € X, we have x € inty(uby(x)) < inty (intx(ubx(x))).
Therefore, (5) also holds. Moreover, if (5) holds, then by Definition 2, for any
x € X, we have uby(x) C inty(uby(x)). Therefore, uby(x) € Fx, and thus (2)
also holds.

From this theorem, by using Theorems 6 and 13, we can immediately derive
Corollary 14. For any goset X, the following assertions are equivalent :

(1) X is transitive,
(2) clx(A) € Fx forall ACX.

Now, as an immediate consequence of the above results, we can also state
Theorem 53. For a proset X, we have

(1) Ix ={intxy(A) : ACX},
(2) Fx ={clx(Ad): AcCX}
Remark 50. This theorem shows that in a proset X, the families Jx and %y are

just the ranges of the set-valued functions inty and cly, respectively.

However, it is now more important to note that, by using Theorems 50 and 52,
we can also easily prove the following.
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Theorem 54. For any goset X, the following assertions are equivalent :

(1) X is reflexive and transitive,
(2) intx(A) =J %N P(A) forall ACX,
(3) clx(A) = FxN P~ (A) forall ACX.

Proof. Suppose that (1) holds and A C X. Define
B=inty(4) and C=[]J & N2A).

Then, by Theorems 50 and 52, we can see that B C A and B € %, and thus B €
Ix N P(A). Therefore, BC | Ix N P(A) = C. Moreover, from Theorem 17,
we can see that C C B is always true. Therefore, (2) also holds.

Conversely, if (2) holds, then for any A € X we evidently have inty(A) C A.
Thus, by Theorem 50, X is reflexive. Moreover, by Theorem 16, we can see that
inty(A) € Jx. Therefore, by Theorem 52, X is also transitive. Thus, (1) also
holds.

Now, to complete the proof, it remains to note only that the equivalence of (2)
and (3) is an immediate consequence of Theorems 6 and 13.

Remark 51. This theorem shows that in a proset X the relation inty or cly and the
family Jx or %y are also equivalent tools.

Now, by using Theorems 50 and 52, we can also easily prove the following.

Theorem 55. For any subset A of a proset X, we have

(1) Aeé& ifandonlyif BC A for some B e Ik \ {0},
(2) Ae Dx ifandonlyif A\B # @ forall B e %x\ {X}.

Proof. According to Remark 31, define £ = Jx \ {#} and & = %B*. Then, for
any A C X, we have A € & if and only if B C A for some B € £.

Now, if A € &, then by Remark 25, there exists x € X such that uby(x) C A.
Moreover, by Theorems 50 and 52, we have x € ubyx(x) and uby(x) € J%, and
hence uby(x) € £ . Therefore, A € o/ also holds. This shows that &y C < .

Moreover, from Corollary 8, we can see that &/ C &y is always true. Therefore,
(1) also holds. Now, (2) can be easily derived from (1) by using Theorems 13
and 18.

Remark 52. By Remark 31, assertion (1) means only that, in a proset X, the family
Tx \ {0} is also a base for the stack & .

Beside Remark 51, this also shows that, in a proset X, the families J% and F
are better tools than the families & and Yy .
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10 An Interior Operation and the Preorder Closure

Because of Theorems 50 and 52, in addition to the operations ¢, —1, and oo
mentioned in Sect. 2, we may also naturally introduce some further unary operations
on relations and thus also on gosets.

For instance, in accordance with [44, Definition 3.1], we may naturally introduce

Definition 10. For any goset X, we define a relation <° on X such that
<° (x) = inty (ubx(x))

for all x € X. Moreover, according to a notation of Sect. 2, we write X° = X (<°).
Remark 53. Thus, by the corresponding definitions, for any x, y € X, we have

x <’y < yex’(x) < yeinty(ubx(x)) <= ubx(y) C ubx(x).
Therefore, <° is already a preorder relation on X, and thus X° is a proset.

Moreover, as an immediate consequence of Theorems 50 and 52, we can state

Theorem 56. For any goset X, we have
(1) <°C < if X isreflexive,
(2) <C <° ifandonlyif X is transitive.
Proof. To derive (2) from Theorem 52, note that for any x € X we have

< (x) €< (x) <= ubx(x) < intx(ubx(x)) < x€inty (intx(ubx(x))) :

From this theorem, by Remark 53, it is clear that in particular we also have
Corollary 15. For any goset X, the following assertions are equivalent :
(1) <==<°,
(2) X is a proset,
(3) yeubx(x) <= ubx(y) Cubx(x) forall x,yecX.

Remark 54. Note that, analogously to the statements of Remarks 7 and 16,
assertion (3) is again a Pataki connection property.

Concerning assertion (3), it is also worth mentioning that < is an equivalence
relation on X if and only if it is total and, under the notation X = X (<), for any
x,y € X we have y € uby(x) if and only if uby(x) Nubx(y) # @.

Moreover, from Theorem 56, by using Remark 53 and a basic property of the
relation <°°, we can also immediately derive the following.

Theorem 57. For any goset X, we have
(1) <°C <% jf X is reflexive,
(2) < C<° ifandonlyif X is transitive.

Hence, it is clear that in particular we also have the following.
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Corollary 16. For a reflexive goset X, the following assertions are equivalent :
(1) <°===,

(2) X is transitive.

Remark 55. Now, analogously to Definition 10, for any goset X, we may also
naturally define a relation <™ on X such that

5_ (X) = Clx(llbx(x))

for all x € X. Moreover, now we may also naturally write X~ = X(<7).
Thus, in addition to the inclusions < € <™ and <~ C <, we may also naturally
investigate the inclusions <° C <~ and <~ C <°.(See [44].)

However, it now is more important to note that the generated preorder relations
can always be expressed in terms of the Pervin relations of the open sets defined by
the original relations [26, 27].

Theorem 58. If X is a goset, then for any x € X, we have

<@ =) Re=N{AcTx: xeA}.

Ae Ix
Proof. Recall that, for any A C X, we have Ry = A% U A°xX. Therefore,
Rix)=A if xeA and Rix) =X if xeA°.
Hence, we can easily see that x € Ry(x) and

(Ra o Rp)(x) = Ry [Ra(0)] = U Ra(x) S Ra(x)

X€EA

for all x € X. Therefore, Ax € R4 and R4 o Ry C Ry, and thus R, is a preorder
relation on X.

Hence, by a basic theorem on preorder relations, it is clear that S = ) Ae Ry
is also a preorder relation on X. Moreover, we can note that, for any x € X, we
have

S0 =N R)@= N R =N{deFK: xea}.

Ae Ty Ae Iy

Furthermore, if x € X and y € <* (x), then by using the inclusion <C <
and the transitivity of <°°, we can also easily see that

ubx(y) =<x (y) €< [=® ()] S<®[<® )] = (=¥ 0 =¥)x) < (v).
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Therefore, y € intx( < (x)). This shows that <*° (x) C intx( <> (x)) and
thus <* (x) € Jx. Hence, since x € <*®° (x) also holds, we can already infer
that S(x) € <% (x). Therefore, S C <*° is also true.

On the other hand, if A € J%, then by Remark 18, for any x € A, we have
< (x) = uby(x) € A = Rs(x). Therefore, < C R, . Hence, since R, is a
preorder relation on X, we can already infer that <*°C R2° = R4 . Therefore,
<°°C S, and thus the required assertion is also true.

Remark 56. Note that if X is a goset, then by using Theorem 16 from the above
theorem, we can also see that <*° (x) € Jx forall x € X.

From Theorem 58, we can also immediately derive the following

Corollary 17. For any goset X, the following assertions are equivalent :

(1) X is proset,
(2) E = ﬂAE TIx RA'
Now, according to the definitions of [21, 33], we may also have

Definition 11. A goset X is called well-chained if the inequality relation < in it
is well-chained in the sense that <® = X?2.

Remark 57. By using the definition of <°°, the above property can be reformulated
in a detailed form that for any x, y € X, with x # y, there exists a finite sequence
(xi)i—p in X, with x, = x and x, = y, such that x;,_; < x; forall i =
1,2,...,n.

Remark 58. During the long evolution of the concept of “connected”, the denition
of “chain connectedness”, and also that of “archwise connectedness”, has been
replaced by the present “modern denition of connectedness”. (See Thron [62, p. 29]
and Wilder [66].)

However, in the theory relator spaces, it has turned out that the latter, celebrated
connectedness is a particular case of well-chainedness, and well-chainedness is a
particular case of simplicity. Unfortunately, our fundamental works [20, 21, 31, 33]
on on these subjects were also strongly rejected by the leading topologists working
in the editorial boards of various mathematical journals.

In this respect, it is also worth mentioning that Csédszdr [9] also observed
that “the concept of a connected set belongs rather to the theory of generalized
topological spaces instead of topology in the strict sense.” However, he has not
quoted our former paper [33], despite that he knew that each increasing operation
y on H(X), with y(X) = X, can be written in the form y = intgp with some
nonvoid relator Z on X. (For the proof of this and some more general results, see
[41] and the references therein.)
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By using Definition 11, from Theorem 58, we can easily derive the following.

Theorem 59. For a goset X, the following assertions are equivalent :

(1) X is well-chained,

2) Fx={9.X},

2) Fx=1{0, X}

Proof. To see that (1) implies (2), note that, by Theorem 58, for any x € X, we
have

<®@x)=N{AcJ: xecA}.

Therefore, for any A € 9 and x € A, we have <% (x) C A. Moreover, if (1)
holds, then <®= X2, and thus <% (x) = X for all x € X. Therefore, if A %0,
then A = X, and thus (2) also holds.

Remark 59. This theorem shows that, analogously to Example 1, the families Ik
and %y in a well-chained goset X are also quite useless tools.

Now, in addition to Theorem 59, we can also easily prove the following.

Theorem 60. For a proset X, the following assertions are equivalent :

(1) X is well-chained,
(2) & ={X},
(3) Ix = Z(X)\{9}.

Proof. If (1) holds, then by Theorems 55 and 59, it is clear that (2) also holds.
(Note that this implication can also be easily proved by using the corresponding
definitions.)

On the other hand, if (2) holds, then by Remark 25, for any x € X, we
necessarily have uby(x) = X, and thus < (x) = X. Therefore, <= X2, and
thus (1) also holds.

This shows that (1) and (2) are equivalent. Moreover, by Theorem 19, it is
clear that (2) and (3) are always equivalent.

Remark 60. In [33], as a consequence of some other results, we have proved that
if X = X(Z) is a relator space with &% # @ and card(X) > 1, then X is
paratopologically well-chained if and only if & = {X}.

Moreover, X is paratopologically connected if and only if & S Zx . Therefore,
the “hyperconnectedness,” introduced by Levine [22] and studied by several further
authors, is a particular case of our paratopological connectedness.
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11 Comparisons of Inequalities

Because of the inclusion < C <, itis also of some interest to prove the following.

Theorem 61. For any two gosets X| = X (<) and X, = X(<;), the following
assertions are equivalent :

(1) <1C =y,
(2) uby, C uby,,
(3) Iby, C Iby,.

Proof. If (1) holds, then by Remark 2, we have uby, (x) =<; (x) €<, (x) =
uby, (x) for all x € X. Hence, by using Corollary 1, we can already infer that

uby,(A) = [ uby,(a) € [ uby,(a) = uby,(A)

a€A a€A

for all A C X. Therefore, (2) also holds.
Conversely, if (2) holds, then in particular, we have

uby, (x) = ubxl({x}) - ubxz({x}) = uby, (x),

and hence <; (x) € <, (x) forall x € X. Therefore, (1) also holds.
This shows that (1) and (2) are equivalent. Hence, by using Theorem 1, we can
easily see that (1) and (3) are also equivalent.

From this theorem, by Definition 8, it is clear that in particular we also have

Corollary 18. For any two gosets X = X(=<1) and X, = X(<3), with <1 C <,,
we have Uy, < Uy, .

Proof. Namely, if A € %Y,, then by Definition 8 we have A C uby,(A).
Moreover, by Theorem 61, now we also have uby,(A) € uby,(A). Therefore,
A C uby,(A), and thus A € %, also holds.

Remark 61. Noteif X is areflexive and antisymmetric goset, then by Theorems 42
and 43 we have % = {{0}} U {{x}}xex-

Therefore, the converse of the above corollary need not be true even if in parti-
cular X; = X(<1) and X; = X(<,) are posets.

However, by using Theorem 61, we can also easily prove the following.

Theorem 62. For any two gosets X1 = X(<1) and X, = X(<,), the following
assertions are equivalent :

(1) =1C =y,
(2) intX2 g intxl,
(3) Cle - ClX2~
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Proof. If A € X and x € intx,(A), then by Definition 2 we have uby,(x) C A.
Moreover, if (1) holds, then by Theorem 61 we also have uby,(x) € uby,(x).
Therefore, uby,(x) € A, and thus x € intx,(A) is also true. This, shows that
inty,(A) C inty, (A) forall A € X. Therefore, (2) also holds.

Moreover, if (2) holds, then by using Theorem 6 we can easily see that (3) also
holds. Therefore, we need only show that (3) also implies (1). For this, note that
if (3) holds, then in particular by Remark 12 we have

by, (x) = cly, ({x}) S clx, ({x}) = lbx, (x)

for all x € X. Hence, by using Corollary 1, we can see that lbx,(A) € lbx,(A)
forall A C X. Therefore, lby, € lby,, and thus by Theorem 61 assertion (1) also
holds.

From this theorem, by Definitions 3 and 4, it is clear that we also have

Corollary 19. For any two gosets X1 = X(<1) and X, = X(<;), with < C <,
we have

(I) L%(z g f%{];

(2) sz g yxl,

(3) &k, S &,

(4) Dx, € Dx,.

Proof. For instance, if A € Zx,, then by Definition 4 we have X = cly,(A).

Moreover, by Theorem 62, now we also have clx,(A) C clx,(A). Therefore,
X =clx,(A), and thus A € P, also holds. Therefore, (4) is true.

Now, by using the above results and Theorems 17 and 54, we can also prove

Theorem 63. For any goset X; = X(<1) and proset X, = X(=<,), the following
assertions are equivalent :

(1) <1C€ =,
(2) x, € x,,
(3) Fx, C Fx,.

Proof. If (1) holds, then by Corollary 19 assertion (2) also holds. Conversely, if
(2) holds, then by Theorems 17 and 54 we have

inty,(4) = () %, N 2(A) < | ] %, N 2(A) C intx, (A)

for all A € X. Therefore, inty, C inty,, and thus by Theorem 62 assertion (1)
also holds.

This shows that (1) and (2) are equivalent. Moreover, by Theorem 13, it is clear
that (2) and (3) are always equivalent.

However, concerning fat and dense sets, we can only prove the following.
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Theorem 64. For any two gosets X| = X(<1) and X, = X(<,), the following
assertions are equivalent :

(1) &, C &x,,

(2) Zx, € Dx,,

(3) There exists a function ¢ of X to itself such that <, o
(4) There exists a relation R of X to itself such that <, oR

1,

Proof. By Remarks 2 and 25, for any x € X, we have <; (x) € &, . Therefore,
if (1) holds, then we also have <, (x) € &x, . Hence, by using Remarks 2 and 25,
we can infer that there exists y € X such that <, (y) € <; (x).

Hence, by the axiom of choice, it is clear that there exists a function ¢ of X to
itself such that <, ((p(x)) C <1 (x), and thus (<; o@)(x) € <; (x) for all
x € X. Therefore, (3) also holds.

On the other hand, if (3) holds, then by Remark 2 for any x € X, we have
uby, ((p(x)) =<, (go(x)) C <; (x) = uby, (x). Hence, by Remark 25, it is clear
that (1) also holds.

Now, since (3) trivially implies (4), and (3) follows from (4) by choosing a
selection function ¢ of R, it remains only to note that, by Theorem 18, assertions
(1) and (2) are also equivalent.

Finally, we note that, by using the above theorem, we can also easily prove the
following theorem whose converse seems not to be true.

Theorem 65. If X; = X(<|) and X, = X(=<;) are gosets, with <| C <,, such
that either &x, C &x, or Dx, € Dx,, then there exists a function ¢ of X to
itself such that <;=<,0¢%®.

Proof. Now, by Theorem 64, there exists a function ¢ of X to itself such that
<, op C <;. Hence, by using that <; € <,, we can already infer that

<jop C<y09p C<;C<y andthus <jo0p> C<,0¢p C<.
Hence, by induction, it is clear that we actually have <; op” C <, forall n € N.

Moreover, we can also note that <; 0 * =<, 0 Ay = <.
Hence, by using a basic theorem on relations, we can infer that

S109® =

IA

00 00 00
1oJe"=U <10¢"c U =1==1.
n=0 n=0 n=0

0

Thus, since <;=<;0¢" C <| 09, the required equality is also true.
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12 The Importance of the Preorder Closure
and Complementation

From the inclusion < C <°°, by using Theorems 61 and 62 and the notation X°° =
X (<*°), we can immediately derive the following.

Theorem 66. For any goset X, we have

(1) ubx S ubxeo,
(2) lbx < lbxeo,
(3) intxoo - intx,
(4) Clx - C1X00.

Moreover, by using Corollary 19, Remark 56, and Theorem 13, we can also
prove the following.

Theorem 67. For any goset X, we have

(1) Ix = Fxoo,
(2) Fx = Fxoo,
(3) Exoo C &,

(4) Dx C Dxoo.

Proof. From Corollary 19, we can at once see that the inclusions (3), (4), and
Txeo C Iy are true.

On the other hand, if A € %, then by Theorem 58 we have <*° (x) C A forall
x € A. Hence, by Remark 18, we can see that A € Fyoo . Therefore, Jx C Ik,
and thus (1) is also true. Hence, by Theorem 13, it is clear that (2) is also true.

Remark 62. Note that if X is as in Example 1, then 9% = {@, X}, and thus by
Theorems 59 and 60, we have &yeo = {X}. However, because of Remark 25, &x
is quite a large subfamily of #?(X). Therefore, the equalities in (3) and (4) need
not be true.

Now, by using Theorems 63 and 67 and Corollary 18, we can also prove

Theorem 68. For any two gosets X, = X(<1) and X, = X(=<,), the following
assertions are equivalent :

(1) Fx, S x,,
(2) yX? - yxl,
(3)
(4)
Proof. If (1) holds, then by Theorem 67 we can see that %@o C Jx, alsoholds.
Hence, by using Theorem 63, we can already infer that (3) also holds.

Moreover, if (3) holds, then by using the corresponding properties of the

operation oo, we can also easily see that <{° C <$°*°=<%° and thus (4) also
holds.
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On the other hand, if (4) holds, then because of <; C <{° it is clear that (3)
also holds. Moreover, if (3) holds, then by using Theorem 67 and Corollary 19, we
can see that Jy, = ﬂxfo C Jx,, and thus (1) also holds. Now, to complete the
proof, it remains only to note that, by Theorem 13, assertions (1) and (2) are also
equivalent.

Remark 63. From this theorem, we can at once see that, for any two gosets X| =
X(<) and X, = X(<,), we have

Iy, €' T, = X <X

in the sense that <;C <5°.

This shows that, analogously to Remarks 7 and 16, the set-valued functions .7
and oo also form a Pataki connection.

Thus, the counterparts of the corresponding parts of Remarks 8 and 16 can also
be stated. However, it would be more interesting to look for a generating Galois
connection.

Now, by Theorems 64 and 65, we can also state the following two theorems.

Theorem 69. For any goset X, the following assertions are equivalent :

(1) & C Exoo,

(2) Dxoo C Ix,

(3) there exists a function ¢ of X to itself such that <*° op C <,
(4) there exists a relation R of X to itself such that <*° oR C <.

Remark 64. Note that, by Theorem 67, we may write equality in the assertions (1)
and (2) of the above theorem and also in the conditions of the following.

Theorem 70. If X is a goset, such that &x C &xoo, or equivalently Dy T Dy,
then there exists function ¢ of X to itself such that <= <o,

Finally, we note that, by using the notation X¢ = X (<¢), we can also prove the
following particular case of [47, Theorem 4.11], which in addition to the results of
[17,57] also shows the importance of complement relations.

Theorem 71. For any goset X, we have
(1) by = (clx),
(2) Clx = (leC)C.
Proof. By using Remarks 4 and 13, instead of Corollary 1 and Theorem 10, we can
at once see that
Iby(A) =1bx(A)° = > [A] = clxc(A)

for all A € X. Therefore, lby = clx., and thus (1) is also true.
Now, (2) can be immediately derived from (1) by writing X¢ in place of X and
applying complementation.



588 A. Széz

Remark 65. This theorem shows that the relations lby and cly are also equivalent
tools in the goset X.

Hence, by Remarks 3 and 10, it is clear that the relations uby and inty are also
equivalent tools in the goset X.

Remark 66. By using Theorem 1 and Corollary 3, and the corresponding proper-
ties of inversion and complementations, the assertions (1) and (2) of Theorem 71
can be reformulated in several different forms.

For instance, as an immediate consequence of Theorem 71 and Corollary 3, we
can at once state the following.

Corollary 20. For any goset X, we have

(1) lby = intxc 0%,

(2) inty = lbxc 0 %.

Remark 67. Analogously to Theorem 10, the above results also show that, despite

Remark 2, there are cases when the relation lby is a more convenient tool in the
goset X than uby .

13 Some Further Results on the Basic Tools

As some converses to Theorems 3, 9, 16, and 24, we can also easily prove the
following theorems.

Theorem 72. If @ is a relation on P (X) to X, for some set X, such that
Q’(U A,-) = 2(4)
iel iel
for any family (A;);c; subsets of X, then there exists a relation < on X such that,

under the notation X = X (<), we have @ = uby (@ = lby).

Proof. For any x,y € X, define x <y if y € @(x), where @(x) = <D({x}).
Then, by Remark 2, we have @(x) = uby(x) for all x € X. Hence, by using the
assumed union-reversingness of @ and Corollary 1, we can already see that

®(4) = M (@) = ) ubx(a) = ubx(4)

a€A a€A

forall A C X. Therefore, @ = uby is also true.
This proves the first statement of the theorem. The second statement can be
derived from the first one by using Theorem 1.

Theorem 73. If ¥ is a relation on P (X) to X, for some set X, such that

w(Uai)=U ()

i€l i€l
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for any family (A;);e; subsets of X, then there exists a relation < on X such that,
under the notation X = X(<), we have ¥ = cly.

Proof. For any x,y € X, define x <y if x € ¥(y), where ¥(y) = ¥({y}).
Then, by Remark 2, we have lbx(y) = ¥(y) for all y € X. Hence, by using the
assumed union preservingness of ¥ and Theorem 10, we can already see that

w(4)= U %) = U Ibx(a) = clx(4)

a€A a€A

for all A C X. Therefore, the required equality is also true.
From this theorem, by using Corollary 3, we can easily derive the following.

Corollary 21. If @ isa relation on P (X) to X, for some set X, such that

¢(m A,-) =N @(4)

i€l i€l

for any family (A i)i o, Of subsets of X, then there exists a relation < on X such
that, under the notation X = X(<), we have @ = inty.

Proof. Define ¥ = (@ o %)¢. Then, by using the assumed intersection-
preservingness of & and De Morgan’s law, we can see that ¥ 1is an
union-preserving relation on (X) to X. Therefore, by Theorem 73, there
exists a relation < on X such that in the goset X = X(<) we have
¥ = cly. Hence, by using the definition of ¥ and Corollary 3, we can see
that @ = (lI/ o ‘5)6 = (clxocf)c = inty also holds.

Theorem 74. If <7 is a family of subsets of a set X such that < is closed under
arbitrary unions and intersections, then there exists a preorder relation < on X
such that, under the notation X = X(<), we have of = I (o = Fx).

Proof. Define

<=1 Ra where Ry =A%U A°xX.
AeA

Then, from the proof of Theorem 58, we know that < is a preorder relation on X
such that, under the notation X = X (<), for any x € X we have

uby(x) =< (x) = {Aeo: xecA}.

Hence, since <7 is closed under arbitrary intersections, it is clear that ubyx(x) €
o/ for all x € X. Moreover, we can also note that x € uby(x) forall x € X.

Therefore, if V € J%, thatis, by Remark 18 we have ubx(x) € V for all
x € V, then we necessarily have V = Uer uby(x). Hence, since & is also
closed under arbitrary unions, it is clear that V € o/ . Therefore, 9 C o/ .
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Conversely, if V € 7, then for any x € V we have
ubx(x) = ({A e : xeA}CV.

Therefore, by Remark 18, we have V € J%. Thus, &/ C J also holds.

This proves that &/ = J, and thus the first statement of the theorem is true.
The second statement of the theorem can be derived from the first one by using
Theorem 14.

Remark 68. In principle, the first statement of the above theorem can also be proved
with the help of Corollary 21 . However, this proof requires an intimate connection
between interior operations and families of sets.

For this, one can note that if @ is a relation on & (X) to X such that

®(B) =|_J (¢ n2(B))

for all B C X, then by this definition and the assumed union property of <7, we
have
() &/ ={BCX: B=®(B)}, (b) ®(B) € &N P(B) forall B C X.
Moreover, by using (b), the assumed intersection property of </ and the
definition of @, we can see that @ is union preserving.

However, it is now more important to note that, analogously to Theorem 74, we
also have the following.

Theorem 75. If <7 is a nonvoid stack in X, for some set X, having a base %
with card(#) < card(X), then there exists a relation < on X such that, under the
notation X = X(<), we have o/ = &x.

Proof. Since card(#) < card(X), there exists an injective function ¢ of % onto
asubset Y of X. Choose B € # and define a relation < on X such that

<@ =¢ 'x) if xevY and <@x)=B if xeY"“.
Then, under the notation X = X (<), we evidently have
B = {ubx(x): xeX}.
Hence, since 4 is a base of <7, we can already infer that
of = {AgX: dxeX: ubx(x) QA} = éx.
Remark 69. Now, a corresponding theorem for the family Zx should, in principle,
be derived from the above theorem by using either Theorem 18 or 19.

However, it would now be even more interesting to prove a counterpart of
Theorems 74 and 75 for the family % .
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14 Increasing Functions

Increasing functions are usually called isotone, monotone, or order-preserving in
algebra. Moreover, in [11, p. 186] even the extensive maps are called increasing.
However, we prefer to use the following terminology of analysis [38, p. 128].

Definition 12. If f is a function of one goset X to another Y, then we say that :

(1) f isincreasing if u <v implies f(u) <f(v) forall u, v € X.
(2) f is strictly increasing if u < v implies f(u) < f(v) forall u, v € X.

Remark 70. Quite similarly, the function f may, for instance, be called decreasing
if u <v implies f(v) < f(u) forall u, v € X.

Thus, we can note that f is a decreasing function of X to Y if and only if it is an
increasing function of X to the dual Y~! of Y.

Therefore, the study of decreasing functions can be traced back to that of the
increasing ones. The following two obvious theorems show that almost the same is
true in connection with the strictly increasing ones.

Theorem 76. If f is an injective, increasing function of one goset X to another Y,
then f is strictly increasing.

Remark 71. Conversely, we can at once see that if f is a strictly increasing function
of an arbitrary goset X to a reflexive one Y, then f is increasing.

Moreover, we can also easily prove the following

Theorem 77. If f is a strictly increasing function of a linear goset X to an arbit-
rary one Y, then f is injective.

Proof. If u, v € X such that u # v, then by Remark 47 we have either u < v
or v < u. Hence, by using the strict increasingness of f, we can already infer that

either f(u) < f(v) or f(v) < f(u), and thus f(u) # f(v).
Now, as an immediate consequence of the above results, we can also state

Corollary 22. For a function [ of a linear goset X to a reflexive one Y, the follo-
wing assertions are equivalent :
(1) f is strictly increasing,
(2) f isinjective and increasing.
In this respect, the following is also worth proving.

Theorem 78. If f is a strictly increasing function of a linear goset X onto an
antisymmetric one Y, then f =\ is a strictly increasing function of Y onto X.

Proof. From Theorem 77, we know that f is injective. Hence, since f[X] =Y,
we can see that f —1 is a function of Y onto X. Therefore, we need only show that
f~Vis also strictly increasing.
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For this, suppose that z, w € Y such that z < w. Define u = f~!(z) and
v = f~'(w). Then, u, v € X such that z = f(u) and w = f(v). Hence, since
Z # w, we can also see that u # v. Moreover, by Remark 47, we have either
u < v or v < u. However, if v < u, then by the strict increasingness of f we
also have f(v) < f(u), and thus w < z. Hence, by using the inequality z < w and
the antisymmetry of ¥, we can already infer that z = w. This contradiction proves
that u < v, and thus f~!(z) <f~'(w).

Hence, by using Theorem 76 and Remark 71, we can immediately derive

Corollary 23. If f is an injective, increasing function of a reflexive, linear goset
X onto an antisymmetric one Y, then f~ is an injective, increasing function of Y
onto X.

Analogously to [58], we shall now also use the following.

Definition 13. If ¢ is an unary operation on a goset X, then we say that :

(1) ¢ is extensive (intensive) if Ax < ¢ ((p < AX).
(2) @ is upper (lower) semi-idempotent if ¢ < ¢? (qu < go) .

Remark 72. Moreover, ¢ may be naturally called upper (lower) semi-involutive if
@? is extensive (intensive). Thatis, Ay < ¢? (¢? < Ax).

Remark 73. In this respect, it is also worth noticing that ¢ is upper (lower)
semi-idempotent if and only if its restriction to its range is extensive (intensive).
Therefore, if ¢ is extensive (intensive), then ¢ is upper (lower) semi-idempotent.

The importance of extensive operations is also apparent from the following.

Theorem 79. If ¢ is a strictly increasing operation on a min-complete, antisym-
metric goset X, then ¢ is extensive.

Proof. If ¢ is not extensive, then the set A = {x € X : x £ ¢(x)} is not void.
Thus, by the min-completeness of X, there exists ¢ € miny(A). Hence, by the
definition of miny, we can see that a € A and a € lbx(A). Thus, in particular,
by the definition of A, we have a £ ¢(a). Hence, by using Corollary 12 and
Theorem 49, we can infer that ¢(a) < a. Thus, since ¢ is strictly increasing,
we also have go(go(a)) < ¢(a) . Hence, by using Theorem 48, we can infer that
p(a) £ (p((p(a)) . Thus, by the definition of A, we also have ¢(a) € A. Hence, by
using that a € lbx(A), we can infer that a < ¢(a). This contradiction shows that
@ is extensive.

Remark 74. To feel the importance of extensive operations, it is also worth noticing
that if ¢ is an extensive operation on an antisymmetric goset, then each maximal
element x of X is already a fixed point of ¢ in the sense that ¢(x) = x.

This fact has also been strongly emphasized by Brgndsted [6]. Moreover,
fixed point theorems for extensive maps (which are sometimes called expansive,
progressive, increasing, or inflationary) were also proved in [19], [11, p. 188], and
[29].
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The following theorem shows that, in contrast to the injective, increasing
functions, the inverse of an injective, extensive operation need not be extensive.

Theorem 80. If ¢ is an injective, extensive operation on an antisymmetric goset
X such that X = ¢ [X] and ¢ =" is also extensive, then ¢ = Ay .

Proof. By the extensivity of ¢ and ¢!, for every x € X, we have x < ¢(x)

and ¢(x) < ¢~ !(¢(x)). Hence, by noticing that ¢ ~'(¢(x)) = x and using the
antisymmetry of X, we can already infer that ¢(x) = x, and thus ¢(x) = Ax(x).
Therefore, the required equality is also true.

From this theorem, by using Theorems 78 and 79, we can immediately derive

Corollary 24. If ¢ is a strictly increasing operation on a min-complete, antisym-
metric goset X such that X = ¢ [X], then ¢ = Ax.

Proof. Now, from Corollary 12 and Theorem 78, we can see that ¢ ! is also strictly

increasing. Thus, by Theorem 79, both ¢ and ¢ ' are extensive. Therefore, by
Theorem 80, the required equality is also true.

In general, the idempotent operations are quite different from both upper and
lower semi-idempotent ones. However, we may still naturally have the following.

Definition 14. An increasing, extensive (intensive) operation is called a preclosure
(preinterior) operation. And, a lower semi-idempotent (upper semi-idempotent)
preclosure (preinterior) operation is called a closure (interior) operation.

Moreover, an extensive (intensive) lower semi-idempotent (upper semi-
idempotent) operation is called a semiclosure (semi-interior) operation. While,
an increasing and upper (lower) semi-idempotent operation is called an upper
(lower) semimodification operation.

Remark 75. Thus, ¢ is, for instance, an interior operation on a goset X if and only
if it is a closure operation on the dual X' of X.

15 Algebraic Properties of Increasing Functions

Concerning increasing functions, we can also prove the following.

Theorem 81. For a function f of one goset X to another Y, the following
assertions are equivalent :

(1) f isincreasing,
(2) flubx(x)] < uby(f(x)) forall x € X,
(3) flubx(A)] S uby(f[A]) forall ACX.

Proof. If A C X and y € f[ubx(A)], then there exists x € ubyx(A) such that
y = f(x). Thus, for any a € A, we have a < x. Hence, if (1) holds, we can infer
that f(a) < f(x), and thus f(a) <y. Therefore, y € uby(f[A]), and thus (3) also
holds.
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The remaining implications (3) = (2) = (1) are even more obvious.
From this theorem, by using Definition 8, we can immediately derive

Corollary 25. If f is an increasing function of one goset X to another Y, then for
any A € U we have f[A] € U .

Proof. Namely, if A € %, then by Definition 8, we have A C uby(A). Hence,
by using Theorem 81, we can infer that f[A] € f[ubx(A)] C uby(f[A]). Thus,
by Definition 8, we also have f[A] € %y .

Moreover, by using Theorem 81, we can also prove the following.

Theorem 82. If f is an increasing function of one goset X onto another Y, then
forany B C Y we have

uby (f ' [B]) < £~ [uby(B)].
Proof. Now, by Theorem 81 and a basic theorem on relations, we have
£ lubx(F7'(B1)] S uby (F[f7'[B]]) = uby ((fof ") [B]).

Moreover, by using that Y is the range of f, we can easily see that Ay C fof~L.
Hence, we can immediately infer that B C (f o f~') [B], and thus also

Uby((fof_l) [B]) € uby(B).

Therefore, we actually have f [ubx(f~'[B])] € uby(B), and thus also

(f o f) [ubx(F7'[B1) ] =f" [f[ubx(F~'[B]) ]] < £~ [uby(B)].

Moreover, since X is the domain of £, we can note that Ax € f~'o f, and thus

ubx(F '[B]) S (f o f) [ubx(F'[B])].

Therefore, the required inclusion is also true.
Now, as a partial converse to this theorem, we can also prove the following.

Theorem 83. If f is an injective function of one goset X to another Y such that

ubx (F 7' [B]) € £~ [uby(B)]

forall B C X, then f is increasing.

Proof. Now, by some basic theorems on relations, for any B C Y, we also have

Flubx(F'[B]) ] S£[f " [uby(B)]] = (Fof ") [uby(B)].
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Moreover, since f is a function, we also have f o f —l € Ay, and thus also (f o
f_l) [uby(B)] < uby(B). Therefore, we actually have

flubx(F~'[B])] S uby(B).

Hence, it is clear that, for any A C X, we have

Slubx ((F~'of)[A]) ] = fubx (T [fTA]])] < uby(f[A]).

Moreover, by using that f is injective, we can note that f~' o f € Ay, and thus
also (f~'of)[A] € A. Hence, we can infer that ub,(A) € uby ((f~'of)[A]),
and thus also

flubx(A)] € fubx ((For)[A])].

Therefore, we actually have

£ [ubx(4)] < uby(f[A]).

Hence, by Theorem 81, we can already see that f is increasing.

Remark 76. Note that f is an increasing function of X to Y if and only if it is an
increasing function of X ~!to Y.

Therefore, in the above theorems, we may write Ib in place of ub. However,
because of Theorems 29 and 4, we cannot write sup instead of ub.

Despite this, by using Theorem 81, we can also prove the following.

Theorem 84. For a function f of a reflexive goset X to an arbitrary one Y, the
following assertions are equivalent :

(1) fisincreasing,

(2) f[maxx(A)] C uby(f[A]) forall AC X,

(3) fmaxx(A)] < maXy(f[A]) forall A CX,

(4) f[maxx(A)] < uby(f[A]) forall A C X with card(A) < 2.

Proof. If (1) holds, then by Theorem 81 and a basic theorem on relations, for any
A C X, we have

fmaxx(A)] =f[ANubx(A)] S f[A] NS [ubx(A)]
Cf[A] ﬁuby(f[A]) = maxY(f[A]).
Therefore, (3) also holds even if X is not assumed to be reflexive.

Thus, since the implication (3) = (2) = (4) trivially hold, we need only
show that (4) also implies (1). For this, note thatif u, v € X such that u < v, then
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by taking A = {u, v} and using the reflexivity of X we can see that v € ubx(A),
and thus

v €ANubyx(A) = maxy(A).
Hence, if (4) holds, we can infer that

f(v) € flmaxx(A)] C uby(F[A]) = uby({f (). f(v)}).

Thus, in particular f(«) < f(v), and thus (1) also holds.
Now, as a useful consequence of this theorem, we can also easily prove

Corollary 26. If f is a function on a reflexive goset X to an arbitrary one Y such
that

[ [supx(A)] S supy(F[A])

forall A C X with card(A) <2, then f is already increasing.
Proof. If A is as above, then by Theorems 29 and 32 we have

flmaxx(A)] C f[supx(A)] C supy(f[A]) S uby(f[A]).

Therefore, by Theorem 84, the required assertion is also true.

Because of Theorems 29 and 4, a converse of this corollary is certainly not true.
However, by using Theorem 81, we can also prove the following two theorems.

Theorem 85. If f is an increasing function of one goset X to another Y, then for
any A C X we have

Iby (uby(f[A])) S Iby (f [ubx(A)]).

Proof. Now, by Theorem 81, we have f [ubx(A)] € uby(f[A]). Hence, by using
Theorem 4, we can immediately derive the required inclusion.

Theorem 86. If f is an increasing function of one sup-complete, antisymmetric
goset X to another Y, then for any A C X we have

supy(f [A]) Sf(squ(A))'

Proof. If a = supy(A), then by Theorems 29 and 45 and, and the usual
identification of singletons with their elements, we also have o € uby(A), and
thus f(a) € f[ubx(A)]. Hence, by using Theorem 81, we can already infer that

f(@) € uby(f[A]).
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While, if 8 = supy( flA] ) then by Theorems 29 and 45, and the usual
identification of singletons with their elements, we also have 8 € lby (llby( fIA] )) .
Hence, by using that f(«) € uby(f [A]) we can already infer that 8 < f(«), and
thus the required equality is also true.

By using the dual of Theorem 81 mentioned in Remark 76, we can quite similarly
prove the following theorem which can also be derived from Theorem 86 by
dualization.

Theorem 87. If f is an increasing function of one inf-complete, antisymmetric
goset X to another Y, then for any A C X we have

f(infy(A)) < infy(f[A]).

Remark 77. Note that, by Theorem 34, in the latter theorem we may also write
sup-complete instead of inf-complete.

Therefore, as an immediate consequence of Theorems 86 and 87, we can state

Corollary 27. If f is an increasing function of a sup-complete, antisymmetric goset
X to a sup-complete, transitive and antisymmetric goset Y, and A is a nonvoid
subset of X such that f(infx(A)) =f(supX(A)), then

infy(f [A]) =f(ian(A)) and supy(f [A]) =f(supX(A)) .

16 Topological Properties of Increasing Functions

In principle, the following theorem can be derived from the dual Theorem 81 by
using Theorem 71. However, it is now more convenient to give a direct proof.

Theorem 88. For a function f of one goset X to another Y, the following
assertions are equivalent :

(1) f isincreasing,

(2) flelx(A)] Ccly(f[A]) forall ACX,

(3) ch(f_l[B]) crf! [cly(B)] forall BCBCY,
(4) f~'[inty(B)] C intX(f_l[B]) forall BCY.

Proof. If A € X and y € f[clx(A)], then there exists x € clxy(A) such that
y = f(x). Thus, by Definition 2, we have ubx(x) N A # @. Therefore, there
exists a € A such that a € uby(x), and thus x < a. Hence, if (1) holds, we
can infer that f(x) < f(a), and thus f(a) € uby(f(x)) = uby(y). Now, since
f(a) € f[A] also holds, we can already see that f(a) € uby(y) Nf[A], and thus
uby(y) Nf[A] # @. Therefore, by Definition 2, we also have y € cly(f[A]).
This shows that f[cly(A)] € cly(f[A]), and thus (2) also holds.
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While, if B C Y, then f~![B] C X. Therefore, if (2) holds, then we have

flex(F'BD ] S ey (F[F7BI]) =cly ((Fof™") [B]) -

Moreover, since f is a function, we can easily see that f o f —I c Ay, and thus
(f Of_l) [B] € B. Hence, by using Theorem 11, we can infer that

cly ((Fof™")[B]) S cly(B).

Therefore, we actually have f [clx (f -1 [B]) ] C cly(B), and thus also

o) [ex(F BN =7 [f[ex(FIBI) ] S £ [cln(B) ]
Moreover, since X is the domain of f, we can note that Ay C f 1o f, and thus
cx(F7'[B]) € (F'of) [clx(F'[B])]-

Therefore, we actually have cly(f~'[B]) € f~'[cly(B)], and thus (3) also holds.
On the other hand, if B C Y, then by using Theorem 6 and a basic fact on
inverse images, we can also see that

M inty(B)] = f [ elyB) | = [ly(B) ]°.

Moreover, if (3) holds, then we can also see that clx(f*1 [B€ ]) C f ' cly(B9)],
and thus

Fely(B) ]S C ey (P [B])C = clx(F ' [B]€)€ = intx(F ' [B]).
This shows that f ! [inty(B)] C inty(f ~'[B]), and thus (4) also holds.

Now, it remains to show that (4) also implies (1). For this, note that, by
Definition 2, for any x € X we have f(x) € inty (uby(f(x))), and thus

xef! (f(x)) C f_l[inty(uby(f(x))) ] .
Moreover, if (4) holds, then we also have
f_l [inty(uby(f(x))) ] - intx(f_l [Uby(f(.x)) ] ) .

This shows that x € inty(f ™' [uby(f(x))]), and thus by Definition 2 we have
uby(x) € f~!'[uby(f(x))]. Hence, we can already infer that

flubx()] S F[f 7 Tuby(f())] = (Fof ™) [uby(f(x))] S uby(f(x)).

Therefore, by Theorem 81, assertion (1) also holds.
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From this theorem, by using Definition 3, we can immediately derive
Corollary 28. If f is an increasing function of one goset X to another Y, then

(1) Be Jy implies f~'[B] € I,
(2) B e Zy implies f~'[B] € Fx.

Proof. If B € Jy, then by Definition 3 we have B C inty(B). Hence, by using
Theorem 88 and the increasingness of f, we can already infer that

f7'[B] < f7'[inty(B)] < intx(F'[B]).

Therefore, by Definition 3, we also have f~'[B] € .

This shows that (1) is true. Moreover, by using Theorem 13, we can easily see
that (1) and (2) are equivalent even if f is not assumed to be increasing.

For instance, if B € %y, then by Theorem 13, we have B¢ € Jx. Hence, if
(1) holds, we can infer f~'[B¢] € Jx. Now, by using that f~'[B°] = f~'[B]°,
we can already see that f~'[B]¢ € %, and thus by Theorem 13 we also have
f'[B] € Zx . Therefore, (2) also holds.

Remark 78. Moreover, if f is as in the above corollary, then by using the assertion
(2) of Theorem 88 we can immediately see that if A C X such that f[A] € Fy,
then f[clx(A)] S f[A]. Note that this fact can also be derived from Corollary 28.

However, it is now more important to note that, in addition to the Corollary 28,
we can also prove the following.

Theorem 89. For a function f of a goset X to a proset Y, the following assertions
are equivalent :

(1) f isincreasing,

(2) Be€ Jy implies f~'[B] € %,

(3) B e Zy implies f~'[B] € Zx.

Proof. Now, by Corollary 28 and its proof, we need actually show only that (3) also
implies (1). For this, note that if B C Y, then by Corollary 14 we have cly(B) €

Fy . Hence, if (3) holds, we can infer that f~![cly(B)] € Fx. Therefore, by
Definition 3, we have

cly (f '[ely(B)]) S f ' [cly(B)].

Moreover, by Corollary 13, now we also have B < cly(B), and thus also
f7'[B] €f'[cly(B)]. Hence, by using Theorem 11, we can infer that

cly (f'[B]) € clx (f ' [cly(B)]) .
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This shows that

cy (F7'[B]) < /7 [clv(B)].

Therefore, by Theorem 88, assertion (1) also holds.

Remark 79. Note that the assertion (2) of Theorem 88, and the assertions (3) of
Theorems 81 and 84, are more natural than the assertions (3) and (4) of Theorem 88
and the assertions (2) and (3) of Theorem 89.

Namely, the assertion (2) of Theorem 88, in a detailed form, means only that, for
any A C X, the inclusion x € clx((A) implies f(x) € cly(f [A]) . That is, if x is
“near” to A in X, then f(x) is also “near”to f[A] in Y.

Actually, the nearness of one set to another is an even more natural concept than
that of a point to a set. Note that, according to a general definition of Szdz [47],
for any two subsets A and B of a goset X, we have B € Clx(A) if and only if
clx(A)NB#0.

Now, by using Theorem 88, we can also prove the following.

Theorem 90. If f is an increasing function of one goset X onto another Y, then

(1) Ae Dx implies f[A] € Dy,
(2) Be & implies f~'[B] € &.

Proof. If A € Py, then by Definition 4 we have X = cly(A). Hence, by using
Theorem 88 and our assumptions on f, we can already infer that

Y =f[X]=f[clx(4)] C cly(f[A]).

and thus ¥ = cly(f[A]). Therefore, by Definition 4, we also have f[A] € Py .
This shows that (1) is true. Moreover, by using Theorem 19, we can easily see
that (1) and (2) are equivalent even if f is not assumed to be increasing and onto Y.
For instance, if A € %x and (1) holds, then f[A] € %y. Therefore, if
B € &Yy, then by Theorem 19 we have f[A] N B # (. Hence, it follows that
ANf~Y[B] # @. Therefore, by Theorem 19, we have f~![B] € &, and thus
(2) also holds.

Remark 80. Moreover, if f is as in the above theorem, then by using the assertion
(3) of Theorem 88 we can also easily see that if B C Y such that f~'[B] € %y,
then B € %y . However, this fact can be more easily derived from Theorem 90.

17 Algebraic Properties of Closure Operations

Theorem 91. If ¢ is a closure operation on an inf-complete, antisymmetric goset
X, then for any A C X we have

infy(¢ [A]) = ¢ (infx (¢ [A])) .
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Proof. Now, by Theorem 87, we have (p(ian(A)) < infx((p [A]) Hence, by
writing ¢ [A] in place of A, we can see that

¢ (infx(@[A])) <infy (¢ [¢[A]]) .

Moreover, by using the antisymmetry of X, we can see that ¢ is now idempotent.
Therefore, ¢ [¢ [A]] = (9 0o @) [A] = ¢?[A] = ¢ [A]. Thus, we actually have

¢ (infx(@[A])) < infy (¢ [A]) .

Moreover, by extensivity of ¢, the converse inequality is also true. Hence, by using
the antisymmetry of X, we can see that the required equality is also true.

Remark 81. Tt can be easily seen that an operation ¢ on a set X is idempotent if
and only if ¢ [X] is the family of all fixed points of ¢ .

Namely, ¢ = ¢ if and only if ¢*(x) = ¢(x), i.e, ¢(px)) = @(x) for all
x € X. Thatis, ¢(x) € Fix(¢) for all x € X, or equivalently ¢ [X] € Fix(¢).
Thus, since the converse inclusion always holds, the required assertion is also true.

Therefore, by using Theorem 91, we can also prove the following.

Corollary 29. Under the conditions of Theorem 91, for any A C ¢ [X], we have

infy (A) = ¢ (infx(A)).

Proof. Now, because of the antisymmetry of X, the operation ¢ is idempotent.
Thus, by Remark 81, we have ¢(y) = y for all y € ¢ [X]. Hence, by using the
assumption A € ¢ [X], we can see that ¢ [A] = A. Thus, Theorem 91 gives the
required equality.

Remark 82. Note that if ¢ is an extensive, idempotent operation on a reflexive,
antisymmetric goset X, then ¢ [X] is also the family of all elements x of X which
are @-closed in the sense that ¢(x) < x.

Therefore, if in addition to the conditions of Theorem 91, X is reflexive, then the
assertion of Corollary 29 can also be expressed by stating that the infimum of any
family of ¢-closed elements of X is also ¢-closed.

Now, instead of an analogue of Theorem 91 for supremum, we can only prove

Theorem 92. If ¢ is a closure operation on a sup-complete, transitive, and
antisymmetric goset X, then for any A C X we have

¢ (supy(A)) = ¢ (supy (¢ [A])) .

Proof. Define o« = supy(A) and f = supX(go [A]). Then, by Theorem 86, we
have B < ¢(a). Hence, since ¢ is increasing, we can infer that ¢(f8) < qo(qo(a)).
Moreover, since ¢ is now idempotent, we also have (p((p(oz)) = ¢(a) . Therefore,
9(B) < ¢(a).

On the other hand, since ¢ is extensive, for any x € A we have x < ¢(x).
Moreover, since B € ubX(<p [A]), we also have @(x) < . Hence, by using the
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transitivity of X, we can infer that x < 8. Therefore, € ubx(A). Now, by using
that o € le(ubX(A)), we can see that « < . Hence, by using the increasingness
of ¢, we can infer that ¢(a) < ¢(B). Therefore, by the antisymmetry of X, we
actually have ¢(a) = ¢(B), and thus the required equality is also true.

From this theorem, we only get the following counterpart of Theorem 91.

Corollary 30. Under the conditions of Theorem 92, for any A C X, the following
assertions are equivalent :

(1) supx(¢[A]) = @ (supx(A)),
(2) supx(¢[A]) = @ (supx(¢[A])).

Now, in addition to Theorems 26 and 31, we can also prove

Theorem 93. If ¢ is a closure operation on an inf-complete, antisymmetric goset
X and Y = ¢ [X], then forany A C Y we have

infy (A ) = ian (A ) .

Proof. If o = infyx(A), then by Corollary 29 we have o = ¢(«), and hence
o € Y. Therefore, under the usual identification of singletons with their elements,
a = infy(A) N'Y also holds.

On the other hand, by Theorem 31, we always have infy(A) NY C infy(A).
Therefore, o € infy(A) also holds. Hence, by using Theorem 45, we can already
see that o = infy(A) is also true.

From this theorem, it is clear that in particular we also have

Corollary 31. Under the conditions of Theorem 93, the subgoset Y is also inf-
complete.

Remark 83. Hence, by Theorem 34, we can see that the subgoset Y is also sup-
complete.

Now, instead of establishing an analogue of Theorem 93 for supremum, it is
convenient to prove first some more general theorems.

Theorem 94. If ¢ is an idempotent operation on a goset X and Y = ¢ [X], then
forany A C'Y we have

uby(A) € ¢ [ubx(A)].

Proof. If B € uby(A), then by Theorem 2 we have § € Y and B € ubx(A).
Hence, by Remark 81, we can see that = ¢(B), and thus § € ¢ [ubx(A)].
Therefore, the required inclusion is also true.

Remark 84. By dualization, it is clear that in the above theorem we may also write
Ib in place of ub.
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However, it is now more important to note that we also have the following.
Theorem 95. If ¢ is an extensive operation on a transitive goset X and Y =
@ [X], then forany A €Y we have

@ [ubx(A)] S uby(A).

Proof. If B € ubx(A), then because of 8 < ¢(B) and the transitivity of X, we
also have ¢(B) € ubx(A) . Hence, since ¢(B) € Y, we can already see that ¢(8) €
ubx(A) N'Y = uby(A), and thus the required inclusion is also true.

Now, as an immediate consequence of the above two theorems, we can also state
Corollary 32. If ¢ is a semiclosure operation on a transitive, antisymmetric goset
Xand Y = ¢ [X], thenforany A C Y we have

uby(A) = ¢ [ubx(A)].

However, it is now more important to note that, in addition to Theorem 95, we
can also prove the following.

Theorem 96. If ¢ is a lower semimodification operation on a transitive goset X

and Y = @ [X], then forany A C Y we have

() [lbx(ubx(A)) ] - lby(uby(A)) .

Proof. Suppose that § € lbx (ubX(A)). If v € uby(A), then by Theorem 2 we
have v € Y and v € ubx(A). Hence, by using the assumed property of 8, we can
infer that 8 < v. Now, since ¢ is increasing, we can also state that ¢(8) < ¢(v).

Moreover, since v € Y, we can see that there exists # € X such that v = ¢(u).
Hence, by using that ¢ is lower semi-idempotent, we can infer that

p(v) = (W) = ¢*(u) < pu) =v.

Now, by using the transitivity of X, we can also see that ¢(f8) < v. Therefore,
o(B) € lbx(uby(A)) . Hence, since ¢(f) € Y also holds, we can already infer that
o(B) € lby(uby (A)) . Therefore, the required inclusion is also true.

Now, by using Theorems 95 and 96, we can also prove the following.
Theorem 97. If ¢ is a closure operation on a transitive goset X and Y = ¢ [A],

then for any A C Y we have

@ [supy(A)] < supy(A).
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Proof. By Theorems 29, 95, and 96, and a basic fact on relations, we have

¢ [supx(A)] = ¢ [ubx(A) N Ibx(ubx(A))]
C glubx(A)] Ne [lbx(ubX(A))] C uby(A) N lby(uby(A)) = supy(A).

Hence, it is clear that, analogously to Corollary 31, we can also state

Corollary 33. If in addition to the conditions of Theorem 97, the goset X sup-
complete, then the subgoset Y is also sup-complete.

From Theorem 97, by using Theorem 45, we can also immediately derive the
following counterpart of Theorem 93 and Corollary 29.

Theorem 98. If ¢ is a closure operation on a sup-complete, transitive, and
antisymmetric goset X and Y = ¢ [A], then for any A C Y we have

supy(A4) = ¢ (supx(A)).

18 Generalizations of Increasingness to Relator Spaces

A family Z of relations on one set X to another Y is called a relator on X to Y.
And, the ordered pair (X, Y)(Z) = ((X. Y), #) is called a relator space. (For
the origins, see [65], [28], [14], [39], and the references therein.)

If in particular % is arelator on X to itself, then we may simply say that & is a
relator on X. And, by identifying singletons with their elements, we may naturally
write X(Z#) in place of (X,X)(Z), since (X, X) = {{X}, {X, X}} = {{X}}.

Relator spaces of this simpler type are already substantial generalizations of the
various ordered sets [11] and uniform spaces [14]. However, they are insufficient
for several important purposes. (See, for instance, [15, 46].)

A relator Z on X to Y, or a relator space (X, Y)(Z) is called simple if there
exists a relation R on X to Y such that #Z = {R}. In this case, by identifying
singletons with their elements, we may write (X, Y)(R) in place of (X, Y)({R}).

According to our former definition, a simple relator space X (R) may be called
a goset (generalized ordered set). Moreover, by Ganter and Wille [15, p. 17], a
simple relator space (X , Y)(R) may be called called a formal context or context
space.

A relator Z on X, or a relator space X(Z#), may, for instance, be naturally
called reflexive if each member of Z is a reflexive relation on X. Thus, we may
also naturally speak of preorder, tolerance, and equivalence relators.

For any family .7 of subsets of X, the family Z,, = {Ry : A € &} isa
preorder relator on X . While, for any family & of pseudo-metrics on X, the family
Ry ={B¢: r>0, de P} isatolerance relator on X.
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Moreover, if G is a family of partitions of X, then Zg = {Soy: &/ € &} is
an equivalence relator on X. Uniformities generated by such practically important
relators seem to have been investigated only by Levine [23].

Now, according to Definition 12, a function f of one simple relator space X (R)
to another Y (§) may be naturally called increasing if for any u, v € X

uRv = fwSf(v).
Hence, by noticing that
uRv < veRu) < (u,v)eER,

and

f@)Sfv) <= f) eS(fw) <= (f@w.f())eSs,

that is,

f@Sf) = fw)e(Sof)(w) = (fRf)(u, v)eS,

we can easily establish the following.

Theorem 99. For a function f of one simple relator space X (R) to another Y (S),
the following assertions are equivalent :

(1) fisincreasing,
(2) foRCS Sof,

(3) (fRf[R] €S,
(4) foRof™' C 5,

(5) RS (fRf)'[S],
(6) RS f'oSof.

Proof. By the above argument and the corresponding definitions, it is clear that
(1) << V@, v)eR: (fRf)(u,v)esS <= (3
and
(1) < VueX: YveRuw: f(w)e(Sof)(u
— VYueX: fIRW]CS (Sof)(u)
< VueX: (foR)w) S (SofH) < (2).

Moreover, if (2) holds, then by using that f o f ~1 € Ay we can see that
foRof ' CSofof'CSoAy =S5,

and thus (4) also holds.
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Conversely, if (4) holds, then by using that Ax € f~'o f we can similarly see
that

foR=foRoAx CfoRof 'of CSof,

and thus (2) also holds. Therefore, (2) and (4) are also equivalent.

Now, it is enough to prove only that (3) and (2) are also equivalent to (5) and
(6), respectively.

For this, it is convenient to note that if ¢ is a function of one set U to another
V, then because of the inclusions Ay € ¢ o and @ o@~! C Ay, for any
A CU and B C Y, we have

9[A] CB <= AC ¢ '[B]

That is, the set functions ¢ and ¢! also form a Galois connection.

Namely, if, for instance, (2) holds, then for any x € X we have

FIR@)] = (foR)(x) S (Sof)(x).

Hence, by using the abovementioned fact, we can already infer that

RO ST (SofN)W]=(FoSof)).

Therefore, (6) also holds. While, if (6) holds, then by using a reverse argument,
we can quite similarly see that (2) also holds.

From Theorem 99, by using the uniform closure operation * defined by
#*={SCXxY: IReZ: RCS}

for any relator % on X to Y, we can immediately derive the following.

Corollary 34. For a function f of one simple relator space X (R) to another Y (S),
the following assertions are equivalent :

(1) f isincreasing,

(2) Sofe{feR},

(3) Se{(fRAIRI},

(4) Sef{foRof™}",

(5) (FRTS]e{Rr},

(6) f~'oSof € {R}*
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Remark 85. Now, by using the notations .# = {f}, #Z = {R} and ¥ = {S},
instead of (2) we may also write the more instructive inclusions

FoF C(FoR)*, (£ 0 F) C(Foz™)", (£ 0 F*) C(F*oz*)".
The second one, whenever we think arbitrary relators in place of % and .7, already

shows the *-invariance of the increasingness of .% with respect to those relators.
From Corollary 34, by using the following obvious extensions of the operations
—1 and o from relations to relators, defined by

Z'={R7': Re#} and FSoA={SoR: Re# Sc}

for any relator #Z on X to Y and . on Y to Z, we can easily derive the
following generalization of [46, Definition 4.1], which is also closely related to
[60, Definition 15.1].

Definition 15. Let (X, Y)(Z#) and (Z, W)(.) be relator spaces, and suppose that
O is a direct unary operation for relators. Then, for any two relators .# on X to Z
and ¢4 on Y to W, we say that the pair

1) (ﬂ, ¢) is mildly O-increasing if
—1 O
((%D> o yuoﬂ‘]) C %5 .
2) (9 %) is upper O-semi-increasing if
G?Doyﬂ)ug(gﬂogﬂ)u

3) (55 %) is lower -semi-increasing if

((#9) e 7°) < (#e(#°) )"

Remark 86. A function O of the class of all relator spaces to that of all relators is
called a direct unary operation for relators if, for any relator space (X, Y)(Z), the
value O((X, Y)(Z£)) isarelatoron X to Y.

In this case, trusting to the reader’s good sense to avoid confusions, we shall
simply write % " instead of % U = O((X, Y)(#)). Thus, * is a direct, while
—1 is a non-direct unary operation for relators.
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19 Some Useful Simplifications of Definition 15

The rather difficult increasingness properties given in Definition 15 can be greatly
simplified whenever the operation [ has some useful additional properties.
For instance, by using an analogue of Definition 14, we can easily establish

Theorem 100. If in addition to the assumptions of Definition 15, O is a closure
operation for relators, then

(1) (35 4) is mildly O-increasing if and only if
—1

(%D) o 7BozBc xb.

(2) (ﬂ, %) is upper O-semi-increasing if and only if
O

7070 (99027)
(3) (9 %) is lower O-semi-increasing if and only if

o)~ O O o) "\"

(g) o . g(&? o(ﬁ) )

Remark 87. To check this, note that an operation [J for relators is a closure
operation if and only if, for any two relators &% and . on X to Y, we have

#B cyP —= wcyb.

That is, the set functions [0 and [0 form a Pataki connection.

Now, by calling an operation O for relators to be inversion and composition
compatible if

#' =2 ")  ad  (F02)" =(#Tez)” =(Foz)"

for any relators & on X to Y and .% on Y to Z, we can also easily establish

Theorem 101. Ifin addition to the assumptions of Definition 15, O is an inversion
and composition compatible operation for relators, then

(1) (9 9) is mildly O-increasing if and only if

(@ 'o 707) c @,
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(2) (ﬁ %) is upper O-semi-increasing if and only if
(7o F) c(@woz)".
(3) (ﬂ, %) is lower O-semi-increasing if and only if
@07\ c(#o7")".

Remark 88. To check this, note that if [J is a composition compatible operation for
relators, then for any three relators Z on X to ¥, . on Y to Z, and .7 on Z to
W, we have

(7o#) ) =(#F029)Y  ad  (Fosoz)" = (780 s5F020)".

From the above theorem, it is clear that in particular we also have

Corollary 35. Ifin addition to the assumptions of Definition 15, O is an inversion
and composition compatible closure operation for relators, then

(1) (ﬁ 4) is mildly O-increasing if and only if
97'o SoF CRB.

(2) (ﬂ, %) is upper O-semi-increasing if and only if
S o FC(GoR)".

(3) (ﬂ, %) is lower O-semi-increasing if and only if

G oS C (R0 F M),

Concerning inversion compatible operations, we can also prove the following.

Theorem 102. [fin addition to the assumptions of Definition 15, O is an inversion
compatible operation for relators, then

(1) (35, 4) is mildly O-increasing with respect to the relators % and . if
and only if (%, F) is mildly O-increasing with respect to the relators %"
and /1.

(2) (35, 4) is upper O-semi-increasing with respect to the relators % and ./

if and only if (% , &) is lower O-semi-increasing with respect to the relators
A" and 7"
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Proof. To prove the “only if part” of (2), note that by the assumed inversion
compatibility of [J and a basic inversion property of the element-wise composition
of relators, we have

(720 2°)7) = ((#2=#°) ")

and quite similarly

((#9027)7) " = (@)% (7))

Therefore, if (5” Oo #H ) - - (% Uo %’D) holds, then we also have

(#7) o (™)) < (@) (#7) ).

Remark 89. Such types of arguments indicate that we actually have to keep in mind
only the definition of upper [J-semi-increasingness, since the other two ones can be
easily derived from this one under some simplifying assumptions.

Remark 90. Unfortunately, Theorems 102 and 101 have only a limited range of
applicability since several important closure operations on relators are not inversion
or composition compatible.

Remark 91. However, it can be easily seen that a union-preserving operation []

for relators is inversion compatible if and only if {R™!'}F C ({R} 0 ) ! for any
relation R on X to Y.

Moreover, a closure operation [ for relators is composition compatible if and
only if

SR (S oR)" and SO R (S oR)"

for any two relators % on X to Y and . on Y to Z.

Remark 92. By using the latter facts, one can more easily see that, for instance, the
uniform closure operation * is inversion and composition compatible.
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20 Some Further Important Unary Operations for Relators

In addition to the operation *, the functions #, A, and A, defined by
#*={SCXxY: VYACX: I3ReZ: RI[A] CS[A]},
RN={SCXxY: VuxeX: IReZ: R(x)CSx)},

and

AP ={SCXxY: VxeX: 3ueX: IReZ: R(u)<CS(x)}
for any relator % on X to Y, are also important closure operations for relators.
Thus, we evidently have #Z € #* € #% € #" C AL for any relator & on

X to Y. Moreover, if in particular X = Y, then in addition to the above inclusions

we can also easily prove that Z° C Z*®° C Z*°* C #Z*, where

R ={R®: ReZ}.
In addition to oo, it is also worth considering the operation 9, defined by
ZP={ScX*: S®eR)}
for any relator % on X. Namely, for any two relators & and . on X, we have
RA®C S = RS,

This shows that the set functions oo and 0 also form a Galois connection.
Therefore, oo = cod oo, and oo d is also closure operation for relators.
Moreover, for any relator % on X to Y, we may also naturally define

#°={R‘: ReR},

where R¢ = XxY \ R. Thus, for instance, we may also naturally consider the
operation ® = c¢ * ¢ which seems to play the same role in order theory as the
operation * does in topology.

Unfortunately, the operations A and A are not inversion Compatible; therefore,
in addition to these operations we have also to consider the operations vV = A — 1
and V =A —1, which already have very curious properties.

For instance, the operations VvV and VV coincide with the extremal closure
operations e and ¢, defined by

R ={82)". where Sq=()%.
and

Z¥=% if Z={XxY} and R¥=P(XxY) if #Z#{XxY}.
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Because of the above important operations for relators, Definition 15 offers an
abundance of natural increasingness properties for relations. Moreover, from the
results of Sects. 15 and 16, one can also immediately derive several reasonable
definitions for the increasingness of relations.

However, in [58], a relation F on a goset X to a set Y has been called
increasing if the induced set-valued function F° is increasing. That is, u < v
implies F(u) € F(v) for all u, v € X. Thus, it can be easily seen that F is
increasing if and only if F~!is ascending valued in the sense that F~!(y) is an
ascending subset of X forall y € Y.

If Z# is a relator on X to Y, then by extending the corresponding parts of
Definitions 1 and 2 ,we may also naturally define

Lby(B)={ACX: IRe€Z: AxBCR} and Iby(B)=XNLbg(B),
and
Intz(B)={ACX: IR€Z: R[A]CB} and intyp(B)=XNInty(B)

for all B € Y. However, these relations are again not independent of each other.
Namely, by the corresponding definitions, it is clear that

AXBCR <= Va€A: BCR(a <= VYaecA: R CB*
< VaeA: R(a) CB° < R°[A] CB".

Therefore, we have
Aelby(B) < Achty(BY) < A€ (Intgo¥)(B).
Hence, we can already see that
Lby = Intg0 €, and thus also Ibgyp = intzc0 % .

These formulas, proved first in [47], establish at least as important relationship
between order and topological theories as the famous Euler formulas do between
exponential and trigonometric functions [38, p. 227].

To see the importance of the operations # and (#®=c#c, by using Pataki
connections on power sets [50], it can be shown that, for any relator % on X to Y,
S =R (S = %’®) is the largest relator on X to Y such that Int» = Intg
(Lbs = Lbyg).

Concerning the operations A and (®)=c A ¢, we can quite similarly see that
S =R (¥ = %’Q\)) is the largest relator on X to Y such that int = intg
(lb » =1b gg) . Moreover, if in particular % is a relator on X, then some similar
assertions holds for the families

. ={ACX: Acltyz(A)} and {z={ACX: AcLlbgy(A)}.
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However, if & is arelator on X, then for the families
TIap={ACX: ACinty(A)} and Lz ={ACX: ACIby(A)}

there does not exist a largest relator .’ on X suchthat Jo = T (.i” ' = Eg)

In the light of this and some other disadvantages of the family .7, it is rather
curious that most of the works in topology and analysis have been based on open
sets suggested by Tietze [64] and standardized by Bourbaki [5] and Kelley [18].

Moreover, it also a striking fact that, despite the results of Pervin [34], Fletcher
and Lindgren [14], and the present author [52], topologies and their generaliza-
tions are still intensively investigated, without generalized uniformities, by a great
number of mathematicians.

The study of the various generalized topologies is mainly motivated by some
recent papers of A. Csészar. For instance, the authors of [7, 25] write that: “The
theory of generalized topological spaces, which was founded by A. Csészdr, is one
of the most important developments of general topology in recent years.”

For any relator &% on X to Y, we may also naturally define

Er={BCY: intp(B) #0} and Cr={BCY: lbpB) #0}.

In a relator space X(Z%), the family &g of all fat sets is frequently a more
important tool than the family 7z of all topologically open sets. Namely, if % is
a relator on X to Y, then it can be shown that . = % A s the largest relator on
Xto Y suchthat & = &.

Moreover, if % is a relator on X to Y, then for any goset I", and nets x € X r
and y € Y ,we may naturally define x € Lim (y) if the net (x, y) is eventually
ineach R € Z in the sense that (x,y)”' [R] € & . Now, for any a € X, we may
also naturally write a € limg (y) if (a) € Limg (y), where (a) is an abbreviation
for the constant net (a),er = I' x {a}.

In a relator space (X, Y)(Z), the convergence relation Limg, suggested by
Efremovi¢ and Swarc [13], is a much stronger tool than the proximal interior
relation Intg suggested by Smirnov [37]. If # is arelator on X to Y, then it can
be shown that . = Z* is the largest relator on X to Y such that Limy = Limg .

Now, following the ideas of Csédszar [8], for any relator % on X to Y, we may
also naturally consider the hyperrelators

Nz ={Intg: Re R} and Rge ={Limg: R e 2Z}.
By the corresponding definitions, it is clear that

Intg, = |J Intg and Limg = () Limg.
ReZz# ReZ#

Therefore, the above hyperrelators are much stronger tools in the relator space
(X, Y)(Z) than the relations Intg and Limg .
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For instance, a net y € ¥' may be naturally called convergence Cauchy with
respect to the relator & if limg (y) # @ for all R € #. Hence, since

limg(y) = () limg(y),
ReR

we can at once see that a convergent net is convergence Cauchy, but the converse
statement need not be true.

However, it can be shown that the net y is convergent with respect to the relator
Z if and only if it convergence Cauchy with respect to the topological closure %"
of Z . (See [43].) Therefore, the two notions are in a certain sense equivalent.

The same is true in connection with the notions adherent and adherence Cauchy,
which are defined by using 2 instead of & . Moreover, it is also noteworthy that
a similar situation holds in connection with the concepts compact and precompact .
(See [45].)

Now, according to the ideas of Szdz [59], we may also naturally consider
corelator spaces, mentioned in Sect.2, instead of relator spaces. However, the
increasingness properties (1) and (3) considered in Definition 15 cannot be imme-
diately generalized to such spaces. Namely, in contrast to relations, the ordinary
inverse of a correlation is usually not a correlation.

Finally, we note that, in addition to the results of Sect.17, it would also be
desirable to to establish some topological properties of closure operations by
supplementing the results of Sect. 16. Moreover, it would be desirable to extend
the notion of closure operations to arbitrary relator spaces.

However, in this direction, we could only observe that a unary operation ¢ on a
simple relator space X(R) is extensive if and only if ¢ € R. Moreover, ¢ is lower
semi-idempotent if and only if ¢|@[X] € R™!.
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