Chapter 10
Mach’s Principle and the Origin of Inertia

Bahram Mashhoon

Abstract The current status of Mach’s principle is discussed within the context of
general relativity. The inertial properties of a particle are determined by its mass
and spin, since these characterize the irreducible unitary representations of the inho-
mogeneous Lorentz group. The origin of the inertia of mass and intrinsic spin are
discussed and the inertia of intrinsic spin is studied via the coupling of intrinsic
spin with rotation. The implications of spin-rotation coupling and the possibility of
history dependence and nonlocality in relativistic physics are briefly mentioned.

10.1 Introduction

Is motion absolute or relative? If the Newtonian absolute space and time are not real
and therefore not responsible for the origin of inertia, then inertia must be due to
immediate connections between masses. Thus one might expect that the inertial mass
of a test particle increases in the vicinity of a large mass. Following this Machian line
of thought, Einstein suggested that perhaps the physics of general relativity could
be so interpreted as to allow for this possibility [1]. However, Brans showed that if
one adopts the modern geometric interpretation of general relativity, then the inertial
mass of a free test particle cannot change in a gravitational field. Indeed, this issue has
since been completely settled as a result of Brans’s thorough analysis [2, 3]. More-
over, Mach’s principle played an important role in the scalar-tensor generalization
of Einstein’s tensor theory by Brans and Dicke [4].

Carl Brans has made basic contributions to gravitation theory and general relativ-
ity. It is a great pleasure for me to dedicate this paper to Carl on the occasion of his
eightieth birthday.
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The connection between Mach’s ideas [5] and Einstein’s theory of gravitation [1]
has been the subject of many interesting investigations [6]; furthermore, there is a
diversity of opinion on this matter [6-9]. A more complete account of the views
expressed in this brief treatment is contained in [10] and the references cited therein.

The special theory of relativity involves, among other things, the measurements of
observers in Minkowski spacetime. The special class of inertial observers has played
a pivotal role in the development of physics, since the fundamental laws of physics
are expressed in terms of the measurements of these hypothetical observers. Indeed,
inertial physics was originally established by Newton [11]. The measurements of
inertial observers, each forever at rest in a given inertial frame in Minkowski space-
time, are related to each other by Lorentz invariance. Actual observers are all more
or less accelerated. The measurements of accelerated observers must be interpreted
in terms of the fundamental (but hypothetical) inertial observers.

The acceleration of an observer in Minkowski spacetime is independent of any
system of coordinates and is in this sense absolute. Let u" = dx" /dt be the 4-
velocity of an observer following a timelike world line in Minkowski spacetime.
Here, x* = (ct, x) denotes an event in spacetime, Greek indices run from 0 to 3,
while Latin indices run from 1 to 3; moreover, the signature of the metric is +2
and 7 is the proper time along the path of the observer. The observer’s 4-acceleration
a" = du" /d is orthogonal to u”, namely, a, u" = 0, sinceu, u" = —1.Thusa* isa
spacelike 4-vector such thata, a" = A?, where the scalar A(7) > 01is the coordinate-
independent magnitude of the observer’s acceleration. An accelerated electric charge
radiates electromagnetic waves. The existence of radiation is independent of inertial
frames of reference and wave motion is in this sense absolute as well.

Relativity theory, namely, Lorentz invariance, is extended to accelerated observers
in Minkowski spacetime in a pointwise manner. That is, at each instant along its world
line, the accelerated observer is assumed to be momentarily equivalent to a hypo-
thetical inertial observer following the straight tangent world line at that instant. The
further extension of relativity theory to observers in a gravitational field is accom-
plished via Einstein’s local principle of equivalence. Therefore, in general relativity
spacetime is curved and the gravitational field is identified with spacetime curva-
ture. Test particles and null rays follow timelike and null geodesics of the spacetime
manifold, respectively. Moreover, spacetime is locally flat and Minkowskian. The
global inertial frames of special relativity are thus replaced by local inertial frames;
moreover, gravitation is rendered relative in this way due to its universality, a circum-
stance that does not extend to other fundamental interactions. The general equation
of motion of a classical point particle in general relativity is given by

d?x+ uodx® dx? i
_dT2 + af F F =da", (101)

where a,, is the absolute acceleration of the particle due to nongravitational forces and
Ftiié are the Christoffel symbols. For instance, for a particle of mass m and charge ¢
in an electromagnetic field F},,, a,, = (¢/m)F,,, u” by the Lorentz force law. At each
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event in spacetime, coordinates can be chosen such that the Christoffel symbols all
vanish and Eq. (10.1) reduces to the corresponding relation in Minkowski spacetime.

Inertial forces appear in a system (“laboratory”) that accelerates with respect to the
ensemble of local inertial frames. These inertial forces are not due to the gravitational
influence of distant masses, which would instead generate gravitational tidal effects
in the laboratory [12—16].

10.2 Mach’s Principle

Newton’s absolute space and time refer to the ensemble of inertial frames, namely,
Cartesian systems of reference that are homogeneous and isotropic in space and time
and in which Newton’s fundamental laws of motion are valid. Indeed, Newton’s first
law of motion, the principle of inertia, essentially contains the definition of an inertial
frame. Newton argued that the existence of inertial forces provided observational
proof of the reality of absolute space and time. Thus in classical mechanics, the
motion of a Newtonian point particle is absolute, yet subject to the principle of
relativity. However, the absolute motion of a particle, namely, its motion with respect
to absolute space and time is not directly observable.

Mach considered all motion to be relative and therefore argued against the New-
tonian conceptions of absolute space and time [5]. In his critique of Newtonian
foundations of physics, Mach analyzed, among other things, the operational defi-
nitions of time and space via masses and concluded that in Newtonian mechanics,
masses are not organically connected to space and time [5]. In fact, in Chap. IT of [5],
on pp. 295-296 of Sect. VI, we find:

“...Although I expect that astronomical observation will only as yet necessitate very small
corrections, I consider it possible that the law of inertia in its simple Newtonian form has
only, for us human beings, a meaning which depends on space and time. Allow me to make
a more general remark. We measure time by the angle of rotation of the earth, but could
measure it just as well by the angle of rotation of any other planet. But, on that account,
we would not believe that the temporal course of all physical phenomena would have to
be disturbed if the earth or the distant planet referred to should suddenly experience an
abrupt variation of angular velocity. We consider the dependence as not immediate, and
consequently the temporal orientation as external. Nobody would believe that the chance
disturbance — say by an impact — of one body in a system of uninfluenced bodies which
are left to themselves and move uniformly in a straight line, where all the bodies combine
to fix the system of coordinates, will immediately cause a disturbance of the others as a
consequence. The orientation is external here also. Although we must be very thankful for
this, especially when it is purified from meaninglessness, still the natural investigator must
feel the need of further insight — of knowledge of the immediate connections, say, of the
masses of the universe....”

Thus Newton’s absolute space and time are fundamentally different from their
operational definitions by means of masses. Moreover, masses do not appear to
“recognize” absolute space and time, since they have been “placed” in this arena
without being immediately connected to it. In fact, the internal state of a Newtonian
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point particle, characterized by its mass m, has no direct connection with its external
state in absolute space and time, characterized by its position and velocity (x, v) ata
given time ¢. Thus only the relative motion of classical particles is directly observable.
This epistemological shortcoming of Newtonian mechanics means that the external
state of the particle m, namely, (X, v), can in principle be occupied by other particles
comoving with it. It is indeed a prerequisite of the notion of relativity of motion of
masses that an observer be capable of changing its perspective by comoving with
each particle in turn. As particles can be directly connected with each other via
interactions, we may say that particles have a propensity for relative motion.

With the advent of Maxwell’s electrodynamics, Galilean relativity was gradually
replaced by Lorentz invariance, in which the speed of light is the same in all inertial
frames of reference. Indeed, it is impossible for an inertial observer to be comoving
with light. Motion is either relative or absolute in classical physics. The motion of
light in Minkowski’s absolute spacetime is independent of inertial observers and is, in
this sense, nonrelative or absolute. Thus in Lorentz invariance, the motion of inertial
observers is relative, while the motion of electromagnetic radiation is absolute.

In classical physics, movement takes place via either particles or electromagnetic
waves. As emphasized by Mach [5], the internal and external states of particles are
not directly related, which leads to the notion of relativity of particle motion. How-
ever, the opposite is the case for electromagnetic waves. That is, the internal state
of a wave, namely, its period, wavelength, intensity and polarization are all directly
related to its external state characterized by its wave function, which is a solution
of Maxwell’s field equations. In this way, electromagnetic waves can “recognize”
absolute spacetime and this leads to their propensity for absolute motion. There-
fore, an inertial frame of reference can be characterized by standing electromagnetic
radiation [17]. Indeed, ring lasers are now regularly employed in inertial guidance
systems. Similarly, the wave nature of matter in quantum theory can be used to
establish an inertial frame of reference. For instance, the rotation of the earth can be
detected via superfluid helium [18]. Moreover, atom interferometers can function as
sensitive inertial sensors, since they can measure acceleration and rotation to rather
high precision [19-23].

10.3 Duality of Absolute and Relative Motion

Classical physics is the correspondence limit of quantum physics. It is therefore inter-
esting to extend the quantum duality of classical particles and waves to their motions
as well. That is, the motion of a quantum particle has complementary classical aspects
in relative and absolute movements [13].

The epistemological shortcoming of Newtonian mechanics that was pointed out
by Mach [5] essentially disappears in the quantum theory. That is, wave-particle
duality makes it possible for a (quantum) particle to “recognize” absolute spacetime;
moreover, it is impossible for a classical observer to be comoving with the particle
in conformity with Heisenberg’s uncertainty principle. Consider, for instance, the
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nonrelativistic motion of a particle of mass m in a potential V according to the
Heisenberg picture. The Hamiltonian is

S |
H=—p+VE®. (10.2)
2m

In this “particle” representation, the momentum operator of the particle is given by

dx
p=m—, 10.3
p=m_ (10.3)

so that the fundamental quantum condition, [%/, ﬁk ] =1hdj, can be written as
o dxF h
[;e-f, i} =ity (10.4)

In sharp contrast to classical mechanics, the inertial mass of the particle is related,
albeit in a statistical sense, to the observables corresponding to its position and
velocity. This connection, through Planck’s constant #, disappears when m — oo.
A macroscopically massive system behaves classically, since the perturbation expe-
rienced by the system due to any disturbance accompanying an act of observation
would be expected to be negligibly small. Similarly, let L, m L' = ¢;;; £/ p*, be the
specific orbital angular momentum operator of the particle; then,

(L), LF1 =i — jkn L". (10.5)

The mechanical laws of classical physics pertaining to translational and rotational
inertia hold in a certain average sense in quantum theory as well. Moreover, in terms
of the Schrodinger picture, the state of the particle is characterized by a wave function
¥ (¢, x) that satisfies the Schrodinger equation. This equation is explicitly dependent
upon the particle’s inertial mass m, thereby connecting the internal and external states
of the particle in the “wave” representation.

In relativistic quantum theory, rotational inertia involves the intrinsic angular
momentum of the particle as well, thus leading to the inertia of intrinsic spin.

10.4 Inertia of Intrinsic Spin

Mass and spin describe the irreducible representations of the Poincaré group [24].
The state of a particle in spacetime is thus characterized by its mass and spin, which
determine the inertial properties of the particle. In quantum theory, therefore, the
inertial characteristics of a particle are determined by its inertial mass [25-27] as
well as intrinsic spin [28-31].
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To examine the inertia of intrinsic spin, we recall that the toral angular momentum
operator is the generator of rotations; therefore, we expect that intrinsic spin would
couple to the rotation of a frame of reference in much the same way as orbital
angular momentum. This means that in a macroscopic body rotating in the positive
sense with uniform angular velocity §2, the spins of the constituent particles do not
naturally participate in the rotation and all instead tend to stay essentially fixed with
respect to the local inertial frame. Thus relative to the rotating body, we have in the
nonrelativistic approximation for each spin vector &,

Al

d .
ﬁ;+fmﬁw&k=o, (10.6)

since the spin vector appears to precess with angular velocity —2 with respect
to observers at rest with the rotating body. The Hamiltonian corresponding to this
motion is

H=-6 2, (10.7)

because the Heisenberg equation of motion

dé* -
ih— =[65H 10.8
! dt o ] ( )

coincides with Eq. (10.6). For a discussion of the corresponding relativistic treatment
and further developments of this subject, see [32-37]. Moreover, a review of this
subject and a more complete list of references is contained in [38].
In general, the energy of an incident particle as measured by the rotating observer
is given by
E =v(E—-hMS), (10.9)

where E is the energy of the incident particle in the inertial frame and M is the total
(orbital plus spin) “magnetic” quantum number along the axis of rotation. In fact,
M =0, %1, £2, ..., forascalaroravector particle, while M F % =0,+1,+2,...,
for a Dirac particle. In the JWKB approximation, E' = v (E — £2 - J), where J =
r x P + o is the total angular momentum of the particle and P is its momentum;
hence, E' = y(E —v-P) —yo - 2, where v= £ x r is the velocity of the uni-
formly rotating observer with respect to the background inertial frame and -y is the
Lorentz factor of the observer. The energy corresponding to spin-rotation coupling
is naturally augmented by time dilation.

It is important to remark here that the spin-rotation coupling is completely inde-
pendent of the inertial mass of the particle. Moreover, the associated spin-gravity
coupling is an interaction of the intrinsic spin with the gravitomagnetic field of the
rotating source that is also independent of the mass of the test particle. For instance,
free neutral Dirac particles with their spins up and down (i.e., parallel and antiparallel
to the vertical direction, respectively) in general fall differently in the gravitational
field of the rotating earth [29].
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The spin-rotation coupling has recently been measured for neutrons via neutron
polarimetry [39]. Moreover, this general coupling has now been incorporated into
the condensed-matter physics of spin mechanics and spin currents [40-48]. It is also
expected to play a role in the emerging field of spintronics [49].

10.5 Helicity-Rotation Coupling

To illustrate the general nature of spin-rotation coupling, we now turn to the case of
photons, see [50-56] and the references cited therein. Consider the measurement
of the frequency of a plane monochromatic electromagnetic wave of frequency w
propagating along the axis of rotation of the observer. The result of the Fourier
analysis of the measured field is

W =7 WwFR), (10.10)

where the upper (lower) sign refers to positive (negative) helicity radiation. With
E = hw, our classical result (10.10) is consistent with the general formula (10.9)
for spin 1 photons. The helicity-dependent contribution to the transverse Doppler
effect in Eq. (10.10) has been verified via the GPS [57], where it is responsible for
the phenomenon of phase wrap-up [57].

It is simple to interpret the coupling of helicity with rotation in Eq. (10.10), aside
from the presence of the Lorentz factor that is due to time dilation. In a positive
(negative) helicity wave, the electromagnetic field rotates with frequency w (—w)
about the direction of propagation of the wave. The rotating observer therefore per-
ceives positive (negative) helicity radiation with the electromagnetic field rotating
with frequency w — £2 (—w — £2) about the direction of wave propagation.

For the case of oblique incidence, the analog of Eq. (10.10) is

W=vw-MQ), (10.11)

where M = 0, £1, £2, ... for the electromagnetic field. This exact classical result
can be obtained by studying the electromagnetic field as measured by uniformly
rotating observers. It is interesting to note that w’ = 0 for w = M £2, a situation that
is discussed in the next section, while w’ can be negative for w < M £2. The latter
circumstance does not pose any basic difficulty, since it is simply a consequence of
the absolute character of rotational motion.

10.6 Can Light Stand Completely Still?

The exact formula ' = v (w — £2) for incident positive-helicity radiation has a
remarkable consequence that is not easily accessible to experimental physics: The
incident wave stands completely still with respect to observers that rotate uniformly
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with frequency £2 = w about the direction of propagation of the wave. That is,
helicity-rotation coupling has the consequence that a rotating observer can in prin-
ciple be comoving with an electromagnetic wave; in fact, the wave appears to be
oscillatory in space but stands completely still with respect to the rotating observer.
The fundamental difficulty under consideration here is quite general, as it occurs for
oblique incidence as well.

By amere rotation, an observer can in principle stay completely at rest with respect
to an electromagnetic wave. This circumstance is rather analogous to the difficulty
with the pre-relativistic Doppler formula, where an inertial observer moving with
speed ¢ along a light beam would see a wave that is oscillatory in space but is other-
wise independent of time and hence completely at rest. This issue, as is well known,
played a part in Einstein’s path to relativity, as mentioned in his autobiographical
notes, see p. 53 of [58]. The difficulty in that case was eventually removed by Lorentz
invariance; however, in the present case, the problem has to do with the way Lorentz
invariance is extended to accelerated observers in Minkowski spacetime. In the spe-
cial theory of relativity, Lorentz invariance is extended to accelerated systems via
the hypothesis of locality, namely, the assumption that an accelerated observer is
pointwise inertial [59, 60]. This circumstance extends to general relativity through
Einstein’s local principle of equivalence. The locality assumption originates from
Newtonian mechanics, where the state of a particle is determined by (x, v) at time ¢.
The accelerated observer shares this state with a comoving inertial observer; there-
fore, they are at that moment physically equivalent insofar as all physical phenomena
could be reduced to pointlike coincidences of classical particles and rays of radiation.
However, classical wave phenomena are in general intrinsically nonlocal.

According to the locality assumption, the world line of an accelerated observer
in Minkowski spacetime can be replaced at each instant by its tangent and then
Lorentz transformations can be pointwise employed to determine what the accel-
erated observer measures. To go beyond the locality postulate of special relativity
theory, the past history of the observer must be taken into account. Thus the locality
postulate must be supplemented by a certain average over the past world line of
the observer. In this way, the observer retains the memory of its past acceleration.
This averaging procedure involves a weight function that must be determined. In this
connection, we introduce the fundamental assumption that a basic radiation field
can never stand completely still with respect to an observer. On this basis a nonlocal
theory of accelerated observers can be developed [61]. The nonlocal approach is in
better correspondence with quantum theory than the standard treatment based on the
hypothesis of locality [62].

History-dependent theories are nonlocal in the sense that the usual partial dif-
ferential equations for the fields are replaced by integro-differential equations.
Acceleration-induced nonlocality in Minkowski spacetime suggests that gravity
could be nonlocal. This is due to the intimate connection between inertia and grav-
itation, implied by Mach (e.g., in his discussion of Newton’s experiment with the
rotating bucket of water on p. 279 of [5]) and developed in new directions by Einstein
in his general theory of relativity [1]. That is, Einstein interpreted the principle of
equivalence of inertial and gravitational masses to mean that an intimate connec-
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tion exists between inertia and gravitation. One can follow Einstein’s interpretation
without postulating a local equivalence between inertia and gravitation as in general
relativity; for instance, one can instead extend general relativity to make it history
dependent. Recently, nonlocal theories of special and general relativity have been
developed [63—67]. It turns out that nonlocal general relativity simulates dark matter.
That is, according to this theory, what appears as dark matter in astrophysics [68—70]
is essentially a manifestation of the nonlocality of the gravitational interaction [67].

10.7 Discussion

Classical relativistic mechanics and classical electrodynamics are mainly concerned
with two types of motion, namely, local particle motion and nonlocal wave motion,
respectively. These are brought together in geometric optics, where the waves are
replaced by rays that can be treated in a similar way as classical point particles. With
respect to Minkowski’s absolute spacetime, particle motion is absolute; however, this
absolute motion is not directly observable. On the other hand, the motion of classical
particles naturally tends to be relative. Similarly, the motion of electromagnetic waves
naturally tends to be absolute, though the corresponding wave equation is Lorentz
invariant. In the quantum domain, this line of thought leads to the complementarity
of absolute and relative motion; moreover, the notion of inertia must be extended
to include intrinsic spin as well. The inertial coupling of intrinsic spin to rotation
has recently been measured in neutron polarimetry [39]. The implications of the
inertia of intrinsic spin are critically examined in the light of the hypothesis that an
electromagnetic wave cannot stand completely still with respect to any accelerated
observer.
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