Resolvent Operators for Some Classes
of Integro-Differential Equations

L.N. Parasidis and E. Providas

Abstract Explicit representations are constructed for the resolvents of the operators
of the form B = A +Q;and B = e + 0>, where A and A2 are linear closed operators
with known resolvents and Q; and Q, are perturbation operators embedding inner
products of A and A? as they appear in integro-differential equations and other
applications.
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Introduction

The present article is concerned with the study of generalized boundary value
problems containing differential or integro-differential operators by means of the
resolvent operator. Specifically, we derive explicit representations for the resolvent
operators for three classes of problems.

The first problem involves a linear operator defined in the complex Hilbert space
H of the form

B=A+0Qi=A-) g(A-¢)u. D(B)=DA), (1

i=1

where A is a linear closed, not necessarily bounded, operator, gi,g2,...,&n are
linearly independent elements of H, ¢1,¢2,...,¢, € H and (-,-)y denotes the
inner product in H. Note that the operator B can be viewed as a perturbation of
the operator A by the operator Q. Moreover, the operators A, B are extensions of
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a minimal operator Ay C A with D(Ay) = D(Z) N ker Q;. We prove that when
the resolvent set p(ﬁ) and the resolvent operator RA(X) = (X — A7 of A are
known then we can find the resolvent set p(B) N p(ﬁ) and the resolvent operator
R (B) = (B— AI)~! of B in closed form.

The second problem encompasses an operator of the kind

B=A"+0,=A" =) s(A.¢)u— ) _gi{A> ¢)u, D(B) =DA%, (2)
i=1 i=1

where in addition s; € H, i = 1, ..., m. We show that the resolvent set p(B) N p(gz)
and the resolvent operator R (B) = (B — AI)™' of the operator B can be evaluated
when their counterparts p(gz) and R, (Xz) = (Zz — AI)™! of the simpler operatorz2
are known.

A special form of the second problem with interest is obtained when we take g; €
D(Z) ands; = Bg;,i = 1,...,m. In this case B = B2, i.e. B becomes a quadratic
operator. The explicit formula for the resolvent operator R,2(B) for A2 € p(B) is
constructed from the resolvent operators R), (Z) and R_; (Z) for £1 € p(A\).

Resolvent operators are associated with the spectral theory and their origin goes
as back as to the early days of functional analysis, see, e.g., [13] and [10]. When
the resolvent R, (B) of an operator B exists and is provided in an analytic form, it
is valuable for the study of the operator B itself and the solution of the problems
(B—ADx=f, f € H and Bx=f (A =0). Perturbation theory for linear operators
was first introduced by Rayleigh and Schrodinger [17] and founded later by
Kato [10]. Since then it occupies an important place in theoretical physics,
mechanics and applied mathematics. Extension theory was initiated by von
Neumann [19] and developed further by [12, 23] and [1], commonly known as
Birman—Krein—Vishik theory, as well as [3, 5, 11, 14, 21, 22] and many others.
Integro-differential equations appear in the mathematical modeling in biology,
engineering, telecommunications and economics. Of interest here are the following
works. In [4, 6, 7, 15, 16] and [8], resolvent methods have been employed to
study a class of integro-differential equations, occurring in heat conduction
and viscoelasticity, where A in (1) is a specific operator and Q; is a Volterra
operator. By the same means certain integro-differential equations, arising in
quantum-mechanical scattering theory, where Ais a special operator and Q; is
a one-dimensional perturbation (in = 1), have also been investigated, see, e.g., [2].
The resolvent and the spectrum of perturbed operators of the type (1) where A is
a symmetric operator and (X i)y = ai(+, g)m, a; € R have been studied by [9]
and the references therein. Finally, a Fredholm type boundary integral equation in
elasticity with (Z -, ¢i)u = pi(-) has been considered in [18].

In the rest we make use of the following notation. Namely, F =
(b1, 0m), G = (g1,...,8m) and AF = (A¢y,...,A¢p,) are vectors of
H™. We write F' and (Ax, F')yn for the column vectors col(¢y,...,¢,) and
col({Ax, ¢1)m, ..., (Ax, pm)n ), respectively. We denote by M (resp.M') the
conjugate (resp. transpose) matrix of M and by (G’, F)gn the m x m matrix whose
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i, j-th entry is the inner product (g;, ¢;)u. Notice that (G, F)yn defines the matrix
inner product and has the properties:

(G, FC)un = (G',F)ynC, (G',F)pn = (F', G) yu, 3)

where C is an m X k constant complex matrix. We denote by I,, the m x m identity
matrix and by 0,, the m x m zero matrix. It is understood that D(A) and R(A) stand
for the domain and the range of A, respectively.

The paper is organized as follows. In sections “Resolvent of Extensions of
a Minimal Operator,” “Resolvent of Extensions of the Square of a Minimal
Operator,” and “Resolvent of Quadratic Operators” we develop the theory for
acquiring analytic formulas for the resolvent operators corresponding to each of
the three classes of problems presented. In section “Resolvent of Extensions of
a Minimal Operator” we apply the theory to three Fredholm type, generalized
integro-differential boundary value problems to demonstrate the power of the theory
developed.

Resolvent of Extensions of a Minimal Operator

In this section we consider the operator B in Eq. (1) and determine the necessary
and sufficient conditions for the existence of the resolvent R) (B) and we find it in
an explicit form provided R, (Z) is known. In [22] the perturbed operator B has been
studied as the extension of the minimal operator Ay, i.e.

Aox = Ax for x € D(Ag) = {x € D(A) : (Ax, F')yn = 0'}

We begin by giving the definition of the resolvent. Let A : H — H be a linear
operator. We say that A € C belongs to the resolvent set p(A) of A if there exists
the operator R, = R;(A) = (A — AI)~! which is bounded and D(R;) is dense in H
(D(Ry) = H). The operator R) (A) is called the resolvent of A. We recall from [13,
Lemma 7.2-3] the following result.

Lemma 1. Let X be a complex Banach space, A : X — X a linear operator, and
A € p(A). Assume that (a) A is closed or (b) A is bounded. Then the resolvent
operator Ry (A) of A is defined on the whole space X and is bounded.

The proposition below is well known and is utilized here several times.

Proposition 1. Ifin a Hilbert space H, A: H — His a closed linear operator and
A € p(A), then

ARy (A) =1+ AR, (A) and AR, (A) = Ry (A)A. (4)

We now prove the key theorem for obtaining the resolvent of the operator B.
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Theorem 1. Let H be a complex Hilbert space, A : H — H a linear closed
operator, A € p(A) and B : H — H the operator defined by

Bx = Ax — G(Ax, F')yn, D(B) = D(A), 5)

where the vectors G = (g1,...,8m), With g1,...,8gn being linearly independent
elements, F' = col(¢y, ..., ¢n) € H" and x € D(B). Let the operator

Byx=(B—ADx=f, D(B;)= D), (6)
where I is the identity operator on D(B) and f € H. Then:
(i) A € p(B) if and only if

det L; = det [1,,, —(F', AR, (Z)G)Hm] £0. %)

(ii) p(B) N p(A) = {1 € p(A) : det L # 0}.
(iii) For A € p(B) N p(A) the resolvent operator R)(B) is defined on the whole
space H, is bounded and has the representation

Ri(B)f = Ry(A)f + R (A)GL; (AR, (A)f, F')pym . (8)

Proof. (i)~(iii) Suppose that det L, # 0. Since D(A) = D(A — AI) = D(B — AI)
then from (6) for x € D(A) we have

(A—AD)x—G(Ax, F)yn =f, VfeH. )

Since A is closed, the resolvent operator R) (Z) is defined on the whole
space H and is bounded as it is implied by Lemma 1. By applying first the
operator R), (A) and then the operatorA on (9) we get

x— Ry (A)G(Ax, F')yn = Ry (A)f, (10)
Ax — AR, (A)G(F', Ax) yn = AR (A)f. (11)

By taking the inner products of both sides of (11) with the components of
the vector F' and by observing that the inner product is conjugate linear in
the second factor, see Eq. (3), we obtain

(F', Ax)pn — (F', ARy (A)G) g (F', Ax)n = (F', AR, (A)f ) ,
(10— (F AR, AYG) | (P, By = (F', AR, A1)
Ly (F', AxX)ym = (F', AR, (A)f) pm. (12)

Hence, since det L, # 0,
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(F'. Ax)n = L (F' AR (A) )i,
(Ax, F')m = L' (AR, (A)f, F')pom. (13)
By substituting (13) and x = (B — AI)~!f into (10), we have
x = Ry(A)f + RyA)GL; (AR, A)f F') . (14)
from where Eq. (8) follows. From Proposition 1 we have
AR\(A)f = (I + ARy (A)f

and since R), (:4\) is defined on the whole space H and is bounded, it follows
that the resolvent operator R, (B) is also defined on the whole space H and
is bounded. Consequently, A € p(B).

Conversely, let A € p(B) N ,o(:4\). We will show that detL, # O.
Assume that detL; = 0, then detL; = 0. Hence, exists a nonzero vector
a’ = col(ay,...,a,) € C" such that Lya' = 0'. We consider the element
xo = Ry (X)Ga’ € D(Z). Since the components of the vector G are
linearly independent elements we have Ga' # 0 and therefore xo # 0.
By substituting in (6) we get

Bixo = (A — Al)xo — G(F", Axq)
= (A — ADR,(A)Ga' — G(F', AR, (A)Ga') yn
= Ga' — G(F', AR, (A)G) na’
-G [Im —(F, ZRA(X)G)HW] a’
= GLia' = GO' = 0. (15)

This means that xo € kerB; and so A ¢ p(B), which contradicts the
assumption that A € p(B) N p(A). Thus, detL, # 0 and p(B) N p(A) =
{A € p(A) : det L, # 0}. O

Remark 1. The linear independence of the components of the vector G is required
to prove the necessary condition of (i). Hence, if the components of the vector G are
not linearly independent, then holds only: A € p(B) if detL, # 0.

Resolvent of Extensions of the Square of a Minimal Operator

In this section we extend the results of the previous section for the case of the
operator B defined in Eq. (2). This operator has been studied in [22] as an extension
of the minimal operator A2, namely
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A2x = A% for x € D(A}) = {x € D(A%) : (Ax,F')yn = (A%, F')pn = 0'}.

We find here the resolvent set p(B) N ,0(22) and a resolvent Ry (B) when the p(:4\2)
and R; (A?) are known.
First, we recall the following proposition from [20, pp. 39]

Proposition 2. If A is a closed operator on a complex Banach space and its
resolvent set p(A) is not empty, then A" is closed too for each n € N.

We now prove the theorem for the resolvent of the operator B.

Theorem 2. Let H be a complex Hllbert space, A : H — H a linear closed
operator, p(A) is not empty, A € p(Az) and B : H — H the operator defined by

Bx = A%x — S(Ax, F')yn — G(A%, F')yn, D(B) = D(A?), (16)

where F' = col(¢y,...,¢n), S = (s1,...,8,) and G = (g1,...,8n) € H™, with
the components of the vector (S, G) being linearly independent elements of H, and
x € D(B). Let the operator

Bix=B-—A)x=f D(B,) =D@A, a7)

where 1 is the identity operator on D(B) and f € H. Then:
(i) A € p(B) if and only if

_(F' AR, (A2 o _(F' AR (A2 .
g, =t (o TR 0 B FIO )
—(F", A’R)(A®)S)yn I, — (F', ARy (A>)G)

(18)
(ii) p(B) N p(A2) = {A € p(A?) : det W, # O}.
(iii) For A € p(B) N p(Az) the resolvent operator R (B) is defined on the whole
space H, is bounded and has the representation

RiB)f = Ry(AD)f + Ry(A) (S Wi} + G Wi (AR, (A)f ) o
+ Ry AD)(S Wik + G WL (AR, (A2)f F')
(19)
where W)E.jl , I,j = 1,2 are the mxm submatrices of the partition of the 2mx2m
inverse matrix W_l.

Proof. (1)~ (111)Let us assume that (18) is true, specifically det W, # 0. Since
D(Az) = D(A2 Al) = D(B — Al) then from (17) and for x € D(Az)
we have
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(A% — AD)x — S{Ax, F')yn — G(A%x, F')yn = f. (20)
Proposition 2 states that the operator A2 is closed and because A € p(}{z), it
follows from Lemma 1 that the resolvent operator R; (A2) is defined and is

bounded on the whole space H. By applying the resolvent operator R, (22)
on (20), we get

x— R, (A?) [S(Xx, F'yn + G(Ax, F’)Hm] —RAYf. @

By employing the operators A and 1:1\2, we have
Ax—AR; (A?) [S(Zx, F') g +G(A2x, F’)Hm] — AR, A2)f, (22
A2—AR, (A2) [S(Zx, F') 4+ G (A%, F’)Hm] = AR, (A2)f.
(23)

Taking the inner products of (22) and (23) with the components of the
vector F’, we obtain the system

(F', Ax)um — (F', AR, (A2) [S(F’, Ax) g + G(F", sz>Hm]>Hm
= (F', AR, (AY)f) g ,
(24)
(F', A2 — (F', A2R; (A2) [S(F’, Ax) o + G(F, sz)H,,,]>Hm
= (F', A’ Ry (A%)f )i
(25)

Exploiting the conjugate linear property of the inner product as in (3), we
get

[Im - (Ft, ZR)L(ZZ)S)H»;] (Ft, K)C)Hm - (Ft, XR,\(XZ)G)Hm (Ft, XZX>Hm
= (F', AR, (A>)f)ym.
(26)
(F', ARy (A%)S) g (F, Ax) g + [1,,, —(F', AR, (P)G)Hm] (F', A2x) gy
= (F', Ry, (A*)f ) i
27)
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Writing Egs. (26) and (27) in a matrix form by using the matrix W) in (18)
and inverting, since det W) # 0, we have

(F', Ax)m | _ (W;ﬁl W;llz) (F', AR, (AV)f ) o 28
(F', A2x) g Wi Wiy ) \ (F', A2Ry(A2)f ) |

or, by taking the conjugates,
(Ax, F'ygn \ _ (W;ll1 W;llz) (AR F)n | 29)
(A%, F'Ygm W5 Wi ]\ (A2Ry(A2)f, F')gm

Substituting (29) into (21) and using x = (B—AJ)~'f the resolvent operator
R, (B) is obtained as in Eq. (19). Since A2R,(A%)f = (I + AR, (A%))f by
Proposition 1 and R, (Zz) is defined on the whole space H and is bounded,
it follows that R, (B) is also defined on the whole space H and is bounded.
Hence A € p(B).

Conversely, let A € p(B) N p(ﬁz). We will show that detW, # 0.
Suppose det W) = 0, then det W, = 0. Hence, there exists a nonzero
vector a’ = col(a;,as) = col(ay, ..., adm, dmil,...,a2,) € C¥" such that
Wjya' = 0'. We consider the element xy = RA(XZ)(Sa'1 + Ga)) € D(Xz).
The components of the vector (S, G) are linearly independent and therefore
Sa| 4+ Ga), # 0 and hence x( 7 0. Substituting into (17), we have

Bjxo = (A% — A)xo — S(F", Axo)yn — G{F*, A%x0) yn
= (A2 — AD[R;(A%)(Sa} + Ga})] — S(F', AR; (A?)(Sa, + Ga))) .
— G(F', AR, (A)(Sa, + Ga))),,.
= Sa| + Gal), — S(F', AR)(A2)S) yna, — S(F', AR; (A%)G) yn ),
— G(F', A2R),(A2)S) ma, — G(F', A2R) (A2)G) ynal
=5 [(Im —(F', AR, (ZZ)S)Hm) al — (F", ZRA(XZ)G)Hma;]
+ G| (n = (P, R2R, (322G ) @ — (F!, 2R, (B)S) |
= (5,G)W;a' = (5,G)0' = 0. (30)
Consequently, xo € kerB) and so A ¢ p(B), which is not true since A €

p(B) N p(A?). Therefore det W, # 0 and p(B) N p(A%) = {1 € p(A?) :
det W) # 0}. 0
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Remark 2. The linear independence of the components of the vector (S,G) is
required to prove the necessary condition of (i). So, if the components of the vector
(S, G) are not linearly independent, then holds only: A € p(B)) if det W) # 0.

Resolvent of Quadratic Operators

In reference [22, Theorem 4.6] it is stated that for the operator B defined in (16)
holds B = B?, where B is as in (5), if and only if

G € D(A) and S = BG = AG — G(F',AG) yn. (31

This is important because it provides the means to construct the resolvent R;2(B?)
of the quadratic operator B from the resolvents Rj, (:4\) and R_, (:4\) as it is shown
below.

Before we articulate the main theorem we have to prove first the next lemma.

Lemma 2. If:4\ : H — H is a closed linear operator in a complex Hilbert space H
and the resolvent set p(A) is nonempty, then:

(i) For £A € p(Z) the resolvent operators RA(X) and R_A(X) are bounded and
are defined on the whole H and commute.

(ii) The resolvent set p(Zz) ={eC:+r1¢ p(g)}, ie. A\ € RAZ(XZ) if and
only if £A € ,O(X) The resolvent operator R;> (22) is bounded and is defined
on the whole H. Moreover,

R;2(A?) = Ry,(AR_(A), (32)
AR;2(A%) = R_;(A) + AR2(A?). (33)
AR;2(A%) = R, (A) — AR;2(AY). (34)

(iii) If in addition A # 0, then

R @) = ) R~ R A) (35)

AR (A?) = ; [Rk @A) + R, (Z)] : (36)
—~ A —~ —~

RRp@) =1+ [Rl @) — R_A(A)] . 37)

Proof. (i) Since A is a closed linear operator and £A € ,0(2) then the resolvent
operators R_; (:4\) and R), (:4\) are bounded and are defined on the whole H by
Lemma 1. The commuting property R (Z)R_A (:4\) = R_A(X)RA(X) follows
from the resolvent equation
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(ii)

(iii)
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Ry, (A) — Ry, (A) = (A1 — ARy, (A)R;, (A) (38)

which holds for every closed operator Aina complex Banach space and for
every Aj, Ay € p(Z), see, e.g., [10].

Note that for each A € C and D(A + Al) = D(A), D(A> &+ A1) = D(A?)
we have

— 2 = @A+ MDA - AD),
A - 2Dx=A+AM)A—-A)x=f, xeD@A?, feH. (39
Let +A € ,o(X). Then because of case (i) we get
R_,(A)(A + AD)(A — AD)x = R, (A)f.
Ry(A)(A — ADx = Ry(A)R-,(A)f,
x = Ry (AR, (A)f. (40)
It follows from (39) that
x= (A= D7'f = RuAR_, (A)f (41)

and hence R;2(A2) is bounded and is defined on the whole H. Thus, A2 € p(A2).

Conversely, by Proposition 2 the operator A2 is closed. Let A2 € p(A2).
Then by Lemma 1, the resolvent operator R)» (22) is bounded and defined
on the whole H. From (39) and since ker(ﬁ2 — A2I) = {0} and the operators
(Z — Al), (2 + AI) commute, it follows that ker(ﬁ 4+ Al) = {0} and (Xz -
AnT! =@A-A)" 1(A + Al)~". Because R(A% — AI) = H it is implied that
R(A + Al) =H. Since A is closed then A + Al and A+ A~ are closed too.
By the Closed Graph theorem the operators (A + AI)~! are bounded. Hence
+1 € p(A).

Furthermore, the identity (32) follows from Eq. (41) while the identities
(33) and (34) are easily proved, viz.

AR;> (A) = ARy (MR- (A) = [I + AR, (A)IR- (A) = R_1(A) + AR, (A7),
ARy2(A%) = AR, (A)Ry (A) = [I — AR-3 (A)]R, (A) = Ri(A) — AR;2(A%).
From (41) and (38) we get
~ ~ ~ 1 ~ ~
Rj2(A%) = Ry(AR-,(A) = . [RA(A) — R—y(A)].
By acting A on the last equation we obtain

AR,2(A?)

. AR B) ~ AR )]

1 ~ ~ 1 ~ ~
MR~ 1+ RN = ) [R@) + R @),
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Finally, operatingZ on this equation we get (37). This completes the proof. 0O
Now we present the main theorem for the resolvent of the quadratic operator B.

Theorem 3. Let H be a complex Hilbert space, A : H — H a linear closed
operator, XA € p(;l\) and B the operator defined by (16). Suppose the vectors
G, S satisfy (31) and the components of the vector (S, G) are linearly independent
elements. Let the operator

Bj2x = (B — A2D)x = A%x — S{Ax, F') yn — G(A%x, F')ym — A2x = f,
D(B;2) = D(A?), (42)

where f € H. Then:
(i) A? € p(B) if and only if

det L, = det[l,, — (F', AR, (A)G)ym] # 0, (43)
det L_; = det[l,, — (F', AR_; (A)G)yn] # 0. (44)

(ii) p(B) N p(A2) = {A? € p(A?) : detL, # 0, detL_; # O}.
(iii) If A # 0, det Ly # Oanddet L_) # 0, then there exists the resolvent operator
Rj2(B) which is defined on the whole space H, is bounded and is given by

Re®)f = | [R@r — Ro@F + R AVGLT AR, A, e

21
~ RAAGL AR A Fyn | (49)

Proof. Note that here, for brevity and for ease of presentation, we denote the inner
products without their index gm, e.g. (F', G)gm = (F', G). Also, we use some others
shorthands which are explained as they appear.

(i) and (ii) Since A is a closed, so is A2 by Proposition 2. By hypothesis the
vectors S and G satisfy (31) and hence by [22, Theorem 4.6] the operator
B = B?, where B as in (5). Theorem 2 affirms that A> € p(B) if and only if
det W2 # 0. By introducing the notations T = XRAZ(XZ) and T, = AR 12 (:4\2)
for convenience, the det W) in Eq. (18) is written as follows:

L, — (F', T1S) —(F', T)G)

detWoe =Wl = 1" o 18y 1, — (7. 126) |

(46)

Substituting § = AG — G(F!, ZG) and utilizing property (3), we have

I — (F', Ty [XG — G(F, ZG)]) _(F', T\G)

[W2| = = -
—~(F'. T: [AG - G(F. AG)|) 1, - (F'. T:G)
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I, — (F', TlAG)—i-(F’, T\G)(F', AG) —(F', T\G) )

—(F', LAG) + (F', TsG)(F', AG) I, — (F', T;G) | @0

Multiplying from the right the elements of the second column by (F, ZG)
and adding to the matching elements of the first column, and replacing 71 =
AR;2(A?) and T» = A’R;>(A?), we obtain

I, — (F', AR;2(A%)AG) —(F', AR;2(A%)G) '

id AT P 48
(F', AG) — (F', A2R;2(AY)AG) I,, — (F', A’R;2(A%)G) (48)

|W)a| Z‘

Now, by using Proposition 1, Egs. (33), (34) and the commuting property
RA(A)AG = ARA(A)G and denoting Ry, = RiA(A) and P = R)R_, for
ease of presentation, we get

L, — (F', (I + A*P)G) —(F', (R + AP)G)
[Wia| =

(F', AG) — (F', A(I + A*P)G) I,, — (F', (I + A*P)G)

I, — (F',G) — A2(F',PG) —(F',R_,G) — A(F', PG)
—A2(F',R_,G) — A3(F', PG) I, — (F',G) — A2(F', PG) |’

(49)

Multiplying the elements of the first row by —A and adding to the correspond-
ing elements of the second row, we obtain

I, — (F',G) — A2(F',PG)  —(F',R_;G) — A(F", PG)

Wa| =
Wl =104 MEF', G) — A2(F',R_;G) I, — (F', G) + AMF',R_;G)

(50)

Furthermore, multiplying the elements of the second column by A and adding
to the matching elements of the first column, and replacing P = RyR_;, we
get

L, — (F', (I + AR_) + 2A’R,R_;)G) —(F', (I + ARy)R_,G)
O Ln— (F', (I = AR-)G) |

(51

[Wya| =

Using Proposition 1 and (32)—(34) we get] — AR_; = ;\\R_A and
I+ AR_, 4+ 2ARyR_; = I + AMARR_; — AR\R_;) + 2A’R,R_;,
=1+ MRR_, + AR,R_,,
=14 AR, —AR_;R)) + A*R)R_;
=1+ AR, = AR,. (52)
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Substituting these results in (51), we acquire
det Wp> = det [1m —(F, ZRAG)] - det [1,,, —(F, ZR_AG)] . (53)

Hence, A% € p(B) N p(Az) if and only if detLy; # 0.

(iii) It has been proven that A? is a closed operator and A% € p(B) N p(A2). Then
+A e p(A) by Lemma 2 and also =4 € p(B) by Theorem 1. From Lemma 2
for A # 0 we find

Ri:(B) = . [R3(B) R (B)], (54)

where the resolvent operator R, (B) is set out in (8) and R_, (B) is the same as
in (8) except that A is replaced by —A. Substituting these formulas into (54) we
obtain (45). The resolvent operators R4 (B) are bounded and are defined on
the whole H and so is R;2(B) by (54). This completes the proof.

Applications

In this section we apply the theory presented in the previous sections to boundary
value problems involving integro-differential equations of the Fredholm type. In
particular, we find the resolvent sets and provide closed form representations for
the resolvent operators. Some auxiliary results needed are quoted in Appendix for
ease of reference. By H'(0,1) (resp. H>(0,1)) is denoted the Sobolev space of
all complex functions of L,(0, 1) which have generalized derivatives up to the first
(resp. second) order that are Lebesgue integrable.

First Order Integro-differential Equation

Consider the following integro-differential boundary value problem

1
i (f) — iei’”/ xu' (x)dx — Au(t) = (1),
0
u(0) +u(1) =0, wu(r) € H(0,1). (55)

In Problem 1 in the Appendix it is quoted that the operator A L,(0,1) —
L,(0, 1) defined by

Au=iu' =f, D) = {u(t) € H(0,1): u(0) + u(1) = 0}, (56)
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is a linear closed operator and that p(A) {AeC: A # (2k+ 1)m, k € Z}, while
for A € p(A) the resolvent operator R}, (A) is defined on the whole space L,(0, 1), is
bounded and is given explicitly by the formula (98). Let B : L,(0,1) — L,(0, 1) be
the operator

1
Bu(t) = iv' (t) — iei”T/ xu' (x)dx
0
= Au(t) — G(Au(1), F"), D(B) = D(A), (57)

where G = ¢ and F = t. We express the boundary value problem (55) in the
operator form

Buu() = (B—2Du(t) = f(1).  D(B3) = D(A). (58)
In applying Theorem 1 we have first to compute the determinant

det L; = det [1m —(F, ZRA(K)G)Hm] £0. (59)

Acting R), (Z) on G, operating by A and taking the inner products, we find

1 t int
Ry(A)G = ie™™ |:(e"A + 1! e"’”e"“dx—/ e"”e"“dx} -
0 0 T+ A
ARAG = T o
T+A
N T 1 . 2+im
(F', AR, (A)G) yn = xe iy = — . (60)
7+AJo (r + M)
Substituting Eq. (60) into (59) we have
241 242 i 2
detLA:det|:l+ i }:”Jr TS L, 61)
(r+ A7 (m+M)m

which implies that det L, # 0 if and only if A # —(7x? + 2)/ + i. Then from
Theorem 1 it follows that A € p(B) if A # 2k + ), k € Z and A # —(7> +
2)/m + i. Moreover, the resolvent operator R, (B) is bounded and defined in all
L»(0, 1) and is given by

Ry(B)f = Ry(A)f + Ry (A)GL; (AR, (A)f, F')pam . (62)
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Applying Aon Eq. (98) and then forming the inner products we get

1 t
KRA(Z)f = e_ilfl'l |:(ei/\ + 1)—1 / f(x)ei/\xdx_ / f(x)eilxdxi| +f(l‘),
0 0
! 1
(XRA(X)f, Fr)Hm = / {E_Mtl}, I:(ei/l + 1)—1/ f(x)ei/\xdx
0 0
- / tf(x)e’*"dx} + f(t)} rdt
0

1 1
=ir(e® +1)7! / e_mtdt/ f(x)e™dx
0 0

1 t 1
—id /0 e M [ /O f(x)emdxi| tdt + /0 1f (1)dt. (63)

Exploiting the Fubini theorem we find

1
(AR, A)f. F'ygm = iA(e* + 1) / F(x)e* dx ! [e7™ @A+ 1) —1]
0

22
1 1 1
—ik/ f(x)ei)‘xdx/ e_mtdt+/ f(O)edt

[ A+ 1) — 1

= A + / f(x)e™dx

i J;ik) /0 P dy
ViGiAx + 1)

+ / ;

[ — A + 1) - 1
A,(EM

. . !
_MjmxéﬂmW“w+;Lf@ﬂ

1
fx)dx + / f(x)xdx

/ F(x)eMdx

ile7™@r+1)—1] !,
= l[e AE;M + 1)) :I/(; elkxf(x)dx
1 9 HiA(—1) _
1+ zk)e/\ 1f(x)dx. (64)

Finally, by substituting (98), (60), (64) and the inverse L;l from (61) into (62), we
get
Ri(B)f (1) = Ry(A)f (1)
ime™ % e ir+1)—1

1
iAx
— ) d
a2+ A —inm +2 Ale* +1) /0 feTdx
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P14 id)et b —

3 fx) dx}

= Ri(A)f (1)
ﬂeim(ei)k + 1)—1 /1 eiA 41— (2 + I-A)ei)»x

T4+ (A—imT 42 A fds. (65)

Second Order Integro-differential Equation
Consider the following boundary value problem involving a second order Fredholm
integro-differential equation
1 1
u”(t) — t/ u' (x) cos 2 xdx — / u” (x) cos 2mxdx — Au(t) = f(1),
0 0
u(0) = u(l), ' (0) =u'(1), u(r) e H*0,1). (66)
We define the operators A, A2 L,(0,1) — L(0, 1) as follows:
Au=u'(), D@A) = {u@) € H'(0,1): u(0) = u(1)}, 67)
A2u=u"(t), DA = {u(t) € H*0,1) : u(0) = u(1), ' (0) = u'(1)}.
(68)
In Problem 2 in the Appendix it is given that the operator A2 is closed and that the
resolvent set is p(AZ) = {1 € C: A # —4k*n?, k € Z}, whereas for A € p(AZ) the
resolvent operator R, (Az) is defined on the whole space L,(0, 1), is bounded and is

expressed analytically in (105). Additionally, we define the operator B : L,(0,1) —
L,(0,1) as

1 1
Bu(t) =u" () —t / ' (x) cos 2 xdx — / u” (x) cos 2w xdx
0 0

= A% — S(Ax, F')yn — G(A%x, F')ym, D(B) = D(A?), (69)

where S = t, G = 1 and F = cos2nt. We reformulate the integro-differential
equation (66) as

Bou(t) = (B — ADu(r) = (1), D(B;) = D(A?). (70)

According to Theorem 2, any A from p(AZ) belongs to p(B) if and only if Eq.
(18) is satisfied, i.e. det W) # 0. By acting R;, (Az) from Eq. (105) on S, applylngA
and A% and taking the inner products, we have
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~ 1 e“/* e(l—t)«/k
RA(A)SZZA e~/*—1+1—e«/k_2t , (71)
P 1 e“/* e(l—r)«/l 2
2o _
ARA(A)S—%/A |:e“/)‘—l+e‘/)‘—1 \//\i|’ (72)
R N e“/* e(l—t)«/k
A’R; (A%)S = (73)

+ ,
2(evr —1)  2(1—eY?)
P 1 1 et\/k 6(1—0«/)\ 2
(F', ARy (A)S)y = / + =2 | cos2tds
2V do Vi1 VAo )

1

= , (74
A+ 472 )
(F', AR, (A)S)n = 0. (75)
Imitating the same procedure for G, we get
~ 1

Ry(A)G = v (76)
AR, (A%)G = A’R;(A%)G = 0, (77)
(F', AR, (A®)G)y = (F', A’R,(A*)G)y = 0. (78)

Substituting Eqs. (74), (75) and (78) into (18), we obtain

11— L0 A+dn?—1
det Wy = det Oy V) 2 AT (79)
0 1 A+ 4x?

Hence A € p(B) if A # —4k’7w?, k € Z and A # 1 — 472, Moreover, Theorem 2
provides the resolvent operator R; (B) as in formula (19).
The inverse matrix W;l is easily computed as

1 —1 A+472
Wyl = (W)illl W)k_ll2) | 7ianr O ) (80)
Wi Wi 0 1

Using Eqgs. (71), (76) and (80) as well as the fact that the operator R, (22) is linear,
we find

2+ 472 (/A (1= /2
R.(A)(SW5L + GW5)) = [ ¢ ¢ 2|,

20 + 472 —1) | V2 21 * | —evr
81



552 L.N. Parasidis and E. Providas

1
Ry(A2)(SWh + GWi)) = — E (82)

Acting A on (105), taking the inner products and utilizing the Fubini theorem, we
obtain

AR. (A 1 ! A (t—x —A(t—x
AR, (A>)f(r) = 2(1—6“/)‘)/(; [e At=x+1) _ =/ )]f(x)dx

+; /O [eJur—x) +e—¢ur—x>] F()dx,
(AR, (AH)f (), F')

1 : : VA
_ (t=x+1) _ —/A(t—x)
= 21 —e“/*)/o cos Zthdt/O [e e ]f(x)dx

1 1 t
+2/0 cos Zthdt/O [e“/k(’_x) + e_“/x(t_x)]f(x)dx

1 : : VA
_ (t=x+1) _ —/A(t—x)
21— e*/*) /0 f()c)d)c/0 cos 2wt [e e ] dt +

1! 1
+2/ f(X)dX/ coszm[e*/*(’—x) +e—«/x(r—x)] dr
0 X

VA=) _ pVix 4 (VAR _ edx(l—x))

1 /1 \/A(

= d.
2(1—evY) Jo A+ 4x? fodx +
11— /AeV20D 1 /AeVMI=9 _ 4 sin 2x
+ f(x)dx
2 Jo A+ 4n?
. /1 in 27/ () (83)
= A gan? ), sin 27 xf (x)dx.

Working in the same way with A2, we get

ATRy (AN (1) = f(1) + AR, ADf (1),
(A2Ry(AD)f (1) F')u = (£ (1) + AR, (AD)f (). F')g
= (f(). F')u + ARy (A2)f (1), F')g
= (f(t). F')u

1 1
+ VA / cos 27rtdt/ [e‘/l(’_x'H) + e‘/l(x_’)]f(x)dx
2(1—ev) Jo 0
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1 '
+ VA f cos 2 tdt f [e“/k(’_x) — VAo ]f (x)dx.
2 Jo 0

= {f(0). F)u

1 1
+ VA / f(x)dx[ [6“/1([_)5—"1) + e‘/l(x_’)] cos 2 tdt
2(1 —ev2) Jo 0

1 1
+ VA f f(x)dx/ [E“M(t—x) —e‘/)‘("_’)] cos 2 tdt
2 0 X
= (f(.F')u

* T ix VA=) NAC— _ VA=
X _ X x) " At
+ 21 —e“/)‘)()t+4n2)/(; [6 e +e e ]f(x)

1
Va=1) | VA=) _
+ 20+ 4n2) /0 [e +e 2 cos 2nx]f(x)dx

1 A 1
= /0 cos 2 xf (x)dx — PR /(; cos 27 xf (x)dx

472

1
=, a2 fo cos 27 xf (x)dx. (84)

Lastly, by substituting (105) and (81)—(84) into (19) we obtain the resolvent operator
R) (B) in the following closed form

R.(B)f = Ri(ADf (1)
3 ]T(E\/M _ e«/k(l—t) + 2t(1

«/k)
2xf (9d
m+4n2—1)(eﬂ—1) /Sm A ()

/\(/\ +an2) / cos 2mxf (x)dx. (85)

Integro-Differential Equation with a Quadratic Operator

Consider the following boundary value problem which can be expressed in terms of
a quadratic operator

1
u(t) = u”(t) — w(2cos 2wt — sin 27t) / u' (x) cos 2 xdx
0

1
—sin Zm‘/ " (x) cos 2mxdx — A2u(r) = f(t),
0

u©0) = u(l), «(0)=u'(1), u@)eHO,). (86)
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Let A, A% : L,(0,1) — L,(0, 1) be the operators

Au =), DA) = {u(®) € H(0,1) : u(0) = u(1)}, (87)
A%u = u"(t), DA?) = {u(r) € H(0,1) : u(0) = u(1), u'(0) = u'(1)}. (88)

Note that, from Problem 2 in the Appendix, A € p(;l\) if and only if A # 2kmi, k €
Z. Then A% € p(A2) iff £1 € p(A) by Lemma 2. Consequently, A% € p(A?) if and
only if A # £2kmi, k € Z. In addition, we define the operator B : 1,(0,1) —
L>(0, 1) as follows:

1
Bu(t) = u”(t) — m(2cos 2mt — sin 27t) / u' (x) cos 2 xdx
0

1
— sin Zm‘/ u” (x) cos 2w xdx
0
= A%u(t) — S(Au(t), F')yn — G(A%u(t), F')yn, D(B) = D(A?), (89)

where § = (2 cos2nt —sin2nt), G = sin2nt and F = cos 2wt. We observe that
the components of the vector (S, G) are linearly independent and most important
S and G satisfy (31). Therefore the operator B is quadratic and hence we apply
Theorem 3. Accordingly, we rewrite the integro-differential equation (86) in the
operator form

Bou(t) = B —A2Du(t) = f(t), D(Bj2) = D(A>). (90)

Theorem 3 claims that the resolvent operator R;2(B) exists if and only if Egs.
(43) and (44) are satisfied, namely det L, # 0 and det L 75 0. In computing these
determinants we need the resolvent operators R, (A) and R_, (A) which are set out in
(103) and (104) in the Appendix. By applying R, (A) on G, employing A and taking
the inner products, we obtain

R 1 1 t
Ry,(A)G = - / M gin 2 xdx + / M9 sin 2rxdx
—e Jo 0

—Asin2nt — 2w cos 2t

A2 + 4x? ’
ARANG = —2m A cos2nt + 4m? sin 27wt
A a A2 + 472 ’
~ o~ —TA
(FLARAG) = , .
A+ 4n?
A 4 4n? 4 A
L = [ln—(F. AR,D)G) | =" 7, . o1
A+ 4n?
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Repeating the same sequence of operations for R_), (X), we have

. 1 1 t
R_;,(A)G = | o / M= D gin 2 xdx + / e M7 sin 27 xdx,
—e 0 0

2 cos2mt + 4m? sin 2wt

AR_,(A)G = ,

+(4) A2 + 472

~ ~ A
(FLARLA)G) = ,

A+ 4x?
AZ +4n? — A
Lo = [l = (F AR B)G) | =" T, . 92)
A+ 4n?

It is evident that det L; # 0 if and only if A # (=1 % i+/15)/2 and detL_; # 0 if
and only if A # (1 £i+/15)/2. From Theorem 3, A> € p(B) if A # +2kxni, k € Z
and A # m(%1 £ i+/15)/2} and the resolvent operator R;2(B) exists and has the
representation as in (45).

By acting A on Eq. (103), making use of Proposition 1 and applying the Fubini
theorem, we get

(AR, (AY (), F') = {f + AR, (A)f (1), F")

1
= / cos 2mxf (x)dx
0
1 A 1 t
+/ cos 2wt |:1 . / HMTHDf () dx + k/ ew_x)f(x)dx:| dt
0 —e Jo 0

1 A 1 1
:/ cos 2 xf (x)dx + 1 l/ cosZm‘gktdt/ D () die
0 —e Jo

0

1 1

+/\/ e_“f(x)dx/ e cos 2midt
0 X

2

1
A=Y £ (00d
N e

1
= / cos 2mxf (x)dx —
0

A 1
T2 4 a2 / [Le*' ™) — (X cos 27x + 27 sin 2mx)]f (x)dx
= Jo

2w ! 2 1
== _:47# /0 sin 27 xf (x)dx + 52 f4n2 /0 cos 2 xf (x)dx
o / 1(2 27x — A sin 27 x)f (x)d. (93)
= 7 €08 27X — A sin 2w x)f (x)dx.
A,z + 47T2 0 N

By operating alike on (104), we acquire
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~ ~ . 21 ! .
(AR_, (A)f (1), F") = (27 cos 2mx + A sin 27 x)f (x)dx. (94)
AZ + 4JT2 0

Substituting (103), (104), Lj_ElA from (91) and (92), (93) and (94) into (45), we get

1 1 b P
Ry:(B)f = L % Lo /0 [ek(r 1) A )]f(x)dx

t
+/ [ek(’_)‘) — e_l(’_x)]f(x)dx
0

2w (A sin2nt 4 27w cos 27t)

1
_(AZ +4n2) (02 + 4n? + 72) /0 (27 cos 2mrx — A sin 27x)f (x)dx

2m(Asin 27wt — 2 cos 2mt) !

T 02 4 A0 4 A — 1) o (2 cos2mx + Asin2mx)f (x)dx; . (95)

The resolvent operator R;2(B) for every A> € p(B) is defined on the whole space
L>(0, 1) and is bounded.

Appendix

Problem 1. Let the operator;\\ : L,(0,1) — L,(0, 1) be defined by
Au=iu' =f, DQA) = {u(t) € H(0,1): u(0) + u(1) = 0} (96)
Then A is closed and:
(i) A € p(A) ifandonlyif A # 2k + )z, ke Z,ie.
pA)={AeC:A# 2k+ Dr, kelZ). 97)
(ii) For A € p(;\\) the resolvent operator R) (:4\) is bounded and defined on the

whole space L, (0, 1) by the formula

1
RAA () = i /0 M@ 4 1) D] @dx. (98)

where

1,x<t
nt—x) = is the Heaviside’s function.
0, x>t
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Problem 2. Let the operator;f 1 L,(0,1) — L,(0, 1) be defined by
Au=u =f, D@A) = {u@®) € H(0,1): u(0) = u(1)}. (99)
Then the quadratic operator A2: L, (0,1) = L,(0, 1) is closed and defined by

Au=u"=f DA = {u@t) € H*0,1) : u(0) = u(1), u'(0) = u'(1)},

(100)

the resolvent sets of A and A2 are
p(A) = {heC:A+#2kni, keZ), (101)
p(A) ={A e C: A # —4k*n2 ke Z} (102)

and the resolvent operators R (:4\), Ry, (:4\2) are bounded and defined on the whole
space L, (0, 1) by

1 t
RAW =" /0 AEDf () + /0 AIf (x)dx (103)

1 t
R (A (1) = 1_1e_k /0 =D 0 dy + /0 e M f (x)dx (104)

1

RO =) 1oy

/1 I:e«//\(t—x-i—l) + e—«/l(r—x):lf(x)dx
0

1 ' VA(=x) = At—x)
L /0 [e e ] F(x)dx. (105)
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