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Abstract The main goal of this paper is to study sensitivity analysis, with respect to
the parameters of the model, in the framework of time-inhomogeneous Lévy process.
This is a slight generalization of recent results of Fournié et al. (Finance Stochast
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using Malliavin calculus developed by Yablonski (Rocky Mountain J Math 38:669—
701, 2008 [16]). This relatively recent result will help us to provide tools that are
necessary for the calculation of the sensitivities. We provide some simple examples
to illustrate the results achieved. In particular, we discussed the time-inhomogeneous
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1 Introduction

A trader selling a financial product to a customer usually tends to avoid any risk
involved in that product and therefore wants to get rid of these risks by hedging. In
some cases we can make use of a static hedge and we can hedge—and—forget it,
additionally we can calculate the price from the products used for hedging. But for
most options this is not possible and we have to use a dynamic hedging strategy.
The price sensitivities with respect to the model parameters—the Greeks—are vital
inputs in this context.

The Greeks are calculated as differentials of the derivative price, which can be
expressed as an expectation (in risk—neutral measure) of the discounted payoff. The
Greeks are traditionally estimated by means of a finite difference approximation.
This approximation contains two errors: one on the approximation of the derivative
function by means of its finite difference and another one on the numerical com-
putation of the expectation. In addition the theoretical convergence rates for finite
difference approximations are not met for discontinuous payoff functions.

Fournié et al. [9] propose a method with faster convergence which consists in
shifting the differential operator from the payoff functional to the diffusion kernel,
introducing a weighting function. The main idea is the use of the Malliavin integra-
tion by parts formula to transform the problem of calculating derivatives by finite
difference approximations to calculating expectations of the form

E[H (S7)m[So = x]

where the weight 7 is a random variable and the underling price process is a Markov
diffusion given by:

ds, = b(S)dt + o (S)dW,, Sy = x.

There have been several studies that attempt to produce similar results for markets
governed by processes with jumps. We mention Le6n et al. [10], have approximated
a jump—diffusion model for a simple Lévy process, and hedged an european call
option using a Malliavin Calculus approach. El-Khatib and Privault [7] where a mar-
ket generated by Poisson processes is considered. Their setup allows for random
jump sizes, and by imposing a regularity condition on the payoff they use Malli-
avin calculus on Poisson space to derive weights for Asian options. Bally et al.
[1] reduce the problem to a setting in which only ‘finite—dimensional’ Malliavin
calculus is required in the case where stochastic differential equations are driven by
Brownian motion and compound Poisson components. Davis and Johansson [5] have
developed the Malliavin calculus for simple Lévy process which allows them to cal-
culate the Greeks in a jump diffusion setting which satisfy a separability condition.
Petrou [12] has calculated the sensitivities using Malliavin Calculus for markets
generated by square integrable Lévy processes which is a extension of the paper
[9]. Benth et al. [2] studied the computation of the deltas in model variation within
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a jump—diffusion framework with two approaches, the Malliavin calculs technics
and the Fourier method. El-Khatib and Hatemi [8] estimated the price sensitivities
of a trading position with regard to underlying factors in jump—diffusion models
using jump times Poisson noise.

While Lévy processes offer nice features in terms of analytical tractability, the
constraints of independence and stationarity of their increments prove to be rather
restrictive. On one hand, the stationarity of increments of Lévy processes leads to
rigid scaling properties for marginal distributions of returns, which are not observed
in empirical time series of returns. On the other hand, from the point of view of risk
neutral modeling, the Lévy models allow to reproduce the phenomenon of volatility
smile for a given maturity, but it becomes more complicated when one tries to stick
to several maturities. The inhomogeneity in time increments can improve it, hence
the importance of introducing the additive processes in financial modeling. Each
of the previous papers has its advantages in specific cases. However, they can only
treat subclasses of Lévy processes except that of [12] but in time-homogeneous case
setting.

The objective of this work is to derive stochastic weights in order to compute
the Greeks in market models with jump when the discontinuity is described by a
Poisson random measure with time-inhomogeneous intensity and then to use differ-
ent numerical methods to compare the results for simpler time dependent models.
The main tool uses Malliavin calculus, developed by Yablonski [16] for additive
processes, that will be presented shortly at the appendix of the present document for
the sake of completeness. Essentially, we introduce the time-inhomogeneity in the
jump component of the risky asset price. In particular, we focus on a class of models
in which the price of the underlying asset is governed by the following stochastic
differential equation:

dS[ = b(l, Stf)dt + O‘(ILStf)dW[
+ g 01, S, 2N (d1, d2), (1)
S() =X

where Rg :=RY\ {Oga}, x = (x;)1<i<q € R?. The functions b : RT x RY — R¢,
o :RT xRY — R and ¢ : Rt x R? x RY — R¥*“  are continuously differ-
entiable with bounded derivatives. Here

Wi = (Wi(@), ..., Wa(®))
is a d-dimensional standard Brownian motion and
N(dt,dz)" = (Ni(dt,dz)) — v/ (21). ..., Na(dt, dzq) — v (za))

where Ny, k =1, ..., d are independent Poisson random measures on [0, 7] x R,
Rg := R(l), with time-inhomogeneous Lévy measures vf, k=1,...,d coming from
d independent one-dimensional time-inhomogeneous Lévy processes. The family of

positive measures (u,k)lfksd satisfies
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d T
Z/ (Izl* A 1)v,k(dzk)dt < 00
= Jo Jr

and vE({0) =0,k=1,...,d. Let b(t,x)=Dbi(t,x))i<i<s» 0(t,x) =0y
(t, X)1<i<d,1<j<a and @(t, x, z2) = @;r(t, X, 2)1<i<d,1<k<a be the coefficients of (1)
in the component form. Then S, = (S;(¢))1<i<q4 in (1) can be equivalently written as

dSi = bi(t, S;-)dt + 39 03 (t, S )d W (t)
X Jy et S )Nkt dz), (@)
S(l) = Xj.

To guarantee a unique strong solution to (1), we assume that the coefficients of
(1) satisfy linear growth and Lipschitz continuity, i.e.,

d d
1o, )17 + llo (2, )I* + ZZ/R @i (. x, z0) Pvf (dzi) < C(1+ |x]1?)

k=1 i=1

3)
and
Ib(t. x) = bt WI* + llo (¢, x) — ot YI* < Killx — I (4)
forall x, y € R? and ¢ € [0, T], with C and K, are positive constants.
We suppose that there exists a family of functions p;, : R — R,k =1, ..., d such
that
d
sup / D oz Pvf (dzi) < oo, 5)
0=<t=T JRo }—;
and a positive constant K, such that
d
D it x. 20 — @ut, y. 20 * < KalpGo)Pllx =yl 6)
i=1
forallx, y € Re,te[0,T]andzz e Rk =1,...,d. Similarly to the homogeneous

case, we have the following lemma:

Lemma 1.1 Under the above conditions there exists a unique solution (S;);e0.1
for (1). Moreover, there exists a positive constant Cq such that

E|: sup ||S,||2:| < Cy.

0<t<T
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2 Regularity of Solutions of SDEs Driven
by Time-Inhomogeneous Lévy Processes

The aim of this section is to prove that under specific conditions the solution of
a stochastic differential equation belongs to the domains D'? (see Sects.4.14 and
4.16). Having in mind the applications in finance, we will also provide a specific
expression for the Wiener directional derivative of the solution.

Remark 2.1 The theory developed in the Appendix also holds in the case that our
space is generated by an d-dimensional Wiener process and d-dimensional random
Poisson measures. However, we will have to introduce new notation for the directional
derivatives in order to simplify things. For the multidimensional case,

1 d
Dio= (DY, ....DD)

will denote a row vector, where the element Dl%) of the jth row is the directional
derivative for the Wiener process W;, for all j =1, ..., d. Similarly, for all z =
(2k)1<k<a € RE we define the row vector

.., DY)

1,24

D,.= (D"

1,zp0 "

where the element Dt(kz)A of the kth row is the directional derivative for the random

Poisson measure N, for all k =1, ..., d. For what follows we denote with o; the
Jjth column vector of o and ¢y the kth column vector of ¢.

Theorem 2.2 Let (S;)cj0.1) be the solution of (1). Then S; € D2 forallt € [0, T],
and we have

1. The Malliavin derivative Dr(,{)) S, with respect to W; satisfies the following linear
equation:

d t
. ab ) i
DYS =2 / o (0 $uDS, du + 0, S,)
i=17" !

d d

" 90, N
+ZZ[ Pl Su_)DY) St _dWe (u)

i=1 a=1
d

+Z/t/ 99 . Su_»)DY)SI_N(du, dy),
<, Rg 8)6,‘ r,0Pu—

forO0 <r <ta.e and Dr%) S; = 0 a.e. otherwise.
2. For all z € R, The Malliavin derivative D,.S, with respect to N satisfies the
following linear equation:
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t t
D, .S =/ D, b(u, S,—)du +/ D, .o(u,S,—)dw,
r . r ~
+o(r, S, 2) +/ /d D, ¢, Sy—, y)N(du,dy),
r R

for0 <r <tae and D, .S, =0 a.e. otherwise.

Proof 1. We consider the Picard approximations Sy, n > 0, given by
Sl0 =x

t t
s —x+/ b(u, S )du—l—/ o, S )dW,

/ / ou, Si_ ,Z)N(du dz).
0 JrY

From Lemma 1.1 we know that

(7

E|: sup |S! — S,|2] — 0.
n—oo

0<t<T

By induction, we prove that the following statements hold true for all n > 0.
Hypothesis (H)

(a) S € D2 forall ¢t € [0, T].
(b) ";:n(t) - SupE|:Sup |D OSu| j| < Q.

O<r<t r<u<t

© &) <a+ 8 fo &, (u)du for some constants «, 5.

For n = 0, it is straightforward that (H) is satisfied. Assume that (H) holds for a
certain . We would prove it forn + 1. By Proposition4.12 b(u, S;}_), o (u, S};_)
and ¢(u, S;_, z) are in D'2. Furthermore,

d
ab;
Drobi(u, $i) = 2, 54 S )DeoSi iz

a=1 o

d
00;:
Dy 01, Sp ) =D . L, ST ) Do Sy <y,
a=1 Yo
KL
k
Dyopir(u, S;_, zx) = Z 8xl s 2 Dro Sy 1 <y

a=1

Since the functions b, o and ¢ are continuously differentiable with bounded first
derivatives in the second direction and taking into account the conditions (4) and
(6) we have
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| Drobitu, 10" =< Ko [ oS
| Do, SIO| < Ky [ DroS_ |, ®)

| Doginue, SI_ 20 |° < Kalp@ol? | DroS_ |

2

However, [; b(u, S"_)du, [y o(u, S"_)dW, and [ ng o, S"_, 2)N(dt, dz)
are in D'2. Which implies that $"*! to D!-2 and we have

. t t .
ijo)/o bi(u, S! _Ydu = /r Df,]())bi(”’ Sy—)du,
O3 [ [ b
D,y Z/ Oiq (u, Sy )AW, = oy;(r, S_) + Z/ D, 0ia (. S )d Wa (),
wz1”0 a=1""
- [ N > [ ‘ N
D,y Z/ / @ik, Sy_, zk) Ny (dt, dzg) = Z/ / D0 vi (. Sl s Nk(di. dzp).
Tl IRy =17 JRo
Thus

. . d .
DLyt =/r DY b(u. Si_)du + o (r, Si’_)+Z/ DY) 0, S )dWe (1)
a=1""

d . _
+>° / /]R D gr(u. S} ) N (dr. dz).
k=1"" 0

We conclude that

2}
d v )
> / DYoo (u, S1_)d Wo ()

a=1

/ DY)b(u, S!_)du

r<v<t r<v<t

E |: sup |Dr(fgSf+1|2:| <4 [E |: sup

2

+E|: sup o (t, S,")|2] +E| sup

0<t<T r<v<t

2

+ E | sup

r<v<t

d v . _
> / / DY gn(u, Si_, z)Ni(dr., dzi)
k=1 r Ro

Using Cauchy—Schwarz inequality and Burkholder—Davis—Gundy inequality
(see [14], Theorem 48 p. 193), there exists a constant K > 0 such that

E [ sup | DY) si+! |2} <K [(z —"E [/ DY b(u, S;’)lzdu}

r<v<t

d t )
+E[ sup |0 (1, Sf)lz] +E [Z / Dy ou (u, S;‘_)|2du:|
a=1""

0<t<T
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d . ‘
+E [2/ |DY ox(u, S, zk)lzvl’f(dzk)duj“ :
k=1"" Ry
From (6) and (8) we reach

E|: sup |D£;’8Sﬂ+l|2i| < KE|: sup |o;(t, 5;1)|2}

r<u=<t 0<t<T

0<t<T 0 =1

d t .
+K <K1(T+1)+K2 sup /R Z|pk<z;<)|2vt"(dz;<>>/ E[ 10707 |du.
r

Then, from (3)

E[ sup |Df{3sg+1|2} < KC(] +E[ sup |s,"|2D
r<u<t 0=t=T

. d ot .
+K (Kl(T+ 1)+ K> sup / Z|pk(1k)|2v[k(dzk))/ E[ sup \Dﬁf(}s;'ﬁ}du.

0=t=T JRo ; - r r<v<u

Consequently

Erir(t) <a+ B /0 & (w)du,

where

a:=KC (1 +supE[ sup |SI"|ZD <0

neN OftST
and, using (5), we have

d
B = K(KI(T + 1)+ Ky + sup / Z |:0k(Zk)|2ka(de)) < oo.
R

0=t=T JRy k=1

By induction, we can easily prove that, for all » € N and ¢ € [0, T]

n

i =ay CL
i=0 :

Hence, foralln € Nand r € [0, T']

£,(t) < ae’" < oo,
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whichimplies that the derivatives of S} are bounded in L%(£2 x [0, T]) uniformly
in n. Hence, we deduce that the random variable S, belongs to D"? and by
applying the chain rule to (1) we achieve our proof.

2. Following the same steps we can prove the second claim of the theorem.

As in the classical Malliavin calculus we are able to associate the solution of (1)
with the first variation process Y; := V. S;. We reach the following proposition which
provides us with a simpler expression for D, oS;.

Proposition 2.3 Let (S;)icj0.1) be the solution of (1). Then the derivative satisfies
the following equation:

DS =YY o (r, S, )<y ace. ©)

where (Y;), is the first variation process of (S;);.

Proof Let (S;):ep0,71 be the solution of (1). Then

d t
oo ab; .
DYsi=> / @(u, Su)DYSI_du + 0;(r, S,-)
p=1""

a i i
%, $,-) DY) SE_d Wy ()
aXﬁ ’

B=1a=1""
d d t a(p .

3 [ s st S
Bl k1 V7 Ry BXﬂ

The d x d matrix—valued process Y; is given by

oS
- a)Cj

T "
= 8,’j + z o a—x]((l/t, Su,)Y T du
k=1

d 4 .
00iq kj
+33 [ s,v dww

k=1 a=1

d d
0ip Ko
098 (4, Sus 2) YN Ny(du, d
XX [ s Ryt dz

k=1 p=1

ij .
Y/

with §;; = 1and §;; =0if i # j. Let (Z,)o<;<r be a d x d matrix—valued process
that satisfies the following equation
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d0,
_5,1+Z/( o, S )+ZZ k“(u 5002 ”“(u Su- ))Z’kdu
n=1 a=1
+zz//

3
k=1 p=1 1+%(M7Su—,2ﬁ)

d d 90,
—ZZ/ %y Su)Z* dWe(u)
k=1 a=1

Dot ax” L (u, Su-. zp) axﬂ(u Su—12p)

7k vB(dzp)du

d u—7Zﬁ)

-3 i ZI* Ng(du, dzp).
3 u— ’
k=1 p= 1/ Ry 1 + W( Su—,28)

By means of Itd’s formula, one can check that

.z =
j=1

Hence Z,Y, = Z,Y, = I, where I; is the unit matrix of size d. As a consequence, for
any ¢ > 0 the matrix Y; is invertible and ¥,”! = Z,. Applying again It0’s formula, it
holds that

DS =>">"Y* Zk0,;(r. 5,-) forall r <.
n=1 k=1

Then the result follows.

2.1 Greeks

For n € N* we define the payoft H := H(S;,, S, ..., S;,) to be a square integrable
function discounted from maturity 7 and evaluated at the times ¢, 15, . . . , t,, with the
convention thatfp = O and 7, = T. Under a chosen, since we do not have uniqueness,
risk neutral measure, denoted by Q, the price € (x) of the contingent claim given an
initial value is then expressed as:

¢(x) =Eg[H(S,, Su. ... S)]-

In what follows, we assume the next ellipticity' condition for the diffusion matrix o.

IThis is to ensure that we can find some solutions for the weighting functions, since it often requires
to take the inverse of the volatility function.
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Assumption 2.4 The diffusion matrix o satisfies the uniform ellipticity condition:
39 >0 &1, )0, x)E > n|§lI°, V& xR

Using the Malliavin calculus developed in the Sect.2.1 we are able to calculate the
Greeks for the one—dimensional process (S;);e[o,7] that satisfies equation (1).

2.2 Variation in the Initial Condition

In this section, we provide an expression for the derivatives of the expectation € (x)
with respect to the initial condition x in the form of a weighted expectation of the
same functional.

Let us define the set:

Tnz[aeLZ([O,T]):/ia(u)duzl Vi=1,2,...,n}
0

where t;,i = 1,2, ..., n are as defined in the Sect.2.1.

Proposition 2.5 Assume that the diffusion matrix o is uniformly elliptic. Then for
alla € T,,

T
V,%(x) = Bg [H(S,,, S,Z,...,S,”)/ a(u)o " (u, S,,)Yuqu]
0

Proof Let H be a continuously differentiable function with bounded gradient. Then
we can differentiate inside the expectation (see Fournié et al. [9] for details) and we
have

V.6 (x) = Eg [Z ViH(S,. S, ... Sf,,)vxs,,,]

i=1

= EQ |:z ViH(Stlv Stzs ey an)Yt,-:|

i=1
where V; H(S,,, Si,, ..., S;,) is the gradient of H withrespectto S, fori =1,...,n.
Foranya € T, andi = 1, ..., n and using (9) we find

T
= [ Do SV du,
0

From Proposition 4.12 we reach
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- oo
V,%(x) = Bg / ZV,H(S,,,S,Z,...,S,n)a(u)Du,os,io—l(u,Su_)Yu_du}
0 o

T
=Eg / DM,OH(S,,,SQ,...,S,n)a(u)a—‘(u,su)Yudu}
0

r T
_Eqg / / Du,zH(s,I,s,z,...,Szn>a<u>a—1<u,Su_>Yu_duao<dz)}.
LJ O R

Into measure w(dudz) defined in Sect.4.12 we replace A by 0 and u(du) by a
Lebesgue measure du. Then

T
V% (x) = Eg [/0 /RDM,ZH(S,],S,Z,...,S,n)a(u)al(u,Su)Yu1{0}(z)n(dudz):|.

Using the integration by parts formula (see Sect.4.14), we have
Vi (x) =Eq [H(Sy, Sis -, S,)8 (a()o ™' (-, $)Y 1y ()]

However, (a(u)o~'(, S;-)Y;_),_,., is a predictable process, thus the Skorohod
integral coincides with the It6 stochastic integral.

T
V,€(x) =Eg [H(S,,, stz,...,s,,,)/ a(u)o ™ (u, Su_)Yu_qu]
0

Since the family of continuously differentiable functions is dense in L2, the result
hold for any H € L? (see Fournié et al. [9] for details).

2.3 Variation in the Drift Coefficient

Leth : Rt x RY —> R9 be a function such that for every ¢ € [—1, 1], b and b + eb

are continuously differentiable with bounded first derivatives in the space directions.

We then define the drift—perturbed process (S;), as a solution of the following
perturbed stochastic differential equation:

dSt = (b(t, St ) + eb(t, S¢ ))dt + o (t, S )dW,

[ +ng o(t, St 2)N(dt, dz), with S§ = x. (10)

We can relate to this perturbed process the perturbed price € (x) defined by

€ (x) =Eq[H(S;. S}, ... 5)].
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Proposition 2.6 Assume that the diffusion matrix o is uniformly elliptic. Then we
have

0%
Rho =

T
=Eg |:H(S,,, S,z,...,S,”)/ (e 'b), S,)dw,].
e=0 0
Proof We introduce the random variable
_ T _ &2 T _
D% = exp (8/0 (c7'b)(t, S )dW, — 3/0 I(e~'D)(t, Sf)||2dt).
The Novikov condition is satisfied since

&2 T _
Eg [exp (?/0 (e~ 'b)(t, Sf_)||2dt)] < +o0.

As well as EQ[D ] =1, then we can define new probability measure Q° by its
Radon-Nikodym derivative with respect to the risk—neutral probability measure Q:

~s — ng//T

By changing of measure, we can write

dQ
Q[H(SE S, ..., 80)] = Ege [H(S;, Sto8)) }

dQe
=Eg[H(Sy, Sis -+ S,) D]

where

T _ &2 [T _
D;=exp(—e / (@7'B)(t, Si-)) AW, — / I~ D), St_>||2dr)
0 0
T ~
=1- e/ ((0~'D)(t, S,-)) DidW,
0
which implies that

Eq[H(SE, S5, ., S)] —Eg[H(Sh, Sv -, Si)]

&

2

T
—Eq [H(S,l, RS / o~'b)(, s,)dw,}
0
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Dé — 1 T ~
='E@[H(S,1,St2,...,s,n>( — —(/ (o‘lb)(t,st)dwz))}
0
2}

2

Di—1

T
<Eg[IH(S,, Sh, - -, S, 1] Eg U —/0 (67 'B)(t, S,=)aW;)

2.4 Variation in the Diffusion Coefficient

In this section, we provide an expression for the derivatives of the price % (x) with
respect to the diffusion coefficient 0. We introduce the set of deterministic functions

ti
T, = ‘aeLz([O,T]):/ a(u)du =1 Vi=1,2,...,n]
ti—1

wheret;,i =1, 2, ..., nareasdefinedinthe Sect.2.1. Letg : Rt x RY — R? x R?
a direction function for the diffusion such that for every ¢ € [—1, 1], and o + €&
are continuously differentiable with bounded first derivatives in the second direction
and verify Lipschitz conditions such that the following assumption is satisfied:

Assumption 2.7 The diffusion matrix o + £ satisfies the uniform ellipticity con-
dition for every ¢ € [—1, 1]:

I3n>0 £ (0 +€0) (t,x) (0 +65) (1, x)E > nl€]*, V& x eRY.

We then define the diffusion—perturbed process (S; ’G)OS,ST as a solution of the
following perturbed stochastic differential equation:

dSe% = b(t, S*7)dt + (U(t, S97) + e (1, Sff)) dw,
+ Jus 00, SE7 )N (dt, dz), with S57 = x.

We can also relate to this perturbed process the perturbed price €*° (x) defined by
€ (x) == Eq [H(SE7, 57, ..., $07)].
We will need to introduce the variation process with respect to the parameter &
dZ; = b0, S Zdn + (00, S0 + 65, S0 ZiTaw,

+3 (1, ;7AW + / ¢'(t, S5, 2)ZE° N(dt, dz) and Z5° =0,
R
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ase?

so that =~ = Zf’a. We simply use the notation S, ¥; and Z° for S,O’E, Y,O’g and
72 where the first variation process is given by ¥,"° := V, 5*"° . Next, consider the
process (8; )iejo, ) defined by

BT :=Y'2%, 0<t<T ae.

t

Proposition 2.8 Assume that Hypothesis 2.7 holds. Set
BT = a) (B = B7) Liv 1 ()
i=1

Suppose further that the process (e~ ', S,)Y,B',”’EBo(z))(,,z) belongs to Dom(§),
then we have for any a € T),:

£,0

” =Eq[H(Sy. St 8,08 (07, SHY. B 8())] .-

e=0

Vega = (x)

Moreover, if the process (,8?80 (z)) belongs to D2, then

te[0,T]

n

5 (o7 (. SHY.B T 80()) = D [ﬂf%(z) / a0 (1, )Y, )dW,

i=1

- / " a(t) ((Drof%)o (1, Si)Y,) di

ti1

- /i a)(e'(, Sz)Yz,BflrSo(Z)dWr]-

Proof Let H be a continuously differentiable function with bounded gradient. Then
we can differentiate inside the expectation

de de

967 ! s s K
(x) = Eg [ZV[H(S,SI“’,S&”,...,S;'” l ]
i=1

= Eg [Z ViH(SE7, 8%, an"?)Zf,jg:| :
i=l
Hence

9¢°
ae

(x)

=Eg [Z ViH(S,, S, ..., s,n)zf] :
e=0

i=1
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On the other hand we have

ﬁ:nﬁ

- Y" Z(ﬂt/ tr 1
—v, Z/_" a(t) (B — B )1

1
= / Y, f}“ °dr.
o

From Proposition 2.3, we conclude that

T
z7 :/ Dy0S,0 " (u, S, )Y, B*°du.
0
Which implies that

9¢°

(X)

=Eg {/ Zv H(Sty, Sty -+ St,) Du0S0 su_)yu_,é'g’“du}

=Eg [/0 Dy 0H (St Sty - S)o Su)YuE;""du}.

Using the duality formula in Sect.4.14 and taking into account the fact that
(e~ ', S)Y, B 780(2))(1.z) belongs to Dom(8), we reach

96"

() | =Eg[HS,. S 8,08 (07 SHY.B ()]

e=0

2.5 Variation in the Jump Amplitude

To derive a stochastic weight for the sensitivity with respect to the amplitude para-
meter ¢ we use the same technique as in the Proposition 2.6. To do this, we consider
the perturbed process

d = b(t, Ss_w)dt—l—O'(t S )dWr
+f]Rd(<p(t S,_(ﬂ, 2) +eo(t, S,_ ,2)N(dt, dz),
Sy =x
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where ¢ € [—1, 1]and ¢ : Rt x RY x RY — R¥*¢ is continuously differentiable
function with bounded first derivative in the second direction. The variation process
with respect to the parameter ¢ becomes

dzP% = '@, SS9 ZE0de + 30 ol (1, St HzEPaw®
+ Jrg ((p (t, 8% 2) + &g (z, §°F z)) 7PN (dt, dz)
+ ng §0(ty Sf:ﬁ’ Z)N(dtv dZ)a
Zy? =0.
We can also relate to this perturbed process the perturbed price €% (x) defined by

670 = Bo [H(ST. 57,50 |.

Hence, the statement of the following proposition is practically identical to
Proposition 2.8:

Proposition 2.9 Assume that the diffusion matrix o is uniformly elliptic and the
process (o~ (t, S,)Y,ﬂ,a (p&)(z))(t o € Dom($), then we have for any a € T,:

=Eq[H(S,. Sty S,)8 (07, SHY.B"980()] .
e=0

Kappa =

ee? )
X
ae

Moreover, if the process (,8?80 (2))seq0,1) belongs to D2, then

n

§(07' (. SHY B P80()) =D [ﬁfso(z) / a7 @, SV dW,

i=l1

~ [ at) (0o 5w, dr

- /i a@)(o'(, St—)Yt—ﬁflﬁo(Z))th]-

i~

3 Numerical Experiments

In this section, we provide some simple examples to illustrate the results achieved
in the previous section. In particular, we will look at time-inhomogeneous versions
of the Merton model and the Bates model.
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3.1 Examples

3.1.1 Time-Inhomogeneous Merton Model

We consider time-inhomogeneous versions of the Merton model when the riskless
asset is governed by the equation:

ds) = S’r(tdt, Sy =1,
and the evolution of the risky asset is described by:
dSt == Stdetv S() =X,

where

t t t
L[:/ b(u)du+/ a(u)qu—i—/ ow)dX,, t>0.
0 0 0

e {W,,0 <t < T} is astandard Brownian motion.

e The process {X,,0 <t < T} is defined by X, := z;v;l Z;forallt € [0, T], such
that {N;, ¢t > 0} is a inhomogeneous Poisson process with intensity function A(#)
and (Z,),> is a sequence of square integrable random variables which are i.i.d.
(we set k 1= EqglZ]).

o {W,,t>0},{N,,t >0}and {Z,, n > 1} are independent.

e 1, b, 0 and ¢ are deterministic functions.

We can write
L,:/ b(u)du+/ a(u)qu—l—// ow)zJx(du, dz)
0 0 0 JRy
=/ (b(u)+K<p(u)A(u))du+/ U(M)qu—i‘/ / @u)zJx (du, dz),
0 0 0 JR,

where Jx (du, dz) and Ty x (du, dz) are, respectively, the jump measure and the com-
pensated jump measure of the process X. By It6’s formula, we have forall # € [0, T']:

In(S;) = In(x) +/ (b(u) — %02(14)) du
0

+/ a(u)qu+/ / In(1 4+ @(u)z)Jx(du, dz).
0 0 JR,
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Set A; = exp(— fot r(u)du), we conclude that the process (A;S; )0, 7] is a martingale
if and only if the following condition is satisfied:

b(t)—r@)+kp®r()=0 Yt e[0,T].

Hence, forall r € [0, T']:
In(S;) = In(x) +/ (r(u) — %az(u) — KQD(M))\(L{)) du
0
+/ a(u)qu—i—/ / In(1 4+ @(u)z)Jx(du, dz).
0 0 JRy

The price of a contingent claim H (S7) is then expressed as
¢ (x) =EqlArH(S1)],

and for all ¢ € [0, T], the processes Y;, Zf’, ,Bf s Z? and ,3,& are, respectively, given
by

N
Q
I

S
- X
t’~ (/ l/l)qu _/ E(M)U(M)du) S,
BY =x ( o(w)dw, — /o(u)a(u)du)
7 _ w(u)z 3 /f _ )

87 = x (/ /}R li(;‘iz) Jx(du, dz) —/O Ka(u)x(u)du).

By using the general formulae developed in the previous section, we are able to
compute analytically the values of the different Greeks (a(u) = %):

T
Vi€ (x) = Eq |:ATH(ST)/ a@) (o~ (u, Su)Yu-) qu}

= Eg [ATH(ST)/ xTa(u)qu}



58 M. Eddahbi and S.M. Lalaoui Ben Cherif
T
Rho; = Eg [ATH(ST)/ (7', SiO)F(, Si0) dW,}
0

T
—EQ |:/ 7(u)duATH(ST):|
0

:E@[ATH(ST)(/ r((u))dW /r(u)du)]
0

r T
Vegas = Eq ATH(ST)/ o_'(t,S,)Y,E,”_dW,:|
L 0

r T
=Eq | A7 H(Sr) ( / a(r)ﬂr(o—‘(t,S,_>Yz_>dwf)}
0

( T a(t) r_
=Eq|ArH(ST) / — (/ o) dw, — o’(u)du)) th):|
o o) \Jo

r T
Kappag = Eq ATH(ST)/ o\, S,_)Y,_,Bf_dW,:|
0

T
=Eq | ArH(Sr) ( / a(t)Br(oc'(t, Sz_)Yz_)de)}
0

( T a()
=Eq | ArH(Sp) / —dW,)
0o o)
Ppu)z T
(/ /R 1+ o)z JX(d”adZ)—/O Kw(u))»(u)du)}

For numerical simplicity we suppose that the coefficients r > 0, o > 0 are real
constants and ¢ = 1 such thatIn(1 + Z;) ~ A4 (i, %) where u € Rand § > 0. The
intensity function A(¢) is exponentially decreasing given by A(t) = ae™"" for all
t €[0,T],wherea > 0and b > 0.

In this case we have k = E[Z,] = e’”% — 1 and the mean—value function of the
Poisson process {N;, t > 0} is m(t) = [, A(s)ds = £(l—e™), Vrel0,T]

3.1.2 Binary Call Option

We consider the payoff of a digital call option of strike K > 0 and maturity T i.e.
H(S7) = 1{5,>k), such that:

Nr
1 ak _
Sr = x exp (r - 502) T——(-e Ty 4 o Wy +]Z_;1n(1 +Z))
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The price of a digital option is given by:
G = C(x) = ¢ "Bollik 100 (ST)].

Delta: variation in the initial condition

e Delta computed from a derivation under expectation: By conditioning on the num-
ber of jumps, we can express the price as a weighted sum of Black—Scholes prices:

Z e—m(T) (m(T))n

Cgb]z’l = n' (gbligyf(ov T& Sns Kv r, Un)

n>0

where m(T) = ¢(1 — e™*T), S, = xexp(n(u + &) — m(T)«), 0} = o> +ns
and €,35(0, T, S,, K, r, 0,) stands for the Black—Scholes price of a digital option.

v 0§ e " Do) 8, 06570, T, 80, K, 1, 0)
bin = 9x e n! x 35S, ’
Recall that
%)?5(09 T’ Sna K5 r, Un) = e_rTc/V(dln)

and

8%;35(0’ T’ Sn’ Ka r, Un) e_’T

= (D(dZn)
Sy Snanﬁ

Suy 4 (rg %0 _2
Where1 di, = W, dyp =dy, —0p/T and ®(z) = \/;2787' Conse-
quently

o~ T+m(T)) (m(T))" ®(d>.,)

AM _
bin — |
X T >0 n. On

e Finite difference approximation scheme of Delta:

Egle T H(S;1)] — Egle " TH(S} )]

a —r X
AT = —Egle " TH(Sp)] ~ >

bin ax
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e Global Malliavin formula for Delta:
The stochastic Malliavin weight for the delta is written:

Ty s W
8(w)=/ 2 aw, = L
o T xoS; xoT

where (1) = a(t) J& and ¥, = ¥ and a(t) = 7

Wr
xoT

A = Eq |:e_rT1[K,+oo](ST)

e Localized Malliavin formula for Delta:
Empirical studies have shown that the theoretical estimators produced by the tech-
niques of Malliavin are unbiased. We will adopt the localization technique intro-
duced by Fournié etal. [9], which aims is to reduce the variance of the Monte—Carlo
estimator for the sensitivities by localizing the integration by part formula around
the singularity at K.
Consider the decomposition:

H(ST) = Hs,lac(ST) + Hs,reg(ST)-
The regular component is defined by:
H; reg(S7) := G (ST — K).

where ¢ is a localization parameter and the localization function G,, that we
propose, is given by:

0; Z<—¢
-\ 3
G 13090+ —e<z<0
1_%(1+§ (l_é)’O§Z<8
L z=¢€

Then

1 Sy —K Sr—K\’
He,reg(ST)zi(l_ Tg )(1+ Tg ) 1[K78<S7‘<K}

1 Sr— K Sr— K\
+(1—5(1+ Tg )(1— TE ))1{K<ST<K+S}

+ 15> K +e)-

The localized component is given by:

Hs,loc(ST) = H(ST) - Hs,reg(ST)-
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Delta for a digital option in Time-inhomogenous Merton model

0.06 T T T T T T T T
Var PLocM=0.000330 Global Malliavin formula =0.035096
V:— PG?(?M—O 003664 Localized Malliavin formula=0.035660 ——
0.055 |- Var FD:0‘003954 Finite difference=0.034900 ------- E
e Exact value=0.035934 --------
Ratio(FD/PMloc)=11.983937
0.05 Ratio(FD/PM)=1.079128 B
0.045
0.04
<
£ 0035
a
0.03
0.025 b i
0.02 ! i
0.015 i
001 ; i Il Il Il Il Il Il Il Il Il

0 100 200 300 400 500 600 700 800 900 1000
Number of simulations

Fig. 1 Delta of a digital option computed by global, localized Malliavin like formula and finite
difference. The parameters are Sp = 100, K = 100,00 =0.10, 7 =1,r =0.02, o = —0.05,§ =
0.01, ¢ = 1, the intensity function A is exponentially decreasing given by A(r) = ae™?" for all
t €[0,T], wherea=1andb =1

We find that the Delta computed by localized Malliavin formula:

Wr
xoT

S
AlLoeMall = e_rTEQ |:Hs,loc(ST) :| + e_rTEQ [Hé,reg(ST)?T] .
In Fig. 1 we plot the delta for a digital option for a simplest time-inhomogeneous
Merton model.
Furthermore, we have

/W
Rho = é'_rTEQ (TT — T) I{ST,ZK}i|
[ (W2 —cTWr =T
Vega =e¢'TE T 15~
R (G T
. L
K — —rTE J _ _,—bT 1 Tl -
appa = e Q §—1+¢Zj b( e’ +1 —7 LisrzK)

Rho: variation in the drift coefficient

e Rho computed from a derivation under expectation: Recall that

CESO,T, S, K, r,00) = eI N (dy)
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and
dCES(0.T. S, . K. 1.0, VTe "
b’"( ) = —TeirTJV(dz,n) + —cp(dln)
or On
A6
Rho)! .= —bin
or
B e D) (m(T))" a(gbbi”f((), T,S,,K,r, o)
- = n! or
=D (m(T))" VTe™T
= Z %(—Te‘ﬂﬂ(dz,n) + U—ﬂb(dz,n))
n>0 ’ "

— T UT+mI) Z M (_JV(dzn) +
n! ’

n>0

cb(dZ,n) )
VTo, )

e Finite Difference Approximation scheme of Rho:

EQ[E_(r+£)TH(S§-+S)] _ EQ[e_(r_S)TH(S;_E)]
2 '

3 _
Rhopp = o Egle "TH(SH)] ~

e Global Malliavin formula for Rho:

_ Wr
Rhogyan = ¢ ""Eq [(? - T) l{ST>K}:| .

e Localized Malliavin formula for Rho:

W
Rhopoeman = ¢ " Eg [Hg,lac(ST) (?T - T)]

+e " TEq [H] 0o (ST)T Sr| — Te ""Eq [H ., (ST)] .
In Fig.2 we plot the Rho for a digital option for a simplest time-inhomogeneous

Merton model.

Vega: variation in the diffusion coefficient

e Vega computed from a derivation under expectation:

M 86}2{1
egabin : 8
e ( )(“l(’] )) aonaébin (0,2,5,1,1(,),0;1)

n! foled a0,

X
v
=}
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Rho for a digital option in Time-inhomogenous Merton model

7 T — T T T T T
Halio(FD?PM):ZOB,ﬂ&StiW o Global Malliavin formula =2.714175
Var PLocM=4.328347 Localized Malliavin formula=2.963162 ——
Y Var PGloM=32.086706 Finite difference=1.375000 -------
} Var FD=6678.381507 Exact value=3.047522 --------
6 {Ratio(FD/PMloc)=1542.940471 g

Rho

0 100 200 300 400 500 600 700 800 900 1000
Number of simulations

Fig. 2 Rho of a digital option computed by global, localized Malliavin like formula and finite
difference. The parameters are Sy = 100, K =100, 0 =0.1, 7T =1,r =0.03, p = —0.05, § =
0.01, ¢ = 1, the intensity function A is exponentially decreasing given by A(t) = ae™?" for all
t€[0,T],wherea =1andb =1

d

—m(T) n
e (m(T)" o ;’n)q)(dz,n)

=> (e T +

n! oy

n>0

_O—e—(rT+m(T))z (m(T)) anﬁde,n B(ds ).
(o2

|
n=0 n: n

e Finite Difference Approximation scheme of Vega:

_,rEolH(S7)] — Eg[H(S779)]

3 —r lea
Vegapp := gEQ[e TH(SI)] ~e >

e Global Malliavin formula for Vega:

., W2 —oTWr —T
VegaGMa” =e TEQ [( r oT ) 1{5T>K}i| .

e Localized Malliavin formula for Vega:

o W2 —oTWr —T
VegaLocMall =e EQ HE,loc(ST) oT

+ e_rTEQ [Hs/,reg(ST) (Wr —0oT) ST] .
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Vega for a digital option in Time-inhomogenous Merton model

Va;r PLocM=I74,oo1 gzgl I Globeil Ma\liavinlformula =|—4.507803I
Var PGloM=436.773796 Localized Malliavin formula=-4.564098 ——
arVar (I’:D=144 303053 Finite difference=—4.250000 -------
- i ) Exact value=—4.498331 -------- R
i Ratio(FD/PMloc)=1.949990

Ratio(FD/PM)=0.330384

Vega

1 ! ! 1 I 1 | 1 1
0 100 200 300 400 500 600 700 800 900 1000
Number of simulations

Fig. 3 Vega of a digital option computed by global, localized Malliavin like formula and finite
difference. The parameters are So = 100, K = 100, r =0.02, 0 =0.20, T =1, r =0.05, u =
—0.05,8 = 0.01, ¢ = 1, the intensity function A is exponentially decreasing given by A(t) = ae~"!
forallt € [0, T], wherea = 1 and b = 1

In Fig.3 we plot the Vega for a digital option for a simplest time-inhomogeneous
Merton model.

Alpha: variation in the jump amplitude

e Alpha computed from a derivation under expectation:

aeM
Alphal!, = ﬁ
B e—m(T)(m(T))n 8Sn a%ﬁf(o, T, Sn, K,r, Un)
- n! e 39Sy

n>0

e "D m(T))" m(T)kS, 86,50, T, S,, K, r,0,)

= n! 0 08,
. e~ rTHm@) (m(T)" @ (dy,,)
o 0T = n! o,

e Finite Difference Approximation scheme of Alpha:

7 BolH (8771 — Bg[H (57 9)]
2¢e ’

0
Alpharp = @EQ[e_rTH(S?)] e
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e Global Malliavin formula for Alpha:
Nr

Z; a WT
Alphagya = ¢~"TE A Gty ) P
phacyan = e Q ;1+¢Z, Kb e’ +1) o Lisr=K)

e Localized Malliavin formula for Alpha:

—rT &z a . —bT Wr
Alphayoemall = e EQ Hg 1o¢(ST) le m — KE —e +1) oT
Nt 7. u
+e_rTEQ Hs/,reg(ST) JZi ﬁ - KE(—E_bT +1 ) Sr

In Fig. 4 we plot the sensitivity with respect to the jump size parameter ¢ for a digital
option for a simplest time-inhomogeneous Merton model.

Alpha for a digital option in Time-inhomogenous Merton model
0.25 T T T T T

Globall MalliavinI formula =|0.1 16775I
Var PLocM=0.002536 Localized l\/’l_:'allviavg]éormu\a:g.é;gggg -
Var PGIoM=0.036735 inite difference=0.
. Exact value=0.110671 --------

: Var FD=2.738470
0.2 Ratio(FD/PMloc)=1079.881339 g
] Ratio(FD/PM)=74.546571

Alpha

0 i N \ | |
0 100 200 300 400 500 600 700 800 900 1000

Number of simulations

Fig. 4 Alpha of a digital option computed by global, localized Malliavin like formula and finite
difference. The parameters are Sp = 100, K =100, 0 =0.20, T =1, r =0.02, u = —0.05,
5§ =0.01, ¢ = 1, the intensity function A is exponentially decreasing given by A(r) = ae™?" for
allt € [0,T], wherea =1and b =1
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3.1.3 Time-Inhomogeneous Bates Model:

We consider the solution of the stochastic differential equation:

dS! =rS! dt+ViS|_dW! + S [, (¢ = )N (dt,dz), S} = xo,
dV, = k(@ — V)dt +o/VidB,, Vo=y,
(Wl’ B)t = pt,

where (th, B,):ep0,71 1s a two—dimensional correlated Brownian motion with cor-
relation parameter p €] — 1, 1[. The stochastic process (S;) is the underling price
process and (V,) is the square of the volatility process which follows a CIR? process
with an initial value vy > 0, with long—run mean 6, and rate of reversion «, o is
referred to as the volatility of volatility.

For all ¢ € [0, T], we define

1
= sz(Bt —oW,).

The process (W?),cjo.7] is @ Brownian motion which is independent of (W,'),c(0.7}-
Then, the system of stochastic differential equations can be rewritten in a matrix
form

dS, = b(t, S;_)dt +o(t, S;_)dW, +/ o(t, S;_, z)ﬁ(dt, dz), Sy = (xo, vo)

Ry

where S, =(S!, V), Wr= W' W2H*  b*(t, S_) =S, k@O — V),
9*(t, Si_,z) = ((¢¢ — 1)S) ,0)* and

VViS 0
po Vi o1 = p2/V;

o(t,8-) =

The inverse of o is

o/1=p2/Vi 0

1
—1
ot S8 ) = —F—m————
1
O—msl—vf —poV; \/VtStl_

The price of the contingent claim in this setting is expressed as:

¢ =Eqg[e"TH(S)].

2Cox, Ingersoll and Ross model. See [4].
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Note that by Itd’s formula we have for all r € [0, T']

ln(Stl)—/l (r—lv)du+// z— (€ — D] vu(dz)du
2 R,
/\Fdwl //zN(du dz).
Ry

The Rho

In the drift—perturbed process (S; ), which is a solution of the stochastic differential
equation (10), we take b*(t x) = (x1,0)*" and we get

_ ~ 1 —p
Yt S )b, S ) = = ——— ).
(o7 (1, $;-)b(t, 5i-)) (ﬁ mm)

From Proposition 2.6, we have

—rT r dWll p r th2 —rT
Rho=e""TEq | H(S)) /O NN —Te "TEg [H(S)].

The Delta

The first variation process is given by

dY, = b/(t, S,_)Y,_dt + o]{(t, S,_)Y,_d W) ~
+03(t, S, Y- d W + [y @1, Si-, )Y, N(dr, d2),
Yo=1

where
r 0

/ Z_l
veso= (g5 ’wm&,@=(“o)8)

S
o/(t, S$-) = (\/Ovt 2;,/;) and o)(t,S,_) = (

N

() (e}
Q
[\]
e
2
\—/




68 M. Eddahbi and S.M. Lalaoui Ben Cherif

By Proposition 2.5 we conclude that

0%
Delta =
a

X0

T yL1 yl! 2
=e¢'TEg | H / = ! / = __aw? ).
‘ Q[ o) ( o ‘st ”(’)ﬁ TSt )}

. s .
Since Y,l;l = S and if we take a(t) = %, we get

—rT T 1 T 2
Detta =g | Hs) [ e _ ¢ dWoy |
xoT o VVi J1=p2Jo VYV

The Vega

We perturb the original diffusion matrix with o to get the perturbed process given
by (11) such that

~ _[*1 0

o(t,x) = (O O)'

For all ¢ € [0, T'], the processes Zf and /3,5 are, respectively, given by
t
ASEE (W,1 —/ \/Vudu) S, ZH° =0

BT =xo (W, VVidu ), g¥° =0.
-,

Using the chain rule (Proposition 4.12) on a sequence of continuously differ-
entiable functions with bounded derivatives approximating +/V,, together with
Proposition 2.3 we obtain

_ T
Dy oBr° = xo ((1,0>*— /O 5 \/—Dror du)

V[Y22
:xo((IO) 2 \/\/:Y“( 1_pz)du).

Thus

Tr (D oBr)o ™" (t, Si0)Y,) =

é—l
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Then
T
8 (071, SHY.B8()) = /O a() (@' (t, S,-)Y,)*dW,

T
—/ a@®)Tr ((Dofr)o" (1, 8,-)Y, ) dt
0

S
a(t)
X( NI \/1—7/
- /O “j’%d;

a(t)

)

Consequently,
e T
Vegaz = [H(ST)((W} - / \/Vudu)
0
T aw) o T aw? T dt
X — — — 1.
o Vi J1=p2Jo JVi o VVi
The alpha

We consider the perturbed process

dSt = b(t, St )dt + o (1, S )dW, ~
+ Jo, (@1, S;_, 2) + (1, S;_, 2))N(dt, d2),

S5 = x,
ot,x,z2) = ()8)

Forall t € [0, T], the processes Z? and ,3,gz defined above are, respectively, given by

(/ / “*N(du, dz) — / 1—e Z)vu(dz)du) S, Zfz") 0

Ry R,

= X (/ / “*N(du, dz) — / 1 - e_z)vu(dz)du) ’ t2,<p —0.
Ro

with
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Then
T
§ (07" (. S)Y.BS0()) = /0 a@®) (o™, $-)Y, ) dW,
T
- / a®Tr ((Drofr)o ™\ (t, Si-)Y,-) di
OT _ T
:(/ /e’ZN(du,dz)—/ /(l—ez)vu(dz)du)
0 R(] Ry
@ gy / a(r)
Nz M )
Consequently

e—rT
Alphag =

T T
|:H(ST)(/ / e—ZN(du,dz)—/ / (l—e_z)vu(dz)du)
0 Ro 0 IRO

/T thl P T th2
X — .
o vVi  J1—p2Jo vV

4 Malliavin Calculus for Square Integrable Additive
Processes

4.1 Additive Processes

Definition 4.1 (see Cont [3], Definition 14.1) A stochastic process (S;);>o on R?
is called an additive process if it is cadlag, satisfies Sp = 0 and has the following
properties:

1. Independent increments: for every increasing sequence of times fy, .. ., #,, the
random variables Sy, S, — Sy, ..., S;, — S, , are independent.
2. Stochastic continuity: Ve > 0 and V ¢ > 0, limy_o P[|S;4n — S¢| > €] = 0.

Theorem 4.2 (see Sato [15], Theorems 9.1-9.8) Let (S;),>0 be an additive process
on R, Then S, has an infinitely divisible distribution for all t. The law of (S;)>¢ is
uniquely determined by its spot characteristics (A;, L, I7)i>0°

Elexp(iu$;)] = exp(y; (u))

where

1
D) = =g At T4 [ @1 2l @),
Rd



Sensitivity Analysis for Time-Inhomogeneous Lévy Process ... 71

The spot characteristics (A;, |, I1)i>0 satisfy the following conditions

1. Forallt, A, is a positive definite d x d matrix and |4, is a positive measure on
R? satisfying i,(0) = 0 and ng(|z|2 A D (dz) < oo.

2. Positiveness: Ag =0, uo =0, Iy = 0 and for all s, t such that s <t, A, — Ay
is a positive definite d x d matrix and u;(B) > us(B) for all measurable sets
B € BRY).

3. Continuity: if s —> t then Ay — A,, Iy —> I and ts(B) —> u,(B) for all
B € BRY) such that B C {z : |z| = &} for some & > 0.

Conversely, for a family of (A, ., I7);>0 satisfying the conditions (1), (2) and
(3) above there exists an additive process (S;);=0 with (A, 4, I7)i>0 as spot char-
acteristics.

Example I 'We consider a class of spot characteristics (A;, t;, I7):>0 constructed in
the following way:

e A continuous matrix valued function o : [0, T] — M4 (R) such that o; is sym-
metric for all ¢ € [0, T'] and verifies fOT atzdt < 0.

e Afamily (v;);c0,7] of Lévy measures verifying fOT (ng(lzl2 A Dy, (dz)) dt < oo.

e A deterministic function with finite variation y : [0, T] — R? (e.g., a piecewise

continuous function).

Then the spot characteristics (A;, s, I7);>0 defined by

1

A, =/ 03ds
0
t

Uy =/ Vyds
0
t

I; =/ )/st
0

satisfy the conditions 1, 2, 3 and therefore define a unique additive process (S;),>0
with spot characteristics (A;, i, I7):ejo0,7].- The triplet (olz, Vi, Ye)ielo,r] are called
local characteristics of the additive process.

Remark 4.3 Not all additive processes can be parameterized in this way, but we
will assume this parametrization in terms of local characteristics in the rest of this
paper. In particular, the assumptions above on the local characteristics implies that
the process (S;)>0 is a semimartingale which will allow us to apply the It6 formula.

The local characteristics of an additive process enable us to describe the structure
of its sample paths: the positions and sizes of jumps of (S;);>¢ are described by a
Poisson random measure on [0, 7] x R¢

Js(w, ) = Z 81,458,

0<t<T;AS,#0
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with (time-inhomogeneous) intensity given by v;(dz)dt:

E[Js([t1, 2] x B)] = pr([t1, 2] X B) =/ vs(B)ds.

1)

The compensated Poisson random measure can therefore be defined by:

Js(w, dt,dz) = Js(w, dt,dz) — v,(dz)dt.

4.2 Isonormal Lévy Process (ILP)

Let u and v are o—finite measures without atoms on the measurable spaces (T, <)
and (T x Xg, £) respectively.
Define a new measure

n(dt, dz) := u(dt)s 4(dz) + v(dt, dz) (11)

on a measurable space (T x X,¥), where X =XoU A, ¥ =o (& x A, A) and
84 (dz) is the measure which gives mass one to the point A.
We assume that the Hilbert space .7 = LXA(T x X, ¥, ) is separable.

Definition 4.4 We say that a stochastic process L = {L(h), h € #} defined in a
complete probability space (£2, %, P) is anisonormal Lévy process (or Lévy process
on #7) if the following conditions are satisfied:

1. The mapping A —> L(h) is linear.
2. E[e*1™] = exp(¥(x, h)), where

W(x, h) :/ ((e"xh“»@ — 1 —ixh(t, 2)1x,(2) — lx2hz(t,z)1A(z)) 7(dt,dz).
TxX 2

4.3 Generalized Orthogonal Polynomials (GOP)

Denote by x = (x1, x2, ..., X,, ...) a sequence of real numbers. Define a function

F(z,x) by
F(z,%) = ex (i (D! k) 12
) - p k .XkZ . ( )
k=1

It

—1
R(T) = (limsup |xk|%) =0



Sensitivity Analysis for Time-Inhomogeneous Lévy Process ... 73

then the series in (12) converge for all |z] < R(X). So the function F(z, X) is analytic
for |z] < R(X).
Consider an expansion in powers of z of the function F(z, X):

F(z,%) = > "P(®.
n=0

One can easily show the following equalities:

n

1+ DP1 (@ = D (=D xi1 Py (@), 120,
k=0

8P,,(_)_ 0 ifl > n,
o T | S @it <n.

4.4 Examples

1. fx(h) = (x,A,0,...,0,...), then
Z2 -
F(z,x) = exp (Z)C - ?)\) = Z_(; H,(x, )‘)Zn’

where H,(x, 1) are the Hermite polynomials (Brownian case). So
P,(x,A,0,...,0) = H,(x, A).

2. Ifx(hy=(x —t,x,...,x,...), then

o n
FG® =1+ = Culr ),
n=0 ’

where C,(x, 1) are the Charlier polynomials (Poissonian case). So

nP,(x —t,x,...,x) = Cu(x, ).
4.5 Relationship Between Generalized Orthogonal
Polynomials and Isonormal Lévy Process

Forh € 2 N L*®(T x Xo, B, v),letx(h) = (x;(h));2, denote the sequence of the
random variables such that
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xi(h) = L(h);
x2(h) = L(h*1x,) + 1113
xi(h) = L(h*1x,) +/ WA (e, x)v(dt, dx), k = 3.

TXXO

Lemma 4.5 Lethandg € 5 N L>®°(T x Xy, B, v). Thenforalln, m > 0we have
P, (x(h)) and P, (X(g)) € L*(2), and
0 ifn #m,

E[P,GE(M)P,(x(gN] =1 1 '
[P, (x(h)) Py (X())] { - (E[LMWLD" if n =m.

4.6 The Chaos Decomposition

Lemma 4.6 The random variables {e*™ h € 76 N L®(T x Xy, B, v)} form a
total subset of L*(2, %, P).

For each n > 1 we will denote by &2, the closed linear subspace of L*(2,.7, P)
generated by the random variables {P,(x(h)), h € 7 N L>®(T x Xy, B,v)}. P
will be the set of constants. Forn = 1, &, coincides with the set of random variables
{L(h), h € 2}. We will call the space &2, chaos of order n.

Theorem 4.7 The space L*(2, 7, P) can be decomposed into the infinite orthog-
onal sum of the subspace ,,:

L*(R2,.7,P) =P 7.

4.7 The Multiple Integral

Set % = {A € ¥|n(A) < oo}. For any m > 1 we denote by &,, the set of all linear
combinations of the following functions f € L2((T x X)", 9™, n™)

f(tly Xiyeoestm, xm) = 1A|><A2><...A,,, (tla Xlyeonstm, xm)v (13)

where Ay, ..., A,, are pairwise—disjoint sets in &.

The fact that 7 is a measure without atoms implies that &}, is dense in L?>((T x
X)™). (See, e.g. Nualart [11] pp. 8-9).
For the function of the form (13) we define the multiple integral of order m

In(f) = L(A1) ... L(Ap).



Sensitivity Analysis for Time-Inhomogeneous Lévy Process ... 75

Then, by linearity we conclude I,,(f) for all functions f € &, and by continuity
I, (f) for all functions f € L2((T x X)™).
The following properties hold:

1. I, is linear. B B
2. I,(f) = I,(f), where f denotes the symmetrization of f, which is defined by

~ 1
S x5, e, X)) = ] z Sy X1y s Logm)s Xo(m))-
‘oeSp

0 if n#m,

m' < f, g >L2((T><X)”‘) lf n=m.

4.8 Relationship Between Generalized Orthogonal
Polynomials And multiple Stochastic Integrals

Proposition 4.8 Let P, be the nth generalized orthogonal polynomial and x(h) =
(xe(h))g2,, where h € Ny LP(T x X, %, v) N I and

xi(h) = L(h);
x2(h) = L(h*1x,) + A%

xi(h) = L(h1y,) +/ @, x)v(dt, dx), k> 3.

TxXo
Then it holds that
n!P,(X(h)) = L,(h®"),
where
RO (11, X015+ v vy by X)) = h(t1, X1) X -+ X Wty Xn)-

4.9 Expansion into a Series of Multiple Stochastic Integrals

Corollary 4.9 Any square integrable random variable & € L*>(2, %, P) can be
expanded into a series of multiple stochastic integrals:

E=> L(fo). (14)

k=0
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Here fy =E[&], and Iy is the identity mapping on the constant. Furthermore, this
representation is unique provided the functions f; € L*((T x X)*) are symmetric.

4.10 The Derivative Operator

Let . denote the class of smooth random variables such that a random variable
& € . has the form
&= f(L(hy), ..., L(h,)), (15)

where f belongs to C;°(R"), hy, ..., h, are in 7, and n > 1. The set .7 is dense
in LP($2), forany p > 1.

Definition 4.10 The stochastic derivative of a smooth functional of the form (15) is
the J#—valued random variable D& = {D, &, (t,x) € T x X} given by

=9
Dy £ = Za—fk@(ho,...,L(hn>>hk<r,x>1A(x> (16)
k=1
+ (F(LG) + (@, x), .. L) + hy(t, X))

—f(L(h), ..., L(hy))) 1x,(x).

We will consider D& as an element of & € L>(T x X x 2) = L*(2; ),
namely, D& is a random process indexed by the parameter space 7' x X.

1. If the measure v is zero or hi(t,x) =0, k =1,...,n when x # A then D&
coincides with the Malliavin derivative (see, e.g. Nualart [11] Def. 1.2.1 p. 38).
2. If the measure p is zero or hy(t,x) =0, k=1,...,n when x = A then D&

coincides with the difference operator (see, e.g. Picard [13]).

4.11 Integration by Parts Formula

Theorem 4.11 Suppose that & and n are smooth functionals and h € €. Then
1.

E[§L(h)] = E[(D§; ) »].

E[£nL(h)] = Eln (D&; h) 1+ E[§ (Dn; h) > 5] + E[(Dn; hlx,D§) 1.
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As a consequence of the above theorem we obtain the following result:

e The expression of the derivative D& given in (16) does not depend on the particular
representation of £ in (15).
e The operator D is closable as an operator from L?(£2) to L*($2; 7).

We will denote the closure of D again by D and its domain in L?(£2) by D'2,

4.12 The Chain Rule

Proposition 4.12 (See Yablonski [16], Proposition 4.8) Suppose F = (Fy, F», ...,
F,) is a random vector whose components belong to the space D"2. Let ¢ € €' (R")
be a function with bounded partial derivatives such that ¢(F) € L*(82). Then
¢ (F) e D2 and

n 8¢
Z—(F)Dz.AFi; x=A
Xi
Dy ¢ (F) = § i=l
P\ + D Fryoo o By + Do Fy) —(F1 o By x # A

4.13 The Action of the Operator D via the Chaos
Decomposition

Lemma 4.13 It holds that P,(x(h)) € D2 for all h € 5 N L>(T x Xy, B, v),
n=1,2,...and

Dy x Py (x(h)) = Pooy (X(R)A(2, X).

Proposition 4.14 Let& € L>(2, .7, P) with an expansion £ = Z}fio I (fr) where
fi € L>((T x X)X) are symmetric for all k. Then & € D"? if and only if

o0
2
DKLl oy < 00
k=0
and in this case we have

Dy & =Dkl i (fi( 1, %))

k=0
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and

E [/ (D, <&)*m(dt, dx)}
TxX

coincides with the sum of the series (14).

4.14 The Skorohod Integral

We recall that the derivative operator D is a closed and unbounded operator defined
on the dense subset D'-? of L2(§2) with values in L?(£2; J&).

Definition 4.15 We denote by § the adjoint of the operator D and we call it the
Skorohod integral.

The operator § is a closed and unbounded operator on L?(£2; 7#) with values in
L2(£2) defined on Dom(8), where Dom(8) is the set of processes u € L2(2; )
such that

<cllFllag

‘E |:/ D,,ZFu(t,z)n(dt,dz):|
TxX

for all F € D2, where ¢ is some constant depending on .
If u € Dom(8), then 8(u) is the element of L?(£2) such that

E[FS(u)]=E |:/ D, Fu(t, 7)m(dt, dz):| (17)
TxX

for any F € D2,

4.15 The Behavior of § in Terms of the Chaos Expansion

Proposition 4.16 Let u € L>(82; ) with the expansion

u(t, 2) = D L(fils1,2)), (18)

k=0

Then u € Dom(§) if and only if the series
0 ~
§) =D ey1 (fi) (19)
k=0

converges in L2(£2).
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It follows that Dom(8) is the subspace of L2(£2) formed by the processes that
satisfy the following condition:

o0

DA DUl e ypon < 00 20)
k=1

Note that the Skorohod integral is a linear operator and has a zero mean, e.g.
E[§(u)] = 0if u € Dom(8). The following statements prove some properties of §.

Proposition 4.17 Suppose that u is a Skorohod integrable process. Let F € D2 be
such that E [fox (F2 + (D,,ZF)ZIXO) u(t, z)%m(dt, dz)] < 0. Then it holds that

5 ((F + (Di.F)lx,) u) =F8(u)—/ (D, F)u(t, o) (dt,dz), (21
TxX

provided that one of the two sides of the equality (21) exists.

4.16 Commutativity Relationship Between the Derivative
and Divergence Operators

Let L2 denote the class of processes u € L?(T x X x £2) such that u(t, x) € D'?
for almost all (¢, x), and there exists a measurable version of the multi—process
D, cu(s, y) satistfying

E[/ / (D,,xu(s,y))Zn(dz,dx)n(dsdy)] < oo.
TxX JTxX

Proposition 4.18 Suppose thatu € L."? and for almostall (t,z) € T x X, the two—
parameter process (D,,Zu(s, y)) is Skorohod integrable, and there exists a

which belongs to L>(T x X x £2).

(s,y)eTxX
version of the process (S(D;’ZM(', ')))

Then §(u) € D2, and we have

(t,2)eT xX

D, :6(u) = u(t,z) + 8(Ds cu(-, ). (22)

4.17 The Ito Stochastic Integral as a Particular
Case of the Skorohod Integral

Let W = {W,,0 <t < T}is abe an d-dimensional standard Brownian motion, Na
compensated Poisson random measure on [0, '] x Rg with (time-inhomogeneous)
intensity measure v(dt, dx) = B;(dx)dt, where (B;):c0,1 18 a family of Lévy mea-
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sures verifying fOT (JgaUlzlI* A DB, (d2)) dt < oo.Here Ry := R \ {0} and for each
t € [0, T], %, is the o—algebra generated by the random variables

{W_{,]V((O,s] xA);0<s<t, j=1,...,d, Ae%(Rg), sup Bs(A) < oo}

0<s<t

and the null sets of .7.
We denote by Lf, the subset of L2(£2; ) formed by (.%;)—predictable processes.

Proposition 4.19 L% C Dom(8), and the restriction of the operator § to the space
coincides with the usual stochastic integral, that is

d T T
S(u) :Z/O ul (t,0)dW/ +/0 /Rdu(t,z)ﬁ(dt,dz). (23)

Jj=1
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