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Preface 1

This book consists of three parts. Each part focuses on a field of research that has
been central to the scientific career of Henk Nijmeijer; namely (1) nonlinear control
systems, (2) synchronization in networked systems, (3) control of nonlinear
mechanical systems.

Part I on “Nonlinear Control Systems” commences with a contribution of Arjan
van der Schaft entitled “Controlled Invariant Distributions and Differential
Properties.” Henk Nijmeijer and Arjan van der Schaft defended their Ph.D. theses
on the same day and worked under the supervision of the same “promotor” (Jan
C. Willems) on the topic of nonlinear geometric control theory, ultimately culmi-
nating in the well-known textbook entitled “Nonlinear Dynamical Control
Systems,” published by Springer in 1990. Chapter 1 of this book revisits the topic
of controlled invariant distributions as also studied by Henk Nijmeijer and Arjan
der Schaft in their earlier work and makes a direct link to the topics of convergent
dynamics and contraction analysis that recently received wide attention in the
systems and control community.

Chapter 2 is contributed by Tengfei Liu and Zhong-Ping Jiang and presents
results on the distributed control of nonlinear systems. In particular, small-gain
methods for the distributed control of nonlinear systems are proposed and an
application to the distributed formation control problem of nonholonomic mobile
robots is detailed. The tracking control of mobile robots has been a topic of fruitful
collaboration between Henk Nijmeijer and Zhong-Ping Jiang for many years.

Chapter 3 is contributed by Alexey Pavlov and Nathan van de Wouw. This
chapter reviews the class of nonlinear convergent systems and highlights many
applications of the convergence property to nonlinear analysis and control prob-
lems, such as global output regulation, frequency domain analysis of nonlinear
systems, model reduction, stable inversion, and extremum seeking control. Many
of these recent results have culminated from earlier joint research of the authors
with Henk Nijmeijer, when Alexey Pavlov performed his Ph.D. studies at the
Eindhoven University of Technology in the early 2000s.
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Part II of this book is devoted to one of Henk Nijmeijer’s favorite topics of
research: synchronization. It starts with a chapter written by Elena Panteley and
Antonio Lora, which focusses on the synchronization and emergent behavior in
networks of heterogeneous systems. The authors bring forth a new perspective on
how to analyze synchronization for a network of systems with nonidentical
dynamics.

Toshiki Oguchi authors Chap. 5, in which the topics of state predictors and
anticipating synchronization for nonlinear delay systems are addressed. These
topics have been a mutual and on-going research interest of the author and Henk
Nijmeijer.

Chapter 6, contributed by Wim Michiels, focuses on delay systems. It centers on
delays effects in dynamical systems and provides insightful analysis and control
interpretations. Extensions of these results towards networks of interconnected
nonlinear dynamical systems are discussed, with a focus on the synchronization
problem.

Part II of the book closes with a contribution entitled “Emergence of Oscillations
in Networks of Time-Delay Coupled Inert Systems” authored by Erik Steur and
Sasha Pogromski. It presents results of the emergence of oscillations in networks of
nonlinear single-input single-output systems that interact via linear, time-delayed
coupling functions.

Part IIT of this book concerns the control of nonlinear mechanical systems. It
opens with Chap. 8 authored by Dennis Belleter and Kristin Pettersen on
“Leader-Follower Synchronisation for a Class of Underactuated Systems.” It deals
with the control of marine vehicles, such as underactuated autonomous surface
vessels and autonomous underwater vehicles, a topic of joint interest to Henk
Nijmeijer and Kristin Pettersen.

Chapter 9, entitled “Position Control via Force Feedback for a Class of Standard
Mechanical Systems in the Port-Hamiltonian Framework,” is authored by Mauricio
Munoz-Arias, Jacquelien Scherpen, and Daniel Dirksz. It presents position control
strategies for standard mechanical systems in the port-Hamiltonian framework via
force feedback.

The book closes with a contribution of Krzysztof Tchon “The Endogenous
Configuration Space Approach: An Intersection of Robotics and Control Theory.”
The endogenous configuration approach is a control theory oriented methodology
of robotics research, dedicated to mobile manipulators, which leads to motion
planning algorithms.

Eindhoven Nathan van de Wouw
February 2016 Erjen Lefeber
Ines Lopez Arteaga
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Preface 2

This book has been written at the occasion of the 60th birthday of Prof. Henk
Nijmeijer on March 16, 2015, and commemorates the role of Henk Nijmeijer in
both the Dutch and the international (nonlinear) systems and control communities.

At the occasion of this birthday, the Dynamics and Control group of the
Department of Mechanical Engineering of the FEindhoven University of
Technology, the Netherlands, (chaired by Henk Nijmeijer) has taken the initiative
to organize a one-day international workshop on “Nonlinear Systems” in honor of
Henk Nijmeijer’s sixtieth birthday, which was organized on January 21, 2016, in
the Auditorium of the Eindhoven University of Technology, Eindhoven, the
Netherlands.

During this workshop, Henk’s colleagues, international collaborators, and for-
mer students have contributed by giving a seminar on a topic related to their joint
research.

This book collects research contributions of many international scientists and
former students of Henk, with whom he has had extensive research collaborations
and/or who have been inspired and supported by him to take on challenging and

vii
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exciting research problems in the fields of nonlinear control systems, synchro-
nization, coordinated and distributed control, model reduction and the dynamic
analysis, and control of mechanical systems.

After his M.Sc. graduation (cum laude) in 1979 at the Rijksuniversiteit
Groningen (RUG), the Netherlands, Henk Nijmeijer performed his Ph.D. studies
(from 1980 to 1983) at the Center for Mathematics and Informatics (CWI) in
Amsterdam, the Netherlands. His Ph.D. research focused on nonlinear geometric
control theory and resulted, under the supervision of Jan van Schuppen and pro-
motor Jan C. Willems (University of Groningen), in the Ph.D. thesis entitled
“Nonlinear multivariable control: a differential geometric approach.” At that time,
Henk had intensive research collaborations with Arjan van der Schaft, who was also
performing his Ph.D. research under the supervision of Jan C. Willems. This col-
laboration has ultimately led to the well-known textbook “Nonlinear Dynamical
Control Systems”, published by Springer in 1990, based on their lecture notes for a
yearly taught DISC (Dutch Institute for Systems and Control) graduate course since
1987. Notably, a new edition of this book will appear in 2016, further evidencing
the lasting impact of this book on the international nonlinear systems community.

In 1983, Henk took on a position as Assistant Professor, and later as Associate
Professor, at the Department of Applied Mathematics of the University of Twente,
Enschede, the Netherlands. His work remained focused on nonlinear control sys-
tems, but in the 1990s he also increasingly engaged in research related to the control
of nonlinear mechanical systems, such as mobile robots and robotic manipulators.

The combination of his strong expertise on the mathematical foundations of
nonlinear control theory and his interest in the dynamics and control of mechanical
systems has undoubtedly played a role in Henk taking on a part-time Full Professor
position in 1997 at the Department of Mechanical Engineering of the Eindhoven
University of Technology, Eindhoven, the Netherlands. This part-time position
ultimately led to a full-time professor position at this department in 2000, where he
started the “Dynamics and Control” group, which he still chairs today. The name
of the group reflects Henk’s unique affinity with both the modeling and analysis of
dynamical systems and control theory. Since 2000, Henk has continued to pursue
fundamental research in nonlinear systems and control on topics such as output
regulation, synchronization, hybrid systems, networked and delay systems, and
model reduction, but combined this successfully with an increasing focus on
engineering applications, such as vehicle dynamics, robotics, mechanical design,
acoustics, mechatronics, and cooperative and automated driving. In doing so, he has
been a mentor and an inspiring colleague for many of his co-workers in the group,
which grew to be an internationally recognized center for research and teaching in
dynamical systems and control, as evidenced by the excellent ratings from inter-
national review committees concerning the review periods of 2001-2006 and
2007-2012. Affiliated to Mechanical Engineering Department at the Eindhoven
University of Technology, Henk has engaged in collaborations with both Dutch
industries and industries abroad, such as for example ASML, Philips, Bosch
Rexroth B.V., Océ, Kulicke and Soffa, Ford, DAF, FEI Company, VDL, CCM,
Shell, Statoil, NXP, Prodrive, Vredestein, Honeywell, MAN, MTT, and many



Preface 2 ix

more. The Dynamics and Control group also generated the spin-off companies
Sorama, focusing on sound imaging, and Rose B.V., focusing on robotics for care.
As such, Henk effectively strives to combine fundamental research with its val-
orization in industry and society.

Henk has also strongly contributed to the education of new generations of
engineers and scientists in the field of dynamics and control, for which there is a
great need in the high-tech “Brainport” region of Eindhoven in the Netherlands.
Under the supervision of Henk Nijmeijer, 35 Ph.D. students and over 250 M.Sc.
students have graduated since the year 2000 at the Eindhoven University of
Technology. Moreover, he has also played an important role in the Dutch Institute
for Systems and Control (DISC), the Dutch national graduate school for systems
and control. In fact, he was already playing an important role in the Dutch Network
of Systems and Control, which has offered a national graduate program in systems
and control since 1987 and is the predecessor of DISC. He has been involved in
DISC since its founding in 1995 by lecturing a course on nonlinear control systems
with Arjan van der Schaft for many years, and by organizing summer schools on
the control of mechanical systems. Since 2000, he has been a DISC board member
and, as of 2015, Henk became Scientific Director of DISC.

Henk has published a large number of journal and conference papers, and
several books, including the classical “Nonlinear Dynamical Control Systems”
(Springer Verlag, 1990, co-author Arjan van der Schaft), “Synchronization of
Mechanical Systems” (2003, World Scientific, together with Alejandro
Rodriguez-Angeles), “Dynamics and Bifurcations of Non-smooth Mechanical
Systems” (Springer Verlag, 2004, together with Remco Leine), “Uniform Output
Regulation of Nonlinear Systems: A Convergent Dynamics Approach” (Birkhéuser,
2005, together with Alexey Pavlov and Nathan van de Wouw), and many more.

Henk has also been strongly committed to the international systems and control
community and has served our community in many ways. He is Council Member
of the International Federation of Automatic Control (IFAC), and is/has been the
organizer and/or IPC Chair of numerous international conferences and workshops.
He is editor-in-chief of the Journal of Applied Mathematics, editor of the
Communications on Nonlinear Systems and Numerical Simulation, corresponding
editor of the STAM Journal on Control and Optimization, and is/has been board
member of the International Journal of Control, Automatica, the Journal of
Dynamical Control Systems, the International Journal of Bifurcation and Chaos, the
International Journal of Robust and Nonlinear Control, the Journal of Nonlinear
Dynamics, and the Journal of Applied Mathematics and Computer Science.

Henk became a Fellow of the IEEE in 2000 and was awarded the IEE Heaviside
Premium in 1987. Together with Kristin Pettersen, he received the 2006 IEEE
Transactions on Control Systems Technology Outstanding Paper Award. Recently,
he also received the 2015 IEEE Control Systems Technology Award (together with
Marcel Heertjes, Alexey Pavlov and Nathan van de Wouw). These awards are
exemplary of his remarkable achievements and the impact of his work in the field.
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Dear Henk, this book is dedicated to you by all editors and authors. Thank you
very much for inspiring us to take on exciting new research challenges in nonlinear
dynamics and control, for your everlasting support and mentorship. It has been a
great pleasure working with you and we hope to continue to do so for many years to
come.

Eindhoven Nathan van de Wouw
February 2016 Erjen Lefeber
Ines Lopez Arteaga
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Chapter 1
Controlled Invariant Distributions and
Differential Properties

Arjan van der Schaft

Abstract The theory of (controlled) invariant (co-)distributions is reviewed, empha-
sizing the theory of liftings of vector fields, one-forms and (co-)distributions to the
tangent and cotangent bundle. In particular, it is shown how invariant distributions
can be equivalently described as invariant submanifolds of the tangent and cotangent
bundle. This naturally leads to the notion of an invariant Lagrangian subbundle of the
Whitney sum of tangent and cotangent bundle, which amounts to a special case of the
central equation of contraction analysis. The interconnection of the prolongation of
a nonlinear control system (living on the tangent bundle of the state space manifold)
with its Hamiltonian extension (defined on the cotangent bundle) is shown to result
in a differential Hamiltonian system. The invariant submanifolds of this differen-
tial Hamiltonian system corresponding to Lagrangian subbundles are seen to result
in general differential Riccati and differential Lyapunov equations. The established
framework thus yields a geometric underpinning of recent advances in contraction
analysis and convergent dynamics.

1.1 Introduction

In this chapter I will first recall the classical concepts of invariant and controlled
invariant (co-)distributions, which are fundamental notions in nonlinear geometric
control theory as developed starting from the seventies of the previous century. This
will be done in the spirit of the paper [17] and of Chap. 13 in the book [18], by using
the notions of liftings of vector fields, functions, and one-forms from a manifold to
its tangent and cotangent bundle in a systematic way. Furthermore, [ will provide two
equivalent characterizations of invariance, and elucidate the necessary and sufficient
condition for (local) controlled invariance as obtained in [17].

A.J. van der Schaft ()

Johann Bernoulli Institute for Mathematics and Computer Science,

Jan C. Willems Center for Systems and Control, University of Groningen,
Groningen, The Netherlands

e-mail: a.j.van.der.schaft@rug.nl

© Springer International Publishing Switzerland 2017 3
N. van de Wouw et al. (eds.), Nonlinear Systems, Lecture Notes
in Control and Information Sciences 470, DOI 10.1007/978-3-319-30357-4_1



4 A.J. van der Schaft

Secondly, starting from [25], I will discuss how the notion of invariance of (co-)
distributions can be generalized to invariance of subbundles of the Whitney sum of
the tangent and cotangent bundle. By specializing to Lagrangian subbundles this is
shown to lead to the basic equation of contraction theory, and thus under an addi-
tional zero-curvature condition to the classical Demidovich condition for convergent
dynamics. Furthermore, I will argue that this geometric approach can be seen to be
part of a larger story, where incremental analysis approaches are formulated geomet-
rically using differential properties.

This chapter is dedicated to my colleague from the very start Henk Nijmeijer, at
the occasion of the celebration of his 60th birthday. This seems to be fit, since the con-
tents of this chapter start with the theory of our first joint publication [17] in 1982, and
link, via our book Nonlinear Dynamical Control Systems [18], to later fundamental
contributions of Henk within the area of convergent dynamics and synchronization.
Furthermore, the chapter stresses the importance of a geometric language for non-
linear control.

The scientific work and careers of Henk and myself have been very close for
a long time, with our Ph.D. defenses at the same day with the same “promotor”
(Jan C. Willems) in the Aula of the University of Groningen, our joint Alma Mater.
Furthermore, we were for a very long time close colleagues at the University of
Twente, turning Twente into a center for nonlinear control theory. Moreover, despite
the unavoidable turmoils in our careers, we have always remained good friends.
Happy 60th birthday Henk!

1.2 Lifts to the Tangent and Cotangent Bundle

Throughout this chapter all objects (manifolds, functions, vector fields, one-forms,
(co-)distributions, subbundles, etc.) will be assumed to be smooth (infinitely often
differentiable).

Recall from [27] (see also [2, 4, 18]), how functions, vector fields and one-forms
on a state space manifold .2~ can be lifted to functions, vector fields and one-forms
on the tangent and cotangent bundles 7.2" and T*.2". This will also lead to the
definition of the lift of distributions and co-distributions to the tangent bundle.

First we introduce the notions of complete and vertical lifts of functions, vector
fields and one-forms to the tangent bundle. Given a function & on 2", the complete lift
of hto TZ ', h® : TZ — R, is defined by h°(x, 8x) = (dh, §x)(x), with (-, -)(x)
denoting the duality pairing between elements of the cotangent space and the tangent

space at x € 2. Inlocal coordinates x = (x', ..., x™ for 2 and the induced local
coordinates (x, 8x) = (x', ..., x", sxt ..., 8§x™) for T Z this reads
—_—
hE(x, 83) = 3 o () 8x. (1.1)

a=1



1 Controlled Invariant Distributions and Differential Properties 5

The vertical lift of a function & to a function on T2, denoted by h¥ : T2~ — R, is
defined by 1V (x, 8x) = ho 19, where 1y : T2 — 2 denotes the tangent bundle
projection T4 (x, 8x) = x. In local induced coordinates 1" (x, 8x) = h(x).

Given a vector field f on 27, the complete lift f€ of f to T 2" is defined as the
unique vector field satisying L ych® = (L sh)®, for any function & on 2" (with L sh
denoting the Lie-derivative of the function % along the vector field f, and similarly
for L ch®). It can be proved [27] that this requirement uniquely determines f°.
Alternatively,if @, : 2" — £7,t € [0, ), denotes the flow of f,then f€ is the vector
field whose flow is given by (@), : T2 — T2 . In induced local coordinates
(el xm ext, L, 8x™) for T,

(1.2)

s =S a4 3 Yo
S8 = 3G+ 3 G sy

Finally, the vertical lift ¥ of f to T 2" is the vector field on 72" such that L vh© =
(L sh)Y, for any function %. In induced local coordinates for 7.2~

. 3
frabx) = ;fa(x)m. (1.3)
Thirdly, let « be a differential one-form on 2. The complete lift of « is the
differential one-form on 7.2 defined by setting
a(g)Z)=Z(@&), ZeT.TZ, z€TZ, 1.4)
where &: T 2 — R is the function given as
aX,) =a(p)X,), X,eT,Z, peX. (1.5)

If o is given in local coordinates as @ = >, a;(x)dx’, then it readily follows that
" oo . . " .
Cx,8x) = Y —(x)dx/dx’ i(x)déx’. 1.6
o (x,08x) ;axj(x)x x—i—;a(x) X (1.6)
Finally the vertical lift of « is the differential one-form ¥ on T 2" defined as

o' =, wa: T — 2 projection, (1.7)

i.e., in local coordinates

oV (x,8x) = Zai(x)dxi. (1.8)
i=1
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Using the local coordinate expressions the following useful identities are easily ver-
ified.

Proposition 1.1 For any function h: & — R, any vector fields X, X, and X, on
Z', and any differential one-form o on %', we have

XChY)y=Xm)Y =xVnS, X = Xh)", xVYy=o0, (1.9)
a“(XY) = (@)Y =" (X%, (X = (@X)", aV(xV)=0, (1.10)
[XT. XS] = [X1. X51, [XT. X31=[X1. X201V, [X].X3]1=0, (1.11)
dh® = (dh)°, dn¥ = (dh). (1.12)

Liftings of distributions and co-distributions to the tangent bundle are now defined
as follows. Recall [18] that a distribution D on 2" is a map that assigns to every
p € £ asubspace D(p) C T, Z insuch a way that around each p € 2 there exist
vector fields X;, i € I (with I an arbitrary index set), such that for ¢ € 2" close to
p the subspace D(q) is given as D(g) = span {X;(q) |i € I}. We will also call D a
subbundle of the tangent bundle T 2".

Similarly [18], a co-distribution P on 2" (or, a subbundle of 7*.2") is locally
given as span {«;(q) | i € 1}, q € 2, with ; differential one-forms on 2".

Recall [18] that given a distribution D we can define the annihilating
co-distribution P = ann D. Dually, given a co-distribution P we can define the
kernel distribution D = ker P. For any D and P we have D C ker(ann D) respec-
tively P C ann(ker D), while if D and P are constant-dimensional then equality in
both expressions holds.

Definition 1.1 Letthedistribution D on 2" belocally givenas D(q) = span {X;(q) |
iel},qge 2, with X; vector fields on Z . Then the lift (also called prolongation)
of D is the distribution D on 7.2 defined as

D(z) = span {XS(2), XY (z)|i € I}, ze€TXZ. (1.13)

Analogously, let the co-distribution P on .2 be givenas P(g) = span {«;(q) |i € I},
q € &, with «; differential one-forms on 2, then the lift of P is the co-distribution
P on T2 defined as

P(z) = span{af(2),a) ()i €I}, zeTZ. (1.14)

In case D and P are involutive and constant-dimensional we obtain the following
simple local representations of D and P. By Frobenius’ Theorem we can find local
coordinates x = (x!, ..., x™) such that D = span {%, R 337}’ k = dim D. Then
in the induced local coordinates (x, 8x) for T2~ we have

(1.15)

5 9 9 9 9
=span{—,..., —, .
L P axk 9ox! 355



1 Controlled Invariant Distributions and Differential Properties 7
Similarly if P = span{dx'*!, ... dx"},n — [ = dim P, then
P = span{dx't" ... dx", dsx"t", ... dsx"}. (1.16)

In general we obtain:

Proposition 1.2 Let D be a distribution, and P be a co-distribution on Z . Then

(a) If D = ker P, then D = ker P.

(b) If P = ann D, then P = ann D.

(c) If D (resp. P) has constant dimension then D (resp. P ) has constant dimension.
(d) If D (resp. P) is involutive then D ( resp. P) is involutive.

(e) If X € D for a vector field X on 2, then X € D.

Next, the lifts of functions and vector fields to the cotangent bundle are defined; see
again [27]. As before, for the tangent bundle case, the vertical lift h¥ : T*Z — R
of a function i : 2~ — R is defined by h¥ = homgy, where mg : T*2Z — 2
denotes the cotangent bundle projection 7 2~ (x, p) = x. Ininduced local coordinates
(x, p) = ' . X, Pls ..., pn) for T*Z we have h¥ (x, p) = h(x).

Since there is a natural symplectic form on the cotangent bundle 7*.2" we can
define the Hamiltonian vector field on 7*.%2 corresponding to /", denoted by Xy,
and called the vertical Hamiltonian lift. In induced local coordinates (x, p) for T* 2"

Y 9
X = — Zz} T (x)a(pa)‘ (1.17)

Furthermore, for any vector field f on 2 define the Hamiltonian function H/ :
T*Z — Ras

H'(x, p) = (p, f(x)). (1.18)

Inlocal induced coordinates (x, p) wehave H/ (x, p) = p” f(x).The corresponding
Hamiltonian vector field on 7*.2", denoted by X g, is called the complete Hamil-
tonian lift. In induced local coordinates for 7* 2"

n

‘ 9 9 9
Xpr = Zfa(x)@ - Z Jo () pp (1.19)
a=1

o= o (p)

For later use we mention that given a lift (complete or vertical) of a vector field f to the
tangent bundle, as well as a lift (Hamiltonian or vertical) to the cotangent bundle, we
can combine the two lifts into a vector field defined on the Whitney sum 72" @ T*.Z
(that is, the base manifold 2" together with the fiber space 7, 2™ x T2 at any point
x € Z). An example (to be used later on) is the combination of the complete lift
f€ on TZ with the Hamiltonian extension X zs on T*.2, which defines a vector
fieldon T 2" & T*% , which will be denoted as f© & X . Furthermore, since the
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vertical lifts fV (to T.2") and X;v (to T*Z") do not have components on the base
manifold 2" we may also define the combined vector field f¥ & X,v on the Whitney
sum 72" @ T*Z for any vector field f and function 4.

1.3 Invariance of Distributions and Co-Distributions

Firstrecall the standard definitions of invariance of a (co-)distribution with respectto a
vector field from geometric control theory, see e.g., [18]. Consider an n-dimensional
state space manifold 2~ with tangent bundle 7.2 and cotangent bundle 7*.2".
Consider furthermore a vector field f on 2. A distribution D on 2~ is called
invariant with respect to f if L ;X € D for any vector field X in D, or equivalently,
around p it holds that L ;X; € D,i € I. Here L denotes the Lie-derivative with
respectto f;i.e., L ;X = [f, X].Invariance of D withrespectto f will be abbreviated
to L fD Cc D.

Similarly, a co-distribution P on 2~ (or, a subbundle of T*.2") locally given as
span{a;(q) |i € I},q € 2, with ; differential one-forms on .2, is called invariant
if LyP C P,thatis, Lsa € P for any one-form « in P, or equivalently around p,
Lysa; € P,i € I.Invariance of P withrespectto f will be abbreviatedto L ;P C P.

Note that L ;D C D implies Ls(ann D) C ann D for any distribution D, and
that L P C P implies L s (ker P) C ker P for any co-distribution P.

Using the geometric notions of lifting discussed in the previous section, the invari-
ance of (co-)distributions can be described in the following equivalent ways. Let us
start with the case of distributions. Note that any distribution D on £~ can be also
described by the following submanifold of T Z":

7 :={(x,8x) e TZ | éx € D(x)}. (1.20)
Secondly, note that a vector field f on 2 is described by the map F : 2~ — T 2
givenas F(x) = (x, f(x)) e TZ .

Proposition 1.3 The distribution D on % is invariant with respect to the vector
field f on 2 if and only if one of the following two equivalent conditions is satisfied:

(i) F.D C D,
(ii) f€ is tangent to 9.

Proof The equivalence with (i) is already proved in [18]. For the equivalence with
condition (ii) consider local coordinates x and induced local coordinates x, §x for
T 2 . Then the vector field f€ at a point (x, §x = X (x)) € 2 C T 2" is given by

) =[1 f) ]z[ f@) }_[ 0 ] (1.21)
Lnxw |~ [Eoro-Lxw] ™ [FEwrw]  lLpxw]
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where the first vector in the last term denotes a tangent vector to 2. Hence if L ;D C
D then the vector field f€ is tangent to 2. Conversely, if f€ is tangent to & then this
implies that the second vector in the last term is tangent to & for all X (x) € D(x),
which amounts to LD C D. u]

Note that the equality expressed in (1.21) can be written in a coordinate-free way as
F.X =X —[f, X" (1.22)

for any vector field X.
Similarly, any co-distribution P on 2" can be described by the following sub-
manifold of T* 2 :

P ={(x,p) e T*Z | p e P(x)). (1.23)

Then we obtain:

Proposition 1.4 The distribution P on 2" is invariant with respect to the vector
field f on 2" if and only if one of the following two equivalent conditions is satisfied:

(i) F*P = P,
(ii) X s is tangent to 2.

Proof Again, the equivalence with condition (i) is already shown in [18]. For the
second condition, consider coordinates x and induced local coordinates (x, p) for
T*Z . Then the vector field X 7 ata point (x, p = a(x)) € & C T*Z is given by

[ @) }:[ ) ]:[ @) ]_[ 0 }
—(ED7T (x)a(x) ) f(x) — Lya(x) 2] [Lrax)]’

where the first vector in the last term denotes a tangent vector to &. Thusif L y P C P
holds then the vector field X, is tangent to &2. Conversely, if X, is tangent to
& then this implies that the second vector in the last term is tangent to & for all
a(x) € P(x), which amounts to Ly P C P. m|

Note the slight asymmetry with respect to the condition F,D C D in the invariant
distribution case. This is due to the definitions of F(x) = (x, f(x)) and P implying
that for any P and f we have P C F*P.

Conditions (ii) in the above two propositions are especially appealing because
they imply that invariance of (co-)distributions can be equivalently interpreted as
invariance of submanifolds (of the tangent, respectively cotangent, bundle). In a
certain sense this unifies the treatment of invariance in geometric control theory,
where usually [18] the distinction is made between invariant (co-)distributions and
invariant manifolds (of the state space manifold).
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1.3.1 Controlled Invariance

The above geometric framework turned out to be especially useful for a generaliza-
tion of the notion of invariance for distributions and co-distributions to controlled
invariance, cf. [17] and Chap. 13 of [18]. Consider a nonlinear control system

xX=fx,u), xe Z, uev, (1.24)

where %/ is an m-dimensional control manifold (e.g., % = R™). A distribution
D on the n-dimensional state space manifold 2" is called invariant with respect
to the system (1.24) if D is invariant with respect to the vector fields f(-, u) for
every u € 7% . Furthermore, the distribution D is called locally controlled invariant
if there locally exists a feedback map u = u(x,v),v € %, rank g—’: = m, such that
D is invariant with respect to the closed-loop dynamics x = f(x, u(x, v)) with new
inputsv € % .

The basic theorem is as follows. Define the system map F: 2" x % — T Z by
F(x,u) = (x, f(x,u)), and note the following consequence of Proposition 1.4.

Proposition 1.5 Consider the nonlinear dynamics (1.24) given by the system map
F: 2 x% — TZ. Let D be a distribution on Z . Define D, as the unique dis-
tribution on 2 X U such that

n.D, =D, mw.D,=0, (1.25)

with 7, resp. 7, being the natural projection of & x % on 2, resp. U. Then D is
invariant for (1.24) if and only if

F.D, C D. (1.26)

(Local) controlled invariance is now characterized as follows.

Theorem 1.1 Consider the nonlinear system (1.24) with system map F: 2 X
U — TZ . Let D be an involutive distribution of constant dimension on Z . Define
the vertical distribution V on 2~ x U as the kernel of 7., wheremw : X x U — X
is the projection on Z . Assume that the distribution

V:={ZeV|F.Ze D) (1.27)
on X X U has constant dimension. Then D is locally controlled invariant if and
only if ]

F.D, C D+ F,V. (1.28)

Remark 1.1 Notice that (1.28) may be equivalently replaced by the requirement

F.(n;' (D)) c D+ F,V. (1.28)
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From a geometric point of view the above theorem yields the following characteri-
zation of local controlled invariance. Let D satisfy the assumptions of Theorem 1.1,
and denote P = ann D. Then E := ker F* P is an involutive distributionon M x U.
Moreover if (1.28) holds, then E is constant-dimensional and satisfies

n.E = D. (1.29)
Furthermore, by definition of E and by Proposition 1.2
F.E = F,(ker F*P) C ker P = D. (1.30)

Then it is easy to see that, at least locally, there exists an involutive distribution D,
on 2 x % with D, C E, n.D, = D and with dim D, = dim D. This distribution
D, defines a feedback map # = u(x, v) that renders D invariant for the closed-loop
dynamics by requiring that the leaves of D, correspond to the submanifolds where
v is constant.

1.4 Invariant Lagrangian Subbundles and Contraction
Analysis

Remarkably, there is close geometric connection between the previous theory of (con-
trolled) invariance of (co-)distributions with the theory of convergent dynamics, as
originating in classical work in differential equations, see e.g., [10, 20] for treatments
and references, and revisited in the theory of contraction analysis, see e.g., [12—16].
The key idea, see [25], is to interpret (co-)distributions as subbundles of 7' 2, respec-
tively 7*2", and to generalize the notion of invariance of (co-)distributions to invari-
ance of subbundles of the Whitney sum 7.2 @ T*2".

Definition 1.2 A subbundile K of T 2" @& T*.Z is a vector bundle over 2~ with fiber
Kx) C T, Z x T} % atanypointx € Z . The subbundle KX is called invariant with
respect to a vector field f on 2 if

(LyX,Lya) € K forany (X,a) € K. (1.31)

Remark 1.2 1f K has only zero components in 7.*.Z for any point x € 2", then K
can be identified with a distribution on 2 . Alternatively, if K has only zero compo-
nents in 7, 2 for any pointx € £, then it can be identified with a co-distribution on
2 . Inthese cases invariance of K amounts to invariance of the identified distribution,
respectively co-distribution.

Remark 1.3 The above definition of invariance of K is formally identical to the
definition of an infinitesimal symmetry of a Dirac structure; see [3, 6, 23] for details.
(A Dirac structure is a subbundle of 72" @ T* %2 which is maximally isotropic with
respect to the duality product.)
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Associated to the subbundle K define the submanifold % of TZ & T*Z as
follows

Ho={(x,80x,p) e TZ @T*Z | (6x, p) € K(x)}. (1.32)

‘We have the following characterization of invariance of K. Recall from Sect. 1.2 the
definition of the lift f© @ X, on the Whitney sum T 2" & T*Z".

Proposition 1.6 The subbundle K is invariant with respect to the vector field f on
2 if and only if the submanifold ¢ is invariant for the vector field € @ X yr on
T T "Z.

Proof In coordinates x and induced local coordinates for 7.2 and T* 2" the vector
field € @ Xps atapoint (x, X (x), a(x)) € # C TZ & T*Z is given by

f(x) [ fx)

of 0X

a—(X)X(X) _ | =) f(x) = LeX(x)
X 0x
of .7 o

_(8_) (x)a(x) — @) f(x) — Lya(x)
X L 0x

fx)
0X
— a(x)f(X) _ LfX(x) ,
Xofa | LR

L 0x

where the first vector in the last term denotes a tangent vector to . Thus if (1.31)
holds then the vector field /€ @ Xy is tangent to 2. Conversely, if f€ @ Xy is
tangent to % then this implies that the second vector in the last term is tangent to
& for all (X (x), a(x)) € K(x), which amounts to (1.31), i.e., invariance of K. O

In the rest of this section we will consider a special type of subbundle of the
Whitney sum 7.2° @ T*.2" defined as follows.

Definition 1.3 A subbundle K of T.2" & T* 2 is called a Lagrangian subbundle
it K(x) C T, Z x Tr% is a Lagrangian subspace (with respect to the canonical
symplectic form on 7, 2" x T} % [1]) for every x € 2.

All subbundles

K(x) ={(éx, p) | V(x)p = U(x)dx,
VU (x) = U@V (x), rank [U(x) V(x)] = n} (1.33)

with U (x), V(x) n x n matrices depending on x (with n the dimension of the state
space manifold 2), are Lagrangian, and conversely, all Lagrangian subbundles can
be represented in this way.

Additionally assume that the projection of K(x) C T, Z @ T, Z on T, Z is
equal to the whole tangent space 7,2 for all x € 2. Then in any set of local
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coordinates x!, ..., x" for 2" the Lagrangian subbundle K is spanned by pairs of
vector fields and one-forms

d
(—.,JTZ‘), i=1,...,l’l,
ax!

where the one-forms m;(x) = my;(x)dx’ + - 7, (x)dx",i =1,...,n satisfy,
because of the fact that K is Lagrangian, the symmetry property

wii(x) =m;(x), i,j=1,...,n.

Conversely, all subbundles K with K (x) = {(éx, p) | p = I1(x)éx}, where I1(x) is
a symmetric matrix, are Lagrangian.

Now consider any such Lagrangian subbundle K with K (x) = {(6x,p) | p =
IT(x)8x}, with IT (x) symmetric. Invariance of such a Lagrangian subbundle K with
respect to f© @ Xy can be seen to amount to [25]

ar\" af oI
— ) OOx)+HTx)—x)+ —x)f(x)=0. (1.34)
0x 0x ax

This is a limiting case of the central equation of contraction analysis [10, 13, 21],
which amounts to

ar\" af oI
(—) () (x) + H(X)a—(X) + g(x)f(X) =—-0(x) (1.35)

ax X

for some positive semi-definite matrix Q(x). Geometrically, this means that the
submanifold .2 corresponding to the Lagrangian subbundle K is invariant for the
extended vector field /€ & Xy + g, where g is the vector field in local coordinates
x given by

.0
— . =
q(x) = ZJ Qi (x)3x! 2. (1.36)
We will call (1.35) a differential Lyapunov equation, cf. [25].

Alternatively, (1.34) can be interpreted from a Riemannian geometry point of view,
by identifying it as the equation for a Killing vector field [21]; see also [2]. Indeed, the
symmetric matrix I7(x), in case it is positive-definite, defines a Riemannian metric
on 2, in which case (1.34) amounts to the vector field f being a Killing vector field
for this Riemannian metric, characterized by the property

Ly <X,Y>=<L¢X,Y >+ <X,LsY >, (1.37)
for any vector fields X, Y, with < -, - > denoting the Riemannian metric defined by

the positive-definite matrix I7(x). Finally, if this Riemannian metric has curvature
zero, then in appropriate coordinates x the matrix I7(x) takes the form of a constant
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matrix P, and (1.35) reduces to the Demidovich condition [19, 20]

ar\" af
— ) )P+ P—(x)=—-0(x). (1.38)
ox ox

As an open problem we mention the characterization of locally controlled invariant

Lagrangian subbundles, in a similar geometric spirit as the characterization of locally
controlled invariant distributions sketched before.

1.4.1 Prolongation of Nonlinear Control Systems to Tangent
and Cotangent Bundle and Further Differential
Properties

The previous geometric interpretation of the basic equation of contraction analysis
is part of a larger story translating incremental analysis tools into differential prop-
erties. A basic notion in this larger story is the prolongation (or lift) of a nonlinear
control system to the tangent and cotangent bundle, using the notions of the lifts
of functions and vector fields to tangent and cotangent bundle as described in the
previous subsection. This can be done as in [4], see also [2, 24].

Consider a nonlinear control system X with state space manifold 2, affine in
the inputs u and with outputs y determined by the state x,

E= )+ > ujgi)
j=1
yvi=hjx), j=1,...,1,

X (1.39)

where x € 27, and u = (uy,...,u,) € % C R™. The set % is the input space,
which is assumed to be an open subset of R™. Finally, % = R” is the output space.

The prolongation of the nonlinear control system to the tangent bundle and the
cotangent bundle is constructed as follows; cf. [4].

Given an initial state x(0) = xo, take any coordinate neighborhood of 2~ con-
taining xo. Let ¢t € [0, T] — x(¢) be the solution of (1.39) corresponding to the
admissible input function ¢t € [0, T] +— u(t) = (u;(¢), ..., u,(t)) and the initial
state x(0) = xp, such that x(#) remains within the selected coordinate neighbor-
hood. Denote the resulting output by ¢ € [0, T] — y(t) = (y1(¢), ..., y-(¢)), with
v;(t) = H;(x(t)). Then the variational system along the input-state-output trajectory
t €0, T]— (x(¢),u(t), y(¢)) is given by the following time-varying system

) af
Sx(t) = a(x(t))ax(t)

+ ;M’ (r)%(x(r))axm
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+ D 8u (g (x(1) (1.40)

j=1

oh; )
8y; (1) = 2= (xO)8x(0), j=1,....m,
x
with state 8x(t) € T}, 2", where Su = (Suy, ..., 8un)", 8y = @By, ...,8y,)"

denote the input and output vectors of the variational system. (Note that %(x)
denotes a row vector.)

The reason behind the terminology “variational” comes from the following fact:
let (x(t,¢),u(t,e), y(t,¢)),t € [0, T], be a family of input-state-output trajectories
of (1.39) parameterized by ¢ € (—c, ¢), ¢ > 0, with x(¢,0) = x(¢), u(t,0) = u(z)
and y(¢,0) = y(¢), t € [0, T]. Then the infinitesimal variations

Sx(t) = a—x(t,O), Su(t) = a—u(t,O), Sy(t) = a—y(t,O), (1.41)
de de de

satisfy (1.40).

Remark 1.4 For a linear system x = Ax + Bu,y = Cx the variational systems
along any trajectory are simply given as éx = Adx + Bdéu, 8§y = Céx.

The prolongation (or prolonged system) of (1.39) comprises the original sys-
tem (1.39) together with its variational systems, that is the total system

X

JO)+ 20 ujg(x)
8x(1) = L(x(0)8x(1)+
S () (x(1)8x (1) +

" (1.42)
Do duj(t)g;(x(1)
yi=hjx), j=1,...,r
8y;(1) = S dx(), j=1,....r,
withinputs u;, du;, j =1, ..., m, outputs yj,Syj,j =1, ..., r, and state vector x,

ox.

Using the previous subsection, the prolonged system (1.42) on the tangent space
T Z can be intrinsically defined in the following coordinate-free way. Denote the
elements of T2 by x; = (x, §x), where 19 (x)) =x € Z withtg : TZ — 2
again the tangent bundle projection.

Definition 1.4 ([4]) The prolonged system §X of a nonlinear system X of the
form (1.39) is defined as the system

K= fO0n) + X0 uigSn) + D Su;gY(x)
X yj =hjx), j=1,....r (1.43)
y; =hS(x), j=1.....n
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with state x; = (x, 8x) € T2, inputs u;, du;, j =1,...,m, and outputs y;, Syj,
j=1...,r.

Note that the prolonged system § X' has state space T .2, input space 7% and output
space T¢/ . One can easily check that in any system of local coordinates x for 2,
u for %, and y for %, and the induced local coordinates x, §x for T 2", u, du for
T, y,3y for T¥, the local expression of the system (1.43) equals (1.42).

Remark 1.5 For a linear system x = Ax + Bu, y = Cx the prolonged system is
simply the product of the system with the copy system §x = Adx + Bdu, éy = Céx.

The prolongation of the nonlinear control system X' to the cotangent bundle is
defined as follows. Associated to the variational system (1.40) there is the adjoint
variational system, defined as

. T
o) =—(3%) copw
= 2w (OGO (@) p) (L.44)
— > du (1) 5 (x(1))
dy;j(t) = p'gj(x(®), j=1,....m,

with state variables p € T, Z’, and adjoint variational inputs and outputs du ;, j =
1,...,r,dyj, j =1,...,m. Then, the original nonlinear system X together with
all its adjoint variational systems defines the total system

X

p()

)+ 200 ujg;(x)

(DT @) p()

=3 u (O CGEDT (x (1) p(e)

=3 du (0 S (@)
yi=hjx), j=1,...,r

dy;j(t) = plgj(x@), j=1,...,m,

(1.45)

with inputs u;, du, outputs y;, dy; and state x, p. This total system is called the
Hamiltonian extension. In a coordinate-free way the Hamiltonian extension is defined
as follows.

Definition 1.5 ([4]) The Hamiltonian extension d X' of a nonlinear system X of the
form (1.39) is defined as the system

Xe = Xpr(xe) + 200 uj X e (xe) + 205, duj Xpy(x,)
dX: y; =hi(x), j=1,....r (1.46)
dy; = H%(x.), j=1,...,m,

with state x, = (x, p) € T*Z", inputs u;, du; and outputs y;, dy;.
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Note that the Hamiltonian extension d X has state space T*.2", and combined input
and output space T*% x T*%, where (u, 8y) € T*% and (y, du) € T*¥ .

Remark 1.6 For a linear system x = Ax + Bu, y = Cx the Hamiltonian extension
is the product of the system with its adjoint system p = —AT p — CTdu,dy = BT p.

The prolongation 6 ¥ of X to the tangent bundle can be combined with the Hamil-
tonian extension dX of X to the cotangent bundle. This will define a system on
the Whitney sum 7.2 @ T*2 with inputs u, du, du, states x, 8x, p and outputs
v, 8y, dy. It can be immediately verified that

d

E(p, Sx) = (dy, du) — (du, 8y), (1.47)
which equality is in fact underlying the definition of the adjoint variational system;
see also [4].

1.4.2 Differential Lyapunov Equations

In [25] it was shown how differential Riccati equations can be obtained by intercon-
necting the prolonged system § X' with the Hamiltonian extension d X' through the
interconnection laws

Su = —dy, du =5y, (1.48)

and to consider invariant Lagrangian subbundles for the resulting differential Hamil-
tonian system living on the Whitney sum 7.2° & T*% . This yields a geometric
formulation of the approach developed e.g., in [11, 12, 14-16, 26].

Differential Lyapunov equations result from the case g; =0, j =1,...,m, for
the original system X' (i.e., no inputs). In this case the interconnection of the prolon-
gation § X' and the Hamiltonian extension d X' reduces to du = 8y, and can be seen
to lead to the differential Hamiltonian system (see [25] for further details)

= FCD Xyr(2) =S hS Xy T

=0 Xp (@) - X hjXn @), zeTZ (1.49)
yi=hjx), j=1,...,r

The submanifold ¢ corresponding to a Lagrangian subbundle K with K(x) =

{(6x, p) | p = II(x)dx}, where I1(x) is a symmetric matrix, is an invariant sub-

manifold for (1.49) if and only if I1(x) satisfies the equation

ar\7T ) an\T  on oIl
(al) ()T (x) + H(x)l(x) + (7) @) —&)+ — @) fx)=0. (1.50)
X 0x ox ox dx

This is nothing else than the differential Lyapunov equation (1.35) as considered
before, where the matrix Q(x) in (1.35) is of a somewhat special form.
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1.5 Conclusions and Outlook

In this chapter (controlled) invariance of (co-)distributions has been reviewed using
the geometric notions of liftings to the (co-)tangent bundle, continuing upon the
approach initiated in [17] and further developed in [18]. It has been shown how the
geometric treatment of invariance of (co-)distributions can be extended to invariance
of Lagrangian subbundles, making a direct link to the theory of convergent dynamics
and contraction analysis.

Next to the classical topic of (controlled) invariant (co-)distributions, and the
recent developments on differential Lyapunov and differential Riccati equations,
the established geometric framework also opens other possibilities. An important
avenue for further research is the extension of the classical passivity and small-gain
framework, see e.g., [22], to the differential level. Indeed, in [7-9, 24] differential
passivity was defined and explored in this spirit. Furthermore, in [15, 24] differential
L,-gain was initiated. Despite the beauty of this approach and the insight provided,
the implications for control design of these recent developments are yet to be seen,
and probably require the combination with dynamical analysis tools.

Acknowledgments I would like to thank the Dutch Nonlinear Systems Group for continuing inspi-
ration and support.

References

1. Abraham, R.A., Marsden, J.E.: Foundations of mechanics, 2nd edn. Benjamin / Cummings,
Reading, MA (1978)

2. Cortés, J., van der Schaft, A.J., Crouch, P.E.: Characterization of gradient control systems.
SIAM J. Control Optim. 44(4), 1192-1214 (2005)

3. Courant, T.J.: Dirac manifolds. Trans. Amer. Math. Soc. 319, 631-661 (1990)

4. Crouch, P.E., van der Schaft, A.J.: Variational and Hamiltonian control systems. Lecture Notes
in Control and Information Sciences, vol. 101. Springer, New York (1987)

5. Dalsmo, M., van der Schaft, A.J.: On representations and integrability of mathematical struc-
tures in energy-conserving physical systems. SIAM J. Control and Optimization 37, 54-91
(1999)

6. Dorfman, I.: Dirac Structures and Integrability of Nonlinear Evolution Equations. Wiley, Chich-
ester (1993)

7. Forni, E, Sepulchre, R.: A differential Lyapunov framework for contraction analysis. IEEE
Trans. Autom. Control 59(3), 614-628 (2014)

8. Forni, F.,, Sepulchre, R.: On differentially dissipative dynamical systems, Proceedings of 9th
IFAC Symposium on Nonlinear Control Systems (NOLCOS2013), Toulouse, France, Sept.
4-6 (2013)

9. Forni, F.,, Sepulchre, R., van der Schaft, A.J.: On differential passivity of physical systems.
In: Proceedings of 52nd IEEE Conference on Decision and Control (CDC), pp. 6580—6585.
Florence, Italy (2013)

10. Jouffroy, J.: Some ancestors of contraction analysis. In: 44th IEEE Conference Decision and
Control and European Control Conference (CDC-ECC ’05), pp. 5450-5455 (2005)

11. Kawano, Y., Ohtsuka, T.: Observability analysis of nonlinear systems using pseudo-linear
transformation. In: Proceedings of 9th IFAC Symposium on Nonlinear Control Systems (NOL-
CO0S2013), Toulouse, France, Sept. 4-6 (2013)



1

12.

13.

14.

15.

20.

21.

22.

23.

24.

25.

26.

217.

Controlled Invariant Distributions and Differential Properties 19

Kawano, Y., Ohtsuka, T.: Nonlinear eigenvalue approach to analysis of generalised differential
Riccati equations (submitted, 2014)

Lohmiller, W., Slotine, J.-J.: On contraction analysis for non-linear systems. Automatica 34,
683-696 (1998)

Manchester, I.R., Slotine, J.J.: Control contraction metrics and universal stabilizability. 19th
IFAC World Congress, Cape Town, South Africa (2014)

Manchester, L.R., Slotine, J.J.: Control contraction metrics: differential L2 gain and observer
duality. arXiv:1403.5364v1 (2014)

. Manchester, I.R., Slotine, J.J.: Control contraction metrics: Convex and intrinsic criteria for

nonlinear feedback design. arXiv:1503.03144v1 (2015)

. Nijmeijer, H., van der Schaft, A.J.: Controlled invariance for nonlinear systems. IEEE

Trans. Autom. Control AC-27(4), 904-914 (1982)

. Nijmeijer, H., van der Schaft, A.J.: Nonlinear Dynamical Control Systems. Springer, New York

(1990). corrected printing 2016

. Pavlov, A., Pogromsky, A., van de Wouw, N., Nijmeijer, H.: Convergent dynamics: a tribute to

Boris Pavlovich Demidovich. Syst. Control Lett. 52, 257-261 (2004)

Pavlov, A., van de Wouw, N., Nijmeijer, H.: Uniform Output Regulation of Nonlinear Systems:
A Convergent Dynamics Approach. Springer, Berlin (2005)

Simpson, J.W., Bullo, F.: Contraction theory on Riemannian manifolds. Syst. Control Lett. 65,
74-80 (2014)

van der Schaft, A.J.: L,-Gain and Passivity Techniques in Nonlinear Control, Lecture Notes
in Control and Information Sciences, Vol. 218, 2nd edn. Springer, Berlin (1996), Springer,
London (2000) (Springer Communications and Control Engineering series)

van der Schaft, A.J.: Implicit Hamiltonian systems with symmetry. Rep. Math. Phys. 41, 203—
221 (1998)

van der Schaft, A.J.: On differential passivity. In: Proceedings of 9th IFAC Symposium on
Nonlinear Control Systems (NOLCOS2013), pp. 21-25. Toulouse, France, Sept. 4-6 (2013)
van der Schaft, A.J.: A geometric approach to differential Hamiltonian and differential Riccati
equations. In: Proceedings of 54th IEEE Conference on Decision and Control, (CDC), pp. 7151—
7156. Osaka, Japan (2015)

Tyner, D.R., Lewis, A.D.: Geometric Jacobian linearization and LQR theory. J. Geom. Mech.
2(4), 397-440 (2010)

Yano, K., Ishihara, S.: Tangent and cotangent bundles. Marcel Dekker, New York (1973)


http://arxiv.org/abs/1403.5364v1
http://arxiv.org/abs/1503.03144v1

Chapter 2
Some Recent Results on Distributed Control
of Nonlinear Systems

Tengfei Liu and Zhong-Ping Jiang

Abstract The spatially distributed structure of complex systems motivates the idea
of distributed control. In a distributed control system, the subsystems are controlled
by local controllers through information exchange with neighboring agents for coor-
dination purposes. One of the major difficulties of distributed control is due to
the complex characteristics such as nonlinearity, dimensionality, uncertainty, and
information constraints. This chapter introduces small-gain methods for distributed
control of nonlinear systems. In particular, a cyclic-small-gain result in digraphs is
presented as an extension of the standard nonlinear small-gain theorem. It is shown
that the new result is extremely useful for distributed control of nonlinear systems.
Specifically, this chapter first gives a cyclic-small-gain design for distributed output-
feedback control of nonlinear systems. Then, an application to formation control
problem of nonholonomic mobile robots with a fixed information exchange topol-
ogy is presented.

2.1 Introduction

Distributed control of multiagent systems under communication constraints has
attracted tremendous attention from the control community over the past 10 years;
see, for example, [45] using an adaptive gradient climbing strategy, [3, 5, 12, 21,
48] based on linear algebra and graph theory, [2, 53] using passivity and dissipativity
theory, [4, 16, 19, 34, 42, 43, 50, 51] with Lyapunov methods, [17] using the non-
linear small-gain theorem, and [54, 57, 58] based on output regulation. The recent
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hot topics such as formation control, consensus, flocking, swarm, rendezvous and
synchronization are all closely related to distributed coordinated control.

The distributed control problem for agents with second-order dynamics has been
mainly studied from the perspective of second-order consensus and flocking. Consid-
erable efforts have been devoted to solving the problems under switching information
exchange topologies. Related results include [4, 12, 46, 47, 55]. Specifically, [12,
46] used potential functions to define Lyapunov functions and the topologies are
allowed to be switching but undirected. Reference [47] presented a consensus result
for double integrator systems based on a refined graph theoretical method. Refer-
ence [4] proposed a variable structure approach-based consensus design method for
systems with switching but always connected information exchange topology. Sev-
eral recent results on distributed control can also be found in [15, 32, 41, 49, 59].
It should be pointed out that most of the papers mentioned above do not consider
systems under physical constraints (e.g., saturation of velocities), for which specific
distributed nonlinear designs are expected.

As a practical application of distributed control, the formation control of
autonomous mobile agents aims at forcing the agents to converge toward, and to
maintain, specific relative positions, by using available information, e.g., relative
position measurements. Recent formation control results can be found in [1, 7, 9,
10, 20, 30, 31, 44, 56], to name a few. The earlier results, e.g., [7, 56], assume
a tree sensing structure to avoid the technical difficulties caused by the loop inter-
connections. In [9, 10, 31, 44], the assumption of tree sensing structures is relaxed
at the price of using global position measurements. An exception is the wiggling
controller developed by [33] to drive the robots to stationary points, which does not
use global position measurements of the robots. In the results of coordinated path-
following as presented in [1, 20, 30], the global position measurement issue can be
easily addressed as each robot has access to its desired path. In our recent paper [38],
thanks to the use of nonlinear small-gain techniques [25, 35], the requirement on
global position measurements has been removed for formation control of unicycles
with fixed sensing topologies.

The discussion in this chapter starts with an example of a multivehicle formation
control system in which each vehicle is modeled by an integrator. In the case of leader-
following with fixed topology, it is shown that the problem can be transformed into
the stability problem of a specific dynamic network composed of ISS subsystems.
This motivates a cyclic-small-gain result in digraphs, which is given in Sect.2.2. It
is shown that the new result is extremely useful for distributed control of nonlinear
systems. Specifically, Sect.2.3 presents a cyclic-small-gain design for distributed
output-feedback control of nonlinear systems. In Sect.2.4, we study the distributed
formation control problem of nonholonomic mobile robots with a fixed information
exchange topology.
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Fig. 2.1 A multivehicle system

2.2 A Cyclic-Small-Gain Result in Digraphs

Example 2.1 Consider a group of N + 1 vehicles (multivehicle system) as shown
in Fig. 2.1, with each vehicle modeled by an integrator:

xiZVis i=0,...,N, (2'1)

where x; € R is the position and v; € R is the velocity of the ith vehicle. The vehicle
with index 0 is the leader while the other vehicles are the followers. The objective is
to control the follower vehicles to specific positions relative to the leader by adjusting
the velocities v; fori = 1, ..., N. More specifically, it is required that

Tim (5 () = x;(0) = dij, i,j=0,....N, 2.2)
—00

where constants d;; represent the desired relative positions. Clearly, to define the
problem well, d;; = dj; + di; for any i, j,k=0,..., N and d;; = —d;; for any
i,j=0,...,N. Also, by default, d;; =0 forany i =0, ..., N. In the literature of
distributed control, the vehicles are usually considered as agents and the multivehicle
system is studied as a multiagent system.

Compared with global positions, the relative positions between vehicles are often
easily measurable in practice, and are used for feedback in this example. Consid-
ering the position information exchange, agent j is called a neighbor of agent i if
(x; — x;) is available to agent i, and .4 C {0, ..., N} is used to denote the set of
agent i’s neighbors. We consider the case where each vehicle only uses the position
differences with the vehicles right before and after it, i.e., A4 = {i — 1,i + 1} for
i=1,...,N—1and Ay ={N — 1}.

Define X; = x; — x9 — d;o and ¥; = v; — vy. By taking the derivative of x;, we
have

Xi=¥, i=1,...,N. (2.3)

According to the definition of X;, X; — X; = x; — x; — d;;. Thus, the control objective
is achieved if lim,_, o (X; — Xo) = 0. Also, (X; — X;) is available to the control of the
X;-subsystem if (x; — x;) is available to agent i. This problem is normally known as
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the consensus problem. If the position information exchange topology has a spanning
tree with agent O as the root, then the following distributed control law is effective:

B=k Y (& — %), (2.4)

JEN:

where k; is a positive constant. Moreover, if the velocities v; are required to be
bounded, one may modify (2.4) as

=g | DL GE—F) |, 2.5)

jeN

where ¢; : R — [y;, v;] with constants y; < 0 < V; is a continuous, strictly increas-
ing function satisfying ¢; (0) = 0. With control law (2.5), v; € [vo + v;, vo + V;]. The
validity of the control laws defined by (2.4) and (2.5) can be directly verified using
the state agreement result in [34].

With control law (2.5), each x;-subsystem can be rewritten as

Dk =Nk | = £, (2.6)
%4
where N; is the size of .4{ and X = [X, ..., Xn]7. Define V;(%;) = |%;| as an ISS-
Lyapunov function candidate for the X;-subsystem fori = 1, ..., N.Itcanbe verified

that for any § > 0, there exists a continuous, positive definite  such that

Vi (Xi Z Vi(x;) = VVi(&) fi(X) = —o; (Vi(x;)) ae., (2.7)

)_(I—S)N

where, for convenience of notation, Vy(Xp) = 0. This shows the ISS of each X;-
subsystem with i = 1, ..., N. If the network of ISS subsystems is asymptotically
stable, then the control objective is achieved.

We employ a digraph ¥/ to represent the underlying interconnection structure of
the dynamic network. The vertices of the digraph correspond to agents 1,..., N,
andfori, j =1,..., N, directed edge (j, i) exists in the graph if and only if X, is an
input of the x;-subsystem. We use ./’; to represent the set of neighbors of agent i in
%¢. Then, it is directly verified that N i = A\{0}. Recall that V(%9) = 0. Then, the
A in (2.7) can be directly replaced by .#;. Figure 2.2 shows the digraph & for the
case in which each follower vehicle uses the position differences with the vehicles
right before and after it.

Notice that for any positive constants aj, ..., a, satisfying > ', 1/a; < n, it
holds that 3" d; = D7 (1/a;)a;d; < nmax,—; __.{a;d;}, foralld,,...,d, > 0.
Then, property (2.7) implies
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] &—— 2 ——= 3 &= = N

Fig. 2.2 Anexample of information exchange digraph ¢, for which each vehicle uses the position
differences withithe vehicles rijht before and after it. In this figure, Ni= {i—1,i+1}fori =
2,..., N—-1, 41 ={2}and /'y ={N — 1}

Vi(xi max {az,V (X} = Vi) fi(X) = —ei (Vi(x),  (2.8)

y> i
T (L=8)N; ;

where N, is the size of .#’; and a;; are positive constants satisfying > jev, Vaij =
N;. It can be observed that N; = N; + 1if0 € A and N; = N; if 0 ¢ A,

Given specifica;; > 0, one can test the stability property of the closed-loop system
by directly checking whether the cyclic-small-gain condition is satisfied. But, for a
specific ¢, can we find appropriate coefficients a;; to satisfy the cyclic-small-gain
condition, and how?

It should be noted that the effectiveness of control law (2.5) can be proved using
the result in [34]. Here, our objective is to transform the problem into a stability
problem of dynamic networks, and develop a result which is hopefully useful for
more general distributed control problems.

The main result in this section answers the question in Example 2.1.

Consider a digraph &, which has N vertices. Fori =1, ..., N, define i such
that if there is a directed edge (j, i) from the jth vertex to the i-th vertex, then
j € ;. Each edge (j, i) is assigned a positive variable a; ;. For a simple cycle &
of ¥, denote A4 as the product of the positive values assigned to the edges of the
cycle. Fori =1,..., N, denote € (i) as the set of simple cycles of ¢, through the
i-th vertex.

Lemma 2.1 Ifthe digraph % has a spanning tree Ty with vertices iy, .. ., iy as the
roots, then for any € > 0, there exista;; > Ofori =1,...,N, j € N i, such that
(I
Z—sNi, i=1,...,N (2.9)
~— ajj
JEN
Ag <l+e, OeCi)V---UL>,) (2.10)

Ao <1, ﬁe( U %(l))\(%(z)u SUEID), @2.11)

where N; is the size of 7,-.

Proof We only consider the case of ¢ = 1. The case of ¢ > 2 can be proved similarly.
Denote i* as the root of the tree.
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Defineal; = 1for1 <i <N, j €A, Ifa; =afforl <i <N, je N, then

[
> & <Ni i=1...N (2.12)
a;’.
JEN i H
Apg=1, O¢ U €a). (2.13)
i=l1,..., N

Consider one of the paths leading from root i* in the spanning tree .75. Denote
the path as (py, ..., pm) With p; = i*.

1 _ 0 0 s 0 1 0
One can ﬁndapzpl =dp,, T €,y > 0 with Eppr = Oandam D

Owithe,,; > Ofor j € sz\{pl} such thatif g;; = ailj fori = p,anda;; = a?j for
i # p», then (2.12) is satisfied, and also

=4a,; —E&pj >

Ag < 1+¢ for O € €(py), (2.14)
Ap < Lfor 6 € €(p)\E(p1) (2.15)

with0 < ¢’ < e.

1 _ 0 0 s 20 1 _ .0 _
Then, one can find Appy =pp, + €5, > 0 with Epapy > 0 and a,;=4a,;
0 W

0. > Owithel) . > 0for j € A, \[pa) suchthatif a;; = a; fori € {py, p3}, and
ajj = a?j fori ¢ {p,, p3}, then (2.12) is satisfied, and also

&

Ag < 1+¢"for 0 € €(p1), (2.16)
Ag < 1for 0 € (€(p2) U (p3)\C(p1) (2.17)

with) < ¢ <¢” <e.
By doing this fori = p, ..., p., we can find ailj >0fori € {ps,....pm}Jj €

A, such that

Ag < 1+¢ for 0 € €(py), (2.18)
Ag < l1for 0 e (€ (p)U---UE(pwm)) \C(p1) (2.19)

with 0 < gy < &.
By considering each path leading from the root i* in the spanning tree one by
one, we can find ai]j >0fori e{l,..., N}, j €A suchthatif g;; = ailj fori €

{L,...,N},j e 7,«, then (2.12) and (2.11) are satisfied and
Ag <l+e'for 0 e €i;)U---UBIE), (2.20)
where 0 < ¢! < &.

Note that the left-hand sides of inequalities (2.9), (2.10), and (2.11) continuously
depend on a;; fori € {1,..., N}, j € JV[.OnecanﬁndaiZi >O0fori e{l,...,N},
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Jj € i, such that if a;; = af; fori € {1,..., N}, j € 4, then conditions (2.9),
(2.10), and (2.11) are satisfied. |

Example 2.2 Continue Example 2.1. Define & = {i € {1,..., N} : 0 € .4;}. Con-
sidering the relation between N; and N;,and N; < N, the cyclic-small-gain condition
can be satisfied by the network of ISS subsystems with property (2.8) if

(1=8NN+1) )
< 0 e lg%(z), (2.21)
Ao <(1=8)", oe| |J %0 \(U ‘5(1’)), (2.22)
ief{l,..., N} ie¥

where § = max,—;.__y{6:}.

Using Lemma 2.1, if graph ¢, has a spanning tree with the agents belonging
to .Z as the roots, one can find a constant § > 0 and constants g, ;> 0 satisfying
> je 1/a;j < N; such that conditions (2.21) and (2.22) are satisfied. The graph
shown in Fig.2.2 satisfies this condition.

Lemma 2.1 proves very useful in constructing distributed controllers for nonlinear
agents to achieve convergence of their outputs to an agreement value. It provides for
a form of gain assignment in the network coupling.

2.3 Distributed Output-Feedback Control

In this section, the basic idea of cyclic-small-gain design for distributed control is
generalized to high-order nonlinear systems. Consider a group of N nonlinear agents,
of which each agent i (1 <i < N) is in the output-feedback form:

Xij = Xij+n + Aij i wi), 1<j=<n —1 (2.23)

Xin, = Ui + Ain, (i, wi) (2.24)

Yi = Xil, (2.25)

where [x;1, ..., Xip, ] := x; € R" withx;; € R (1 < j < n;) is the state, u; € Ris
the control input, y; € R is the output, [x;2, ..., xm,]T is the unmeasured portion

of the state, w; € R™i represents external disturbances, and A;;’s (1 < j < n;) are
unknown locally Lipschitz functions.

The objective of this section is to develop a new class of distributed controllers
for the multiagent system based on available information such that the outputs y; for
1 <i < N converge to the same desired agreement value yy. This problem is called
the output agreement problem in this chapter.
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Different from decentralized control, the major objective of distributed control is
to control the agents in a coordinated way for some desired group behavior. For the
output agreement problem, the objective is to control the agents so that the outputs
converge to a desired common value. Information exchange between the agents is
required for coordination purposes. In practice, the information exchange is subject
to constraints. As considered in Example 2.1, the position x( of the leader vehicle is
only available to some of the follower vehicles, and the formation control objective
is achieved through information exchange between the neighboring vehicles.

For distributed control of the multiagent nonlinear system (2.23)—(2.25), we
employ a digraph ¢ to represent the information exchange topology between the
agents. Digraph ¢ contains N vertices corresponding to the N agents and M directed
edges corresponding to the information exchange links. Specifically, if y; — yy is
available to the local controller design of agent i, then there is a directed link from
agent k to agent i and agent k is called a neighbor of agent i ; otherwise, there is no link
from agent k to agenti. Set 4] C {1, ..., N}isused torepresent agent i’s neighbors.
In this section, an agent is not considered as a neighbor of itself and thus i ¢ .4/ for
1 <i < N.Agenti is called an informed agent if it has access to the knowledge of
the agreement value yj for its local controller design. Let £ C {1, ..., N} represent
the set of all the informed agents.

The following assumption is made on the agreement value and system (2.23)—
(2.25).

Assumption 2.1 There exists a nonempty set £2 € R such that

1. y()EQ;
2. foreachl <i <N,1<j<n,

[Aij (i, wi) — Aij(zi, O < ¥a, (yi — zi, w17 (2.26)

forall [y;, w/1” € R"™ andall z; € 2, where Y5, € 4 is Lipschitz on com-
pact sets and known.

It should be noted that a priori information on the bounds of y, (and thus £2)
is usually known in practice. In this case, condition 2 in Assumption 2.1 can be
guaranteed if for each z;, there exists a wg‘_/ € J that is Lipschitz on compact sets
such that

[Ai; i, wi) — Aij(zi, 0)] = |A;; (i — zi) + 2z, wi) — A4 (2i, 0)]
< ¥, Ay = zi,w 17D, (2.27)

Then, ¥4, can be defined as ¥4, (s) = sup, .o K”Zi,-, (s) for s € R.. In fact, there

always exists a WZA"U_ € Jx that is Lipschitz on compact sets to fulfill condition
(2.27) if A;; is locally Lipschitz.
It is also assumed that the external disturbances are bounded.
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Assumption 2.2 Foreachi =1, ..., N, there exists a w; > 0 such that

[wi ()] < w; (2.28)
forall¢t > 0.

The basic idea is to design observer-based local controllers for the agents such that
each controlled agent i is IOS, and moreover, has the UO property. Then, the cyclic-
small-gain theorem in digraphs can be used to guarantee the IOS of the closed-loop
multiagent system and then the achievement of output agreement.

By introducing a dynamic compensator

U =v; (2.29)

and defining x/; = y; — yo andxl( iy = Xig+n + A;j(yo,0)forl < j < n;,wecan
transform each agent i defined by (2.23)—(2.25) into the form of

X=Xy T A w) — Aij(50,0), 1 <j<n+1 (2.30)
Xip, = Vi + Ain, (i, wi) = Ain, (30, 0) (2.31)
i =X (2.32)

with the output tracking error y; = y; — yo as the new output and v; as the new control
input.

Moreover, the dynamic compensator (2.29) guarantees that the origin is an equi-
librium of the transformed agent system (2.30)—(2.32) if it is disturbance-free, and
the distributed control objective can be achieved if the equilibrium at the origin of
each transformed agent system is stabilized.

The local controller for each agent i is designed by directly using the available
yi", defined as follows:

W - N +1 Z(yl Y +Oi—y) |, i€ (2.33)
ke A;
- Z(y, ), iefl,...,N\Z, (2.34)
Ni ke AN,

where N; is the size of .4;. For the convenience of discussions, we represent y!" with
the new outputs as

V=V (2.35)
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with
LSy ez (2.36)
Mi = Yo 1 )
Ni+1k6/V,-
1 .
=5 z vi, iefl,...,N\Z. (2.37)
ke AN

2.3.1 Distributed Output-Feedback Controller

Owing to the output-feedback structure, we design a local observer for each trans-
formed agent system (2.30)—(2.32):

E1 = En + Lok + pin (G — y}") (2.38)
£ = &ij4n) + Lianéin — LijEn + L&), 2<j<n; (2.39)
Eiat) = Vi — Lign11)Ei2 + Linkin), (2.40)
where p;; : R — Ris an odd and strictly decreasing function, and L;, ..., L;,, are

positive constants. In the observer, &;; is an estimate of y/, and &; is an estimate of
.X;j — L,/yl, for2 <j<n; +1.

Here, (2.38) is constructed to estimate y; using y;* which is influenced by the
outputs y, (k € 4) of the neighbor agents (see (2.35)). The nonlinear function p;
in (2.38) is used to assign an appropriate nonlinear gain to the observation error
system. As shown later, it is the key to make each controlled agent IOS with specific
gains satisfying the cyclic-small-gain condition.

With the estimates, a nonlinear local control law is designed as

ei1 = &1, (241

eij =& —kig-nlei-n), 2=<j=<n+1 (2.42)

Vi = Kigni+1) (€i(n41)), (2.43)

where k1, ..., kin+1y are continuously differentiable, odd, strictly decreasing, and
radially unbounded functions.

Consider Z; =[x/, ..., xi/(n,-Jrl)’ &1, ..., Em+1]" as the internal state of each

controlled agent composed of the transformed agent system (2.30)—(2.32) and the
local observer-based controller (2.38)—(2.43). The block diagram of controlled agent
i with y; as the input and y; as the output is shown in Fig.2.3.

The following proposition presents the UO and IOS properties of each controlled
agenti.

Proposition 2.1 Each controlled agent i composed of (2.30)—(2.32) and (2.38)—
(2.43) has the following UO and 10S properties with w; as the input and y] as the
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Yo

Vi u; i
d I d agent i L

O

local control law local observer

Fig. 2.3 The block diagram of each controlled agent i

output: for all t > 0,

1Zi ()] < (1 Ziol + Il pillo.) (2.44)
Ly ()] < max {B:(1Ziol, 1), xi Ui lio.) i Uwillo.) } » (2.45)

for any initial state Z;(0) = Z;y and any [;, w;, where 8; € X' £ and x;, y;, a; €
Heoo. Moreover, y; can be designed to be arbitrarily small, and for any specified
constant b; > 1, x; can be designed such that x;(s) < b;s, forall s > 0.

Due to space limitations, the proof of Proposition 2.1 is not provided here. The
interested reader may consult [39] for reference.

2.3.2 Cyclic-Small-Gain Synthesis

With the proposed distributed output-feedback controller, the closed-loop multiagent
system has been transformed into a network of IOS subsystems. This subsection
presents the main result of output agreement and provides a proof based on the
cyclic-small-gain result in digraphs.

Theorem 2.1 Consider the multiagent system in the form of (2.23)—(2.25) satisfying
Assumptions 2.1 and 2.2. If there is at least one informed agent, i.e., £ # 0, and
the communication digraph 9° has a spanning tree with the informed agents as the
roots, then we can design distributed observers (2.38)—(2.40) and distributed control
laws (2.29), (2.41)—(2.43) such that all the signals in the closed-loop multiagent
system are bounded, and the output y; of each agent i can be steered to within
an arbitrarily small neighborhood of the desired agreement value y,. Moreover, if

wi; =0fori =1,..., N, then each output y; asymptotically converges to yj.
Proof Notice that for any constants aj, ..., a, > 0 satisfying > /_,(1/a;) <n, it
holds that

n n 1
; di=> a—ia,-di <n gg{aidi} (2.46)

i=1



32 T. Liu and Z.-P. Jiang

foralld,,...,d, > 0.
Recall the definition of w; in (2.36) and (2.37). We have

| <6 i / s 2.47
|1il = & maxiaic |y, |} (2:47)
where §; = NLJ‘rl ifi € Z,8; =1ifi ¢ £, and a;; are positive constants satisfying
1
S~ <N, (2.48)
ker: ik

Then, using the fact that the .4/ in (2.47) are time invariant, property (2.45) implies

;)] < max [.Bi(|zi0|a 1), bid; g%{aik”)’]i”[o,z]}» vi(willo.n) (2.49)

for any initial state Z;y and any w;, for all ¢+ > 0.

It can be observed that the interconnection topology of the controlled agents is in
accordance with the information exchange topology, represented by digraph ¢¢. For
i € N,k e A, we assign the positive value a;; to the edge (k, i) in ¢¢. Denote ¢
as the set of all simple cycles in 4 and €« as the set of all simple cycles through the
vertices belonging to .. Denote A 4 as the product of the positive values assigned
to the edges of the cycle & € €.

Note that b; can be designed to be arbitrarily close to one. By using the cyclic-
small-gain theorem for networks of IOS systems, the closed-loop multiagent system
is IOS if

Ap <1, Oe%y (2.50)

N+1
Ao <1, Oecb\Ce. 2.51)

If ¢° has a spanning tree with vertices belonging to .Z as the roots, then according
to Lemma 2.1, there exist positive constants a;; satisfying (2.48), (2.50), and (2.51).
Then, the closed-loop distributed system is UO and IOS with w; as the inputs and
y; as the outputs. With Assumption 2.2, the external disturbances w; are bounded.
The boundedness of the signals of the closed-loop distributed system can be directly
verified under Assumption 2.2.

By designing the IOS gains y; arbitrarily small (this can be done according to
Proposition 2.1), the influence of the external disturbances w; is made arbitrarily
small, and y; can be driven to within an arbitrarily small neighborhood of the origin.
Equivalently, y; can be driven to within an arbitrarily small neighborhood of yy. In
the case of w; =0 fori =1, ..., N, each output y; asymptotically converges to yj.
This ends the proof of Theorem 2.1. O
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2.3.3 Robustness to Time Delays of Information Exchange

If there are communication delays, then y!" as defined in (2.33) and (2.34) should be
modified as

W0 =+ D Gi0) =yt — @) + i) —y0) |, i €L (252)
i + 1 ke AN
1

() = ﬁik;(yim — (@ —T(), i€f{l,...,N\Z, (2.53)

where 7;; : R, — R, represents nonconstant time delays of exchanged information.
In this case, y" (¢) can still be written in the form of y!" (#) = y/(t) — w;(t) with

i

1 , )
i) = 5 > v —), i€ (2.54)
ke N;
1 , .
wit) =— Dyt —wt), i€{l,....N\Z. (2.55)
N;
ke N
We assume that there exists a T > 0 such that, fori =1,...,N, ke 4,0 <

T;x(t) < T holds for all + > 0. By considering u; and w; as the external inputs,
each controlled agent i composed of (2.30)—(2.32) and (2.38)—(2.43) is still UO and
property (2.49) should be modified as

ly; ()] < max [,Bi(lzz'0|v 1), bid; Ir(rel%{aiklly;ill[—f,o@}, Yi (Iwillto.00)) (2.56)

for any initial state Z;y and any w;, for all + > 0.

Using the time-delay version of the cyclic-small-gain theorem, we can still guar-
antee the IOS of the closed-loop multiagent system with y; as the outputs and w; as
the inputs, following analysis similar to that for the proof of Theorem 2.1.

2.4 Formation Control of Nonholonomic Mobile Robots

Formation control of autonomous mobile agents is aimed at forcing agents to con-
verge toward, and maintain, specific relative positions. Distributed formation control
of multiagent systems based on available local information, e.g., relative position
measurements, has attracted tremendous attention from the robotics and control com-
munities.
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Fig. 2.4 Kinematics of the y
unicycle robot, where (x, y)
represents the Cartesian
coordinates of the center of
mass of the robot, v is the
linear velocity, 6 is the
heading angle, and w is the
angular velocity

Motivated by the cyclic-small-gain design for distributed output-feedback con-
trol of nonlinear systems in Sect.2.3, this section proposes a class of distributed
controllers for leader-following formation control of unicycle robots using the prac-
tically available relative position measurements. The kinematics of the unicycle robot
are demonstrated by Fig.2.4.

For this purpose, the formation control problem is first transformed into a state
agreement problem of double integrators through dynamic feedback linearization.
The nonholonomic constraint causes a singularity for the dynamic feedback lin-
earization when the linear velocity of the robot is zero. This issue should be well
taken into consideration for the validity of the transformed double integrator mod-
els. Then, distributed formation control laws are developed. To avoid the singularity
problem caused by the nonholonomic constraint, saturation functions are introduced
to the control design to restrict the linear velocities of the robots to be larger than
zero. It should be noted that linear analysis methods may not be directly applicable
due to the employment of the saturation functions. Then, the closed-loop system is
transformed into a dynamic network of IOS systems. The cyclic-small-gain result in
digraphs is used to guarantee the IOS of the dynamic network and thus the achieve-
ment of formation control.

With the effort mentioned above, the proposed design has three advantages:

1. The proposed distributed formation control law does not use global position mea-
surements or assumes tree position sensing structures.

2. The formation control objective can be practically achieved in the presence of
position measurement errors.

3. The linear velocities of the robots can be designed to be less than certain desired
values, as practically required.
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This section considers the formation control problem of a group of N + 1 mobile
robots. For i =0, 1,..., N, the kinematics of the ith robot are described by the
unicycle model:

)'Ci = V; COS 0,' (257)
yi = v; sin6; (2.58)
éi = w;, (2.59)

where [x;, y;]7 € R? represent the Cartesian coordinates of the center of mass of the
ith robot, v; € R is the linear velocity, 6; € R is the heading angle, and w; € R is the
angular velocity.

The robot with index O is the leader robot, and the robots with indices 1, ..., N
are follower robots. The linear velocity v; and the angular velocity w; are considered
as the control inputs of the ith robot fori = 1, ..., N. For this system, the formation
control objective is to control each ith follower robot such that

l]lm (x;(t) — Xj ) = dxij (2.60)
zlggo(yi (1) — y;j (@) = dy; (2.61)

with d,;;, dy;; being appropriate constants representing the desired relative positions,
and

lim ((9,- (t) — 0;(t)) mod 271) =0 (2.62)
—>00
for any i, j =0, ..., N, where mod represents the modulo operation. For con-
venience of notation, let d,;; =d,; =0 for any i =0, ..., N. We assume that

dm’j = dxik — dxkj and dyij = dyik - dykj for any i, j, k= O, PR N.
Assumption 2.3 on v, is made throughout this section.

Assumption 2.3 The linear velocity vy of the leader robot is differentiable with
bounded derivative, i.e., Vo(¢) exists and is bounded on [0, c0), and has upper and
lower constant bounds Vg, v, > 0 such that v, < vo(¢) < Vo, forall z > 0.

One technical problem of controlling groups of mobile robots is that accurate
global positions of the robots are usually not available for feedback, and relative
position measurements should be used instead. A digraph can be employed to repre-
sent the relative position sensing structure between the robots. The position sensing
digraph ¢ has N + 1 vertices with indices 0, 1, ..., N corresponding to the robots.
If the relative position between robot i and robot j is available to robot j, then ¢ has
a directed edge from vertex i to vertex j; otherwise ¢ does not have such an edge.

The goal of this section is to present a class of distributed formation controllers for
mobile robots using local relative position measurements as well as the velocity and
acceleration information of the leader. The basic idea of the design is to first transform
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the unicycle model into two double integrators through dynamic feedback lineariza-
tion under constraints, and at the same time, to reformulate the formation control
problem as a stabilization problem. Then, distributed control laws are designed to
make each controlled mobile robot I0S. Finally, the cyclic-small-gain theorem is
used to guarantee the achievement of the formation control objective.

2.4.1 Dynamic Feedback Linearization

In this subsection, the distributed formation control problem is reformulated with

the dynamic feedback linearization technique. For details of dynamic feedback lin-

earization and its applications to nonholonomic systems, please consult [6, 14].
Foreachi =0, ..., N, introduce a new input r; € R such that

1'/,' =1r;. (263)

Define vy; = v; cos§; andvy; = v; sin6;. Then, X; = vy; and y; = v,;. Take the deriv-
atives of v,; and v,;, respectively. Then,

Vei Y _ [ cosB; —v;sinb; ri
(1')),[) - (sin 0; vicosb; ) (a),) ' (2.64)

In the case of v; # 0, by designing

ri cos6; sin6; Uyi
()-(HE)(). e

the unicycle model (2.57)—(2.59) can be transformed into two double integrators with
new inputs u,; and u ;:
)-Ci = Vxi> 1.)xi = Uxi, (266)
).)i = Vyi, {)yi = Uyj. (267)
Define X; = x; — X0 — dxi, ¥i = Yi — Yo — dyi, Vxi = Vxi — Vx0> Vyi = Vyi — V30,
ﬁxi = Uyx; — Ux0, and ﬁyi = Uy; — Uy0- Then,
Xi = Vyiy Vai = Ui, (2.68)
yi = \N}yiv 1~)yi = ﬁyh (269)
The formation control problem is solvable, if we can design control laws for system

(2.68)—(2.69) with i,; and ii,; as the control inputs, so that v; # 0 is guaranteed, and
at the same time,
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tlim xi(t) =0, (2.70)
lim y; () = 0. (2.71)
—>00

It should be noted that the validity of (2.66)—(2.67) (and thus (2.68)—(2.69)) for the
unicycle model is under the condition that v; # 0. Such requirement is basically
caused by the nonholonomic constraint of the mobile robot. This leads to the major
difference between this problem and the distributed control problem for double inte-
grators.

To use (2.68)—(2.69) for control design, each follower robot should have access to
Ux0, Uyo, Which represent the acceleration of the leader robot. This requirement can
be fulfilled if the leader robot can calculate u,q, 1o using rg, wo, 6o, vo according
to (2.65) and transmit them to the follower robots. Note that wy, 6y, vo are usually
measurable, and ry is normally available as it is the control input of the leader robot.

2.4.2 A Class of I0S Control Laws

As an ingredient for the distributed control design, this subsection presents a class
of nonlinear control laws for the following double integrator system with an external
input, such that the closed-loop system is UO and IOS:

n=g (2.72)
{=u (2.73)
n=n+w, (2.74)

where [1, ¢]7 € R? is the state, u € R is the control input, w € R represents an
external input, /) can be considered as a measurement of 7 subject to w, and only
(1, ¢) are used for feedback. As shown later, each controlled robot can be transformed
into the form of (2.72)—(2.74) with w representing the interaction between the robots.

Lemma 2.2 For system (2.72)—(2.74), consider a control law taking the form:
p=—ku(& — o). (2.75)

For any constant ¢ > 0, one can find an odd, strictly decreasing, continuously dif-
ferentiable function ¢ : R — [—¢, ¢] and a positive constant k,, satisfying

ky, de(r)

<
4 dr

<0 (2.76)

for all r € R, such that the closed-loop system (2.72)—(2.75) is UO with zero offset,
and is 10S with the identity function as the gain, i.e., the following properties hold:
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I < BN, O], 1) + Iwll; 2.77)
12O = 1O +agoinll: + lwll:) (2.78)

for some B € XL, ayo € Koo, and all t > 0.

It is necessary to note that condition (2.76) is easily checkable for practical imple-
mentation of the control law (2.75).

2.4.3 Distributed Formation Controller Design
and Small-Gain Analysis

As discussed in Sect.2.4.1, for the validity of (2.68)—(2.69) of the formation control
design, v; should be guaranteed to be nonzero. For a specified A, satisfying 0 < A, <
vy, by designing a control law for the ith robot such that

L V2 V2
max {7, [Py} = - = A) = == (00 = &), (2.79)
it can be guaranteed that |v;| = ,/v2, + vfl- = /0 + V)2 + (Vyo + Vyi)2 > Ay >

0 and thus v; # 0. In this way, singularity is avoided.

Practically, the linear velocity of each robot is usually required to be less than a
desired value. For any given A* > vy, we can also guarantee |v;| < A* by designing
a control law such that

2
max { [, [Py} < %(x* — V). (2.80)

For specified constants A, 1*, v, Vg satisfying0 < A, <y, < vy < A*, wedefine

Q(A* —VO)] . (2.81)

. 2
A = min T(KO — As), 2

Then, conditions (2.79) and (2.80) can be satisfied if
max {[Vyi ], 7y} < 2. (2.82)

The proposed distributed control law is composed of two stages: (a) initialization
and (b) formation control. The initialization stage is employed because the formation
control stage cannot solely guarantee v; # 0 if (2.79) is not satisfied at the beginning
of the control procedure. With the initialization stage, the linear velocity and the
heading direction of each follower robot can be controlled to satisfy (2.82) within
some finite time. Then, the formation control stage is triggered, and thereafter, the
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satisfaction of (2.82) is guaranteed, and at the same time, the formation control
objective is achieved.

Initialization Stage

For this stage, we design the following control law:

@; = ¢g;(0; — o) + o (2.83)
ri = ¢y (vi —vo) + Vo (2.84)

for each itl~1 follower robot, where ¢y;, ¢,; : R — R are nonlinear functions.
Define 6; = 6; — 6y and v; = v; — vy. Taking the derivatives of 6; and v;, respec-
tively, and using (2.83) and (2.84), we have

b = i ), (2.85)
Vi = (). (2.86)

By designing ¢y;, ¢,; such that —¢y; (s), dg; (—s), —d,i (s), dyi (—s) are positive def-
inite for s € Ry, we can guarantee the asymptotic stability of systems (2.85) and
(2.86). Moreover, there exist B, f5 € . such that 16(1)] < ﬂ5(|§(0)|, t) and
@l = B (IvO)], 1). _

By directly using the property of continuous functions, there exist §,9 > 0 and
390 > 0 such that, for all vy € [XO’ Vol, By € R, |8vg| < gvo and |§g0| < 390,

[(vo + 8v0) cos(8p + dgo) — vo cos Bl < A, (2.87)
|(vo 4 8,0) sin(By + Sgo) — vo sinGy| < A. (2.88)

Recall that for any 8 € £ %, there exist functions o, oy € F, such that B(s, 1) <
a1(s)az(e™"), forall s, r € R, according to [52, Lemma 8]. With control law (2.83)—
(2.84), there exists a finite time Ty; for the ith robot such that |6, (T;) — 6o(Tp;)| <
800 and |v;(To;) — vo(Toi)| < 8y, and thus condition (2.82) is satisfied at time T;.

It should be noted that if v; (0) < A*, then control law (2.84) guarantees v; () < A*
for ¢t € [0, Tp;] because of vo(t) < vy < A*.

Formation Control Stage

At time Tp;, the distributed control law for the ith follower robot is switched to the
formation control stage.
In this stage, we design

’;xi = _kxi (f}xi - ¢xi(zxi)) (289)
Uyi = —kyi (Vyi — Gyi(2yi)), (2.90)

where ¢y, ¢y; : R — [—A, A] are odd, strictly decreasing, and continuously differ-
entiable functions and k,;, k,; are positive constants satisfying
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Fig. 2.5 An example for ¢,; o(r)
and ¢y;
A _______
0| r
R LR
—kyi/4 < doyi(r)/dr <0 2.91)
— ky[/4 < d(]ﬁy,'(r)/dr <0 (2.92)

for all € R. An example for ¢,; and ¢,; is shown in Fig.2.5.
The variables z,; and z,; are defined as

1
Ixi = ﬁz z (xi —xj — (dxi — dxj)) (2.93)
JEN
1
Zyi = ﬁz Z (i = yj — (dyi = dy))), (2.94)
jeN

where N; is the size of .A4{ with 4] representing the position sensing structure. If
J € A7, then the position sensing digraph ¢ has a directed edge (j, i) from vertex j
to vertex i. Note that dy; — d,;, dy; — dy; in (2.93) and (2.94) represent the desired
relative position between the ith robot and the jth robot. By default, dyg = dyo = 0.

In the formation control stage, the control inputs 7; and w; are defined as (2.65)
with uy; = iy + uyxo and uy; = ity; + uyo.

Consider the (V,;, Vy;)-system defined in (2.68) and (2.69). With condition (2.82)
satisfied at time Ty;, the boundedness of ¢,; and ¢,; together with the control law
(2.89) and (2.90) guarantees the satisfaction of (2.82) after T, . For the proof of this
statement, we can consider {(ﬁxi, Vyi) tmax{[Vyl, [Vyil} < A} as an invariant set of
the (Vy;, Vy;)-system.

The main result of distributed formation control is summarized below.

Theorem 2.2 Consider the multirobot model (2.57)—(2.59) and the distributed
control laws defined by (2.63), (2.65), (2.83), (2.84), (2.89), and (2.90) with para-
meters ky;, ky; satisfying (2.91) and (2.92). Under Assumption 2.3, if the position
sensing digraph 9 has a spanning tree with vertex 0 as the root, then for any
constants dy;, dy; € Rwithi =1, ..., N, the coordinates (x;(t), y;(t)) and the angle
0:(t) of each ith robot asymptotically converge to (xo(t) + dy;, yo(t) +d,;) and
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0o (t) + 2km with k € Z, respectively. Moreover, given any A* > vy, if v;(0) < A*
fori=1,..., N, thenv;(t) < A% forallt > 0.

The two-stage distributed control law results in a switching incident of the control
signal for each follower robot during the control procedure. The trajectories of such
systems can be well defined in the spirit of Rademacher (see, e.g., [13]), and the
performance of the system can be analyzed by considering the two stages one by
one.

2.4.4 Small-Gain Analysis and Proof of Theorem 2.2

Recall the definition of A in (2.81). With condition (2.82) satisfied after Tp;, we
have v; # 0 and thus the validity of (2.65), for all # > Ty;. Under the condition of
v;(0) < A*, the boundedness of v;(t), i.e., v;(f) < A*, can also be directly proved
based on the discussions in Sect.2.4.3.

Denote Xy = 0 and yo = 0. We equivalently represent z,; and z,; as

1
i = Z (x; —dyi — x0 — (xj — dyj — X0))

Ljes
1 - N - 1 -
ZFZ(XZ'—X]')ZXI'—FZXJ' (295)
Yje tje
and similarly,
- 1 -
=i Z ¥;. (2.96)
JEN
Denote
: X 2.97)
Wy = — Xj, .
Ni JjeN
! y (2.98)
Wy; = — yj' .
Ni je

Then, control laws (2.89) and (2.90) are in the form of (2.75).

In the following proof, we only consider the (%;, V,;)-system (2.68). The (3;, vy;)-
system (2.69) can be studied in the same way.

Define Tp = max;—;.._n{Toi}. Using Lemma 2.2, for each i =1, ..., N, the
closed-loop system composed of (2.68) and (2.89) has the following properties: for
any X;o, Vxio € R, with X;(To) = X0 and v,; (Tp) = Vxio0,
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1% ()] < Bri([[Fio, xiol” |, t — To) + llwxillre.n (2.99)
Vi (O] < [Vriol + @xi IXilli70.01 + ll@xili1,.11)5 (2.100)

where B,; € X% and ay; € H.
Notice that for any constants ay, . .., a, > 0 satisfying >"/_,(1/a;) < n, it holds
thatD " d; = > (1/a;)a;d; < nmax,<;<,{a;d;},foralld,, ..., d, > 0.Wehave

lwx; | < & max {a;;]X;l}, (2.101)
JEN

where §; = (N; — 1)/N;, N = A4\{0}, and ZjeW,»(l/aij) <N;—1if 0 e A
§i=1, =M and Y~ (1/a;;) < N; if 0 ¢ ;.
Then, properties (2.99) and (2.100) imply

1% ()] < Bui ([Kio, Vxio)" |, £ — To) + & max {a;; [1X [li75.11}, (2.102)
JEN i
Vxi (D] < Vxiol + otxi (X lli75.0) + 8 max {ai; 11X llzo.01})- (2.103)
JEN

Define the follower sensing digraph ¢, as a subgraph of ¢. Digraph ¢, has N
vertices with indices 1, ..., N corresponding to the vertices with indices 1,..., N
of ¢ and representing the follower robots. From the definitions of .#"; and & ', it can
be observed that, fori =1,..., N, if j € 71-, then there is a directed edge (j, i)
from the jth vertex to the ith vertex in ¢;. Clearly, ¢, represents the interconnection
topology of the network composed of the (X;, Vy;)-systems (2.68).

Define %y = {i € {1,..., N} : 0 € .4;}. Denote € as the set of all simple cycles
of ¥, and denote 6y C s as the set of all simple cycles through the vertices with
indices belonging to .%y.

Fori=1,...,N,je 71-, we assign the positive value a;; to edge (j, i) in ¥;.
For a simple cycle &' € €, denote A s as the product of the positive values assigned
to the edges of the cycle.

Consider x; withi = 1,..., N as the outputs of the network composed of the
(Xi, Vyi)-systems (2.68). Using the I0S small-gain theorem for general nonlinear
systems in [27, 28], x;(t) withi = 1, ..., N converge to the origin if

Ag

<1 for 0 € %, (2.104)
Ag <1 for 0 € €\ %. (2.105)

Note that Ag(N — 1)/N < lisequivalentto Ay < N/(N —1)=1+1/(N —1).

If ¢4 has a spanning tree with vertex O as the root, then ¢ has a spanning tree
with the indices of the root vertices belonging to .%,. According to Lemma 2.1,
there exist positive constants a;; such that both conditions (2.104) and (2.105) are
satisfied. For system (2.68), with the convergence of each X; to the origin and the
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boundedness of i,;, we can guarantee the convergence of v,; to the origin using
Barbalat’s lemma [29]. Similarly, we can prove the convergence of v,; to the origin.
Using the definitions of v,; and v,;, the convergence of 6; to 6y + 2km with k € Z
can be concluded. This ends the proof of Theorem 2.2.

2.4.5 Robustness to Relative Position Measurement Errors

Measurement errors can decrease the performance of a nonlinear control system. In
this section, we discuss the robustness of our distributed formation controller in the
presence of relative position measurement errors.

It can be observed that the initialization stage of the distributed control law defined
in (2.83) and (2.84) is not affected by the position measurement errors. Also, condi-
tion (2.82) still holds fort > Ty, fori =1,..., N.

For the formation control stage, in the presence of relative position measurement
errors, the z,; and z,; defined for the distributed control law (2.89) and (2.90) should
be modified as

1

i = ﬁ Z ()C,' —X; = (dxi — dxj) + C()lxj) (2106)
tjet
1 y

Zyi = N Z (yi —y;j — (dyi —dy)) +wij) ’ (2.107)
'jes

where N; is the size of .4/ and W a)lvj € R represent the relative position mea-
surement errors corresponding to (x; — x;) and (y; — y;), respectively. Due to the
boundedness of the designed ¢,; and ¢,; in (2.89) and (2.90), condition (2.82) is
still satisfied in the presence of position measurement errors, which guarantees the
validity of (2.65).

Here, we only consider each x;-subsystem. The y;-subsystems can be studied in
the same way. By defining

oa = O (5 e, (2.108)

we have z,; = X; — w,;. With such definition, if the measurement errors a)ix]. are
piecewise continuous and bounded, then each X;-subsystem still has the IOS and UO
properties given by (2.99) and (2.100), respectively.

As in the discussion above (2.101), we have
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Pi - P K
ol < max 3+ > A%, - > (@)

ek e
= max Z (I%;1), wf;
ZJGJV
< max {Sia,-j |)Zj|, a)ji} y (2.109)

Jje

where p;, p] > 0 satisfying 1/p; +1/p, < 1, and & = pi(N; — 1)/N;, N ;=
A0} and 3 (1/a;;) < N; — 1 if 0 € A7 8 = pi, N = A and DT
(1/a;j) < N;if 0 ¢ A,

In the existence of the relative position measurement errors, we can still guarantee
the I0S of the closed-loop distributed system by using the cyclic-small-gain theorem.
In this case, the cyclic-small-gain condition is as follows:

N-—1
Aﬁp(T) <1 for0e%, (2.110)

App <1 for O € €5\ %o, (2.111)

where p := max;eq1,..,n{p;i} is larger than one according to L4+ L <1,andcanbe

chosen to be very close to one. Lemma 2.1 can guarantee (2. 110)‘and 2.111) if ¢
has a spanning tree with vertex 0 as the root. Thus, the proposed distributed control

law is robust with respect to relative position measurement errors.

2.4.6 A Numerical Example

Consider a group of 6 robots withindices 0, 1, . .., 5. Notice that the robot with index
0 is the leader. The neighbor sets of the robots are defined as follows: .#; = {0, 5},
M ={1,3}, M5 = (2,5}, M4 = (3}, A5 = {4}.

By default, the values of all the variables in this simulation are in SI units. For
convenience, we omit the units. The desired relative position of the follower robots are
definedbydy; = —+/3d/2,dyy = —/3d/2,d3 = 0, dys = V/3d/2, ds = \/3d)2,
dyy =—d/2,dy, = =3d/2,dys = —2d,dys = =3d/2,dys = —d /2 with d = 30.
Figure 2.6 shows the position sensing graph of the formation control system. Clearly,
the position sensing graph has a spanning tree with vertex 0 as the root.

It should be noted that the control law for each follower robot also uses the velocity
and acceleration information of the leader robot, the communication topology of
which is not shown in Fig.2.6.
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Fig. 2.6 The position 0

sensing graph of the
1 / 5
2 —> 4

formation control system

The control inputs of the leader robot are ry(z) = 0.1sin(0.47) and wy(¢) =
0.1 cos(0.2¢). With such control inputs, the linear velocity vy with vy(0) = 3 sat-
isfies v, < vo(t) < vp with y, = 3 and vy = 3.5.

Choose A, = 0.45 and A* = 6.05. The distributed control laws for the initializa-
tion stage are in the form of (2.83) and (2.84) with ¢y, (r) = ¢,;(r) = —0.5(1 —
exp(—0.5r))/(1 4+ exp(—0.5r)) for i =1, ..., 5. The distributed control laws for
the formation control stage are in the form of (2.89) and (2.90) with k,; = ky; =2
and ¢; (r) = ¢,; (r) = —1.8(1 — exp(—0.5r)) /(1 + exp(—0.5r)) fori =1, ..., 5.
With direct calculation, it can be verified that the designed k.;, ky;, ¢.i, ¢; satisfy
(2.91) and (2.92). Also, ¢x; (r), ¢,i(r) € [-1.8,1.8], forall » € R. With vy, = 3 and
Vo = 3.5, the control laws can restrict the linear velocities of the follower robots to
be in the range of [3 — 1.8+/2, 3.5 + 1.84/2] = [0.454, 6.046] C [A,, A*].

The initial states of the robots are chosen as

|\

3

i |(xi(0), yi(0)) vi (0) 6;(0)
0[(0,0) 3 7/6
1|(—40, 10) 4 T
2[(=20,—40) 3.5 57/6
31(5, —40) 25 0
4/(50,-10) 2 —2x/3
5((50, 10) 3 0

The measurement errors are a)f] (t) = 0.3(cos(t +im/6) + cos(t/3 +im/6) +
cos(t/5 +im/6) + cos(t/7 + in/6)) and a)lt‘}(t) = 0.3(sin(¢t + im/6) + sin(¢/3 +
im/6) +sin(t/5 4+ im/6) +sin(t/7 +in/6)) fori =1,..., N, j € .

The linear velocities and the angular velocities of the robots are shown in Fig.2.7.
The stage changes of the distributed controllers are shown in Fig. 2.8 with “0” repre-
senting initialization stage and “1” representing formation control stage. Figure 2.9
shows the trajectories of the robots. The simulation verifies the theoretical results.
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Fig. 2.9 The trajectories of the robots. The dashed curve represents the trajectory of the leader

2.5 Concluding Remarks

This chapter has presented cyclic-small-gain tools for distributed control of nonlinear
multiagent systems.

In Sect. 2.3, with the proposed distributed observers and control laws, the outputs
of the agents can be steered to within an arbitrarily small neighborhood of the desired
agreement value under external disturbances. Asymptotic output agreement can be
achieved if the system is disturbance-free. The robustness to bounded time delays of
exchanged information can also be guaranteed. Section2.3 only considers the case
with time-invariant agreement value yy. It is practically interesting to further study
the distributed nonlinear control for agreement with a time-varying agreement value.
Recent developments on the output-feedback tracking control of nonlinear systems
(see, e.g., [22]) should be helpful for the research in this direction.

The distributed formation control law proposed in Sect.2.4 uses relative position
measurements without assuming a tree structure. For this purpose, the formation con-
trol problem is first transformed into a state agreement problem of double integrators
with dynamic feedback linearization [6]. Then, a class of distributed nonlinear control
laws is designed. With the proposed distributed nonlinear control law, the closed-
loop system can be transformed into a network of IOS systems, and the achievement
of the formation control objective can be guaranteed by using the cyclic-small-gain
theorem. The special case in which there are only two robots and the desired relative
positions are zero has been studied extensively in the past literature; see [8, 24] and
the references therein.

By showing that a distributed control problem can be transformed into the sta-
bility/convergence problem of a dynamic network composed of IOS subsystems,
Sects.2.2-2.4 provide some partial answers to the question asked by Open Prob-
lem #5 in [28]: “Application of small-gain results for distributed feedback design of



48

T. Liu and Z.-P. Jiang

large-scale nonlinear systems.” More discussions on the application of the cyclic-
small-gain theorem to distributed control can be found in [36, 37, 39].
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Chapter 3
Convergent Systems: Nonlinear Simplicity

Alexey Pavlov and Nathan van de Wouw

Abstract Convergent systems are systems that have a uniquely defined globally
asymptotically stable steady-state solution. Asymptotically stable linear systems
excited by a bounded time varying signal are convergent. Together with the superpo-
sition principle, the convergence property forms a foundation for a large number of
analysis and (control) design tools for linear systems. Nonlinear convergent systems
are in many ways similar to linear systems and are, therefore, in a certain sense sim-
ple, although the superposition principle does not hold. This simplicity allows one to
solve a number of analysis and design problems for nonlinear systems and makes the
convergence property highly instrumental for practical applications. In this chapter,
we review the notion of convergent systems and its applications to various analyses
and design problems within the field of systems and control.

3.1 Introduction

In many controller design problems, a controller is designed to ensure that some
desired solution of the closed-loop system is asymptotically stable with a desired
region of attraction. Traditionally, this is considered as a stabilization problem for
the desired solution. However, if we take a step back and look at this design problem
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from a distance, we can see that the controller actually provides the closed-loop
system with a system property: the closed-loop system has an asymptotically stable
steady-state solution with the given region of attraction (e.g., local, global, or some
given set of initial conditions). In addition to that, this steady-state solution has
desired properties, e.g., desired output value.

This system point of view on the controller design problem allows one to define
an important system property, which is common for linear asymptotically stable
systems, but which is far from being straightforward for nonlinear systems: the con-
vergence property. A system is called convergent if it has a unique, in a certain sense,
globally asymptotically stable solution, called the steady-state solution. Originally,
the term “convergence” was coined in the Russian literature in the 1950s. In [41], the
notion was defined for nonstationary systems that are periodic in time. In that refer-
ence, such a system is called convergent if it has a unique globally asymptotically
stable periodic solution. Later, in [10] (see also [34]) this definition was naturally
extended to nonlinear systems with arbitrary (not necessarily periodic in time) right-
hand sides. These references, together with [56] laid a foundation of basic results for
establishing this property for nonlinear systems based on Lyapunov functions, matrix
inequalities, and frequency domain methods. Almost 50 years later, notions similar
to convergence received significant attention in the literature: contraction analysis,
incremental stability and passivity, incremental input-to-state stability, etc. [1-3, 13,
15, 22, 27-29, 32, 44-46, 49, 50, 57]. A comparison establishing differences and
similarities between incremental stability on the one hand and convergence on the
other hand is provided in [46].

A brief historical overview on convergent systems and subsequent developments
of this and similar notions can be found in [34]. Since that paper many new develop-
ments on convergent systems have appeared. In particular, sufficient conditions for
convergence for different classes of systems have been pursued [8, 9, 25, 26, 35, 37,
39, 42, 43, 54]. Together with theoretical developments on convergent systems and
related notions, the benefit of such system-level stability property has been demon-
strated by its use to tackle fundamental system-theoretic problems. Further study
of convergent systems indeed demonstrated that this notion is very instrumental for
a number of design and analysis problems within nonlinear systems and control,
such as synchronization, observer design, output tracking and disturbance rejection,
the output regulation problem, model reduction, stable inversion of non-minimum
phase systems, steady-state performance optimization of control systems, variable
gain controller design and tuning and extremum seeking control. For linear systems
many of these problems are solved in a relatively simple way. It turns out that this
simplicity comes not only from the superposition principle, but also from the con-
vergence property (for linear systems it is equivalent to asymptotic stability of the
system with zero input). Unlike the superposition principle, which holds only for
linear systems, the convergence property may still hold for a nonlinear system. It
appears that convergent nonlinear systems enjoy, to a large extent, the simplicity
inherent to linear asymptotically stable systems. This allows one to solve, based on
the notion of convergence, a number of challenging nonlinear control and analysis
problems.



3 Convergent Systems: Nonlinear Simplicity 53

In this chapter, we will revisit the notion of convergence and review its applica-
tion to various problems within systems and control. We deliberately omit technical
details and generality, keeping focus on the ideas. All technical details and gen-
eral formulations can still be found in the corresponding references. The chapter is
organized as follows. Definitions, sufficient conditions, and basic properties of con-
vergent systems are given in Sect.3.2. Applications of this notion are reviewed in
Sects. 3.3-3.9. Conclusions are given in Sect. 3.10.

3.2 Convergent Systems

Consider the nonlinear system
xX=F(x,1), xeR", tekR, 3.1

where F(x, t) is locally Lipschitz in x and piecewise continuous in ¢.!

Definition 3.1 ([10]) System (3.1) is called convergent if
(i) there is a unique solution x(¢) that is defined and bounded for ¢ € R,
(i) x(z) is globally asymptotically stable.

If x (¢) is uniformly (exponentially) asymptotically stable, then system (3.1) is called
uniformly (exponentially) convergent.?

Since the time-varying component in a system is usually due to some input, we
can define convergence for systems with inputs.

Definition 3.2 System
X = F(x,w(t)), wk)eR", teR, 3.2)

is (uniformly, exponentially) convergent for a class of inputs .# if it is convergent
for every input w(z) € .# from that class.

To emphasize the dependence of the steady-state solution on the input w(z), it is
denoted by x,,(¢). Note that any solution of convergent system (3.2) forgets its initial
conditions and converges to the steady-state solution, which is determined by the
input w(¢). Relations between input w(¢) and steady-state solution X, (¢) can be
further characterized by several additional properties.

IFor simplicity, in this chapter, we consider only continuous-time systems with locally Lipschitz
right-hand sides. Definitions and basic results for discrete-time systems and for continuous-time
systems with discontinuous right-hand sides can be found in [18, 36, 38, 39, 56].

2 A more general definition of convergent systems, where the steady-state solution has an arbitrary
domain of attraction (not necessarily global as in this chapter) can be found in [35].
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Definition 3.3 ([35]) The system (3.2) that is convergent for a class of piecewise
continuous bounded inputs is said to have the Uniformly Bounded Steady-State
(UBSS) property if for any r > 0 there exists R > 0 such that if a piecewise contin-
uous input w(z) satisfies [w(z)| < r forall r € R, then the corresponding steady-state
solution satisfies |x,, ()| < R forall t € R.

Definition 3.4 ([35]) System (3.2) is called input-to-state convergent if it is uni-
formly convergent for the class of bounded piecewise continuous inputs and, for
every such input w(-), system (3.2) is input-to-state stable’ with respect to the
steady-state solution x,,(¢), i.e., there exist a J#.Z-function S(r,s) and a H-
function y (r) such that any solution x(¢) of system (3.2) corresponding to some
input w(t) := w(t) + Aw(¢) satisfies

lx(1) — X (@®)] = B(x(10) — X (t0)], 1 —10) + ¥ ( sup IAW(T)I) : (3.3)

fo<T<t

In general, the functions B(r, s) and y (r) may depend on the particular input w(-).

3.2.1 Conditions for Convergence

Simple sufficient conditions for exponential convergence were given by B.P. Demi-
dovich in [10, 34]. Here we present a slightly modified version of that result, which
covers input-to-state convergence.

Theorem 3.1 ([10, 35]) Consider system (3.2) with the function F (x,w) being C'
with respect to x and continuous with respect to w. Suppose there exist matrices
P=PT >0and Q = Q7 > 0 such that

F aFT . "
Pa—(x,w)+8— x,w)P <—0Q, VxeR" weR". 3.4)
X X

Then, system (3.2) is globally exponentially convergent with the UBSS property and
input-to-state convergent for the class of bounded piecewise continuous inputs.

For systems of Lur’e-type form, sufficient conditions for exponential convergence
were obtained by V.A. Yakubovich [56]. Consider the system

X = Ax + Bu + Hw(?)
y = Cx + Dw(t) 3.5)
u=—p(y,w)),

where x € R” is the state, y € R is the output, w(¢) € R” is a piecewise continuous
input and ¢(y, w) is a static nonlinearity.

3See [48] for a definition of the input-to-state stability property.
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Theorem 3.2 ([35, 56]) Consider system (3.5). Suppose the matrix A is Hurwitz,
the nonlinearity ¢(y, w) satisfies

lo(y2, w) —o(y1, w)| < K |y2 — y1l, (3.6)

for all y1,y, € R and w € R™, and the frequency response function G,,(jw) =
C(jwl — A)"'B from u to y satisfies

. 1
sup |Gw4(]a))| =DV < E 3.7
weR

Then, system (3.5) is exponentially convergent with the UBSS property and input-to-
state convergent for the class of piecewise continuous bounded inputs.*

Below follows an alternative result, not based on quadratic Lyapunov functions.

Theorem 3.3 ([35]) Consider system (3.2). Suppose there exist C' functions V,(x)
and Vy(x1, x3), J -functions a(s), az(s), as(s), y(s), and J-functions o (s),
a4 (s) satisfying the conditions

ap(|x; — x2]) < Vi(xr, x2) < az(|x; — x21), (3.8)
8V1 8Vl
3—(x1,X2)F(X1, w) + ——(x1, x2) F(x2, w) < —a3(|x; — x2|), (3.9
X1 9x2
as(|x]) < Va(x) < as(|x]), (3.10)
A%}
W(X)F(X,W) < Ofor |x| > y(Iw]) (3.11)

for all xi,x,,x € R" and w € R™. Then, system (3.2) is globally uniformly con-
vergent and has the UBSS property for the class of bounded piecewise continuous
inputs.

One can show that conditions of Theorems 3.1-3.3 imply incremental stability [2].
In fact, the proof of convergence in these results is based on two basic components:

(1) incremental stability: it guarantees global asymptotic stability of any solution,

(2) existence of a compact positively invariant set: it guarantees existence of a solu-
tion X (¢) that is bounded on R [10, 56]. By virtue of (1), x(¢) is globally asymp-
totically stable, which proves convergence.

Although here incremental stability is used in the sufficient conditions for conver-
gence given above, in general these two properties are not equivalent. However, as

4This result is a particular case of a more general condition on Gyu(jo) in the form of Circle
criterion [56].
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shown in [46], uniform convergence and incremental stability are equivalent on com-
pact positively invariant sets. In the latter reference, also a necessary and sufficient
condition for uniform convergence is formulated, which reads as follows.

Theorem 3.4 ([46]) Assume that system (3.1) is globally uniformly convergent, with
associated steady-state solution x(t). Assume that the function F is continuous in
(x, t) and C" with respect to the x variable. Assume also that the Jacobian % fx, 1)
is bounded, uniformly in t. Then there exist a C' function V : R x R" — R, func-
tions oy, oy and o3 € Ko, and a constant ¢ > 0 such that

ar(]x —=x@)]) <V, x) < aa(lx —x@)]), (3.12)
a—V+8—VF(x,t) < —a3(lx — x()]) (3.13)
at ax
and
V(,0)<c, t eR. (3.14)

Conversely, if a differentiable function V : R x R" — Ry and functions oy, oy
and a3 € Ky, and a constant ¢ > 0 are given such that for some trajectory X :
R — R” estimates (3.12)—(3.14) hold, then system (3.1) must be globally uniformly
convergent and the solution X (t) is the unique bounded solution as in Definition 3.1.

For interconnections of convergent systems, one can obtain similar results as
for interconnections of systems with a stable equilibrium. In particular, a series
connection of input-to-state convergent (ISC) systems is again an ISC system [35].
Feedback interconnection of two ISC systems is again an ISC system under a small-
gain condition on the gain functions y (r) for each subsystem, see details in [6].
Theorems 3.1-3.3 in combination with these interconnection properties provide a
practical toolbox of sufficient conditions for the convergence property.

Sufficient conditions for convergence for other classes of systems, such as discrete-
time nonlinear systems, piecewise affine systems, linear complementarity systems,
switched systems, measure differential inclusions, delay differential equations, have
been pursued in [8, 9, 25, 26, 35, 37, 39, 43, 54].

3.2.2 Basic Properties of Convergent Systems

The convergence property is an extension of stability properties of asymptotically
stable linear systems with inputs:

X = Ax + Bw, (3.15)

where A is Hurwitz. For any piecewise continuous input w(#) that is bounded on R,
this system has a unique solution x,,(¢) which is defined and bounded on R:
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X (1) :=/ exp(A(t — 5))Bw(s)ds. (3.16)

o0

This solution is globally exponentially stable since A is Hurwitz. Therefore, system
(3.15) is exponentially convergent for the class of bounded piecewise continuous
inputs. This example also illustrates the selection of the steady-state solution in the
definition of convergent systems. The steady-state solution is not only a solution
that attracts all other solutions in forward time—all solutions of system (3.15) have
this property. It is key to realize that, among all these solutions, only one remains
bounded both in forward and backward time. The selection of this bounded on R
solution defines the steady state in a unique way for uniformly convergent systems
[35]. The natural choice for the definition of the steady-state solution is further
illustrated by the following property.

Property 3.1 ([10]) Suppose system (3.2) with a given input w(z) is uniformly
convergent. If the input w(¢) is constant, the corresponding steady-state solution
X, (?) is also constant; if w(¢) is periodic with period T, then the corresponding
steady-state solution X,, () is also periodic with the same period 7.

As it will be demonstrated in subsequent sections, the following two basic proper-
ties of convergent systems will be very instrumental in design and analysis problems
within systems and control:

(i) a convergent system defines a steady-state operator .#w(t) := X,,(¢) that maps
bounded on R inputs to bounded on R steady-state solutions and periodic inputs
to periodic steady-state solutions with the same period.

(i1) any solution of a uniformly convergent system starting in a compact positively
invariant set 2" is uniformly asymptotically stable in 2 .

Property (i) is highly instrumental in problems focused on steady-state dynamics,
while property (ii) significantly simplifies stability proofs for particular solutions.
The latter property follows from [46], where it is shown that for a compact positively
invariant set uniform convergence and incremental stability are equivalent. In sub-
sequent sections, we will demonstrate how these two basic properties can be used in
various design and analysis problems.

3.3 Controller and Observer Design

In controller and observer design problems for nonstationary systems (e.g., systems
with time-varying inputs), the common objective is to ensure, by means of controller
design, that a certain solution with desired properties is asymptotically stable with a
given domain of attraction (e.g., global). For example, in the observer design problem,
the desired solution is the solution of the observed system. In the output tracking
and disturbance rejection problem, the desired solution is the one that matches the
desired output of the system regardless of the disturbance.
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The conventional approach to prove whether a controller/observer solves these
problems consists of the following steps:

(a) find a solution of the closed-loop system/observer x(¢) with desired properties,
(b) translate that solution to the origin through the transformation z(t) = x(¢) —
x(1),

(c) prove asymptotic stability of z(z) = 0 with a desired domain of attraction.

Although stability analysis of an equilibrium should be simpler, in many cases this
simplicity is essentially reduced by the coordinate transformation: the right-hand side
of the system in the new coordinates z typically depends on x(¢). This makes the
analysis challenging and in some cases even prohibitively complex as, for example,
for piecewise affine systems [53]. On the other hand, the same design problems can
be approached using the property of convergence:

(1) design a feedback controller that ensures uniform convergence of the closed-
loop system: as a result, any solution starting in a compact positively invariant
set is uniformly asymptotically stable in this set.

(2) design a feedforward controller that ensures that the system with the feedback
and feedforward controllers has a solution x (#) with the desired properties.

Thus for any compact positively invariant set of initial conditions, the solution x ()

will be uniformly asymptotically stable in this set. This approach allows one to avoid

the coordinate transformation z = x — x(¢) and subsequent cumbersome stability
analysis of the transformed system.’

Let us illustrate the benefit of the above convergence-based approach in the scope

of the observer design problem. Consider the system

x = F(x,w),
[y — h(x.w) (3.17)

with input w and output y. The objective is to design an observer that asymptotically

reconstructs from the measured input and output the state x (¢) starting at an unknown

initial condition x (#y) = x¢. A conventional way to design an observer is to construct

it as a copy of the system dynamics with an output injection term:

{’EZF@’WHL(”&’W)’ (3.18)
y = h(x,w),

where the injection function L(y, y, w) satisfies L(y, y, w) = 0. The latter condi-
tion guarantees that the observer, if initiated in the same initial condition as system
(3.17), x(tg) = xo, has a solution x(¢) = x(¢), i.e., condition (2) above is satisfied.
If the injection term L(y, y, w) is designed in such a way that the observer (3.18) is
uniformly convergent, then the desired solution x(¢) = x(¢) is uniformly asymptot-
ically stable in any compact positively invariant set of initial conditions. Hence, one

5This benefit has recently also been explicitly recognized in [13].



3 Convergent Systems: Nonlinear Simplicity 59

can think of the observer design as aiming to ensure that the observer is a convergent
system rather than aiming at rendering the observer error dynamics asymptotically
stable.

The problem of controlled synchronization (e.g., master—slave synchronization)
has a lot in common with the observer design problem (see, e.g., [31]). Therefore, it
can be treated in the same way, as the observer design problem. The same holds for
the output tracking and disturbance rejection problems.

For a class of piecewise affine (PWA) systems, this convergence-based approach
allows one to solve the output tracking, synchronization, and observer design prob-
lems in a relatively simple manner [53]. For PWA systems these nonstationary prob-
lems become very hard to solve by conventional methods if the number of cells with
affine dynamics is larger than two.

For the tracking and disturbance rejection problems, in the approach mentioned
above one needs to answer the following questions:

e How to find a feedback that makes the closed-loop system uniformly convergent?
e How to find a bounded feedforward input that shapes the output of the steady-state
solution to a desired value, and whether such a feedforward exists at all?

For an answer to the first question the reader is referred, for example, to [35],
where controller design tools based on quadratic stability, backstepping, separation
principle and passivity were developed. The second question will be addressed in
the next section.

3.4 Stable Inversion of Nonlinear Systems

The problem of finding a bounded input that ensures the existence of a bounded
solution with a desired output is called the stable inversion problem. Conventionally,
it is studied after transforming the system into a normal form:

£ =pE 5y u, (3.19)
Y =q(, &) + 53, Eu, (3.20)

where y € R is the output, u € R is the input; £ e R and j := (y, y, ..., y"~")7
constitute the state of the system. The functions p, g and s are locally Lipschitz and
s(y, &) is nonzero for all y and &. For simplicity of the presentation, we assume that
the normal form (3.19), (3.20) is defined globally. The reference output trajectory
is given by y,(¢), which is bounded together with its » derivatives. From (3.20), we
compute an input u corresponding to the reference output trajectory y,(¢):

u=5G0, &)Y = q(a, £) = UE, 3a, ¥, (3.21)
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where y; := (Y4, Y, ...,y[([fl))T

the tracking dynamics

. Substituting this control into (3.19), we obtain

£ = pE, 540), UE, 54, y{ (1)) = p&, 1). (3.22)

If we can find a bounded solution é(t) of (3.22), then the corresponding bounded
input u#4(¢) can be computed from (3.21) by substituting this é(t) for &£. The desired
bounded solution of (3.19), (3.20) equals (§7 (), 3 (1))

For minimum phase systems, bounded y,(?), y‘(,r) (t) ensure boundedness of any
solution of the tracking dynamics in (3.22) in forward time. For non-minimum phase
systems, this is not the case, since the tracking dynamics are unstable. However, there
may still exist a bounded solution, as it has been shown in [11, 12] for the local case.

To extend that result to the nonlocal case, we can, first, observe that the unstable
tracking dynamics can be convergent in backward time. In this case, all solutions
except for one diverge to infinity as ¢ — 4oc. The only bounded on R solution is
the steady-state solution from the definition of convergence.

We can apply similar reasoning to the case if (3.22) can be decomposed (after,
possibly, a coordinate transformation) into a series connection of two systems:

n=Fm1, neR", (3.23)
{=G@.n.1), ¢eR™ (3.24)

If system (3.23) is convergent and (3.24) with 5 as input is convergent in backward
time for the class of bounded continuous inputs, one can easily verify that the bounded
on R solution of (3.23), (3.24) is unique and it equals (77 (), EUT ()T, where 7(t)
is the steady-state solution of (3.23) and E,—, () is the steady-state solution of (3.24)
corresponding to 7(¢).

If the tracking dynamics can be represented as a feedback interconnection of a
convergent system in forward time and a convergent system in backward time,

n=Fm¢,t), neR", (3.25)
=G, 1), ¢eR™, (3.26)

then one can still ensure the existence of a unique bounded on R solution if a certain
small-gain condition is satisfied, as formalized in the result below.

Theorem 3.5 Consider system (3.25). Suppose that

1. system (3.25) with ¢ as input is convergent for the class of continuous bounded
inputs with the corresponding steady-state operator F being Lipschitz continu-
ous with a Lipschitz constant yg, Le., | F{1 — Filloo < YEIECT — &2 00,

2. system (3.26) with n as input is convergent in backward time for the class
of continuous bounded inputs with the corresponding steady-state operator G
being Lipschitz continuous with a Lipschitz constant yg, i.e., |91 — IN1llco <

vellm — m2llsc.
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If the small-gain condition
vrve < 1, (3.27)

is satisfied, then system (3.25) has a unique bounded on R solution.

Finding the Lipschitz constant for the steady-state operator as well as a numerical
method for the calculation of the bounded solution are described in [33].

The simple convergence-based considerations presented above extend the local
results from [11, 12] on stable inversion of non-minimum phase systems to the
nonlocal nonlinear case.

3.5 The Output Regulation Problem

In [35], the notion of convergent systems was successfully applied to solve the output
regulation problem for nonlinear systems in a nonlocal setting. Before that, the output
regulation problem was solved for linear systems, see, e.g., [14], resulting in the
well-known internal model principle, and for nonlinear systems in a local setting [7,
20]. The application of the convergent systems property allowed us to extend these
results to nonlocal problem settings for nonlinear systems. In particular, necessary
and sufficient conditions for the solvability of the global nonlinear output regulation
problem were found [35].6 These conditions included, as their particular case, the
solvability conditions for the linear and the local nonlinear cases.

The output regulation problem can be treated as a special case of the tracking and
disturbance rejection problem, where the reference signal for the output and/or distur-
bance are generated by an external autonomous system. Consider systems modeled
by equations of the form

x = f(x,u,w), (3.28)
e=h,(x,w), (3.29)
y = hm (-xa W)a (330)

with state x € R”, input u € R, regulated output e € R, and measured output y €
R, The exogenous signal w(¢) € R™, which can be viewed as a disturbance in (3.28)
or as a reference signal in (3.29), is generated by an external autonomous system

W =sw), (3.31)

starting in a compact positively invariant set of initial conditions #, C R™. System
(3.31) is called an exosystem.

These results were obtained in parallel with [21], where an alternative approach to nonlocal non-
linear output regulation problem was pursued.
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The global uniform output regulation problem is to find, if possible, a controller
of the form

E=n(Ey), &§eR, (3.32)
u=~0(@,y), (3.33)

for some g > 0 such that the closed-loop system

X = f(x,00, hy(x,w)),w), (3.34)
£ =N, hy(x,w) (3.35)

satisfies three conditions:

e regularity: the right-hand side of the closed-loop system is locally Lipschitz with
respect to (x, &) and continuous with respect to w;

e uniform convergence: the closed-loop system is uniformly convergent with the
UBSS property for the class of bounded continuous inputs;

e asymptotic output zeroing: for all solutions of the closed-loop system and the
exo-system starting in (x(0), £(0)) € R"*? and w(0) € #/ it holds that e(r) =
hy(x (1), w(t)) — Oast — +00.”

In conventional formulations of the output regulation problem, some other sta-
bility requirement on the closed-loop system is used instead of the requirement of
uniform convergence, e.g., (global) asymptotic stability of the origin for zero input or
boundedness of solutions. For linear and local nonlinear cases, it can be shown that
these requirements are equivalent to the requirement of the uniform convergence.
For nonlocal nonlinear problem settings, boundedness of solutions of the uniformly
convergent system follows from the definition of uniform convergence and bound-
edness of w(t). Thus the choice of uniform convergence as a “stability requirement”
is natural in this problem. It leads to a necessary and sufficient solvability condition
for the output regulation problem that includes, as its particular case, the solvability
conditions for the linear and local nonlinear output regulation problems, see e.g.,
[20]. This fact indicates that the right problem formulation for the nonlocal output
regulation problem is captured in this way.

From the controller design point of view, this problem can be addressed using
the same approach as described in Sect. 3.3: design a controller such that the closed-
loop system is (a) uniformly convergent with the UBSS property and (b) has a
solution along which the asymptotic output zeroing condition holds, see Sect.3.3.
The questions to be addressed in this approach are, first, whether the structure of the
controlled system and the exo-system allows for a solution of the problem; second,
how to design a controller that makes the closed-loop system uniformly convergent;
and, third, how to check that this controller ensures existence of a solution with the
asymptotic output zeroing property.

7Other variants of the uniform output regulation problem can be found in [35].
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While the second question is addressed in a number of papers, see, e.g., [35], the
first and the third questions are answered by the following result.

Theorem 3.6 ([35]) Consider system (3.28)—(3.30) and exo-system (3.31) with a
compact positively invariant set of initial conditions W, C R™.

(i) The global uniform output regulation problem is solvable only if there exist
continuous mappings 7w (w) and c(w) defined in some neighborhood of §2(W,.)—
the w-limit set for solutions of exo-system (3.31) starting in W.— and satisfying
the regulator equations

d
E”(W(t)) = f@w)), cw(®)), w()), (3.36)
0 = hy ((w(n)), w(1)), (3.37)

for all solutions of exo-system (3.31) satisfying w(t) € 2(¥#,) fort € R.

(ii) If controller (3.32), (3.33) makes the closed-loop system uniformly convergent
with UBSS property for the class of bounded continuous inputs, then it solves the
global uniform output regulation problem if and only if for any w(t) € (W)
the controller has a bounded solution with input y,,(t) := h,, (m(w(t)), w(t))
and output u,,(t) = c(w(t)).

Notice that solvability of the regulator equations implies that for any w(z) from
the omega-limit set £2 (%), system (3.28) has a stable inversion i,, () for the desired
output e(t) = 0. The second condition implies that the controller, being driven by
the output y,,(¢), can generate the control signal i,,(¢). Since all solutions of the
exo-system starting in %/, converge to the omega-limit set £2 (%), it is enough to
verify conditions (i) and (ii) only on 2 (#.).

Here we see that the notion of uniform convergence allows us to extend the solv-
ability conditions and controller design methods for the output regulation problem
from the linear and local nonlinear cases to nonlocal nonlinear case.

3.6 Frequency Response Functions for Nonlinear
Convergent Systems

Frequency response functions (FRF) for linear time invariant systems form a foun-
dation for a large number of analysis and design tools. One can define FRF for linear
systems through the Laplace transform. For nonlinear systems, however, the Laplace
transform is not defined. If we notice that, for linear systems, FRF can also be viewed
as a function that fully characterizes steady-state responses to harmonic excitations,
we can extend the notion of FRF to nonlinear convergent systems of the form

7= F(x,w), (3.38)
y = h(x) (3.39)
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with x € R", y € R and scalar input w. Recall that convergent systems have a
uniquely defined periodic response to a periodic excitation (with the same period
time). We can define the FRF as a mapping that maps input w(¢) = a sin wt to the
corresponding periodic steady-state solution x, ., (¢). As follows from the next result,
this mapping has quite a simple structure.

Theorem 3.7 ([38]) Suppose system (3.38) is uniformly convergent with UBSS
property for the class of continuous bounded inputs w(t). Then, there exists a
continuous function « : R> — R" such that for any harmonic excitation of the
form w(t) = a sin wt, the corresponding (asymptotically stable) steady-state solu-
tion equals

Xao(t) := a(a sin(wt), a cos(wt), w). (3.40)

As follows from Theorem 3.7, the function « (v, v2, w) contains all information on
the steady-state solutions of system (3.38) corresponding to harmonic excitations.
For this reason, we give the following definition.

Definition 3.5 The function «(vy, v», w) defined in Theorem 3.7 is called the state
frequency response function. The function h(c«(vy, v2, w)) is called the output fre-
quency response function.

In general, it is not easy to find such frequency response functions analytically.
In some cases they can be found based on the following lemma.

Lemma 3.1 ([38]) Under the conditions of Theorem 3.7, if there exists a continuous
function a(vi, v, ®) differentiable in v = [vi, v,17 and satisfying

0
a—a(v, w)S(w)y = F(a(v,w),v1), Yv,wEe R? x R, (3.41)
v

then this o (vy, v, o) is the state frequency response function. Conversely, if the state
frequency response function o (vy, vy, ®) is differentiable in v, then it is a unique
solution of (3.41).

With this definition of the frequency response function, we can further define Bode
magnitude plots for convergent systems that would map frequency w and amplitude a
of the harmonic input to a measure of the steady-state output (e.g., L, norm) normal-
ized with the input amplitude a. This extension of the Bode plot enables graphical
representation of convergent system steady-state responses at various frequencies
and amplitudes of the excitation (due to nonlinearity it will depend on both). In this
sense, such frequency response functions are instrumental in supporting frequency
domain analysis of nonlinear convergent systems, similar to that employed for linear
systems.
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3.7 Steady-State Performance Optimization

For linear systems, Bode plots are commonly used to evaluate steady-state sensitiv-
ities of the closed-loop system to measurement noise, disturbances, and reference
signals. If the performance of the closed-loop system, evaluated through the (fre-
quency domain) sensitivity functions, is not satisfactory, controller parameters can
be tuned to achieve desired or optimal steady-state performance. For nonlinear sys-
tems, such performance-based controller tuning is much more challenging. Even in
the simple case of a convergent closed-loop system with a linear plant being con-
trolled by a linear controller with a variable gain element [19, 55], this problem is far
from straightforward. First, one needs to evaluate/calculate steady-state responses to
the noise, disturbance and/or reference signals. In practice, this may be challenging
already for excitations with only one harmonic (see previous section). In reality, the
excitations will consist of multiple harmonics, and calculation of the steady-state
solution to these excitations can be a challenge in itself. Second, after the steady-
state solution is evaluated, one needs to find how to tune controller parameters to
improve/optimize certain performance characteristics of the steady state responses.

For a subclass of nonlinear convergent systems, both of these problems can be
solved numerically in a computationally efficient way. Let us consider Lur’e-type
systems of the form

X = Ax 4+ Bu + Hw(t) (3.42)
y = Cx + Dw(t) (3.43)
u=—p(y,w)),0) (3.44)
e =C,x + D,w(t), (3.45)

where x € R” is the state, y € R is the output, w(r) € R™ is a piecewise continuous
input, and e € R is a performance output. We assume that the nonlinearity ¢ : R x
R™ x ® — R is memoryless and may depend on ny parameters collected in the
vectorf = [0y, ..., GnH]T € ® C R"™. Wealso assume that (0, w, ) = 0Vw € R”
and 6 € ©. For simplicity, we only consider the case in which the parameters 6
appear in the nonlinearity ¢ and none of the system matrices. An extension to the
latter situation is relatively straightforward. The functions G, (s), G, (s), Geyu(s)
and G,,,(s) are the corresponding transfer functions from inputs # and w to outputs
y and e of the linear part of system (3.42)—(3.45).

In this section, we consider the case of periodic disturbances w(¢). Recall that if
system (3.42)—(3.45) satisfies the conditions of Theorem 3.2 for all 6 € @, then it
is exponentially convergent and thus for each periodic w(¢) it has a unique periodic
steady-state solution x,,(¢, 6).

Once the steady-state solution is uniquely defined, we can define a performance
measure to quantify the steady-state performance of the system for a particular
T -periodic input w(t) and particular parameter 6. For example, it can be defined as
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T
J(0) = %/0 e, (1, 0)dt, (3.46)

where e, (¢, 0) is the performance output response corresponding to the steady-state
solution. If we are interested in quantifying simultaneously the steady-state per-
formance corresponding to a family of disturbances, wy(¢), wo(t), ..., wy (f), with
periods T1, ..., Ty, we, e.g., can choose a weighted sum of the functionals of the
form (3.46). The choice of the performance objective strongly depends on the needs
of the particular application.

System (3.42)—(3.45) may represent a closed-loop nonlinear control system with
6 being a vector of controller parameters. Ultimately, we aim to optimize the steady-
state performance of this system by tuning 6 € @. To this end, we propose to use
gradient-like optimization algorithms, which provide a direction for decrease of
J (0) based on the gradient of d.J /96 (0). This approach requires computation of the
gradient of J(6). For the performance objective as in (3.46), the gradient equals

e

31(9) 2 /T‘ (t 9)8 Y (¢, 0)dt (3.47)
—O) == [ e, ) , .
30 T Jo 30

under the condition that é,,(¢, 8) is C! with respect to 6. Here we see that in order
to compute the gradient of J(6) we need to know both e, (¢, 6) and de,,/060(t, ).
The following theorem provides, firstly, conditions under which x,,(¢, ) (and there-
fore e, (z, 8)) is C! with respect to 6, and, secondly, gives us an equation for the
computation of de,,/00(z, 0).

Theorem 3.8 ([40]) If system (3.42)—(3.45) satisfies the conditions of Theorem 3.2
forall 6 € ©, and the nonlinearity ¢(y, w, ) is C! forall y € R, w € R™ and 6 in
the interior of ®, then the steady-state solution %,,(t, 0) is C' in 6. The corresponding
partial derivatives dx,,/00;(t,0) and de,,/30;(t, ) are, respectively, the unique T -
periodic solution W (t) and the corresponding periodic output ji(t) of the system

¥ = AW + BU + BW;(1) (3.48)
A =CY¥ (3.49)
U= —2—*;’(;(;, ), w(r), 0)A (3.50)
= C,¥, (3.51)

where W;(t) = —0¢/036;(y,(t,0), w(t), 6).

To calculate the steady-state output e(z, 6), notice that it is a solution of the
following equation:

y= S4}114 o Fy ggywwa (3.52)
e FY + Goww, (3.53)
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Fig. 3.1 Mixed-Time-
Frequency algorithm to

compute the steady-state

solutions s ] = Gylimio) Ui ] | Y]

+Gy, (imw) W m|
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Linear Dynamics

B P e IFFT r
Nonlinearity y(®)
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where 9., 9y, You and %, are the linear operators mapping periodic inputs u ()
and w(¢) to periodic steady-state outputs y(¢) and e(#) of the linear part of sys-
tem (3.42)—(3.45); and .% is the operator defined by % y(t) := —@(y(¢), w(z), 0).
The conditions of Theorem 3.2 imply that the superposition operator ¥, o % is a
contraction operator acting from L,(T") to L,(T'). Therefore, y (and then ¢) can be
calculated from the iterative process

Uppl = F (3.54)
Ye+1 = gyuuk+l + gywws (355)

starting from an arbitrary initial guess yy. To speed up the calculation, this iterative
process can be implemented both in frequency domain (to compute ¢, ;41 and
“,ww) and in time domain (to compute the output of the nonlinearity .% y;). This
is schematically shown in Fig.3.1, where Y, W and U denote the vectors of the
Fourier coefficients (indexed by m) of the signals y(¢), w(¢) and u(t), respectively.
and (I)FFT denotes the (inverse) Fast Fourier Transform.

If at every iteration we truncate the Fourier coefficients for u; (¢) and w(¢) to keep
only the N first harmonics (which is inevitable in any numerical implementation of
the algorithm), the algorithm will still converge from an arbitrary initial guess yo ()
to a unique solution yV . The error caused by the truncation can be estimated by [40]:

- _ =N : Kiwll
15 = 5Vl = {SUPpe |G () vy T

+ yyw”W - WN||L2} W7 (356)

where yy,, := sup,,. |Gy (imw)| and |w — w" ||, is the error of truncation of har-
monics in w(¢) higher than N. From this estimate, we can conclude that by choosing
N high enough, one can reach any desired accuracy of approximation y(¢) by the
solution yV of the algorithm with the truncation. Notice that this algorithm with
truncation can be considered as a multiharmonic variant of the describing function
method, described in [30] for autonomous systems.
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After computing y,, and e, one can then compute in the same way the partial
derivatives de,,/30(t, 0), since system (3.48)—(3.51) satisfies the same conditions as
the original system (3.42)—(3.45) in Theorem 3.2. Then one can compute 9.J /96 and
proceed to gradient-like optimization of 6.

Details on implementation of these numerical algorithms can be found in [40],
where they, in combination with a gradient optimization method, were applied for
tuning parameters of a variable gain controller for wafer stage control. The results
presented in [40] demonstrated very fast convergence of the algorithms for calculation
of the steady-state solution and its gradients, as well as efficient performance of the
gradient based tuning algorithm. This turns the algorithm into a powerful numerical
method for optimizing steady-state performance of nonlinear closed-loop systems
of Lur’e-type form.

In this section, we have shown how the convergence property can be instrumen-
tal in supporting the model-based performance optimization of nonlinear control
systems. In the next section, we also consider the problem of performance optimiza-
tion of nonlinear systems, where again performance is characterized by periodically
time-varying steady-state solutions. However, now it is assumed that no model or dis-
turbance information is available to support performance optimization and therefore
a model-free optimization approach called extremum seeking is adopted.

3.8 Extremum Seeking Control

Extremum seeking control is a model-free, online approach for performance opti-
mization for dynamical systems. The large majority of the works in extremum seeking
is considering the case in which the performance of the system is quantified in terms
of a (unknown) performance objective function depending on the equilibrium state
of the system [23, 51, 52]. However, in many cases the performance of a system is
characterized by time-varying behaviors; as an example, one can think of tracking
control problems for high-tech positioning systems, such as industrial robots, wafer
scanners or pick-and-place machines in which the machine’s functioning relies on
the accurate realization of time-varying (or periodic for repetitive tasks) reference
trajectories.

In this section, we will show how the concept of convergence can be a key under-
lying property of the dynamical system subjected to an extremum seeker when the
performance objective depends on periodic steady-state trajectories of the plant. For
more details on extremum seeking for nonlinear plants with periodic steady-state
solutions, we refer to [17].

Let us consider a nonlinear dynamical system of the form

x = f(x,u,0,w()), (3.57)
y = h(x, w(1)), (3.58)
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where x € R", u € R” are the state and the input, w € R/ is an input disturbance and
0 € Ris a system parameter. The disturbances w(t) are generated by an exo-system
of the following form:

w=@Ww). (3.59)

We assume that for any initial condition w(0) € R/, the solution of the exo-system
(3.59) is uniformly bounded (in backward and forward time) and periodic with a
known constant period 7;, > 0.

Consider a state-feedback controller of the following form®

u=ualx,0). (3.60)

Now we assume that the closed-loop plant (3.57), (3.60) is uniformly convergent
for any fixed 6 € R. The convergence property implies that for any fixed 6 € R,
there exists a unique, bounded for all 7 € R, uniformly globally asymptotically stable
steady-state solution Xy ,,(¢) of the closed-loop plant (3.57), (3.60).° As explained in
Sect. 3.2, the convergence property implies that the steady-state response Xy, (¢) is
periodic with period 7;,, given the nature of the exo-system, which produces periodic
disturbance inputs with period 7,,.

We aim to find the fixed value of 8 € R that optimizes the steady-state perfor-
mance of the closed-loop plant (3.57), (3.60). To this end, we design a cost function
that defines performance in terms of the system output y. As a stepping stone, we
introduce various signal-norm-based performance measures of the following form:

1o ’

Ly(ya()) := (T_/ |y(f)|pdf) , (3.61)
w Jt-T,

Loo(ya(n)) = romax ly(0)] (3.62)

with p € [1, 0o0). The argument y,(¢) of the performance measures in (3.61), (3.62)
represents a (past) function segment of the output, characterizing the performance,
and is defined by y,(¢) := y(¢ + 7) for all T € [—1#4, O], for some #; > T, see [17]
for details. We use one of the performance measures in (3.61), (3.62) in the design
of the cost function, which is given by

qg = Qi(ya() :=goLi(ys(t), i €[1, 0], (3.63)

where the function g(-) further characterizes the performance cost.

Note that, by the grace of convergence, the cost function Q; is constant in steady
state. Finally, it is assumed that the steady-state performance map, i.e., the map from
constant 6 to g in steady state, exhibits a unique maximum. It is this maximum that we

8Sufficient smoothness of the functions f, h and « is assumed.

°In fact, a particular Lyapunov-based stability certificate is required for the solution ¥s,,,(z) in the
scope of this section, see [17].
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aim to find using an extremum seeking controller, without employing knowledge on
the plant dynamics, the performance map or the amplitude or phase of the disturbance.

Next, we introduce the extremum seeker that will optimize (maximize) the steady-
state performance output g. The total extremum seeking scheme is depicted schemat-
ically in Fig.3.2 and consists of a gradient estimator (estimating the gradient of the
cost function with respect to 8) and an optimizer (devised to steer the parameter 6 to
the optimum). The optimizer is given by

0 = Ke, (3.64)

where K is the optimizer gain and e is the gradient estimate provided by the gradient
estimator. The gradient estimator employed here is based on a moving average filter
called the mean-over-perturbation-period (MOPP) filter:

t
e=2 4(v) sin(w(t — ¢))dr, (3.65)
am J;-2z

where w and a are the frequency and amplitude of the dither signal used to perturb the
parameter input to the plant (therewith facilitating gradient estimation), see Fig. 3.2,
and ¢ is a nonnegative constant. We note that both the performance measure in
(3.61)—(3.63) and the MOPP estimation filter in (3.65) introduce delay in the closed-
loop dynamics therewith challenging the analysis of stability properties of the result-
ing closed-loop system.

Still, it can be shown [17] that, under the assumptions posed above (in partic-
ular the convergence property), the total closed-loop system (3.57), (3.60), (3.63)
including extremum seeking controller (3.64), (3.65) is semi-globally practically
asymptotically stable in the sense that the parameter 6 converges arbitrarily closely
to its optimal value and the state solution of the plant converges arbitrarily closely to
the optimal steady-state plant behavior, for arbitrarily large sets of initial conditions.

% Convergent ; .
0 system
—»| (3.57), (3.60)
—
)
0 Optimizer e Gradient
~~ estimator X
E (3.64) .

asin(wt) sin(w(t — ¢))

Fig. 3.2 Schematic representation of the extremum seeking scheme
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The latter can be achieved by making the parameters a, w, and K of the extremum
seeker small enough.

Summarizing, the convergence property is instrumental in guaranteeing a unique
and asymptotically stable periodic output response, which allows for a unique steady-
state performance definition and, in turn, facilitates employing an extremum seeker
to optimize the performance characterized by periodic steady-state solutions.

3.9 Model Reduction

In this section, we show how the convergence property can be instrumental in the
scope of model reduction for a class of nonlinear systems.'? The class of systems
under consideration involves a feedback interconnection X' = (X};,, X,;) between
a linear system
X = Ax+ B,u+ B,v
Ziintyy =Cyx (3.66)

w =C,x,

where x € R", y € R?, v € R® and w € R?, and a nonlinear system

S [Z =8z w) (3.67)
v =h(z),
where, z € R, see the left part of Fig.3.3.

As will be made more precise below, we assume that the plant X' is (input-to-
state) convergent and we will preserve such property after the model reduction.
At a conceptual level, the system being convergent (before and after reduction)
helps to reason about the quality of a reduced-order model. To understand this,
suppose that the plant and its reduction are not convergent. Then, these systems may
have complex nonlinear dynamics characterized by multiple (stable and/or unstable)

U s N Y,

Ly < 4> . 2
v = Elin w I = Elin W
> >
Model
—A
reduction
Znl | DI >
Q) &

Fig. 3.3 Feedback interconnection plant dynamics and model reduction strategy

10The model reduction approach described here is based on [6].
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attractors, such as e.g., equilibria and limit cycles, each associated with a potentially
complex region of attraction. When reasoning about the quality of the reduction,
one typically desires to compare solutions of the reduced-order and original system,
especially when aiming to quantify a reduction error. It is hard to envision how
such a comparison could be made if both systems have multiple attractors, even
with regions of attraction defined on state spaces of different dimension (due to the
reduction). The assumption of convergence facilitates the unique comparison of the
output solutions of the reduced-order and original system, for a given identical input,
as both systems now have a unique attractor (characterized by the unique steady-state
solution); hence, the convergence property significantly simplifies establishing a clear
definition of reduction error, as will be further explained below.

Figure3.3 also expresses the fact that we pursue model reduction of the total
system X by reducing the linear part Xj;,, of the dynamics and reconnecting the
reduced-order linear dynamics 2”” to the nonlinear dynamics X,,;. This approach
is inspired by practical applications in which, firstly, the high-dimensional nature of
the dynamics is due to the linear dynamics and, second, the nonlinearities only act
locally. Examples of such systems, e.g., can be found in mechanical systems in which
the structural dynamics leads to high-dimensional models and local nonlinearities
relate to friction, hysteresis, or nonlinear actuator dynamics. Applications in which
such models arise can, e.g., be found in high-speed milling or drilling applications.
A benefit of such an approach in which model reduction is applied to the linear
subsystem only is the fact that a wide range of computationally efficient model
reduction methods for linear systems exist.

Assumption 3.1 Now, we adopt the following assumptions on the system X':

e X, isasymptotically stable (i.e., A is Hurwitz), implying that X;, is input-to-state
convergent,
e X, is input-to-state convergent.

By the grace of the first bullet in Assumption 3.1, we have that there exist steady-state
operators defined as .% (u, v) := X, ,, with X,, , being the steady-state solutions of the
convergent system X, and .%; (u,v) = CiX,.,, i € {y, w}, where the latter define
the steady-state output operators of Xy, for outputs y and w. These steady-state
output operators are (by linearity) incrementally bounded as

I.Zi (u2, v2) = Fi(ur, vi)lloo = Xix (Vrulluz — urlloo + yevlva = ville),  (3.68)

fori € {y, w}.In(3.68), ¥xu, ¥x» denote the gain functions of the steady-state operator
Z (u,v), whereas x;, represent incremental bounds on the output equations of X;,,.
The assumption in the second bullet of Assumption 3.1 implies that there exists a
steady-state operator ¥w := z,,, which satisfies |¥wy; — Gwi|| < Vo llwa — Wi co-
If additionally, there exists an incremental bound for the output function i of X
such that [|h(z2) — h(z1)lloo < Xv:z11Z2 — Z1llco, then we have that the steady-state
output operator ¢4, w := h(z,,) of X, satisfies
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194, (w2) — G (W1) lloo < Xvz © Yawllwa — willoo. (3.69)

All the gain functions above are class . %5, functions.
Next, the total nonlinear system X' is assumed to satisfy the following small-gain
condition.

Assumption 3.2 There exist class . %5, functions p; and p, such that X satisfies the
small-gain condition

(ld + Pl) O Yxv © Xvz © (ld + /02) O Y © wa(s) <y, (370)

forall s > 0.

Assumption 3.2 implies, see [4, 6], that the feedback interconnection X' is input-to-
state convergent.

As a next step, we assume that the reduced-order linear system ZA‘lm, see Fig.3.3,
given by
£+ Byu+ B,

Sin : (3.71)

= =D
Il

Q)vﬁ) :>>
B8

=
=

where & € R¥, with k < n establishing the order reduction, y € R?, » € R® and
weRY, is asymptotlcally stable. This implies that there exist steady-state output
operators for Siin: J (u, v) i € {y, w}, that are incrementally bounded, i.e.,

.7 (u2, V2) = Fi(ur, V)lloo = Xix © PevllV2 = Villoc, (3.72)

fori € {y, w}. Moreover, we assume that there exists an error bound for the reduction
of the linear part of the system according to

[16i (U2, v2) — & (ur, vi)lloo < Eiullttz — urlloo + €ivllva — villoos (3.73)

where & (u,v) .= Z;(u,v) — ﬁi(u, v), for i € {y,w}, and ¢;;, for i € {y, w} and
J € {u, v}, are positive constants.

In fact, the above assumption on the stability of the reduced-order system and the
availability of an error bound for the linear reduced-order system can be directly sat-
isfied since reduction techniques exist that guarantee the satisfaction of both assump-
tions. In fact, an a priori error bound exists when the reduced-order system Z:‘;m is
obtained by balanced truncation. Namely, an error bound on the norm on the impulse
response as in [16, 24] provides a bound on the .Z,-induced system norm. Alterna-
tively, an error bound can be computed a posteriori using results from [47], typically
leading to a tighter bound.

Now, the following result can be formulated, which guarantees input-to-state
convergence of the nonlmear reduced-order system > = (Z‘;m, X)) and provides
and error bound for X,



74 A. Pavlov and N. van de Wouw

Theorem 3.9 Let ¥ = (X}, Xyy) satisfy Assumptions 3.1 and 3.2. Furthermore,
let ¥ = (ﬁ‘lin, Y1) be a reduced-order approximation, where ZAJli,, is asymptotically
stable and let there exist an error bound as in (3.73) on the linear subsystem. Then,
the reduced-order nonlinear system s input-to-state convergent if there exist class
Koo functions py and p, such that the following small-gain condition is satisfied:

(id + /51) o Xyz o (id + ﬁZ) 0 (&yy + Xwx © Yxn)(8) < s, (3.74)

forall s > 0. B
_ When (3.74) holds, then the steady-state error ||y, — Yulloo is bounded as ||y, —
Vulloo < €lltt]loo, where &(r) is an error bound function.

For the proof and a detailed expression for the error bound function () we refer to
[6]. This error bound function ¢(r) depends on the properties (gain functions) of the
original system X' and the error bounds for the linear reduction (3.73). As the latter
error bound can be obtained a priori (i.e., before the actual reduction is performed), the
error bound in Theorem 3.9 also represents an a priori error bound. Note, moreover,
that if the small-gain condition on the original system in Assumption 3.2 is satisfied
with some margin, the small-gain condition in (3.74) can be satisfied by making the
reduction of X;, accurate enough, i.e., making &,,, small enough.

Finally, we note that with this convergence-based approach to model reduction we
obtain an error bound on the .Z,-norm of the reduction error. Alternative approaches
exist, see [4, 5], exploiting incremental .%;-gain or incremental passivity properties,
instead of convergence properties, to obtain reduced-order systems (for a class of
nonlinear systems of the same form as considered here) preserving such incremental
system properties and complying with an .% error bound.

3.10 Conclusions

In this chapter, we have reviewed the notion of convergent systems and its applica-
tions to a wide range of design and analysis problems for nonlinear (control) systems.
It appears that nonlinear convergent systems inherit certain simplicity from asymp-
totically stable linear systems. This simplicity is not common to generic nonlinear
systems. It allows one to solve a number of analysis and design problems for non-
linear systems in a nonlocal setting and extend previously known local results to
nonlocal cases. For Lur’e-type systems it provides a powerful tool for optimization
of steady-state performance. Open problems for further work relate to convergence
properties for hybrid systems, to investigating how convergence and the existence
of FRFs can be used to support system identification for certain classes of nonlinear
convergent systems, and to applications of convergent systems to filtering.
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Chapter 4

Synchronisation and Emergent Behaviour
in Networks of Heterogeneous Systems:

A Control Theory Perspective

Elena Panteley and Antonio Loria

Abstract Generally speaking, for a network of interconnected systems, synchroni-
sation consists in the mutual coordination of the systems’ motions to reach a common
behaviour. For homogeneous systems that have identical dynamics this typically con-
sists in asymptotically stabilising a common equilibrium set. In the case of heteroge-
neous networks, in which systems may have different parameters and even different
dynamics, there may exist no common equilibrium but an emergent behaviour arises.
Inherent to the network, this is determined by the connection graph but it is indepen-
dent of the interconnection strength. Thus, the dynamic behaviour of the networked
systems is fully characterised in terms of two properties whose study may be recast in
the domain of stability theory through the analysis of two interconnected dynamical
systems evolving in orthogonal spaces: the emergent dynamics and the synchroni-
sation errors relative to the common behaviour. Based on this premise, we present
some results on robust stability by which one may assess the conditions for practical
asymptotic synchronisation of networked systems. As an illustration, we broach a
brief case-study on mutual synchronisation of heterogeneous chaotic oscillators.

4.1 Introduction

As its etymology suggests, synchronisation may be defined as the adjustment of
rhythms of repetitive events (phenomena, processes, ...) through sufficiently strong
interaction. In dynamical systems theory, we also speak of synchronised systems if
their movements are coordinated in time and/or space. It can be of several types: if one
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system “dominates” over the rest, we speak of master—slave synchronisation; in this
case, the motion of the so-called master system becomes a reference for the motion
of the so-called slave system(s). Alternatively, synchronisation may be mutual, in
which case a set of systems synchronise their movements without specified hierarchy.
Controlled synchronisation of dynamical systems consists, generally speaking, in
ensuring that two or more systems coordinate their motions in a desired manner.

Synchronisation has been a subject of intense research in several disciplines before
control theory: it was introduced in the 1970s in the USSR in the field of mechanical
vibration by Professor Blekhman. Ever since, research on synchronisation has been
popular among physicists, e.g. in the context of synchronisation of chaotic systems
since the early 1990s, but also among engineers, especially on automatic control.
In this community, the paradigm of synchronisation was largely popularised by H.
Nijmeijer. His seminal paper [12] is a landmark tutorial on master—slave synchroni-
sation and his pioneer work [13] on mutual synchronisation (of mechanical systems)
preceeds the bulk of literature on a paradigm that is nowadays better known in our
comunity under the name of consensus—see [19].

Consensus pertains to the case in which a (large) group of interconnected sys-
tems mutually synchronise their behaviours. In this case, we speak of networks of
systems. These are not just large-scale and complex systems but they are charac-
terised by decentralised, distributed, networked compositions of (semi)autonomous
elements. These new systems are, in fact, systems of systems. The complexity of
network interconnected systems may not be overestimated. For instance, in neu-
ronal networks, experimental evidence shows that inhibition/excitation unbalance
may result in excessive neuronal synchronisation, which, in turn, may be linked to
neuro-degenerative diseases such as Parkinson and epilepsy. In energy transforma-
tion networks, the improper management of faults, overloads or simply adding to or
subtracting a generator from the transportation network may result in power outages
or even in large-scale (continent-wide) blackouts.

In this chapter, we briefly describe a framework, which was originally and recently
introduced in [15], for analysis and control of synchronisation of networked heteroge-
neous systems that is, with different parameters or even completely distinct dynamic
models.

We limit our study to the analysis paradigm, as opposed to that of controlled syn-
chronisation. At the expense of technological and dynamical aspects related directly
to the network communication (delays, noise, etc.), we focus on structural properties
of the network that affect the synchronisation of the agents’ motions in one way or
another. More precisely, the following issues play a key role in analysis and control
of synchronisation of networked systems:

the coupling strength;

the network topology;

the type of coupling between the nodes, i.e. how the units are interconnected;
the dynamics of the individual units.
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Among the latter, our technical results establish how the coupling strength affects
synchronisation. Our analysis is carried out from a dynamical systems and stability
theory viewpoint.

4.2 The Networked Systems Synchronisation Paradigm

Let us consider a network of dynamical systems modelled via ordinary differential
equations,

x; = fi(x;) + Bu;, ie s ={1,...,N} (4.1a)
y; = Cx;, (4.1b)

where x; € R",u; € R™ and y; € R™ denote the state, the input and the output of the
ith unit, respectively. The network’s topology is usually described via graph theory:
a network of N nodes is defined by its N x N adjacency matrix D = [d;;] whose
(i, j) element, denoted by d;;, specifies an interconnection between the ith and jth
nodes. See [19].

The interaction among nodes depends, in general, on the strength of the coupling
and on the nodes’ state variables or on functions of the latter, i.e. outputs which define
the coupling terms. The interaction is also determined by the form of coupling,
i.e. the way how the output of one node affects another; this can be linear, as it
is fairly common to assume, but it may also be nonlinear, as in the well-known
example of Kuramoto’s oscillator model in which the interconnection is made via
sinusoids—see [3].

Here, we consider a network composed of N heterogeneous diffusively coupled
nonlinear dynamical systems in normal form:

Vi = fi O zi) +ui (4.22)
Zi= £ 2) (4.2b)

As it may be clear from the notation, each unit possesses one input u; and one
output y; of the same dimension, i.e. u;, y; € R™. The state z; corresponds to that
of the ith agent’s zero dynamics—see [7]. The functions f! : R" x R"™™" — R™,
f7 i R™ x R — R"™™ are assumed to be locally Lipschitz.

It is convenient to remark that there is little loss of generality in considering
systems in normal form, these are equivalent to systems of the form (4.1) under the
assumption that the matrices B € R"*" and C € R™*” satisfy a similarity condition
for CB that is, if there exists U such that U"'CBU = A where A is diagonal
positive—see e.g. [17, 18].

We also assume that the units possess certain physical properties reminiscent of
energy dissipation and propagation. Notably, one of our main hypotheses is that the
solutions are ultimately bounded; we recall the definition below.
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Definition 4.1 (Ultimate boundedness) The solutions of the system x = f(x),
defined by absolutely continuous functions (t, x,) — x, are said to be ultimately
bounded if there exist positive constants A, and B, such that for every A € (0, A,),
there exists a positive constant 7' (A) such that, forallx, € B, = {x € R" : |x| < A}
they satisfy

|x(t, x,)| < By forall t>T.

If this bound holds for any arbitrarily large A then the solutions are globally ultimately
bounded.

Ultimate boundedness is a reasonable assumption for the class of systems of
interest here, such as oscillators. In a more general context, boundedness holds, for
instance, if the units are strictly semi-passive—cf. [14].

Our second main assumption concerns the zero dynamics.

Assumption 4.1 For any compact sets B, C R"™™, B, C R" there exist N contin-
uously differentiable positive definite functions V. : B, — R, with k < N, class
Joo functions yy, y2 and constants &y, S; > 0 such that

yYe(zl) < Vo (2) < yau(1z))
Vot @) [fE(y.2) = f2(3.2)] < —aulz — 21 + B
where VV, . 1= %, forallz,z’ € B;and y € B,.

Assumption4.1 may be interpreted as a condition of incremental stability of the zero
dynamics in a practical sense. Note that when §; = 0, we recover the characterisation
provided in [1].

4.2.1 Network Model

We assume that the network units are connected via diffusive coupling, i.e. for the
ith unit the coupling is given by

N
Ui =—0 Zdij()’i -y 4.3)
=1

where the scalar o corresponds to the coupling gain between the units and the individ-
ual interconnections weights, d;;, satisfy the property d;; = d;;. Assuming that the
network graph is connected and undirected, the interconnections amongst the nodes
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are completely defined by the adjacency matrix, D = [d;;]; je.», Which is used to
construct the corresponding Laplacian matrix,

SNdi  —dn ... —diy
—dy) Z,N:u;ez dyi ... —don
L= ) ) . )
—dy —dyy N

By construction, all row-sums of L are equal to zero. Moreover, since L is symmetric
and the network is connected it follows that all eigenvalues of the Laplacian matrix
are real and, moreover, L has exactly one eigenvalue (say, A;) equal to zero, while
others are positive,i.e. 0 = A} < Xy <--- < Ap.

Next, we introduce a compact notation that is convenient for our purposes of
analysis. We introduce the following vectors of outputs, inputs and states, respec-
tively:

Y1 23] X1
: : : y
YN Un XN
as well as the function F : R*™Y — R"V, defined as
Fi(x1) 1
F(x) = : L R = | 150 : (4.4)
) 17Oz )iy
Fy(xn) '

With this notation, the diffusive coupling inputs u;, defined in (4.3), can be re-written
in the compact form
u=—0ol[L®Ily,

where the symbol ® stands for the right Kronecker product.! Then, the network
dynamics becomes

X=Fx)—0o[L®E,]y (4.5a)
y=I[Iy®E,]x, (4.5b)

where E,I = [Ln, Opx(n—m)]- The qualitative analysis of the solutions to the latter
equations is our main subject of study.

1For two matrices A and B of any dimension, A ® B consists in a block-matrix in which the i jth
block corresponds to a;; B.
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4.2.2 Dynamic Consensus and Practical Synchronisation

In a general setting, as for instance that of [13], for the purpose of analysis, synchro-
nisation may be qualitatively measured by equating a functional of the trajectories
to zero and measuring the distance of the latter to a synchronisation manifold, e.g.

S ={xeRV :x;=x,=---=xp}. (4.6)

For networks of homogeneous systems, i.e. if f; = f; for all i, j € ., synchroni-
sation is often described in terms of the asymptotically identical evolution of the
units, i.e. x; — x;. This is especially clear in the classical consensus paradigm of
simple integrators, in which we have x; — x; — const. In more complex cases, as
for instance in problem of formation tracking control, we may have that each unit
follows a (possibly unique) reference trajectory, that is, x; — x; — x*(¢). What is
more, controlled synchronisation is sometimes assimilated to a problem of “collec-
tive” tracking control—see e.g. [5, 13].

Hence, whether a set-point equilibrium or a reference trajectory, it seems natural
to formulate the consensus problem as one of asymptotic stability (or stabilisation
for that effect) of the synchronisation manifold .. Such stability problem may
be approached, for instance, using tools developed for semi-passive, incrementally
passive or incrementally input-output stable systems—see [6, 8, 9, 16, 17, 21]. If
the manifold .7 is stabilised, one says that the networked units are synchronised.
For networks of non-identical units, the paradigm is much more complex due to the
fact that the synchronisation manifold . does not necessarily exist. Yet, it may also
be recast in terms of stability analysis.

To that end, we generalise the consensus paradigm by introducing what we call
dynamic consensus. We shall say that this property is achieved by the systems
interconnected in a network if their motions converge to one generated by what
we shall call emergent dynamics. In the case of undirected graphs, for which the
corresponding Laplacian is symmetric, the emergent dynamics is naturally defined
as the average of the units’ drifts, that is, the functions fA_' (R™ x R — R™,
f2:R" x R"™™ — R"™™ defined as

1 N

fyl (Ves Ze) i= N IZ:;‘ fil (Ves Ze)s
1 N

FE e z0) = v D ez
i=1

hence, the emergent dynamics may be written in the compact form

Yo = fi(xe)  xe=Dy)z 1, fi=1AT £2110. 4.7)
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For the sake of comparison, in the classical (set-point) consensus paradigm, all
systems achieving consensus converge to a common equilibrium point, that is, f; =
0 and x, is constant. In the case of formation tracking control, Eq.(4.7) can be
seen as the reference dynamics to the formation. In the general case of dynamic
consensus, the motions of all the units converge to a motion generated by the emergent
dynamics (4.7).

Then, to study the behaviour of the individual network-interconnected systems,
relative to that of the emergent dynamics, we introduce the average state (also called
mean-field) and its corresponding dynamics. Let

1 N
xo= ;xi, (4.8)

which comprises an average output, y, € R™, defined as y; = E,) x; and the state of
the average zero dynamics, z; € R, thatis, x, = [y, , z; 1. Now, by differentiat-
ing on both sides of (4.8) and after a direct computation in which we use (4.2), (4.3)
and the fact that the sums of the elements of the Laplacian’s rows equal to zero, i.e.

|
NZ_U[dil(yi —yD) 4+ HdinGi —yw)] =

i=1

we obtain

Vs = £ iz, (4.9a)

2 |

s = Fris zi) (4.9b)

ﬁ

2 |

Then, in order to write the latter in terms of the average state x,, we use the functions
fland f? defined above so, from (4.9), we derive the average dynamics

2

N
Vo = £l ez + —Z (A i z) = £ G 20)]s (4.102)

N
= f7 (s 2) Z F20m ) = f2 5. 20)]- (4.10b)

It is to be remarked that this model is intrinsic to the diffusively interconnected
network. Indeed, since the row-sums of the Laplacian equals to zero, the intercon-
nection strength o does not appear in (4.10). Another interesting feature of Eq. (4.10)
is that they may be regarded as composed of the nominal part
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,).’s = fyl (,)’57 Zs)
Zy= f1 050 25)

and the perturbation terms [ £ (yi. z:) — fi' (s, 2)] and [ f2 (i, 20) — f2 (s 20) -
The former corresponds exactly to (4.7), only re-written with another state variable.
In the case that dynamic consensus is achieved (that is, in the case of complete syn-
chronisation) and the graph is balanced and connected, we have (y;, z;) = (¥, 25)-
Nonetheless, in the case of a heterogeneous network, asymptotic synchronisa-
tion is in general hard to achieve hence, y; > y, and, consequently, the terms
(£ v 20) = £ 0. 20)] and [ f2 (i, 20) — f2(3y. 25)] do not vanish.

Thus, from a dynamical systems’ viewpoint, the average dynamics may be con-
sidered as a perturbed variant of the emergent dynamics. Consequently, it appears
natural to study the problem of dynamic consensus, recast in that of robust stability
analysis, in a broad sense. On one hand, in contrast to the more commonly studied
case of state synchronisation, we shall admit that synchronisation may be established
with respect to part of the variables only, i.e. with respect to the outputs y;. More pre-
cisely, for the former case, similarly to (4.6), we introduce the state synchronisation
manifold

Fe={xeRY ixj—x;,=xp—x, =+ =xy —x;, =0} (4.11)
and, for the study of output synchronisation, we analyse the stability of the manifold
Sy=yeR™ iy —ys=ym—y = =yy -y =0} (4.12)

Since, in the general case of heterogeneous networks, the perturbation terms may
prevail it becomes natural to study synchronisation in a practical sense, that is, by
seeking to establish stability of the output or state synchronisation manifolds .} or
%, in a practical sense only. This is precisely defined next.

Consider a parameterised system of differential equations

%= f(x,e), 4.13)

where x € R", the function f : R” — R”" is locally Lipschitz and ¢ is a scalar para-
meter such that ¢ € (0, &,] with &, < 00. Given a closed set &7, we define the norm

X|o = Inf |x — y|.
x|z = inf x — yl

Definition 4.2 For the system (4.13), we say that the closed set &7 C R" is prac-

tically uniformly asymptotically stable if there exists a closed set 2 such that
o C 9 CR"and

(1) the system is forward complete for all x, € Z;
(2) foranygiven$ > Oand R > 0, there exist e* € (0, &,] and a class J#".Z function
Bsr such that, for all ¢ € (0, ¢*] and all x, € Z such that |x,|.s < R, we have
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|x(t, X0, &)|er <8+ Bsg(|Xolers ).

Remark 4.1 Similarly, to the definition of uniform global asymptotic stability of a
set, the previous definition includes three properties: uniform boundedness of the
solutions with respect to the set, uniform stability of the set and uniform practical
convergence to the set.

The following statement, which establishes practical asymptotic stability of sets,
may be deduced along the lines of the proof of the main result in [4].

Proposition 4.1 Consider the system x = f(x), where x € R" and f is continuous
and locally Lipschitz. Assume that the system is forward complete, there exists a
closed set o/ C R" and a C' function V : R" — R as well as functions a;, oy €
oo, 003 € K and a constant ¢ > 0, such that, for all x € R",

a1(|x|er) = V(x) < aa(lx]er)

V < —ar(|x|w) +c.

Then, for any R, ¢ > 0 there exists a constant T = T (R, €) such that for allt > T
and all x, such that |x.|.s < R

|x(t, x)|er <7+ &

where r = a; ' oy 0 ey (0).

4.3 Network Dynamics

In the previous section, we motivated, albeit intuitively, the study of dynamic con-
sensus and practical synchronisation as a stability problem of the attractor of the
emergent dynamics as well as of the synchronisation manifold. In this section, we
render this argument formal by showing that the networked dynamical systems model
(4.5) is equivalent, up to a coordinate transformation, to a set of equations composed
of the average system dynamics (4.10) with average state x; and a synchronisation
errors equation with state e = [eIr - e;]T, where ¢; = x; — x, foralli € 7. Itis
clear that x € ., if and only if e = 0; hence, the general synchronisation problem

is recast in the study of stability of the dynamics of e and x;.

4.3.1 New Coordinates

Let us formally justify that the choice of coordinates x; and e completely and appro-
priately describe the networked systems’ behaviours.
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Considering a network with an undirected and connected graph, the Laplacian
matrix L = LT has a single zero eigenvalue A; = 0 and its corresponding right and

left eigenvectors v,, v;; coincide with v = \/Lﬁl where 1 € RY denotes the vector

[11...1]7. Moreover, since L is symmetric and non-negative definite, there exists
(see [2, Chap. 4, Theorems 2 and 3]) an orthogonal matrix U (i.e. U~ = UT) such
that L = UAU T with A = diag{[0 A, ... Ax]}, where A; > Oforalli € [2, N], are
eigenvalues of L. Furthermore, the ith column of U corresponds to an eigenvector of
L related to the ith eigenvalue, A;. Therefore, recognising v as the first eigenvector,
we decompose the matrix U as:

1
U=|—=1 Ul], (4.14)
g
where U; € RV*N~=! is a matrix composed of N — 1 eigenvectors of L related to
A2, ..., Ay and, since the eigenvectors of a real symmetric matrix are orthogonal,
we have |

—1'U; =0, U/U =1Iy_.

VN
Based on the latter observations, we introduce the coordinate transformation
- o7
X=%"x, (4.15)

RnN xnN

where the block diagonal matrix % € is defined as

U =UQI,,

which, in view of (4.15), is also orthogonal. Then, we use (4.14) to partition the new

coordinates X, i.e.
c_[R]_[weh],
Tlxm| | UTel
1 n

The coordinates x; and X, thus obtained are equivalent to the average x; and the
synchronisation errors e, respectively. Indeed, observing that the state of the average
unit, defined in (4.8), may be re-written in the compact form

= 1(1T®1) (4.16)
xJ—N n)X, .

we obtain X; = ~/Nx,. On the other hand, X, = 0 if and only if e = 0. To see the
latter, let 27 = U, ® I, then, using the expression

(AR B)(C® D)=ACQ® BD, 4.17)
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we obtain
%1%11— = (U]UIT) ® I,

and, observing that

1
U] =1Iy— ﬁnT,

we get

1

MU = (IN - NHT) ® I,. (4.18)
Therefore, multiplying ¥, = %, x by % and using (4.18), we obtain

"o = | (1 111T)®1

1X2 = N N n|X
=x—l(11T®I)x
N n )

which, in view of (4.17), is equivalent to

= x (19 1) (7 ® 1)x

:x—(1®1,,)xs=e.

U x>

Since %, has column rank equal to (N — 1)n, which corresponds to the dimension
of x,, we see that x, is equal to zero if and only if so is e.

Even though the state space of (x;, e) is of higher dimension than that of the orig-
inal networked system (4.1), only both together, the synchronisation error dynamics
and the average dynamics, may give a complete characterisation of the network
behaviour. Thus, the states x; and e are intrinsic to the network and not the product
of an artifice with purely theoretical motivations.

We proceed to derive the differential equations in terms of the average state x;
and the synchronisation errors e.

4.3.2 Dynamics of the Average Unit
Using the network dynamics Eq. (4.5a), as well as (4.16), we obtain

1 1
Xy = ﬁ(lT ® I,)F(x) — ﬁa(f ® )L ® E,ly. (4.19)

Now, using the property of the Kronecker product, (4.17), and in view of the identity
1TL = 0, we obtain
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A" @ L)L ® Ey) = (1"L) ® (I,Ey) =0.

This reveals the important fact that the average dynamics, i.e. the right-hand side
of (4.19), is independent of the interconnections gain o, even though the solutions
x; (1) are, certainly, affected by the synchronisation errors; hence, by the coupling
strength.

Now, using (4.4) and defining

1 N
fil) = ; Fi(x,) (4.20)

we obtain

N
£ = S+ > [ - s

Therefore, defining

N

Gotew) 1= o X[ Fter +x) — Fix)],

i=1
we see that we may write the average dynamics in the compact form,
X5 = fi(xg) + Gy(e, x,). 4.21)

Furthermore, since the functions F;, with i € ., are locally Lipschitz so is the func-
tion G, and, moreover, there exists a continuous, positive, non-decreasing function
k:R, x R, — R4, such that

Gy(e, x;)| < k(lel, |xs])le].
In summary, the average dynamics is described by the Eq. (4.21). Thatis, it consists

in the nominal system (4.7), which corresponds to the emergent dynamics, perturbed
by the synchronisation error of the network via the term Gy.

4.3.3 Dynamics of the Synchronisation Errors

To study the effect of the synchronisation errors, e(¢), on the emergent dynamics, we
start by introducing the vectors
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F(x) = [FG)T . FyvGo)'] (4.22)
Fi(x1) — Fi(xy) Fi(er + x5) — Fi(xs)
F(e, xg) := : = :
Fn(xy) — Fy(xy) Fn(en +x5) — Fiy(xy)

i.e. F(e, x;) = F(x) — Fy(x,). Then, differentiating on both sides of
e=x—(1QI,)x;
and using (4.5a) and (4.21), we obtain
¢=—0[L®Enly+ Fx)— A® In) [fs(x5) + Gs(e, x5)]
= —0[L ® Emly + [F(x) — Fs(x5)] + Fs(xs) — A ® In) [fs (x5) + G (e, x5)]

= —0[L ® Emly + [Fs(xs) — A ® I) fs(x5)] + [Fle. x5) — A ® I)Gs (e, x5)].  (4.23)

Next, let us introduce the output synchronisation errors ey; = y; — ys, thatis, e, =
[eyTl, e, e)T,N]T, which may also be written as

ey =y—1Q®ys, (4.24)
and let us consider the first term and the two groups of bracketed terms on the right-
hand side of (4.23), separately. For the term (L ® Em)y we observe, from (4.24),
et [LREu]y=I[L®Eul[ey+1® y]
and we use (4.17) and the fact that L1 = 0 to obtain

Second, concerning the first bracket on the right-hand side of (4.23), we observe
that, in view of (4.20) and (4.22),

1
fv(xs) = _(IT ® I,,)FS(XS).
N
Therefore,
1
Fy(x) =A@ L) fi(xy) = Fi(x) = (1@ L)AT ® L) Fy(x,).
Then, using (4.17) we see that

1 R
N(1®In)(1 ®1I,) = N(ll ) ® I. (4.25)
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So, introducing
nN N 11 n»

we obtain
Fv(xs) - (1 & In)fv (xs) - PFY (xs)~ (426)

Finally, concerning the term Fe,x;) — (1® 1,)G, (e, x;) on the right-hand side
of (4.23), we see that, by definition, G(e, x,) = + (1" ® 1,) F (e, x,), hence, from
(4.25), we obtain

(1® 1,)G,(e, x;) = %[(113 ® I,]F e, x,)

and

F(e.x) = (1@ L,)Gs(e. x,) = (InN - %(llﬁ ® 1,,) F(e.x)
= PF(e, xy). 4.27)
Using (4.26) and (4.27) in (4.23), we see that the latter may be expressed as
é=—0[L® Eney + P[F(e, x,) + Fy(x,)].

The utility of this equation is that it clearly exhibits three terms: a term linear in
the output e,, which reflects the synchronisation effect of diffusive coupling between
the nodes, the term PF (e, x;) which vanishes with the synchronisation errors, i.e. if
e = 0, and the term

Fi(x,) — & 200, Fi(x) Fi(xs) — f5(x5)
PF(x;) = : = : ,
Fy(x) — % ZlNzl Fi(xy) Fn(xg) — fs(xs)

which represents the variation between the dynamics of the individual units and the
average unit. This term equals to zero, e.g. when the nominal dynamics, f; in (4.1a),
of all the units are identical that is, in the case of a homogeneous network (Fig.4.1).

Fig. 4.1 Interaction between

synchronisation and the >3 Synchronisation F————p >3 Collective
1 errors 2 behaviour

collective dynamics ’ dynamics ~— [mean-field dynamics]

v
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4.4 Stability analysis

All is in place to present our main statements on stability of the networked systems
model (4.5). For the purpose of analysis, we use the equations previously developed,
in the coordinates e and x;, which we recall here for convenience:

Xy = fi(xs) + G (e, x), (4.28a)
¢ =—0[L® Euley + P[F(e, x,) + F,(x,)]. (4.28b)

These equations correspond to those of two feedback interconnected systems, as it
is illustrated in Fig.4.1. For the system (4.28a), we study the stability with respect
to a compact attractor which is proper to the emergent dynamics and we establish
conditions under which the average of the trajectories of the interconnected units
remains close to this attractor. For the system (4.28b) we study robust stability of the
synchronisation manifolds .#}, and .7,

4.4.1 Practical Synchronisation Under Diffusive Coupling

We formulate conditions that ensure practical global asymptotic stability of the sets
& and .#,—see (4.11), (4.12). This implies practical state and output synchronisa-
tion of the network, respectively. Furthermore, we show that the upper bound on the
state synchronisation error depends on the mismatches between the dynamics of the
individual units of the network.

Theorem 4.1 (Outputsynchronisation) Let the solutions of the system (4.5) be glob-
ally ultimately bounded. Then, the set .7, is practically uniformly globally asymp-
totically stable with ¢ = 1/o. If, moreover, Assumption4.1 holds, then there exists a
function B € 2 such that for any ¢ > 0 and R > O there exist T* > 0 and o* > 0
such that the solutions of (4.28b) with ¢ = o* satisfy

le(t, xo)| < B, B, Ay) +&, Vit =T" xo € Br:={x;: [xo| < R}

where
Ay = max max {|fk2(xk) — fiz(xk)|]. 4.29)

|x|<By k,ieN

The bound on the synchronisation errors, 8, is a function of the constants oy, i
defined in Assumption4.1 as well as on the degree of heterogeneity of the network,
characterised by Ay. In the definition of the latter, B, corresponds to a compact
set to which the solutions ultimately converge by assumption. That is, Theorem4.1
guarantees, in particular, that the perturbing effect of heterogeneity in the network
may be diminished at will by increasing the interconnection strength.
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The proof of this theorem is provided in [ 15]. Roughly speaking, the first statement
(synchronisation) follows from two properties of the networked system—namely,
negative definiteness of the second smallest eigenvalue of the Laplacian metric L
and global ultimate boundedness. Now, global ultimate boundedness holds, e.g. under
the following assumption.

Assumption 4.2. For each i, the system (4.2) defines a strictly semi-passive map
u; — y; with continuously differentiable and radially unbounded storage func-
tions V; : R* — R, where i € .#. That is, there exist positive definite and radially
unbounded storage functions V;, positive constants p;, continuous functions H; and
positive continuous functions g; such that

Vi(x) < v i — Hi(x;)

and H;(x;) > 0;(|x;]) for all |x;| > p;.
Indeed, the following statement is reminiscent of [16, Corollary 1].

Proposition 4.2. Consider a network of N diffusively coupled units (4.5). Let the
graph of interconnections be undirected and connected and assume that all the
units of the network are strictly semi-passive (i.e. Assumption4.2 holds). Then, the
solutions of the system (4.5) are ultimately bounded.

Proof. We proceed as in the proof of [16, Lemma 1] and [22, Proposition2.1]. Let
Assumption4.2 generate positive definite storage functions V;, as well as functions
0i, H; and constants p;, defined as above and let

N
V() =D Vitx).

i=1

Then, taking the derivative of Vs (x) along trajectories of the system (4.5), we obtain

Vs (x)

IA

N
—oy"[L® L]y — Z Hi(x;)

i=1

IA

N
—> Hix), (4.30)
i=1

where for the last inequality we used the fact that Laplacian matrix is semi-positive
definite. Next, let p = max;<;<y{p;} and consider the function ¢ : [p, +00) — R>g
as o(s) = min;<;<x{0;(s)}. Note that ¢ is continuous and o(s) positive for all s >
0. Furthermore, for any |x| > Np there exists k € . such that |x;| > %|x| > p.
Therefore, for all |x| > Np,

al 1
> Hixi) = He(x) > 6(1xl) = 0 (Nm) :

i=1



4 Synchronisation and Emergent Behaviour in Networks ... 97

Using the last bound in (4.30) we obtain, for all |[x| > Np,

. 1
Ve(x) = -0 (lel) .

Hence, invoking [23, Theorem 10.4] we conclude that the solutions of the system
(4.5) are ultimately bounded. |

Some interesting corollaries, on state synchronisation, follow from Theorem4.1,
for instance, if the interconnections among the network units depend on the whole
state, that is, if y = x.

Corollary 4.1. Consider the system (4.5). Let Assumptions4.1 and 4.2 be satisfied
and let y = x. Then, the system is forward complete and the set ., is practically,
uniformly, globally and asymptotically stable withe = 1/o.

The constant A, defined in (4.29) represents the maximal possible mismatch
between the dynamics of any individual unit and that of the averaged unit, on a ball
of radius B,. The more heterogeneous is the network, the bigger is the constant A ;.
Conversely, in the case that all the zero dynamics of the units are identical, we have
A = 0. In this case, we obtain the following statement.

Corollary 4.2. Consider the system (4.5) under Assumptions4.1 and 4.2. Assume
that the functions fiz, which define zero dynamics of the network units, are all identi-
cal, ie. f?(x) = fiz(x)foralli, Jj € S andallx € R". Then the set %, is practically
uniformly globally asymptotically stable with e = 1/o.

4.4.2 On Practical Stability of the Collective Network
Behaviour

Now we analyse the behaviour of the average unit, whose dynamics is given by the
Eq. (4.28a). We assume that the nominal dynamics of average unit (i.e. with ¢ = 0)
has a stable compact attractor <7 and we establish that the stability properties of this
attractor are preserved under the network interconnection, albeit, slightly weakened.

Assumption 4.3. For the system (4.7), there exists a compact invariant set &/ C R”"
which is asymptotically stable with a domain of attraction Z C R". Moreover, we
assume that there exists a continuously differentiable Lyapunov function V, : R* —
R-¢ and functions «; € F#5, i € {1, ..., 4} such that for all x, € Z we have

a1(|xe|;z¢) < Vd(xe) < a2(|xe|d)
Vi (x0) < —a3(1xe] o)

'E)Vd

X,

< as(|x.]).
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The second part of the assumption (the existence of V') is purely technical whereas
the first part is essential to analyse the emergent synchronised behaviour as well as
the synchronisation properties of the network, recast as a (robust) stability problem.
The following statement applies to the general case of diffusively coupled networks.

Theorem 4.2. Forthe system (4.5), assume that the solutions are globally ultimately
bounded and Assumptions4.1, 4.3 hold. Then, there exist a non-decreasing function
y iRy x Ry — R, and, forany R, ¢ > Othere exists T* = T*(R, ¢), such that for
allt = T* and all x, such that |x,|s < R,

x5 (1, Xo)|or < ¥ (A, R) + €.

In the case that the network is state practically synchronised, it follows that the
set o7 is practically stable for the network (4.5).

Corollary 4.3. Consider the system (4.5) under Assumption4.3. If the set .%; is
practically uniformly globally asymptotically stable for this system, then the attractor

o defined in Assumption4.3 is practically asymptotically stable for the average unit
(4.21).

4.5 Example

To illustrate our theoretical findings we present a brief case-study of analysis of
interconnected heterogeneous systems via diffusive coupling. We consider three of
the best known chaotic oscillators: the Rossler [20], the Lorenz [10] and the Lii
system [11]. The dynamics equations of these forced oscillators are the following:

el | yOe—x0) tu
LORENZ OSCILLATOR: S rxe—ye—xoze |
| Ze = xeye— bz
p— . aﬂ
m ———Xm — Ymim +
s x = a+p e ¢ + U
L/ OSCILLATOR: I 3+ X
l Zm = IBZm + X Ym-
_xr arXy + yr +
.. = Uy
ROSSLER OSCILLATOR: 3, = )
l Z'r = b, + YrZr — CrZr.

The values of the parameters of the three systems are fixed in order for them to
exhibit a chaotic behaviour when unforced. These are collected in Table4.1.
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Table 4.1 Parameter values

- . Rossler Lorenz Lii 3rd order
of chaotic oscillators
ar =0.15 y =16 a=-10
b =02 rp =45.6 B=—4
¢ =10 b=4 §=1

Since the three chaotic systems are oscillators their trajectories are globally ulti-
mately bounded, they converge to the strange attractors depicted in Fig.4.2. In this
figure we also show the phase portrait for the average solutions x,(¢) for the three
unforced oscillators (with u, = u,, = u, = 0). Then, we apply the respective inputs

ug = —oldiz(y, —y,,) + duy, —y)], din=2, diz =4,
—o[din(y, —y) +du(y, —y,)]. ds =3,
_a[dIS(ym - Ye) + d23(ym - yr)]’

Uy

Um

where y ., are measurable outputs. We have simulated two scenarios: in the first case,
we assume that only the x( coordinates of each oscillator are measured hence,

ROSSLER LORENZ

Fig. 4.2 Phase portraits of the three chaotic oscillators, Rossler, Lorenz and Lii, as well as that of
the average dynamics, in the absence of interconnection, i.e. with o =0
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ye =[x 01" y, =[x, 0" y, =[x 0]

In Fig. 4.3, we depict the phase portrait for the Rossler system overlapped with that of
the average solutions. It is appreciated, on one hand, that the synchronisation errors
diminish as the interconnection gain is increased. On the other hand, the behaviour
of the oscillators’ solutions also changes: for relatively large values of o (50 and 80),
the chaotic behaviour is lost and the systems stabilise.
In the second scenario, we assume that both x(,, and y(, are measured hence,
yer=[xeyd" ¥ = vl Y, =1 ]’

The simulation results in this case, for different values of the interconnection gain
o, are showed in Figs.4.4 and 4.5. With two inputs, the systems “loose” the chaotic
response and stabilise to an equilibrium. In Fig.4.4 we plot the norm of the output
synchronisation errors |e, (f)| = |y(t) — 1 ® y,(?)]; it is clearly appreciated that the
errors diminish as the interconnection gain increases. Finally, in Fig. 4.5 we show the

phase portraits for four different values of o; it is clear that output synchronisation
occurs.

20
10
t"w
> 0
-10
-20 0 20 20 0 20
X (1) and x_(t) — Rossler
r s average
20
o=
80
0
::‘/fl) :tl)
> > _20
-40
-30 -20 -10 0 10 20 -30 -20 -10 0 10 20
coordinates xr(t) and xs(t) coordinates xr(t) and xs(t)

Fig. 4.3 Phase portraits of the Rossler oscillator compared to that of the average unit, for different
values of the interconnection gain o
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output synchronization errors

\}\/M ></ VM\)\}‘
VA

100 200 300 296 297 298 299 300
time [s] time [s]

Fig. 44 Norms of the output synchronisation errors, |ey (¢)|, for different values of the intercon-
nection gain o

25

20

15

10

Y.y, y 1),y 1)

v, y,®),y 1),y (1)

3 4 5 3 4 5 6
X (1), X0, x_(t), x (1) x (8, x(1), x_(t), x (1)

Fig. 4.5 Phase portraits of the three chaotic oscillators, Rossler, Lorenz and Lii, as well as that of
the average dynamics, with two inputs and for different values of the interconnection gain o
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Chapter 5
Anticipating Synchronization and State
Predictor for Nonlinear Systems

Toshiki Oguchi

Abstract This chapter discusses a synchronization problem, anticipating synchro-
nization, and its application in control design for nonlinear systems with delays. The
anticipating synchronization phenomena was initially reported by Voss (2000), and
Oguchi and Nijmeijer (2005) then generalized it from the framework of control the-
ory. This chapter revisits the anticipating synchronization problem and introduces a
state predictor based on synchronization. Furthermore, we discuss recent progress
on predictor design for nonlinear systems with delays.

5.1 Introduction

It is a great pleasure to contribute this chapter to the festschrift of Prof. Nijmei-
jer on the occasion of his 60th birthday. I had the opportunity to collaborate with
Prof. Nijmeijer while working at Eindhoven University of Technology as a visiting
researcher in 2003. Since then, we have continued to work together on the subject
of synchronization and control of multi-agent systems with delays. This chapter
revisits anticipating synchronization that occurs in master—slave systems, which was
my first joint work project with Henk. In addition, I discuss the use of anticipating
synchronization in control.

Recently, synchronization phenomena have been the subject of growing interest
in various fields, including applied physics, biology, applied mathematics, social
sciences, control engineering, and so on. As an extension of the synchronization of
coupled systems, Voss [1] discovered the occurrence of anticipating synchronization
of chaotic systems with time-delay in a unidirectional coupling configuration. Antic-
ipated synchronization can be recognized as a state prediction method that does not
require numerical integration. These phenomena are also observed in physical sys-
tems. Voss [2] demonstrated an experimental realization of such a phenomenon in an
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electronic circuit. Masoller [3] considered anticipating synchronization of chaotic
external-cavity semiconductor lasers with numerical simulation. Sivaprakasam et
al. [4] observed the occurrence of anticipating synchronization using chaotic semi-
conductor diode lasers. These chaotic systems are described by one-dimensional
systems with time-delay in the state, but anticipating synchronization can occur in
more general systems. In a previous study [5], we generalized the phenomenon from
the framework of control theory. Subsequently, we also considered the use of this
synchronization phenomenon as a predictor of nonlinear systems. More recently,
we have been attempting to use this synchronization-based predictor to extend the
applicability of the finite spectrum assignment [6] for nonlinear retarded systems [7].
In last half of this chapter, we introduce a prediction control scheme combined with
a synchronization-based predictor.

5.2 Anticipating Synchronization

This section revisits anticipating synchronization of coupled chaotic systems and
introduces a recent advance in this direction.

In the original study concerning anticipating synchronization [1], Voss first con-
sidered the following equation, which is a scalar system and behaves chaotically.

X(1) = —ax(r) — Bf (x(1 — 1)), (5.1

where x € R, and o and § are constants. For this system, we consider the following
response system.

2(t) = —az(t) — Bf(x(1)), (5.2)
where z € R. The dynamics of the prediction error e(?) L0t —1)—x(1)is given by
ée(t) = —ael(t)

and a necessary and sufficient condition for the error e to converge to O is that
a > 0. Then, the synchronization manifold x = z(# — ) is globally asymptotically
stable and this phenomenon is called anticipating synchronization or anticipatory
synchronization. Therefore, if o« > 0, z() estimates the future value x(z 4 7). In
this case, the availability of anticipating synchronization is not only independent
of the nonlinear function f but also of the length of time-delay 7. This prediction
method is simple, and the convergence property of the error dynamics is globally
guaranteed, but the convergence property is dependent on the dynamics of the master
system.
As a simple modification, we consider the following scalar retarded system [8].

x(t) = —ax(t — 1)+ bf (x(t — 1)), (5.3)
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Fig. 5.1 Chaotic attractor 2.5
fora =0.2,b =0.2,and L
=10
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where f(x) = tanh(10x). Choosing a = 0.2, b = 0.2, and t = 10, the system (5.3)
has a chaotic attractor depicted in Fig. 5.1. For this system, we design the slave system
as follows.

2(t) = —az(t — 1) + bf (x(2)) + k(z(t — T) — x(1)). (5.4)

The prediction error dynamics for this case is given by

é(t) = —(a — k)e(t — 1), (5.5)

where e(t) = z(t — t) — x(¢). Then, a necessary and sufficient condition for
asymptotic stability of (5.5) is that the following inequality holds

T
0 —k —.
< (a )1'<2

If k =0, i.e., there is no correction term, this inequality does not hold for the
parameters stated above. For k satisfyinga — 27}—{ < k < a,however, e = 0 is asymp-
totically stable, and then e asymptotically converges to zero, which means that z(z)
estimates the future value x (¢ 4+ t) of the master system (Figs.5.2 and 5.3).

These prediction schemes can be generalized into multidimensional systems as
follows. Consider the following multidimensional difference-differential equation

system,

[xm = Aox(1) + F(y(t — 1)) 56

y(t) = h(x(1)),

wherex e R",y e R",Ag € RV, F : R" — R"andh : R* — R”.Forthe system
(5.6), we consider the following prediction scheme,

2(t) = Apz(t) + F(y()), (5.7)
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Fig. 5.2 The behaviors of

x(t) and z(¢) with
x(0) = 0.1 and z(0#) = 0 for
0 € [—7,0]
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in which z € R". Since the dynamics of the prediction error e(t) = z(t — t) — x(¢)
is described by
e(t) = Aoe(r),

the error converges to zero if and only if matrix Ay is Hurwitz, i.e., Ay has all
eigenvalues in the open left half-plane. Therefore, if Ay is a Hurwitz matrix, the
output z(¢) of the predictor (5.7) estimates the future value x (¢ 4+ t) of the state x(¢).

However, to achieve anticipating synchronization, the master system is required
to satisfy the following conditions:

(i) Ay is a Hurwitz matrix, and
(ii) the time-delayed term F'(-) in the dynamics (5.6) depends on the output only.

These restrictions can be relaxed by adding a coupling term into the slave system
as follows. Consider the following possibly chaotic nonlinear system:
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2= Aoz + A1z, Z(t)
Sm ‘

+F(y)+ f(x)+ w

'

Fig. 5.4 Configuration of the prediction scheme

x(t) =Aox () + Aix(t — 1) + F(y(t — 1)) + f(x())
I 1y = Cx(t) (5.8)
x(0) = xo,

where x € R", Ag and A are n X n matrices, and f : R” — R”" is a smooth vector
field. For the system (5.8), we construct the predictor

5 2(t) = Apz(0) + Azt — 1) + F(y() + f(z(®)) + K{Cz(t — 1) — y(1)}
) =20, 1t €[-1,0],

(5.9
where z € R" and K € R"*" is a constant matrix. For simplicity of notation, we will
often suppress notation of the explicit dependence of time r when no confusion can
arise. The configuration of the prediction scheme is shown in Fig.5.4.

Then, the dynamics of the prediction error e £ z,(t) — x (), where z, (t) = z(t —
T), is given by

e =Ape+ (A1 + KC)e, + fle+x)— f(x)

1
£Aoe + Ager + ¢ (x, e), 10
with ¢ (x,e) = f(e+ x) — f(x). Clearly, e = 0 is a solution of (5.10), and the sys-
tem (5.9) acts as a predictor for (5.8) if the error dynamics (5.10) has ¢ = 0 as an
asymptotically stable equilibrium. Consequently, the anticipating synchronization
problem can be reduced to the stability problem of the prediction error dynamics.
If the master system does not have a nonlinear term f(x), the prediction error
dynamics is simply
¢ =Age+ (A1 + KQ)e,,

and the stability of the system is determined by the location of the roots of the
following characteristic equation.

det(s] — Ay — (A} + KC)e™") = 0.
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Therefore, if the most-right root has a negative real part, e converges to zero, and
z(¢) predicts the future value of x (7).

Next, we consider the case in which the nonlinear term f(x) in the system (5.8)
exists. By applying the Lyapunov stability theorem, several sufficient conditions for
the zero solution for Eq. (5.10) to be asymptotically stable have been proposed. In the
following section, we introduce sufficient conditions derived under several different
assumptions.

5.3 Synchronization Conditions

This section introduces some sufficient conditions for anticipating synchronization.

5.3.1 General Approach

We define the Jacobian of ¢ (x, e) with respect to e at e = 0 by

P 2 (2552)

whose components are functions of x. Then, the linearization of (5.10) about ¢ = 0
is given by
e = Age + Age; + D(x)e. 5.11)

It is well known that if e = 0 of (5.11) is asymptotically stable, then e = 0 of (5.10)
is also asymptotically stable [9]. Therefore, using this linearized system, we obtain
the following lemma concerning the stability of the trivial solution e = 0 of (5.10).

Lemma 5.1 ([5]) Assume the nonempty set 2 C R" is such that all trajectories of
the system Xy converge to it. If there exist symmetric and positive-definite matrices
P, Iy, I't and I, of dimension n X n satisfying

(Ao + Aq+ D))" P+ P(Ag+ Ag + D(x)) + T(Af TyAo + AJ TN Ay
+ D)D) +TtPANLy + T + I, HATP <0

forall x € §2, then the zero solution of (5.10) is asymptotically stable.

Here, we assume that each entry of matrix D(x(¢)) is bounded, and that the bound
is known a priori, because x is a trajectory of the master system. The approximated
error system (5.11) can then be rewritten by the following polytopic system:
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k
é(1) = Aoe(t) + Aget — 1)+ D p;(x(t)Dje(t), (5.12)
j=1

where D; are constant matrices and p;(x(¢)) € [0, 1] are polytopic coordinates sat-
isfying the convex sum property Zl;zl pix(®) =1

Lemma 5.2 ([5]) If there exist a symmetric and positive-definite matrix P > 0 and
positive-definite matrices Iy, 0 < k < m, of dimension n x n satisfying

(A+D)"P+P(A+ D))
+o{(A+ DY V(A + D)) + AT T Ay + PAT; + T HALP) <0
(5.13)

for j=1,...,k where A = Ay + Ay, then the zero solution of (5.11) is asymptot-
ically stable.

Using Lemma 5.2 we obtain the following theorem concerning how to choose the
gain K stabilizing system (5.10).

Theorem 5.1 Lett > 0. Ifthere exist a symmetric and positive-definite matrix P >
0 and a matrix Y such that the following LMI holds for each j =1, ..., k:

Ml + M|l ATP ATP+CTYT PA +YC

PAp =Lp 0 0

T 0, 5.14

PA+YC 0 =lp 0 = 19
ATP+C'Y" 0 0 2P

where Mlj1 = P(Ay+ Ay + Dj) + YC, then the zero solution of (5.10) is asymptot-
ically stable, and K = P~'Y is a stabilizing gain matrix.

5.3.2 Sector Condition

In this section, we consider the case where ¢ (x, e) in (5.10) is a scalar function
given by B¢ (y(t), Ce(t)). For simplicity, we assume that the master system is a
single output system, i.e., m = 1. In addition, we assume that the function ¢ (y, y.)
satisfies the following sector condition: there exist a constant o > 0 such that 0 <
d(y,y.) <ay.forally e {y = Cx|x € £2}.

A possible criterion was derived by Huijberts et al. [10] in order to derive a
sufficient condition for anticipating synchronization of chaotic Lur’e systems. The
criterion described below is an extension of the improved delay- dependent stability
criterion by Xu et al. [11] for systems with a nonlinearity satisfying a sector condition.
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Theorem 5.2 ([10]) Let T be given and assume that there exist matrices P > 0,
0>0,Z>0,Y, and W and a constant y > 0 such that the following LMI is
satisfied.

PAg+A[P+Y+Y"+Q PA - Y +W! PB+yrCT —TY TA[Z

ATP—YT + W -Q-w-wT 0 —TW TATZ
BTP +y)rC 0 -2y 0 7BTZ| <O.
-y’ —twT 0 —-Z 0
TZ A TZA, TZB 0 —-1Z
(5.15)

Then, the origin is an asymptotically stable equilibrium point for every 0 < v < 7.

Remark 5.1 The LMI condition (5.15)in Theorem 5.2 is derived using the Lyapunov—
Krasovskii functional

t 0 t
Vi(e,) =eT(t)Pe(t)+/ eT(a)Qe(a)da—i—/ / ¢ (a)Zé(a)dadb,
t—t —1t Jt+b
. (5.16)

where ¢, denotes ¢, = e(t + 6) for 0 € [—t, 0]. On the other hand, to solve the
master—slave synchronization problem, Han [12] also proposed a synchronization
condition for Lur’e systems with a delay coupling using a Lur’e—Postnikov Lyapunov
functional candidate. Adjusting the functional for our problem as

Valer) =e(t) Pe(t) + / ¢ (&) Qe(E)dE

Ce(t)

+/ (1 —t+§)éT($)Ré(§)d$+2/ ywx', &)de, (5.17)
t—T 0

where P, Q, and R are positive-definite matrices and y is a positive constant, this
functional can cause the same stability condition as the LMI condition by replacing
TR with Z.

In this section, we introduced some LMI-based condition for anticipating syn-
chronization. Since these results are based on the Lyapunov—Krasovskii functional
approach, the key point is how to evaluate nonlinear terms remaining in the predic-
tion error dynamics. Apart from those mentioned, synchronization conditions can be
derived by assuming the QUAD condition. Meanwhile, if the value of the remaining
nonlinear term is relatively small, it can be treated as a perturbation that vanishes at
e = 0 (see Appendix).

5.4 Predictor-Based Control

When we consider control systems in practical situations, there are greater or lesser
time-delays in real systems. This section considers use of the slave system in antic-
ipating synchronization as a predictor. For the past ten years, with the spread of



5 Anticipating Synchronization and State Predictor for Nonlinear Systems 111

networked systems, the study of time-delay systems has attracted a growing interest
in control engineering and science. In particular, a large number of useful results
have been obtained for linear systems. The study on delay compensation for linear
systems with input delays has a relatively long history, and the Smith predictor [13]
is one of the most popular delay compensators. Kravaris and Wright [14] proposed
an extension of the predictor for nonlinear systems by combining it with the input—
output linearization. Further extensions and modifications have been proposed by
many researchers. In recent years, input delay systems have attracted attention for a
delay compensation method via the backstepping transformation approach proposed
by Krsti¢ [15]. In this section, as a completely different approach to these predictors,
we introduce the synchronization-based predictor.
To explain the fundamental idea, we consider the following linear system with
input delay.
{x(t) = Ax(1) + bu(t — 1) 518)

y() = cex(@),
where x € R", u, y € R, and 7 > 0 is a time-delay. Here we assume that if 7 = 0,
(A, b) is controllable and (c, A) is observable. In addition, we introduce the pure
delay operator o that shifts the time from 7 to r — t and is defined as

or(t) = At — 1),

where A(?) is a function defined on the interval [t — 7, 7].
Using the pure delay operator o, the system (5.18) can be rewritten as

xX() = Ax(t) + b(ou(t)).
For this system, the synchronization-based predictor is designed as follows.
2(t) = Az(t) + bu(t) + H(y(t) — c(ox())). (5.19)
The prediction error dynamics then is given by
é(t) = Ae(t) — Hceoe(t), (5.20)
where e = z; — x(¢). If we choose H such that the zero solution of (5.20) is asymp-
totically stable, z(# — ) converges to x(¢).

Now we design a feedback law as u (1) = — K z(¢) using z(¢) instead of x (¢). Then,
substituting it into (5.18) and (5.19), the total dynamics can be written as

] [A—bk —bK T[x()
|:é:|_|: 0 A—Hco:| |:e(t):|’ (521
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The characteristic equation is given by

sT — (A — bK) bK
det [ 0 sT— (A — Hca)i|

= det(s] — (A — bK))det(sI — (A — Hco)) =0,

where o := ¢~°". From this equation, we know that the stability of the prediction
error dynamics and system with feedback are independent. This result corresponds
to a counterpart of the so-called “separation principle” of controller and observer.
From the above, we know that this predictor is an extension of the full state observer.
Furthermore, Nijmeijer and Mareels [16] stated the relationship between synchro-
nization and observer theory, and the relationship between anticipating synchroniza-
tion and this predictor is comparable to the relation between synchronization and the
full state observer.

5.4.1 System Configuration

Consider the following input delay system

{)%(t) = f(x(),u(t — 1)) (5.22)

y(t) =Cx (1),

where f is smooth with respect to x and u. We assume that when 7 = 0 holds,
i.e., the system is delay-free, a feedback u = y (x(¢)) is so designed that the closed-
loop system achieves satisfactory stability. However, if T # 0, the closed-loop system
becomes x () = f(x(t), y (x(t — t))) and may be destabilized by the existence of the
delay. If we could obtain the future value x (f 4 t) of x, by applying a feedback u(¢) =
y (x(t + 1)), the closed-loop system would be given by x(t) = f(x(¢), y (x(¢))).

From such a viewpoint, we adopt a state predictor based on anticipating synchro-
nization to estimate the future value x (¢ 4 t) of x, and the output of the predictor is
used in place of the actual state of the system in the feedback. The synchronization-
based predictor is described by

() = fz(0), u@®) + K{Cz(t — 1) — y(O)},

and the controller is given by u(¢) = y (z(¢)).

The configuration of the proposed control scheme is shown in Fig.5.5.

In this case, the dynamics of the prediction error defined by e(¢) = z(t — t) — x(t)
is given by

e@) =f(e(t) +x(0), ut —1)) — f(x@),ut — 1)) + KCe(t — 1),
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u(t) y(t)
= f(zur) >
] £=f(zu(t)) (1)
K +o(t) B}
= (t) |
C e—5T
:P'réa‘.'c'tar‘/OBsé'n'/é'r """""" > '(' P ) """
u(t) = ~(2)

Fig. 5.5 Configuration of the proposed control scheme

and we know that the stability of this dynamics also depends on u. Therefore, under
additional assumptions, we consider this problem.
First, we consider the following system.

[x(r) = f(x(1)) 4 gu(t — 1) (5.23)

y(t) = Cx(),

where x € R", u,y € R, f(0) =0, h(0) = 0, and g is a constant vector.
The proposed synchronization-based predictor is then defined by

2(t) = f(z(0) + gu(t) + K(Cz(t — 1) — y(1)).
In addition, the prediction error dynamics is given by
e(t) = f(e(t) +x()) — f(x()) + KCe(t — 1),
where e(t) = z(t — t) — x(¢). Therefore, by applying the synchronization criteria

discussed in Sect.5.3, we can judge the stability of e = 0 or design the coupling
gain K.
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5.4.2 Linearizable Systems

Next, as a special case, we consider the following affine system.

(5.24)

x() = f(x(0) +gx)ut —1)
y(t) = h(x (1)),

where x € R", u, y € R, f and g are smooth vector fields with f(0) =0, and 2 is a
smooth function with 4(0) = 0.
For the system (5.24), we assume that the following conditions hold for any
x € R™:
1. dim(span {dh,dL¢h, ....dL" h}) =n,
2. [ad'r,ad}r] =0,0 <i,j <n—1,
3. [g,adj{-r] =0,0<j<n-—-1,
4, ad}r for 0 <i <n — 1 are complete vector fields,
where r is the vector field solution of

(dh, r) 0

<d(L{;—:‘h), r> 1

Here (-, -) denotes an inner product on R”.

Then, there exists a global diffeomorphism
x(1) =Tx()

such that the system (5.24) is globally transformable into the following linear observ-
able system [22]:

00---0 —oap
. 10---0 —
x(t) = ) . x(t) + Bu(t — 1)
0
00 -1 —otp_y
:=Ax(t)(t) + Bu(t — 1) (5.25)
y(t)=[00---01]%@1) = Cx(1). (5.26)
where B is given by B = % g o T7!(2). As a result, the predictor is constructed
by
z(t) = Az(t) + Bu(t) + K(Cz(t — 1) — y(1)). (5.27)

Then, the prediction error dynamics in the transformed coordinates is given by
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e(t) = Ae(t) + KCé(t — 1),
where e(t) = z(t — t) — Xx(¢), and the predicted value of x is given by
2(t) =T~ @)
Therefore, if the most-right root of the corresponding characteristic equation
det(s] —A—KCe™*) =0
has a negative real part, (5.27) works as a predictor for the system (5.24).

Conditions 1-3 guarantee that the system is globally linearized by a coordinate
transformation, and they are extremely restrictive.

5.4.3 An Example

We consider a simplified boiler subsystem described by the following equation.

x(1) = Aox (1) + f(x(@)) + grui(t — ) + gour(t — 7)
hi(x(@®) | | x2(0) (5.28)

YO= oy | T o |

where x € R, u; e R, y € R?,

-2+ 0 0 00
1t
# -5 0 00
Ag=| 0 0 —7 0 Of,
1° 1
0 Olﬁ_io
0 —7 0 £ 0

1 T
fx) = (0, a—szxl(fL 0,0, %xf(f)) )

142

1 ! 1 ’
= _70705070 ) = 0507_7050 )
s (Tl ) & ( T3 )

where T; and a; for i = 1, 2, 3 are constants, and 7 is a constant time-delay. Fur-
thermore, the state variables x; for i = 1,...,5 are normalized with percentage.
Since x5 is shifted the operating point y into zero, the bound of x5 is given by
—y < x5 < 100 — y. Since this system has time-delays at the inputs, it is called an
input time-delay system.

If T = 0 holds, then this system is exactly linearizable [17, 18] by the following
coordinate transformation and feedback.
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5 T
£0) = (M0, L), ha), Lha(x), Liha(x)
(m) =Gx)™! (_L}hl(x) + Vl(t)) (5.29)
us —L3ha(x) + () )’
where the non-singular matrix G (x) is given by

G(x) _ Lglthl(x) ngthl(x)
Ly Lha(x) Ly, L3hay(x) )

However, when 7 is not 0, all nonlinear terms cannot be canceled out by applying
the same feedback (5.29). In order to accomplish exact linearization for nonzero
7, the nonlinear terms at time 7 + T must be evaluated at time 7. Therefore, we
attempt to estimate the future value of the state x by using a predictor based on the
synchronization discussed above.

The state predictor based on synchronization is given by

2(t) = Aoz(®) + f(2) + g (1) + goux (1) + K{Cz(t — 1) — y(0)},  (5.30)

where z(0) = zo for —¢ < 0 < 0. The dynamics of the prediction error e(t) = z(t —
T) — x(t) is given by

e(t)y =Ape(t) + KCe(t — 1)+ {f(e+x)— f(x)}
£ Ape(t) + KCe(t — 1) + F(e, x), (5.31)

where F (e, x) = f(e+ x) — f(x), and this term satisfies
[F(e, 0] =0 and [[F(e, x)|| < ylle®]l.

The coupling gain K is designed as follows.
If there exist a symmetric and positive-definite matrix P > 0 and a matrix Y such
that the following LMI holds:

My + Ml ATP CTYT YC
PAy =P 0 0
YC 0 =P 0

cry™ o 0 Hp

<0, (5.32)

where M| = P(Ao + yI) + YC, then the zero solution of system (5.31) is asymp-
totically stable and K = P~'Y is a stabilizing gain matrix. Consequently, it is guar-
anteed that the delayed output z(r — ) of the predictor (5.30) converges to x(¢).

By combining this state predictor with the linearizing feedback (5.29), we can
obtain the linearizing feedback with the state prediction as follows.
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2
uj 1 (—Lph(2) + (@)
G
(142) @ (—L§h2(2)+vz(f)
vi = —=s1h1(z) = s2L s h1(2) + Y1rer (1)
—53h2(2) — 4L pha(z) = ssL3ho(x) + o rer (1),

A
V) =

where s; are coefficients of Hurwitz polynomials:

A% 4 soh + 51
A+ S5)\,2 + S4A + 53

Figures 5.6 and 5.7 show a simulation result. In this simulation, the time-delay
is T = 2.0, the initial condition is given by y;(#) = 20 and ys(¢) = 0 for t < 0, the
stabilizing gain matrix by

K — —0.0560 —0.09830 0  0.0019 \"
~ \ 0.0001 0.0019 00.0005 —0.1952) ~

and the coefficients s; are given by
(81, 82, 83, 84, 85) = (1.0, 2.0, 1.0, 3.0, 3.0).

In Fig. 5.6, the dashed line represents the reference signal y; ,or, and y2 ,or(t) =0
for t > 0. This figure shows that the boiler system is exactly linearized by application
of the obtained feedback. The prediction error e of the predictor (5.30) for # > 7 is
illustrated in Fig.5.7. This figure shows that the prediction error converges to zero
and the predictor based on anticipating synchronization works well as the predictor
of x(t).

Fig. 5.6 Outputs y; and y; 50
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Fig. 5.7 Prediction error 50
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5.5 Conclusions

In this chapter, we revisited anticipating synchronization of master—slave type cou-
pled systems. After introducing some synchronization conditions derived in the form
of LMIs, we proposed to use this scheme as a state predictor. Today, the major con-
cern in the field of chaos synchronization has shifted from master—slave synchroniza-
tion to network synchronization; anticipating synchronization, however, can only be
observed in the master—slave type system or unidirectional path networks. For exam-
ple, anticipating synchronization cannot appear in two bidirectional coupled systems
because x| (f — 7) = x,(¢) or x(t — ) = x;(¢) are not synchronization manifolds.
However, by using anticipating synchronization as the prediction scheme of the
system, the consensus problem of multi-agent systems with input delays is also
investigated [19].

Appendix: Stability of Systems with Uncertainties

We consider the following system with uncertainties and/or perturbation.
X, = (1) vt € [—7,0]

where x € R", x;(0) = x(t + 0) for6 € [—1,0],¢ € €[—7, 0], and g(z, x;) denotes
the uncertainty and/or perturbation.

For a function ¢ € € ([a, b], R"), define the continuous norm || - || by [|¢]|. :=
SUPyea.p 19 (O)l, where || - || denotes the Euclidean norm of a vector.
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Suppose now that the nominal system
X(t) = ft,x) (5.34)

has a delay-dependent asymptotically stable equilibrium point at the origin. Then
the following theorem is well-known.

Theorem 5.3 ([9]) Let there exist a continuous functional V(t,¢):R xE
[—7,0] = R such that

willoOI) =V, ) = wall@lle),

wi(r) = ocoasr — ooand V(x;) < 0.

Let Z be the set of those elements from €[—t, 0] for which V.= 0 and Q is the
largest invariant set situated in Z. Then all solutions of (5.34) tend to Q ast — oo.
In particular, if the set Q has the only zero element, then the trivial solution of (5.34)
is asymptotically stable.

Here V is the right derivative of V along the solutions of (5.34), i.e.,

. 1
Vix) = hl_i}& sup E(V(xﬂrh) = Vx).

To derive a sufficient condition for robust stability of perturbed systems, we use
the following type of Lyapunov—Krasovskii functional throughout this section.

Vi(x) = Volx (@) + Vi(x), (5.35)

where V) is a positive-definite function of x (¢), and V| (x,) consists of the sum of the
integrals of the functional x (¢ 4 0), such as

t 0 t
Vi) = / V1(x(0))d6 + / / V,(x(0))d0ds
t —T7 Jt+s

-7

Note that the derivative of V| (x,) with respect to time does not contain x.
Then we obtain the following result.

Theorem 5.4 Let x = 0 be a delay-dependent asymptotically stable equilibrium
point of the nominal system (5.34). Let V(t,x;) : R x ¢ — R be a Lyapunov—
Krasovskii functional (5.35) that satisfies the following conditions:

(5.4a) ally O <V, ¥) < allyl?
(5.4b) the time derivative of V along the trajectories of the unperturbed system

(5.34) satisfies V(s 3a)(t, ¥) < —a3 ||y (0) ||
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where V(5,34) means the derivation of V along the solution of (5.34) and y € Qp =
{y € €[—7,0]: ||Vl < H}. In addition, suppose that

(5.4c) |24 < oyl
(5.4d) |11 0)]| =0

(5.4¢) llgt. )]l < y[¥©)]
(5.4f) v < z—z

where a;, i = 1,...,4 and y are positive constants. Then, the origin is an asymp-
totically stable equilibrium point of the perturbed system (5.33). Moreover, if all the
assumptions hold globally, then the origin is globally asymptotically stable.

Proof From the condition (5.4d), x = 0 is also an equilibrium point of the perturbed
system (5.33). The existence of V satisfying condition (5.4a) and (5.4b) guaran-
tees that the zero solution of the unperturbed system (5.34) is asymptotically stable
from the Lyapunov—Krasovskii theorem [9, 20]. The time derivative of V along the
trajectories of (5.33) satisfies

V(x) < —asllx()* + L Vo
< —asllx(O* + aay x|

—(a3 — agy) x>

A

IA

From the Lyapunov—Krasovskii theorem, if y < 22, the zero solution of the system

(5.33) is also asymptotically stable. !

Example 5.1 We consider the following Chua’s circuit with time-delay [21].

—a(l+b) a O —a(a —b) 0
X = 1 -1 1 [x+ 0 o(x1)+ | 0 |esin(nxi(t — 1))
0 -B -y 0 -B

:=Apx + Bo(x1) + B1§(x1(t — 7)) (5.36)
y(t) =[100]x:=Cx,

where p(x1) = L(lx) + 1] — [x; — 1)) and £ (x1 (1)) = sin(px; (1)) withw = 10, § =

19.53, y =0.1636,a = —1.4325, b = —0.7831,n = 0.5, ¢ = 0.2 and T = 0.019.
If we construct the following predictor,

. JE= Ao+ Bo(z) + Big(y) + K{Cz(t — 1) — y}
V2 =20, 1 €[22, 00,

then the dynamics of the prediction error e(f) = z(t — t) — x(¢) is given by

é=Age+ KCe(t — ) + B{p(e; +x1) — (x1)}
2 Age+ KCe(t — 7) + Bo(xy, e1). (5.37)
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By choosing a Lyapunov—Krasovskii functional as

T

t L G+D)r
Vier) =e®)T Pe(t) +/ T BT RBoduds + Z/
j=0"7

t
/ ! () Q je(u)duds,
t—s

JO Jt—s T

and a coupling gain as K = [—12.1, —2.25, 3.71]T, anticipating synchronization
of the unperturbed systems can be accomplished. Now, we consider the effect of a
perturbation on anticipating synchronization. We assume that Ay in both the master
and slave systems contains uncertainties as follows.

—a(l+b)+4 « 0
Ay = 1 —1+4 1
0 B —y+A

The prediction error dynamics is then obtained by
é:=Ape+ KCe(t — 1)+ Bp(x1,€1) + g,

where g = Ale(t) In this case, if A is bounded, the perturbation satisfies the
conditions (5.4d) and (5.4e). In addition, we can obtain the corresponding para-
meters of condition (5.4f) of Theorem5.4 as follows: y < 0.0594. Considering
x(0) =[1,-2,0]7, x(8) =0 for & < 0 as the initial condition of the master sys-
tem, z(0) = 0 for 6 < 0 as that of the slave system, and the perturbation A = 0.05,
the behavior of the prediction error e(¢) = z(t — t1) — x(¢) is depicted in Fig.5.8.
Since the prediction error converges to the origin, we know that the effect of the
perturbation vanishes, and the slave system works effectively as a predictor of the
master system.

Fig. 5.8 Prediction Error 3 ; ‘ ‘
(Theorem 5.4) . — &

Prediction Error e

Time
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Chapter 6

Delays Effects in Dynamical Systems
and Networks: Analysis and Control
Interpretations

Wim Michiels

Abstract Time-delays are important components of many systems from engineer-
ing, economics and the life sciences, due to the fact that the transfer of material,
energy and information is mostly not instantaneous. They appear for instance as
computation and communication lags, they model transport phenomena and heredi-
tary effects and they arise as feedback delays in control loops. The aim of the chapter
is to present a guided tour on stand-alone and interconnected systems with delays,
thereby explaining some important qualitative properties. The focus rather lies on the
main ideas as technical details are avoided. Different mechanisms with which delays
can interact with the system are outlined, with the emphasis on the effects of delays
on stability. It is clarified how these mechanisms affect control design problems. Not
only limitations induced by delays in control loops are discussed, but also oppor-
tunities to use delays in the construction of controllers. Finally, extensions of these
results toward networks of interconnected dynamical systems are discussed, with the
focus on relative stability problems, in particular the synchronization problem.

6.1 Introduction

Time-delays are important components of many systems from engineering, eco-
nomics, and the life sciences, due to the fact that the transfer of material, energy
and information is mostly not instantaneous. They appear, for instance, as computa-
tion and communication lags, they model transport phenomena and heredity effects
and they arise as feedback delays in control loops. An overview of applications,
ranging from traffic flow control and lasers with phase-conjugate feedback, over
(bio)chemical reactors and cancer modeling, to control of communication networks
and control via networks is included in [12].

The presence of time-delays in dynamical systems may induce complex behav-
ior, and this behavior is not always intuitive. Even if a system’s equation is scalar,
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oscillations may occur. Time-delays in control loops are usually associated with
degradation of performance and robustness, but, at the same time, there are situa-
tions where time-delays are used as controller parameters.

The aim of this chapter is to describe some important properties of control systems
subjected to time-delays and to outline principles behind analysis and synthesis
methods. Throughout the text, the results will be illustrated by means of the scalar
system

x(t) = ut — 1), 6.1
which, controlled with instantaneous state feedback, u(t) = —kx(t), leads to the
closed-loop system

x(t) = —kx(t — 7). (6.2)

Although this didactic example is extremely simple, we shall see that its dynamics
are already very rich and shed a light on delay effects in control loops.

In some works, the analysis of (6.2) is called the hot shower problem, as it can
be interpreted as a (over)simplified model for a human adjusting the temperature in
a shower: x(¢) then denotes the difference between the water temperature and the
desired temperature as felt by the person, the term —kx(#) models the reaction of the
person by further opening or closing taps, and the delay is due to the propagation
with finite speed of the water in the ducts.

The structure of the chapter is as follows. In Sect.6.2, we outline fundamental
properties of time-delays systems. In Sect.6.3, we discuss spectral properties of
linear time-delay systems. In Sect. 6.4, we discuss limitations induced by delays in
control loops, but also opportunities of using delays for control purposes, and, in
Sect. 6.5, we make the leap to networks of interconnected systems, focusing on the
synchronization problem. A short version of Sects.2—4 appeared in [7].

6.2 Basic Properties of Time-Delay Systems

6.2.1 Functional Differential Equation

We focus on a model for a time-delay system described by
x(t) =Apx(t) + Aix(t — 7), x() € R". (6.3)

This is an example of a functional differential equation (FDE) of retarded type. The
term FDE stems from the property that the right-hand side can be interpreted as a
functional evaluated at a piece of trajectory. The term retarded expresses that the
right-hand side does not explicitly depend on x.
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As a first difference with an ordinary differential equation, the initial condition
of (6.3) at t = 0 is a function ¢ from [—7, 0] to R". For all ¢ € € ([—1, 0], R"),
where € ([—t, 0], R") is the space of continuous functions mapping the interval
[—7, 0] into R”, a forward solution x(¢) exists and is uniquely defined. In Fig. 6.1,
a solution of the scalar system (6.2) is shown. The discontinuity in the derivative at
t = 0 stems from Agp (0) + A1 (—7) # limg_o- q&(@). Due to the smoothing prop-
erty of an integrator, however, at t = n € N, the discontinuity will only be present
in the (n + 1)—th derivative. This illustrates a second property of functional differ-
ential equations of retarded type: solutions become smoother as time evolves. As a
third major difference with ODEs, backward continuation of solutions is not always
possible [8].

The extension of methods for time-integration (time stepping, simulation) from
ordinary to delay differential equations naturally follows from the properties of solu-
tions sketched above: the “history” of the solution should be taken into account in the
time-stepper, and special attention should be paid to so-called break points, where
the solution is non-smooth. A key reference is the book [1].

6.2.2 Reformulation in a First-Order Form

The state of system (6.3) at time 7 is the minimal information needed to continue the
solution, which, once again, boils down to a function segment x, (¢) where x,(¢)(0) =
x(t+0), 6 € [—t, 0] (in Fig.6.1 the function x; is shown in red for # = 5). This
suggests that (6.3) can be reformulated as a standard ordinary differential equation
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over the infinite-dimensional space % ([—t, 0], R"). This equation takes the form

%Z(l‘) = o/z(1), z(t) € €([—7, 0], R") (6.4)

where operator <7 is given by

ion _ | €CA=10, O, R") : ¢ € G (=1, O, R,
P() = $(0) = Ao (0) + A1 (—7) ] 69
_d¢
oS p="2

The relation between solutions of (6.3) and (6.4) is given by z(#) () = x(t +0), 0 €
[—7, 0]. Note that all system information is concentrated in the non-local boundary
condition describing the domain of .o The representation (6.4) is closely related to
a description by an advection PDE with a non-local boundary condition [5].

6.2.3 Asymptotic Growth Rate of Solutions and Stability

The reformulation of (6.3) into the standard form (6.4) allows us to define stability
notions and to generalize the stability theory for ordinary differential equations in a
straightforward way, with the main change that the state space is ' ([—t, 0], R").
For example, the null solution of (6.3) is exponentially stable if and only if there
exist constants C > 0 and y > 0 such that

V¢ € Cg([_.[m’ 0]7 Rn) ||xt(¢)||s = Ce_yl”¢”sa

where || - ||, is the supremum norm, [|¢ s = supyc(_, ¢ ¢ (@)[l2. As the system is
linear, asymptotic and exponential stability are equivalent. A direct generalization
of Lyapunov’s second method yields the following theorem:

Theorem 6.1 The null solution of linear system (6.3) is asymptotically stable if
there exist a continuous functional V : € ([—t, 0], R") — R (also-called Lyapunov-
Krasovskii functional) and continuous non-decreasing functions u, v, w : Rt — R*
with

u(0) = v(0) = w(0) = 0and u(s) > 0, v(s) > 0, w(s) > Ofors > 0,
such that for all ¢ € € ([—1, 0], R")

u(lplly) < V(@) < v(lIg0)2), V($) < —w(llpO)]),
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where
. 1
V(¢) = lim sup 7 [V(xn(9)) — V(e)].
h—0+

Converse Lyapunov theorems and the construction of so-called complete-type
Lyapunov-Krasovskii functionals are discussed in [4].

Imposing a particular structure on the functional, e.g., a form depending only
a finite number of free parameters, often leads to easy-to-check stability criteria
(for instance, in the form of Linear Matrix Inequalities (LMIs)), yet as price to pay
the obtained results may be conservative in the sense that the sufficient stability
conditions might not be close to necessary conditions. As an alternative to Lyapunov
functionals, Lyapunov functions can be used as well, provided that the condition V <
0 is relaxed (the so-called Lyapunov-Razhumikhin approach), see, for example, [2].

More recent contributions on stability of systems with time-varying delay origi-
nate from a similar perturbation point of view, where the system is seen as a pertur-
bation of a system with constant (possibly non-zero) delay.

6.2.4 Delay Differential Equations as Perturbation of ODEs

Many results on stability, robust stability, and control of time-delay systems are
explicitly or implicitly based on a perturbation point of view, where delay differ-
ential equations are seen as perturbations of ordinary differential equations. For
instance, in the literature a classification of stability criteria is often presented in

Delay-independent results Delay-dependent results

(1) = Aox(t)+A x(t —T) £(t) = (Ao +Ap)x(t)+A; (x(t — 1) —x(1))

input-output setting:

(A — Ag) 14, ()\]*(A()+A|))71Al/\

eI T— Ry

‘e—jmr|:1 ef]‘_““‘;—llgt
Lyapunov setting:
V=xTPx+/... V=xTPx+/...
where where
AoTP+PA) <0 (Ao +A1)TP+P(Ag+A1) <0

Fig. 6.2 The classification of stability criteria in delay-independent results and delay-dependent
results stems from two different perturbation viewpoints. Here, perturbation terms are printed in
red
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terms of delay-independent criteria (conditions holding for all values of the delays)
and delay-dependent criteria (usually holding for all delays smaller than a bound).
This classification has its origin at two different ways of seeing (6.3) as a pertur-
bation of an ODE, with as nominal system x(#) = Agx(f) and x(¢) = (A9 + A1)x(?)
(system for zero delay), respectively. This observation is illustrated in Fig.6.2 for
results based on input-output and Lyapunov based approaches.

6.3 The Spectrum of Linear Time-Delay Systems

6.3.1 Two Eigenvalue Problems

The substitution of an exponential solution in (6.3) leads us to the nonlinear eigen-
value problem

()J — Ay —Auf“) v=0,2€C,veC" v#£0. (6.6)

The solutions of the equation det(A] — Ay — Aje~*F) = 0 are called characteristic
roots. Similarly, formulation (6.4) leads to the equivalent infinite-dimensional linear
eigenvalue problem

M—-)u=0, LeC, ue (-, 01,C"), u#0. (6.7)

The combination of these two viewpoints lay at the basis of most methods for com-
puting characteristic roots, see [6]. On the one hand, discretizing (6.7), i.e., approx-
imating ./ with a matrix, and solving the resulting standard eigenvalue problems
allows to obtain global information, for example, estimates of all characteristic roots
in a given compact set or in a given right-half plane. On the other hand, the (finitely
many) nonlinear equations (6.6) allow to make local corrections on characteristic
root approximations up to the desired accuracy, e.g., using Newton’s method or
inverse residual iteration.

Linear time-delay systems satisfy spectrum-determined growth properties of solu-
tions. For instance, the zero solution of (6.3) is asymptotically stable if and only if
all characteristic roots are in the open left-half plane.

In Fig. 6.3 (left), the rightmost characteristic roots of (6.2) are depicted for kt = 1.
Note that, since the characteristic equation can be written as AT + kte™** = 0, k and
T can be combined into one parameter. In Fig.6.3 (right), we show the real parts
of the characteristic roots as a function of kt. The plots illustrate some important
spectral properties of retarded type FDEs. First, even though there are in general
infinitely many characteristic roots, their number in any right-half plane is always
finite. Second, the individual characteristic roots, as well as the spectral abscissa,
i.e., the supremum of the real parts of all characteristic roots, continuously depend
on parameters. Related to this, a loss or gain of stability is always associated with
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Fig. 6.3 (Left) rightmost characteristic roots of (6.2) for kT = 1. (Right) real parts of rightmost
characteristic roots as a function of kt

characteristic roots crossing the imaginary axis. Figure 6.3 (right) also illustrates the
transition to a delay-free system as kt — 0%,

6.3.2 Critical Delays: A Finite Dimensional Characterization

Assume that, for a given value of &k, we are looking for values of the delay t. for

which (6.2) has a characteristic root jw, on the imaginary axis. From jo = —ke™®*
we get
—1
24+ D2n di 1
w.=k, 1, =2—"—,1=0,1,..., R"]= = —. (6.8)
We dt (tejwe) wc

Critical delay values 7. are indicated with green circles on Fig. 6.3 (right). The above
formulas first illustrate an invariance property of imaginary axis roots and their
crossing direction with respect to delay shifts of 27 /w.. Second, the number of
possible values of w, is one and thus finite. More generally, substituting A = jo in
(6.6) and treating t as a free parameter leads to a two-parameter eigenvalue problem

(ol — Ay —A12)v =0, (6.9)
with w on the real axis and z := exp(—jwt) on the unit circle. Most methods to solve

such a problem boil down to an elimination of one of the independent variables w or
z. As an example of an elimination technique, we directly get from (6.9),
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Jjo € 0(Ao+A12), —jw € o (A5 +Ajz™h)
= det (Ao +A12) ® (A§ + Ajz ™)) =0
= det ((Aoz + A122) ® (Ajz +A)) = 0.

where o (-) denotes the spectrum and @ the Kronecker sum. Clearly, the resulting
quadratic eigenvalue problem in z is finite-dimensional.

6.4 Control of Time-Delay Systems

6.4.1 Limitations Induced by Delays

It is well known that delays in controls loop may lead to a significant degradation of
performance and robustness and even to instability [9, 11]. Let us return to example
(6.2). As illustrated with Fig. 6.3 and expressions (6.8), the system loses stability if
T reaches the value 7 /2k, while stability cannot not be recovered for larger delays.
The maximum achievable exponential decay rate of the solutions, which corresponds
to the minimum of the spectral abscissa, is given by —1/t, hence, large delays can
only be tolerated at the price of a degradation of the rate of convergence. It should be
noted that the limitations induced by delays are even more stringent if the uncontrolled
systems is exponentially unstable, which is not the case for (6.2).

The analysis in the previous sections gives a hint why control is difficult in the
presence of delays: the system is inherently infinite-dimensional. As a consequence,
most control design problems which involve determining a finite number of parame-
ters can be interpreted as reduced-order control design problems or as control design
problems for under-actuated systems, which are both known to be hard problems.

6.4.2 Fixed-Order Control

Most standard control design techniques lead to controllers whose dimension is
larger or equal to the dimension of the system. For infinite-dimensional time-delay
system such controllers might have a disadvantage of being complicated and hard
to implement. To see this, for a system with delay in the state the generalization of
static state feedback, u(t) = k(x) is given by

0
u(r) =/ x(1 +6)d (),

where u is a function of bounded variation. However, in the context of large-scale
systems it is known that reduced-order controllers often perform relatively well
compared to full-order controllers, while they are much easier to implement.
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Recently new methods for the design of controllers with a prescribed order (dimen-
sion) or structure have been proposed [6]. These methods rely on a direct optimization
of appropriately defined cost functions (spectral abscissa, .74 /7%, criteria). While
¢ criteria can be addressed within a derivative-based optimization framework, 7%,
criteria and the spectral abscissa require targeted methods for non-smooth optimiza-
tion problems. To illustrate the need for such methods consider again Fig. 6.3 (right):
minimizing the spectral abscissa for a given value of 7 as a function of the controller
gain k leads to an optimum where the objective function is not differentiable, even
not locally Lipschitz, as shown by the red circle. In case of multiple controller para-
meters, the path of steepest descent in the parameter space typically has phases along
a manifold characterized by the non-differentiability of the objective function.

6.4.3 Using Delays as Controller Parameters

In contrast to the detrimental effects of delays, there are situations where delays have
a beneficial effect and are even used as controller parameters, see [12]. For instance,
delayed feedback can be used to stabilize oscillatory systems where the delay serves
to adjust the phase in the control loop. An illustration is given in Fig. 6.4, which
depicts the stability regions of oscillator

X(t) = —x@) +u(®), y@) =x(1),

0 20

-15 L L L L
2 4 6 8 10 12 14 16 18
T
Fig. 6.4 Stability regions in the (k, t)- parameter space of an oscillator controlled by delayed

output feedback. The numbers refers to the number of characteristic roots in the open right-half
plane
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controlled with delayed output feedback, u(#) = —ky(¢ — 7). Note that for t =0
the (second order) system is not stabilizable by static output feedback. For small &,
the sequence of stability—instability regions in the delay parameter space is related
to the feedback acting in-phase or anti-phase with respect to the oscillation of the
uncontrolled system. Note that, by taking & sufficiently small, systems with arbitrarily
large input delay can be stabilized as well.

Delayed terms in control laws can also be used to approximate derivatives in the
control action. For example a PD controller can by approximated by a control law
of the form

u(t) = —kiy(t) — kzw,

for t sufficiently small. This principle can be extended towards higher-order deriv-
atives (combined with a scaling property it allows, for instance, to derive stabi-
lizing control laws for integrator chains, using control laws of the form u(r) =
> kiy(t — ;) where the delays can be prescribed [8]). The experimental reconstruc-
tion and visualization of attractors of systems of high order via delayed time-series
of the output is grounded in a similar idea.

Control laws of the form

u(t) =F(y@) —y@t —1))

which depend on time-differences of state or output variables, so-called Pyragas
type feedback, have the property that the position of equilibria and the shape of
periodic orbits with period t are not affected (since the control law vanishes whenever
y(t) = y(t — 1)), in contrary to their stability properties.

Last but not least, delays can be used in control schemes to generate predictions
or to stabilize predictors, which allow to compensate delays and improve perfor-
mance [5, 15]. Let us illustrate the main idea once more with the system (6.1).

System (6.1) has a special structure, in the sense that the delay is only in the input,
and it is advantageous to exploit this structure in the context of control. Coming back
to the didactic example, the person who is taking a shower is -possibly after some
bad experiences- aware about the delay and will take into account his/her prediction
of the system’s reaction when adjusting the cold and hot water supply. Let us, to
conclude, formalize this. The uncontrolled system can be rewritten as x(t) = v(t),
where v(¢) = u(t — t). We know u up to the current time ¢, thus we know v up to
time ¢t + T and, if x(¢) is also known, we can predict the value of x at time ¢ + t:

t+t t
x,(t+ 1) =x(1) + / v(s)ds = x(t) +/ u(s)ds,

T

and use the predicted state for feedback. With the control law u(t) = —kx,(t + 7)
there is only one closed-loop characteristic root at A = —k, i.e., as long as the model



6 Delays Effects in Dynamical Systems and Networks: Analysis ... 133

used in the predictor is exact, the delay in the loop is compensated by the prediction.
For further reading on prediction based controllers, see, e.g., [5] and the references
therein.

6.5 From Stand-Alone Systems to Networks
of Interconnected Systems

We briefly discuss the effects of delays in networks of nonlinear coupled systems,
focusing on synchronization.

There are many examples of networks of interacting dynamical systems that
exhibit collective behavior. The most unambiguous form of collective behavior is
that of synchronization, which refers to the state in which all systems in the network
behave identically. Fireflies emit their light pulses at the same instants in time; crick-
ets chirp in unison for extended periods of time; and electrons move in synchrony in
superconducting Josephson junctions [14].

Synchronization is a form of relative stability, i.e., a stability property of the zero
solution of the error dynamics, which describe the differences between the state
variables of the systems. A special case of synchronization problems are consensus
problems, where the state variables of the different systems converge to a common
steady state value. Consensus problem are also important in the context of distributed
decision making, social networks (opinion dynamics), distributed and cooperative
control (adaptive cruise control, formation stabilization), just to mention a few [10].

Networks of identical diffusive delay-coupled systems are studied in depth in [13].
In order to highlight the effects of coupling delays, it suffices to analyze a model
problem consisting of two coupled systems,

Xi(1) = f(a@) +uwi(n), i=1,2,

with coupling

ui (1) = ki (x2(r — v) — x1 (1)),
[ 1a(1) = ko (1 = 7) = %2(0). (©10)
The linear coupling functions (possibly with zero delay) as in (6.10) appear in a large
number of applications, such as, networks of coupled neurons, networks of biological
systems, coupled mechanical systems and electrical systems. The coupling signal
u;(t) of node i is (in general) defined as the sum of weighted differences of time-
delayed outputs of connected systems and the node’s own output at time instant #,
yi(t). In this type of coupling, the delay models the effect of finite speed of signal
transmission.

Most nonlinear oscillators encountered in applications from engineering, physics
and biology are semi-passive, meaning that they behave as passive systems sufficiently
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far from the origin. Semi-passivity implies boundedness of solutions of the coupled
systems under mild additional conditions, also in the presence of delay.

The presence of observable synchronized behavior requires two properties to be
satisfied: the presence of a forward invariant manifold characterized by synchronized
motion, a so-called synchronization manifold, and (2) the satisfaction of a stability
property of this manifold, in the sense that it attracts neighboring solutions. To clarify
the role of delays, let us consider the above example and make a change of coordinate,
e(t) = xp(t) — x; (), resulting in

X1(0) =f(x1(0) — ki1 (1) —x1(t — 7)) + ket — 1),
et) =f@) +e®) —fxi(1) — kae(t) — kre(t — 1) (6.11)
+ki — k) (x1 (1) — x1(t — 7).

In the delay free case (6.11) becomes

510 = f (0 (0) +kie(® 6.1
&) =FOa() +e®) —f M) = (b + kew). '

Comparing (6.11) and (6.12) we conclude the following:

1. In the presence of delay, the existence of a partial synchronization manifold
(i.e., e = 0 being a solution of the second equation) requires k; = k,, whereas
e = 0 always solves the second equation of (6.12). This illustrates that additional
structural requirements on the coupling may be necessary in the presence of delay.

2. Assuming k; = kp, the dynamics on the synchronization manifold of (6.11) are
described by

x1(0) =fa @) — k(@) —x @ — 1),

which can be interpreted as the dynamics of one system, controlled with Pyragas
type time-delayed feedback. Since the dynamics on the synchronization manifold
are affected by the coupling, we call the type of coupling (6.10) invasive for t # 0.
On the other hand, the dynamics on the synchronization manifold of (6.12) are
described by the dynamics of one individual system.

3. For k; = k,, the dynamics transversal to the synchronization manifold of (6.11),
and its stability properties, are determined by the stability properties of an equilib-
rium of a delay differential equation with time-varying coefficients (considering
X1 as an exogenous signal), necessitating targeted analysis and synthesis tools.
Local stability is described by the linearization

se(t) = %(xl(t))(?e(t) — kaSe(t) — kyde(t — 7).

In the case of more complex networks, a decoupling of the linearized error
dynamic is possible based on the eigenstructure of the graph Laplacian matrix.
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Remark 6.1 Besides (6.10) another frequently encountered coupling type is
described by

u2(t) =k2(x1(t—r) _x2(f—‘L’)), (613)

[ ur(t) = k(o —1) —x( — 1)),
that is, both the node’s own output and the outputs of connected systems are delayed
by an amount of 7. This type of coupling models the effects of sensor/actuator delay.
Coupling (6.13) is non-invasive since it vanishes on the synchronization manifold
and, therefore, it does not affect the dynamics.

For large networks, the emerging behavior in bifurcations may be very complex,
and the error dynamics are high dimensional and hard to analyze, but simplifies
when the coupling strength is strong. For more information we refer to [13] and the
references therein.

Finally, let us take, instead of mutual coupling, a master-slave setting and make a
connection with predictive feedback in Sect.6.4.3. Suppose we want to predict the
state of a possibly chaotic system

X(1) = f(x(0),

over a time-window of length t. To achieve this one can build an “observer” of the
form

A1) =fz®) + K@@ — 1) —x0).

The key idea is that the second, correction term vanishes on the moment that x behaves
as a delayed version of z. The prediction error e(t) = z(t — ) — x(¢) satisfies

e(t) =fx@) +e) —f(x(t) + Ke(t — 7). (6.14)

The predictor is stable and the prediction reliable when K and 7 are such that the
null solution of (6.14) is asymptotically stable. Hence, eventually the synthesis of
the predictor boils down to a stabilization problem with delayed feedback, which
is prone to the fundamental limitations sketched in Sect.6.4.1. The above idea is
elaborated in [3] and called anticipating synchronization.

6.6 Conclusions

Time-delay systems, which appear in a large number of applications, in particular
in the context of networked systems, are a class of infinite-dimensional systems,
resulting in rich dynamics and challenges from a control point of view. The different
representations and interpretations and, in particular, the combination of viewpoints
lead a wide variety of analysis and synthesis tools.
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Chapter 7
Emergence of Oscillations in Networks
of Time-Delay Coupled Inert Systems

Erik Steur and Alexander Pogromsky

Abstract We discuss the emergence of oscillations in networks of single-input—
single-output systems that interact via linear time-delay coupling functions. Although
the systems itself are inert, that is, their solutions converge to a globally stable
equilibrium, in the presence of coupling, the network of systems exhibits ongoing
oscillatory activity. We address the problem of emergence of oscillations by deriving
conditions for; 1. solutions of the time-delay coupled systems to be bounded, 2. the
network equilibrium to be unique, and 3. the network equilibrium to be unstable.
If these conditions are all satisfied, the time-delay coupled inert systems have a
nontrivial oscillatory solution. In addition, we show that a necessary condition for
the emergence of oscillations in such networks is that the considered systems are at
least of second order.

7.1 Introduction

This chapter is concerned with networks of identical single-input-single-output
systems that interact via linear time-delay coupling functions. A little bit more pre-
cise, the coupling for a system in a network is defined to be the weighted difference
of the time-delayed output of its neighbors and its own, non-delayed output. The
delay models in this case the time it takes a signal to propagate from its source to its
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destination, and therefore it is reasonable to assume that the systems have immediate
access to their own outputs. We consider the case that the systems are inert, that is,
in absence of coupling each system has a globally asymptotically stable equilibrium.
We address the problem that, nevertheless, oscillations emerge in network of the
time-delay coupled systems.

The problem of emergence of oscillations in coupled inert systems goes back
to the early fifties of the previous century, starting with Alan Turing’s work on
morphogenesis [25]. About twenty years later, Steven Smale, being inspired by the
work of Turing, proposed a fourth-order model of chemical kinetics that, even though
the model is inert or “dead”, two identical copies of them in diffusive interaction
become “alive”, in the sense that they start to oscillate for an infinite amount of time
[18]. According to Smale there is a paradoxical aspect to the model:

One has two dead (mathematically dead) cells interacting by a diffusion process, which has
a tendency in itself to equalize the concentrations. Yet in interaction, a state continues to
pulse indefinitely.

Because of the importance of the class of equations coupled via diffusion in many
fields of science, Smale posed the sharp problem to “axiomatize” the necessary
conditions for diffusion-driven oscillations. A partial solution to his problem was
proposed in [23],' where the dynamics of two Lur’e systems in diffusive interaction
was studied using frequency methods. In that paper, it was shown that diffusion-
driven oscillations are possible with third-order systems. It was proved in [14] that
diffusion-driven oscillations cannot emerge from a unique equilibrium in case the
systems are of order lower than three. In that same paper, constructive conditions were
presented for the emergence of diffusion-driven oscillations. It is worth mentioning
that oscillations may emerge in networks of diffusively coupled systems of order two;
In that case the oscillations are born after a secondary bifurcation of equilibria [1].

The above-mentioned studies all considered diffusive coupling, which is (typi-
cally) symmetric and delay-free. We introduce a time-delay in the coupling terms.
Such time-delay coupling functions appear, among others, in network of neurons [6],
electrical circuits [16], and networked control systems [17].

We present conditions for emergence of oscillations in networks of time-delay
coupled inert systems. In particular, we present conditions for the solutions of the
time-delay coupled systems to be bounded, we discuss when the network equilib-
rium is unique, and we derive a condition (at the level of the dynamics of the systems
that comprise the network) for the network equilibrium to be unstable. If all these
conditions are satisfied the coupled system is oscillatory. Our results imply immedi-
ately that only if the dimension of the systems is at least two, then in time-delayed
interaction one may have oscillatory activity in the network. The results we present in
this chapter extend our previous results reported in [22] in the sense that we remove
the restriction to undirected networks.

We remark that we will only consider the case that the coupled systems can
not only be oscillatory for zero time-delay. The reason for this is that the results

! A minor flaw in that paper was corrected in [24].
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of [14, 15], which consider the delay-free case, remain true for sufficiently small
time-delays. A proof of this claim follows almost immediately from Rouché’s theo-
rem, cf. [5].

7.2 Preliminaries

Let R and C denote the real numbers and complex numbers, respectively. R is the
set of positive real numbers and R, = R, U {0} is the set of the nonnegative real
numbers. For a number x = a + bi € C with a, b € R and i being the imaginary
unit, i = —1, we denote R (x) = a and J(x) = b. Let C; := {x € C | R(x) e Ry}
and C, := {x € C| %(x) € R,}. Given positive integers p, ¢, and r, for 2" C R?
and % C R? we denote by ¢ (2", #') the space of continuous functions from 2
into & that are at least r-times continuously differentiable. If » = 0 we simply write
C(Z, %) instead of €°(Z", %). We denote € := € ([—1, 0], R¥) and we let this
space be equipped with the norm

¢l = sup [pO)], ¢€C.

—7<60<0

Here |-| is the Euclidean norm in RV”, |x| = +/x T x, where | denotes transposition.
For a positive integer k we let I; denote the k x k identity matrix and 1; denotes the
column vector of length k with all entries equal to 1.

Let £ € ([0, 0), R) be bounded on the whole interval of definition. Such a
function is oscillatory (in the sense of Yakubovich) if lim,_, o, £ (#) does not exist. In
that spirit we say that a system is oscillatory if it admits the following properties: 1.
the solutions of the system are uniformly (ultimately) bounded (such that solutions are
defined on [0, 00)) and, 2. the system has a finite number of hyperbolically unstable
equilibria.2 In other words, if the initial data are not an equilibrium solution or do
not belong to a stable manifold of an equilibrium, then at least one state variable of
an oscillatory system is an oscillatory function of time.

7.3 Problem Setting

We consider networks consisting of N single-input-single-output systems of the form

X (1) = f/ (1) + Bul (1)

V(6 = Cxi (1) .

2 An equilibrium solution of a delay differential equation is called hyperbolic if the roots of its
associated characteristic equation have nonzero real part, cf. [9].
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with j =1,..., N, states x/(¢t) € R", inputs u/(¢) € R, outputs y/(t) e R, f:
R"™ — R" is a sufficiently smooth function and matrices B, C of appropriate dimen-
sion with C B a positive constant. We shall assume that:

C1. thesystem (7.1) withu/ = 0has a unique equilibrium xo, i.e., f (xo) = 0, which
is globally asymptotically stable and locally exponentially stable.

Note that local exponential stability of the equilibrium is equivalent to all eigenvalues
of the matrix
Jo = J(x0),

with J (x) = a% (x) being the Jacobian matrix of f at x, having strictly negative real
part, i.e., Jy is Hurwitz.

Systems (7.1) interact via linear time-delay coupling functions of the form

W) =0 aply'(t —7) =y ()] (72)
12

where positive constant o is the coupling strength, positive constant 7 is the (prop-
agation) delay, and nonnegative constants a;, are the interconnection weights. In
particular, a; is positive if and only if there is a connection from system £ fo system
j. Define the N x N matrix A = (aj¢). Matrix A is the (weighted) adjacency matrix
of the graph that specifies the interaction structure. Note that we allow the graph to
be directed. We shall assume that the matrix A is irreducible and has zero diagonal
entries. This is equivalent to saying that the graph is simple, i.e., there is at most one
edge from node j to node ¢ and self-connections are absent, and strongly connected,
i.e., every pair of systems can be joined by a sequence of directed edges. In addition,
we assume that

C2. each row-sum of A equals 1.

The latter assumption is not strictly necessary but it simplifies notation significantly.
Moreover, this assumption ensures that the synchronous (oscillatory) state exists,
cf. [12, 19]. We remark that C2 implies, by the Gershgorin Disc Theorem, that all
eigenvalues of A are located in the closed unit disc in C.

7.4 Conditions for Oscillation

Given that C1 and C2 hold true we establish conditions for

1. the solutions of the coupled system (7.1), (7.2) to be uniformly bounded and
uniformly ultimately bounded;
2. the network equilibrium
Xo =1y ® xo

to be the unique, but unstable equilibrium.
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Clearly, if both points hold true, the coupled system is oscillatory. Uniqueness of the
network equilibrium is not necessary for the existence of oscillations. However, the
stability properties of additional equilibria are difficult to assess as the locations of
these additional equilibrium solutions depend on o . In addition, it is worth mentioning
that for a unique equilibrium the state of the coupled system can be oscillatory only
if one of its outputs is an oscillatory function of time. Indeed, in case none of the
outputs is an oscillatory function the value of each coupling function is (or converges
to) zero such that, by C1, the system is not oscillatory.

7.4.1 Bounded Solutions

Consider a single system (7.1) and let u/ (-) be a piece-wise continuous input function
being defined on [0, T'), T € R, and taking values in a compact set %7 C R. Let
x/(-) = x/ (-3 x§, u/[0, T)) be the solution of system (7.1) corresponding to input
u/ (-) being defined on [0, T'] and coinciding with xé at t = 0. Then we define a

(strictly) 6" -semipassive system as follows.

Definition 7.1 Suppose that there is a function S € " (R”, R,), called the storage
function, such that

S/ (1)) = S’ (0)) S/ [ ul)(s) = H(xI(s))] ds (7.3)
0

with H € €(R", R) and ¢ € O, T]._If there is a constant R > (0 and a nonnegative
nondecreasing function 4 : R, — R, such that

H(s) = h(|s]) (7.4)

for all |s| > R, then system (7.1) is called €"-semipassive. If (7.4) holds for all
|s| > R with a function A that is strictly increasing and such that i(s) — oo as
s — 00, then system (7.1) is called strictly € -semipassive.

Remark 7.1 In case the storage function S is continuously differentiable, i.e.,r > 1,
then (7.3) can be replaced by the differential inequality

San/ () < ud)(t) — H(x' (1)),

where the subscript (7.1) means that the derivative of S is taken along solutions of
(7.1) for given input u/ (-).

Lemma 7.1 (Boundedness) Ler wg, wy : [0, o0) — [0, 00) be strictly increasing
functions that satisfy wo(0) = w1 (0) = 0 and wy(s), wi(s)— 00 as s— 00. Suppose
that each system (7.1) is strictly €' -semipassive with storage function S that satisfies

wo([x/ ()]) <SG/ (1) < wi(|x/ @)]).
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Then for each fixed o and fixed t the solutions of the coupled systems (7.1), (7.2)
are uniformly bounded and uniformly ultimately bounded.

Proof (Sketch, a full proof is found in [20]) Let ¢ € €,

¢'(0)
p@=| : |, ¢'©®),....6"®) eR", 0e[-1,0],
Q)

and consider the functional

V() = v15(9'(0)) + 12S(@*(0) + - - - + vy S(9™ (0))
0
+ % Z vidje 1 (¢”(s)cTc¢f(s)) ds.
J
Here v; are positive constants such that

(v vy oy) Uy — A) =v Iy — A) =0.

The existence of the positive vector v € R" is implied by the Perron-Frobenius
theorem for irreducible matrices, cf. [10]. Note that the matrix Iy — A is irreducible
as A is assumed to be irreducible. Then, invoking the strict semipassivity property
and after some simple algebraic manipulations, we find that

V($) < —viH(@®'(0) — v2H($*(0) —--- — vy H(@" (0)) < =W (|¢(0)]) + M

for some strictly increasing function W : R, — R, and positive constant M. An
application of Theorem4.2.10 of [3] completes the proof. O

7.4.2 Uniqueness and Instability of the Network Equilibrium

We shall start with establishing conditions for instability of the network equilibrium.
Using C2 we can write the coupled system dynamics as

X)) =Fx@)+0[(A®BC)x(t — 1) — (Iy ® BC)x(1)] (7.5)
where
x1(r) F@)
x2(1) f(x2(@)
x(t) = ) , Fx@) = . ,

N FON @)
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and ® denotes the Kronecker (tensor) product. A linearization of (7.5) around the
network equilibrium X yields the dynamics

(1) =[Iy ® (Jo— 0 BO)i(t) + (6 A ® BO)F(t — 1). (7.6)

It is well known that the zero solution of the linear system (7.6) is unstable for some
o > 0 and t > 0 if (and only if) its associated characteristic equation

A, o0,7) =0 (7.7
with
A o,t) :=det (A, — Iy ® (Jo —0BC) — (0 A ® BC) exp(—AT))

has a root in C_. for that o and 7, cf. [9, 11]. However, computing the roots of the
characteristic equation (7.7) for a large number of points in the (o, 7)-parameter
space may be cumbersome. As a solution, we will present (sufficient) conditions for
instability of the network equilibrium at the level of the dynamics of the system (7.1).
For that purpose we denote

p(s)

H(s)=C(sl, — Jy)'B =
q(s)

the linear transfer function from u/ to y/ of the system (7.1) at its equilibrium. Here
p(s) is a polynomial of degree n — 1 and g(s) is a polynomial of degree n.? It is
assumed that p and ¢ are co-prime.

Lemma 7.2 (Instability) Suppose that C2 holds true. Let

n= in%iﬁ (H(iw)) .

If n <O, then for each o > ;—7; there exists a T > 0 such that the characteristic
equation (7.7) has a root in C,.

The proof of the lemma is provided in the Appendix.

It is important to note that the condition for instability in Lemma 7.2 is delay-
dependent. As we have remarked already in the introduction, we focus in this chapter
only on delay-dependent conditions for oscillations.

We continue with conditions for uniqueness of the network equilibrium.

Lemma 7.3 (Uniqueness of the network equilibrium) Lez C1 hold true and denote
the eigenvalues of Aby A;, j =1,..., N. Let \* be the smallest real-valued eigen-
value of A. Choose 6 € (0, oo] as the largest number for which the matrix

3As CB > 0 the system (7.1) has relative degree one.
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JE)—o(l—-21"BC

is nonsingular for all§ € R" and all o € [0, ). Then the network equilibrium solu-
tion Xo = 1y ® xq is the unique equilibrium solution of (7.5) for o € [0, o).

The proof of the lemma is provided in the Appendix.

7.4.3 Oscillations in Networks of Inert Systems

Lemmata7.1,7.2,and 7.3 provide conditions for the coupled systems to have bounded
solutions, the network equilibrium to be unique, and the existence of a time-delay
7 > 0 for which this equilibrium is unstable. The following theorem summarizes
these results.

Theorem 7.1 (Conditions for oscillation) Consider the coupled system (7.1), (7.2)
and suppose that C1 and C2 hold true. Suppose in addition that

o the systems (7.1) are strictly €' -semipassive with a storage function that satisfies
the conditions of Lemma 7.1;
e the matrix
JE)—o( —A")BC

is nonsingular for all £ € R" and all o € [0, ), where A* is the smallest real-
valued eigenvalue of A;
e n =inf,.oN (' (iw)) <0 and

Then for each o € [;—;, 6) there exists a T > 0 for which the coupled system is

oscillatory.

Using the second and third condition of the theorem (see also Lemmas7.2 and
7.3) one easily determines a (range of) coupling strength(s) for which there exist
T such that oscillations emerge. In particular, for any o € ;—];, 6) one can use
bifurcation software such as DDE-Biftool [7] for finding the values of T for which
the characteristic equation (7.7) has arootin C, . A viable strategy for computing the
bifurcation diagram in the (o, T)-parameter space is to start with some oy € [;—nl, 6)
and t = 0. Thenincrease 7 until at T = 7y a Hopf bifurcation is detected. (We remark
that the bifurcation that causes instability of the network equilibrium is necessarily a
Hopf bifurcation because otherwise the condition of Lemma 7.3 would be violated.) A
curve of Hopf bifurcation points can then be computed using a continuation algorithm
starting from (o, Ty ). See, for instance, [12] for an example.
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Theorem 7.1 also provides almost immediately a necessary condition on the
dimension n of the systems (7.1) for oscillations to emerge.

Corollary 7.1 If C1 and C2 hold true, then a necessary condition for a network of
inert systems (7.1) that interact via coupling functions (7.2) to be oscillatory is that
n>2.

Proof Anexample withn = 2isprovided in the next section and examples of systems
of order larger than two can be easily constructed. We complete the proof by showing
that the equilibrium of a network of coupled inert systems withn = 1 is always stable.
Let U be a nonsingular matrix such that

UT'AU = A

with A the Jordan normal form of A. Denote by %;, j = 1,..., N the eigenvalues
of A. After pre-multiplication of (7.7) by det(U ™' ® I,,) and post-multiplication of
(7.7) by det(U ® I,,) it is straightforward to see that the characteristic equation (7.7)
can have aroot A € C, only if thereisa j € {1,2,..., N} such that

L —Jo+o[l—x;exp(—=rt)] =0 (7.8)

for some 7 > 0. (See also the proof of Lemma 7.2 in the Appendix.) However, as Jy
is a negative constant by C1 and |A;| < 1 for all j by C2 there exists no A € C, that
solves (7.8). [l

7.5 Example

We shall illustrate our results in networks of inert FitzHugh—Nagumo (FHN) model
neurons [8]. The dynamics of this model neuron are given by the following equations:

i (1) = 0.08(x] (1) — 0.8x] (1))
() =x3(1) — $(x3(1)* — x{ (1) — 0.559 + u’ (1)

with output y/ (f) = x{ (#). One can easily verify that the isolated FHN model neuron

has alocally exponentially stable equilibrium at xo = (— 1.225 —0.980) T Moreover,
it is shown in [21] that the FHN model neuron is strictly € *°-semipassive with a
quadratic storage function. Hence, we conclude that the solutions of any network of
FHN model neurons are uniformly (ultimately) bounded for any nonnegative o and
7. To check whether we can have oscillations in a network of FHN model neurons,
we determine the transfer function .77 (s):

—0.064  0.08 ~ (0
%(s)=(01)(sf —( ~1 1—(—0.980>2)) (1)
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Fig. 7.1 a The cube network _
with uniform bidirectional y
interactions, and b the ring

network with uniform

unidirectional interactions

We find that n = inf,-g N(F(iw)) = —0.205, whichis attained atw = w* = 0.417.
Thus for coupling strengths

/J\
2)
3)

N

Q:/\’@,

0.5
0>0=——"07,
—  0.205

there exist T > 0 for which the zero solution of the linearized system is unstable,
hence the network equilibrium is unstable. In addition, because

det(J(§) —o(1 —2))BC) = () + L +0(1 - 1))

is positive for any & = (El EZ)T e R?, any o > 0 and any real-valued ij e[-1,1],
we conclude that the network equilibrium Xy = 1; ® xg is unique. Thus if 0 > o
there exist values of 7 for which the coupled FHN model neurons are oscillatory.

We have performed a numerical analyses with a cube network and a ring network,
which are shown in Fig.7.1a and b, respectively. The example with the cube network
has been taken from [22]. For both networks, we have determined the regions of
instability in the (o, T)-parameter space with 0 < o <8 and 0 < t < 20. These
regions, which are computed with DDE-Biftool [7] using the strategy explained in
the previous section, are shown in Fig.7.2a for the cube network and Fig.7.2b for
the ring network. In these plots the areas shown in gray correspond to the regions
of hyperbolic instability of the network equilibrium. The thick black curves are the
stability crossing curves; At a stability crossing curve the characteristic equation
(7.7) has a purely imaginary root.

In addition, we present the results of a number of numerical simulations, which are
performed with Matlab using the DDE23 solver. For each simulation we have used
constant initial data on the interval [—t, 0]. This initial data is chosen to be a normally
distributed perturbation of the network equilibrium, with mean and variance of the
perturbation being set to 0 and 0.05, respectively.

Figure 7.3 show the results of numerical simulation for the cube network with
o = 3 and either T = 8 or T = 15. The left plots show the birth of oscillatory activ-
ity from the network equilibrium. The eight smaller plots show 100 time units of
steady state oscillatory activity. In case of 0 = 3 and t = 8 we observe an oscillation
where neurons 1, 3, 6 and 8 oscillate synchronously, neurons 2, 4, 5 and 7 oscillate
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Fig. 7.2 The regions of stability (white) and instability (grey) of the network equilibrium in the
(o, T)-parameter space for a the cube network, and b the ring network
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andt =7,andc:o =5and 7 = 12

synchronously, but the oscillations of the two synchronized clusters alternate. An
increase of the time-delay to T = 15 results in completely synchronous oscillatory
activity. For more details about the (prediction of) resulting oscillatory activity in
this network we refer to [22].
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Figure 7.4 show the results of numerical simulation for the ring network with o =
Sandeitherr = 2,t = 7or t = 12. Again the left plots show the onset of oscillation
and the other plots show 100 time units of steady state oscillatory activity. In all
cases, we observe oscillatory activity in the form of persistent propagating waves.
In case of o = 5 and t = 2 stable rotating wave oscillations have emerged. Indeed,
the steady state oscillations are periodic and there is a constant time-shift between
the oscillations of any two adjacent neurons. For time-delay v = 12 we observe the
emergence of stable standing wave steady state activity, which is characterized by the
synchronous activity of neurons 1, 3 and 5 that alternates with synchronous activity
of neurons 2, 4 and 6. A somewhat intermediate oscillatory behavior is found for
T = 7. In this case, neurons 1 and 4 oscillate synchronously, neurons 2 and 5 are
synchronized, and the steady state oscillations of neurons 3 and 6 are completely
identical. However, the oscillations of neurons 1, 2 and 3, hence those of neurons 4,
5 and 6, take the form of a rotating wave. The emerged oscillatory activity in the ring
network can be analyzed and predicted using the theory presented in [12].

7.6 Conclusions

We have considered the problem of emergence of oscillatory activity in networks of
identical inert systems that interact via linear time-delay coupling. We have presented
conditions for

e the solutions of the coupled systems to be uniformly (ultimately) bounded;

e the network equilibrium, which is exponentially stable in absence of coupling, to
become unstable in the presence of coupling;

e the network equilibrium to be unique.

If all three points are satisfied the network of time-delay coupled system will be
oscillatory. Our conditions for the first two points above to hold true are expressed at
the level of the systems. In particular, a strict semipassivity property of the systems
ensures that the whole network has bounded solutions, and conditions for instability
of the network equilibrium can be verified by evaluating the transfer function (from
u’ to y/) of the uncoupled system in equilibrium. As a corollary to these results, we
have shown that a network of inert systems (7.1) with time-delay coupling (7.2) can
be oscillatory only if the systems are at least of second order.

We have illustrated our results with two networks, a cube and a ring, with FHN
model neurons as systems. For both networks we have determined the values of the
coupling strength o and time-delay v for which oscillations emerge. Trajectories
of the coupled systems are obtained for several values of the coupling strength and
time-delay by numerical integration of the governing equations. It is shown that
interesting patterns of oscillatory activity may emerge from a network equilibrium.

Afterword

This book chapter is written for the occasion of the 60th birthday of Henk Nijmeijer.
Both authors have shared many ideas, thoughts and papers with Henk on the collective
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behavior of coupled dynamical systems. We are certain to continue working together
with Henk on this fascinating topic for many more years.

Appendix
Proof of Lemma7.2

As mentioned in [4], the characteristic equation A(A; o, T) can have a root in C,
(for some 7 > 0) only if (at least) one of the following conditions is violated:

e Iy ® (Jo — 0 BC) is a stable matrix;
e Iy® (Jy—oBC)+ oA ® BC is a stable matrix;
e the spectral radius p* of the frequency dependent matrix

[Iy ® (Jo—0BO) "' [0A® BC]
is strictly smaller than one for all frequencies:
P ([IN ® (Jo — chC)]_1 [cA® BC]) <1 Yo > 0.

As already remarked in the introduction, we restrict ourselves to the case where the
network equilibrium is stable in case of zero time-delay. This implies that the first two
conditions are satisfied such that instability of the network equilibrium in presence
of time-delay requires the third condition to be violated. We show that the condition
of Lemma 7.2 implies this to be the case.

Using some elementary properties of the Kronecker product, cf. [2], we obtain
that

p (il — Iy ® (Jo =0 BO)] ™ [0(A® BO)) = p (A ® liwl, — Jo+ o BC)] ' BC).

Condition C2 implies that A has an eigenvalue equal to 1 (with right eigenvector
in span {1y}). Then employing the fact that the eigenvalues of c A @ [iwl, — Jo +
o BC)]7! BC are the product of all eigenvalues of o A and all eigenvalues of [iwl, —
Jo +0BC)]"'BC, cf. [2], we find that

p (oliwl, — Jo+0BC) 'BC) > 1
= p(liohm—In® (Jo—aBOI ' [o(A® BO)]) > 1.

“4The spectral radius of a square (complex) matrix is the largest eigenvalue in absolute value of that
matrix.
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Fig. 7.5 If the Nyquist plot
of Z(iw) = 0 7 (iw)) i
intersects with !
{s € C|%(s) < —1}. then 3
[ L) > |1+ L"), |
where |
w* = argming-oR (L(iw)) !

|

&

L(iw)

Some straightforward manipulations (that involve some theory about the inverse
of the sum of two matrices, cf. [13]) show that

p(w; 0) = p (oliwl, — Jo+ o BC)]"'BC)
_ lop(iw)| _‘ o (iw)
T gliw) +opliow))  |1+o0#(w)|

It follows from Fig. 7.5 that if the Nyquist plot of £ (iw) = 0 ¢ (iw) intersects with
{s € C|9%(s) < 1}, then there exists »* = arg min,-o% (£ (iw)) > 0 such that

| Z ()| > |l + L(iw")| = pl0*;0) > 1.

Inother words, if n = inf .o N (F(iw)) = N (H(iw*)) < 0,thenforeacho > ;—nl,

pl50)>1 = p([i0 lm—Iy® (Jo— aBC)]‘l [6(A® BO)]) > 1.

Fix o* > ;—; We now show that p(w*; o*) > 1 implies (7.7) to have a root in
C.. Define
B;o*, 1) =1—a(; %) exp(—At)

with O
o
Ao = ———,
%) =T
Note that p(w; 0*) = |a(iw; 0*)|. Consider the functionk : R, — R, k(w) =1 —
la(iw; 6%)|> = 1 — p*(w; 0*). Note that lim,_, o k (@) = 1 as limy_, o p(w; 0*) =
0. Because p(w*; 0*) > 1 there exist a wg > 0 such that p(wy; 0*) = 1. Let us
choose, without loss of generality, this wy such that for any small number § > 0
dk

we have p(wp — 8; 0*) > 1l and p(wy + 8;0%) < 1,ie., & = 3- > 0atw = wy. In
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addition, there is a Ty > 0 for which B(iwy; o*, 79) = 0. Following [11], pp. 95, if
we differentiate S(A; o, ) = 0 at . = iwy with respect to T, we find

N dr _]—LK’(a))<O
dr _20)0 0 ’

This implies the existence of some 7* < 7y for which 8(A; o*, t*) has arootin C,.
Let U be a nonsingular matrix such that

U'AU = A
with A the Jordan normal form of A and let X j»J=1,2,..., N,be the eigenvalues
of A. After pre-multiplication of (7.7) by det(U ' ® I,,) and post-multiplication of

(7.7) by det(U ® I,,), we conclude that the roots of (7.7) (of course, for o = o*) are
identical to the roots of

N
[Taio% D
j=1
with B
Aj(h; 0", ) = det (Aln —(Jo—0"BC) —0c*A;BC exp(—kr)) .

By C2 there is always an eigenvalue of A equal to 1. Without loss of generality, we
let Ay = 1 such that

Ay(h; 0, T) = det ()Jn —(Jo—0*BC) —0c*BC exp(—)n:)) .
It is straightforward to verify that A;(%; o*, t) and B(}; o, T) have the same roots.

Thus A (A; o*, 7) has a root in C, for some t* < 7y, which implies that (7.7) has
arootin Cy foroc =o*and v = t*. O

Proof of Lemma 7.3

The proof follows from arguments given firstin [15]. First we show that the conditions
of the lemma imply that the Jacobian matrix of

F(x)—o[(Iyx — A) ® BC)]x (7.9)
is nonsingular at all x € RM", Let again U be a nonsingular matrix such that

U'AU = A
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with A the Jordan normal form of A. Then the Jacobian matrix of (7.9) is nonsingular
if and only if
J(xh
] —o(Iy — A ® BC
JEY)

is nonsingular for all ¥/ € R”, j = 1,..., N. Due to the triangular structure of A
the above matrix is singular if and only if (at least) one of the matrices

JE) —o(l—1)BC, j=1,...,N, £§eR"

is singular. By construction the matrix BC has one positive diagonal entry and all
other entries equal zero. Thus J(§) — o (1 — A ;) BC can only be singular if X jisreal
valued. It follows that the conditions of the lemma imply that the Jacobian matrix is
nonsingular for all o € [0, 7).

Now we consider an auxiliary coupled system (7.5) with o replaced by eo with
parameter € € [0, 1]. By the conditions of the lemma the Jacobian matrix of this
auxiliary coupled system is, like the original coupled system, nonsingular at each
point in R¥*. Now suppose that for this auxiliary coupled system there is some
€ =¢€* € (0,1) for which there exists an equilibrium X{ other than the network
equilibrium Xj. Then, due to the implicit function theorem, this additional equilib-
rium point is determined by an equation of the form X = .%# (¢*). Decreasing ¢
from €* to zero implies the existence of an equilibrium other than X, for € = 0. This
contradicts C1, which states that the isolated system has a globally asymptotically
stable (hence unique) equilibrium. (]
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Chapter 8
Leader-Follower Synchronisation for a Class
of Underactuated Systems

Dennis J.W. Belleter and Kristin Y. Pettersen

Abstract In this work, leader—follower synchronisation is considered for underac-
tuated followers in an inhomogeneous multi-agent system. The goal is to synchronise
the motion of a leader and an underactuated follower. Measurements of the leader’s
position, velocity, acceleration and jerk are available, while the dynamics of the leader
is unknown. The leader velocities are used as input for a constant bearing guidance
algorithm to assure that the follower synchronises its motion to the leader. It is also
shown that the proposed leader—follower scheme can be applied to multi-agent sys-
tems that are subjected to unknown environmental disturbances. Furthermore, the
trajectory of the leader does not need to be known. The closed-loop dynamics are
analysed and it is shown that under certain conditions all solutions remain bounded
and the synchronisation error kinematics are shown to be integral input-to-state stable
with respect to changes in the unactuated sway velocity. For straight-line motions, i.e.
where the desired yaw rate and sway velocity go to zero, synchronisation is achieved.
Simulation results are presented to validate the proposed control strategy.

8.1 Introduction

This work considers leader—follower synchronisation for inhomogeneous multi-
agent systems with underactuated agents. In particular, we consider synchroni-
sation of underactuated marine vessels on straight-line trajectories and curved
paths. Leader—follower synchronisation has several applications concerning both
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autonomous and non-autonomous vehicles. Leader—follower synchronisation has,
for instance, been applied to underway replenishment operations, robot manipulator
master—slave synchronisation and formation control tasks.

In the marine systems literature, leader—follower synchronisation has played an
important part in research on underway replenishment of ships, see for instance [15,
19, 24]. For these operations, the supply ship is usually responsible for synchro-
nising its motion with the ship it is supplying. In [19] the case of a fully actuated
follower that synchronises its output with a leader with unknown dynamics is inves-
tigated. An observer—controller scheme is utilised to achieve synchronisation where
the observers are used to estimate the unknown velocities of the leader and follower.
The observer—controller scheme utilised in [19] is based on theory for master—slave
synchronisation of robotic manipulators investigated in [21]. In [24] the focus is on
interaction forces between two vessels during underway replenishment operations.
For control purposes, the constant bearing guidance algorithm from [6] is used to
synchronise the ships along a straight-line path. The vessels are underactuated, but no
analysis of the underactuated internal dynamics is given. In [15] underway replen-
ishment between fully actuated vessels is investigated and adaptive backstepping
controllers are designed to reject exogenous disturbances.

Leader—follower synchronisation is also widely applied for other coordinated
control applications. Applications include master—slave synchronisation of robot
manipulators in [21], leader—follower synchronisation for control of mobile robots in
[2, 10, 11, 23] and for formation control of marine vessels in [7]. For these applica-
tions, the models are either fully actuated or formulated only at the kinematic level.
However, most commercial systems are underactuated or become underactuated at
higher speed, e.g. vessels with a tunnel thruster to apply a sideways force are fully
actuated for low speeds but the tunnel thruster becomes inefficient at cruising speed,
see [9] and the references therein. Also cars and most mobile robots are underactu-
ated (nonholonomic) systems. Furthermore, many marine vehicles and autonomous
aerial vehicles are second-order holonomic systems with internal dynamics that are
not asymptotically stable, i.e. are non-minimum phase systems. A formation control
strategy that can be applied to underactuated multi-agent systems is considered in
[16] where hybrid control techniques are used. The approach is based on consensus
rather than leader—follower synchronisation and does not take into account distur-
bance rejection. In [22] formation control of underactuated vessels under the influ-
ence of constant disturbances is considered using neural network adaptive dynamic
surface control to track pre-defined paths.

In [4] formation control of underactuated systems is considered, and straight-line
path following in formation is achieved for underactuated marine vessels under the
influence of constant ocean currents. Straight-line target tracking for underactuated
unmanned surface vessels is investigated in [8]. In [8] constant bearing guidance is
used to track a target moving in a straight line, experimental results are presented
but closed-loop stability is not proven.

The case considered in this work is leader—follower synchronisation for an under-
actuated follower in an inhomogeneous multi-agent system. The multi-agent system
can thus consist of a leader with arbitrary dynamics as long as it moves in the same
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space as the follower(s). The follower can be any type of vehicle described by the
nonlinear manoeuvring model that is introduced in the next section. For formation
control purposes, each follower can again be the leader of other followers, or all fol-
lowers can have the same leader. Examples of possible configurations are autonomous
surface vessels (ASV) following an autonomous underwater vehicle (AUV) as com-
munication nodes during AUV search and survey operations, or a fleet of ASVs
manoeuvring by following a leader. Since we consider an underactuated system, we
need to take into account the full dynamic model in the control design and analysis.
In particular, since the system is underactuated it is not possible to consider a purely
kinematic model since then the internal sway dynamics cannot be analysed. More-
over, for the case considered here it is not possible to perform feedback linearisation
of the full dynamics. The leader dynamics and the leader trajectories are assumed to
be unknown. The leader is free to move as it wants independently of the follower,
but the follower has access to measurements of the leader’s position and velocity in
the inertial frame for use in the guidance law. If the follower uses controllers with
acceleration feedforward, the leader’s acceleration and jerk also need to be measured.
This includes cases where there is communication between the leader and follower,
but also when the follower reads AIS measurements of the leader [18].

It should be noted that the leader—follower synchronisation scheme in this work
has its dual problem in trajectory tracking. Hence, the input signal of the leader could
easily be replaced by a virtual leader. This is true for most, if not all, leader—follower
type synchronisation schemes since the leader can always be represented as a virtual
vehicle with known trajectory and properties. However, when performing trajectory
tracking in most cases it is preferable to use information about the dynamics of the
vehicle since then perfect tracking can be achieved for all types of motions. When the
leader dynamics and desired trajectory are not known a priori, the followers’ internal
dynamics might be perturbed by the chosen leader motion. Moreover, when the
strategy is applied in a chained form, i.e. followers become leaders to other vehicles,
the duality is lost. The stability properties derived in this work will still hold with
respect to each leader. However, string stability is not considered in this work and
should be investigated to analyse the error propagation along the chain of vehicles.

Preliminary results for this problem have been presented in [5], where the fol-
lowers’ yaw rate was used as a parameter to limit the motion of the follower to
reduce the synchronisation error. However, in this work, the effect of the internal
dynamics was not considered in the analysis of the guidance. In this chapter, we
generalise the results of [5] by analysing the complete closed-loop system including
the fully actuated closed-loop dynamics, the underactuated sway dynamics in addi-
tion to the synchronisation error kinematics. We discuss the conditions to achieve
synchronisation and the physical meaning of these conditions. In particular, we show
that the synchronisation error kinematics become integral input-to-state stable (ilSS)
with respect to changes in the velocity when coupled with the underactuated dynam-
ics, i.e. perfect synchronisation is not possible on trajectories that excite the under-
actuated dynamics. Moreover, we also prove that the constant bearing guidance
gives uniformly semiglobally exponentially stable (USGES) synchronisation error
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kinematics, rather than simply uniformly globally asymptotically stable (UGAS) and
uniformly locally exponentially stable (ULES) as proved in previous work.

The work is organised as follows. In Sect.8.2, the dynamic model for the fol-
lower and the constant bearing guidance algorithm are introduced. The closed-loop
behaviour is investigated in Sect. 8.3. Section 8.4 presents simulations considering
different scenarios. Finally, Sect. 8.5 gives the conclusions of the work.

8.2 The Follower

This section presents the model for the follower and the guidance law for the fol-
lower that is used to synchronise its motion to that of the leader. The leader—follower
synchronisation scheme is developed for a class of systems described by a 3-DOF
manoeuvring model. This class of systems includes underactuated autonomous sur-
face vessels (ASV) and autonomous underwater vehicles (AUV) moving in the hor-
izontal plane. However, it should be noted that the leader—follower scheme and
analysis can be extended to different classes of systems with similar properties such
as unmanned aerial vehicles by considering the appropriate dynamic model, con-
trol/guidance scheme and appropriate disturbances.

8.2.1 The Vessel Model

We consider an ASV or AUV moving in the horizontal plane. The motion of the
vessel is described by the position and orientation of the vessel w.r.t. the earth-fixed
reference frame, i.e. n £ [x, y,¥]7. For marine craft, the earth-fixed north-east-
down (NED) frame is usually used as an inertial frame [12]. The vector of linear
and angular velocities is given in the body-fixed reference frame by v £ [u, v, r]”,
containing the surge velocity u, sway velocity v and yaw rate r. The vessel is disturbed
by an ocean current expressed in the inertial frame n, i.e. the earth-fixed frame. The
current is denoted by V, and satisfies the following assumption.

Assumption 8.1 The ocean current is assumed to be constant and irrotational w.r.t.
A

n,ie. V. = [Vy, Vy, 0]7. Furthermore, it is bounded by V. > 0 such that ||V,| =

[VZ+ V2 < V.

The ocean current velocity is expressed in the body-fixed frame b and is denoted
by ve £ [ue, ve, 0]7. Tt can be obtained by v. = R ()T V. where R(v/) is the rotation
matrix from the body to inertial frame defined as

cos(y) —sin(yr) 0
R() £ | sin(y) cos(y) 0. (8.1)
0 0 1
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The vessel model is expressed in terms of the relative velocity defined as v, = v —
ve = [uy, vy, r]7 expressed in b. Since the ocean current is constant and irrotational,
the vessel can be described by the 3-DOF manoeuvring model [12]

n=RY)v +V,, (8.2a)
M, + C(v,)v, + Dv, = Bf. (8.2b)

The vector f £ [7,,T.1" is the control input vector, containing the surge thrust 7,
and the rudder angle 7,.. The matrix M = M” > (is the system inertia matrix includ-
ing added mass, C is the Coriolis and centripetal matrix, D > 0 is the hydrodynamic
damping matrix and B is the actuator configuration matrix.

Remark 8.1 By expressing the model in relative velocities, the environmental dis-
turbances can be incorporated in the model more easily and controlled more straight-
forwardly.

Assumption 8.2 We assume port—starboard symmetry.

Remark 8.2 Assumption 8.2 is to the authors’ best knowledge satisfied for all com-
mercially available surface and underwater vessels.

The matrices M, D and B are constant and are defined as

ni 0 0 d11 0 0 bll 0
M £ 0 noy mo3 |, D £ 0 d22 d23 s B £ 0 b22
0 mo3 m33 0 ds; ds3 0 b

The non-constant matrix C(v,) can be derived from M (see [12]).

Assumption 8.3 It is assumed that the position of the body-fixed frame is chosen
such that M~ 'B f = [7,,0, 7.]7.

Remark 8.3 This is possible as long as the centre of mass is located along the cen-
treline of the vessel. Coordinate transformations for this translation can be found in
[14].

The model can be written in component form as

X =u,cos(y) — v, sin(y) + V,, (8.3a)
¥ = u, sin(y) + v, cos(y) + V,, (8.3b)
v=r, (8.3c)
uw, =F, (v,,r)+ 1, (8.3d)
v, = X, )r + Y, )v,, (8.3¢)

’;:F'l‘(urvvrsr)—i_rr? (8‘3f)
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which is clearly underactuated in sway. Therefore, tracking has to be achieved by a
suitable velocity and heading assignment that takes into account the underactuation.
For this purpose, constant bearing guidance is used. The definitions of F,,, X (u,),
Y (u,) and F, are given by

d
A 11
F,, = —mxnv, +myr)r — —u,, (8.4)
mij my
2
ms, —mym dyzmaz — drzm
a Mo 11M33 33123 23133
X(uy) 2 S+ i) (8.5)
mpom33 — Myg mppm33 — Miys
A (Mo —my)mo3 dym3s3 — dzmas
Y(u,) = 7 Ur — 7 (8.6)
mppm33 — My3 mayms33 — My3

ma3dy — may(dsy + (ma — myp)u,)
Mypmszy — m3,

ma3(daz + myu,) — mp(dsz + mosu,) .

mayms33 — m% '

A
F.(ur, v, r) =

r

(8.7)

Note that X (u,) and Y (u,) are bounded for bounded arguments and Y (u,) satisfies
the following assumption.

Assumption 8.4 It is assumed that Y (u,) satisfies
Y(u,) < _Ymin < 0, Yu, € [—Vmax, Umaxl.

with Upax the maximal surge speed of the follower.

Remark 8.4 This assumption is satisfied for commercial vessels by design, since
Y (u,) > 0 would imply an undamped or nominally unstable vessel in sway direction.

8.2.2 Constant Bearing Guidance

This subsection briefly describes constant bearing guidance (CB) as presented in
[6, 12]. CB guidance assigns a desired velocity based on two different components
expressed in the earth-fixed frame. The first component is the velocity of the leader
vy =[x, y:17 which needs to be matched. The second component is the follower—
leader approach velocity v/, which is proportional, but upper-bounded by a maximum,
to the relative position in the earth-fixed frame between the follower and the leader
p" =[x, y"]T and is aligned along the line-of-sight (LOS) vector. The superscript
n denotes that the variable is expressed in the earth-fixed frame. An illustration of the
constant bearing guidance can be seen in Fig. 8.1. The desired velocity assignment
for constant bearing guidance is given by



8 Leader—Follower Synchronisation for a Class of Underactuated Systems 163

Fig. 8.1 Constant bearing
guidance velocity
assignments and position
error

vy = v + v, (8.8)
R (8.9)
1"

with v} the leader velocity, v/, the approach velocity and

p" & p"—pl, (8.10)

is the LOS vector between the follower and the leader, where || p" || > 01is the Euclid-
ean length of this vector and

17"
VBB + A7

with U™ the maximum approach speed and Aj a tuning parameter to affect the
transient leader—follower rendezvous behaviour, which results in the synchronisation
error kinematics

_ max
k=U,

(8.11)

=n

vy =—um— L (8.12)

From (8.9) and (8.11) it can be seen that as p" — 0 the approach speed goes
to zero and the velocity of the follower approaches the leader velocity. Conversely,
when p" — oo the approach velocity approaches U™ and the guidance commands
the maximum allowed velocity to close the gap.

Assumption 8.5 To assure that the problem is feasible, we assume that the sum of
the magnitude of the leader velocity, the maximum approach speed and the ocean
current is smaller than the maximum feasible surge velocity of the follower Ugys, i.e.

0711 + Ug™ + Vel < Uteas (8.13)
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for all + > 0. Moreover, the desired speed is required to be positive, and we therefore
need to assume that

I/l = U7 = 1IVell > 0 (8.14)

forall t > 0.

Remark 8.5 Note that in order to converge to a point that is at a desired off-set
w.r.t the leader p,, the position of the leader should be included in (8.10) as p} =
Pl e + R(Y1) p, where R(y) is a rotation matrix describing the orientation of the
leader. For curved paths, the velocity v} should then also be calculated in the off-set
point to track the curvature with minimal error which requires the leader’s yaw rate.

As shown in [12] the stability and convergence of the CB guidance scheme,
i.e. (8.8)—(8.9) and (8.11), can be investigated using the positive definite, radially
unbounded Lyapunov function candidate (LFC)

1
V= E(iJ”)Tﬁ". (8.15)

Time differentiation of (8.15) along the trajectories of p” gives

~n\T =1
V= 5 ol — o) = —x% (8.160)
B

= _Ua,max—
J @O+ A3

with v/) — v} = v/ by definition. Hence, the origin p" = 0 is uniformly globally
asymptotically stable (UGAS), which is the result given in [12].
Note however that by defining

<0, Y§"#0 (8.16b)

5 A Umax
¢* (1. p") = ——x (8.17)
J @R+ A7
which for each r > 0 and |p" (r)| < r gives
% =n U(Ilnax A *
¢, p) = ——==c"() (8.18)

which substituted in (8.16) gives

V < =25V, pP) (8.19)
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for all |p"(ty)| < r and any r > 0. The solutions of a linear system of the form
X = —2c¢*(r)x are given by

x(1) = €720 x (1g) (8.20)
so by the comparison lemma [17, Lemma 3.4] we have
V(t, p") < e 0V (1, p (1)) (8.21)
and consequently
12" ()] < 1P" (t0) [le= P (8.22)

for all t > 1, |p" (tp)| < r, and any r > 0. Therefore, we can conclude that (8.12)
is a uniformly semi-globally exponentially stable (USGES) system according to
[20, Definition 2.7], a result which has not previously been shown in [12] nor [5].

Theorem 8.1 Using the constant bearing guidance scheme, i.e. (8.8)—(8.9) and
(8.11), the origin of the synchronisation error kinematics (8.12) is uniformly semi-
globally exponentially stable (USGES).

The desired heading v, and its derivative, the desired yaw rate r,, are calculated
by extracting heading information from the inner and outer products of the desired
velocity v/, and the actual velocity v" [8]. This assures that v” is aligned with v/}.
Moreover, since it provides us with the course, and equivalently heading, information
it allows for compensation of the environmental disturbance. More details about
constant bearing guidance can be found in [12] and the references therein.

8.2.3 The Controller

The control goals are

lim p" = 0, (8.23)
r—0o0
lim 3" £ 0" — v =0, (8.24)

which correspond to synchronisation with the leader, i.e. that the follower vessel
follows the leader, with a constant desired relative position and the same inertial
frame velocity. Note that the body frame velocity may be different due to differences
in actuation topology etc. In this section, we present feedback linearising controllers
using the desired velocity and heading angle from Sect.8.2.2, in order to achieve
these control goals. In the following section, it will be shown that the feasibility of
these goals depends on the type of motion the leader executes.
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Since the follower is underactuated, we cannot directly control the velocity in the
earth-fixed coordinates, but rather the forward velocity and yaw rate in body-fixed
coordinates. Therefore, we transform the velocity error in the earth-fixed frame to
an error in the body-fixed frame using the coordinate transformation

7 | 0 0 )
iy | = |0 cos(l+va) sin + v) [ﬂ . (8.25)
Uy 0 —sin(y + ¥rg) cos(¥ + V¥ry)

It is straightforward to show that the Jacobian of this transformation is given by

9T 1 0 0
= [ SO+ () e SO) (8.26)
00T | —de() — s() —s() e()

with s(-) = sin(IZf + Yy)andc(-) = cos(& + v¥4). The Jacobian (8.26) can easily be
verified to be non-singular. Consequently, 7 is a global diffeomorphism. A physical
interpretation of this is that when v is driven to zero, i.e. v" is aligned with vl by
the CB guidance algorithm, the relative surge velocity error can be used to control
v" to v/;. Note that perturbation of the underactuated sway motion will disturb this
balance which will be shown in the analysis of the next section.

Remark 8.6 For the underactuated model considered here only i, = u, — u, canbe
used for control purposes, while for the fully actuated case v, = v, — v, could be
used to control the sway velocity and the perturbation problem does not exist. For
the underactuated case, the heading controller needs to assure that v” is aligned with
v’; and the control action can be prescribed solely by the surge actuator, something
which prevents the magnitude from being matched on curved trajectories and in the
presence of accelerations.

Remark 8.7 Note that the coupling between the heading and velocity control is what
allows for disturbance rejection. Since if a larger (or smaller) velocity is needed to
compensate for the effect of the current, the heading controller will assure that the
vessel is rotated such that v” and v/} are aligned and hence the vessel keeps the correct
course.

We will use the following feedback linearising P controller for the surge velocity:
Ty = — Fu,.(Ur, r) + ".td - ku, (ur - ud)7 (827)

with k,, > 0 a constant controller gain.

Using (8.27), we can control &, towards u, provided that we have the acceleration
of the leader available to calculate 1,4, but we cannot directly control v,. Along the
lines of [8], we aim to control v, indirectly by using a proper yaw rate controller.
Following [8], we have for ¥ = x — x4:



8 Leader—Follower Synchronisation for a Class of Underactuated Systems 167

o v x v YU — Xvy
sin(§) = —4—— = i > (8.282)
[ICANPA 0 o w0 o2 Lo
(Vg )° + (g )7 ) (X% + y%)
o Ty Xvg .+ yvg
cos(§) = —L—— = al J (8.28b)
ICANCA 0 o n o) e 1 oo
(w502 + )?) G2 +52)
. VXU YU, — XU,
tan(y) = o = PR
d d,x yvd,y
= X = —atan2(yvy , — ¥y, Xvy  + vy ) (8.28¢)

where ¥ 2 v — Y+ B — Ba £ ¥ + B with B the difference in side-slip angle
between different orientations. We can thus define

Y — B =V —atan2(yv  — kvj KV + 0] ) (8.29)
Note that from (8.28) we also have

. e . oo n N n 7l

Xy —yxX | VayYax ~ VaxVay
- J n n
232+ W)

5 = (8.30)

SO We can write

: Xy — X ViV, — Vg Vg
ri—B=r——F5—5 - —2"5 R E (8.31a)
X“+y (Ud,x) + (Ud,y)

A .. . .. .
=r—Ri(up, v, X, 9, 0)r — Ry(vly, v) — Ra3(uy, vy, X, 5, v}, ¥))

(8.31b)
where
Ri) 2 u% + v% + Vx2 + X (up)(uy + vf’u) — vrvé”v + urvf’u — UZ,X(VX — vy sin(yr))
u? +v? + 2(urvé”x + vrvé”y) + sz + Vy2
—@ @ = v2y) = v P )cos(W) +cost (V= V)
ut +v? + 2(urvgx + vrvf’y) +VZ+ Vy2 = Ch

Ro() N Ug,yi)s,x o vg,xbs,y

(vg,x)2 + (v('},y)2
Ra() & Y(u;m <Zr + vé’,u>b+ ku,<urb— ud)<vzr - vf;,l»

up +vr +2@urvd x +orvey) + Vi + Vy

i)g’x(u{{u — o) cos(y) + 3 | (Ve — vy sin(y) — w2, cos(y)) - ch

— 3

u? + 02 + 2l + vl ) + VE+VE

andv?, £ V, cos(¥) + Vysin(y) andv? | £ =V, sin(¥) + V, cos(y) are the com-
ponents of the current expressed in the body frame axis.
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Note that R can be bounded by the constant C 2‘]‘”‘ since R; has the same growth
rate in v, and u, for the denominator and numerator while the ocean current compo-
nents are bounded (in body frame) and constant (in inertial frame). The term R; can
be bounded by the constant C, since the denominator and numerator grow at the
same rate with respect to v, and u, and the current is bounded. Note that the denom-
inator of Ry, R, and Rj3 are larger than zero for non-zero ||v"| and ||v};|| which is
verified by Assumption 8.5. Boundedness of R, will be considered later since its
numerator grows linearly with v, and its denominator does not grow with v,..

Since the inertial frame velocities, i.e. X and y, are measured V, and V, can
be substituted in expression (8.31) using the model equations (8.3a) and (8.3b),
respectively, for implementation purposes. Alternatively, a kinematic ocean current
observer as in [1] can be used to estimate X, y, V, and V, based on measurements of
the positions and relative velocities. Hence, all the variables in (8.31) are known and
can thus be substituted in"the yaw rate controller. A further derivative of (8.31) can

be taken to obtain ¥, — B as an acceleration feedforward. Note that this will also
require knowledge of the jerk of the leader motion since it contains Rz(vz, v’) and
R3(uy, vy, %, y, 00, ).

To control the yaw rate, we use the following controller:

1 . .
. =—F-(u,,v.,r)+ — (—R Up, Vr, X, ¥, V)r — Ry(v", 0"
r r Uy, vp, 1) Rl(ur,vr’X,yJ)Z) 1(ur, vy y d) 2(d d)

— Rs(ttr, vr, %, 3, 0 85) = ky (0 = Ya + ) =k O =+ B)) (8320
1

=—F-(uy,v,r)+ — (—R Uy, vy, %, 3, 0)r — Ry (v, v
(U, v, 1) Rl(ur,vr,x,y,v(’}) 1 (U, vy y d) Z(d d)

— Raay, vy %, 3,90, ) — ky 7 — ki) (8.32b)

with ky > 0 and k, > O constant controller gains. This control action is well defined
if Ri(u,, v,, x,y, v}y) satisfies certain conditions, which is something discussed in
the following when considering the boundedness of r. We introduce the vector § é
li,, ¥, x17, with the tracking errors ii, 2 u, —ug, X 2% + B and ¥ 2 ¢ — B.
The dynamics of & can be found by applying the controllers (8.27) and (8.32) to the
dynamical system (8.3) resulting in:

' —k, 0 0
E=| 0 0 1 |&2 3¢ (8.33)
0 —ky —k,

The system (8.33) is linear and time invariant and k,,, , ky, and k, are strictly positive.
Consequently, X' is Hurwitz and the origin of (8.33) is uniformly globally exponen-
tially stable (UGES) and hence the controllers guarantee exponential tracking of the
desired surge velocity and course.
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Note that through the assignment of (8.32) we use the heading controller to per-
form course control, i.e. we force the direction of v; and v" to be equal. To investigate
how the course controller affects r, we start by rewriting (8.31) to obtain

1 .
F= S _ Ry, ") — R uvxvv) 8.34
Rl(ur,v,,fc,)'),vZ)(X 20, 81) — Ry, vy, %, 5,05, 81))  (8.34)

This function is well defined if the numerator of R; given in (8.31) is larger than
zero. This condition is satisfied if u, is sufficiently large at all time and if u, starts
sufficiently close to u,; The term x /R, will be bounded since ¥ is bounded and R;
is bounded by constant Cg, as shown earlier. The same holds for the term R3/R;.
The term R»/ R, however grows linearly in v, since vy , and v} , depend linearly on
v, since the derivative of the approach speed v/} depends on x and y. When (8.34) is
substituted in (8.3e), the linear growth will assure that there is no finite escape time
for v, but some conditions have to be satisfied to show boundedness. Summarising
the above, we have that the course controller results in a well-defined yaw rate if the
following condition is satisfied.

Condition 8.1 If the numerator of R; is strictly larger than zero, then the yaw rate
equation (8.34) is well defined and bounded. In particular, besides being upper-
bounded there also exists alower bound for R; suchthat0 < C 1‘?}“‘ < Ry(u;, v, x, y).

Remark 8.8 Condition 8.1 is satisfied for a sufficiently large desired surge velocity
ug if u, starts in a neighbourhood of u,. Further analysis has to be performed to find
the precise physical meaning of the bound, but it appears to be that inertial frame
velocity vector has to have a positive magnitude for all time. This can be satisfied by
keeping the surge velocity u, sufficiently large to be able to dominate the effects of
the ocean current and the sway velocity v,. In particular, if the inertial frame velocity
vector would have a zero crossing, the rotation would change instantaneously and
when the magnitude of the inertial frame velocity vector is zero then the desired
rotation is undefined.

Remark 8.9 Note that Condition 8.1 is a condition that plays a role in the initial
behaviour when the difference between the initial orientation of the follower and
the leader is large, e.g. if they point in opposite directions. In this case, u, obtained
from (8.25) needs to be saturated to a lower bound such that it stays positive and
well defined. As soon as the follower is oriented in the same direction as the leader,
Condition 8.1 is easily satisfied for physically sensible motions of the leader and u,
can simply be obtained from (8.25).

The term R, can be interpreted as dependent on the desired curvature of the motion.
In particular, it can be rewritten as R, = ||v/;||« where « denotes the curvature of the
desired trajectory. This term grows linearly with the inertial frame velocities of the
follower since it depends on v/,
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Ry(ul. i) — VayVax = VaxViy  VayUe = Va. Uy | ViyUax~ Va.Vay
PR 2+ ) P ) (0 )7+ ()2
vd,x vd,y vd,x vd,y vd,x vd,y
(8.35)
which using the transformation (8.25) can be bounded by
Uénax vs’y +v2,x vz}ﬁy(iz+f§)+vg,x(§2+ﬁ) _
Re= W 2+ D)2\ 2o 2T ¥2 4§52 4 AZ)3/2 o+ Cry
d,x d,y X2+ y2 + Aﬁ (xX=+y-+ ﬁ)
£ R0, + Cg, (8.36)

where Cpg, is some constant which magnitude will depend on the leader’s velocity
and acceleration. Note that the term R} is uniformly bounded for desired velocities
greater than zero and that it decreases as the positional error grows. Moreover, it
contains two parameters that can be tuned, i.e. the maximum approach speed U, max
and the interaction tuning parameter A ;. Hence, these tuning parameters can be used
to influence the interaction behaviour between r and v,.

8.3 Closed-Loop Analysis

In this section, the closed-loop system, i.e. the fully actuated closed-loop dynamics,
the underactuated sway dynamics and the synchronisation error kinematics, are inves-
tigated. In particular, the closed-loop path-following error kinematics and dynamics
for (8.2) with the proposed leader—follower synchronisation scheme is given by

R [u cos(§ = B + V) — b, sin(x — B + x/qu
\/m i, sin(x — B+ va) + 0, cos(} — B+ va)
(8.37a)
B = Y ()0, + X u)r — vg — Y (uy)va (8.37b)
E=X¢ (8.37¢)

where v, and v, can be verified to be given by

va = (Ve — vy ) sin(y) — (Vy — vy ) cos(¥) (8.38)
Vg = =0y sin(y) + (Vx — vy Jrcos(y) + 0y, cos(yr) + (Vy — vy )rsin(yr)

==y, + 0, + (Vy — v )r)sin(¥) + (0, + Vg, + (Vi — vg 1) cos(¥)

(8.39)

with v, bounded for a bounded leader velocity. The equation for v, depends on v}, ,

1');" y and r which will depend on v,. However, as in (8.36), we can derive a bound
for l')d
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. VC—U" 2R/ [ max )E+~ 2 .
by < (WVe— vl a (qungLT B+ C
CR /£2+§2+A% X2+ 5y 443
(8.40a)
< C3v, + C; (8.40b)

where C, is a constant which will depend on the leader’s maximum velocity and
acceleration and on the magnitude of the ocean current. The magnitude of the constant
C; can again be adjusted by tuning U™ and A .

Please note that the terms perturbing the CB path following error system in (8.37a)
compared to (8.12) arise since we here do not only consider the kinematic model,
but instead take into account the (underactuated) dynamics given in (8.37b)—(8.37¢).
We thus take into account that the desired inertial frame velocity may not be matched
since part of the error in the inertial frame velocity error is transferred to the sway
direction as seen in (8.25). Note that this coupling between the underactuated dynam-
ics and the synchronisation error kinematics was not taken into account in [5].

In order to not violate Condition 8.1, we analyse the system (8.40) under the
following assumption.

Assumption 8.6 The desired relative surge velocity is saturated to a sufficiently
large lower bound u 4 i, such that Condition 8.1 is not violated. It is assumed that
there exists such alower bound that satisfies ug min < ||} ]|, 1.€. that the leader velocity
can be matched without violating Condition 8.1.

Since u, = uy is a stable equilibrium point the surge velocity dynamics, for any
8 > 0 there exists a positively invariant neighbourhood of the equilibrium point such
that all solutions originating in this neighbourhood satisty |u, — u,| < 8. Therefore,
in the remainder, we only consider solutions starting in the neighbourhood of 1, = u,
such that Condition 8.1 is not violated and there are no finite escape times.

Since substituting (8.34) in (8.37b) shows that there is no finite escape time for v,
and the tracking dynamics (8.37c) are UGES, it suffices to investigate local bound-
edness of v, near the set where u, — uy; < § such that r is well defined. Therefore,
we consider the system

O = Y () + X (u)r — g — ¥ (u)vg (8.41)
We substitute (8.34) and we obtain

X (ur)
R[(Llr, Ur, -).Ca )‘77 vZ)
— by — Y (u,)vg (8.42)

b =Y (u,)b, +

(% = Rowl. 8) = Rauy, vy, &, 3, 90, )
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Using the following Lyapunov function, we show boundedness for all solutions
starting in the neighbourhood of u#, = u, by considering the Lyapunov function

1
V(@) = 553 (8.43)
The derivative of (8.43) along the solutions of (8.41) is given by

X () (7 = RoWho 8) = Rsatr, vy, 5. 3,0 )

V(i) =Y (u,)i? "
(U) (M )Ur+ Rl(ura Ur,)'C, ).)’ vﬁ) '
+ (Ud - Y(ur)vd) f)r (844a)
R X" (1714 Cr. + Ca,)
< |Ym1n|_¥—(j3 173"' min : 3 ﬁr
CR, Cr,
+ (Cy + Y™™ |vy) v, (40

where Y™ ymax gnd XM gre the minimum and maximum values over the interval
of velocities considered and will exist for sufficiently small §. From which we can
conclude boundedness if

[y™| |R) C3 8.45
|Xmax| = C%nlin + |Xmax| ( : )

which is a bound that depends on the leader motion, the environmental disturbance
and parameters U, and Aj. From (8.36) and (8.40), we can see that the term
R} can be tuned using the parameters U™ and Aj. In particular, if we increase
Aj, i.e. choose a smoother leader—follower rendezvous behaviour, then the terms
R} and C3 will be reduced. Hence, condition (8.45) can be guaranteed to hold by
appropriate tuning of the constant bearing guidance algorithm and all solutions of

(8.37b) originating in a neighbourhood of u, = u, are uniformly bounded.

Remark 8.10 Note thatincreasing A 5 has an effect on the dissipating termin (8.37a).
In particular, it lowers the ‘gain’ of the synchronisation around the origin, i.e. the
turning manoeuvre required will be less severe which has a positive effect on (8.45),
but the synchronisation error increases since the follower takes a smoother trajectory.

We can now investigate the interconnection between (8.37a) and (8.37b). In par-
ticular, we show that the synchronisation error kinematics are integral input-to-state
stable with respect to the output of (8.37b) and (8.37c¢). If we lump the perturbations
into a new input v(t) £ [v1(1), v2(1)]7, we can rewrite (8.37a) as

. Umax
="t (8.46)
(B'P" + 47
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If we consider the Lyapunov function

~n\T =n
V(p") = _P)r (8.47)
TP+ A
we obtain
. 5T S 7P (BT p"
V() = )P —( )( ) (8.484)

(i)")Tﬁ"+Af; 2((i)n)TI~’n+A%)3/z
20 GNTR U (BB
< (i?n)TIN’n'FA% ((iJ'l)Ti’n+Aif)
- _25];"3XEI~J")TI~7H e (@""p") + 3\/5”[,/;“ 717 (8.48¢c)
GV AL (e az)

3
7 + 3 lv(@)|l (8.48b)

The first two terms are clearly negative definite and the third term is a class %
function of the input. Consequently, (8.47) is an iISS Lyapunov function for (8.37a)
[3] and the system (8.37) is iISS with respect to i, and v,. The results of this section
can be summarised in the following theorem.

Theorem 8.2 Consider the system (8.37). Under Assumptions 8.1-8.6 all the solu-
tions of (8.37) starting in a neighbourhood of u, = u, are bounded if the CB guidance
algorithm is tuned such that it holds that

[yme| Ry &

> 2 (8.49)
|Xmax| CRl |Xmax|

for the given leader motion. Moreover, the synchronisation error kinematics (8.37a)
are integral input-to-state stable with respect to the output of (8.37b)—(8.37c¢).

Corollary 8.1 If the leader trajectory is a straight-line with constant velocity then,
under the conditions of Theorem 8.2, the synchronisation error converges to zero.

Proof In this case, the course of the leader and its inertial frame velocity are constant.
Therefore, as the follower synchronises with the leader its course will converge to the
leader’s course. Since v, is not directly controllable, the only stable configuration the
follower can be regulated to, to keep a constant course, willbe whenr — 0 and v, —
0. Consequently, both v, and i, go to zero and we arrive at the unperturbed version
of (8.37a), i.e. (8.12), which has a USGES equilibrium according to Theorem 8.1.
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8.4 Simulations

In this section, two scenarios are used as case studies to validate the control strategy

1. the leader moves along a straight-line path that is at an angle with respect to the
earth-fixed frame.
2. the leader moves along a sinusoidal path.

In both cases, the follower ship is affected by a constant ocean current. The leader
is represented by a point moving in the horizontal plane that is to be followed. This
allows for a very straightforward implementation of the desired path and illustrates
that the leader dynamics are not needed for the control strategy. Some parameters for
the simulations are given in Table 8.1. This includes the parameters for the controllers
and guidance law, and the magnitude of the ocean current. The follower vessel in the
simulation is described by the ship model from [13].

Table 8.1 Simulation parameters

Variable Value Unit Variable Value Unit
Uy, max 2 m/s ky 0.04 -
Ap 500 m ky 0.9 -
Vi —1.1028 m/s ku, 0.1 -
Vy 0.8854 m/s
14000 f Leader : 3 3 3 ; C
= = = Follower : : : : :
19000 b 1M
10000 F- 1
6000 [ .
4000 b A
0 A B A S DN
-2000 0 2000 4000 6000 8000 10000 12000 14000 16000

Fig. 8.2 Motion in the horizontal plane

y [m]
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8.4.1 Straight-Line Path Following

The motion of the leader and the follower in the horizontal plane can be seen in
Fig.8.2. From Fig. 8.2 it can be seen that the follower converges to the trajectory of
the leader and compensates for the current by side-slipping to maintain the desired
path. The side-slipping is a desired result of the control strategy and is necessary to
remain on the straight-line path in the presence of ocean currents. In particular, since
the vessel is underactuated in sway, a side-slip angle w.r.t. the path is necessary to
compensate for the force pushing the vessel in the transverse direction of the path.
Since the desired heading angle is calculated from the inner and outer products of
the desired and actual velocity, the desired angle is the angle for which the velocity
error is zero, which is the necessary side-slip angle.

The synchronisation error in x and y can be seen in Fig.8.3. Figure 8.3 clearly
shows that X" and y" converge to zero. Hence, target tracking or leader—follower

20 T T T T T T T T T

R S [ UIEIIaE SR IITEIEE TSI
A0 |-

-60

-80 1000 . .- - -2000. - - - -3000. - - -4000. . - - -5000. - .

oo

120 L L 1 L L L 1 L L
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Time [s]

GOO T T T T T T T T T
BO0 fy -

400 -\ - - R I e e
= 300 f-\ SRR Q] e T

s ; ; : ; : :
= 200 F -\t gon
: ‘ 1000 © 2000 3000 4000 5000

00 F - - SRR P R L P L et

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Time [s]

Fig. 8.3 x (top) and y (bottom) synchronisation error
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synchronisation with zero synchronisation error is attained for straight-line motions
with r; — 0 which is in-line with our analysis of Sect. 8.3.

8.4.2 Sinusoidal Path Following

In the second case study, the leader generates a sinusoidal reference for the follower
which demands a constantly changing desired yaw rate. Hence, the synchronisation
error kinematics are perturbed.

The trajectory of the leader and the follower for tracking of a sinusoidal path
can be seen in Fig. 8.4. From Fig. 8.4 it can be seen that the follower gets close to
the trajectory of the leader and compensates for the current to maintain the desired
path. Figure 8.5 shows the position synchronisation error in the x and y direction.
From Fig.8.5 it can be seen that the synchronisation error in x decreases below
an amplitude of about 1.5m, while the error in y direction, which is the direction
transversal to the propagation of the sinusoid and most prone to drift, decreases to
below 2.5 m. Note that the error plots are asymmetric due to the vessel changing its
direction with respect to the current which causes different behaviour.

The behaviour in the test-case is in-line with the analysis of Sect. 8.3 since we have
convergence from large initial errors, the follower converges towards the trajectory
of the leader. When the follower is close to the leader, the follower exhibits integral
input-to-state stable behaviour and stays in a neighbourhood of the leader dependent
on the size of the desired yaw rate to track this motion.

T T T T
14000 |- Leader ‘
= = = Follower

12000 F

10000 |

8000 [

z [m]

6000 [

4000

2000 |

-8000 -6000 -4000 -2000 0 2000 4000 6000 8000
y [m]

Fig. 8.4 Motion in the horizontal plane
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Fig. 8.5 x (top) and y (bottom) synchronisation error

8.5 Conclusions

This chapter has presented and analysed a control scheme for leader—follower syn-
chronisation for inhomogeneous multi-agent systems consisting of an underactuated
follower and a leader vessel with unknown dynamics. The developed leader—follower
scheme can be applied to multi-agent systems with underactuated follower agents that
are subjected to environmental disturbances. The dynamics of the leader is unknown,
and the leader may be fully actuated or underactuated. Position and velocity mea-
surements of the leader are available to the follower for use in the guidance law. If the
follower uses controllers with acceleration feedforward, acceleration and jerk mea-
surements of the leader also need to be available to the follower. The leader is free to
move as it wants independently of the follower(s), and can for instance be manually
controlled. The follower thus has no information about the future motion of the leader.
The follower uses a constant bearing guidance algorithm to track the leader. The con-
stant bearing guidance algorithm is shown to provide USGES synchronisation error
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kinematics. The constant bearing guidance algorithm is then coupled to controllers
designed for the underactuated follower vehicle. This results in a closed-loop sys-
tem consisting of the fully actuated controlled dynamics, underactuated dynamics
and synchronisation error kinematics. The solutions of the underactuated and the
fully actuated dynamics, have been shown to be bounded under certain conditions.
Furthermore, the synchronisation error kinematics has been shown to be integral
input-to-state stable with respect to changes in the unactuated sway velocity. More-
over, it has been shown that synchronisation can be achieved when the leader moves
along a straight-line since in this case the perturbation of the underactuated dynamics
to the synchronisation error kinematics vanishes. The validity of the control scheme
has been shown in a case study.

Acknowledgments The authors would like to thank Erjen Lefeber for the valuable discussions on
and inputs to the material presented in this chapter.
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Chapter 9
Position Control via Force Feedback
in the Port-Hamiltonian Framework

Mauricio Muiioz-Arias, Jacquelien M.A. Scherpen and Daniel A. Dirksz

Abstract In this chapter, position control strategies via force feedback are presented
for standard mechanical systems in the port-Hamiltonian framework. The presented
control strategies require a set of coordinate transformations, since force feedback in
the port-Hamiltonian framework is not straightforward. With the coordinate trans-
formations force feedback can be realized while preserving the port-Hamiltonian
structure. The port-Hamiltonian formalism offers a modeling framework with a clear
physical structure and other properties that can often be exploited for control design
purposes, which is why we believe it is important to preserve the structure. The pro-
posed control strategies offer an alternative solution to position control with more
tuning freedom and exploit knowledge of the system dynamics.

9.1 Introduction

We are honored to write this chapter at the occasion of the 60th birthday of Henk
Nijmeijer. I (the second author) know Henk as an influential and stimulating teacher
during my study Applied Mathematics at the University of Twente more than 25
years ago. When I performed my traineeship and master thesis project under his
supervision, he raised my interest in doing a Ph.D. in the field of systems and con-
trol. The corresponding research environment in Twente was open, international and
inspiring, and Henk contributed significantly to that, being one of the leaders in the
field of nonlinear control systems. In recent years, we started to collaborate and
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publish together. I wish for new collaborations and exchange of ideas in the future.
Congratulations Henk!

The current technological advances continuously increase the demand for robots
and intelligent systems that are fast, accurate, and able to perform tasks under different
circumstances. Sensing and using force measurements are examples of how reliability
and performance of such robotic systems can be improved for almost all tasks in
which a manipulator comes in contact with external objects [3, 10, 24]. Position
control with force feedback for robotic systems has been thoroughly discussed in [3,
10, 18, 19, 25] and the references therein for the Euler—Langrange (EL) framework.
In the EL framework, control design is based on selecting a suitable storage function
that ensures position control. However, the desired storage function under the EL
framework does not qualify as an energy function in any physically meaningful sense
as stated in [3, 19].

In this chapter, we present position control strategies via force feedback for stan-
dard mechanical systems in the PH framework. The port-Hamiltonian (PH) modeling
framework of [ 13, 26] has received a considerable amount of interest in the last decade
due to its insightful physical structure. Moreover, it is well known that a larger class
of (nonlinear) physical systems can be described in the PH framework. The pop-
ularity of PH systems can be largely accredited to its application for analysis and
control design of physical systems, as shown in [6-8, 20, 21, 26] and many others.
Control laws in the PH framework are derived with a clear physical interpretation via
direct shaping of the closed-loop energy, interconnection, and dissipation structure,
see [6, 26]. In this chapter, we apply the PH modeling framework, since it allows
extensions on the system coordinates, which facilitates the incorporation of force
feedback in the input of the systems. Lastly, the presented control strategy preserves
the PH structure, thus granting the aforementioned advantages to the closed-loop
system.

The results presented in this chapter are based on [15], and extend the results
presented in [16] and [17]. In [16] a class of standard mechanical systems in the
PH framework with force feedback and zero external forces has been introduced,
for mechanical systems with a constant mass-inertia matrix. However, applying the
results from [16] to systems with a nonconstant mass-inertia matrix is not trivial.
In [17] preliminary results are presented for the more general class of mechanical
systems with a nonconstant mass-inertia matrix. In this chapter, we combine these
previous results into a PH framework for position control with force feedback for
standard mechanical systems.

The main contribution of this chapter is the introduction of an alternative posi-
tion control strategy for mechanical systems that includes force feedback, in the PH
framework. We present a control approach based on the modeled internal forces of
a standard mechanical system; for this approach the system is extended with the
internal forces into a PH system, which is then asymptotically stabilized. Further-
more, we analyze the disturbance attenuation properties to external forces, i.e., when
the external forces are constant we show that the system has a constant steady-
state error, and we apply an integral type control to compensate for position errors
caused by these constant forces. We reformulate the stability analysis and analyze
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the robustness against external forces of the control strategy. The resulting controller
has nicely tunable properties and interpretations, outperforming most of the existing
force feedback control strategies. In addition, we develop a strategy assuming that
we have force sensors that give measurements of the (real) total forces in the system,
i.e., the internal plus external forces. Those measurements can be used to realize
rejection of the external forces in the system.

The chapter is organized as follows. In Sect.9.2.1, we provide a general back-
ground in the PH framework [6]. In Sect.9.2.2, we apply the results of [27] to equiva-
lently describe the original PH system in a PH form which has a constant mass-inertia
matrix in the Hamiltonian via a change of coordinates. This coordinate transforma-
tion simplifies the extension of the results in [16] to systems with a nonconstant
mass-inertia matrix. A PH model of a robot manipulator of two-DOF is introduced
in order to show a mass-inertia decomposition case. Furthermore, in Sect.9.2.3 we
briefly recall the Hamilton—Jacobi inequality related to .%5 analysis. In Sect.9.2.4,
we recap the constructive procedure of [14] to modify the Hamiltonian function of
a forced PH system in order to generate Lyapunov functions for nonzero equilibria,
i.e., a system in the presence of nonzero constant external forces. In Sect.9.3, we
realize a dynamic extension in order to include the modeled internal forces, while
preserving the PH structure. In Sect. 9.4, we present the position control which uses
feedback of the modeled forces. We also look at the disturbance attenuation proper-
ties when there are external forces, and we apply a type of integral control when the
external forces are constant. For constant forces the system converges to a constant
position different than the desired one, justifying the application of integral control.
In Sect. 9.5, we assume that we have measurements of the total forces in the system,
and use these measurements for control. Consequently, we show that we can realize
rejection of the total forces in the system while preserving the PH structure. Finally,
simulations are given in Sect.9.6 to motivate our results for position control, and
concluding remarks are provided in Sect.9.7.

9.2 Preliminaries

This section provides the background for the main contributions presented in this
chapter. We deal here with the analysis of physical systems described in the PH
framework, canonical transformations, and stability analysis in the presence of a
disturbance, and a constant force in the input of system.

9.2.1 Port-Hamiltonian Systems

We briefly recap the definition, properties and advantages of modeling and control
with the PH formalism.
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The PH framework is based on the description of systems in terms of energy
variables, their interconnection structure, and power ports. PH systems include a large
family of physical nonlinear systems. The transfer of energy between the physical
system and the environment is given through energy elements, dissipation elements,
and power preserving ports [6, 13], based on the study of Dirac structures.

A class of PH system, introduced in [13], is described by

) 0H (x)
x=[J(x)—Rx)] o +gx)w
3= 9.1)
9H
y=gx" a(x)
X

with x € R*" the states of the system, the skew-symmetric interconnection matrix
J(x) e RA %Y the positive-semidefinite damping matrix R (x) € R %Y and the
Hamiltonian H (x) € R. The matrix g (x) € R **# weights the action of the control
inputs w € R on the system, and w, y € R4 with .#4 < A, form a power port
pair. We now restrict the description to a class of standard mechanical systems.

Consider a class of standard mechanical systems of n-DOF as in (9.1), e.g., an
n-DOF rigid robot manipulator. Consider furthermore the addition of an external
force vector. The resulting system is then given by

0H (q, p)
I dq o ] [Ohxn ]
I:pi|_|:_1”><” _D(va)i| 0H (q, p) +[G(q) u+ B (q) fe (9.2)
ap
9H (q,
y=G@" —;q P ©3)
P

with the vector of generalized configuration coordinates ¢ € R", the vector of gen-
eralized momenta p € R”, the identity matrix I,,,, the damping matrix D (q, p) €
R"™" D (g, p) =D (q, p)T > 0, y € R” the output vector, u € R” the input vector,
f. € R" the vector of external forces, .#" = 2n, matrix B (g) € R"*", and the input
matrix G (q) € R"™" everywhere invertible, i.e., the PH system is fully actuated. The
Hamiltonian of the system is equal to the sum of kinetic and potential energy,

1
H(q.p) = EpTM*1 @p+V(Q, (9.4)

where M (q) = M T (g) > Oisthen x ninertia (generalized mass) matrix and V (q)
is the potential energy.

We consider the PH system (9.2) as a class of standard mechanical systems with
external forces.
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Remark 9.1 The robot dynamics is given in joint space in (9.2), and here the external
forces f, € R" are introduced. The geometric Jacobian maps the external forces in
the work space, F,, to the (generalized) external forces in the joint space, f,, [25].
In this chapter the following holds,

fo=2(@"F., F eR", 9.5)

and the geometric Jacobian is given by

_ /v (Q)i| 6xn
F(q) = [/w @) e R, (9.6)

where 7, (q) € R¥>*" and Hoq) € R3>*" are the linear, and angular geometric
Jacobians, respectively, and N = {3, 6}. If the Jacobian is full rank, we can always
find f, € R” that corresponds to F,. Then, it is not a limitation to suppose B (¢) = I,.
This separation between joint and work spaces is important here, because we control
the robot by acting on the generalized coordinates g, i.e., in the joint space, but we
grasp objects with the end-effector in the work space.

Example 9.1 Consider the system given by the two-DOF shoulder of the PERA, [23].
A picture of the PERA is shown in Fig.9.1. A Denavit—Hartenberg representation of
the PERA, see [25], is given in Fig.9.2. The shoulder consists of a link actuated by
two motors. The model of the shoulder consists of a mass m, a link length /;, and a
linear damping d, > 0. The states of the system are x = (¢, p) ', where (¢, p) € R?
are the generalized coordinates g, and ¢», and p;, p, are the generalized momenta
of the system. The system is described in the PH form by

Fig. 9.1 PERA at the University of Groningen
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Fig. 9.2 Denavit-Hartenberg representation of the PERA [12]

q 0252 Lyo oV (q) 0 0
I:p:|=|:_[2><2 D(CI,P)] M(gglilp +|:Gi|us+|:Bi|fE 9.7)

w=G'M(@) 'p 9.8)

with an input matrix G = I« (fully actuated), a vector of external forces f, € R2,
an input—output port pair (u, ys), Hamiltonian of the form

1
H(q,p) = EpTM @ 'p+V(g (9.9)

with V (g) the potential energy, and a mass-inertia matrix M (g) € R>*2, s.t.,
M (q) = diag (a, b) where

a =m,l?cos () + S + S 9.10)
b=my*+ % 9.11)

and with .7}, and ., the inertias of the joints. Furthermore, the gravity vector is

Vg [gmslx cos (g2) sin (C]l):|
dg | gmslssin(ga) cos (q1)

9.12)
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with g the gravitational acceleration. The shoulder is experiencing Coulomb fric-
tion that we have determined, and validated experimentally, [2, 12]. The dissipation
matrix has the form

D(q, p) = D (q) = diag (d, (41), ds, (¢2)) , (9.13)

where ¢ = M~ (¢) p, and with
- _
ds,- = (FC; + (Fs,- - FCi) e|qi |qxi ) (afi + qlz) ” + F"iqi’ (914)

where F,,, F;,, and F,, are the Coulomb, static, and viscous friction coefficients,
respectively, and the Coulomb friction force is approximated as in [9] with posi-
tive (small) constants «;, g5, is the constant due to the Stribeck velocity [1], and
i=1,2. a

9.2.2 Canonical Transformations of Port-Hamiltonian
Systems

We recap here the results of [7, 8] in terms of generalized coordinate transformations
for PH systems, and we apply the results of [27] to equivalently describe the original
PH system in a PH form which has a constant mass-inertia matrix in the Hamiltonian.

A generalized canonical transformation of [7] is applied in (9.1) via a set of
transformations

=@ (x) (9.15)
H (%) =H (x)+ U (x) (9.16)
y=y+ao) 9.17)
i=u+px) (9.18)

that changes the coordinates x into x, the Hamiltonian H into H, the output y into
v, and the input & into u. It is said to be a generalized canonical transformation for
PH systems if it transforms a PH system (9.1) into another one.

The class of generalized canonical transformations are characterized by the fol-
lowing theorems.

Theorem 9.1 (/8]) Consider the PH system (9.1). For any smooth scalar func-
tion U (x) € R, and any smooth vector function B (x) € R, there exists a pair of
smooth functions ® (x) € R anda (x) € R such that the set of equations (9.15)—
(9.18) yields a generalized canonical transformation. The function ® (x) yields a
generalized canonical transformation with U (x) and B (x) if and only if the partial
differential equation (PDE)
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auT d(H+U)T
0 [(J-R— +K-5——= +g8\ _
) ax » ax =0 (9.19)

holds with a skew-symmetric matrix K (x), and a symmetric matrix S (x) satisfying
R (x) 4+ S (x) = 0. We have left out the arguments of ® (x), H (x), J (x), R (x),
S (x), K (x), U (x), g (x), and B (x), for notational simplicity. Furthermore, the
change of output o (x), and the matrices J (%), R (X), and g (X), are given by

a(x) =g’ v ) (9.20)
0x

_ RYo) T

J (@) = ( )<J< )+ K () (x) 9.21)
. aa>(x>

() = a g () 9.22)

T
R(F) = (R( )+ 5@ 2 (x) (9.23)

Theorem 9.2 (/8]) Consider the PH system described by (9.1) and transform
it by the generalized canonical transformation with U (x) and B (x) such that
H (x) + U (x) = 0. Then, the new input-output mapping u — 'y is passive with stor-
age function H (X) if and only if

T T
dH+) [yl _2WHEU)

Suppose that (9.19) holds, that H (x) 4+ U (x) is positive-definite and that the system
is zero-state detectable. Then, the feedback u = —B (x) — € (x) (y + «a (x)) with
% (x) > €l > 0 renders the system asymptotically stable. Suppose moreover that
H + U is decrescent and that the transformed system is periodic, then, the feedback
renders the system uniformly asymptotically stable.

Consider a class of standard mechanical systems (9.2) in the PH framework with
a nonconstant mass-inertia matrix M (q). The aim of this section is to transform the
original system (9.2) into a PH formulation with a constant mass-inertia matrix via a
generalized canonical transformation [7]. The presented change of variables to deal
with a nonconstant mass- inertia matrix has first been proposed in [27].

Consider the system (9.1) with nonconstant M (g), and a coordinate transforma-
tion as

- _ _ afa_( 99 \_( 94
X—‘P(X)—Q)(qvp)(ﬁ)—<T(q)_1p)—(T(q)Tq) (9.25)
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with a constant desired position g; € R", and where T (g) is alower triangular matrix
such that

T@=T(® '(q.p)=T(Q) (9.26)
and
M@)=T@)T @ =TT @". (9.27)

Consider now the Hamiltonian H (g, p) as in (9.4), and using (9.25), we realize
H((Xx)=H (Cb_l ()_c)) andV(q) =V (qﬁ_l (c])) as

_ 1 +_ - _
H (%) = Epr +V(@q). (9.28)
The new form of the interconnection and damping matrices of the PH system are
realized via the coordinate transformation (9.25), the mass-inertia matrix decompo-
sition (9.27), and the new Hamiltonian (9.28), [26]. The resulting PH system is then
given by
9H (g, p)

[é}z[ O T@" } Kr
P ~T(@ " (@ p)—-D@p ]| dH @4, p)

ap
Oian Onxn
- 9H (g, p
y=G@" 94, p) (9.30)

ap

with a new input # = v € R”, and where the skew-symmetric matrix J_z (g, p) takes
the form

AT (@ "p) - . a(T @ p)"
(T @ 1!7)T@_T_T@_1 (T @' p)

9.31
g 0q ©31)

h (G, p) =
with

(q.p) =o', p) (9.32)

together with the matrix D (g, p), and the input matrices G (7), and B (), are
described by
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DG p=T@ 'D@"'@Gp)T @G ", (9.33)
GGH=T@ 'G@Q), (9.34)
B@=T@ 'B@),. (9.35)

respectively. Via the transformation (9.25), we then obtain a class of mechanical
systems with a constant (identity) mass-inertia matrix in the Hamiltonian function
as in (9.28), which equivalently describes the original system (9.2) with nonconstant
mass-inertia matrix.

Example 9.2 Consider the robot manipulator of Example 9.1. Given the mass-inertia
matrix M (q) = diag (a, b) with a, and b as in (9.10) and (9.11), respectively, we
compute a T (g) as in (9.27), s.t.,

_[+a 0] \/mxlsz cos (¢2)* + A + 5 0
0 NCREE A

with .7, and .#, the inertias of the joints, and my, [, as the mass and the length of

the shoulder of the robot, respectively. Based on 7' (¢), we can compute the matrices
J2(q, p), D(q, p), G (q), and B (¢), as in (9.31), (9.33)—(9.35).

} (9.36)

The coordinate transformation of this section is used in the rest of this chapter in
order to deal with nonconstant mass-inertia matrices.

9.2.3 Hamilton—Jacobi Inequality

In order to show the usefulness of some results on position control with force feedback
presented later, we apply the Hamilton—Jacobi inequality useful for % gain analysis
of nonlinear systems [26]. Toward this end we analyze the -%5-gain of a closed-loop
system w.r.t. an .25 disturbance 8.

Consider the time-invariant nonlinear system

£=?@> 9.37)
¥

with states x, input disturbance &, output y and continuously differentiable vec-
tor functions .% (£), G (£) and & (£). Let y be a positive constant, then the .%-

gain bound is found if for a y there exists a continuously differentiable, positive-
semidefinite function % ()2) that satisfies the Hamilton—Jacobi inequality (HJT)
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(a“//(i))Ty();)Jrll(W (ﬁ))Té(ﬁ)G(f)TW(x‘M;h TR <0

9% 2,2\ ok 9%
(9.38)

for £ € R“". The system (9.37) is then finite-gain % stable and its gain is less than
or equal to y.

9.2.4 Stability Analysis for Constant External Forces

Consider a class of PH systems as described by (9.1). We now briefly recall the
procedure of [14], i.e., we analyze the stability of the system (9.1) for a constant, and
nonzero, input w = it € R*#, leading to a forced equilibrium ¥ € R*"". The forced
equilibria X are solutions of

o g 0H o -
[/ () —R®)] oy D +s@a=0 (9.39)
and if [J (x) — R (x)] is invertible for every x € R*", the unique solution of (9.39)
is — (x) = . (x) i where
ax
H(x)=—[J(x)—R®] g ). (9.40)
Based on (9.40), we define the matrices
Jy(x) 2T (x) J (x) H (x) 9.41)
and
Ry (x) 2 7T (x) R (x) # (x) (9.42)
which we use below to find the embedded Hamiltonian system. Clearly, J; (x) and

R, (x) satisfy J; (x) = —J" (x),and R; (x) = R (x) > 0, respectively. Let us now
consider the following PH system

0 H, (x)
[; ] = e (@) = Ra 1| 500 (9.43)
0¢

on the augmented state space (x, {) € R x R4 endowed with the structure matri-
ces
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B 7 (x) T (x) . (x)
J”“)‘[—(Ju»ﬁ?u»T J, () } ©44)

_ R (x) R (x) % (x)
R“”‘LMM%UDT &u)} ©-43)

with 2 (x), Js (x), and Ry (x) as in (9.40)—(9.42), respectively, and with an aug-
mented Hamiltonian

Hy(x,0) % H(x)+ H, (2), H(¢) % —i'¢. (9.46)
Theorem 9.3 ([14]) Consider, a class of PH systems (9.1) with a constant input

w = i, and the matrix [J (x) — R (x)] invertible for every x € R” . Define J# (x)
by (9.40), and assume the functions J;; to satisfy

0 0K
dxi  Ox;

ihken2{,...,N), jem={,...,.4}. (9.47)

Also, assume that there exist locally smooth functions ¢ R — R, called Casimirs
[14], satisfying

AE
va (x)=—3 Lx), jem, ien (9.48)
Xi

and {; = € j (x) +cj, wherecy, . .., ¢y depend on the initial conditions of ¢ (t) in
(9.43). Then, the dynamics of (9.1) with input u = u is asymptotically stable at the
equilibrium point X fulfilling (9.39), and it can be alternatively represented by

. 9H,
x=[J(x)—R(x)] 5 (x) (9.49)
X
where
M
H, (x)2 H(x) — Zﬁ,gj (9.50)
j=1

and H, qualifies as a Lyapunov function for the forced dynamics (9.49).

Remark 9.2 The %,-gain analysis of Sect.9.2.3 gives a bound on the relation
between an input § and a output y as in (9.37) of a proposed closed-loop system
for a %-input disturbance 8. The -%5-gain analysis differs from Theorem 9.3 in the
sense that the .%-gain analysis is related to the output y while the analysis in this
section is for the case where the system is asymptotically stable, i.e., the system
(9.29) has a new equilibrium point caused by a constant f.
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9.3 Force Feedback via Dynamic Extension

In this section, a force feedback strategy is introduced for a mechanical system
in the PH framework. The force feedback is included to bring robustness and better
tunable properties in the position control strategy. In comparison with force feedback
in the EL framework [3, 24], the force feedback in the PH framework has nicely
interpretable control strategies, as well as cleaner tuning opportunities that grant a
better performance. The force feedback is achieved via a dynamic extension and
a change of variables that introduces a new state for the PH system (9.29). The
dynamics of the new state is realized such that it depends on the internal forces of
the mechanical system. The internal forces are given by a set of kinetic, potential,
and energy dissipating elements. The dynamic extension is realized such that the
extended system also has a PH structure. The present work is inspired by the results
of [4, 5, 22], which treat position feedback.
Denote the internal forces on the system (9.2) by f, (¢, p), i.e.,

0H (¢, p) D(q. p) IH (9, p) ©9.51)

fin (q, P) = - aq ap

with H (g, p) as in (9.4). Define a new state z € R" with dynamics depending on
the internal forces f;, (g, p), such that,

:=Y'"T@" fin(q, p) (9.52)

with Y a constant matrix, to be defined later on. Consider now the coordinate trans-
formation

p=p— Az (9.53)

with p defined in (9.25), and with A a constant matrix that we use later to tune our
controller. Furthermore, we can define for system (9.29) the control input

v=G (@) Az + (9.54)

where v is a new input, which realizes an extended PH system with states p and z,
ie.,

[ OH (7, p,2) ]
= T — T— g
q O ( U ¢ i (s
Ié = —T! J,—D _Z_D)Y _3H (CI,AIZZ)
: —Y'T-' YT (] +D) -Y" ()] +D)Y 5 P
Z ( 2 ) ( 2 ) oH (és ]37 Z)
J(@.5.2)~R(3.5.2) Lz
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QHX}'I QHXI‘L
+|G@ |v+| B@ | fe (9.55)
0n><n Ol’an
- _ 1 3H(q, p.z
$=G@" (aA ) (9.56)
p
with Hamiltonian
T (5 A | PSP O S 7 (=
H(q,p,z)zz p+ 5z K'z4+ V(9 (9.57)

vyhere K, >0, and Y = AK,. In (9.55) the arguments of T(g), J_z((j,ﬁ), and
D(q. p), are left out for notational simplicity.

Igemark 9.3 Although in (9.55) the z dynamics are described in terms of A q, p),
D(q, p), and H(q, p, z), they are still the same as described by (9.52) with (9.51),
in the new coordinates (9.25).

It can be verified that system (9.55) is PH, since
A O T(@ " T@ 'Y
Igp=| -T@" 25 . J2(a. p) v (9.58)
—Y'T @ =Y"h(q.p) —Y"hi(3.h) Y

is skew-symmetric, while

R 0n><n _On><n _ Onxn
R(7.p)=|0Own D(G.p) D(3.p)Y (9.59)
Ouxn Y'D(q,p) Y'D(q,p)Y

can be shown to be positive-semidefinite via the Schur complement. Notice that by
extending the dynamics of (9.29) with the internal forces 7 in the input (9.54), we
include force feedback and preserve the PH structure.

Remark 9.4 In [16] we present results for the case when the mass-inertia matrix is
constant. The case for a constant M does not require the coordinate transformation

(9.25), and system (9.55) is then described by T =1, /, =0, D=D, G =G,
B = B,Y = M~'AK_ and Hamiltonian

O D _
o= 3p M p+ 52 Kz + V(@) (9.60)

instead of (9.57).

In this section, we have realized an extended mechanical system that includes
force feedback and preserves the PH structure. In the next section, we deal in more
detail with position control and stability analysis.
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9.4 Position Control with Modeled Internal Forces

In this section, a position control strategy with force feedback is introduced. We feed
back the modeled internal forces, and the resulting system preserves the PH structure.
The control laws here presented are better tunable and more insightful solutions in
comparison with the solutions given in the EL framework [3, 19].

9.4.1 Position Control with Zero External Forces

In this section, energy-shaping [11, 19, 26] and damping injection are combined
with force feedback (of modeled forces) to realize position control.

Theorem 9.4 Consider system (9.55) and assume f, = 0. Then, the control input

- vV (G
v=G(@) ! (# - K, (g - qd)) - Cy (9.61)

with K, > 0, C > 0, and qq being the desired constant position, asymptotically
stabilizes the extended system (9.55) at (g, p, z) = (g4, 0, 0).

Proof Thisisawell-known result, see [26], but we repeat the proof here for notational
reasons and for ease of reading. The control input (9.61) applied to system (9.55)
with f, = 0 realizes the closed-loop system described by

o, T
é On><n T_T T_TY 385
pl=| -T7" h-D-GCGT L, —D)Y 27 (9.62)
z —YTT' —YT(Jy +D) YT (S +D)y || 2P
dH,
L 0z
F (%)
- 0H
j=GT—4 (9.63)
ap
with Hamiltonian
2 PSP T - |
H; = PP + E(CI —qq) Kp(q—qa)+ 77 K 'z, (9.64)

where the arguments of Hy (. p, 2), T(q), J2(@, p), D(G, p), G(q), and B(g) are
left out for simplicity. Take (9.64) as candidate Lyapunov function, which then gives
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T

BFId al:ld

7 p [D+GCGT —DY} ap

H; = — . = = . (9.65)
dH, -Y™D Y'DY dH,
0z K 0z

Since G(g) is full rank and C > 0, via the Schur complement it can be shown
that matrix K in (9.65) is positive definite. Subsequently, via LaSalle’s invariance
principle we can prove that that the closed-loop system (9.62) is asymptotically stable
in (i =dq4- O

Substituting v in (9.54) by (9.61) then gives the total control input u for the original
system (9.2), which in terms of the original coordinates (g, p) becomes

aV(q)
dq

u=G@)"'T@) (Az + ~Kplg - qd>) —cG@" (M@ p-T@ " A2)

(9.66)
with z as in (9.51). The above results correspond to the case when the external forces

on the system are zero, i.e., f, = 0. In the next subsection we look more in detail at
the case when f, # 0.

9.4.2 Disturbance Attenuation Properties

We now show the advantages of the proposed extended system with force feedback
for disturbance attenuation to unknown external forces. The closed-loop PH system
(9.62) with force feedback is asymptotically stable in the desired position g; when it
has zero forces exerted from the environment, i.e., f, = 0. To look at the effect of f,
being different from zero, we analyze the %-gain w.r.t. an .% disturbance f,, [26].
It follows that

Theorem 9.5 Consider a closed-loop system (9.62), an £, disturbance f,, and
a constant matrix C with A. € R" being its set of eigenvalues. We then obtain a
disturbance attenuation of f, when the following conditions hold:

. 1 11 T 1
I'(q,p)=—-D@g,p)+G(@ |—-C+ Elnxn G (g + E?B(q)B(q) 5 <0
(9.67)
1
N(q)=AT ()" G(g)" (—c + Elm) G@'T@ A
11
2y?

11
I3(q) = EﬁAT @ 'B@B(@)" =0 (9.69)

+ AT (@)'B(@)B(@) ' T(q) "TA<0 (9.68)
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1
Ae > = 9.70
z 3 (9.70)
with y being a positive constant.
Proof Consider the closed-loop system (9.62), but with f, # 0, i.e.,
Fad,
q 0y xn T-T T-TY 88[31 0
pl=| -T' h-D-GCG" (L-D)Y 41+ | B|f
z YT —YT(J) +D) —Y' (J) + D) ap 0
dH,
L Jdz
(9.71)
1 0H,
=G (9.72)
ap

where the arguments of H,(g, f, 2), T(@), J2(q, p), D(G, p), G(q), and B(g) are
left out for notational simplicity. We analyze the HJT (9.38) first for system (9.71)
with % (£) = Hy (%) to determine if this could be a solution. Given § = f, we obtain

N T A A A

0H;\ -0H; 11 (8H,\ --70H; 1.1,
- R—S+-——=2) BBT—=+=-5"5<0 9.73
(af) a£+2y2(aﬁ) T ©-73)

with X = (¢, p, z), and
B 0 0n><n _ On><n

R (%) = Opn D D (g, p)+G(q>CG<q) D(g.p)Y |. (9.74)

(U YD (g, p) Y'D(q,p)Y

We compute the left-hand side term of the Hamilton—Jacobi inequality (9.38) based
on the function W ( ) Hd ( ) with Hd ( ) as in (9.64), and on the function .# (A)
of the closed-loop (9.62). Consequently, we obtain

R A -

3Hd 8Hd

v’ 3813 0 r T aalgl
— F=|22 -T7' L-D-GCG" (hL-D)Y 2%
o b | [y —yT (i + D) —yT(JF+D)y ]| 9P
3Hd BHd
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A T A~ A A T A
JdH, JdH, _ [ 0H JdH, o0H; - _--0H,

= ( d+Y—d) D( Lty ”’)— - GCGT
p

ap 0z ap 0z

where we have left out the arguments of # (%), Z (%), G (), T (§), Hu (c_} p.2),

and D (g, p) for notational simplicity. From § as in (9.63), p as in (9.53), D (g, p
asin (9.33), x = (q, P, z), and Y = AK_, we rewrite (9.75) as

BW (),C\)T ~ ~ AT AR /= A ~ -1 AT ~ A~
PR F(X)=—(p+YK'z) D(q.p)(p+YK '2)—3'Cy
AH (g, p) " dH (q, AT n
= _# D(q, p) M _ yTCy. (9.76)
P ap

Based on a input matrix G (q) defined as

0
G(x)=|B (q) 9.77)
0

nxn

with B (§) as in (9.35), we compute the second term of the left-hand side of the
Hamilton—Jacobi inequality (9.38) as

26)=35( ) ewe o

2y

11 AT D= B a\T A
Eﬁp B(@) B(q) p (9.78)

and we now substitute p as in (9.53) in (9.78). Hence, we obtain

Z@) =3 LA B@B@ (5 A7)
;;/]2 (Y@.»' ' Y@q.p-"4.p' Z-2"T(q.p)+2"Z) 979
where
Z(%)=B@' T " Az (9.80)
Y(q.p)=B(@' %}qj’p). (9.81)

Finally, based on the output $ =/ (£), and the results (9.76), and (9.79), the
Hamilton—Jacobi inequality (9.38) is rewritten as
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_dH(@g.p)'

33 <0 (9.82)
op

OH (q.p) .1 .. =
D(w)%—fcwu

| =

with Z ()2) as in (9.79). We now rewrite y as

- AHR) - .. 9H (q, p) o
s=c@ 0 _ g s—c@m 9D gy r ) s
ap ap
(9.83)
and we replace (9.83) in (9.82). Lastly, we have that
0H (q.p) 1" 9H (4, p)
. —I3(q) I2(q) z

Py i

The inequality (9.84) is satisfied when matrix Py j; < 0, which is the case if matrix
C of the control law (9.61) is designed such that the inequalities (9.67)—(9.70) hold,
with A, € R" being the set of eigenvalues of C. O

Remark 9.5 The Hamilton—Jacobi inequality (9.84) based on the closed-loop system
(9.71) holds when the set of eigenvalues of the matrix C are chosen such that the
conditions for Iy (¢, p), 12 (q), I3 (q), and X, are satisfied. It follows that increasing
the eigenvalues of C allows for a smaller y, and thus, a smaller .%;-gain bound.
Increasing the eigenvalues of C corresponds to increasing the damping injection.

In the next subsection we look at the special case when f, is unknown, but constant.

9.4.3 Stability Analysis for Constant External Forces

Here, we propose an equivalent description of the system (9.62), with a different
Hamiltonian function which can be used as a Lyapunov function for constant nonzero
external forces, i.e., f, € R"/{0}. We embed the extended system into a larger PH
system for which a series of Casimir functions are constructed. The analysis is based
on the results of [14].

We proceed to apply the results in Sect. 9.2.4 to the closed-loop system (9.62) with
constant nonzero external forces as input, i.e., # = f,. We compute matrix % ()2)
as in (9.40), and obtain

7_‘(_'1_2‘|‘D) TT Onxn 1 TY—TI 0
H (%) = - Onxn (GCGT)_ _ (GCGT)_ y-T |:En(xér3:| |
Ty (GeGT) vt (GeaT) T Lo

(9.85)
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Here, we left out the arguments of T (§), G (), J> (¢, p),and D (g, p) for notational
simplicity. If G (§) = (G (§) CG (c])T)_l, then (9.85) leads to

Ol‘l Xn
Ji/()?) = —GA(cj) B_(c}) . (9.86)
Y~'G(q)B(q)
Following, the results of Theorem 9.3, we assume that the local smooth functions

Cj (x), j € n,satisfy the integrability condition (9.47). It follows that the dynamics
of (9.71) can be alternatively represented by (9.49) where H, ()2) is

Hy () = Ha (£) = D 1, %) ()
j=1
=H () + £ G@p—£Y'"'G@z+ 1 e, (9.87)

where £ = (g, p, z), and H, (%) as in (9.64). If we choose, the constant ¢ =
—Ky f, € R", with K¢ > 0. Then, we can rewrite (9.87) as

é —qa T Kp Onxn Onxn 0n><n q —qq
H (") — l ﬁ Onsxcn Tnsxcn Opxcn BTAGT ﬁ -0
' 2 z 0nxn Onxn Kz_l —BTGTYy T d
fe Oun GB —Y'GB K, fi
P@)
(9.88)

where we have left out the arguments of G (¢) and B (¢) for notational simplicity.
Since G (g) and B (g) are full rank, and C > 0, via the Schur complement it can be
shown that matrix P (¢) in (9.88) is positive definite, and then the inequality (9.88)
holds. Furthermore, via Theorem 9.3, we have that

H, () = - R (%)

<0 (9.89)

and thus H, ()?) qualifies as a Lyapunov function for the forced dynamics (9.49).

) dH, (% dH, (%
Then, H, ()?) < 0, and given that % = p, and ﬂ = Kz’lz, we know

A

p 0z
that p, z — 0 as t — oo. Given the dynamics of system (9.49), ﬁ =z=0, it can
be verified that the largest invariant set for H, (£) = 0 equals (7 — g4 — K, ' B ()
fer P, z) = (0, 0, 0). LaSalle’s invariance then implies that the system is asymptot-
ically stable in

§=4q4+K,'B@q) f.. (9.90)
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Remark 9.6 The %-gain analysis of Sect.9.4.2 gives a bound on the relation
between input § = f, and the output y of the closed-loop system (9.71) for an .%-
input disturbance §. The .25-gain analysis differs from the results of Sect.9.4.3 in
the sense that the .%-gain analysis evaluates a bound on the output § in relation
to the size of the input §, while the analysis in Sect.9.4.3 is for the case where the
system is asymptotically stable, i.e., y — 0, with a new equilibrium point caused by
aconstant f,, i.e., g, which is different from the desired equilibrium point g,. Notice
that the %5-gain bound is related to the amount of damping injected, while the new
equilibrium point (steady-state position) is related to the stiffness parameter K ,.

9.4.4 Integral Position Control

The analysis in the previous section shows that, under the assumption that f, is con-
stant, we can expect a constant steady-state error in the position of system (9.71).
Furthermore, the analysis also justifies the application of integral control, since inte-
gral control compensates for constant steady-state errors. The main contribution of
this section is to realize a type of integral position control for a class of standard
mechanical systems with dissipation in the PH framework. For the extended system
(9.55), with f, constant, we propose a coordinate transformation to include the posi-
tion error in the new output. By having the position error in the passive output, we
can interconnect the closed-loop with an integrator in a passivity-preserving way,
i.e., preserving the PH structure. The results of this section are inspired by the works
of [4, 5, 22].

Theorem 9.6 Consider system (9.55) and assume f, # 0 and constant. Define the
integrator state & with dynamics

£€=—-B@) (p+Ki(G@—qa) (9.91)

qq the desired constant position and K; > 0 is a constant matrix. Then, the control
input

- (V@G _ P s T _
v=G@™! ( 8;’) —Kp (G —qa) — Kid — B(q)s) ~C6@" (p+KiG - qa))
(9.92)
with K, > 0, and C > 0, asymptotically stabilizes the extended system (9.55) at
(G, p,2) = (g4, 0,0), i.e., zero steady-state error.

Proof We use the results of [5]. Consider first the coordinate transformation

p=p+Kiqg—qa) (9.93)
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with a constant matrix K; > 0, which then implies that
p=p+Kig (9.94)

since g, is constant. The control input (9.92) with integrator dynamics (9.91) then
realizes the closed-loop system

I H;
_ _ 9g
5, —K,-_K;' ) _T—T_ ] _T—T_Y 9 9H.
P -T-' 1, -D-GCG" (L-D)Y B || 35 9.95)
Z —Y'T7" =Y ([ +D) -Y"(J,;, +D)Y 0 | | 3A, '
3 0 _BT 0 0] az
dH;
&
~ _Ta Ai
ap

with Hamiltonian

g lss i Lo vk G- Yok a Ll e -
i=5P P+ 3G —q0) Kp(q@—qa)+ 52 K; Z+2(fe §) (fe — ),

(9.97)
where the arguments of H; (. p, z. £), T () J»(q. p). D(G. p), G(§),and B(g) are
left out for notational simplicity. Furthermore, notice that

=G 'p=G@" (p+Ki@G—q). (9.98)

Take (9.97) as candidate Lyapunov function, which then gives

a7 H;

g KiK-! 0 0 9

. I, P oo 3H;
Hi=— T 0 D@.mM+G@CG@ -D@GpY = | (9.99)

aH{’ 0 ~-Y'D@G. p)" Y'D@G.p'Y 5

i i

9z U(q,p) 9z

Since G (g) is full rank, D (g, p) >0, K; >0,K, >0,C >0, K, > 0,Y = AK,
and A being a constant matrix, via the Schur complement it can be shown that matrix

U (g, p) = 0, and thus I-}i < 0 holds. Define the set
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0={G 52 | H @ pz6 =0} (9.100)

Given that H (94,0, 0, &) = 0, V&, we have that & is free. Assume § — f, =c¢; #0
constant with ¢; € R”, thus & = 0. Then, the dynamics p is

p = B (qa) (c1 + f2) # 0. (9.101)

Since (9.101) is constant, then p will change over time, and hence, we have a con-
tradiction. Thus, the largest invariant set in O is Ml = {g,4, 0, 0, f,}. Via LaSalle’s
invariance principle we conclude that the system (9.95) is asymptotically stable at
(G, P2, &) = (g4, 0,0, f.), which means that the constant disturbance is compen-
sated by £, 1.e., & — f.. O

Substituting vin (9.54) by (9.92) then gives the total control input u for the original
system (9.2), which in terms of the original coordinates ¢, p becomes

u=G@'T(q) (A + # —Kp(q —qa) — ) — G(g)"'B(g)§
~CG@) (M@ p—T@) Az =T Kilg — a0)) (9.102)

with z as in (9.52).

Here, we have applied an integral type control law as in (9.92) to compensate
for position errors caused by constant forces. We observe in Theorem 9.6 how our
integral control strategy follows naturally from the PH structure.

9.5 Position Control with Measured Forces

In the previous section, we have presented a position control strategy that exploits
feedback of the modeled internal forces. In other words, the forces used for feedback
are based on the dynamical model and the measured positions and velocities. In
this section, we assume we have force sensors, which provide the (real) total forces
working on the system. Then, we feed back the readings of the force sensors in the
input of the system (9.29). Notice that the measured total forces f in the system can
be described by

f(q.p)= fin(q.p)+ BQ)fe (9.103)

with f;, (¢, p) as in (9.51). In the previous section, we used (9.51) to model and
compute the internal forces for feedback control. We can still use (9.51) to describe
the internal forces, while adding the external forces to model the total forces in the
system. Let f (7, p) be the total forces multiplied by the matrix 7'(¢) in (9.25), i.e.,

f(@ '@ p)=Ff@pr =T "fgp (9.104)
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and consider now system (9.29). Notice that in terms of the coordinates g, p that
f (g, p) is then described by

dH (g, P) dH (g, p)

f@G.pn=-T@" et (12(g.p)— D@, p)) =+ B(q) f..
q ap
(9.105)
Define for system (9.29) the input
v=—G@) ' f@G.p)+V (9.106)

with v being a new input vector, which then changes (9.29) into the PH system

(| .0 T@ 3G [_0 }_
[ﬁ} [—T(ci)l 0 } 9H: (4. p) Heg!|” (9.107)
ap
5= G D) 0108
ap
with Hamiltonian 1
H.(q.p)= EﬁTﬁ. (9.109)

We then obtain (9.29), with all forces canceled. We can thus control the system
without the problems described in Sect.9.4.2. Notice that we need to describe (9.2)
in the equivalent form (9.29) in order to realize force rejection and preserve the PH
structure. In the original coordinates (g, p) the control input (9.106) is given by

u=-G@) 'flg.,p)+¥ (9.110)

with f (g, p) asin (9.103). Notice that the advantage here is that we can apply control
methods without having to worry about the external forces (disturbances) and internal
forces (potential forces and friction). However, (9.110) implies that there is no tuning
possible in the application of force feedback. In Sect.9.4.2 the disturbances are not
rejected, however, we have the possibility to tune the force feedback with the matrix
A.

In the next section we illustrate, via simulation of the system (9.7), the results of
Sects. 9.4 and 9.5 for obtaining asymptotic stability in a desired position.

9.6 Simulation Results: Two-DOF Shoulder System

Consider the system of Examples9.1 and 9.2. We have determined the parame-
ters of the two-DOF shoulder system of Fig.9.1 as .% = {0.013, 1.692}, F,, =
{0.005, 0.025}, F;, = {1.905, 2.257}, F,, = {4.119, 4.973}, and g;, ={0.167, 0.170}.
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Fig. 9.3 Position control via force feedback (blue line) with f, = col (0, 0)" atr < 5s. Integral
control (blue line) with f, = col (3, —3)T att > 10s. Total force rejection (red line) att > 0. Initial
conditions (g (0), p (0))T = (0,0, 0,0)". Solid line q;. Dashed line q>

We have a link length of [, = 0.249m, m = 3.9 kg; matrices A = diag (0.5, 0.7),
K. =diag (2,2), K, =diag (15, 15), and C =diag (10, 10); an initial position
q(0) = (0, 0), and desired position g; = (1, 0.5) rad. We obtain the desired posi-
tion g4 = (1,0.5)" from an initial position ¢ (0) = (0,0)" at t = 1, > 3s with the
control law (9.61). Then, we apply a constant nonzero force, i.e., f, = (3, —3)T, at
t) => 5s, to the closed-loop system (9.62). Results are shown in Fig.9.3. The new
position is g = Kp_1 fo 4+ qa = (1.2,0.3) T (blue line) which corresponds to a differ-
ent equilibrium point as in (9.90). The results presented here validate the fact that the
PH system (9.62) remains stable with a constant nonzero input i = f,. Furthermore,
we want to recover the desired position by applying the integral control law (9.102)
to the PH system (9.62) at 3 > 10s, with a matrix K; = diag (1, 0.5). We observe
how the system is stabilized again at the desired position g, at ¢+ > 11s without a
steady-state error.

Finally, we apply a constant nonzero force, i.e., f, = (3, —=3)", to the two-DOF
inputs of the to the system (9.7), and apply (9.110) at # = 7, > 55, which includes
the measured forces of the sensors. Then, the equilibrium is achieved immediately,
independent of f, as seen in Fig.9.3.

9.7 Concluding Remarks

We have provided a method for position control via force feedback in the PH setting.
The method relies on a structure preserving extension of the system. Disturbance
attenuation is studied, and robustness is obtained by extending the system once more
in a structure preserving way with integral type dynamics. Finally, we present a
method when forces are reconstructed and fed back directly from the sensor infor-
mation.
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The robotic arm example shows that performance of the method is very good. Tests
with the robotic arm are under way, and show promising results, also in comparison
with other control methods.
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Chapter 10

Endogenous Configuration Space Approach:
An Intersection of Robotics and Control
Theory

Krzysztof Tchon

Abstract The endogenous configuration space approach is a control theory-oriented
methodology of robotics research, dedicated to mobile manipulators. A cornerstone
of the approach is a parameterized control system with output whose input—output
map constitutes the mobile manipulator’s kinematics. An endogenous configuration
consists of the control function and of the vector of output function parameters rep-
resenting the joint positions of the on-board manipulator. The mobile manipulator’s
Jacobian is defined as the input—output map of the linear approximation to the control
system. Regular and singular endogenous configurations are introduced. The regu-
lar endogenous configuration corresponds to the local output controllability of the
control system, while the singular configuration coincides with a singular optimal
control-parameter pair of the control system. The inverse kinematics problem is for-
mulated as a control problem in a driftless control system. A collection of Jacobian
kinematics inverses is presented, leading to Jacobian motion planning algorithms.
Performance measures of the mobile manipulator are introduced.

10.1 Introduction

It is my great honour and pleasure to make a contribution to this Festschrift in honour
of the sixtieth birthday of Professor Henk Nijmeijer. I met the Jubilarian in 1983,
during a control conference at the Warwick University, admiring his expertise in
geometric control and enjoying his sense of humour. Our collaboration intensified
over the decade after that conference. Among its fruits, there was a conference on
geometric theory of control systems organized in Poland in 1984, with Henk’s plenary
talk [17], exchange of students and visitors, and joint research [25]. I owe to Henk
my determination in applying mathematical control theory in robotics. The following
text summarizes some results of such an approach to mobile manipulators.

K. Tchoni (B<)
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X

Fig. 10.1 Mobile manipulator, rolling ball, and robotic arm

A mobile manipulator is a robotic device composed of a mobile platform and
a fixed base on-board manipulator. It is well known that a synergy of mobility and
manipulation capabilities makes these devices of paramount usability in personal and
service robotics. By their very nature, the mobile manipulators open new and chal-
lenging problems in the area of mathematical modelling, motion planning, control,
and performance evaluation. For an exhaustive review of literature on this subject the
reader is advised to consult the monograph [16] and the references included in [26,
28]. In this work, we present a control theoretic approach that provides a uniform the-
ory of manipulation robots, mobile platforms and mobile manipulators. Established
in [30], this approach has been then developed under the name of the endogenous
configuration space approach [23, 24, 26-28, 32, 37].

In what follows, we shall concentrate on the kinematics of a mobile manipulator
that consists of a nonholonomic mobile platform and a holonomic on-board manip-
ulator. As an example of such a robot, Fig. 10.1 shows a 4-wheel mobile platform
carrying a 3 degrees of freedom manipulator whose consecutive joints are rotational,
prismatic and rotational. We let ¢ = (X, Y, ¢, %) € R* describe the position, orien-
tation and the heading angle of the platform, while x = (x1, x2, x3) € R? denotes
joint positions of the on-board manipulator. Cartesian positions of the end effector
are denoted as y = (y1, y2, y3) and belong to the operational space R>. The platform
length equals /, the lengths of the manipulator arms are /; and /3. The assumption
that no side-slip of the rear and front wheels is permitted imposes on the platform
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motion the nonholonomic Pfaffian constraints

sin ¢ —Ccos @ 0 0 S0
cos @ siny singsiny —Ilcos ¥y 0 1=

that lead to a representation of the kinematics of this mobile manipulator in the form
of a driftless control system

X =1lujcosgcosy, Y =1lusingcosy, ¢ =usiny, ¥ = us,
equipped with the output function
y =X+ (I +[3cosx3)cos(¢ + x1), Y + (I2 + 3 cosx3) sin(e + x1), x3 + I3 sinx3).

The inputs driving this system consist of the longitudinal velocity and the heading
angular velocity of the platform as well as of the joint positions of the on-board
manipulator. The output function determines the end effector position of the on-
board manipulator resulting from the configuration of its joints and the motion of the
platform. The approach presented here specifies in a natural way to nonholonomic
mobile platforms (the on-board manipulator is absent) and to holonomic manip-
ulation robots (the platform is absent), like these shown in the bottom part of in
Fig.10.1.

A typical robotic problem addressed in the control system representation of a
mobile manipulator is the motion planning problem consisting in defining the con-
trols that make the output function to reach, at a given time instant, a desired value
(e.g. place the end effector of the on-board manipulator at a prescribed location
or move the ball to a prescribed position and orientation). An essential ingredient
of the motion planning is the inversion of the kinematics. The inverse kinemat-
ics algorithms achieving this objective are often based on a concept of the mobile
manipulator’s Jacobian that describes an infinitesimal transformation of the controls
into the motions in the operational space. The performance and efficiency of the
Jacobian motion planning algorithms strongly depend on the regularity of controls.
The quality of performance deteriorates in a vicinity of singular controls.

In this work, we focus on the control theoretic foundations of the endogenous
configuration space approach. Conceptually, the endogenous configuration space
approach is an extension to mobile manipulators of the homotopy continuation-type
ideas introduced into the path planning problem of nonholonomic mobile robots by
Sussmann [22] and developed further in [3, 7-9, 11, 21]. We begin with a parame-
trized control system with outputs whose input—output map constitutes the mobile
manipulator’s kinematics. Then, the endogenous configuration space is defined as a
Hilbert space containing the control functions and the parameters of the control sys-
tem. The input—output map of the linear approximation to the control system serves
as the mobile manipulator’s Jacobian. The endogenous configurations at which the
Jacobian is a surjective map are referred to as regular; they correspond to the local
output controllability of the control system. The singular configurations can be inter-
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preted as singular optimal control-parameter pairs of the control system. We address
the inverse kinematics problem for mobile manipulators, and derive a collection of
Jacobian inverses of the kinematics. These inverses can be exploited in Jacobian
motion planning algorithms, either directly or after a modification respecting con-
straints imposed on system’s states or controls [15].

The continuation method is adopted as a guideline in this, leading to the Wazew-
ski-Davidenko equation [10, 35]. The concept of the dynamic inverse [13] is con-
nected with the Wazewski inequality [36], and a condition for the existence of a global
inverse is provided. The dynamic Jacobian inverses constitute Jacobian motion plan-
ning algorithms. The Gram matrix of the linear approximation to the control system
is used as the mobile manipulator’s dexterity matrix. The eigenvalues of this matrix,
on the one hand, enter into the norms of the inverse Jacobian operators, on the other,
they constitute kinematic dexterity measures of mobile manipulators. In the con-
trol theoretic setting, the norm of the Jacobian and of the Jacobian pseudo-inverse
operators are determined by the vector of switching functions associated with the
parametric time optimal control problem.

The composition of this chapter is the following. In Sect. 10.2 we introduce the
basic concepts including the kinematics, the endogenous configuration space, the
Jacobian operator, regular and singular configurations and the adjoint Jacobian.
Section 10.3 addresses the inverse kinematics problem, and defines several inverse
Jacobian operators. In Sect. 10.4 kinematic performance issues for mobile manipu-
lators are discussed. Section 10.5 contains conclusions.

10.2 Basic Concepts

As has been mentioned, mobile manipulators consist of a nonholonomic mobile
platform and a holonomic on-board manipulator. It will be assumed that the motion
of the mobile platform is characterized by n generalized coordinates ¢ € R", and
subject to / < n independent phase constraints in the Pfaffian form

A(g)g =0,

where A(g) is a matrix of rank / with continuously differentiable entries. The phase
constraints define a non-integrable distribution Ker A(g) in R" that contains admis-
sible velocities of the platform at every g. Consequently, the platform kinematics
may be represented as a driftless control system with m = n — [ inputs. Suppose
that the platform has been equipped with an on-board manipulator with p degrees
of freedom, whose joint position is denoted by x € RP”, and the end effector posi-
tion and orientation by y € R”. With these notations, the kinematics of the mobile
manipulator can be represented as a driftless control system with outputs

m

q=Glgu= Zgi(q)ui, y=kig,x) = (ki(q.x),....k(q,x)). (10.1)

i=1
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10.2.1 Kinematics

The controls (u(-), x) driving the system (10.1) are interpreted as instantaneous
platform speeds u(t) € R™, and joint positions x € R? of the on-board manip-
ulator. Wherever convenient, we shall use the notation (u(-), x)(t) = (u(t), x).
The platform’s control functions will be assumed Lebesgue square integrable on
a time interval [0, T'], the joint positions are constant vectors. The control space
2 = L2[0, T] x R” equipped with the inner product

T
(1), x1), (2 (), x2)) rw = /OulT(t)R(t)uz(t)dt +x{ Wiy, (10.2)

where R(t) = RT(t) > 0and W = W7 > 0 are symmetric, positive definite weight
matrices, forms a Hilbert space called the endogenous configuration space of the
mobile manipulator [26]. The adjective “endogenous” comes from the Greek word
evéov = ev dopnog which means at home, inside, so the endogenous configura-
tion means something of internal origin. Indeed, the endogenous configurations of
a mobile manipulator do not manifest themselves directly, but rather through the
behaviour of the mobile platform and of the end effector. Notice that on a similar
etymological basis in control theory the term “endogenous feedback” introduced by
M. Fliess and collaborators is used [12]. The inner product (10.2) induces in 2~ a
norm denoted as || - |[|gw. The output map of (10.1) takes its values in the opera-
tional space of the mobile manipulator, identified with R". It will be assumed that
the operational space has been endowed with the inner product

(1. y2)0 = ¥ Oy, (10.3)

where Q denotes a symmetric, positive definite, constant matrix Q7 = Q, Q > 0.
The norm induced by (10.3) will be denoted by || - ||, while || - || will always stand
for the standard Euclidean norm.

Given an initial platform posture ¢y € R”", and an endogenous configuration
(u(),x) € 2, we compute a trajectory g(t) = ¢, (u(-)) of the platform, and
an operational space trajectory y(tf) = k(gq(t), x). It will be assumed that these
trajectories are defined for every ¢ € [0, T']. The input—output map

Kypr: X — R,
of the control system (10.1), defined as
Ko, r (), x) = y(T) = k(@g,,r (), x), (10.4)
will be identified with the kinematics of the mobile manipulator. With k(g, x) suf-

ficiently smooth, the continuous differentiability of the map (10.4) follows from [6,
Theorem 1.1] and [20, Proposition 2.9.3].
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10.2.2 Jacobian

The differential kinematics constitute the mobile manipulator’s Jacobian
Jqo,T(M(')’x) : % — Rra

obtained by the differentiation

Ky r(u() +av(-), x +aw)
a=0

d
Joo1 (), X)), w) = -
T
= C(T, x)/ & (T, s)B(s)v(s)ds + D(T, x)w.  (10.5)
0

Observe that, formally, (v(-), w) and J,, 7(u(-), x)(v(-), w) belong to suitable tan-

gent spaces, however, these spaces can be identified with 2~ and R". The matrices

determining the Jacobian result from the linear approximation of the kinematics rep-

resentation (10.1) along the pair (input, trajectory) (u(t), x, g(t) = @q4y,:((-))), s0

that

A = HEEREDL B(1) = G(q(1), C(t,x) = G2, D(r,x) = HER2,

(10.6)

and @ (¢, s) denotes the transition matrix satisfying the evolution equation

%@(t, ) =A@)P(t,s), P(s,s)=1,.

Having a finite-dimensional range space, for every fixed endogenous configuration
(u(-),x) € 4, the Jacobian is a compact linear operator [14]. The linear, time
dependent control system

£ =A(E+ B@t)v, n=C(t x)E+ D, x)w (10.7)

determined by the data (10.6) may be referred to as the variational system associated
with (10.1). It is easily seen that the Jacobian (10.5) corresponds to the input—output
map of the variational system initialized at & = 0.

10.2.3 Regular and Singular Configurations

Anendogenous configuration (u(-), x) € 2 of the mobile manipulator will be called
regular, if the Jacobian map is surjective, otherwise the configuration is singular.
The surjectivity of the Jacobian is equivalent to the output controllability of the
variational system (10.7), and implies that the original system (10.1) is locally output
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controllable. A necessary and sufficient condition for the regularity of a configuration
is that the Gram matrix

Dy W(-), x) = D(T,x) W' DI (T, x)

T
+ C(T,x)/(D(T, $)B()R™"(s)BT (s)®T (T, s)ds CT(T, x)
0
(10.8)

of the variational system has rank 7. In the language of robotics the matrix (10.8) is
named the dexterity matrix of the mobile manipulator [32]. Ultimately, the dexterity
matrix characterizes the transmission of infinitesimal motions from the endogenous
configuration space to the operational space of the mobile manipulator.

The following observations will provide a link between the concept of singular
endogenous configuration and the singular optimal control. Consider in the system
(10.1) a parametric optimal control problem, see [34, Sect. 7.5], with the manipulator
joint positions x € R” playing the role of a parameter vector, consisting in determin-
ing a control-parameter pair (u(¢), x) that steers the output y(¢) at the time instant
T to a desired point y; € R", and simultaneously minimizes the objective function

T
/.i”(q(t), x, u())dt.
0

In order to include the parameter vector into the problem formulation, we need to
complete the Eq.(10.1) with a trivial state equation x = 0, obtaining the system

m

§=G@u=Y gi@up, =0, y=kig,x)=(kig,x),....k(g x). (10.9)

i=1
The Hamiltonian corresponding to this problem is
H(q, X, u, po, p1, p2) = Pi G+py % —poZ(q, x,u) = pi G(@Qu—poL(q, x, u),

(10.10)
where py € R, p; € R", p» € R? denote adjoint variables. The terminal manifold

My ={(q,x) € R"P|ys — k(q,x) = 0}.

We have the following control theoretic characterization of singular endogenous
configurations

Theorem 10.1 The set of singular endogenous configurations coincides with the set
of singular optimal control-parameter pairs of the system (10.9) with Hamiltonian
(10.10).

Proof First, suppose that (u#(t), g(t), x) is a singular extremal of the parametric opti-
mal control problem. This means that along this extremal py = 0, p{ (/)G (¢ (1)) = 0,
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and that the adjoint vector p(t) = (p;(t), p2(t)) # 0 satisfies the Hamiltonian equa-
tions

OH

Pl =——r==p()

LG@OMD) I o)
aq 3

q 27 o

The transversality conditions at T take the form

(9] (1), p} (1) = o7 [ 1D shatTnn

for a non-zero vector p € R". Using (10.11), we deduce that p,(t) = const and,
since there are no a priori initial or terminal conditions for x, we get p, = 0. Taking
into account (10.6), the transversality conditions imply that

" C(T, x) = pI(T) and p” D(T, x) = 0. (10.12)
Furthermore, the singularity condition and the first equation in (10.11) yield
Pl G@®) = p{ 1)B(t) =0 and p{ = —p[ (HA(®). (10.13)

To proceed further, let us define a matrix
t
WAG) =/cp(;,s)B(s)R*I(s)BT(s)qﬂ(t,s)ds, (10.14)
0

such that the dexterity matrix
Dy 1 W(), x) = D(T,x)W ' D' (T, x) + C(T, x).#(T)C' (T, x).

It is easily seen that the matrix (10.14) satisfies a Lyapunov matrix differential equa-

tion
% = B(OR'@O)BT (t) + A(0)A (1) + 4 (1)AT (1), (10.15)

with initial condition . (0) = 0. After the multiplication from the left of this equa-
tion by plT(t) and suitable substitutions from (10.13), we obtain

d.#
p((t)w = —pl (A @)+ pl )M (AT (1),

so consequently,
d
E(pM)(r) = (p] M) AT (1). (10.16)

Now, since ( plT/// )(0) = 0, from the existence and uniqueness of the solution of
(10.16) we deduce that plT(t)///(t) = p]T(T)///(T) = 0. Together with (10.12) and
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(10.14) this results in p” Dy, 7 (u(-), x)p = p{ (T)# (T)pi(T) = 0. In conclusion,
we get a rank deficiency of the dexterity matrix, what means that the endogenous
configuration (u(-), x) is singular. This shows that every singular optimal pair control-
parameter is a singular endogenous configuration.

Conversely, now let (u(-), x) be a singular endogenous configuration, and let the
triple (u(t), x, g(t)) denote the corresponding control-parameter-trajectory of the
control system (10.9). From the singularity of the configuration, it follows that there
exists a non-zero vector p € R" such that pT@qo,T(u(-), x)p =0,1i.e.

oI D(T, x)W'DI(T, x)p + pT C(T, x).#(T)CT (T, x)p = 0.

Since both above components are > 0, we get
T
p" D(T, x) = 0and / IR™2(5) BT ()" (T, $)CT (T, x)pl*ds = 0,
0

R™'72(t) denoting the square root of R~!(¢). The latter equality implies that fort < T
pTC(T, x)®(T, 1)B(t) = 0. (10.17)

Now, by the definition of the Hamiltonian (10.10), we have at pg = 0

. oH
pl ()= o7 = —pl (HAQ),
SO
pi (1) = p{ (T)®(T, 1), (10.18)

for pI(T) = pTC(T, x). Finally, using (10.17) we conclude that p] (t1)B(t) =
plT(t)G(q (t)) =0, i.e. (u(t), x) is a singular optimal control-parameter pair for the
system (10.9). ([

The observation that singular endogenous configurations of the mobile manipula-
tors coincide with singular optimal control-parameter pairs sometimes facilitates the
computation of the singular endogenous configurations for mobile manipulators or
mobile robots. In [9] an example of the kinematic car has been studied in this way.
Furthermore, in the specific case when the system (10.1) is analytic, and so are the
control functions u(¢) driving this system, the computation of singular endogenous
configurations can be based on the necessary and sufficient rank condition for con-
trollability of the variational system (10.7), see [20, Proposition 3.5.15] or [19]. An
extension of this condition to the case of the output controllability results in the
following.
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Proposition 10.1 In the analytic case the endogenous configuration (u(-), x) is sin-
gular, if and only if the infinite matrix

Tgor (), x) = [D(T, x), C(T, x)[By(T), ..., Bi(T), ...]]
has rank < r, where fork =0, 1, ...
Bo(t) = B(t), Bis1(t) = B(t) — A(1) Bi ().

This Proposition generalizes to mobile manipulators the condition used in [18] for
the singularity assessment of the mobile platform kinematics.

10.2.4 Adjoint Jacobian

As has already been mentioned, the mobile manipulator’s Jacobian
Joor (), x): & — R"

is a linear transformation of the endogenous configuration space into the operational
space. Its dual operator,

S @), x): R™ — 277,

acting between respective dual spaces is called the adjoint Jacobian of the mobile
manipulator [26]. The canonical pairings between 2™* and 2" as well as between

R™ and R” are defined by the respective inner products (10.2) and (10.3).
Choosing a dual vector n* € R™, and an endogenous configuration (v(-), w) €
Z, we define the adjoint Jacobian in the following way

(77 GO0 YOO ) = 0¥ g @O, DG, W) = 1, Ty, 7 W) D), W)

T
= nTQC(T, x)/ D(T,t)B(t)v(t)dt + r]TQD(T,x)w
0

= (R™'OBT@T(1, )T (T, x)0n, W'DT (T, x)Qm), (v(), W) gw -
It is straightforward to see that the last identity allows to define a function

(o @), ) )@) = [R™'@)BT () @T (T, )CT(T, x), W'D (T, x)| On.
(10.19)
Being adjoint to the compact operator, the adjoint Jacobian is also compact for every
fixed endogenous configuration. The operator norm of the adjoint Jacobian can be
computed as
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T (), )0 || rw
1T 7 (u(-), x)|| = sup —2
4.7 0 IInllo

We have the following proposition:

Proposition 10.2 The norm of the adjoint Jacobian

X _z12 12
||Jq0,T(u(')a x| = )"Ql/zgqoj(u(_)yx)gl/z = )\Q(IO,T(M(')YX)Q’ (10.20)

where Ay denotes the maximal eigenvalue of a symmetric, positive matrix M.

Proof Substituting the identity (10.19) into the definition of the RW-norm, and using
the formula (10.8) for the dexterity matrix, we obtain

1 7 @), ) gy =n" Q" Dyy.r(u(-), x)On.

An application of the Rayleigh—Ritz inequality yields
e 7 @O0 =2 g0200 a0 (10.21)

Furthermore, since the matrix Q is positive definite, there exists a positive definite
square root Q'/2, so we have

Do (), )0 = Q20D r(u(), x)Q"*) Q2.

Now, the second identity of (10.20) follows from the matrix similarity. (]

10.2.5 Jacobian Norm

Taking into account Proposition 10.2, from the identity of the operator norms of the
Jacobian and of the adjoint Jacobian [14], we deduce a straightforward

Corollary 10.1 The norm of the Jacobian is given by

12 12
||qu,T(u(‘), x| = le/z@qo_T(u(A)’x)Ql/z = )L@qo,r(u(),X)Q' (10.22)

Notice that a computation of the maximal eigenvalue of a symmetric matrix means
solving the following optimization problem [5, Corollary III.1.2]

ko ruomer = max w027y, (), x) 0w, (10.23)

where || - || denotes the standard Euclidean norm in R”. It is instructive to see this
problem in the context of the parametric time optimal control version of the problem
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studied in the previous subsection, compare [9]. The following statement can be
made:

Proposition 10.3 The computation of the norm of the Jacobian involves the vector
Oxw.7,0() of switching functions associated with time optimal control in (10.9), i.e.

k0122, 100 = MAX [[(@rn7.0()s DT (T, 0) QPG (1024)

where ¢y v 7,0(-) will be specified in the course of the proof.

Proof We shall use the Hamiltonian (10.10) with £ (g, x,u) = 1 and py = 1. Let
(u(t), q(t), x) be an extremal of the problem. Along this extremal we get

H(qt), x, u(t), pr(t), p2) = p{ (VB(Ou() — 1 and p = —p{ (DAQ).
The components of the vector
T _ (T T
p1 ()B(@) = (p; (1)B1(1), ..., p; (1) By (1)),
where B;(¢) stands for the ith column of the matrix B(t), are called switching func-
tions. By (10.18) it follows that p! (1) = pI (T)® (T, t). We choose a vector w € R",
and let py(T) = CT(T, x) Q'/>w. Then, the following identity holds

w' Q2D 1 (). x) Q2w =w! Q'2D(T )W D (T, x) Q" Pw

T
+/ pL@®B@®OR™ ()BT (t)pi(t)dt.
0

Denote by
bewr.0) = (pT(OB®)" (10.25)

the vector of switching functions satisfying p;(T) = CT (T, x) Q'/?w. A substitution
of this vector into the above identity results in

W' Q2 D, 1 (), 1) Q2w = 1| bas1.0(). DT (T, x)QPW)l[fy (10.26)

A comparison with (10.25) concludes the proof. (]

10.3 Inverse Kinematics

One of the fundamental problems of robotics is the inverse kinematics problem.
Its formulation in the context of mobile manipulators is the following: given the
kinematics (10.4) and a desired point y, in the operational space, find an endogenous
configuration (u4(-), x4) such that K, 7(u4(-), x4) = yq. Equivalently, this means
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that the control u,(¢) and the joint position x; will drive the output of the control
system (10.1) initialized at gy to y(T) = y,. The inverse kinematics problem is
usually solved numerically by means of a Jacobian inverse kinematics algorithm.

10.3.1 Dynamic Inverses

The Jacobian algorithms can be conveniently derived using a reasoning that originates
in the continuation method [2, 22]. Given the inverse kinematics problem, we begin
with any initial endogenous configuration (u¢(-), xo) € Z . If the initial choice does
not solve the problem, i.e. Ky, 7(uo(-)) # ya, we choose in 2" a differentiable
curve (ug(-), x(0)), defined for & € R and passing at 6 = 0 through the initial
configuration, and compute along this curve the operational space error

e(0) = Kgo,7(ug(-), x(0)) — ya- (10.27)
Next, we request that the error dynamics obey a differential equation

aeO) _  s@)e® 10.28
de_y()e()’ (10.28)

for a certain r x r matrix S(6) whose properties will be specified later, and a positive
number y. After differentiating the formula (10.27) with respect to 6, we arrive at
the Wazewski—Davidenko equation [10, 35]

d
Jgo. 1 (e (+), X(9))E (o (+), x(0)) = —y S(0)e(9), (10.29)
containing the Jacobian (10.5). Now, let us choose an operator
J;]’T(u(),x) ‘R - Z

and define the dynamic system

d
7 (). x(®)) = —y T 7 (g (), x(6))e(®), (10.30)

initialized at (u((-), xo). The choice of Jq#o 7 u(), x) should guarantee at least a
local existence of solutions of this system. Now, a substitution of (10.30) into the
Wazewski—Davidenko equation results in the error Eq. (10.28) with

S©O) = Jg (o (), x(O)) I 1 ug(-), x(6)). (10.31)
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wherever a trajectory (uy(t), x(0)) of (10.30) exists, the solution of the error equation
(10.28) satisfies the Wazewski inequality [36]

0 0
lle(0)[lg exp (/ &M(e)dS) = lle@llg = [le(@)]lg exp (/ XM(@)dS), (10.32)
0 0

with ,, and Aj, denoting, respectively, the minimum and the maximum eigenvalue
of the matrix

M@®) = —%y (07'2(Qs0) + ST(©)0)07'?). (10.33)

The matrix S(0) should make all eigenvalues of M(6) to be < 0. Moreover, if
(up(t), x(0)) is defined for every 6 > 0 and the integral limy_, ; foe XM(g)ds =
—o0, then the error e(f) vanishes asymptotically. When these conditions are sat-
isfied, the operator J;;,T(u(j, x) will be called a dynamic inverse of the mobile
manipulator’s Jacobian. The term “dynamic inverse” has been borrowed from [13]
to denote an inversion operation performed by a dynamic system. After plugging
the dynamic inverse into the dynamic system (10.30), we transform this system
into an inverse kinematics algorithm producing in the limit a solution to the inverse
kinematics problem, so that

Jim (1), x(0)) = () xa).

By design, the dynamic inverse transforms an initial endogenous configuration
(uo(+), x0) € Z intoasolution (u4(-), x4) of the inverse kinematics problem, exploit-
ing, as a vehicle, the dynamics (10.30). In general, the dynamic inverse may be defined
only locally. This being so, a challenging task in designing the inverse kinematics
algorithms consists in guaranteeing the completeness of (10.30), i.e. the existence
of its solutions for every initial configuration (#((-), x) and every 6 € R (obviously,
6 > 0 suffices). In this context the following result can be proved.

Theorem 10.2 Let J q#; 1), x) be a local dynamic inverse of the Jacobian. Sup-
pose additionally that

13 7 @), 0| < all@(), )llrw + b, (10.34)

0

where ||-|| stands for the operator norm, and a, b > 0 are certain numbers dependent
on qyand T. Then, J;.T(u(), x) is a global dynamic inverse.

Proof Let (uy(-), x(0)) denote a solution of (10.30) defined for 0 < 6 < «. Since
along this solution A y¢y < 0, the Wazewski inequality (10.32) results in [[e(0) || <
[le(0)]| g, so the error is bounded for every 8 < «. Now, using (10.30) and invoking
(10.34) we deduce
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0
(o (), x@ONIIrw = l1(o(), x0)l|rRw + ||e(0)||Q/0 WE 7 e (), x(0))]ldo
0
= G0 (), xo) |l rw +a||e(0)||Q/0 [I(uo (), x(@)l|rwdo + blle(0)][ b

Let a > 0. Then, an application of the Gronwall theorem [33, Theorem 1.3] yields
for0 <0 <«

b b
Qo (), x(O)IIrw =< (Z + ||(”0(')ax0)||RW) exp(aflle(0)[lo) — P (10.35)
Using (10.34) and (10.35), we show the boundedness of the derivative,

d #
||E(u9(')7x(9))||RW = Vg, rus-), x(@)Ill[e@)llo

<y (b +all(uo(-), xo0)||rw) exp(ab|le(0)[[o)Ile(0)]lo
< y (b +all(uo(-), xo)|lrw) exp(ac|le(0)[[o)lle(0)||o = A.

To proceed, choose a sequence 6, — «, and let 6,, be another sequence such that
0, < 6. Asin [1, Proposition 4.1.22], we compute

0,

e, (), % @)=t (), X @) |z < '"||%(ua<.>,x<o>)||wda < Al6p—6,],
O

and conclude that the sequence (ug, (-), x(6,)) is Cauchy, so it converges when 6, —
«. This means that the solution (4 (-), x(6)) of (10.30) can be extended to 6 = «, so
it exists for every 6. If a = 0, we get the same conclusion for A = yb[le(0)||o. U

With reference to the condition (10.34), in the following subsections we compute
the norms of several most often encountered dynamic inverses. We shall start from
the Jacobian pseudo-inverse.

10.3.2 Jacobian Pseudo-inverse

For a fixed configuration (u#(-), x) and a given vector n € R, let us consider a
Jacobian equation
Jgo.r (), x)(v(-), w) = 1. (10.36)

By definition, at aregular (u(-), x) the Eq. (10.36) is solvable with respect to (v(-), w),

for any n. Typically, a solution of this equation is found by the least squares method
that is tantamount to minimizing the squared norm

min ||(v(-), w)|[
()W) RW
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under the equality constraint (10.36). A standard application of the optimization
techniques results in the following formula

(v w) = (JEP 7 @), 2m)o
=[R'BT e (T,nCT (T, x), W' DT (T, )] @;()I,T(u(-),x)n, (10.37)

see [26], dependent on the inverse dexterity matrix (10.8). The operator
I ), x): R — 2 (10.38)

defined by (10.37) is called the Jacobian pseudo-inverse (the Moore—Penrose inverse
of the Jacobian). By the smoothness of the Jacobian, outside singular configurations,
we have the local existence of solutions of the dynamic system (10.30) containing
the operator (10.38). Also, it is easily checked that along the solution (uy(-), x(0))

§©O) = Jgo. 1 (g (), x(O) I (o (), x(0)) = I,

and M (0) = —y I,. Summarizing these observations we have

Corollary 10.2 Suppose that (ug(t), x(0)) exists for every 0 > 0 and stays away
of singular configurations. Then, the Jacobian pseudo-inverse is a local dynamic
inverse of the Jacobian. Its error (10.28) vanishes exponentially with decay rate y .

The inverse kinematics algorithm (10.30) that involves the operator (10.38) will be
referred to as the Jacobian pseudo-inverse kinematics algorithm. The completeness
of this algorithm for mobile manipulators has not been established, however specific
results are known for mobile platforms like the unicycle and the kinematic car [9],
[8], as well as for the rolling ball [7].

Our next result refers to the norm of the Jacobian pseudo-inverse.

Proposition 10.4 The operator norm of the Jacobian pseudo-inverse

#P _ .12 _ 4172
Mgo.r @O = 26100, womer = 2, 1wt o (10.39)

where A, denotes the minimal eigenvalue of a symmetric, positive matrix M.

Proof The equality of eigenvalues on the right hand side results from similarity of the
corresponding matrices, therefore it suffices to prove the first equality. By definition

22 @), 0l Rw
122 (), )] = sup —2T
n#£0 lInllo

After a substitution from the formula (10.37), we obtain

g7 @) 0y = 0" Py, (). 0.
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S0, in consequence,

#P _Tl2 .12
||Jq0,T(u(')7 x| = )\'(Ql/zgqo_r(u(<),x)Q1/2)’1 = &Ql/Z@qoyT(u(,),x)Ql/z‘

O

It follows that the norm explodes at the singular endogenous configurations. The
result (10.39) generalizes the norm estimate for mobile platforms exploited in [9].
We shall conclude this subsection with the following consequence of [5, Corollary
II1.1.2] and Proposition 10.5.

Corollary 10.3 The computation of the minimal eigenvalue is equivalent to solving
the minimization problem

20129, 1w = Min wh 027, r (), x) 0w
= min [|[(¢xw.1.0(-), DT (T, x)Q"*W)||3w, (10.40)

[wll=1

involving the vector of switching functions (10.25).

10.3.3 Singularity Robust Jacobian Inverse

From the previous subsection, we deduce that the performance of the Jacobian
pseudo-inverse algorithm deteriorates in a vicinity of singular configurations of the
mobile manipulator. In order to prevent this deterioration, a modification of the for-
mula (10.37) can be made, leading to the concept of a singularity robust inverse of the
Jacobian [26]. This type of inverse results from the following optimization problem

min (NGO W 7w + g0 @), )0, w) = 7l[3) .

k > 0being a regularizing parameter, whose solution provides the singularity robust
dynamic Jacobian inverse

J;f?’(u(-),x) RN — %,

defined as

(781 @y, xom) @
1

=[R7')BT 1)@ T (T, )T (T, x), W=IDT(T, )] Q (kIr + Dygy, 7 (), x)Q) 1.
(10.41)

The operator (10.41) is well defined both at regular and at singular configurations,
and ensures the local existence of solutions of (10.30). Let (u4(t), x(0)) denote such
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a solution. Then, the matrix S(0) appearing in the error equation (10.28) is equal to

S©O) = Jg. 1 (e (), xO) 2T (ug (), x(6))
= Do (), x(0) QL + Dyy 7 (up (), x(0) Q)" (10.42)

In this context we have the following results, for proofs consult [29].
Proposition 10.5 The operator norm of the singularity robust Jacobian inverse
#SRI T2
W r @G O = At 49 1000).00)2 24 1 w000 (10.43)

is upper bounded by a constant

1
gt @C), 0l < 2k, (10.44)

Combined with Theorem 10.2, Proposition 10.5 implies the following

Theorem 10.3 The singularity robust dynamic Jacobian inverse is global. The sin-
gularity robust Jacobian inverse kinematics algorithm converges provided that the
following integral diverges,

0 A ) da
lim/ 0.7 (e (), x(0)) O — +o0. (10.45)
O—>+00 Joy K +&@q0_1(uu(-),x(a))Q

10.3.4 Adjugate Dexterity Matrix Jacobian Inverse

A dynamic inverse Jacobian operator, alternative to the singularity robust inverse,
that also remains well defined at singular configurations, comes from a generalization
of the Newton method [4, Sect.2.7.3]. The introduction of this operator proceeds in
the following way. Given a desired operational space point y; € R", we compute the
map I%C,U,T(u(-), x) = Ky 7(u(-), x) — yq, and define a ray

p = {an|a € R}

passing through a point € R". Then, we assume that the kinematics (10.4) of the
mobile manipulator are transverse to the ray, what means that if K, 7(u(-), x) € p
then

dim ({D Rypir (u(). ) 2. p} = (g1 (). ) 2. p}) =

or, equivalently,
rank [@%T(u(q, X), r;] =r. (10.46)
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The transversality condition means that the columns of the dexterity matrix together
with the ray span the operational space, so the transversality takes place not only at
regular configurations (rank %y, r(u(-), x) = r), but also at those singular configu-
rations, where the rank of &, r(u(-), x) drops by 1. In the transverse situation the
inverse image M, = =K~ . T(,o) of the ray becomes a codimension r — 1 Hilbert sub-
manifold of the endogenous configuration space, [1]. Suppose that (u(-), x) € M,,
and let (v(-), w) be tangent to M, at this point. Then, the image of (v(-), w) by the
Jacobian lies in the tangent space to the ray (identified with the ray), i.e.

Jgo. 1 (), X)(v(), w) = an, (10.47)

for a certain @« = a(u(-),x) € R. The Eq.(10.47) is a sort of Jacobian equation
whose least squares solution is equal to

v(t) = =RV OBT (ST (T, )CT (T, ), w=—-W'DT(T, x)x, (10.48)

with A € R" denoting a vector of Lagrange multipliers. A substitution of (10.48) into
(10.47) results in
Do 1 (U(), X)h = an. (10.49)

Observe that the existence of a solution (A, o) of (10.49) is guaranteed by the
transversality condition (10.12). A multiplication of (10.49) by the adjugate dex-
terity matrix ad%,, r(u(-), x) (by definition, for an n x n matrix M, we have
adM M = MadM = I, det M) yields

A =adZ,, rw(), x)n, a =det Z, r(u(),x). (10.50)

Finally, the solution (10.48) gives rise to the adjugate dexterity matrix Jacobian
inverse operator

TIAPM (), x) : R"— 2

such that

(JEAPM (), x)m) (1)
=[R7' )BT (1)®" (T, )C™ (T, x), W'D (T, x)] adZ,. 1 (u(-), x)n.
(10.51)

Strictly speaking, this inverse operator is defined locally, in the domain
Uy =1{n € R [rank[ Dy, v (u(-), x), n] = r},

since U, (.),x) = R” only at a regular configuration (u(-), x). Plugged into (10.30),
the inverse (10.51) produces a local solution (uy(t), x(0)), along which the matrix
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$©O) = Jgo. (o (), x(O) I3 P (o (), x(0)) = det Dy, 1 (ug(-), x(ON1y,

qo0.T
therefore M (0) = —y S(0). We have come to the following

Corollary 10.4 Suppose that (ug(t), x(0)) exists forevery8 > 0. Then, the operator
(10.51) becomes a local dynamic inverse of the Jacobian provided that

0
lim [ det Dy, 1 (uq (), x(@))da = +o0. (10.52)

0—+00 Jo

Finally, let us compute the norm of the adjugate dexterity matrix inverse. Since for
a symmetric matrix M there holds (adM)” = adM, we get

Proposition 10.6 The norm of the adjugate dexterity matrix dynamic Jacobian
inverse

—1/2
AP (), )l = /det Do, W), DA 0z, g uy00-12

—1/2
= JAet 2 1 () D Ete, ot (10.53)

As a consequence of this result, the adjugate dexterity matrix inverse kinematics
algorithm has equilibrium points at singular configurations, what means that the
algorithm is unable to leave a singularity. On the other hand, if a singular configuration
is the solution of the inverse kinematics problem, we may expect that the algorithm
will find such a solution. This type of behaviour has been confirmed by computer
simulations presented in [26].

10.3.5 Adjoint Jacobian Inverse

In order to define this inverse, we shall exploit as a dynamic Jacobian inverse in
(10.30) the adjoint Jacobian operator (10.19). Let us denote by (uy(¢), x(6)) a local
solution of (10.30). Along this solution the matrix

SO) = Jgo., 7o (), x(0))J 7(ua(-), x(0)) = Dy 7(ua(-), x(0)) Q.
After invoking (10.33) and the inequality (10.32), we obtain the following

Corollary 10.5 Suppose that (uy(t), x(0)) exists for every 6 > 0. Then, the adjoint
Jacobian operator defines a local dynamic inverse of the Jacobian on condition that

0

oI, 0 A9, 1o ) x(@ 04 = 00 (10.54)
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Obviously, the above condition will be fulfilled, if all eigenvalues of the dexterity
matrix are uniformly bounded away from zero. The norm of the adjoint Jacobian
operator has been provided by (10.21). Similarly to the adjugate dexterity matrix
algorithm, the adjoint Jacobian inverse kinematics algorithm has also equilibrium
points at singular endogenous configurations.

10.3.6 Extended Jacobian Inverse

A concept of the extended Jacobian inverse for mobile manipulators can be introduced
in several steps [24, 27, 28]. The first step consists in extending the original mobile
manipulator kinematics (10.4) to a map of the endogenous configuration space into
itself. To this aim we need to decompose the endogenous configuration space into a
pair of linear subspaces

2 =R &2 /R, (10.55)

of which the former corresponds to the operational space, and the latter forms the
remaining quotient space. Next, we introduce an augmenting kinematics map

Hyr: 2 — 2/R' (10.56)

that takes values in the quotient space. The original kinematics together with the
augmenting map (10.56) define the extended kinematics

qu,T = (qu,Tv qu,T) . % —> e%
of the mobile manipulator. The derivative of the extended kinematics

D Ly, 7 (u(-), %) = (Jygo,7 D Hyy 1) (), X)) = Jg 7(ut(-), x) (10.57)

is called the extended Jacobian. It would be desirable that J_qO,T(u(o), x) be a linear
isomorphism of the endogenous configuration space. However, usually this map not
only suffers from the singularities of the original kinematics, but also exhibits some
extra singularities, called algorithmic, that result from the extension procedure.
Given the extended kinematics, in the region of regular endogenous configura-
tions, the extended Jacobian inverse operator
L), x): R — 2

is defined as )
T (), ) = Tl (), x) (0, 00)), (10.58)

where n € R", and 0(-) € 2" /R" denotes the zero element of the quotient space. By
definition, the operator (10.58) has two important properties: the identity property
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Joor (), x)JEE (), x) = I, (10.59)

and the annihilation property
D Hy, 7 (), x) Iy (u(), x) = 0C). (10.60)

The former property means that the extended Jacobian inverse is a right inverse of
the Jacobian, while the latter implies that the augmenting kinematics map remains
constant on the trajectories produced by the extended Jacobian inverse kinematics
algorithm. Equivalently, the distribution associated with the algorithm is involutive,
ensuring its repeatability, see [23] for details.

Having plugged the inverse (10.58) into (10.30), we get a trajectory (ug (-), x(0)).
The following result is a direct consequence of the identity (10.59).

Corollary 10.6 Suppose that the trajectory (ug(t), x(0)) exists for every 6 > 0,
and stays away of singular configurations of the extended Jacobian (10.57). Then,
the operator J;’; ‘?T (u(-), x) is a local dynamic inverse of the Jacobian. The error
(10.28) decreases to O exponentially, with the rate y. The extended Jacobian inverse
kinematics algorithm is repeatable.

10.3.7 Lagrangian Jacobian Inverse

This is an extension of the Jacobian pseudo-inverse, introduced recently in [31]. The
Jacobian equation (10.36) is regarded as an equality constraint for the minimization
of the Lagrange-type objective function

T
(I}l)in)/ ETOPMOED) + VI (ORV(D)) dt +w' Ww,
v(-),w 0

addressed in the variational system (10.7), where P(1) = PT(¢t) > 0, and the
remaining weight matrices come from the norm ||-|| gw. Using the variational calculus
the following solution can be derived

V@), w) = (Jpir @), )n) ()
=[—R*%nB%nwuaﬂ«m,W”DTazmgggwcxm

X 1+ C(T, YK O) . (10.61)
where

—1
KO0 = = (y22(T) + €T (T, ) 75 1 @), C T, 0952(D)) - CT (T, )T ), om,



10 Endogenous Configuration Space Approach: An Intersection of Robotics ... 231

and the matrix functions ¥, (?), Y3, (¢) satisfy the matrix differential equation

_ 1/}110) 1@12(0 1/}13(0 Aty —BOR'0)BT(1t) 0
(1) = | Yar(0) ¥oo0) ¥o3(1) | =| —P() —AT(1) 0 |w@®),
Y31 () ¥32(t) Y33 (1) H(t)P (1) 0 A1)

with initial condition v;;(0) = §;;1,, §;; denoting the Kronecker’s delta. The matrix
H (¢) is a solution of the Lyapunov equation

H(t) = BOR™' ()BT (1) + A(OH(t) + HHAT (1),
with zero initial condition, so that the dexterity matrix (10.8)
Do (), x) = D(T, x)W~ ' D' (T, x) + C(T, x)H(T)C" (T, x).
Itis easily checked that P (t) = Oimplies {3, (f) = Oand v, (¢) 1//2_21 (T) =@7(T, 1),
therefore the Lagrangian Jacobian inverse simplifies to the Jacobian pseudo-inverse.

Plugged into a motion planning algorithm the Lagrangian Jacobian inverse allows to
shape trajectories of the system (10.1), e.g. by repelling them from obstacles.

10.4 Performance

Kinematic performance of the mobile manipulator depends on the properties of the
Jacobian operator. An assessment of the local performance can be made in terms
of certain numerical indices associated with an endogenous configuration, called
local performance measures. Given an endogenous configuration (u(-), x), these
performance measures are related to the directions of motion in the operational
space corresponding to the unit sphere

Sgo.r (), x)) ={(v(), w) € Z7[I|(v(), wllgw = 1}
that describes possible variations of this configuration. Using the decomposition
X =KerJgru(-),x) & ImJ}" (), x)
of the endogenous configuration space, we obtain

Joo.r (), X)Sgy 7 ={n € R | 0" Z,.\p (), x)n = 1}

={neR [ (QP) (0D rw(), x)0Y?) " 0"y =1)
= E%,T(u('),x). (10.62)
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The object appearing on the right hand side of (10.62) is called the dexterity ellipsoid
of the mobile manipulator at the configuration (u(-), x). It is easily seen that the
dexterity ellipsoid is inscribed into the sphere in R” of radius XIQ/IZ/Z Dy r (1) Q2 =
=172

Dy ()00 (equal to || Jy,, 7 (u(-), x)[]), and circumscribed on the sphere of radius
AlQ/lz/ZQqO.T(u(_)!X)Q]/z = &l/i_r(u(o,x)g- Various functions of eigenvalues of the matrix

Do rW(-), x) = Dy 7(u(-), x)Q may be used as local performance measures of
the mobile manipulator [32]. Since, as we have shown, the performance of Jacobian
algorithms deteriorates at singular configurations, the performance measures should
be non-negative functions of eigenvalues of &2, r(u(-), x), vanishing at singular
configurations. The best known example is the determinant,

dgo7(U(-), x) = \/det Py (), x) = /det Q,/det Dy 7 (u(-), x),

called the dexterity of (u(-), x). The dexterity establishes a volume measure of the
dexterity ellipsoid. By definition, the dexterity vanishes at singular configurations.
Another local performance measure is defined as the condition number of the matrix

Pyo. 1 (), X)

#P =172 -1/2
cond P, 7 (). %) = Mgy, 7 @O DN T @O DN =Eg 0 00027, 700

that characterizes anisotropy of the configuration (u«(-), x). When the condition num-
ber equals 1, the dexterity ellipsoid becomes a sphere, and the configuration is called
isotropic. At singular configurations the condition number grows up to infinity.

The local performance measures averaged over a prescribed (finite-dimensional)
region of the endogenous configuration space provide global performance measures
characterizing the mobile manipulator as a whole. The optimization of local perfor-
mance measures leads to obtaining motion patterns of mobile manipulators. On the
other hand, global performance measures provide objectives for the optimal design of
the mobile manipulator’s kinematics. A review of performance measures for mobile
manipulators, including local and global, kinematic and dynamic measures can be
found in [32, 37].

A specific performance feature of the mobile manipulator driven by an inverse
kinematics algorithm is the repeatability [23]. To explain this concept, suppose that
the inverse kinematics algorithm solves a sequence of inverse kinematics problems,
with the same initial state of the platform g, and the control horizon 7', defined by
a number of successive desired points yyi, ..., Yz in the operational space. It is
assumed that in order to solve a given problem the algorithm starts from the solution
of the preceding problem in the sequence. The algorithm, which for every repetition
of a given problem in the sequence yields the same solution in the endogenous con-
figuration space is called repeatable. Consider a dynamic inverse Jacobian operator
J* = J* _(u(-), x) appearing in (10.30). Geometrically, this operator generates

q0,T q0,T
over the endogenous configuration space an r-dimensional distribution
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# #
D 0T = spancoc(vg){ LV TELs s J%,Te,},

e; denoting the ith unit vector in R". It has been proved that the inverse kinematics
algorithm determined by J}' (u(-), x) is repeatable whenever the distribution D},

is integrable. All solutlons of the sequence of the inverse kinematics problems he
then on an integral manifold of this distribution, and there is only one endogenous
configuration on this manifold corresponding to a prescribed point in the operational
space.

10.5 Conclusion

‘We have presented an overview of the endogenous configuration space approach that
provides a uniform conceptual basis for the theory of mobile manipulators, nonholo-
nomic mobile platforms and holonomic manipulation robots. The presentation has
been focused on control theoretic aspects of this approach. Specific results highlight
the connection between singular endogenous configurations and the parametric opti-
mal control, introduce a number of Jacobian inverses, provide explicit expressions
for norms of inverse Jacobian operators, offer conditions for the existence of local
and global dynamic inverses and establish foundations for performance measures of
mobile manipulators.
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